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Abstract

. . P P
We investigate convergent sums 7' = Z?:l% and U = Zzozl(—l)”% where
P(X),Q(X) € Q[X], and Q(X) has only simple rational roots. Adhikari, Shorey
and the authors have shown that 7" and U are either rational or transcendental. In
the present paper simple necessary and sufficient conditions are formulated for the

transcendence of T" and U if the degree of @) is 3 and 2, respectively.

1 Introduction.

Throughout the paper we take ¢ > 1 to be an integer and f(x) a number theoretic function
q
which is periodic mod ¢ with Z f(i) = 0. We denote by Z,Q,Q, the ring of rational

i=1
integers, the field of rationals and the field of algebraic numbers. The first general result on

the non-vanishing of

is probably due to Dirichlet who showed in 1839 by his class number formulas that L(1, x) =
Yo @ = 0 if y is a non-principal Dirichlet character. Around 1970, Chowla and Siegel
obtained some non-vanishing results on periodic functions f assuming only values 1, —1 and
0, see [4]. Chowla [4] and Erd6s (see [5]) formulated some related conjectures, one of which
was proved by Baker, Birch and Wirsing [3] in 1973. They used Baker’s theory on linear
forms in logarithms to establish that S # 0 if f is a non-vanishing function defined on the

integers with algebraic values and period ¢ such that
(i) f(r)=0if 1 < ged(r,q) < q.
(ii) the cyclotomic polynomial ®, is irreducible over Q(f(1),..., f(q)).
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If ¢ is prime, then (i) is vacuous and if f is rational valued then (ii) holds trivially. Baker,
Birch and Wirsing further showed that their result would be false if (i) or (ii) is omitted.
Indeed, let ¢ = p? where p is a prime and f be defined by

S I )

where ((s) denotes the Riemann zeta function. For p = 2, this yields
3 1 1 1 3 1 1

1= 2 o o 2 22 2
s3T5 6 7 Ts "

with period 4. Thus (i) is necessary. To see that (ii) cannot be omitted, they considered the
quadratic characters x, x’ mod 12 with conductors 3 and 4, respectively, and f = 2y —v/3Y’.
The vanishing of S follows immediately from the values L(1, x) = 575 and L(1,x") = 3. They
also characterised all odd algebraic valued functions f for which S = 0.

In 1982 Okada [6] published a result which provides a description of all functions for
which (ii) holds and S = 0. The criterion is a system of ¢(q) + w(g) homogeneous linear
equations in f(1),..., f(q) with rational coefficients where ¢(q) denotes the Euler’s totient
function and w(q) is the number of distinct prime divisors of g. The precise result is stated
in Section 2. Okada’s proof depends on the basic result on the linear independence of the
logarithms of algebraic numbers and on the non-vanishing of L(1, x) if x is a non-principal
Dirichlet character. Okada’s result was used by Tijdeman [7] to prove that S # 0if f : Z — Q
is completely multiplicative, and if f is multiplicative such that |f(p*)| < p — 1 for every
prime divisor p of ¢ and every positive integer k (see Section 2).

In 2001, Adhikari, Saradha, Shorey and Tijdeman [1] proved that if S # 0, then S
is transcendental. They used this result to prove that if P(X) € Q[X] and Q(X) € Q[X]

where Q(X) is a polynomial with simple rational roots, then
=, P(n
T = Z Pn)
=~ Q(n)
is transcendental provided 7' converges and is irrational. They proved many related results.
Thus the question of deciding whether S = 0 or not has gained importance. For more

information on the developments sketched above we refer to [2] and [7].

In the present paper, we rephrase Okada’s theorem so that it becomes a decomposition

lemma (Lemma 1) and use it to derive that S = 0 implies ZM = 0 for any positive
n

n=1
integer a coprime to g (Corollary 1). This is an intermediate result in [3, p.231, formula (7)].



Lemma 1 and Corollary 1 are used in Section 3 to prove that

= (=1)™(an +b)
) 2 (an s s)an +

with a,b,s1,82 € Z,81 # s9,]al + 0] > 0 and —2,—% never a non-negative integer, is

transcendental except when s; = so (mod ¢) and a = 0. In the exceptional case the sum is

rational. In Section 4, we use Lemma 1 to prove that

[e.9]

an+b
gn + s1)(gn + s2)(gn + s3)

(2)

=
with a, b, s1, 2, 83 € Z, 81, S9, 53 distinct, a? + b? # 0 and —s;/q, —s2/q, —S3/q never a non-
negative integer, is transcendental except when s; = s; = s3z(mod ¢) or s; = s (mod q)
and as3 = bq or s = s3 (mod ¢) and asy = bg or s = s3 (mod ¢) and as; = bg. In the
exceptional cases the sum is rational. On the other hand, the examples

S (1" & 1602 +12n — 1 i
2 (Bn+1)(3n+3)(3n+5) 16’ S~ (4n+1)(4n +2)(4n +3)(4n +4)

Il
=)

n=0

o,

show that the corresponding results for (1) and (2) when the denominators are replaced with

3 and 4 factors, respectively, are not valid.

2 Decomposition Lemma.

We first introduce some notation and state Okada’s main result. We denote by P the set of
all primes dividing ¢. For p € P and n € Z, we denote by v,(n) the exponent to which p

divides n. We write

J = {ae€Z|l<a<yq, gcd(a,q) =1},

L = {rezZ|1<r<gq, 1<gcd (rq) <q}
and

L'=Lu{q}.
We define for r € L' and p € P,
P(r)={p e P|uvy(r) > v(q)}
and
vp(q) + zﬁ if pe P(r)

e(r,p) =
v, () otherwise.
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We further define for r € L' and a € J,

1 . o(r,a,n)
A = g L O™ 2 =

peP(r) nes(r)
where
Sy =3 [ »"”10<ap) < elq)
peP(r)
and

1if r =an ged(r,q) (mod q)
o(r,a,n) =
0 otherwise

Theorem A. (Okada.) If ®, is irreducible over Q(f(1),..., f(q)), then S =0 if and only

if

(3) fla)+ ) f(r)A(r,a) + D g ae
~ ()

and

(4) Zf e(r,p)=0forpe P.

We observe that (3) and (4) form a system of ¢(q)+w(q) homogeneous linear equations
in f(1),..., f(¢) with non-negative rational coefficients. Suppose f #Z 0 and S = 0. By (4),
f(q) = 0if f(r) = 0 for each r € L. Hence, by (3), there exists at least one r € L for
which f(r) # 0. So Theorem A implies the result of Baker, Birch and Wirsing mentioned in
Section 1. In particular we find that if ¢ is prime, then S # 0 in accordance with Chowla’s
conjecture.

Now we give an equivalent version of Theorem A.

Lemma 1. (Decomposition lemma.) Let ®, be irreducible over Q(f(1),..., f(q)). Let M

be the set of positive integers which are composed of prime factors of q and let

() + 57 i (1) = v,(q)

v,(r) otherwise

e(r,p) =



Then S = 0 if and only if

(5) Z M =0 for every a with 0 < a < ¢, ged(a,q) =1
m

meM

—~
(=)
N—

(-

f(r)e(r,p) =0 for every prime divisor p of q.

r=1
ged(r,g)>1

Proof. Note that (r,p) # 0 implies p|r, hence r € L'. So, by Theorem A, it suffices to
show that

7) )+ 3 F)AGa) + 19 = 3

rel

For any integer r > 1, we denote by M (r) the set of positive integers which are composed
of prime factors from P(r). Thus M (r) = M(ged(r,q)) and M = M(q). We consider

Zf(am) ~ fa) + Z Z f(;;m) L Zf(z@m)

m
meM rel  meM meM
f(ar;zrmodq 5( ) qlm )
_ S) 5 dnen) g e Ly
f@ + ) g 2=~ P =V
reL neM(r) neM(q)
We have
1 11 1 q
(8) > o+ s+ S =1l= - Ok
neM(q) plg plg P

Let n € M(r) and 6(r,a,n) = 1. We have v,(n) = 0if p & P(r). If p € P(r), then
gcd(p,m) = 1 whence p?l&@ta) = 1(modm). Since @(m) | »(q), we obtain
p*Dacd(r, q) = ged(r, q)(mod q) whence §(r,a,np??9) = §(r, a,n). Thus

d(r,a,n) o(r,a,n) 1 1
oy el s e
neM(r) nes(r) peP(r)

We substitute (8) and (9) in the expression V' to obtain (7).
U

As a consequence of Lemma 1 we derive the following corollary which is formula (7) of
3]



Corollary 1. Let ®, be irreducible over Q(f(1),---, f(q)). Suppose S = 0. Then

i f(kn
n=1
Proof. By Lemma 1, we find that (5) and (6) hold. Thus, by (5),

Zfak:m Zf

meM meM

) _ 0 for every k with ged(k,q) = 1.

for every a with 1 < a < ¢, ged(a,q) = 1 where ' = ak (mod ¢). If kr = r'(mod ¢), then
e(r,p) = e(r’,p). Hence

Y fkr)e(rp) = Y f()e(r/p) =

rel’ r'el’!

by (6). Now the assertion follows from the converse part of Lemma 1.

We write formally

sy Ly Llam

a
n=1 ged(a,q)=1 meM(q)

It follows from Lemma 1 that if the series on the left hand side vanishes, so does the expression

within brackets for every a coprime to q. The converse is not true in general. For instance,
if g=2and f(n) = (—1)", n € Z, then

S Am) gy 1C0 S

meM(2)

for every odd a, but

3

SR

In this example we have ) _,, f(r)e(r,p) = 2f(2) # 0 and hence (6) is not satisfied.

As another consequence of Lemma 1, we derive Theorems 9 and 10 of [7].

—log2 # 0.

Corollary 2. Let f be completely multiplicative, or multiplicative with |f(p*)] < p — 1

for every prime divisor p of q and every positive integer k. Also let ®, be irreducible over

Q(f(1),...,f(q)). Then S #0.



Proof. Suppose S = 0. Since f is multiplicative, (5) with a = 1 implies that
Z f(m) _
m
meM
Note that the series is absolutely convergent because of the periodicity of f. Since
f(m [
s A _pp (s 20,
meM plg \Jj=0
we get
(10). Z ) _ =0 for some prime divisor p of g
J=0 P
If f is completely multiplicative, then

00 J
Z (f (p)) = 0 for some prime divisor p of ¢
, p

7=0

which is not possible. If f is multiplicative with | f(p*)| < p— 1 for every prime divisor p of ¢

and every positive integer k, then

1
4+ ... ) =0
contradicting (10).

O

We remark here that in the statement of Theorem 9 in [7], the condition | f(p*)| < p—1
should be replaced by |f(p*)| < p—1. The example f(0) =2, f(1) = f(5) =1, f(2) = f(4) =
—1, f(3) = —2 with period 6 shows that the statement is false under the former condition.

The application to Erdds’ problem in [7] is not affected by this correction.

3 Alternating Series.

In this section, we apply Lemma 1 and Corollary 1 to investigate sums

- )" (an + 3)
(11) I'= Z (gn + s1)(gn + s2)

n=0

with o, 8 € Q, s1, so € Z. We prove



Theorem 1. Suppose T is given by (11) with |a| + || > 0. Let ®o, be irreducible over
Q(a, B) and sy, sy distinct integers such that gn+ sy, qn+se do not vanish forn > 0. Assume
that o # 0 if s1 = s (mod q). Then T is transcendental.

We derive Theorem 1 from the following lemma.

Lemma 2. Let

T;ﬁﬁf4ﬁ@%+m

qn +r1)(gn +1ra)

n=0
with0 <1 <q, 0<ry < q, 11 # 719, 71, 19 €7, o, 3 € Q. Suppose |/| +|F| >0 and

Dy, is irreducible over Q(a', B'). Then T" is transcendental.

Proof. First we show that 7" # 0. Suppose 7" = 0. We may assume without loss of
generality that ged(q,m,79) = 1. By partial fractions, we see that

= A B’
T/: _1 n
Z< ) {qn+7‘1+qn+r2}

n=0

where A’ = —9=911 and B/ = %. Suppose A’ = 0. Then B’ # 0 and

q(ri—r2) q(ri—r

T,:B,i{ 1 1 }
2gn+1ry  2qn + q+ 1o

n=0

Hence T" # 0. Similarly if A’ # 0 and B’ = 0, we have 7" # 0. Thus we may suppose that
A" #0, B'# 0. We define f(n) for n >0 as

(

A" if n = ry(mod 2q)
B’ if n = ry(mod 2q)
fn)=9 -A'if n=qg+ r1(mod 2q)
—B"if n = g+ ry(mod 2q)

0 otherwise.

\

Thus f is a periodic function with period 2q and

- T:Z%?:Z{fM)+f%) fr) f@)}zQ

2gn + 1y 2qn—|—r2_2qn+q+r1_2qn+q+r2

n=0

Hence (5) and (6) are valid by Lemma 1.



Case 1. Let ¢ be odd. Then one of ;, ¢ + r; is even and the other is odd for ¢+ = 1, 2.
Further e(r;,2) = 0 if r; is odd and e(r;,2) = 2 if r; is even. We apply (6) for p = 2 to obtain
|f(r1)] = |f(r2)]. We re-write (12) as

o0

/- 1 !
T = Wt(rl);{(2qn+r1)(2qn+q+7’1) + (2qn—|—7“2)(2<m+q+7“2)}.

We see that all terms within the curly brackets have the same sign whence T" # 0, which is

a contradiction. Thus ¢ is not odd.

Case 2. Let g be even. Then r;, ¢+ r; are both odd or both even for i = 1,2. By (5)
and (6), there exists an r € L for which f(r) # 0. Let » = r; and p be a prime factor of ¢
dividing r1. Then it follows from (6) that there exists s < 2¢q with p | s and s # r; such that
f(s) #0. Now s # 19, § # q + 19, since ged(q,71,72) = 1. Hence s = g + ry.

Assume ged(rg,2¢) = 1. Then ged(q+r2,2q) = 1. Suppose va(r1) > v2(q). Then either
vo(11) > va(q), v2(q + 71) = v2(q) or va(r1) = v2(q), v2(q + 1) > v2(q). On applying (6) with
p = 2, we obtain (r1,2) = e(q + r1,2). Since va(r1) # va2(q + r1), this is possible only when

2) =
va(11) > v2(2q) and ve(q + 1) > v2(2¢) which is false. Thus we get

(13) va(r1) = va(q + 1) < va2(q).

Next we show that
q
P

are all coprime to 2¢. Suppose there exists a prime p dividing both 7o + %1 and 2q for some

T27T2+%7"' 7T2+(ﬁ_1)

i with 0 <4 < p. Then p = p, v3(q) = 1 and there exists exactly one such i, say ig. Now we

apply (5) with a = ry and ry + i% to see that

f(ra) = f(ra —l—zp) for 0 < i < p, i # i,

since all the terms in (5) for m > 1 are equal because f(am) # 0 for m > 1,m € M
only when am = r; or ¢ + r; (mod 2¢) and p divides m; and ¢. Since ry and ¢ + ry are
the only integers & mod 2¢ coprime to ¢ with f(k) # 0, we conclude that p = 2. Thus
ry = R12°, g+ 1 = Ry2* with ged(Ry,2q) = ged(Rs,2q) =1 and 0 < ag < v3(q) by (13).
We apply (5) with a = Ry, Ry to get



Hence f(Ry) # 0, f(R2) # 0. Thus {Ry, Ro} = {re,q + ro} which gives ¢ = |Ry — Ry|

implying oy = 0, which is a contradiction. This proves that ged(r;, 2¢) > 1 for i =1, 2.
Note that r; or 7o is odd. Assume 7 is odd. (The case 75 is odd is similar.) Put d =

ged(ry,2q) > 1. Hence d is odd. We put a = =, b= 1 Then ged(a, 22) = ged(b, 2) = 1.

Now we show that it is possible to choose an 1nteger m such that

2q
7
If a='b # g+ 1 (mod %), then we choose any prime > 2¢ which is = ¢~ 'b (mod2!) and (14)

(14) m is prime, m > 2q, m # ¢+ 1 (mod 2¢),m = a”'b (mod—

is satisfied. So we suppose that a™'b = ¢ + 1 (mod 2¢). There are ¢(2q)/¢ (%) primitive

residue classes mod 2¢ in the residue class a='b (mod @). Now

>dH

pld
p prime

_q
()
since d is odd. Hence we may take a primitive residue class # ¢ + 1 (mod 2¢) and = a~'b
(mod 21). By Dirichlet’s theorem, we can find a prime m satisfying (14). Note that
(15) m(ry + q) = mad + mq = bd + mq = r1 + g + mq = r1(mod 2q).

Since ged(m, 2q) = 1, we may apply Corollary 1 with & = m to obtain

(16) Z{ f(r1) + f(r2) - f(r1) . f(r2) }—O

—~2qn+r7  2qn+ry 2qntry 2qn+r

where 7 = m™r; (mod 2q), 0 <7} < 2¢for 1 <i <4 withrg=q+ry, ry=q+ry. We

have

(17) r3=m trs =m (¢ +7r) = ab 'bd = ad = r1(mod 2q)
and by (15),

(18) ri=m'ry =m (m(g+ 1)) = r3 (mod 2q).

Thus 7§ = 71,77 = r3 = ¢+ 7. From (15), it follows that (m — 1)r; = 0 (mod ¢). Suppose
ry =19 (mod ¢). Then (m—1)ry =0 (mod ¢). Hence m =1 (mod q) since ged(q, r1,m2) = 1.
If m =1 (mod 2¢), then a = b(mod 2¢) which is not possible since b — a = 4. On the other
hand, m # g + 1 (mod 2q) by (14). Thus 75 # o, (mod ¢). Now we add (1 ) with (16) and
use (17), (18) to get

> 1 1 1 1
f(r2) (2 - >+( x *) =0
‘ qn + 1o 2gn +q + 19 2gn 413 2qn + 1}

n=
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Note that 75 = m~'ry = m~Y(q¢+ 1) = ¢ + r} (mod 2¢) so that rj = rj £ ¢. By the

1 1
2gn+k 2gn+k+q

curly brackets in the infinite sum above depends only on r, and 7. Hence all these expressions

monotonicity of with respect to k, the sign of the expression between the
have the same sign. Since 75 # 75 (mod ¢), the sum does not vanish. Hence f(ry) = 0, which
is a contradiction.
Thus 77 # 0. Now we apply [1, Theorem 1] to see that 7" is transcendental.
OJ

Proof of Theorem 1. We assume without loss of generality that ged(q, s1,s2) = 1. By

using partial fractions, we have

> A B
T = 1"
Z< ) {qn+sl+qn+32}

n=0

where A = —% and B = %. Let s1 = 1 (mod ¢) and sy = 75 (mod ¢) with

0<r <q,0<ry <gq. Then

> A B
19 T=~=% 1"
( ) " nZ:O( ) {qn+r1+qn+r2}

where v € Q(«, ). If r; = ry, then

O = (=1)" O 1 1
(20) ! qnzngrﬁ ! q;%{?qwrm 2qn+q+m}

We see that the infinite sum in the latter expression for 7' does not vanish. Now we apply
[1, Theorem 1] with
1if n = r1(mod 2q)

fn) =< —1ifn=q+r (mod2q)
0 otherwise

to conclude that the infinite series and hence T is transcendental. Thus we may assume that
r1 # ro. Now we apply Lemma 2 to (19) to see that T' is transcendental.
OJ

We note that if s; = s5 (mod ¢) and o = 0, then by (20), we have T algebraic.
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4 Series with terms having three products in the de-

nominator.

In this section we consider series of the form

B s an + 3
(21) U= Z (gn + s1)(gn + s2)(qn + s3)

n=0

with o, B € Q, s1, S, 53 € Z. We prove

Theorem 2. Suppose U is given by (21) with |a| + |G| > 0. Let ®, be irreducible over
Q(a, B) and sy, sq, s3 be distinct integers such that qn + s1, qn + so, qn + s3 do not vanish

form > 0. Assume that s1, sa, S3 are not in the same residue class mod q. Further let

(22) s1 # sa(mod q) if asy = Bg; s2 # ss(mod q) if asy = Bq; s3 # s1(mod q) if asy = fq.
Then U 1is transcendental.

We derive Theorem 2 from the following lemma.

Lemma 3. Let

[e 9]

a'n+ 5

U= nZ:O (gn +r1)(gn + r9)(qn + r3)

with 11, o, 13 distinct positive integers < g and o/, 8/ € Q. Suppose |o/| +|3| > 0 and D,

is irreducible over Q(«/, ). Then U’ is transcendental.

Proof. First we show that U’ # 0. Suppose U’ = 0. We may assume without loss of
generality that ged(q, 71, re, r3) = 1. Using partial fractions, we get

0 A/ B/ C«/
U=>y" - +
qn + 7y qn + 1o qn +rs

n=0

where

yo 4P —an g W—amr o aF—ars
Q(h—?“z)(h—?“s)’ Q(7“2—7“1)(7“2—7“3)7 C](T3—T1)(T3—7’2)

Observe that A'+ B’ +C" = 0. Hence if any of A", B’, C’ vanishes then the series U’ reduces
to some series in which all the expressions between curly brackets have the same sign. Then

U’ # 0. Thus we may assume that none of A", B’, C' vanishes. We define f(n) for n > 0 as

12



(A ifn = r1 (mod q)
B’ if n =ry (mod q)
C" if n = r3(mod q)

f(n) =

\ 0 otherwise.

Thus f is a periodic function with period g taking only three non-zero values f(ry), f(r2), f(rs)
with

(23) f(r1) + f(ra) + f(rs) = 0 and U’:Z@:O

Hence (5) and (6) are valid by Lemma 1. Thus there exist r, s € {ry,ry,r3} with r # s and
a prime p; dividing ged(q, 7, s). Without loss of generality, we may take r = rq, s = ry. If
1 || g, by (6) with p = py, we have f(r1) + f(r2) = 0 which gives f(r3) = 0 by (23), which
is a contradiction. Thus p?|q. Now suppose ged(rs,q) = 1. Let 73 + ;—‘i = a; (mod q) where
0 <a; <qfor0<17<p. Wenote that a; ’s are all distinct and coprime to ¢g. When we
apply (5) to the numbers a;, then all non-zero terms corresponding to m > 1 are the same

and we find
fla;)) = f(rs) # 0 fori=0,1,....,p; — 1.

Since p; > 2, this is a contradiction. Thus ged(rs,q) > 1. Further we may suppose that
p1 Ars since ged(q,m1,79,73) = 1. Let ¢; be a prime with ¢; | ged(rs, ¢). By applying (6)

with p = ¢;, we may assume that ¢; | 5. Then ¢; [ 7. Thus we have
rio=Riptt o, ro=Ropl'ql" -+, 3= Raq -

where the dots represent other prime factors of ¢ and ged(R;,q) = 1 for i = 1,2,3. Applying

(6) with p = p; and p = ¢, we find that % and % are negative and, by (23), that
[f(r2)l = |f(r1) + f(rs)|. Hence |f(r2)] > | f(r1)| and [f(r2)[ > |f(rs)]. Again using (6) we
get ay > By, 01 > 71 and vy, (12) < vy, (q), vy, (r2) < vg,(q). It follows that ged(ry,rs,q) =1

and that v,(re) < w,(¢) for every prime divisor p of ¢. Hence we may write

S JR— 5 S
1 ZRlptfq"'p?t> T9 =R2p11---pftq¥l---q3, 7"3—336111“'@;S

where p; ’s and ¢; ’s are distinct sets of primes. By permuting r; and rj3 if necessary, we may

assume that all the p; are odd. We select a number a¢ coprime to ¢ as follows. Suppose

q

pit Pt gl

Rl = R2 (IIlOd
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Then both the numbers Ry + Bq — are not congruent to Rg(mOdW) and one of
' 91" qs

them is coprime to q. We take ao to be one of R; &+ T 4+ which is Coprlme to q. If Ry # Ry
(mod ———32——), then we take ap = Rj. Hence in (5) with @ = ag, no term occurs
P17 Py 497 Qs

involving f(ry). Thus we get
0=Af(r1)+ Bf(rs)

where A and B represent certain non-vanishing series of positive terms. Thus fE ; < 0 which

is a contradiction with £ < o, £lr2l —
f(r2) f(rs)

O

Proof of Theorem 2. We assume without loss of generality that ged (g, s1, 59, 83) = 1.

By using partial fractions, we have

> A B C
U= Z{qn + + }
n=0

+ 51 qn + Sg qn + S3

where
. qf — as B= q0 — asy = q0 — ass .
q(s1 — s2)(s1 — 83) q(s2 — 51)(s2 — 53) q(s3 — s1)(83 — s2)
We observe that
(24) A+B+C=0.

Let s; = r;(mod ¢q) with 0 < r; < ¢ for i = 1,2,3. Then we re-write

Z"‘” A B C
(25) v nzo{qn +7rr o ogn+re  gn+rs

where v € Q(«, 3). Suppose r; = 19. Then 1 # r3 and by (24), we have

(26) U= 7—1—07‘1—7"32

n=0

(gn +7r1)( qn+7“3)‘

By our assumption C' # 0. Hence the infinite sum in (26) does not vanish. Now we apply [1,
Theorem 1] to conclude that U is transcendental. Similarly U is transcendental whenever
r1 = r3 or r9 = r3. Thus we may assume that rq, r9, r3 are all distinct. Now we apply Lemma
3 to conclude that the infinite sum in (25) and hence U is trasnscendental. a

We observe from (22),(23),(24) that in the cases when sy, $2, s3 are all in the same residue

class (mod ¢) or when (22) is not valid, then U is algebraic.
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