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Abstract. We prove that a (colored) trivalent graph can be recovered from (the polar dual
of) the associated quantum Clebsch-Gordan polytope and that any isomorphism between
such polytopes is induced by a unique properly de�ned isomorphism of underlying colored
graphs. We also show how graph potentials introduced by the authors relate to the theory
of random walks, and we use our combinatorial Torelli theorem to construct random walks
with distinct shapes but equal return probabilities for every number of steps
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1. Introduction

In this article we de�ne and analyze natural polytopes P(γ ) associated certain class of
graphs γ . If γ is trivalent, these polytopes are embedded in the a�ne space R#E , where E
is the edge set of γ . For every vertex v in γ and three edges x ,y, z adjacent to v , the faces
of these polytopes P(γ ) are parameterized by vertices v which are de�ned by the quantum
Clebsch-Gordon equations

(1)


x ≤ y + z;y ≤ x + z and z ≤ x + y, (Triangle inequality)
x + y + z ≤ 1, (Perimeter inequality)
±x ± y ± z ∈ Z.

The main focus of this article is to understand to what extent the graphs γ can be recon-
structed from the polytopes. In the next sections, we de�ne the key objects, state the main
results and put it in the context of some well known results in algebraic geometry.

Graphs and polytopes. To a graph γ with the set V (γ ) of trivalent vertices associate a
vector space S(γ )with a basis e(i) enumerated by (non-oriented) edges of γ , and a polytope
P(γ ) there given as a convex envelope of the vectors

(2) p(v, s) = s(i)e(i) + s(j)e(j) + s(k)e(k),

where the edges i, j,k are outgoing from a single vertex v and s(i), s(j), s(k) ∈ {±1} with
s(i)s(j)s(k) = 1.

Keywords. . . .
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The motivation for de�ning these polytopes comes from the quantum Clebsch-Gordon
inequalities and the polytope de�ned using them. These polytopes, and their integer points,
turn out to be of central interest in mathematics, and already appeared in various contexts.
Let us name a few:

• The polytopes de�ne the multiplicitive or quantum Horn equalities in the works
of Agnihotri–Woodward and Belkale.

• They are also isomorphic to the images of the Goldman-Je�rey-Weitsman inte-
grable systems and the Newton–Okounkov bodies arising from conformal blocks
in the works of Manon.

• The number of integer points in the dilations gives the Ehrhart polynomial. This
polynomial counts Bohr–Sommerfeld Lagrangian tori on the moduli space of
SU(2)-connections in the symplectic set-up, whilst it coincides with the Hilbert
polynomial of the moduli space of rank two bundles in the algebro-geometric
setup. They can be computed by the Verlinde formula, and the location of their
roots was studied by the authors.

In this article, we investigate the following question about reconstruction of these polytope
from the underlying graphs :
Question 1.1. The polytopes P(γ ) to P(γ ′) can be mapped to each other by a pair of (real)
a�ne transformations if and only if the graphs γ and γ ′ are isomorphic.
De�nition 1.2. The graph γ is said to be positive if it satis�es the following:

1. Every connected component of γ has at least 5 trivalent vertices.

2. Graph γ has no loops.

3. Graph γ has no double edges.

4. Graph γ has no leaves.

Our terminalogy of positive graphs is motivated by the very ampleness of the canonical
bundle of stable curves associated to three connected trivalent graphs as proved in Bayer-
Eisenbud [3

.

].

Reconstruction. The following theorem is one of the main results of this article and
gives a�mitive answer to Question 1.1

.

for positive graphs
Theorem 1.3. Let P = P(γ ) be a polytope in a real a�ne space S = S(γ ) associated with a
graph γ of principal series. Then we can reconstruct the graph from the a�ne relations
between the vertices of the polytope (which we further call rays to distinguish them from
vertices of the graph).

Polytopes associated to colored graphs. A colored graph is a pair (γ , c) of a graph γ
and a coloring function c : V (γ ) → {±1}.
De�nition 1.4. An isomorphism between colored graphs (γ , c) and (γ ′, c ′) as pairs (f ,д)
of a graph isomorphism f : γ → γ ′ and a function д : E(γ ′) → {±1} such that for any
vertex v ∈ V (γ ) with edges of f (v) denoted i ′, j ′,k ′ the relation

(3) c ′(f v)/c(v) = д(i ′)д(j ′)д(k ′)

holds.
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In particular if f is the identity and we regard the colorings c, c ′ as 0-chains of the graph
with values in Z/2, then the set of all д’s such that (id,д) is an isomorphism is the set of
1-chains whose boundary is the ratio of c ′ and c , so the set of automorphisms is principal
homogeneous over the �rst relative homology group H1(γ , ∂γ ; {±1}).
De�nition 1.5. De�ne P(γ , c) as the convex envelope in S(γ ) of rays p(v, s) with

(4) s(i).s(j).s(k) = c(v).

Note that P(γ ) = P(γ , c0), where c0 is the constant coloring c0(v) = +1∀v .

The following theorem is the generalization of Theorem 1.3

.

for colored trivalent graphs.
Theorem 1.6. Any a�ne linear isomorphism between polytopes P(γ , c) and P(γ ′, c ′) is
induced by a uniquely de�ned isomorphism of colored graphs, where γ and γ ′ are positive
graphs.

Context of Torelli theorem. We now brie�y discuss the context of Torelli type theorem
and put Theorem 1.3

.

and Theorem 1.6

.

in the Torelli framework. The classical (abelian)
Torelli is a theorem and an algorithm that reconstructs the closed Riemann surface (smooth
projective algebraic curve) C from its Jacobian J (C) equipped with principal polarization
by the Θ-divisor. The Jacobian J (C) has an interpretation as (a connected component
of) the Picard variety, that parametrizes isomorphism classes of line bundles of �xed
numerical degree. Similarly the moduli space Ur (C) (resp. SUr (C,L)) parametrizes (S-
equivalence classes of semi-)stable vector bundles of rank r (resp determinant isomorphic
to a line bundle L) and can be generalized as non-abelian generalization of the Jacobian.
Non-abelian generalization of Torelli theorem have been proved in the seminal works of
Mumford-Newstead, Narasimhan-Ramanan and Andrey Tyurin [10

.

, 11

.

, 12

.

].

The toric varieties associated to the polytopes P(γ , c) for a colored trivalent graph can
be realized as a degeneration of SU2(C,L), where L is a line bundle of odd degree [9

.

].
Since these polytope determine these toric varieties, Theorem 1.6

.

can be considered as a
combinatorial non-abelian Torelli theorem. We refer the reader to Section 4

.

for precise
statements and a more detailed discussion.

Applications to lattice random walks. We end the introduction by discussing an ap-
plication of the combinatorial theorems to lattice ramdom walks. In [4

.

] we de�ned a class
of Laurent polynomials and subsequently discussed their properties. Using these Laurent
polynomials, we de�ne balanced random walks in Section 5

.

. We reinterpret Theorem 1.6

.

in the language of random walks on lattices.

We �rst visualize the situation of random walks and the questions we discuss. Consider
a lattice N � Zd . A random walk is given by a �nite collections of directions vi ∈ N
and probabilities pi ∈ [0, 1] whose sum is 1. On this lattice every agent makes indepen-
dent moves. In the origin you only see the moments when an agent is at the origin. So
mathematically for each agent you know only a sequence of numbers πm which is the
probability to be back at the origin at momentm. We have the following natural question:
Question 1.7. Can you guess a shape of the random walk if you only know the num-
bers πm?

We give a negative answer to Question 1.7

.

by a reinterpretation of Theorem 1.6

.

. We refer
the reader to Section 5

.

and Theorem 5.8

.

.
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2. Proof of Theorem 1.3

.

We will give a reconstruction algorithm and prove its correctness. First we start with
the following Lemma which is essential or can be regarded as the starting point of the
algorithm
Lemma 2.1. The center of mass of all rays equals 0.

Proof. The �rst two assumptions imply that all vectors p(v, s) are distinct.

The second assumption implies that each vector p(v, s) in the basis {e(i)} is a permutation
of (s(1)1, s(2)1, s(3)1, 0, 0, ..., 0) with s(1)s(2)s(3) = 1. So all vectors p(v, s) are equidistant
from 0 with respect to the Euclidean norm in which the basis e(i) is orthonormal. This
implies that vectors p(v, s) are convex independent, thus their set coincides with the set of
the rays (vertices of the polytope P(γ )). The latter is partitioned into quadruples {p(v, s)}
enumerated by vertices v ∈ V (γ ). If x ,y, z,w are four distinct admissible sign assignments
then there is a linear relation

(5) p(v,x) + p(v,y) + p(v, z) + p(v,w) = 0,

so the center of mass of the rays in any such quadruple is 0, hence the center of mass of
all the rays is 0. This completes the proof of the lemma �

Algorithm.

1. Principal step. In the set of all semi-sums of all pairs of distinct rays record those
that appear at least twice, i.e. record all the centers of the parallelograms that can
be obtained as convex envelopes of some pairs of diagonals.

We declare these vectors ±e(i) to be the set of all (internal) edges i of the graph.

2. Let p(i) be the coordinates of the ray p = p(v, s) in a basis {±e(i)}. The vertices
and the adjacency matrix are given by the image of the map p 7→ {i : p(i) , 0}.

The proof of correctness. If a vertex v ∈ V (γ ) is incident to edges i, j,k then the 6
semi-sums of two vectors from a quadruple are equal to ±e(i),±e(j),±e(k). So if i is an
(internal non-loop) edge connecting vertices v and v ′ there are at least two distinct ways
to write e(i) as a semi-sum of two vectors:

(6) 2e(i) = p(v,x) + p(v,y) = p(v ′, z ′) + p(v ′,w ′),

and similarly

(7) − 2e(i) = p(v, z) + p(v,w) = p(v ′,x ′) + p(v ′,y ′).

To prove the validity of Step 1 it remains to show that no other vector has two representa-
tions as a semi-sum.

Suppose that for some vertices u,u ′,v,v ′ ∈ V (γ ) and signs x ,y, z,w there is a relation

(8) p(u,x) + p(u ′,y) = p(v, z) + p(v ′,w)

For each vertex consider the parity of the number of times it appears in a relation. The
relation implies that for every edge i the parities of the adjacent vertices are equal. So
the assigned parities of vertices are constant in every connected component. Since we
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have only four terms in a relation, the number of odd vertices is at most four, so in every
connected component with at least 5 vertices all vertices are even.

Thus either u = u ′ = v = v ′, but then the six semi-sums are all distinct, or there are two
vertices and each appears in the relation twice. Hence either each vertex appears only on
one side of the equation or both vertices appear on both sides.

If each vertex appears on its own side then we have an equation ±e(i) = ±e(j) where i is
an edge adjacent to u and j is an edge adjacent to v , thus i = j and the vertices u,v are
adjacent to each other.

Finally, the equation

(9) p(v,x) + p(v ′,w) = p(v,y) + p(v ′, z)

is equivalent to p(v,x) − p(v,y) = p(v ′, z) − p(v ′,w) (where the di�erences are zero if and
only if the summands on both sides are identical). For every vertex v with edges i, j,k the
12 semi-di�erences are equal to

(10) ± e(i) ± e(j),±e(i) ± e(k),±e(j) ± e(k).

So if for two distinct vertices v,v ′ ∈ V (γ ) and some sign choices x ,y, z,w the relation (9

.

)
holds, then the vertices v and v ′ would be connected by at least two edges, contradicting
the third assumption.

Now Step 1 is justi�ed and Step 2 is straightforward.

3. A variation with colorings

Groupoid of colored graphs. Recall the notion of colored graph (γ , c) and isomorphism
between (G, c) and (γ ′, c ′) to be a pair (f ,д) as de�ned in De�nition 1.4

.

.

The composition of (f ,д) : (γ , c) → (γ ′, c ′) and (f ′,д′) : (γ ′, c ′) → (γ ′′, c ′′) is (f ′ ◦ f ,д′′)
where д′′(i ′′) := д′(i ′′) ·

∏
f ′(i′)=i′′ д

′(i ′).

Generators for the groupoid of colored graphs can be chosen as morphisms

(11) (f ,д) : (γ , c) → (γ ′, c ′)

with either c = c ′ ◦ f ,д = 1 or f being identity and д is an assignment of ±1 to a single
edge.

Functor of quantum Clebsch-Gordan polytopes. Any isomorphism

(12) (f ,д) : (γ , c) → (γ ′, c ′)

of colored graphs naturally induces an isomorphism P(f ,д) : P(γ , c) → P(γ ′, c ′) of the
associated convex polytopes. For example, the generators of the �rst kind correspond to
“permutations” and the generators of the second kind correspond to linear transformations
that send e(i) to −e(i) for the chosen edge i and preserve all other basis vectors.
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Colored combinatorial non-abelian Torelli theorem.
Theorem 3.1. The association P is a full functor from the groupoid of colored postive
graphs to the groupoid of convex polytopes and a�ne isomorphisms. That is, any a�ne
linear isomorphism between polytopes P(γ , c) and P(γ ′, c ′) is induced by a uniquely de�ned
isomorphism of colored graphs.

Proof. The steps of the algorithm above can be applied to the colored set-up without
modi�cations. Then for any of the 2dim S bases of S with given coordinate axes ±e(i) the
coloring of the vertices of the graph is well- and uniquely de�ned by the parity of the
number of minus signs in the coordinates of the respective rays in the given basis. A
unique choice of signs corresponds to the original coloring, all other choices produce
homologically equivalent colorings provided the total parity (even or odd) of vertices in
every lea�ess connected component remain unchanged.

It su�ces to notice that the change of the sign of a single vector in the basis corresponds
to simultaneous change of the color of the two vertices adjacent to this edge.

�

4. Algebro-geometric interpretation

Recall that The Torelli theorem recovers a curveC from the pair (J (C),Θ). More generally,
the “Torelli package” also has a description of the automorphism group of (J (C),Θ) in
terms of automorphisms of C , or more generally classi�es all isomorphisms between
(J (C),Θ) and (J (C ′),Θ′).

Any isomorphism of curves f : C → C ′ induces an isomorphism SUr (C,L) → SUr (C
′, f∗L),

and any line bundle M ∈ U1(C) induces an isomorphism SUr (C,L) → SUr (C,L ⊗ M ⊗r )
given by E 7→ E ⊗ M . These isomorphisms generate a groupoid with objects being the
pairs (C,L) of an algebraic curve C equipped with a line bundle L and morphisms from
(C,L) to (C ′,L′) given by triples (f ,M ′; ι) of an isomorphism of curves f : C → C ′, a line
bundle M ′/C ′ an an isomorphism of line bundles ι : f∗L→ L′ ⊗ M ′⊗r , so the association
(C,L) 7→ SUr (C,L) is promoted to a functor from this groupoid to the groupoid of algebraic
varieties and isomorphisms.

Unlike Jacobians the spaces SUr (C,L) have (anti-)canonical polarizations, and a non-abelian
Torelli theorem for smooth curves was formulated by Andrey Tyurin [12

.

] following the
foundational theorems of Kouvidakis-Pantev, Mumford-Newstead, Narasimhan-Ramanan,
[7

.

, 10

.

, 11

.

] use Higgs bundles to reconstruct the curve C from the respective moduli space
SUr (C,L) and also describe the group of automorphisms of these moduli spaces as an
extension of the automorphisms of the curve by r -torsion subgroup in Jacobian, e�ectively
proving that under mild assumptions SUr considered as a functor between groupoids is
full for any r > 1.

In the combinatorial versions of these theorems trivalent graphs are avatars of Riemann
surfaces, colorings are avatars of line bundles, polytopes are avatars of moduli spaces, and
the functor P is an avatar of the functor SU2.

The analogy between curves and trivalent graphs is standard and can be explained by
the following underlying geometry. With a graph one can associate a graph curve, the
union of projective lines enumerated by vertices of the graph with some common points
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(nodes) corresponding to the edges. Leaves (if there are any) correspond to additional
marked smooth points. These curves form a �nite set of the zero dimensional strata of
the Deligne-Mumford moduli space of stable marked curves. A path between such a
point and the interior of the Deligne-Mumford space corresponds to a degeneration of a
smooth algebraic curve to the graph curve, and the respective vanishing cycles give the
Thurston cut system of the Riemann surface into trinions (i.e. spheres with three holes or
pairs-of-pants) encoded by the same graph.

Moduli spaces such as Jacobians and SUr (C,L) vary together with the smooth curve C ,
and we can consider their limits as the C tends to a graph curve C(γ ). It is natural to ask
whether there are Torelli type theorem for these limiting varieties.

For stable curves of genus д with rational components or equivalently their dual graph
γ with valency at least three, Artamkin [2

.

] constructed a compacti�cation A(γ ) of the
generalized Jacobian for those curves which is a toric variety whose polytope Pγ build
from the combinatorial data of cycles in γ . Artamkin [1

.

] proves that A(γ ) recovers the
graph γ for graphs which are k ≥ 3 connected. Torelli type theorems for Albanese torus
for 3-connected graph curves has been proved by Caporaso-Viviani [5

.

].

Manon [9

.

] constructed a toric degeneration of the moduli space of rank two bundles
with trivial determinant and their parabolic analogs for any trivalent colored graph (γ , c).
Though a modular interpretation of these toric varieties is unknown but in the sprit
of results of Artamkin [1

.

] and Caporaso-Viviani [5

.

], it is interesting to ask a Torelli
type question: whether these toric varieties are uniquely determined by the maximally
degenerate curves?

The polytopes P(γ , c) considered in these articles are the moment polytopes of the the toric
varieties constructed by Manon. Since projective toric variety with canonical polarizations
are uniquely determined by their moment polytope, Theorem 3.1

.

can be considered as a
non-abelian analog of a Torelli type theorem for the toric varieties constructed by Manon.

5. Random walks on lattices

We now formalize some de�nitions and relate it to the graph potentials we considered in
[4

.

]. We refer the reader to [8

.

, §1.1] for de�nitions of random walks and their moments.

Consider a lattice N � Zd in a d-dimensional real vector space NR ' R
d . Consider the

following element in the group ring of the lattice N .

(13) W (z1, . . . , zd ) =
∑
v ∈Zd

pvz
v ,

Assume the following:

•
∑
v ∈Zd pv = 1 and pv ≥ 0 for all v ∈ Zd .

• the convex hull of v’s such that pv , 0 is a bounded polytope P◦(W ) in NR.

• the origin is an interior point of P .

With the assumptions as above, W can be considered as a random walk on a lattice N .
The probability of the walk returning to the origin after m steps is given by the mth
period πm(W ) of the Laurent polynomialW . Recall from ?? that this is just the constant
term [Wm]0 of themth power ofW .
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We need to put conditions on the probability distribution such that an agent on a random
walk returns back to the origin. The following condition is just a reworking of the condition
that the expectation ofW is zero.

Let u1, . . . ,ud be coordinates on Cd . The exponential map Cd → (C×)d is an étale cov-
ering and identi�es Rd ⊂ Cd with Rd+ ⊂ (C×)

d . Let zi = exp(ui ) and we identify Rd
with Rd+ via the exponential map. Observe that the partial derivative ∂

∂ui
coincides with

the pullback zi
∂
∂zi

.
De�nition 5.1. A random walkW on a lattice N is balanced if c = (1, 1, . . . , 1) ∈ N is the
unique point of Rd+ such that all the logarithmic derivatives zi∂zi ofW vanish at c and
further c is also a Morse point, i.e. the Hessian matrix ∂2W

∂ui ∂uj
ofW is non-degenerate. The

polytope P◦(W ) ofW is called the Newton polytope.

Let Λ and Λ′ be two lattices and we have two balanced random walks W and W ′ in Λ
and Λ′ respectively. We de�ne the following:
De�nition 5.2. Two random walksW andW ′

• are trivially equivalent if we can �nd a linear map ϕ : Λ→ Λ′ ⊗Z Q such that the
random walks are related by ϕ∗W =W ′;

• have the same shape if the map ϕ matches the Newton polytope associated toW
to the polytope associated toW ′.

• have equal moments if πm(W ) = πm(W ′) for allm ∈ N.

We ask the following questions:
Question 5.3. (1) Can two balanced random walks have equal moments, whilst not

being trivially equivalent or be of di�erent shape?

(2) Can we �nd a collection of balanced random walks {W1, . . . ,Wk } such that all
give the same period sequence but pairwise they are of di�erent shape? What is a
lower bound for such k?

We now reinterpret our results from Section 3

.

to answer part (1) and part (2) of Question 5.3

.

a�rmatively.
Construction 5.4. We �rst give a construction of such balanced random walks from the
graph potentials we considered in [4

.

]. Let (γ , c) be a colored trivalent graph of genus д.
Consider lattice Nγ � Z

3д−3 as in [4

.

] and the graph potential W̃γ ,c associated to (γ , c) as
in loc. cite. recalled below:

(14) W̃γ ,c :=
∑
v ∈V

∑
(si ,sj ,sk )∈F⊕32
si+sj+sk=c(v)

x (−1)
si

i x (−1)
sj

j x (−1)
sk

k

where xi ,x j ,xk are variable attached to the edges ei , ej , ek adjacent to the vertexv . If ei = ej ,
this implies a loop at vertex v . Now consider

(15) W γ ,c :=
1

8(д − 1)
W̃γ ,c

Moreover, by [6

.

], we know that theW γ ,c is balanced. Hence we get
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Proposition 5.5. For each colored trivalent graph (γ , c), the Laurent polynomial W γ ,c
de�nes a balanced random walk in the lattice Nγ .

Now we investigate the question of comparing periods of di�erent graph potentials in [4

.

].
We can reinterpret [4

.

, corollary:classical-periods-under-elementary-transformation] as
Proposition 5.6. Let (γ , c) and (γ ′, c ′) be two colored trivalent graphs with the same
parity of the number of colored vertices, then for m ∈ N, their probability of the random
walksW γ ,c andW γ ′,c ′ returning to the origin afterm steps are the same.
Remark 5.7. Observe that there exists approximately exp(C√д) trivalent graphs of genusд,
where C is a constant. And each one of them along with a choice of coloring produces
balanced random walksW γ ,c . Moreover depending on the parity they have the same πm ’s.

We reinterpret Theorem 3.1

.

as follows to answer Question 5.3

.

.
Theorem 5.8. Let (γ , c) and (γ ′, c ′) be two distinct colored trivalent graph of positive
series having the same parity of the number of colored vertices. ThenW γ ,c andW γ ′,c ′ do
not have the same shape. In particular for any collection of distinct graphs of principal
series with same parity of coloring, all the balanced random walks in the collection have
equal moments but pairwise they are of di�erent shape.
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