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Abstract. We prove that the quotient of a congruence subgroup
(of a simple algebraic group defined over the rationals) by the sub-
group generated by its intersection with all the rational conjugates
of a simple algebraic subgroup, possesses property T. We then de-
duce that an Oda type restriction map is always injective at the
level of first cohomology of arithmetic subgroups of semi-simple
algebraic groups over Q. This generalises certain results of Raghu-
nathan and the author.

to M.S.Raghunathan

1. Introduction

A conjecture of Thurston (see [Bo] for a reference) says that ev-
ery compact (real) hyperbolic manifold admits a finite covering with
non-vanishing first Betti number. Thurston’s conjecture has not been
shown to be true in general, though it has almost completely been
settled in the case when the hyperbolic manifold has arithmetic funda-
mental group. Millson in [M] was the first to prove Thurston’s conjec-
ture for a general class of arithmetic fundamental groups (arising from
unit groups of quadratic forms). Thurston’s conjecture was much later
shown to hold for all other kinds of hyperbolic arithmetic groups in [Li]
(provided n 6= 3, 5, 7); the case when n = 5 was proved by [LM] and
[RV]. In [RV], all these cases were treated by a uniform method which
we describe in the following paragraph. Note however, that the case
of compact hyperbolic three-manifolds with arithmetic fundamental
group is still not completely settled, though this was proved for many
arithmetic fundamental groups in [LS], [C1], [LM], [Lu1]. Several new
cases non-arithmetic manifolds) were handled by [Lu2].
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The approach of [RV] was to embed the real hyperbolic manifold in a
suitable complex hyperbolic manifold. By a Theorem of Kazhdan ([K]
and [Wa]) the latter admits a congruence covering with non-vanishing
first Betti number. One can then restrict first cohomology classes on
the bigger manifold to the real hyperbolic manifold and show that for
some covering, this restriction map is non-zero. If H and G denote the
groups associated to the real and complex hyperbolic manifolds, then,
the non-vanishing of the above restriction map was deduced (in [RV])
as a consequence of a “relative congruence subgroup property”. This
relative congruence subgroup property was shown to hold more gener-
ally, if G(R) = SU(n, 1) and H(R) = SO(n, 1) (or if G(R) = SO(n, 1)
and H(R) = SO(n− 2, 1)) provided n ≥ 7 [here, the equalities of the
real groups are up to compact factors]. Consequently, even the non-
vanishing of the restriction map at the level of first cohomology was
proved only when n ≥ 7 for these special pairs G and H (the restriction
on n is essentially because [RV] needed the fact that any two “generic”
conjugates of the subgroup H in G intersect in a semi-simple subgroup
of G).

In the present paper we prove the non-vanishing of the above restric-
tion map in the most general case. Precisely, we prove the following
theorem.

Theorem 1. If H ⊂ G are semi-simple and Q-simple linear algebraic
groups such that G(R) and H(R) are non-compact, and Γ is a con-
gruence subgroup of G(Q), then the (Oda type) restriction map from
H1(Γ) to the product

∏
H1(gΓg−1 ∩H) is injective.

The above product is over all g ∈ G(Q). All the cohomology groups
we consider in this paper are with C-coefficients. Given g ∈ G(Q), the
map j∗g from H1(Γ) to H1(gΓg−1∩H) is obtained as the composition of

the isomorphism g∗ of H1(Γ) with H1(gΓg−1) induced by inner conju-
gation by g and the restriction map H1(gΓg−1) → H1(gΓg−1 ∩H). In
the above theorem, the restriction map into the product is the product
of the restriction maps j∗g (see [O]). A recent paper [B] (see Theorem
(6.4) of [B]) proves very nearly the same result as Theorem 1.

Our proof of Theorem 1 uses a recent result of L.Clozel ([C2]) which
says that the property τ holds for any G as in the Theorem. That is, the
trivial representation of G(R) does not occur weakly in the direct sum
(over all the congruence subgroups Γ ) of the orthogonal complement of
the space of constant functions in L2(G/Γ). To apply the above result
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of Clozel, we use a variant of the method of [BLS]. The proof yields
the following strengthening of Theorem 1.

Theorem 2. With the notation as in Theorem 1 let Γ be a congru-
ence subgroup of G(Q). Let ∆ be the subgroup of Γ generated by the
subgroups Γ ∩ gHg−1 as g varies over elements of G(Q). Then (∆ is
normal in Γ and), the quotient group Γ/∆ has Kazhdan’s property (T).

To see that Theorem 2 implies Theorem 1, note that if ∆ is as in
Theorem 2, then the kernel of the restriction map in Theorem 1 is
precisely the space H1(Γ/∆). By Theorem 2, Γ/∆ has property T. It
follows that all its homomorphisms into C are trivial: H1(Γ/∆) = 0.
Hence we get Theorem 1.

Remark 1. In Theorem 2, if the group G(R) itself has property T,
then so does the lattice Γ. Hence the quotient Γ/∆ also has property
T. Moreover, if R − rank(G) ≥ 2, then by a Theorem of Margulis,
all quotients of Γ by infinite normal subgroups ∆ are finite. Hence
Theorem 2 has content only if, up to compact factors G(R) is SO(n, 1)
or SU(n, 1). It is then of interest that a specific quotient Γ/∆ has
property T, though Γ does not. It is not clear to the author if in this
case, Γ/∆ can be infinite.

As was already noted in [RV], every arithmetic subgroup of SO(n, 1)
appears as the intersection of SO(n, 1) and a suitable arithmetic sub-
group of SU(n, 1) of the kind considered in [K] (provided n 6= 3, 7).
Thus, Kazhdan’s theorem and Theorem 1 imply the following.

Corollary 1. Let Γ be an arithmetic subgroup of SO(n, 1) with n 6=
3, 7. Then, Γ has a subgroup Γ′ of finite index such that H1(Γ′,C) 6= 0.

Corollary 1 is not new (see [M], [LS], [C1], [Li], [LM], [RV], [Lu1]).
Further, Corollary 1 may be proved by using a “sandwich lemma” (as
is done in [Lu1]) without taking recourse to Theorem 1. However, since
Clozel’s theorem (and hence Theorem 1) is now available, it makes the
proof of the corollary simpler.

Acknowledgement 1. This article was inspired by my joint work
[RV] with M.S.Raghunathan. I learnt a large part of the mathematics
that I know through him (he was also my thesis adviser), from conver-
sations and from his classic book on discrete subgroups of Lie groups.
It is with great pleasure that I dedicate this article to Raghunathan.
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2. The Fell Topology of Weak Containment

2.1. Notation. Let G be a locally compact group. Let Ĝ denote the
set of equivalence classes of unitary irreducible representations of G.
Given a unitary (not necessarily irreducible) representation π of G,
let V be the Hilbert space associated to it; denote the G-invariant
inner product of v, w ∈ H by (v, w). A matrix coefficient of π is
a function on G which is a finite (C) linear combination of functions
of the form (π(g)v, w). One says that an irreducible representation σ
occurs weakly in a unitary representation π, if given ε > 0, a rela-
tively compact set Ω in G, and a matrix coefficient φ of σ, there exists
a matrix coefficient ψ of π such that, for all g ∈ Ω, the inequality
|φ(g)− ψ(g)| ≤ ε holds.

Given two unitary representations π and τ of G, we say that π is
weakly contained in τ and write π ⊂ τ if every irreducible unitary
representation of G which occurs weakly in π also occurs weakly in τ .

As an example, consider G = Z. Let nZ denote the subgroup gen-
erated by the integer n. It is easily seen that the irreducible represen-
tations of Z occurring in L2(Z) may be identified with the circle group
R/Z. The set of irreducible representations occurring in L2(Z/nZ) is
nothing but the group (1/n)Z/Z of n-th roots of unity . Denote by
L2

0
(Z/nZ) the orthogonal complement of the trivial representation in

L2(Z/nZ). Clearly Q/Z − 0 is dense in R/Z. This last statement is
easily seen (from the definition of weak containment) to be equivalent
to the following lemma.

Lemma 3. As representations of Z one has the weak containment

L2(Z) ⊂ ⊕nL
2

0
(Z/nZ).

To continue, if H is a closed subgroup of G and τ is a unitary rep-
resentation of H, then denote by Ind(τ) = IndG

H(τ) the (unitarily)
induced representation on G. One knows that if π ⊂ τ are representa-
tions of H, then Ind(π) ⊂ Ind(τ).

2.2. Property τ . Let Γ be a discrete (finitely generated) group and
Γi some family of subgroups of finite index in Γ. One says that Γ has
property τ with respect to the family Γi (see [LZ]) if the trivial
representation 1Γ does not occur weakly in the direct sum ⊕L2

0
(Γ/Γi).

Here L2

0
denotes the space of functions on the relevant quotient which

are orthogonal to the constant function.
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If Γ is a discrete subgroup of finite covolume in a locally compact
group G, one says that G has property τ with respect to the family
Γi if 1G does not occur weakly in the direct sum ⊕iL

2

0
(G/Γi). This

is easily seen to be equivalent to saying that Γ has property τ for the
same family.

2.3. Property T. Let G be a locally compact group. One says that
G has property T (the notion is due to Kazhdan) if whenever the
trivial representation 1G occurs weakly in a unitary representation π
of G, then 1G occurs strongly i.e. the representation π has a non-zero
vector invariant under all of G.

Note that if a discrete group Γ has property T, then with respect to
the family of all subgroups Γi of finite index in Γ, Γ has property τ .

Let G be a semi-simple linear algebraic group defined over Q such
that G(R) is non-compact. Let Γ ⊂ G(Q) be a congruence subgroup.
Let Γi be the family of congruence subgroups of Γ. Then there is the
following recent theorem of Clozel (see [C2]).

Theorem 4. (Clozel) The group G = G(R) has property τ for the
family of congruence subgroups Γi. That is, the trivial representation
of G does not occur weakly in the direct sum ⊕L2

0
(G/Γi) where the sum

is over all congruence subgroups of G(Q).

We will also use the following (variant of a ) theorem of Burger-Li-
Sarnak (see [BLS]). Let H be a semi-simple Q subgroup of a semi-
simple Q group G. Assume H(R) is non-compact (hence so is G(R)).
Let Γ ⊂ G(Q) be an arithmetic (not necessarily congruence) sub-
group. In the folowing we identify G and H with the groups G(R)
and H(R) of real points. Let ρ be a unitary representation of Γ. For
each g ∈ G(Q), consider the subgroup Γ ∩ gHg−1 of Γ. This is an
arithmetic subgroup of gHg−1. For each g ∈ G(Q) the representation

IndgHg−1

Γ∩gHg−1(ρ) = L2(gHg−1/Γ ∩ gHg−1, ρ) of gHg−1 may be thought

of (by composing with the isomorphism H ' gHg−1 induced by con-
jugation by g) as a representation of H = H(R). Here Ind denotes
unitary induction.

Theorem 5. (Burger-Li-Sarnak) Viewed as representations of H, one
has the weak containment

L2(G/Γ, ρ) ⊂ ⊕gL
2(gHg−1/Γ ∩ gHg−1, ρ),

where the sum is over all elements g ∈ G(Q).
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Remark 2. In [BLS] and [BS], the above has been stated and proved
only for congruence subgroups Γ (and the trivial representation ρ).
However, the proof in [BS] depends only on the fact that Γ is an arith-

metic group (and that G(Q) is dense in G(R)).

3. Proof of Theorem 2

Suppose ρ is a representation of the quotient Q = Γ/∆. Suppose
that the trivial representation 1Q occurs weakly but not strongly in ρ.
Hence ρ is a representation of Γ containing 1Γ weakly but not strongly.
Note that by construction, the restriction of the Γ-representation ρ to
Γ ∩ gHg−1 is a sum of copies of the trivial representation.

By inducing to G we see that 1G occurs weakly (but not strongly)
in L2(G/Γ, ρ). Upon restriction to H we see that the trivial represen-
tation 1H occurs weakly but not strongly in L2(G/Γ, ρ). We are using
here the Howe-Moore Theorem that if a unitary representation of G
has a vector fixed under H, then it has a vector fixed under G.

By the Theorem of Burger-Li-Sarnak (see Theorem 5), one has the
following inclusion of representations of H:

1H ⊂ L2(G/Γ, ρ) ⊂ ⊕L2

0
(gHg−1/Γ ∩ gHg−1, ρ).

Putting the above inclusions together, we see that the trivial represen-
tation 1H of H occurs weakly in the direct sum ⊕gL

2

0
(H/gΓg−1 ∩H),

the direct sum over all g ∈ G(Q) (recall that the restriction of ρ to
Γ∩ gHg−1 is a (possibly infinite) sum of copies of the trivial represen-
tation).

By construction, the intersections gΓg−1 ∩ H are congruence sub-
groups of H(Q). Hence, Clozel’s Theorem (Property τ for congruence
subgroups; see Theorem 4) contradicts the conclusion of the last para-
graph.

We have therefore proved that if the trivial representation of Γ/∆
occurs weakly in a unitary representation ρ, then it occurs strongly.
That is, Γ/∆ has property T. This proves Theorem 2.
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