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Abstract. If H is a simple real algebraic subgroup of real rank
at least two in a simple real algebraic group G, we prove, in a sub-
stantial number of cases, that a Zariski dense discrete subgroup of
G containing a lattice in H is a lattice in G. For example, we show
that any Zariski dense discrete subgroup of SLn(R) (n ≥ 4) which
contains SL3(Z) (in the top left hand corner) is commensurable
with a conjugate of SLn(Z).

In contrast, when the groups G and H are of real rank one,
there are lattices ∆ in a real rank one group H embedded in a
larger real rank one group G and that extends to a Zariski dense
discrete subgroup Γ of G of infinite co-volume.

1. Introduction

In this paper, we study special cases of the following problem raised
by Madhav Nori:

Problem 1 (Nori, 1983). If H is a real algebraic subgroup of a real
semi-simple algebraic group G, find sufficient conditions on H and G
such that any Zariski dense subgroup Γ of G which intersects H in a
lattice in H, is itself a lattice in G.

If the smaller group H is a simple Lie group and has real rank strictly
greater than one (then the larger group G is also of real rank at least
two), we do not know any example when the larger discrete group Γ is
not a lattice. The goal of the present paper is to study the following
question, related to Nori’s problem.

Question 2. If a Zariski dense discrete subgroup of a simple non-
compact Lie group G intersects a simple non-compact Lie subgroup H
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in a lattice, is the larger discrete group a lattice in the larger Lie group
G?

Analogous questions have been considered before: (e.g. [F-K], Bass-
Lubotzky [B-L], Hee Oh [O]), and [V2]). In the present paper, we give
some evidence where the answer to this question is in the affirmative.

For example, consider the “top left hand corner” embedding

SLk ⊂ SLn, (k ≥ 3).

The embedding is as follows: an SLk matrix M is thought of as an
n × n matrix M ′ such that the first k × k entries of M ′ are the same
as those of M , the last (n− k)× (n− k) entries of M ′ are those of the
identity (n− k)× (n− k) matrix, and all other entries of M ′ are zero.

Theorem 1. Suppose that SL3 is embedded in SLn (in the “top left
hand corner”) as above. Suppose that Γ is a Zariski dense discrete
subgroup of SLn(R) whose intersection with SL3(R) is a subgroup of
SL3(Z) of finite index. Then, Γ is commensurate to a conjugate of
SLn(Z), and is hence a lattice in SLn(R).

We may similarly embed Spk ⊂ Spg in the “top left hand corner”,
where Spg is the symplectic group of 2g × 2g-matrices preserving a
non-degenerate symplectic form in 2g-variables. Denote by Spg(Z) the
integral symplectic group.

Theorem 2. If Γ is a Zariski dense discrete subgroup of Spg(R) whose
intersection with Sp2(R) is commensurate to Sp2(Z) then a conjugate
of Γ is commensurate with Spg(Z) and hence Γ is a lattice in Spg(R).

The proof of Theorem 1 depends (as does the proof of Theorem 2) on
a general super-rigidity theorem for discrete subgroups Γ which contain
a “large” enough higher rank lattice. More precisely, our main result
is the following.

Let P be a minimal real parabolic subgroup of the simple Lie group
G and denote by S and N respectively a maximal real split torus of
P and the unipotent radical of P . Let A be the connected component
of identity in S. Denote by P0 the subgroup AN of P (if G is split,
then P0 is the connected component of identity of P ; in general we
have replaced the minimal parabolic subgroup P by a subgroup P0

which has no compact factors such that P/P0 is compact). Let K be a
maximal compact subgroup of G. We have the Iwasawa decomposition
G = P0K = ANK. Assume that the isotropies of H in its action on
the quotient G/P0 are all positive dimensional and non-compact.
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Theorem 3. Let H be a semi-simple subgroup of a simple Lie group
G with R-rank(H) ≥ 2. Let Γ be a Zariski dense subgroup of G whose
intersection with H is an irreducible lattice in H. Let G = NAK be
the Iwasawa decomposition of G as above and P0 = AN .

If the isotropy of H acting on G/P0 is nontrivial at every point of
G/P0, then Γ is a super-rigid subgroup of G.

One of the referees has pointed out that the super-rigidity of The-
orem 3 is still true, if we only assume that the intersection Γ ∩ H is
a super-rigid subgroup of H (thus it can also apply when H has real
rank equal to one but is isomorphic, up to compact factors, to Sp(n, 1)
or the real rank one form of F4).

Yehuda Shalom has pointed out to us that in Theorem 3, we may
replace the hypothesis that G is simple, by the assumption that G is
semi-simple:

Theorem 4. Let H be a semi-simple subgroup of a semi-simple Lie
group G with R-rank (H) ≥ 2. Let Γ be a Zariski dense subgroup
of G whose intersection with H is an irreducible lattice in H. If the
normal subgroup of G generated by H is all of G, and if all the isotropy
subgroups of H acting on G/P0 are nontrivial, then Γ is a super-rigid
subgroup of G.

The proof is identical to that of Theorem 3, if the additional hy-
potheses of Theorem 4 are taken into account.

The conditions of Theorem 3 are satisfied if the dimension of H is
sufficiently large (for example, if dim(K) < dim(H)). We then get the
following as a corollary of Theorem 3.

Corollary 5. Let Γ be a Zariski dense discrete subgroup of a simple
Lie group G which intersects a semi-simple subgroup H of G (with R-
rank(H) ≥ 2) in an irreducible lattice. Let K be a maximal compact
subgroup of G and assume that dim(H) > dim(K). Then Γ is a super-
rigid subgroup of G.

Here, super-rigid is in the sense of Margulis [M]. That is, all linear
representations - satisfying some mild conditions - of the group Γ vir-
tually extend to (i.e. coincide on a finite index subgroup of Γ with) a
linear representation of the ambient group G. If the answer to Ques-
tion 2 is in the affirmative, then Γ must be a lattice and by the Super-
rigidity Theorem of Margulis, must satisfy the super-rigidity property;
Corollary 5 is therefore evidence that the answer to Question 2 is “yes”.
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It was Madhav Nori who first raised the question (to the second
named author of the present paper) whether these larger discrete groups
containing higher rank lattices have to be lattices themselves (i.e. arith-
metic groups, in view of Margulis’ Arithmeticity Theorem). We will in
fact show several examples of pairs of groups (H,G), such that Γ does
turn out to be a lattice, giving a positive answer to Nori’s question (see
Theorem 1 and Corollary 6).

For instance, as a consequence of Corollary 5 we obtain the following.

Corollary 6. If n ≥ 4 and H = SLn−1(R) ⊂ SLn(R) and Γ is a
Zariski dense subgroup of SLn(R) which intersects SLn−1(R) in a fi-
nite index subgroup of SLn−1(Z), then a conjugate of Γ in SLn(R) is
commensurate to SLn(Z).

Analogously, we prove

Corollary 7. If g ≥ 3, then under the standard embedding Spg−1 ⊂
Spg, every Zariski dense discrete subgroup of Spg(R) which contains a
finite index subgroup of Spg−1(Z) is commensurable to a conjugate of
Spg(Z).

The proof of Theorem 3 runs as follows.

We adapt Margulis’ proof of super-rigidity to our situation; the proof
of Margulis uses crucially that a lattice Γ acts ergodically on G/S for
any non-compact subgroup S of G, whereas we do not have the ergod-
icity available to us. We use instead the fact that the representation of
the discrete group Γ is rational on the smaller group ∆.

Given a representation ρ of the group Γ on a vector space over a local
field k′, we use a construction of Furstenberg to obtain a Γ-equivariant
measurable map φ from G/P0 into the space P of probability measures
on the projective space of the vector space. Using the fact that the
isotropy subgroup of H at any point in G/P0 is non-compact, we de-
duce that on H-orbits, the map φ is rational, and by pasting together
the rationality of φ on many such orbits, we deduce the rationality of
the representation ρ.

Corollary 5 implies Corollary 6 as follows: the super-rigidity of Γ in
Corollary 6 implies, as in [M], that Γ is a subgroup of an arithmetic sub-
group Γ0 of SLn(R). It follows that the Q-form of SLn(R) associated
to this arithmetic group has Q-rank greater than n/2. The classifica-
tion of the Q-forms of SLn(R) then implies that the Q-form must be
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SLn(Q) and that Γ is commensurate to a subgroup of SLn(Z). Since Γ
is Zariski dense and virtually contains SLn−1(Z), it follows from [V1]
that Γ is commensurate to SLn(Z).

We now give a list (not exhaustive) of more pairs (H,G) which satisfy
the condition (dim(H) > dim(K)) of Corollary 5.

Corollary 8. If (H,G) is one of the pairs
(1) H = Spg ⊂ SL2g with g ≥ 2, or
(2) H = SLp × SLp ⊂ G = SL2p with p ≥ 3
(3) H = Spa × Spa ⊂ G = Sp2a with 1 ≤ a.
then any Zariski dense discrete subgroup Γ of G(R) whose intersec-

tion with H(R) is an irreducible lattice, is super-rigid in G(R).

There are examples of pairs (H,G) satisfying the condition of Theo-
rem 3 which are not covered by Corollary 5. In the cases of the follow-
ing Corollary, it is easy to check that dim(H) = dim(K) and that the
isotropy of H at any generic point of G/P is a non-compact Cartan
subgroup of H. When G = H(C), we view G as the group of real
points of a complex algebraic group, and Zariski density of a subgroup
Γ ⊂ G is taken to mean that Γ is Zariski dense in G(C) = H(C)×H(C).

Corollary 9. Let H be a real simple algebraic group defined over R with
R-rank(H) ≥ 2 embedded in the complex group G = H(C). If H does
not have a compact Cartan subgroup, then every Zariski dense discrete
subgroup Γ of G which intersects H(R) in a lattice is super-rigid in G.

Notice that Corollary 5and Theorem 3 allow us to deduce that if Γ is
as in Corollary 5 or Theorem 3, then Γ is a subgroup of an arithmetic
group in G (see Theorem 14), reducing Nori’s question to the following
apparently simpler one:

Question 3. If a Zariski dense subgroup Γ of a lattice in a simple
non-compact Lie group G contains a higher rank lattice of a smaller
group, is Γ itself a lattice in G?

We now describe the proof of Theorem 1. If Corollary 5 is to be ap-
plied directly, then the dimension of the maximal compact of SLn(R)
must be less than the dimension of SL3(R), which can only happen if
n = 4; instead, what we will do, is to show that the group generated by
SL3(Z) (in the top left hand corner of SLn(R) as in the statement of
Theorem 1) and a conjugate of a unipotent root subgroup of SL3(Z) by
a generic element of Γ, (modulo its radical), is a Zariski dense discrete
subgroup of SL4(R). By applying Corollary 6 for the pair SL3(R) and
SL4(R), we see that the Zariski dense discrete subgroup Γ of SLn(R)
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contains, virtually, a conjugate of SL4(Z).

We can apply the same procedure to SL4 instead of SL3 and ob-
tain SL5(Z) as a subgroup of Γ, ..., and finally obtain that Γ virtually
contains a conjugate of SLn(Z). This proves Theorem 1. The proof of
Theorem 2 is similar: use Corollary 7 in place of Corollary 6.

When H has real rank one, the answer to the counterpart of Ques-
tion 2 is in the negative:

For G of rank two or higher, the work of D. Johnson and J. Millson
in [J-M] produces a Zariski dense subgroup Γ of SLn(R), isomorphic to
a lattice in SO(n − 1, 1) (hence of infinite co-volume in SLn(R)) and
intersecting a subgroup H isomorphic to SO(n − 2, 1) in a lattice ∆
(see Remarque 1.3 of [Ben1] and Corollaire 2.10 of [Ben2]).

Even if G has rank one, given H ⊂ G and a lattice ∆ ⊂ H, one can
always produce a Zariski dense discrete subgroup Γ in G which is not
a lattice in G, and whose intersection with H is a subgroup of finite
index in ∆ (Theorem 15). The method is essentially that of Fricke
and Klein [F-K] who produce, starting from Fuchsian groups, Kleinian
groups of infinite co-volume, by using a “ping-pong” argument.

2. Preliminaries on measurable maps

The aim of this section is to recall a few well known facts used in
the proof of Corollary 5and prove the following key fact.

Proposition 10. Let H̃ be a Q-simple, simply connected algebraic
group with R-rank (H) ≥ 2 and ∆ ⊂ H̃(Z) an arithmetic subgroup.
Let ρ : ∆ → G′(k′) be a representation, where G′ is a linear algebraic
group over a local field k′ of characteristic zero. Suppose that S ⊂ H̃(R)
a closed non-compact subgroup and let J ⊂ G′(k′) be an algebraic sub-
group. Let φ : H̃(R)/S → G′(k′)/J be a Borel measurable map which
is ∆- equivariant (on a conull subset which is ∆ stable).

Then the map φ : H̃(R)/S → G′(k′)/J is a rational map (again,
defined only on a conull subset of H̃(R)/S). More precisely:

If k′ is an archimedean local field, there exist a homomorphism ρ̃ :
H̃(R) → G′(k′) of real algebraic groups defined over R and a point
p ∈ G′(k′)/J , such that the map φ(hS) = ρ̃(h)(p) for all h in a conull



DISCRETE LINEAR GROUPS CONTAINING ARITHMETIC GROUPS 7

subset of H̃(R)/S (and is therefore an R -rational map of real varieties,
on a conull subset of H̃(R)/S).

If k′ is a non-archimedean local field, then the map φ is constant on
a conull subset of H̃(R)/S.

An important ingredient in the proof is the following generalisation
of the Ergodicity Theorem of Moore (see [Z], Theorem (2.2.6)).

Lemma 1. Let H̃ be a Q-simple, simply connected algebraic group with
R-rank(H) ≥ 1 and ∆ ⊂ H̃(Z) an arithmetic subgroup. For any closed
non-compact subgroup S ⊂ H̃(R), the group ∆ acts ergodically on the
quotient H̃(R)/S.

The Q-simplicity of H̃ implies that there exists a connected abso-
lutely almost simple simply connected group H0 defined over a number
field K, such that H̃ = RK/Q(H0), where RK/Q(H0) is the Weil restric-
tion of H0 from K to Q. Consequently,

H̃(R) = H0(K ⊗ R) =
∏
α∈∞

H0(Kα),

where ∞ denote the set of equivalence classes of archimedean em-
beddings of K. Let A ⊂ ∞ denote the archimedean embeddings
{α} such that H0(Kα) is non-compact. Then, H̃ = Hu × H∗ where
Hu :=

∏
α∈∞\AH0(Kα) is a compact group, and H∗ :=

∏
α∈AH0(Kα)

is a semi-simple group without compact factors.

Lemma 2. Let H̃ be a Q-simple, simply connected algebraic group with
R-rank(H) ≥ 1 and ∆ ⊂ H̃(Z) an arithmetic subgroup. Suppose that
π is a unitary representation of H̃(R) on a Hilbert space, such that for
any simple factor Hα of H∗, the space πHα of vectors of π invariant
under the subgroup Hα is zero. Then, the space πS of vectors in π
invariant under the non-compact subgroup S ⊂ H̃(R) is also zero.

Proof. By the Howe-Moore theorem, (see [Z], Theorem (2.2.20)), there
exists a proper function Ξ : H∗ → [0,+∞) (where [0,+∞) is the closed
open interval with end points 0 and +∞) with the following property.
Let π be a unitary representation of H∗ on a Hilbert space V such
that for any non-compact simple factor Hα := H0(Kα) the space of
invariants V Hα is zero. For v, w ∈ H, denote their inner product by
< v,w > and define | v | by the formula | v |2=< v, v >. Then, for all
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v, w ∈ V , and all g ∈ H∗ we have

|< π(g)v, w >|≤ | v || w |
Ξ(g)

.

Suppose now that π is a unitary representation of H̃(R) on a Hilbert
space such that for any non-compact simple factor Hα of H∗, the space
of Hα invariants in π is zero. Let g ∈ S ⊂ H̃(R) = H∗ × Hu; we
write g = (g∗, gu) accordingly. Then, by the estimate of the preceding
paragraph applied to g∗ ∈ H∗ and the vectors π(gu)v in place of v, and
v in place of w, we get:

|< π(g)v, v >|≤ | v || v |
Ξ(g∗)

.

If π has non-zero S-invariant vectors v (say, of norm 1), then the forego-
ing estimate shows that Ξ(g∗) is bounded on S, which by the properness
of Ξ implies that S is compact; since this is false by assumption, we
have proved that π does not have any non-zero vectors invariant under
S. �

We are now ready to complete the proof of Lemma 1.

Proof of Lemma 1. Let V0 = L2[∆\H̃(R)] be the space of square inte-
grable functions on ∆\H̃(R); the latter space has finite volume, and
hence contains the space of constant functions. For any simple factor
Hα of H∗ ⊂ H̃(R), the space V Hα

0 is just the space of constants, by
strong approximation (see [M], Chapter (II), Theorem (6.7); in the no-
tation of [M], we may take B = {α} to be a singleton). Consequently,
if π denotes the space of functions in V0 orthogonal to the constant
functions, then π satisfies the assumptions of Lemma 2. Therefore,
by Lemma 2, πS = 0, and hence the only functions on ∆\H̃(R) in-
variant under the non-compact group S are constants. This proves
Lemma 1. �

We now record a statement which will be used in the proof of Propo-
sition 10. We thank the referee for pointing out the simple proof (and
the correct formulation) of the following Lemma.

Lemma 3. Let H̃ be a Q-simple, simply connected algebraic group with
R-rank(H̃) ≥ 1 and ∆ ⊂ H̃(Z) an arithmetic subgroup. Suppose that
s ∈ H̃(R) generates an infinite discrete subgroup and let τ : sZ → Z be
an isomorphism. Then, there does not exist any sZ-equivariant Borel
measurable map

φ∗ : ∆\H̃(R)→ Z.
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Proof. The image (push-out) of the Haar measure on H̃(R)/∆ under
the map φ∗ gives a finite Z invariant measure on Z, which cannot exist;
therefore, the map φ∗ does not exist. �

The following is a version of the Margulis super-rigidity theorem,
except that the Zariski closure of the image ρ(∆) is not assumed to
be an absolutely simple group and that ρ(∆) is not assumed to have
non-compact closure in G′(k′) if k′ is archimedean.

Theorem 11 (Margulis). Let H̃ be a Q-simple simply connected al-
gebraic group defined over Q with R-rank (H̃) ≥ 2, ∆ ⊂ H̃(Z) an
arithmetic subgroup and ρ : ∆→ G′(k′) a homomorphism into a linear
algebraic group over a local field k′ of characteristic zero.

(1) ([M], Chapter(VIII), Theorem (3.4) part(a)): If k′ is archimedean,
then the map ρ coincides, on a subgroup of finite index, with a repre-
sentation ρ̃ : H̃(R)→ G′(k′).

(2) ([M], Chapter(VIII), Theorem (5.9) part(a)): If the local field k′

is non-archimedean, then ρ(∆) is contained in a compact subgroup of
G′(k′).

We can now prove the main result (Proposition 10) of this section.

Proof of Proposition 10. Suppose first that k′ is archimedean. Let ∆′ ⊂
∆ be a subgroup of finite index such that there exists (according to The-
orem 11 quoted above) a representation ρ̃ : H̃(R)→ G′(k′) which coin-
cides with ρ on ∆′. Consider the map φ∗(h) = ρ̃(h)−1(φ(h)) from H̃(R)
into the quotient G′(k′)/J . Then, for all δ ∈ ∆′, h ∈ H̃(R) , s ∈ S, we
have φ∗(δh) = φ∗(h) and φ∗(hs) = ρ̃(s)−1(φ∗(h)). That is, the map φ∗

is ∆′ invariant and S-equivariant for the action of H̃(R) on G′(k′)/J
via the representation ρ̃.

The representation ρ̃ is algebraic; moreover, since k′ is archimedean,
by assumption the group J is a real algebraic subgroup of G′(k′), and
hence the action of H̃(R) on G′(k′)/J is smooth. Let S1 denote the
Zariski closure of the image ρ̃(S). The S1-action on G′(k′)/J is smooth,
hence the quotient S1\G′(k′)/J is countably separated. On the other
hand, by Lemma 1, the action of S on ∆′\H̃(R) is ergodic. Hence, by
Proposition (2.1.11) of [Z], the image of φ∗ is essentially contained in
an S1-orbit i.e. there exists a Borel set E of measure zero in H̃(R)/S,
such that the image under φ of the complement of E is contained in
an S1-orbit.
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Since S is a non-compact Lie group, S contains an element s of infi-
nite order which generates a discrete non-compact subgroup. We may
replace S by the closure of the group generated by the element s and
assume that S is abelian. Similarly, we may replace S1 by the Zariski
closure of the image of sZ and assume that S1 is also abelian. Hence
the S1-orbit of the preceding paragraph is of the form S1/S2 with S2

an algebraic subgroup of the abelian group S1.

Case 1: Suppose that the inverse image S ′ = S ∩ ρ̃−1(S2) is a non-
compact subgroup. By Lemma 1, the group S ′ acts ergodically on
∆\H̃(R); therefore, the map φ∗ - being S ′ invariant - is constant:
φ∗(∆\H̃(R)) = {p} for some point p ∈ G′(k′)/J . That is φ(h) =
ρ̃(h)(p), and is rational.

Case 2: Suppose that S ′ is compact. Since sZ generates a discrete
non-compact subgroup and S ′ is compact, the image sZ1 := ρ̃(sZ) also
generates a discrete non-compact subgroup in S1/S2 (ρ̃ being an alge-
braic, hence continuous, map). Hence sZ1 -orbits in S1/S2 are closed so
that the space sZ1\S1/S2 is countably separated. By Lemma 1, sZ acts
ergodically on ∆\H̃(R). By applying Proposition (2.1.11) of [Z] to the
sZ1 -invariant map φ∗ : ∆\H̃(R)→ sZ1\S1/S2, we deduce that the image
of φ∗ is essentially contained in an orbit of sZ1 in the quotient group
S1/S2. Then, by Lemma 3, such a map cannot exist, so Case 2 is not
possible.

Therefore, by Case 1, φ(h) = ρ̃(h)(p) is a rational map under the
assumption that k′ is an archimedean local field.

If k′ is non-archimedean, then by Theorem 11, the image ρ(∆) is
contained in a compact group K which acts smoothly on G′(k′)/J so
that K\G′(k′)/J is countably separated. The group ∆ acts ergodically
on H̃(R)/S. Hence, by Proposition (2.1.11) [Z], the S-invariant map
φ : ∆\H̃(R) → K\G′(k′)/J is essentially constant, and therefore the
image of φ is essentially contained in an orbit of K.

Since K is a compact subgroup of the p − adic group G′(k′), it has
a decreasing sequence of open subgroups (Kn)(n≥1) (of finite index in
K) such that the intersection ∩n≥1Kn = {1} is trivial. Then ∆n =
∆ ∩ ρ−1(Kn) is of finite index in ∆. By Theorem 11 applied to ∆n,
it follows that the image of φ is contained in an orbit of Kn for each
n ≥ 1. But since the subgroups Kn’s converge to the identity subgroup,
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it follows that the image of φ is a singleton. That is, φ is constant on
a conull subset of H̃(R)/S. �

We now mention two consequences of Fubini’s Theorem we will need
in the proof of Theorem 5.

Notation 1. Suppose that H is a locally compact Hausdorff second
countable topological group with a Haar measure µ and assume that
(H,µ) is σ-finite. Suppose that (X, ν) is a σ-finite measure space on
which H acts such that the action H ×X → X - denoted (h, x) 7→ hx
- is measurable and so that for each h ∈ H, the map x 7→ hx on X
preserves the measure class of ν. Let Z be a measure space and let
f : X → Z be a measurable map. Given a measure space (X, ν), we
will say that a measurable subset X1 ⊂ X is co-null, if the complement
X \X1 has measure zero with respect to ν.

Lemma 4. Under the preceding notation, suppose that there exists a
co-null subset X1 ∈ X such that for each x ∈ X1, the map h 7→ f(hx)
is constant on a co-null subset Hx of H.

Then, given h ∈ H, there exists a measurable subset Xh which is
co-null in X1 and such that for all x ∈ Xh

f(hx) = f(x).

Proof. This is essentially a consequence of Fubini’s Theorem. Define
E = {(h, x) ∈ H × X : hx ∈ X1}. Then, for each h ∈ H, we have

Eh
def
= {x ∈ X : hx ∈ X1} = h−1(X1). Therefore Eh is co-null and

hence by Fubini’s Theorem, E is co-null in H ×X.

Given h0 ∈ H, y ∈ X1 and h ∈ H, consider the set

Wy = {h ∈ H : f(h0hy) = f(hy)}.
Since Wy ⊃ h−1

0 Hy ∩Hy, it follows that Wy is co-null in H. Consider
the set E1 = {(h, y) ∈ E : y ∈ X1, and f(h0hy) = f(hy)}. Then E1 is
measurable and co-null in E by Fubini, since, for each y ∈ X1, the set

Ey
1 is nothing but Wy and is co-null. Write Xh0

defn
= {hy : (h, y) ∈ E1}.

Then, Xh0 ⊂ X1 (since for every (h, y) ∈ E we have hy ∈ X1) and
for almost all h, we have (E1)h = {y ∈ X1 : hy ∈ Xh0} = h−1Xh0 is
measurable and co-null. Hence Xh0 is measurable and co-null in X1.

Let x ∈ Xh0 . Then, by the definition of the set Xh0 , there exists
(h, y) ∈ E1 such that x = hy. Moreover, f(h0x) = f(h0hy) = f(hy) =
f(x) (the last but one equation holds because (h, y) ∈ E1). This proves
the Lemma. �
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Notation 2. Let G be a locally compact Hausdorff second countable
group with a σ-finite Haar measure. Equip G × G with the product
measure µ×µ. Let Z be a measure space and f : G→ Z a measurable
map.

The following lemma is again a simple application of Fubini’s Theo-
rem.

Lemma 5. With the preceding notation, suppose that given g ∈ G,
there exists a measurable co-null subset Xg ⊂ G, such that

f(gx) = f(x) ∀x ∈ Xg.

Then there exists a measurable co-null subset Y ⊂ G such that y 7→
f(y) is constant on Y .

Proof. Let E = {(g, x) ∈ G×G : f(gx) = f(x)}. Then E is measurable
and for almost all g ∈ G, the set Eg = {x ∈ G : (g, x) ∈ E} is
measurable. Moreover, by the definition of E, Eg = {x ∈ G : f(gx) =
f(x)} and hence contains the co-null subset Xg. Therefore, Eg is co-
null for almost all g ∈ G, which implies, by the Fubini Theorem, that
E is co-null in G × G. Hence, again by the Fubini Theorem, there
exists a co-null subset X1 in G such that for all x ∈ X1, we have
Ex = {g ∈ G : (g, x) ∈ E} is co-null in G. But by the definition
of E, Ex = {g ∈ G : f(gx) = f(x)}. Fix x ∈ X1. Set Y = Exx.
Then Y is co-null in G. Given y ∈ Y , there exists g ∈ Ex such that
y = gx. Therefore, f(y) = f(gx) = f(x) for all y ∈ Y . This proves the
lemma. �

Finally, we recall a well known result of Furstenberg we will need,
commonly known as Furstenberg’s Lemma but due to Zimmer in the
form given below.

Lemma 6 (Furstenberg, [Z] Corollary (4.3.7) and Proposition (4.3.9)).
Suppose that Γ is a closed subgroup of a locally compact topological
group and that P0 is a closed amenable subgroup of G. Let X be
a compact metric Γ-space. Then there exists a Borel measurable Γ-
equivariant map from a conull subset of G/P0 to P(X), the space of
probability measures on X.

3. Proof of the super-rigidity result (Theorem 3)

We will now proceed to the proof of Theorem 3.

In this section, we suppose that H is a semi-simple Lie subgroup of
a simple Lie group G. Let P be a minimal real parabolic subgroup
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of G and S and N denote respectively a maximal real split torus of P
and the unipotent radical of P . Let A be the connected component of
identity in S. Denote by P0 the subgroup AN of P (if G is split, then
P0 = P ; in general we have replaced the minimal parabolic subgroup
P by a subgroup P0 which has no compact factors such that P/P0 is
compact). Let K be a maximal compact subgroup of G. We have the
Iwasawa decomposition G = P0K = ANK.

We will treat the archimedean and non-archimedean cases separately.

We start by mentioning the following easy observation.

Lemma 7. Let H be a semi-simple subgroup of simple group G and K
a maximal compact subgroup of G. assume that dim(H) > dim(K). Let
G = NAK be an Iwasawa decomposition of G and P0 = NA. Then the
isotropy subgroup of H at any point in G/P0 is a non-compact subgroup
of H.

Proof. Since G/P0 = K, we have dim(G/P0) = dim(K), and since
dim(H) > dim(K), at any point p ∈ G/P0, the isotropy of H is a
positive dimensional subgroup, which is conjugate to a subgroup of P0;
the latter has no compact subgroups, hence the isotropy of H at p is a
non-compact subgroup. �

Theorem 12. Suppose Γ is a Zariski dense discrete subgroup of a sim-
ple Lie group G which intersects a semi-simple Lie subgroup H (of real
rank at least two) of G in an irreducible lattice ∆. Suppose that H acts
with non-trivial isotropy at every point of G/P0.

Then, the group Γ is non-archimedean super-rigid.

Proof. Suppose that ρ : Γ → G′ is a representation of Γ into an abso-
lutely simple algebraic group G′ over a non-archimedean local field
k′ of characteristic zero with Zariski dense image.

By a construction of Furstenberg (Lemma 6), there exists a Γ equi-
variant measurable map φ from G/P0 into P(G′(k)/P ′(k)) where P
refers to the space of probability measures on the relevant space. Be-
ing a closed subgroup of P , the group P0 is amenable.

In particular, the map φ is ∆-equivariant. By assumption (or by
Lemma 7), at any point p ∈ G/P0, the isotropy of H is a non-trivial
subgroup. We will denote this isotropy by S.

Now by Corollary (3.2.17) of [Z], the group G′(k′) acts smoothly on
P(G′(k′)/P ′(k′)) and hence the quotient space P(G′(k′)/P ′(k′))/G′(k′)
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is countably separated. By Lemma 1, ∆ acts ergodically on H̃(R)/S.
Therefore, the map

φp : H/S → P(G′(k′)/P ′(k′)), h 7→ φ(hp)

is essentially contained in a G′(k′)-orbit (Proposition (2.1.11) of [Z]).
Write this orbit asG′(k′)/J for some closed subgroup J ofG′(k′). Then,
by Proposition 10, the map φp : H/S → G′(k′)/J is essentially con-
stant. Therefore, by Lemma 4, given h ∈ H, there exists a co-null set
X1 in G/P0, such that φ(hp) = φ(p) for all p ∈ X1.

Since G is simple and Γ is Zariski dense, there exist finitely many
elements γ1, γ2, · · · γk ∈ Γ such that the span of the Lie algebras of the
conjugates γi(H) = γiHγ

−1
i is the Lie algebra of G. Then, we apply

the conclusion of the preceding paragraph successively to the groups
γi(H) to conclude that if hi ∈γi (H) (1 ≤ i ≤ k) lie in a conull subset,
then the map x 7→ φ(h1h2 · · ·hkx) does not depend on the hi, for all x
in a co-null set X ′1.

Since the product set γ1(H)γ2(H) · · ·γk (H) contains a Zariski open
set inG by the choice of the γi, by replacing the set {γi} with a larger set
if necessary, we may assume that the product set γ1(H) · · ·γk (H) = G.
It follows from Lemma 5 that the Γ- equivariant map φ is essentially
constant, and hence ρ(Γ) fixes a probability measure on G′(k′)/P ′(k′).

But the isotropy subgroup in G′(k′) of a probability measure µ on
G′(k′)/P ′(k′) is (see Definition (3.2.3) and Theorem (3.2.4) [Z]) an ex-
tension of an algebraic subgroup G′µ of G′ by a compact subgroup
of G′(k′). Since ρ(Γ) is Zariski dense in G′(k′) it follows that G′µ is
normalised by G′; since G′ is absolutely simple, it follows that G′µ is
trivial. Therefore, the isotropy subgroup of µ in G′(k′) is compact, by
the above result (Theorem (3.2.4) of [Z]) and hence ρ(Γ) is contained
in a compact subgroup of G′(k′).

This means that Γ is non-archimedean super-rigid in G, and proves
Theorem 12. �

To treat the archimedean case, we need the following preliminary
result.

Lemma 8. If f : X → Y is a surjective map of irreducible affine
varieties over R, such that X(R) (resp. Y (R)) is Zariski dense in X
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(resp. Y ), and φ : Y (R) → R is a set theoretic map such that the
composite φ ◦ f is a rational map on X(R), then φ is a rational map
on Y (R).

Proof. We may assume - by replacing X by an open set - that X is
a finite cover Ũ of a an open set U of a product Y × Z of Y with an
affine variety Z; and that the map f is the composite of the covering
map p : Ũ → U with the first projection π1 : Y × Z → Y .

The assumptions imply that the composite p ◦ π1 ◦ f is rational on
Ũ . Since p is a finite cover, it follows that π1 ◦ f is rational on U (a
rational map on a finite cover which descends to a function on the base
is a rational function on the base), and hence rational on Y ×Z. Since
this map is independent of the point z ∈ Z, it follows that the map φ is
rational on Y (a rational function in two variables which depends only
on the first variable is a rational function in the first variable). �

Theorem 13. Let H be a semi-simple Lie subgroup (of real rank at
least two) of a simple Lie group G which acts with nontrivial (i.e. non-
compact) isotropies on G/P0. Let Γ ⊂ G be a Zariski dense discrete
subgroup which intersects H in an irreducible lattice. Let ρ : Γ→ G′(k′)
be a homomorphism of Γ, with k′ an archimedean local field, and G′

an absolutely simple algebraic group over k′. If ρ(Γ) is not relatively
compact in G′(k′) and is Zariski dense in G′, then ρ extends to an al-
gebraic homomorphism of G into G′(k′) defined over R.

[Here G′(k′) is viewed as the group of real points of a real algebraic
group Rk′/R(G′) where R is the Weil restriction of scalars. We view
the semi-simple linear group G also as the group of real points of a real
algebraic group].

Proof. If ρ is an archimedean representation of Γ, then, again by Fursten-
berg’s construction, there exists a Γ- equivariant measurable map

φ : G/P → P(G′(k′)/P ′(k′)),

where P ′ is a minimal parabolic k′-subgroup of G′ and P denotes the
space of probability measures.

We first prove that on each H-orbit in a conull H invariant subset
of G/P , the map φ is essentially a rational map. More precisely, we
prove that the map φ is the composite of an algebraic homomorphism
of H̃ into G′(k′) with the orbit map G′(k′)→ G′(k′)p with p ∈ P . This
is exactly the statement of Proposition 10 if H = H̃(R), where H̃ is
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simply connected. If not, we replace H (resp. ∆) by the image of H̃(R)
where H̃ is the simply connected cover of H (resp. ∆ ∩ H̃(R)). The
conclusion of Proposition 10 is unaltered.

As in the proof of Theorem 12, we fix elements γ1, γ2, · · · , γk ∈ Γ
such that the Lie algebras of the conjugates γi(H) = γiHγ

−1
i together

span that of G. The existence of such a set follows from the simplicity
of G and the Zariski density of Γ in G. Then, we apply the conclusion
of the preceding paragraph successively to γi(H) to conclude that if
hi ∈γi (H) (with 1 ≤ i ≤ k), then the map x 7→ φ(h1h2 · · ·hkx) is
simply the map

ρ̃(h1)ρ̃(h2) · · · ρ̃(hk)(φ(x)),

for almost all x ∈ G/P0, and all hi ∈ Hi. Here

ρ̃(hi) = ρ(γi)ρ̃(γ−1
i hiγi)ρ(γi)

−1

is the natural homomorphism on the conjugate γi(H) into G′(k′) ob-
tained from ρ̃ : H → G′(k′).

Since the product set γi(H)γ2(H) · · ·γk (H) contains a Zariski open
set in G by the choice of the γi, by replacing the product by a product
over a larger set of γi’s if necessary, we may assume that the product
set γi(H)γ2(H) · · ·γk (H) contains all of G (we may assume that G is
connected). Given g ∈ G, there exist elements hi ∈γi (H) (1 ≤ i ≤ k)
such that g = h1 · · ·hk. Thus, given g ∈ G, there exists an element
R(g) = ρ̃(h1) · · · ρ̃(hk) ∈ G′(k′) such that for a co-null set X1 ⊂ G/P0,
we have

(1) φ(gx) = R(g)φ(x) ∀x ∈ X1.

We may assume (since Γ is countable), that X1 is Γ-stable. If R′(g) ∈
G′(k′) is another element such that the equality (1) holds with R′(g)
in place of R(g), then, we have: R(g)−1R′(g) ∈ Iφ(x), the isotropy of
G′(k′) at the point φ(x), for each x ∈ X1. Replacing x by γx for a
fixed γ ∈ Γ, R(g)−1R′(g) lies in the intersection

I = ∩γ∈Γρ(γ)Iφ(x)ρ(γ)−1.

But the isotropy is an algebraic subgroup of G′(k′) (by [Z]). Hence the
intersection I is also algebraic, but is normalised by the Zariski dense
subgroup ρ(Γ) of G′(k′), and hence is normalised by G′(k′). But G′ is
absolutely simple, hence the intersection is trivial and R(g) = R′(g)
for all g ∈ G. In particular, R(γ) = ρ(γ) for all γ ∈ Γ.
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Moreover, the equation

φ(g1g2x) = R(g1)R(g2)φ(x) = R(g1g2)φ(x)

holds for a fixed g1, g2 ∈ G, and x ∈ X ′ a co-null subset of G/P0.
By the uniqueness of R(g1g2) proved in the preceding paragraph, we
have: R(g1g2) = R(g1)R(g2) for any fixed pair g1, g2 ∈ G. Hence
R : G→ G′(k′) is an abstract homomorphism.

The composite of the product map f : H1 × · · · × Hk → G and
the abstract homomorphism R : G → G′(k′) is R ◦ f(h1, · · · , hk) =
ρ̃(h1) · · · ρ̃(hk), which is rational on H1× · · · ×Hk. Then the map R is
rational, by virtue of Lemma 8.

Theorem 13 now follows since the rationality of R implies the ratio-
nality of the representation ρ : Γ→ G′(k′). �

Theorem 3 is an immediate consequence of Theorem 12 and Theorem
13.

Corollary 5 is a particular case of Theorem 3, in view of Lemma 7.

4. Applications (Proof of Corollary 6)

Assume that H = SLk(R) and G = SLn(R), with SLk embedded in
SLn in the top left hand corner. We will refer to this embeding as the
standard embedding of SLk in SLn.

Under the assumptions of Corollary 6, we have k − 1 > n/2 and
dim(H) = k2 − 1 > dim(G/P0) = n(n − 1)/2. Therefore, if Γ is a
Zariski dense discrete subgroup of G which intersects H in a lattice,
then by Theorem 5, Γ is super-rigid. We now prove Corollary 6.

We now recall a result, which is a generalisation of Margulis’ ob-
servation that super-rigidity implies arithmeticity. However, Margulis
needed only that the discrete subgroup was a lattice. We have not
assumed that Γ is a lattice (indeed, this is what is to be proved), and
we also do not assume that Γ is finitely generated.

Theorem 14 ([V3]). Let G be an absolutely simple real algebraic group
and let Γ be a super-rigid discrete subgroup. Then there exists an arith-
metic group Γ0 of G containing Γ.

Suppose Γ0 ⊂ G is arithmetic. This means that there exists a num-
ber field F and a semi-simple linear algebraic F -group G such that the
group G(R⊗F ) is isomorphic to a product SLn(R)×U of SLn(R) with
a compact group U . Under this isomorphism, the projection of G(OF )
of the integral points of G into G is commensurable with Γ0. The
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simplicity of SLn(R) implies that G may be assumed to be absolutely
simple over F . The group G is said to be an F -form of SLn. Moreover,
if Γ0 contains unipotent elements, then G cannot be anisotropic over
F . Hence F -rank of G is greater than zero. In that case, G(F ⊗ R)
cannot contain compact factors (since compact groups cannot contain
unipotent elements). This means that F = Q.

We now recall the classification of Q-forms of SLn.

[1] Let d be a divisor of n and D a central division algebra over Q
of degree d. Write n = md. Then, the algebraic group G = SLm(D)
is a Q-form of SLn. The rank of G is m− 1 = n/d− 1. If d ≥ 2, then
m− 1 < n/2.

[2] Let E/Q be a quadratic extension and D a central division al-
gebra over E with an involution of the second kind with respect to
E/Q. Let d be the degree of D over E, suppose d divides n and let
md = n. Let h : Dm ×Dm → E be a Hermitian form with respect to
this involution, and let G = SU(h). Then, G is a Q-form of SLn; its
Q-rank is not more than m/2 = n/2d ≤ n/2.

The classification of simple algebraic groups (see [T]), implies the
following.

Lemma 9. The only Q-forms G of SLn are as above. In particular,
if G is a Q-form of Q-rank strictly greater than n/2, then G is Q-
isomorphic to SLn.

Proof of Corollary 6. By Corollary 5, the group Γ is super-rigid in G.
By Theorem 14, Γ is contained in an arithmetic subgroup Γ0 of G.
Since Γ0 ⊃ Γ contains a finite index subgroup of the standard copy of
SLk(Z) by assumption, it follows that Γ0 contains unipotent elements.
Therefore, the number field F associated to the arithmetic group Γ0

is Q. Since H intersects Γ0 in a finite index subgroup of the standard
SLk(Z), it follows that H is the group of real points of a Q-subgroup
H of G. Clearly H is isomorphic over Q, to SLk since it contains
SLk(Z) in its Q-rational points and H(C) being the Zariski closure of
a finite index subgroup of SLk(Z), is isomorphic over C, to SLk(C).
The Q-rank of G is not less than the Q-rank of H which is k−1 > n/2
by assumption.

By Lemma 9, the Q-form G is isomorphic to SLn. Hence Γ0 is com-
mensurable with SLn(Z). Moreover, the Q-inclusion of H = SLk in
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G = SLn is the standard one described before the statement of Theo-
rem 1.

Now, Γ is Zariski dense and contains SLk(Z) in the “top left hand
corner”. By Theorem (3.7) of [V1], Γ must be of finite index in SLn(Z).
This proves Corollary 6.

�

Corollary 7 is proved in an analogous way.

5. Proof of Theorem 1

Notation 3. Let k ≥ 3 and m ≥ 2 be integers, set n = k + m. Fix
(real) vector spaces W , E and V of dimensions k, m and n respectively.
Assume that V = W ⊕ E. Then there is a decomposition of the dual
vector spaces V ∗ = W ∗ ⊕ E∗. Fix a basis w1, w2, · · · , wk of the vector
space W . Let w∗1, w

∗
2, · · · , w∗k be the dual basis in W ∗ ⊂ V ∗. Let

U = {g ∈ SL(V ) : g(wi) /∈ W (1 ≤ i ≤ k − 1) and g∗(w∗k) /∈ E∗ ∪W ∗}.

Then, U is a non-empty set in G which is open in the Zariski topology
on SL(V ).

We will view SL(W ) as a subgroup of SL(V ) by letting any element
of SL(W ) act trivially on E. Let U ⊂ SL(W ) be the unipotent sub-
group an element of which acts trivially on each wi with 1 ≤ i ≤ k− 1
and takes wk to wk plus a multiple of w1. The subspace of vec-
tors in V fixed by U is precisely direct sum of E with the span of
w1, w2, · · · , wk−1. Denote by L(g) the Zariski closure in SL(V ) of the
subgroup generated by SL(W ) and gUg−1.

The group L(g) is connected, as it is generated by the connected
subgroups A = SL(W ) and B = gUg−1; therefore, its Lie algebra
is generated by those of A and B. Let L(g) = U(g)Z(g) be a Levi-
decomposition of the (non-reductive) group L(g) into a product of its
unipotent radical U(g) and a Levi-supplement Z(g). Such a supplement
is unique up to conjugacy in L(g). We assume, as we may, that Z(g)
contains the reductive subgroup SL(W ) of L(g).

Lemma 10. With the above notation, (and the assumption that k ≥ 3),
for every element g ∈ U of the Zariski dense open subset U of SLn(R)
defined above, the Levi subgroup Z(g) of L(g) is conjugate in SLn(R),
to SLk+1.



20 INDIRA CHATTERJI AND T. N. VENKATARAMANA

Here, SLk+1 is, after a conjugation (i.e. a change of basis), the
“standard copy” (top left hand corner embedding ) of SLk+1 in G =
SLn.

Proof. By the remarks before the statement of the Lemma, the lemma
is equivalent to showing that the Levi Lie algebra z(g) of the Levi sub-
group Z(g) can be conjugated by an element of SLn(R), isomorphically
onto the Lie algebra slk+1(R) (the standard “top left hand corner” copy
of slk+1(R)).

We first decompose the space sl(V ) as a module over sl(W ). Now,
V = W ⊕ Cn−k where C is the one dimensional trivial sl(W )-module.
Hence

sl(V ) = sl(W )⊕ (Cn−k ⊗W )⊕ (W ∗ ⊗ Cn−k)⊕X
where X is a trivial sl(W ) module of the appropriate dimension and
W ∗ is the dual of W .

The Lie algebra Lie(U) is generated by the linear transformation
Ek1 which takes all the elements of the standard basis of Rn to zero,
except the k-th basis element wk which is taken to w1. Therefore, the
kernel of Ek1 has codimension 1. By the genericity assumption on g,
the conjugate gEk1g

−1 has kernel gF (also of codimension 1) which
intersects E in a subspace of codimension 1: dim(gF ∩E) = n− k− 1.

We have the exact sequence

0→ gF ∩ E → V → V = V/gF ∩ E → 0

of vector spaces, which is also a sequence of l(g) modules since all the
terms are stable under the action of sl(W ) and of gLie(U)g−1. More-
over, l(g) acts trivially on gF ∩E. Denote by V the quotient V/gF ∩E,
by E the image of E ⊂ V in V . Then E is one dimensional.

Therefore, as a module over the reductive subalgebra z(g), we have
a splitting V = V ⊕ (gF ∩E). Recall that z(g) was assumed to contain
sl(W ).

As an sl(W )-module, we have the decomposition V = W ⊕ E and
hence as an sl(W )-module, the decomposition

End(V ) = End(W )⊕ (E ⊗ E)⊕ (W ∗ ⊗ E)⊕ (E
∗ ⊗W ).

Since dim(W ) ≥ 3, the irreducible modules W and W ∗ are non-
isomorphic; therefore, if a vector in sl(V ) projects non-trivially to
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W ⊗ E
∗

and to E ⊗ W ∗, then the sl(W )-module generated by the

vector contains both the spaces E
∗ ⊗W and W ∗ ⊗ E.

The genericity assumption on g ensures that the projection of gEk1g
−1

viewed as an endomorphism of V projects non-trivially to W and W ∗

in End(V ). Hence, by the preceding paragraph, z(g) contains the sub-
algebras sl(W ), W ∗ ⊗ E and W ⊗ E∗; therefore, the Lie algebra z(g)
equals sl(V ). This proves Lemma 10.

�

Lemma 11. If ∆ ⊂ G = Rk+1 o SLk+1(R) is a Zariski dense discrete
subgroup of G which contains {0}o SLk(Z) embedded in SLk+1(R) in
the top left hand corner, and if k ≥ 3, then, the group ∆ virtually
contains a conjugate of SLk+1(Z).

Proof. The group ∆ may be shown to be super-rigid in G, exactly as in
the proof of Corollary 6, since k ≥ 3. This means, by [V3], that the pro-
jection of ∆ is contained in an arithmetic subgroup of SLk+1(R), and
is therefore discrete. The Zariski density of the projection in SLk+1(R)
now implies, by Corollary 6, that the projection of ∆ is conjugate vir-
tually to SLk+1(Z).

Now, ∆ is a subgroup of a semi-direct product and its projection to
SLk+1(R) contains virtually SLk+1(Z). Hence ∆ defines a element of
the cohomology group H1(∆′,Rn) where ∆′ ⊂ SLk+1(Z) is a subgroup
of finite index. But the first cohomology group vanishes, by a Theo-
rem of Raghunathan ([R2]), for k + 1 ≥ 3, and therefore, ∆ contains,
virtually, a conjugate of SLk+1(Z). �

We will now begin the proof of Theorem 1. We have SL3(Z) is
virtually contained (in the top left hand corner) in the Zariski dense
discrete subgroup Γ of SLn(R). We will prove by induction, that for
every k ≥ 3 with k ≤ n, a conjugate of SLk(Z) is virtually a subgroup
of Γ. Applying this to k = n, we get Theorem 1.

Suppose that for some k, we have SLk(Z) is virtually contained in
Γ. Let γ ∈ Γ, and let ∆ = ∆(γ) denote the subgroup of Γ generated by
SLk(Z) and a conjugate of the unipotent element γuγ−1 (where u is in
a finite index subgroup of SL3(Z), as in Lemma 10). Assume further,
that the element γ in in the open set U of Notation 3. By Lemma 10,
the Zariski closure of the group ∆ maps onto SLk+1.
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By Lemma 11, the group ∆ contains, virtually, the group SLk+1(Z).
We have thus proved that if SLk(Z) ⊂ Γ, then SLk+1(Z) ⊂ Γ, provided
k + 1 ≤ n. Thus the induction is completed and therefore Theorem 1
is established

6. The rank one case

In this last section, we will see that the situation for Nori’s question
is completely different in real rank one. More precisely, we have the
following result.

Theorem 15. Let G be a real simple Lie group of real rank one and
H ⊂ G a non-compact semi-simple subgroup. Suppose that ∆ is a
lattice in H. Then, there exists a Zariski dense discrete subgroup Γ
in G of infinite co-volume whose intersection with H is a subgroup of
finite index in the lattice ∆.

Suppose that H is a simple non-compact subgroup of a simple group
G of real rank one. Let P be a minimal parabolic subgroup of G which
intersects H in a minimal parabolic subgroup Q. The group G acts on
G/P and H leaves the open set U = G/P \ H/Q stable. Let ∆ be a
discrete subgroup of H.

Lemma 12. Given compact subsets Ω1 and Ω2 in the open set U , the
set UH = {h ∈ H : hΩ1 ∩ Ω2} 6= ∅ is a compact subset of H.

Further, the group ∆ acts properly discontinuously on U .

Proof. Choose, as one may, a maximal compact subgroup K of G such
that K ∩ H is maximal compact in H. The set U is invariant under
H and hence under K ∩ H. We may assume that the compact sets
Ω1 and Ω2 are invariant under the subgroup K ∩H of H. The Cartan
decomposition of H says that we may write H = (K ∩H)A+(K ∩H)
with A a maximal real split torus (of dimension one) and A+ = {a ∈
A : 0 < α(a) ≤ 1} where α is a positive root of A. Let W denote the
normaliser modulo the centraliser of A in G. This is the relative Weyl
group. Since R-rank(G) = 1, it follows that W = {1, κ} has only two
elements. Since R-rank(H) = 1, it follows that κ has a representative
from H. We may thus assume that κ ∈ H. We have the Bruhat de-
composition G = P ∪ UκP .

If possible, let hm be a sequence in UH which tends to infinity. It
follows from the previous paragraph that hm = kmamk

′
m with km, k

′
m ∈

K∩H and am ∈ A+, and α(am)→ 0 as m→ +∞. Let p be an element
of Ω1 ⊂ U . By the Bruhat decomposition in G (G has real rank one),
it follows that U ⊂ UκP , where κ is a non-trivial element of the Weyl
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group of A in G and U is the unipotent radical of the minimal parabolic
subgroup P . We may write p = ukP for some u ∈ U . Since hmp ∈ Ω2

and the latter is compact, we may replace hm by a sub-sequence and
assume that hmp converges, say to q ∈ Ω2. Since Ω2 is stable under
K∩H, we may assume that km = 1, by replacing q by a sub-sequential
limit of k−1

m q.

We compute hmp = amk
′
muκP ∈ Ω2 ⊂ U . The convergence of k′m

says that k′muκP = umκP with um convergent (possibly after passing

to a sub-sequence). We write a(u)
defn
= aua−1. Then, hmp =am (um)κP

since κ conjugates A into P (in fact into A). Since α(am) → 0, and
um are bounded, conjugation by am contracts um into the identity and
hmp therefore tends to κP . But the latter is in H/Q since κ already
lies in H. Hence the limit does not lie in Ω2, contradicting the fact
that Ω2 is compact. Therefore UH is compact.

The second part of the lemma immediately follows since the subgroup
∆ is discrete and UH is shown to be compact: therefore the intersection
of ∆ with UH is finite. �

Lemma 13. Let Γ ⊂ G be a Zariski dense discrete subgroup. There
exists an element γ ∈ Γ such that the γ translate of HP/P does not
intersect HP/P :

γ(HP/P ) ∩HP/P = ∅.
Proof. First, suppose that V is a compact set contained in G/P \
{P, κP} (with κ as in the proof of Lemma 12). By the Bruhat de-
composition, V ⊂ UκP/P and its U part lies in a compact set. After
a conjugation, we assume as we may, that Γ contains a semisimple el-
ement t in A such that the positive powers of Ad(t) contract elements
of U into identity. Moreover, this contraction is uniform on a compact
subset of U . Hence there exists a positive power tm of t such that tm(V )
lies in an arbitrarily small neighbourhood of κP ∈ G/P .

The group Γ is Zariski dense in G and HP/P is a Zariski closed sub-
set of G/P . Therefore, there exists g ∈ Γ such that g±1P /∈ HP/P and
g±1κP /∈ HP/P . Now, HP/P ⊂ G/P \ {gP, gκP} is a compact set.
Hence V = g−1(HP/P ) is a compact set in G/P \ {P, κP}. Applying
a large positive power of t ∈ Γ ∩ A as in the preceding paragraph, we
see that for some large integer m, tmV lies in a small neighbourhood
of {P, κP}. Therefore, gtmg−1(HP/P ) lies in a small neighbourhood
of {gP, gκP}.
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By the choice of the element g ∈ Γ, the latter set does not intersect
HP/P . Choose a small neighbourhood of {g−1P, g−1κP} which does
not intersect HP/P ; if m is large, then the set g−1tmg(HP/P ) lies
in this neighbourhood, and hence dose not intersect HP/P . We take
γ = g−1tmg ∈ Γ. This proves the Lemma.

�

Given a lattice ∆ in H, and given a compact subset Ω ⊂ U , Lemma
12 shows that there exists a finite index subgroup ∆′ of ∆ such that
non-trivial elements of ∆′ drag Ω into an arbitrarily small compact
neighbourhood V of H/Q = HP/P .

By Lemma 13 there exists g ∈ G−HP such that g(V) ⊂ U . Replac-
ing H/Q by g(H/Q) and ∆ by g∆g−1, we see that all points of H/Q
are dragged, by non-trivial elements of g∆g−1, into a small neighbour-
hood of H/Q. The ping-pong lemma then guarantees that there exists
a finite index subgroup subgroup ∆′′ such that the group Γ generated
by ∆′′ and g∆′′g−1 is the free product of ∆′′ and g∆′′g−1.

We may replace g by a finite set g1, · · · gk such that for each pair i, j,
the intersections gi(H/Q)∩gj(H/Q) and gi(H/Q)∩H/Q are all empty.
By arguments similar to the preceding paragraph, we can find a finite
index subgroup ∆0 of ∆ such that the group Γ generated by gi∆0g

−1
i is

the free product of the groups gi∆0g
−1
i , and by choosing the gi suitably,

we ensure that Γ is Zariski dense in G. This proves Theorem 15, since
Γ is discrete and since it operates properly discontinuously on some
open set in G/P , Γ cannot be a lattice. This proves Theorem 15.

Acknowledgments:

T.N.Venkataramana extends to Madhav Nori his hearty thanks for
many very helpful discussions over the years (the present paper ad-
dresses a very special case of a general question raised by Nori about
discrete subgroups containing higher rank lattices). He also thanks
Marc Burger for explaining the structure of isotropy subgroups of mea-
sures on generalized Grassmanians. The excellent hospitality of the
Forschunginstitut für Mathematik, ETH, Zurich while this paper was
written is gratefully acknowledged.

The paper was completed during Indira Chatterji’s visit to the Tata
Institute and she thanks Tata Institute for providing fantastic working



DISCRETE LINEAR GROUPS CONTAINING ARITHMETIC GROUPS 25

conditions.

The authors thank Yehuda Shalom for pointing out Theorem 4, and
Y. Benoist for reference [J-M].

References

[B] H. Bass, Representation rigid subgroups, Pacific Journal on Math. 86
(1980), 15-51.

[B-L] H. Bass and A. Lubotzky, Nonarithmetic superrigid groups: counterexam-
ples to Platonov’s conjecture, Ann. of Math.(2) 151 (2000), 3, 1151-1173.

[BMS] H. Bass, J. Milnor and J.-P. Serre, Solution of the congruence subgroup
problem for SLn(n ≥ 3) and Sp2n(n ≥ 2), Publ. Math. I.H.E.S., 33
(1967), 59–137.

[Ben1] Y. Benoist, Automorphismes de cones convexes, Invent. Math. 141 (2000)
p.149–193.

[Ben2] Y. Benoist, Convexes Divisibles I, Algebraic groups and arithmetic, Tata
Inst. Fund. Res. Stud. Math. 17 (2004) p.339–374.

[F-K] R. Fricke and F. Klein, Vorlesungen Uber die theorie der automorphische
funktionen, Johnson Reprint Corp., New York; B.G.Teubner Verlagsges-
selschaft, Stuttgart 1965 Band I und II.

[J-M] D. Johnson and J. Millson, Deformation spaces associated to compact
hyperbolic manifolds, Progress in math 67 (1984), 48–106.

[M] G. A. Margulis, Discrete subgroups of semi-simple lie groups, Berlin-
Heidelberg-New York, Springer-Verlag, (1991).

[O] Hee Oh, Discrete groups generated by lattices in opposite horospherical
subgroups, J. Algebra 203 (1998), No.2, 621-676.

[P-R] V. P. Platonov and A. Rapinchuk, Algebraic Groups and Number Theory,
Academic Press, (1994).

[R] M. S. Raghunathan, A Note on Generators for arithmetic subgroups of
algebraic groups Pac J. Math. 152 (1992), 365-373.

[R2] M.S.Raghunathan, Cohomology of Arithmetic Subgroups of Algebraic
Groups (I) and (II). Ann of Math, 86, (1967) 409-424, 87, (1967), 279-304.

[T] J. Tits, Classification of Algebraic Semi-simple Groups, Algebraic Groups
and Discontinuous Groups, Proc. Symp. Pure Math., Amer. Math. Soc.



26 INDIRA CHATTERJI AND T. N. VENKATARAMANA

Providence, Rhode Island, Boulder, Colorado, (1965), 33-62.

[V1] T. N. Venkataramana, Zariski Dense subgroups of arithmetic groups, J. of
Algebra 108, (1987), 325-339.

[V2] T. N. Venkataramana, On some rigid subgroups of semi-simple Lie groups,
Israel J. Math., 89 (1995), no.1-3, 227-236.

[V3] T. N. Venkataramana, On the arithmeticity of certain rigid subgroups
CR.Acad. Aci. Paris. s’er I, Math 316 (1993), no. 4, 321-326.

[Z] R. Zimmer, Ergodic Theory and Semi-simple groups, Boston-Basel-
Stuttgart, Birkhauser, (1984).

E-mail address: indira.chatterji@math.cnrs.fr, venky@math.tifr.res.in


