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Abstract. We give examples of cycle classes on certain unitary
Shimura varieties which are not generated by Hecke translates of
classes of Shimura subvarieties. We also give examples of cohomol-
ogy classes (of low degree) which do not survive on any Shimura
subvariety, thereby showing that the span of Hecke translates of
Shimura subvarieties can never contain the class of an ample sub-
variety.

1. Introduction

We consider smooth projective varieties S(Γ) = Γ\X which are quo-
tients of hermitian symmetric domains X of non-compact type by (con-
gruence) arithmetic subgroups Γ of GQ). Here, G is a semi-simple al-
gebraic group defined and anisotropic over Q , and X is the symmetric
space of the group G(R) of real points of G. These are (connected com-
ponents of ) Shimura varieties. These varieties have a rich structure,
and are equipped with actions of many correspondences, namely the
“Hecke operators”. They are defined over (some very specific) number
fields E = E(Γ) and the Galois group GalE acts on the l-adic coho-
mology of S(Γ).

Suppose that H is a semisimple algebraic group over Q with a mor-
phism f : H → G of Q algebraic groups with finite kernel. Fix a
maximal compact subgroup K of G. Assume that (1) the inverse im-
age KH of K under f is a maximal compact subgroup of H(R), (2) the
symmetric space Y = H(R)/KH is a Hermitian symmetric domain and
(3) the imbedding Y → X of symmetric spaces induced by the map f
is holomorphic. Now the inverse image Γ∩H = f−1(Γ) is a cocompact
subgroup of H(R), and the quotient SH(Γ) = Γ∩H\Y is also a smooth
projective variety. We thus get a morphism SH(Γ) → S(Γ) of smooth
projective varieties, with finite fibres. The subvariety SH(Γ) defines an
element of the cohomology of S(Γ) (say, with Q-coefficients); denote
this element by [SH(Γ)]. The classes which are Q-linear combinations
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of Hecke translates of classes of the type SH(Γ)] will be referred to as
special classes.

If Z is a subvariety of S(Γ) we denote by [Z] the cohomology class
on S(Γ) corresponding to Z by [Z].Linear combinations of classes of
the type [Z] will be referred to as cycle classes.

The following questions arise naturally:
(1) Do the special classes yield all cycle classes?
(2) Do the special subvarieties SH(Γ) satisfy a “weak Lefschetz Prop-

erty”? That is, given a cohomology class ω of degree less than the
complex dimension of the variety S(Γ), is there a special subvariety
SH(Γ) and a Hecke operator T on S(Γ) such that the restriction of the
translate T ∗(ω) to the subvariety SH(Γ) is non-zero?

Note that if the class [SH(Γ)] were ample, then the restriction of ω
itself would have been non-zero, and thus a strong Lefschetz property
would have been satisfied. Note also that if the answer to (1) is yes,
then an ample class would be a special class, and by the usual (hard)
Lefschetz Theorem, the answer to (2) would be yes as well.

The simplest case when question (1) can be considered is when S(Γ)
is (the compactification of) a Hilbert modular surface. Then the only
subvarieties of the form SH(Γ) are (compactifications of) embedded
modular curves. From the results of [HLR], [MR], [K] it is already
clear in this case that there are cycle classes in H2 of the surface which
are not special classes. Thus the answer is no in this case.

On the other hand, it is proved in [V] that if S(Γ) is a quotient of
the unit ball in Cn by a suitable group Γ (in other words, the group
G = SU(h) is the unit group of a suitable Hermitian form h over a
CM field such that G(R) is isomorphic to SU(1, n)-up to compact fac-
tors), then the weak Lefschetz property does hold (as was conjectured
in [HL]). Thus, when G(R) = SU(1, n) as in the foregoing, the an-
swer to question 2 is “yes”. A similar conclusion holds (see [V]) if
G(R) = SO(2, n) -again, up to compact factors. However, the answer
to question (1) in these cases is “no” as shown in [BR].

In this talk, we show that when SU(1, n) is replaced by SU(m, n)
with 2 ≤ m ≤ n, then then answer to question (2) is in general “no”.
Specifically, we take G(R) = SU(2, 3). We will exhibit a holomorphic
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cohomology class of degree four in S(Γ)- for a suitable Γ- whose re-
striction to every Shimura subvariety vanishes.

In section 1 we explain the main theorem, and then add some remarks
at the end .
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2. The Main Result

(2.1) Notation: Let K be a totally real number field of degree
d ≥ 2 over the rational number field Q. Let E/K be a totally imaginary
quadratic extension and denote by ∗ : z 7→ z the action of the non-
trivial element of the Galois group of E/K. Let h : E5 × E5 → E be
the K-bilinear form which is Hermitian with respect to the involution
∗ : if v, w ∈ EN then h(v, w) = h(w, v). We choose h as follows.
Denote by εi the standard basis of E5 over E. Write v =

∑
xiεi

and w =
∑

yiεi. Write 5 = 2 + 3. Suppose that λi (with 1 ≤ i ≤
2) are elements of K all of which are negative in some Archimedean
(real, in this case) completion K∞ of K, and positive in all the other
Archimedean completions of K. Let µj (with 1 ≤ j ≤ 3) be elements
of K all of which are positive in all the archimedean imbeddings of K.
Then

h(v, w) =

i=2∑

i=1

λixiyi +

j=3∑

j=1

µjxj+2yj+2).

Denote by G the restriction of scalars (from K) to Q of the K alge-
braic group U(h). Our choice of the Hermitian form ensures us that
the group G(R) of real points of G is the product of U(2, 3) with a d−1
fold product of the compact group U(5) (d= degree of K over Q). Let
Γ ⊂ G(Q) be a congruence subgroup. Assume that Γ is torsion free.
The projection of Γ to the non-compact factor U(2, 3) gives then a dis-
crete co-compact subgroup of U(2, 3). Let X = U(2, 3)/(U(2) × U(3))
denote the Hermitian symmetric space associated to U(2, 3).Then, the
quotient S = S(Γ) = Γ\X is a smooth projective variety, which is a
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connected component of a Shimura variety. It is clear that the dimen-
sion of S is 2.3 = 6.

(2.2) Notation: Suppose in the notation (3.A.6) of [CV] (with
p = 2 and q = 3), that the parabolic subalgebra q = qr,s corresponds
to r = 1 and s = 1. To such a parabolic subalgebra is associated
(according to [VZ]) an irreducible unitary representation -denoted Aq

which has non-zero (g, K)-cohomology. Such a representation is called
cohomological. Then, it may be seen from [CV], that the represen-
tation Aq has holomorphic cohomology in degree four(=r(3)+s(2−1)).

According to a theorem of Anderson and of Li (see [And] and [Li]),
the representations Aq (1 ≤ j ≤ 3) occur with non-zero multiplicity
in L2(Γ′\U(2, 2)) for some congruence subgroup Γ′ of Γ. This implies
that there are nonzero holomorphic cohomology classes of type Aq of
degree four the variety on S(Γ′) for some finite cover S(Γ′) of S(Γ).

We can now state the main result.

Theorem 1. There exists a holomorphic cohomology class of degree

four on S(Γ) all of whose Hecke trasnslates vanish upon restriction to

every Shimura subvariety of S(Γ).

We give a sketch of the proof:
It is easy to classify the Hermitian symmetric subdomains (of dimen-

sion at least four) of the symmetric domain X associated to the group
U(2, 3). They arise from obvious imbeddings of U(2, 2) in U(2, 3). In
[CV] a necessary and sufficient criterion is given for a holomorphic co-
homology class corresponding to a cohomological representation π to
vanish on such a subdomain, purely in terms of the minimal K-type
of the representation π and its relative position with the holomorphic
tangent space of the subdomain. By using this criterion, and by using
the computations in section (3.A.*) of [CV] it may be shown that the
degree four holomorphic cohomlogy class of type Aq can never survive
when restricted to any of these subdomains. This implies that the an-
swer to question (2) of the introduction is “no”: even a weak form of
Lefschetz property fails for the variety S(Γ) associated to the the group
U(2, 3).

Remark. As remarked by Rapoport, it is possible to use the results
of [Rp] and [Cl] to produce examples of cohomology classes on quo-
tients of the unit ball in Cn -n not a prime-(by unit groups of certain
division algebras of the second kind over CM fields) which vanish on
every Shimura subvariety. So there are other examples as well, of the
phenomenon of Theorem 1.
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