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All my papers thus far have dealt with nonarchimedean local fields, most of them concerning complex representations of and
harmonic analysis on reductive p-adic groups. In what follows, I discuss the work I have done since about Fall 2012 (in a
certain non-chronological order); first the accepted ones, then a submitted paper, and then ongoing and/or future work.

1 Local Langlands Correspondence for Split Classical Groups
over Local Function Fields

Let me describe the results of [GV15], which is joint work with Radhika Ganapathy.

1.1 Local Langlands Conjectures
For a connected reductive group H over a nonarchimedean local field F , the local Langlands conjectures predict a ‘correspon-
dence’ between objects belonging to two different sets:

• the set Irr(H) of irreducible (smooth) representations of H(F ) (up to isomorphism) on one hand; and

• the set Φ(H) consisting of the so called Langlands parameters, which are certain analogs of Galois representations, on
the other.

Let us describe Φ(H) when H is split: just as Galois representations are homomorphisms from the absolute Galois group
Gal(F̄ /F ) of F into a complex general linear group GLN (C) (taken up to GLN (C)-conjugacy), Φ(H) is the set of (“admissible”)

homomorphisms from a related group WDF = WF × SL2(C) into a certain complex reductive group Ĥ, taken up to Ĥ-

conjugacy. Here Ĥ is the so called Langlands dual group of H, WF ⊂ Gal(F̄ /F ) is a certain dense subset called the Weil
group, and WDF = WF × SL2(C) is called the Weil-Deligne group. Thus, informally and imprecisely, we can state the local
Langlands conjecture for H as follows:

Conjecture 1.1 (Local Langlands Conjecture for H). There exists a “natural” finite to one surjection:

Irr(H)→ Φ(H). (1)

This conjectural surjection is called the local Langlands correspondence (LLC) or the local Langlands parameterization.
Slightly more precisely, one hopes to prove that there exists a unique surjection that satisfies a certain set of chosen, expected
properties, and that this surjection respects certain other conditions such as the ‘desiderata’ of [Bor79, Section 10]. Thus, a
proof of the LLC is often referred to as a ‘characterization and proof of the LLC’.

Definition 1.2. The (conjectural) fibers of (1) are called L-packets for H(F ). We have a subset Φtemp(H) of Φ(H) consisting
of the so called ‘bounded’ Langlands parameters, whose inverse image under (1) is expected to be the set Irrtemp(H) of
tempered 1 representations of G. This allows us to talk of tempered L-packets.

By a ‘Langlands classification’ desideratum, (1) is entirely determined by its restriction to Irrtemp(H), which is what will be
focussed on henceforth.

1.2 LLC for certain groups over local function fields
J. Arthur, in [Art13], characterized and proved (among other things) the LLC for quasi-split symplectic and special orthogonal
groups over a characteristic zero (nonarchimedean local) field F using the theory of endoscopy (by establishing Equation (3)
and the injectivity of the map in (2) later below). In [GV15], R. Ganapathy and I use his results to lift the LLC for split
symplectic and special orthogonal groups to a characteristic p nonarchimedean local field F , but using a “Gan-Takeda type”
characterization instead of the theory of endoscopy. Let H be such a group defined over Z. The following is an informal
summary of Theorem 13.6.1 of [GV15]:

Theorem 1.3. Suppose F is a nonarchimedean local field of odd characteristic p. Given a tempered representation π of
H(F ), there exists a unique “bounded” Langlands parameter φπ ∈ Φtemp(H) defined by suitable compatibility conditions on
Langlands-Shahidi L-functions and γ-factors, and on Plancherel measures, together with the requirement that φπ does not
factor through a proper parabolic subgroup of Ĥ if π belongs to the discrete series.

1.3 The strategy of the proof
The proof is an application of the Deligne-Kazhdan philosophy:

(a) an ‘Iwahori-variant’ of Kazhdan’s theory (see [Kaz86]) associates (see [Gan15]) to π a tempered representation π′ of
G(F ′), F ′ a p-adic (characteristic zero) local field “sufficiently close” to F .

(b) the Langlands parameter φπ′ associated by Arthur to π′ is then transferred using Deligne’s isomorphism “Gal(F̄ /F )/ImF
∼=

Gal(F̄ ′/F ′)/Im
F ′” from [Del84] to some φπ ∈ Φ(H), which one hopes to declare to be the Langlands parameter for π.

(c) The above transfers of objects across characteristic respect suitable L-functions, γ-factors, Plancherel measures etc., by
various results from [Del84], [Gan15] and [GV15].

1a property concerning the asymptotics of matrix coefficients
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1.4 A depth relation
To carry out the above strategy in practice, one needs a technical result that is interesting in its own right (see Lemma 8.2.3
of [GV15]):

Theorem 1.4. Suppose F ′ is a p-adic (characteristic zero) field, with p odd. Suppose π is an irreducible representation of
H(F ′), and let φπ be the Langlands parameter attached to π by Arthur. Then

depth φπ ≤ ddepth πe+ 1.

Here depth π refers to the ‘Moy-Prasad depth’ of π. As part of proving Theorem 1.4 one deduces a suitable fundamental
lemma or nonstandard fundamental lemma involving the Lie algebra of H for all odd p (as opposed to all sufficiently large
p), following a suggestion of C. Mœglin and J.-L. Waldspurger, from the twisted fundamental lemma (for groups), which is
proved without restriction on p in [LMW15] (and whose proof of course depends on [Ngô10]).

1.5 Surjectivity and the Internal structure of Tempered L-packets
Note that the above considerations address neither the question of surjectivity in (1) nor the more general ‘internal parame-
terization’ of tempered L-packets in the sense of Arthur. We cannot lift Arthur’s approach to the latter question as such, since
we have not yet transferred character identities across characteristic. However, Mœglin described to us her forthcoming work
proving her επ-conjecture that reinterprets Arthur’s internal parameterization in terms of normalized intertwining operators,
letting us prove the following proposition (again stated only informally, see Proposition 14.2.3 of [GV15] for details):

Proposition 1.5. Suppose p is ‘large enough’. Then there exists a ‘suitable’ bijective parameterization of the elements of a
given tempered L-packet Σ of H(F ) in terms of the group ŜΣ of irreducible characters of Arthur’s component group SΣ. If p
is merely odd, but H is an odd special orthogonal group, one gets the weaker result that each tempered L-packet Σ contains
a generic representation and is therefore nonempty.

These results, whose proofs again involve a transfer across characteristic, require a sort of converse to Theorem 1.4, namely:

Theorem 1.6. Suppose F ′, π, φπ are as in Theorem 1.4, but with p ‘large enough’. Then:

depthπ ≤ depthφπ .

Together, Theorems 1.4 and 1.6 mean that we have come very close to proving the ‘folklore’ expectation that LLC for split
classical groups in characteristic zero preserves depth if p is sufficiently large. The proof of Theorem 1.6 is based on the
observation that the range of validity of the character expansion (see Section 3.2) of a representation can give information on
its depth. J. Adler and J. Korman, generalizing S. DeBacker’s work to the twisted case, have described an explicit range of
validity for a twisted character expansion. One then shows that the range of validity behaves well with respect to endoscopic
transfer. This allows one to deduce the result for H(F ′) from J.-K. Yu’s depth preservation for general linear groups together
with the corresponding statement for endoscopic groups of H.

2 On the Generic Packet Conjecture

2.1 The statement of the conjecture
Let H be a quasi-split connected reductive group over a p-adic (characteristic zero) field F . Let B = TU be a Borel subgroup
of H, with T a maximal torus of H and U a maximal unipotent subgroup.
The following conjecture of F. Shahidi (see [Sha90, Section 9]) is known as the generic packet conjecture.

Conjecture 2.1. Suppose a character χ : U(F ) → C× is non-degenerate (i.e., its stabilizer for T(F )-conjugation is central
in H(F )), and let Π be a tempered L-packet on H(F ). Then Π contains a unique χ-generic representation (i.e., one with
nonzero (U(F ), χ)-coinvariants).

2.2 Significance of Conjecture 2.1
Conjecture 2.1 sometimes lets one deduce certain results for all tempered representations starting from the generic case, for
which specialized techniques such as the Langlands-Shahidi method are available (see Section 9 of [Sha90] for an example).
Further, one uses Conjecture 2.1 to fix ‘base points’ of tempered L-packets, namely, to keep track of essentially the only choice
involved in Arthur’s description of the internal structure of tempered L-packets.

2.2.1 Endoscopic Groups

R. Langlands, D. Shelstad and R. Kottwitz have defined what it means for a quasi-split F -group H to be endoscopic to G,
or, more generally, to a pair (G, θ, ω) where θ is a (quasi)semisimple automorphism of G and ω : G(F ) → C× is a suitable

character. Their definition gives us an injection Ĥ ↪→ Ĝ, which together with some extra data determines a map Φ(H)→ Φ(G).
Thus, if (1) applies to both H and G, one gets a ‘transfer’ of L-packets Σ for H(F ) to L-packets Π for G(F ). The theory of
endoscopy proposes a criterion for such a transfer Σ Π without invoking (1) for H or G - a hope being that one can use it
to define and prove (1) for some groups in terms of that for some others, say for H in terms of that of G.
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2.2.2 (Twisted) Endoscopic Transfer

An important object in the harmonic analysis on H(F ) is the space D(H(F )) of invariant distributions on H(F ), that is to
say, the H(F )-conjugation invariant elements in the complex linear dual of C∞c (H(F )). Similarly, associated to (G, θ, ω) we
have a space Dθ,ω(G(F )) of (θ, ω)-invariant distributions on G(F ). Langlands, Kottwitz and Shelstad have defined a map:

end : Dstab(H(F ))→ Dθ,ω(G(F )), (2)

where Dstab(H(F )) ⊂ D(H(F )) is the subspace consisting of the so called stable distributions. The existence of this map is a
consequence of the ‘smooth transfer’ conjecture, which J.-L. Waldspurger deduced (see [Wal08]) from the fundamental lemma
proved by B.-C. Ngô ([Ngô10]).

2.2.3 Character identities

In this situation, the theory of endoscopy expects that, given any tempered L-packet Σ on H(F ), there exists a (necessarily
unique) tempered L-packet Π on G, such that the following equality (an endoscopic character identity) makes sense and is
satisfied:

end

∑
σ∈Σ

m(σ)χσ

 =
∑
π∈Π

π◦θ∼=π⊗ω

c(π)χπ,θ,ω , (3)

for ‘suitable’ positive integers m(σ) and complex numbers c(π). Here χσ ∈ D(H(F )) is the character distribution of σ, and
χπ,θ,ω the (θ, ω)-twisted character of π. One then says that Σ transfers to Π.

2.3 The main result of [Var16c]
Suppose a finite set Σ of irreducible tempered representations of H(F ) ‘transfers’ to a finite set Π of irreducible tempered
representations of G(F ) in the sense described in Section 2.2.3, such that a certain precise form of Equation (3) is satisfied.
In [Var16c] is proved:

Theorem 2.2. Assume that G is quasi-split, that θ is of finite order, and that θ preserves a splitting of G. Then, if Π
satisfies the condition of Conjecture 2.1, so does Σ.

2.3.1 The strategy, and statements proved along the way

A key input is the observation that the genericity of Π (resp., Σ) is related to the behavior of the virtual character on the
right (resp., left) side of Equation (3), near the identity element. For Σ this statement is a special case of a result of Mœglin
and Waldspurger (see [MW87, Chapter I]), which is discussed in Section 3 below. For Π, one proves a a (θ, ω)-twisted analog
of [MW87, Chapter I], along the lines of what [Kon02] does. Some of the computations made in the process might, I hope,
perhaps help study the behavior of degenerate Whittaker forms under twisted endoscopy.
To implement the above strategy, one needs to deduce from Equation (3) a statement relating the local (twisted) character
expansions of the two virtual characters at the identity element. This amounts to the compatibility of the notion of semisimple
descent with endoscopic transfer, which [Wal08] supplies us. One also verifies that the semisimple descent involved in defining
the twisted character expansion is compatible with the one that is used in the context of orbital integrals in [Wal08]. One also
proves the existence of the (θ, ω)-twisted character expansion in somewhat greater generality, but this is an easy consequence
of the existence of the (θ,1)-twisted character expansion for Gsc, the simply connected cover of the derived group of G.

2.4 Relation to existing work
Using standard realizations of quasi-split special orthogonal, symplectic and unitary groups as twisted endoscopic to general
linear groups, this recovers the known result that Conjecture 2.1 is true for these groups: see [Kon02], [JS04], [Wal10], [BP15],
[MW12, Section 4.1] (something I was not aware of while preparing [Var16c]) and [Ato15].
However, the above result goes a step further: since it is expected that the results of [Art13] can be generalized to general spin
groups, Theorem 2.2 makes Conjecture 2.1 available for general spin groups modulo such a generalization. In fact, Theorem
2.2 already gives the weak form of the generic packet conjecture (i.e., pertaining to the existence as opposed to uniqueness of
a generic element in the tempered L-packet) for general spin groups, unconditionally, using the results of [Mœg14].

2.5 Relation to my own earlier work
A partial version of Theorem 2.2, pertaining to just the existence of a generic representation in a tempered L-packet, was
proved in my thesis, [Var09]. An earlier preprint, [Var12], which had a less satisfactory proof of Theorem 2.2 but had treated
some steps of [Var16c] in greater generality, had been abandoned due to difficulties with certain constants.

3 Degenerate Whittaker Models
Let π be an irreducible smooth representation of G(F ), where G is a connected reductive group over a p-adic (in particular
characteristic zero) field F . In [MW87], Mœglin and Waldspurger proved a general result relating degenerate Whittaker forms
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for π with the Howe-Harish-Chandra character expansion of π. While doing so, they assume p 6= 2. This section describes
the main result of [Var14], which removes this restriction.

3.1 Degenerate Whittaker forms for π
In many situations, these are just the coinvariants of π under a pair (N(F ), ψ), where N ⊂ G is a unipotent subgroup and
ψ : N(F )→ C× is a character that is in some sense ‘as non-degenerate as possible’. More precisely, these are objects associated
to pairs (Y, ϕ) where ϕ : Gm → G is a cocharacter and Y ∈ g−2(F ) ⊂ g(F ) is a nilpotent element, gi ⊂ g denoting the
subspace of weight i for Ad ◦ϕ.

Definition 3.1. If g1 = 0, the space W(Y,ϕ) of degenerate Whittaker forms of π with respect to (Y, ϕ) is defined to be
the space of (Nϕ, ψ(Y,ϕ))-coinvariants of π, where Nϕ = exp(

∑
i>0 gi) is the unipotent radical of the parabolic subgroup

associated to ϕ, and ψ(Y,ϕ) is given by γ 7→ Λ(Y, log γ), where Λ : Lie G(F )× Lie G(F )→ C× is an a priori fixed bi-additive
character.

We skip the definition of this space when g1 6= 0. An important special case is when Y is regular nilpotent, in which case the
condition that W(Y,ϕ) 6= 0 is by definition equivalent to π being ψ(Y,ϕ)-generic (see Conjecture 2.1).

3.2 Howe-Harish-Chandra Character expansion
Harish-Chandra gave a description of the character of π near the identity element of G(F ), in terms of objects associated
to nilpotent G(F )-orbits in g(F ), called ‘Fourier transforms of nilpotent orbital integrals’. More precisely, for small enough
open neighborhoods V of 0 in g(F ) and U of 1 in G(F ) such that exp : V → U is a (necessarily G(F )-conjugation equivariant)
homeomorphism, Harish-Chandra proved an equality valid for all f ∈ C∞c (U):

trπ(f) =
∑
O
cO ν̂O(f ◦ exp), (4)

where O ranges over nilpotent orbits in g(F ), cO ∈ C are independent of f and ν̂O stands for the Fourier transform of a
G(F )-invariant measure on O.

3.3 The result of interest
There is a good notion of ‘larger’ for a nilpotent orbit: O ≤ O′ if and only if O ⊂ O′ (for the Hausdorff topology). For this
partial order, we are interested in the following two sets of nilpotent orbits O of g(F ):

• The set Nchar(π) of O that are maximal subject to cO 6= 0 (this measures the ‘size of π’ in a sense);

• The set NWh(π) consisting of O that are maximal subject to the constraint that W(Y,ϕ) 6= 0 for for some (Y, ϕ) with
Y ∈ O (this measures how non-degenerate nonzero Whittaker forms for π can get).

In [MW87], Mœglin and Waldspurger proved:

Theorem 3.2 (Mœglin and Waldspurger). Suppose p is odd. Then NWh(π) = Nchar(π). Moreover, if O belongs to this set
and the G(F )-invariant measure on it is normalized suitably, then

cO = dimW(Y,ϕ).

In [Var14], I prove:

Theorem 3.3. Theorem 3.2 continues to be valid when p = 2.

3.4 Comments
Extending the definitions of certain objects in [MW87] to the case where p = 2 needs additional construction, which involves
some extra choices. One has to make certain compatible choices and make sure the arguments of [MW87] go through. While
this adaptation is not difficult, the reason behind carrying out this extension to p = 2 is that [MW87] has been a very
important and useful result in the subject; so [Var14] was written so as to make this extension available to those who wish to
use it.

4 Residues of Intertwining Operators in the Case of Prehomoge-
neous Nilradical

Let P = MN be a Levi decomposition of a maximal parabolic subgroup of a connected reductive group G over a p-adic
(characteristic zero) field F . Let π denote an irreducible unitary supercuspidal 2 representation of M(F ) as well as its own

inflation to P(F ). It is known that Ind
G(F )
P(F )

π is irreducible unless the following condition is satisfied:

∃w0 ∈ G(F ),normalizing M, taking P to an opposite, such that π ∼= π ◦ Intw0.

2i.e., with matrix coefficients compactly supported modulo the center of M(F )
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On the other hand, assuming the above condition, the irreducibility of Ind
G(F )
P(F )

π is an interesting question due to the latter

two of the following observations:

(i) Harish-Chandra has shown that its irreducibility is equivalent to a certain meromorphic family s 7→ A(sα̃, π, w0) of
intertwining operators having a pole at s = 0;

(ii) Langlands’ conjecture on Plancherel measures predicts that (i) above is equivalent to a member L(s, π, ri) of a certain
finite set of “Langlands-Shahidi type” L-functions having a pole at s = 0; and

(iii) in many cases, one can check by hand that poles for L-functions in (ii) above at s = 0 reflect π being obtained by
twisted endoscopic transfer from a smaller group to M(F ).

These observations underlie a program pioneered by Shahidi in [Sha92] and developed further by him, D. Goldberg and S.
Spallone (e.g., see [GS98], [GS01] and [SS10]; see also [Li13] and [Yu15] for some recent developments). Namely, one

(a) “computes” the residue of the family s 7→ A(sα̃, π, w0) in (i) above; and

(b) interprets the residue “endoscopically”.

[Sha00] executes (a) in cases where N is abelian, in the sense that he computes an explicit distribution D on M(F ) (in-
variant under Intw0-twisted conjugation) whose nonvanishing on the space of pseudo-coefficients3 for π is equivalent to
s 7→ A(sα̃, π, w0) having a pole at s = 0. It remains to realize D as endoscopic transfer (in the sense of Equation (2)) of an
“easy” distribution DH on a (twisted) endoscopic group H of M. This is done by [Sha00] in many examples involving abelian
N (“ignoring the center”, his examples essentially exhaust the situations where G is split and absolutely almost simple). In
[Yu06], it is observed that the formula in [Sha00] for D continues to be valid whenever N has a Zariski dense M-orbit (which
is automatic if N is abelian).
Hence it is natural to investigate (b) in situations where N is nonabelian but admits a Zariski dense M-orbit. This is what
[Var16a], which is submitted and is currently being refereed, does, under the assumption that G is split and absolutely almost
simple.
For us, this translates to six cases to consider for G: Sp2n (n ≥ 2), Spin4N+1, Spin4N+3(N ≥ 1), and the adjoint forms
of these groups. In each of these cases, the connected center of M identifies in an obvious manner with Gm, so that the
central character of π yields a quadratic character ω of F× (quadratic because π ∼= π ◦ Intw0). If G is of the form Spin4N+3
and ω 6= 1, one can show that D vanishes, so let us exclude this case. In each of the remaining cases, [Var16a] defines a
twisted endoscopic datum Eω for M (that depends on ω but not on π) and a distribution DH on H(F ), where H is the group
underlying Eω . In each case, DH is either fH 7→ fH(1) or fH 7→ fH(−1), where −1 ∈ H(F ) is a certain central element of
order 2. We can now state the main result of [Var16a] as follows:

Theorem 4.1. If G = Spin4N+3 assume that ω = 1 (otherwise there is no restriction on ω). Then D is the endoscopic

transfer of DH via Eω. Therefore, up to the establishment of the relevant endoscopic character identities, Ind
G(F )
P(F )

π is

irreducible if and only if π arises by twisted endoscopic transfer from H(F ).

4.1 Remarks on the proof
Unlike in [Sha00], the expression for D here contains non-semisimple orbital integrals, and hence we cannot simply extend
the computations of [Sha00] or use Shelstad’s appendix to [Sha00]. Instead, one uses the semisimple descent for twisted
endoscopic transfer developed in [Wal08], as alluded to in Section 2. This reduces us to studying a certain endoscopic transfer
at the level of Lie algberas, which turns out to be simple thanks to dimension and support considerations and equivariance
properties of transfer factors under the action of Mad(F ) (what saves the day in some cases is that minimal nilpotent orbits in
sp2n(F ) form a single PSp2n(F )-orbit). I would like to add that the construction of Eω is not done in an ad hoc case by case
manner, but rather one applies ideas used by [Sha00] to study the harmonic analytic side (step (a) above) to give a uniform

prescription in terms of the action of M̂ on N̂ and the Langlands parameter of ω.

5 Very recent/ongoing and future work

5.1 Kostant sections and topological nilpotence
This concerns [AFV16], joint work with J. Adler and J. Fintzen that records a simple example concerning endoscopic transfer
of functions on Lie algebras.
The starting point is a set Y + gx,0+ ⊂ g(F ) considered by J. Adler and S. DeBacker in [AD04]. Here g is the Lie algebra
of a connected reductive group G defined and quasi-split over a complete discrete valuation field F , Y ∈ g(F ) a regular
nilpotent element, and x a special vertex in the reduced Bruhat-Tits building of G suitably compatible with Y . Under certain
hypotheses, Proposition 1 of [AD04] shows that:

(a) A regular semisimple element X ∈ g(F ) is topologically nilpotent 4 if and only if the G(F̄ )-orbit of X intersects Y +gx,0+;
and

(b) For such X, this intersection (i.e., Ad G(F̄ )(X) ∩ (Y + gx,0+)) is a single orbit under Ad Gx,0+.

This observation is the ground for the following proposition from [AFV16], which furnishes explicit examples of pairs of
functions with ‘matching orbital integrals’ in the sense of endoscopy:

3a compactly supported variant of the notion of matrix coefficients
4a notion that, for g = Mn = Lie GLn, specializes to |λ| < 1 for all generalized eigenvalues λ
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Proposition 5.1. Suppose F is p-adic (in particular of characteristic zero), and H is endoscopic to the quasi-split connected
reductive F -group G. Then, under some mild hypotheses on the residue characteristic of F , the characteristic function
1Y+gx,0+

∈ C∞c (g(F )) of Y + gx,0+ and its analogue 1YH+hxH,0+
for H have ‘matching orbital integrals’ in the sense of

endoscopic transfer for Lie algebras.

The proof of this proposition combines (a) and (b) above with the fact that the transfer factors of interest (as per the
formulation excluding ∆IV) are as trivial as possible by [Kot99], and with a comparison of two distinct measures on each of
the relevant semisimple orbits that accounts for the transfer factor ∆IV.
Enroute to proving this proposition, we reprove the main result of [AD04] so that:

Proposition 5.2. Proposition 1 of [AD04] is valid under some mild conditions on the residue characteristic p (which are
satisfied if p is what is commonly known as ‘good’ for G and G splits over a tamely ramified extension of F ).

For instance, when G is the symplectic group Sp2n over Qp, the lower bound imposed on p in [AD04] increases linearly with
n, whereas [AFV16] only requires p to be odd in this case. Our proof also renders certain aspects of the role of the Kostant
section more apparent: our mild hypotheses, with some work, allow for a reduction to the case in which G is tamely ramified,
from where we use an idea from [RY14] to reduce to the case where G is unramified; in the unramified case, the result is
somewhat transparent from an integral version of the Kostant section as in [Ric14] (we prove the existence of such a section
under assumptions slightly milder than in [Ric14]).

5.2 Residues of Intertwining Operators associated to Heisenberg Parabolic
subgroups

Let me describe my nearly (tentatively) finished project [Var16b]. We now move to the setting at the beginning of Section
4: P = MN is a Levi decomposition of a maximal parabolic subgroup of a connected reductive group G over a p-adic field
F , and π is a unitary supercuspidal representation of M(F ) with π ∼= π ◦ Intw0 for some w0 ∈ G(F ) that normalizes M and
sends P to an opposite.
Unlike in Section 4, we are now not concerned with the situation where N has a Zariski-dense M-orbit. Rather, we place
ourselves in a ‘Heisenberg parabolic’ situation, wherein the absolute Dynkin diagrams for M and G differ by a unique simple
root β attached by a single bond to a lowest root −γ in the extended absolute Dynkin diagram of G. For instance, if G is
split and absolutely simple, there is a unique such P (up to conjugacy) as long as G is not of types An or Cn.
In this context, [Var16b] does (a) of Section 4, namely, gives an expression for the residue of the relevant meromorphic family
s 7→ A(sβ̃, π, w0) of intertwining operators.
Note that our ‘Heisenberg parabolic’ situation, unlike the references [Sha00] and [Yu06] mentioned in Section 4 above, falls
in the harder case where where N no longer has a Zariski dense M-orbit. This case has previously only been treated in the
context of symplectic, special orthogonal and unitary groups, where one has a very convenient matrix realization of G - see
[GS98], [GS01], [Spa08]. In contrast, [Var16b] handles cases where there is no such convenient matrix realization (many of its
cases involving exceptional groups), and derives a residue formula analogous to the ones in [GS98], [GS01] and [Spa08] 5.
The paper being technical, let me just describe an idea behind a key step in the derivation of the formula. One needs to transfer
an integral over N(F ), which occurs in the definition of A(sβ̃, π, w0), to an integral over a subset of M(F ). This transfer
goes via the map from a dense open subset of N(F ) to M(F ) that takes n to m such that w−1

0 n ∈ mN(F )(w0Nw−1
0 )(F ). To

implement this transfer, one needs a ‘Weyl integration-type’ formula that decomposes an integral over (a dense open subset
of) N(F ) in a manner adapted to the conjugation action of M on N.
In [Var16b], one goes for a uniform treatment independent of the group at hand (but with a very specific kind of parabolic
subgroup as mentioned above), starting from an observation, well known in some other corners of the literature, that every
‘Heisenberg parabolic’ situation as above gives rise to an embedding sl3 ↪→ g. One comes up with an F -rational variant of
this, which can be described as follows. n splits as n1 ⊕ n2 into irreducible representations for M, with n2 consisting entirely
of the root space associated to γ. If X ∈ n(F ) is written as X1 + X2 according to this decomposition, one can show that
there are unique SL2-homomorphisms associated to X1 and X2 that take the standard maximal torus of SL2 to the center of
M; one shows that (for X in ‘general position’) these images of SL2 generate a subgroup of G isogenous to a special unitary
group SU3 that splits over a trivial or quadratic extension of F . The ‘upper triangular’ subgroup of this SU3 is then serves as
a convenient substitute for a Cartan subalgebra for the ‘Weyl integration-type’ formula. This way, one gets a description of
the map n 7→ m mentioned above, since it turns out that we can compute this map by staying within this copy of SU3. One
shows that a ‘general enough’ fiber of this map is a torsor under a one dimensional torus, something that makes it possible
to handle integration along fibers in a fashion streamlined enough to be feasible.
As in most previous literature on the subject in the case where N does not have a Zariski dense M-orbit (barring a few
exceptions that treat specific situations), we have not yet analyzed the arithmetic significance of even the easier parts of the
residue, namely ‘contributios from anisotropic tori’, except in the specific situation when G equals G2 and the representation
π of M(F ) has nontrivial central character. In this case, quite remarkably, endoscopic character identities of Labesse and
Langlands ensure that the parts of the residue that are ‘contributions from anisotropic tori’ vanish, somewhat along the lines
of what one sees in [SS10]. Studying this part of the residue for some other choices of G, especially E6, I hope, may lead to
expressions for some L-functions that are not well understood.

5in fact, there are two approaches to these residue formulas in literature, that differ in their treatment of ‘contributions
from isotropic tori’; a ‘principal value integral’ approach as in [GS98] and [GS01], and a ‘weight factor approach’ as in [Spa08].
[Var16b] follows the latter.
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5.3 Remarks on Future Plans
There are many projects that I plan to take up after the ones mentioned in Sections 5.1 and 5.2. Some of them are:

(i) I plan to work on stability of γ-factors related to the symmetric cube L-function of GL6, jointly with F. Shahidi and
J. Cogdell.

(ii) I hope to formulate and prove a variant of the local Gross-Prasad conjectures for general spin groups. This is not
merely out of curiosity: I hope there may be a sense in which this is a more natural setting than special orthogonal
groups to host these conjectures.

(iii) It seems very likely that [Var16b] and many of the “Goldberg-Shahidi situations” (for instance the one considered
in [Spa08]) should admit a common elegant generalization to many choices of (G,P). I plan to pursue this, possibly
jointly with Steven Spallone.

(iv) A very different situation from the ones alluded in (iii) above is a non-Heisenberg parabolic subgroup of G2. I hope
to analyze the residues of intertwining operators associated to this situation, possibly jointly with S. Spallone. The
interest in this situation arises from its (conjectural) relation to the symmetric cube L-function for GL2.

However, since I have not invested enough time in these projects as yet (having just about finished a couple of projects
presently), I am not in a position to comment more on their feasibility as of now.
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