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Abstract. We consider induced representations Ind
G(F )
P(F )

π, where P is a maximal parabolic subgroup of

a reductive group G over a p-adic �eld F , and (π, V ) is a unitary supercuspidal representation of M(F ),

M being some Levi subgroup of P. Assume that there exists w0 ∈ G(F ) which normalizes M and takes

P to an opposite parabolic subgroup, and such that there is an isomorphism π̃(w0) : π ◦ Intw−1
0
∼= π of

representations of M(F ) � in other words, π extends to a representation π̃ of M̃(F ), where M̃ = Mw0 ⊂ G

is viewed as a twisted space for M. Choosing such an extension π̃, the residue of the family s 7→ A(s, π, w0)

of intertwining operators associated to this situation can be captured by a single scalar, R(π̃) ∈ C, whose
value is predicted by Arthur's local intertwining relation, roughly speaking, in terms of γ-factors associated

to π. Imposing a certain `Heisenberg parabolic subgroup' assumption on P, covering a single conjugacy class

of maximal parabolic subgroups for each absolutely almost simple group over F that is not of type An or

Cn, we apply the method of Goldberg, Shahidi and Spallone to obtain an expression for R(π̃) in terms of

harmonic analysis on M̃(F ). For G absolutely almost simple and simply connected of type G2 or D4 (resp.,

B3), and P satisfying the `Heisenberg' condition, if the central character of π is nontrivial (resp., trivial)

on AM(F ), where AM is the connected center of M, our harmonic analytic formula for R(π̃) combines with

the Labesse-Langlands character identities (resp., the Schur orthogonality relations) to give a formula for

R(π̃) in terms of the Langlands parameter of π, in the spirit of Arthur's prediction. For the same collection

of G and P, when these central character conditions are not satis�ed, Arthur's prediction combined with

our harmonic analytic formula suggests a harmonic analytic formula for a product of one or two γ-factors

associated to the situation.

1. Introduction

Let P = M N be the Levi decomposition of a maximal parabolic subgroup of a connected reductive group G

over a �nite extension F of Qp. Let (π, V ) be an irreducible unitary supercuspidal representation of M(F )

(over the complex numbers), viewed also as a representation of P(F ) by in�ation.

Assume that there exists w0 ∈ G(F ), normalizing M and taking P to an opposite parabolic subgroup, such

that there is an isomorphism π̃(w0) : w0π := π ◦ Intw−1
0 → π of representations of M(F ). In the language of

the representation theory of twisted spaces (recalled in Section 2), choosing such an isomorphism is equivalent

to choosing an extension π̃ : M̃(F ) → GLC(V ) of π to a representation of M̃(F ), where M̃ = Mw0 ⊂ G

is viewed as a twised space with underlying group M. Under this condition, the question of when the

representation Ind
G(F )
P(F ) π (normalized parabolic induction) is irreducible is interesting, because the answer

is conjecturally related to L-functions. More precisely, one expects the following to be equivalent whenever

the condition w0π ∼= π is satis�ed:

(i) Ind
G(F )
P(F ) π is irreducible;

(ii) The meromorphic family s 7→ A(s, π, w0) of intertwining operators associated to this situation has a

pole at s = 0;

(iii) One of the (conjectural-in-general) L-functions L(s, π, ri) associated to this situation has a pole at

s = 0.

(We refer to the body of the paper for the unexplained terminology used in this introduction, such as the

intertwining operators A(s, π, w0) and the L-functions L(s, π, ri) referred to above). Here, the equivalence
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of (i) and (ii) above is known � it is a theorem of Harish-Chandra, recalled in Theorem 2.7 below. The

equivalence of (ii) and (iii) is necessarily conjectural because the L-functions L(s, π, ri) themselves are. In

fact, since local L-functions are determined by their poles, one could even try to de�ne the L-functions

L(s, π, ri) by forcing the equivalence of (ii) and (iii) (e.g., this is how certain L-functions are de�ned in

Appendix A.2 of [Xu15]).

In [Sha92], F. Shahidi pioneered a program to compute the residue of this family s 7→ A(s, π, w0) in terms of

twisted harmonic analysis on M(F ) � or rather harmonic analysis on M̃(F ) � and in particular to �gure

out when s 7→ A(s, π, w0) has a pole at s = 0 (and thus get a local de�nition of certain local L-functions).

This program was further developed by a series of works of D. Goldberg and F. Shahidi, and thence by S.

Spallone, and then built on by L-Cai, W.-W. Li, B. Xu and X. Yu (see, e.g., [GS98], [GS01], [GS14], [Sha00],

[Spa08], [Li13], [CX15], [Yu15]).

Before going ahead, let us comment a bit more on the scope of this approach. A more precise version of the

equivalence of (ii) and (iii) above is given by Langlands' conjectural normalization of intertwining operators.

A still more precise version is given by Arthur's local intertwining relation as stated in [Art89, Section 7],

especially the two statements of Conjecture 7.1 there, involving an appearance, motivated by the work of

Shahidi, of the λ-constants de�ned by Langlands to study the behavior of ε-factors under induction. In the

rest of this paper, we will use the boldfaced λ instead of λ to refer to these constants.

While we will not describe the local intertwining relation, we will describe what we expect from it under some

additional assumptions, including that s 7→ A(s, π, w0) has a pole at s = 0, or equivalently, that Ind
G(F )
P(F ) π

is irreducible. Let us �rst explain how the residue of s 7→ A(s, π, w0) at s = 0 can be thought of as a single

scalar R(π̃) in this case.

Each A(s, π, w0) is an operator Ind
G(F )
P(F ) πs → Ind

G(F )
P(F ) w0(πs), where πs is a certain twist of π, and w0(πs) =

πs ◦ Intw−1
0 . The residue of the family s 7→ A(s, π, w0) at s = 0 can then be thought of as a map

Ares(π,w0) : Ind
G(F )
P(F ) π → Ind

G(F )
P(F ) w0π

of G(F )-representations (this is well-known, but we anyway give a proof in Proposition 2.11). On the other

hand, the choice of the isomorphism π̃(w0) : w0π ∼= π (or equivalently, of the extension π̃ of π) gives us a

map ` : Ind
G(F )
P(F ) (w0π) → Ind

G(F )
P(F ) π of representations of G(F ), by composing an element of Ind

G(F )
P(F ) (w0π),

thought of as a map from G(F ) to the space V of w0π, with π̃(w0). Then we have:

` ◦Ares(π,w0) : Ind
G(F )
P(F ) π → Ind

G(F )
P(F ) π,

a self-map of the G(F )-representation Ind
G(F )
P(F ) π. Since we are considering the case where Ind

G(F )
P(F ) π is

irreducible, it follows that ` ◦Ares(π,w0) is given by multiplication by a scalar, which is what we are calling

R(π̃).

Thus, we can describe the main question of interest in this project as:

Question: What is the scalar R(π̃), say in terms of the Langlands parameter of π?

Of course, there are some choices to be made for this question to even make sense, as we now describe,

temporarily assuming that G is quasi-split and that π is generic:

• One needs to choose a measure on N(F ), used in the de�nition of A(s, π, w0). For this, there is

a standard choice in Langlands-Shahidi theory (see [Sha14, Remark 8.2.2]), depending on a choice

of a pinning of G and an additive character ψ : F → C×, which we �x temporarily; this is also

the measure that Arthur describes in [Art13, Section 2.3]. Here, we assume that the Borel pair

underlying the pinning is contained in (P,M).

• One needs to choose the `Weyl group representative' w0. The pinning that we have temporarily �xed

on G gives rise to such a representative w0, as described in [Art89, Section 7.1].

• Under the assumption that π is generic with respect to the Whittaker datum determined by the

pinning and ψ, we can `Whittaker normalize' the extension π̃ of π by requiring that π̃(w0) induce

the identity map on the space of Whittaker functionals for this Whittaker datum.
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Under these assumptions, at least in the cases that we are interested in for this paper, we expect an expression

for R(π̃) of the following form:

(1) R(π̃) = λw0(ψ) · Ress=0

(
m∏
i=1

γ(is, π, ri, ψ)−1

)
.

When π is not generic, one cannot normalize π̃(w0) as above; rather, Arthur proposes to balance the choice of

the extension π̃ with other constants that depend on it, involved in endscopy for the twisted space M̃(F ). In

this paper, for simplicity we will not concern ourselves with this subtlety, though we do not see a structural

obstruction to doing so. Rather, when π is not generic, or G is not quasi-split, we will only normalize π̃ up

to a sign, and expect R(π̃) to be given by an expression as in (1) up to a sign.

Note that the right-hand side of (1) is very closely related to the relevant Shahidi local coe�cient. This is

not surprising: one should be able to relate R(π̃) to local coe�cients using Shahidi's work, along the lines

of [Art13, Section 2.5]. One hopes that the precise relation will be described in the work that is referred to

in [Art13] as �[A27]�.

Thus, as of now, the two main steps involved in this program can be described as follows:

(a) The harmonic analytic part. Develop the formalism of Goldberg and Shahidi, as taken further by

Spallone and Yu, to get an expression for R(π̃) in terms of harmonic analysis associated to M̃(F ).

This step should consist purely of harmonic analysis.

(b) From the harmonic analytic formula to a Galois-side expression. Either:

• Derive from the resulting harmonic analytic expression for R(π̃), an expression equivalent to

(1), under additional hypotheses such as endoscopic character identities (if π is not generic, we

would like to get such an expression up to a sign that is as explicit as possible); or

• In case we know R(π̃) by other means, see what this means for the harmonic analytic expression

obtained in (a).

It is not clear what (b) will entail in general. In many cases, such as in [SS10], [Li13] and [CX15], endoscopic

character identities together with the (re�ned) formal degree conjecture have been seen to help, leaving the

tantalizing question of why, in other cases, the expression from (a) should be related to (1) at all. Based on

examples studied in this paper, and an example each from [Sha00] and [SS10], it seems to us that, just as the

formal degree conjecture expresses an adjoint gamma value in terms of harmonic analysis, there should be

other gamma values that have harmonic analytic expressions, that should combine with endoscopic character

identities to help conclude (b) from (a) in many cases.

The main results of this paper can then be summarized as follows, in the representative situation when G is

absolutely almost simple and simply connected:

• We do (a) above in cases where G is of type Bn(n ≥ 3), Dn(n ≥ 4), E6, E7, E8, F4 or G2 and

P = M N is a `Heisenberg' parabolic subgroup (see Notation 3.3 or later in this introduction). Here

our approach is closer to Spallone's than Yu's. See Theorem 9.3.

• Further restricting to the G2 and D4 cases (resp., the B3-case):

� Assuming that the restriction of the central character of π to the maximal split torus AM(F )

in the center of M(F ) is nontrivial (resp., trivial), we use the Labesse-Langlands character

identities (resp., the Schur orthogonality relations) and the re�ned formal degree conjecture to

do some version of (b) above. See Theorems 10.53, 10.55 and 10.56.

� Assuming that the restriction of the central character of π to AM(F ) is trivial (resp., nontriv-

ial), we observe, using straightforward manipulations (resp., the Labesse-Langlands character

identities), that if (1) is true, then that would give character theoretic formulas for certain

(products of) gamma values. See Theorems 10.59, 10.61 and 10.63.
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Now let us explain the main steps in what the author understands of the Goldberg-Shahidi program, in a

manner intended to serve as a section by section description of the results of this paper, after which we will

describe the above results in greater detail.

We hope this description matches earlier works such as those of Goldberg, Shahidi etc. at least philosophi-

cally, if not in much of the detail. We warn the reader that treating more general cases than are considered in

this paper would require some of these details to change. The reader who is only interested in a more detailed

description of the results, and not in the methods employed in deriving the harmonic analytic formula of

(a) above, can skip directly to Step 6 and Step 7. We warn the reader that, in the following steps, we will

frequently use terminology that are de�ned only in the body of the paper and not in this introduction.

Step 1. Preliminary simpli�cations. In this step, one expresses the problem as one of computing the residue

at s = 0 of an expression ϑ(s) = ϑϕ,ξ̃(s). Here ϕ varies over C∞c (n(F )) (where n = Lie N, by our following the

standard convention of denoting the Lie algebra of a group denoted by a roman letter by the corresponding

fraktur letter), and ξ̃ over matrix coe�cients of the chosen representation π̃ of M̃(F ) extending π. In the

body of the paper, unlike in this introduction, we in fact do not assume that such a π̃ exists, but only that

the central character of π is invariant under w0, and recover Harish-Chandra's result that s 7→ A(s, π, w0) is

holomorphic at s = 0 if such a π̃ does not exist.

Let us explain this step a bit more. Once one unpacks the de�nition of R(π̃), one �nds that for all v̄ ∈
Ind

G(F )
P(F ) π and ū in the vector space dual of Ind

G(F )
P(F ) π, we have an equality (see (18)):

R(π̃)〈ū, v̄〉 = Ress=0〈ū ◦ `, ηsA(s, π, w0)(v̄ηs)〉

(where, as per our convention mentioned above, we refer to the body of the paper for what ηs means).

Using a lemma of Rallis, one follows Shahidi in making certain convenient choices of (ū, v̄), indexed by a triple

(φ−, u, v) consisting of a φ− ∈ C∞c (N−(F )), v in the space V of the inducing representation π, and u in the

space V ∨ of its contragredient π∨. An important map that is used to pass from the integral over N(F ) (which

occurs in the de�nition of A(s, π, w0)) to harmonic analysis on M̃(F ) is the map N′ := (N∩w0 P N−) → M̃

that sends each n ∈ N′ to the unique m̃ ∈ M̃ such that n ∈ m̃N N− ∈ w0 M N N− = w0 P N−. It so turns

out that a variant will be more convenient to us: the map

m̃ : n′ := log(N′)→ M̃,

where m̃X is the unique element in M̃ such that exp(X)−1 ∈ N−N ·(m̃X) ∈ N− Pw−1
0 = N−N M̃.

After some preliminary simpli�cations and a change of variables, one arrives at an expression of the following

form (see Corollary 2.24): letting ϕ = φ− ◦ Intw0 ◦ exp ∈ C∞c (n(F )), letting u′ = u ◦ π̃(w0) and v′ =

π̃(w0)−1(v), and letting d∗X be the measure on n′(F ) = log N′(F ) given by δP(m̃X · w0)−1/2dX for a Haar

measure dX on n(F ), we have

R(π̃)ϕ(0)〈u, v〉 = Ress=0 ϑϕ,ξ̃u′,v′ (s),

where ξ̃u′,v′ is the matrix coe�cient for π̃ associated to u′ and v′ (i.e., given by m̃ 7→ 〈u′, π̃(m̃)v′〉), and

(2) ϑ(s) = ϑϕ,ξ̃(s) =

∫
n′(F )

ξ̃(m̃X)η̃β̌(m̃X)s · ϕ(X) d∗X

(as before, see the body of the paper for the de�nition of η̃β̌).

(2) is the output of Step 1, which holds without any further assumption on (G,P,M,N, π) (i.e., we only need

that Intw0 takes P to an opposite and M to itself, and that w0π ∼= π). This step is carried out in Section 2.

Step 2. An integration formula for unipotent radicals. (2) still involves an integral over n′(F ), rather than

just objects related to M̃(F ). Roughly speaking, the idea is to transfer the integral from n′(F ) to M̃(F )

(rather, to some object associated to M̃(F )), using the map m̃ : n′ → M̃ de�ned above.

In previous works (by other authors), this step has heavily depended on (G,P,M,N), and this paper is no

di�erent in this respect. This step seems to be the simplest whenever N has a single Zariski-dense M-orbit,

i.e., whenever the representation of M on n is prehomogeneous. This includes the case when P is a Siegel
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parabolic subgroup of a quasi-split special orthogonal or symplectic group (treated in [Sha92]), the case when

P is a Siegel parabolic subgroup of a unitary group (treated in [Gol94]), and the case where N is abelian

(treated in [Sha00]). Some more situations have been handled in [Yu09]. In all these cases, there are two

simplifying features: �rst, there exists a dense open subset of n(F ) having only �nitely many M(F )-orbits,

and secondly the map m̃ : n′ → M̃ is �nite-to-one on the Zariski open M-orbit in n. These factors make it

easy to express the integral in (2) over n′(F ) in terms of integrals associated to M̃(F ).

In contrast, the case where N does not have a Zariski dense M-orbit is much harder, and seems to need,

in some sense, some kind of a structure theory for the action of M on n. So far, all the work done in this

case has involved orthogonal, symplectic or unitary groups, where one has convenient matrix realizations

to work with. See [GS98], [GS01], [GS14], [Yu15] and [MS18]. The idea in general is, roughly, to get an

`integration formula' to evaluate the integral of a function on n′(F ) with respect to dX∗, somewhat along

the lines of a Weyl integration formula, but involving nonmaximal `torus subspaces' (T, T̃) of M̃(F ) with

T ⊂ M a nonmaximal torus and T̃ = Tw−1
0 ⊂ M̃.

In this paper, under a `Heisenberg hypothesis' (see Notation 4.1 and Notation 3.3), we carry out this step,

in Sections 3, 4 and 5. Let us �rst describe the contents of Section 3, where the structure of the action

of MF̄ on nF̄ is studied. The hypothesis that we impose on (GF̄ ,PF̄ ), where we subscript with F̄ to

indicate a base-change to F̄ , is discussed at the beginning of this section (in which we write G and P for

GF̄ and PF̄ ). In the case where G is absolutely almost simple, it amounts to requiring that GF̄ is of type

Bn(n ≥ 3), Dn(n ≥ 4), E6, E7, E8, F4 or G2, and that P is a Heisenberg parabolic subgroup of G in the

following sense: if γ is the highest root of GF̄ , then there exists a unique simple root β of GF̄ such that

〈γ, β∨〉 6= 0; this simple root β satis�es that 〈γ, β∨〉 = 1, and that it is the unique simple root of GF̄ that is

not a root of the Levi quotient of PF̄ . In this case, N is a two-step nilpotent radical. More precisely, we have

a decomposition n = n1⊕ n2 of n into irreducible M-representations, where n2 is one-dimensional, consisting

of the root space corresponding to the highest root as realized by any choice of a Borel pair in GF̄ contained

in (PF̄ ,MF̄ ).

One nice feature of this situation is that M̃ is particularly simple. A basis element Xγ for the one-dimensional

F -vector space n2(F ) can be uniquely completed into an sl2-triplet whose neutral element belongs to m. The

image of

(
0 1

−1 0

)
under the corresponding homomorphism SL2 → G can be chosen to be w0, and it gives

us a good choice for a base-point of M̃ = Mw0 = Mw−1
0 . Moreover, if we write ε = Intw−1

0 for the outer

automorphism of M associated to w−1
0 ∈ M̃(F ), then ε(m) = γ∨(χγ(m))−1 ·m, where γ∨ is the cocharacter

associated to the aforementioned sl2-triplet and is independent of Xγ , and χγ : M → Gm is the character

with which M acts on n2. If we choose any Borel pair of GF̄ contained in (PF̄ ,MF̄ ), getting a concrete

realization of the highest root γ, then γ∨ is the coroot associated to γ (explaining the notation γ∨), while

χγ extends γ. It is also the case that ε acts as the identity on Mder, making the situation particularly

simple. For instance, this has the consequence that parabolic and Levi subspaces of M̃ are those of the form

Q̃ = Qw−1
0 or L̃ = Lw−1

0 , where Q or L is a parabolic or a Levi subgroup of M. We will be interested in

twisted tori T̃ = Tw−1
0 ⊂ M̃, where T ⊂ M belongs to a certain conjugacy class of nonmaximal tori that

contain γ∨(Gm), and are hence automatically stable under ε = Intw−1
0 .

Another nice feature of this situation is the existence of a very nice M(F̄ )-conjugacy class of embeddings

SL3 /F̄ → GF̄ , which are minuscule embeddings studied by Gross and Garibaldi (see [GG20]), and (relatedly)

short SL3-structures studied by Vinberg (see [Vin17]). The resulting copies of SL3 /F̄ in GF̄ can be described

as follows. The Borel pairs of GF̄ contained in (PF̄ ,MF̄ ) form an M(F̄ )-conjugacy class. Given any such

Borel pair, we can use it to realize ±β and ±(γ − β); one shows that the subgroup of GF̄ generated by

the corresponding root subgroups is a copy of SL3 /F̄ in GF̄ . This way, we get an M(F̄ )-conjugacy class

of copies of SL3 /F̄ in GF̄ , which can also be shown to be the set of images of the minuscule embeddings

SL3 /F̄ → GF̄ just mentioned.

These copies of SL3 in G turn out to help in many ways, for instance:
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• m̃ can be studied using an SL3-computation. Any w0 chosen as above belongs to the image of every

homomorphism SL3 /F̄ → GF̄ under consideration, letting us compute the map m̃ : n′ → M̃, at least

when restricted to a certain dense open subset n′0 ⊂ n′. Thus, the computation of m̃ reduces to

the computation of an analogous map with G replaced by SL3. This analogous map takes the form

c′T,0 → T̃ := Tw−1
0 , where T is a maximal torus of a copy of SL3 in G, and c′T,0 is a dense open

subset of a maximal nilpotent subalgebra cT of the Lie algebra of this copy.

• The �bers of m̃ can be studied using an SL3-computation. Moreover, the map c′T,0 → T̃ is equivariant

for T-conjugation, so that its �bers get an action of the (connected) group Tε of ε-�xed elements

of T. This does not make the �bers of c′T,0 → T̃ into torsors for Tε, but they almost do: if Tε and

T are the images of Tε and T in a copy of PGL3 corresponding to the copy of SL3 in which T is a

maximal torus, then c′T,0 → T̃ is equivariant for the obvious T-actions, and its �bers are torsors for

Tε.

• If we write T +
F̄

for the set of T as above, we get a partition of the dense open subet n′0 ⊂ n:

n′0(F̄ ) =
⊔

T∈T +

F̄

c′T,0(F̄ ),

whose analogue over F will be used for a Weyl-type integration formula which can be applied to (2).

The main aim of Section 4 is to get a `relative version' of the structure theory of Section 3. The `relative

versions' of the maps SL3 /F̄ ↪→ GF̄ above are not maps SL3 ↪→ G, but maps of the form SU3 ↪→ G, where

each SU3 is a quasi-split (and possibly split) form of a special unitary group in three variables, whose base-

change to F̄ belongs to the M(F̄ )-conjugacy class of emebddings SL3 /F̄ ↪→ GF̄ mentioned above. In place

of the T +
F̄

above we have the set T + of tori in M whose base-change to F̄ belongs to T +
F̄
; these are also the

intersections with M of the images of the embeddings SU3 ↪→ G just discussed. The tori in T + need not be

split, but each T ∈ T + contains the split torus γ∨(Gm) ⊂ G, and is a maximal torus of a unique copy of

an SU3 in G obtained as above. If T ∈ T + is not split, then it is isomorphic to ResE/F Gm for the unique

quadratic extension E/F in F̄ that splits this (form of) SU3.

Let T ⊂ T + be a set of representatives for the (�nitely many) M(F )-conjugacy classes of elements in T +

(T +
F̄

is a single M(F̄ )-conjugacy class). This time, we have a partition of an open dense subset n′0(F ) ⊂ n(F )

of the form:

n′0(F ) =
⊔

T∈T +

c′T,0(F ) =
⊔

T∈T
Ad M(F )(c′T,0(F )).

Now we move to describing the contents of Section 5. Let T ∈ T +. As in Section 3, m̃ restricts to a map

m̃ : c′T,0 → T̃, and one needs to understand this restricted map better. Again, as in Section 3, we have

a torus T which acts on both sides of the map c′T,0 → T̃ (though it does not act on n), which further is

equivariant for this action. Moreover, while we don't see good sections for this map c′T,0 → T̃, we can remedy

this problem by composing such a map with the map T̃ → Tε given by tw−1
0 7→ tε(t) (recall that Tε is the

ε-�xed subgroup of T and is connected) � this map is also the quotient of T̃ for the conjugation action of

T. Densely de�ned sections for the composite map c′T,0 → T̃→ Tε are given by the maps SZT,T of Notation

5.1, de�ned on a dense open subset Tε,sr ⊂ Tε. In the work of Goldberg and Shahidi (and Spallone and

others), such a section is de�ned on a subtorus of G that belongs to the `classical part' of the Levi subgroup

M. In our situation, what we can get to work with for this purpose seems to be Tε, viewed as a quotient

torus of T instead of as a subtorus.

Thus, an important ingredient of our Weyl-type integration formula, and indeed the residue formula itself, is

the map Tε,sr → T̃, given by S̃ := S̃ZT,T := m̃ ◦SZT,T, for each T ∈ T +. The Weyl-type integration formula

then takes the following form, and is proved in Proposition 5.14, which is the main result of Section 5:

(3)∫
n(F )

ϕ(X) d∗X =
∑
T∈T

1

#WT

∫
Tε,sr(F )

∫
Mε

T(F )\M(F )

∫
Tε(F )

D(S̃ZT,T(λ))1/2ϕ(m−1t−1SZT,T(λ)tm) dt dmdλ.
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Here, the group Mε
T of ε-�xed elements of the centralizer MT of T is also the centralizer of any generic

enough element of T̃. The integral over Tε(F ) can be thought of as an integration along the �bers of m̃.

Versions of a formula like (3) can be found in the works of Goldberg, Shahidi, Spallone, Yu and others (e.g.,

see [MS18]). We hasten to add that, while we do not work with a particular linear representation of G, there

are factors which make (3) easier than these other formulas. While N does not have an open M-orbit, it does

seem to help that M has orbits in N of codimension 1, something that re�ects in the fact that the tori Tε
are one-dimensional (and hence, for instance, determined up to isomorphism by their splitting �eld). Thus,

our situation seems to belong to the `next simplest' set of cases after those where M has a Zariski open orbit

in N.

Step 3. Express ϑ(s) using weighted orbital integrals involving a family of crude weight factors, and prove

absolute convergence. At this point, we move to a description of the content in Section 6. Write AG1 for the

maximal split torus in the center of any given linear algebraic group G1, and AM̃ ⊂ AM for the largest split

torus in M centralized by M̃ ⊂ G; it turns out to equal AG. We wish to evaluate (2) using the integration

formula (3). One problem with ξ̃ is that it is only compactly supported modulo AM(F ). Therefore, letting µ

be the central character of π, one chooses f̃ ∈ C∞(M̃(F )), compactly supported modulo AM̃(F ) = AG(F ),

such that f̃(zm̃) = µ(z)f̃(m̃) for all z ∈ AM̃(F ) and m̃ ∈ M̃(F ), and such that:

(4) ξ̃(m̃) =

∫
AM̃(F )\AM(F )

µ−1(z) · f̃(zm̃) dz

for all m̃ ∈ M̃(F ). One seeks to compute the residue at s = 0 of ϑ(s) as a distribution evaluated on f̃ .

Henceforth, for T ∈ T +, we abbreviate SZT,T and S̃ZT,T to S and S̃, respectively. After several standard ma-

nipulations where we �rst follow [Sha00] and then [Spa08], we express ϑ(s) = ϑϕ,ξ̃(s) as a linear combination

of contributions from each T ∈ T , of the form:

ϑ
wϕ

T,ϕ(s, f̃) =

∫
Tε,sr(F )

D(S̃(λ))1/2

(∫
AM̃(F )Ȧ\AM(F )

µ−1(z)

∫
Mε

T(F )\M(F )

f̃(zm−1S̃(λ)m)|χ̃γ(m−1S̃(λ)m)|s ·
∑
k∈Z

wk(λ,m)q−4ks dmdz

)
dλ.

(5)

Here wϕ is a family of `crude weight factors' comprising of functions wϕk (·, ·) (k ∈ Z) on various Tε,sr(F ) ×
Mε

T(F )\M(F ), given by:

(6) wϕk (λ,m) =

∫
Tε(F )

∫
AM,k/AM̃(F )

ϕ ◦Adm−1z0t
−1(SZT,T(λ)) dz0 dt.

Here, AM,k ⊂ AM(F ) is a subset which is invariant under AM̃(F ) and also compact modulo AM̃(F ), and

scales the measure on n(F ) by a certain factor depending on k. Roughly speaking, wϕk (λ,m) is a �ber integral

for c′T,0(F ) → T̃(F ) (the �bers of which are torsors under Tε(F )), or rather an average of such, on �bers

through elements that get closer and closer to 0 as k gets large.

As far as the author understands, this approach involving the weight factors wϕk (λ,m) as above is originally

due to Spallone ([Spa08]). To prove the absolute convergence, we need to prove estimates on the wϕk (λ,m),

for which we follow Spallone ([Spa08]) in adapting techniques used to study similar questions in the context

of the local trace formula for Lie algebras, as expounded by Kottwitz in [Kot05]. For instance, roughly

speaking, for varying λ and m such that m−1S̃(λ)m ∈ M̃(F ) belongs to a compact set, one of the tasks is to

bound wϕk (λ,m) in terms of the how close λ gets to `0' or to `∞' or to 1 ∈ Tε(F ) \Tε,sr(F ). One input that

we crucially use here is a recent result of R. Beuzart-Plessis from [BP18], which says that quotienting by a

spherical subgroup satis�es the norm descent property as de�ned in [Kot05, Section 18.6]. The proof of this

absolute convergence takes up some of the material in each of Sections 6 and 7.

Step 4. Change of weight, and a �rst expression for residue. This step is carried out mainly in Section 7,

though Section 6 has some of the preparatory material. If T ∈ T is not split, then Tε is anisotropic, and as
7



k gets larger, (6) gets closer and closer to the product of ϕ(0) and some volume factors. But when T is split,

the behavior of the wϕk (λ,m) is much more nontrivial, and the analysis of ϑ
wϕ

T,ϕ needs to make use of (the

consequence for ξ̃ of) the fact that π is supercuspidal. The contributions of split T ∈ T have been shown

to vanish in some simple situations by Spallone ([Spa16]) and Cai and Xu ([CX15]), and in considerable

generality in the context of classical groups by Yu ([Yu15]).

One contribution of this paper is to show that, contrary to what one might expect from these papers,

contributions from split tori do not always vanish, and in fact can lead to weighted orbital integrals in the

sense of Arthur. In fact, in our situation, the contribution from a split T ∈ T (i.e., the residue of ϑ
wϕ

T,ϕ(s, f̃) at

s = 0) vanishes for all ϕ precisely when we are in a `classical' case, agreeing with the results just mentioned,

but this contribution can be nonzero and is related to weighted orbital integrals in the sense of Arthur when

we are in an `exceptional' case (where D4 with triality is considered exceptional). Nevertheless, many of the

substeps here are carried out uniformly without distinguishing between the `classical' and the `exceptional'

cases. The divergence between the `classical' and `exceptional' cases for a split T ∈ T is related to the fact

that the centralizer MT of T is maximal as a Levi subgroup of G if and only if we are in an exceptional case.

Our main observation towards changing the weight factors is that (6) is given by an orbital integral for

the action of Tε(F ) on cT(F ), which is easily shown to have a Shalika germ expansion (recall that cT is

a maximal nilpotent subalgebra of the Lie algebra of the copy of SL3 in G corresponding to T, and that

c′T,0 ⊂ cT is a dense open subset). In fact, for split T ∈ T , choosing coordinates suitably, this action is the

action of Gm on A3 given by a · (x, y, z) = (ax, a−1y, z), and hence the relevant Shalika germ expansion is a

very minor modi�cation of that for the symmetric space SO(2, 1)/O(1, 1), an example worked out in [RR96,

Section 4].

As k gets larger, the orbital integrals in (6) get taken at points closer and closer to 0 ∈ cT(F ), and hence

they are more and more likely to equal their Shalika germ expansions. This being a very simple case of the

Shalika germ expansion, it is easy to produce for it an explicit range of validity in the sense of Waldspurger

and DeBacker, in terms, crudely speaking, of how `locally constant' the relevant function on cT(F ) is. This

means that we need to understand `how locally constant' functions of the form ϕ ◦ Adm−1z0|cT(F ) are, for

which one again uses the theory of norms on a�ne varieties as expounded in [Kot05]. In short, the Shalika

germ expansion lets us replace the family wϕ = (wϕk (λ,m)) by a nicer family wϕ,asym = (wϕ,asym
k (λ,m)) of

weight factors.

This done, the residue becomes much easier to compute, and the residue of ϑ
wϕ

T,ϕ(s) or equivalently of the

approximated expression ϑ
wϕ,asym

T,ϕ (s) at s = 0 is computed to be an explicit multiple of an expression of the

form:

(7)

∫
Tε,sr(F )

D(S̃(λ))1/2 ·
∫
z∈AM̃(F )Ȧ\AM(F )

µ−1(z)

∫
Mε

T(F )\M(F )

f̃(zm−1S̃(λ)m) dmdz dλ

if T is not split, and an explicit multiple of an expression of the form

(8)

∫
Tε,sr(F )

D(S̃(λ))1/2 ·
∫
z∈AM̃(F )Ȧ\AM(F )

µ−1(z)

∫
Mε

T(F )\M(F )

f̃(zm−1S̃(λ)m)vT(m) dmdz dλ,

if T is split. When T is split and we are in an `exceptional' case, the centralizer MT of T in M is a maximal

Levi subgroup of M, and vT can be explicitly related to Arthur's weight factors. When T is split and we are

in a `classical' case, vT is a linear combination of terms, each of which is invariant under left-multiplication

by the unipotent radical of some maximal parabolic subgroup of M(F ), and the residue vanishes by the

supercuspidality of π, in agreement with the results of Spallone, Cai and Xu, and Yu.

The idea that Arthur's weight factors show up in such considerations goes back to Spallone's work in the

situation where G ∼= Sp6 /F and M ∼= GL2×SL2 /F (see [Spa16]). He related some of the expressions that

occur in the `hyperbolic terms' of the residue (i.e., contributed by split T) to crude weight factors of the kind

that one sees in Arthur's local trace formula, which could then be related to Arthur's usual weight factors.

These contributions in [Spa16] nevertheless vanished for reasons similar to those mentioned above for our
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classical cases (and unlike in our exceptional cases). That said, our approach di�ers from Spallone's: we do

not use explicit matrix realizations or computations involving a Bruhat-Tits building (as Spallone does with

the Bruhat-Tits tree associated to GL2 /F ), and our work does not involve crude weight factors like the ones

in Arthur's local trace formula. On the other hand, we explicitly make use of homogeneity in the sense of

Waldspurger and DeBacker.

Step 5. Relate weighted orbital integrals of f̃ to the character expansion of π̃ at various semisimple elements.

Now we move to the contents of Section 8. Arthur's result from [Art87] giving character values of supercus-

pidal representations (at possibly nonelliptic but regular semisimple elements) as weighted orbital integrals

of matrix coe�cients, together with the equality (4) relating f̃ to the matrix coe�cient ξ̃, suggests that it

should be possible to express (7) and (8), built out of possibly weighted orbital integrals of f̃ at the singular

elements zS̃(λ), in terms of coe�cients of the character expansion of π̃ at the S̃(λ). For this, we need to

have a version of [Art87] with two restrictions removed: we need to allow twisted representations and twisted

orbital integrals, and we need to consider some well-behaved singular semisimple elements instead of regular

semisimple elements (as the S̃(λ) in general are not regular). Section 8 addresses these issues: the latter

is taken care of using Shalika germs, while the former is an easy consequence of the local trace formula of

M÷glin and Waldspurger ([MW18]). While working these out, we prove the results in greater generality

than we need: we consider a general twisted space (G1, G̃1) over F , and relate singular semisimple orbital

integrals of pseudocoe�cients of a supercuspidal ω-representation π̃1 of G̃1(F ), to coe�cients in the charac-

ter expansions of π̃1 at such elements, albeit with some simplifying hypotheses on these singular semisimple

elements.

Step 6. Rewrite the residue as a sum of `endoscopic contributions'. Now we move to the contents of Section

9. The formula one has at this stage is the output of the harmonic analytic part (a) above, and takes the

following form:

(9) R(π̃) =
vol(AM̃(F )\AM,0)

2 log q
· d(π)−1 ·

∑
T∈T 0

bT(π̃)

#WT
,

where

(10)

bT(π̃) =


vol(Tε(F ))

2Γ0,Mε
T

∫
Tε,sr(F )

D(S̃(λ))1/2 · c0(S̃(λ)) dλ, if T ∈ T 0,+ and T is not split;

0, if T 6∈ T 0,+, or if we are in a
`classical case' and T is split

; and
3 vol(Tε(O))

2 vol((AM̃T
/AM̃)(O))·Γ0,Mε

T

∫
Tε,sr(F )

D(S̃(λ))1/2 · c0(S̃(λ)) dλ, if we are in an `exceptional case' and T is split.

Here c0(S̃(λ)) is the coe�cient of the trivial nilpotent orbit in the character expansion of π̃ at S̃(λ), and

T 0 ⊂ T is a subset that equals T in all cases except ones related to the following situation: G is quasi-

split and non-split of type D4, and is also split over a quadratic extension of F . In (9), we see one of the

ingredients in the right-hand side of (1) shaping up � for suitably chosen measures, we can show that:

vol(AM̃(F )\AM,0)

log q
= Ress=0 γ(s,1, ψ)−1,

where 1 : F× → C× is the trivial character. Thus, when R(π̃) 6= 0, this term captures (up to the reciprocal

of an integer) the contribution of the subspace of � Ln� �xed by WF , acting via Ad ◦ϕπ.

Recall that the nonvanishing of R(π̃) is expected to be equivalent to whether or not a member of a family

of L-functions (L(s, π, ri))i has a pole at s = 0. It appears that, at least in a large number of situations, the

condition that any given L(s, π, ri) has a pole at s = 0 is itself a combination of two conditions: the condition

that π should come from an L-packet ΠH on the group H(F ) underlying some endoscopic datum H for M̃

related to this L-function, together with some condition on the L-packet ΠH. At least in several situations,

this seems to work out in the following manner (the following is only being suggested to hold for `many'

situations, not all). R(π̃) is a sum of contributions RH(π̃) corresponding to endoscopic data H for M̃, where

each RH(π̃) is an expression involving character expansions of π̃ at certain semisimple elements of M̃(F ),
9



but also equals, by the endoscopic character identities, a simpler expression involving character expansions

of the stable character associated to an L-packet ΠH that transfers to π̃ via this endoscopic datum.

The main task in Section 9 is to write R(π̃) as a sum of terms R(E)(π̃) and R(∗)(π̃), each of which, we hope,

is a candidate to be an RH(π̃) as above. In this paper, we do not try to justify this expectation or de�ne the

relevant endoscopic data, outside of an ad hoc treatment in the cases of G2, B3 and D4.

This decomposition (at least in the G2, B3 and D4 cases) simpli�es considerably in our simple `Heisenberg'

situation: the possible endoscopic data can all be separated from each other by considering the possibilities

for the central character of π, and more precisely, by the possibilities for the character ω : F× → C×
obtained as the pull-back of the central character of π under γ∨ : F× → M(F ). Using the isomorphism

π̃(w0) : w0π ∼= π, any such ω is easily seen to be quadratic.

The quadratic characters ω : F× → {±1} ↪→ C× that contribute to the decomposition of R(π̃) can be

described as follows:

• Those ω which are equal to the character sgnE/F : F× → {±1} associated to a quadratic extension

E/F with the property that there exists T ∈ T 0 that splits over E but not over F ; and

• The trivial character.

In this introduction, let us denote the endoscopic datum associated to such a quadratic character ω by Hω.

We will not describe Hω in this paper (that will be left for a follow-up paper). Each of the terms RH(π̃) in the

decomposition of R(π̃) will be either indexed by a quadratic extension E/F (corresponding to a nontrivial

ω as above, i.e., ω = sgnE/F ) and denoted R(E)(π̃), or a single element `∗' (corresponding to the trivial

character) and denoted R(∗)(π̃). It seems plausible to us that, in the Dn, E6, E7, E8 and G2-cases (resp., the

Bn and the F4-cases) L(s, π, r1) having a pole at s = 0 should require π coming by endoscopic transfer from

Hω for some nontrivial (resp., trivial) ω, and L(s, π, r2) having a pole at s = 0 should require π coming by

endoscopic transfer from Hω for trivial (resp., some nontrivial) ω.

Now, to describe the decomposition of R(π̃) in terms of the R(E)(π̃) and R(∗)(π̃), we will describe the

corresponding decomposition of bT(π̃) from (9), for each T ∈ T 0. If T is split, there will be only one term in

the decomposition of bT(π̃), and that term will be indexed by the element `∗' mentioned above. Therefore,

assume that T is not split over F , and that it is split over some quadratic extension E/F .

In this case, there are only two terms in the decomposition of bT(π̃), and these are indexed by E and the

element `∗' above. The contribution of E (resp., ∗) to bT(π̃) is obtained by replacing the c0(S̃(λ)) in (10)

with the �rst (resp., second) of the terms on the right-hand side below:

c0(S̃(λ)) =

(
c0(S̃(λ))− c0(S̃′(λ))

2

)
+

(
c0(S̃(λ)) + c0(S̃′(λ))

2

)
,

where we now proceed to explain what S̃′(λ) means.

Since T splits over E but not over F , that we can identify T(F ) = E× and Tε(F ) = E1 := ker(NE/F :

E× → F×). Let T̃sr(F ) be the preimage of Tε,sr(F ) ⊂ Tε(F ) under t 7→ t−1ε(t)−1. One can check that

each stable conjugacy class in T̃(F ) meeting T̃sr(F ) consists of exactly two T(F )-conjugacy classes, of which

exactly one is the conjugacy class of S̃(λ) for some λ ∈ Tε,sr(F ) (which is then uniquely determined as well).

Then S̃′(λ) is simply a member of the other conjugacy class. More precisely, each such stable conjugacy

class is an orbit for left-multiplication by γ∨(F×) ⊂ T(F ) in T̃sr(F ), and the two conjugacy classes in it are

orbits for multiplication by γ∨(NE/F (E×)). Therefore, we could �x some aE ∈ F× \ NE/F (E×), and take

S̃′(λ) = γ∨(aE)S̃(λ).

The connection to transfer factors seems to come from the following pattern to the choice of the conjugacy

class of S̃(λ) out of the two conjugacy classes in its stable conjugacy class. There exists τT ∈ E× such that

τ2
T ∈ F×, and satisfying the following property: for t̃ = tw−1

0 ∈ T̃sr(F ), with t ∈ T(F ) = E×, letting σE
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denote the nontrivial element of Gal(E/F ), t̃ is T(F )-conjugate to an element of the form S̃(λ) if and only

if

∆T(t̃) := sgnE/F

(
t− σE(t)

−τT

)
= 1.

This suggests to us the following slogan (albeit one yet to be justi�ed to a satisfactory extent) about why the

Golberg-Shahidi method gives rise to an `endoscopic decomposition', if we may call it so, of R(π̃): the map

m̃ : n′0(F ) → M̃(F ) picks out certain conjugacy classes from the stable conjugacy classes its image meets,

and moreover it does so in a manner that is compatible with transfer factors.

Step 7. Express each `endoscopic contribution' in terms of the stable character associated to an L-packet, on

the appropriate endoscopic group, that transfers to the L-packet of π, and either prove (1) (up to a sign or

a complex number of absolute value 1, that is as explicit as possible, if π is not generic), or at least identify

a harmonic analytic formula for a product of gamma values that is equivalent to (1).

At this point, our description moves to the contents of Section 10. We assume for the rest of this introduction

that G is absolutely almost simple and simply connected (in a certain sense, we can reduce to this case, by

Proposition 2.15 below).

In this paper (apart possibly from some preparatory steps), we do not attempt this step (i.e., Step 7) except

in the G2, B3 and D4 cases. One simplifying feature in these cases is that the S̃(λ) are already regular (so

c0(S̃(λ)) is a character value, Θπ̃(S̃(λ)), rather than just a coe�cient in a character expansion). Another

is that M(F ) embeds into a product M�(F ) =
∏
j Mj(F ) =

∏
j ResKj/F Hj(Kj), where each Hj is an inner

form of GL2 over a �nite extension Kj/F . Thus, one expresses each of the contributions to R(π̃) in terms of

the representation theory of general linear groups, to which one can apply the Labesse-Langlands character

identities in some of the cases.

Let us �rst assume that we are in a G2-case or a D4-case with ω nontrivial, or in a B3-case with ω trivial.

These are the only cases in which L(s, π, r1) can have a pole, and these are the cases in which we prove (1).

In the G2 and D4 cases (with ω nontrivial), our main results are Theorems 10.53 and 10.56, to prove which

we study the contributions of the relevant endoscopic data using the Labesse-Langlands character identities.

In the B3-case (with ω trivial), there is only one endoscopic datum related to L(s, π, r1) having a pole, which

is sort of banal; our main result in this case is Theorem 10.55, which uses the Schur orthogonality relations,

but not any Labesse-Langlands type character identity.

A lot of the preparations for these main results � Theorems 10.53, 10.55 and 10.56 � are common across

these cases.

In particular, in the G2-case, one recovers Shahidi's result that A(s, π, w0) is holomorphic at s = 0, or

equivalently Ind
G(F )
P(F ) π is reducible, whenever ω is nontrivial. In the case of D4, when ω is nontrivial, one

recovers a precise condition, involving the Langlands parameter of π, for the irreducibility of Ind
G(F )
P(F ) (i.e.,

for s 7→ A(s, π, w0) to have a pole at s = 0). This condition amounts to saying that π should occur in the

restriction of a representation ⊗jπj via M(F ) ↪→ M�(F ) =
∏
j Mj(F ) =

∏
j Hj(Kj) as above, where, for

some quadratic extension E/F such that E 6= Kj for each j, each πj is a Weil representation of Hj(Kj)

with respect to a character θj of (EKj)
×, and where we have

∏
j(θj |E×) = 1. This slightly generalizes the

condition obtained by C. Luo in [Luo20b], in the case of D4 that is split or has triality (see Remark 10.48).

He combined the results of Shahidi from [Sha90], the work of Henniart and Lomeli on the equality of the

Asai triple product and the Langlands-Shahidi L and ε factors (see [HL21]), and a beautiful Galois-side

computation (see the appendix to [Luo20b]). In Proposition 10.49, we give a version of Luo's Galois-side

observations for forms of D4 (that may be split, triality or neither), though using the structure theoretic

results of Section 3 rather than by imitating Luo's approach. Unlike Luo we don't use the Langlands-Shahidi

method.

In the B3-case, when ω is trivial, one chooses an embedding M(F ) ↪→ M�(F ) = H1(F ) × H2(F ) as above,

with H1 = GL2 /F and with H2 an inner form of GL2 /F , and a representation π1 ⊗ π2 of H1(F ) × H2(F )
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containing π in its restriction to M(F ). One then proves the result (known due to Shahidi's work at least

in the quasi-split case) that A(s, π, w0) has a pole at s = 0 (or equivalently Ind
G(F )
P(F ) π is irreducible) if and

only if π1 is isomorphic to the contragredient of the Jacquet-Langlands transfer of π2 to GL2(F ).

Thus, our reducibility results are not really new: even in the cases of non-quasi-split B3 and D4, one can

deduce our irreducibility results from the appropriate quasi-split cases using the formalism in [Sha90, Section

9]. However, we hope that for more general groups where we do not have a local Langlands correspondence,

the present approach that involves an endoscopic interpretation will give information on reducibility that

cannot be related in any straightforward manner to what the Langlands-Shahidi method gives, and hence

will be independently useful. For instance, we expect that this approach will, at least in many cases, combine

well with L-packets constructed by Kaletha.

There are two aspects of the proof of Theorem 10.56 (which deals with the D4 case) that we �nd remarkable.

One (which also applies to the proof of Theorem 10.55, which deals with the B3-case) is that, to prove

the equality (1), we do not explicitly compute most of the constants involved � once one applies the

Labesse-Langlands character identities, what remains are mostly volume and formal degree factors, and all

of these get accounted for, using the equality of two sums of representations of WF (involving the ri ◦ ϕ
and some adjoint representations; see Proposition 10.49(ii)), together with the formal degree conjecture and

and the question of the sign appearing in it (i.e., the re�ned formal degree conjecture in the sense of [GR10,

Conjecture 8.3] and [GI14, Proposition 14.1]). Here, the careful choice of measures is important � one

should verify that choosing the measure on N(F ) as in [Art13, slightly below (2.3.7)] translates, via the

Jacobian computations of the integration formula for unipotent radicals (in Section 5), to using measures as

in [HII08a]; this veri�cation is in fact done in Section 5.

The second remarkable aspect is that, in accounting for the signs involved, we �nd Langlands' λ-constants,

whose role in these considerations was �rst observed in Shahidi's work and which were then incorporated

into Arthur's local intertwining relation, arising out of purely local considerations.

At this point, let us describe a pattern that is suggested by the cases we have looked at, and seems intriguing.

• For an endoscopic datum that is related to L(s, π, r1) having a pole, it appears that, once one applies

an appropriate character identity, such as a Labesse-Langlands character identity (in a Whittaker-

normalized form), verifying (1) often essentially amounts to the re�ned formal degree conjecture. In

fact, this idea, applied to the tuple (G,M) = (GL2n,GLn×GLn) that was studied in [Sha00], was

used by Hiraga, Ichino and Ikeda to give the second of their two proofs of the formal degree conjecture

for general linear groups: see [HII08b, Section 4] (where Shahidi's normalization of intertwining

operators is used in place of (1)).

• For an endoscopic datum that is related to L(s, π, r2) having a pole, it seems to us that one will

in general need some other harmonic analytic expressions for certain (products of) gamma values

in place of the re�ned formal degree conjecture. Thus, in such cases we reverse our approach: we

essentially assume (1), and see what harmonic analytic expressions for gamma values can be deduced.

Finally, following up on the second of the two points above, let us describe the intriguing formulas suggested

by our computations in the G2 and D4 cases when ω is trivial, and in the B3-case when ω is nontrivial.

Formula suggested by the G2-case with ω trivial. If σ is a representation of GL2(F ) (thought of as a Levi

subgroup of G(F ) in the G2-case) with trivial central character, we should have an equality of the following

form:

(11)
1

4d(σ)

(∑
T

∫
T∗(F )

D(t)1/2Θσ(t) dt∗ + 3

∫
Ts,∗(F )

D(t)1/2Θσ(t) dt∗

)
= γ(0, σ, std, ψ)−2.

We remark that in the �rst sum T runs over a set of representatives for the conjugacy classes of elliptic

maximal tori in GL2, Ts is a split maximal torus of GL2, and T∗ and Ts,∗ denote the images of T and Ts
in PGL2. For the rest of the notation and more details, we refer to Theorem 10.59.
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Formula suggested by the D4-case with ω trivial. Let (Kj/F )j be a collection of �nite extensions of F such

that
∑
j [Kj : F ] = 3. For j ∈ J , let σj be an irreducible supercuspidal representation of ResKj/F GL2(F ) =

GL2(Kj). Assume that
∏
j ωj |F× = 1, where ωj : K×j → C× is the central character of σj . Let G =∏

j ResKj/F GL2, and let σ be the representation ⊗jσj of G(F ). Then we should have an equality of the

form:

(12)

1

4d(σ,ZG(F ))

(∑
T

vT

∫
T∗(F )

D(t)1/2Θσ(t) dt∗ + 3vTs

∫
Ts,∗(F )

D(t)1/2Θσ(t) dt∗

)
= (
∏
j

λ(Kj/F, ψ)2)γ(0, σ, r1, ψ)−1,

where some of the notation above is as follows:

• The γ-factor γ(s, σ, r1, ψ) is the triple product gamma factor γ(s,×jσj , ψ) if [Kj : F ] = 1 for all j

(so #J = 3), the Asai triple product gamma factor if [Kj : F ] = 3 for all j (so #J = 1), and an

appropriate adaptation otherwise (i.e., if #J = 2);

• In the �rst term in the parenthesis, T runs over conjugacy classes of elliptic maximal tori in a copy

of GL2 `diagonally embedded' in
∏
j ResKj/F GL2, such that E 6= Kj for all j if T ∼= ResE/F Gm;

• The second term in the parenthesis, with Ts, should be ignored unless J is singleton (so [Kj : F ] = 3);

when J is singleton, Ts is a split maximal torus of GL2 /F ⊂ ResKj/F GL2;

• vT and vTs are volume factors, and d(σ,ZG(F )) is a formal degree term.

For the rest of the notation and more details, we refer to Theorem 10.61. We also remark that, when the

cardinality of J equals one or two, so that we can talk of the sign ω(
∏
j Kj)/F

as in the notation de�ned just

before [Pra92, Theorem D], then
∏
j λ(Kj/F, ψ)2 equals this sign.

Formula suggested by the B3-case with ω nontrivial. Let σ be an irreducible supercuspidal representation of

GL2(F ), E/F a quadratic extension, and θ : E× → C× be a continuous character. Letting ωσ : F× → C×
be the central character of σ, assume that θ|F× · ωσ = 1. Let T ⊂ GL2 be a maximal torus for which there

is an identi�cation ResE/F Gm ∼= T, and use such an identi�cation to view θ as a character of T(F ). Then

we should have an equality of the form:

(13)
1

2d(σ)

∫
T∗(F )

D(t)1/2Θσ(t)θ(t) dt = ωσ(−1) · γ(0, σE ⊗ θ, ψE)−1,

where σE denotes the base-change of σ to a representation of GL2(E), ψE : E → C× is given by ψ ◦ trE/F ,

and T∗ is the image of T in GL2. For the rest of the notation and more details, we refer to Theorem 10.63.

In the special case where ωσ = 1, the left-hand side of (13) is a scalar multiple of the expression for

residue obtained in [SS10] in the `trivial central character case' � see [SS10, Proposition 14.1], where the

factor D(t)1/2 is part of the measure denoted d∗γ there. While this is exactly as the Galois-side computations

suggest it should be, this agreement is still remarkable, since, from the harmonic analytic side, our derivation

starts from a di�erent group and works out di�erently as compared to that in [SS10]. For instance, to get

(13) we consider the split group Spin7, while [SS10] considers a quasi-split non-split form of SO6. Again, in

[SS10], the analogue χH of θ is contributed by the `classical' part of the Levi subgroup, while for us, θ is

contributed by what could be called the `general linear' part.

In any case, it is easy to see using Shahidi's normalization of intertwining operators that the formulas (11),

(12) and (13) hold up to absolute value. This is recorded in Theorem 10.65.

Notice that there are some formal similarities between the formulas above in the B3 and D4 cases (i.e.,

(13) and (12)) and the local Gross-Prasad multiplicity formulas in the SO3 /SO2 and SO4 / SO3 situations

found in the works of Tunnell and Prasad (and which are proved in other or more general situations by

Waldspurger, Beuzart-Plessis and Wan). But there are signi�cant di�erences as well, of which we name a

few: the presence of the discriminant factors D(t)1/2, the fact that γ-values at 0 are involved here (as opposed

to the ε-values at 1/2 found in Tunnell's work), and the presence of a contribution from a split torus in the

case of D4 with triality. There is also a conceptual divergence between the two sorts of formulas that is not

apparent from these low-dimensional examples: our formulas involve the coe�cients of the trivial nilpotent
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orbits in local character expansions at various points, while those in the Gross-Prasad multiplicity formulas

involve the coe�cients of the largest nilpotent orbits in local character expansions at various points.

It will be interesting to see if formulas such as (11), (13) and (12) can be derived independently, using

methods that involve only the group M or a related group such as M�, without having to view M as a Levi

sugroup of a bigger group G.

In a follow-up to this paper, we hope to complete some form of Step 7 for those (G,P,M, π) for which we

carry out the Goldberg-Shahidi program up to Step 6 in this paper; in other words, to extend the work of

Section 10 to all the `Heisenberg' cases treated in this paper, beyond those of G2, B3 and D4. While it is not

obvious how to extend the methods of this paper to more general `non-Heisenberg' situations, we hope that

this paper represents progress in that direction. It will also be interesting to see if one can come up with a

variant of the Goldberg-Shahidi method to prove the local intertwining relation even when s 7→ A(s, π, w0)

does not have a pole at s = 0.
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for helpful email exchanges regarding [Luo20b], and Maarten Solleveld for explanations concerning [FOS20,

Appendix A]. I also express my gratitude to Wen-Wei Li for taking a look at this paper and giving multiple

very helpful comments and suggestions.

2. The Framework of the Problem

2.1. Some Preliminary Notation. Let F be a p-adic �eld, of characteristic zero. Let O ⊂ F denote

the ring of integers, $ ∈ O a uniformizer, and q the cardinality of the residue �eld of F . Fix an algebraic

closure F̄ of F , and let val : F̄ → Q ∪ {0} and | · | : F̄ → R≥0 denote the standard extensions of the usual

discrete valuation and normalized absolute value on F . We �x, once and for all, a smooth nontrivial additive

character ψ : F → C×. However, ψ will only be used in Subections 5.6 and 5.7 and from Section 9 onwards,

apart from being non-crucially used in a small number of other places like Remark 2.14.

Though we will frequently make use of the fact that F is of characteristic zero, at least some of our results

will probably be valid in �good characteristic�, though we do not wish to worry about this issue in the present

paper.

For a �nite étale algebra L over a �eld K, trL/K and NL/K will denote the trace and norm maps L → K

and L× → K×, respectively, and we will often write L1 for the kernel of NL/K (when K is understood from

the context).

If X is a scheme over a ring E, its base change to an E-algebra E′ will be denoted by XE′ . For an algebraic

group G over a �eld, G0 will denote its identity component. If ε is an automorphism of G, we will write Gε for

the subgroup of G �xed by ε and Gε for the identity component of Gε. The Lie algebra of a group denoted by

a roman letter will typically be denoted by the corresponding fraktur letter, e.g., g = Lie G,m\j,T = Lie M\
j,T

etc.

If Q1 is a parabolic subgroup of a reductive group G1 over F , the associated functor of normalized parabolic

induction will be denoted Ind
G1(F )
Q1(F ). For a reductive group G over a �eld, Gder (resp., Gsc; resp., Gad) will

denote the derived group of G (resp., the simply connected cover of Gder; resp., the adjoint group of G).

If N is an algebraic group on which a torus T acts, we will write R(N,T) for the nonzero eigencharacters

of TF̄ on nF̄ = Lie NF̄ ; its elements will be called the roots of T in N even when there is no root system

in sight. For each root α ∈ R(N,T), we will write nα for the α-eigenspace of TF̄ on nF̄ , viewed as de�ned

over some �eld of de�nition of α contained in F̄ � the context should make clear which �eld of de�nition

is being used. If no action of T on N is speci�ed but T,N are subgroups of G with T normalizing N, then

the action will be understood to be conjugation. For an a�ne algebraic group M /F , X∗(M) will denote
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the group Hom(MF̄ ,Gm,F̄ ) of characters of MF̄ , while for a torus T over F , X∗(T) will denote the group

Hom(Gm,F̄ ,TF̄ ) of cocharacters of TF̄ . In these cases, we will write X∗(M)F ⊂ X∗(M) for the subgroup of

F -rational characters, and X∗(T)F ⊂ X∗(T) for the subgroup of F -rational cocharacters.

Notation 2.1. (i) Recall Labesse's notion of a twisted space over F (see [Li13, Section 3.1], to which

we refer for an exposition on basic facts concerning this notion): it is a pair (G, G̃), where G is an

a�ne algebraic group over F , and G̃ is an algebraic variety together with commuting left and right

actions of G on it, each of which makes G̃ into a G-torsor. If G and its actions on G̃ are understood

from the context, we will refer to this twisted space simply as G̃. The twisted spaces that we consider

will all have a nonempty set of F -rational points.

(ii) Suppose (G, G̃) is a twisted space over F . For δ ∈ G̃(F ), Int δ will denote the unique automorphism

of G such that δ · g = Int δ(g) · δ for all g ∈ G(F ), and Ad δ ∈ GL(g) will denote the derivative of

Int δ. We will denote by Gδ and Gδ the centralizer and connected centralizer of δ in G, respectively

� in other words, Gδ ⊂ G is the subgroup GInt δ �xed by Int δ, and Gδ is the identity component

GInt δ of Gδ. The normalizer in G̃ of a subset X ⊂ G is the set of δ ∈ G̃ such that Int δ(X) ⊂ X.

(iii) For a twisted space (G, G̃) as above with G reductive, ZG̃ ⊂ G will denote the subgroup of z ∈ G

such that Int δ(z) = z for all δ ∈ G̃(F ), and AG̃ the maximal split torus in ZG̃ (which is a torus).

(iv) For any a�ne algebraic group G, we have an obvious twisted space (G,G) (i.e., (G, G̃) with G̃ = G)

obtained from the left and right multiplications of G on itself. When G is reductive, the notation

de�ned above will apply to this space too. Thus, ZG is the center of G, and AG ⊂ ZG is the maximal

split torus in ZG. Again, for g ∈ G, Gg and Gg are the centralizer and the connected centralizer of

g in G, respectively.

(v) Note that for any twisted space (G, G̃) with G reductive, we have ZG̃ ⊂ ZG and AG̃ ⊂ AG. More

precisely, ZG̃ ⊂ ZG is the subgroup �xed by Int g̃ for any g̃ ∈ G̃ - note that all these Int g̃ have the

same restriction to ZG. Note also that AG̃ ⊂ AG ∩ZG̃ is the unique maximal split torus inside ZG̃.

(vi) Following [Li13, Section 3.2], we can talk of parabolic subspaces (P, P̃) and Levi subspaces (M, M̃)

of (G, G̃). For the former, P is required to be a parabolic subgroup of G, P̃ to equal the normalizer

of P in G̃, and P̃(F ) to be nonempty. For the latter, (M, M̃) is required to be a Levi component of

some parabolic subspace (P, P̃) of (G, G̃), in the sense that M is a Levi component of P and (M, M̃)

is in an obvious sense a sub-twisted space of (P, P̃) under inclusion inside (G, G̃). It is automatic

that M̃(F ) 6= ∅.

Notation 2.2. We recall some notation from [MW18, Section 2.1]. Suppose (G, G̃) is a twisted space over

F , with G reductive. Assume that G̃(F ) 6= ∅, and that for any g̃ ∈ G̃, the restriction of Int g̃ to ZG (which is

clearly independent of g̃) is of �nite order; these are the conditions (1) and (2) of [MW18, Section 2.1]. Let

(P, P̃) be a parabolic subspace of (G, G̃) � it automatically contains a minimal parabolic subspace (P0, P̃0),

and has a Levi subspace (M, M̃). We have Levi decompositions P = M N and P̃ = M̃ N. Since M̃(F ) 6= ∅, it
is easy to check (using, e.g., [MW18, Remark 2.1]) that (M, M̃) satis�es the conditions that we have imposed

on (G, G̃). Set

AM := Hom(X∗(AM),R)) ∼= Hom(X∗(M)F ,R).

If θ (temporarily) denotes the automorphism of ZM obtained by restricting Int m̃ for any m̃ ∈ M̃, then θ

(is independent of m̃ and) induces an automorphism of AM, which by our assumptions is of �nite order.

Hence the invariants and coinvariants of this automorphism identify with each other, giving us a summand

AM̃ ⊂ AM.

Suppose K ⊂ G(F ) is a special maximal compact subgroup in good position with respect to M; we do not

require it to be normalized by an element of M̃(F ). We then have the Harish-Chandra map

(14) HP : G(F )→ AM,

determined by the equality 〈χ,HP(nmk)〉 = log |χ(m)| = (− log q) valχ(m) whenever n ∈ N(F ),m ∈
M(F ), k ∈ K and χ ∈ X∗(M)F . Let HP̃ be the composite of HP with the projection AM � AM̃. The
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restrictions of HP and HP̃ to M(F ) are easily seen to have intrinsic descriptions in terms of M, and will be

denoted by HM : M(F )→ AM and HM̃ : M(F )→ AM̃, respectively. These are homomorphisms.

We will also set

AM,C := AM ⊗R C ∼= Hom(X∗(M)F ,C) ∼= Hom(X∗(AM),C), and AM̃,C := AM̃ ⊗R C,

A∗M,C := HomC(AM,C,C) ∼= X∗(M)F ⊗Z C.

Notation 2.3. The fact that AM can be viewed both as Hom(X∗(AM),R) and Hom(X∗(M)F ,R) has the

consequence that, whenever M1 ⊂ M2 are Levi subgroups of G, AM2
can be viewed as both a subspace and

a quotient of M, in a way that gives us a canonical decomposition AM1
= AM2

⊕ AM2

M1
. This agrees with

the decomposition described in the second paragraph of [MW18, Page 5 (Section 1.1)] (whose M ′ and M

are our M1 and M2). Similarly, if we are in the setting of Notation 2.2, and M̃1 ⊂ M̃2 are Levi subspaces

of G̃, there is a canonical way to get a decomposition AM̃1
= AM̃2

⊕ AM̃2

M̃1
for some subspace AM̃2

M̃1
⊂ AM̃1

.

Again, have dual decompositions, and we subscript with C to indicate tensoring with C. Thus, we will talk
of (AM2

M1,C)∗ etc.

Now we de�ne basic notation related to representations of twisted spaces.

Notation 2.4. Suppose (G, G̃) is a twisted space over F , with G reductive and G(F ) 6= ∅. Let ω : G(F )→
C× be a unitary character trivial on ZG̃(F ). Except in Section 8, we will only be interested in the case where

ω is trivial.

(i) Recall ([MW18, Section 2.5]) that an ω-representation of G̃(F ) (or just a representation of G̃(F ) if

ω is trivial) is a pair (π, π̃), where π is a smooth representation of G(F ) in a complex vector space

Vπ, and π̃ : G̃(F ) → GLC(Vπ) is a map with the property that π̃(xg̃y) = π(x)π̃(g̃)π(y)ω(y) for all

x, y ∈ G(F ) and g̃ ∈ G̃(F ). Often, we will abuse notation to denote this ω-representation by just π̃.

(ii) If (π, π̃) is an ω-representation of G̃(F ), v belongs to the space Vπ of π (or equivalently of π̃) and u

to that of its contragredient, we will denote by ξ̃u,v : g̃ 7→ 〈u, π̃(g̃)v〉 and ξu,v : g 7→ 〈u, π(g)v〉 the
associated matrix coe�cients of π̃ and π, respectively. The notation ξu,v will also apply if we are

just given a smooth representation π of G(F ), which may not underlie any ω-representation (π, π̃).

We will denote by C(π) and C̃(π̃) the spaces of matrix coe�cients for π and π̃ (though we will hardly

use C(π) outside this subsection).

(iii) Let π be a smooth representation of G(F ). For each g̃ ∈ G̃(F ), write rg̃ for the homeomorphism

G(F )→ G̃(F ) given by g 7→ gg̃. For v in the space of π and u in that of its contragredient, we will

denote by ξ̃g̃;u,v the function G̃(F )→ C given by g̃1 7→ ξu,v ◦ r−1
g̃ (g̃1) (thus, ξu,v = ξ̃g̃;u,v ◦ rg̃). Note

that the space spanned by all such ξ̃g̃;u,v (as v and u vary in the space of π and its contragredient)

is independent of g̃; denote this space by C̃(π). Note the following two properties of C̃(π):

• Given g̃ ∈ G̃(F ), we have a linear isomorphism C(π)→ C̃(π), sending each ξu,v to ξ̃g̃;u,v.

• If π extends to an ω-representation π̃ of G̃(F ), then C̃(π) = C̃(π̃) (since ξ̃g̃;u,v = ξ̃u,π̃(g̃)−1v).

(iv) Suppose (π, π̃) is an ω-representation of G̃(F ), so that we have C̃(π) = C̃(π̃). We have, following

[Li13, the isomorphism f 7→ f◦ slightly before Proposition 3.3.2] a linear isomorphism C̃(π̃) 7→ C(π)

given by ξ̃u,v 7→ ξu,v (which is hence di�erent from the inverses of the isomorphisms ξu,v 7→ ξ̃g̃;u,v in

(iii) above, and does not depend on the choice of any element of G̃(F )). We will often denote this

isomorphism by ξ̃ 7→ ξ (but when we do so we will explicitly invoke the present de�nition, namely,

Notation 2.4(iv)).

(v) If π is a smooth representation of G(F ), we will typically denote its (smooth) contragredient by

π∨. Following [Li13, Section 3.3], the contragredient of a smooth ω-representation (π, π̃) of G̃(F ) is

a smooth ω−1-representation (π∨, π̃∨), where 〈π̃∨(g̃)u, v〉 = 〈u, π̃(g̃)−1v〉 for all v belonging to the

space of π and u to that of its contragredient π∨.

(vi) Let (π, π̃) be an ω-representation of G̃(F ). Following [MW18, Section 2.5], we will say that π̃ is

unitary if there is a positive de�nite inner product on the space of π preserved by π̃(g̃) for each
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g̃ ∈ G̃(F ). Note that if this is the case then π is automatically unitary. Note also that (π, π̃) is

unitary if and only if (π∨, π̃∨) is; this will be used without further comment later.

2.2. A brief review on intertwining operators.

Notation 2.5. The following notation will apply for the rest of this paper, except in Section 3. However,

we will later de�ne and work with more specialized choices of some of the objects de�ned below (such as the

w0 in (ii) and the measure dn on N(F ) in (vii)).

(i) G will denote a reductive group over F and P = M N a Levi decomposition of a maximal parabolic

subgroup of G.

(ii) Assume henceforth that there exists w0 ∈ G(F ) which normalizes M and sends P to a parabolic

subgroup opposite to it. Thus, P is `self-associate'.

(iii) Let (π, V ) be an irreducible unitary supercuspidal representation of M(F ), viewed by in�ation also

as a representation of P(F ). A few of the considerations that follow will only need π to be tempered

or essentially square-integrable, but we will not bother with this extra generality.

(iv) We also �x a special maximal compact subgroup K ⊂ G(F ) in good position with respect to M, so

that we can talk of HP : G(F )→ AM as in Notation 2.2 (see (14)).

(v) Every ν ∈ A∗M,C de�nes a function ην : G(F )→ C× by the prescription g 7→ e〈ν,HP(g)〉 (e instead of

q because of the way we have de�ned HP). This function satis�es

(15) ην(pgk) = ην(p)ην(g),

for all g ∈ G(F ), p ∈ P(F ) and k ∈ K. In particular, it is right-invariant under K and restricts to a

character of P(F ) ⊃ M(F ).

(vi) For any representation π′ of M(F ) and any ν ∈ A∗M,C, π
′
ν will denote π′ ⊗ (ην |M(F )), and w0π

′ will

denote π′ ◦ Intw−1
0 . Note that conjugation by w0 induces automorphisms of AM,C, (AG

M,C)∗ etc., and

we have an equality w0(πν′) ∼= (w0π
′)w0(ν).

(vii) Fix a Haar measure dn on N(F ). For ν ∈ A∗M,C, the operator

A(ν, π, w0) : Ind
G(F )
P(F ) πν → Ind

G(F )
P(F ) w0(πν) = Ind

G(F )
P(F ) (w0π)w0ν

is de�ned by the formula:

(16) A(ν, π, w0)h(g) =

∫
N(F )

h(w−1
0 ng) dn,

for ν belonging to a certain cone in A∗M,C where the above integral is known to be convergent. One

can show that the formula of Equation (16), in a suitable sense, has `rational' continuation to the

whole of A∗M,C - see, e.g., [Wal03, Section IV.1], or Remark 2.8 below.

(viii) Our family of intertwining operators will be indexed by elements of the one-dimensional C-vector
space (AG

M,C)∗ ⊂ A∗M,C. To relate them to L-functions, which are de�ned on subsets of C, we will

need to choose an isomorphism (AG
M,C)∗ ∼= C, or equivalently a basis element β̌ ∈ (AG

M,C)∗. The

standard choice is as follows. Choosing a dual group Ĝ and a Levi decomposition P̂ = M̂N̂ dual to

P = M N, writing Γ temporarily for Gal(F̄ /F ), we have isomorphisms:

(AG
M,C)∗ ↪→ A∗M,C

∼= X∗(A
Γ,0

M̂
)⊗ C ∼= Lie AΓ,0

M̂
=: aΓ

M̂
.

One chooses β̌ ∈ (AG
M,C)∗ so that the set of eigenvalues of the corresponding element of aΓ

M̂
acting

via ad on n̂ takes the form {1, . . . ,m} for some m ∈ N. Such a β̌ is clearly unique if it exists.

Its existence reduces to the quasi-split case via an inner twist (that takes the PF̄ = MF̄ NF̄ to an

analogous Levi decomposition, obtained by base-changing from F , in a quasi-split form of G). The

quasi-split case is handled in the Langlands-Shahidi theory - see, e.g., [Sha90, page 278, towards the

bottom]; our β̌ is the α̃ of that reference. We remark that the description �α̃ = 〈ρ, α〉−1ρ� of that

reference interprets this element as the fundamental weight for the maximal Levi subgroup M∩Gder

of Gder; however, this description is only valid in the quasi-split case.
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(ix) For s ∈ C, write ηs for ηsβ̌ . For any representation π′ of M(F ) and s ∈ C, let π′s denote π′
sβ̌

=

π′ ⊗ (ηsβ̌ |M(F )) = π′ ⊗ (ηs|M(F )), and write A(s, π, w0) = A(sβ̌, π, w0), so that (using w0(β̌) = −β̌,
which is easy to see), we have:

A(s, π, w0) : Ind
G(F )
P(F ) πs → Ind

G(F )
P(F ) (w0π)−s.

(x) If π′ is an irreducible admissible representation of M(F ), we may and often will identify the contra-

gredient (Ind
G(F )
P(F ) π

′)∨ of Ind
G(F )
P(F ) π

′ with Ind
G(F )
P(F ) (π′

∨
) as in [Cas, Proposition 3.1.2] (see also [Cas,

Theorem 2.4.2 and Proposition 3.1.3]), using some choice of measure independent of π′.

Remark 2.6. Using the decomposition A∗M,C = A∗G,C ⊕ (AG
M,C)∗, one can show that ν 7→ A(ν, π, w0),

viewed as a map on A∗M,C, has a pole at ν = 0 if and only if its restriction to (AG
M,C)∗ = Cβ̌ does. Thus,

ν 7→ A(ν, π, w0) has a pole at ν = 0 if and only if s 7→ A(sβ̌, π, w0) = A(s, π, w0) has a pole at s = 0.

The following well-known result of Harish-Chandra is one of the starting points of the Goldberg-Shahidi

program:

Theorem 2.7. (i) If π 6∼= w0π, then Ind
G(F )
P(F ) π is irreducible, and s 7→ A(s, π, w) is holomorphic at 0.

(ii) Suppose π ∼= w0π. Then Ind
G(F )
P(F ) π is irreducible if and only if s 7→ A(s, π, w0) has a pole at 0.

Proof. As mentioned in, e.g., the introduction of [Sha00], this follows from the work of Harish-Chandra

in [Sil79]; see [Hei11, Theorem 1.2 and Lemma 1.8] for more explanation. Let us add that a proof of (i)

that holds for unitary essentially square-integrable representations π can be found in [Wal03, Proposition

IV.2.2]. Wen-Wei Li informs us that (ii) too holds for unitary essentially square-integrable representations,

and is part of the theory of the R-group, which has been established in the more general setting of covering

groups by Caihua Luo (see [Luo20a]). Indeed, adapting (standard) notation from [Luo20a], when π ∼= w0π,

the kernel W 0(π) of {1, w0} = W (M) = W (π) → R(π) contains w0 precisely when the Plancherel µG(π)

vanishes, which is equivalent to A(s, π, w0) having a pole at s = 0. �

Remark 2.8. Given any v̄ ∈ Ind
G(F )
P(F ) π and ū ∈ Ind

G(F )
P(F ) (w0π)∨, thought of as maps from G(F ) to the spaces

of π and (w0π)∨, it is easy to see using (15) that for any ν ∈ A∗M,C, v̄ην and ūη−w0(ν) belong to the spaces

of Ind
G(F )
P(F ) πν and Ind

G(F )
P(F ) ((w0π)∨)−w0(ν) = Ind

G(F )
P(F ) ((w0π)w0ν)∨ =

(
Ind

G(F )
P(F ) w0(πν)

)∨
, respectively � here

the last identi�cation is from Notation 2.5(x). The claim about rational continuation mentioned in Notation

2.5(v) is then that for each v̄ and ū as above, ν 7→ 〈ūη−w0(ν), A(ν, π, w0)(v̄ην)〉, de�ned a priori on a cone

in A∗M,C, extends to a meromorphic function on A∗M,C that is obtained by composing ν 7→ ην |M(F ), which is

valued in the complex torus of unrami�ed characters of M(F ), with a rational function on this torus.

Remark 2.9. (i) The identi�cation of Notation 2.5(x), which uses [Cas, Theorem 2.4.2, Proposition

3.1.2 and Proposition 3.1.3], has the following consequence. If π′ is an irreducible admissible rep-

resentation of M(F ), ν ∈ A∗M,C, v̄ ∈ Ind
G(F )
P(F ) π

′ and ū ∈ Ind
G(F )
P(F ) (π′

∨
)−ν = Ind

G(F )
P(F ) (π′ν)∨ (iden-

ti�ed with (Ind
G(F )
P(F ) π

′
ν)∨ as in Notation 2.5(x)), then, noting that ην v̄ = v̄ην ∈ Ind

G(F )
P(F ) π

′
ν and

ūην ∈ Ind
G(F )
P(F ) π

′∨ (identi�ed with (Ind
G(F )
P(F ) π

′)∨ as in Notation 2.5(x)), we have:

〈ū, v̄ην〉 = 〈ūην , v̄〉.

(ii) Note that, in Remark 2.8, we can also let ū belong to the vector space dual of the space of Ind
G(F )
P(F ) w0π

(and not just the smooth dual of Ind
G(F )
P(F ) w0π), provided we replace 〈ūη−w0(ν), A(ν, π, w0)(v̄ην)〉 with

〈ū, η−w0(ν)A(ν, π, w0)(v̄ην)〉. Indeed, if ū is smooth, these two expressions coincide by (i), and the

meromorphic continuation when ū is not necessarily smooth can be reduced to the case of smooth

ū, by using that each ην is right-K-invariant.
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Remark 2.10. Since π is a discrete series representation, it follows from [Wal03, Corollary IV.1.2]. that

the order of the pole of s 7→ A(s, π, w0) at s = 0 is at most 1. In other words, for each v̄, ū as in Remark

2.9(ii), s 7→ 〈ū, η−w0(sβ̌)A(sβ̌, π, w0)(v̄ηsβ̌)〉 = 〈ū, ηsA(s, π, w0)(v̄ηs)〉 is meromorphic near s = 0 with a pole

of order at most 1.

2.3. The residue in terms of a scalar R(π̃). We would like to think of the residue as a concrete map, as

in the following proposition.

Proposition 2.11. There exists a map Ares(π,w0) : Ind
G(F )
P(F ) π → Ind

G(F )
P(F ) (w0π) of representations of G(F )

(the so called residue of s 7→ A(s, π, w0) at s = 0), such that for all v̄ ∈ Ind
G(F )
P(F ) π and ū in the vector space

dual of Ind
G(F )
P(F ) (w0π), we have:

(17) Ress=0〈ū, ηsA(s, π, w0)(v̄ηs)〉 = 〈ū, Ares(π,w0)v̄〉.

Proof. This proposition is standard and hence we omit the details; it amounts to the statement `et son

résidu est bijectif' in [Hei11, Lemma 1.8] and the assertion in the last sentence of its proof that the residue

of the intertwining operator JP |P̄ is an intertwining operator; or, albeit slightly implicitly, in the sentence

containing [Art89, (7.4)], with its phrase `which intertwines IP(σ)'. �

Now we introduce the twisted space (M, M̃) and the scalar R(π̃). The former is the main twisted space of

interest in this paper. The latter is de�ned only when π extends to a representation π̃ of M̃(F ) (i.e., only

when π ∼= w0π), in which case it is a scalar that depends on such an extension π̃, and will also be thought

of as the residue of s 7→ A(s, π, w0) at s = 0.

Notation 2.12. (i) Let M̃ = Mw−1
0 = Mw0 = w0 M = w−1

0 M ⊂ G. Note that, under left and right

multiplication, it is a twisted space for M.

(ii) Suppose π ∼= w0π (= π◦Intw−1
0 as de�ned in Notation 2.5(vi)), so that π extends to a representation

π̃ of M̃(F ), such that π̃(w0) is an isomorphism w0π = π ◦ Intw−1
0 → π. For the rest of this section,

write ` : Ind
G(F )
P(F ) w0π → Ind

G(F )
P(F ) π in such a situation for the map given by composition with π̃(w0):

i.e., if h : G(F )→ V belongs to Ind
G(F )
P(F ) w0π, then `(h) = (g 7→ π̃(w0)(h(g))) ∈ Ind

G(F )
P(F ) π. Note that

` : Ind
G(F )
P(F ) w0π → Ind

G(F )
P(F ) π is an isomorphism.

(iii) Assume that π ∼= w0π. Fix a choice of π̃ as in (ii), giving ` as in (ii) as well. Assume further that

Ind
G(F )
P(F ) π is irreducible. Therefore, A(s, π, w0) has a pole at s = 0 by Theorem 2.7, so that the map

Ares(π,w0) : Ind
G(F )
P(F ) π → Ind

G(F )
P(F ) w0π as in Proposition 2.11 is nonzero. Thus, ` ◦Ares(π,w0) inter-

twines the G(F )-representation Ind
G(F )
P(F ) π with itself. Since Ind

G(F )
P(F ) π is irreducible, ` ◦ Ares(π,w0)

is a scalar. Call this scalar R(π̃). In other words, for v̄ ∈ Ind
G(F )
P(F ) π and ū in the vector space dual

of Ind
G(F )
P(F ) π, we have

(18) Ress=0〈ū ◦ `, ηsA(s, π, w0)(v̄ηs)〉 = 〈ū ◦ `, Ares(π,w0)(v̄)〉 = R(π̃)〈ū, v̄〉.

Remark 2.13. Unfortunately, R(π̃) depends on the choice of w0, and not merely on the extension π̃ of π

to M̃(F ), in contrast to the spirit of [Art89, the sentence before (7.4)]. Namely, it is easy to see that for

m ∈ M(F ), replacing w0 by w0m multiplies R(π̃) by δP(m)−1/2 (because we are using normalized parabolic

induction). Nevertheless, this does mean that R(π̃) is una�ected if w0 is replaced by w0m for somem ∈ M(F )

such that δP(m) = 1 (without changing π̃).

The main object of the Goldberg-Shahidi method, to the best of the author's knowledge, is to compute R(π̃)

as a harmonic analytic expression on M̃(F ), and to analyze it from the perspective of an enhanced version of

the local Langlands conjectures. For instance, if we can �gure out when R(π̃) 6= 0, then, by Theorem 2.7, we

can describe when Ind
G(F )
P(F ) π is irreducible. But the precise value of R(π̃) is also of interest, and not merely

its nonvanishing, as Arthur's local intertwining relation (see [Art13, Conjecture 7.1]) gives a conjectural
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expression for R(π̃) that involves constants of arithmetic interest such as L and ε values. Arthur has proved

this conjecture for classical groups (see [Art13, Theorem 2.4.1]).

Remark 2.14. In [Art89, Section 7], Arthur has described a delicate equality called the local intertwining

relation, assuming various conjectures on Langlands parameterization and endoscopy. For our supercuspidal

representation π, if we further assume that R(π̃) 6= 0, then the local intertwining relation simpli�es and

amounts to a conjectural formula for R(π̃) (since the hypothesis that R(π̃) 6= 0 would imply that Ind
G(F )
P(F ) π

is irreducible, hence that the normalized intertwining operator in [Art89, Conjecure 7.1] is a scalar, and also

that the unique sum in the equality there is over a singleton set consisting of the irreducible representation

Ind
G(F )
P(F ) π). We now state such a formula in some very special cases and with some particular normalizations,

which we would like to later compare with the expression that we will compute for R(π̃). Just for this remark,

we impose the following additional notation and assumptions:

• G is quasi-split and equipped with a pinning. (P,M) contains the Borel pair underlying this pinning

(and not its opposite as in [Art89, Section 7]).

• Let w0 ∈ G(F ) be associated to (P,M) using this pinning, as in [Art89, Section 7]. Note that

w0 ∈ w0 M(F ).

• (π, V ) is generic for the Whittaker datum determined by our �xed additive character ψ and this

pinning (see [KS99, Section 5.3]), and π̃ is normalized so that π̃(w0) : V → V induces the identity

on the corresponding space of Whittaker functionals.

• m0 := w−1
0 w0 ∈ M(F ) satis�es that δP(m0) = 1 � thus, by Remark 2.13, R(π̃) would not change if

we replaced w0 by w0 in the de�nitions of A(s, π, w0) and `.

• The measure on N(F ) used to de�ne A(s, π, w0) is the one used in Langlands-Shahidi theory, attached

to the additive character ψ and the pinning just �xed (this is what Shahidi calls the self-dual measure

in [Sha14, Remark 8.2.2], and what Arthur describes in [Art13, Section 2.3]).

• s 7→ A(s, π, w0) has a pole at s = 0, so that R(π̃) 6= 0 (note that [Art89, Section 7.1] does not impose

this restriction).

Our computations in this paper suggest, under these assumptions and normalizations, the following expres-

sion for R(π̃), at least in some cases:

(19) R(π̃) = λw0(ψ) · Ress=0

m∏
i=1

γ(is, π, ri, ψ)−1,

where λw0(ψ) is the product of various constants λ(L/K,ψ) of Langlands and their inverses, as associated

to (G,P) by Shahidi and recalled in [Art89, Section 7], and where r1, . . . , rm are the representations of L M

contained in its adjoint representation on � Ln�, as in the Langlands-Shahidi method (e.g., [Sha90]). The

choice of β̌ in Notation 2.5(viii), which is the standard one, is necessary to ensure that the above expression

has γ(is, π, ri, ψ)−1 as opposed to γ(cis, π, ri, ψ)−1 for some other scalar c.

2.4. Reducing the computation of the residue to the simply connected F -almost simple case.

Proposition 2.15. Suppose G\ → G is an isogeny, under which P\,M\,N\ are the inverse images of P,M,N.

Assume that w0 is the image of some w\0 ∈ G\(F ) (which thus normalizes M\ and takes P\ to a parabolic

subgroup opposite to it), and consider the twisted space M̃
\

= M\ w\0 with underlying group M\. Let π\ be an

irreducible component of the restriction of π to G\(F ). Then:

(i) A(s, π, w0) has a pole at s = 0 if and only if A(s, π\, w\0) has a pole at s = 0.

(ii) Assume that the equivalent conditions of (i) hold, so that π ∼= w0π and π\ ∼= w\0π
\. Then there is a

unique bijection from the (necessarily nonempty) set of extensions of π to a representation of M̃(F ),

to the set of extensions of π\ to a representation of M̃
\
(F ), such that if π̃ 7→ π̃\ under this bijection,

then the embedding π\ ↪→ π is also an embedding π̃\ ↪→ π̃.

(iii) With π̃ and π̃\ as in (ii), we have R(π̃) = R(π̃\).
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(iv) Suppose that for some reductive groups G[ and G�, and a Levi decomposition P[ = M[ N[ of a

parabolic subgroup of G[, we have G\ = G�×G[, with subgroups compatibly decomposing as P\ =

G�×P[,M\ = G�×M[ and N\ = {1}×N[. Write π\ = π�⊗π[, with π� and π[ irreducible admissible

supercuspidal representations of G�(F ) and M[(F ), respectively. Assume that w\0 = (1, w[0) for some

w[0 ∈ G[(F ). Then A(s, π[, w[0) has a pole at s = 0 if and only if A(s, π\, w\0) has a pole at s = 0.

Now assume that these equivalent conditions hold, and that π̃ and π̃\ are as in (iii). Then there exists

a unique extension π̃[ of π[ to a representation of M̃
[
(F ), where M̃

[
is the twisted space M[ w[0 with

underlying group M[, such that the representation π̃\ of M̃
\
(F ) = G�(F )× M̃

[
(F ) has, in an obvious

sense, a decomposition as π̃\ = π� ⊗ π̃[. Moreover, this extension satis�es R(π̃[) = R(π̃\) = R(π̃).

Proof of Proposition 2.15. (iv) is very easy once we know (i), (ii) and (iii), so we will only describe the proof

of (i), (ii) and (iii). In turn, much of the proof of (i), (ii) and (iii) is contained in [CL14, Theorem 3.3.4]

(although [CL14] treats the case where G\ is contained in G, the arguments only require G\ → G to be an

isogeny). Therefore, part of our proof of (i), (ii) and (iii) will be a sketch.

Let (π|M\(F ), V ) = ⊕ri=1(π\i , V
\
i ). Without loss of generality, assume that π\ = π\1. Restricting maps

(G(F )→ V ) to G\(F ), it is easy to get a decomposition (see [CL14, Lemma 3.2.1]):

(20)
(

Ind
G(F )
P(F ) π

)
|G\(F ) = Ind

G\(F )

P\(F )

(
π|M\(F )

)
= Ind

G\(F )

P\(F )

(
r⊕
i=1

π\i

)
=

r⊕
i=1

Ind
G\(F )

P\(F )
π\i .

Concretely, Ind
G\(F )

P\(F )
π\i ⊂ Ind

G(F )
P(F ) π is the subspace consisting of those functions G(F ) → V that, when

restricted to G\(F ), take values in V \i (though they will not take values in V \i on the whole of G(F )).

Since w0 normalizes G\(F ) and is the image of w\0 ∈ G\(F ), it normalizes M\(F ), and hence the restriction

of w0π = π ◦ Intw−1
0 to M\(F ) stabilizes each V \i , on which it acts as w\0π

\
i . This decomposition of (w0π, V )

as the direct sum of the (w\0π
\, V \i ) gives, as with (20), a decomposition:

(21)
(

Ind
G(F )
P(F ) w0π

)
|G\(F ) =

r⊕
i=1

(
Ind

G\(F )

P\(F )
w\0π

\
i

)
,

again with Ind
G\(F )

P\(F )
w\0π

\
i , for each i, concretely identifying with those functions G(F )→ V in Ind

G(F )
P(F ) w0π

that, on the image of G\(F ), take values in V \i ⊂ V .
As in [CL14, Lemma 3.3.1] and using some self-explanatory notation, it is easy that for Res� 0, A(s, π, w0)

has the a decomposition of the following form aligning with (20) and (21):(
A(s, π, w0) : Ind

G(F )
P(F ) πs → Ind

G(F )
P(F ) (w0π)−s

)
=

r⊕
i=1

(
A(s, π\i , w

\
0) : Ind

G\(F )

P\(F )
(π\i )s → Ind

G\(F )

P\(F )
(w\0π

\
i )−s

)
.

Therefore, using Proposition 2.11 and adapting notation from it, we get a parallel decomposition, which is

contained in the commutativity of the diagrams in [CL14, Theorem 3.3.4]:

(22)
(
Ares(π,w0) : Ind

G(F )
P(F ) π → Ind

G(F )
P(F ) w0π

)
=

r⊕
i=1

(
Ares(π

\
i , w

\
0) : Ind

G\(F )

P\(F )
π\i → Ind

G\(F )

P\(F )
w\0π

\
i

)
.

Therefore, A(s, π, w0) has a pole at s = 0 if and only if some A(s, π\i , w
\
0) does. Since Ares(π,w0) is a map of

G(F )-representations, and since Ind
G(F )
P(F ) π and Ind

G(F )
P(F ) w0π are isomorphic and irreducible when Ares(π,w0)

is nonzero (by Theorem 2.7), the condition that A(s, π, w0) has a pole at s = 0 is also in fact equivalent to

the condition that A(s, π\1, w
\
0) = A(s, π\, w\0) has a pole at s = 0, giving (i).

Hence we may and do now impose the assumption that A(s, π, w0) has a pole at s = 0. Thus, w0π =

π ◦ Intw−1
0
∼= π, and Ares(π,w0) : Ind

G(F )
P(F ) π → Ind

G(F )
P(F ) w0π is an isomorphism, and hence each of the

Ares(π
\
i , w

\
0) : Ind

G\(F )

P\(F )
π\i → Ind

G\(F )

P\(F )
w\0π

\
i are isomorphisms as well. Fix an extension π̃ of π to M̃(F ),
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giving π̃(w0) : w0π → π, and using it de�ne an isomorphism ` : Ind
G(F )
P(F ) w0π → Ind

G(F )
P(F ) π of representations

of G(F ) as in Notation 2.12(ii), i.e., by composing a function G(F )→ V with π̃(w0).

Thus, `◦Ares(π,w0) is a nonzero morphism of representations from Ind
G(F )
P(F ) π to itself, and is given by multi-

plication by the nonzero scalar R(π̃). In turn, this forces ` to restrict to an isomorphism `i : Ind
G\(F )

P\(F )
w\0π

\
i →

Ind
G\(F )

P\(F )
π\i of representations of G\(F ), for each i. Recalling that Ind

G\(F )

P\(F )
w\0π

\
i ⊂ Ind

G(F )
P(F ) w0π and

Ind
G\(F )

P\(F )
π\i ⊂ Ind

G(F )
P(F ) π were realized as functions on G(F ) whose values on the image of G\(F ) belong

to V \i , and that ` was de�ned by composition with the action of π̃(w0), it follows that π̃(w0) takes V \i to V \i

for each i. This means that, for each i, we can extend π\i to a representation π̃\i of M̃
\
(F ) by letting π̃\i (w

\
0)

be the restriction of π̃(w0) to V \i , giving (ii).

With this normalization, `i : Ind
G\(F )

P\(F )
w\0π

\
i → Ind

G\(F )

P\(F )
π\i de�ned above as the restriction of ` to Ind

G\(F )

P\(F )
w\0π

\
i

is simply composition with the action of π̃\i (w
\
0), and we get:(

` ◦Ares(π,w0) : Ind
G(F )
P(F ) π → Ind

G(F )
P(F ) π

)
=

r⊕
i=1

(
`i ◦Ares(π

\
i , w

\
0) : Ind

G\(F )

P\(F )
π\i → Ind

G\(F )

P\(F )
π\i

)
.

This implies that R(π̃) = R(π̃\i ) for each i. This gives (iii), since π
\ = π\1. �

Remark 2.16. (i) In Proposition 2.15 above, we could remove the assumption that π is supercuspidal,

provided that both the hypotheses that Ind
G(F )
P(F ) π is irreducible and that A(s, π, w0) has a pole at

s = 0 are made.

(ii) In Proposition 2.15 above, it is easy to check that the hypotheses on the existence of w\0 and w[0 can

be ensured if we change the choice of w0.

(iii) Proposition 2.15 might seem a bit surprising considering that the unitary principal series represen-

tations of GL2(F ) are irreducible while those of SL2(F ) are not necessarily so. However, this is

consistent with the proposition, as we now explain. A principal series representation of GL2(F )

induced from a character (χ1, χ2) of the standard split maximal torus is always irreducible, and

the associated intertwining operator has a pole at s = 0 if and only if the condition �w0π ∼= π� is

satis�ed. This is equivalent to the restriction of (χ1, χ2) to the standard maximal torus of SL2(F )

being trivial, which in turn is equivalent to the intertwining operator for SL2(F ) associated to this

restriction having a pole at s = 0.

(iv) Proposition 2.15, together with Theorem 2.7(ii) (which, as observed in its proof, would hold even if

π were only a discrete series representation), tell us that the question of reducibility of representa-

tions induced from discrete series representations on maximal parabolic subgroups can be essentially

reduced to a similar question for the simply connected cover of the derived group, by restricting.

2.5. Preliminary observations concerning possible poles at 0. In this subsection we introduce the

preliminary steps of the Goldberg-Shahidi method.

Notation 2.17. (i) Let P− be the parabolic subgroup of G opposite to P and containing M, and let

N− be the unipotent radical of P−.

(ii) For φ− ∈ C∞c (N−(F )), v ∈ V and s ∈ C, de�ne an element fφ−,v,s of Ind
G(F )
P(F ) πs by:

fφ−,v,s(g) =

{
φ−(n−)δP(p)1/2 · πs(p)v, if g = pn−, p ∈ P(F ), n− ∈ N−(F ), and

0, if g 6∈ P(F ) N−(F )
,

(here and henceforth δP is the modulus character of P(F )).

(iii) For v ∈ V , u belonging to the space V ∨ of π∨, φ− ∈ C∞c (N−(F )) and s ∈ C, write:

ϑφ−,u,v(s) = 〈u, (A(s, π, w0)fφ−,v,s)(1)〉.
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Note that fφ−,v,s and fφ−,v,0ηs are di�erent elements of Ind
G(F )
P(F ) πs. Since our earlier discussion of residues

in Remarks 2.8, 2.9 and 2.14 were based on the latter, we wish to see that replacing it with the former gives

the same residue.

Lemma 2.18. (i) Let v ∈ V . For all ū′ in the vector space dual of Ind
G(F )
P(F ) w0π,

Ress=0〈ū′, ηsA(s, π, w0)fφ−,v,s〉 = Ress=0〈ū′, ηsA(s, π, w0)(fφ−,v,0 · ηs)〉 = 〈ū′, Ares(π,w0)fφ−,v,0〉.
(ii) Let v ∈ V, u ∈ V ∨ (where V ∨ is the space of π∨). Assume that π extends to a representation π̃ of

M̃(F ) (so π ∼= w0π). Let ū be the element in the vector space dual of Ind
G(F )
P(F ) π given by f 7→ 〈u, f(1)〉,

and recall ` from Notation 2.12(ii). We have:

Ress=0 ϑφ−,u◦π̃(w0),s = Ress=0〈ū ◦ `, ηsA(s, π, w0)(fφ−,v,0 · ηs)〉 = R(π̃)φ−(1)〈u, v〉.

Proof. First let us deduce (ii) from (i). We have in the setting of (ii), by de�nition:

ϑφ−,u◦π̃(w0),s = 〈ū ◦ `, ηsA(s, π, w0)fφ−,v,s〉.
Therefore, the �rst equality of (ii) follows from (i) by taking ū′ = ū ◦ `, while the second follows by using the

de�nition of R(π̃) as expressed in the form of (18), and noting that 〈ū, fφ−,v,0〉 = φ−(1)〈u, v〉.
Thus, let us prove (i). The latter equality of (i) is simply the de�nition of Ares(π,w0), so it is enough

to prove the former equality. We may assume that φ− is supported in n−(N− ∩K) for some n− ∈ G(F ),

since the general case will then follow by taking a linear combination. Since ηs(pgk) = ηs(p)ηs(g) for

p ∈ P(F ), g ∈ G(F ) and k ∈ K (see (15)), it is easy to see that fφ−,v,0ηs = ηs(n
−)fφ−,v,s = ηβ̌(n−)sfφ−,v,s,

and the lemma follows from the fact that the residue of a meromorphic function at 0 is unchanged if the

function is multiplied by as for any positive real number a. �

Recall that a lemma of Rallis says:

Lemma 2.19. s 7→ A(s, π, w0) has a pole at s = 0 if and only if there exist φ− ∈ C∞c (N−(F )), v ∈ V and

u′ belonging to the space V ∨ of π∨, such that s 7→ ϑφ−,u′,v(s) has a pole at s = 0.

Proof. This is proved in [Sha92, Lemma 4.1]. However, this result, or rather its nontrivial implication �⇒�,

can also be seen as follows. Since one can choose a representation π̃ of M̃(F ) extending π by Theorem 2.7, so

that R(π̃) exists and is nonzero, it su�ces to apply Lemma 2.18(ii) by choosing u, v such that 〈u, v〉 6= 0. �

Thus, let φ− ∈ C∞c (N−(F )) and v ∈ V , and let u belong to the space V ∨ of the contragredient of π.

Notation 2.20. (i) Henceforth, let ε : M→ M denote the (non-inner) automorphism of M de�ned by

Intw−1
0 .

(ii) Let N′ := N∩P− w0 N− = w0(w−1
0 N∩P N−). De�ne maps m : N′ → M and ι− : N′ → N− by

requiring that for all n ∈ N′:

w−1
0 n = mn · n′ · ι−(n),

for some n′ ∈ N. These are well-de�ned maps of algebraic varieties since the map M×N×N− →
P N− given by (m,n′, n−) 7→ mn′n− is an isomorphism of varieties.

N′ ⊂ N is clearly open, and it is nonempty because P−N∩P− w0 N− is nonempty. Hence N′(F ) 6= ∅
by the Zariski density of N(F ) in N. The complement of N′(F ) in N(F ) has measure zero, since N′ is the

complement of a proper closed subset of N, and since we have an isomorphism exp : n→ N of varieties, which

is measure-preserving at the level of F -points, and whose source is the a�ne space n = Lie N. Therefore, for

Re s� 0:

ϑφ−,u,v(s) =

∫
N′(F )

〈u, fφ−,v,s(w−1
0 n)(1)〉 dn =

∫
N′(F )

δP(mn)1/2〈u, πs(mn)v〉φ−(ι−(n)) dn.

Clearly, m intertwines the adjoint action of M on N with a variant of the ε-twisted conjugation on M:

(23) m ◦ Intm(n) = ε(m) ·mn ·m−1,
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for all n ∈ N′ and m ∈ M.

Combining this with the observation that δP ◦ ε = δ−1
P , so that δP ◦m ◦ Intm = δP(m)−2δP ◦m, it is easy to

see that d∗n := δP(mn)1/2dn is an Int M(F )-invariant measure on N′(F ); see Lemma 2.3 of [Sha00].

Thus, we get:

(24) ϑφ−,u,v(s) =

∫
N′(F )

ξu,v,s(mn)φ−(ι−(n)) d∗n,

where ξu,v,s, de�ned by ξu,v,s(m) = 〈u, πs(m)v〉 = ξu,v,0(m)ηs(m), is the matrix coe�cient of πs associated

to u and v.

The above expression does not seem very amenable to computation, since n 7→ φ−(ι−(n)) is not in general

the restriction of an element in C∞c (N(F )), and in general the map ι− does not seem to be very well behaved

on N. However, Lemma 2.21 below converts our integral into one that avoids these potential issues. It seems

to correspond to the change of variables around (4.2) in [GS98], whose proof follows a di�erent approach

from ours.

Lemma 2.21. The map ι := Intw0 ◦ ι− : N′ → N has the following properties:

(a) ι(N′) ⊂ N′, and ι in fact de�nes an automorphism of the variety N′.

(b) For all n ∈ N′, we have:

m ◦ ι(n) = m(n)−1w−2
0 , and ι−(ι(n)) = w0nw

−1
0 .

(c) ι preserves the measure d∗n on N′(F ).

Proof. (b) follows from the observation that if w−1
0 n = mn′n− with m = m(n), n′ ∈ N(F ) and n− = ι−(n),

then:

w−1
0 ι(n) = n−w−1

0 = (n′)−1 ·m−1w−2
0 · (w0nw

−1
0 )

(note that w2
0 ∈ M(F ) since P is self-associate). The above equation gives ι(N′) ⊂ N′, and (b) also gives

that ι2 = Intw2
0, which from which (a) follows.

Now let us prove (c). ι can be viewed in the following way. Since N′ = w0 · (w−1
0 N∩P N−) = N∩P− w0 N−,

P−N′ = P−N∩P− w0 N− is invariant under right multiplication by w−1
0 (since this right multiplication

takes P−N and P− w0 N− to each other). Consider the map κ : N′ → P− given by n 7→ w0 · mn · n′w−1
0 ,

where n′ is such that w−1
0 n = mn · n′ι−(n). Then the composite

(25) P−N′ ∼= P−×N′
(p−,n) 7→(p−κ(n),n)→ P−×N′

(p−,n)7→(p−,ι(n))→ P−×N′ ∼= P−N′

is given by right multiplication by w−1
0 .

Choose a right Haar measure dp− on P−(F ). Then for all f ∈ C∞c ((P−N′)(F )) = C∞c (P−(F ) N′(F )), letting

δP− be the modulus character of P−(F ) we have:∫
N′(F )

∫
P−(F )

f(p−n) δP−(p−)−1 dp−dn =

∫
N′(F )

∫
P−(F )

f(p−ι(n)) · δP−(p−)−1dp−ι∗(dn)(26)

=

∫
N′(F )

∫
P−(F )

f(p−κ(n) · ι(n)) · δP−(p−κ(n))−1 dp−ι∗(dn).

On the other hand, one knows (see, e.g., Equation (2) of [Wal03]) that δ−1
P−
dp−dn agrees with a Haar measure

on G(F ), so that this measure is invariant under the isomorphism P−(F ) N′(F ) → P−(F ) N′(F ) obtained

by taking F -rational points in (25) (which amounts to right multiplication by w−1
0 ). This implies that:

(27)

∫
N′(F )

∫
P−(F )

δP−(p−)−1f(p−n) dp−dn =

∫
N′(F )

∫
P−(F )

δP−(p−)−1f(p−κ(n) · ι(n)) dp−dn.

Comparing (26) and (27), we get:

((p−, n) 7→ δP−(p−κ(n))−1)dp−ι∗(dn) = δ−1
P−
dp−dn,
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so that

ι∗(dn) = (δP− ◦ κ)dn = (δP− ◦ Intw0 ◦m) dn = (δP ◦m) dn

(the last step is just the invariance of the determinant under conjugation). Therefore:

ι∗(d∗n) = (δP ◦m) · (δP ◦m ◦ ι)1/2dn = (δP ◦m) · (δP ◦m ◦ ι)1/2 · (δP ◦m)−1/2d∗n.

Since m ◦ ι(n) = m(n)−1w−2
0 by (b), it now su�ces to show that δP(w2

0) = 1, which is a consequence of

δP(w2
0) = |det Adw2

0; n| = |det Adw0w
2
0w
−1
0 ; n| = |det Adw2

0; n−| = δP(w2
0)−1.

�

Notation 2.22. (i) We have an exponential map exp : n → N (an isomorphism of varieties over F )

with inverse image denoted log. Let n′ = log(N′). Let m = m ◦ exp : n′ → M, and de�ne

m̃ : n′ → M̃

by m̃(X) = m(expX)−1w−1
0 . In other words, noting that exp(n′) = N∩N−N M̃, m̃ is characterized

by requiring that for all X ∈ n′:

exp(X)−1 ∈ N−N m̃(X).

(ii) Let dX, d∗X be the measures on n(F ) obtained by pushing forward dn, d∗n under log. Thus, dX is

a Haar measure on n(F ), and d∗X can be described in terms of dX as δP(mX)1/2dX or δP(m̃X ·
w0)−1/2dX.

(iii) Somewhat arti�cially, we de�ne η̃β̌ : M̃(F )→ R>0 ↪→ C× by η̃β̌(mw0) = ηβ̌(m).

(iv) If ξ̃ ∈ C̃(π), we set, for any ϕ ∈ C∞c (n(F )) and s ∈ C:

(28) ϑ(s) = ϑϕ,ξ̃(s) =

∫
n′(F )

ξ̃(m̃X)η̃β̌(m̃X)sϕ(X) d∗X.

We think of ϑ as an integral, which gives a value whenever it is convergent.

Our considerations thus far will be used through Corollaries 2.23 and 2.24 below:

Corollary 2.23. (i) ϑφ−,u,v(s) = ϑϕ,ξ̃(s), where ϕ = φ− ◦ Intw0 ◦ exp ∈ C∞c (n(F )), and ξ̃ : M̃(F )→ C
is such that ξ̃(mw0) = ξu,v,0(m) = 〈u, π(m)v〉 for all m ∈ M(F ), i.e., ξ̃(m̃) = ξu,v,0(m̃w−1

0 ) =

〈u, π(m̃w−1
0 )v〉.

(ii) s 7→ A(s, π, w0) has a pole at s = 0 if and only if there exists ϕ ∈ C∞c (n(F )) and some ξ̃ ∈ C̃(π),

such that Ress=0 ϑϕ,ξ̃(s) = 0.

Proof. Note that for m ∈ M(F ), ξ̃(mw0)η̃β̌(mw0)s = ξu,v,s(m). Hence the �rst assertion follows from

changing variables n 7→ ι(n) in (24), using (all the three assertions of) Lemma 2.21 and the fact that exp

takes dX to dn and d∗X to d∗n. (ii) follows by combining (i) with the lemma of Rallis, Lemma 2.19. �

Corollary 2.24. Assume that w0π ∼= π, so that π extends to a representation π̃ of the twisted space

M̃(F ) := M(F )w0. Let ` be as in Notation 2.12(ii), and let ϕ = φ− ◦ Intw0 ◦ exp ∈ C∞c (n(F )). Fix v

and u in the spaces of π and π∨, respectively. Write ξ̃u′,v′ ∈ C̃(π̃) = C̃(π) for the matrix coe�cient for π̃

associated to u′ := u ◦ π̃(w0) and v′ := π̃(w0)−1v � i.e., given by m̃ 7→ 〈u′, π̃(m̃)v′〉. Then we have:

Ress=0 ϑϕ,ξ̃u′,v′ (s) = R(π̃)ϕ(0)〈u, v〉 = R(π̃)ϕ(0)〈u′, v′〉.

Proof. The latter equality follows from the fact that 〈u, v〉 = 〈u′, v′〉.
By Lemma 2.18(ii), R(π̃)ϕ(0)〈u, v〉 = R(π̃)φ−(1)〈u, v〉 equals Ress=0 ϑφ−,u◦π̃(w0),v(s), which by Corollary

2.23 (i) equals Ress=0 ϑϕ,ξ̃(s), where ξ̃ is such that

ξ̃(m̃) = ξu◦π̃(w0),v,0(m̃w−1
0 ) = 〈u ◦ π̃(w0), π(m̃w−1

0 )v〉 = 〈u ◦ π̃(w0), π̃(m̃) · π̃(w0)−1v〉 = ξ̃u′,v′(m̃)

� here the last equality used π̃(m̃w−1
0 ) = π̃(m̃)π̃(w0)−1, which follows from π̃(m̃) = π̃(m̃w−1

0 )π̃(w0). Thus,

ξ̃ = ξ̃u′,v′ . �
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Remark 2.25. Suppose we are in the setting of Corollary 2.24. Then we can summarize the conclusion of

Corollary 2.24 as saying that for any matrix coe�cient ξ̃ of π̃:

Ress=0 ϑϕ,ξ̃ = ϕ(0)ξ(1) ·R(π̃),

where ξ is the image of ξ̃ under the isomorphism C̃(π̃) → C(π) of Notation 2.4(iv). Note that this explains

the appearance of ϕ(0) and ξ(1) in the Goldberg-Shahidi residue formulas that have already been worked

out � the ϕ(0) seems to have a somewhat implicit presence in the proofs in literature, while the ξ(1) is like

the f◦π̃(1)fσ(1) in [Li13, Lemma 6.4.3].

The following lemma is being proved for later use, in Lemma 6.16 (where it will, rougly speaking, be combined

with the supercuspidality of π to replace a sum for ϑϕ,ξ̃ over k ∈ Z with a sum over k ∈ Z≥0).

Lemma 2.26. If C ⊂ M̃(F ) is compact, then there exists a neighborhood U of 0 in n(F ) (for the p-adic

topology) such that

U ∩ m̃−1(C) = ∅.

Proof. We use exp and the relation m̃(X) = m(expX)−1w−1
0 to reduce to showing that for any compact

subset C ⊂ M(F ), there exists a neighborhood U of 1 in N(F ) such that U ∩ m−1(C) = ∅. It is enough to

prove that there exists a regular function f ′′ on N whose zero set equals N \N′ 3 {1}, and such that f ′′|N′
factors as χ ◦ m for a nowhere vanishing regular function χ on M � for, given such an f ′′, we may choose

an ε > 0 such that |f ′′(x)| > ε for all x ∈ m−1(C), and then set U = |f ′′|−1[0, ε).

There exists an irreducible (F -rational) algebraic representation τ of G and a `lowest weight' vector v− in

the space of τ such that the stabilizer of the line spanned by v− is exactly P− (e.g., use the construction in

[Wal03, II.2], taking the P there to be our P−). Then the contragredient of τ has a `highest weight vector' v,

such that the stabilizer of the line spanned by v is exactly P. Note that 〈v, v−〉 6= 0. Let f ′ be the algebraic

function on G given by f ′(g) = 〈v, τ(g)v−〉. Then clearly f ′ is nonzero on P P−. Moreover, f ′ vanishes

outside P P−, because on one hand it transforms according to P on the left and P− on the right according

to some characters, and on the other, after choosing any Borel pair over F̄ contained in (PF̄ ,MF̄ ), any Weyl

group representative outside M takes v− to a di�erent weight vector (P− being exactly the stabilizer of the

line spanned by v−), which therefore pairs to zero with the weight vector v.

Then n 7→ f ′(w−1
0 n) satis�es the desired properties: it vanishes on N \N′ (as f ′ vanishes outside P P−), and

on N′ it factors as χ ◦ m for a character χ : M → Gm (because of the transformation property of f ′ under

left-multiplication by P and right-multiplication by P−), giving the desired regular function on N. �

3. The setting and some structure theory over the algebraic closure

3.1. The setting.

Notation 3.1. In this section (i.e., Section 3), we change notation a bit: F will denote an algebraically

closed �eld of characteristic zero, G will still be a reductive group over F , and P = M N and P− = M N−

will be Levi decompositions of a pair of opposite parabolic subgroups of G, with common Levi subgroup M.

After the statement of Notation 3.3 below, we will assume the hypothesis in it to be satis�ed. In this section,

groups like Gm,SL2 will be taken to be de�ned over F .

Remark 3.2. In later sections, the results of this section and the next will be applied with the present F

standing for the F̄ of those sections, and with G,P,M,N,P−,N− being the base-changes to F̄ of the objects

in those sections denoted by the same letter.

In this section (and indeed for most of this paper), we will not �x a Borel pair in G. Rather, we will work

with the `abstract based root datum' of G. Occasionally, we will make temporary choices of Borel pairs in

G and equally temporarily realize the roots and coroots concretely as characters and cocharacters.
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Notation 3.3. We impose the following hypothesis for the pair (G,P) in this section. We assume that P is

a maximal parabolic subgroup of G. Further, in the `abstract based root datum' of G, write β for the unique

element of the set of simple roots that does not belong to the subset determined by the conjugacy class of

P, and −γ for the unique lowest root whose corresponding node in the extended Dynkin diagram of G lies

in the same component as the one corresponding to β. Then we assume that the node corresponding to β is

the unique one in its component that is linked to the node corresponding to −γ, and that this link is via a

single bond.

As we will see below, such parabolic subgroups P enjoy many special properties (see, e.g., [BKZ08]) that

crucially simplify our residue computations.

Remark 3.4. Here are some �rst consequences of the hypothesis in Notation 3.3. We have:

(i) The uniqueness of β means that the irreducible component of the Dynkin diagram of G corresponding

to β is not of type An (n ≥ 1), and the `single bond' condition means that this component is not

of type Cn (n ≥ 2). If G is an almost simple group which is of type Bn(n ≥ 3) or Dn(n ≥ 4) or is

exceptional, then there exists a unique conjugacy class of parabolic subgroups of G satisfying Notation

3.3.

(ii) The `single bond' condition gives 〈γ, β∨〉 = 〈β, γ∨〉 = 1. In particular, β is a long root. The re�ection

about γ takes −β to γ − β, and hence γ − β is a long root as well. Since β, γ − β and γ all have the

same length, it follows that (γ − β)∨ = γ∨ − β∨.
(iii) The uniqueness of β implies that γ is orthogonal to every root in M. From this, it is easy to see

that, if we choose a Borel pair in G contained in (P,M), the resulting concrete realization of γ∨ as a

cocharacter is valued in the center of M and also independent of the chosen Borel pair (as long as it

is contained in (P,M)). We will also see this in Lemma 3.7 below.

(iv) One knows (see, e.g., [BKZ08, Section 2]) that n has an Ad M-invariant decomposition n = n1 ⊕ n2,

where, concretely realizing roots using an arbitrary Borel pair in G contained in (P,M), for i = 1, 2,

ni is the direct sum of the root spaces corresponding to the roots in which β occurs with a coe�cient

of i. Moreover, n1 is irreducible as a representation of M, while n2 is the (necessarily one dimensional)

root space associated to γ. Similarly, write n− = n−1 ⊕ n−2 .

Remark 3.5. Expressing Gsc as a product of almost simple groups, it is easy to see that there exist reductive

algebraic groups G[ and G1 over F such that G[ is almost simple and simply connected, G accepts an isogeny

from G[×G1, and the pull-back of P to G[×G1 equals P[×G1 for a maximal parabolic subgroup P[ ⊂ G[.

It is then easy to see that the irreducible component of g corresponding to β and γ is the image of g[.

Moreover, the hypothesis of Notation 3.3 is satis�ed with (G[,P[) in place of (G,P).

Notation 3.6. For ? ∈ {Bn | n ≥ 3} t {Dn | n ≥ 4} t {E6, E7, E8, F4, G2}, we will say that we are in the

?-case if the component of the Dynkin diagram of G corresponding to β (of which the Dynkin diagram of

any group G[ as in the Remark 3.5 is a copy) is of type ?.

Although we need to make a choice of a Borel pair (B?,T?) contained in (P,M) to talk of β and γ as concrete

characters of a torus of G, it turns out that we can talk of some objects such as γ∨ independently of such

choices:

Lemma 3.7. (a) exp(n2) and exp(n−2 ) generate a subgroup of G isomorphic to SL2 and centralized by

Mder.

(b) If 0 6= X ∈ n2(F ), then X can be completed into a unique sl2-triplet (Y,H,X) with Y ∈ n−2 .

(c) In the situation of (b), consider the cocharacter Gm → G obtained by restricting the homomorphism

ϕX : SL2 → G associated to the said sl2-triplet (Y,H,X) along the standard inclusion Gm ↪→ SL2

identifying Gm with the diagonal maximal torus of SL2. Then this cocharacter equals γ∨ and is

valued in the center of M, and is independent of X.
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Proof. For this proof, make a choice of a Borel pair (B?,T?) contained in (P,M), realizing ±β and ±γ as

roots of T?. Then n2 is the root space associated to γ, and n−2 that associated to −γ. Thus, exp(n2) and

exp(n−2 ) generate a copy of SL2 or PGL2. To see that the former is the case, note that γ∨ is injective, because

〈β, γ∨〉 = 1. Now, noting that Mder centralizes n2 and n−2 (since M normalizes these one-dimensional spaces),

(a) follows.

For the existence assertion in (b), one can use an SL2-homomorphism associated to the root γ of T?, since

such a homomorphism can be chosen so that its derivative takes

(
0 1

0 0

)
to X. For an sl2-triplet constructed

this way, it is also clear that the resulting cocharacter Gm → G as in (c) is simply γ∨, which is independent

of X. Since Mder centralizes the copy of SL2 generated by exp(n2) and exp(n−2 ) (see (a)), which contains the

image of γ∨, we conclude that γ∨ is valued in the center of M.

Thus, it remains to prove the uniqueness assertion of (b), which follows from the fact that {[Y ′, X ′] | Y ′ ∈
n−2 , X

′ ∈ n2} is a one-dimensional subspace of g, and can hence contain at most one element H such that

adH|n2(F ) equals multiplication by 2. �

Notation 3.8. (i) Fix Xγ ∈ n2(F ) \ {0} until the end of this section (i.e., Section 3), and let ϕγ be the

ϕXγ as in Lemma 3.7 above. De�ne:

(29) w0 = ϕγ

(
0 1

−1 0

)
.

Note that w0 depends on Xγ but is independent of any choice of (B?,T?). Let X−γ = ϕγ

(
0 0

1 0

)
(thus, it is the element Y furnished by Lemma 3.7(b) applied to Xγ).

(ii) The character with which M acts on n2 will henceforth be denoted by χγ , and the cocharacter

associated to any ϕX as in Lemma 3.7(c) will be denoted γ∨, even without any reference to or

dependence on any Borel pair (B?,T?). This does not create any confusion, since the latter object

agrees with the concrete realization of γ∨ made using any Borel pair (B?,T?) contained in (P,M).

(iii) Let ε denote the automorphism Intw−1
0 of M.

Thus, if homomorphisms uγ : Ga → G and u−γ : Ga → G are the unique isomorphisms such that the

derivative of uγ equals Xγ and the derivative of u−γ equals X−γ , then w0 = uγ(1)u−γ(−1)uγ(1).

Remark 3.9. (i) For any Borel pair (B?,T?) contained in (P,M), the resulting realization γ : T? → Gm
is a restriction of χγ : M→ Gm.

(ii) By Lemma 3.7(a), w0 centralizes Mder and hence normalizes M. Now choose any Borel pair (B?,T?)

contained in (P,M), to realize roots concretely. Then w0 �xes every root in M and, acting as the

re�ection about γ, takes β to −(γ−β). We conclude that w0 takes N to N−. Hence M is self-associate,

and except for the fact that F is not be p-adic we are in the set up of Section 2.

(iii) As we noted in the proof of Lemma 3.7, γ∨ is injective (since 〈β, γ∨〉 = 1 in the abstract root datum

of G).

(i), (ii) and (iii) of the following lemma will often be used later without explicitly invoking them.

Lemma 3.10. (i) ε is given by m 7→ γ∨(χγ(m))−1m.

(ii) ε is an involution.

(iii) The kernel of χγ on M equals the group Mε of �xed points of ε on M.

(iv) Mε is connected, and so is Mε
T? for any Levi subgroup MT? of M.

Proof. Using Remark 3.9(i), (ii) follows from (i). So does (iii) too, since γ∨ is injective (Remark 3.9(iii)).

With uγ , u−γ as in the comment just before Remark 3.9, (i) follows from the computation:

mw0m
−1 = muγ(1)u−γ(−1)uγ(1)m−1 = uγ(χγ(m))u−γ(−χγ(m)−1)uγ(χγ(m)) = w0γ

∨(χγ(m))−1

(the last equality involves transferring a computation in SL2 via the homomorphism ϕγ of Notation 3.8(ii)).
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Finally, we come to (iv). For this proof, choose a Borel pair (B?,T?) in G, with T? contained in MT? , to

concretely realize β and γ. The regular morphism M → M given by m 7→ β∨(χγ(m))−1 ·m has image in

Mε and is the identity on Mε (use (iii) and the fact that 〈γ, β∨〉 = 1). Thus, the image equals exactly Mε,

which is therefore connected. The same argument applies to Mε
T? (alternatively, it is easy to see from the

connectedness of Mε that it is also reductive and that Mε
T? is a Levi subgroup of Mε). �

Remark 3.11. In particular, Lemma 3.10(i) implies that ε preserves a pinning on M � indeed, it preserves

every F -pinning of M.

3.2. The set T + of non-maximal tori and an M(F )-conjugacy class of minuscule SL3-homomorphisms.

Notation 3.12. Let M̃ := Mw−1
0 , viewed as a twisted space exactly as in Notation 2.12. Set N′ =

N∩w0 P N− (exactly as in Notation 2.20), and n′ = log(N′) (as in Notation 2.22(i)). Let m̃ : n′ → M̃ be

de�ned as in Notation 2.22(i) as well.

3.3. A homomorphism SL3 → G. There is a well-known conjugacy class of embeddings SL3 → G, that

are minuscule in the sense described in the introduction of [GG20], and form short SL3-structures in the

sense of Vinberg (see [Vin17]). Embeddings belonging to this class will be our main tool to study the map

m̃ : n′ → M̃, which we will do using SL3-computations. Properties of such embeddings have been studied

in several papers including in important papers of Gan, Gross and Savin, and much of what follows in

this subsection and neighboring ones is at least implicitly, if not explicitly, present in literature. We have

chosen to re-prove well-known facts because we could not locate statements of lemmas or propositions in a

convenient enough form, that state what want without having the reader have to look through more of those

references to get the context.

Notation 3.13. (i) For this section alone, we will let B denote the set of Borel pairs (B?,T?) of G

contained in (P,M). It is well-known that B is a single M(F )-conjugacy class (the easy proof is

recalled in Lemma 3.17). As mentioned before, we will not �x a particular choice of (B?,T?), but

each temporary choice of an element (B?,T?) ∈ B will give us, equally temporarily, a concrete

realization of each root α of G as a character of T∗ and the corresponding coroot α∨ as a cocharacter

of T?; thus, in such a situation (when (B?,T?) has been chosen) α and α∨ will also denote their

concrete realizations.

(ii) Each element (B?,T?) of B gives us a realization of β∨, (γ − β)∨ as cocharacters of T?, and hence a

non-maximal torus T ⊂ G generated by the images of β∨ and (γ − β)∨. Let T + denote the set of

all tori T obtained this way. Since B is a single M(F )-conjugacy class, it follows that T + is a single

M(F )-conjugacy class (of nonmaximal tori of M). Its elements will index most of the objects that

we wish to study in this section.

Notation 3.14. (i) Suppose we are given a Borel pair (B?,T?) ∈ B, realizing β, γ − β and γ as roots

of T?, together with nonzero elements Yβ , Yγ−β and Yγ belonging to the root spaces gβ , gγ−β and

gγ , respectively, satisfying [Yβ , Yγ−β ] = Yγ . When we talk of the embedding sl3 ↪→ g associated

to this data, we will refer to the embedding de�ned as follows. By Lemma 3.1 of [BKZ08], the

Lie subalgebra of g generated by the root spaces g±β , g±(γ−β) and g±γ is isomorphic to sl3, and

there exists a unique embedding sl3 → g that takes E12 to Yβ , E23 to Yγ−β and E13 to Yγ . Here

Eij ∈ sl3(F ) is the element that equals 1 in the (i, j)-th cell and is zero elsewhere.

(ii) Suppose we have a datum (B?,T?, Yβ , Yγ−β , Yγ) as in (i), giving an embedding sl3 ↪→ g. Since SL3

is simply connected, this embedding is the derivative of a unique homomorphism

(30) SL3 → G

with �nite kernel (to see this well-known fact concerning the `Lie Groups-Lie algebras correspon-

dence', use, e.g., [Mil13, Lemma 4.18, Lemma 4.19, Proposition 4.20, Theorem 4.22 (a)-(d)]). We

will call this the homomorphism SL3 → G associated to the datum (B?,T?, Yβ , Yγ−β , Yγ).

(iii) Let F stand for the set of all possible ϕ : SL3 → G obtained as in (ii) from some datum (B?,T?, Yβ , Yγ−β , Yγ)

as in (i). Lemma 3.17 below shows that F is a single M(F )-conjugacy class.
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(iv) In this section and the next, we will denote the diagonal maximal torus of SL3 by T[, and the group

of upper triangular matrices in SL3 by N[.

Remark 3.15. (i) It is easy to see that T + is the set of (non-maximal) tori in M that are of the form

ϕ(T[) for some ϕ ∈ F .
(ii) Using that n2 is one-dimensional, it is easy to see that for any ϕ ∈ F , ϕ(SL3) contains the image ϕγ

(see Notation 3.8), and in particular w0.

(iii) Suppose ϕ ∈ F is associated to a datum (B?,T?, Yβ , Yγ−β , Yγ) as in Notation 3.14(i). If Yγ = Xγ ,

then a stronger version of (ii) applies: ϕγ is the restriction of ϕ to the SL2 that sits in the obvious

manner inside SL3 `using the outer four entries' (i.e., centralizing −E11 + E22 − E33).

Remark 3.16. • Here is an example as to how a ϕ ∈ F `looks like'. Suppose G = SO2n+1 (n ≥ 3)

or SO2n (n ≥ 4). Realize G as the special orthogonal group of a quadratic space (V, q) with basis

e1, . . . , en, e0, e−n, . . . , e−1, such that q(ei, ej) = δi(−j), where any occurrence of e0 should be ignored

if G = SO2n. Then one can check that P can be taken to be the stabilizer of Fe1 + Fe2 and M to

be the common stabilizer of Fe1 + Fe2 and Fe−2 + Fe−1. Consider the subspace W of V spanned

by e1, e2, e3, e−3, e−2, e−1, and the Siegel Levi subgroup of SO(W, q|W ) ⊂ SO(V, q) that stabilizes

Fe1 + Fe−2 + Fe−3 and Fe−1 + Fe2 + Fe3. This Levi subgroup can be identi�ed with GL3 in an

obvious way such that a ϕ ∈ F may be taken to be the inclusion of SL3 into this copy of GL3.

• If G is an exceptional group of type G2, then a ϕ ∈ F may be taken to be an inclusion of a Borel-de

Siebenthal subgroup obtained by removing the short simple root from the extended Dynkin diagram

of G.

Now we show that F is a single M(F )-conjugacy class.

Lemma 3.17. The data (B?,T?, Yβ , Yγ−β , Yγ) as in Notation 3.14(i) are all M(F )-conjugate. Moreover, F
is a single M(F )-conjugacy class.

Proof. The former assertion implies the latter, since replacing a datum (B?,T?, Yβ , Yγ−β , Yγ) by its con-

jugate under m ∈ M(F ) replaces the corresponding SL3-homomorphism as in Notation 3.14(ii) by its

conjugate under m as well. Thus, let us show that M(F ) acts transitively on the set of possibilities for

(B?,T?, Yβ , Yγ−β , Yγ). We �rst claim that the Borel pairs (B?,T?) ∈ B form a single M(F )-conjugacy class.

Given any other (B?1,T
?
1) ∈ B, write Int g(B?,T?) = (B?1,T

?
1) for some g ∈ G(F ); our claim follows if we

show that g ∈ M(F ). Since B?,B?1 ⊂ P, there exists p ∈ P(F ) such that Int p(B?1) = B?, i.e., such that

pg normalizes B?, forcing g ∈ p−1 B?(F ) ⊂ P(F ). Therefore, if g did not belong to M(F ), then M and

gM g−1 would be distinct Levi subgroups of the same parabolic subgroup P that contain a common torus

T?1 = gT? g−1, a contradiction. This proves that B is a single M(F )-conjugacy class.

Now it su�ces to show that, for any �xed (B?,T?) ∈ B, the set of possibilities for (Yβ , Yγ−β , Yγ) as in

Notation 3.14(i) (or equivalently for (Yβ , Yγ−β), given the constraint Yγ = [Yβ , Yγ−β ]) are all conjugate

under T(F ) ⊂ T?(F ), where T ⊂ T? is associated to (B?,T?) as in Notation 3.13(ii), i.e., it is generated by

the images of β∨ and (γ − β)∨ (as realized using (B?,T?)). But since F is algebraically closed, this follows

from the fact that the matrix

(31)

(
〈β, β∨〉 〈β, (γ − β)∨〉
〈γ − β, β∨〉 〈γ − β, (γ − β)∨〉

)
=

(
〈β, β∨〉 〈β, γ∨ − β∨〉
〈γ − β, β∨〉 〈γ − β, γ∨ − β∨〉

)
=

(
2 −1

−1 2

)
has determinant 3 and is hence invertible. �

Notation 3.18. When some (B?,T?) ∈ B has been chosen and the present notation (i.e., Notation 3.18) is

invoked, then apart from using (B?,T?) to realize roots and coroots concretely, we will consider the following

notation de�ned:

(i) Let B?M := B? ∩M, so that (B?M,T
?) is a Borel pair for M. Denote by B−? the Borel subgroup of G

opposite to B? and containing T?, and de�ne B−?M = B−? ∩M.
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(ii) Using the choice of the Borel subgroup B?M = B? ∩M of M, we can talk of standard parabolic

subgroups of M and highest or lowest weight vectors in representations of M.

(iii) Since the adjoint representation of M on n1 is irreducible, it is easy to see that the root space gβ of

β (resp., gγ−β of γ−β), as realized using (B?,T?), is the space spanned by the lowest weight vectors

(resp., highest weight vectors) for this representation in the sense of (ii) above. We let P?1 (resp.,

P?2) be the parabolic subgroup of M stabilizing gβ (resp., gγ−β). Thus, P?2 is standard (i.e., contains

B?M), while P?1 ⊃ B−?M .

(iv) Let M?
◦ = P?1 ∩P?2.

Lemma 3.19. Let (B?,T?) ∈ B. Assume Notation 3.18. Recall the notation �R(N,T)� from Subsection

2.1.

(i) P?1 and P?2 are opposite parabolic subgroups of M, so that M?
◦ is a standard Levi subgroup of M, and:

R(M,T?) = R(M?
◦,T

?) t (R(P?2,T
?) \R(M?

◦,T
?)) t (R(P?1,T

?) \R(M?
◦,T

?)).

(ii) Given α ∈ R(M,T?), the following are equivalent:

(a) α ∈ R(M?
◦,T

?) (resp., α ∈ R(P?2,T
?) \R(M?

◦,T
?); resp., α ∈ R(P?1,T

?) \R(M?
◦,T

?)).

(b) (〈α, β∨〉, 〈α, (γ − β)∨〉) equals (0, 0)(resp., (−1, 1); resp., (1,−1)).

(c) The set of roots in {α + nβ | n ∈ Z} and the set of roots in {α + n(γ − β) | n ∈ Z} respectively
equal {α} and {α} (resp., {α, α+β} and {α, α− (γ−β)}; resp., {α, α−β} and {α, α+(γ−β)}).

Proof. Though the lowest weight vector β of the adjoint representation of M on n1 is not the negative of

the highest weight vector γ − β, these weights are negatives of each other when restricted to T? ∩Mder, as

γ extends to the character χγ : M→ Gm, which is trivial on Mder. From this, (i) is easy to see.

Now let us prove (ii). For lightness of notation in this proof, we will write Ξα and Ξ′α for the sets of roots

in {α+ nβ | n ∈ Z} and {α+ n(γ − β) | n ∈ Z} respectively. Our �rst step is to consider some possibilities

for Ξα, and for each such possibility, do the following:

• Find Ξ′α, which is simply given by {α − n(γ − β) | α + nβ ∈ Ξα} � this follows from the fact that

γ is orthogonal to every root in R(M,T?), together with the fact that the re�ection about γ takes β

to −(γ − β).

• Find 〈α, β∨〉 and 〈α, (γ − β)∨〉, which can be read o� from Ξα and Ξ′α.

• Determine whether α belongs to R(P?1,T
?) and whether it belongs to R(P?2,T

?): Using the de�nitions

of P?2 and P?1 as the stabilizers of the highest and the lowest weight vectors in n1, and passing to the

Lie algebra, α ∈ R(P?1,T
?) if and only if α+β 6∈ Ξα, and α ∈ R(P?2,T

?) if and only if α+(γ−β) 6∈ Ξ′α.

We now apply these considerations to some of the possibilities for Ξα.

• If Ξα = {α}, then Ξ′α = {α}, (〈α, β∨〉, 〈α, (γ − β)∨〉) = (0, 0), and α ∈ R(P?2,T
?) ∩ R(P?1,T

?) =

R(M?
◦,T

?).

• If Ξα = {α, α + β}, then Ξ′α = {α, α − (γ − β)}, (〈α, β∨〉, 〈α, (γ − β)∨〉) = (−1, 1), and α ∈
R(P?2,T

?) \R(P?1,T
?) = R(P?2,T

?) \R(M?
◦,T

?).

• If Ξα = {α − β, α}, then Ξ′α = {α, α + (γ − β)}, (〈α, β∨〉, 〈α, (γ − β)∨〉) = (1,−1), and α ∈
R(P?1,T

?) \R(P?2,T
?) = R(P?1,T

?) \R(M?
◦,T

?).

Thus, it is enough to show that, for any α ∈ R(M,T?), the set of roots in {α + nβ | n ∈ Z} equals

{α}, {α, α+β} or {α−β, α}. Indeed, using the fact that Ξα is a `string', this can be seen using the following

two observations:

• Since R(M,T?) = R(P?1,T
?) ∪ R(P?2,T

?), given any α ∈ R(M,T?), one of α + β and α + (γ − β) is

not a root. Since the re�ection about γ takes γ − β to −β, we conclude that, if α+ β is a root then

α− β is not, and vice versa.
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• γ is the unique root that is a sum of 2β and an integral linear combination of the other simple roots

(use that dim n2 = 1), while γ − 2β is not a root, because the fact that 〈γ, β∨〉 = 1 forces that the

only roots of the form γ + nβ with n ∈ Z are γ − β and γ. Therefore, for any α ∈ R(M,T?), neither

α+ 2β nor α− 2β is a root.

�

Before proceeding, we digress to record a useful corollary that will later help us describe the torus T ∈ T +

generated by the images of β∨ and (γ − β)∨, using just M?
◦,P

?
1 and P?2.

Corollary 3.20. In the setting of Lemma 3.19, 2β∨− γ∨ is the unique cocharacter µ : Gm → Msc, with the

property that the weights of Ad ◦µ on m equal 0 on m?◦, 2 on the nilradical of p?1, and −2 on the nilradical of

p?2. Moreover, 2β∨ − γ∨, viewed as a cocharacter valued in M, is valued in Z0
M?
◦
.

Proof. 2β∨ − γ∨ is an integral linear combination of coroots corresponding to elements of R(M?,T?), and

hence can be viewed as valued in Msc. Now all the assertions except the uniqueness assertion are straight-

forward consequences of Lemma 3.19. Since any such µ centralizes M?
◦, the uniqueness follows from the fact

that the set of elements of ZM?
◦
(F ) ⊂ T?(F ) that belong to the kernel of each of the elements of R(M?,T?)

is the center of M and hence has �nite intersection with Mder, and hence has �nite inverse image in Msc. �

Lemma 3.21. Let (B?,T?) ∈ B. Assume Notation 3.18.

(i) Let Ξ equal R(P?2,T
?)\R(M?

◦,T
?), which is also the set of positive roots in R(M,T?)\R(M?

◦,T
?). Let

Ξ1 (resp., Ξ2) be the subset of R(n1,T
?) consisting of the roots α such that α− β (resp., α− (γ − β))

is a root � in R(M,T?), necessarily. Then we have a decomposition

R(N,T?) = R(n1,T
?) ∪R(n2,T

?) = (Ξ1 t Ξ2 t {β} t {γ − β}) ∪ {γ}.

(ii) The prescription α 7→ α+ β (resp., α 7→ α+ (γ − β)) induces a bijection Ξ→ Ξ1 (resp., −Ξ→ Ξ2).

(iii) If α ∈ R(n1,T
?) belongs to Ξ1,Ξ2, {β} or {γ − β}, then, respectively, (〈α, β∨〉, 〈α, (γ − β)∨〉) equals

(1, 0), (0, 1), (2,−1) or (−1, 2).

Proof. (ii) follows from Lemma 3.19(ii). (iii) is easy to check using (ii) and Lemma 3.19(ii).

(iii) shows that Ξ1,Ξ2, {β} and {γ − β} are pairwise disjoint. Now, if we show that Ξ1 ∪ Ξ2 ⊃ R(n1,T
?) \

{β, γ − β}, then (i) will follow as well.

Thus, given α ∈ R(n1,T
?)\{β, γ−β}, let us show that either α−β or α−(γ−β) is a root. Note that neither

α+ β nor α+ (γ − β) is a root (if either is a root, it would have to belong to R(n2,T
?) and hence equal γ).

Therefore, if neither α− β nor α− (γ − β) is a root, we would have 〈α, β∨〉 = 〈α, (γ − β)∨〉 = 0 (look at the

β-string or the (γ − β)-string through α), so that 〈α, γ∨〉 = 0, a contradiction as 〈α, γ∨〉 = 〈β, γ∨〉 = 1. �

Remark 3.22. (i) If wβ and wγ−β are the re�ections about β and γ − β, it follows from Lemmas 3.19

and 3.21 that, in the notation of Lemma 3.21(i), Ξ1 = wβ(Ξ) and Ξ2 = wγ−β(−Ξ).

(ii) In the situation of Lemma 3.21, it is easy to see that α 7→ γ−α is an involution of R(n1,T
?) without

any �xed points, and which exchanges Ξ1 with Ξ2 and {β} with {γ − β}.

Corollary 3.23. Let (B?,T?) ∈ B. Assume Notation 3.18. De�ne two elements α1, α2 ∈ R(G,T?) be to

equivalent if α1 − α2 ∈ Zβ + Z · (γ − β). Then {±β,±(γ − β),±γ} is an equivalence class, and every other

equivalence class is of exactly one of the following three forms:

(a) {α − (γ − β), α, α + β} with α ∈ R(P?2,T
?) \ R(M?

◦,T
?) = R(M,T?) \ R(P?1,T

?) (or equivalently by

Lemma 3.19, with α ∈ R(M?,T?) such that 〈α, β∨〉 = −1);

(b) {α − β, α, α + (γ − β)} with α ∈ R(P?1,T
?) \ R(M?

◦,T
?) = R(M,T?) \ R(P?2,T

?) (or equivalently by

Lemma 3.19, with α ∈ R(M?,T?) such that 〈α, β∨〉 = 1); and

(c) {α} with α ∈ R(M?
◦,T

?) (or equivalently by Lemma 3.19, with α ∈ R(M?,T?) such that 〈α, β∨〉 = 0).
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Proof. This follows from Lemmas 3.19 and 3.21, together with the fact that the latter also gives its own

analogue for the roots of T? in N− upon re�ecting with respect to γ. �

Proposition 3.24. Let (B?,T?) ∈ B. Assume Notation 3.18. Assume further that (B?,T?) is part of a

datum (B?,T?, Yβ , Yγ−β and Yγ) as in Notation 3.14(i), giving a homomorphism ϕ : SL3 → G in F . Then

the representation Ad ◦ϕ of SL3 on g decomposes as a direct sum of the following representations of SL3:

• The adjoint representation, realized on dϕ(sl3) = gβ ⊕ g−β ⊕ gγ−β ⊕ g−(γ−β)⊕ gγ ⊕ g−γ ⊕ dβ∨(F )⊕
d(γ − β)∨(F ) ⊂ g;

• The standard representation, realized on each gα−(γ−β) + gα + gα+β with α as in (a) of Corollary

3.23 (note that the number of such α equals #(R(M,T?) \R(P?1,T
?)) = #(R(M,T?) \R(P?2,T

?)));

• The contragredient of the standard representation, realized on each gα−β + gα + gα+(γ−β) with α

as in (b) of Corollary 3.23 (note that the number of such α equals #(R(M,T?) \ R(P?2,T
?)) =

#(R(M,T?) \R(P?1,T
?))).

• The trivial representation, realized on each gα with α as in (c) of Corollary 3.23 and on some

subspaces of t?.

Proof. This is an easy computation using Corollary 3.23. �

Corollary 3.25. Suppose we are in the setting of Proposition 3.24 � in particular, we have a (B?,T?) ∈ B,
the objects of Notation 3.18, and a homomorphism ϕ : SL3 → G in F .

(i) ϕ is minuscule in the sense of [GG20], i.e., (for any choice of a Borel pair in SL3) each weight λ of

the representation of SL3 on g/dϕ(sl3) via Ad ◦ϕ satis�es that 〈λ, α∨〉 ∈ {0, 1,−1} for all roots α of

SL3.

(ii) ϕ : SL3 → G is injective.

Proof. (i) follows by combining Proposition 3.24 with the fact that the standard representation of SL3, its

contragredient, and the trivial representation of SL3 are all minuscule (we remark that [GG20] considers the

trivial representation to be minuscule). Since the standard representation of SL3 is faithful, (ii) follows once

we see that M?
◦ ( M. But if M?

◦ = M then Proposition 3.24 would give that ϕ(SL3) centralizes all of m,

which is impossible: since M ⊂ G contains a maximal torus, the centralizer of m in G is abelian and hence

cannot contain ϕ(SL3). �

Remark 3.26. Thus, in the setting of Proposition 3.24, for some vector spaces J, J∨ over F of dimension

equal to #(R(M,T?) \ R(P?1,T
?)) = #(R(M,T?) \ R(P?2,T

?)), denoting by Vstd and V ∨std the standard

representation of SL3 and its contragredient, the representation Ad ◦ϕ of SL3 on g decomposes as:

g ∼= (Adjoint representation)⊕ J ⊗ Vstd ⊕ J∨ ⊗ V ∨std ⊕ triv⊕n,

where triv⊕n denotes some sum of copies of the trivial representation of SL3. Note also that dim n1 =

2 dimJ + 2 = dimm− dimm?◦ + 2.

3.4. Objects associated to a torus in T +. Many objects that we have seen so far, such as gβ , gγ−β ,P
?
1,P

?
2,M

?
◦

etc., depended on a choice of some (B?,T?) ∈ B. In this subsection, we will see that such objects can (almost)

be described starting from a T ∈ T +, without having to choose an element of B.

Lemma 3.27. Let T ∈ T +, so that T = ϕ(T[) for some ϕ ∈ F .

(i) The adjoint action of T on n1 has exactly four weights, and they lie on a single a�ne subspace of

X∗(T) ⊗Z Q. Moreover, the weight spaces corresponding to the `outer two' or `extremal' of these

weights are one-dimensional, and their sum is precisely dϕ(sl3) ∩ n1, for any ϕ ∈ F such that

T = ϕ(T[).

(ii) Assume that (B?,T?) ∈ B has been chosen so that T is generated by the images of β∨ and (γ − β)∨

(this is possible by the de�nition of T +). Let a, b ∈ F× and let t = β∨(a)(γ − β)∨(b) ∈ T(F ).

Assume Notation 3.18. Then:
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(a) The eigenvalues of Ad t on m/m?0 are (a/b) and (a/b)−1, with multiplicity (dimm− dimm?0)/2

each.

(b) There exists a decomposition n1 = gβ ⊕ gγ−β ⊕ V1 ⊕ V2 into vector spaces, with V1 and V2

independent of a and b and satisfying dimV1 = dimV2 = (dim n−3)/2 = (dimm−dimm?◦)/2 6=
0, such that the eigenvalues of Ad t on gβ , gγ−β , V1 and V2 are respectively a2b−1, a−1b2, a and

b. Further, if X,Y ∈ Vi for some i ∈ {1, 2}, then [X,Y ] = 0.

Proof. For both (i) and (ii), we may assume that T = ϕ(T[), where ϕ ∈ F is attached to a datum

(B?,T?, Yβ , Yγ−β , Yγ) as in Notation 3.14(i), because then T is automatically the subtorus of T? gener-

ated by the images of β∨ and (γ − β)∨. Then (i) is easy to see from Lemma 3.21(iii), and the fact that the

points (2,−1), (1, 0), (0, 1) and (−1, 2) of Q2 all lie in a single line.

(ii)(a) follows from Lemma 3.19(ii), so let us prove (ii)(b). For i = 1, 2, let Vi be the span of the root spaces

gα with α belonging to the set Ξi as in Lemma 3.21(i). Then V1 and V2 are independent of a and b, and

the assertion about their dimensions follows from Lemma 3.21(ii). These dimensions are nonzero because

M?
◦ 6= M as we saw in the proof of Corollary 3.25. The decomposition n1 = gβ ⊕ gγ−β ⊕ V1 ⊕ V2 follows

from Lemma 3.21(i). The assertion about the eigenvalues of Ad t on gβ , gγ−β , V1 and V2 follows from Lemma

3.21(iii). The assertion about [·, ·] vanishing on each Vi follows from the fact that no two elements of the

same Ξi can sum to the unique root γ in n2, as we noted in Remark 3.22(ii). �

Notation 3.28. Suppose T ∈ T +. We associate the following objects to T.

(i) We de�ne two characters βT,1, βT,2 ∈ X∗(T) and two cocharacters β∨T,1, β
∨
T,2 ∈ X∗(T) as follows. Con-

sider the two extremal weights of the action of T on n1 (see Lemma 3.27(i)), and make a noncanonical

choice of calling one of them as βT,1 and the other as βT,2. Let β∨T,1, β
∨
T,2 ∈ X∗(T) be the unique

cocharacters with the property that for i, j ∈ {1, 2}, 〈βT,i, β
∨
T,j〉 equals 2 if i = j and −1 if i 6= j �

their existence and uniqueness are easy, and implicit in the statement of Lemma 3.30(ii) below.

(ii) Let gβT,1 , gβT,2 ⊂ n1 be the weight-spaces corresponding to βT,1 and βT,2. Note that these are one-

dimensional by Lemma 3.27(i).

(iii) We de�ne HT = ϕ(SL3) and cT = dϕ(n[) = dϕ(sl3) ∩ n, for any ϕ ∈ F such that T = ϕ(T[). Note

that cT does not depend on the choice of ϕ, as it is easy to see that cT = gβT,1
+ gβT,2

+ gγ (recorded

in Lemma 3.30(ii) below). HT does not depend on the choice of ϕ either: since w0 ∈ ϕ(SL3(F )) for

any ϕ ∈ F (see Remark 3.15(ii)), it is easy to give a description of hT without referring to ϕ, namely,

it is generated as a Lie algebra by cT and Adw0(cT).

(iv) Let MT be the centralizer of T in M, and let T be the quotient of T by ϕ(ZSL3
(F )), i.e., T is the image

of T in the adjoint group HT,ad of HT.

(v) Let PT,1 and PT,2 be the parabolic subgroups of M determined by the cocharacters β∨T,1 and β∨T,2,

respectively � i.e., pT,1 ⊂ g (resp., pT,2 ⊂ g) is the sum of the positive weight spaces of Gm acting on

g via Ad ◦β∨T,1 (resp., Ad ◦β∨T,2).
(vi) It is a consequence of Lemma 3.30 recorded in Remark 3.31 below, that for i = 1, 2, PT,i is also

the subgroup of M that stabilizes the line gβT,i ⊂ n1, and that PT,1 and PT,2 are opposite parabolic

subgroups of M intersecting in MT. Granting this, let χβT,i , for i = 1, 2, denote the character of

PT,i ⊃ MT with which it acts on gβT,i
, and let M1

T ⊂ MT be the intersection of the kernels of χβT,1

and χβT,2
restricted to MT.

(vii) If Z1 ∈ gβT,1
and Z2 ∈ gβT,2

, then [Z1, Z2]/Xγ will denote the unique element c ∈ F such that

[Z1, Z2] = cXγ � it exists because [gβT,1
, gβT,2

] = gγ , a consequence of Lemma 3.30 recorded in

Remark 3.31 below.

(viii) Assuming cT = gβT,1
+ gβT,2

+ gγ , as we will verify in Lemma 3.30(ii) below, de�ne c′T = cT ∩ n′, and

cT,0 = {Zβ1
+ Zβ2

+ T3Xγ | Zβ1
∈ gβT,1

\ {0}, Zβ2
∈ gβT,2

\ {0}, T3 6= 0}.

Let c′T,0 = c′T ∩ cT,0 ⊂ cT. Clearly, c
′
T, cT,0, c

′
T,0 ⊂ cT are open.
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Remark 3.29. M1
T may not be connected; e.g., if G = G2, we have MT = T, and M1

T identi�es with the

kernel of the T→ T.

Lemma 3.30. Suppose ϕ ∈ F is associated to a datum (B?,T?, Yβ , Yγ−β , Yγ) as in Notation 3.14(i), and

suppose T = ϕ(T[). Then:

(i) {βT,1, βT,2} = {β|T, (γ − β)|T}.
(ii) If βT,1 = β|T and βT,2 = (γ − β)|T, we have gβT,1

= gβ , gβT,2
= gγ−β , β

∨
T,1 = β∨, β∨T,2 = (γ − β)∨,

and cT = gβ + gγ−β + gγ = gβT,1
+ gβT,2

+ gγ .

(iii) We have MT = M?
◦. If βT,1 = β|T and βT,2 = (γ − β)|T, we have PT,1 = P?1,PT,2 = P?2.

In (ii) and (iii), obvious modi�cations apply if βT,1 = γ − β and βT,2 = β instead.

Proof. (i) is easy to see from Lemma 3.21(iii). (ii) is straightforward, and its proof justi�es the claim of the

existence and uniqueness of the β∨T,i in Notation 3.28(i). For (iii), combine (ii) with Lemma 3.19(ii). �

Remark 3.31. Let us record some consequences of Lemma 3.30 above. Suppose T = ϕ(T[) for some ϕ ∈ F .
Then it is easy to see that:

(i) (β∨T,1, β
∨
T,2) and (β∨T,2, β

∨
T,1) de�ne isomorphisms Gm ×Gm → T (use Lemma 3.30(ii) and Corollary

3.25(ii)).

(ii) cT = gβT,1
+ gβT,2

+ gγ , and [gβT,1
, gβT,2

] = gγ (see/use Lemma 3.30(ii)).

(iii) For i = 1, 2, PT,i is also the subgroup of M that stabilizes the line gβT,i
(use Lemma 3.30(iii)).

Moreover, PT,1 and PT,2 are opposite parabolic subgroups of M intersecting in MT (use Lemma

3.30(iii) and Lemma 3.19(i)), justifying (vi) of Notation 3.28 above, so that χβT,1
, χβT,2

and M1
T now

make sense.

(iv) χβT,1
|MT

+χβT,2
|MT

= χγ |MT
(as follows from the fact that [gβT,1

, gβT,2
] = gγ). By abuse of notation,

we will often refer to χγ |T as simply γ.

(v) β∨T,1 + β∨T,2 = γ∨ (use Lemma 3.30(ii) and the fact that β∨ + (γ − β)∨ = γ∨).

We now restate Lemma 3.27(ii) so as to have it in terms of the notation just introduced.

Lemma 3.32. Let T ∈ T +, and let t = β∨T,1(a)β∨T,2(b) ∈ T(F ) for some a, b ∈ F . Then:

(i) The eigenvalues of Ad t on m/mT are (a/b) and (a/b)−1 with multiplicity (dimm− dimmT)/2 each.

(ii) There exists a decomposition n1 = gβT,1⊕gβT,2⊕V1⊕V2 into vector spaces, with V1 and V2 independent

of a and b and satisfying dimV1 = dimV2 = (dim n − 3)/2 = (dimm − dimmT)/2 6= 0, such that

the eigenvalues of Ad t on gβT,1 , gβT,2 , V1 and V2 are, respectively, a2b−1, a−1b2, a and b. Further, if

X,Y ∈ Vi for some i ∈ {1, 2}, then [X,Y ] = 0.

Proof. This is a translation of Lemma 3.27(ii) using Lemma 3.30. �

Lemma 3.33. Let T ∈ T +. Then 2β∨T,1 − γ∨ = β∨T,1 − β∨T,2 = −2β∨T,2 + γ∨ is the unique cocharacter

µ : Gm → Msc with the property that the weights of Ad ◦µ on m equal 0 on mT, 2 on the nilradical of pT,1,

and −2 on the nilradical of pT,2. Moreover, this cocharacter, viewed as a cocharacter valued in M, is valued

in Z0
MT

.

Proof. This is a translation of Corollary 3.20 using Lemma 3.30. �

The following lemma gives a description of T + that we think of as `slightly less coordinatized'.

Lemma 3.34. For this lemma, denote by T +
0 the M(F )-conjugacy class of pairs (M?

◦, {P
?
1,P

?
2}) obtained

as in Notation 3.18, as (B?,T?) varies over B (here {P?1,P
?
2} is viewed as an unordered pair). Then T 7→
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(MT, {P1
T,P

2
T}) is a well-de�ned M(F )-equivariant bijection T + → T +

0 , which sits inside a commutative

diagram

B

~~   

T + // T +
0 ,

where the `downward left' arrow takes (B?,T?) to the torus generated by the images of β∨ and (γ−β)∨, and

the `downward right' arrow takes (B?,T?) to (M?
◦, {P

?
1,P

?
2}) de�ned using (B?,T?) as in Notation 3.18.

Proof. The map T 7→ (MT, {P1
T,P

2
T}) is well-de�ned because {P1

T,P
2
T} is an unordered pair. The commuta-

tivity of the diagram follows from Lemma 3.30(iii). Thus, it remains to show that the map T + → T +
0 is injec-

tive. But since T is generated by the images of γ∨ = β∨T,1+β∨T,2 and 2β∨T,1−γ∨ = β∨T,1−β∨T,2 = −(2β∨T,2−γ∨),

this is easy to see from the uniqueness assertion in Lemma 3.33. �

Remark 3.35. If we use Lemma 3.34 to identify an element T ∈ T + with its image (MT, {P1
T,P

2
T}) in the

set that was denoted T +
0 in that lemma, then the noncanonical choice in the labeling of βT,1, βT,2 that was

made in Notation 3.28(i) amounts to choosing an ordering for the unordered pair {P1
T,P

2
T}.

Lemma 3.36. Let T ∈ T +. For this lemma, write NM(T) for the normalizer of T in M. Then NM(T)

contains MT with index two, and its actions on X∗(T), X∗(T) and the space gβT,1
+gβT,2

satisfy the following:

every element of MT(F ) �xes βT,1, βT,2, β
∨
T,1 and β∨T,2, and stabilizes the lines gβT,1

and gβT,2
, while every

element of NM(T)(F ) \MT(F ) swaps βT,1 with βT,2, β
∨
T,1 with β∨T,2, and gβT,1

with gβT,2
.

Proof. Since X∗(T) contains ZβT,1 + ZβT,2 with �nite index (resp., since X∗(T) = Zβ∨T,1 + Zβ∨T,2), MT

equals the set of elements in NM(T) that �x both βT,1 and βT,2 (resp., both β∨T,1 and β∨T,2). Further, since

MT = PT,1 ∩PT,2, it is also the subgroup of M that preserves gβT,1
and gβT,2

, and also the subgroup of M

that normalizes PT,1 and PT,2. Thus, it now su�ces to show the following two assertions:

• NM(T) contains MT with index two; and

• Every element of NM(T) either �xes βT,1, βT,2 ∈ X∗(T) or swaps them with each other � this would

also imply analogous statements about β∨T,1, β
∨
T,2 ∈ X∗(T) as well as the lines gβT,1

and gβT,2
.

The latter assertion follows from the fact that βT,1 and βT,2 are the extremal weights of T on n1. This also

shows that the index of MT in NM(T) is at most 2. To show the former assertion, i.e., that this index is

exactly two, it su�ces by Lemma 3.34 above to show that there exists some element of M(F ) that conjugates

P1
T and P2

T to each other (and in particular normalizes MT = P1
T ∩P2

T) but does not centralize MT. This

follows from the fact that P1
T and P2

T are opposite parabolic subgroups of M that stabilize lines in the

irreducible representation of M on n1 (and thus are taken to each other by a `long Weyl element for M'). �

Lemma 3.37. Let T ∈ T +. Let Z = Zβ1
+Zβ2

∈ (cT∩n1)(F ), with 0 6= Zβi ∈ gβT,i
(F ) for i = 1, 2. Identify

mT\m with the unique T-equivariant complement of mT in m, i.e., with the direct sum of the nilradicals of

pT,1 and pT,2.

(i) The linear map jZ : t⊕ (mT\m)→ n1 given by [Z, ·] is a linear isomorphism, which takes t to cT∩n1

and mT\m to the unique T-invariant complement of cT ∩ n1 in n1.

(ii) For i = 1, 2, jZ is given by adZβi on mT\pT,3−i, a subset of mT\m that, using our identi�cation of

mT\m, gets identi�ed with the nilradical of pT,3−i.

Proof. (ii) follows from the fact that for i = 1, 2, the action ad of the nilradical of pT,i annihilates Zβi ∈ gβT,i

(apply this with 3− i in place of i).

Exchanging βT,1 and βT,2 with each other if necessary, we may and do choose (B?,T?) ∈ B such that

βT,1 = β|T and βT,2 = (γ − β)|T (where β and γ − β are realized using (B?,T?)). Translating from Lemma

3.21 using Lemma 3.30, it is easy to see that adZβi maps mT\pT,3−i isomorphically to the space Vi as
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constructed in the proof of Lemma 3.27(ii), i.e., as in the statement of Lemma 3.32. It is also easy to

see that adZ maps t isomorphically to gβT,1 + gβT,2 = cT ∩ n1. Therefore, (i) follows from (ii) and the

decomposition n1 = gβT,1 ⊕ gβT,2 ⊕ V1 ⊕ V2 of Lemma 3.32. �

3.5. A formula for m̃ on cT.

Lemma 3.38. Suppose T ∈ T +. If X = Zβ1
+Zβ2

+ T3Xγ with Zβi ∈ gβT,i
for i = 1, 2, then X ∈ n′ if and

only if T3Xγ 6= ±(1/2)[Zβ1
, Zβ2

], in which case:

m̃(Zβ1 + Zβ2 + T3Xγ) = β∨T,1

(
T3 −

1

2

[Zβ1 , Zβ2 ]

Xγ

)
β∨T,2

(
T3 +

1

2

[Zβ1 , Zβ2 ]

Xγ

)
w−1

0 .

Proof. We may assume that T = ϕ(T[), where ϕ is associated to a datum (B?,T?, Yβ , Yγ−β , Yγ) as in

Notation 3.14(i). Moreover, we may conjugate this datum by an element of T?(F ) (which does not change

T or the image of ϕ) to assume that Yγ = Xγ . We have that {βT,1, βT,2} = {β, γ − β} by Lemma 3.30.

Interchanging βT,1 and βT,2 does not a�ect the statement of the lemma, so we may assume that βT,1 = β

and βT,2 = γ − β. Now the assertion specializes to the following: if X = T1Yβ + T2Yγ−β + T3Yγ with

T1, T2, T3 ∈ F , then X ∈ n′ if and only if T3 + (1/2)T1T2 6= 0 6= T3 − (1/2)T1T2; moreover, if X ∈ n′, then

m̃(expX)−1 = w0β
∨(T3 − (1/2)T1T2)−1(γ − β)∨(T3 + (1/2)T1T2)−1.

The map ϕ, together with the fact that w0 is the re�ection associated to Xγ = Yγ , reduces the problem to

a computation in SL3, for which we can use the identity :  −1

1

1

 ·
1 t1 t3

1 t2
1



=


1

t3 − t1t2
t3 − t1t2

t3
t3

 ·


1
t1(t3 − t1t2)

t3
−(t3 − t1t2)

1
t2t3

t3 − t1t2
1

 ·


1
−t2

t3 − t1t2
1

1

t3

t1
t3

1

 ,

(32)

with t1 = T1, t2 = T2, t3 = T3 + (1/2)T1T2. �

Notation 3.39. Let T ∈ T +.

(i) (β∨T,1, β
∨
T,2) : Gm × Gm → T and (βT,1, βT,2) : T → Gm × Gm are easily seen to be isomorphisms,

and we will often think of them as identi�cations (usually with prior notice).

(ii) We claim that a 7→ β∨T,1(a)β∨T,2(a−1) de�nes an isomorphism Gm → Tε and that Tε = Tε, where we

recall from Subsection 2.1 that Tε is by de�nition (Tε)0, with Tε ⊂ T denoting the subgroup �xed

by ε. This claim will be justi�ed in Remark 3.40(i) below, after which we will often think of this

isomorphism as an identi�cation.

(iii) Since w0 ∈ HT(F ) (see Notation 3.28(iii)), ε = Intw−1
0 descends to an automorphism of HT,ad

and hence of T, which we will also denote by ε. In Remark 3.40(i) we will also see that we have

an isomorphism Tε → Gm, under which each a ∈ Gm is the image of a unique t ∈ Tε such that

βT,1(t) = a and βT,2(t) = a−1. This isomorphism Tε → Gm too will often be thought of as an

identi�cation.

Remark 3.40. Let T ∈ T +, and identify Gm×Gm with T using (β∨T,1, β
∨
T,2) and with T using (βT,1, βT,2),

as in Notation 3.39(i), of Notation 3.39. Then:

(i) ε : T→ T identi�es with the map (a, b) 7→ (b−1, a−1) of Gm ×Gm � this follows from the fact that

the re�ection about γ takes β to −(γ − β) and (γ − β) to −β, and hence ε = Intw−1
0 takes βT,1

to −βT,2 and βT,2 to −βT,1. Note that this justi�es the claims in Notation 3.39(ii), and, using the

identi�cation of T in Notation 3.39(i), also the claim in Notation 3.39(iii).
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(ii) Identifying Gm with Tε and Tε as in (ii) and (iii) of Notation 3.39 (justi�ed in (i) above), the

embeddings Tε → T and Tε → T both identify with the embedding Gm → Gm × Gm given by

a 7→ (a, a−1). Moreover, the map T → Tε (as also the map T → Tε) given by t 7→ tε(t) identi�es

with (a, b) 7→ ab−1.

(iii) γ∨ = β∨T,1 + β∨T,2 : Gm → T identi�es with the diagonal inclusion Gm → Gm ×Gm.

Remark 3.41. Let T ∈ T +. The action of T on cT via Ad ◦ϕ descends to the action of T, identi�ed with

Gm ×Gm as in Notation 3.39, on cT given by:

(33) (a, b)(Zβ1
+ Zβ2

+ T3Xγ) = aZβ1
+ bZβ2

+ abT3Xγ ,

for Zβ1
∈ gβT,1

, Zβ2
∈ gβT,2

.

Lemma 3.42. Let T ∈ T +. Then the conjugation action of T on cT preserves c′T,0 (de�ned in Notation

3.28(viii)) and makes each �ber of m̃ : c′T,0 → M̃ a torsor under Tε.

Proof. Using the identi�cations of Notation 3.39, the lemma follows from Lemma 3.38 and Remarks 3.40

and 3.41. �

3.6. The cT,0(F ) partition n0(F ). We will need to understand the behavior of m̃ on n′, for which we need

to understand the adjoint action of M on n better. It is a related consideration that, while we cannot expect

the cT(F ) to partition n(F ) (as T ranges over the M(F )-conjugacy class T +), we will show that the cT,0(F )

de�ned in Notation 3.28(viii) partition an open dense subset n0(F ) ⊂ n(F ) that we will de�ne in Notation

3.43 below. This (or rather a p-adic and hence `non-algebraically closed' version of it) will be crucially used

in our Weyl-type integration formula later.

Clearly n2 has a Zariski open M-orbit (with n2(F )\{0} for its F -points). It is a well-known result of Vinberg

that n1 has an open orbit too.

Notation 3.43. For i = 1, 2, we denote by ni,0 the open M-orbit in ni, and by n0 the open subset {X1 +X2 |
Xi ∈ ni,0 ∀ i = 1, 2} of n. We set n′0 = n′ ∩ n0.

Remark 3.44. Let X be a nilpotent element in g1(F ), for some reductive group G1 /F . If (Y1, H1, X) and

(Y2, H2, X) are two distinct sl2-triplets completing X, then we claim that H1 and H2 do not commute, i.e.,

the centralizer of H1 (resp., H2), which is a Levi subgroup of the Jacobson-Morozov parabolic subgroup

associated to X, does not contain H2 (resp., H1). Indeed, otherwise there would exist some maximal torus

of G1 which has both H1 and H2 in its Lie algebra, and is hence contained in both these Levi subgroups,

contradicting that two di�erent Levi subgroups of the same parabolic subgroup cannot share a maximal

torus (for the two Levi subgroups would then have the same set of roots with respect to this torus).

Lemma 3.45. Let T ∈ T +.

(i) Let Z = Zβ1
+ Zβ2

∈ cT(F ) ∩ n1(F ) = gβT,1
(F ) + gβT,2

(F ), where Zβi ∈ gβT,i
(F ) for i = 1, 2. Then

Z ∈ n1,0(F ) if and only if Zβ1
, Zβ2

6= 0.

(ii) We have cT,0(F ) = cT(F ) ∩ n0(F ) and c′T,0(F ) = cT(F ) ∩ n′0(F ).

Proof. Suppose (i) is known. Then we immediately get cT,0(F ) = cT(F ) ∩ n0(F ), and, using the de�nition

c′T(F ) = cT(F ) ∩ n′(F ) (see Notation 3.28(viii)), also the equality c′T,0(F ) = cT(F ) ∩ n′0(F ). Therefore, (i)

implies (ii), so let us prove (i).

Exchanging βT,1 and βT,2 if necessary, we may and do choose a datum (B?,T?, Yβ , Yγ−β , Yγ) as in Notation

3.14(i), such that βT,1 = β|T and βT,2 = (γ−β)|T. Then we may and shall write Zβ1
= aYβ and Zβ2

= bYγ−β
with a, b ∈ F . What we need to show is that Z ∈ n1,0(F ) if and only if ab 6= 0.

Consider the orbit map M→ n1 given by m 7→ Adm(Z). Its derivative at the identity identi�es with − adZ.

By Lemma 3.37, it is easy to see that that this orbit map is submersive at the identity (or equivalently at every

point of M) if and only if ab 6= 0. Since Ad M(X) is open in its closure by the closed orbit lemma ([Bor91,
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Chapter I, 1.8]), and contained in the nonsingular locus of its closure by homogeneity, the submersivity of

the orbit map is equivalent to the closure of Ad M(X) having the same dimension as n1, i.e., to this closure

being equal to n1. This proves (i), and hence the lemma. �

Lemma 3.46. Suppose we have chosen a datum (B?,T?, Yβ , Yγ−β , Yγ) as in Notation 3.14(i). Choose

Y−β ∈ g−β and Y−(γ−β) ∈ g−(γ−β) that belong to sl2-triplets completing Yβ and Yγ−β, respectively.

(i) For a, b ∈ F×, the following is an sl2-triplet:

(2a−1Y−β + 2b−1Y−(γ−β), 2dγ
∨(1), aYβ + bYγ−β).

(ii) For X belonging to the open orbit of Ad M(F ) on ni(F ) (i = 1 or 2), there exist a unique H ∈ m and

Y ∈ n−i such that (Y,H,X) is an sl2-triplet; in fact, necessarily, H = (2/i)dγ∨(1).

Proof. (i) is directly veri�ed (use that 〈β, γ∨〉 = 〈γ − β, γ∨〉 = 1, that β∨ + (γ − β)∨ = γ∨, and that γ − 2β

is not a root, as we saw in the proof of Lemma 3.19).

For (ii), the existence assertion follows from Lemma 3.45(i) and (i) if i = 1 and from Lemma 3.7 if i = 2,

with H = (2/i)dγ∨(1) in either case. Since the centralizer of dγ∨(1) contains the whole of M (as γ∨ is central

in M), the uniqueness assertion of (ii) follows from Remark 3.44 and the fact that any sl2-triplet (Y,H,X)

is determined by H and X. �

Notation 3.47. (i) For the rest of this section, given i = 1, 2 and Xi ∈ ni,0(F ), we denote by ϕXi :

SL2 → G the homomorphism corresponding to the sl2-triplet associated by Lemma 3.46(ii) to Xi.

Note in the case i = 2 that ϕX2 has the same image as ϕγ = ϕXγ independently of X2 ∈ n2.

(ii) For the rest of this section, given X = X1 +X2 ∈ n0(F ) with X1 ∈ n1,0(F ) and X2 ∈ n2,0(F ), let HX

denote the subgroup of G generated by the images of ϕX1 and ϕX2 , and let TX := HX ∩M. Since HX

and TX depend only on X1 � because ϕX2 and ϕγ = ϕXγ have the same image � we will also write

HX1 for HX and TX1 for TX .

Lemma 3.48. Let X = X1 +X2 ∈ n0(F ), with X1 ∈ n1,0(F ) and X2 ∈ n2,0(F ).

(i) X ∈ dϕ(sl3(F )) for some homomorphism ϕ : SL3 → G in F . Moreover, for any such ϕ, we have

HX = ϕ(SL3) and TX = ϕ(T[) ∈ T +; in particular, HX
∼= HTX

∼= SL3 (where HTX makes sense by

Notation 3.28(iii) as TX ∈ T +).

(ii) Choose a datum (B?,T?, Yβ , Yγ−β , Yγ) as in Notation 3.14(i), and denote the resulting homomorphism

SL3 → G in F by ϕ. Then X1 belongs to gβ(F ) + gγ−β(F ) (or equivalently, X belongs to dϕ(sl3(F )))

if and only if HX = ϕ(SL3).

Proof. We �rst prove (ii). If HX = ϕ(SL3), then X1 belongs to hX(F ) ∩ n1(F ) = dϕ(sl3(F )) ∩ n1(F ) =

gβ(F ) + gγ−β(F ), giving the `⇐' implication of (ii). To prove the `⇒' implication of (ii), suppose that X1

is of the form aYβ + bYγ−β , so ab 6= 0 by Lemma 3.45(i).

Lemma 3.46(ii) gives that HX ⊂ ϕ(SL3). Therefore, the `⇒' implication of (ii) will follow if we show that

this inclusion is an equality, or equivalently, that dim hX ≥ 8.

For this, we view hX as a representation of SL2 via ϕX1
: SL2 → G (de�ned in Notation 3.47(i)), whose

image is contained in HX by de�nition. Then dϕX1
(sl2) is an SL2-subrepresentation of hX isomorphic to

the three dimensional adjoint representation of SL2. Further, n2(F ) \ {0} consists of highest weight vectors
for the representation hX , on which the standard maximal torus of SL2 acts with weight equal to that

of (2/1)dγ∨(1) = 2dγ∨(1) (see Lemma 3.46), i.e., 4. Thus, hX contains an irreducible �ve dimensional

representation of sl2 as well, so that its dimension is at least 8, as desired, �nishing the proof of (ii).

The �rst assertion of (i) follows by combining (ii) with Lemma 3.45(i), which allows us to assume that

X1 ∈ gβ(F ) + gγ−β(F ) for some choice of (B?,T?, Yβ , Yγ−β , Yγ). For the assertion in (i) that HX = ϕ(SL3)

whenever ϕ ∈ F andX ∈ dϕ(sl3), assume instead that ϕ is associated to some choice of (B?,T?, Yβ , Yγ−β , Yγ),

and use the `⇒' (`only if') implication of (ii). The assertion of (i) involving the equality TX = ϕ(T[) then
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follows by intersecting with M and using that M is the centralizer of γ∨, and then the assertion involving

the isomorphisms HX
∼= HTX

∼= SL3 is obvious from the de�nition of HTX . �

Corollary 3.49. Let X = X1 +X2 ∈ n0(F ), with X1 ∈ n1,0(F ) and X2 ∈ n2,0(F ). Then T := TX belongs

to T +, X1 ∈ gβT,1
(F ) + gβT,2

(F ) = cT(F ) ∩ n1(F ), and X ∈ cT(F ).

Proof. Lemma 3.48(i) lets us choose ϕ ∈ F such that X ∈ dϕ(sl3(F )). It then gives that T := TX = ϕ(T[) ∈
T +, so that X1 ∈ dϕ(sl3(F )) ∩ n1(F ) = gβT,1(F ) + gβT,2(F ) and X ∈ dϕ(sl3(F )) ∩ n(F ) = cT(F ). �

Lemma 3.50. Given ϕ1, ϕ2 ∈ F , the following are equivalent:

(i) ϕ1 and ϕ2 determine the same element of T +, i.e., ϕ1(T[) = ϕ2(T[);

(ii) ϕ1 and ϕ2 have the same image; and

(iii) There exists some element of n0(F ) that belongs to the images of both dϕ1 and dϕ2.

Proof. (iii) implies (i) and (ii) by Lemma 3.48(i). The image under each dϕi of sl3(F ) always contains some

element of n0(F ) by Lemma 3.45(i), so (ii) implies (iii). Finally, we have (i)⇒ (iii) by Lemma 3.27(i) (which

says that dϕi(sl3(F )) ∩ n1(F ) is the sum of the weight spaces corresponding to the extremal weights of the

action of ϕ(T[) on n1) and the observation, just made, that dϕi(sl3(F )) ∩ n0(F ) 6= ∅ for i = 1, 2. �

Remark 3.51. In the setting of Notation 3.47(ii), one might have liked to assign to X a canonical ho-

momorphism ϕX : SL3 → G in F , whose image coincides with HX . However, this does not seem to be

possible, because there seem to be two natural choices for such a homomorphism, as we now describe. To

explain this, we may assume that some (B?,T?, Yβ , Yγ−β , Yγ) has been chosen as in Notation 3.14(i), so

that X ∈ Yβ + Yγ−β + n2(F ). One could then choose ϕ as in Notation 3.14(ii), or one could use the ϕ

obtained by replacing (Yβ , Yγ−β , Yγ) with (Yγ−β , Yβ ,−Yγ). Thus, this ambiguity comes from having to make

the noncanonical choice of Notation 3.28(i).

Lemma 3.52. We have:

n0(F ) =
⊔

T∈T +

cT,0(F ).

Proof. For each T ∈ T +, we have cT,0(F ) = cT(F ) ∩ n0(F ), by Lemma 3.45(ii). The disjointness of the

cT,0(F ) then follows from Lemma 3.50, while the fact that they cover n0(F ) follows from Corollary 3.49. �

3.7. The generic isotropy subgroup. It is a well-known theorem of Richardson (see [Ric72]), and also a

corollary of the Luna slice theorem, that there exists a subgroup H of M and an open subset of n, with the

property that the isotropy group in M of any X belonging to this open subset is M-conjugate to H. We will

�nd such a group H for our situation by �nding the isotropy group of elements in n0. By Lemma 3.52, this

reduces to �nding generic stabilizers of elements in c.

Lemma 3.53. Let X1 ∈ n1,0(F ) and let T := TX1
∈ T + (see Notation 3.47(ii) for the de�nition of TX1

,

and Corollary 3.49 for the justi�cation that T ∈ T +). For this lemma, write MX1
for the centralizer of X1

in M, and NM(T) for the normalizer of T in M (as in Lemma 3.36). Then MX1
is generated by M1

T and

some element w ∈ NM(T)(F ) \MT(F ) satisfying that w2 ∈ M1
T(F ) (in particular, MX1

contains M1
T with

index two). Moreover, χγ(w) = −1 for any w ∈ MX1
(F ) \M1

T(F ).

Proof. By the uniqueness assertion of Lemma 3.46(ii), MX1
normalizes ϕX1

(SL2). Since M ⊃ MX1
normalizes

ϕXγ (SL2), it follows that MX1
normalizes HX1

(as de�ned in Notation 3.47(ii)) and hence also HX1
∩M =

TX1
= T. Therefore, by Lemma 3.36, every element of MX either belongs to MT, or to NM(T) \MT which

exchanges gβT,1
and gβT,2

. Thus, we get an injection (MT ∩MX1
)\MX1

↪→ MT \NM(T).

By Corollary 3.49, we can write X1 = Zβ1 + Zβ2 , with Zβi ∈ gβT,i for i = 1, 2. Since MT acts on gβT,1 and

gβT,2
by χβT,1

and χβT,2
, respectively, it follows that MT ∩MX1

= M1
T. Thus, for all the assertions in the

lemma except the last, it now remains to show that NM(T)(F ) \MT(F ) nontrivially intersects MX1
. Since
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NM(T)(F ) \MT(F ) exchanges gβT,1 and gβT,2 , this follows from the fact that any w ∈ NM(T)(F ) \MT(F )

can be multiplied with some element of T(F ) to ensure that Adw(Zβ1) = Zβ2 and Adw(Zβ2) = Zβ1 , thereby

ensuring that w ∈ MX1 .

Finally, if w ∈ MX1
\M1

T(F ), then it is easy to see that Adw(Zβ1
) = Zβ2

and Adw(Zβ2
) = Zβ1

, and

assertion that χγ(w) = −1 follows from:

χγ(w)[Zβ1 , Zβ2 ] = Adw([Zβ1 , Zβ2 ]) = [Adw(Zβ1),Adw(Zβ2)] = [Zβ2 , Zβ1 ] = −[Zβ1 , Zβ2 ].

�

Remark 3.54. In fact, in the situation of Lemma 3.53, one can show that a w as in that lemma can be

taken to satisfy that w2 = 1, but we leave this to a di�erent paper.

Corollary 3.55. The stabilizer in M of any element of cT,0(F ) equals M1
T. Thus, the generic isotropy group

of n is M1
T (up to its M-conjugacy class, that is).

Proof. The latter assertion follows from the former and Lemma 3.52. The former assertion follows from

Lemma 3.53 and the observation that the centralizer of any element of n2,0(F ) in M equals Mε = ker(χγ). �

3.8. The subsets Tsr. For T ∈ T +, although MT is the centralizer of T by de�nition, T can be a proper

subset of the identity component of the center of MT (e.g., this happens when G is simple of type Bn with

n ≥ 3 or Dn with n ≥ 4).

De�nition 3.56. Let T ∈ T +.

(i) Let Tsr = {β∨T,1(a)β∨T,2(b) ∈ T | a 6= ±b} ⊂ T, a reduced and open subscheme. Note that Tsr

depends only on T and does not change if βT,1 and βT,2 are exchanged with each other.

(ii) Let Tε,sr = {β∨T,1(a)β∨T,2(a−1) | a ∈ Gm \ {±1}} ⊂ Tε, a reduced and open subscheme, again

depending only on T.

Remark 3.57. Tsr(F ) is the inverse image of Tε,sr(F ) under the map T→ Tε given by t 7→ tε(t) � to see

this, use Remark 3.40(ii). However, Tε,sr(F ) 6= Tsr(F ) ∩ Tε(F ).

Lemma 3.58. Let T ∈ T +. For t ∈ T(F ) \ γ∨(F×) ⊃ Tsr(F ), the endomorphism induced by Ad t − 1 on

m/mT is invertible. Hence the connected centralizer of t in M equals MT.

Proof. If we write t = β∨(a)(γ − β)∨(b) with a, b ∈ F×, then a 6= b, since t 6∈ γ∨(F×). Using this, the �rst

assertion follows from Lemma 3.32(i). The second assertion follows from the �rst, since t is semisimple, so

that the Lie algebra of its centralizer is the kernel of Ad t− 1 on m. �

Lemma 3.59. Let T ∈ T + and t ∈ Tsr(F ). Then for each m ∈ M(F ), mtm−1 does not belong to T(F )

unless m normalizes T.

Proof. First we explain the case where MT ⊂ M is a maximal Levi subgroup. Note that T is a rank two

torus in the center of MT ∩Gder. But the connected center of MT ∩Gder is a rank two torus, since MT ∩Gder

is a maximal Levi subgroup of M∩Gder, which in turn is a maximal Levi subgroup of Gder. Therefore, the

connected center of MT ∩Gder equals T. Thus, it su�ces in this case to show that m normalizes MT, which

follows from Lemma 3.58 and the fact that t,mtm−1 6∈ γ∨(F×).

Now we assume that MT is not a maximal Levi subgroup of M. Write t = β∨T,1(a)β∨T,2(b) with a, b ∈ F×,
so a 6= ±b. Let V1, V2 be as in Lemma 3.32, so V1, V2 6= 0. Assume that m ∈ M(F ) and that mtm−1 =

β∨T,1(c)β∨T,2(d) ∈ T(F ) (where c is allowed to equal ±d). By Lemma 3.32, the set of eigenvalues of Ad t

(resp., Admtm−1) on n1 equals {a2b−1, a, b, a−1b2} (resp., {c2d−1, c, d, c−1d2}). Since m normalizes n1, this

gives {a2b−1, a, b, a−1b2} = {c2d−1, c, d, c−1d2}. Since a/b 6= ±1, a and b di�er from each other and from

each of a2b−1 and a−1b2, forcing that {c2d−1, c, d, c−1d2} has cardinality at least 3. From this, it follows

that c/d 6= ±1, so c and d are di�erent from each other and from each of c2d−1 and c−1d2 as well.
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Suppose we can prove that {a, b} = {c, d}, which is equivalent to {a2b−1, a−1b2} = {c2d−1, c−1d2}. This

forces Adm to take gβT,1 ⊕ gβT,2 to itself, and hence to normalize cT = dϕ(sl3) ∩ n for any ϕ ∈ F with

ϕ(T[) = T. Choosing such a ϕ and applying Lemma 3.50 to ϕ and Adm ◦ ϕ, it would follow that m

normalizes T, and we would be done. Thus, it is enough to show that {a, b} = {c, d} (or equivalently

{a2b−1, a−1b2} = {c2d−1, c−1d2}), which we will do now.

First consider the case where a2b−1 = a−1b2, i.e., {a2b−1, a, b, a−1b2} = {c2d−1, c, d, c−1d2} has cardinality 3,

which is also equivalent to c2d−1 = c−1d2 (since c, d 6∈ {c2d−1, c−1d2}). Then the eigenspace for Ad t (resp.,

Admtm−1) corresponding to the eigenvalue a2b−1 = a−1b2 (resp., c2d−1 = c−1d2) equals gβT,1
+ gβT,2

, on

which the Lie bracket is nontrivial. In contrast, by Lemma 3.32, the Lie bracket is trivial on V1 and V2, which

are the eigenspaces in n1 for Ad t (resp., Admtm−1) corresponding to the eigenvalues a and b (resp., c and

d). Since [Adm±1X,Adm±1Y ] = χγ(m)±1[X,Y ] for all X,Y ∈ n1 (because [n1, n1] is contained in n2, on

which M acts via χγ), Adm takes eigenspaces of Ad t on n1 where the Lie bracket is nontrivial to eigenspaces

of mtm−1 on n1 where the Lie bracket is nontrivial. This forces {a2b−1, a−1b2} = {c2d−1, c−1d2}, so that m
normalizes T, as required.

Now consider the case where a2b−1 6= a−1b2, so that c2d−1 6= c−1d2 as well. It is now that we use that

MT ⊂ M is not a maximal Levi subgroup. This implies that dimV1 = dimV2 = (dim M−dim MT)/2 ≥ 2 > 1.

Thus, the eigenvalues a2b−1 and a−1b2 (resp., c2d−1 and c−1d2) of Ad t (resp., Admtm−1) on n1 have

multiplicity 1 each, while the eigenvalues a and b (resp., c and d) have multiplicity dimV1 = dimV2 > 1

each. This forces {a, b} = {c, d}, so that m normalizes T, as required. �

Corollary 3.60. Let T ∈ T + and t ∈ Tsr(F ).

(i) If m ∈ M(F ) centralizes t, then m ∈ MT (i.e., m centralizes T).

(ii) The elements t and tγ∨(−1) are not M(F )-conjugate.

Proof. We will prove (i) and (ii) together. Write t = β∨T,1(a)β∨T,2(b), so a/b 6= ±1. If m ∈ M(F ) and mtm−1

equals either t or tγ∨(−1), then m normalizes T by Lemma 3.59, and hence by Lemma 3.36, Intm either

�xes β∨T,1 and β∨T,2 or swaps them. If Intm swaps β∨T,1 and β∨T,2, then mtm
−1t−1 = β∨T,1(ba−1)β∨T,2(ab−1),

which does not equal 1 or γ∨(−1) = β∨T,1(−1)β∨T,2(−1) since a/b 6= ±1, giving (i). Thus, Intm �xes β∨T,1
and β∨T,2 and hence centralizes T, giving (ii) as well. �

Corollary 3.61. Let T1,T2 ∈ T +. Then T1,sr(F ) ∩ T2(F ) = ∅ unless T1 = T2.

Proof. Since T + is a single M(F )-conjugacy class, there exists m ∈ M(F ) such that Intm(T2) = T1. Thus,

if t ∈ T1,sr(F ) ∩ T2(F ), then mtm−1 ∈ T1(F ), so that m (and hence m−1) normalizes T1 by Lemma 3.59,

giving T2 = Intm−1(T1) = T1, as desired. �

Remark 3.62. It is easy to see from Lemma 3.36 that Tsr is invariant under conjugation by the normalizer

NM(T) of T in M. It is also clearly invariant under multiplication by elements of γ∨(Gm), since γ∨ =

β∨T,1 + β∨T,2. Thus, it is invariant under ε-twisted conjugation by the normalizer NM(F )(T(F )) of T(F ) in

M(F ), so m−1t0ε(m) ∈ Tsr(F ) if t0 ∈ Tsr(F ) and m ∈ NM(F )(T(F )).

Notation 3.63. Let T ∈ T +.

(i) Let T̃ = Tw−1
0 ⊂ M̃ ⊂ G, viewed as a twisted space over T in the obvious way.

(ii) Let T̃sr := w0 Tsr ⊂ T̃. Since Tsr is invariant under multiplication by γ∨(Gm), it is easy to see that

T̃sr = w−1
0 Tsr = Tsr w0 = Tsr w

−1
0 .

Remark 3.64. Let T ∈ T +. It easily follows from Lemma 3.38 that m̃ restricts to a map c′T,0 → T̃sr.

The map T̃ → Tε given by tw−1
0 7→ tε(t) takes T̃sr to Tε,sr, by Remark 3.57. Thus, the composition of

m̃ : c′T,0 → T̃ with the map T̃ = Tw−1
0 → Tε given by tw−1

0 7→ tε(t) restricts to a map c′T,0 → Tε,sr.

Corollary 3.65. The centralizer in M of any t̃ ∈ T̃sr(F ) ⊂ M̃(F ) equals Mε
T.
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Proof. By Corollary 3.60(ii) and (ii) of Lemma 3.66 below, the centralizer of t̃ = tw−1
0 ∈ T̃sr(F ) in M equals

the centralizer of t in Mε, which equals Mε
T by Corollary 3.60(i). �

Lemma 3.66. Let h ∈ M(F ) and h̃ := hw−1
0 ∈ M̃(F ). Then:

(i) The identity component of the centralizer Mh̃ of h̃ in M equals the identity component of the group

Mh,ε of ε-�xed elements of the centralizer Mh of h in M.

(ii) If h and hγ∨(−1) are not M(F )-conjugate, then Mh̃ = Mh,ε.

Proof. Mh̃ ⊂ M is the subgroup �xed by Int h̃ = Inth◦ε, so it is clear that Mh,ε ⊂ Mh̃ and that Mh,ε = (Mh̃)ε.

Hence it is enough by Lemma 3.10(iii) to show that χγ(g) equals 1 if g belongs to Mh̃ and one of the following

two conditions is satis�ed: either g belongs to the identity component of Mh̃, or h and hγ∨(−1) are not

M(F )-conjugate.

So suppose g ∈ Mh̃, so that Inth(ε(g)) = g. By Lemma 3.10(i) we have that g−1hg · γ∨(χγ(g))−1 = h.

Applying χγ , and using χγ ◦ γ∨(x) = x2, we get χγ(g) = ±1. This forces χγ(g) to equal 1 if one of the two

conditions above holds. �

Remark 3.67. The part `sr' of the subscript is used to (merely) remind ourselves of a very loose analogy

with `strongly regular'.

4. The setting and some structure theory over the ground field

4.1. The setting.

Notation 4.1. (i) We now go back to the setting and resume the notation of Section 2. In particular F

is p-adic, and the objects G,P = M N,P− = M N−, M̃, n′, m̃, the ϑϕ,ξ̃ etc. are as in Section 2

(ii) For the rest of this paper, we assume that the pair (GF̄ ,PF̄ ) satis�es the hypothesis of Notation 3.3.

Thus, P is not only maximal, but in fact `absolutely maximal'. As in Notation 3.3, this gives us roots

β and γ and coroots β∨ and γ∨ in the abstract root datum of G, all of which are �xed by Gal(F̄ /F ).

Remark 4.2. A relative version of Remark 3.5 applies, by expressing Gsc as a product of (F -relatively)

almost simple groups. We have a group of the form G[×G1 together with an isogeny G[×G1 → G, with G[

absolutely almost simple and simply connected, such that the pull-back of P under it takes the form P[×G1

for a maximal parabolic subgroup P[ ⊂ G[ such that (G[
F̄ ,P

[
F̄ ) satis�es the hypothesis of Notation 3.3

Notation 4.3. Fix G[ as in Remark 4.2. It is unique up to isomorphism, so the following terminology is

well-de�ned.

(i) For ? ∈ {Bn | n ≥ 3} t {Dn | n ≥ 4} t {E6, E7, E8, F4, G2}, we will say that we are in the ?-case if

the Dynkin diagram of G[
F̄ is of type ?.

(ii) We will use obvious modi�cations of (i) above: e.g., we will say that we are in the case of `D4 that

is quasi-split, non-split, and split over a quadratic extension' if G[ is of type D4, and is quasi-split,

non-split and split over a quadratic extension. We will say that we are in a `simply laced' case to

mean that the root system of G[
F̄ is simply laced.

(iii) If we are in the ?-case with ? ∈ {Bn | n ≥ 3} t {Dn | n ≥ 4}, and if G[ is not a quasi-split group of

type D4 with triality, we say that we are in a classical case. Otherwise, i.e., if G[
F̄ is an exceptional

group or G[ is a quasi-split group of type D4 with triality, we say that we are in an exceptional case.

We will apply the results of Section 3 to the base-changes of objects of this section to F̄ , with F̄ in place of

the F of Section 3.
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Notation 4.4. (i) As in Section 3, we still have the decompositions n = n1 ⊕ n2 and n− = n−1 ⊕ n−2 , and

the open sets n1,0 ⊂ n1, n2,0 ⊂ n2 and n0 ⊂ n, all de�ned over F (though, e.g., ni,0(F ) is not a single

M(F )-orbit for i = 1, 2). We also have the open set n′0 = n′ ∩ n0 ⊂ n, an open subscheme of n which

is reduced. Further, we have the character χγ : M→ Gm (de�ned over F ), with which M acts on the

one-dimensional F -vector space n2 (though γ itself is not concretely realized as we are not making a

choice of a Borel pair contained in (PF̄ ,MF̄ )).

(ii) As in Notation 3.8, we now �x Xγ ∈ n2(F )\{0}, which gives us a homomorphism ϕγ = ϕXγ : SL2 → G

and a cocharacter γ∨ : Gm → M as in Lemma 3.7, which are now de�ned over F (though, we repeat,

we are not making any choice of a Borel pair contained in (PF̄ ,MF̄ ), so that we don't have a concrete

realization of the root γ). We have X−γ ∈ n−2 (F ) as de�ned in Notation 3.8, with the property that

(X−γ , dγ
∨(1), Xγ) is an sl2-triplet. We now assume that the w0 of Section 2 is obtained from ϕγ as in

(29) � this is justi�ed by Remark 3.9(ii), which ensures that Intw0(M) = M and that Intw0(N) = N−.

(iii) We have the automorphism ε = Intw−1
0 ∈ Aut(M), having description and properties as in Lemma

3.10. Recall that M̃ = Mw−1
0 .

Notation 4.5. Henceforth, let T + denote the set of subtori T ⊂ M such that TF̄ belongs to the M(F̄ )-

conjugacy class of non-maximal tori in MF̄ associated to (GF̄ ,PF̄ ,MF̄ ) as in Notation 3.13(ii) � this latter

set, which was denoted T + there, will be denoted T +
F̄

henceforth. Let T ⊂ T + be a set of representatives

for the M(F )-conjugacy classes in T + (note that T + is closed under M(F )-conjugation). Then T is �nite

(but not singleton).

Before de�ning various objects associated to T ∈ T +, let us describe the structure of such a T.

Lemma 4.6. Let T ∈ T +, so that TF̄ ∈ T +
F̄
. Let βTF̄ ,1, βTF̄ ,2 ∈ X∗(T) = X∗(TF̄ ) and β∨TF̄ ,1, β

∨
TF̄ ,2

∈
X∗(T) = X∗(TF̄ ) be associated to TF̄ as in Notation 3.28 (thus, their labeling is only canonical up to a

permutation). Then exactly one of the following holds:

(a) βTF̄ ,1, βTF̄ ,2, β
∨
TF̄ ,1

and β∨TF̄ ,2 are de�ned over F , T is split, and for any i ∈ {1, 2}, (β∨TF̄ ,i, β
∨
TF̄ ,3−i)

de�nes an isomorphism Gm ×Gm → T (over F ).

(b) There exists a quadratic extension E/F in F̄ such that βTF̄ ,1 and βTF̄ ,2 are de�ned over E but

are sent to each other by the nontrivial element of Gal(E/F ), and the same applies to β∨TF̄ ,1 and

β∨TF̄ ,2. Moreover, for any i ∈ {1, 2}, we have a unique isomorphism ResE/F Gm → T (over F ) that

sends, for any F -algebra R, any a ∈ ResE/F Gm(R) = (E ⊗F R)× to β∨TF̄ ,i(a)β∨TF̄ ,3−i(ā), where

ā ∈ (E⊗F R)× is the image of a ∈ E⊗F R under the R-algebra automorphism of E⊗F R associated

to the nontrivial element of Gal(E/F ).

Proof. That the possibilities for βTF̄ ,1 and βTF̄ ,2 are as described, follows from their constituting the set of

extremal weights for the action of TF̄ on n1,F̄ . The rationality properties for β
∨
TF̄ ,1

and β∨TF̄ ,2 then follow from

their being determined by βTF̄ ,1 and βTF̄ ,2 (see (31)). For i = 1, 2, since TF̄ is isomorphic to (Gm ×Gm)/F̄

via (a, b) 7→ β∨TF̄ ,i(a)β∨TF̄ ,3−i(b), the description of T in terms of Gm × Gm or ResE/F Gm is now easy to

check. �

4.2. Objects associated to a torus in T +.

Notation 4.7. Let T ∈ T +. Let E = F if T is split, and let E/F be the quadratic extension of F in

F̄ splitting T (i.e., as in (b) of Lemma 4.6) otherwise. We de�ne F -rational versions of objects de�ned

before, mostly in Notation 3.28, as follows; note that all these objects, upon base-change to F̄ , become their

analogues over F̄ de�ned earlier.

(i) Write βT,1, βT,2 ∈ X∗(T) = X∗(TF̄ ) and β∨T,1, β
∨
T,2 ∈ X∗(T) = X∗(TF̄ ) for what is denoted by

βTF̄ ,1, βTF̄ ,2, β
∨
TF̄ ,1

and β∨TF̄ ,2 as per Notation 3.28 (or Lemma 4.6 above).

Recall that βT,1 and βT,2 are only determined up to a permutation, and we are �xing a noncanonical

choice of labeling these (thus, making one such choice for each element of T ).
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(ii) Similarly, for i = 1, 2, we have gβT,i , the βT,i-weight space of TE in n1,E .

(iii) Let HT (resp., cT) denote the unique algebraic subgroup of G (resp., vector subspace of n) such that

(HT)F̄ equals HTF̄ (resp., (cT)F̄ equals cTF̄ ), the latter object being de�ned as in Notation 3.28(iii) �

since TF̄ determines HTF̄ and cTF̄ , it is easy to see using [Bor91, Theorem AG.14.4] that HT and cT
exist (a more detailed argument can be found in the proof of Lemma 4.14 below).

(iv) For T ∈ T +, let MT be the centralizer of T in G, and let T denote the image of T ⊂ HT in the adjoint

group HT,ad.

(v) For i = 1, 2, write PT,i for the parabolic subgroup of GE that stabilizes gβT,i
. Thus, PT,1 and PT,2

are opposite parabolic subgroups of GE intersecting in MT,E , and are de�ned over F if and only if T

is split. When E 6= F , Gal(E/F ) sends PT,1 and PT,2 to each other.

(vi) For i = 1, 2, we will write χβT,i
for the homomorphism PT,i → Gm/E determined by the action of

PT,i on gβT,i
. We extend the homomorphism T → T to a homomorphism χβT

: MT → T as follows.

The map (βTF̄ ,1, βTF̄ ,2) : TF̄ → (Gm × Gm)/F̄ , which descends to the identi�cation (βTF̄ ,1, βTF̄ ,2) :

TF̄ → (Gm×Gm)/F̄ of Notation 3.39(i), extends to the map (χβTF̄ ,1
, χβTF̄ ,2

) : MTF̄ → (Gm×Gm)/F̄ ,

giving via the identi�cation (βTF̄ ,1, βTF̄ ,2) : TF̄ → (Gm × Gm)/F̄ an extension χβTF̄
: MTF̄ → TF̄

of TF̄ → TF̄ . It is easy to see that χβTF̄
descends to de�ne a (necessarily unique) homomorphism

χβT : MT → T, which extends T→ T and has the following alternate description. The adjoint action of

MT on n preserves cT and gives us a well-de�ned map MT → GLF (cT), which factors as the composite

of a unique map χβT : MT → T and the well-de�ned adjoint action of T ⊂ HT,ad on cT ⊂ hT.

(vii) Let M1
T be the kernel of χβT

: MT → T. Then M1
T base-changes to the M1

TF̄
de�ned as in Notation

3.28(vi).

(viii) De�ne [Z1, Z2]/Xγ as in Notation 3.28(vii) whenever R is an E-algebra and Zi ∈ gβT,i(R) for i = 1, 2.

(ix) For T ∈ T +, set c′T = cT ∩ n′, cT,0 = cT ∩ n0 and c′T,0 = cT ∩ n′0 (use Lemma 3.45(ii) to see why they

base-change to their analogues over F̄ ).

Remark 4.8. In the setting of Lemma 4.6, if T is split, then HT is isomorphic to SL3. If not, since HT

is quasi-split (as cT ⊂ hT base-changes to the maximal nilpotent subalgebra cTF̄ of hTF̄ = (hT)F̄ ), HT is

isomorphic to a quasi-split special unitary group in three variables that splits over E but not F , where E/F

is a quadratic extension over which T splits (as in Lemma 4.6(b)).

Remark 4.9. Let T ∈ T +. MT is a Levi subgroup of G if and only if T is split. It is in general only a

pseudo-Levi subgroup of G, and becomes a Levi subgroup after base-changing to any extension E/F that

splits T.

We have the following F -rational version of Notation 3.39.

Notation 4.10. Let T ∈ T +, and let E be as in Notation 4.7, i.e., E is the smallest extension of F in F̄

splitting T. If T is split, i.e., E = F , we will often identify T and T with Gm × Gm, and Tε and Tε with

Gm, as in Notation 3.39 (thus, this depends on the labeling of {βT,1, βT,2}). If T is not split, i.e., E/F is

a quadratic extension, we will often make identi�cations as follows, which again depend on the labeling of

{βT,1, βT,2}, and base-change to identi�cations as in Notation 3.39:

(i) The identi�cations (Gm × Gm)/F̄ → TF̄ and TF̄ → (Gm × Gm)/F̄ of Notation 3.39(i) descend to

unique isomorphisms ResE/F Gm → T and T→ ResE/F Gm, which we will think of as identi�cations.
More concretely, the former isomorphism ResE/F Gm → T maps, for any F -algebra R, any a ∈
ResE/F Gm(R) = (E⊗FR)×, having image ā ∈ (E⊗FR)× under the nontrivial element of Gal(E/F ),

to the element β∨T,1(a)β∨T,2(ā) of T(R) ⊂ T(E⊗F R). Under the latter isomorphism T→ ResE/F Gm,
a ∈ (E⊗R)× as above having Gal(E/F )-conjugate ā is the image of the unique element t ∈ T(R) ⊂
T(E ⊗F R) such that βT,1(t) = a and βT,2(t) = ā.

(ii) Similarly, it is easy to check that the identi�cation Gm/F̄ → (TF̄ )ε = (Tε)F̄ of Notation 3.39(ii)

and the identi�cation (TF̄ )ε = (Tε)F̄ → Gm/F̄ of Notation 3.39(iii) descend to identi�cations of Tε
and Tε with the norm one torus associated to E/F (i.e., the kernel of NE/F : ResE/F Gm → Gm),
satisfying an obvious compatibility with the identi�cations of (i). Concretely, a ∈ (E ⊗F R)×
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that belongs to the group of R-points of this norm one torus, so that a has Gal(E/F )-conjugate

ā = a−1 ∈ (E ⊗F R)×, identi�es with β∨T,1(a)β∨T,2(ā) = β∨T,1(a)β∨T,2(a−1) ∈ Tε(R) ⊂ Tε(E ⊗F R),

and with the unique t ∈ Tε(R) ⊂ T(E ⊗F R) such that βT,1(t) = a and βT,2(t) = ā = a−1.

Remark 4.11. We now state the easy F -rational analogue of Remark 3.40. With identi�cations as in

Notation 4.10, if T is split, the automorphism ε, the inclusions Tε ↪→ T and Tε ↪→ T, the map T→ Tε given

by t 7→ tε(t), and the cocharacter γ∨ identify as in Remark 3.40. If T is not split, let E be the quadratic

extension of F in F̄ splitting T, and let a 7→ ā denote the automorphism of ResE/F Gm corresponding to

the nontrivial element of Gal(E/F ). Then ε identi�es with the automorphism a 7→ ā−1 of ResE/F Gm, the
inclusions Tε ↪→ T and Tε ↪→ T both identify with the inclusion of ker(NE/F : ResE/F Gm → Gm) into

ResE/F Gm, the map T→ Tε given by t 7→ tε(t) identi�es with a 7→ a · ā−1, and the cocharacter γ∨ identi�es

with the inclusion of Gm into ResE/F Gm.

4.3. The subsets T̃sr ⊂ T̃, and the partition of n0(F ) by the cT,0(F ).

Notation 4.12. For X = X1 + X2 ∈ n0(F ) where Xi ∈ ni,0(F ) for i = 1, 2, the groups HX and TX , as

de�ned in Section 3 over F̄ , are naturally de�ned over F . Indeed, HX is generated by the images of ϕX1
and

ϕγ = ϕXγ as in Notation 3.47, which are de�ned over F . Hence HX is de�ned over F by [Bor91, Proposition

2.2], and so is TX = HX ∩M. Henceforth, HX and TX will stand for the relevant groups de�ned over F .

Remark 4.13. Note that, if T ∈ T +, then for any X ∈ cT(F ), we have T = TX and HT = HX .

Lemma 4.14. Let T be a torus in MF̄ that belongs to T +
F̄

(de�ned in Notation 4.5). Consider the objects

HT and cT associated to T as in Notation 3.28(iii). Then the following are equivalent:

(i) T is the base-change to F̄ of a subtorus of M.

(ii) HT is the base-change to F̄ of a subgroup of M.

(iii) cT is the base-change to F̄ of a vector subspace of n.

Moreover, when these equivalent conditions hold, there exists X ∈ n0(F ) such that (TX)F̄ = T and (HX)F̄ =

HT.

Proof. Suppose cT is the base-change to F̄ of some vector subspace c ⊂ n. Since n0 ⊂ n is Zariski dense,

there exists some X ∈ c(F )∩ n0(F ). Since X ∈ cT(F̄ )∩ n0(F ), it is easy to see from Lemma 3.48(i) and the

de�nition of cT (see Notation 3.28(iii)) that T and HT are respectively the base-changes of TX and HX to

F̄ . Hence (iii) implies (i) and (ii).

Now suppose T is the base-change to F̄ of some torus T◦ contained in M; thus, T◦ ∈ T +. Then by Lemma

3.32, cT is spanned by the extremal weights of T◦ on n1, which are de�ned over the separable closure of F

in F̄ . These extremal weights are permuted by the Galois group of such a separable closure over F , so it is

easy to see that cT ⊂ n1 is de�ned over F . Therefore, (i) implies (iii).

If HT is the base-change to F̄ of a subgroup of M, then hT is the base-change to F̄ of a Lie subalgebra of m,

and hence cT = hT ∩ n is the base-change to F̄ of a vector subspace of n. Hence (ii) implies (iii).

Finally, note that the proofs of the implications (iii) ⇒ (i) and (iii) ⇒ (ii) give the last assertion of the

lemma. �

Remark 4.15. If T ∈ T +, then M1
T is the stabilizer of any element of c′T,0(F ) (see Corollary 3.55).

Notation 4.16. Let T ∈ T +. Let E/F be the smallest extension in F̄ that splits T.

(i) Let Tε,sr be the complement of {±1} in Tε, where 1 and −1 are viewed as elements of Tε under the

identi�cation of Tε with Gm or the norm one torus associated to E/F , as in Notation 4.10 (when T

is non-split this is described more concretely in Remark 4.17 below). Note that (Tε,sr)F̄ = (TF̄ )ε,sr.

(ii) Let Tsr ⊂ T be the inverse image of Tε,sr ⊂ Tε under the map t 7→ tε(t). Note that by Remark 3.57,

(Tsr)F̄ = (TF̄ )sr. It is invariant under multiplication by γ∨(Gm) ⊂ T.
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(iii) Set T̃ = Tw−1
0 ⊂ M̃ and M̃T = MT w

−1
0 ⊂ M̃, viewed as twisted spaces over T and MT in the obvious

way.

(iv) Set T̃sr = Tsr w
−1
0 ; it is easy to see that (T̃sr)F̄ = (T̃F̄ )sr, and (using that Tsr is invariant under

multiplication by γ∨(Gm)) that T̃sr = Tsr w0 = w0 Tsr = w−1
0 Tsr.

Remark 4.17. Suppose T ∈ T + is not split, but that it splits over a quadratic extension E of F in F̄ .

Consider the identi�cation of Tε with ker(NE/F : ResE/F Gm → Gm) as in Notation 4.10. For any F -

algebra R, denoting by a 7→ ā the Gal(E/F )-conjugation on E ⊗F R, the subset Tε,sr(R) ⊂ Tε(R) = {a ∈
(E ⊗F R)× | aā = 1} equals:

Tε,sr(R) = {a ∈ (E ⊗F R)× | aā = 1 and a+ 1, a− 1 ∈ (E ⊗F R)×}.

Remark 4.18. Let T ∈ T +. As in Remark 3.64, it is easy to see that m̃ : n′ → M̃ restricts to a map

m̃ : c′T,0 → T̃sr. Hence its composite with the map T̃→ Tε given by tw−1
0 7→ tε(t) takes c′T,0 to Tε,sr ⊂ Tε.

Lemma 4.19. Let T ∈ T +.

(i) We have a partition:

n0(F ) =
⊔

T∈T +

cT,0(F ).

In particular:

(34) n0(F ) =
⊔

T∈T
Ad M(F )(cT,0(F )), n′0(F ) =

⊔
T∈T

Ad M(F )(c′T,0(F )).

(ii) Each �ber of the restriction m̃ : c′T,0 → T̃sr of m̃ (well-de�ned by Remark 4.18) is a torsor under Tε,

for the adjoint action of T ⊂ HT,ad on cT ⊂ hT.

Proof. The disjointness of the cT,0(F ) in (i) follows from Lemma 3.52. To see that they cover n0(F ), given

X ∈ n0(F ), letting T be the torus TX as in Notation 4.12, we have by Corollary 3.49 that X ∈ cTF̄ (F̄ ) ∩
n0(F ) = cT(F̄ )∩n0(F ) = cT,0(F ). This gives the �rst equality of (i). Recalling that c′T,0(F ) = cT(F )∩n′0(F )

by de�nition (see Notation 4.7(ix)), it is easy to see 34. (ii) is a consequence of Lemma 3.42 and the faithful

�atness of F̄ /F . �

4.4. Some results for later use.

Remark 4.20. The following properties of restrictions of scalars will be very useful to us. Let L/K be a

�nite separable extension of �elds and H a connected reductive group over L. Then:

(i) Even though L/K may not be Galois, the product map L ⊗K L → L is a morphism of L-algebras,

where L⊗K L is viewed as an L-algebra via x 7→ x⊗ 1. This gives us, for any L-algebra R, a map

H(L⊗K R) = H((L⊗K L)⊗L R)→ H(L⊗L R) = H(R),

that is functorial in the L-algebra R. This de�nes a morphism (ResL/K H)L → H. In what fol-

lows (for various L,K,H that we will encounter), we will use this observation to talk of `the map'

(ResL/K H)L → H, often without further comment.

(ii) The pair (ResL/K H, (ResL/K H)L → H) as in (i) above has a well-known universal property, realizing

ResL/K as right adjoint to extension of scalars from K to L, which we now recall (see [BT65, Section

6.17]). Given any other algebraic group H′ overK, any homomorphism H′ → ResL/K H gives rise to a

homomorphism (H′)L → H of algebraic groups, de�ned as the composite (H′)L → (ResL/K H)L → H,

the latter map being from (i) above. This gives a bijection between the set of homomorphisms

H′ → ResL/K H of algebraic groups, and the set of homomorphisms (H′)L → H of algebraic groups.

(iii) H1 7→ ResL/K H1 induces a bijection between each of the following classes of subgroups of H and

the corresponding class of subgroups of ResL/K H: maximal tori, (parabolic subgroups and hence)

maximal proper parabolic subgroups, (twisted Levi subgroups and hence) maximal proper twisted

Levi subgroups. This is an easy consequence of [BT65, Proposition 6.18]; the cases of maximal tori

and parabolic subgroups are in fact stated in [BT65, Corollary 6.19].
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Lemma 4.21. Suppose we are in the case where G is almost simple (and hence absolutely almost simple,

see Remark 4.2), and suppose T ∈ T +. Write Msc as a product
∏
j∈J M′j, where for each j ∈ J , M′j is an

F -almost simple simply connected group and hence of the form ResKj/F H′j with H′j an absolutely almost

simple reductive group over a �nite extension Kj/F . Then:

(i) For each j ∈ J , the centralizer M′j,T of T in M′j is a maximal proper twisted Levi subgroup of M′j
(thus, informally, while MT ⊂ M is not a maximal twisted Levi subgroup in general, it involves taking

a maximal twisted Levi subgroup on each F -simple factor).

(ii) Suppose T is split, so that MT is a Levi subgroup of M, and for each i = 1, 2, PT,i is a parabolic

subgroup of M de�ned over F with MT as a Levi subgroup. Then for i = 1, 2 and j ∈ J , the inverse

image P′T,i,j of PT,i in M′j is of the form ResKj/F Q′i,j, where Q′i,j is a proper maximal parabolic

subgroup of H′j (hence P′T,i,j is a maximal parabolic subgroup of M′j).

Proof. The proof will use the following three easy facts. First, for a �nite extension K/F and a reductive

group H1 /K, any parabolic or twisted Levi subgroup of ResK/F H1 is of the form ResK/F Q1, where Q1 ⊂ H1

is a parabolic or a twisted Levi subgroup of H1. Secondly, if Q1 is a maximal parabolic subgroup or a maximal

twisted Levi subgroup of a reductive group H1 over a �nite extension K of F , then ResK/F Q1 is a maximal

parabolic or twisted Levi subgroup of ResK/F H1. Thirdly, if we write Msc,F̄ as a product of almost simple

groups over F̄ , then the factors in that expression are given by the base-changes of the H′j to F̄ , as j ∈ J
and the F -algebra embedding Kj ↪→ F̄ vary; and similar assertions involving parabolic and twisted Levi

subgroups of H′j apply, with an obvious compatibility. Using these three facts, it is easy to reduce both (i)

and (ii) to the following: for each almost simple factor of Msc,F̄ , the centralizer of TF̄ in that factor is a

maximal Levi subgroup.

Therefore we are reduced to proving the following assertion involving Dynkin diagrams: identifying the

Dynkin diagram of M (i.e., of MF̄ ) and that of its simple factors with subdiagrams of the Dynkin diagram

of G, each irreducible component of the Dynkin diagram of M has exactly one node connected to the node

corresponding to β. That there is at least one node (in each irreducible component) follows from the fact

that the Dynkin diagram of G is connected (as G has been assumed to be absolutely almost simple), and

that there is at most one node follows from the fact that the Dynkin diagram of G does not have cycles.

One can also see these facts concerning the Dynkin diagrams concretely, using the Dynkin diagrams in

[GG20, Figure 1]. �

Recall the notions of classical and exceptional cases from Remark 4.2.

Lemma 4.22. Suppose T ∈ T + is split. Then MT is a maximal Levi subgroup of M if and only if we are in

an exceptional case (which includes the case of D4 with triality, see Notation 4.3(iii)).

Proof. Using Remark 4.2, it is easy to reduce to the case where G is absolutely almost simple. By Lemma

4.21, MT is a maximal Levi subgroup of M if and only if Msc is almost simple as a reductive group over F .

Since we can write Msc as
∏
j ResKj/F H′j as in Lemma 4.21, this is equivalent to the number of Gal(F̄ /F )-

orbits in the set of connected components of the Dynkin diagram of Msc,F̄ being equal to 1. We can determine

when this happens by inspecting the Dynkin diagrams from [GG20, Figure 1], as follows:

• If we are in a ?-case with ? ∈ {G2, F4, E6, E7, E8}, then the Dynkin diagram for Msc,F̄ is irreducible,

so Msc,F̄ is almost simple and hence so is Msc.

• If we are in a Bn-case with n ≥ 4 or a Dn-case with n ≥ 5, then the Dynkin diagram for Msc,F̄

consists of two irreducible components that are not isomorphic to each other (one of them has only

one node, and the other has more than one), so that Msc is a product of two F -almost simple groups

over F .

• If we are in the B3-case, then the Dynkin diagram of Msc,F̄ consists of two irreducible components

each with a single node. These nodes cannot be permuted between each other by Gal(F̄ /F ), since
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one of these nodes is connected to that of β by a single bond and the other by a double bond. Hence

Msc is a product of two F -almost simple groups over F .

• If we are in the D4-case, the Dynkin diagram for Msc,F̄ consists of three irreducible components.

Therefore, Msc is an F -almost simple group if the Dynkin diagram of G has triality, and a product

of two or three nontrivial F -almost simple groups otherwise.

�

Remark 4.23. Let T ∈ T + be split, so that HT is isogenous to SL3 over F , and the extremal weights

βT,1 and βT,2 of T on n are also de�ned over F . Recall the cocharacters β∨T,1 and β∨T,2; we now wish to

`justify' this notation from the perspective of the notion of coroots for non-split reductive groups. Let A0 be

a maximal split torus of M containing T, and for i = 1, 2, let β̃i be a root of A0 in N that restrict to βT,i.

Then each β̃i is unique and has a one-dimensional root space in n, because of the uniqueness of {βT,1, βT,2}
as the set of extremal weights for the action of T on n and the fact that the corresponding weight spaces

gβT,1 and gβT,2 are one-dimensional. Since A0 is a maximal split torus of G, there is a well-de�ned coroot

β̃∨i ∈ X∗(A0)⊗Z R for each i = 1, 2. We claim that for each i = 1, 2, β̃∨i = β∨T,i (which is what we mean by

justi�cation for the notation β∨T,i). This is a consequence of Lemma 4.24 below, which should be well-known

but for which the author is not able to �nd a reference.

Lemma 4.24. Let G1 be a reductive group over F with a maximal split torus A0, so that centralizer M0 of A0

is a Levi subgroup of a minimal parabolic subgroup P0 of G1. Let α be a root of A0 in G1, and let ϕ : SL2 → G1

be a homomorphism with �nite kernel whose derivative dϕ takes the standard upper triangular (resp., lower

triangular) nilpotent element in sl2(F ) to an element of the direct sum ⊕j∈N≥1
g1,jα(F ) (resp., the direct

sum ⊕j∈N≥1
g1,−jα(F )) of root spaces, with nonzero projection to the g1,α(F )-factor (resp., g1,−α(F )-factor).

Write α∨0 for the image of the composite of ϕ with the standard coroot of the standard maximal torus of SL2,

and assume that α∨0 ∈ X∗(A0). Then α∨0 is also the coroot α∨ associated to α in the root system underlying

X∗(A0 /AG1
)⊗Z R associated to (M0,A0).

Proof. Let Mα be the centralizer in G1 of the identity component Aα of the kernel of α. Then by Corollary

9.2 of [Bor91], the Lie algebra of Mα consists of Lie M0 together with those A0-stable subspaces of g1 on

which the action of A0 factors through the one-dimensional torus A0 /Aα (and hence operates by rational

multiples of α).

Let wα0
:= ϕ

(
0 1

−1 0

)
. Note that −2α∨0 = Intwα0

(α∨0 )− α∨0 . To conclude from here that α∨0 is parallel to

α∨, we will need to ensure that Intwα0 normalizes A0 and acts on X∗(A0) as the re�ection corresponding

to α. Note that dϕ takes sl2 into Lie Mα. Since F is a p-adic �eld (a �nite extension of Qp), ϕ takes SL2

into Mα (e.g., using the exponential map we see that a small neighborhood of 1 ∈ SL2(F ) is taken into Mα,

and hence also the whole of SL2 by Zariski density). Hence wα0 belongs to Mα and therefore centralizes Aα.

Since wα0 also takes α∨0 to −α∨0 , we also have that α∨0 (Gm) and Aα together generate A0, and we conclude

that wα0 ∈ Mα(F ) normalizes A0 but does not centralize it.

Thus, wα0
is a representative in Mα(F ) for the re�ection corresponding to α, and the equality −2α∨0 =

wα0
(α∨0 )−α∨0 implies that α∨0 is parallel in X∗(A0)⊗Z R to α∨. Now the equality α∨0 = α∨ follows from the

equality 〈α, α∨0 〉 = 2, a consequence of the hypothesis that dϕ

(
0 1

0 0

)
has a nonzero projection to g1,α. �

Lemma 4.25. There exists at most one T ∈ T that is split.

Proof. Since T +
F̄

is a single M(F̄ )-conjugacy class, it su�ces to show that if T1,T2 ⊂ M are split tori such

that T1,F̄ and T2,F̄ are M(F̄ )-conjugate, then T1 and T2 are M(F )-conjugate.

Since T1,T2 are split, every homomorphism T1,F̄ → T2,F̄ arises by base-change from a homomorphism

T1 → T2. Hence anym ∈ M(F̄ ) that conjugates T1,F̄ to T2,F̄ gives us an isomorphism Intm : T1 → T2 (over

F ). Thus, σ 7→ σ(m)−1m de�nes an element of ker(H1(F,M1) → H1(F,M)), where M1 is the centralizer
49



(and not just the normalizer) of T1. Thus, it su�ces to see that H1(F,M1)→ H1(F,M) is injective, which

is a consequence of the fact that M1 ⊂ M is a Levi subgroup (since, if P1 is a parabolic subgroup with

M1 as a Levi subgroup, then H1(F,M1) → H1(F,P1) is an isomorphism and H1(F,P1) → H1(F,M) is

injective). �

5. An integration formula for the unipotent radical N(F )

The main result of this section is Proposition 5.14, an `integration formula for unipotent radicals' in the

spirit of [Spa11] and [MS18], which transfers the integral of a function on n(F ), with respect to the measure

d∗X, across m̃, expressing it as a sum over T ∈ T of a certain integral on Tε,sr(F )× (Mε
T(F )\M(F )). A key

idea is that, using (34) and Remark 4.15, it is not di�cult to see that we have a continuous bijection:⊔
T∈T

NM(F )(T(F ))\(M1
T(F )\M(F )× cT,0(F ))→ n0,

obtained by quotienting maps M(F )× cT,0(F )→ n0(F ) of the form (m,X) 7→ Adm−1(X), on whose �bers

we have a transitive action of the normalizer NM(F )(T(F )) of T(F ) given bym1 ·(m,X) = (m1m,Adm1(X)).

5.1. The structure of c′T,0. As the above idea suggests, it turns out to be necessary to study the action

of MT on c′T,0 better. Note that this action factors through the map χβT : MT → T from Notation 4.7(vi).

The object of this subsection is to show that the resulting action of T on c′T,0 has a pleasant structure.

Some of the points of Notation 5.1 below are motivated by Lemma 5.2 that follows it.

Notation 5.1. For any T ∈ T +, assume for now the identi�cation of Tε withGm or ker(NE/F : ResE/F Gm →
Gm) from Notation 4.10. There is a slight abuse in the notation for many of the objects introduced below,

which suppresses their dependence on the labeling of {βT,1, βT,2} noncanonically �xed in Notation 4.7(i).

(i) For T ∈ T + and Z = Zβ1
+ Zβ2

∈ cT(F ) ∩ n1,0(F ) with Zβi ∈ gβT,i
(F̄ ) for i = 1, 2, de�ne:

SZ,T : Tε,sr → cT ⊂ n

by the following, which is easily seen to be well-de�ned (use Remark 4.17 when T is not split):

(35) SZ,T(λ) = Zβ1
+ Zβ2

+
λ+ 1

2(λ− 1)
[Zβ1

, Zβ2
].

Here, if T is not split and E/F is a quadratic extension splitting T, then given λ ∈ Tε,sr(R) for some

F -algebra R, the calculation of (35) takes place inside g(E ⊗F R), but its right-hand side belongs

to g(R), as the nontrivial element of Gal(E/F ) takes both (λ + 1)(λ − 1)−1 and [Zβ1 , Zβ2 ] to their

negatives. Replacing (βT,1, βT,2) by (βT,2, βT,1) replaces SZ,T(λ) with SZ,T(λ−1).

(ii) In the setting of (i) above, de�ne S̃Z,T : Tε,sr → T̃sr = Tsr w
−1
0 by

S̃Z,T = m̃ ◦ SZ,T
� this is well-de�ned since Lemma 5.3 below shows that SZ,T(Tε,sr) is contained in c′T,0, and

m̃(c′T,0) ⊂ T̃sr by Remark 4.18. In Remark 5.4(i) below, we will show that S̃Z,T extends to a regular

map Tε \{1} → T̃, and this extended map will also be denoted by S̃Z,T.

(iii) In the setting of (i) above, let τZ,T denote the unique element of F̄ satisfying that [Zβ1 , Zβ2 ] = τZ,TXγ

(recall that Xγ was �xed in Notation 4.4).

(iv) Whenever T ∈ T + and Z ∈ cT(F ) ∩ n1,0(F ), with Z = Zβ1 + Zβ2 as in (i) above, are understood

from the context, we might write S = SZ,T, S̃ = S̃Z,T. When T ∈ T + is not split, we will typically

write E for the smallest extension of F in F̄ that splits T, λ for a typical element in Tε,sr(F ), and

σE ∈ Gal(E/F ) for the unique nontrivial automorphism.

(v) The well-de�ned adjoint action of T ⊂ HT,ad on cT ⊂ hT (considered in Notation 4.7(vi)) will be

called `Ad', though this action does not extend to an action of T on n. This will not cause confusion.

(vi) For Z ∈ cT(F ) ∩ n1,0(F ), set (Z + n2)′ = c′T,0 ∩ (Z + n2), and write (Z + n2(F ))′ for (Z + n2)′(F ).
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Lemma 5.2. Let T ∈ T +. Then cT ∩ n1,0 is a trivial T-torsor for the action Ad (see Notation 5.1(v)).

Proof. Since the adjoint action of T on cT ∩ n1 preserves cT ∩ n1,0 and also descends to the action Ad of

T, the latter action preserves cT ∩ n1,0 as well. To see that this action makes cT ∩ n1,0 into a torsor for T,

we may and do base-change to the faithfully �at extension F̄ of F . By Lemma 3.45(i) and the fact that

cT ∩ n1,0 is reduced (because n1,0 ⊂ n1 is open and has been de�ned to be reduced, and cT ↪→ n is a closed

immersion), we have:

(cT ∩ n1,0)F̄ = {Z1 + Z2 | Z1 ∈ (gβT,1)F̄ \ {0}, Z2 ∈ (gβT,2)F̄ \ {0}}.
Therefore, by the description of the action of TF̄ on (cT)F̄ in Remark 3.41, it follows that Ad makes

(cT ∩ n1,0)F̄ into a torsor for TF̄ , and hence cT ∩ n1,0 into a torsor for T. The triviality of the torsor follows

from the fact that cT ∩ n1,0(F ) 6= ∅, since cT ∩ n1,0 ⊂ cT ∩ n1 is open and (cT ∩ n1)(F ) is Zariski dense in the

a�ne space cT ∩ n1. �

Lemma 5.3. Let T ∈ T + and Z ∈ cT(F )∩ n1,0(F ), with Z = Zβ1
+Zβ2

as in Notation 5.1(i) above. Write

S = SZ,T.

(i) S de�nes an isomorphism of varieties Tε,sr → (Z + n2)′. More precisely, the maps Tε,sr → Tε,sr and

(Z + n2)′ → (Z + n2)′ given by

(tw−1
0 7→ γ∨(−1)(tw−1

0 )−2 = t−1ε(t−1)) ◦ m̃ ◦ S and S ◦ (tw−1
0 7→ t−1ε(t−1)) ◦ m̃

are the identity.

(ii) The map T × (Z + n2)′ → c′T,0 given by (t, Y ) 7→ Ad t(Y ) is an isomorphism of varieties. So is the

map

T× Tε,sr → c′T,0
given by

(t, λ) 7→ Ad t(S(λ)).

Proof. Let E equal F if T is split, and the quadratic extension of F in F̄ splitting T otherwise. Using

Remark 4.17 it is easy to see that for any F -algebra R, S(Tε,sr(R)) is contained in:

{Z + T3Xγ | T3, T3 ± (1/2)([Zβ1
, Zβ2

]/Xγ) ∈ (E ⊗F R)×} ⊂ n0(R).

This set is also contained in n′(R), and in fact equals (Z+n2)′(R), by the computation of Lemma 3.38, which

applies over E⊗FR for any F -algebra R (note that Zβi ∈ gβT,i
(E) for i = 1, 2). Thus, S(Tε,sr(R)) ⊂ (Z+n2)′.

The claim that (tw−1
0 7→ t−1ε(t−1))◦ m̃◦S is the identity map of Tε is straightforward to verify from Lemma

3.38 � part of that computation can be seen in Remark 5.4(i) below. One can also similarly check that

S ◦ (tw−1
0 7→ t−1ε(t−1)) ◦ m̃ is the identity on (Z + n2)′, giving (i).

The �rst assertion of (ii) follows from Lemma 5.2 and the fact that the action of T on cT preserves c′T,0. The

second assertion of (ii) follows from the �rst together with (i). �

Remark 5.4. Let T ∈ T + and let Z ∈ cT(F ) ∩ n1,0(F ). Write S = SZ,T and S̃ = S̃Z,T.

(i) With our identi�cations, it is easy to see from Lemma 3.38 that for λ ∈ Tε,sr(F ), S̃(λ) = m̃(S(λ))

equals:

β∨T,1

(
λ+ 1

2(λ− 1)
· τZ,T −

1

2
τZ,T

)
β∨T,2

(
λ+ 1

2(λ− 1)
· τZ,T +

1

2
τZ,T

)
w−1

0 = β∨T,1

(
τZ,T
λ− 1

)
β∨T,2

(
τZ,T

1− λ−1

)
w−1

0 .

This formula makes sense on Tε \{1}. Hence, as discussed in Notation 5.1(ii), we henceforth view S̃

as de�ned on Tε \{1} ⊃ Tε,sr.

(ii) The map T̃→ Tε given by tw−1
0 7→ γ∨(−1)(tw−1

0 )−2 = t−1ε(t)−1 induces an isomorphism T̃//T→
Tε, where T̃//T stands for the quotient of T̃ = Tw−1

0 by the conjugation action of T. One can see

from direct computation that on Tε \{1}, the inverse to this isomorphism can be given as taking

λ to the image of S̃(λ) ∈ T̃ in T̃//T � alternatively, note that this only needs to be veri�ed on

Tε,sr ⊂ Tε \{1}, and use Lemma 5.3(i).
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(iii) Since λ − 1 6= ±(1 − λ−1) if ±1 6= λ ∈ F̄ , it is easy to see that S̃(λ) ∈ T̃sr(F ) for λ ∈ Tε,sr(F ):

combine (i) and the observation that (T̃sr)F̄ = (T̃F̄ )sr = (TF̄ )srw
−1
0 (from Notation 4.16 and Notation

3.63(ii)), with the de�nition of (TF̄ )sr from Notation 3.56.

(iv) Since T̃ ⊂ HT, the conjugation action of T on T̃ factors to give an action of T on T̃, which we

call `conjugation' and denote using `Int'. It is easy to see that this action preserves T̃sr, and that

m̃ : c′T,0 → T̃sr ⊂ T̃, which we know to be T-equivariant, is also T-equivariant.

5.2. The set-up for the formula. Roughly speaking, our integration formula will involve two steps:

(i) Getting a Weyl-type integral formula on the representation space n(F ) of M(F );

(ii) Transferring such an integral formula to M̃(F ) via integration along the �bers of m̃ : n′ → M̃ or

rather, of the various m̃ : c′T,0 → T̃sr(F ).

Notation 5.5. Let T ∈ T + and Z ∈ cT(F )∩n1,0(F ), with Z = Zβ1 +Zβ2 , where Zβi ∈ gβT,i(F ) for i = 1, 2.

Write S = SZ,T. Like with S = SZ,T, some of the following constructs will involve a slight abuse of notation:

while they will be indexed by Z, they will depend not only on Z, but also on the labeling of βT,1 and βT,2

that was noncanonically �xed in Notation 4.7(i) (changing which exchanges Zβ1 with Zβ2).

(i) Write NM(F )(T(F )) for the normalizer of T(F ) in M(F ), and MZ for the centralizer of Z in M.

(ii) Let WZ = MZ(F )/M1
T(F ) and WT = NM(F )(T(F ))/MT(F ). Lemma 3.53 allows us to use the

inclusion MZ(F ) ⊂ NM(F )(T(F )) to view WZ as a subgroup of WT.

Of these objects, WT will be used throughout the rest of this article, but NM(F )(T(F )),MZ and

WZ will be used only in this section (Section 5).

(iii) For T ∈ T + and t̃ ∈ T̃(F̄ ), noting that Ad(t̃) preserves mT, set:

D(t̃) = |det(Ad(t̃)− 1);mT\m|.
(iv) Noting that M1

T �xes each point of cT,0 (see Corollary 3.55), we de�ne

conjZ = conjZβ1
,Zβ2

: (M1
T(F )\M(F ))× (Z + n2(F ))′ → n′0(F )

to be the map induced by:

(m,Z +X2) 7→ Adm−1(Z +X2).

(v) As in Lemma 3.37, we identify mT\m with the unique MT-stable complement of mT in m; thus,

under this identi�cation, (mT\m)(F̄ ) is spanned by the nilradicals of pT,1(F̄ ) and pT,2(F̄ ). Since

mT = m1
T ⊕ t (as χβT

restricts to the isogeny T → T), we may and shall identify m1
T\m with

t⊕ (mT\m) ⊂ g, and thus with an MT-invariant complement of m1
T in m. This identi�cation will be

implicitly assumed in what follows.

(vi) Let jZ : m1
T\m = t⊕(mT\m)→ n1 be the linear map given by X 7→ [Z,X]. It is a linear isomorphism

whose description in Lemma 3.37 will be used.

(vii) The identi�cation of Tε with Gm or ker(NE/F : ResE/F Gm → Gm) (from Notation 4.10) gives an

identi�cation Tε,F̄
∼= Gm/F̄ , and hence an identi�cation tε(F̄ ) ∼= F̄ . Over F , we get identi�cation

of tε(F ) with F if T is split and with ker(trE/F : E → F ) if T is not split.

(viii) Note that, regardless of whether or not T is split, we have an identi�cation tε(F ) → n2(F ) given

by composing the identi�ction of tε(F ) with F or ker(trE/F : E → F ) from (vii) above, with the

isomorphism j′Z(Y ) = [Zβ1
, Zβ2

]Y . Denote this composite identi�cation also by j′Z : tε(F )→ n2(F ).

Remark 5.6. A notation for D(t̃) that does justice to its dependence on MT would be DM
MT

(t̃), but this

extra dependence is suppressed for lightness of notation.

5.3. Constraints on measures. In this subsection, we will �x some measures arbitrarily and de�ne others

based on those (see Notation 5.7 below). In other words, we will impose some constraints on the measures

that we will use on various objects, under which the integration formula will be stated. We will also �x some

measures that will only be used in later sections � (ii) and (iii) of Notation 5.7 below � they are being

discussed here so as to have a common point of reference for the various measures that will contribute to
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our �nal formula. Later, in Subsection 5.6, we will de�ne more precise measures that (are consistent with

the ones in Notation 5.7 and) will be needed to interpret the residue.

Recall that we had already �xed, in Notation 2.22(ii), measures dX and d∗X on n(F ), where dX is a Haar

measure and where d∗X = δP(mX)1/2dX on the dense open set n′(F ) ⊂ n(F ).

Notation 5.7. (i) We choose Haar measures dXi on ni(F ) (i = 1, 2) with dX = dX1dX2. Further, we

choose a Haar measure on M(F ), and for each T ∈ T + we choose Haar measures on Tε(F ),Mε
T(F )

and Tε(F ), with the following properties (it is easy to see that we can):

(a) There exists a Haar measure on M1
T(F ) with the following two properties:

(I) The resulting quotient measure on M1
T(F )\M(F ) is obtained in the following manner from

the measure dX1 on n1(F ). For some (and hence by Lemma 5.8 below, any) Z ∈ cT(F )∩
n1,0(F ), it is determined by the density onm1

T(F )\m(F ) that equals |τZ,T|−(2+dim M− dim MT)/2

times the density on m1
T(F )\m(F ) obtained by pulling back, via jZ : m1

T\m→ n1, a den-

sity on n1(F ) that gives dX1. Thus, if we write dX as a|ω| with a ∈ R>0 and ω a

top-degree form on n1 (the meaning of saying dX1 = a|ω| is recalled in Remark 5.20 in

Subsection 5.6), the measure we use on M1
T(F )\M(F ) is |τZ,T|−(2+dim M− dim MT)/2a|ω′|,

where ω′ is the unique right-M-invariant top-degree form on M1
T \M whose value at the

identity is the pull-back of ω under jZ (such a form exists because M1
T is `algebraically

unimodular', i.e., the determinant of the adjoint action of M1
T on m1

T\m is identically

one).

(II) Giving M1
T(F )\Mε

T(F ) the quotient measure, the embedding

M1
T(F )\Mε

T(F )→ Tε(F ) = Tε(F )

induced by restricting χβT : MT → T is measure-preserving (onto its image).

(b) For some (and hence by Lemma 5.8 below, any) Z ∈ cT(F ) ∩ n1,0(F ), the measure on Tε(F )

equals |τZ,T|−1 times the one given by a density on tε(F ) obtained by pulling back via j′Z :

tε(F )→ n2(F ) a density on n2(F ) that gives dX2.

(ii) We �x a Haar measure on AM̃(F ), and one on AM(F ).

(iii) For each T ∈ T + that is split (if such T exist), we choose a Haar measure on AM̃T
(F )/AM̃(F ) =

(AM̃T
/AM̃)(F ), where we recall from Notation 4.16(iii) that M̃T = MT w

−1
0 . Since we had chosen a

Haar measure on AM̃(F ) in (ii) above, we now have for each such T a Haar measure on AM̃T
(F ).

Lemma 5.8. Let T ∈ T +. The measures on M1
T(F )\M(F ) and Tε(F ) described in Notation 5.7(i) above

are independent of the choice of Z ∈ (cT ∩ n1,0)(F ); in fact, the same applies even if we de�ne measures

analogously with Z ∈ (cT ∩ n1,0)(F̄ ) (the meaning of measures associated to forms that are not de�ned over

F is recalled in Remark 5.20 in Subsection 5.6 below).

Proof. Each jZ (where Z ∈ cT(F̄ ) ∩ n1,0(F̄ )) is an isomorphism between spaces over F̄ of dimension equal

to dimF (m1
T\m) = dimF n1 = 2 + dim M−dim MT, which is even. It su�ces to show that, as Z varies over

cT(F̄ ) ∩ n1,0(F̄ ), τ
−(2+dim M− dim MT)/2
Z,T · Λ2+dim M− dim MTjZ remains constant (where Λ stands for exterior

power), as does τ−1
Z,T · j′Z . The assertion for j′Z is immediate.

To see the assertion for jZ , note that any other choice for Z can be written aZβ1
+ bZβ2

with a, b ∈ F̄×. Re-
placing Z by aZβ1

+bZβ2
multiplies τZ,T by ab and hence τ

−(2+dim M− dim MT)/2
Z,T by (ab)−(2+dim M− dim MT)/2.

Therefore, it su�ces to show that this replacement multiplies Λ2+dim M− dim MTjZ by (ab)(2+dim M− dim MT)/2.

Recall from the identi�cations in Notation 5.5(v) the decomposition

(m1
T\m)(F̄ ) ∼= t(F̄ )⊕ (mT\m)(F̄ ) ∼= t(F̄ )⊕ (mT\pT,1)(F̄ )⊕ (mT\pT,2)(F̄ ),

of (m1
T\m)(F̄ ) = t(F̄ )⊕(mT\m)(F̄ ) into subspaces of dimensions 2, (dim M−dim MT)/2 and (dim M−dim MT)/2

respectively. Therefore, using the description of jZ from Lemma 3.37, it su�ces to show that replacing Z

by aZβ1
+ bZβ2

multiplies:
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• the exterior square of the map jZ |t(F̄ ) : t(F̄ )→ (cT(F̄ ) ∩ n1(F̄ )) = gβT,1(F̄ ) + gβT,2(F̄ ) by ab; and

• the restrictions of jZ to (mT\pT,1)(F̄ ) and (mT\pT,2)(F̄ ) respectively by b and a.

The former follows from the fact that making this replacement replaces jZ |t(F̄ ) with the composite of jZ |t(F̄ )

and the automorphism of cT(F̄ ) ∩ n1(F̄ ) = gβT,1
(F̄ ) ⊕ gβT,2

(F̄ ) that multiplies gβT,1
(F̄ ) by a and gβT,2

(F̄ )

by b. The latter follows from Lemma 3.37(ii). �

5.4. The integral of a function on n(F ).

Lemma 5.9. Let T ∈ T + and Z ∈ cT(F ) ∩ n1,0(F ). For all Z ′ ∈ cT(F ) ∩ n1,0(F ), the following are

equivalent:

(i) conjZ and conjZ′ have intersecting images;

(ii) conjZ and conjZ′ have the same image;

(iii) Z and Z ′ are in the same orbit under NM(F )(T(F )).

Proof. If conjZ and conjZ′ have intersecting images, then there exist m ∈ M(F ) and X2, X
′
2 ∈ n2(F ) such

that Z + X2 ∈ (Z + n2(F ))′, Z ′ + X ′2 ∈ (Z ′ + n2(F ))′ and Adm(Z + X2) = Z ′ + X ′2. Since Adm(Z +

X2) ∈ c′Intm(T),0(F ), the disjointness of the partition of n′0(F ) in 34 implies that Intm(T) = T. Hence

m ∈ NM(F )(T(F )), and the equality Adm(Z) = Z ′ gives the implication (i) ⇒ (iii).

Since (ii) immediately implies (i), it remains to show that (iii) implies (ii). Write Z = Zβ1
+ Zβ2

and

Z ′ = Z ′β1
+ Z ′β2

with Zβi , Z
′
βi
∈ gβT,i

(F̄ ) for i = 1, 2. If Intm1(T) = T and Z ′ = Adm1(Z) for some

m1 ∈ M(F ), then by Lemma 3.36, we either have (Z ′β1
, Z ′β2

) = (Adm1(Zβ1),Adm1(Zβ2)), in which case

SZ′,T(λ) = Adm1(SZ,T(λ)) for all λ ∈ Tε,sr(F ), or (Z ′β1
, Z ′β2

) = (Adm1(Zβ2
),Adm1(Zβ1

)), in which case

SZ′,T(λ) = Adm1(SZ,T(λ−1)) for all λ ∈ Tε,sr(F ). Hence (iii) implies (ii), as desired. �

Corollary 5.10. Let T ∈ T + and Z ∈ cT(F ) ∩ n1,0(F ). Then the set of Z ′ ∈ cT(F ) ∩ n1,0(F ) such that

conjZ and conjZ′ have the same image is a union of (#WT/#WZ)-many orbits under MT(F ).

Proof. By Lemma 5.9, the set of Z ′ as in the assertion is the orbit of Z under NM(F )(T(F )), and hence a

union of MT(F )-orbits in bijection with the set:

(36) MT(F )\NM(F )(T(F ))/MZ(F ),

where we also use that MZ(F ) ⊂ NM(F )(T(F )) by Lemma 3.53. Since MT(F ) is normal in NM(F )(T(F )),

and since WZ = MZ(F )/M1
T(F ) by de�nition, this set identi�es with the quotient of WT by the image of

the map WZ → WT. Thus, the corollary follows from the fact that the map WZ → WT is an injection, as

observed in Notation 5.5(ii). �

The following lemma could be viewed as a part of the Weyl integration formula for n′0(F ) with its Ad M(F )-

action.

Lemma 5.11. Let T ∈ T + and Z ∈ cT(F ) ∩ n1,0(F ).

(i) The derivative of conjZ at (m,X2) identi�es with the map

(m1
T\m)(F )⊕ n2(F )→ n(F )

given by

(Y,X ′2) 7→ Adm−1([Z +X2, Y ] +X ′2) = Adm−1 (jZ(Y ) + [X2, Y ] +X ′2) .

(ii) conjZ is submersive, with open image and �bers of cardinality #WZ .
54



(iii) Let ϕ : n(F )→ C be a measurable function. Then (with the measures dm on M1
T(F )\M(F ) and dX2

on n2(F ) chosen as in Notation 5.7):∫
Image(conjZ)

ϕ(X) d∗X =
|τZ,T|(2+dim M− dim MT)/2

#WZ

·
∫

M1
T(F )\M(F )

∫
n2(F )

ϕ(Adm−1(Z +X2)) · δP(m(Z +X2))1/2 · dX2dm,

where m is as in Notation 2.22(i). Here the above equality is interpreted to mean that the left-hand

side converges absolutely if and only if the right-hand side converges absolutely, and that when this

happens, both sides are equal.

Proof. (i) is a straightforward computation which can be informally depicted as:

Ad((1 + εY )m)−1(Z +X2 + εX ′2) = Adm−1(Z +X ′2 + ε([Z +X2, Y ] +X ′2)),

where we have written (1 + εY )m instead of m(1 + εY ) because the tangent spaces for M1
T(F )\M(F ) are

identi�ed with m1
T(F )\m(F ) using right-translation, and not left-translation. The submersivity and hence

also the openness in (ii) follows from (i) and the fact that jZ : m1
T\m → n1 is an isomorphism (Lemma

3.37) � informally, since [X2, Y ] ∈ n2(F ), (i) gives the derivative as the composite of Adm−1 and a `block

diagonal'-type linear map, where the `diagonal blocks' are given by the isomorphism jZ : m1
T\m → n, and

the identity map n2 → n2.

By de�nition, the �ber of conjZ through (m,X2) is precisely the image in its source of the set of points

(m′m,X ′2) such that m′ ∈ M(F ), X ′2 ∈ n2(F ) and Adm′
−1

(Z + X ′2) = Z + X2. This this set in turn is in

bijection with MZ(F ), under the map that sends (mm′, X ′2) to m′, giving the cardinality of each �ber of

conjZ as #WZ , and �nishing the proof of (ii).

By (i), the pull-back of dX via conjZ equals the product of |τZ,T|(2+dim M− dim MT)/2 times the measure we

gave on the source (M1
T(F )\M(F ))× (Z + n2(F ))′ of conjZ in Notation 5.7, and the function on this source

induced by (m,X2) 7→ δP(m−1). Therefore, by (ii), the de�nition of d∗X and the equality:

δP(m−1) · δP(m(Adm−1(Z +X2)))1/2 = δP(m(Z +X2))1/2

(this equality follows easily from the observation shortly below (23)), we get (iii). �

Our next step is to derive from Lemma 5.11 an expression for the integral of such a function ϕ on the whole

of n(F ), as a sum involving the T ∈ T . For that, we will need the following lemma.

Lemma 5.12. Let T ∈ T +.

(i) The maps in the chain

(37) Tε(F )\T(F )→ Mε
T(F )\MT(F )→ Tε(F )\T(F ),

where the latter map is induced by χβT
: MT → T, are isomorphisms of abelian topological groups.

(ii) View the injective homomorphism M1
T(F )\MT(F )→ T induced by χβT

and its restriction M1
T(F )\Mε

T(F )→
Tε(F ) as inclusions. Then the map:

Tε(F )/(M1
T(F )\Mε

T(F ))→ T(F )/(M1
T(F )\MT(F ))

is an isomorphism of abelian groups.

Proof. The exact sequences

1→ M1
T(F )\Mε

T(F )→ M1
T(F )\MT(F )→ Mε

T(F )\MT(F )→ 1 and 1→ Tε(F )→ T(F )→ Tε(F )\T(F )→ 1

of abelian groups �t into a commutative diagram induced by χβT
, applying the snake lemma to which easily

gives that the latter isomorphism of (i) implies (ii). Therefore, it su�ces to prove (i).
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Note that χγ on MT factors through T/Tε, and it de�nes an algebraic isomorphism of each of Tε \T,Mε
T \M

and Tε\T with Gm. Hence χγ is injective on each of the three quotients in (37), giving the injectivity of the

maps in the chain. It remains to prove that the composite map of (37) is a surjection.

χγ gives us injections

Tε(F )\T(F )→ Tε(F )\T(F )→ F×,

and it su�ces to show that the cokernels of the latter map and the composite map are isomorphic. But

these cokernels are respectively isomorphic to ker(H1(F,Tε)→ H1(F,T)) and ker(H1(F,Tε)→ H1(F,T)),

and hence easily seen to be each isomorphic to H1(F, ker(NE/F : ResE/F Gm → Gm)). �

Proposition 5.13. For each T ∈ T , �x ZT ∈ cT(F ) ∩ n1,0(F ). Let the measure dX2 on n2(F ) be as in

Notation 5.7, as also the measures dm on Mε
T(F )\M(F ) and dt on Tε(F ) for each T ∈ T . Then for a

measurable function ϕ : n(F )→ C, we have: ∫
n(F )

ϕ(X) d∗X =
∑
T∈T

|τZT,T|(2+dim M− dim MT)/2

#WT
·∫

Mε
T(F )\M(F )

∫
Tε(F )

∫
n2(F )

ϕ(Adm−1t−1(ZT +X2)) · δP(m(ZT +X2))1/2 · dX2dtdm,

where the equality is interpreted as in Lemma 5.11.

Proof. By the partition of n′0(F ) in (34) (which was part of Lemma 4.19), and the fact that the complement

of n′0(F ) in n(F ) has measure 0, it su�ces to �x T ∈ T +, and �nd partitions:

Tε(F ) =
⊔
j∈J

Tε(F )j and Ad M(F )(c′T,0(F )) =
⊔
j∈J

Bj

into open sets, where J is a �nite indexing set, such that for each j ∈ J we have an equality∫
Bj

ϕ(X)d∗X =
|τZT,T|(2+dim M− dim MT)/2

#WT
·∫

Mε
T(F )\M(F )

∫
Tε(F )j

∫
n2(F )

ϕ(Adm−1t−1(ZT +X2)) · δP(m(ZT +X2))1/2 · dX2dtdm

(38)

interpreted in a sense similar to that stated in the proposition.

Let {ti | i ∈ I} be a (necessarily �nite) set of representatives for the cokernel of the embedding M1
T(F )\Mε

T(F )→
Tε(F ) from Lemma 5.12 (i.e., induced by χβT

: Mε
T(F ) → Tε(F )). By Lemma 5.12(ii), it is also a set of

representatives for the cokernel of M1
T(F )\MT(F ) → T(F ). We will abbreviate ZT to Z (as we have �xed

T), and set Zi = Ad t−1
i (Z). By Lemma 5.2, {Zi | i ∈ I} is a set of representatives for the MT(F )-orbits in

cT(F ) ∩ n1,0(F ).

Declare i, i′ ∈ I to be equivalent if conjZi and conjZi′ have (intersecting images, or equivalently by Lemma

5.9) the same image. By Lemma 5.9, i and i′ are equivalent if and only if Zi and Zi′ are in the same

NM(F )(T(F ))-orbit. By Corollary 5.10, the cardinality of the equivalence class of i equals #WT/#WZi .

Let J be the set of equivalence classes in I. For j ∈ J , let Bj be the image of conjZi for any i in the

equivalence class j. Then clearly Ad M(F )(cT(F )) is the disjoint union of the Bj as j ranges over J . For

j ∈ J , let Tε(F )j be the union of the cosets ti(M
1
T(F )\Mε

T(F )) in Tε(F ) represented by the various ti as i

runs over the class j. Then clearly, Tε(F ) is the disjoint union of the Tε(F )j .

Since we have seen that the cardinality of any given equivalence class j equals #WT/#WZi for each i in the

equivalence class j, (38) (and hence the proposition) follows if we show that for each i in the class j:∫
Bj

ϕ(X) d∗X =
|τZ,T|(2+dim M− dim MT)/2

#WZi

·
∫

Mε
T(F )\M(F )

∫
ti(M

1
T(F )\Mε

T(F ))

∫
n2(F )

ϕ(Adm−1t−1(Z +X2)) · δP(m(Z +X2))1/2 · dX2dtdm.
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Recalling that the measure we have given to M1
T(F )\Mε

T(F ) equals the measure it gets from its inclusion as

an open set into Tε(F ) (see Notation 5.7(i)(a)(II)), we are now reduced to proving, for each t ∈ Tε(F ):∫
Image(conjAd t−1(Z))

ϕ(X) d∗X =
|τZ,T|(2+dim M− dim MT)/2

#WAd t−1(Z)

·
∫

Mε
T(F )\M(F )

∫
M1

T(F )\Mε
T(F )

∫
n2(F )

ϕ(Adm−1m−1
1 t−1(Z +X2)) · δP(m(Z +X2))1/2 · dX2dm1dm.

(39)

So let us prove (39), �xing t ∈ Tε(F ). Apply Lemma 5.11(iii) after replacing Z by Ad t−1(Z), to get:

∫
Image(conjAd t−1(Z))

ϕ(X) d∗X =
|τAd t−1(Z),T|(2+dim M− dim MT)/2

#WAd t−1(Z)

·
∫

Mε
T(F )\M(F )

∫
M1

T(F )\Mε
T(F )

∫
n2(F )

ϕ(Adm−1m−1
1 (Ad t−1(Z) +X2)) · δP(m(t−1Z +X2))1/2 · dX2dm1dm.

(40)

We now use that t belongs to Tε(F ), which �xes n2, so that Ad t−1(Z) +X2 = Ad t−1(Z +X2). The same

fact (that t ∈ Tε(F ) = ker(χγ |T(F ))) also gives that τAd t−1(Z),T = τZ,T, and that m(Ad(t−1Z + X2)) =

m(Ad t−1(Z +X2)) = m(Z +X2) (use Lemma 4.19(ii)). Using all this to simplify (40), (39) follows. �

5.5. Expressing the integral in terms of objects associated to M̃(F ). The following integration

formula is the main result of this section.

Proposition 5.14. For each T ∈ T , �x ZT ∈ cT(F ) ∩ n1,0(F ). For each T ∈ T , let the measure dλ on

Tε(F ), the measure dm on Mε
T(F )\M(F ) and the measure dt on Tε(F ) be as in Notation 5.7. Then for a

measurable function ϕ : n(F )→ C, we have:∫
n(F )

ϕ(X) d∗X =
∑
T∈T

1

#WT

∫
Tε,sr(F )

∫
Mε

T(F )\M(F )

∫
Tε(F )

D(S̃ZT,T(λ))1/2ϕ(m−1t−1SZT,T(λ)tm) dt dmdλ,

in the sense that, if the right-hand side converges absolutely, then so does the left-hand side (i.e., ϕ ∈
L1(n(F ), d∗X)), and the two sides are equal.

Remark 5.15. It follows from the above proposition that the expression on the right-hand side of the

equality in it is independent of the choice of ZT. We informally think of the inner integral in the above

expression, over t ∈ Tε(F ), as an integral along a �ber of m̃ : n′0(F )→ M̃(F ).

Proof of Proposition 5.14. For T ∈ T +, identify Tε(F ) with F× or ker(NE/F : E× → F×) for the minimal

extension E/F in F̄ splitting T, using Notation 4.10. By Proposition 5.13 and the fact that, for each T ∈ T ,
λ 7→ SZT,T(λ) de�nes an isomorphism Tε,sr(F ) → (ZT + n2(F ))′ (Lemma 5.3(i)), it su�ces to see the

following two assertions:

• The pull-back of the measure dX2 on (ZT + n2(F ))′ ⊂ ZT + n2(F ) ∼= n2(F ) along SZT,T equals the

product of |τZT,T|dλ and the function on Tε,sr(F ) ⊂ F̄× that takes λ to |(λ− 1)(λ−1 − 1)|−1; and

• For all λ ∈ Tε,sr(F ):

|τZT,T|(4+dim M− dim MT)/2|(λ− 1)(λ−1 − 1)|−1δP(m(SZT,T(λ)))1/2 = D(S̃ZT,T(λ))1/2.

Here, we implicitly used that absolute convergence would justify the rearrangement required to make the

integral over Tε,sr(F ) the outermost.

Recalling that dλ was de�ned in Notation 5.7 as |τZT,T|−1 times the pull-back of dX2 by j′ZT
, the �rst of

these is easy to verify. The second is carried out in Lemma 5.16 below. �
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Lemma 5.16. Let T ∈ T +, and identify Tε(F ) with F× ⊂ F̄× or ker(NE/F : E× → F×) ⊂ F̄× for the

minimal extension E/F in F̄ splitting T, using Notation 4.10. Let Z ∈ n1,0(F )∩cT(F ), and write S = SZ,T.

For λ ∈ Tε,sr(F ) ⊂ F̄×,

δP(m(S(λ))) = |τZ,T|−(4+(dim M− dim MT)) · |(λ− 1)(λ−1 − 1)|2+(dim M− dim MT)/2

and for all λ ∈ Tε(F ) \ {1} ⊂ F̄×,

(41) D(S̃(λ)) = |(λ− 1)(λ−1 − 1)|(dim M− dim MT)/2

(which thus equals |(λ− 1)(λ−1 − 1)|−2|τZ,T|(4+dim M− dim MT) · δP(m(S(λ))) if λ ∈ Tε,sr(F )).

Proof. First we claim that for m ∈ M, det(Adm; n) equals χ
2+(dim M− dim T)/2
γ ; this is an immediate conse-

quence of Lemma 3.21, in whose notation it is easy to see that Ξ2 = γ − Ξ1 (see Remark 3.22(ii)). Hence

the �rst equality is a consequence of the following computation, which uses Remark 5.4(i) and the relation

between m and m̃ (see Notation 2.22(i)):

χγ(m(S(λ))) = χγ(w−1
0 · (m̃(S(λ)))−1) = χγ(β∨T,1(τ−1

Z,T(λ− 1))β∨T,2(τ−1
Z,T(1− λ−1))) = τ−2

Z,T(λ− 1)(1− λ−1).

Since Intw−1
0 acts trivially on mT\m, we have for all λ ∈ Tε(F ) \ {1}, by Remark 5.4(i) and the de�nition

of D(t̃) (Notation 5.5(iii)):

D(S̃(λ)) = |det(Ad S̃(λ)w0−1;mT\m)| =
∣∣det

(
Ad(β∨T,1(τZ,T(λ− 1)−1)β∨T,2(τZ,T(1− λ−1)−1))− 1;mT\m

)∣∣ .
Now the second assertion is an easy consequence of Lemma 3.32(i), which implies that the eigenvalues of

β∨T,1(τZ,T(λ − 1)−1)β∨T,2(τZ,T(1 − λ−1)−1) on mT\m are λ and λ−1, with multiplicity (dim M− dim MT)/2

each. �

Remark 5.17. It would be nice if one could prove the relationship between δP(m(S(λ))) and D(S̃(λ)) as

in the above lemma more conceptually.

5.6. Some more precise choices for measures. In this subsection, we will use the additive character

ψ : F → C× �xed in Section 2. Since ψ is arbitrary, the de�nitions and results of this section will be used

later with (F,ψ) replaced by pairs (K,ψK) such that K/F is a �nite extension and ψK : K → C× is an

additive character.

Notation 5.18. (i) If L and K are �nite extensions of F in F̄ with K ⊂ L, write e(L/K) and f(L/K)

for the rami�cation degree and the degree of the extension of residue �elds associated to L/K.

Further, write d(L/K) for the di�erential exponent of L/K � it equals the OL-normalized discrete

valuation of a generator of the di�erent ideal of L/K, which equals e(L/K) − 1 if L/K is tamely

rami�ed.

(ii) By the order c(ψ) of ψ, we mean the largest integer c with the property that $−cO is contained in

the kernel of ψ � the larger the kernel, the larger the order. An obvious variant gives a well-de�ned

integer c(ψ′) when ψ′ : L→ C× is an additive character of a �nite extension L of F .

Remark 5.19. In Notation 5.18(i), when L/K is Galois, d(L/K) can also be expressed in terms of the lower

rami�cation groups Gal(L/K)i as
∑∞
i=0(# Gal(L/K)i − 1) (see [Ser79, Chapter IV, Section 1, Proposition

4]). Thus, when L/K is quadratic, d(L/K) equals the smallest i such that Gal(L/K)i is trivial. In this

case, d(L/K) also equals the Artin conductor of the quadratic character sgnL/K : Gal(F̄ /K)→ {±1} ↪→ C×
associated to L/K (e.g., use [Ser79, Chapter VI, Section 2, Corollary 1']).

Remark 5.20. (i) Suppose we are given an algebraic group G1 or a homogeneous space H1 \G1 over

F , such that G1,H1 are `algebraically unimodular', in the sense that Ad : G1 → gl(g1) takes values in

sl(g1), and the same holds with Ad : H1 → gl(h1). Suppose we are also given a top-degree di�erential

form Ω on (g1)F̄ or (h1\g1)F̄ . As in [LS87, Section 1.4], we can de�ne a G1(F )-invariant measure |Ω|
on G1(F ) or H1(F )\G1(F ) as follows. This already has a standard and well-known meaning if Ω is

de�ned over F (i.e., is a top-degree form on g1 or h1\g1); in the general case, since the space of such

top-degree forms is one-dimensional and de�ned over F , we can choose a ∈ F̄× and a top-degree
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form Ω1 on g1 or h1\g1 (de�ned over F ), such that Ω = aΩ1, and set |Ω| = |a||Ω1|. Note that this
measure is independent of the choice of the pair (a,Ω1).

(ii) In the setting of (i) above, we can also talk of the measure on G1(F ) or H1(F )\G1(F ) determined

by Ω and the ψ-self-dual Haar measure on F � if d stands for the dimension of G1 or H1 \G1, this

measure equals q−dc(ψ)/2|Ω| (the considerations are the same as in [HII08b, (1.1)]). Thus, the larger

the kernel of ψ, the larger is its conductor, and the smaller the measures it determines.

Notation 5.21. To de�ne and work with various measures, it will be convenient to use the following non-

standard abbreviation, which will apply for the rest of this section: if V = V1 ⊕ · · · ⊕ Vr is a direct sum

decomposition of vector spaces over F or F̄ , then, given ΩVi ∈ ΛtopV ∗i for i = 1, . . . , r and ΩV ∈ ΛtopV ∗,

when we say that ΩV1 ⊗ · · · ⊗ΩVr maps to ΩV for the map induced by the decomposition V = V1⊕ · · · ⊕Vr,
the reference will be to the resulting isomorphism ΛtopV ∗1 ⊗· · ·⊗ΛtopV ∗r → ΛtopV ∗. Here the exterior powers

and the tensor products are over F or F̄ as the case may be, and we have written Λtop for `top exterior

power', as we will continue to write for the rest of this section.

We now recall Arthur's choice of measures on N(F ), and specify various other measures that seem to be

the most convenient to work with in interpreting the residue. The rest of this section will involve studying

these measures, in particular in verifying their consistency with the prescriptions of Notation 5.7. After this

section, we will return to these measures only in Sections 9 and 10.

Notation 5.22. (i) Choose a Chevalley basis extending a pinning of GF̄ whose underlying Borel pair

is contained in (PF̄ ,MF̄ ), with the property that Yγ ∈ O×
F̄
Xγ , where Yγ is the basis element of

n2(F ) that is part of the Chevalley basis, and we recall that Xγ was �xed in Notation 4.4. The

Chevalley basis gives F̄ -bases for n1,F̄ , n2,F̄ and nF̄ . Thus, it gives a top-degree forms Ωn1
,Ωn2

and

Ωn on n1,F̄ , n2,F̄ and nF̄ , respectively, that are well-de�ned up to O×
F̄
and in fact even up to a sign

(depending on the ordering of the basis). These forms together with ψ determine measures dX1, dX2

and dX on n1(F ), n2(F ) and n(F ), respectively, as in Remark 5.20(ii). Note that dX = dX1dX2.

Note that our choice of measures on N(F ) follows that in [Sha14, Remark 8.2.2] and [Art13, Section

2.3] (see shortly below (2.3.7) in the latter reference). By Lemma 5.26 below, these measures depend

only on Xγ , and not on the choice of the pinning (subject to the condition Xγ ∈ O×
F̄
Yγ).

(ii) Given any torus T over F , we can choose an isomorphism TF̄
∼= Gr

m,F̄
and transfer to tF̄ the standard

top-degree form onGrm (obtained using the isomorphism LieGm ∼= Ga, which holds over Z). This top-
degree form Ωt is determined up to multiplication by {±1} ⊂ O×

F̄
(since Aut(TF̄ ) ∼= GLZ(X∗(T))).

Hence Ωt together with ψ determines a measure on T(F ), as in Remark 5.20(ii). Further discussion

can be found in (iii) below that generalizes this measure to reductive groups.

(iii) In fact, as in [GG99, Section 5], the consideration of (ii) can be generalized to any reductive group

G1 /F , as follows. Given any extension E/F that splits G1, any Chevalley model for G1,E determines

an invariant top-degree di�erential form for G1,E and hence for G1,F̄ , well-de�ned up to ±1 indepen-

dently of the di�erential form (see [GG99, Corollary 2.3]). Thus, we get a unique Haar measure on

G1(F ), which would be denoted |ϕ∗(ω0)| if c(ψ) = 0 and we adapt the notation of [GG99, Section

5], as well as denoted µ′G1,ψ
if we adapt notation from [HII08a] (even if c(ψ) 6= 0).

(iv) Applying ((ii) and more generally) (iii) above, we get forms Ωm, and for each T ∈ T + forms

Ωt,Ωtε ,Ωtε
,ΩmT and Ωmεt

, where each Ω? is a top-degree form on ?F̄ . Together with ψ, as in

Remark 5.20(ii), we get a Haar measure on M(F ), and for each T ∈ T + we get Haar measures on

T(F ),Tε(F ),Tε(F ) and Mε
T(F ) (we will not be interested in the measure on MT(F ) directly). These

measures do not depend on any choice of a pinning or a Chevalley basis.

(v) Let T ∈ T +. We choose a top-degree form Ωm1
T
on (m1

T)F̄ such that 3Ωm1
T
⊗Ωt maps to an element

of O×
F̄

ΩmT
for the map induced by the decomposition mT = m1

T ⊕ t (in the sense of Notation 5.21).

Together with ψ, as in Remark 5.20(ii), we get a Haar measure on M1
T(F ).

Remark 5.23. A more natural description for the above choice of Ωm1
T
is as follows. Since m1

T is the kernel of

the surjection mT → t obtained by di�erentiating χβT , we have an isomorphism Λtop(m1
T)∗⊗Λtopt∗ ∼= Λtopm∗T.
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Under this isomorphism Ωm1
T
⊗ Ωt maps to an element of O×

F̄
ΩmT � this is because the isomorphism t→ t

(which is also the restriction of the derivative of χβT
) pulls Ωt back to an element of 3O×

F̄
Ωt, a consequence

of the fact that the (scheme theoretic) kernel of T→ T is of order 3.

The following lemma is a special case of [HII08a, Lemma 3.3'].

Lemma 5.24. Let T be an anisotropic torus over F . Write ρT for the representation of Gal(F̄ /F ) on

X∗(T) ⊗ C ∼= t̂ (= Lie T̂, where T̂ is the Langlands dual of T). Then with respect to the measure on T(F )

de�ned in Notation 5.22(ii), the volume of T(F ) equals:

vol(T(F )) = (#H1(F,T)) · |γ(0, ρT, ψ)|−1 = (#H1(F,T)) · |L(0, ρT)|
|ε(0, ρT, ψ)||L(1, ρ∨T)|

.

Proof. Since T is anisotropic, vol(T(F )) is simply d(StT)−1, where StT is the Steinberg (or equivalently

trivial) representation of T(F ), and d(StT) is the formal degree of StT de�ned as in [HII08b] and [HII08a].

Since T is commutative, ρT identi�es with the composite of the adjoint representation of L T on t̂ with the

Langlands parameter of StT. The measure on T(F ) from Notation 5.22(ii) coincides with the measure as in

[HII08a] (see slightly before Conjecture 1.4' in that reference). Hence one uses the equation just after the

proof of [HII08a, Lemma 3.3'] for the formal degree of StT, which is denoted π0 in that reference, and notes

that the S\φ0
of that reference equals H1(F,T), as explained just before [HII08b, Lemma 3.3] (this being the

full statement of the formal degree conjecture for StT, this does not need the assumption just before Lemma

3.3' in [HII08a] that c(ψ) = 0). �

Lemma 5.25. Suppose T is a torus over F of dimension 1, the measure on T(F ) is normalized as in

Notation 5.22(ii), and additionally, c(ψ) = 0. Then if T is split (resp., non-split and unrami�ed; resp.,

non-split and rami�ed), the measure of T(O) (resp., T(F ); resp., T(F )) equals (q−1)q−1 (resp., (q+ 1)q−1;

resp., 2q−d(E/F )/2, where E/F is a quadratic extension that splits T).

Proof. In the split case, one can use the mock exponential map x 7→ 1 + x (which is appropriately measure-

preserving near 0 ∈ F ) to prove the lemma. Suppose now that T is non-split but unrami�ed. Then ρT is

unrami�ed, so its Artin conductor a(ρT) is zero. Therefore, using that c(ψ) = 0, we have |ε(0, ρT, ψ)| =

qa(ρT)/2|ε(1/2, ρT, ψ)| = 1, and L(s, ρT) = (1 + q−s)−1. Moreover, H1(F,T) is of order 2. Using these

together with Lemma 5.24, the given formula is easy to check.

In the rami�ed cases, the L-factors are trivial, so by Lemma 5.24 we have vol(T(F )) = (#H1(F,T)) ·
|ε(0, ρT, ψ)|−1 = 2q−a(ρT)/2 = 2q−d(E/F )/2, where we use Remark 5.19 for this last equality. �

Lemma 5.26. The measure on N(F ) from Notation 5.22(i) is independent of the choice of the Chevalley

basis in Notation 5.22 (subject to the condition there that Yγ ∈ O×
F̄
Xγ). More precisely, the forms Ωn1

,Ωn2

and Ωn of Notation 5.22(i) are well-de�ned up to O×
F̄
.

Proof. The pinnings considered in Notation 5.22 are all conjugate under M(F̄ ) (since the B from Lemma

3.13 had a similar property). The condition Yγ ∈ O×
F̄
Xγ shows that these pinnings there are all conjugate

under {m ∈ M(F̄ ) | χγ(m) ∈ O×
F̄
}.

Hence, it su�ces to show that for m belonging to this group, the determinants of Adm on n1(F̄ ), n2(F̄ )

and n(F̄ ) all belong to O×
F̄
. This follows from the fact that for any m ∈ M(F̄ ), the determinant of Adm on

n1(F̄ ), n2(F̄ ) and n(F̄ ) are all powers of χγ (this is an easy consequence of Lemma 3.21, as we observed in

the proof of Lemma 5.16). �

We have the following standard result relating quotient measures and volume forms:
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Lemma 5.27. Suppose G1 and H1 are linear algebraic groups over F that are algebraically unimodular (see

Remark 5.20(i)). Suppose we are given top-degree forms Ωg1 on g1 and Ωh1 on h1, and a top-degree form

ΩH1 \G1
on h1\g1, such that these correspond under the usual isomorphism

(42) (Λtopg1)∗ ∼= (Λtoph1)∗ ⊗ (Λtop(h1\g1))∗

of top exterior powers, considered over F̄ . Write dg1, dh1 and dg1 for the measures on G1(F ),H1(F ) and

H1(F )\G1(F ) ⊂ (H1 \G1)(F ) obtained from these forms together with ψ, as in Remark 5.20(i)). Then the

measure on H1(F )\G1(F ) obtained by quotienting the measure dg1 on G1(F ) with the measure dh1 on H1(F )

equals dg1.

Proof. Since dim G1 = dim H1 + dim(H1 \G1), we may assume without loss of generality that c(ψ) = 0, so

the measures are |Ωg1
|, |Ωh1

| and |Ωh1\g1
| as in Remark 5.20(i). Choose a, b ∈ F̄× such that a−1Ωg1

and

b−1Ωh1
are de�ned over F . Then so is a−1bΩh1\g1

, since the isomorphism of (42) is de�ned over F . Since

|a| = |b| · |ab−1|, we may now assume that Ωg1
,Ωh1

and Ωh1\g1
are de�ned over F . Now the lemma is a

standard fact about �ber integration on manifolds. Alternatively, one uses the Campbell-Hausdor� formula

to show that for some complement V ⊂ g1(F ) of h1(F ) in g1(F ), and a su�ciently small lattice L ⊂ g1(F )

chosen so that L∩g1(F ) = (L∩h1(F ))⊕(L∩V ), we have exp(L) = exp(L∩h1(F )) exp(L∩V ), and combines

this with the observation that the derivative of the exponential map at the identity is the identity. �

Lemma 5.28. Let T ∈ T +. The quotient measure on M1
T(F )\M(F ) obtained from (iv) and (v) of Notation

5.22 satis�es the condition of Notation 5.7(i)(a)(I) that for any Z ∈ cT(F )∩ n1,0(F ), it is determined by the

density on m1
T(F )\m(F ) that equals |τZ,T|−(2+dim M− dim MT)/2 times the density on m1

T(F )\m(F ) obtained

by pulling back, via jZ : m1
T\m→ n1, a density on n1(F ) that gives dX1.

Proof. Choose top-degree forms Ωm1
T\m for (m1

T\m)(F̄ ) and ΩmT\m for (mT\m)(F̄ ) such that Ωm1
T
⊗ Ωm1

T\m

and ΩmT
⊗ΩmT\m map to elements ofO×

F̄
Ωm under the maps induced by the decompositionsm = m1

T⊕(m1
T\m)

and m = mT ⊕ (mT\m) (see Notation 5.5(v) for these decompositions).

By Lemma 5.27, the quotient measure on M1
T(F )\M(F ) is associated as in Remark 5.20(ii) to Ωm1

T\m. By

the choice of Ωm1
T
(Notation 5.22(v)) and the identi�cation m1

T\m = t⊕(mT\m) (Notation 5.5(v)), O×
F̄

Ωm1
T\m

contains the image of 3Ωt ⊗ ΩmT\m under the map induced by the decomposition m1
T\m = t⊕ (mT\m).

Thus, it is enough to show that for any Z ∈ cT(F̄ ) ∩ n1,0(F̄ ), jZ : t(F̄ ) ⊕ (mT\m)(F̄ ) → n1(F̄ ) pulls

Ωn1 back to an element of 3|τZ,T|−(2+dim M− dim MT)/2O×
F̄
· Ωt ⊗ ΩmT\m in Λtopt(F̄ )∗ ⊗ Λtop(mT\m)(F̄ )∗ ∼=

Λtop(t(F̄ )⊕ (mT\m)(F̄ ))∗.

Since Mε(F̄ ) centralizes n2(F̄ ), we may use Lemma 5.26 to Mε(F̄ )-conjugate the Chevalley basis chosen

in Notation 5.22 and assume that its underlying maximal torus, call it T?, contains TF̄ , and that β and

γ − β (as realized using the basis) respectively extend βT,1 and βT,2. By Lemma 5.8, we may and do

take Z = Yβ + Yβγ−β , where for each root α ∈ R(GF̄ ,T
?), we write Yα for the element of the chosen

Chevalley basis spanning the root space gα. Since [Yβ , Yγ−β ] = ±Yγ ∈ O×
F̄
Xγ , we get |τZ,T| = 1. It is easily

seen from the de�nition of ΩmT\m (and the de�nitions of ΩmT
and Ωm) that ±ΩmT\m are the elements of

Λtop(mT\m)(F̄ ) de�ned using the F̄ -basis of (mT\m)(F̄ ) given by the Yα as α ranges over A ∪ B, where A
(resp., B) denotes the set of roots of T? in the nilradical of pT,2 (resp., the nilradical of pT,1). Moreover,

Ωt(dβ
∨(1) ∧ d(γ − β)∨(1)) ∈ O×

F̄
(use the identi�cation of Notation 3.39(i)).

It is easy to see from Lemma 3.21 that:

R(n1,T
?) = {β, γ − β} t (β +A) t (γ − β +B).

By Lemma 3.37, jZ : (m1
T\m)(F̄ )→ n1(F̄ ) decomposes as a direct sum of three linear isomorphisms:

• A linear isomorphism F̄ dβ∨(1)⊕ F̄ d(γ − β)∨(1)→ F̄ Yβ + F̄ Yγ−β ;

• The two linear isomorphisms (mT\pT,2)(F̄ )→
∑
α∈A F̄ Yβ+α and (mT\pT,1)(F̄ )→

∑
α∈B F̄ Yγ−β+α

given by [Yβ , ·] and [Yγ−β , ·], respectively.
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The former map has matrix

(
2 −1

−1 2

)
, which has determinant three, with respect to the bases {dβ∨(1), d(γ−

β)∨(1)} and {Yβ , Yγ−β}. Therefore, by the descriptions of ΩmT\m and Ωt given a few lines before, it su�ces

to show that the second (resp., the third) component of jZ takes Yα to ±Yβ+α (resp., ±Yγ−β+α).

But since for all α ∈ A, β +α is a root while β −α is not (by Proposition 3.24), and similarly for all α ∈ B,
γ − β + α is a root while α − (γ − β) is not a root, this follows from a standard fact about the Chevalley

structure constants ([Cas15, Theorem 1.1]). �

Remark 5.29. We �nd it helpful to think of a key point in the proof of Lemma 5.28 as follows. Choosing

a suitable Chevalley basis for GF̄ , for an appropriate choice of Z ∈ cT(F̄ ), we can realize the map [Z, ·] :

t(F̄ )⊕ (m1
T\m)(F̄ )→ n1(F̄ ) (which is an isomorphism by Lemma 3.37, whose t we have replaced with t) as

the base-change to F̄ of an isomorphism over Z. The reason for this in turn is that the three-dimensional

irreducible SL3-subrepresentations of gF̄ from Proposition 3.24, given suitable integral structures, are each

appropriately isomorphic to the standard representation of SL3 /Z on Z3 or its contragredient, due to the

fact about Chevalley structure constants used in the proof of Lemma 5.28.

Lemma 5.30. The quotient measure on M1
T(F )\Mε

T(F ) obtained from (iv) and (v) of Notation 5.22 satis�es

the condition of Notation 5.7(i)(a)(II) that the embedding M1
T(F )\Mε

T(F ) ↪→ Tε(F ) is measure-preserving.

Proof. Let T′ denote the F̄ -torus obtained as the image of β∨T,1. The key fact we will use in this proof is

that the product map from Tε,F̄ ×T′ to TF̄ is an isomorphism (and not just an isogeny).

Since m1
T is the kernel of mεT → tε, we have an isomorphism Λtop(m1

T)∗ ⊗ Λtopt∗ε
∼= Λtop(mεT)∗. By Lemma

5.27, it su�ces to show that this isomorphism maps Ωm1
T
⊗Ωtε maps to an element of O×

F̄
ΩmεT

. The (scheme

theoretic) kernel of the map Tε → Tε has order three, and hence pulls Ωtε
back to an element of 3O×

F̄
Ωtε .

Therefore, it su�ces to show that 3Ωm1
T
⊗Ωtε maps to an element of O×

F̄
ΩmεT

under the map induced by the

decomposition mεT
∼= m1

T ⊕ tε.

Since the product map Tε,F̄ ×T′ → TF̄ is an isomorphism, it is easy to see that ΩmεT
⊗ Ωt′ maps to an

element of O×
F̄

ΩmT under the map corresponding to the decomposition mT(F̄ ) = mεT(F̄ )⊕ t′(F̄ ). Therefore,

it su�ces to show that 3Ωm1
T
⊗ Ωtε ⊗ Ωt′ maps to an element of O×

F̄
ΩmT

, under the map corresponding to

the decomposition mT(F̄ ) = m1
T(F̄ )⊕ tε(F̄ )⊕ t′(F̄ ).

Again since the product map Tε,F̄ ×T′ → TF̄ is an isomorphism, so that Ωtε ⊗ Ωt′ maps to an element of

O×
F̄

Ωt under the map corresponding to the decomposition t(F̄ ) = tε(F̄ )⊕ t′(F̄ ), this follows from the choice

of Ωm1
T
in Notation 5.22(v), which is such that 3Ωm1

T
⊗ Ωt maps to an element of O×

F̄
ΩmT under the map

corresponding to the decomposition mT(F̄ ) = m1
T(F̄ )⊕ t(F̄ ). �

Lemma 5.31. The condition of Notation 5.7(i)(b) is satis�ed � more precisely, for any Z ∈ cT(F )∩n1,0(F ),

O×
F̄

Ωtε contains |τZ,T|−1 times the pull-back of Ωn2
via j′Z : tε → n2 (de�ned in Notation 5.5(viii)).

Proof. By Lemma 5.8, we can instead work with any Z ∈ cT(F̄ ) ∩ n1,0(F̄ ), so may and do choose Z such

that [Zβ1
, Zβ2

] = Xγ , where Z = Zβ1
+ Zβ2

with Zβi ∈ gβT,i
(F̄ ) for i = 1, 2. This gives |τZ,T| = 1. The

identi�cation of tε(F ) with F or with ker(trE/F : E → F ) used in the de�nition of j′Z (see Notation 5.5(vii))

was the restriction to F -points of an identi�cation tε(F̄ ) = F̄ obtained by di�erentiating an isomorphism

Tε,F̄ → Gm/F̄ . Since [Zβ1
, Zβ2

] = Xγ , j
′
Z can be thought of as the identity map F̄ = tε(F̄ ) → n2(F̄ ) = F̄ ,

this latter identi�cation made using Xγ . Now the lemma is immediate. �

Remark 5.32. By Lemmas 5.28, 5.30 and 5.31, it follows that the measures chosen in Notation 5.22 �

on n1(F ), n2(F ) and M(F ), and for each T ∈ T +, on Tε(F ),Tε(F ) and Mε
T(F ) � are consistent with the

prescriptions in Notation 5.7.
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5.7. The re�ned formal degree conjecture for ResE/F GL2. The main result of this subsection is

Lemma 5.35, giving a form of the re�ned formal degree conjecture for a group obtained from an inner form

of a general linear group by restricting scalars. Before stating it, let us recall the de�nition of formal degree.

Notation 5.33. (i) If H is a reductive group over a �nite extensionK of F , πH is a unitary (essentially)

square-integrable representation of H(K), Z ⊂ H(K) is a closed central subgroup containing AH(K),

and dh a Haar measure on Z\H(K), we de�ne the formal degree of πH with respect to Z and dh to

be a scalar d(πH, Z, dh) such that for all u′, v belonging to the space of πH and u, v′ to that of its

contragredient π∨H (and identifying u′ with an element of the contragredient of π∨H) we have:∫
Z\H(K)

〈u, πH(g)v〉〈u′, π∨H(g)v′〉 · dh = d(πH, Z, dh)−1〈u′, u〉 · 〈v′, v〉.

One knows that d(πH, Z, dh) exists and is unique. Now assume that an additive character ψK :

K → C× is given and that Z = Z(K) for some algebraic group Z ⊂ H. We will write d(πH, Z) =

d(πH, Z, ψK) for d(πH, Z, dh), where the measure dh on Z\H(K) ⊂ (Z \H)(K) is chosen as in as in

Notation 5.22(iii) (depending on ψK). We will write d(πH) = d(πH,AH(K)).

(ii) For the rest of this subsection, let H be a reductive group over a �nite extension K of F in F̄ , and

let G = ResK/F H.
(iii) In this subsection, we will work with an irreducible (essentially) square-integrable representation of

G(F ) = H(K), denoted by πG (resp., πH) when it is viewed as a representation of G(F ) (resp., H(K)).

(iv) λ(K/F,ψ) will denote the constant de�ned by Langlands (and is usually denoted λ(K/F,ψ)).

(v) For this subsection alone, let ϕH be a Langlands parameter for H, and let ϕG be the Langlands

parameter for G obtained from ϕH using Shapiro's lemma (see [Bor79, Proposition 8.4]; thus ϕG and

ϕH correspond under the bijection of [FOS20, (A.19)]). (Assumptions relating ϕG to πG or ϕH to πH
will only be imposed later).

Remark 5.34. The dependence on d(πG, Z, dg) on dg is such that the measure d(πG, Z, dg) · dg on Z\G(F )

is independent of dg.

Lemma 5.35. Assume that H is an inner form of a general linear group linear group GLm /K. Recall that

G = ResK/F H. Assume that ϕG is the Langlands parameter of πG, and that ω : K× = ZG(F ) = ZH(K)→ C×
is the central character of πG or equivalently of πH. Then:

d(πG,ZG(F )) =
ω(−1)m−1

m · λ(K/F,ψ)m2−1
γ(0,Ad ◦ϕG, ψ),

where Ad ◦ϕG denotes the representation of WF acting via Ad ◦ϕG on (Lie Ĝder) ∼= Lie Ĝ/ZG.

When K = F , this has been proved by Gan and Ichino (combine [GI14, Proposition 14.1] with the fact

that the Jacquet-Langlands correspondence preserves formal degree and central character). The general case

reduces to the case where K = F , by the arguments in [FOS20, Appendix], as the following lemma explains.

Lemma 5.36. Let Ad ◦ϕH (resp., Ad ◦ϕG) stand for the representation of WK (resp., WF ) that it denotes,

on Lie Ĥ/AH (resp., Lie Ĝ/Z′G, where Z′G = ResK/F AH). Assume that, for some a ∈ C×,

d(πH) = d(πH,AH(K), ψK) = aγ(0,Ad ◦ϕH, ψK),

where we write ψK for ψ ◦ trK/F . Then:

d(πG,Z
′
G(F )) = d(πG,Z

′
G(F ), ψ) = aλ(K/F,ψ)− dim(H/AH)γ(0,Ad ◦ϕG, ψ).

Proof. As representations ofWF×SL2(C), we have Ad ◦ϕG = Ind
WF×SL2(C)
WK×SL2(C) Ad ◦ϕH (the argument of [FOS20,

Lemma A.3] applies; the statement in that reference needs an extra anisotropy assumption, but that is only

because they work with AG instead of Z′G). Therefore, γ(0,Ad ◦ϕG, ψ) = λ(K/F )dim(H/AH)γ(0,Ad ◦ϕH, ψK)

� this is a consequence of the inductivity of ε-factors for virtual Weil-Deligne representations of dimension
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zero; see [FOS20, (1) and (2) of Theorem A.2]. Thus, it su�ces to show that d(πH) = d(πG,Z
′
G(F )). Since

AH and Z′G = ResK/F AH are cohomologically trivial, we have an identi�cation

(Z′G \G)(F ) = Z′G(F )\G(F ) = AH(K)\H(K) = (AH \H)(K),

and thus, this group gets two measures from Notation 5.22(iii) � a measure dg coming from the algebraic

group Z′G \G over F and the additive character ψ, as well as a measure dh from the algebraic group AH \H
over K and the additive character ψK : K → C×. The equality d(πH) = d(πG,Z

′
G(F )) is equivalent to the

assertion that these two measures are the same.

Write ΩG and ΩH for di�erential forms associated as in Notation 5.22(iii) to the (base-changes to F̄ of) Z′G \G
and AH \H, giving measures |ΩG| and |ΩH|K as in Remark 5.20(i). Let d = dimH, so that dimG = d[K : F ].

Let qK be the cardinality of the residue �eld of K.

On one hand, we have using [GG99, Proposition 6.1(4)] and the equality two lines below [GG99, (6.5)], that

|DMG
|−1/2|ΩG| = |DMH

|−1/2
K |ΩH|K as measures on (Z′G \G)(F ) = (AH \H)(K), where DMH

and DMG
are as in

[GG99, Corollary 4.6], attached to the motives of AH \H and Z′G \G, respectively. It thus is easy to see from

[GG99, (6.5)] that |ΩG| = |ΩH| · |disc(K/F )|d/2, where disc(K/F ) is any generator for the discriminant of

K/F � here we are using that |disc(K/F )| equals what one can write as |DK/F | on adapting notation from

[GG99, shortly before (6.2)] (use, e.g., [Ser79, Corollary to Proposition 4, Section 2, Chapter VI]). On the

other hand, the conductor c(ψK) of ψK = ψ ◦ trK/F equals e(K/F )c(ψ) + d(K/F ) (recall that d stands for

the di�erential exponent). Therefore, on the R>0-torsor of Haar measures on this group, we have:

(43)
dg

dh
=
|ΩG|
|ΩH|

· q
−d[K:F ]c(ψ)/2

q
−dc(ψK)/2
K

= q−d val(disc(K/F ))/2 · 1

q
−dd(K/F )/2
K

= q−d val(disc(K/F ))2 · 1

q−d val(disc(K/F ))/2
= 1,

as required. �

Proof of Lemma 5.35. By the re�ned formal degree conjecture for H � combine [GI14, Proposition 14.1]

with the invariance of formal degree and central character under the Jacquet-Langlands correspondence �

we have d(πH,AH(K), ψ ◦ trK/F ) = (1/m) · ω(−1)m−1 · γ(0,Ad ◦ϕH, ψ ◦ trK/F ). Hence the lemma follows

from Lemma 5.36. �

6. Preliminary simplifications and naive weight factors

6.1. Preliminary simpli�cations.

Notation 6.1. If (G1, G̃1) is a twisted space and µ1 is a complex-valued character de�ned on a group

containing AG̃1
(F ), let C∞

µ−1
1

(G̃1(F )) be de�ned as the C-vector space of locally constant complex-valued

functions f̃1 : G̃1(F )→ C that satisfy f̃1(zg̃) = µ1(z)f̃1(g̃) for all z ∈ AG̃1
(F ) and g̃ ∈ G̃1(F ), and such that

the support of f̃1 has compact image in AG̃1
(F )\G̃1(F ) (we have written µ−1

1 instead of µ1 for consistency

with the notation of [MW18, Section 6.7]).

We go back to the situation of Section 2, but using the restricted (`Heisenberg') setting and notation of

Section 4. Thus, we want to �gure out when s 7→ A(s, π, w0) has a pole at s = 0, and when it does have a

pole we wish to compute the residue as captured by the scalar R(π̃) from Notation 2.12(iii). Recall that, by

Corollaries 2.23 and 2.24, this amounts to computing the expression in Equation (28). Much of what follows

will adapt the analysis of [Sha00] and then techniques from [Spa08].

Lemma 6.2. The element β̌ ∈ A∗M,C de�ned in Notation 2.5(viii) is the image of χγ ∈ X∗(M)F in

X∗(M)F ⊗R C = A∗M,C, so that ηβ̌ = |χγ |.

Proof. The lemma is an easy consequence of the fact that for any simple root α of G, 〈γ, α∨〉 equals 0 if

α 6= β, and 1 if α = β. �
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Notation 6.3. (i) Henceforth, µ will denote the central character of our unitary supercuspidal repre-

sentation π of M(F ) (this supersedes earlier notation de�ned using the letter µ). Further, we will

assume that µ ◦ ε = µ on AM(F ), so that µ is trivial on

(44) Ȧ := {a−1ε(a) | a ∈ AM(F )}.

We will abuse notation to use µ to also denote its own restriction to smaller central subgroups like

and AM̃(F ).

(ii) We de�ne, as arti�cially as with η̃β̌ (Notation 2.22(iii)), χ̃γ : M̃→ Gm by χ̃γ(mw0) = χγ(m) � thus,

η̃β̌ = |χ̃γ | on M̃(F ). Therefore, by Equation 28 and Lemma 6.2, we have for each ϕ ∈ C∞c (n(F )), ξ̃ ∈
C̃(π) (see Notation 2.4(iii)) and s ∈ C:

(45) ϑ(s) = ϑϕ,ξ̃(s) =

∫
n′(F )

ξ̃(m̃X)|χ̃γ(m̃X)|sϕ(X) d∗X

(de�ned wherever the integral converges, like with (28)).

(iii) Until further notice, unless otherwise stated, measures as in Notation 5.7 will be used on n(F ),M(F ),AM̃(F )

and AM(F ), and for each T ∈ T +, on Tε(F ),Tε(F ) and Mε
T(F ), and on various quotients involving

these groups. The choices from Subsection 5.6 will be used later, in Section 10.

Notation 6.4. (i) For the rest of this paper, for each T ∈ T +, we will assume that some ZT ∈ cT(F )∩
n1,0(F ) has been chosen (to ful�l a role like that in Proposition 5.14), and write ZT = Zβ1 + Zβ2

with Zβi ∈ gβT,i(F̄ ) for i = 1, 2 (suppressing the dependence of the Zβi on T since it will not cause

confusion). Moreover, we will abuse notation by simply writing S for SZT,T and S̃ for S̃ZT,T, when

T is understood (e.g., in the interior of a sum of the form
∑

T∈T ). For the rest of this section, we

will work with a �xed ϕ ∈ C∞c (n(F )), and hence suppress it from notation.

(ii) For T ∈ T +,m ∈ M(F ) and λ ∈ Tε,sr(F ), set:

(46) ϕ̄(m,λ) =

∫
Tε(F )

ϕ(Ad(m−1t−1)S(λ)) dt.

ϕ̄ factors through a function on (Mε
T(F )\M(F ))× Tε,sr(F ), which we will denote by ϕ̄ as well.

(iii) For f̃ ∈ C∞µ−1(M̃(F )), we let ξ̃f̃ be the function M̃(F )→ C given by:

(47) ξ̃f̃ (m̃) =

∫
AM̃(F )\AM(F )

µ−1(z) · f̃(zm̃) dz,

where on AM̃(F )\AM(F ) we use the quotient of the measures �xed in Notation 5.7(ii).

(iv) Suppose F̃ : M̃(F ) → C is a smooth function that is compactly supported modulo AM(F ). We call

F̃ a cusp form if, whenever U is the unipotent radical of a proper parabolic subgroup of M, we have

for all m̃ ∈ M̃(F ): ∫
U(F )

F̃ (um̃) du = 0

(we warn that this is probably nonstandard terminology).

(v) We will slightly abusively denote by C∞µ−1(M̃(F ))cusp the vector space of f̃ ∈ C∞µ−1(M̃(F )) such that

ξ̃f̃ is a cusp form in the sense of (iv) above.

(vi) For T ∈ T +, λ ∈ Tε,sr(F ), f̃ ∈ C∞µ−1(M̃(F )) and s ∈ C, set:

(48) ΨT(s, λ) = ΨT(s, λ, f̃) = ΨT,ϕ(s, λ, f̃) =

∫
Mε

T(F )\M(F )

ξ̃f̃ (m−1S̃(λ)m)|χ̃γ(m−1S̃(λ)m)|s · ϕ̄(m,λ) dm,

which, like ϑϕ,ξ̃(s), we view as an integral which gives a value when it converges; a similar interpre-

tation will apply to many of the integrals that follow.

(vii) For T ∈ T +, f̃ ∈ C∞µ−1(M̃(F )) and s ∈ C, set:

ϑT(s) = ϑT(s, f̃) = ϑT,ϕ(s, f̃) =

∫
Tε,sr(F )

D(S̃(λ))1/2ΨT(s, λ) dλ.(49)
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(viii) For a while, we will informally think of ΨT(s, λ, ·) and ϑT(s, ·) as elements of the linear dual of

the smaller space C∞µ−1(M̃(F ))cusp ⊂ C∞µ−1(M̃(F )). However, as (48) and (49) indicate, f̃ will be

often �xed and hence understood, and therefore suppressed from notation. Recall that we have also

temporarily �xed ϕ ∈ C∞c (n(F )), and hence suppressed it from notation.

Notation 6.5. Let ξ̃ ∈ C(π̃). Since m 7→ ξ̃(mw−1
0 ) is a matrix coe�cient of the supercuspidal representation

π, and hence compactly supported modulo AM(F ), we may and do choose f̃ξ̃ ∈ C∞µ−1(M̃(F )) such that

ξ̃ = ξ̃(f̃ξ̃)
. Since π is supercuspidal, C(π̃) consists of cusp forms in the sense of Notation 6.4(iv), so we

automatically have f̃ξ̃ ∈ C∞µ−1(M̃(F ))cusp.

Lemma 6.6. For any f̃ ∈ C∞µ−1(M̃(F )) such that ξ̃f̃ ∈ C̃(π), we have:

(50) ϑϕ,ξ̃f̃
(s) =

∑
T∈T

1

#WT
· ϑT(s, f̃),

in the sense that, for all s ∈ C such that the right-hand side converges absolutely in its expanded form �

i.e., after (49), (48) and (46) are plugged in � the left-hand side also converges absolutely and equals the

right-hand side.

Proof. This follows from applying Proposition 5.14 to the expression (45), using the M-conjugation equiv-

ariance of m̃ and noting that, for all λ ∈ Tε,sr(F ), S̃(λ) ∈ T̃(F ) is centralized by Tε(F ). �

Notation 6.7. Thanks to Notation 6.5 and Lemma 6.6, we will �x T ∈ T + and f̃ ∈ Cµ−1(M̃(F )) for the

rest of this section, and analyze the expression (49) for this choice of T.

We make some preparations to study ΨT.

Lemma 6.8. (i) The product maps ZG×γ∨(Gm)→ ZM and AG×γ∨(Gm)→ AM are isomorphisms.

(ii) The inclusion AG ↪→ AM̃ is an equality, while ZG ↪→ ZM̃ has cokernel of order two `generated by

γ∨(−1)' (more precisely, γ∨ de�nes an isomorphism of {z ∈ Gm | z2 = 1} to this cokernel).

(iii) The group Ȧ (de�ned in (44)) equals γ∨(F×
2
), Ȧ ∩ AM̃(F ) = {1}, and γ∨ : F× → AM(F ) induces

an isomorphism F×
2\F× → AM̃(F )Ȧ\AM(F ).

Proof. Let β̇ : ZM → Gm be the character with which ZM acts on n1: if we realize β using some Borel pair

(B?,T?) of GF̄ contained in (PF̄ ,MF̄ ), then β̇ is the restriction of β to ZM (as made sense after base-change

to F̄ ). Note that ZG is the kernel of β̇, since β is the only simple root of GF̄ which is not a root of MF̄ .

Hence, using that 〈β, γ∨〉 = 1, one checks that a two-sided inverse to the product map ZG×γ∨(Gm)→ ZM

is given by z 7→ (zγ∨(β̇(z))−1, γ∨(β̇(z))).

This gives the �rst assertion of (i), which also gives its second assertion (by taking the maximal split subtori

on either side). (ii) follows from (i) and the fact that ε takes γ∨ to (γ∨)−1, while (iii) follows from (i) and

(ii). �

Notation 6.9. Factoring an integral over AM̃(F )\AM(F ) into an inner integral over Ȧ and an outer one over

AM̃(F )Ȧ\AM(F ) (use that Ȧ ∩AM̃(F ) is �nite, even trivial, by Lemma 6.8), and using that z0 7→ z−1
0 ε(z0)

induces a surjection AM̃(F )\AM(F )→ Ȧ with �nite kernel (equal to γ∨({−1, 1}), by Lemma 6.8), we may

and do choose Haar measures on AM̃(F )Ȧ\AM(F ) and AM̃(F )\AM(F ) � the latter di�erent from the one

used in (47) (it will always be denoted `dz0' to distinguish from the one in (47)) � so that for any measurable

function f̃ ′′ on AM̃(F )\A(F ), we have:

(51)

∫
AM̃(F )\AM(F )

f̃ ′′(z) dz =

∫
AM̃(F )Ȧ\AM(F )

∫
AM̃(F )\AM(F )

f̃ ′′(zz−1
0 ε(z0)) dz0dz,

where the left-hand side uses the measure from (47) and the right-hand side uses the newly chosen measures.

While, in using the newly chosen measure denoted `dz0', we are breaking our convention to follow Notation

5.7, these newly chosen measures will not be used beyond Proposition 7.18.
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Remark 6.10. We conclude that, for any m̃ ∈ M̃(F ) and any measurable function f̃ ′ on M̃(F ) with

f̃ ′(zm̃) = µ(z)f̃ ′(m̃) for z ∈ AM̃(F ) and m̃ ∈ M̃(F ), we have, using that µ is trivial on Ȧ:

(52)

∫
AM̃(F )\AM(F )

µ−1(z)f̃ ′(zm̃) dz =

∫
AM̃(F )Ȧ\AM(F )

µ−1(z)

∫
AM̃(F )\AM(F )

f̃ ′(zz−1
0 m̃z0) dz0dz.

Now ΨT(s, λ) can be written, using (52), as:∫
Mε

T(F )\M(F )

∫
AM̃(F )\AM(F )

µ−1(z)f̃(zm−1S̃(λ)m)|χ̃γ(m−1S̃(λ)m)|s · ϕ̄(m,λ) dz dm

=

∫
AM̃(F )Ȧ\AM(F )

µ−1(z)

∫
AM̃(F )\AM(F )

∫
Mε

T(F )\M(F )

f̃(zm−1z−1
0 S̃(λ)z0m)|χ̃γ(m−1S̃(λ)m)|s · ϕ̄(m,λ) dmdz0 dz,

again, assuming absolute convergence, which would also justify the interchange of integrals.

Now, thinking of z0 as an element of AM(F )/AM̃(F ) (which is `physically' the same group as AM̃(F )\AM(F )),

which acts on the quotient Mε
T(F )\M(F ) by (z′0,m) 7→ z′0

−1
m preserving its measure, we change variables

replacing m by z−1
0 m, and use the identity χ̃γ(z0m̃z

−1
0 ) = χ̃γ(z2

0m̃) = χγ(z0)2χ̃γ(m̃) to get:

(53)

ΨT(s, λ) =

∫
AM̃(F )Ȧ\AM(F )

µ−1(z)

∫
Mε

T(F )\M(F )

f̃(zm−1S̃(λ)m)|χ̃γ(m−1S̃(λ)m)|s·
∫

AM(F )/AM̃(F )

|χγ(z0)|2s·ϕ̄(z−1
0 m,λ) dz0 dmdz,

assuming absolute convergence, which would justify the exchanging of the second and the third integrals.

Here, we have transferred the measure `dz0' to AM(F )/AM̃(F ) (using its being `physically' the same as

AM̃(F )\AM(F )).

Notation 6.11. Fix a set C0 = {zi | i ∈ I} ⊂ AM(F ) of representatives for (AM̃(F ) · Ȧ)\AM(F ) (which

is �nite by Lemma 6.8). We transfer the measure on (AM̃(F ) · Ȧ)\AM(F ) (chosen in Notation 6.9) to C0.

The integral over z in the expression (53) and its modi�cations will often (with prior notice, and typically

to prove estimates) be considered as an integral over C0. This is analogous to �xing a set of representatives

for F×/F×
2
in [Spa08, Section 7].

6.2. Naive weight factors and preliminary estimates on them. In this subsection we de�ne and study,

following Spallone, the naive weight factors wk(λ,m) = wϕk (λ,m) which are a slightly modi�ed version of

the factors wk(g, h) in [Spa08, De�nition 9]. Recall that we have �xed ϕ ∈ C∞c (n(F )) and T ∈ T +.

Notation 6.12. (i) Note that AM, being the center of M, has its adjoint action on n1 given by a central

character β̇ : AM → Gm, which then equals a square-root of χγ |AM
. Set, for k ∈ Z:

(54) AM,k = {z0 ∈ AM(F ) | |β̇(z0)| = q−k} = {z0 ∈ AM(F ) | valχγ(z0) = 2k}.

It also helps to record the observation that val γ(AM(F )) ⊂ 2Z as χγ |AM = β̇2.

(ii) For λ ∈ Tε,sr(F ) and m ∈ M(F ) set (as made precise and justi�ed by Remark 6.13 below):

wk(λ,m) = wϕk (λ,m) =

∫
AM,k/AM̃(F )

ϕ̄(z−1
0 m,λ) dz0 =

∫
Tε(F )

∫
AM,k/AM̃(F )

ϕ ◦Adm−1z0t
−1(S(λ)) dz0 dt.

(55)

Remark 6.13. The de�nition of wk(λ,m) needs some justi�cation. First, by Lemma 6.8 and the fact

that β̇ is trivial on AM̃(F ) = AG(F ), AM,k is closed under multiplication by AM̃(F ), so we can talk of

AM,k/AM̃(F ), which is an open subset of AM(F )/AM̃(F ), which has been given the measure `dz0'. Note

that AM,k/AM̃(F ) is a translate of AM,0/AM̃(F ), and hence is compact with measure independent of k

(again, use Lemma 6.8). Thanks to this compactness and the continuity of ϕ, the integral de�ning wk(λ,m)

converges absolutely for all λ,m, k, also justifying the right-most equality of (55). We remark, though we

haven't used it, strictly speaking, that the adjoint action of AM(F ) on n(F ) factors through AM(F )/AM̃(F )

(since AM̃(F ) = AG(F )).
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Remark 6.14. We note for later use the following properties of the `naive weight factors' wk(λ,m). Since

the action of Mε
T(F ) on cT(F ) (which contains each S(λ)) factors through Mε

T(F )→ Tε(F ), we get:

(56) wk(t,m1m) = wk(m), ∀m1 ∈ Mε
T(F ),m ∈ M(F ).

The second is the consequence of (54) and (55), that for all z ∈ AM(F ), λ ∈ Tε,sr(F ),m ∈ M(F ) and k ∈ Z:

(57) wk+(valχγ(z))/2(λ,mz) = wk(λ,m).

The following explicit description of the measures chosen in Notation 6.9 will be useful later:

Lemma 6.15. The measures in Notation 6.9 are related by:

2 vol(AM̃(F )\AM,0) = vol(AM̃(F )Ȧ\AM(F )) · vol(AM,0/AM̃(F )),

where on each side, we use measures from the corresponding side of (51).

Proof. Using Lemma 6.8, it is easy to see that (AM̃(F )Ȧ∩AM,0)\AM,0 ⊂ AM̃(F )Ȧ\AM(F ) has index equal

to that of O×/O×
2
in F×/F×

2
, i.e., 2. Using this, the lemma follows from applying (51) with f̃ ′′ equal to

the characteristic function of AM̃(F )\AM,0. �

From (53), the de�nition of wk(λ,m) (see (55)), and the fact that |χγ(z0)| = q−2k for z0 ∈ AM,k(F )/AM̃(F ),

we get:

(58)

ΨT(s, λ) =

∫
AM̃(F )Ȧ\AM(F )

µ−1(z)

∫
Mε

T(F )\M(F )

f̃(zm−1S̃(λ)m)|χ̃γ(m−1S̃(λ)m)|s ·
∑
k∈Z

wk(λ,m)q−4ks dmdz,

again assuming absolute convergence (after plugging in (55), that is).

Lemma 6.16. Suppose C1 ⊂ M̃(F ) has relatively compact image in AM̃(F )\M̃(F ). Then there exists k− ∈ Z,
depending only on C1 and ϕ (in fact, only on C1 and supp ϕ) such that, for all k < k−, λ ∈ Tε,sr(F ) and

m ∈ M(F ) such that m−1S̃(λ)m ∈ C1, we have wk(λ,m) = 0.

Proof. Note that any S̃(λ), being equal to m̃(S(λ)), belongs to Gder(F ). Hence, if m−1S̃(λ)m belongs to

C1, it belongs to the set C1 ∩Gder(F ), which has compact closure in G(F ) (since AM̃ = AG by Lemma 6.8).

By Lemma 2.26, we have a neighborhood U of 0 ∈ n(F ) such that m̃−1(C1 ∩ Gder(F )) ∩ U = ∅. There

exists k− ∈ Z such that for all k < k− and z0 ∈ AM,k, Ad z0(U) ⊃ supp ϕ. Therefore, if m ∈ M(F ) and

λ ∈ Tε,sr(F ) satisfy that m−1S̃(λ)m ∈ C1, then for any k < k−, t ∈ Tε(F ) and z0 ∈ AM,k we have:

Ad(z0m
−1t−1)S(λ) ∈ Ad z0(m̃−1(m−1S̃(λ)m)) ⊂ Ad z0(n(F ) \ U) ⊂ n(F ) \ supp ϕ

(use that m̃(Adm−1t−1(S(λ))) = Intm−1(Int t−1(S̃(λ))) = m−1S̃(λ)m), so that wk(λ,m) = 0. �

Notation 6.17. For λ ∈ Tε(F ) \ {1}, so that D(S̃(λ)) 6= 0 by (41), set (following [Spa08, De�nitions 3 and

4], and with the latter equality below following from (41), which uses the identi�cation of Tε(F ) with F×

or ker(NE/F : E× → F×) ⊂ F̄ as in Notation 4.10):

φ(λ) = logq max{1, D(S̃(λ))−1} = logq max{1, |(λ− 1)(λ−1 − 1)|−(dim M− dim MT)/2}.

Remark 6.18. Separately considering the cases where valλ is negative, zero or positive, it is easy to see

that φ(λ) = (dim M− dim MT) max(val(λ− 1), 0) in all cases.

Remark 6.19. Recall from [Kot05, Section 18] that we have a notion of norms on a�ne varieties over F .

For any a�ne variety X over F , one can choose a norm ‖ · ‖ : X(F )→ R>0 by choosing a set {f1, . . . , fn} of
generators for the coordinate ring F [X] of X, and setting ‖x‖ = max{1, |f1(x)|, . . . , |fn(x)|} for all x ∈ X(F ).

A di�erent set of generators would yield an equivalent norm ‖ · ‖′, in the sense that each of ‖ · ‖ and ‖ · ‖′
is bounded above by the product of a �xed positive constant and a �xed positive power of the other (see

[Kot05, Section 18.1]).
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Notation 6.20. For each a�ne variety X over F , we �x an arbitrary norm ‖ · ‖X on X(F ), except in those

cases where we specify a choice of ‖ · ‖X explicitly.

Lemma 6.21. Consider the `good quotient' p : M̃ → q = M̃//M of M̃ by M-conjugation. Let TM ⊂ M

be a (not necessarily maximal) torus which contains the image of γ∨ and is hence normalized by w−1
0 , and

set T̃M := TM w−1
0 . Let T̃M → T̃M//TM be the quotient of T̃M by TM-conjugation. Then the morphism

T̃M//TM → q induced by the inclusion T̃M ↪→ M̃ is a �nite morphism.

Remark 6.22. The lemma follows from a `T /W -type' description of the variety q, given at the level of

F̄ -points in Lemma 3.2.A of [KS99]. But since we cannot locate the`variety version' of the result in literature,

we give a proof for our special case, deducing it from the well-known untwisted case.

Proof. For this proof, we may and do make the faithfully �at base-change to F̄ , and write M,TM etc. instead

of MF̄ , (TM)F̄ etc. Let Tγ denote the image of γ∨. It is a central torus in M. The map M̃→ M /Tγ sending

mw−1
0 to the image of m respects M-conjugation, and hence induces by the universal property of quotient

maps a map from q to the variety qγ of conjugacy classes of M /Tγ . This morphism is clearly surjective at the

level of F̄ -points (since M̃→ M /Tγ → qγ is), and hence dominant (in fact it is an isomorphism but we do

not need it). Further, the map T̃M → TM given by tw−1
0 7→ t induces an isomorphism T̃M//TM → TM /Tγ .

Thus, it is enough to show that the map TM /Tγ → qγ induced by the inclusion of TM /Tγ in M /Tγ is

�nite. But this is easy: if T\M is a maximal torus of M /Tγ containing T /Tγ , and the associated Weyl group

is WT\M
, then this reduces to the �niteness of the composite TM ↪→ T\M → T\M /WT\M

, which is clear (the

former is a closed immersion, the latter a quotient by a �nite group). �

To establish the absolute convergence that we need, we will crucially use the following estimate; it is an

adaptation of some considerations in [Spa08], especially Proposition 10 there.

Lemma 6.23. Suppose C1 ⊂ M̃(F ) is a subset that is relatively compact modulo AM̃(F ). Let T ∈ T +. Then

there exist positive constants c′1, c
′
2 with the following property: whenever λ ∈ Tε(F ) \ {1} and m ∈ M(F )

satisfy that m−1S̃(λ)m ∈ C1, there exists m′ ∈ Mε
T(F )m with:

logq ‖m′‖M ≤ c′1 + c′2φ(λ).

Proof. Since S̃(λ) ∈ Gder(F ) for each λ ∈ Tε,sr(F ) (see the proof of Lemma 6.16), and since AG = AM̃ (by

Lemma 6.8), we can replace C1 with the closure of C1 ∩Gder(F ), and assume that C1 is compact.

Recall that T̃ := Tw−1
0 . In the proof, we will use the identi�cation Tε(F̄ ) = F̄× from Notation 4.10. We

will also use the notion of semisimplicity. If m̃ ∈ M̃(F̄ ) is semisimple as an element of G(F̄ ), we claim that

its M(F̄ )-orbit is closed. This is certainly well-known but can also be seen as follows. Let Tγ denote the

image of γ∨, and let M+ denote the subgroup of G generated by M and w0 � it has exactly two connected

components, since w2
0 ∈ M(F ). We have a surjective homomorphism M+ → M /Tγ , which is the obvious

map on M and sends w0 to 1. Given m̃ ∈ M+(F̄ ), it is semisimple as an element of G(F̄ ) if and only if it

is also semisimple as an element of M+(F̄ ). For any such m̃, with (automatically semisimple) image m̄ in

(M /Tγ)(F̄ ), the M(F̄ )-orbit of m̃ is the inverse image of the (M /Tγ)(F̄ )-orbit of m̄ under M → M /Tγ ,

and is hence closed, as desired.

Consider the subvariety M̃◦ ⊂ M̃ consisting of those elements m̃ such that:

(a) The rank of Ad m̃− 1 ∈ gl(m) is at most dim M−dim Mε
T, and

(b) p(m̃) ∈ p(T̃), where p : M̃→ q = M̃//M is the quotient by M-conjugation (as in Lemma 6.21).

The �rst of these is a closed condition, since bounding the rank from above is. The second is a closed

condition too, since by Lemma 6.21, p(T̃) is the image in q of a �nite (and hence closed) morphism with

source T̃//T (using notation from that lemma). For each m̃ ∈ M̃◦(F̄ ), the characteristic polynomial Pm̃(T )

of Ad m̃−1 on m is divisible by T dim Mε
T (by condition (a) above). Further, the map that takes each m̃ ∈ M̃◦

to the coe�cient D1(m̃) of T dim Mε
T in Pm̃(T ) is nonzero � e.g., M̃◦ contains T̃, and for λ ∈ Tε(F ) \ {1}
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(so S̃(λ) is de�ned and S̃(λ) ∈ T̃(F̄ )), we see from (41) that D(S̃(λ)) 6= 0, which also easily gives that the

connected centralizer of S̃(λ) equals Mε
T, and then we have:

(59) D1(S̃(λ)) = D(S̃(λ)) · | det(Ad S̃(λ)− 1;mt/m
ε
t )| = D(S̃(λ)) · | det(ε− 1; t/tε)| 6= 0.

Let M̃
′
◦ ⊂ M̃◦ be the locus of nonvanishing of D1. For the rest of the proof, we will set T′ε = Tε \{1}. Then

(59) gives a well-de�ned morphism

(60) tc : (Mε
T \M)× T′ε → M̃

′
◦,

induced by (m,λ) 7→ m−1S̃(λ)m.

Claim 1. tc is surjective at the level of F̄ -points.

Let us prove this claim. Let m̃ ∈ M̃
′
◦(F̄ ). To prove the claim, it su�ces to show that m̃ is M(F̄ )-conjugate

to an element t̃ ∈ T̃(F̄ ), for then t̃ belongs to T̃(F̄ ) \ γ∨(F̄ )w−1
0 (since otherwise D1(m̃) = D1(t̃) = 0), and

is hence conjugate to an element of S̃(T′ε(F̄ )) by Remark 5.4(ii). For this, it su�ces, by the discussion on

semisimplicity above and the fact that p(m̃) ∈ p(T̃(F̄ )) ⊂ q by the condition (b) above, to show that m̃

is semisimple as an element of (M+)F̄ (note that the elements of T̃(F̄ ) are semisimple, since their squares

are). Write m̃ = m̃smu for the Jordan decomposition of m̃ as an element of M+
F̄

(F̄ ). Thus, m̃s ∈ M̃(F̄ ) and

m̃u ∈ M(F̄ ), and both Ad m̃s and Admu preserve m. It su�ces to show that mu = 1, or equivalently, that

mu belongs to the center of the (necessarily reductive) connected centralizer Mm̃s of m̃s (a group over F̄ ).

Since mu ∈ Mm̃s(F̄ ), and since F has characteristic zero, it su�ces to show that mu or equivalently m̃ itself

centralizes mm̃s . Thus, it is enough to show that mm̃ = mm̃s .

Since mm̃ ⊂ mm̃s , this equality follows from:

dim Mε
T ≤ dimmm̃ ≤ dimmm̃s ≤ dim Mε

T,

where the �rst inequality uses the condition (a) above and the last uses that 0 6= D1(m̃) = D1(m̃s) (Ad m̃s

is the semisimple part of Ad m̃, so that Ad m̃− 1 and Ad m̃s − 1 have the same characteristic polynomial).

This gives Claim 1.

Claim 2. tc is quasi-�nite, i.e., the map it induces at the level of F̄ -points has �nite �bers.

To prove this claim, it su�ces to prove that wheneverm−1
1 S̃(λ1)m1 = m−1

2 S̃(λ2)m2 for somem1,m2 ∈ M(F̄ )

and λ1, λ2,T
′
ε(F̄ ), we have λ1 = λ±1

2 : the reason this su�ces is that, whenever λ1 = λ2,m1m
−1
2 belongs to the

centralizer of S̃(λ2), whose identity component equals (Mε
T)F̄ (use the argument just before (59)). If λ1 or λ2

belongs to Tε,sr(F̄ ), then it follows from Lemma 3.59 (and the fact that S̃(λ) ∈ T̃sr(F̄ ), see Notation 5.1(ii))

that m2m
−1
1 normalizes TF̄ and hence (Tε)F̄ , in which case, one sees using Lemma 3.36 that its conjugation

action on (Tε)F̄ is given by λ 7→ λ or λ 7→ λ−1 � this su�ces by Remark 5.4(ii). But if λ1, λ2 6∈ Tε,sr(F̄ ),

then since T′ε(F̄ ) \ Tε,sr(F̄ ) = {−1}, the only possibility is that λ1 = λ2 = −1 ∈ F̄× = Tε(F̄ ), so the

assertion that λ2 = λ±1
1 is automatic in this case.

Claim 3. tc is actually a �nite morphism.

It su�ces to see this over the faithfully �at extension F̄ /F . Note that tc is M-equivariant, where m ∈ M acts

by right translation of the �rst factor by m on the left-hand side and by conjugation by m−1 on the right-

hand side. Thus, by Claim 3 and [Dré04, Theorem 3.3(2)] (a form of Zariski's main theorem for morphisms

of varieties that are equivariant for a group action), to prove that tc is a �nite morphism, it is enough to

prove the following:

(i) The images under tc of closed M(F̄ )-orbits in (Mε
T \M)(F̄ )× T′ε(F̄ ) are closed in M̃

′
◦(F̄ ).

(ii) The map

(61) ((Mε
T \M)× T′ε)//M→ M̃

′
◦//M

is �nite (where the //M denotes quotienting by M-conjugation).

Of these, (i) is an easy consequence of the fact that M̃
′
◦ consists entirely of semisimple elements (which have

closed orbits by the discussion on semisimplicity above). For (ii), we recall from Lemma 6.21 that, with
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the notation of that lemma, the morphism T̃//T → M̃//M is �nite. This morphism factors through the

morphism T̃//T → M̃◦//M induced by the inclusion T̃ ↪→ M̃◦, so the morphism T̃//T → M̃◦//M is �nite

too. Hence the localization of this morphism at D1 ∈ F̄ [M̃◦//M] = F̄ [M̃◦]
M ⊂ F̄ [M̃◦] is �nite too. From the

de�nition of a good quotient (use Condition (iii) in [Dré04, De�nition 2.12]), this localization map identi�es

with T̃
′
//T → M̃

′
◦//M, where T̃

′ ⊂ T̃ is the locus of nonvanishing of D1. But by Remark 5.4(ii), together

with (59) and (41), this morphism identi�es with the morphism of (61), giving Claim 3.

Thanks to the �niteness of tc, by Proposition 18.1(1) of [Kot05], we may and shall choose a norm ‖ ·
‖(Mε

T \M)×T′ε
on the left-hand side of (60) to be the pull-back of a norm on M̃

′
◦, which in turn may and shall

be taken to be max(‖ · ‖M̃, |D1(·)|−1), thanks to M̃
′
◦ being de�ned by the nonvanishing of D1 in the closed

subvariety M̃◦ of M̃ (see [Kot05, Proposition 18.1(2) and (5)]). Thus, letting d′ ≥ 1 be an upper bound for

‖ · ‖M̃ on C1, which exists by [Kot05, Proposition 18.1(3)], we conclude the following: if λ ∈ Tε(F ) \ {1} and
m ∈ M(F ) are such that m−1S̃(λ)m belongs to the compact set C1, then, denoting by m̄ the image of m in

(Mε
T \M)(F ):

‖(m̄, λ)‖(Mε
T \M)×T′ε

= max(‖m−1S̃(λ)m‖M̃, |D1(m−1S̃(λ)m)|−1) ≤ d′max(1, |D1(S̃(λ))|−1).

Using (59), and letting d′′ = d′max(1, |det(ε− 1; t/tε)|−1), the last expression above is less than or equal to

d′′max(1, D(S̃(λ))−1) = d′′qφ(λ). Applying Proposition 18.1(1) of [Kot05] to the projection from (Mε
T \M)×

T′ε to its �rst factor, we have positive constants d0, d1, R such that whenever m ∈ M(F ) and λ ∈ Tε(F )\{1}
are such that m−1S̃(λ)m ∈ C1, we have:

‖m̄‖Mε
T \M ≤ d0‖(m̄, λ)‖R(Mε

T \M)×T′ε
≤ d1q

Rφ(λ).

Now it su�ces to show that for some R2, d2 > 0, any m̄ ∈ (Mε
T \M)(F ) lying in the image of M(F ) has a

preimage m ∈ M(F ) that satis�es:

‖m‖M ≤ d2‖m̄‖R2

Mε
T \M.

This is equivalent to saying that the map M → (Mε
T \M) has the norm descent property in the sense of

[Kot05, Section 18.6].

By a result of R. Beuzart-Plessis ([BP18, Proposition 2.9.1 (page 469)]), this follows if we show that Mε
T ⊂ M

is an F -spherical subgroup (this notion is recalled just before Proposition 2.9.1 of that reference). Since MT

is generated by Mε
T and the image of γ∨, which is central in M, this in turn follows if we show that MT ⊂ M

is a spherical subgroup. But as mentioned in that reference, this in turn follows if we show that MT ⊂ M is

symmetric as recalled in [BP18, Section 2.8.1, page 457], i.e., MT is contained in, and contains the identity

component of, the set of �xed points of an involutive automorphism of M. We claim that this involution

can be taken to be conjugation by β∨T,1(−1). Every element of Gal(F̄ /F ) either preserves β∨T,1(−1) or takes

it to β∨T,2(−1) = β∨T,1(−1)γ∨(−1), which implies that the automorphism Intβ∨T,1(−1) of M is de�ned over

F . Clearly this automorphism has order two, and Lemma 3.58 gives us that the identity component of its

group of �xed points is MT, so that MT ⊂ M is a symmetric subgroup, as desired. �

Remark 6.24. The above lemma gives us one reason why our Heisenberg case may be simpler than more

general ones: for us, Mε
T was easily seen to be spherical in M, which let us conclude the norm descent

property from a general result of [BP18] without any e�ort. Note that the corresponding result in [Spa08]

instead needs the norm descent property with respect to quotienting by a torus, which is [Kot05, Proposition

18.3].

6.3. Some homogeneity results and estimates. Recall that we have �xed ϕ ∈ C∞c (n(F )) and T ∈ T +.

Note that the wϕk (λ,m) can be expressed in terms of orbital integrals (Notation 6.25 below) for the action Ad

of Tε(F ) ⊂ T(F ) of cT(F ) discussed in Notation 5.1(v); � for a precise expression of this relation, see (66)

below. To replace wϕk (λ,m) with nicer weight factors, and to get estimates on the wϕk (λ,m), we will study

the simple Shalika-type germ expansion for these orbital integrals, following the SO(2, 1)/O(1, 1) example

worked out in [RR96, Section 4], but spelling out explicit domains of validity as in works of Waldspurger

and DeBacker.
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Notation 6.25. For ς ∈ C∞c (cT(F )) and X ∈ cT(F ), let:

O(X, ς) =

∫
Tε(F )

ς(t−1 ·X) dt,

whenever this integral converges (see Remark 6.26 below). Here, we use the measure on Tε(F ) �xed in

Notation 5.7.

Remark 6.26. Write X ∈ cT(F ) as X = X1 + X2 + X3 with Xi ∈ gβT,i(F̄ ) for i = 1, 2 and X3 ∈ n2(F ).

In Notation 6.25, it is easy to see that O(X, ς) does not converge absolutely if the following three conditions

all hold: T is split, at least one of X1 and X2 equals 0, and ς(X3) 6= 0. In all other cases, O(X, ς) converges

absolutely.

We will need some simple `homogeneity' results. Until and including Lemma 6.30, we will discuss these, in

the case where T ∈ T + is split, in greater detail than we will need.

Notation 6.27. Assume that T is split. Recall from Notation 6.4(i) that for each T ∈ T +, we have �xed

ZT = Zβ1 + Zβ2 ∈ cT(F ) ∩ n1,0(F ) with Zβi ∈ gβT,i for i = 1, 2. Since T is split, Zβi ∈ g(F ) for i = 1, 2.

(i) We will use the identi�cation cT ∼= A3, with (T1, T2, T3) ∈ A3 corresponding to T1Zβ1
+ T2Zβ2

+

T3Xγ ∈ cT (an identi�cation of F -vector spaces, not of Lie algebras).

(ii) For convenience we recall the identi�cation Gm = Tε from Notation 4.10, which identi�es a ∈ Gm
with the unique element t ∈ Tε satisfying βT,1(t) = a and βT,2(t) = a−1.

Remark 6.28. With the identi�cations of Notation 6.27, the action of Gm ∼= Tε(F ) on A3 ∼= cT is given by

λ · (T1, T2, T3) = (λT1, λ
−1T2, T3). Thus, one can view this action as a product of the Gm action on A2 given

by λ · (T1, T2) = (λT1, λ
−1T2), and the trivial Gm-action on A1. The asymptotics associated to the former

dictates the asymptotics associated to the product.

Notation 6.29. Assume that T is split, and consider the action of Gm ∼= Tε on cT ∼= A3 as identi�ed in

Notation 6.27.

(a) Realize the quotient for this action by qT = (q′T, q
′′
T) : A3 → A2, where q′T(T1, T2, T3) = T1T2 and

q′′T(T1, T2, T3) = T3. Note that X = (T1, T2, T3) ∈ A3 is semisimple if and only if q′T(X) = T1T2 6= 0

or T1 = T2 = 0.

(b) There are three nilpotent orbits for this action � O0 = {(0, 0, 0)}, O1 := {(T1, 0, 0) | T1 ∈ A1 \
{0}},O2 := {(0, T2, 0) | T2 ∈ A1 \ {0}}.

(c) For k0, l0 ∈ Z, let Uk0,l0 = {T1Zβ1
+ T2Zβ2

+ T3Xγ | val(T1T2) ≥ k0, val(T3) ≥ l0} = q−1
T ($k0O ×

$l0O). For k0, l0 ∈ R, set Uk0,l0 = Udk0e,dl0e.

(d) For each k1, k2, l0 ∈ Z, let Lk1,k2,l0 ⊂ cT(F ) be the lattice $k1OZβ1
+ $k2OZβ2

+ $l0OXγ . For

k0, l0 ∈ Z, let Dk0,l0 be subspace of C
∞
c (cT(F )) generated by those functions that are invariant under

Lk1,k2,l0 for some integers k1, k2 with k1 + k2 ≤ k0. If r
′, r′′ ∈ R, set Dr′,r′′ = Ddr′e,dr′′e.

Lemma 6.30. Assume that T is split. There exist two nonzero Tε(F )-invariant distributions ν0, ν on

C∞c (cT(F )), with the following properties.

(a) ν0 is a scalar multiple of ς 7→ ς(0);

(b) The restriction of ν to {ς | ς(0) = 0} equals O(Zβ1
,−) +O(Zβ2

,−); and

(c) Let r′, r′′ ∈ R. If ς ∈ Dr′,r′′ , then for all semisimple X ∈ Ur′,r′′ with q′T(X) 6= 0, we have:

(62) O(X, ς) = ν0(ς) val q′T(X) + ν(ς).

Proof. It is enough to �x arbitrary k0, l0 ∈ Z and prove the existence of distributions ν0, ν satisfying the

properties (a)-(c) with r′ = k0 and r
′′ = l0 � the same would then follow for general k0 and l0 by considering

dk0e and dl0e, and it is formal that ν0 and ν are independent of k0 and l0.

Let X0 = T1Zβ1 + T2Zβ2 + T3Xγ ∈ Uk0,l0 be such that q′T(X0) = T1T2 6= 0. We have valT1 + valT2 =

val q′T(X0) ≥ k0. If ς0 is the characteristic function of some (T ′1Zβ1 + T ′2Zβ2 + T ′3Xγ) + Lk1,k2,l0 where
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k1, k2, l0 ∈ Z and k1 + k2 = k0 (note that such functions belong to, and together span, Dk0,l0), then one

checks the following.

(i) If valT ′3 < l0 or if valT ′i < ki for both i = 1, 2, then O(X0, ς0) = 0 = O(Zβ1
, ς0) = O(Zβ2

, ς0).

(ii) If valT ′3 ≥ l0 and we have i ∈ {1, 2} such that valT ′i < ki and valT ′3−i ≥ k3−i, then

(63) O(X0, ς0) = O(Zβi , ς0) = O(Zβ1
, ς0) +O(Zβ2

, ς0)

� an easy way to verify this is to use Remark 6.28 to Tε(F )-translate X0 so that valTi = ki > valT ′i ,

so valT3−i ≥ k0 − valTi = k3−i, and verify the following three assertions: �rstly, for all t ∈ Tε(F ),

t−1 ·X0 ∈ (T ′1Zβ1
+T ′2Zβ2

+T ′3Xγ) +Lk1,k2,l0 if and only if t−1 ·$kiZβi ∈ (T ′1Zβ1
+T ′2Zβ2

+T ′3Xγ) +

Lk1,k2,l0 ; secondly, for all t ∈ Tε(F ), t−1 · Zβ3−i 6∈ (T ′1Zβ1
+ T ′2Zβ2

+ T ′3Xγ) + Lk1,k2,l0 ; and thirdly,

O(·, Zβi) = O(·, $kiZβi) (as Zβi , $
kiZβi ∈ Oi).

(iii) If valT ′3 ≥ l0 and valT ′i ≥ ki for i = 1, 2, then

O(X0, ς0) = vol(Tε(O)) · (val q′T(X0)− k0 + 1)

� for t ∈ Tε(F ) corresponding to a ∈ F×, so βT,1(t) = a and βT,2(t) = a−1, we have that t−1X0

belongs to T ′1Zβ1
+ T ′2Zβ2

+ T ′3Xγ + Lk1,k2,l0 = Lk1,k2,l0 if and only if − val a + valT1 ≥ k1 and

val a+ valT2 ≥ k2, i.e., if and only if val a belongs to the interval [k2 − valT2, valT1 − k1].

One knows that the set of extensions of O(Zβ1 ,−) + O(Zβ2 ,−) to a Tε(F )-invariant distribution on cT(F )

supported on the nilpotent cone FZβ1 ∪ FZβ2 = O0 ∪ O1 ∪ O2 is nonempty and takes the form {ς 7→
ν(ς) + cς(0) | c ∈ C} for a distribution ν (which is therefore such an extension as well) � a slightly harder

variant of this assertion is discussed in [RR96, Section 4.1, pp. 129]. Since ν is clearly determined up to

adding a multiple of the distribution ς 7→ ς(0), we specify it uniquely by requiring that:

(64) ν(1Lk1,k2,l0
) = (−k0 + 1) vol(Tε(O))

for some �xed choice of k1, k2 ∈ Z with k1 + k2 = k0, where 1Lk1,k2,l0
denotes the characteristic function of

Lk1,k2,l0 . Since changing k1, k2 subject to k1 + k2 = k0 replaces Lk1,k2,l0 by a Tε(F )-conjugate, (64) applies

for all k1, k2 ∈ Z with k1 + k2 = k0.

We set ν0 = vol(Tε(O))(ς 7→ ς(0)). Whenever k1, k2 ∈ Z with k1 + k2 = k0, since (64) holds, we get from

(iii) above that (62) holds with ς = 1Lk1,k2,l0
, for any semisimple X ∈ Uk0,l0 .

Thus, it su�ces to show that (62) holds for any semisimple X ∈ Uk0,l0 and any ς ∈ C∞c (cT(F )) that does

not have zero in its support and is invariant under some Lk1,k2,l0 for some k1, k2 ∈ Z such that k1 + k2 = k0.

But this follows from (i) and (ii) above. �

Remark 6.31. For later use, we record that if T is split, X ∈ cT(F ) with q′T(X) 6= 0 (so X is automatically

semisimple as discussed in Notation 6.29(a)) and k1, k2, l0 ∈ Z with k1 + k2 = k0 ∈ Z we have:

|O(X,1Lk1,k2,l0
)| ≤ vol(Tε(O)) max(val q′T(X)− k0 + 1, 0) ≤ vol(Tε(O))(max(val q′T(X), 0) + |k0|+ 1).

If X ∈ Uk0,l0 , this follows from (iii) in the above proof. If not, the inequality is still satis�ed because its

left-hand side is zero.

Notation 6.32. Henceforth, when T is split, we will denote by ν0 and ν the distributions of Lemma 6.30;

in particular ν0 = vol(Tε(O))(ς 7→ ς(0)). When T ∈ T + is non-split, we will denote by ν the distribution

ς 7→ (vol Tε(F ))ς(0) on C∞c (cT(F )), and set ν0 = 0 as a distribution on C∞c (cT(F )). In either case we

suppress the dependence of these objects on T for lightness of notation.

We will not need the full strength of Lemma 6.30, but rather mostly only the cruder consequence summarized

in the lemma below, which also considers the case where T is not split.

Lemma 6.33. Let L ⊂ cT(F ) be a lattice. There exists a neighborhood UL of 0 in cT(F ), invariant under

the action of Tε(F ) as well as under the action of AM,k for all k ≥ 0, with the following property: for any
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k ∈ Z, any function ς ∈ C∞c (cT(F )) invariant under $kL-translation, and any semisimple 0 6= X ∈ $kUL
(thus, X ∈ $kUL is such that X 6= 0 if T is not split, and q′T(X) 6= 0 if T is split), we have

(65) O(X, ς) = ν0(ς) val q′T(X) + ν(ς) (= vol(Tε(F ))ς(0) if T is not split.)

Proof. If T is split, it su�ces by Lemma 6.30 to take UL = Uk1+k2,l0 for any k1, k2, l0 ∈ Z such that L ⊃
Lk1,k2,l0 � note that any Uk0,l0 is invariant under AM,k for all k ≥ 0, and that $kUk1+k2,l0 = Uk1+k2+2k,l0+k.

So assume that T is not split. Since Tε(F ) is compact, it is easy to see that L contains a lattice of the form

L1 ⊕ L2, where L1 ⊂ cT(F ) ∩ n1(F ) nd L2 ⊂ cT(F ) ∩ n2(F ) are lattices invariant under Tε(F ) (e.g., for

i = 1, 2, let Li be the intersection of the t · (L ∩ ni(F )) as t ranges over the compact set Tε(F )). We may

replace L by L1⊕L2 without loss of generality. Now L is invariant under Tε(F ), and (being a direct sum of

lattices in cT(F ) ∩ n1(F ) and cT(F ) ∩ n2(F )) under AM,k for each k ≥ 0 as well. It is now easy to see that

one can take UL = L. �

Remark 6.34. The UL constructed in the proof of Lemma 6.33, regardless of whether or not T is split, has

the following properties. First, under the topological isomorphism cT(F ) = (cT(F )∩n1(F ))×(cT(F )∩n2(F ))

corresponding to cT(F ) = (cT(F ) ∩ n1(F )) ⊕ (cT(F ) ∩ n2(F )), we have UL = (UL ∩ n1(F )) × (UL ∩ n2(F )).

Secondly, each of UL ∩ n1(F ) and UL ∩ n2(F ) is stable under multiplication by OF .

Notation 6.35. (a) For m ∈ M(F ) and ϕ1 ∈ C∞c (n(F )), let ςϕ1,m = ϕ1 ◦Adm−1|cT(F ).

(b) If T is split, let KM be a maximal compact subgroup of M(F ) associated to a special point in the

apartment of a maximal split torus of MT containing T, so that M(F ) = PT,1(F )KM = PT,2(F )KM.

Again, in both cases, we suppress the dependence on T for lightness of notation.

Corollary 6.36. Fix ϕ1 ∈ C∞c (n(F )) and a lattice L ⊂ cT(F ). Then:

(i) There exist constants d1, d2 ∈ R>0 such that for all m ∈ M(F ), ςϕ1,m is invariant under translation

by $dd1 logq ‖m‖M+d2eL.

(ii) Let d1, d2 be as in (i). There exist a nonnegative constant e1 and a real linear polynomial e2 (de-

pending on (the support of) ϕ1) with positive slope, such that for all semisimple 0 6= X ∈ cT(F ) and

m ∈ M(F ), we have, writing ‖ϕ1‖∞ for the L∞-norm of ϕ1:

|O(X, ςϕ1,m)| ≤ ‖ϕ1‖∞ · (e1 max(val q′T(X), 0) + e2(logq ‖m‖M))

(iii) There exist constants c1, c2 ∈ R≥0, with c1 = 0 if T is not split, such that for all m ∈ M(F ):

|ν(ςϕ1,m)| ≤ c1 logq ‖m‖M + c2.

Proof. Choose a lattice Ln ⊂ n(F ) and d3 ∈ N such that Ln ∩ cT(F ) ⊃ $d3L and such that ϕ1 itself is

invariant under translation by Ln. Consider the algebraic group GL(n) associated to the F -vector space

n; then Ln de�nes a maximal compact subgroup Kn ⊂ GL(n)(F ). An O-basis for Ln determines a split

maximal torus An of GL(n). It is easy to see from [Kot05, Lemma 18.11] (and the fact that the Euclidean

norm and the `L∞-norm' on a copy of Rn bound each other up to �xed multiples) that we can choose a norm

‖ · ‖GL(n) on GL(n)(F ) as follows � given g ∈ GL(n)(F ), use the Cartan decomposition to write g = k1ak2

for some k1, k2 ∈ Kn and a ∈ An(F ), and set ‖g‖GL(n) = maxλ q
| valλ| as λ runs over the eigenvalues of a on

n. This norm has the property that g · Ln ⊃ $logq ‖g‖GL(n)Ln for each g ∈ GL(n)(F ).

Thus, (i) follows if we show that there exist constants d1 ∈ R>0 and R ∈ R>1 such that ‖Adm‖GL(n) ≤
R‖m‖d1

M for all m ∈ M(F ) � then we could take d2 = (logq R) + d3, since that would give that ϕ1 ◦Adm−1

is invariant under translation by

Adm(Ln) ⊃ $logq ‖Adm‖GL(n)Ln ⊃ $dd1 logq ‖m‖M+logq ReLn ⊃ $dd1 logq ‖m‖M+(logq R)+d3eL,

giving (i). But the existence of such d1 and R follows from [Kot05, Proposition 18.1(1)], as required.

Now let us prove (ii). This is trivial if T is non-split (in fact with the better estimate |O(X, ςϕ1,m)| ≤
‖ϕ1‖∞ vol(Tε(F ))), so let us assume that T is split. Let L′ ⊂ n(F ) be a lattice such that ϕ1 is supported
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in L′ and such that L′ ∩ cT(F ) = Lk′1,k′2,l′ for some k′1, k
′
2, l
′ ∈ Z. Using notation from (i) and an argument

as in (i), we have that for any m ∈ M(F ), ϕ1 ◦ Adm−1 is supported in Adm(L′) ⊂ $− logq ‖Adm‖GL(n) · L′.
Since logq ‖Adm‖GL(n) ≤ dd1 logq ‖m‖ + logq Re (where d1, R are as in the proof of (i)), this gives that

ςϕ1,m is supported in $−dd1 logq ‖m‖M+logq ReL′ ∩ cT(F ) = $−dd1 logq ‖m‖M+logq ReLk′1,k′2,l′ = Lk′′1 ,k′′2 ,l′′ , where

k′′1 = k′1 − dd1 logq ‖m‖M + logq Re, and k′′2 , l′′ are similar.

Therefore, for all X ∈ cT(F ) we have, using Remark 6.31,

|O(X, ςϕ1,m)| ≤ O
(
X, ‖ϕ1‖∞ · 1Lk′′1 ,k′′2 ,l′′

)
≤ ‖ϕ1‖∞ · vol(Tε(O))(max(val q′T(X), 0) + |k′′1 + k′′2 |+ 1).

Hence, taking e1 = vol(Tε(O)) and e2(x) = vol(Tε(O)) · (|k′1 + k′2|+ 2(d1x+ logq R+ 1) + 1), we see that for

all semisimple 0 6= X ∈ cT(F ) (so automatically q′T(X) 6= 0), |O(X, ςϕ1,m)| is bounded above by:

‖ϕ1‖∞·vol(Tε(O))(max(val q′T(X), 0)+|k′1+k′2|+2dd1 logq ‖m‖M+logq Re+1) ≤ ‖ϕ1‖∞·(e1 max(val q′T(X), 0)+e2(logq ‖m‖M))

(use that d1, logq R > 0 and that logq ‖m‖M > 0 for all m ∈ M(F )), giving (ii).

If T is not split, (iii) is trivial � take c1 = 0 and c2 = ‖ϕ1‖∞ ·vol(Tε(F )). Therefore, assume that T is split,

so that Zβi ∈ gβT,i(F ) for i = 1, 2 (where we recall that ZT = Zβ1
+Zβ2

). Recall KM from Notation 6.35(b).

Write χ1 = χβT,1
and χ2 = χβT,2

for the characters with which PT,1 and PT,2 act on FZβ1
= gβT,1

(F ) and

FZβ2
= gβT,2

(F ), respectively. Let cϕ1
= maxk∈KM

O(Zβ1
, |ςϕ1,1 − ςϕ1,k|) + maxk∈KM

O(Zβ2
, |ςϕ1,1 − ςϕ1,k|)

� the local constancy of ϕ1, the compactness of KM, and the fact that the integrals de�ning the O(Zβi ,−)

converge on elements of C∞c (cT(F )) that vanish at 0, guarantee that cϕ1
is well-de�ned.

Thus, since ν restricts to O(Zβ1 ,−) +O(Zβ2 ,−) on elements of C∞c (cT(F )) that vanish at 0, we get:

ν(ςϕ1,m − ςϕ1,1) = O(Zβ1
, ςϕ1,m − ςϕ1,1) +O(Zβ2

, ςϕ1,m − ςϕ1,1).

If we write m = p1k1 = p2k2 with k1, k2 ∈ KM and pi ∈ PT,i(F ) for i = 1, 2 (thus, the ki and pi depend on

m, but we are suppressing this dependence for lightness of notation), then we get:

|ν(ςϕ1,m)−ν(ςϕ1,1)| ≤ cϕ1
+|O(Zβ1

, ςϕ1,k1
−ςϕ1,p1k1

)|+|O(Zβ2
, ςϕ1,k2

−ςϕ1,p2k2
)| = cϕ1

+vol(Tε(O))·ϕ1(0)·(| valχ1(p1)|+| valχ2(p2)|),

where the last step uses Remark 6.37 below (an easy property of integration on F× ⊂ F ). Since ν(ςϕ1,1) is a

constant, the lemma follows from the fact that |χ1(p1)|±1, |χ2(p2)|±1 ≤ C1‖m‖R1

M for some positive constants

C1 and R1 independent of m, by the compactness of KM (use [Kot05, Proposition 18.1(7)] and the fact that

norms on PT,1(F ) and PT,2(F ) may be taken to be restrictions of ‖·‖M by [Kot05, Proposition 18.1(1)]). �

Remark 6.37. For ς ∈ C∞c (F×) ⊂ C∞c (F ) and any a0 ∈ F× ⊂ F , consider:

O(a0, ς) :=

∫
F×

ς(a0a) da,

where da is a Haar measure on F×. It is immediately veri�ed that for any ς ∈ C∞c (F ) and a0, a ∈ F×, writing
ςa ∈ C∞c (F ) for the function x 7→ ς(a−1x), we have O(a0, ς − ςa) = vol(O×) · val a · ς(0). This implies that if

T ∈ T + is split, i ∈ {1, 2}, χi = χβT,i is the character with which PT,i acts on gβT,i , m ∈ M(F ), p ∈ PT,i(F )

and ϕ1 ∈ C∞c (n(F )), then:

O(Zβi , ςϕ1,m − ςϕ1,pm) = O(Zβi , (ϕ1 ◦Adm−1 − ϕ1 ◦Ad(pm)−1)|cT(F )) = vol(Tε(O)) · ϕ1(0) · valχi(p).

The following lemma is somewhat related to [Spa08, Corollary 9].

Lemma 6.38. (i) Assume that T ∈ T + is not split. Then for all k ∈ Z, λ ∈ Tε,sr(F ) and m ∈ M(F ),

we have |wk(λ,m)| ≤ ‖ϕ‖∞ · vol(Tε(F )) · vol(AM,0/AM̃(F )). For each �xed λ and m, we have that

wk(λ,m) = ϕ(0) · vol(Tε(F )) · vol(AM,0/AM̃(F )) for all k � 0.

(ii) Assume that T ∈ T + is split. Then, for any subset C1 ⊂ M̃(F ) that is compact modulo AM̃(F ),

there exist positive constants c0, c1 and c2 such that for all k ∈ Z,m ∈ M(F ) and λ ∈ Tε,sr(F ) with

m−1S̃(λ)m ∈ C1:

|wk(λ,m)| ≤ c0 max(k, 0) + c1φ(λ) + c2.
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Proof. In either case we can interchange the integrals in the de�nition of wk(λ,m) (see Notation 6.12,

speci�cally (55)), to get:

(66) wk(λ,m) =

∫
AM,k/AM̃(F )

O(z0 · S(λ), ςϕ,m) dz0,

because S(λ) is nonzero semisimple and hence this integral converges absolutely.

Let us prove (i), so assume that T is not split. Using (66), the �rst assertion is immediate from the fact that

AM,k/AM̃(F ) has the same measure as AM,0/AM̃(F ). For each �xed λ and m, choosing a neighborhood

U of 0 in n(F ) on which ϕ is constant, the second assertion is easily seen to be true for all k such that

m−1Tε(F ) · z0(S(λ)) ∈ U for all z0 ∈ AM,k � such a k exists as Tε(F ) is compact.

Now let us prove (ii), so assume that T is split. Corollary 6.36(ii) gives us a nonnegative constant e1 and a

real linear polynomial e2 such that

O(z0·S(λ), ςϕ,m) ≤ ‖ϕ‖∞
(
e1 max(val q′T(z0 · S(λ)), 0) + e2(logq ‖m‖M)

)
= ‖ϕ‖∞(2e1 max(k, 0)+e2(logq ‖m‖M))

(use that val q′T(S(λ)) = 0, a consequence of the de�nition of S = SZT,T and the identi�cation cT(F ) ∼= A3

chosen in Notation 6.27).

Note that O(z0 ·S(λ), ςϕ,m) is unchanged if we replace m by an element of Mε
T(F ) ·m (use that the action of

Mε
T on cT factors through χβT

: Mε
T → Tε), so the condition m−1S̃(λ)m ∈ C1 allows us to use Lemma 6.23

to replace logq ‖m‖M in the above estimate by a linear polynomial in φ(λ) (depending only on C1), and the

lemma follows. �

7. Change of weight factors and a first expression for the residue

In this section, we de�ne a notion of a family of weight factors (in the context of the problem at hand),

and replace our weight factors wk(λ,m) = wϕk (λ,m) with a more pleasant collection of weight factors

wϕ,asym
k (λ,m), without a�ecting the residue. We then compute the residue as an expression obtained from

(sometimes weighted) orbital integrals of matrix coe�cients. We do not �x any ϕ, f̃ or T for now.

7.1. Families of weight factors and related objects.

Notation 7.1. (i) By a family of weight factors (in the present context) we will refer to a datum

v = (vk)k∈Z comprising the following: for each k ∈ Z, a locally constant complex-valued function

vk :
⊔

T∈T +

(Tε,sr(F )× (Mε
T(F )\M(F )))→ C,

called a weight factor, satisfying for all z ∈ AM(F ) (and λ ∈ Tε,sr(F ) and m ∈ M(F )):

(67) vk+(valχγ(z))/2(λ,mz) = vk(λ,m),

as well as the following property: for all T ∈ T + and a subset C1 ⊂ M̃(F ) that is compact modulo

AM̃(F ), there exist an integer k− and positive real constants c0, c1, c2 such that whenever λ ∈ Tε,sr(F )

and m ∈ M(F ) are such that m−1S̃(λ)m ∈ C1, we have:

(a) vk(λ,m) = 0 for all k < k−; and

(b) |vk(λ,m)| ≤ c0 max(k, 0) + c1φ(λ) + c2 for all k ∈ Z.
(ii) For a weight factor family v, and for each T ∈ T +, de�ne for each f̃ ∈ C∞µ−1(M̃(F )) the following

integrals generalizing (58) and (49), whose convergence is yet to be addressed:

(68)

Ψ
v
T(s, λ, f̃) =

∫
AM̃(F )Ȧ\AM(F )

µ−1(z)

∫
Mε

T(F )\M(F )

f̃(zm−1S̃(λ)m)|χ̃γ(m−1S̃(λ)m)|s·(
∑
k∈Z

vk(λ,m)q−4ks) dmdz,

(69) ϑ
v
T(s, f̃) =

∫
Tε,sr(F )

D(S̃(λ))1/2Ψ
v
T(s, λ, f̃) dλ.
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As before, when f̃ is understood, write Ψ
v
T(s, λ) = Ψ

v
T(s, λ, f̃) and ϑ

v
T(s) = ϑ

v
T(s, f̃).

Remark 7.2. The equality (67) from Notation 7.1(i) ensures that the outer integrand in (68) is well-de�ned

on AM̃(F )Ȧ\AM(F ): if we change z to zz−1
0 ε(z0) ∈ zȦ with z0 ∈ AM(F ) (so z0 ∈ AM,valχγ(z0)/2 ⊂ AM(F ),

see Notation 6.12(i)), applying the change of variables m 7→ mz−1
0 to the integrand over Mε

T(F )\M(F )

multiplies |χ̃γ(m−1S̃(λ)m)|s by |χγ(z0)|2s and
∑
k∈Z vk(λ,m)q−4ks by |χγ(z0)|−2s = q2 valχγ(z0)s, the latter

because, using (67) with mz−1
0 and z0 in place of m and z, we get:∑

k∈Z
vk(λ,mz−1

0 )q−4ks =
∑
k∈Z

vk+(valχγ(z0))/2(λ,m)q−4ks = q2(valχγ(z0))s
∑
k∈Z

vk(λ,m)q−4ks.

Remark 7.3. Let ϕ ∈ C∞c (n(F )).

(i) wϕ := (wϕk )k∈Z is a family of weight factors: the local constancy assertions are easy (the ςϕ,m are

locally constant in m, and Tε(F )-orbital integrals for elements of C∞c (cT(F )) are locally constant on

the regular semisimple set of cT(F )), the equality (67) follows from (57), the condition (a) follows

from Lemma 6.16, and the condition (b) follows from Lemma 6.38.

(ii) For each T ∈ T +, f̃ ∈ C∞µ−1(M̃(F )), λ ∈ Tε,sr(F ) and s ∈ C, the integrals Ψ
wϕ

T (s, λ, f̃) and

ΨT,ϕ(s, λ, f̃) are identical expressions, (compare (58) and 68), as are the integrals ϑ
wϕ

T (s, f̃) and

ϑT,ϕ(s, f̃) (compare (49) and 69).

The following proposition is an adaptation of [Spa08, Proposition 14].

Proposition 7.4. Let T ∈ T + and f̃ ∈ C∞µ−1(M̃(F )). Let v = (vk)k be a family of weight factors as in

Notation 7.1(i). For Re s > 0, the expanded integral obtained by plugging in (68) into ϑ
v
T(s) = ϑ

v
T(s, f̃) =∫

Tε,sr(F )

D(S̃(λ))1/2Ψ
v
T(s, λ, f̃) dλ, namely

(70)∫
Tε,sr(F )

D(S̃(λ))1/2

∫
AM̃(F )Ȧ\AM(F )

µ−1(z)

∫
Mε

T(F )\M(F )

f̃(zm−1S̃(λ)m)|χ̃γ(m−1S̃(λ)m)|s·(
∑
k∈Z

vk(λ,m)q−4ks) dmdz,

converges absolutely.

Remark 7.5. Applying this proposition to the family w|ϕ| of weight factors rather than to the family

wϕ, one gets absolute convergence of the `fully expanded' integrals for ϑϕ,ξ̃f̃
(s) (Re s > 0) as well as the

ϑT(s) = ϑT,ϕ(s, f̃) obtained by substituting from (50), (49), (58) and (55) (in that order). This justi�es

various exchanges of integrals that we have seen thus far.

Proof of Proposition 7.4. For the estimate, we may and do replace the integral over AM̃(F )Ȧ\AM(F ) with

one over the set C0 as explained in Notation 6.11. Let

M = max{|χ̃γ(z−1x)|Re s | z ∈ C0, x ∈ supp f̃}

� this is well de�ned since the support of f̃ is compact modulo AM̃(F ), on which χγ is trivial.

Further, C−1
0 · supp(f̃) is compact modulo AM̃(F ). Thus, by the conditions (a) and (b) in the de�nition of a

family of weight factors (Notation 7.1(i)), it is now enough to show the absolute convergence, for any k− ∈ Z
and real constants c0, c1 and c2, of:

(71)∫
Tε,sr(F )

D(S̃(λ))1/2

∫
z∈C0

µ−1(z)

∫
Mε

T(F )\M(F )

f̃(zm−1S̃(λ)m)·M ·

∑
k≥k−

q−4ks(|c0k|+ |c1φ(λ) + c2|)

 dmdz dλ.

Since µ is unitary and Re s > 0, this reduces us to showing that for every polynomial p (even linear ones

will su�ce), the integral ∫
Tε,sr(F )

p(φ(λ))

∫
z∈C0

IM(zS̃(λ), |f̃ |) dz dλ
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converges absolutely, where we abbreviate, for t̃ ∈ T̃(F ) = T(F )w−1
0 :

(72) IM(zt̃, |f̃ |) = D(t̃)1/2

∫
Mε

T(F )\M(F )

|f̃ |(zm−1t̃m) dm.

Recall from Remark 5.4(ii) that, on Tε(F ) \ {1}, λ 7→ S̃(λ) is the inverse to the isomorphism T̃//T ∼=
T /(1 − ε) T → Tε induced by tw−1

0 7→ t−1ε(t−1). Therefore, by the compactness of C0 and the local

constancy of z 7→ (m̃ 7→ f̃(zm̃)), the proposition will follow if we show the following two assertions:

(a) For each z ∈ AM(F ), IM(z · −, |f̃ |) is bounded on T̃sr(F ) ⊂ T̃(F ) = T(F )w−1
0 , and the image of its

support in (T̃//T)(F ) ∼= (T /(1− ε) T)(F ) has compact closure.

(b) For any complex polynomial p in one variable, p ◦ φ : Tε,sr(F )→ C is locally integrable on Tε(F ).

These conditions are taken care of in Lemma 7.6 (which adapts [Spa08, Propositions 6 and 7]) and 7.7 (which

adapts [Spa08, Proposition 5]) below. �

Lemma 7.6. Let f̃ ′ ∈ C∞
µ′−1(M̃(F )) for some unitary character µ′ on AM̃(F ), and let z ∈ AM(F ). Then

the function t̃ 7→ IM(zt̃, f̃ ′) (de�ned as in (72)) on T̃sr(F ) is bounded, and its support has relatively compact

image in (T̃//T)(F ).

Proof. Using Lemma 6.21 and its notation, the map T̃//T → M̃//M is �nite. Thus, the latter assertion

(regarding compactness of closure) follows if we show that the set of t̃ ∈ T̃(F ) such that f̃ ′(zm−1t̃m) 6= 0

for some m ∈ M(F ) has relatively compact image in (M̃//M)(F ). Since T̃ = Tw−1
0 is contained in HT(F ) =

HT,der(F ) ⊂ Gder(F ), this is immediate from the fact that f̃ ′ has compact support modulo AM̃, which equals

AG by Lemma 6.8.

To prove the assertion regarding boundedness, we may replace f̃ ′ with a function f̃ ′z that is compactly

supported on M̃(F ), for instance the product of f̃ ′ with the characteristic function of (Cz Gder(F ) ∩ M̃(F )),

where Cz is a compact open neighborhood of z in ZG(F ). Then an analogous boundedness statement is

proved in Appendix A.1, due to R. Kottwitz, to [ST16], in a general `untwisted' setting � for smooth

functions on a reductive p-adic group (not a twisted space) that are compactly supported (like f̃ ′z and unlike

f̃ ′). Noting that D(t̃) = |det(Ad(t̃) − 1;m/mt̃)| · |det(ε − 1; t/tε)|−1 for t̃ ∈ T̃sr(F ) (use the argument of

(59) and Corollary 3.65), the same proof works in the twisted case, and (applied to f̃ ′z) gives us the desired

boundedness: exactly as in [ST16, Appendix A.1, the proof of Theorem 13.1], using semisimple descent,

this reduces to a problem involving untwisted orbital integrals on a Lie algebra, which is proved in [ST16,

Appendix A.1, Theorem 13.11] (the speci�c normalization of measures in that reference is of no concern to

us since the elements of T̃sr(F ) all have the same centralizer by Corollary 3.65, namely, Mε
T). �

Lemma 7.7. (i) There exists ν > 0 such that λ 7→ D(S̃(λ))−ν is locally integrable on Tε(F ).

(ii) For any polynomial p in one variable over C, the function p ◦ φ on Tε,sr(F ) is locally integrable on

Tε(F ).

Proof. Let us �rst deduce (ii) from (i). It su�ces to show the local integrability of p◦φ on the subset of those

λ ∈ Tε(F ) where 0 ≤ D(S̃(λ)) < 1. If λ ∈ Tε,sr(F ) belongs to this subset, then φ(λ) = logqD(S̃(λ))−1.

Hence (ii) follows from (i) and the observation that, given ν > 0, there exists d > 0 such that for all 0 < a < 1,

we have d · a−ν ≥ p(logq a
−1) (since there exists d > 0 such that dqνx ≥ p(x) for all x > 0).

So let us prove (i). As in Notation 4.10, identify Tε(F ) with either F× or E1 := ker(NE/F : E× → F×) ⊂ F̄
for a quadratic extension E/F � thus, λ in F× or E1 identi�es with β∨T,1(λ)β∨T,2(λ)−1 in Tε(F ). Recall

from (41) that, for λ ∈ Tε(F ) \ {1} ⊂ F̄ :

D(S̃(λ)) =
∣∣(λ− 1)(λ−1 − 1)

∣∣(dim M− dim MT)/2
.

Clearly, the local integrability needs to be proved only around λ = 1 ∈ Tε(F ) ⊂ F̄ .

Note that tε(F ) identi�es with F (if T is split) or with ker(trE/F : E → F ) (if T is not split).
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We use that x 7→ (1 + (x/2))(1 − (x/2))−1 is a homeomorphism from a small neighborhood of 0 in tε(F )

to a small neighborhood of 1 in Tε(F ), which is measure-preserving on these neighborhoods if they are

small enough and the Haar measures on tε(F ) and Tε(F ) are chosen compatibly. This easily reduces us to

showing that for some ν > 0, x 7→ |x|−ν(dim M− dim MT) is integrable on some neighborhood of 0 in tε(F ),

or equivalently F . By a geometric progression arising from an annulus computation, x 7→ |x|−ε is locally
integrable near 0 in F for ε < 1, so it su�ces to take ν < 1/(dim M−dim MT). �

Proposition 7.8. Let T ∈ T + and f̃ ∈ C∞µ−1(M̃(F )). Let v = (vk)k be a family of weight factors as in

Notation 7.1(i). The integral de�ning ϑ
v
T(s) = ϑ

v
T(s, f̃), which we know is absolutely convergent for all

Re s > 0 by Proposition 7.4, de�nes a holomorphic function in this region.

Proof. We warn the reader that the proof of this proposition will be used in the proof of Lemma 7.10 below.

Write

{a1, . . . , ar} = {|χ̃γ(z−1x)|s | z ∈ C0, x ∈ supp f̃}
(the right-hand side is a �nite set since the support of f̃ is compact modulo AM̃(F ), on which χγ is trivial).

For 1 ≤ i ≤ r, set:

Xi := {(λ, z,m) ∈ Tε,sr(F )× C0 × (Mε
T(F )\M(F )) | |χ̃γ(m−1S̃(λ)m)| = ai}.

Consider the expanded expression for ϑ
v
T(s) (see (70)), where we take the integral over AM̃(F )Ȧ\AM(F ) to

be over C0 instead. Then applying the Fubini theorem to this expression, as justi�ed by Proposition 7.4, we

have for Re s > 0 an expression:

(73) ϑ
v
T(s) =

r∑
i=1

∑
k∈Z

b
v
i,ka

s
i q
−4ks,

where:

(74) b
v
i,k =

∫
Tε,sr(F )

D(S̃(λ))1/2

∫
C0

µ−1(z)

∫
Mε

T(F )\M(F )

1Xi(λ, z,m)f̃(zm−1S̃(λ)m)vk(λ,m) dmdzdλ,

a convergent integral.

The very fact that (73) converges absolutely for Re s > 0 ensures uniform convergence on compact sets and

hence the holomorphy of the sum. �

7.2. Close weight factors and replacing wϕk (λ,m) by wϕ,asym
k (λ,m).

De�nition 7.9. Let u = (uk)k, v = (vk)k be two families of weight factors in the sense of Notation 7.1(i).

We say that u and v are close if for all T ∈ T + and each C1 ⊂ M̃(F ) that is compact modulo AM̃(F ), there

exists a real polynomial p1(x) = d′x+d′′, where d′, d′′ > 0, with the property that wheneverm−1S̃(λ)m ∈ C1

with m ∈ M(F ) and λ ∈ Tε,sr(F ), we have:

∀ k ≥ p1(φ(λ)), uk(λ,m) = vk(λ,m).

Let us begin with a lemma that allows us to change weight factors.

Lemma 7.10. Let T ∈ T + and f̃ ∈ C∞µ−1(M̃(F )). Let u = (uk)k and v = (vk)k be two families of weight

factors that are close in the sense of De�nition 7.9. Then ϑ
u
T(−, f̃) − ϑvT(−, f̃), which is holomorphic on

Re s > 0 by Proposition 7.8, extends to a holomorphic function on a neighborhood of s = 0.

Proof. Choose k− ∈ Z to work, for both the weight factors u and v, as in (a) of Notation 7.1(i), taking the

C1 there to be C−1
0 · supp(f̃). Then the proof of Proposition 7.8 gives us an expression, for Re s > 0:

(75) ϑ
u
T(−, f̃)− ϑvT(−, f̃) =

r∑
i=1

∑
k∈Z

(b
u−v
i,k )asi q

−4ks =

r∑
i=1

∑
k≥k−

(b
u−v
i,k )asi q

−4ks,
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where each b
u−v
i,k equals b

u
i,k − b

v
i,k, with the b

u
i,k and the b

v
i,k as in (74).

To show that (75) extends to a holomorphic function in a neighborhood of s = 0, it su�ces to show that

it converges absolutely in a neighborhood of s = 0 � for then the uniform convergence on compact sets is

automatic. Since there are only �nitely many (i, k) with k ≥ k− and aiq
−4k ≥ 1, the absolute convergence

of (75) needs to be proved only at a single real number s < 0.

If we show, for some real number s < 0, that the expression∫
Tε,sr(F )

D(S̃(λ))1/2

∫
C0

µ−1(z)

∫
Mε

T(F )\M(F )

f̃(zm−1S̃(λ)m)|χ̃γ(m−1S̃(λ)m)|s·

 ∞∑
k=k−

q−4ks(uk − vk)(λ,m)

 dmdzdλ

converges absolutely, then the Fubini theorem will let us rearrange it, as in the proof of Proposition 7.8, and

give us the absolute convergence of the right-most expression in (75) (for that value of s).

Using (as in the proof of Proposition 7.4) the unitariness of µ and the fact that |χ̃γ | takes only �nitely many

values on C−1
0 supp (f̃), we are reduced to proving the convergence of the following expression, at some real

number s < 0:

(76)

∫
Tε,sr(F )

D(S̃(λ))1/2

∫
C0

∫
Mε

T(F )\M(F )

|f̃ |(zm−1S̃(λ)m) ·

 ∞∑
k=k−

q−4ks|uk − vk|(λ,m)

 dmdzdλ.

Since u and v are close, the above expression remains unchanged if the sum over k is changed to only run

from k− to bp1(φ(λ))c, where p1(x) = d′x+d′′ is associated to u, v,T and C1 = C−1
0 supp (f̃) as in De�nition

7.9. Use (b) of Notation 7.1(i) to choose c0, c1, c2, assumed to be all positive without loss of generality, such

that |uk(λ,m)| + |vk(λ,m)| ≤ c0k + c1φ(λ) + c2 whenever m−1S̃(λ)m ∈ C1 = C−1
0 · supp(f̃) and k ≥ k−

(where we note that we could replace c0 max(k, 0) by c0k, by adding c0|k−| to c2 and using that k ≥ k−).

For s < 0, we have q−4ks ≤ q−4p1(φ(λ))s whenever k ≤ bp1(φ(λ))c. Now it is easy to see that there exists a

quadratic real polynomial p2 so that for s < 0, (76) is bounded above by:∫
Tε,sr(F )

D(S̃(λ))1/2

∫
C0

∫
Mε

T(F )\M(F )

|f̃ |(zm−1S̃(λ)m) · q−4p1(φ(λ))sp2(φ(λ)) dmdzdλ

(e.g., one can take p2(x) = c0(p1(x)− k− + 1)(p1(x)− k−)/2 + (c1x+ c0k− + c2)(p1(x)− k− + 1)).

Using Lemma 7.6, as in the proof of Proposition 7.4, this reduces to proving that for some s < 0,

q−4d′φ(λ)sp2(φ(λ)) = (max{1, D(S̃(λ))−1})−4d′sp2(φ(λ))

is locally integrable on Tε(F ). It su�ces to prove that, for some s < 0, the above expression is inte-

grable in a neighborhood of λ = 1, on which we may assume that D(S̃(λ)) < 1 (whenever λ 6= 1), so

that max{1, D(S̃(λ))−1} = D(S̃(λ))−1. Choose any d3 > 4d′. By Lemma 7.7, there exists s < 0 such

that D(S̃(λ))d3s is locally integrable on Tε(F ). This su�ces since it is easy to see that there exists a pos-

itive constant d4 such that D(S̃(λ))4d′sp2(φ(λ)) ≤ d4D(S̃(λ))d3s whenever D(S̃(λ)) < 1 (e.g., see the easy

computation used in deducing (ii) of Lemma 7.7 from (i) of the same lemma). �

The following de�nition is motivated by (66) together with Lemma 6.30: it tends to approximate wϕk using

the behavior of orbital integrals of the ςϕ,m near 0:

Notation 7.11. De�ne a family wϕ,asym of weight factors (we will justify in Lemma 7.13 below that it is

indeed a family of weight factors) attached to our ϕ ∈ C∞c (n(F )) as follows. Let T ∈ T +. Let ν0, ν1 be as

in Notation 6.32, and let λ ∈ Tε,sr(F ),m ∈ M(F ) and k ∈ Z. Then we set:

wϕ,asym
k (λ,m) =

{
0, if k < −(1/4) val(χ̃γ(m−1S̃(λ)m)),

vol(AM,0/AM̃(F )) · (ν0(ςϕ,m) · 2k + ν(ςϕ,m)) otherwise.

80



Thus, if k ≥ −(1/4) val(χ̃γ(m−1S̃(λ)m)), then

wϕ,asym
k (λ,m) =

{
vol(AM,0/AM̃(F )) · ϕ(0) · vol(Tε(F )), if T is not split, and

vol(AM,0/AM̃(F )) · (ϕ(0) vol(Tε(O)) · 2k + ν(ςϕ,m)), if T is split.

Remark 7.12. We will see in Lemma 7.14, using homogeneity for Tε(F )-orbital integrals on cT(F ), that

the family wϕ,asym is close to wϕ in the sense of De�nition 7.9. Therefore, by Lemma 7.10, the study of

Ress=0 ϑ
wϕ

T (s) reduces to that of Ress=0 ϑ
wϕ,asym

T (s).

Lemma 7.13. wϕ,asym is indeed a family of weight factors in the sense of Notation 7.1(i).

Proof. First, let us verify that wϕ,asym
k (m′m) = wϕ,asym

k (m) for all k ∈ Z, λ ∈ Tε,sr(F ),m ∈ M(F ) and

m′ ∈ Mε
T(F ). Since m−1S̃(λ)m = (m′m)−1S̃(λ)m′m, and since Mε

T acts on cT via Mε
T → Tε, this follows

from the invariance of the distributions ν0 and ν under Ad Tε(F ). The local constancy of wϕ,asym
k in λ and

m follow from the local constancy of val(χ̃γ(m−1S̃(λ)m)) in λ and m, and the local constancy of ςϕ,m in m.

The property (67) is easy to see from the following two facts:

• For all z ∈ AM(F ),

(77)

−val χ̃γ((mz)−1S̃(λ)mz) = − val χ̃γ(m−1S̃(λ)m)+2 valχγ(z) = − val χ̃γ(m−1S̃(λ)m)+4·valχγ(z)/2 ∈ − val χ̃γ(m−1S̃(λ)m)+4Z.

• For z ∈ AM(F ) and m ∈ M(F ), if T is split, so that ν restricts to O(Zβ1
, ·) +O(Zβ2

, ·) on elements

of C∞c (cT(F )) vanishing at 0, then using Remark 6.37 (with its notation), (ϕ(0) vol(Tε(O)) · 2(k +

(valχγ(z))/2)) + ν(ςϕ,mz) equals the sum of ϕ(0) vol(Tε(O)) · 2k + ν(ςϕ,m) and:

ϕ(0) vol(Tε(O))·valχγ(z)−ν(ςϕ,m−ςϕ,mz) = ϕ(0) vol(Tε(O))·valχγ(z)−ϕ(0)·vol(Tε(O))·(valχ1(z)+valχ2(z)) = 0.

Condition (a) in Notation 7.1(i) follows because we have declared wϕ,asym
k (λ,m) = 0 whenever k is lesser

than −(1/4) val χ̃γ(m−1S̃(λ)m), which takes only �nitely many values on any subset of M̃(F ) that is compact

modulo AM̃(F ).

It remains to prove Condition (b) from Notation 7.1 (i). This is similar to the proof of Lemma 6.38, but

easier, as we now explain. In the non-split case there is nothing to do since the wϕ,asym
k (λ,m) are uniformly

bounded when λ belongs to Tε,sr(F ) with T nonsplit. In the split case, one associates to T and C1 constants

c′1, c
′
2 as in Lemma 6.23, c1, c2 as in Corollary 6.36(iii), and k− as in Condition (a) of Notation 7.1(i) (whose

existence we just proved). Therefore, if m−1S̃(λ)m ∈ C1, there exists m
′ ∈ Mε

T(F )m so that

vol(AM,0/AM̃(F ))−1|wϕ,asym
k (λ,m)| ≤ ϕ(0) vol(Tε(O))·(2 max(k, 0)+2|k−|)+|ν(ςϕ,m)| = ϕ(0) vol(Tε(O))·(2 max(k, 0)+2|k−|)+|ν(ςϕ,m′)|

is bounded above by the following expression which is of the desired kind:

ϕ(0) vol(Tε(O)) · 2 max(k, 0) + c1 logq ‖m′‖M + c2 + ϕ(0) vol(Tε(O)) · 2|k−|
≤ (2ϕ(0) vol(Tε(O))) ·max(k, 0) + c1c

′
2φ(λ) + (c1c

′
1 + c2 + ϕ(0) vol(Tε(O)) · 2|k−|).

�

Lemma 7.14. For any ϕ ∈ C∞c (n(F )), the families wϕ and wϕ,asym of weight factors are close in the sense

of De�nition 7.9.

Proof. Let T ∈ T +. Fix a lattice L ⊂ cT(F ). Applying Corollary 6.36(i) with $−1L in place of L, there

exists a real linear polynomial p2, with positive slope, such that for all m ∈ M(F ), ςϕ,m = ϕ ◦Adm−1|cT(F )

is invariant under translation by $dp2(logq ‖m‖M)e−1L ⊃ $bp2(logq ‖m‖M)cL.

Let C1 ⊂ M̃(F ) be compact modulo AM̃(F ). By Lemma 6.23, there exists a real linear polynomial p3,

again with positive slope, such that if m−1S̃(λ)m ∈ C1 then there exists m′(m) ∈ Mε
T(F )m such that

logq ‖m′(m)‖M ≤ p3(φ(λ)). Assume without loss of generality that p2(0), p3(0) > 0, so (p2 ◦ p3)(0) > 0.

Associate to L a neighborhood U = UL as in Lemma 6.33, also satisfying the properties of Remark 6.34.

Claim. There exists a real linear polynomial p4, with positive slope, such that p4(0) is an upper bound for
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(−1/4) val(χ̃γ(C1)), and such that for all λ ∈ Tε,sr(F ), k ∈ Z and z0 ∈ AM,k such that k ≥ p4(φ(λ)), we have

z0S(λ) ∈ $bp2◦p3(φ(λ))cU .
Let us prove this claim. We will use the identi�cation of Tε(F ) with F× or E1 := ker(NE/F : E× →
F×) as in Notation 4.10. First, since S(λ) = ZT + (1/2 + (λ − 1)−1)[Zβ1 , Zβ2 ] (see (35)), and since

(dim M−dim MT)−1φ(λ) = max(val(λ−1), 0) is a nonnegative integer (see Remark 6.18), it follows that for

all λ ∈ Tε,sr(F ), $(dim M− dim MT)−1φ(λ)S(λ) is of the form cZT + (d/2)[Zβ1
, Zβ2

], where c, d ∈ OF̄ (in fact c

belongs to F and d to F or a quadratic extension of F ). Write A for cT(F )∩ (OF̄ZT + 2−1OF̄ [Zβ1
, Zβ2

]), a

compact neighborhood of 0 in cT(F ).

Since A is compact and independent of λ, there exists a positive integer e such $eA ⊂ U , and such that e

is an upper bound for (−1/4) val χ̃γ(C1) (which exists by the compactness of C1, since χ̃γ factors through

AM̃(F )\M(F )). Set p4(x) = (dim M−dim MT)−1x + (p2 ◦ p3)(x) + e. Then the conditions that p4 has

positive slope and that p4(0) is an upper bound for (−1/4) val χ̃γ(C1) are automatic. For all λ ∈ Tε,sr(F ),

$bp4(φ(λ))cS(λ) = $bp2◦p3(φ(λ))c ·$(dim M− dim MT)−1φ(λ)+eS(λ) ⊂ $bp2◦p3(φ(λ))c ·$eA ⊂ $bp2◦p3(φ(λ))cU .
Thus, if k ≥ p4(φ(λ)) and z0 ∈ AM,k, so that z0 acts on n1 and n2 by elements of valuations k and 2k,

respectively, recalling that U = UL was chosen to have the properties of Remark 6.34, we �nd that z0S(λ)

belongs to $bp2◦p3(φ(λ))cU , giving the claim.

Hence if m−1S̃(λ)m ∈ C1, then since p2 has positive slope, the claim gives for z0 ∈ AM,k with k ≥ p4(φ(λ)):

z0S(λ) ∈ $bp2◦p3(φ(λ))cU ⊂ $bp2(logq ‖m
′(m)‖M)cU .

This implies, by the choice of U = UL as in Lemma 6.33 and the fact that ςϕ,m′(m) is invariant under

translation by $bp2(logq ‖m
′(m)‖M)cL, that whenever m−1S̃(λ)m ∈ C1, k ≥ p4(φ(λ)) and z0 ∈ AM,k, setting

m′ = m′(m) and noting that val q′T(z0S(λ)) = 2k if T is split:

O(z0S(λ), ςϕ,m′) = ν0(ςϕ,m′) val q′T(z0S(λ)) + ν(ςϕ,m′) = ν0(ςϕ,m′) · 2k + ν(ςϕ,m′)

(if T is not split, we have ν0 = 0, so the terms involving val q′T(z0S(λ)) can be ignored).

Thus, for such λ,m, k we have, continuing to write m′ = m′(m) and using the expression (66) for wϕk (λ,m′):

wϕk (λ,m) = wϕk (λ,m′) =

∫
AM,k/AM̃(F )

O(z0 ·S(λ), ςϕ,m′) dz0 = vol(AM,0/AM̃(F )) · (ν0(ςϕ,m′) · 2k+ ν(ςϕ,m′)).

We claim that for such λ,m, k, wϕk (λ,m) equals wϕ,asym
k (λ,m′(m)) = wϕ,asym

k (m). Since p4 has positive

slope, this follows the from the above equality and the fact that (for such λ,m, k) we have k ≥ p4(φ(λ)) ≥
p4(0) ≥ (−1/4) val(χ̃γ(m−1S̃(λ)m)). Therefore wϕ and wϕ,asym are close in the sense of De�nition 7.9, with

p4 playing the role of the p1 in that de�nition. �

7.3. Formula for the contributions from tori. The main result of this subsection is Proposition 7.18,

in which we compute, given T ∈ T +, the residue at s = 0 of ϑ
wϕ,asym

T (s) = ϑ
wϕ,asym

T,ϕ (s, f̃) (which equals the

residue at s = 0 of ϑT(s) = ϑ
wϕ

T (s) by results already proved, namely, Lemmas 7.10 and 7.14). If T is not

split, it will turn out that the residue is built up from orbital integrals of f̃ . If T is split, one needs to instead

use orbital integrals weighted by certain factors vT(m) that we now de�ne.

Notation 7.15. Suppose T ∈ T + is split. De�ne a function vT(m) : M(F ) → C as follows. Write

m = p1kM,1 = p2kM,2 with pi ∈ PT,i(F ) and kM,i ∈ KM for i = 1, 2 (where KM is as in Notation 6.35(b)).

Let χi = χβT,i
be the character with which PT,i acts on gβT,i

, and set (see Remark 7.16(i) below):

(78) vT(m) = valχ1(p1) + valχ2(p2)− valχγ(m) = valχ1(m1)− valχ1(m2) = valχ2(m2)− valχ2(m1),

where, for i = 1, 2, mi is the image of pi in the Levi quotient MT(F ) of PT,i(F ).

Remark 7.16. (i) It is easily checked that vT(m) is well-de�ned (independent of the chosen decompo-

sitions m = p1kM,1 = p2kM,2). The equality of the second term in the de�nition of vT(m) with the

third and the fourth terms uses that χγ = χ1 + χ2 on MT.
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(ii) The following allows us to relate vT to wϕ,asym. Suppose T ∈ T + is split. If ϕ ∈ C∞c (n(F )) is �xed

by AdKM, (e.g., if it is the characteristic function of a lattice in n(F ) invariant under KM), we claim

that for all λ ∈ Tε,sr(F ) and m ∈ M(F ):

(79) vol(Tε(O))ϕ(0) valχγ(m) + ν(ςϕ,m − ςϕ,1) = − vol(Tε(O)) · ϕ(0) · vT(m).

By Remark 6.37, if m = p1kM,1 = p2kM,2 as in Notation 7.15, then it is easy to see that:

ν(ςϕ,1 − ςϕ,m) = O(Zβ1 , ςϕ,1 − ςϕ,p1) +O(Zβ2 , ςϕ,1 − ςϕ,p2) = vol(Tε(O)) · ϕ(0) · (valχ1(p1) + valχ2(p2)),

which easily gives (79).

Notation 7.17. Let T ∈ T +. De�ne a distribution RT : C∞µ−1(M̃(F ))→ C by declaring RT(f̃) to be:

vol(Tε(F ))

vol(AM̃(F )Ȧ\AM(F ))

∫
Tε,sr(F )

D(S̃(λ))1/2 ·
∫
z∈AM̃(F )Ȧ\AM(F )

µ−1(z)

∫
Mε

T(F )\M(F )

f̃(zm−1S̃(λ)m) dmdz dλ

if T is not split, and

− vol(Tε(O))

vol(AM̃(F )Ȧ\AM(F ))
·
∫

Tε,sr(F )

D(S̃(λ))1/2·
∫
z∈AM̃(F )Ȧ\AM(F )

µ−1(z)

∫
Mε

T(F )\M(F )

f̃(zm−1S̃(λ)m)vT(m) dmdz dλ,

if T is split. Here, the convergence of the integral follows from Proposition 7.18(i) below.

Proposition 7.18. Let T ∈ T +, and let ϕ ∈ C∞c (n(F )).

(i) The integral de�ning RT(f̃) converges absolutely in each case, so that RT is indeed a distribution

C∞µ−1(M̃(F ))→ C.
(ii) Assume that either T is not split or that f̃ belongs to C∞µ−1(M̃(F ))cusp (see Notation 6.4(v)). Then

ϑ
wϕ

T (s, f̃) and ϑ
wϕ,asym

T (s, f̃) extend to meromorphic functions in a neighborhood of s = 0, with at

most a simple pole at s = 0. Moreover:

Ress=0 ϑ
wϕ

T (s, f̃) = Ress=0 ϑ
wϕ,asym

T (s, f̃) = ϕ(0) ·
vol(AM̃(F )\AM,0)

2 log q
·RT(f̃),

where the measure on AM̃(F )\AM,0 ⊂ AM̃(F )\AM(F ) is from (47) (and di�erent from the one on

AM,0 /AM̃(F ) that we have been using so far and was introduced in Notation 6.9).

Proof. The proof of (i) is somewhat similar to that of Proposition 7.4, but much easier, as we now sketch. One

replaces the integral over AM̃(F )Ȧ\AM(F ) with one over C0 (Notation 6.11). The argument of Proposition

7.4 involving Lemmas 7.6 and 7.7 adapts easily, if we show in the case of split T that, for (λ,m) such

that m−1S̃(λ)m ∈ C−1
0 supp(f̃), |vT(m)| is bounded above by a linear polynomial in φ(λ). To show this,

(instead of using the condition (b) from Notation 7.1(i)) one combines Lemma 6.23 with the fact that

|vT(m)| ∈ {logq(|χ1(p1)χ2(p2)χγ(m−1)|±1)} is bounded above by d+R logq ‖m‖M for some positive constants

d and R independent of m (an easy consequence of (1) and (7) of [Kot05, Proposition 18.1], as observed

towards the end of the proof of Corollary 6.36).

Thus, let us prove (ii), so assume that either T is not split or we have f̃ ∈ C∞µ−1(M̃(F ))cusp. In both the

split and the non-split cases, Lemma 7.14 and Lemma 7.10 together give that the meromorphy assertion for

ϑ
wϕ

T is equivalent to that for ϑ
wϕ,asym

T , and also give the �rst equality asserted.

Thus, it su�ces to prove the meromorphy assertion for ϑ
wϕ,asym

T (s) and the second equality.

By Lemma 6.15, vol(AM,0/AM̃(F )), which uses the measure introduced in Notation 6.9, equals 2 vol(AM̃(F )Ȧ\AM(F ))−1·
vol(AM̃(F )\AM,0), where vol(AM̃(F )\AM,0) uses the measure from (47). It is then easy to compute that for

Re s > 0 and (λ,m) ∈ Tε,sr(F )×M(F ), setting

`(λ,m) = d−(1/4) · val(χ̃γ(m−1S̃(λ)m))e =

⌈
valχγ(m)

2
− val(χ̃γ(S̃(λ)))

4

⌉
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for lightness of notation, and using that
∑∞
k=0 kq

−4ks = q−4s(1− q−4s)−2, we have:∑
k∈Z

wϕ,asym
k (λ,m)q−4ks =

2 vol(AM̃(F )\AM,0)

vol(AM̃(F )Ȧ\AM(F ))
·q
−4`(λ,m)s

1− q−4s
·
(
ν0(ςϕ,m) ·

(
2q−4s

1− q−4s
+ 2`(λ,m)

)
+ ν(ςϕ,m)

)
.

Plug this into the de�nition of ϑ
wϕ,asym

T (s) (expanded from (69) and (68) into (70)) to get, assuming Re s > 0:

(80) ϑ
wϕ,asym

T (s) = (1− q−4s)−1
(
b0 + b1q

−s + b2q
−2s + b3q

−3s
)
,

where we note that {q−i | 0 ≤ i ≤ 3} is the set of possible values taken by |χ̃γ(m−1S̃(λ)m)|q−4`(λ,m), and

let:

(81) bi =

∫
Tε,sr(F )

D(S̃(λ))1/2

∫
AM̃(F )Ȧ\AM(F )

µ−1(z)

∫
(Mε

T(F )\M(F ))i

f̃(zm−1S̃(λ)m)w(λ,m, s) dmdzdλ,

where (Mε
T(F )\M(F ))i ⊂ Mε

T(F )\M(F ) is de�ned by the condition that |χ̃γ(m−1S̃(λ)m)|q−4`(λ,m) = q−i

(so the (Mε
T(F )\M(F ))i for 0 ≤ i ≤ 3 partition (Mε

T(F )\M(F )), and

w(λ,m, s) =


2 vol(AM̃(F )\AM,0)

vol(AM̃(F )Ȧ\AM(F ))
vol(Tε(F )) · ϕ(0), if T is not split, and

2 vol(AM̃(F )\AM,0)

vol(AM̃(F )Ȧ\AM(F ))
·
(

vol(Tε(O))ϕ(0)
(

2q−4s

1−q−4s + 2`(λ,m)
)

+ ν(ςϕ,m)
)
, if T is split.

If T is not split, then each bi is independent of s, and since each q−s is holomorphic at s = 0 with value 1,

the lemma follows from the observation that:

(82) Ress=0 ϑ
wϕ,asym

T (s) =
(
Ress=0(1− q−4s)−1

)
(b0 + b1 + b2 + b3) = (4 log q)−1(b0 + b1 + b2 + b3).

Thus, for the rest of the proof we assume that T is split, so that f̃ ∈ C∞µ−1(M̃(F ))cusp. Then w(λ,m, s) =

2 vol(AM̃(F )\AM,0) · vol(AM̃(F )Ȧ\AM(F ))−1 · (w1(λ,m, s) + w2(λ,m, s)), with

w1(λ,m, s) = |χ̃γ(m−1S̃(λ)m)|s·q−4`(λ,m)s·
(

vol(Tε(O))ϕ(0)) ·
(

2q−4s

1− q−4s
+ 2`(λ,m)− valχγ(m)

)
+ ν(ςϕ,1)

)
,

w2(λ,m, s) = |χ̃γ(m−1S̃(λ)m)|s · q−4`(λ,m)s (vol(Tε(O)) · ϕ(0) valχγ(m) + ν(ςϕ,m − ςϕ,1)) .

We will use the following claim, proved later in Lemma 7.19 below; it is a consequence of the fact that

f̃ ∈ C∞µ−1(M̃(F )) belongs to the smaller subspace C∞µ−1(M̃(F ))cusp, something that we have not yet used

before this point:

Claim 1. Suppose λ ∈ Tε(F ) \ {1}, and let w : M(F )→ C be any continuous function that is left-invariant

under ȦMε
T(F ) N\(F ), where N\ is the unipotent radical of some proper parabolic subgroup of M that

contains PT,1 or PT,2. Then:

(83)

∫
z∈AM̃(F )Ȧ\AM(F )

µ−1(z)

∫
Mε

T(F )\M(F )

f̃(zm−1S̃(λ)m) · w(m) dm = 0.

For �xed λ ∈ Tε,sr(F ) and s with Re s > 0, it is easy to see that 2`(λ,m) − valχγ(m) and (hence also)

|χ̃γ(m−1S̃(λ)m)|sq−4`(λ,m)s, viewed as a function of m, depends only on the parity of valχγ(m). Therefore,

as a function in m alone, w1(λ,m, s) is left-invariant under Mε(F ), as well as under Ȧ (because valχγ(Ȧ) ⊂
2Z). Applying Claim 1 for each �xed λ ∈ Tε,sr(F ) and s with Re s > 0, taking the w of Claim 1 to be

m 7→ w1(λ,m, s), we �nd that for Re s > 0, ϑ
wϕ,asym

T (s) equals an expression as in (80), but where we rename

bi (0 ≤ i ≤ 3) to equal the integral obtained from (81) by replacing w(λ,m, s) with 2 vol(AM̃(F )\AM,0) ·
vol(AM̃(F )Ȧ\AM(F ))−1w2(λ,m, s), namely:

bi =
2 vol(AM̃(F )\AM,0)

vol(AM̃(F )Ȧ\AM(F ))

∫
Tε,sr(F )

D(S̃(λ))1/2

∫
AM̃(F )Ȧ\AM(F )

µ−1(z)

∫
(Mε

T(F )\M(F ))i

f̃(zm−1S̃(λ)m) · (vol(Tε(O))ϕ(0) valχγ(m) + ν(ςϕ,m − ςϕ,1)) dmdzdλ.

(84)
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Since (84) is independent of s, (82) applies. Thus, by the de�nition of RT(f̃), it is enough to show that

the expression obtained from the right-hand side of (84) by replacing (Mε
T(F )\M(F ))i with Mε

T(F )\M(F )

(which equals b0 + b1 + b2 + b3) is unchanged if we replace vol(Tε(O))ϕ(0) valχγ(m) + ν(ςϕ,m − ςϕ,1) by

−ϕ(0) vol(Tε(O))vT(m).

We consider three cases:

Case 1. ϕ(0) = 0. In this case, it is enough to show that (84) equals 0. Since ςϕ,m(0) = ϕ(0) = 0, we have:

(m 7→ ν(ςϕ,m − ςϕ,1)) = (m 7→ O(Zβ1 , ςϕ,m − ςϕ,1)) + (m 7→ O(Zβ2 , ςϕ,m − ςϕ,1)).

For i = 1, 2, the function m 7→ O(Zβi , ςϕ,m − ςϕ,1) is invariant under PT,i(F ) by Remark 6.37 and the fact

that ϕ(0) = 0, so the desired vanishing follows from Claim 1 above.

Case 2. ϕ ◦ Ad kM = ϕ for all kM ∈ KM. In this case, it follows from (79) that vol(Tε(O))ϕ(0) valχγ(m) +

ν(ςϕ,m − ςϕ,1) equals −ϕ(0) vol(Tε(O))vT(m), so we are done.

Case 3. General case. This follows from the fact that wϕ,asym is readily seen to be additive in ϕ, and every

ϕ ∈ C∞c (n(F )) can be written as the sum of two elements of C∞c (n(F )), the �rst of which vanishes at 0 and

the second of which is invariant under composition with Ad kM, for any kM ∈ KM.

This �nishes the proof. We remark that, while we could only show ϑ
wϕ

T to have a meromorphic continuation

to a neighborhood of 0, the proof gives a rational continuation of ϑ
wϕ,asym

T,ϕ , that takes a form as in (80) when

either T is non-split or f̃ ∈ C∞µ−1(M̃(F ))cusp. �

Now we give a proof of `Claim 1' that was used in the above proof.

Lemma 7.19. Suppose T ∈ T + is split. Let λ ∈ Tε,sr(F ). Let f̃ ∈ C∞µ−1(M̃(F ))cusp (see Notation 6.4(v)), so

that ξ̃f̃ as de�ned in Notation 6.4(iii) is a cusp form in the sense of Notation 6.4(iv). Let N\ be the unipotent

radical of some proper parabolic subgroup of M that contains PT,1 or PT,2 (so N\ can be the unipotent radical

of PT,i for some i ∈ {1, 2}, and possibly strictly smaller). Let w : M(F ) → C be a locally constant function

that is left-invariant under ȦMε
T(F ) N\(F ). Then:∫

AM̃(F ) Ȧ\AM(F )

µ−1(z)

∫
Mε

T(F )\M(F )

f̃(zm−1S̃(λ)m)w(m) dmdz = 0.

Proof. Using the Ȧ-invariance of w, and breaking the integeral over Mε
T(F )\M(F ) according to AM̃(F )\AM(F )-

orbits, the given integral equals (for a suitable choice of measures):∫
AM̃(F )Ȧ\AM(F )

µ−1(z)

∫
AM(F ) Mε

T(F )\M(F )

∫
AM̃(F )\AM(F )

f̃(zm−1z−1
0 S̃(λ)z0m)w(m) dz0dmdz.

Here, we may assume that dz0 is the measure on AM̃(F )\AM(F ) introduced in Notation 6.9. We now move

the integral over AM̃(F )Ȧ\AM(F ) so as to be the middle integral (moving µ−1(z) accordingly), using the

Fubini theorem, the integral being absolutely convergent by compactness (note that S̃(λ) is semisimple).

Note that this results in a well-de�ned integral, the left-hand side below of (85) below:

(85)∫
AM(F ) Mε

T(F )\M(F )

∫
AM̃(F )Ȧ\AM(F )

∫
AM̃(F )\AM(F )

µ−1(z)f̃(zz−1
0 m−1S̃(λ)mz0)w(m) dz0dzdm =

∫
AM(F ) Mε

T(F )\M(F )

ξ̃f̃ (m−1S̃(λ)m)w(m) dm,

where this equality uses (52).

Thus, it su�ces to prove that the right-hand side of (85) equals 0.

Claim. Any M(F )-invariant functional C∞c (AM(F ) Mε
T(F )\M(F ))→ C factors through the map

(86) ξ 7→

(
m 7→

∫
N\(F )

ξ(nm) dn

)
,
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from C∞c (AM(F ) Mε
T(F )\M(F )) to ind

M(F )

AM(F ) Mε
T(F ) N\(F )

δAM(F ) Mε
T(F ) N\(F ), where in this proof we denote by

ind unnormalized compact induction and by δH the modulus character of a locally compact topological group

H (note that (86) indeed takes C∞c (AM(F ) Mε
T(F )\M(F )) to ind

M(F )

AM(F ) Mε
T(F ) N\(F )

δAM(F ) Mε
T(F ) N\(F )).

Let us prove this claim. Consider the unique parabolic subgroup P\ of M which has a Levi decomposition

P\ = M\ N\ such that M\ ⊃ MT. It follows from the `MUK-integration formula' (e.g., see [Kot05, (13.10.1)])

that any Haar integral C∞c (M(F ))→ C factors through the map ξ 7→ (m 7→
∫

P\(F )
ξ(p\m) dp\), which takes

C∞c (M(F )) to ind
M(F )

P\(F )
δP\(F ), where dp

\ is a left Haar measure on P\(F ).

Since δP\(F )|AM(F ) Mε
T(F ) N\(F ) = δAM(F ) Mε

T(F ) N\(F ), this latter map factors through a similar map integrating

on AM(F ) Mε
T(F ) N\(F ) ⊂ P\(F ) instead, and hence the Haar integral on C∞c (M(F )) can be written as a

composite:

C∞c (M(F ))→ C∞c (AM(F ) Mε
T(F )\M(F ))→ ind

M(F )

AM(F ) Mε
T(F ) N\(F )

δAM(F ) Mε
T(F ) N\(F ) → ind

M(F )

P\(F )
δP\(F ) → C,

where the �rst map is a surjection that takes the form ξ 7→ (m 7→
∫

AM(F ) Mε
T(F )

ξ(m′m) dm′), and the second

map is given by (86). Any M(F )-invariant functional C∞c (AM(F ) Mε
T(F )\M(F )) → C is a scalar multiple

of the composite of the second, third and fourth maps in the above chain, so the claim is immediate. We

remark that it should be possible to avoid having to bring in P\, by using the fact on integration at the

beginning of the proof of [Cas, Theorem 2.4.2]. However, we cannot �nd a conveniently usable reference.

By the claim, it su�ces to show that the image of

m 7→ ξ̃f̃ (m−1S̃(λ)m) · w(m)

under (86) equals zero. Since w is left-N\(F )-invariant, this amounts to showing that for all m ∈ M(F ),∫
N\(F )

ξ̃f̃ (m−1n−1S̃(λ)nm) dn = 0.

By the assumption on ξ̃f̃ , it now su�ces to show that the map n 7→ Int S̃(λ)
−1

(n−1)·n = Int(S̃(λ)w0)−1(n−1)·
n is an self-isomorphism of the variety N\, under which a Haar measure on N\(F ) pulls back to a (possibly

di�erent) Haar measure. Since Ad(S̃(λ)w0)−1 − 1 is invertible on Lie N\ (by Lemma 3.58 and the fact that

S̃(λ)w0 ∈ T(F ) \ γ∨(F×)), this is a consequence of [vD72, Lemma 8]. �

Proposition 7.18 has the following corollary:

Corollary 7.20. Let ξ̃ ∈ C̃(π), let f̃ ∈ C∞µ−1(M̃(F )) be such that ξ̃f̃ = ξ̃, and let ϕ ∈ C∞c (n(F )).

(i) ϑϕ,ξ̃ extends to a meromorphic function in a neighborhood of s = 0, and we have:

Ress=0 ϑϕ,ξ̃(s) = Ress=0 ϑϕ,ξ̃f̃
(s) = ϕ(0) ·

vol(AM̃(F )\AM,0)

2 log q
·
∑
T∈T

1

#WT
RT(f̃).

(ii) Suppose further that π extends to a representation π̃ of M̃(F ). View ξ̃ = ξ̃f̃ as a matrix coe�cient

for π̃ (using the equality C̃(π) = C̃(π̃) as in Notation 2.4(iii)), and associate to it a matrix coe�cient

ξf̃ of π as in Notation 2.4(iv). Then:

ϕ(0)ξf̃ (1)R(π̃) = ϕ(0) ·
vol(AM̃(F )\AM,0)

2 log q
·
∑
T∈T

1

#WT
RT(f̃).

Proof. Using that ϑϕ,ξ̃f̃
=
∑

T∈T (#WT)−1ϑT,ϕ(s, f̃) (by Lemma (6.6)), and that ϑT,ϕ(s, f̃) = ϑ
wϕ

T (s, f̃) (as

observed in Remark 7.3(ii)), this follows from Proposition 7.18(ii) and Remark 2.25. �
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7.4. RT(f̃) and weighted orbital integrals, T split. While Proposition 7.18 computed the residue of

interest in terms of RT(f̃), the de�nition of RT(f̃) for split T involves the function vT from Notation 7.15,

which we have not studied explicitly. In this subsection, restricting to a �xed split T ∈ T + we show that

RT(f̃) has an expression in terms of weighted orbital integrals (in the sense of Arthur and M÷glin and

Waldspurger) in the exceptional cases, and that it vanishes in the classical cases.

Notation 7.21. In this subsection we �x a split T ∈ T +. For our �xed split T, we have Zβi ∈ gβT,i(F )

(i = 1, 2) with ZT = Zβ1 + Zβ2 , as well as the χ1 and χ2 from Notation 7.15. The normalizers of PT,1,PT,2

in M̃ are the parabolic subspaces (see Notation 2.1(vi)) P̃T,1 = PT,1 w
−1
0 , P̃T,2w

−1
0 ⊂ M̃.

For the rest of this section we will freely make use of notation such as HP,HP̃,AM̃,A
M̃2

M̃1
(and identities like

AM̃1

∼= AM̃2
⊕ AM̃2

M̃1
etc.) from Notation 2.2 and Notation 2.3, which are normalized as in [MW18]. Note

that ε = Intw−1
0 induces an automorphism of AM̃1

, for any Levi subspace M̃1 = M1 w
−1
0 of M̃.

We wish to relate the function vT(m) from Notation 7.15 with Arthur's weight factors.

Remark 7.22. Write m = p1kM,1 = p2kM,2 as in Notation 7.15, and for j = 1, 2, let mj be the image of pj
in the Levi quotient MT(F ) of PT,j(F ). Then for i, j ∈ {1, 2}:
(87)

〈χi, HP̃T,j
(m)〉 = 〈χi, (HPT,j

(m)+ε(HPT,j
(m)))/2〉 = 〈(χi+χi◦ε)/2, HPT,j

(m)〉 = (− log q) (valχi(mj) + valχi ◦ ε(mj)) /2,

which, by the description of ε as m′ 7→ γ∨(χγ(m′))−1m′, equals the product of − log q with:

valχi(mj)− (1/2) valχi(γ
∨(χγ(mj))) = valχi(mj)− (1/2) valχγ(mj) = valχi(mj)− (1/2) valχγ(m),

where the �rst equality uses that 〈βT,i, γ
∨〉 = 1. It follows that for i = 1, 2, and i′ = 3−i (i.e., {1, 2} = {i, i′}):

(88)

(− log q)−1〈χi, HP̃T,i
(m)−HP̃T,i′

(m)〉 = valχi(mi)−valχi(mi′) = valχi(pi)+valχi′(pi′)−valχγ(m) = vT(m)

(independently of i = 1, 2, so that choosing one over the other would not make a di�erence). We caution

that, while the right-hand side is a well-de�ned function on AM(F ) Mε
T(F )\MT(F ), taking a part of it such

as m 7→ 〈χi, HP̃T,i
(m)〉 would not factor through Mε

T(F )\MT(F ).

7.4.1. The exceptional cases. For this subsubsection (7.4.1), we are in the `exceptional cases' as in Notation

4.3(iii), so that, by Lemma 4.22, MT is a maximal Levi subgroup of M. In the rest of this subsubsection, we

will freely use that β∨T,1β
∨
T,2
−1

: Gm → Tε is an isomorphism (see Notation 4.10).

Lemma 7.23. We have AMT
= AM ·T. Moreover, the product map AM̃×Tε → AM̃T

obtained from the

inclusions AM̃ ↪→ AM̃T
and Tε ↪→ AM̃T

is an isomorphism.

Proof. Let us deduce the surjectivity from rank considerations. MT is a maximal Levi subgroup of M in

the exceptional cases (Lemma 4.22), so that rank AMT = rank AM +1. Therefore, the split torus T, being

centralized by MT but not by M, satis�es AMT = AM ·T = AM ·γ∨(Gm) · Tε = AM ·Tε. Taking ε-�xed

points, we get AM̃T
= AM̃ Tε, proving the surjectivity of AM̃×Tε → AM̃T

(as morphisms of tori).

We have AM̃ = AG ⊂ ZG by Lemma 6.8. Thus, to prove the injectivity assertion, it su�ces to show that no

non-identity element of Tε(R) is central in G(R), for any F -algebra R. This follows from the fact that the

weights of β∨T,1β
∨
T,2
−1

= 2β∨T,1 · γ∨
−1

on m/mT are be ±2 (see Lemma 3.33), together with the fact that its

weight on gβT,1 is 3. �

Notation 7.24. We give AM̃
M̃T

the measure such that (log q)X∗(AM̃T
/AM̃), realized as a sublattice of AM̃

M̃T

via

(89)

AM̃
M̃T

∼= HomZ(X∗(MT)F ,R)ε/HomZ(X∗(M)F ,R)ε ∼= X∗(AM̃T
)⊗ZR/(X∗(AM̃)⊗ZR) ∼= X∗(AM̃T

/AM̃)⊗ZR,
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gets covolume equal to the measure of (AM̃T
/AM̃)(O), where the measure on (AM̃T

/AM̃)(F ) is as chosen

in Notation 5.7(iii). Note that this lattice is the image of the Harish-Chandra homomorphism:

H(AM̃T
/AM̃) : (AM̃T

/AM̃)(F )→ X∗(AM̃T
/AM̃)⊗Z R ∼= AM̃

M̃T
.

Remark 7.25. If we follow the choices of measures from [MW18] (see Sections 2.1 and 1.2 of that reference),

it would involve choosing measures on AM̃T
and AM̃ �rst, then choosing measures on AM̃T

(F ) and AM̃(F ),

so that their maximal compact subgroups AM̃T
(O) and AM̃(O) get measures equal to the covolumes of the

images of the Harish-Chandra homomorphisms HAM̃
: AM̃(F ) → AM̃ and HAM̃T

: AM̃T
(F ) → AM̃T

, and

giving AM̃
M̃T

∼= AM̃T
/AM̃ the quotient measure. The fact that AM̃ is a direct factor of AM̃T

(Lemma 7.23)

implies that the prescription of [MW18] is consistent with that in Notation 7.24.

Lemma 7.26. Under the following composite isomorphism (justi�ed by Lemma 7.23):

AM̃ ⊕X∗(Tε)⊗ R = X∗(AM̃)⊗ R⊕X∗(Tε)⊗ R = X∗(AM̃T
)⊗ R = AM̃T

,

X∗(Tε)⊗ R maps isomorphically to AM̃
M̃T

.

Proof. In the formalism of [MW18], AM̃
M̃T

is the orthogonal complement toAM̃ inAM̃T
under a Weyl-invariant

inner product on AA0
∼= X∗(A0)⊗R ⊃ AM̃T

⊃ AM̃, where A0 is a maximal split torus of M containing AMT

(an untwisted version of this de�nition is given shortly before (1) on page 5 of that reference, and Section

2.1 of that reference says that analogous de�nitions are made in the twisted case). From this, it is easy to

see that AM̃
M̃T

is the image of X∗((AM̃T
∩Mder)

0)⊗ R in X∗(AM̃T
)⊗ R = AM̃T

. Since AM̃
M̃T

is of dimension

one, it now su�ces to show that Tε ⊂ Mder, which follows from the fact that β∨ − (γ − β)∨ is a sum of

coroots for M. �

Notation 7.27. Choose a minimal parabolic pair (PT,0,MT,0) of M contained in (PT,2,MT), and denote

by vM̃
M̃T

: MT(F )\M(F ) → C the weight factor associated to the semistandard Levi subspace (MT, M̃T) of

(M, M̃), as in the �rst paragraph of [MW18, Section 5.4], where we use the choices of measures in Notation

7.24.

Lemma 7.28. In the exceptional cases, for split T ∈ T +, with the measure on (AM̃T
/AM̃)(O) as in Notation

5.7(iii), we have:

vT(m) =
3

vol((AM̃T
/AM̃)(O))

vM̃
M̃T

(m).

Proof. PT,1,PT,2 are opposite parabolic subgroups of M, with common Levi subgroup MT. These are

maximal parabolic subgroups, since we are in an exceptional case. Recall that we have chosen a minimal

parabolic pair (PT,0,MT,0) of M contained in (PT,2,MT). Let AT,0 be the (unique and necessarily central)

maximal split torus of MT,0. Thus, AT,0 contains AMT ⊃ T.

Since MT ⊂ M is a maximal Levi subgroup, there exists a unique simple root α0 of AT, 0 in PT,0 that is a root

of PT,2 but not of PT,1. We have a coroot α∨0 ∈ X∗(AT,0)⊗Z R = AMT,0 , whose image under AMT,0 → AMT

is, under Arthur's formalism, called the coroot associated to the root α0|AMT
of AMT in PT,2 � see the

second paragraph of [MW18, Section 1.3]. Call this image α∨ ∈ AMT , and use α∨ to also denote its own

image in AM̃T
.

Then one knows that, for m ∈ M(F ), HPT,1(m)−HPT,2(m) = rα∨ for some positive real number r � this

follows from a well-known general fact which implies that sending m ∈ M(F ) to (−HQ(m))Q as Q runs over

parabolic subgroups of M with MT as a Levi subgroup, is a positive (M,MT)-orthogonal set as reviewed in

[MW18, Section 1.3, page 8] (this fact itself, for minimal parabolic subgroups, is assertion (8) in page 9 of

that paper, and the case of non-minimal parabolic subgroups follows from properties reviewed towards the

bottom of page 8 of the paper). Since ε preserves PT,1 and PT,2, and it also preserves α∨ (as it acts as the

identity on Mder), it follows that we also have for all m ∈ M(F ):

(90) HP̃T,1
(m)−HP̃T,2

(m) = rα∨.
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We de�ned vM̃
M̃T

(m) as a special case of the vG̃
M̃

(x) at the beginning of [MW18, Section 5.4]; the ingredients

used in this de�nition, such as the notion of (G̃, M̃)-families and the notation vG̃
M̃

(x,Λ) used there, are set

up in Section 2.3 of that reference, by adapting de�nitions such as that of `ϕGM (Λ)' from Section 1.4 there.

What we will need about this de�nition is that, with i standing for
√
−1, recalling that α was positive for

PT,2 and not for PT,1, and using (90), vM̃
M̃T

(m) equals:

lim
Λ∈iA∗

M̃T
Λ→0

e−〈Λ,HP̃T,1
(m)〉 ·

vol(AM̃
M̃T
/Zα∨)

〈Λ,−α∨〉
+ e
−〈Λ,HP̃T,2

(m)〉 ·
vol(AM̃

M̃T
/Zα∨)

〈Λ, α∨〉

 = vol(AM̃
M̃T
/Zα∨)·lim

t→0

e−irt − 1

−it
,

which equals r ·vol(AM̃
M̃T
/Zα∨). Note that if instead, we wrote HP̃T,1

(m)−HP̃T,2
(m) = r′X for some nonzero

X ∈ AM̃
M̃T

= Rα∨, so that X = (r/r′)α∨, then we would have

vM̃
M̃T

(m) = r · |r′/r| · vol(AM̃
M̃T
/ZX) = ±r′ vol(AM̃

M̃T
/ZX),

where the sign is +1 if r′/r > 0 and −1 if r′/r < 0.

We choose X to be the image of (− log q)β∨T,1β
∨
T,2
−1 ∈ X∗(Tε)⊗R in AM̃

M̃T
under the isomorphism obtained

from Lemma 7.26. Therefore, X = HPT,1
(β∨T,1($)β∨T,2($)−1) = HPT,2

(β∨T,1($)β∨T,2($)−1). By Notation

7.24, vol(AM̃
M̃T
/ZX) = vol((AM̃T

/AM̃)(O)).

On the other hand, 〈χ1, X〉 = (− log q)(〈βT,1, β
∨
T,1 − β∨T,2〉) = −3 log q. Similarly, 〈χ2, X〉 = 3 log q (alterna-

tively, use that 〈χ1 + χ2, X〉 = 〈χγ , X〉 = 0 as χγ ∈ HomZ(X∗(M),R) = A∗M). Hence:

r′ · (−3 log q) = 〈χ1, r
′X〉 = 〈χ1, HP̃T,1

(m)−HP̃T,2
(m)〉 = − log q · vT(m),

this last equality holding by (88), so r′ = vT(m)/3.

Since vol(AM̃
M̃T
/ZX) = vol((AM̃T

/AM̃)(O)), it remains to prove that r′/r > 0. For this, it is enough to see

that, if (·, ·) stands for a Weyl invariant inner product on AMT,0
as in [MW18, Section 1.1], then (α∨, X) ≥ 0.

The restriction βT,1 of χ1 to AT,0 (which extends what are already denoting by βT,1 on T) is a root of

the maximal split torus AT,0 in the minimal parabolic subgroup PT,0 N of G. This root βT,1 is simple for

PT,0 N, as follows from the fact that the parabolic subgroup PT,1 of M, which contains the minimal parabolic

subgroup of M that is opposite to PT,0 ⊂ PT,2 and contains MT,0 ⊂ MT, stabilizes gβT,1 . The associated

coroot of AT,0 in G is what we are denoting by β∨T,1, by Remark 4.23. Recall that α0 is a PT,0-simple root

of AT,0 in M restricting to α. Therefore it is a PT,0 N-simple root of AT,0 in G. Hence, by a well-known

property of root systems (e.g., mentioned in [LW13, the proof of Lemma 1.2.6]), we have (β∨T,1, α
∨
0 ) ≤ 0.

Therefore, since β∨T,1 − β∨T,2 = 2β∨T,1 − γ∨, and since (α0, γ
∨) = 0 due to γ being central in M, we have:

0 ≤ (α∨0 , (− log q)(β∨T,1 − β∨T,2)) = (α∨0 , X) = (α∨, X),

as desired, the last equality holding because α∨ is image of α∨0 under the orthogonal projection AMT,0
=

X∗(AT,0)⊗ R→ AM̃
M̃T

= RX. �

7.4.2. The classical cases. For this subsubsection (7.4.2), we are in the `classical cases' as in Remark 3.5.

Lemma 7.29. In the classical cases, for split T ∈ T +, RT ≡ 0 as a distribution on C∞µ−1(M̃(F ))cusp.

Proof. Using Remark 4.2 and Lemmas 4.21 and 4.22, there exist two nontrivial reductive groups M′ and

M′′ over F such that Msc
∼= M′×M′′, and such that the parabolic subgroups of Msc corresponding to PT,1

and PT,2 can be written as P′T,1×P′′T,1 and P′T,2×P′′T,2, respectively, with P′T,i ⊂ M′ and P′′T,i ⊂ M′′ proper

parabolic subgroups for i = 1, 2. Then the inverse image of MT in Msc � call it Msc,T � can be written

as M′T×M′′T, with M′T = P′T,1 ∩P′T,2 and M′′T = P′′T,1 ∩P′′T,2 (if G is almost F -simple, then M′ and M′′ are

almost F -simple if we are not in a D4-case, but one of these can be otherwise if we are in a D4-case).
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Obvious maps give isomorphisms:

(91) AM′

M′T
⊕AM′′

M′′T
∼= AMsc

Msc,T

∼= AM
MT
∼= AM̃

M̃T
,

where the second isomorphism is induced by the map Msc → M whose image together with ZM generates M,

and the last isomorphism is a consequence of ε acting trivially on Mder.

Thus, we get projection maps pr′ : AM̃
M̃T
→ AM′

M′T
and pr′′ : AM̃

M̃T
→ AM′′

M′′T
, letting us write vT(m) =

v′T(m) + v′′T(m), where

v′T(m) = 〈χ1,pr′(HP̃T,1
(m)−HP̃T,2

(m))〉, and v′′T(m) = 〈χ1,pr′′(HP̃T,1
(m)−HP̃T,2

(m))〉.

m 7→ HP̃T,1
(m)−HP̃T,2

(m) is locally constant and descends to a well-de�ned function on ZM(F ) Mε
T(F )\M(F ),

because it is easy to see (e.g., from one of the considerations in (87)) that, under the isomorphismAM
MT

∼= AM̃
M̃T

which we saw in (91), we have an equality:

(92) HP̃T,1
(m)−HP̃T,2

(m) = HPT,1(m)−HPT,2(m).

Therefore, m 7→ v′T(m) and m 7→ v′′T(m) have these properties too. Therefore, the following integral is

well-de�ned, and converges for each λ ∈ Tε,sr(F ) by the semisimplicity of S̃(λ):

(93)

∫
AM̃(F )Ȧ\AM(F )

µ−1(z) ·
∫

Mε
T(F )\M(F )

f(zm−1S̃(λ)m) · v′T(m)dm.

Similarly, the same applies to the analogous integral with v′T(m) replaced by v′′T(m). By the de�nition of

RT(f̃) (Notation 7.17), it su�ces to show that both these integrals vanish, for any �xed λ ∈ Tε,sr(F ). By

symmetry, it is enough to show that (93) vanishes.

For this, by Lemma 7.19 and the invariance of m 7→ v′T(m) under left-multiplication by ZM(F ) Mε
T(F ) ⊃

ȦMε
T(F ), it su�ces to show that m 7→ v′T(m) is invariant under left-multiplication by N\(F ) as well, where

N\ is the unipotent radical of the parabolic subgroup of M which corresponds to M′×P′′T,1 (and hence

contains PT,1) � note that this parabolic subgroup is proper.

Thus, let m ∈ M(F ) and let u′′ belong to N\(F ). It su�ces to show that HP̃T,1
(u′′m)−HP̃T,2

(u′′m) has the

same projection to AM′

M′T
as HP̃T,1

(m)−HP̃T,2
(m).

Since we have observed that HP̃T,1
(m) − HP̃T,2

(m) equals HPT,1
(m) − HPT,2

(m), it remains unchanged

if we left-multiply m by an element of MT(F ). Since MT normalizes N\, we may replace m by some

element of MT(F )m to assume that m is the image of some (m′,m′′) ∈ M′(F ) ×M′′(F ) = Msc(F ) under

Msc(F ) → M(F ) (see Remark 7.30 below). But in this case, since u′′ belongs to the image of M′′(F ), it is

easy to see that the projections of HP̃T,1
(u′′m) −HP̃T,2

(u′′m) and HP̃T,1
(m) −HP̃T,2

(m) to AM′

M′T
are both

given by HP′T,1
(m′)−HP′T,2

(m′), so we are done. �

Remark 7.30. To get (m′,m′′) towards the end of the proof of Lemma 7.29, we used that every element

of M(F ) can be written as mTmsc, where mT ∈ MT(F ) and msc belongs to the image of Msc(F ). It su�ces

to show the same with MT replaced by some minimal parabolic subgroup of M, since the rational points

of its unipotent radical belong to the image of Msc(F ). This in turn follows from the Msc(F )-conjugacy of

minimal parabolic subgroups of (Msc and hence) M.

8. Supercuspidal characters and weighted orbital integrals of pseudocoefficients

We now know the description of RT(f̃) (and hence of the residue) in terms of (possibly weighted) orbital

integrals of matrix coe�cients. We would like to express these weighted orbital integrals in terms of character

theory instead.

The main result of [Art87] says that the (appropriately) weighted orbital integral of a matrix coe�cient of a

supercuspidal representation of a p-adic reductive group at a strongly regular semisimple element γ equals,
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up to an explicit scalar, the (Harish-Chandra) character value of the representation at that element γ. This

result can be viewed as an application of Arthur's local trace formula. In the case where γ is elliptic, the

result is due to Harish-Chandra, and the relevant weighted orbital integral is the usual (unweighted) orbital

integral. A twisted version of this result (involving elliptic regular semisimple elements and unweighted

orbital integrals) is [Li13, Proposition 3.3.2]. We will need such a result in the twisted case for non-elliptic

non-regular semisimple elements, which involves weighted orbital integrals and is stated in Proposition 8.34,

which is the main result of this section. This formula will then be used to express the residue in terms of

twisted characters (associated to an extension of π to a representation of M̃(F ) � we will see that the residue

vanishes if such an extension does not exist). It is probable that the work of M÷glin and Waldspurger on

the stabilization of the twisted trace formula (see [MW16a] and [MW16b]) contains some of the results of

this section, but we have not investigated this possibility carefully.

There is no extra di�culty in temporarily shifting to a more general setting than the present one, which we

describe below.

8.1. The setting for this section. We now de�ne notation for our more general setting.

Notation 8.1. (i) Let (G1, G̃1) be a twisted space associated to a reductive group G1 over F , as in

Notation 2.1. We denote by ε1 the automorphism of ZG1
that equals the restriction of Int g̃ for any

g̃ ∈ G̃1(F ) (it is independent of g̃), as well as the automorphism of AG1
that it induces. To apply

results of [MW18], we impose the conditions (1) and (2) of Section 2.1 of that reference: the �rst of

these says that G̃1(F ) 6= ∅, and the second that ε1 has �nite order. Note that our (M, M̃) satis�es

both these conditions. Let Nε1 be the order of ε1.

(ii) Fix a unitary character ω : G1(F ) → C× of G1(F ), whose restriction to ZG̃1
(F ) as well as to the

image of G1,sc(F ) in G1(F ) are trivial (ω itself will be trivial when we apply these considerations to

our setting later).

(iii) In what follows, whenever we choose a measure on G1(F ), we will implicitly assume that G̃1(F ) is

given the unique measure which is obtained by pushing forward the measure on G1(F ) under any

isomorphism of the form:

rg̃1 : g 7→ gg̃1 or lg̃1 : g 7→ g̃1g,

for any g̃1 on G̃1(F ). We will also often tacitly assume that, if G1 and G2 are unimodular groups

with G2 ⊂ G1 a closed subgroup, and we have assigned Haar measures to G1 and G2, then G1/G2 has

been automatically assigned the quotient measure.

(iv) Let µ1 : AG1
(F ) → C× be a unitary character, which we assume to be `ω−1-ε1-self-dual', i.e.,

µ1 ◦ ε1 = µ1ω
−1. Note that we imposed an analogous condition on our µ in Notation 6.3(i).

(v) Let π1 be a unitary supercuspidal representation of G1(F ), the restriction of whose central character

to AG1
equals µ1 (�xed in (iv) above).

(vi) As mentioned in [MW18, Section 2.1], we may (and do) choose a parabolic subspace of G̃1 and a Levi

subspace thereof, such that the underlying parabolic pair of G1 is minimal. A parabolic subspace of

G̃1 is said to be standard (resp., semistandard) if it contains the chosen minimal parabolic subspace

(resp., the chosen minimal Levi subspace). A Levi subspace of G̃1 is said to be semistandard if

it contains the chosen minimal Levi subspace, and standard if it is semistandard and also a Levi

subspace of a standard parabolic subspace.

(vii) Recall that π′1
∨
denotes the smooth contragredient of a smooth representation π′1 (of any l-group).

For any smooth character ω′ : G1(F ) → C×, Θ(π̃′1, ·) as well as Θπ̃′1
(·) will denote the Harish-

Chandra character of any ω′-representation π̃′1 of G̃1(F ). Further, henceforth, by a `discrete series

representation', we will refer to an essentially square-integrable unitary representation (so the square-

integrability of matrix coe�cients is only modulo the center).

8.2. Character values and invariant weighted orbital integrals of pseudocoe�cients. Let us recall

from [MW18, Section 7.2] notions related to pseudo-coe�cients for ω-representations of G̃1(F ). Recall from
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Notation 6.1 the space C∞
µ−1

1

(G̃1(F )) of locally constant functions f̃1 : G̃1(F ) → C that are compactly

supported modulo AG̃1
(F ) and satisfy f̃1(zg̃) = µ1(z)f̃1(g̃) for z ∈ AG̃1

(F ) and g̃ ∈ G̃1(F ).

Notation 8.2. (i) Set G′1 = AG̃1
\G′1 and G̃

′
1 = AG̃1

\G̃′1 for every algebraic subgroup G′1 ⊂ G1

containing AG̃1
and every subvariety G̃

′
1 ⊂ G̃1 stable under multiplication by AG̃1

(following [MW18,

Section 6.7]). If π̃′1 is an admissible ω-representation of G̃1(F ) with central character restricting to

µ−1
1 on AG̃1

(F ), and if f̃1 ∈ C∞µ−1
1

(G̃1(F )), set:

(94) π̃′1(f̃1) =

∫
AG̃1

(F )\G̃1(F )

f̃1(g̃)π̃′1(g̃) dg̃,

and IG̃1
(π̃′1, f̃1) = tr π̃′1(f̃1), again following [MW18, Section 6.7]. This depends on choosing a

measure on each of G1(F ) and AG̃1
(F ) (the former gives a measure on G̃1(F ) by Notation 8.1(iii)).

If instead we have f̃1 ∈ C∞c (G̃1(F )), π̃′1(f̃1) will be de�ned by a similar integral but over G̃1(F ).

(ii) Let M1 ⊂ G1 be a semistandard Levi subgroup and σ1 a discrete series representation of M1(F ). We

have groups WG1(σ1) ⊃ WG1
0 (σ1) and RG1(σ1) = WG1(σ1)/WG1

0 (σ1) from [MW18, Section 1.11].

When M1 = G1, these groups are all trivial, because with the notation of that reference, WG1(σ1)

is a subgroup of WG1/WM1 = WG1/WG1 = {1}.
(iii) Suppose M1,G1, σ1 are as in (ii). We also have sets RG̃1(σ1) and RG̃1(σ1) and a map RG̃1(σ1) →

RG̃1(σ1) from [MW18, Section 2.8, page 42]. Again, assume that M1 = G1, so that σ1 is a discrete

series representation of G1(F ). One checks from the reference just quoted, that RG̃1(σ1) identi�es

with the set of unitary extensions of σ1 to an ω-representation of G̃1(F ) (use that the WG1
0 (σ1) from

(ii) is trivial, and check that the set WG̃1(σ1) from [MW18, Section 2.8, page 41] identi�es with the

set of unitary extensions of σ1 to an ω-representation of G̃1(F )). One also checks that RG̃1(σ1) is a

singleton set standing in for the set of all these extensions, so that the map RG̃1(σ1) → RG̃1(σ1) is

the unique map with this source and target.

(iv) In [MW18, Section 2.9], a set E(G̃1, ω) is de�ned as a subset of the set of triples (M1, σ1, r̃), where

M1 ⊂ G1 is a semistandard Levi subgroup, σ1 is a discrete series representation of M1(F ) considered

up to isomorphism, and r̃ ∈ RG̃1(σ1). If we write the map RG̃1(σ1)→ RG̃1(σ1) mentioned in (iii) as

r̃ 7→ r̃, then the same section of [MW18] de�nes the set E(G̃1, ω) as the set of (M1, σ1, r̃) such that

for some r̃ ∈ RG̃1(σ1) lifting r̃, we have that (M1, σ1, r̃) ∈ E(G̃1, ω). We have an obvious surjective

map E(G̃1, ω)→ E(G̃1, ω).

(v) In [MW18, Section 2.11], a certain subset Eell(G̃1, ω) of E(G̃1, ω) is de�ned.

• One can de�ne an equivalence relation on Eell(G̃1, ω) by declaring two elements equivalent if

they are conjugate, in an obvious sense, under an element of G1(F ); this relation is considered

in [MW18, Section 2.11], and a similar relation for E(G̃1, ω) is considered in in [MW18, Section

2.9]. Denote the resulting set of equivalence classes in Eell(G̃1, ω) by Eell(G̃1, ω)/conj.

• For any (M1, σ1, r̃) ∈ E(G̃1, ω), if M1 = G1 (so that σ1 is a discrete series representation

of G1(F )), then (M1, σ1, r̃) ∈ Eell(G̃1, ω), as follows from the de�nition in [MW18, Section

2.11] (sketch: adapting notation from [MW18], W G̃1(σ1) is a singleton set identifying with

RG̃1(σ1), WG1
0 (σ1) is trivial as we saw in (ii) above, and if W G̃1(σ1) = {w̃}, then Aw̃G1

=

Aε1G1
= AG̃1

). Somewhat conversely, each discrete series representation σ1 of G1(F ) (viewed

up to isomorphism) that extends to an ω-representation σ̃1 of G̃1(F ) determines a unique

(G1, σ1, r̃) ∈ Eell(G̃1, ω), where r̃ is the unique element of the set RG̃1(σ1) (see (iii) above).

(vi) To each τ = (M1, σ1, r̃) ∈ E(G̃1, ω) is associated, after choosing a parabolic subgroup P(M1) of G1

with Levi subgroup M1, an ω-representation π̃τ of G̃1(F ) (see towards the beginning of [MW18,

Section 2.9]). Note that our notation Θ(π̃τ , ·) for its Harish-Chandra character, as introduced in

Notation 8.1(vii), is consistent with the analogous notation introduced just before the theorem of

[MW18, Section 7.1]. We will use the following two facts about this representation π̃τ . First, by the
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de�nition of π̃τ in [MW18, Section 2.9] (which invokes constructions from pages 41 and 42 of that

reference), the representation of G1(F ) underlying π̃τ equals IndG1

P(M1) σ1. Secondly, if M1 = G1, then

π̃τ is the unitary extension of σ1 to an ω-representation of G1(F ), that corresponds to r̃ as determined

by the identi�cation of RG̃1(σ1) in (iii) above. Note that the language of twisted representations

allows us to talk of π̃τ as an ω-representation without having to invoke virtual characters like one

does in the untwisted case.

(vii) Suppose π̃′1 is a �nite length unitary ω-representation of G̃1(F ), and µ′1 : AG̃1
(F ) → C× a unitary

character. We say that π̃′1 has AG̃1
(F )-central character µ′1 if the underlying representation π′1 of

G1(F ) satis�es that π′1(zg) = µ′1(z)π′1(g) for all z ∈ AG̃1
(F ) and g ∈ G̃1(F ). This is (by unitarity)

equivalent to the notion of an A-central character of π̃′1 as de�ned in [MW18, Section 6.7]. In what

follows, we will use that if τ = (M1, σ1, r̃) is as in (vi) above, then π̃τ as de�ned there has an

AG̃1
(F )-central character equal to the restriction of the central character of σ1 to AG̃1

(F ).

(viii) Let ιG̃1
=
∣∣∣det

(
1− r̃;AG̃1

G1

)∣∣∣−1

, where r̃ is the automorphism of AG̃1

G1
= AG1

/AG̃1

∼= X∗(AG) ⊗
R/X∗(AG̃) ⊗ R induced by ε1. Note that, if τ = (M1, σ1, r̃) ∈ E(G̃1, ω) satis�es that M1 = G1

and that σ1 is a discrete series representation of G1(F ), then ιG̃1
equals ι(τ) as de�ned in [MW18,

Section 2.9]; use the description �ι(τ) = |det((1− r̃)|AG̃M )|−1� given a few lines before the statement

of Theorem 7.1 in [MW18]. Note that ιG̃1
does not equal 1 in general.

(ix) Weighted orbital integrals. Let M̃1 ⊂ G̃1 be a Levi subspace associated to a Levi subgroup M1 ⊂ G1.

Assume that M̃1 contains the minimal Levi subspace �xed in Notation 8.1 (vi), so that M1 is

semistandard. We will let the weight factor vG̃1

M̃1
be as in the beginning of [MW18, Section 5.4], of

which Notation 7.27 was a special case � it depends on a choice of measures on AM̃1
(F )/AG̃1

(F )

(which dictates a measure on AG̃1

M̃1
). Let f̃1 ∈ C∞µ−1

1

(G̃1(F )) and let γ ∈ M̃1(F ) be semisimple and

such that the centralizer Gγ
1 of γ is contained in M1.

• Weighted orbital integrals. We set (a version of [MW18, (1), Section 5.4], but unnormalized and

adapted to the character µ1, and without assuming strong regularity of γ):

OG̃1

M̃1
(γ, ω, f̃1) =

∫
Gγ1 (F )\G1(F )

ω(x)f̃1(x−1γx) vG̃1

M̃1
(x) dx,

with the understanding that this integral is zero if ω is not trivial on Gγ
1(F ). This depends on

choices of measures on G1(F ),Gγ
1(F ) and AM̃1

(F )/AG̃1
(F ). It is well-de�ned because vG̃1

M̃1
is

left-invariant under M(F ), which contains Gγ
1(F ) by assumption.

• For this section, following [MW18, Section 4.1], let DG̃1(γ) = |det(1−Ad γ|g1/g1,γ
)|. The slight

variance between this de�nition of DG̃1(γ) and that of the D(·) from Notation 5.5(iii) (e.g.,

used in D(S̃(λ))) will not cause confusion, since the latter will not be used in this section.

• Normalized weighted orbital integrals. Following [MW18, Section 5.4], let J G̃1

M̃1
(γ, ω, f) = DG̃1(γ)1/2OG̃1

M̃1
(γ, ω, f̃1).

• Invariant normalized weighted orbital integrals. Let IG̃1

M̃1
(γ, ω, f̃) be as de�ned in [MW18, Propo-

sition 6.5]. We will not recall the precise de�nition, but we will need to know it in a special

case, as recalled in Lemma 8.9 below. As with OG̃1

M̃1
(γ, ω, f̃1) and J G̃1

M̃1
(γ, ω, f̃1), it depends on a

choice of measures on G1(F ),Gγ
1(F ) and AM̃1

(F )/AG̃1
(F ).

• A variant adapted to central character. Assume that γ ∈ S̃1(F ) for an elliptic twisted maximal

torus S̃1 of M̃1 in the sense of [MW18, Section 4.1]. Thus, AS̃1
= AM̃1

. We have S̃1 := AG̃1
\S̃1

from (i) above. Following the de�nition shortly before [MW18, Remark 6.7], set:

I
G̃1

M̃1
(γ, ω, f̃1) := [ZS̃1

(F ) : (AG̃1
(F )\ZS̃1

(F ))]−1 · IG̃1

M̃1
(γ, ω, f̃1).

Here, in de�ning ZS̃1
and ZS̃1

(according to Notation 2.1(iii)), we are thinking of S̃1 as a twisted

space over some maximal elliptic torus S1 of M1 (so S̃1 = S1 γ), and S̃1 as one over S1 := AG̃1
\ S1
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� in other words, ZS̃1
and ZS̃1

are what correspond to Sθ1 and Sθ1 in the notation of [MW18,

Section 6.7]. Assume further that γ is strongly regular, i.e., Gγ
1 is abelian, so that S is the

centralizer of Gγ
1 in G (see [MW18, Section 4.1, the latter half of page 103]). In particular,

Gγ
1 ⊂ S, and it is easy to see that Gγ

1 = Sγ = ZS̃1
. Further, vol(AM̃1

(F )\Gγ
1(F )) equals

vol(AS̃1
(F )\ZS̃1

(F )) by ellipticity, and is hence �nite. Note that for all f̃1 ∈ C∞µ1
(G̃1(F )) we

have:

(95) vol(AM̃1
(F )\Gγ

1(F )) · IG̃1

M̃1
(γ, ω, f̃1) = vol(AM̃1

(F )\Gγ
1(F )) · IG̃1

M̃1
(γ, ω, f̃1),

provided (as in [MW18]) all quotients by AG̃1
(F ) get the quotient measure, for some choice of

measure on AG̃1
(F ): indeed, (95) follows from the �rst two collections of equalities in [MW18,

Page 152].

(x) The notion of a cusp form from Notation 6.4(iv) generalizes to our situation to de�ne what it

means for a function G̃1(F ) → C that is compactly supported modulo AG1(F ) to be a cusp form.

Additionally, we will also talk of a weaker notion of cuspidal functions in C∞c (G̃1(F )) or C∞
µ−1

1

(G̃1(F ))

in the sense of [MW18, Section 7.1 or Section 7.2] � these are the ones whose strongly regular non-

elliptic orbital integrals are zero.

Remark 8.3. Assume that γ,M1, M̃1 are as in the setting of Notation 8.2(ix). We have not recalled the

de�nition of the weighted orbital integral OG̃1

M̃1
(γ, ω, f̃1) when G1,γ is not contained in M1 � we will not

need it, because (in the context of our application), for all λ ∈ Tε,sr(F ), the centralizer of S̃(λ) in M equals

MT and is hence contained in MT. In what follows, we will use without further mention that, whenever

γ ∈ M̃1(F ) is a semisimple element that is strongly regular as an element of G̃1(F ), we automatically have

Gγ
1 ⊂ M1 (use the discussion in [MW18, Section 4.1, the latter half of page 103]).

We will need some more notation from [MW18] which will be of use in later subsections as well:

Notation 8.4. (i) Recall HG̃1
: G1(F ) → AG̃1

from Notation 2.2 (a special case of the HP̃ there). It

is a homomorphism. Let G1(F )1 denote its kernel, as in [MW18, Section 2.6]. Let

ÃG̃1,F
= G1(F )1\G̃1(F ) = G̃1(F )/G1(F )1,

and let H̃G̃1
: G̃1(F ) → ÃG̃1,F

be the obvious map, the quotient topology on whose target is

discrete. Replacing G̃1 with M̃1, we have a similar map H̃M̃1
: M̃1(F ) → ÃM̃1,F

for each Levi

subspace M̃1 ⊂ G̃1. Since AAM̃1
→ AM̃1

is an isomorphism, it is easy to see that if C1 ⊂ ÃM̃1,F
is

compact (or equivalently, �nite) and C\ ⊂ M̃1(F ) is compact modulo AM̃1
(F ), then C\ ∩ H̃−1

M̃1
(C1)

is a compact subset of M̃1(F ).

(ii) For use in this subsection, we de�ne Hac(G̃1(F )) and Iac(G̃1(F )) following [MW18, Section 6.4].

More explicitly, Hac(G̃1(F )) is the set of smooth functions f̃1 : G̃1(F ) → C that are bi-invariant

under some open compact subgroup of G1(F ), and satisfy that for each b ∈ C∞c (ÃG̃1,F
), f̃1·(b◦H̃G̃1

) ∈
C∞c (G̃1(F )). The space Iac(G̃1(F ), ω) is, by de�nition, the quotient of Hac(G̃1(F )) by the subspace

of those f̃ satisfying OG̃1

G̃1
(γ, ω, f̃) = 0 for all strongly regular semisimple γ ∈ G̃1(F ). A similar

de�nition will apply to de�ne Iac(L̃1(F ), ω) for a Levi subspace L̃1 ⊂ G̃1.

Now we summarize a result from [MW18] as follows:

Theorem 8.5 (M÷glin and Waldspurger). Let (π′1, π̃
′
1) be an ω-representation of G̃1(F ) (thus, π′1 is the

representation of G1(F ) underlying π̃′1; see Notation 2.4(i)). Suppose the central character of π′1 restricts

to µ−1
1 on AG̃1

(F ). Assume that π′1 belongs to the discrete series, giving an element τ = (G1, π
′
1, r̃) ∈

Eell(G̃1, ω), which we will also identify with its image in Eell(G̃1, ω)/conj. π̃′1 corresponds uniquely to a

choice of a lift τ ∈ E(G̃1, ω) of τ ∈ Eell(G̃1, ω); thus, π̃′1 = π̃τ (see Notation 8.2(vi)). Choose Haar measures

on G1(F ),AG̃1
(F ),AM̃1

(F ) and Gγ
1(F ), and use these in what follows, whenever applicable (keeping the

conventions of Notation 8.1(iii) in mind). Let a1 ∈ C.
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(i) There exists f
1
∈ C∞

µ−1
1

(G̃1(F )), a cuspidal function in the sense of [MW18] (see Notation 8.2(x)),

with the property that for all τ◦ ∈ E(G̃1, ω) lifting some τ◦ ∈ Eell(G̃1, ω)/conj and such that π̃τ◦

has AG̃1
(F )-central character µ−1

1 as de�ned in Notation 8.2(vii) (in other words, τ◦ belongs to

Eell,µ−1
1

(G̃1(F ), ω) in the sense of [MW18, Section 7.2]), we have:

IG̃1
(π̃τ◦ , f1

) =

{
a1, if τ◦ = τ in E(G̃1, ω), and

0, if τ◦ 6= τ in Eell(G̃1, ω)/conj.

(ii) Let (M1, M̃1) be a semistandard Levi subspace of (G1, G̃1), and γ a semisimple element of M̃1(F )

which is strongly regular as an element of G̃1(F ). Then for any f
1
as in (i) above we have:

vol(AM̃1
(F )\Gγ

1(F ))·IG̃1

M̃1
(γ, ω, f

1
) =

{
a1 · (−1)dim AM̃1

− dim AG̃1 · ιG̃1
·DG̃1(γ)1/2Θ(π̃′1, γ), if γ is elliptic in M̃1(F ), and

0, otherwise.

Remark 8.6. Some comments on how the choices of the measures (on G1(F ),AG̃1
(F ),AM̃1

(F ) and Gγ
1(F ))

impact the various terms in the above theorem can be found in Remark 8.12 below.

Proof of Theorem 8.5. (i) follows from the isomorphism in [MW18, Section 7.2, (1)].

Thus, it remains to prove (ii). First we consider the case where γ is not elliptic in M̃1(F ). In this case, the

assertion is a `variant with central character' of [MW18, Theorem 7.1(i)], which unfortunately is not stated

in [MW18, Theorem 7.2]. However, we can deduce it from [MW18, Theorem 7.1(i)] as follows. Although

f
1
∈ C∞

µ−1
1

(G̃1(F )) does not belong to C∞c (G̃1(F )), it belongs to Hac(G̃1(F )) (use the discussion in Notation

8.4(i)). By [MW18, Section 6.5, (3)], we have IG̃1

M̃1
(γ, ω, f

1
(b ◦ H̃G̃1

)) = b(H̃G̃1
(γ))IG̃1

M̃1
(γ, ω, f

1
) for each

b ∈ C∞c (ÃG̃1,F
). Therefore, it su�ces to show that, for each such b, IG̃1

M̃1
(γ, ω, f

1
(b ◦ H̃G̃1

)) = 0. Note that

f
1
(b ◦ H̃G̃1

) ∈ C∞c (G̃1(F )) is a cuspidal function in the sense of Notation 8.2(x), since f
1
is. Therefore, the

equality IG̃1

M̃1
(γ, ω, f

1
(b ◦ H̃G̃1

)) = 0 follows from [MW18, Theorem 7.1(i)], as desired.

Now we assume that γ is an elliptic element of M̃1(F ), and explain how to deduce (ii) in this case from

[MW18, Theorem 7.2]. If a1 = 0, it follows from [MW18, Section 7.2, (1)] that all strongly regular semisimple

orbital integrals of f
1
vanish, and it is easy to see from [MW18, Section 5.5, Remark 2] that all ω-invariant

distributions (in the sense of that remark) vanish on each f
1
(b ◦ H̃G̃1

) (b ∈ C∞c (ÃG̃1,F
)), and then from

[MW18, Section 6.5, (3)] that IG̃1

M̃1
(γ, ω, f

1
) = 0. Thus, assume that a1 6= 0, and hence without loss of

generality that a1 = 1.

Then the left-hand side of the claimed equality in (ii) matches that of [MW18, Theorem 7.2], by (95). To

match the right-hand sides too, since π̃τ = π̃′1, it su�ces to see that the terms that would be denoted

|Stab(WG, τ)| and ι(τ) upon adapting notation from [MW18] are equal to 1 and ιG̃1
, respectively. The

former follows from the second statement after the quoted theorem, since RG1(π′1) = 1 (see Notation 8.2(ii)).

Since τ is obtained from the discrete series representation π′1 of G1(F ), the latter follows from the discussion

of Notation 8.2(viii). �

Remark 8.7. The proof of (ii) of the above theorem in the case where a1 = 0 gives us a variant which does

not involve any (π′1, π̃
′
1): if IG̃1

(π̃τ◦ , f1
) = 0 for all τ◦ ∈ E(G̃1, ω) lifting some τ◦ ∈ Eell(G̃1, ω) and such

that π̃τ◦ has AG̃1
(F )-central character µ−1

1 � which is vacuously satis�ed if there is no such τ◦ � then for

(M1, M̃1) and γ as in the theorem, we have IG̃1

M̃1
(γ, ω, f

1
) = 0.

One di�culty in using the above theorem directly is that IG̃1

M̃1
(γ, ω, f

1
) is an invariant weighted orbital

rather than the usual weighted orbital integral J G̃1

M̃1
(γ, ω, f

1
). However, if f

1
satis�es a suitable `cuspidality

property', then these two agree � this is the content of Lemma 8.9 below. Before stating it, we introduce

the following terminology to help guide our thinking.
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Notation 8.8. Let π̃′1 be as in Theorem 8.5 (so its underlying G1(F )-representation is a discrete series

representation). A pseudocoe�cient for π̃′1 is an element f
1
∈ C∞

µ−1
1

(G̃1(F )) satisfying the condition of (i) of

that theorem, with a1 = 1 (in particular, tr π̃′1(f
1
) = 1).

Lemma 8.9. Suppose f
1
∈ C∞

µ−1
1

(G̃1(F )) satis�es the cusp form like property that, whenever U is the

unipotent radical of a proper parabolic subgroup of G1, we have for all g̃ ∈ G̃1(F ):

(96)

∫
U(F )

f
1
(ug̃) du = 0.

Let (M1, M̃1) be a semistandard Levi subspace of (G1, G̃1), and γ a semisimple element of M̃1(F ) which is

strongly regular as an element of G̃1(F ). Then:

(97) IG̃1

M̃1
(γ, ω, f

1
) = J G̃1

M̃1
(γ, ω, f

1
).

Proof. It is easy to see from the discussion in Notation 8.4(i) that C∞
µ−1

1

(G̃1(F )) ⊂ Hac(G̃1(F )), so f
1
∈

Hac(G̃1(F )). We claim that if (Q̃1, L̃1) is a pair consisting of a proper parabolic subspace Q̃1 ⊂ G̃1 and

a Levi subspace L̃1 of Q̃1, and π̃
′
1 is a smooth unitary ω-representation of L̃1(F ) whose underlying L1(F )-

representation is of �nite length, then for each b ∈ C∞c (ÃG̃1,F
), we have (IndG̃1

Q̃1

π̃′1)(f
1,b

) = 0, where in this

proof we abbreviate f
1
·(b◦H̃G̃1

) ∈ C∞c (G̃1(F )) to f
1,b
, and IndG̃1

Q̃1

π̃′1 refers to an induced representation in the

setting of twisted spaces, as in [MW18, Section 2.5, (3)]. To prove this claim, by the unitarity of π̃′1, it su�ces

to show that π′(f1,b) = 0, where f1,b ∈ C∞c (G1(F )) is de�ned by g 7→ f
1,b

(gg̃) for some �xed g̃ ∈ G1(F ), and

π′ is any irreducible non-supercuspidal representation of G1(F ). Since U(F ) ⊂ G1(F )1 whenever U is the

unipotent radical of a parabolic subgroup of G1, the analogue of (96) with f1
replaced by f1,b and g̃ replaced

by an arbitrary g ∈ G1(F ) is satis�ed, i.e., f1,b belongs to the space of cusp forms in C∞c (G1(F )) as de�ned

in [BP16]; we denote this space temporarily by C∞c,cusp(G1(F )). If π′(f1,b) 6= 0, there exists u belonging to

the space V ′ of π′ such that f1,b 7→ π′(f1,b)u nontrivially intertwines the left-regular representation of G1(F )

on C∞c,cusp(G1(F )) with (π′, V ′). This gives a surjective map of G1(F )-representations from C∞c,cusp(G1(F ))

to (π′, V ′), a contradiction by the exactness of Jacquet functor, the non-supercuspidality of π′, and the fact

that all proper Jacquet modules of C∞c,cusp(G1(F )) are zero by [BP16, (2)] (from which we di�er harmlessly

in dealing with the left-regular representation). This proves the claim.

Assume that γ ∈ G̃1(F ) is strongly regular. By [MW18, Proposition 6.5], the lemma follows if we prove

that for any proper Levi subspace L̃1 of G̃1 containing M̃1, the image of φL̃1
(f

1
) in Iac(L̃1(F ), ω) van-

ishes, where the function φL̃1
(f

1
) is as in [MW18, Proposition 6.4]. By [MW18, Proposition 6.4], this

amounts to showing the vanishing of the terms J G̃1

L̃1
(π̃′1, X, f1

) de�ned by adapting the notation of that

proposition. As f
1
∈ Hac(G̃1(F )) \ C∞c (G̃1(F )), these terms J G̃1

L̃1
(π̃′1, X, f1

) are de�ned just before [MW18,

Proposition 6.4], extending the de�nition in the C∞c (G̃1(F ))-case given shortly before (6) in [MW18, Section

6.4, page 133]. From this de�nition, the vanishing of the J G̃1

L̃1
(π̃′1, X, f1

) follows if we show that for each

b ∈ C∞c (ÃG̃1,F
), certain expressions J G̃1

L̃1
(π̃′1,λ, f1,b

), adapting notation from that reference, vanish. These

expressions J G̃1

L̃1
(π̃′1,λ, f1,b

) in turn are weighted characters de�ned in [MW18, Section 2.7], and thus, have

an expression of the form

J G̃1

L̃1
(π̃′1,λ, f1,b

) = tr
(
MG̃1

L̃1
(π′1,λ) IndG̃1

Q̃1

π̃′1,λ(f
1,b

)
)
,

for a choice of a parabolic subspace Q̃1 of G̃1 having L̃1 as a Levi subpace. This expression vanishes because

IndG̃1

Q̃1

π̃′1,λ(f
1,b

) = 0 as we saw in a claim earlier in this proof. �

Remark 8.10. Let us show, as in the proof of Lemma 8.9 and for use in the proof of Corollary 8.11,

that π̃′1(f̃1) = 0, whenever f̃1 is an element of the subspace C∞
µ−1

1 ,cusp
(G̃1(F )) ⊂ C∞

µ−1
1

(G̃1(F )) of functions
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satisfying the cusp form like property of that lemma, and (π′1, π̃
′
1) is any ω-representation of G̃1(F ) such that

π′1 is a �nite-length unitary representation of G1(F ) whose every irreducible subquotient is non-supercuspidal

and has a central character that restricts to µ−1
1 on AG̃1

(F ). In fact, by the unitarity of π′1, this follows if we

show an equality π′(f1) = 0, where f1 is given by g 7→ f̃1(gg̃) for some g̃ ∈ G̃1(F ), and π′ is any irreducible

smooth non-supercuspidal representation of G1(F ) whose central character restricts to µ−1
1 on AG̃1

(F ) (and

where π′(f1) is de�ned by an integral over AG̃1
(F )\G1(F )). The proof of this fact, in turn, is similar to the

proof of the equality π′(f1,b) = 0 used in the above proof. Namely, a counter-example will give a nontrivial

map intertwining C∞
µ−1

1 ,cusp
(G1(F )) with the space of π′. One can then show that all proper Jacquet modules

of C∞
µ−1

1 ,cusp
(G1(F )) vanish; for this one can adapt the proof of [BP16, (2)], where one notes that [BP16, (4)]

applies for our f1 as well, though it is only compactly supported modulo AG̃1
(F ) (e.g., work with AG̃1

\G1

in place of G1).

Using Lemma 8.9, Theorem 8.5 has the following corollary.

Corollary 8.11 (Corollary to Theorem 8.5). Let (π′1, π̃
′
1) be a unitary ω-representation of G̃1(F ), such that

π′1 is irreducible supercuspidal with central character restricting to µ−1
1 on AG̃1

(F ). Let a1 ∈ C, let (M1, M̃1)

be a semistandard Levi subspace of G̃1, and let γ ∈ M̃1(F ) be a semisimple element which is strongly regular

as an element of G̃1(F ). Choose Haar measures on G1(F ),AM̃1
(F ),AG̃1

(F ) and Gγ
1(F ) and use these in

what follows when applicable (keeping Notation 8.1(iii) in mind). Suppose f
1
∈ C∞

µ−1
1

(G̃1(F )) is such that:

• f
1
satis�es the cusp form like property of Lemma 8.9;

• We have tr π̃′′1 (f
1
) = 0 whenever (π′′1 , π̃

′′
1 ) is an ω-representation of G̃1(F ) such that π′′1 is an irre-

ducible unitary discrete series representation of G1(F ) that is not isomorphic to π′1 and whose central

character restricts to µ−1
1 on AG̃1

(F ); and

• tr π̃′1(f
1
) = a1.

Then:

vol(AM̃1
(F )\Gγ

1(F ))·OG̃1

M̃1
(γ, ω, f

1
) =

{
a1 · (−1)dim AM̃1

− dim AG̃1 · ιG̃1
·Θ(π̃′1, γ), if γ is elliptic in M̃1(F ), and

0, otherwise.

Remark 8.12. One can check that changing the measures on G1(F ),AG̃1
(F ),AM̃1

(F ) or Gγ
1(F ) does not

change the left-hand side of the equality in Theorem 8.5(ii) or Corollary 8.11 (and obviously does not change

the right-hand side in either case, either). Multiplying the measure on G1(F ) (and hence on G̃1(F )) by

a scalar a, while keeping a1 and the other measures �xed, multiplies f
1
by a−1 but OG̃1

M̃1
(γ, ω, ·) by a, so

that OG̃1

M̃1
(γ, ω, f

1
) is una�ected. Multiplying the measure on Gγ(F ) alone by a multiplies OG̃1

M̃1
(γ, ω, f

1
)

by a−1 and vol(AM̃1
(F )\Gγ

1(F )) by a; multiplying the measure on AM̃1
(F ) alone by a multiplies (vG̃1

M̃1
and

hence) OG̃1

M̃1
(γ, ω, f

1
) by a and vol(AM̃1

(F )\Gγ
1(F )) by a−1; multiplying the measure on AG̃1

(F ) alone by a

multiplies f
1
by a and (vG̃1

M̃1
and hence) OG̃1

M̃1
(γ, ω, ·) by a−1.

Proof of Corollary 8.11. We claim that f
1
is a cuspidal function in the sense of [MW18] (i.e., as in Notation

8.2(x)). For this, it su�ces to show that for each b ∈ C∞c (ÃG̃1,F
), f

1,b
:= f

1
· (b ◦ H̃G̃1

) ∈ C∞c (G̃1(F )) is

a cuspidal function as in [MW18]. As mentioned in [MW18, Section 7.1], this follows if we show that for

any pair (Q̃1, L̃1) consisting of a proper parabolic subspace Q̃1 ⊂ G̃1 and a Levi subspace L̃1 of Q̃1, and any

�nite length tempered ω-representation π̃′′1 of L̃1(F ), we have tr(IndG̃1

Q̃1

π̃′′1 )(f
1,b

) = 0 (again, IndG̃1

Q̃1

π̃′′1 refers

to an induced representation in the setting of twisted spaces, as in [MW18, Section 2.5, (3)]). But in fact we

saw in the proof of Lemma 8.9 that in such a situation the operator IndG̃1

Q̃1

π̃′′1 (f
1,b

) itself vanishes.

Given the hypothesis on f
1
together with Remark 8.10 (and the discussion of Notation 8.2(vi)), it is now

easy to see that f
1
satis�es the hypotheses of Theorem 8.5(i). Hence the corollary follows from Theorem
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8.5(ii) together with the consequence of Lemma 8.9 (whose hypothesis f
1
has been assumed to satisfy) that

IG̃1

M̃1
(γ, ω, f

1
) = J G̃1

M̃1
(γ, ω, f

1
) = DG̃1(γ)1/2OG̃1

M̃1
(γ, ω, f

1
). �

Remark 8.13. An analogue of Remark 8.7 applies here, giving us a variant of the above corollary which

does not involve any (π′1, π̃
′
1): if f

1
∈ C∞

µ−1
1

(G̃1(F )) has the cusp form like property of Lemma 8.9 and

satis�es (even if vacuously) that tr π̃′′1 (f
1
) = 0 for all ω-representations (π′′1 , π̃

′′
1 ) of G̃1(F ) such that π′′1 is an

irreducible unitary discrete series representation whose central character restricts to µ−1
1 on AG̃1

(F ), then

OG̃1

M̃1
(γ, ω, f

1
) = 0 for all (M1, M̃1) and γ as in the corolary.

Remark 8.14. In the situation of the above corollary, we do not have a reason to believe that an f
1
as in

the corollary � which is both �a1-times a pseudocoe�cient for π̃′1� and satis�es the hypothesis of Lemma

8.9 � would exist if π′1 is not required to be supercuspidal. However, we will see that it does exist when π′1
is supercuspidal, which is the case of interest to us.

8.3. Semisimple descent, Shalika germs and passage to singular semisimple orbital integrals.

While Corollary 8.11 relates weighted orbital integrals at strongly regular semisimple elements to character

values, our S̃(λ) (with λ ∈ Tε,sr(F )) are not regular except in some low rank examples (their centralizers

equal Mε
T). Therefore, we need to get a version of Corollary 8.11 that relates weighted orbital integrals at

singular semisimple elements to (the asymptotic expansions about such elements of) characters. For this,

we will use Shalika germs, in our twisted context, to study weighted orbital integrals at certain singular

semisimple elements.

Since we do not have any further use for our earlier notation φ, we will start using it for other objects.

Notation 8.15. Suppose M2 is a linear algebraic group whose identity component is reductive, and ω2 :

M2(F )→ C× a unitary character.

(i) Suppose M̃2 is a twisted space with underlying group M2. For f̃2 : M̃2(F ) → C a smooth function

whose support has compact image in AM̃2
(F )\M̃2(F ) = M̃2(F )/AM̃2

(F ), γ ∈ M̃2(F ), and choices

of Haar measures on M2(F ) and Mγ
2(F ), de�ne OM̃2(γ, ω2, f̃2) to be the ω2-twisted (unweighted)

orbital integral of f̃2 at γ � thus, if we adapt Notation 8.2(ix), OM̃2(γ, ω2, f̃2) would be written as

OM̃2

M̃2
(γ, ω2, f̃2), where additionally vM̃2

M̃2
is normalized to take the constant value 1 (as it can be), and

γ is not required to be semisimple.

(ii) We de�ne, for X ∈ m2(F ), φ ∈ C∞c (m2(F )) and choices of Haar measures on M2(F ) and MX
2 (F ):

(98) OM2(X,ω2, φ) =

∫
MX

2 (F )\M2(F )

φ(Adm−1
1 (X)) · ω2(m) dm,

where again the integral is assumed to be zero if ω2 is not trivial on MX
2 (F ).

The following is a minor variant of [Wal08, Lemma 2.4].

Lemma 8.16. Let (M1, M̃1) be a Levi subspace of (G1, G̃1), and let η ∈ M̃1(F ) be semisimple (so the identity

component of Mη
1 is reductive). Fix Haar measures on M1(F ) and Mη

1(F ). There exists an Ad Mη
1(F )-

invariant neighborhood U of 0 in m1,η(F ) = (Lie M1,η)(F ), mapping homeomorphically via the exponential

map exp to a neighborhood of 1 in M1,η(F ), with the following properties:

(i) For all X ∈ U, we have M
exp(X)η
1 = (Mη

1)X , i.e., the centralizer of exp(X)η in M1 equals that of X

in Mη
1 (at the level of algebraic groups).

(ii) Let C\ ⊂ M̃1(F ) be a subset whose image in AM̃1
(F )\M̃1(F ) = M̃1(F )/AM̃1

(F ) is compact. Let

S := {m ∈ M1(F ) | m−1 exp(U)ηm ∩ C\} 6= ∅.

Then the closure of the image of S in Mη
1(F )\M1(F ) is compact.
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(iii) For all f̃1 ∈ C∞(M̃1(F )) whose support has compact image in AM̃1
(F )\M̃1(F ) = M̃1(F )/AM̃1

(F ),

there exists φ ∈ C∞c (U) ⊂ C∞c (m1,η(F )) such that for all X ∈ U, using the Haar measures on M1(F )

and Mη
1(F ) just �xed, we have OM̃1(exp(X)η, ω, f̃1) = OMη

1 (X,ω, φ), i.e.,∫
M

exp(X)η
1 (F )\M1(F )

f̃1(m−1 exp(X)ηm) · ω(m) dm =

∫
(Mη

1 )X(F )\Mη
1 (F )

φ(Adm−1
1 (X)) · ω(m1) dm1,

where both sides use the same Haar measure on M
exp(X)η
1 (F ) = (Mη

1)X(F ) (this equality following

once (i) is proved), and where both sides are zero by convention if ω is not trivial on (Mη
1)X(F ) =

M
exp(X)η
1 (F ).

Proof. For (i), see the beginning of [Wal08, Section 2.4], around the assertion (2) there. In the case where

C\ is compact in M̃1(F ), (ii) is known (see [Art88, Lemma 2.1] and [Wal08, Section 2.4, (3)]), so it su�ces

to reduce to this case, which is what we will do. This reduction will then be used in the proof of (iii).

For this reduction, it su�ces to prove that there exists a compact set C\1 ⊂ M̃1(F ) such that Int M1(F )(exp(U)η)∩
C\ = Int M1(F )(exp(U)η)∩C\1. We saw in Notation 8.4(i) that if C1 ⊂ ÃM̃1,F

is compact, then C\∩H̃−1

M̃1
(C1)

is a compact subset of M̃1(F ). The reduction will hence follow if we show that H̃M̃1
(Int M1(F )(exp(U)η))

equals H̃M̃1
(η), which being singleton is a compact subset of ÃM̃1,F

. It is easy to see that ÃM̃1,F
is

a principal homogeneous space under AM̃1,F
:= HM̃1

(M1(F )), and that under this realization we have

H̃M̃1
(mm̃m′) = HM̃1

(mm′) · H̃M̃1
(m̃) for all m,m′ ∈ M1(F ) and m̃ ∈ M̃1(F ). Hence the claimed equality

H̃M̃1
(Int M1(F )(exp(U)η)) = H̃M̃1

(η) follows if we show that HM̃1
(exp(U)) = {0} ⊂ AM̃1

. This follows from

the fact that HM1
(exp(U)) = 0, which is in turn a consequence of the fact that for all χ ∈ X∗(M1)F and

Y ∈ U, we have χ(exp(Y )) = exp(dχ(Y )) ∈ O×, giving the claim, hence the reduction, and hence (ii).

(iii) is very similar to [Wal08, Lemma 2.4], but we give the details because there are minor di�erences in

the assertion, such as our compactness of support being only modulo AM̃1
(F ), our using full centralizers as

opposed to their identity components, and our not assuming X to be strongly regular semisimple.

The reduction step in (ii) allows us to replace f̃1 with f̃1 ·1C\1 for a suitable compact open subset C\1 ⊂ M̃1(F ),

and assume that f̃1 ∈ C∞c (M̃1(F )). Let S be as in the statement of (ii), with C\ replaced by the support of

f̃1.

Let α ∈ C∞c (M1(F )) satisfy the property that its push forward to C∞c (Mη
1(F )\M1(F )) (as in [Kot05,

(2.4.2)], depending on a choice of a Haar measure on Mη
1(F ) which we take to be as �xed in the statement

of the lemma) is the characteristic function of a compact set containing the closure of the image of S in

Mη
1(F )\M1(F ). One de�nes φ to be 0 outside U, while for X ∈ U we de�ne φ(X) by:

φ(X) =

∫
M1(F )

f̃1(m−1 exp(X)ηm)α(m)ω(m) dm.

The compactness of the supports of α and f̃ gives that φ ∈ C∞c (U).

Let X ∈ U be such that ω is trivial on M
exp(X)η
1 (F ) = (Mη

1)X(F ) � for X ∈ U that do not satisfy

this, the assertion of (iii) is trivial. We apply [Kot05, Lemma 2.3], taking the G,H, I and f of that

lemma to be M1(F ),Mη
1(F ), (Mη

1)X(F ) = M
exp(X)η
1 (F ) and m 7→ f̃1(m−1 exp(X)ηm)ω(m) respectively,

and using measures �xed in the statement of the lemma. Then the φ of that lemma is precisely our

m1 7→ φ(Adm−1
1 (X))ω(m1). The integrability hypothesis required for that lemma is a well-known con-

sequence of a result of Ranga Rao on the convergence of nilpotent orbital integrals. Then the equality of the

two integrals furnished by that lemma is precisely the equality OM̃1(exp(X)η, ω, f̃1) = OMη
1 (X,ω, φ). �

Remark 8.17. Suppose we are in the situation of Lemma 8.16.

(i) In Lemma 8.16, f̃1 does not determine φ, but it does determine T (φ) for every Mη
1(F )-invariant

distribution T on m1,η(F ) or on U.
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(ii) The set of possibilities for φ as in Lemma 8.16(iii), for any given f̃1, depends on the measures dm

and dm1 chosen on M1(F ) and Mη
1(F ): f̃1 and φ are related as in Lemma 8.16(iii) for the choice of

measures dm and dm1 if and only if f̃1 and αM1
α−1

Mη
1
·φ are similarly related for the measures αM1

dm

and αMη
1
dm1.

Notation 8.18. Let M2 be a linear algebraic group over F , such that its identity component is reductive.

(i) For each X ∈ m2(F ) regular semisimple, and choices of Haar measures on M2(F ) and MX
2 (F ), let

Γ0,M2
(X) denote the value of the Shalika germ (to be precise, the `canonical Shalika germ' in the

sense of [Kot05, Section 17.8]) for the orbital integral OM2(X,1, ·) (see Notation 8.15(ii)), associated

to the trivial nilpotent orbit in m2(F ). Again, we are suppressing the dependence on the chosen

Haar measures for lightness of notation. We remark that, though the version of the Shalika germ

expansion usually seen (e.g., as in [HC99, Theorem 8.1]) is stated in the case where M2 is connected,

this restriction can be eliminated by summing over M0
2(F )-orbits in a given M2(F )-orbit.

(ii) Fix Haar measures on M2(F ) and AM2
(F ). Let Γ0,M2

denote vol(AM2
(F )\MX

2 (F ))Γ0,M2
(X), for

any elliptic regular X ∈ m2(F ) and any choice of Haar measure on MX
2 (F ). Then Γ0,M2

is clearly

independent of the choice of the Haar measure on MX
2 (F ), and it follows from the main result of

[Rog81] (which extends easily to take care of the fact that M2 may not be connected or semisimple)

that it is independent of the choice of X as well, and nonzero. Of course, it still depends on the

quotient measure on AM2
(F )\M2(F ).

Remark 8.19. The main situation of interest for our application of Notation 8.18 will have, for some

semistandard Levi subspace M̃1 ⊂ G̃1, that M2 = Mη
1 for some semisimple η ∈ M̃1(F ) ⊂ G̃1(F ) such that

Mη
1 = Gη

1 , and such that ω is trivial on M2(F ) = Gη
1(F ) = Mη

1(F ).

Lemma 8.20. Let (M1, M̃1) be a Levi subspace of (G1, G̃1). Let η ∈ M̃1(F ) be semisimple, and assume that

ω|Mη
1 (F ) is trivial. Let X ∈ m1,η(F ) be regular semisimple. Let U be as in Lemma 8.16. Choose Haar mea-

sures on M1(F ),Mη
1(F ), and (Mη

1)X(F ), which by Lemma 8.16(i) also equals (Mη
1)t

2X(F ) = M
exp(t2X)η
1 (F )

whenever t ∈ F× satis�es that t2X ∈ U. Use these Haar measures to make sense of orbital integrals

and Shalika germs in what follows. For each f̃1 ∈ C∞(M̃1(F )) whose support has compact image in

AM̃1
(F )\M̃1(F ) = M̃1(F )/AM̃1

(F ), there exists a polynomial p0 = p0,X ∈ C[x] such that for any φ re-

lated to f̃1 as in Lemma 8.16(iii), we have:

• For all n� 0 and for all t ∈ F× with val t = n:

(99) p0(qn) = OMη
1 (t2X,1, φ) = OM̃1(exp(t2X)η, ω, f̃1)

(to make sense of the latter two terms we use that, for val t� 0, we have t2X ∈ U).

• p0(0) = Γ0,Mη
1
(X) ·OM̃1(η, ω, f̃1).

Proof. We will apply the Shalika germ expansion discussed in Notation 8.18, with Mη
1 in place of M2. This

Shalika germ expansion satis�es a homogeneity property (part (1) of [HC99, Theorem 8.1]), which gives that

for any φ ∈ C∞c (m1,η(F )), there exists a polynomial p0 = p0,X ∈ C[x] with the property that for all n � 0

and for all t ∈ F× with val t = n,

(100) p0(qn) = OMη
1 (t2X,1, φ).

Given f̃1 and φ ∈ C∞c (m1,η(F )) as in the lemma, we get p0 = p0,X as in (100), so that the �rst equality of

(99) is automatic, while the second follows from the relation between f̃1 and φ (as in Lemma 8.16(iii)). Note

that p0 depends only on f̃1 and not on φ, by the equality of the �rst and the third terms in (99).

The constant coe�cient p0(0) of p is contributed by the trivial nilpotent orbit in the Shalika germ expansion

for φ (note that the Shalika germs of [HC99, Theorem 8.1] are normalized unlike ours). Therefore:

p0(0) = Γ0,Mη
1
(X) · φ(0) = Γ0,Mη

1
(X) ·OM̃1(η, ω, f̃1)

(for the latter equality, use that ω|Mη
1 (F ) = 1), so we are done. �
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Now we use Lemma 8.20 to deduce a version of it, Lemma 8.21 below, for weighted orbital integrals. Though

the Shalika germ expansion for a weighted orbital integral OG̃1

M̃1
(·, ω, f̃1) near a general semisimple element

η ∈ M̃1(F ) is complicated ([Art88, Proposition 9.1]), it simpli�es considerably when G1,η ⊂ M1, i.e., G1,η =

M1,η; see [Art88, Lemma 2.2], from which the argument of the following lemma is taken.

Lemma 8.21. Let f̃1 ∈ C∞µ−1
1

(G̃1(F )). Let (M1, M̃1) be a semistandard Levi subspace of G̃1, and let η̃ ∈
M̃1(F ) satisfy the conditions (a), (b) and (c) of Proposition 8.25 below � in other words, Gη

1 ⊂ M1,

Mη
1 = M1,η ·ZηM1

, and ω|Mη
1 (F ) is trivial. Let X ∈ g1,η(F ) = m1,η(F ) be regular and semisimple. Choose

Haar measures on G1(F ) and (Mη
1)X(F ) and use them to de�ne orbital integrals in what follows. Then there

exists a polynomial p1 = p1,X ∈ C[x] satisfying the following two conditions:

• For all n � 0 and for all t ∈ F× with val t = n, exp(t2X)η ∈ M̃1(F ) is semisimple and strongly

regular as an element of G̃1(F ), and satis�es G
exp(t2X)η
1 = (Mη

1)X , giving G
exp(t2X)η
1 (F ) a Haar

measure; we then have:

(101) p1(qn) = OG̃1

M̃1
(exp(t2X)η, ω, f̃1).

• For any choice of a Haar measure on Mη
1(F ), we have p1(0) = Γ0,Mη

1
(X)·OG̃1

M̃1
(η, ω, f̃1) (the condition

that Gη
1 ⊂ M1 ensures that OG̃1

M̃1
(η, ω, f̃1) is well-de�ned; see Notation 8.2(ix)).

Proof. Choose a neighborhood U ⊂ m1,η(F ) = g1,η(F ) of 0 satisfying the conditions of Lemma 8.16, as well

as the conditions (i) and (ii) of that lemma with (M1, M̃1) replaced by (G1, G̃1). Therefore, the condition

that Gη
1 ⊂ M1 implies that, for all t ∈ F× such that t2X ∈ U, we have

(102) M
exp(t2X)η
1 = (Mη

1)X = (Gη
1)X = G

exp(t2X)η
1 .

Since (Mη
1)X equals MX

1,η ZηM1
by the condition Mη

1 = M1,η ZηM1
, it is abelian, giving that exp(t2X)η is

semisimple and strongly regular as an element of G̃1(F ) whenever t2X ∈ U, which is satis�ed if val t� 0.

Since vG̃1

M̃1
(mg) = vG̃1

M̃1
(g) for all m ∈ M1(F ) and g ∈ G1(F ) (an easy consequence of the de�nition of vG̃1

M̃1
;

this property is mentioned slightly before (2.1*) in [Art88]), we can write, for any semisimple γ ∈ M̃1(F )

with Mγ
1 = Gγ

1 (compare with [Art88, (2.1)]):

OG̃1

M̃1
(γ, ω, f̃1) =

∫
M1(F )\G1(F )

∫
Mγ

1 (F )\M1(F )

f̃1(g−1m−1γmg) vG̃1

M̃1
(g)ω(mg) dmdg

=

∫
M1(F )\G1(F )

OM̃1(γ, ω, f̃1 ◦ Int g−1)vG̃1

M̃1
(g)ω(g) dg.(103)

For g ∈ G1(F ), apply Lemma 8.20 with f̃1 ◦ Int g−1|M̃1(F ) in place of f̃1; we get a polynomial p0,g ∈ C[x]

such that for n� 0 and t ∈ F× with val t = n,

(104) p0,g(q
n) = OM̃1(exp(t2X)η, ω, f̃1 ◦ Int g−1),

and

(105) p0,g(0) = Γ0,Mη
1
(X) ·OM̃1(η, ω, f̃1 ◦ Int g−1).

We claim that the map g 7→ p0,g has three properties: it is locally constant, its support has relatively

compact image in M1(F )\G1(F ), and it satis�es p0,mg = ω(m)−1p0,g for g ∈ G1(F ) and m ∈ M1(F ).

The �rst and the third are easy using (104) and the fact that f̃1 ∈ C∞
µ−1

1

(G̃1(F )). By (104), the second

property follows if we prove that Int(g−1 M1(F ))(exp(U)η) does not intersect the support of f̃1 for g outside

some set with relatively compact image in M1(F )\G1(F ). Since we chose U to satisfy (ii) of Lemma 8.16

with (M1, M̃1) replaced by (G1, G̃1), there exists a compact subset C ′ ⊂ G1(F ) such that any g ∈ G1(F )
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with Int g−1(exp(U)η) ∩ supp f̃1 6= ∅ belongs to G1,η(F )C ′ = M1,η(F )C ′. Therefore, any g ∈ G1(F ) with

Int(g−1 M1(F ))(exp(U)η)∩supp f̃1 6= ∅ belongs to M1(F ) M1,η(F )C ′ = M1(F )C ′, giving the second property.

These three properties of g 7→ p0,g give us that:

(106) p1 :=

∫
M1(F )\G1(F )

p0,g · vG̃1

M̃1
(g)ω(g) dg

is a well-de�ned polynomial in C[x]. Using these three properties, we get from (103), (104) and (106) that

for all n� 0 and t ∈ F× with val t = n:

OG̃1

M̃1
(exp(t2X)η, ω, f̃1) = p1(qn)

(the lower bound on n can be taken uniformly over the integral of (103) since the f̃1 ◦ Int g−1|M̃1(F ) belong

to �nitely many orbits under M1(F )-conjugation, by the �rst two properties above).

Moreover, (103) (applied with γ = η), (105) and 106 give:

(107) p1(0) = Γ0,Mη
1
(X) ·OG̃1

M̃1
(η, ω, f̃1).

�

Remark 8.22. Let η ∈ G̃1(F ) be semisimple (but not necessarily regular), and let π̃′1 be an ω-representation

of G̃1(F ) whose central character restricts to µ−1
1 on AG̃1

(F ). Assume that ω is trivial on Gη
1(F ). Write

θ 7→ θ̂ for the Fourier transform on C∞c (g1,η(F )) as well as on the space of distributions on g1,η(F ), de�ned

by the choice of appropriate data � a Haar measure on g1,η(F ), a Gη
1(F )-invariant symmetric nondegenerate

bilinear form on g1,η, and an additive character F → C×. For each nilpotent Gη
1(F )-orbit O in g1,η(F ),

temporarily write ν̂O for the Fourier transform of the Gη
1(F )-orbital integral over O, and also for the locally

integrable function on g1,η(F ) that realizes it (see [HC99] for more details). The usual Howe-Harish-Chandra

character expansion adapts to this situation, giving a complex scalar cO(π̃′1) for each such O, such that, for

any Y ∈ g1,η(F ) su�ciently close to 0, we have Θ(π̃′1, exp(Y )η) =
∑
cO(π̃′1)ν̂O(Y ).

Notation 8.23. For π̃′1 and η as in Remark 8.22 (in particular, ω is trivial on Gη
1(F )), denote by c0,η(π̃′1)

the coe�cient c{0}(π̃
′
1) associated to the nilpotent Gη

1(F )-orbit {0} in g1,η(F ) as in Remark 8.22, where

we assume this orbit to have a total measure of 1 (so that, with the notation of that remark, the locally

integrable function ν̂{0} can be taken to be constant with value 1).

Lemma 8.24. Let η ∈ G̃1(F ) be semisimple (but not necessarily regular), satisfying the condition Gη
1 =

G1,η ZηG1
and that ω is trivial on Gη

1(F ). Let π̃′1 be an ω-representation of G̃1(F ) whose central character

restricts to µ−1
1 on AG̃1

(F ). Then for all regular semisimple X ∈ g1,η(F ), there exists a polynomial p2 =

p2,X ∈ C[x] satisfying the following two conditions:

• For all n� 0 and for all t ∈ F× with val t = n, p2(qn) = Θ(π̃′1, exp(t2X)).

• p2(0) = c0,η(π̃′1) (thus, p2(0) is independent of X).

Proof. It is easy to see as in the proof of Lemma 8.21, using the condition Gη
1 = G1,η ZηG1

in place of

the condition Mη
1 = M1,η ZηM1

there, that for all n � 0 and for all t ∈ F× with val t = n, exp(t2X)η is

semisimple and strongly regular as an element of G̃1(F ). Hence Θ(π̃′1, exp(t2X)η) is well-de�ned for such t.

The existence of p2 satisfying the �rst of the two conditions follows by the character expansion for π̃′1 at η

(see Remark 8.22) and the identity ν̂O(t2Y ) = |t|− dimOν̂O(Y ) (see [HC99, Lemma 9.2]).

Recalling that the Fourier transform of the zero nilpotent orbit is represented by the constant function with

value 1, the second condition, that p2(0) = c0,η(π̃′1), is forced by the identity ν̂O(t2Y ) = |t|− dimOν̂O(Y )

above. �

Proposition 8.25. Let π̃′1, (M1, M̃1), a1, f1
be as in Corollary 8.11. Let η ∈ M̃1(F ) be a semisimple element

satisfying (a), (b) and (c) of the following conditions:

(a) Gη
1 ⊂ M1, i.e., Gη

1 = Mη
1 (though η may not be strongly regular);
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(b) Mη
1 = M1,η ·ZηM1

;

(c) ω is trivial on Mη
1(F );

(d) The `ellipticity condition' that the inclusion AM̃1
⊂ AMη

1
is an equality.

Choose Haar measures on G1(F ),Mη
1(F ),AM̃1

(F ) and AG̃1
(F ). Then we have:

OG̃1

M̃1
(η, ω, f

1
) =

a1 ·
(−1)dim AM̃1

− dim AG̃1 · ιG̃1

Γ0,Mη
1

· c0,η(π̃′1), if η satis�es the condition (d), and

0, otherwise

.

Remark 8.26. An analogue of Remark 8.12 applies here. On changing the measures on G1(F ),Gη
1(F ) =

Mη
1(F ) (this equality holding under the condition (a) above), AM̃1

(F ) and AG̃1
(F ), the value of OG̃1

M̃1
(η, ω, f

1
)

respectively remains una�ected, varies inversely, varies directly and remains una�ected (recall that f
1
de-

pends inversely on the measure on AG̃1
(F )\G1(F ) and that the weight factors depend directly on the

measure on AG̃1
(F )\AM̃1

(F )). Γ0,Mη
1
has exactly the opposite of these dependencies of OG̃1

M̃1
(η, ω, f

1
), under

the condition (d) (namely, that AM̃1
= AMη

1
), while c0,η(π̃′1) has none (use Lemma 8.24).

Proof of Proposition 8.25. We choose X ∈ m1,η(F ) that is regular, semisimple and elliptic (as an element

of m1,η(F )). By the conditions (a), (b) and (c), the hypotheses of Lemmas 8.21 and 8.24 are satis�ed,

giving polynomials p1, p2 ∈ C[x] with the property that for n � 0 and t ∈ F× with val t = n, we have

OG̃1

M̃1
(exp(t2X)η, ω, f

1
) = p1(qn) and Θ(π̃′1, exp(t2X)η) = p2(qn).

Now we use the fact that X is elliptic as an element of m1,η(F ). This means that AMη
1
\MX

1 , which also

equals AMη
1
\M

exp(t2X)η
1 for val t� 0, is an anisotropic torus. Therefore, for such t, exp(t2X)η is elliptic as

an element of M̃1(F ) if and only the condition (d) is satis�ed.

Thus, if (d) is not satis�ed, then by Corollary 8.11 we would have p1(qn) = OG̃1

M̃1
(exp(t2X)η, ω, f

1
) = 0

whenever n � 0 and t ∈ F× with val t = n. Since p1 was chosen as in Lemma 8.21, this would give that

Γ0,Mη
1
(X)OG̃1

M̃1
(η, ω, f

1
) = p1(0) = 0, and hence that OG̃1

M̃1
(η, ω, f

1
) = 0 (since Γ0,Mη

1
(X) 6= 0 � see the

discussion in Notation 8.18(ii)).

Now assume that (d) is satis�ed. This time, Corollary 8.11 gives that for t ∈ F× with n = val t� 0:

p1(qn) = OG̃1

M̃1
(exp(t2X)η, ω, f

1
) = (vol(AM̃1

(F )\G
exp(t2X)η
1 (F )))−1a1·(−1)dim AM̃1

− dim AG̃1 ·ιG̃1
·Θ(π̃′1, exp(t2X)η),

which equals (vol(AM̃1
(F )\(Mη

1)X(F )))−1a1 · (−1)dim AM̃1
− dim AG̃1 · ιG̃1

· p2(qn) by the equality G
exp(t2X)η
1 =

(Mη
1)X (which is valid for n = val t� 0) and the choice of p2, where p2 denotes the coe�cient-wise complex

conjugate of p2. Therefore:

p1 = (vol(AM̃1
(F )\(Mη

1)X(F )))−1a1 · (−1)dim AM̃1
− dim AG̃1 · ιG̃1

· p2.

Evaluating at 0 and substituting for p1(0) and p2(0) from Lemmas 8.21 and 8.24, we get:

OG̃1

M̃1
(η, ω, f

1
) =

a1 · (−1)dim AM̃1
− dim AG̃1 · ιG̃1

Γ0,Mη
1
(X) vol(AM̃1

(F )\(Mη
1)X(F ))

· c0,η(π̃′1) = a1 ·
(−1)dim AM̃1

− dim AG̃1 · ιG̃1

Γ0,Mη
1

· c0,η(π̃′1)

(use Notation 8.18(ii) and that AM̃1
= AMη

1
by the condition (d)), as desired. �

Remark 8.27. The above proof, combined with Remark 8.13, gives us a variant: if (M1, M̃1) is a semistan-

dard Levi subspace of (G1, G̃1), f
1
is as in Remark 8.13, and η is as in the above proposition (satisfying the

conditions (a), (b) and (c) there), then OG̃1

M̃1
(η, ω, f

1
) = 0.
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8.4. Matrix coe�cients and pseudocoe�cients. Proposition 8.25 gives us singular weighted orbital

integrals of pseudocoe�cients with special properties, when they exist. However, we are interested in an

expression that involves singular (weighted) orbital integrals of matrix coe�cients, and hence need to relate

matrix coe�cients and pseudocoe�cients (of twisted supercuspidal representations). This material is again

standard, but we give details due to an inability to �nd suitable references for our twisted context.

Notation 8.28. (i) Given an ω-representation (π′1, π̃
′
1) of G̃1(F ) such that π′1 is admissible of �nite

length and has central character restricting to say µ′1
−1

on AG1(F ), and ξ̃ ∈ C∞(G̃1(F )) which

satis�es ξ̃(zg̃) = µ′1(z)ξ̃(g̃) for all z ∈ AG1
(F ) and g̃ ∈ G1(F ), and such that the support of ξ̃ has

compact image in AG1
(F )\G̃1(F ), we will write, depending on a choice of Haar measures on each of

G1(F ) and AG1
(F ):

(108) π̃′1(ξ̃) :=

∫
AG1

(F )\G̃1(F )

π′1(g̃)ξ̃(g̃) dg̃.

The apparent con�ict with the de�nitions of π̃′1(f̃1) in Notation 8.2(i) will not cause confusion, since

these de�nitions involve mutually exclusive hypotheses on the supports of the functions involved.

(ii) We have an `untwisted version' of (i) above, letting us de�ne π′1(ξ), where the �nite length admissible

representation π′1 of G1(F ) is not assumed to extend to an ω-representation of G̃1(F ), and ξ ∈
C∞(G1(F )) satis�es properties analogous to those of the ξ̃ above.

Recall the representation π1 and that its central character restricts to µ1 on AG1
(F ) (see Notation 8.1).

Lemma 8.29. Choose Haar measures on G1(F ) and AG1
(F ). Let ξ̃ ∈ C̃(π1) (see Notation 2.4(iii)). Let

(π′1, π̃
′
1) be an ω-representation of G̃1(F ) such that π′1 is smooth and has a central character restricting to

µ−1
1 on AG1(F ); thus, π̃′1(ξ̃) is well-de�ned (see (i) of Notation 8.28). Then:

(i) If π′1
∨
has no subquotient isomorphic to π1, then π̃

′
1(ξ̃) = 0.

(ii) Suppose π′1
∨

= π1, so that π̃1 := (π̃′1)∨ is an extension of π1 to an ω−1-representation of G̃1(F ) (see

Notation 2.4(v) for the meaning of (π̃′1)∨). View ξ̃ as a matrix coe�cient for π̃1 (using the equality

C̃(π1) = C̃(π̃1) as in Notation 2.4(iii)). Then

tr π̃′1(ξ̃) = d(π1)−1ξ(1),

where ξ is the image of ξ̃ under the isomorphism C̃(π̃1)→ C(π1) of Notation 2.4(iv), and d(π1) is the

formal degree of π1 (with respect to AG1
(F ), as de�ned in Notation 5.33, using the chosen measures).

Proof. (i) is a standard Schur orthogonality argument, as we now recall. It is easy to see that, for any

u′ and u in the spaces of π′1
∨
and π∨1 , respectively, v 7→ (v′ 7→ u′ ◦ π′1(ξu,v)(v

′)) intertwines π1 with the

contragredient of π′1. Thus, if π
′
1
∨
has no subrepresentation (let alone subquotient) isomorphic to π1, then

π′1(ξ) = 0 for all ξ ∈ C(π1), from which it is easy to see that π̃′1(ξ̃) = 0 for all ξ̃ ∈ C̃(π1), giving (i).

For (ii), it su�ces to assume that ξ̃ = ξ̃u,v, and show that for all v′ and u′ belonging to the space of π′1 and

its contragredient, we have 〈u′, π̃′1(ξ̃u,v)v
′〉 = d(π1)−1〈u′, u〉〈v′, v〉. But, choosing any g̃ ∈ G̃1(F ), we have:

〈u′, π̃′1(ξ̃u,v)v
′〉 =

∫
AG1

(F )\G1(F )

〈u′, π̃′1(gg̃)v′〉〈u, π̃1(gg̃)v〉 dg =

∫
AG1

(F )\G1(F )

〈u′, π′1(g)π̃′1(g̃)v′〉〈u, π1(g)π̃1(g̃)v〉 dg,

which by the de�nition of formal degree equals:

d(π1)−1〈u′, u〉〈π̃′1(g̃)v′, π̃1(g̃)v〉 = d(π1)−1〈u′, u〉〈v′, v〉,
using the de�nition of the contragredient for twisted representations (Notation 2.4(v)). �

Notation 8.30. Let Ȧ0 = {zz−1
0 ε1(z0) | z ∈ AG̃1

(F ), z0 ∈ AG1
(F )} (for ε1, see Notation 8.1(i)).

Lemma 8.31. Ȧ0 ⊂ AG1
(F ) is of �nite index and has the following property: if (π′1, π̃

′
1) is an ω-representation

of G̃1(F ), where π′1 is a smooth �nite length representation that has a central character restricting to µ−1
1

on AG̃1
(F ), then this central character agrees with µ−1

1 on Ȧ0.
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Proof. Since ε1 has �nite order and AG̃1
= (Aε1

G1
)0, it is easy to see that Ȧ0 is of �nite index in AG1(F ). Let

µ′1 be the restriction of the central character of π
′
1 to AG1

(F ). We are given that µ′1 and µ
−1
1 agree on AG̃1

(F ),

so it su�ces to show that they agree on ε1(z)z−1 whenever z ∈ AG1
(F ). We have µ−1

1 (ε1(z)z−1) = ω(z) by

hypothesis (see Notation 8.1(iv)), which reduces us to proving that µ′1(ε1(z)z−1) = ω(z) for all z ∈ AG1
(F ).

By the de�nition of ω-representations (Notation 2.4(i)), π̃′1(g̃) intertwines π′1 ⊗ ω with π′1 ◦ Int g̃ for any

g̃ ∈ G̃1(F ), and the equality µ′1(ε1(z)z−1) = ω(z) follows from this by comparing central characters. �

Notation 8.32. Suppose Haar measures on AG̃1
(F ) and AG1(F ) are understood from the context. Write

f̃1 7→ ξ̃f̃1
for the map C∞µ1

−1(G̃1(F ))→ C∞(G̃1(F )) de�ned by the analogue of (47), i.e.,

ξ̃f̃1
(g̃) =

∫
AG̃1

(F )\AG1 (F )

µ1(z)−1f̃1(zg̃) dz.

Even when π1 extends to an ω−1-representation of G̃1(F ), an f̃1 ∈ C∞µ−1
1

(M̃1(F )) such that ξ̃f̃1
∈ C̃(π1) may

not be a pseudo-coe�cient for an extension of π∨1 to an ω-representation of G̃1(F ). The following lemma

addresses this problem.

Lemma 8.33. Choose Haar measures on G1(F ),AG1
(F ) and AG̃1

(F ). Let ξ̃ ∈ C̃(π1). Then there exists

f
1
∈ C∞

µ−1
1

(G̃1(F )), satisfying the following properties:

• f
1
has the cusp form like property of Lemma 8.9;

• ξ̃f
1

= ξ̃;

• For each smooth ω-representation (π′1, π̃
′
1) of G̃1(F ) such that π′1 has a central character restricting

to µ−1
1 on AG̃1

(F ) (though not necessarily on AG1(F )), if π′1
∨
has no subquotient isomorphic to π1,

then π̃′1(f
1
) = 0 (the operator itself and not just its trace).

Moreover, any such f
1
(in fact, more generally, any f

1
∈ C∞

µ−1
1

(G̃1(F )) satisfying ξ̃f
1

= ξ̃) automatically

satis�es the following additional property:

• Suppose we are given an ω-representation (π′1, π̃
′
1) of G̃1(F ) such that π′1

∨
= π1: in particular, π′1 is

irreducible, and π̃1 := (π̃′1)∨ is an ω−1-representation of G̃1(F ) with underlying G1(F )-representation

π1. View ξ̃ as a matrix coe�cient for π̃1 and associate to it the matrix coe�cient ξ for π1 as in

Notation 2.4(iv). Then:

(109) tr π̃′1(f
1
) = d(π1)−1ξ(1).

Proof. Let us �rst show the last assertion of the lemma: if we have an ω-representation (π′1, π̃
′
1) such that

π′1
∨

= π1, and let π̃1 := (π̃′1)∨, ξ and f
1
be as in the assertion (thus, ξ̃f

1
= ξ̃), then tr π̃′1(f

1
) equals∫

AG1
(F )\G̃1(F )

(∫
AG̃1

(F )\AG1
(F )

f
1
(zg̃)π̃′1(zg̃) dz

)
dg̃ =

∫
AG1

(F )\G̃1(F )

(∫
AG̃1

(F )\AG1
(F )

µ−1
1 (z)f

1
(zg̃) dz

)
π̃′1(g̃) dg̃,

which equals tr π̃′1(ξ̃f
1
) = tr π̃′1(ξ̃), which in turn equals d(π1)−1ξ(1) by Lemma 8.29(ii). Thus, we will now

focus on the remaining assertions of the lemma.

Recall the subgroup Ȧ0 = {zz−1
0 ε1(z0) | z ∈ AG̃1

(F ), z0 ∈ AG1(F )} ⊂ AG1(F ) from Notation 8.30. The

integral de�ning ξ̃f
1
can be factored (for some choice of Haar measure on Ȧ0) as:

ξ̃f
1
(g̃) =

∫
Ȧ0\AG1 (F )

µ1(z)−1 · ◦ξ̃f
1
(zg̃) dz,

where for this proof we will use the following notation analogous to Notation 8.32:

◦ξ̃f
1
(g̃) =

∫
AG̃1

(F )\Ȧ0

µ1(z)−1f
1
(zg̃) dz.
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Since Ȧ0 ⊂ AG1(F ) is of �nite index (Lemma 8.31), there exists f
1
∈ C∞

µ−1
1

(G̃1(F )) such that ◦ξ̃f
1
is a

nonzero scalar multiple of the given ξ̃ ∈ C̃(π1). In fact:

Claim. There exists f
1
∈ C∞

µ−1
1

(G̃1(F )), which has the cusp form like property of Lemma 8.9, and is such

that ◦ξ̃f
1
is a nonzero scalar multiple of ξ̃.

We will postpone the justi�cation of this claim to the end of this proof. Let f
1
∈ C∞

µ−1
1

(G̃1(F )) be as in the

claim. Then, automatically, ξ̃f
1
is also a nonzero scalar multiple of ξ̃. Hence we may and do multiply f

1

with a nonzero scalar, and assume without loss of generality that ξ̃f
1
equals ξ̃.

Suppose (π′1, π̃
′
1) is an ω-representation, such that π′1 is smooth and has a central character that restricts to

µ−1
1 on AG̃1

(F ), and such that π′1
∨
has no subquotient isomorphic to π1. Let us show that π̃′1(f

1
) = 0. By

Lemma 8.31, the central character of π′1 restricts to µ−1
1 on Ȧ0, so that:

π̃′1(f
1
) =

∫
AG̃1

(F )\G1(F )

f
1
(g̃)π̃′1(g̃) dg̃ =

∫
Ȧ0\G̃1(F )

◦ξ̃f
1
(g̃)π̃′1(g̃)dg̃ = (const.) ·

∫
Ȧ0\G̃1(F )

ξ̃(g̃)π̃′1(g̃) dg̃.

If the central character of π′1 does not restrict to µ
−1
1 on all of AG1

(F ), then this integral vanishes. If it does,

then we conclude that π̃′1(f
1
) equals π̃′1(ξ̃), which vanishes by Lemma 8.29(i), as desired.

It remains to show the claim whose proof we have postponed, that there exists f
1
∈ C∞

µ−1
1

(G̃1(F )) with the

cusp form like property of Lemma 8.9, such that ◦ξ̃f
1
is a multiple of ξ̃.

Let G1(F )c ⊂ G1(F ) be the kernel of the homomorphism HG1
: G1(F )→ AG1

. Note that AG1
(F ) G1(F )c is

of �nite index in G1(F ). Hence there are only �nitely many Ȧ0 G1(F )c-orbits in G̃1(F ) for left-multiplication.

Denote the set of these Ȧ0 G1(F )c-orbits by {C ′i | i ∈ I1}, and choose an AG̃1
(F ) G1(F )c-orbit Ci ⊂ C ′i for

each i. Let C be the union of the Ci; it is an open subset of G̃1(F ). Set f
1

= 1C · ξ̃. It is easy to see that f1
∈

C∞
µ−1

1

(G̃1(F )) � to see the compactness of its support modulo AG̃1
(F ), use, e.g., an untwisted variant of the

discussion in Notation 8.4(i). We claim that ◦ξ̃f
1
equals the product of vol(AG̃1

(F )\(Ȧ0 ∩AG̃1
(F ) G1(F )c))

and ξ̃. Since G̃1(F ) = Ȧ0 · C, it su�ces to verify this equality at each g̃ ∈ C = ∪Ci. For such a g̃ ∈ Ci, we
have:

◦ξ̃f
1
(g̃) =

∫
AG̃1

(F )\Ȧ0

µ1(z)−1
1C(zg̃)ξ̃(zg̃) dz = vol(AG̃1

(F )\(Ȧ0 ∩AG̃1
(F ) G1(F )c)) · ξ̃(g̃),

using that µ1(z)−1ξ̃(zg̃) = ξ̃(g̃), and that, since g̃ ∈ Ci, we have zg̃ ∈ Ci if and only if z ∈ AG̃1
(F ) G1(F )c.

Since G1(F )c contains G1,der(F ), it follows that 1C is left-invariant under multiplication by Gder(F ), which

contains the unipotent radical of every parabolic subgroup of G1(F ). From this, and the fact that ξ̃ itself has

the cusp form like property (since ξ̃ ∈ C̃(π1) and since π1 is a supercuspidal representation), it is easy to see

that f
1
has the cusp form like property as well, �nishing the proof of the claim and hence of the lemma. �

Proposition 8.34. Let ξ̃ ∈ C̃(π1), and let (M1, M̃1) be a semistandard Levi subspace of (G1, G̃1). Let

η ∈ M̃1(F ) be a semisimple element satisfying (a), (b) and (c) of the following conditions, which we repeat

from Proposition 8.25:

(a) Gη
1 ⊂ M1, i.e., Gη

1 = Mη
1 (though η may not be strongly regular);

(b) Mη
1 = M1,η ·ZM1

;

(c) ω is trivial on Mη
1(F );

(d) The `ellipticity condition' that the inclusion AM̃1
⊂ AMη

1
is an equality.

Choose Haar measures on G1(F ),Mη
1(F ),AM̃1

(F ),AG̃1
(F ) and AG1(F ). Let f̃1 ∈ C∞µ−1

1

(G̃1(F )) be such that

ξ̃ = ξ̃f̃1
. Then:
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(i) If π1 does not extend to an ω−1-representation of G̃1(F ), or if η does not satisfy the condition (d),

then ∫
Ȧ0\AG1 (F )

µ−1
1 (z)OG̃1

M̃1
(zη, ω, f̃1) dz = 0.

(ii) Suppose π1 does extend to an ω−1-representation π̃1 of G̃1(F ), which we assume without loss of

generality to be unitary, and suppose that η satis�es the condition (d). Let π′1 := π∨1 , and let

π̃′1 := (π̃1)∨. Let c0,η(π̃1) and c0,η(π̃′1) be the coe�cients of the trivial nilpotent orbit in the character

expansions of π̃1 and π̃′1 at η (see Notation 8.23). Then, letting ξ be the matrix coe�cient of π1

associated to ξ̃ ∈ C̃(π1) = C̃(π̃1) as in Notation 2.4(iv), we have for any choice of a Haar measure

on the �nite group Ȧ0\AG1
(F ):

1

vol(Ȧ0\AG1(F ))

∫
Ȧ0\AG1 (F )

µ−1
1 (z)OG̃1

M̃1
(zη, ω, f̃1) dz =

ξ(1)

d(π1)
·

(−1)dim AM̃1
− dim AG̃1 · ιG̃1

Γ0,Mη
1

· c0,η(π̃′1)(110)

=
ξ(1)

d(π1)
·

(−1)dim AM̃1
− dim AG̃1 · ιG̃1

Γ0,Mη
1

· c0,η(π̃1).(111)

Proof. In the situation of (ii), where π̃′1 = (π̃1)∨, the equality of (111) follows from the equality c0,η(π̃1) =

c0,η(π̃′1), a consequence of the fact that Θ(π̃1, γ) = Θ(π̃′1, γ) for every strongly regular semisimple γ ∈ G̃1(F ),

which in turn is easy to see from the fact that π̃1 and π̃′1 are unitary and contragredient to each other (so

one can be naturally hosted in the base-change of the vector space hosting the other with respect to complex

conjugation). Thus, if we are in the situation of (ii), it su�ces to show (110). We will now show (i) and (ii)

almost together.

One can easily show (e.g., as in the proof of Lemma 7.19, speci�cally the deduction of (85) there), that for

a suitable normalization of measures:∫
Ȧ0\AG1 (F )

µ−1
1 (z)OG̃1

M̃1
(zη, ω, f̃1) dz =

∫
AG1 (F ) Gη1 (F )\G1(F )

ω(x)ξ̃f̃1
(x−1ηx)vG̃1

M̃1
(x) dx,

which is well-de�ned by the equality µ1 ◦ ε1 = µ1ω
−1 (see Notation 8.1(iv)), the fact that ω is trivial

on Mη
1(F ) = Gη

1(F ), and the left-invariance of vG̃1

M̃1
under left-multiplication by M1(F ) ⊃ AG1(F ) Gη

1(F ).

Therefore, the left-hand side of (110), or that of the equality claimed in (i), does not change if we replace f̃1

by any f
1
∈ C∞

µ−1
1

(G̃1(F )) such that ξ̃f̃1
= ξ̃f

1
. We choose f

1
as in Lemma 8.33.

In what follows, whenever z ∈ AG1
(F ) and we are in the situation of (ii), de�ne c0,zη(π̃′1) by replacing η with

zη in the de�nition of c0,η(π̃′1). Thus, it su�ces to show that for each z ∈ AG1
(F ), OG̃1

M̃1
(zη, ω, f

1
) equals

0 in the situation of (i), and that in the situation of (ii) it equals µ1(z) times the right-hand side of (110).

Since c0,zη(π̃′1) = µ−1
1 (z)c0,η(π̃′1) = µ1(z)c0,η(π̃′1) whenever we are in the situation of (ii) (with π̃′1 = (π̃1)∨),

and since each of the conditions (a), (b), (c) and (d) is satis�ed if and only if it is satis�ed with zη in place

of η, it is enough to replace zη with η and show that OG̃1

M̃1
(η, ω, f

1
) equals 0 (resp., the right-hand side of

(110)) if we are in the situation of (i) (resp., (ii)).

If π1 does not extend to an ω−1-representation of G̃1(F ), then it is easy to see from the choice of f
1
(i.e.,

its being as in Lemma 8.33) that it satis�es the conditions of Remark 8.13. If π1 does extend to an ω−1-

representation of G̃1(F ), then the same choice of f
1
implies that the conditions of Corollary 8.11 are satis�ed,

with (π′1, π̃
′
1) = (π∨1 , (π̃1)∨) and a1 = d(π1)−1ξ(1).

Now it is easy to see that each of (i) and (ii) of the proposition follows from either Remark 8.27 (if π1 does not

extend to an ω−1-representation of G̃1(F )) or Proposition 8.25 (otherwise). Here we use that the conditions

(a), (b), (c) and (d) are copied from corresponding conditions in the statement of Proposition 8.25. �
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9. The residue formula and some simplifications

Now we get back to the main setting of the paper. In this section, we will apply the main result of the

previous section, Proposition 8.34, to get convert our expression for the residue in terms of weighted orbital

integrals, into one in terms of character theory. Note that the resulting residue is a sum over contributions

from various T ∈ T . We will then rearrange this residue into a sum of what should, at least in many cases,

be contributions from various endoscopic data.

9.1. A �rst expression for R(π̃).

Notation 9.1. (i) Let T 0,+ ⊂ T + be the set of T ∈ T + such that either T is split, or there is no proper

Levi subgroup of M containing MT. Note that the latter condition is equivalent to the inclusion

AM ⊂ AMT
(or equivalently the inclusion AM̃ ⊂ AM̃T

) being an equality. Let T 0 = T 0,+ ∩ T .
(ii) Let T ∈ T +, and let t̃ ∈ T̃sr(F ) = Tsr(F )w−1

0 . If we are given an extension π̃ of π to a representation

of M̃(F ), we will write c0(π̃, t̃) for the coe�cient of the trivial nilpotent orbit in the character

expansion of π̃ at t̃ (normalized like in Notation 8.23). When π̃ is understood, we will write c0(t̃) for

c0(π̃, t̃).

Remark 9.2. The de�nition of T 0,+ is motivated by the condition (d) in Proposition 8.34. For more details,

see the proof of Theorem 9.3 below.

Recall π, and that the central character µ of π satis�es µ ◦ ε = µ (see Notation 6.3(i)). Recall, for T ∈ T +,

the distribution RT : C∞µ−1(M̃(F ))→ C from Notation 7.17

Theorem 9.3. Let T ∈ T +, and let f̃ ∈ C∞µ−1(M̃(F )) be such that ξ̃f̃ ∈ C̃(π).

(i) If π does not extend to a representation of M̃(F ), then RT(f̃) = 0.

(ii) Suppose π extends to a representation π̃ of M̃(F ). Viewing ξ̃f̃ as a matrix coe�cient for π̃ (using

the equality C̃(π) = C̃(π̃) as in Notation 2.4(iii)), let ξf̃ ∈ C(π) be associated to it as in Notation

2.4(iv). We have:

RT(f̃) =
ξf̃ (1)

d(π)
· bT(π̃),

where bT(π̃) equals 0 if T 6∈ T 0,+, and when T ∈ T 0,+ it is given by

bT(π̃) =


vol(Tε(F ))

2Γ0,Mε
T

∫
Tε,sr(F )

D(S̃(λ))1/2 · c0(S̃(λ)) dλ, if T is not split;

0, if we are in a `classical case' and T is split; and
3 vol(Tε(O))

2 vol((AM̃T
/AM̃)(O))·Γ0,Mε

T

∫
Tε,sr(F )

D(S̃(λ))1/2 · c0(S̃(λ)) dλ, if we are in an `exceptional case' and T is split.

.

Here, we use measures on AM(F ),AM̃(F ),M(F ),Tε(F ),Tε(F ) and AM̃T
(F )/AM̃(F ) = (AM̃T

/AM̃)(F )

chosen respectively in (ii), (ii), (i), (i), (i) and (iii) of Notation 5.7, and Γ0,Mε
T
is as in Notation

8.18(ii), using the measures on Mε
T(F ) and AM̃T

(F ) = AMε
T

(F ) chosen in Notation 5.7 (note that

AM̃T
= AM̃ if T ∈ T 0,+ is not split). Further, the quotient measure on M(F )/AM(F ) is used to

de�ne the formal degree d(π).

Remark 9.4. A discussion on the choices of measures above is postponed to Remark 9.6 below.

Proof of Theorem 9.3. Whenever we are in the situation of (ii), we may and shall assume π̃ to be unitary

without loss of generality: multiplying π̃(w−1
0 ) by a 6= 0 multiplies each c0(S̃(λ)) by a, but also multiplies

ξf̃ (1) by a−1. We will prove (i) and (ii) together, so assume that we are in either of these two cases.

`Classical' case, T split. In this case the theorem follows from Lemma 7.29 (since π is supercuspidal, the

condition that f̃ belong to the space C∞µ−1(M̃(F ))cusp of Notation 6.4(v) is automatic).

In the remaining cases, we will apply Proposition 8.34 in the following setting. In each case, we will take

G̃1 = M̃, ω = 1G1(F ) and η = S̃(λ) for varying λ ∈ Tε,sr(F ); and we will let M̃1 equal M̃T or M̃ (= G̃1)
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depending on whether or not T is split (thus, M̃1 is indeed a Levi subspace of G̃1 in each case, and we may

assume it to be semistandard). Note that each such η = S̃(λ) is semisimple, and satis�es the conditions (a),

(b) and (c) of Proposition 8.34 whether or not T is split: this is because Gη
1 = MS̃(λ) equals Mε

T ⊂ MT ⊂ M1

(as follows from Corollary 3.65, since S̃(λ) belongs to T̃sr(F ) by Remark 5.4(iii)), which is connected by

Lemma 3.10(iv). In each case, we will use that ιG̃1
= ιM̃ (see Notation 8.2(viii)) equals 1/2 � this is because

AM/AM̃ = AM/AεM is one-dimensional, and on it the map induced by ε equals multiplication by −1 (use,

e.g., Lemma 6.8). We will also use that the AM̃(F )Ȧ of Notation 7.17 equals the Ȧ0 of Notation 8.30.

Further, when we are in the situation of (i) as well as whenever η = S̃(λ) does not satisfy the condition (d) of

Proposition 8.34, we will apply Proposition 8.34(i) with π1 = π; else we will apply Proposition 8.34(ii) with

(π1, π̃1) = (π, π̃). In either case, the measures on G1(F ) = M(F ),Mη
1(F ) = Mε

T(F ),AM̃1
(F ) (which equals

AM̃T
(F ) or AG̃1

(F ) = AM̃(F )), AG̃1
(F ) = AM̃(F ) and AG1

(F ) = AM(F ) that are needed for the application

of Proposition 8.34 will be chosen as stated in the theorem, i.e., as in Notation 5.7.

`Exceptional' case, T split. We have from the de�nition (Notation 7.17) and Lemma 7.28 that RT(f̃) equals:

− 3 vol(Tε(O))

vol((AM̃T
/AM̃)(O)) vol(AM̃(F )Ȧ\AM(F ))

∫
Tε,sr(F )

D(S̃(λ))1/2 ·
∫

AM̃(F )Ȧ\AM(F )

µ−1(z)OM̃
M̃T

(zS̃(λ), ω, f̃) dz dλ.

We apply (i) or (ii) of Proposition 8.34 as mentioned above, recalling that ιG̃1
= 1/2 and Ȧ0 = AM̃(F )Ȧ,

noting that each η = S̃(λ) with λ ∈ Tε,sr(F ) satis�es the condition (d) of that proposition (since AM̃1
=

AM̃T
= AMε

T
= AMη

1
in this case), and using the fact that dim AM̃1

−dim AG̃1
= 1 (since, by Lemma 4.22,

M1 = MT is a maximal Levi subgroup of G1 = M in this exceptional case with T split). Hence RT(f̃) equals

0 in the situation of (i), and in the situation of (ii) it equals:

ξf̃ (1)

d(π)

3 vol(Tε(O))

2 vol((AM̃T
/AM̃)(O))Γ0,Mε

T

·
∫

Tε,sr(F )

D(S̃(λ))1/2 · c0(S̃(λ))dλ,

as desired.

`Classical' or `exceptional' case, T is not split, but T ∈ T 0,+. In this case, we have from the de�nition

(Notation 7.17) that RT(f̃) equals:

vol(Tε(F ))

vol(AM̃(F )Ȧ\AM(F ))

∫
Tε,sr(F )

D(S̃(λ))1/2

∫
AM̃(F )Ȧ\AM(F )

µ−1(z)OM̃
M̃

(zS̃(λ), ω, f̃) dzdλ,

where we use that, given our choices of measures, the trivial torus AM̃(F )\AM̃(F ) gets the counting measure,

so that the weight factors in the orbital integrals above are identically 1. We again apply (i) or (ii) of

Proposition 8.34 as mentioned above, recalling that ιG̃1
= 1/2 and Ȧ0 = AM̃(F )Ȧ, noting that this time

each η = S̃(λ) satis�es the condition (d) because AMη
1

= AMε
T

= AM̃T
= AM̃ by the hypothesis that T ∈ T 0,+,

and using the fact that dim AM̃1
−dim AG̃1

= 0. Hence RT(f̃) equals 0 in the situation of (i), and in the

situation of (ii) it equals:

ξf̃ (1)

d(π)
· vol(Tε(F ))

2Γ0,Mε
T

∫
Tε,sr(F )

D(S̃(λ))1/2c0(S̃(λ)) dλ,

as desired.

The case where T 6∈ T 0,+. In this case, everything is the same as in the case where T is non-split and

T ∈ T 0,+, except that this time, since the inclusion AM̃ ⊂ AM̃T
= AMε

T
= AMη

1
is not an equality, the

η = S̃(λ) do not satisfy the condition (d) of Proposition 8.34, so one has to apply (i) of the proposition.

Thus, one gets RT(f̃) = 0 in this case.

This �nishes the proof of the theorem. �

The following corollary of Theorem 9.3 is one of the main results of this paper.
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Corollary 9.5. (i) If w0π 6∼= π, i.e., if π does not extend to a representation of M̃(F ), then s 7→
A(s, π, w0) is holomorphic at s = 0, so that Ind

G(F )
P(F ) π is reducible (recovering one of the implications

of Theorem 2.7).

(ii) Suppose w0π ∼= π, so that we may and do �x an extension π̃ of π to a representation of M̃(F ). For

T ∈ T 0,+, let bT(π̃) be as in Theorem 9.3. Then:

R(π̃) =
vol(AM̃(F )\AM,0)

2 log q
· d(π)−1 ·

∑
T∈T 0

bT(π̃)

#WT
.

Proof. (i) follows from Corollary 2.23(ii), Corollary 7.20(i) and Theorem 9.3(i), while (ii) follows from Corol-

lary 7.20(ii) and Theorem 9.3(ii). �

Remark 9.6. vol(AM̃(F )\AM,0)d(π)−1bT(π̃) for each T ∈ T +
0 , and hence also R(π̃), in fact depend only on

the measures on M(F ),Tε(F ),Tε(F ) and Mε
T(F ), and not on the measures on AM(F ),AM̃(F ) and AM̃T

(F ),

as we now explain brie�y (note that this is exactly how our set up and Proposition 5.14 require it to be).

The contributions of the measure on AM(F ) to vol(AM̃(F )\AM,0) and d(π)−1 cancel out. If T is not split

(resp., if we are in an exceptional case and T is split), one can check that the contributions of the measure on

AM̃(F ) to vol(AM̃(F )\AM,0) and to (Γ0,Mε
T

)−1 (resp., vol((AM̃T
/AM̃)(O))−1) cancel out. When T is split

and we are in an exceptional case, the contributions of the measure on AM̃T
(F ) to vol((AM̃T

/AM̃)(O))−1

and (Γ0,Mε
T

)−1 cancel out. Nevertheless, we will still work with precisely chosen measures on AM(F ),AM̃(F )

and AM̃T
(F ), since that will help us get nice expressions for individual factors contributing to R(π̃).

Notation 9.7. (i) Now that we have recovered Harish-Chandra's result (in the special case of our

setting) that the residue vanishes when π 6∼= w0π, we now assume that π ∼= w0π, and �x an extension

π̃ of π to a representation of M̃(F ), for the rest of this paper. Our aim will be to understand R(π̃)

better.

(ii) Henceforth, we impose that the measure on M(F ), as well as the measures on Tε(F ),Tε(F ) and

Mε
T(F ) for each T ∈ T 0,+, are chosen as in Notation 5.22(iv) � notice that this is consistent with

the choices in Theorem 9.3 (which followed Notation 5.7), by Remark 5.32. We also impose that

the measures on AM(F ) and AM̃(F ), and on (AM̃T
/AM̃)(F ) for each split T ∈ T + if we are in an

exceptional case, are chosen as in Notation 5.22(ii).

(iii) Henceforth, for each T ∈ T 0,+ ⊂ T +, bT(π̃) will denote the expression given for it in Theorem 9.3,

i.e.,

bT(π̃) =


vol(Tε(F ))

2Γ0,Mε
T

∫
Tε,sr(F )

D(S̃(λ))1/2 · c0(S̃(λ)) dλ, if T is not split;

0, if we are in a `classical case' and T is split; and
3 vol(Tε(O))

2 vol((AM̃T
/AM̃)(O))·Γ0,Mε

T

∫
Tε,sr(F )

D(S̃(λ))1/2 · c0(S̃(λ)) dλ, if we are in an `exceptional case' and T is split.

Here, we use the measures de�ned in (ii) above.

(iv) Recall the character ψ : F → C× �xed in Subsection 2.1. Henceforth, let γ∗(0,1, ψ) be the constant

such that:

γ∗(0,1, ψ)−1 = Ress=0 γ(s,1, ψ)−1 = Ress=0
L(s,1)

ε(s,1, ψ)L(1− s,1)
,

where 1 is the trivial character of F×.

Lemma 9.8. We have (thanks to the choice of measures in Notation 9.7(ii)):

vol(AM̃(F )\AM,0) · (log q)−1 = γ∗(0,1, ψ)−1,

so that by Corollary 9.5(ii):

R(π̃) =
γ∗(0,1, ψ)−1

2
· d(π)−1 ·

∑
T∈T 0

bT(π̃)

#WT
.
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Proof. It su�ces to prove the �rst equality. Replacing ψ by x 7→ ψ(ax), for some �xed a ∈ F×, multiplies
both sides by |a|1/2 (use facts recalled in [HII08b, (1.1) and Lemma 1.3]). Therefore, we may and do assume

that c(ψ) = 0 (here c(ψ) is the order of ψ, as recalled in Notation 5.18(ii)).

Since 〈β, γ∨〉 = 1, the character β̇ used in the de�nition of AM,0 (see Notation 6.12(i)) satis�es that 〈β̇, γ∨〉 =

1. Since the product map AG×γ∨(Gm) → AM is an isomorphism (Lemma 6.8(i)), it follows that AM,0 =

AG(F )γ∨(O×). Combining the isomorphism AG×γ∨(Gm) → AM with the fact that AG = AM̃ (Lemma

6.8(ii)), and using that AM and AG = AM̃ have been given measures as in Notation 5.22(ii), it now follows

that vol(AM̃(F )\AM,0) equals that of γ∨(O×) ⊂ γ∨(Gm)(F ), where the torus γ∨(Gm)(F ) is given measure

as in Notation 5.22(ii). Since c(ψ) = 0, it is now easy to see that both vol(AM̃(F )\AM,0)(log q)−1 and

γ∗(0,1, ψ)−1 evaluate to (1− q−1) · (log q)−1 (use, e.g., Lemma 5.25), so that we are done. �

Now let us describe T 0 as a subset of T .

Lemma 9.9. T 0,+ = T + unless we are in the case of D4 that is quasi-split, non-split and split over a

quadratic extension K/F (in the sense of Remark 4.3(ii)), in which case, given T ∈ T +, we have T ∈
T + \ T 0,+ if and only if T is non-split but splits over K.

Remark 9.10. Thus, in most situations we have T 0,+ = T +. The exclusion from T 0,+, in the case of D4

that is quasi-split, non-split and split over a quadratic extension K/F , of T ∈ T + that are non-split but

split over K, is related to the condition E 6= Kj in Proposition 10.49(i) below.

Proof of Lemma 9.9. Using Remark 4.2, it is easy to reduce to the case where G is absolutely almost simple.

It is also easy to reduce to the case where G is in addition simply connected � passing to the simply

connected cover replaces T + with a set that is in obvious bijection with it (e.g., use Lemma 3.34).

Thus, we assume that G is absolutely almost simple and simply connected. If G is not of type D4, then Msc

is a product of absolutely almost simple groups: this has been observed in the proof of Lemma 4.22.

Thus, in all cases other than the D4-case, we will be done if we prove the following:

Claim. If Msc is a product of absolutely almost simple groups, and if T ∈ T + is not split, then the inclusion

AM ⊂ AMT
is an equality.

To prove the claim, assume for now that T ∈ T + is non-split and that Msc is a product
∏
j M′j of absolutely

almost simple groups. Correspondingly, the centralizer Msc,T of T in Msc, which is also the preimage of MT

under Msc → M, is a product
∏
j M′j,T, with each M′j,T a twisted Levi subgroup of M′j . It su�ces to show

that the inclusion {1} = AMsc ⊂ AMsc,T =
∏
j AM′j,T

is an equality, or equivalently, that AM′j,T
is trivial for

each j. Since the connected center of (the absolutely almost simple group) M′j is trivial for each j ∈ J , this
follows if we show the following two claims for each j0 ∈ J : that (M′j0,T)F̄ is a maximal Levi subgroup of

(M′j0)F̄ , and that M′j0,T contains a central anisotropic torus.

Since M′j0 is absolutely almost simple, the former statement follows by applying Lemma 4.21(i) over a �nite

extension of F . To prove the latter statement, �rst note that T does not centralize (the absolutely almost

simple group) M′j0 , and hence neither does the image of T in Mad =
∏
j(M

′
j)ad. This image is an anisotropic

torus, since the maximal split subtorus of T is γ∨(Gm) ⊂ ZM. Hence there exists a nontrivial anisotropic

torus in (M′j0)ad, and hence in M′j0 , that centralizes M′j0,T, giving the second claim. Thus, we are done when

G is not of type D4.

Let us now assume that we are in the D4-case (and G is still absolutely almost simple and simply connected).

We write Msc =
∏
j∈J M′j as a product of almost simple groups (which may not be absolutely almost simple).

For each j ∈ J , it is easy to see that one can write M′j = ResKj/F H′j , where for each j ∈ J , Kj/F is a �nite

extension in F̄ , and the group H′j over Kj is an inner form of SL2 � for some more details, see Notation

10.1(iv) below. Then
∑
j [Kj : F ] = 3. Let T ∈ T + be non-split, and split over a quadratic extension E/F

in F̄ .
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It is immediate that for each j ∈ J , the centralizer M′j,T of T in M′j , being a proper twisted Levi subgroup

of M′j , is a maximal torus of M′j . The centralizer Msc,T of T in Msc equals Msc ∩MT as well as
∏
j M′j,T.

T′ := T∩Mder = T∩Msc is isomorphic to the norm one torus associated to E/F .

First consider the case where E 6= Kj for each j. In this case, we claim that for each j ∈ J , M′j,T is

obtained (up to isomorphism) by applying ResKj/F to the norm one torus associated to EKj/Kj . To see

this, note that we can (by Remark 4.20(iii)) write M′j,T = ResKj/F T′j , for some maximal torus T′j ⊂ H′j .

The fact that the map T′ ↪→ Msc → M′j = ResKj/F H′j , is nontrivial (because M′j,T ( M′j) and has image in

M′j,T = ResKj/F T′j , together with the universal property of ResKj/F (Remark 4.20(ii)), implies that there

is a nontrivial map (T′)Kj → T′j , forcing T′j to be the norm one torus associated to EKj/Kj .

Thus, the claim follows, and we have proved that M′j,T is obtained by applying ResKj/F to the norm one

torus associated to EKj/Kj . But this forces each M′j,T to be anisotropic (e.g., because M′j,T(F ) is compact).

Hence Msc,T =
∏
j M′j,T is anisotropic, forcing the inclusion AM ⊂ AMT to be an equality.

Thus, it su�ces to consider the case where there exists j ∈ J such that E = Kj . Then we may write

J = {1, 2},K1 = F and K2 = E. In this case, the quasi-split inner form of G is non-split and split over E

� note in particular that we are done in all the cases except in the ones where the quasi-split inner form of

G is split over a quadratic extension E/F , and T too is split over that extension.

If G is not quasi-split, then it follows from the tables for 2Dn in [Tit66] that Msc is anisotropic, so that no

split torus in M can be larger than AM, forcing AMT
= AM.

Now we are done in all cases except that of D4 that is quasi-split and non-split over the same quadratic

extension E = K of F that splits T, and all we need to show is that T 6∈ T 0,+. It is easy to see that the

only maximal tori of M′2 = ResE/F SL2 that contain nontrivial subtori that split over E are its maximally

split maximal tori. Since the one-dimensional torus T′ = T∩Mder = T∩Msc splits over E and has a

nontrivial projection to M′2 = ResE/F SL2 (as M′2,T 6= M′2), it follows that the maximal torus M′2,T of

M′2 = ResE/F SL2, which contains this projection, is a maximally split maximal torus of ResE/F SL2. This

forces Msc,T = Msc ∩MT to contain a nontrivial split torus, so T ∈ T + \ T 0,+, as required. �

Lemma 9.11. Let T ∈ T +. Then T + is the set of all tori T′ ⊂ M such that TF̄ and T′F̄ are M(F̄ )-conjugate.

Proof. This is in fact part of the discussion in Notation 4.5. �

9.2. Preliminary simpli�cations involving the residue. Recall from Notation 9.7(i) that we have �xed

an extension π̃ of π to a representation of M̃(F ). In this subsection we write R(π̃) as a sum of terms R(E)(π̃)

and R(∗)(π̃), where the E and the element ∗ belong to a set E0 de�ned in Notation 9.14(ii) below, that turns

out at least in some cases (and will turn out, we hope, in most if not all cases) to index endoscopic data that

contribute to the residue.

Notation 9.12. Henceforth, let ω be the restriction of the central character of π to γ∨(F×). It will also

be thought of as a character on F× via γ∨. However, we will sometimes refer to ω also as a character of

M(F ), in which case the reference will instead be to ω ◦ χγ : M(F )→ C× � this con�ict in notation should

not cause confusion. Thus, π̃(w−1
0 ) de�nes an isomorphism π ∼= π ◦ ε = π ⊗ ω−1 (use the description of ε in

Lemma 3.10(i)). Comparing the central characters of π and π ⊗ ω−1, we see that ω = ω−1, i.e., ω2 = 1F× .

Remark 9.13. Henceforth we will frequently use that, if T ∈ T + is split (resp., non-split but split over a

quadratic extension E/F ), then the T(F )-conjugacy class of any t̃ ∈ T̃(F ) = T(F )w−1
0 is given by γ∨(F×)t̃

(resp., γ∨(NE/F (E×))t̃). On the other hand, the set of elements of T̃(F ) that are T(F̄ )-conjugate to t̃ is given

by γ∨(F×)t̃ (whether or not T is split). Both these assertions can be easily veri�ed using an identi�cation

of T(F ) with F× × F× or with E× as in Notation 4.10.

Notation 9.14. (i) Henceforth, for any quadratic extension L/K of �nite extensions of F , we write

sgnL/K for the unique character K× → K×/NL/K(L×) ∼= {±1} ↪→ C×.
112



(ii) Let, using {∗} to denote some �xed singleton set:

E = {E | E/F is a quadratic extension in F̄ such that there exists T ∈ T + split over E but not F} ∪ {∗},

and let

E0 = {E | E/F is a quadratic extension in F̄ such that there exists T ∈ T 0,+ split over E but not F}∪{∗}.

(iii) Given E ∈ E \ {∗}, so that E/F is a quadratic extension, let T +
E ⊂ T + denote the set of T ∈ T +

such that T is split over E but not over F , and let TE = T +
E ∩T . Thus, TE is a set of representatives

for the M(F )-conjugacy classes in T +
E . Note that the set of non-split tori in T + is the union of the

T +
E as E runs over E \ {∗}. It follows from Lemma 9.9 that the set of non-split tori in T 0,+ is the

union of the T +
E as E runs over E0 \ {∗}. Similar comments apply to T and T 0.

(iv) Let E ∈ E be a quadratic extension of F , and let T ∈ T +
E . Fix aE ∈ F× \ NE/F (E×) and de�ne

S̃′ : Tε,sr(F )→ T(F ) by λ 7→ γ∨(aE) · S̃(λ).

(v) For E ∈ E0 a quadratic extension of F , set

(112) R(E)(π̃) =
γ∗(0,1, ψ)−1

2
· d(π)−1 · b(E)(π̃),

where b(E)(π̃) =
∑

T∈TE (#WT)−1b
(E)
T (π̃), with b

(E)
T (π̃), for any T ∈ T +

E , given by:

b
(E)
T (π̃) =

vol(Tε(F ))

4 · Γ0,Mε
T

∫
Tε,sr(F )

D(S̃(λ))1/2
(
c0(S̃(λ))− c0(S̃′(λ))

)
dλ.

This expression does not depend on the choice of aE : replacing aE with a di�erent choice multiplies

S̃′(λ) by an element of γ∨(NE/F (E×)), and hence, by Remark 9.13, replaces it with a T(F )-conjugate.

(vi) Set:

R(∗)(π̃) =
γ∗(0,1, ψ)−1

2
· d(π)−1 · b(∗)(π̃),

where b(∗)(π̃) =
∑

T∈T 0(#WT)−1b
(∗)
T (π̃), with b

(∗)
T (π̃), for any T ∈ T 0,+, equal to:

vol(Tε(F ))
4Γ0,Mε

T

∫
Tε,sr(F )

D(S̃(λ))1/2
(
c0(S̃(λ)) + c0(S̃′(λ))

)
dλ, if T ∈ T +

E with E ∈ E0 \ {∗} (so T ∈ T 0,+ is not split),

0, if we are in a classical case and T is split, and
3 vol(Tε(O))

2 vol((AM̃T
/AM̃)(O))·Γ0,Mε

T

∫
Tε,sr(F )

D(S̃(λ))1/2c0(S̃(λ)) dλ, if we are in an exceptional case and T is split.

As in (v), this expression does not depend on the choice of aE .

Remark 9.15. In the de�nition of b
(∗)
T (π̃) in Notation 9.14(vi), when T ∈ T 0,+ is split and we are in an

exceptional case, so that MT ⊂ M is a maximal Levi subgroup, given our convention from Notation 9.7(ii)

of using measures on the one dimensional tori Tε(F ) and (AM̃T
/AM̃)(F ) as in Notation 5.22(ii), we have

vol(Tε(O)) = vol(AM̃T
/AM̃)(O), so that the expression 3 vol(Tε(O)) · (2 vol((AM̃T

/AM̃)(O)) · Γ0,Mε
T

)−1

simpli�es, and equals 3 · (2Γ0,Mε
T

)−1.

Proposition 9.16. Recall that ω is viewed as a character of F× via γ∨, and that ω2 = 1.

(i) R(π̃) =
∑
a∈E0 R

(a)(π̃) =
(∑

E R
(E)(π̃)

)
+ R(∗)(π̃), where in the last sum above E ranges over the

quadratic extensions of F in E0.
(ii) If ω is nontrivial, so that ω = sgnE/F for a unique quadratic extension E/F in F̄ , then R(e)(π̃) = 0

for all e ∈ E0 \ {E}. Hence R(π̃) = R(E)(π̃) if E ∈ E0, and R(π̃) = 0 if E 6∈ E0.
(iii) If ω is trivial, then R(E)(π̃) = 0 for all quadratic extensions E/F inside E0. Hence R(π̃) = R(∗)(π̃).

Proof. (i) is easy to see from the second equality of Lemma 9.8, the fact (discussed in Notation 9.14(iii))

that:

T 0 = {T ∈ T 0 | T split} t
⊔

E∈E0\{∗}

TE ,

and the fact that c0(S̃(λ)) is the sum of (c0(S̃(λ)) + c0(S̃′(λ)))/2 and (c0(S̃(λ))− c0(S̃′(λ)))/2.
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The second assertion of (ii) follows from the �rst assertion and (i). The �rst assertion of (ii) follows if we

show the following two statements, assuming ω = sgnE/F :

(a) c0 vanishes on T̃sr(F ) if T ∈ T 0,+ \ T +
E ; and

(b) c0(S̃(λ)) + c0(S̃′(λ)) = 0 if T ∈ T +
E and λ ∈ Tε,sr(F ).

For both of these statements, we will use that, for any T ∈ T 0, any a 6∈ NE/F (E×) and any t̃ ∈ T̃sr(F ):

(113) − c0(t̃) = sgnE/F (a)c0(t̃) = ω(a)c0(t̃) = c0(γ∨(a)t̃).

Now to see (a), we can apply (113) with any a 6∈ NE/F (E×) such that γ∨(a)t̃ and t̃ are conjugate � using

Remark 9.13, this conjugacy is automatic if T is split, and is satis�ed for a ∈ NE′/F (E′
×

) \ NE/F (E×) if

T ∈ TE′ for some quadratic extension E′ 6= E in E0. To see (b), apply (113) with a = aE ∈ F× \NE/F (E×)

and t̃ = S̃(λ).

As for (iii), again, the second assertion follows from the �rst assertion and (i). This time, in place of (113) we

get c0(γ∨(a)t̃) = c0(t̃) for each a ∈ F× and t̃ ∈ T̃sr(F ), which implies that for each quadratic extension E/F

inside E0 and each λ ∈ Tε,sr(F ), the expression c0(S̃(λ))− c0(S̃′(λ)) vanishes. This gives the �rst assertion

of (iii), and hence �nishes the proof of the lemma. �

Notation 9.17. (i) For T ∈ T +, write T∗ for T /γ∨(Gm). The kernel of the map T → Tε given by

t 7→ t−1ε(t−1) is easily veri�ed to be γ∨(Gm), and hence this map gives us an isomorphism T∗ → Tε,

using which transfer the measure on Tε(F ) to T∗(F ) � thus, the measure on T∗(F ) is as in Notation

5.22(ii). Write T∗,sr(F ) for the preimage of Tε,sr(F ) in T∗(F ). It follows from Remark 5.4(ii) that

the map T̃ → T∗ sending tw
−1
0 to the image of t in T∗(F ) identi�es T∗ with the quotient of T̃ by

T-conjugation (denoted T̃//T in Remark 5.4(ii)). The same remark also gives that the inverse to the

isomorphism T∗ → Tε takes λ ∈ Tε,sr(F ) to the image of S̃(λ) under T̃→ T∗. Combining this with

(ii) and (iv) of Notation 4.16, we see that T∗,sr(F ) is also the image of T̃sr(F ) under T̃(F )→ T∗(F ).

(ii) Let T ∈ T +. It follows from the de�nition of D : T̃(F ) → C× (see Notation 5.5(iii)), and the fact

that γ∨(Gm) centralizes M, that D|T̃ factors through the map T̃(F )→ T∗(F ) from (i) above. This

lets us de�ne D(t) for t ∈ T(F ) as well as t ∈ T∗(F ).

(iii) Suppose T ∈ T + is non-split, and split over a quadratic extension E/F . Recall that for each

Z = Zβ1
+Zβ2

∈ n1,0(F )∩cT(F ), with Zβi ∈ gβT,i
(F̄ ) for i = 1, 2, we de�ned τZ,T in Notation 5.1(iii),

by requiring that [Zβ1
, Zβ2

] = τZ,TXγ . We have τZ,T ∈ E. Any other element of n1,0(F ) ∩ cT(F )

is of the form aZβ1
+ āZβ2

where a ∈ E× and ā is the Gal(E/F )-conjugate of a; and replacing Z

with aZβ1
+ āZβ2

replaces τZ,T with NE/F (a) · τZ,T. Thus, we have an element τT ∈ E×/NE/F (E×)

(the image of τZ,T), which does not depend on Z but does depend on the labeling of {βT,1, βT,2}
(changing which replaces τT by −τT). Note that σE(τT) = −τT, where σE is the nontrivial element

of Gal(E/F ).

(iv) For T ∈ T + and t̃ ∈ T̃sr(F ), write:

∆T(t̃) =

{
1, if t̃ is T(F )-conjugate to S̃(λ) for some λ ∈ Tε,sr(F ), and

−1, otherwise.

Remark 9.18. Let T ∈ T + be non-split (so that S̃′ is de�ned), and let T̃sr(F )//T(F ) be the quotient of

the topological space T̃sr(F ) for the conjugation action of T(F ). The map T̃sr(F ) → Tε,sr(F ) de�ned by

tw−1
0 7→ t−1ε(t)−1 (which is well-de�ned by de�nition; see (ii) and (iv) of Notation 4.16) quotients to a map

T̃sr(F )//T(F ) → Tε,sr(F ). It is easy to see using Remark 9.13, and the fact that γ∨(Gm) is the kernel of

the map t 7→ tε(t) on T, that this latter map is two-to-one. Using Remark 5.4(ii) as well, we see that it

has disjoint continuous sections given by S̃ and S̃′. It is now easy to see that ∆T(S̃′(λ)) = −1, whereas

∆T(S̃(λ)) = 1, for each λ ∈ Tε,sr(F ). The notation ∆T is meant to suggest a connection to transfer factors.

Lemma 9.19. Let E/F be a quadratic extension in E, let T ∈ T +
E , and let σE denote the nontrivial

element of Gal(E/F ). Identify T with ResE/F (Gm) as in Notation 4.10, so that the resulting identi�cation
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E× = T(F ) takes a ∈ E× to β∨T,1(a)β∨T,2(σE(a)). If t̃ = tw−1
0 ∈ T̃sr(F ) and t is thought of as an element of

E× with this identi�cation, with t̄ := σE(t), then:

∆T(t̃) = sgnE/F

(
t− t̄
−τT

)
.

Proof. If t̃ equals S̃(λ) for some λ ∈ Tε,sr(F ), then ∆T(t̃) = 1 by de�nition, while it follows from Remark

5.4(i) that (t − t̄)/(−τT) equals 1 as well. By Remark 9.13, t̃′ = t′w−1
0 ∈ T̃sr(F ) is T(F )-conjugate to

t̃ = tw−1
0 if and only if t′ ∈ NE/F (E×)t ⊂ E× = T(F ). From this, the lemma follows in the case where

∆T(t̃) = 1.

By Remark 9.18, if t̃ is not conjugate to any S̃(λ), then t̃ is conjugate to S̃′(λ) = γ∨(aE)S̃(λ) for some

λ ∈ Tε,sr(F ), where we recall (Notation 9.14(iv)) that aE ∈ F× \ NE/F (E×). Thus, ∆T(t̃) = −1 by

de�nition, while, arguing as in the previous paragraph, we get (t − t̄)/(−τT) ∈ NE/F (E×) · aE , so that

sgnE/F ((t− t̄)/(−τT)) = sgnE/F (aE) = −1 as well. Hence the lemma follows. �

Remark 9.20. Assume the notation of Lemma 9.19 above. Recall that the de�nition of S̃(λ) depends on

the choice of ZT ∈ cT(F )∩ n1,0(F ) made in Notation 6.4(i), as well as on the labeling of {βT,1, βT,2}. Hence
the de�nition of ∆T a priori depends on these choices. Since τT is a well-de�ned element of F×/NE/F (E×),

Lemma 9.19 shows that ∆T is independent of the choice of ZT. Lemma 9.19 also shows that, as a function on

T̃sr(F ), ∆T is also independent of the labeling {βT,1, βT,2}� this is easy to check using the fact that switching

the labeling replaces the identi�cation T(F ) = E× by its composite with t 7→ σE(t), thus exchanging t and

t̄, and also replaces τT with −τT (alternatively, note that this switching replaces S̃(λ) with S̃(λ−1), and that

λ 7→ λ−1 induces a bijection of Tε,sr(F ) with itself).

Lemma 9.21. Suppose ω = sgnE/F for a quadratic extension E/F contained in E0, and let T ∈ T +
E . Then

b
(E)
T (π̃) =

vol(Tε(F ))

2 · Γ0,Mε
T

∫
T∗,sr(F )

D(t̃)1/2∆T(t̃)c0(t̃) dt,

where part of the assertion being made is that t̃ 7→ D(t̃)1/2∆T(t̃)c0(t̃) factors through the map T̃sr(F ) →
T∗,sr(F ) of Notation 9.17(i), and can thus be used to denote also the resulting function on T∗,sr(F ).

Proof. Since ω = sgnE/F and T ∈ T +
E , it is easy to see that c0(S̃(λ)) = −c0(S̃′(λ)) for all λ ∈ Tε,sr(F ).

Hence b
(E)
T (π̃) (see Notation 9.14(v) for its de�nition) equals:

(114)
vol(Tε(F ))

4 · Γ0,Mε
T

∫
Tε,sr(F )

D(S̃(λ))1/2
(
c0(S̃(λ))− c0(S̃′(λ))

)
dλ =

vol(Tε(F ))

2 · Γ0,Mε
T

∫
Tε,sr(F )

D(S̃(λ))1/2c0(S̃(λ)) dλ.

We saw in Notation 9.17(ii) that t̃ 7→ D(t̃)1/2 factors through the map T̃(F ) → T∗(F ). For each a ∈ F×
and t̃ ∈ T̃sr(F ), we have ∆T(γ∨(a)t̃) = sgnE/F (a)∆T(t̃) (use Lemma 9.19) and c0(γ∨(a)t̃) = sgnE/F (a)c0(t̃)

(since ω = sgnE/F ). Therefore, the product t̃ 7→ ∆T(t̃)c0(t̃) factors through T̃sr(F ) → T∗,sr(F ) as well.

Thus, the integral on the right-hand side of the claimed equality is well-de�ned.

Hence by the description of the inverse to the isomorphism T∗ → Tε in Notation 9.17(i), and the fact that

it preserves measures at the level of F -points by de�nition, the right-hand side can be written as:

vol(Tε(F ))

2 · Γ0,Mε
T

∫
Tε,sr(F )

D(S̃(λ))1/2∆T(S̃(λ))c0(S̃(λ)) dλ,

which equals the right-hand side of (114) since ∆T(S̃(λ)) = 1 (see Remark 9.18). �

Lemma 9.22. Suppose that ω is trivial, and let T ∈ T 0,+. Then:

b
(∗)
T (π̃) =


vol(Tε(F ))

2·Γ0,Mε
T

∫
T∗,sr(F )

D(t̃)1/2c0(t̃) dt, if T is not split,

0, if we are in a classical case and T is split, and
3 vol(Tε(O))

2 vol((AM̃T
/AM̃)(O))·Γ0,Mε

T

∫
T∗,sr(F )

D(t̃)1/2c0(t̃) dt, if we are in an exceptional case and T is split

,
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where the integrals are interpreted as in Lemma 9.21 above.

Proof. This has a proof that is somewhat similar to that of Lemma 9.21, and in fact slightly easier. �

We will not use the following lemma, but it gives us a good way of thinking about ∆T (and hopefully,

suggests some interesting properties satis�ed by transfer factors).

Lemma 9.23. Fix T ∈ T +. For t̃ ∈ T̃sr(F ), the following are equivalent:

(i) t̃ lies in the image of m̃(n′0(F )).

(ii) ∆T(t̃) = 1, i.e., t̃ is T(F )-conjugate to S̃(λ), for some λ ∈ Tε,sr(F ).

Proof. (ii) implies (i) by the equivariance of m̃ for T(F ) ⊂ M(F ) and the fact that, S̃(λ), by de�nition

(Notation 5.1(ii)), lies in the image of m̃(n′0(F )). So let us assume (i) and prove (ii). If T is split, (ii)

is automatic: one can compute using Remark 5.4(i) and the fact that Intw−1
0 ◦ β∨T,1 = (β∨T,2)−1 that

β∨T,1(a)β∨T,2(aλ)w−1
0 is obtained by conjugating S̃(λ) = S̃ZT

(λ) by β∨T,1(τ−1
ZT,T

a(λ− 1)) ∈ T(F ).

Therefore, assume that T is non-split but split over a quadratic extension E/F . Suppose t̃ = m̃(X) with

X ∈ n′0(F ). By Lemma 4.19(i), there exists T1 ∈ T + such that X ∈ c′T1,0
(F ), which gives t̃ ∈ T1(F )w−1

0 . In

other words, t̃ = tw−1
0 with t ∈ Tsr(F )∩T1(F ), which by Corollary 3.61 forces T = T1, so that X ∈ c′T,0(F ).

By Lemma 5.3(ii) and the T-equivariance of m̃|c′T,0 (Remark 5.4(iv)), we can write t̃ = Int t(S̃(λ)) for some

t ∈ T(F ) and λ ∈ Tε,sr(F ). There exists t ∈ T(F ) such that the image of t in T(F ) belongs to Tε(F )t (use

the fact that the composite map of (37) is an isomorphism). Then Int t(S̃(λ)) = t̃, giving (ii), as desired. �

9.3. The choice of w0. For this subsection, we assume that G is quasi-split. The w0 that we have chosen

is di�erent from what Arthur has described in [Art89], namely, the element w0 in Notation 9.24 below (see

Remark 2.14 for why we work with a pinning whose underlying Borel pair, rather than its opposite as in

[Art89], is contained in P).

Notation 9.24. (i) Assume (for this subsection) that G is quasi-split. Fix a Gal(F̄ /F )-invariant pin-

ning (B?,T?, {Xα}α) of G with B? ⊂ P and T? ⊂ M. For now the pinning is arbitrary, but we will

impose a constraint on it in (vii) below.

(ii) For this subsection, use the pinning de�ned in (i) to realize β and γ. Note that these are de�ned

over F , the latter being the character with which T? acts on n2(F ), and the former being the unique

simple root characterized by 〈γ, β∨〉 = 1.

(iii) For any root α, we will denote by ẇα the re�ection associated to α, an element of the Weyl group

of T? in G (by which we mean the Weyl group of T?F̄ in GF̄ ).

(iv) For each simple root α, recalling that we have Xα from (i), let X−α ∈ g−α be the unique element

such that there is an sl2-triple of the form (X−α, Hα, Xα), and let:

(115) wα = exp(Xα) exp(−X−α) exp(Xα).

(v) For each element ẇ of the Weyl group of T? in G, let w be the representative for w associated to

the pinning �xed in (i) above, as described shortly before Lemma 2.1.A in [LS87]: in other words,

writing ẇ = ẇα1
. . . ẇαn for a reduced decomposition for ẇ as a product of re�ections associated to

the simple roots of T? in B?, we have w := wα1
. . . wαn . Then w is known to be independent of the

choice of the reduced decomposition, and this also shows that w ∈ G(F ).

(vi) We de�ne two elements ẇ1, ẇ0 in the Weyl group of T? in G as follows (and thus, w1 and w0 will

denote their representatives as in (v) above). ẇ0 is the element in this Weyl group represented by w0

(which normalizes T?). To de�ne ẇ1, �rst note that, as in Notation 3.18(iv), and using Lemma 3.19,

we have a standard Levi subgroup M?
◦ = P?1 ∩P?2 of M (and hence of G), with P?1 and P?2 opposite

parabolic subgroups of M; M?
◦ is the centralizer of either of β∨ or (γ − β)∨ in M. We de�ne ẇ1

to be the product of the long Weyl elements of M?
◦ and M (in that order) with respect to T? and

the positive system determined by B?. Since (any representative for) the long Weyl element of M
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exchanges the space gβ of lowest weight vectors in the irreducible representation n1 of M with the

space gγ−β of highest weight vectors of that representation, and since M?
◦ normalizes gβ and gγ−β ,

it follows that ẇ1 exchanges β and γ − β, and hence also preserves the set of roots of T? in M?
◦.

In other words, M?
◦ ⊂ M is a self-associate parabolic subgroup, and it is easy to see that ẇ1

preserves the set of simple roots of M?
◦ and takes the positive roots of T? in M outside M?

◦ to

negative roots.

(vii) Recall that the representative w0 was �xed in Remark 3.8 (speci�cally, (29)) using the choice of

some Xγ ∈ n2(F ). We will assume without loss of generality that Xγ is related to the pinning

of (i) as follows. Suppose Xβ ∈ gβ(F ) is part of the datum associated to the pinning. Consider

Xγ−β := Adw1(Xβ) ∈ gγ−β , where w1 is the representative for ẇ1 as in (v) above, which as we saw

exchanges β and γ − β. We then assume that Xγ = [Xβ , Xγ−β ]. (We can make this assumption,

e.g., by renormalizing Xγ so as to satisfy this condition). Note that Xγ will then also automatically

satisfy the condition �Yγ ∈ O×
F̄
Xγ� of Notation 5.22 for this pinning.

Lemma 9.25. (i) w0 = w0 · γ∨(−1) (which equals w−1
0 as w2

0 = γ∨(−1)), unless we are in the case of

Bn with n even or Dn with n odd.

(ii) In the case of Bn with n even or Dn with n odd, we have w0 = w0 · α∨1 (−1), where, in the simple

factor of Gsc containing N, α1 is the simple root as in the labeling in the plates of [Bou02]: it satis�es

that 〈α1, β
∨〉 = −1 and that 〈α1, α

∨〉 = 0 for every simple root α 6= α1, β (and is characterized by

these two properties).

Proof. Without loss of generality, we assume that G is absolutely almost simple and simply connected.

Though γ − β and γ are not simple roots, the choices of Xγ−β and Xγ (see Notation 9.24(vii)) let us choose

representatives w′γ−β and w′γ for the re�ections associated to them, using the prescription of (115) above.

Then, by de�nition, w′γ = w0.

The fact that [Xβ , Xγ−β ] = Xγ gives, by an SL3-computation, that wβw
′
γ−βw

−1
β = w′γ = w0. Since

Xγ−β = Adw1(Xβ), we get:

(116) w0 = wβw1wβw
−1
1 w−1

β .

Writing ` for Weyl group element lengths in this proof alone, and using the equality dim n1 = dimm −
dimm?◦ + 2 recorded in Remark 3.26, we get:

(117) `(ẇ0) = dim n = dim n1 + dim n2 = (dimm− dimm?◦ + 2) + 1 = 2`(ẇ1) + 3,

where, to get `(ẇ1) = (dimm− dimm?◦)/2, we used that ẇ1 takes the positive roots in M?
◦ and N to positive

roots, and positive roots in M outside M?
◦ to negative roots.

By (116) and (117), and the fact that (ẇβ)2 = (ẇ1)2 = 1 (use that ẇ2
1 takes all positive roots to positive

roots), we get that ẇβẇ1ẇβẇ1ẇβ is a reduced decomposition for ẇ0. Therefore:

(118) w0 = wβw1wβw1wβ .

By (116) and (118), we have w−1
0 w0 = wβw

2
1wβ , and it su�ces to show that wβw

2
1wβ equals γ∨(−1) (resp.,

α∨1 (−1)) if we are in the situation of (i) (resp., (ii)) of the lemma. We claim that w−1
β γ∨(−1)w−1

β = γ∨(−1)

(resp., w−1
β α∨1 (−1)w−1

β = α∨1 (−1)) in the situation of (i) (resp., (ii)). Since w−2
β = β∨(−1), this follows from

seeing that ẇβ(γ∨) +β∨ = γ∨ (resp., ẇβ(α∨1 ) +β∨ = α∨1 + 2β∨), which is easy using that 〈β, γ∨〉 = 1 (resp.,

〈β, α∨1 〉 = −1). This proves the claim, so we are reduced to showing that w2
1 equals γ∨(−1) in the situation

of (i) and α∨1 (−1) in the situation of (ii).

By a standard property of the representatives w (see, e.g., [LS87, Lemma 2.1.A]) and the fact that (ẇ1)2 = 1

(seen above), we have: w2
1 =

∏
α α
∨(−1), where the α runs over positive roots that are taken by ẇ1 to

negative roots. In other words, w2
1 = λ(−1), where in this proof alone we write λ for the sum of the coroots

associated to the positive roots of T? in M outside M?
◦. Thus, we need to show that λ(−1) equals γ∨(−1)

(resp., α∨1 (−1)) if we are not (resp., if we are) in the case of Bn with n even or Dn with n odd.
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For this proof alone, write λM for the sum of the positive coroots associated to the roots of T? in M, and

λM?
◦
for the analogous cocharacter associated to M?

◦. Thus, λ = λM − λM?
◦
.

First assume that we are in the G2, F4, E6, E7 or E8 case. In these cases, there is a unique simple root α0

in M connected to β, and (M?
◦)F̄ ⊂ MF̄ is a maximal standard Levi subgroup, the unique one which does

not have α0 as a root. Therefore, the subgroup of the coroot lattice for T? in M consisting of elements that

belong to the kernel of each of the roots of T? in M?
◦, has rank one. It is easy to see that γ∨ − 2β∨ belongs

to this subgroup (since it belongs to the coroot lattice for T? in M, and M?
◦ centralizes β

∨). In fact, so does

λ = λM − λM?
◦
: use that the sum of all positive coroots is also twice the sum of the fundamental coweights.

Thus, λ is some rational multiple of γ∨ − 2β∨, since 〈α0, γ
∨ − 2β∨〉 = 0− 2 · (−1) = 2 6= 0.

To �nish the proof in the cases currently being considered, i.e., to show that λ(−1) equals γ∨(−1), it is

enough to show that λ is an odd integer multiple of γ∨ − 2β∨, which in turn follows if we show that:

λ =


(dim M−dim M?

◦)/2 · (γ∨ − 2β∨), if we are in the G2-case,

(dim M−dim M?
◦)/4 · (γ∨ − 2β∨), if we are in the F4-case, and

(dim M−dim M?
◦)/6 · (γ∨ − 2β∨), if we are in the E6, E7 or E8 cases,

,

since (dim M−dim M?
◦)/2 equals 1, 6, 9, 15 and 27 in the G2, F4, E6, E7 and E8 cases.

This in turn follows from the following two facts:

• The coe�cient of α∨0 in γ∨ − 2β∨ equals 3 in the F4, E6, E7 and E8 cases, while it equals 1 in the

G2-case (α0 has coe�cient 3 in γ, and in the F4, E6, E7 and E8 cases, it is a long root like β and γ);

• The coe�cient of α∨0 in λ equals (dim M−dim M?
◦)/2 (resp., 3(dim M− dim M?

◦)/4) in the G2, E6, E7

and E8 cases (resp., the F4-case). This is because in all the cases other than the F4-case, the roots in

M all have the same length, so that the coe�cient of α∨0 in λ equals the number of positive coroots for

M with a nonzero α∨0 -coe�cient (since this coe�cient is then necessarily 1), i.e., (dim M−dim M?
◦)/2,

while in the F4-case one checks using the plates of [Bou02] or a computation in the root system of

Sp6 that, in the notation of the roots for F4 from [Bou02, Plate VIII], λ equals

(5α∨4 + 8α∨3 + 9α∨2 )− 2(α∨4 + α∨3 ) = 3α∨4 + 6α∨3 + 9α∨2 ,

with our α0 being the α2 of the above expression.

Now we come to the Bn(n ≥ 3) and Dn(n ≥ 4) cases. Number the roots of G as in the plates of [Bou02]

(so α2 = β). In the B3-case (resp., the D4-case), it is easy to see that λ = α∨1 + α∨3 = γ∨ − 2β∨ (resp.,

λ = α∨1 + α∨3 + α∨4 = γ∨ − 2β∨), so λ(−1) = γ∨(−1) and the lemma follows. So assume that we are in a

Bn-case with n > 3 or a Dn-case with n > 4. One labels the roots in the simple factor of Gsc containing N

as in the plates of [Bou02], and also represents them using an orthonormal basis e1, . . . , en in a Euclidean

space as in that reference. This lets us represent the coroots using the dual basis e∨1 , . . . , e
∨
n . One then

checks by explicit computation that λ equals e∨1 − e∨2 + (2n− 4)e∨3 in the Bn-case and e
∨
1 − e∨2 + (2n− 6)e∨3

in the Dn-case (where one recalls that, in the Bn-case, the root corresponding to e3 is short, so the coroot

corresponding to it is 2e∨3 ). Since α
∨
1 , β

∨ and γ∨ equal e∨1 − e∨2 , e∨2 − e∨3 and e∨1 + e∨2 , respectively, it is now

easy to check that λ equals (3−n)α∨1 + (n− 2)(γ∨− 2β∨) in the Bn-case and (4−n)α∨1 + (n− 3)(γ∨− 2β∨)

in the Dn-case. Hence λ(−1) equals γ∨(−1) if we are in the Bn-case with n odd or the Dn-case with n even,

and α∨1 (−1) if we are in the Bn-case with n even or the Dn-case with n odd, so the lemma follows. �

9.4. Some computations for later use.

Lemma 9.26. Let M → M1 be a surjective homomorphism of algebraic groups, whose kernel is central in

M. Let T ∈ T 0 (where T 0 was de�ned in Notation 9.1(i)) be non-split, and split over a quadratic extension

E/F . Let nT be the number of elements of T whose images in M1 are M1(F )-conjugate to that of T. Let

NM1(F )(T) and NM(F )(T) denote the normalizers of T in M(F ) and M1(F ), respectively, and let M1,T denote
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the image of MT in M1 (thus, M1,T is the centralizer of T in M1). Let M(F ) denote the image of M(F ) in

M1(F ). Then:

nT

#WT
=

#(M1(F )/(M1,T(F )M(F )))

#(NM1(F )(T)/M1,T(F ))

Proof. The set of elements of T + whose images in M1 are M1(F )-conjugate to that of T, is a torsor

under M1(F )/(NM1(F )(T)), and hence the set of elements in T with the same property is in bijection

with the set of M(F )-orbits in M1(F )/(NM1(F )(T)), i.e., with M1(F )/(NM1(F )(T)M(F )). Thus, nT =

#(M1(F )/(NM1(F )(T)M(F ))).

It is easy to see that obvious maps give an exact sequence of abelian groups:

0→WT = NM(F )(T)/MT(F )→ NM1(F )(T)/M1,T(F )→ M1(F )/M1,T(F )M(F )→ M1(F )/(NM1(F )(T)M(F ))→ 0.

From this, the equality follows. �

Proposition 9.27. Suppose G is of adjoint type. Then M(F )→ Mad(F ) is surjective.

Proof. This follows from the fact that, by Lemma 6.8(i), the kernel ZM of M → Mad equals γ∨(Gm), and

hence, being a split torus, has trivial Galois cohomology. �

Lemma 9.28. Let E,K be �nite extensions of F in F̄ , with E/F quadratic, such that E 6⊂ K. Let T′′

be the norm one torus over F associated to E/F , and let T′ be any one dimensional torus over K. Then

ResK/F T′ contains a copy of T′′ if and only if T′ is the norm one torus associated to the quadratic extension

EK/K. Moreover, when T′ is the norm one torus associated to EK/K, the maximal E-split F -subtorus of

ResK/F T′ is one dimensional (and hence isomorphic to T′′).

Proof. The �rst assertion follows from the universal property of ResK/F (see Remark 4.20(ii)), and the fact

that (T′′)K is the norm one torus associated to EK/K.

To prove the second assertion, let us take T′ to be the norm one torus associated to EK/K, and show

that the maximal E-split subtorus of ResK/F T′ is of rank at most one, which follows if we show that

the maximal split subtorus of (ResK/F T′)E is of rank at most one. This in turn follows if we show that

(ResK/F T′)E ∼= ResEK/E(T′′EK), for the latter is isomorphic to ResEK/E Gm, whose maximal split subtorus

is of rank one. But this is because (ResK/F T′)E takes an E-algebra R to T′(K ⊗F R) = T′′(K ⊗F R) =

T′′((K ⊗F E)⊗E R) = T′′(EK ⊗E R), functorially. �

Remark 9.29. For E,K as in Lemma 9.28, it is also easy to see that the maximal E-split subtorus of

ResEK/F Gm equals the copy of ResE/F Gm naturally embedded in it: indeed, the maximal split torus in

(ResEK/F Gm)E ∼= ResEK/E Gm × ResEK/E Gm has rank two.

10. Examples � the cases of G2 and D4 with nontrivial ω, and the case of B3 with trivial

ω

In this section we specialize to the situation where we are in a G2, B3 or D4 case. If we are in the G2-case or

the D4-case and ω is nontrivial, or if we are in the B3-case and ω is trivial, we will describe R(π̃) in terms

of Artin L and ε-factors, recovering existing results that follow either from Shahidi's work or by combining

Shahidi's work with some additional arguments and computations (e.g., as in [HL21], [Luo20b]). In the

remaining cases � i.e., when we are in the G2-case or the D4-case with ω trivial or in the B3-case with ω

nontrivial� we will use such results instead of recovering them, and show that they yield character theoretic

formulas for certain γ-values.

For most of this section, we will assume that G is absolutely almost simple and simply connected: this will

turn out to be enough, thanks to Propositions 2.15.
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10.1. Some structure theory when we are in a G2, B3 or D4 case.

Notation 10.1. From now on, until Subsection 10.7, we assume that G is absolutely almost simple and

simply connected of type G2, B3 or D4.

Notation 10.2. (i) Let M\ be the Levi subgroup of Gad corresponding to M. Accordingly, we have a

twisted space M̃
\
with underlying group M̃ (obtained by replacing G with Gad in the de�nition of

M̃), and a map M̃→ M̃
\
obtained by restricting G→ Gad. We then have an analogue χ\γ : M\ → Gm

of χγ , whose composite with M→ M\ equals χγ .

(ii) We will often denote the roots of GF̄ as {α1, . . . , αn} according to the labeling in the plates of

[Bou02]. Thus, n equals 2 in the G2-case, 3 in the B3-case and 4 in the D4-case. In each case, α2

equals β and γ∨ equals the sum of 2β∨ and the α∨i with i 6= 2. γ itself equals 3α1 + 2β in the

G2-case, α1 + 2β + 2α3 in the B3-case, and α1 + 2β + α3 + α4 in the D4-case, and in each case

(iii) It is easy to see that the Dynkin diagram for (Msc)F̄ consists of the nodes corresponding to {α1, . . . , αn}\
{α2}, with no node joined to any other. Therefore, Msc,F̄ is a product of copies of SL2,F̄ , these copies

being in bijection with {α1, . . . , αn} \ {β}, and their number being equal to the rank of Msc,F̄ .

(iv) We will now introduce the objects J,Kj ,M
′
j ,H

′
j from Lemma 4.21, giving a decomposition

(119) Msc =
∏
j∈J

M′j =
∏
j∈J

ResKj/F H′j

of Msc into F -simple groups, slightly more concretely. Let I = {1, . . . , n} \ {2}. We have a bijection

i 7→ αi from I to {α1, . . . , αn} \ {β}, using which we give I a Gal(F̄ /F )-action. For i ∈ I, let

Ki ⊂ F̄ be the �xed �eld of the stabilizer of αi. It is easy to see that there is a unique subgroup

(M′αi)F̄ of MF̄ that and contains, for any choice of Borel pair, the root subgroup corresponding to

the root αi, and is isomorphic to SL2,F̄ (use that G is simply connected). This group descends

to an inner form M′αi of SL2 /Ki. Let J be the set of Gal(F̄ /F )-orbits in I. For each j ∈ J , let
Ij ⊂ I denote the corresponding orbit, make a choice of i(j) ∈ Ij , and set Kj = Ki(j), H′j = M′αi(j)
and M′j := ResKj/F H′j . We may and shall make the identi�cation (M′j)

′
F̄

=
∏
i∈Ij (M

′
αi)F̄ . Then

the decomposition (119) is easy to verify. Note that [Kj : F ] ∈ {1, 2, 3} for each j ∈ J , and that∑
j [Kj : F ] equals the rank of Msc,F̄ .

(v) For this point (i.e., Notation 10.2(v)), assume that G is quasi-split. We �x a Gal(F̄ /F )-invariant

pinning of GF̄ whose underlying (F -rational) Borel pair is contained in (P,M). Further, in this

(quasi-split) case, we will assume that Xγ (and hence also w0) is related to the pinning as in Notation

9.24(vii), and that various identi�cations �xed in (iv) are determined in the following manner by

the �xed pinning. Use the �xed pinning to concretely realize α1, . . . , αn from (ii). For each i ∈
I, the pinning determines an isomorphism SL2,F̄ → (M′αi)F̄ , that descends to an isomorphism

SL2,Ki → M′αi (since the pinning is Gal(F̄ /F )-invariant). In particular, for j ∈ J , we get an

identi�cation SL2 /Kj → H′j , and hence also an identi�cation ResKj/F SL2 → ResKj/F H′j = M′j .

On the other hand, again using that the chosen pinning is Gal(F̄ /F )-invariant, the base-change of

this isomorphism ResKj/F SL2 → M′j = ResKj/F H′j to F̄ identi�es with the product of the above

isomorphisms SL2,F̄ → M′αi over i ∈ Ij . Taking product over j of the isomorphisms ResKj/F SL2 →
M′j = ResKj/F H′j , we therefore get identi�cations

∏
j ResKj/F SL2 =

∏
j M′j = Msc. This ends the

description of our prescriptions for various objects and maps �guring in (iv) above, in this (quasi-

split) case.

(vi) Suppose j ∈ J . Since Hj is an inner form of SL2 /Kj , we can choose a central simple algebra Aj
over Kj of dimension 4 and an identi�cation of H′j with the absolutely almost simple algebraic group

over Kj associated to the norm-one elements of Aj . Let Hj be the algebraic group associated to

the invertible elements of the central simple algebra Aj from (iv) above, and set Mj = ResKj/F Hj .

Moreover, let χj : Hj → Gm be the reduced norm (or determinant) map over Kj , so that H′j = Hj,der

is the kernel of χj .
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(vii) In the situation of (vi), if G is quasi-split, impose the additional assumption, as we may by (v) above,

that the central simple algebra Aj of (vi) equals matrix algebra M2(Kj). This gives us identi�cations

Hj = GL2 /Kj and Mj = ResKj/F Hj = ResKj/F GL2, which we shall use as well.

(viii) Let M� denote
∏
j∈J Mj =

∏
j∈J ResKj/F Hj . Once we prove Lemma 10.4, which gives a realization

of M as a particular subgroup of M�, we will use that realization to view M as a subgroup of M�.

Thus, if G is quasi-split, then we have an identi�cation M� =
∏
j ResKj/F GL2.

(ix) It is easy to check that for each T ∈ T +, MT is a maximal torus in M: this follows from Lemma 3.19

and the fact that 〈α, β∨〉 6= 0 for each simple root α 6= β in each of our cases (G2, B3 and D4). It

follows from Lemma 3.65 that for each T ∈ T +, each t̃ ∈ T̃sr(F ) is strongly regular semisimple, so

that c0(t̃) is now simply Θπ̃(t̃), where in this section we write Θπ̃ for the Harish-Chandra character

of π̃; similar notation will be used to denote other (possibly twisted) Harish-Chandra characters. We

will use these facts often without further mention in what follows.

Remark 10.3. In the G2-case, J is a singleton; the unique element j ∈ J , corresponding to the root α1,

satis�es that Kj = F,H′j = M′j = SL2 /F and Hj = Mj = GL2 /F . In the B3-case, we have #J = 2,

J identi�es with {α1, α3} (each of whose elements is a singleton Gal(F̄ /F )-orbit), and Kj = F for each

j ∈ J . Suppose we write J = {1, 2} with 1 corresponding to α1 and 2 corresponding to α3. Then we have

H′1 = M′1
∼= SL2 /F and H1 = M1

∼= GL2 /F , while H′2 and H2 are inner forms of H′1 and H1, respectively.

Lemma 10.4. There is a unique isomorphism of algebraic groups

(120)
{

(mj) ∈ M� | ∃ a ∈ Gm such that for all j ∈ J , (ResKj/F χj)(mj) = a ∈ Gm ⊂ ResKj/F Gm
}
→ M,

whose restriction to each ResKj/F H′j (which is a clearly a subgroup of the source of (120)) is the identi�cation

ResKj/F H′j → M′j �xed in Notation 10.2(iv), and whose restriction to the diagonally embedded Gm inside

the standard central subgroup
∏
j ResKj/F Gm ⊂

∏
j ResKj/F Hj equals γ

∨.

Proof. For this proof, denote the source of the proposed map (120) by MM. For this proof alone, the symbol

`
∏
' will always refer to a product over j ∈ J . The diagonal embedding of Gm inside

∏
ResKj/F Gm ⊂ M�

has image contained in MM, and it is easy to see that MM is generated as a subgroup of M� by the subgroup∏
ResKj/F H′j and the image of this diagonal embedding. From this, the uniqueness of (120) (if it exists) is

clear.

Using this embedding Gm ↪→ MM, it is easy to see that MM gets identi�ed the quotient of Gm×
∏

ResKj/F H′j
by the diagonally embedded

(121) µ2 ⊂ µ2 ×
∏

ResKj/F µ2 ⊂ Gm ×
∏

ResKj/F H′j ,

where the inclusion ResKj/F µ2 ⊂ ResKj/F H′j is obtained from the standard inclusion µ2 ⊂ H′j . The group

Gm ×
∏

ResKj/F H′j is also a source for the surjective map Gm ×
∏

ResKj/F H′j → M that equals γ∨ on the

Gm-factor and the inclusion ResKj/F H′j → M′j ↪→ Msc on each factor of the form ResKj/F H′j . We claim

that this map too has the same diagonally embedded µ2 of (121) as the kernel. This claim follows from the

fact that, if we are given a ∈ Gm/F̄ and elements ai ∈ Gm/F̄ as i ranges over {1, . . . , n}\{2} as in Notation

10.2(ii) above, then the product of γ∨(a) and all the α∨i (ai) equals 1 if and only if a belongs to µ2/F̄ and

equals each ai (use that γ
∨− 2β∨ is the sum of the α∨i with i ranging over {1, . . . , n} \ {2}). Thus, it factors

to an isomorphism MM → M, which is easily seen to have the description in the lemma. �

Remark 10.5. As mentioned in Notation 10.2(viii), we will henceforth think of M as the subgroup of M�

satisfying the condition given in the source of (120). If m ∈ M(F ) identi�es with (mj)j , and a ∈ Gm is as

in (120), i.e., ResKj/F χj(mj) = a ∈ Gm ⊂ ResKj/F Gm for each j, then it is easy to see that χγ(m) = a:

combine the fact that (120) restricts to γ∨ on the central `diagonally embedded' Gm, with the fact that χγ
is the unique character M→ Gm whose composition with γ∨ is given by x 7→ x2.

Remark 10.6. Assume that we are in the situation of (v) and (vii) of Notation 10.2(v), so in particular G

is quasi-split. Recall from Notation 10.2(viii) that we are viewing M� as containing M via the inclusion of
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Lemma 10.4. It is then immediate that the identi�cation
∏
j ResKj/F GL2 → M�, upon base-change to F̄ ,

becomes an identi�cation
∏
i∈I GL2,F̄ → (M�)F̄ , that extends the identi�cation

∏
i SL2,F̄ = Msc,F̄ obtained

by taking the product of the isomorphisms SL2,F̄ → (Mαi)F̄ as in in Notation 10.2(v). In particular, we

have M ⊂ M� =
∏
j ResKj/F GL2, de�ned by a condition analogous to that in the source of (120).

Remark 10.7. Assume that G is quasi-split, so we have identi�cations
∏
j ResKj/F GL2 = M� and

∏
i GL2(F̄ ) =

M�(F̄ ) as in Notation 10.2(vii) and Remark 10.6 above. Then we claim that for t ∈ Gm, β∨(t) ∈ M ⊂
M� =

∏
j ResKj/F GL2 equals the element of the diagonally embedded GL2 ⊂

∏
j ResKj/F GL2 given by(

1

t

)
. To see this, it is enough to prove that for t ∈ F̄×, β2(t) is the element of the diagonally embedded

GL2(F̄ ) ⊂
∏
i GL2(F̄ ) = M� given by the same matrix. To see this, �rst note that γ∨(t) is the element of

the same diagonally embedded GL2(F̄ ) given by

(
t 0

0 t

)
� this follows from the fact that the map (120),

restricted to the `diagonally embedded' Gm (see the statement of Lemma 10.4), equals γ∨. Now use the fact

that, in all our three cases (G2, B3 and D4), γ
∨ is the sum of 2β∨ and the simple coroots other than β∨.

10.2. Elements from T + and T +
0 that belong to a given isomorphism class. In this subsection, we

will study the sets TE and their cardinalities. We will �nd when T +
E is nonempty (in other words, identify

the sets E and E0 from Notation 9.14(ii)), and when it is, show that T +
E forms a single Mad(F )-conjugacy

class. This will help us simplify R(π̃); see Subsection 10.3 below.

Notation 10.8. Let T \ ⊂ T (resp., T 0,\ ⊂ T 0) be a set of representatives for the M\(F )-conjugacy classes

of elements of T + (resp., T 0,+). Thus, if we are in the G2-case, then T \ = T .

Lemma 10.9. (i) T (or equivalently T \) contains a split torus if and only if G is quasi-split.

(ii) If there exists no j ∈ J such that Kj/F is quadratic and H′j is non-split (as is automatic in the G2

and B3 cases), then

E = {E | E is a quadratic extension of F in F̄} ∪ {∗}.

If there exists j0 ∈ J such that Kj0/F is quadratic and H′j0 is non-split, then

E = {E | E is a quadratic extension of F in F̄ and E 6= Kj0} ∪ {∗}.

(iii) If G is quasi-split of type D4, non-split and split over a quadratic extension of F in F̄ , say K, then

E0 = E \ {K}. In all other cases, E0 = E.
(iv) For each quadratic extension E of F in E, there exists a unique element TE ∈ T \ that is non-split

over F but splits over E. Moreover, sending E to TE gives a bijection from E \ {∗} to the set of

non-split elements of T \.

Proof. For the �⇒� implication of (i), note that if T ∈ T is split, then PT,1 and PT,2 are Borel subgroups

of M, as their intersection MT is a maximal torus (see the discussion in Notation 10.1(ix)); this implies that

PT,1 N and PT,2 N are Borel subgroups of G. The implication �⇐� of (i) follows from the fact that, for any

choice of a Borel pair in G, the resulting realization of the root β is de�ned over F (e.g., the discussion in

Notation 9.24(ii)), and hence the subgroup of G generated by the images of β∨ and (γ − β)∨ = γ∨ − β∨ is

a split torus in T +.

(iii) is (a special case of) Lemma 9.9. Thus it is enough to prove (ii) and (iv); we will prove these together.

By Lemma 9.11, T + is the set of F -tori in a certain M(F̄ )-conjugacy class of tori in MF̄ . Since each torus

in T + is determined by its intersection with Msc (being generated by this intersection and the image of γ∨

in M), this gives an M\(F )-equivariant bijection of T + with the collection T +
sc of these preimages. Note

that T +
sc is the collection of F -tori lying in a single M(F̄ )-conjugacy class of one dimensional subtori of

Msc(F̄ ). This M(F̄ )-conjugacy class is easy to describe: it is simply the set of those one dimensional tori

in Msc,F̄
∼=
∏

SL2 /F̄ (as many copies as the rank of Msc) that have a nontrivial projection to each factor

SL2 /F̄ (note that such tori indeed form a single M(F̄ )-conjugacy class).
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This implies that T +
sc is simply the set of one-dimensional subtori of Msc =

∏
j ResKj/F H′j that project non-

trivially to each factor ResKj/F H′j : this follows from the fact that each non-identity element of ResKj/F H′j(F )

projects to a non-identity element of each simple factor of (ResKj/F H′j)F̄ .

Since each non-split T ∈ T +
sc splits over a quadratic extension of F , both (ii) and (iv) follow if we prove the

following two assertions, for each quadratic extension E/F in F̄ :

• If there exists no j ∈ J such that Kj = E and H′j is non-split, the set of one-dimensional tori in T +
sc

that split over E but not over F forms a single conjugacy class under M\(F ), or equivalently, under

Mad(F ) ∼= (
∏
j ResKj/F H′j)ad(F ) ∼=

∏
j ResKj/F Hj,ad(F ) � this equivalence follows from the fact

that M\(F )→ Mad(F ) is surjective by Proposition 9.27.

• If there exists j0 ∈ J such that E = Kj0 and H′j0 is non-split, then T
+

sc does not contain any non-split

E-split torus.

Let us �rst see the latter assertion: if E = Kj0 and H′j0 is non-split and hence anisotropic, then ResKj0/F H′j0 =

ResE/F H′j0 cannot contain a nontrivial E-split torus since (ResE/F H′j0)E ∼= H′j0 ×H′j0 is anisotropic.

Now let us prove the former. Suppose there exists no j ∈ J such that E = Kj and H′j is non-split. Since

non-split E-split one dimensional F -tori are all isomorphic, the former assertion follows if we show the

following two assertions: �rst, that for each j ∈ J , ResKj/F H′j contains at least one non-split E-split one

dimensional torus, and second, that any of the two isomorphisms between any two such tori can be realized

by conjugation under (ResKj/F Hj)(F ). This is the content of Lemma 10.10 below. �

Lemma 10.10. Suppose j ∈ J , and let E/F be a quadratic extension in F̄ such that either E 6= Kj or H′j
is split. Then:

(i) There exists at least one nonsplit E-split one-dimensional torus in ResKj/F H′j = M′j.

(ii) Any isomorphism between any two tori as in (i) can be realized by conjugation by an element of

Mj(F ) = (ResKj/F Hj)(F ) ∼= Hj(Kj).

Proof. The set of non-split E-split one-dimensional F -tori in ResKj/F H′j can be described as follows:

• If E 6= Kj , these are the maximal E-split subtori of the ResKj/F T′, as T′ ranges over the maximal

tori of H′j that split over EKj but not Kj , as follows from Lemma 9.28.

• If E = Kj , in which case H′j is (E-)split by hypothesis, these are the maximal anisotropic subtori

of the ResE/F T′ = ResKj/F T′, where T′ runs over the split maximal tori of H′j (use that if T′ is

anisotropic, then so is (ResE/F T′)E ∼= T′×T′).

(i) is immediate from these two facts. For (ii), given S1,S2 as in (i), choose maximal tori T′1 and T′2 of

H′j as in the two facts above, so that Si is the maximal E-split (if E 6= Kj) or maximal anisotropic (if

E = Kj) subtorus of ResKj/F T′i. The above facts imply that T′1 and T′2 are isomorphic. Since isomorphic

maximal tori of H′j are Hj(Kj)-conjugate, both the isomorphisms T′1 → T′2 can be realized by conjugation

under Hj(Kj). Thus, there exist x1, x2 ∈ (ResKj/F Hj)(F ) such that Intx1, Intx2 restrict to isomorphisms

ResKj/F T′1 → ResKj/F T′2 that di�er from each other by the automorphism x 7→ x−1 of ResKj/F T′2. But

then these restrict to isomorphisms S1 → S2 of their maximal E-split or maximal anisotropic tori, that di�er

from each other by the automorphism x 7→ x−1 of S2, and we are done. �

Lemma 10.9 has the following corollary.

Corollary 10.11. Sending E to TE, where TE is as in Lemma 10.9(iv), gives a bijection from E0 \ {∗} to
the set of non-split elements of T 0,\.

Proof. This follows from Lemma 10.9(iv), the de�nitions of E and E0 (in Notation 9.14), and Lemma 9.9. �
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Notation 10.12. (i) Given T ∈ T +, let MT denote its centralizer in M. Noting that M�,Mad and each

M′j ,Mj ⊂ M� (j ∈ J) act on M by conjugation, we denote the centralizers of T in M�,Mad and

M′j ,Mj (j ∈ J) by M�T,Mad,T and M′j,T,Mj,T respectively. In particular, the equality M� =
∏

Mj

restricts to an equality M�T =
∏

Mj,T. Moreover, for j ∈ J , we can write M′j,T = ResKj/F H′j,T and

Mj,T = ResKj/F Hj,T for maximal tori H′j,T ⊂ H′j and Hj,T ⊂ Hj (by Remark 4.20(iii)).

(ii) Assume that T ∈ T + and j ∈ J . Note that T ↪→ M ↪→ M� → Mj is injective with image in Mj,T, and

that in fact TKj → (Mj,T)Kj → Hj,T is an isomorphism (e.g., use the argument of Remark 10.7, after

choosing a suitable Borel pair and making a base-change if necessary). Thinking of this isomorphism

TKj → Hj,T as an identi�cation, we get an identi�cation Mj,T → ResKj/F TKj = ResKj/F T.

We claim that the composite of this identi�cation with T ↪→ Mj,T is the `diagonal' embedding

T ↪→ ResKj/F T; indeed, this follows from the fact that this diagonal embedding is characterized

by requiring the composite TKj ↪→ (ResKj/F T)Kj → TKj to be the identity. Now assume that T

is non-split but split over a quadratic extension E of F in F̄ , such that E 6= Kj for each j; thus

TKj
∼= ResEKj/Kj Gm. Then any identi�cation ResE/F Gm → T, in particular the one we are using

from Notation 4.10(i) (using the labeling (βT,1, βT,2) of the unordered set {βT,1, βT,2}), gives rise to
an identi�cation

(122) Mj,T → ResKj/F (ResE/F Gm)Kj → ResKj/F ResEKj/Kj Gm → ResEKj/F Gm,

which is immediately seen to extend T → ResE/F Gm (use that T ↪→ Mj,T
∼= ResKj/F T is the

`diagonal' embedding).

Remark 10.13. In what follows, we will often use, and sometimes without further mention, the following

observations. Let T ∈ T + and j ∈ J . Then the map T′ := T∩Msc ↪→ Msc → M′j is nontrivial (otherwise

MT would contain Mj and hence not be a torus). Suppose additionally that T is nonsplit but split over a

quadratic extension E/F in E , such that E 6= Kj . The above morphism T′ → M′j is a nontrivial morphism

T′ → M′j,T = ResKj/F H′j,T, and hence it follows from Lemma 9.28 (using the fact that E 6= Kj) that H′j,T is

isomorphic to the norm one torus associated to EKj/Kj , which also gives that Hj,T
∼= ResEKj/Kj Gm (and

hence Mj,T = ResKj/F Hj,T
∼= ResEKj/F Gm).

Lemma 10.14. Let E ∈ E \ {∗} and T ∈ T +
E . Then the normalizer NMad(F )(T) of T in Mad(F ) contains

Mad,T(F ) with index two.

Proof. By Lemma 3.36 (which works over F̄ ), the index sought for equals 1 or 2, so it su�ces to show that

Mad(F ), or equivalently M�(F ) =
∏
j Mj(F ), has some element that normalizes T but not centralize it.

Since T is generated by γ∨(Gm) and T′ := T∩Msc, and since γ∨(Gm) is centralized by M�, this follows

if we show that for each j ∈ J , there exists an element of Mj(F ) that normalizes the projection T′j ⊂ M′j
of T′ ⊂ Msc =

∏
M′j to M′j , and acts on it by x 7→ x−1. Since T′ → T′j is an isogeny (otherwise we

will have Mj,T = Mj , contradicting that MT is a torus), T′j is an E-split non-split one-dimensional torus

in M′j . Therefore, the required existence of an element of Mj(F ) that normalizes T′j and acts on it by

x 7→ x−1 follows from Lemma 10.10(ii) � the condition that either E 6= Kj or H′j is split follows from

Lemma 10.9(ii). �

Lemma 10.15. Let E ∈ E \ {∗} and let T ∈ T +
E . Consider the conjugation action of Mad(F ) on M, which

by Lemma 9.11 induces an action on T +
E . This action is transitive, and hence makes TE into a torsor for

the quotient Mad(F )/M(F )NMad(F )(T) of Mad(F ) by the subgroup M(F )NMad(F )(T) generated by the image

M(F ) of M(F ) in Mad(F ) and the normalizer NMad(F )(T) of T in Mad(F ) � this subgroup M(F )NMad(F )(T)

is independent of the choice of T ∈ T +
E .

Proof. Since M\(F ) acts on M(F ) and T +
E by conjugation, and this action factors through M\(F )→ Mad(F ),

the transitivity assertion follows from Lemma 10.9(iv). This transitivity assertion, together with the fact

that Mad(F )/M(F ) is abelian, implies that the subgroup M(F )NMad(F )(T) ⊂ Mad(F ) is independent of T,

and gives the realization of TE as a torsor for M(F )/(M(F )NMad(F )(T)). �
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Corollary 10.16. Let E ∈ E0\{∗}. The cardinality nE of TE satis�es nE := 2#J−2 ·#WT, for any T ∈ T +
E .

Proof. For this proof, write M(F ) for the image of M(F ) in Mad(F ). Fix T ∈ T +
E . By Lemma 9.26 (applied

with Mad in place of M1) and Lemma 10.15, nE/#WT equals the quotient of #(Mad(F )/Mad,T(F )M(F ))

by #(NMad(F )(T)/Mad,T(F )). Thus, by Lemma 10.14, nE/#WT equals #(Mad(F )/Mad,T(F )M(F ))/2, and

it remains to prove that Mad(F )/Mad,T(F )M(F ) has cardinality 2#J−1.

The determinant and/or reduced norm maps give a surjection Mad(F ) =
∏
j ResKj/F Hj,ad(F )→

∏
j K
×
j /K

×
j

2
,

whose kernel equals the image of Msc(F ) ⊂ M(F ). By Lemma 10.4, the image of M(F ) under (the composite

of M(F ) → Mad(F ) and) this map is the image of the `diagonal' homomorphism F×/F×
2 →

∏
j Kj/K

×
j

2
,

while the image of Mad,T(F ) equals
∏
j NEKj/Kj ((EKj)

×)/K×j
2
(use Remark 10.13 and the fact that E 6= Kj

for each j by (ii) and (iii) of Lemma 10.9, since E ∈ E0), which has index 2#J in K×j /K
×
j

2
.

Thus, Mad(F )/(Mad,T(F )M(F )) equals the quotient of
∏
j K
×
j /NEKj/Kj ((EKj)

×) (which has cardinality

2#J) by the image of F×/F×
2
in it. Therefore, to prove our claim that #(Mad(F )/(Mad,T(F )M(F ))) =

2#J−1, it su�ces to show that for some j, NEKj/Kj ((EKj)
×) does not contain F×. Choose some j such that

[Kj : F ] is odd: each [Kj : F ] is automatically 1 in the G2 and B3 cases, while in the D4-case, the existence

of such a j ∈ J follows from the fact that the sum of all the [Kj : F ] equals 3. If NEKj/Kj ((EKj)
×) contains

F×, then applying NKj/F , we �nd that NEKj/F ((EKj)
×) contains F×

[Kj :F ]
, whose index in F× is a power

of [Kj : F ] and hence odd, whereas NEKj/F ((EKj)
×) is contained in NE/F (E×), which is of index two in

F×, a contradiction.

Hence #(Mad(F )/(Mad,T(F )M(F ))) = 2#J−1, and we are done. �

10.3. Residue in terms of isomorphism classes of tori. In this subsection, we simplify the expressions

obtained for b(E)(π̃) and b(∗)(π̃) (de�ned in (v) and (vi) of Notation 9.14), by combining, for each E ∈ E0\{∗},
the contributions of the various T ∈ TE , using that they belong to a single Mad(F )-conjugacy class. We will

also �x a representation π� of M�(F ) ⊃ M(F ) extending π, and relate d(π) to the formal degree d(π�,ZM�(F ))

of π� with respect to ZM�(F ) (see Notation 5.33(i)). In the case where ω is trivial, we collect the consequence

for R(π̃) in Corollary 10.22 below.

Notation 10.17. (i) Let (π�, V �) be a choice of an irreducible supercuspidal representation of M�(F )

whose restriction to M(F ) contains (π, V ). Write (π�, V �) = ⊗j(πj , Vj), where (πj , Vj) is an irre-

ducible supercuspidal representation of Mj(F ) = Hj(Kj).

(ii) Let i (the Hebrew letter `beth') denote the quotient of M\(F ) by the image of the map M(F ) →
M\(F ) obtained by restricting G(F )→ Gad(F ). Let i\ ⊂ M\(F ) be a set of representatives for the

elements of i.
(iii) Noting that conjugation by each m\ ∈ M\ ⊂ Gad is a well-de�ned automorphism of the twisted space

M̃ ⊂ G, let

Θ\
π̃ =

1

#i\
∑
m\∈i\

Θπ̃ ◦ Intm\.

(iv) Recall from Notation 5.33(i) that d(π�,ZM�(F )) stands for the formal degree of the representation π�

of M�(F ), where the central subgroup is taken to be ZM�(F ) rather than AM�(F ), and the measures

on M�(F ) and ZM�(F ) are chosen as in Notation 5.22(iii).

Lemma 10.18. Suppose ω = sgnE/F for a quadratic extension E/F contained in E0. Then for any T ∈ T +
E :

b(E)(π) =
2#J−3 vol(Tε(F ))

Γ0,Mε
T

∫
T∗(F )

D(t̃)1/2∆T(t̃)Θ\
π̃(t̃) dt,

where the integral is interpreted as in Lemma 9.21.
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Proof of Lemma 10.18. For each m\ ∈ M\(F ), Intm\ is an automorphism of the twisted space (M, M̃), and

hence π̃ ◦ Intm\ is a representation of M̃(F ) extending the supercuspidal representation π ◦ Intm\ of M(F ).

Moreover, each Intm\ induces a bijection of T +
E . For each T ∈ T +

E and m\ ∈ M\(F ), we claim that:

(123) b
(E)

Intm\(T)
(π̃) = b

(E)
T (π̃ ◦ Intm\).

vol(Tε(F )) and Γ0,Mε
T
do not change when T is replaced by Intm\(T), and D(t̃) = D(Intm\(t̃)). Hence,

by Lemma 9.21, and keeping the equality c0(t̃) = Θπ̃(t̃) from Notation 10.1(ix) in mind, (123) will follow

if we show that ∆Intm\(T) ◦ Intm\ = ∆T. Write T′ = Intm\(T). Remark 9.20 lets us assume, for the

purpose of showing that ∆T′ ◦ Intm\ = ∆T, that ZT′ = Adm\(ZT), and that βT,1, βT,2, β
∨
T,1 and β∨T,2 are

related to their analogues for T′ via Intm\. It is then easy to see that the identi�cations T(F ) = E× and

T′(F ) = E× as in Lemma 9.19 are related by Intm\, and that τT = τT′ ∈ F×/NE/F (E×). Then the equality

∆T′ ◦ Intm\ = ∆T follows from Lemma 9.19, giving (123).

For each T ∈ T +
E and m\ ∈ M\(F ), it is also clear that #WT = #WIntm\(T). For each m

\ ∈ M\(F ), Intm\

induces a bijection of T +
E to itself, taking M(F )-conjugacy classes to M(F )-conjugacy classes. Moreover, the

action of M\(F ) on T +
E is transitive (Lemma 10.9(iv)).

Combining these observations with (123), we conclude that for any T ∈ T +
E , b(E)(π̃) equals the product of

(#TE)(#WT)−1 and the expression obtained by substituting Θ\
π̃(t̃) for c0(t̃) = Θπ̃(t̃) in the expression for

b
(E)
T (π̃) given by Lemma 9.21. Therefore, the lemma follows from the expression #TE = 2#J−2#WT given

by Corollary 10.16. �

Lemma 10.19. Suppose ω is trivial. Suppose that for each quadratic extension E/F in E0, we are given a

torus TE ∈ T +
E . Let Ts be a split element of T +, if we are in an exceptional case (in other words, if we are

in the case of G2 or D4 with triality; in these cases G is quasi-split, and Lemma 10.9(i) gives the existence

of Ts, while its uniqueness up to M(F )-conjugacy follows from Lemma 4.25). Then:

b(∗)(π) =
∑
E∈E0

E/F quadratic

2#J−3 vol(TE,ε(F ))

Γ0,Mε
TE

∫
TE,∗(F )

D(t̃)1/2Θ\
π̃(t̃) dt+

3 vol(Ts,ε(O))

4 vol((AM̃Ts
/AM̃)(O)) · Γ0,Mε

Ts

∫
Ts,∗(F )

D(t̃)1/2Θ\
π̃(t̃) dt,

where the second term (the contribution of Ts) should be considered only in the exceptional cases (i.e.,

replaced by 0 if we are in a classical case), and where the integrals are interpreted as in Lemma 9.21.

Proof. The contributions from quadratic extensions E/F in E0 can be handled exactly as in the proof of

Lemma 10.18 (but using Lemma 9.22 in place of Lemma 9.21), and hence we will skip the proof that their

contributions amount to the �rst of the two summands on the right-hand side. As for the contribution of

the split torus, we may and do assume that we are in the case of either G2 or D4 with triality. Therefore J

is singleton, say {j}, and M(F ) identi�es with the set of elements of GL2(Kj) with determinant in F×. In

either case, it is immediate that #WTs = 2. Moreover, for t̃ ∈ T̃s,sr(F ) we have Θπ̃(t̃) = Θ\
π̃(t̃): to see this,

use that M\(F ) = Image(M(F ) → M\(F )) ·M\
Ts

(F ), where M\
Ts

(F ) is the centralizer of Ts in M\(F ) (this

equality follows from the fact that M\
Ts

is a Levi subgroup of M\), and that ω is trivial. Now we see from

Lemma 9.22 (and the observation that c0(t̃) = Θπ̃(t̃)) that the contribution of Ts is exactly the second of

the two summands on the right-hand side. �

From Lemma 10.19, we will get Corollary 10.22 below, which gives us our �nal residue formulas in the case

where ω is trivial. But for that we will also need to compare the formal degrees of π and π�.

Lemma 10.20. Let nπ denote the length of π� as a representation of M(F ) ⊂ M�(F ). Then:

d(π) =
2#J−1

nπ
d(π�,ZM�(F )).
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Proof. If G1 is a reductive group over F , write StG1 for the Steinberg representation of G1(F ); and if π1 is an

irreducible essentially square-integrable representation of G1(F ), write c0(π1) for the coe�cient of the zero

nilpotent orbit in the character expansion of π1 at the identity. In such a situation we know that d(π1)/c0(π1)

is independent of π1, and we know that c0(StG1) = c0(StG1,der
). Then, since Mder = Msc = M�der:

nπd(π) = nπc0(π)·c0(StM)−1d(StM) = c0(π�)c0(StM�)
−1d(StM) = d(π�,ZM�(F ))d(StM� ,ZM�(F ))−1 ·d(StM).

It su�ces therefore to show that d(StM� ,ZM�(F )) = 21−#Jd(StM). Since M /AM and M� /ZM� have the

same dimension, we may assume without loss of generality that the additive character ψ (which is used to

normalize the measures) has order 0. This allows us to use the expression for the formal degree of a Steinberg

representation of a p-adic group with compact center given slightly before [HII08a, Lemma 3.3'] (which we

apply to the groups M /AM and M� /ZM� , which have compact centers). Noting that M /AM and M� /ZM�

are isogenous and hence have the same motive, we get:

d(StM� ,ZM�(F ))

d(StM)
=

#H1(F,M /AM)

#H1(F,M� /ZM�)
=

#H1(F,M /AM)

2#J
,

where the equality #H1(F,M� /ZM�) = 2#J follows using Shapiro's lemma.

Thus, it remains to prove that #H1(F,M /AM) = 2. The map Msc → M /AM is surjective (e.g., for

dimension reasons), and its kernel is of order 2: AM equals γ∨(Gm), and since γ∨−2β∨ belongs to the coroot

lattice of M, the intersection of AM with Msc equals γ
∨(µ2). Thus, if T′ is a maximal torus of M /AM, then

the quotient of X∗(T
′) by the coroot lattice of M /AM is of order two, and is hence acted trivially on by

Gal(F̄ /F ). So the claim that #H1(F,M /AM) = 2 follows from the Kottwitz isomorphism. �

Notation 10.21. Henceforth, in the case where ω is trivial, so that π̃(w−1
0 ) is an isomorphism from π to

π ⊗ ω−1 = π, we will assume the extension π̃ of π to be normalized so that π̃(w−1
0 ) : π

∼=→ π is the identity

map from the space of π to itself. Notice that, in such a situation, if π is generic with respect to some

Whittaker datum, π̃(w−1
0 ) acts trivially on the corresponding space of Whittaker functionals.

Corollary 10.22. Suppose that ω is trivial. If T ∈ T +, write

vT =


vol(Tε(F )) · Γ−1

0,Mε
T
, if T is non-split, and

vol(Tε(O)) ·
(
vol((AM̃T

/AM̃)(O)) · Γ0,Mε
T

)−1
, if T is split and we are in an exceptional case, and

0, if T is split and we are in a classical case.

Let TE, for each quadratic extension E/F in E0, and Ts, be as in Lemma 10.19. Recall that π̃ is normalized

as in Notation 10.21, i.e., so that π̃(w−1
0 ) is the identity map. Then

R(π̃) =
γ∗(0,1, ψ)−1

8d(π�,ZM�(F ))

 ∑
E∈E0

E/F quadratic

vTE

∫
TE,∗,sr(F )

D(t)1/2Θπ�(t) dt∗ + 3vTs

∫
Ts,∗,sr(F )

D(t)1/2Θπ�(t) dt∗

 ,

where again the contribution of Ts should be ignored if we are in a classical case (and where one notes

that each of the integrands, de�ned on the γ∨(F×)-invariant subset Tsr(F ) ⊂ T(F ) where T = TE or Ts,

descends to Tsr(F )/γ∨(F×) = T∗,sr(F ); the D(t) in the integrand is made sense of using Notation 9.17(ii)).

Proof. Let nπ denote the length of the restriction of π� to the normal subgroup M(F ) ⊂ M�(F ). By

Proposition 9.16(iii), R(π̃) equals R(∗)(π̃) = γ∗(0,1, ψ)−1(2d(π))−1b(∗)(π̃). Hence Lemma 10.19 gives:

R(π̃) =
γ∗(0,1, ψ)−1

2d(π)

 ∑
E∈E0

E/F quadratic

2#J−3vTE

∫
TE,∗(F )

D(t)1/2Θ\
π̃(tw−1

0 ) dt+ 3
vTs

4

∫
Ts,∗(F )

D(t)1/2Θ\
π̃(tw−1

0 ) dt

 .
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Using the normalization of π̃, the fact that ω is trivial, and the fact that both M\(F ) and M�(F ) surject

onto Mad(F ), it is easy to see that if m ∈ M(F ) is such that mw−1
0 ∈ M̃(F ) is regular semisimple then:

Θπ̃(mw−1
0 ) =

1

#i\
∑
m\∈i\

Θπ(Intm\(m)) =
1

#i�
∑

m�∈i�
Θπ(Intm�(m)) =

1

nπ
Θπ�(m),

where i� ⊂ M�(F ) is a set of representatives for M�(F )/(ZM�(F ) M(F )). Now the lemma follows by the

relation d(π) = 2#J−1n−1
π d(π�,ZM�(F )) (from Lemma 10.20), and on noting that in the exceptional case,

#J = 1, so that 2#J−1 = 1 whenever there is a contribution from Ts. �

Remark 10.23. In the situation of Corollary 10.22, assume that T ∈ T + is split, and that we are in an

exceptional case, so that J is singleton, say J = {j}. Then as in Remark 9.15, Tε and AM̃T
/AM̃ are both split

tori of dimension 1 and hence isomorphic, so that vol(Tε(O)) = vol((AM̃T
/AM̃)(O)). Mε

T is not anisotropic

in this case, since it contains Tε = Tε as a split subtorus. In fact, Tε is the maximal split subtorus of

Mε
T ⊂ Mε = Msc, as Msc

∼= ResKj/F SL2 has split rank one. Thus, vT = (Γ0,Mε
T

)−1 = vol((Mε
T /Tε)(F ))−1,

where (Mε
T /Tε)(F ) is given measure as in Notation 5.22.

We now describe the volume factor vT from Corollary 10.22 a bit more explicitly.

Lemma 10.24. Let T ∈ T 0,+, and let vT be as in Corollary 10.22 above. If T is split, assume that we are

in an exceptional case. If T is not split, write E/F for the quadratic extension in E0 splitting E. Let qL
denote the residue �eld cardinality of L, for any �nite extension L/K. Assume that ψ has order c(ψ) = 0

(so ψ is trivial on O but not on $−1O), and recall the notation d for di�erential exponent from Notation

5.18(i). Then:

vT =


(1 + q−1) ·

∏
j∈J

q
d(Kj/F )/2

Kj

1+q−1
Kj

, if T is non-split and E/F is unrami�ed,

21−#Jq−d(E/F )/2
∏
j∈J q

(d(Kj/F )+d(EKj/Kj))/2
Kj

, if T is non-split and E/F is rami�ed,

q
d(K/F )/2
K · 1−q−1

e(K/F )·(1−q−1
K )

, if T is split, and we write K = Kj for the unique j ∈ J .

Proof. Let us study Mε
T �rst. The inclusion Msc = Mder ↪→ Mε is an isomorphism (e.g., by dimension con-

siderations and the fact that Mε is connected), and we have Mε
T = MT ∩Msc =

∏
j M′j,T =

∏
j ResKj/F H′j,T,

where M′j,T ⊂ M′j and H′j,T ⊂ H′j are the maximal tori de�ned in Notation 10.12.

First we consider the case where T is not split. For each j, we have E 6= Kj (as E ∈ E0; see (ii) and (iii) of

Lemma 10.9), so by Remark 10.13, H′j,T is isomorphic to the norm one torus associated to EKj/Kj . Hence

Mε
T is anisotropic, so that Γ0,Mε

T
equals vol(Mε

T(F )).

Let H′j,T(Kj) be given a measure as in Notation 5.22(ii), associated to the additive character ψKj : x 7→
ψ(trKj/F x) of Kj . Since M′j,T

∼= ResKj/F H′j,T, this choice ensures that vol(M′j,T(F )) = vol(H′j,T(Kj))

(use the argument of (43)). On the other hand, c(ψKj ) = e(Kj/F )c(ψ) + d(Kj/F ) = d(Kj/F ), so the

measure on H′j,T(Kj) equals q
−d(Kj/F )/2
Kj

times the measure it would receive had we replaced ψKj with

an additive character of Kj of conductor 0 (use a basic fact recalled in Notation 5.20(ii)). Therefore, by

Corollary 5.25, vol(Tε(F )) and vol(M′j,T(F )) = vol(H′j,T(Kj)) equal 1 + q−1 and q
−d(Kj/F )/2
Kj

(1 + q−1
Kj

) (resp.,

2q−d(E/F )/2 and 2q
−(d(Kj/F )+d(EKj/Kj))/2
Kj

) if E/F is unrami�ed (resp., rami�ed). From this, it follows that

vT = vol(Tε(F ))Γ−1
0,Mε

T
= vol(Tε(F )) vol(Mε

T(F ))−1 equals

vol(Tε(F ))
∏
j∈J

vol(H′j,T(Kj))
−1 =

(1 + q−1) ·
∏
j∈J

q
d(Kj/F )/2

Kj

1+q−1
Kj

, if E/F is unrami�ed,

21−#Jq−d(E/F )/2
∏
j∈J q

(d(Kj/F )+d(EKj/Kj))/2
Kj

, if E/F is rami�ed

,

as desired.

Now we come to the case where T is split. For this we may assume that we are in the G2-case or the case

of D4 with triality. We write K = Kj for the unique j ∈ J . Recall from Remark 10.23 that vT = Γ−1
0,Mε

T
=
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vol((Mε
T /Tε)(F ))−1. In the G2-case, Mε

T = Tε, so Γ0,Mε
T

= 1, and the expression claimed in the lemma for

vT equals 1 as well, and we are done.

Thus, assume that we are in the case of D4 with triality. In this case, by the discussion at the beginning

of the proof, Mε
T identi�es with ResK/F Gm. Its subgroup Tε identi�es with Gm ⊂ ResK/F Gm. Thus,

Mε
T /Tε is isomorphic to (ResK/F Gm/Gm). It is enough to show that vol((Mε

T /Tε)(F )) equals q
−d(K/F )/2
K ·

(f(K/F )−1 · [K : F ]) · ((1− q−1)−1 · (1− q−1
K )), i.e., 1 + q−1 + q−2 if K/F is unrami�ed and 3q

−d(K/F )/2
K if

K/F is rami�ed. This follows from Lemma 5.24, using the following data:

• In either case, we claim that # H1(F,Mε
T /Tε) = 3. It is easy to see that X∗(M

ε
T /Tε) identi�es

with the quotient of Z3 by the diagonally embedded Z, the action of Gal(F̄ /F ) on which permutes

the images of the standard basis vectors of Z3 transitively. It is then easy to see that the group of

Gal(F̄ /F )-coinvariants of X∗(M
ε
T /Tε) is isomorphic to Z/3Z; now use the Kottwitz isomorphism.

• The representation ρT in the notation of that lemma, applied to our torus Mε
T /Tε in place of the T

there, is isomorphic to ρ = (IndWF

WK
1)/1, and L(s, ρ) = L(s,1WK

)/L(s,1WF
).

• When K/F is unrami�ed, we have L(0, ρ) = 1/3, L(1, ρ) = (1 + q−1 + q−2)−1 and ε(0, ρ, ψ) = 1

(recall that ψ has order 0).

• When K/F is rami�ed, we have L(0, ρ) = L(1, ρ) = 1 and |ε(0, ρ, ψ)| equals qd(K/F )/2
K as in [FOS20,

(A.15) and (A.18)].

�

10.4. Applying Labesse-Langlands character identities in the case of nontrivial ω. In this sub-

section, we will use the Labesse-Langlands character identities to simplify R(π̃) in the cases where ω is

nontrivial.

Notation 10.25. (i) If we are in the G2-case or the D4-case, set J1 = J . In the B3-case, let J1 ⊂ J

correspond to α1 in the setting of Remark 10.3 (thus, in the SO7-case, J1 captures the `general linear

part' of the Levi subgroup M).

(ii) Let χ� : M� → Gm denote the character whose restriction to each Mj = ResKj/F Hj is trivial (resp.,

given by NKj/F ◦ ResKj/F χj , where χj is the determinant or the reduced norm as in Notation

10.2(vi), and NKj/F also stands for the norm map ResKj/F Gm → Gm), if j 6∈ J1 (resp., if j ∈ J1).

Lemma 10.26. (i) χ� extends χγ , χγ or χ3
γ on M ⊂ M�, depending on whether we are in the G2, B3

or D4-case.

(ii) The map M� → M�ad = Mad factors through a map M� → M\, whose composite with χ\γ (see Notation

10.2(i)) equals χ�.

Remark 10.27. The composite of the map M� → M\ of (ii) of the lemma with the inclusion M ↪→ M� does

not equal (resp., equals) the obvious map M→ M\, if we are in the D4-case (resp., not in the D4-case). This

follows from (i) of the lemma.

Proof of Lemma 10.26. Since M = Msc γ
∨(Gm), (i) follows if we show that χ� ◦γ∨ equals x 7→ x2, x 7→ x2 or

x 7→ x6 depending on whether we are in the G2, B3 or D4-case. This is easy to check using the identi�cations

of M ⊂ M� and γ∨ in Lemma 10.4. So let us prove (ii). Throughout this proof, NKj/F will also denote the

norm map ResKj/F Gm → Gm.

It is easy to reduce to showing that, for each j ∈ J , the map Mj → Mad factors through a map Mj → M\,

whose composite with χ\γ (see Notation 10.2(i)) equals NKj/F ◦ResKj/F χj or the trivial map depending on

whether or not j ∈ J1. So �x j ∈ J . Consider the following two maps:

• The obvious map ResKj/F (Gm × H′j) → ResKj/F Hj = Mj ; note that its composite with NKj/F ◦
ResKj/F χj (resp., the trivial map) equals N2

Kj/F
(resp., the trivial map) on the ResKj/F Gm-factor.
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• The map ResKj/F (Gm × H′j) → M\, whose restriction to ResKj/F H′j = M′j equals ResKj/F H′j =

M′j ↪→ Msc → M\, and whose restriction to ResKj/F Gm equals γ∨ ◦NKj/F (resp., the trivial map)

if j ∈ J1 (resp., if j 6∈ J1); the composite of this map with χ\γ equals N2
Kj/F

(resp., is trivial) on the

ResKj/F Gm-factor, if j ∈ J1 (resp., if j 6∈ J1).

It su�ces to show that the second map factors through the �rst, for then Mj → Mad will factor through

the resulting map Mj → M\; moreover, the pull-back of χ\γ along this map Mj → M\ will then agree with

NKj/F ◦ χj (resp., the trivial map) if j ∈ J1 (resp., if j 6∈ J1), as one sees by further pulling back to

ResKj/F (Gm ×H′j).

The assertion that the second map (ResKj/F (Gm×H′j)→ M\) factors through the �rst (ResKj/F (Gm×H′j)→
Mj) may be checked after base-changing to F̄ . If j 6∈ J1, which happens only when we are in the B3-case

and j represents the short root α3, this assertion follows from the observation that (after choosing a suitable

Borel pair to realize coroots concretely) α∨3 (−1) belongs to the kernel ZG(F̄ ) of M(F̄ ) → M\(F̄ ), which in

turn follows from the fact that 〈α′, α∨3 〉 ∈ {0,±2} for every simple root α′ of G. In the remaining cases, i.e.,

when j corresponds to the Gal(F̄ /F )-orbit of a simple root α of M which is di�erent from α3 if we are in the

B3-case, this assertion follows if we prove that for each such α, γ∨(−1)α∨(−1) belongs to the kernel ZG(F̄ )

of M(F̄ )→ M\(F̄ ), or equivalently, that 〈α′, γ∨+α∨〉 ∈ 2Z for each simple root α′ of G. For simple roots α′

of M, this follows from the fact that 〈α′, γ∨〉 = 0 together with the fact that 〈α′, α∨〉 equals 2 or 0 depending

on whether or not α′ = α. For α′ = β, this follows from the fact that 〈β, γ∨〉 = 1 = −〈β, α∨〉. �

Remark 10.28. Let K be a nonarchimedean local �eld, L/K a quadratic extension, and π′ an irreducible

supercuspidal representation of H(K), where H is an inner form of GL2 /K. Let χH : H(F ) → F× denote

the determinant or the reduced norm map. Recall that π′ is called a Weil representation associated to L/K

if the following equivalent conditions on π′ are satis�ed:

• The Langlands parameter of π′ is of the form IndWK

WL
θ for some character θ : L× → C×, viewed via

the abelianization map WL → L× as a character of WL;

• The restriction of π′ to χ−1
H (NL/K(L×)) is reducible.

When these conditions hold, one knows that:

• There are exactly two characters θ : L× → C× such that the Langlands parameter of π′ is of

the form IndWK

WL
θ (this uses that πj is supercuspidal); any of these is obtained from the other by

composing with Gal(L/K)-conjugation. If θ is any of these characters, we will also say that π′ is a

Weil representation associated to (L/K, θ).

• The restriction of π′ to χ−1
H (NL/K(L×)) is a direct sum of two nonisomorphic irreducible representa-

tions (that these representations are nonisomorphic follows from the character identities of [LL79]).

A representation of Hder(K) is called a Weil representation associated to L/K if it is contained in a Weil

representation of H(K) associated to L/K.

Recall the irreducible representation (π�, V �) of M�(F ) from Notation 10.17(i), whose restriction to M(F )

contains (π, V ). Recall also the decomposition π� = ⊗jπj , with each πj a supercuspidal representation of

Mj(F ) = Hj(Kj).

Proposition 10.29. Suppose that ω = sgnE/F for some quadratic extension E/F in E0. If R(E)(π̃) 6= 0,

then for each j ∈ J1, the representation πj of Hj(Kj) is a Weil representation attached to EKj/Kj.

Proof. Fix T ∈ T +
E . Note that EKj/Kj is indeed quadratic, since E ∈ E0. It is enough to prove that, if πj

is not a Weil representation associated to EKj/Kj for some j ∈ J1, then b
(E)(π̃) = 0, which will follow from

Lemma 10.18 if we show that Θ\
π̃(t̃) = 0 for each t̃ = tw−1

0 ∈ T̃sr(F ).

A := π̃(w−1
0 ) intertwines π with π ◦ ε = π ⊗ ω−1. Since χγ : M(F ) → F× is surjective (combine the

description, given in Remark 10.5, of χγ in terms of the identi�cation of M ⊂ M�, with the fact that
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each χj : Hj(Kj) → K×j is surjective), A has exactly two eigenvalues, the corresponding eigenspaces being

preserved by M(F )1 := χ−1
γ (NE/F (E×)) ⊂ M(F ), and taken to each other by any m ∈ M(F ) \ M(F )1.

Moreover, A2 intertwines π with itself and is hence a scalar. Denote the representations of M(F )1 on the

eigenspaces of (π, V ) by (π+, V +) and (π−, V −); these are irreducible since π is an irreducible representation

of M(F ). Write c for the eigenvalue of A on V +, so that the eigenvalue of A on V − equals −c. If m ∈ M(F )1

is such that mw−1
0 ∈ M̃(F ) is regular semisimple, then Θπ̃(mw−1

0 ) = c(Θπ+(m)−Θπ−(m)).

Recall χ� : M� → Gm from Notation 10.25(ii). Let M�(F )1 := (χ�)−1(NE/F (E×)) ⊂ M�(F ). Since

#(F×/NE/F (E×)) = 2, and since χ� extends χγ , χγ or χ
3
γ on M ⊂ M� (Lemma 10.26(i)), we have M�(F )1∩

M(F ) = M(F )1.

Let (π�,+, V �,+) and (π�,−, V �,−) be irreducible subrepresentations of the restriction of (π�, V �) to M�(F )1

that, in their further restriction to M(F )1, contain representations in the isomorphism classes of (π+, V +)

and (π−, V −) respectively. We are allowing for the possibility that V �,+ and V �,− may be identical; in

particular it can happen that π�,+ and π�,− are isomorphic as representations of M�(F )1.

Since χγ : M(F )→ F× is surjective, we may and shall choose i\ to satisfy χ\γ(m\) = 1 for allm\ ∈ i\. Hence
Intm\(tw−1

0 ) = Intm\(t) · w−1
0 for all m\ ∈ M\(F ) and t ∈ M(F ). Thus, for t̃ = tw−1

0 ∈ T̃(F )sr ⊂ M(F )1:

Θ\
π̃(t̃) =

1

#i\
∑
m\∈i\

Θπ̃(Intm\(t·w−1
0 )) =

1

#i\
∑
m\∈i\

Θπ̃(Intm\(t)·w−1
0 ) =

c

#i\
∑
m\∈i\

((Θπ+◦Intm\)(t)−(Θπ−◦Intm\)(t)).

Here, we are thinking of i\ as a set of representatives for the quotient of M\(F )1 by the image of M(F )1,

where M\(F )1 ⊂ M\(F ) is given by χ\γ
−1

(NE/F (E×)) � with this understanding, the Θπ+ ◦ Intm\ and the

Θπ− ◦ Intm\ do not depend on the representative m\.

For each m\ ∈ i\ ⊂ M\(F )1, π
+ ◦ Intm\ is, up to isomorphism, an M(F )1-subrepresentation of π�,+. By

Lemma 10.26(ii) (which says that M�(F ) → Mad(F ) factors through a map M�(F ) → M\(F ) that pulls

χ\γ back to χ�), we have that M�(F )1 and M\(F )1 have the same image in Mad(F ). This in turn has

the consequence that as m\ runs over i\, π+ ◦ Intm\ runs over the set of isomorphism classes of irreducible

M(F )1-subrepresentations of π
�,+, with multiplicity independent of the isomorphism class. Similar comments

apply with the π− ◦ Intm\ and π�,−. Since π�,+ and π�,− have the same length as M(F )1-modules, we �nd

that Θ\
π̃(t̃) is a multiple of Θπ�,+(t)−Θπ�,−(t), or more precisely:

(124) Θ\
π̃(tw−1

0 ) = n−1
π · c · (Θπ�,+(t)−Θπ�,−(t)),

where nπ is the length of either of π�,+ or π�,− as an M(F )1-module (we will use this, the argument for

(124), at a later point outside this proof).

If π�,+ and π�,− are isomorphic, then this expression equals 0, and we are done. Thus, it now su�ces to see

that, if πj is not a Weil representation with respect to EKj/Kj for some j ∈ J1, then the restriction of π�

to M�(F )1 is irreducible (since that will yield that π�,+ = π�,−). For each j ∈ J , the restriction of πj to

Mj(F )1 := {mj ∈ Mj(F ) = Hj(Kj) | detmj ∈ NEKj/Kj ((EKj)
×)} = {mj ∈ Mj(F ) | NKj/F ◦detmj ∈ NE/F (E×)}

is irreducible or of length 2, and it is irreducible unless πj is a Weil representation with respect to EKj/Kj

(we recalled this fact in Remark 10.28 above). For j ∈ J1 such that πj |Mj(F )1
is reducible (resp., irreducible),

write πj = π+
j ⊕ π

−
j (resp., π+

j = π−j = πj), with each π+
j and π−j irreducible representations of Mj(F )1.

Any two of the irreducible (
∏
j∈J1

Mj(F )1) × (
∏
j 6∈J1

Mj(F ))-subrepresentations
⊗

j∈J1
π
aj
j ⊗

⊗
j 6∈J1

πj of

π� (where aj = + or − for each j) are either equal or nonisomorphic, since for each j, π+
j and π−j are

equal or nonisomorphic (see Remark 10.28). Since (
∏
j∈J1

Mj(F )1)× (
∏
j 6∈J1

Mj(F )) ⊂ M�(F )1, we assume

without loss of generality that (π�,+, V �,+) contains
⊗

j∈J1
π+
j ⊗

⊗
j 6∈J1

πj . If there exists j0 ∈ J1 such that

π+
j0

= π−j0 (i.e., πj0 is irreducible), then there exists m� = mj0 belonging to Mj0(F ) \Mj0(F )1, which via

the inclusion Mj0(F ) ↪→ M�(F ) is a subset of M�(F ) \M�(F )1, such that π�(m�) preserves the subspace⊗
j∈J1

π+
j ⊗

⊗
j 6∈J1

πj of (π�,+, V �,+), and hence (π�,+, V �,+) itself. This forces (π�,+, V �,+) = (π�, V �), so

that the restriction of π� to M�(F )1 is irreducible, as desired. �
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Notation 10.30. Suppose ω = sgnE/F for a quadratic extension E/F in E0. Assume that for each j ∈ J1,

(πj , Vj) is a Weil representation associated to EKj/Kj . We will now �x some notation related to this

situation, which will be invoked later.

(i) Consider a datum υ := (T, (βT,1, βT,2),
√
δ), where T is a choice of an element of T +

E , (βT,1, βT,2) is

as usual (i.e., from Notation 4.7(i); the `ordered pair' notation is meant to keep track of the labeling

of {βT,1, βT,2}), and
√
δ is an element of E× such that δ =

√
δ

2
∈ F×. For instance,

√
δ could

be some τZ,T, but we are keeping it more �exible in order to keep track of the normalization of

transfer factors. Recall that the choice of (βT,1, βT,2) gives us an identi�cation T ∼= ResE/F Gm,
where a ∈ ResE/F Gm(F ) = E× identi�es with β∨T,1(a)β∨T,2(ā), ā denoting the Gal(E/F )-conjugate

of a. Recall also that we have a well-de�ned element τT ∈ E×/NE/F (E×) (see Notation 9.17(iii)).

(ii) Along with υ from (i) above, and the resulting identi�cation T ∼= ResE/F Gm, we will �x, for each
j ∈ J1, the identi�cation Mj,T

∼= ResEKj/F Gm to be as in Notation 10.12(ii); speci�cally (122) there

� this is okay since E ∈ E0, so that E 6= Kj for each j. We will use the observation there, that this

identi�cation Mj,T → ResEKj/F Gm extends T→ ResE/F Gm.
(iii) Henceforth, whenever identi�cations are �xed as in (i) and (ii) above, given any t belonging to

Mj,T(F ) = (EKj)
× for some j ∈ J1, we will write t̄ for the element of Mj,T(F ) = (EKj)

× obtained

as the conjugate of t under Gal(EKj/Kj). Thus, if t ∈ T(F ) ⊂ Mj,T(F ), then t̄ is also the conjugate

of t ∈ T(F ) = E× under Gal(E/F ), and hence does not depend on j.

(iv) For each j ∈ J1, since we are assuming that πj is a Weil representation with respect to EKj/Kj , we

may and do choose a character θj : (EKj)
× → C× such that πj is a Weil representation associated

to (EKj/Kj , θj), or equivalently to (EKj/Kj , θ̄j), where θ̄j (henceforth) denotes the composite of

θj and the unique nontrivial element of Gal(EKj/Kj). We will assume these to satisfy one further

condition: if we are in the D4-case and there exists θ′j ∈ {θj , θ̄j} for each j ∈ J1 = J , such that∏
j∈J1

θ′j |E× = 1E× , we will assume that
∏
j∈J1

θj |E× = 1E× (as we may, e.g., by replacing the θj
with the θ′j). Note that for each j ∈ J1, θj 6= θ̄j (since πj is supercuspidal; see Remark 10.28).

(v) Let T ∈ T +
E and j ∈ J . The Weyl group of Mj,T(F ) = Hj,T(Kj) in Mj(F ) = Hj(Kj) has cardinality

exactly two; write {1, wj} for a set of representatives for it. For tj ∈ Hj,T(Kj) = Mj,T(F ) ⊂ Mj(F ) =

Hj(Kj), write

Dj(tj) = |det(Ad tj − 1;mj(F )/mj,T(F ))| = |det(Ad tj − 1; hj(Kj)/hj,T(Kj))|Kj ,

where | · |Kj denotes the normalized absolute value on Kj (both expressions measure how much

Ad tj−1 scales any Haar measure on mj(F )/mj,T(F ) = hj(Kj)/hj,T(Kj)). This in particular de�nes

Dj(t) = Dj(tj) if t = (tj)j∈J ∈ MT. Note then that D(t) = |det(Ad t− 1;m/mT)| =
∏
j Dj(t).

(vi) Henceforth, for any �nite extension L/K of extensions of F in F̄ , and any additive character ψ′L :

L → C× of L, we will systematically write (generalizing Notation 5.33(iv)) λ(L/K,ψ′L) for the

constant that [LL79] denotes λ(L/K,ψ′L) (since we have been using λ for an element of Tε(F )).

(vii) Let j ∈ J1, so that (πj , Vj) is a Weil representation with respect to EKj/Kj . We get from [LL79]

(around (2.4) of that reference when Hj is quasi-split and just below Lemma 7.1 when Hj is non-

quasi-split) that, since θj is not invariant under t 7→ t̄ (see (iv) above), there exist unique mutually

non-isomorphic irreducible supercuspidal representations π+(θj) and π
−(θj) of

Mj(F )1 := Hj(Kj)1 := {gj ∈ Hj(Kj) | det gj ∈ N(EKj)/Kj ((EKj)
×)} = {gj ∈ Hj(Kj) | NKj/F (det gj) ∈ NE/F (E×)},

such that (πj , Vj)|Mj(F )1
= (π+(θj), V

+
j )⊕(π−(θj), V

−
j ), and such that for each tj ∈ (EKj)

× \K×j ⊂
(EKj)

× = Hj,T(Kj) = Mj,T(F ) with Gal(EKj/Kj)-conjugate t̄j ,

Θπ+(θj)(tj)−Θπ−(θj)(tj) = λ(EKj/Kj , ψ̄j)sgn(EKj)/Kj

(
tj − t̄j
2
√
δ
−1

)
θj(tj) + cj · θj ◦ Intwj(tj)

Dj(tj)1/2
(125)

= λ(EKj/Kj , ψ̄j)sgn(EKj)/Kj

(
tj − t̄j
2
√
δ
−1

)
θj(tj) + cj · θj(t̄j)

Dj(tj)1/2
,
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where ψj := ψ ◦ trKj/F , and where cj equals 1 (resp., −1) if Hj is quasi-split (resp., if Hj is not

quasi-split). Note that we are using the choice of
√
δ to normalize the transfer factors; replacing

√
δ

by an element of (F× \NE/F (E×))
√
δ will swap π+(θj) and π

−(θj). Note that υ determines which

irreducible component of πj |M(F )1
is labeled π+(θj) (and hence also which one is labeled π−(θj)).

(viii) Let M�(F )1 = χ�−1(NE/F (E×)) ⊂ M�(F ), i.e., M�(F )1 ⊂ M�(F ) is the subgroup so denoted in the

proof of Proposition 10.29. Since the representations
⊗

j∈J1
πaj (θj)⊗

⊗
j 6∈J1

πj of
∏
j∈J1

Mj(F )1 ×∏
j 6∈J1

Mj(F ) ⊂ M�(F )1 are pairwise nonisomorphic (where each aj = + or −), we may and shall

assume that some subrepresentation (π�,+, V �,+) of (π�, V �)|M�(F )1
contains

⊗
j∈J1

(π+(θj), V
+
j ) ⊗⊗

j 6∈J1
(πj , Vj). It is then easy to see that we get a decomposition:

(π�, V �)|M�(F )1
= (π�,+, V �,+)⊕ (π�,−, V �,−)

of π�|M�(F )1
into irreducible representations, where (π�,+, V �,+) (resp., (π�,−, V �,−)) is the direct

sum of all the
(⊗

j∈J1
(πaj (θj), V

aj
j )⊗

⊗
j∈J\J1

(πj , Vj)
)
, with aj ∈ {+,−} for each j ∈ J1, such

that the number of j ∈ J1 with aj = − is even (resp., odd). This has the consequence that, if

m� = (mj)j ∈
∏
j∈J1

Mj(F )1 ×
∏
j 6∈J1

Mj(F ) ⊂ M�(F )1 is strongly regular as an element of M�(F ),

then:

(126) Θπ�,+(m�)−Θπ�,−(m�) =
∏
j∈J1

(
Θπ+(θj)(mj)−Θπ−(θj)(mj)

)
·
∏
j 6∈J1

Θπj (mj).

By the discussion towards the end of (vii), it follows that υ determines which irreducible component

of (π�, V �)|M�(F )1
gets labeled (π�,+, V �,+) (and hence also which one is labeled (π�,−, V �,−)).

(ix) Let A� : V � → V � be the map that acts as the identity on V �,+ and as multiplication by −1 on

V �,−. It satis�es that for all m� = (mj)j ∈
∏
j Hj(Kj) =

∏
j Mj(F ) = M�(F ):

(127) A� ◦ π�(m�) = sgnE/F (χ�(m)) · (π�(m�) ◦A�) = (
∏
j∈J1

sgnEKj/Kj (detmj)) · (π�(m�) ◦A�).

(x) Since A := π̃(w−1
0 ) intertwines π with π ◦ ε = π ⊗ ω−1, A2 is a scalar by Schur's lemma, and A has

exactly two eigenvalues, that are negatives of each other. Let M(F )1 = χ−1
γ (NE/F (F×)) ⊂ M(F )

(as in the proof of Proposition 10.29). We have a decomposition

(π, V )|M(F )1
= (π+, V +)⊕ (π−, V −)

of π|M(F )1
into irreducible representations, where V + and V − are the eigenspaces of A. Any m ∈

M(F ) with χγ(m) ∈ F× \NE/F (E×) maps V + and V − into each other.

(xi) Since (π+, V +) is a subrepresentation of the restriction of (π, V ) to M(F )1, which is a subgroup

of M�(F )1, and since (π, V ) embeds into (π�, V �)|M(F ), it follows that (π+, V +) can be embedded

into (π�,+, V �,+)|M(F )1
or (π�,−, V �,−)|M(F )1

. We exchange (π+, V +) and (π−, V −), if necessary, to

ensure that (π+, V +) embeds into (π�,+, V �,+). Then, applying π�(m) for any m ∈ M(F )\M(F )1 ⊂
M�(F ) \M�(F )1 (this last inclusion holding because χ� extends χγ or χ

3
γ on M by Lemma 10.26(i)),

it follows that (π−, V −) embeds into (π�,−, V �,−).

(xii) We let 〈υ, π̃〉 be the scalar with which A = π̃(w−1
0 ) acts on V + � this depends on υ, because

υ determines which irreducible component of (π�, V �)|M�(F )1
gets labeled (π�,+, V �,+) (see the

discussion towards the end of (viii) above), and because we have chosen (π+, V +) to embed into

(π�,+, V �,+)|M(F )1 . There is possibly an additional choice that we are making here, at least a priori

� we have not ruled out the possibility that (π−, V −) might also embed into (π�,+, V �,+) (in which

case (π+, V +) and (π−, V −) can be swapped). However, Proposition 10.32, or more explicitly Corol-

lary 10.33 below, shows that this extra choice does not change the value of 〈υ, π̃〉 whenever R(π̃) 6= 0;

it would be nice to see this more directly. In any case, for t̃ = tw−1
0 ∈ T̃sr(F ) ⊂ M(F )1w

−1
0 , we have

Θπ̃(tw−1
0 ) = 〈υ, π̃〉(Θπ+(t)−Θπ−(t)).
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Remark 10.31. In Notation 10.30(xi), we would have liked to start with an embedding of (π, V ) into

(π�, V �). However, without assuming that the restriction of (π, V ) to M(F ) is multiplicity-free, we are not

able to ensure that the restriction of A� to V preserves V .

Proposition 10.32. Assume that ω = sgnE/F for some quadratic extension E/F in E0, and that for each

j ∈ J1, πj is a Weil representation associated to EKj/Kj. Let υ and various objects and notation and

identi�cations be chosen as in Notation 10.30. Let nπ be the length of π� = ⊗jπj as an M(F )-module. Let

t̃ = tw−1
0 ∈ T̃sr(F ), with t ∈ T(F ) = E× ↪→ (EKj)

× = Mj,T(F ) for each j (these identi�cations as in (i)

and (ii) of Notation 10.30). We have:

Θ\
π̃(t̃) = n−1

π 〈υ, π̃〉 ·

∏
j∈J1

λ(EKj/Kj , ψ̄j)sgn(EKj)/Kj

(
t− t̄

2
√
δ
−1

)
θj(t) + cj · θj(t̄)

Dj(t)1/2

 · ∏
j 6∈J1

Θπj (t).

Proof. Note that
∏
j Mj,T(F ) ⊂

∏
j∈J1

Mj(F )1 ×
∏
j 6∈J1

Mj,T(F ) ⊂ M�(F )1. Therefore, (126) and (125)

give:

Θπ�,+(t)−Θπ�,−(t) =
∏
j∈J1

(
Θπ+(θj)(t)−Θπ−(θj)(t)

)
·
∏
j 6∈J1

Θπj (t)(128)

=

∏
j∈J1

λ(EKj/Kj , ψ̄j)sgn(EKj)/Kj

(
t− t̄

2
√
δ
−1

)
θ(t) + cj · θ(t̄)
Dj(t)1/2

 · ∏
j 6∈J1

Θπj (t).

On the other hand, nπ is also the length of each of π�,+ and π�,− as an M(F )1-module, so applying the

argument used to obtain (124) (which was part of the proof of Proposition 10.29), we get:

Θ\
π̃(tw−1

0 ) = n−1
π 〈υ, π̃〉 · (Θπ�,+(t)−Θπ�,−(t)).

Combining with (128), the proposition follows. �

Corollary 10.33. Suppose that ω is nontrivial. Then

(i) R(π̃) = 0 unless ω = sgnE/F for a unique quadratic extension E/F in E0.
(ii) Assume ω = sgnE/F for some quadratic extension E/F in E0. Then R(π̃) = 0 unless, for each

j ∈ J1, πj is a Weil representation associated to a character θj of (EKj)
× which is not invariant

under Gal(EKj/Kj).

(iii) Let E be as in (i), and assume that for each j ∈ J1, πj is a Weil representation associated to a charac-

ter θj : (EKj)
× → C× which is not invariant under Gal(EKj/Kj). Choose υ = (T, (βT,1, βT,2),

√
δ)

and various objects and notation and identi�cations as in Notation 10.30. Let vT = vol(Tε(F ))Γ−1
0,Mε

T

(i.e., as in Corollary 10.22). Then R(π̃) equals the product of sgnE/F (−2
√
δ
−1
τ−1
T ) and:

γ∗(0,1, ψ)−1vT〈υ, π̃〉
8d(π�,ZM�(F ))

·

∏
j∈J1

λ(EKj/Kj , ψ̄j)

·∫
T∗(F )

∏
j∈J1

(θj(t) + cj · θj(t̄))

·
 ∏
j∈J\J1

Dj(t)
1/2Θπj (t)

 dt,

where it is part of the assertion that the integrand, though de�ned on T(F ) = E×, descends to a map

on T∗(F ).

Proof. (i) is a repetition of Proposition 9.16(ii): since ω is nontrivial and quadratic, ω = sgnE/F for a unique

quadratic extension E/F in F̄ , and Proposition 9.16(ii) says that R(π̃) = 0 if E 6∈ E0. (ii) is a repetition of

Proposition 10.29 (the condition on the θj follows from the supercuspidality of πj). Let us prove (iii), so we

have the identi�cations T(F ) = E×,Mj,T(F ) = (EKj)
×, the characters θj etc. as in Notation 10.30.
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By Proposition 9.16(ii), R(π̃) equals R(E)(π̃), which, by de�nition (see (112) in Notation 9.14(v)) and

Lemmas 10.18 and 10.20, equals:

γ∗(0,1, ψ)−1

2
· d(π)−1 · b(E)(π̃) =

nπγ
∗(0,1, ψ)−1

2#Jd(π�,ZM�(F ))
· 2#J−3 vol(Tε(F ))

Γ0,Mε
T

∫
T∗(F )

D(t̃)1/2∆T(t̃)Θ\
π̃(t̃) dt

=
γ∗(0,1, ψ)−1

8d(π�,ZM�(F ))
· vT

∫
T∗(F )

∏
j∈J

Dj(t)
1/2

∆T(t̃) · nπΘ\
π̃(t̃) dt,

where nπ is the length of π� as a representation of M(F ), and in the second expression the t of Dj(t)

is such that t̃ = tw−1
0 . Now the lemma follows from Proposition 10.32, provided we show that for each

t ∈ Tsr(F ) ⊂ T(F ) = E×, the left-hand side of the following equality, which equals its right-hand side by

the expression for ∆T in Lemma 9.19, equals sgnE/F (−2
√
δ
−1√

τ
−1

):

∆T(tw−1
0 ) ·

∏
j∈J1

sgnEKj/Kj

(
t− t̄

2
√
δ
−1

)
= sgnE/F

(
t− t̄
−τT

)
·
∏
j∈J1

sgnEKj/Kj

(
t− t̄

2
√
δ
−1

)
.

On the other hand, the right-hand side equals

sgnE/F

 t− t̄
−τT

·
∏
j∈J1

NKj/F

(
t− t̄

2
√
δ
−1

) = sgnE/F

( t− t̄
2
√
δ
−1

)1+
∑
j∈J1

[Kj :F ]

·

(
2
√
δ
−1

−τT

) = sgnE/F (−2
√
δ
−1
τ−1
T )

(use that
∑
j∈J1

[Kj : F ] equals 1 or 3, which is odd), as desired. �

10.5. The normalizations in the quasi-split case, ω nontrivial. In this subsection, we consider the

case where G is quasi-split, and, using the pinning and the resulting identi�cations chosen in Notation

10.2(v), �x a concrete choice of the datum υ as in Notation 10.30. We then relate our `υ-normalized'

transfer factors to Whittaker normalized transfer factors. More precisely, we �gure out when a nontrivial

Whittaker functional on (π�, V �) for the Whittaker datum determined by ψ and the chosen pinning, is

trivial on the M�(F )1-subrepresentation (π�,+, V �,+) of Notation 10.30(viii) (which, as discussed there, is

determined by υ). This indeed relates 〈υ, π̃〉 to Whittaker normalization, because 〈υ, π̃〉 is the scalar with
which π̃(w−1

0 ) acts on (π+, V +), which is an M(F )1-subrepresentation of (π, V ) that was chosen to be

contained in (π�,+, V �,+)|M(F )1 .

Notation 10.34. Assume that G is quasi-split, and �x E ∈ E0, so that E 6= Kj for each j ∈ J . Fix
√
δ ∈ E

such that E = F [
√
δ] and δ =

√
δ

2
∈ F×. Write σE for the nontrivial element of Gal(E/F ). Recall that,

since G is quasi-split, we have �xed a Gal(F̄ /F )-invariant pinning of GF̄ in Notation 10.2(v), and used it to

get identi�cations Hj = GL2 /Kj and Mj = ResKj/F GL2 for each j ∈ J (see Notation 10.2(vii)). In what

follows, we will have use for the `diagonally embedded' GL2 contained in
∏
j ResKj/F GL2 =

∏
j Mj = M�,

considered in Remark 10.7. In fact, the image of GL2 is contained in M ⊂ M�, and χγ on M identi�es with

det on this copy of GL2 (use Remark 10.5).

(i) Fix T ∈ T +
E as follows. Following [Wal10, Section 3.1], we embed ResE/F Gm in GL2 by:

(129) a+ b
√
δ 7→

(
a b

bδ a

)
.

Composing with the `diagonal embedding' GL2 → M mentioned above, we get a copy of ResE/F Gm
in M, which we call T. We will see in (iii) below that T ∈ T +

E .

(ii) Let g0 =

(√
δ −1√
δ 1

)
inside GL2(E), viewed using the `diagonal' embedding GL2 ↪→ M as an element

of M(E) ⊂ M�(E). This g0 is somewhat of a variant of the g0 of [Wal10, Section 3.2]. Note that:

(130) g0

(
a b

bδ a

)
g−1

0 =

(
a− b

√
δ

a+ b
√
δ

)
= β∨(a+ b

√
δ) · (γ − β)∨(a− b

√
δ),
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using Remark 10.7: here and for the rest of this subsection, β∨ and (γ − β)∨ are realized as cochar-

acters of G using our �xed pinning from Notation 10.2(v).

(iii) By (130), Int g0(TF̄ ) equals the F̄ -torus generated by the images of β∨ and (γ−β)∨. Hence, T ∈ T +
E .

(iv) We choose the labeling of {βT,1, βT,2} to be such that βT,1 = β◦Int g0 and βT,2 = (γ−β)◦Int g0, i.e.,

β∨T,1 = Int g−1
0 ◦β∨, β∨T,2 = Int g−1

0 ◦(γ−β)∨. Note that we now have a datum υ = (T, (βT,1, βT,2),
√
δ)

as in Notation 10.30(i).

(v) Thus, the identi�cation T ∼= ResE/F Gm from (i) coincides with the one for which a ∈ E× is identi�ed

with β∨T,1(a)β∨T,2(σE(a)) ∈ T(F ), as we have been using in some other parts of this paper, including

in Notation 10.30(i). The `diagonal' embedding GL2 ↪→
∏
j ResKj/F GL2 = M� considered above

has the property that its base-change to Kj , composed with the (base-change of the) projection

(M�)Kj → (Mj)Kj → Hj = GL2 /Kj , is the identity, for j ∈ J . Using this for some �xed j ∈ J , and
following through the construction of the identi�cation ResEKj/F Gm → Mj,T in Notation 10.12(ii),

which was imposed in Notation 10.30(ii), we can describe it more concretely in our situation as

follows. The prescription of (129) gives us an embedding ResEKj/Kj Gm → GL2 /Kj = Hj with

image Hj,T, from which we get the required identi�cation ResEKj/F Gm → Mj,T by taking ResKj/F .

We repeat that this lets us identify (EKj)
× with Mj,T(F ), and that it extends the identi�cation

ResE/F Gm → T→ M ↪→ M� → Mj (see Notation 10.12(ii)).

Lemma 10.35. Suppose G is quasi-split, let E ∈ E0, and assume the notation of Notation 10.34, such as√
δ, the choice of T ∈ T +

E there etc. Then τT ∈ 2
√
δ
−1
NE/F (E×).

Proof. Let Xβ ∈ gβ(F ) be part of our �xed pinning from Notation 10.2(v).

From Notation 10.34(iv), it is easy to see that Ad g−1
0 takes gβ,F̄ to gβT,1,F̄ . Since g0 ∈ M(E), it follows

that Ad g−1
0 (Xβ) ∈ gβT,1

(E). Since T is not split, σE(Ad g−1
0 (Xβ)) ∈ gβT,2

(E). Thus, Ad g−1
0 (Xβ) +

σE(Ad g−1
0 (Xβ)) ∈ n1,0(F ) ∩ cT(F ), and we can write:

(131) [Ad g−1
0 (Xβ), σE(Ad g−1

0 (Xβ))] ∈ NE/F (E×) · τTXγ .

Recall from Notation 9.24(vi) the element w1 ∈ M(F ) representing a long Weyl element for M modulo the

Levi subgroup M?
◦ de�ned there. In our situation, M?

◦ (which is F̄ -conjugate to MT) is simply the maximal

torus underlying our pinning, and it is easy to see that w1 is the image of

(
0 1

−1 0

)
∈ GL2(F ) under

the `diagonal embedding' GL2 → M. Recall also from Notation 9.24(vii) (which was enforced in Notation

10.2(v)) that we set Xγ−β = Adw1(Xβ) and Xγ = [Xβ , Xγ−β ]. Therefore:

(132) [Ad g−1
0 (Xβ),Ad g−1

0 w1(Xβ)] = Ad g−1
0 (Xγ) = χγ(g−1

0 )(Xγ) = (det g0)−1 ·Xγ ,

where, to make sense of the equality χγ(g0) = det g0, we refer to the discussion in Notation 10.34, just before

(i) there.

Comparing (131) and (132), we get that, if we can show that Adw−1
1 g0σE(g−1

0 ) scales Xβ by some scalar

a ∈ E×, or in other words if σE(Ad g−1
0 (Xβ)) = a ·Ad g−1

0 w1(Xβ), then τT ∈ (det g0)−1aNE/F (E×).

One computes that w−1
1 g0σE(g0)−1 is the element inside the diagonally embedded GL2(F̄ ) ⊂

∏
j GL2(F̄ ) =

M�(F̄ ) given by: (
0 1

−1 0

)−1

·
(√

δ −1√
δ 1

)
·
(
−
√
δ −1

−
√
δ 1

)−1

=

(
1 0

0 −1

)
.

This element is the same as β∨(−1) (see Remark 10.7). Therefore, Adw−1
1 g0σE(g−1

0 ) scalesXβ by β(β∨(−1)) =

1 ∈ E×, so τT ∈ (det g0)−1NE/F (E×) = (2
√
δ)−1NE/F (E×) = 2

√
δ
−1
NE/F (E×). �
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10.5.1. Normalization of Labesse-Langlands transfer factors. So far, our `normalization' of transfer of charac-

ters has used the choice of
√
δ (see Notation 10.30(vii)), in addition to that of T together with an identi�cation

T ∼= ResE/F Gm. In Lemma 10.35, we chose a speci�c T ∈ T +
E depending on

√
δ (and our �xed pinning), and

related τT to
√
δ. To relate R(π̃) (or equivalently 〈υ, π̃〉) to Whittaker data, we will now study the behavior

of Whittaker normalized transfer factors on the chosen T. For this, we will need to spell out how the Whit-

taker normalization plays out in the endoscopic situation of [LL79]. Although this should be well-known, we

will work out the details since we are not able to locate a reference. It turns out to be su�cient to study a

related problem in twisted endscopy, involving twisted GL2 /F and the norm one torus associated to E/F

(which is a form of SO2 /F ) � in this case, we have the explicit computations of [Wal10] available. Strictly

speaking, we will need to study a similar question with F replaced by each Kj : for lightness of notation we

will stick to F , but of course only use those results that will allow us to later replace F by any of the Kj 's.

Notation 10.36. The following notation will apply in the proof of Proposition 10.37 below.

(i) We will be interested in GL2 /F , and let T now stand for the copy of ResE/F Gm embedded as a

maximal torus in GL2 /F , according to the prescription of Notation 10.34(i), speci�cally (129).

(ii) For t ∈ T(F ), let DGL2(t) = |det Ad t − 1; gl2/t|. We will write σE for the nontrivial element of

Gal(E/F ). As in Notation 10.30(iii), for t ∈ T(F ) = E×, write t̄ for σE(t) when t is thought of as an

element of E×. When one thinks of t, t̄ as elements of T(F ), one has t̄ = wtw−1 for any w belonging

to the unique coset of T(F ) in GL2(F ) that normalizes T but does not centralize it.

(iii) For any continuous character θ : E× → C× such that θ 6= (θ̄ : t 7→ θ(t̄)), we will denote by π+(θ)

and π−(θ) the representations of

GL2(F )1 := {g ∈ GL2(F ) | det g ∈ NE/F (E×)}

as in Notation 10.30(vii), so that, for all t ∈ T(F ) = E×, we have:

(133) Θπ+(θ)(t)−Θπ−(θ)(t) = λ(E/F, ψ̄)sgnE/F

(
t− t̄

2
√
δ
−1

)
θ(t) + θ(t̄)

DGL2(t)1/2
.

(iv) We will think of ψ as also a character, automatically nondegenerate, of the standard maximal

unipotent subgroup of GL2(F ): thus, ψ(g) = ψ(a), where a ∈ F is the (1, 2)-entry of g.

Proposition 10.37. Assume Notation 10.36. Let θ : E× → C× be a continuous character with θ 6= θ̄. Then

π+(θ) has a ψ-Whittaker model, and π−(θ) does not.

Proof. This is simply a question of translating a discussion from [LL79, towards the end of Section 2] to our

situation, for which we will use the exposition in [KS99, towards the end of Section 5.3]. For a+ b
√
δ ∈ E×,

with a, b ∈ F , let m(a+ b
√
δ) denote the corresponding element of T(F ), so that:

m(a+ b
√
δ) =

(
a b

bδ a

)
= g−1

1 m1(a− b
√
δ)g1,

where

g1 =

(
−δ

1

)
, m1(a− b

√
δ) =

(
a −bδ
−b a

)
.

Since −δ ∈ NE/F (E×), we have g1 ∈ GL2(F )1. Therefore, the equality (obtained from (133))

Θπ+(θ)(m(a+ b
√
δ))−Θπ−(θ)(m(a+ b

√
δ)) = λ(E/F, ψ̄)sgnE/F

(
a+ b

√
δ − σE(a+ b

√
δ)

2
√
δ
−1

)
θ(t) + θ(t̄)

DGL2(t)1/2
,

gives, using that
√
δ
−1
∈ −
√
δNE/F (E×) and that λ(E/F, ψ̄) = λ(E/F, ψ)−1 = λ(E/F, ψ)sgnE/F (−1):

Θπ+(θ)(m1(a− b
√
δ))−Θπ−(θ)(m1(a− b

√
δ)) = λ(E/F, ψ)sgnE/F

(
a− b

√
δ − σE(a− b

√
δ)

σE(
√
δ)−

√
δ

)
θ(t) + θ(t̄)

DGL2(t)1/2
.
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The embedding a− b
√
δ 7→ m1(a− b

√
δ) of E× in GL2(F ) is exactly like the embedding

a+ bτ 7→
(
a bv

b a+ bu

)
discussed towards the end of [LL79, Section 2], where, in our situation and with our notation, we have

√
δ

in place of τ , 0 in place of u and δ in place of v. As mentioned towards the end of [LL79, Section 2], a

few lines after this embedding is introduced, this implies that π+(θ) is the representation π(θ, ψ) referred to

there, which is ψ-generic � these assertions in [LL79] are made using notation from other references, and

as alluded to above, we are following the exposition in [KS99, towards the end of Section 5.3]. �

Corollary 10.38. Assume that G is quasi-split. Let E/F be a quadratic extension in E0 (so Kj 6= E for each

j ∈ J), and assume that for each j ∈ J1, πj is a Weil representation associated to EKj/Kj. Let a datum

υ = (T, (βT,1, βT,2),
√
δ), together with embeddings ResE/F Gm ∼= T ↪→ GL2 ⊂ M ⊂ M�, and identi�cations

ResEKj/F Gm → Mj,T, be chosen as in Notation 10.34. Using these in place of the corresponding objects and

identi�cations in (i) and (ii) of Notation 10.30, de�ne θj (resp., π
+(θj) and π−(θj) for j ∈ J1; resp., π

�,+

and π�,−) as in (iv) (resp., (vii); resp., (viii)) of Notation 10.30. Let (U�(F ), ψU�) denote the Whittaker

datum for M�(F ) determined by our pinning and ψ. Then π�,+ supports a nonzero ψ�-Whittaker functional,

and π�,− does not.

Proof. Write U�(F ) =
∏
j Uj(Kj) under M�(F ) =

∏
j Mj(F ) =

∏
j Hj(Kj) =

∏
j GL2(Kj). Then Uj(Kj)

is the group of Kj-rational points of the standard upper triangular unipotent subgroup of Hj = GL2 /Kj .

It is immediate that we can write (U�(F ), ψU�) as a product
∏
j(Uj(Kj), ψUj ), where for each j, ψUj is

a nondegenerate character of Uj(Kj). It is an easy exercise to check that ψUj takes an upper triangular

unipotent matrix in GL2(Kj) to ψj = ψ ◦ trKj/F applied to its (1, 2)-th entry. By the multiplicity one

property of Whittaker functionals, it su�ces to show that π�,+ supports a nonzero ψ�-Whittaker functional.

Using the choice of π�,+ in Notation 10.30(viii), and using that each πj (j 6∈ J1) is (Uj(Kj), ψUj )-generic,

it now su�ces to prove that for each j ∈ J1, π
+(θj) supports a nonzero Whittaker functional for the

Whittaker datum (Uj(Kj), ψUj ). This follows from Proposition 10.37, applied with F,E, ψ and θ replaced

with Kj , EKj , ψj = ψ ◦ trKj/F and θj ; here we are also using that the identi�cation Mj,T(F ) = (EKj)
×

under consideration translates to an embedding (EKj)
× ↪→ Mj(F ) = GL2(Kj) having the same prescription

as the embedding E× = T(F ) ↪→ GL2(F ) in Notation 10.36(i), so that Proposition 10.37 applies directly to

this setting. �

Corollary 10.39. Assume that G is quasi-split. Let E/F be a quadratic extension in E0 (so Kj 6= E

for each j ∈ J), and assume that for each j ∈ J1, πj is a Weil representation associated to EKj/Kj.

Suppose π is generic for the Whittaker datum determined by ψ and the chosen pinning, and that π̃ is

Whittaker normalized for this Whittaker datum, i.e., π̃(w−1
0 ) acts as the identity on the corresponding space

of Whittaker functionals. Let υ be chosen as in Notation 10.34(iv). Then 〈υ, π̃〉 = 1.

Proof. For this proof alone, we write w for the Whittaker datum on M(F ) determined by the chosen pinning

and ψ. We will abuse notation by treating w also as a Whittaker datum for each of M�(F ),M(F )1 and

M�(F )1. Recall from Notation 10.30(xii) that 〈υ, π̃〉 is the scalar with which π̃(w−1
0 ) acts on the space

of (π+, V +), where (π+, V +) is a subrepresentation of (π, V )|M(F )1
that embeds into the restriction of

(π�,+, V �,+) to M(F )1 (see Notation 10.30(xi)). By the Whittaker normalization of π̃, it su�ces to show

that (π+, V +) supports a nonzero w-Whittaker functional. By the hypothesis on π and multiplicity one for

Whittaker functionals, we know that exactly one of (π+, V +) and (π−, V −) supports a nonzero w-Whittaker

functional. Since (π−, V −) embeds into (π�,−, V �,−), it now su�ces to prove that (π�,+, V �,+) supports a

nonzero w-Whittaker functional and (π�,−, V �,−) does not. This follows from Corollary 10.38 above. �

10.6. Normalizing factors from the Galois side. In this subsection we associate to π certain Artin

L-functions and ε-factors analogous to the L(s, π, ri) and the ε(s, π, ri, ψ) seen in the Langlands-Shahidi

method, using the fact that M embeds in M�, which is a product of restrictions of scalars of general linear
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groups. We then do some Galois side computation to �nd out when these L-functions have poles at s = 0,

the idea being to show later that such poles occur exactly when R(π̃) 6= 0 (and then to relate R(π̃) to an

expression made from these L and ε-factors).

Notation 10.40. (i) Let P̂ ⊂ Ĝ be the parabolic subgroup dual to P determined by the pinning of Ĝ

that is part of its L-group data (for us, the L-group data are rigid enough to include the pinning).

This pinning of Ĝ gives us a Levi decomposition P̂ = M̂N̂, whose Levi component M̂ identi�es with

the Langlands dual of M. The inclusion M̂ ↪→ Ĝ extends to an embedding L M ↪→ L G that we

think of as an inclusion. In what follows, groups over C will often be identi�ed with their groups of

C-points. Here and henceforth, we use the Weil form of the L-groups, so that L M = MoWF and
L G = GoWF .

(ii) As in the Langlands-Shahidi method, we write the adjoint action of L M on n̂ = Lie N̂ as:

r =

m⊕
i=1

ri,

where each ri is an irreducible representation of L M, with the property that, denoting by γ̂∨ :

Gm/C → M̂ the homomorphism dual to χγ : M → Gm, the representation ri ◦ γ̂∨ of Gm/C is

a direct sum of copies of x 7→ xi. This is indeed the usual decomposition of r as seen in the

Langlands-Shahidi method, since χγ is the fundamental weight associated to the Levi subgroup M

of the maximal parabolic subgroup P, as observed in the proof of Lemma 6.2. For 1 ≤ i ≤ m, let

r�i be the pull-back of ri to
L M�. The notation r1, r2, . . . just introduced will carry over to later

sections, but the integer m will be used only in this subsection, up to and including Lemma 10.46

below.

(iii) We write M̂
�
for the Langlands dual group of M�, and L M� = M̂

�
oWF for its L-group. We may

and shall realize L M� as the �ber product of the L Mj over WF . Dual to the embedding M ↪→ M�,

we get a surjection L M� → L M. Let r�i denote the pull-back of ri under this surjection. Since

Mj = ResKj/F Hj , we may and shall identify M̂j , as a WF -module, with IndWF

WKj
Ĥj ([Bor79, Section

5]).

(iv) Assume �rst that G is quasi-split. Recall the following objects from (v) and (vii) of Notation

10.2: the set I, the Gal(F̄ /F )-orbits Ij := Gal(F̄ /F ) · i(j) for each j ∈ J , the identi�cations

Mj = ResKj/F GL2 for each j ∈ J , and the identi�cation M� =
∏
j∈J ResKj/F GL2. We can then

identify M̂j =
∏
i∈Ij GL2(C) (resp., M̂

�
=
∏
i∈I GL2(C)) as a Gal(F̄ /F )-module, on which Gal(F̄ /F )

acts by permutation through its action on Ij (resp., I). Moreover, for each j ∈ J , Ĥj can be identi�ed

with the copy of ĜL2(C) corresponding to i(j) ∈ Ij , on which Gal(F̄ /Kj) acts trivially. Here, we

are thinking of the various products of GL2(C) under consideration as pinned reductive groups (with

their standard/obvious pinnings). If G is not quasi-split, we may and do use a quasi-split inner form

to �x identi�cations of the kind just described.

(v) For j ∈ J , let ϕ̇j be the Langlands parameter of πj , thought of as a representation of Hj(Kj),

for which the local Langlands correspondence is known. This also gives us a Langlands parameter

ϕj for πj , this time viewed as a representation of Mj(F ), related to ϕ̇j by the isomorphism of

Shapiro's lemma (see [Bor79, Proposition 8.4]). Thus, we get a Langlands parameter ϕπ� for π�,

whose composite with L M� →
∏
j
L Mj equals (ϕj)j . Let ϕπ denote the composite of ϕπ� and

L M� → L M. For 1 ≤ i ≤ m, and for each additive character ψ′ : F → C×, we set L(s, π, ri) :=

L(s, r�i ◦ ϕπ�) = L(s, ri ◦ ϕπ), and ε(s, π, ri, ψ) := ε(s, r�i ◦ ϕπ� , ψ) = ε(s, ri ◦ ϕπ, ψ), where r�i is the

composite of ri with
L M� → L M. It is not hard to show that ϕπ is independent of the choice of

π�, but we will not do this as we do not need it. In any case, using terminology de�ned in [HL21,

Page 250], M� is of GL2-kind and r�i is an LS-representation of L M�. Moreover, it is easy to see

from [HL21, Theorem 1.1] that, when G is quasi-split, the L(s, π, ri) and the ε(s, π, ri, ψ) are the

Langlands-Shahidi L-functions and ε-factors their notation usually represents. If G is not quasi-split,

one can make an analogous assertion using the Jacquet-Langlands transfers of the πj .
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(vi) Up to Lemma 10.45 below, we will write J as {1} in the G2-case and as {1, 2} in the B3-case, with

J1 = {1}. If we are in the G2-case or the B3-case, we have
L Mj = L Hj = GL2(C) ×WF for each

j ∈ J , letting us talk of the standard, symmetric square, exterior square, adjoint, determinant . . .

representations of L Mj for any given j ∈ J (with L Mj = M̂j×WF acting via the projection to M̂j),

which we will denote by std,Sym2,Λ2,Ad,det . . . in the G2-case and by stdj ,Sym2
j ,Λ

2
j ,Adj ,detj . . .

in the B3-case.

(vii) If α is a root of G, we will denote by α̂ the corresponding root of Ĝ, and by α̂∨ the coroot of Ĝ

corresponding to α̂ (note that this is consistent with the usage γ̂∨ in (ii) above). We will identify these

roots and coroots with their concrete realizations using the �xed pinning of Ĝ. Similar comments

will apply to M̂
�
and the M̂j (using the pinnings that are part of their L-group data). The map

L M� → L M and each of the maps L M� → L Mj will be assumed to respect the relevant pinnings.

(viii) Let

λw0
(ψ) =

∏
j∈J

λ(Kj/F, ψ)2 =
∏
j∈J

sgnKj/F (−1).

Thus, λw0(ψF ) equals 1 in the G2 and B3 cases. The same applies in the D4-case when G is split.

In the D4-case when G is not split, we have λw0(ψ) = sgnKj/F (−1) for the unique j ∈ J such that

Kj 6= F . In Lemma 10.51 below, we will see that it agrees with the object denoted λw(ψF ) in [Art89,

Theorem 7.1].

Remark 10.41. More explicitly, the isomorphism M̂
�
→
∏
i∈I GL2(C) of Notation 10.40(iv) above is dual

to the isomorphism M�F̄ =
∏
i∈I GL2,F̄ considered in Remark 10.6.

Remark 10.42. Let j ∈ J . With the identi�cations of Notation 10.40(iv), it is easy to see that the

`Shapiro's lemma' bijection between the Langlands parameters for Mj and Hj (relating the ϕj and ϕ̇j of

Notation 10.40(v)) can be described at the level of cocycles as �rst restricting to WKj ⊂ WF , and then

projecting onto the factor of M̂j =
∏
i∈Ij GL2(C) corresponding to i(j) ∈ Ij .

Remark 10.43. Suppose we are in the G2-case or the B3-case. For j ∈ J , write χ�j : M� → Gm for the

character that equals χj = ResKj/F χj on Mj = Hj = GL2 and is trivial on Mj′ for j
′ 6= j. Its dual

χ̂�j : Gm/C→ M̂
�
projects trivially to M̂j′ for j 6= j′ ∈ J , and its projection to M̂j = GL2(C) is given by:

t 7→
(
t

t

)
.

Then, since χ�j restricts to χγ on M (see Remark 10.5), the composite of χ̂�j with M̂
�
→ M̂ equals γ̂∨.

Lemma 10.44. Assume that we are in the G2-case, so that M = M�. Then m = 3, r1 = std, r2 = Λ2 and

r3 = std⊗ det.

Proof. This is well-known, but we emphasize that our identi�cation M̂ = GL2(C) from Notation 10.40(iv) is

used in the assertion; for instance it can be used through its consequence stated in Remark 10.43. �

Lemma 10.45. Assume that we are in the B3-case. Then m = 2, r�1 = std1⊗ std2, and r
�
2 = Sym2

1⊗det2
∼=

Ad1⊗(det1 det2) = Ad1⊗χγ̂ , where χγ̂ is the character of M̂
�
dual to γ∨ (which is valued in the center of

M�), in�ated via L M� = M̂
�
×WF → M̂

�
to a character of L M�.

Proof. Recall from Notation 10.2(ii) that we write the simple roots of G as α1, α2 = β, α3. One checks that

the highest weight vectors for r1 and r2 are given by the roots α̂1+β̂+α̂3 and 2α̂1+2β̂+α̂3, respectively. The

former pairs with α̂∨1 , α̂
∨
3 and γ̂∨ to give 1, 1 and 1 respectively, while the latter gives 2, 0 and 2, respectively.

Hence, with our identi�cations, using Remark 10.43, and writing weights for M̂
�

= GL2×GL2 in the usual

tuple notation as pairs of pairs of integers, we get that the highest weights of r�1 and r�2 are given by

((1, 0), (1, 0)) and ((2, 0), (1, 1)), respectively. From this, the lemma is immediate; note that det1 det2 is the

composite of χγ̂ with
L M� → L M, since for j = 1, 2, the composite of γ∨ with M→ Mj equals the standard

central cocharacter of Mj . �
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We will not use the nontrivial part (i) of following lemma. Nevertheless, it helps us view r1 and r2 in the

D4-case more concretely.

Lemma 10.46. Assume that we are in the D4-case. Note that P̂ = M̂N̂ ⊂ Ĝ satis�es the hypothesis of

Notation 3.3, with γ̂ the highest root of Ĝ, so γ̂ extends to a homomorphism χγ̂ : M̂ → C×, and further to

a homomorphism (denoted using the same notation) χγ̂ : L M → C× (thus, χγ̂ is the character with which
L M acts on the root space associated to γ̂). For j ∈ J , write kj for the set of F -algebra homomorphisms

from Kj to F̄ , and ρj for the Asai #kj-th power representation of L Mj
∼= GL2(C)#kj oWF on a tensor

product ⊗`∈kjC2 of #kj-many copies of C2 (see [HL21, the beginning of Section 5]). Via L M� ↪→
∏
j
L Mj,

we get a representation of L M� on the space of ⊗jρj. Then:

(i) The representation r1 of L M satis�es that its pull-back r�1 to L M� equals the representation of L M�

on the space of ⊗jρj just mentioned.

(ii) r2 is the one-dimensional representation χγ̂ of L M.

Proof. (ii) follows from de�nition.

(i) is a more complicated variant of the part of Lemma 10.45 that deals with r1. But when J = {j} is a
singleton, so that [Kj : F ] = 3, (i) has been described in [HL21, Section 5.4]. The general case follows using

obvious adaptations. �

To prepare for Proposition 10.49 below, which studies r1 ◦ ϕπ when L(s, ϕπ, r1) has a pole, we will use the

following remark, which tells us about Langlands parameters of Weil representations of Mj associated to

quadratic extensions E/F in E0.

Remark 10.47. For this remark, given any reductive group G1 over a �nite extension of F , we will write

Φ(G1) to denote the set of equivalence classes of Langlands parameters WF × SL2(C)→ L G1 for G1.

(i) Assume that TH1 ,H1 are connected reductive groups over a �nite extension K1/F , and let TG1 =

ResK1/F TH1
and G1 = ResK1/F H1. Thus, we have morphisms T̂G1

→ T̂H1
(resp., Ĝ1 → Ĥ1) such

that the `Shapiro's lemma' bijection Φ(TG1
)→ Φ(TH1

) (resp., Φ(G1)→ Φ(H1)) can be given, at the

level of cocycles, by �rst restricting to WK1
× SL2(C) and then composing with this morphism, i.e.,

T̂G1
→ T̂H1

(resp., Ĝ1 → Ĥ1). Now assume further that we have embeddings L TG1
→ L G1 and

L TH1 → L H1 whose restrictions T̂G1 → Ĝ1 and T̂H1 → Ĥ1 satisfy the obvious compatibility: the

former, when composed with Ĝ1 → Ĥ1, is the composite of the latter and T̂G1
→ T̂H1

. From this

compatibility, we get:

• Whenever ϕG1
7→ ϕH1

under the `Shapiro's lemma' bijection Φ(G1)→ Φ(H1), we have that ϕG1

lies in the image of Φ(TG1
)→ Φ(G1) if and only if ϕH1

lies in the image of Φ(TH1
)→ Φ(H1).

(ii) Assume the setting of (i), but also additionally that H1 = GL2 /K1. Let E1/F be quadratic �eld

extension in F̄ such that [E1K1 : K1] = 2. Suppose TH1
⊂ H1 is a maximal torus together with an

isomorphism TH1
∼= ResE1K1/K1

Gm, and �x the resulting isomorphism TG1
∼= ResE1K1/F Gm. Let

θ : (E1K1)× → C× be a character, viewed also as a character of TG1
(F ) using the isomorphism just

�xed. Then embeddings L TG1
↪→ L G1 and L TH1

→ L H1 as in (i) exist, as we will verify in (iii)

below; �x such embeddings which we further assume to be as in (iii) below. Let ϕG1
∈ Φ(G1) be the

Langlands parameter of a representation π1 of G1(F ) = H1(K1). We claim that:

• π1 is a Weil representation of G1(F ) = H1(K1) associated to E1K1/K1 if and only if ϕG1
lies in

the image of the map Φ(TG1
)→ Φ(G1) (induced by L TG1

↪→ L G1). Further, if these equivalent

conditions are satis�ed and if ϕG1
is the image of the Langlands parameter of the character

θ : E× = TG1
(F )→ C×, then π1 is the Weil representation associated to (E1K1/K1, θ): to see

this, combine (i) with the fact that the analogous assertion for H1 is well-known.

(iii) Assume the setting of (i), but additionally that H1 = GLK1
(nH1

) and that TH1
is isomorphic

to ResE1K1/K1
Gm, for some �nite extension E1/F with nH1

= [E1K1 : K1] = [E1 : F ]. This

assumption has the consequence that the map HomF (E1K1, F̄ ) → HomF (E1, F̄ ) × HomF (K1, F̄ ),
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where HomF stands for F -algebra homomorphisms, is an isomorphism of Gal(F̄ /F )-sets. Let I1 =

HomF (K1, F̄ ) and I ′1 = HomF (E1, F̄ ). Let ŜH1
and ŜG1

=
∏
i∈I1 ŜH1

be the standard maximal tori

of Ĥ1 = GLnH1
(C) and Ĝ1 =

∏
i∈I1 Ĥ1 =

∏
i∈I1 GLnH1

(C), viewed as pinned reductive groups using

their standard pinnings. Recall that Gal(F̄ /K) (resp., Gal(F̄ /F )) acts on ŜH1
and Ĥ1 (resp., ŜG1

and Ĝ1) trivially (resp., through its action on I1). The character lattices X∗(T̂G1) and X∗(ŜG1)

have bases of the form {ei,i′ | (i, i′) ∈ I1 × I ′1} and {fi,i′ | (i, i′) ∈ I1 × I ′1}, respectively, where
Gal(F̄ /F ) acts on the former via its `diagonal' action on I1 × I ′1, and on the latter via its natural

action on I1 and the trivial action on I ′1. Map T̂G1
to ŜG1

by requiring each fi,i′ to pull back to

ei,i′ . Letting Ω be the Weyl group of ŜG1
in Ĝ1, de�ne ω : WF → Ω by requiring ω(w) to send

each fi,i′ to fi,w·i′ . It is immediate that each ω(w) is �xed by WF , and thus w 7→ (ω(w), w) is a

homomorphism WF → Ω oWF . One then notes that permutation matrices give a WF -equivariant

lift Ω → Ĝ, composing ω with which we get ŵ : WF → Ĝ. Now it is easy to see that sending each

w ∈ WF to (ŵ(w), w) ∈ L G1 is a homomorphism, and lets extend T̂G1
↪→ Ĝ1 to an embedding

L TG1
→ L G1. An easier variant with K1 = F gives us a similar embedding L TH1

↪→ L H1, and

a compatibility between the embeddings L TH1
↪→ L H1 and L TG1

↪→ L G1 as mentioned in (i) is

easy to check.

Remark 10.48. Proposition 10.49 below, in the case where J = {j} is a singleton set and hence [Kj : F ] = 3,

was proved by C. Luo in the appendix to [Luo20b]. More precisely, in the case where we additionally have

that Kj/F is Galois, [Luo20b, Theorem 3.16] agrees with the proposition below. While the description in

[Luo20b, Theorem 3.17], which treats the case where Kj/F is not Galois, is somewhat di�erent from that

in the proposition below, [Luo20b, Remark 7] allows for deriving from it a formulation that is parallel to

[Luo20b, Theorem 3.16] and in line with the proposition below. I thank Luo for email correspondence on

this. Our proof will be of a di�erent nature from that in [Luo20b], and will rely on the structure theory from

Section 3, applied to P̂ = M̂N̂ ⊂ G in place of PF̄ = MF̄ NF̄ ⊂ GF̄ . It will also be longer than necessary,

and seemingly arti�cially bring in a T ∈ T +, in order to be closer to what we believe is the spirit of the

endoscopy in the situation. This will also help make the proof of (ii) of the proposition more natural.

Proposition 10.49. Assume that we are in the D4-case.

(i) L(s, π, r1) has a pole at s = 0 if and only if the following holds: ω = sgnE/F for some quadratic

extension E/F in E0 (thus, E 6= Kj for each j ∈ J), and there exist characters θj of (EKj)
× for

each j ∈ J , such that θ◦ :=
∏
j θj |E× is the trivial character of E×, and such that each πj is a Weil

representation of Mj(F ) = Hj(Kj) associated to (EKj/Kj , θj).

(ii) Assume that L(s, π, r1) has a pole at s = 0, and let E/F be as in (i). Suppose T ∈ T + is split

over E but not F . Let ρMε
T
be the representation of WF on X∗(Mε

T) ⊗ C (recall that MT ⊃ Mε
T

is a torus). Then the representation r1 satis�es the following isomorphism of eleven dimensional

representations:

Ad ◦ϕπ ⊕
(

IndWF

WE
1

)
∼= r1 ◦ ϕπ ⊕ ρMε

T
,

where on the left-hand side Ad ◦ϕπ stands for the representation ofWF acting via Ad ◦ϕπ on m̂/zM̂ =

m̂/Lie Z
Gal(F̄ /F ),0

M̂
.

Remark 10.50. As will follow from the proof of Theorem 10.56, the Ad ◦ϕπ in (ii) of the above proposition

is what `explains' the contribution of d(π) (or equivalently of d(π�,ZM�(F )) to our residue formula, while

the ρMε
T
`explains' the Γ0,Mε

T
in the denominator of the formula.

Proof of Proposition 10.49. Note that Ĝ is of the same type (D4) as G, and that P̂ = M̂N̂ is a Heisenberg

parabolic subgroup. Therefore, the hypothesis of Notation 3.3 being satis�ed in this setting, we may and

shall apply results from Section 3 with the algebraically closed �eld of that setting (denoted F there) replaced

by C, and G,P,M,N by Ĝ, P̂, M̂, N̂. We will adapt notation from these sections, and will hence talk, e.g., of

n̂ = n̂1 ⊕ n̂2. For i = 1, 2, n̂i is the space on which Ad ◦γ̂∨ has weight two, and hence it hosts ri.
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Recall from Notation 10.2(ii) that we write α1, α3, α4 for the simple roots of G other than β. Thus, we have

roots α̂1, α̂3, α̂4 in M̂. Write T̂ ⊂ M̂ for the subgroup generated by the images of β̂∨ and γ̂∨ − β̂∨. We can

talk of its centralizers in M̂ as well as in M̂
�
(which acts on M̂ by conjugation). Then these centralizers,

call them M̂T̂ and M̂
�
T̂, are the maximal tori of M̂ and M̂

�
, respectively, that belong to the �xed pinnings of

these groups � this is an analogue, for Ĝ, of the fact that MT ⊂ M is a maximal torus for each T ∈ T +.

In this proof, we will use the identi�cation M̂
�

=
∏
i∈I GL2(C) = GL2(C)×GL2(C)×GL2(C) from Notation

10.40(iv), whose GL2(C)-factors have an indexing by elements of I = {1, 3, 4} (with some obvious relation

to the identi�cations of the M̂j in Notation 10.40(iv)).

Fix X1 ∈ ĝβ̂ and X2 ∈ ĝγ̂−β̂ ; note that these are �xed by Gal(F̄ /F ) � this follows from the fact that

Gal(F̄ /F ) acts trivially on β̂ and γ̂ due to the uniqueness of β and γ in the abstract root datum of G.

It will help us to study the stabilizer of X1 +X2 in L M (which will be useful thanks to Claim 1 below).

Let ŵ be the element of M̂
�

= GL2(C)×GL2(C)×GL2(C), each of whose components is given by

(
1

1

)
.

Note that ŵ is �xed by Gal(F̄ /F ) (since Gal(F̄ /F ) acts by permutation on the factors of M̂
�
). We will use

ŵ to also denote its image in M̂; this will not cause confusion. Let M̂
1

T̂ be the intersection of the kernels of

the roots β̂ and γ̂ − β̂ of the maximal torus M̂T̂ ⊂ M̂. Being a representative for the long Weyl element of

M̂, ŵ swaps the lowest and highest weight lines CX1 and CX2 for the adjoint action of M̂ on n̂1. Therefore

we renormalize X2 so that X2 = Int ŵ(X1), so X1 = Int ŵ(X2) as well. Thus, the stabilizer of X1 + X2 in
L M contains the subgroup generated by M̂

1

T̂, ŵ and WF ⊂ L M. Hence, by Lemma 3.53, this stabilizer (of

X1 + X2 in L M) equals exactly the subgroup generated by M̂
1

T̂, ŵ and WF , and contains M̂
1

T̂ oWF with

index two.

This description immediately implies an analogous description of the stabilizer of X1+X2 in
L M� � namely,

the latter stabilizer is generated by M̂
�,1
T̂ , ŵ and WF , where M̂

�,1
T̂ is the preimage of M̂

1

T̂ in M̂
�
, which is also

the intersection of the kernels of β̂ and γ̂ − β̂, viewed as roots of M̂
�
.

Claim 1. If 0 6= Y ∈ n̂1 is �xed by ϕπ�(WF ), then Y ∈ Ad M̂(X1 +X2). In particular, L(s, π, r1) has a pole

at s = 0 if and only if ϕπ� can be chosen to satisfy that ϕπ�(WF ) has image in the stabilizer of X1 + X2,

or equivalently to satisfy that ϕπ�(WF ) is contained in the subgroup (M̂
�,1
T̂ 〈ŵ)〉oWF ⊂ L M� generated by

M̂
�,1
T̂ , ŵ and WF .

Before proving the claim, we make two remarks. First, the proof of this claim will use only that P̂ = M̂N̂ ⊂ Ĝ

satis�es the hypothesis of Notation 3.3, and hence will prove its analogues for G of type Dn(n ≥ 4), E6, E7

and E8; we hope to use this in a later work. Second, here and henceforth, we will equivocate between

Langlands parameters (which are de�ned up to conjugacy) and L-homomorphisms representing them, when

there is no scope for confusion.

Now let us prove the claim. By Lemma 3.45(i), Ad M̂(X1 +X2) is the open orbit n̂1,0 of M̂ in n̂1. Suppose

that the claim is not true, i.e., Y ∈ n̂1 \ n̂1,0. To get a contradiction, it su�ces to prove that ϕπ�(WF ) is

contained in a proper parabolic subgroup of L M� (in the sense of [Bor79, Section 3.3]), which will contradict

the supercuspidality of π�.

Let ζ3 denote a primitive cube root of unity in C. Then Int γ̂∨(ζ3) is an automorphism of Ĝ of order 3,

with derivative Ad γ̂∨(ζ3). This automorphism makes ĝ into a Z/3Z-graded Lie algebra, in which the graded

piece corresponding to 0 ∈ Z/3Z equals m̂, and Y belongs to the graded piece n̂1 ⊕ n̂−2. By the Jacobson-

Morozov theorem for Z/3Z-graded Lie algebras (namely, the assertion �Jδ(x) 6= ∅� in (b) of [LY17, Section

2.3]), we conclude that Y can be completed into an sl2-triplet (Y −, H, Y ) in ĝ with H ∈ m̂. Moreover,

H is not a multiple of dγ̂∨(1): if it were, it would have to equal 2dγ̂∨(1) (so as to have [H,Y ] = 2Y ),

so by Lemma 3.46(i) and Mal'cev's theorem ([CM93, Theorem 3.4.12]), Y would be conjugate to X1 + X2

under the centralizer M̂ of dγ̂∨(1) in Ĝ, a contradiction. Since dγ̂∨(1) spans the center of m̂ (as M̂ is a
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maximal Levi subgroup of the almost simple group Ĝ), this has the consequence that the intersection of the

Jacobson-Morozov parabolic subgroup associated to Y with M̂ is a proper parabolic subgroup of M̂. Since

ϕπ�(WF ) �xes Y , it normalizes the inverse image of this parabolic subgroup under M̂
�
→ M̂, which is a

proper parabolic subgroup of M̂
�
. The normalizer of this latter parabolic subgroup in L M� meets every

connected component of L M�, since ϕπ�(WF ) does, making it a parabolic subgroup of L M� (see [Bor79,

Section 3.3]). Thus, ϕπ�(WF ) is contained in a proper parabolic subgroup of L M�, a contradiction. This

proves Claim 1.

Claim 2. L(s, π, r1) has a pole at s = 0 if and only if ϕπ� can be chosen to satisfy that, for some quadratic

extension E/F in E0, ϕπ�(WE) ⊂ M̂
�,1
T̂ oWE and ϕπ�(WF \WE) ⊂ (M̂

�,1
T̂ ŵ) o (WF \WE).

Let us prove Claim 2. The su�ciency is obvious from Claim 1. Hence, by Claim 1, it su�ces to assume that

ϕπ�(WF ) ⊂ (M̂
�,1
T̂ 〈ŵ〉)oWF , and prove, using the supercuspidality of the πj , that there exists E/F as in the

claim. First, since M̂
�,1
T̂ oWF has index two in (M̂

�,1
T̂ 〈ŵ〉)oWF , there exists a quadratic extension E/F such

that ϕπ�(WE) ⊂ M̂
�,1
T̂ oWE . This forces that ϕπ�(WF \WE) ⊂ (M̂

�,1
T̂ ŵ)o(WF \WE) � otherwise ϕπ� would

factor through the Levi subgroup M̂
�
T̂ oWF ⊂ L M�, which contradicts that π� is supercuspidal. Finally, to

see that E/F belongs to E0, note that if E = Kj for some j, then it is easy to see using the `Shapiro's lemma'

bijection between Langlands parameters for Mj = ResKj/F Hj and Hj , that the Langlands parameter of πj ,

viewed as a representation of Hj(Kj), factors through a proper Levi subgroup of L Hj , which contradicts

the fact that πj is supercuspidal. This gives Claim 2.

Claim 3. Given a quadratic extension E/F in E0, the following are equivalent:

• ϕπ� can be chosen to satisfy that ϕπ�(WE) ⊂ M̂
�,1
T̂ oWE and ϕπ�(WF \WE) ⊂ (M̂

�,1
T̂ ŵ)o(WF \WE);

and

• For each j ∈ J , πj is a Weil representation associated to (EKj/Kj , θj) for some character θj :

(EKj)
× → C×, with the property that θ◦ :=

∏
j θj |E× is trivial.

Before proving Claim 3, we note that it �nishes the proof of (i): indeed, the assertion that ω = sgnE/F is

readily veri�ed using the fact that the homomorphism χγ̂ through which M̂ acts on the root space of γ̂ equals

1 on M̂
1

T̂ and −1 on ŵ (use Lemma 3.53), and that χγ̂ is dual to γ∨. To prove Claim 3, �x E/F in E0. It is
now that we bring in a choice of a T ∈ T +

E , which exists by Lemma 10.9(ii). We also choose, for each j ∈ J ,
identi�cations Hj,T

∼= TKj
∼= ResEKj/Kj Gm and Mj,T

∼= ResKj/F Hj,T
∼= ResKj/F T ∼= ResEKj/F Gm as in

Notation 10.12(ii). By the discussion in Notation 10.12(ii), via these identi�cations, the inclusion T ↪→ Mj,T

becomes the `diagonal embedding' T ↪→ ResKj/F T. Thus, given any character

θ� = (θj)j : M�T(F ) =
∏
j

Mj,T(F ) =
∏
j

(EKj)
× → C×,

the condition that θ◦ :=
∏
j θj |E× is trivial amounts to θ� being trivial on T(F ) ⊂ M�T(F ), or equivalently,

its Langlands parameter ϕθ� : WF → L M�T factoring through M̂
�,1
T oWF , where M̂

�,1
T ⊂ M̂

�
T is the kernel of

the map M̂
�
T → T̂ dual to T ⊂ M�T. At this point, we apologize for the similarity in the notation between M̂

�
T

and M̂
�
T̂ � the former is de�ned using T, while the latter is de�ned using T̂ and is the chosen or standard

maximal torus of M̂
�
.

Thus, by Remark 10.47(ii), Claim 3, and hence also (i), will follow if we prove the following:

Claim 4. There exists an embedding ι : L M�T ↪→ L M� that takes M̂
�,1
T oWE isomorphically onto M̂

�,1
T̂ oWE

and M̂
�,1
T o (WF \WE) bijectively onto (M̂

�,1
T̂ ŵ) o (WF \WE), and which is in a suitable sense a product of

embeddings L Mj,T ↪→ L Mj constructed as in Remark 10.47(iii).

To construct the embedding L M�T ↪→ L M�, we �rst identify bases for X∗(M̂
�
T̂) and X∗(M̂

�
T). Note that

β∨, viewed as an element of the `cocharacter lattice' in the `abstract root datum' of M�, can be written as

β∨1 + β∨3 + β∨4 , where the composite of β∨i with the projection to the GL2,F̄ -factor indexed by any i′ 6= i is
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trivial (when made sense of using the relevant abstract root data). Dually, for each i ∈ {1, 3, 4}, we get a
character β̂i of the chosen maximal torus M̂

�
T̂ ⊂ M�, that factors through the projection to the i-th copy of

GL2(C) in M̂
�
. The β̂i does not factor through M̂

�
T̂ → M̂T̂, but β̂1 + β̂3 + β̂4 does, and is obtained by pulling

β̂ back under M̂
�
T̂ → M̂T̂. Similarly, we have γ̂i ∈ X∗(M̂

�
) ⊂ X∗(M̂

�
T̂) for each i ∈ {1, 3, 4}, again factoring

through the i-th copy of GL2(C).

Let I ′ = {1, 2}. Using Remark 10.7, it is easy to see that the free abelian group X∗(M̂
�
T̂) has a basis indexed

by I × I ′, with (i, i′) ∈ I × I ′ corresponding to β̂i if i
′ = 1 and to γ̂i − β̂i if i′ = 2. Gal(F̄ /F ) acts on this

basis through the diagonal action on I × I ′, where I ′ is given the trivial action of Gal(F̄ /F ).

Now we construct a Gal(F̄ /F )-invariant basis for X∗(M̂
�
T). We have cocharacters

β∨T,1, β
∨
T,2, γ

∨ : Gm,F̄ → TF̄ ⊂ MF̄ ⊂ M�F̄ =
∏
i∈I

GL2,F̄ .

For i ∈ I = {1, 3, 4}, denote the composite of β∨T,1, β
∨
T,2, γ

∨ with the i-th projection pri by β
∨
T,i,1, β

∨
T,i,2, γ

∨
i .

Again using Remark 10.7, we see that the free abelian group X∗(M
�
T) = X∗(M̂

�
T) has a basis indexed by

I × I ′, with (i, i′) ∈ I × I ′ corresponding to β∨T,i,i′ . Gal(F̄ /F ) acts on this basis through the diagonal action

on I × I ′, where this time I ′ gets the unique nontrivial action of Gal(F̄ /F ) that factors through Gal(E/F )

(use that βT,i,i′ = pri ◦ βT,i′ , and that Gal(F̄ /F ) acts on the pri according to its action on I).

Now map M̂
�
T to M̂

�
T̂ by requiring that for each i ∈ I, the characters β̂i and γ̂i − β̂i of M̂

�
T̂ pull back to the

characters of M̂
�
T that correspond Langlands-dually to the cocharacters β∨T,i,1 and β∨T,i,2 of M�T, respectively.

One sends each w ∈WF to the element of M̂
�
oWF = L M� given by (1, w) or (ŵ, w), depending on whether

w belongs to WE or to WF \WE .

Since T is generated over F̄ by the images of β∨T,1 and β∨T,2, whose Langlands duals are pull backs of β̂ and

γ̂− β̂ under M̂
�
T → M̂

�
T̂, it is easy to see that ι restricts to an isomorphism of groups M�,1T ×WE → M�,1

T̂
oWE

and a bijection M̂
�,1
T o (WF \WE) → (M̂

�,1
T̂ ŵ) o (WF \WE). It is also immediate that it is in an obvious

sense built up of analogous embeddings L Mj,T ↪→ L Mj constructed as in Remark 10.47(iii). This �nishes

the proof of Claim 4, and hence of (i).

Now let us prove (ii). We may and do assume that we can realize ϕπ as a composite ( L M� → L M)◦( L M�T →
L M�)◦ϕθ� as in the proof of (i), where T is the given element of T +

E . Since ϕπ(WF ) �xes X1+X2, [X1+X2, ·]
gives us a homomorphism of WF -representations from m̂/m̂T̂, identi�ed with a M̂T̂-invariant complement of

m̂T̂ in m̂, to a subrepresentation of n̂1, where WF acts on each of these spaces by Ad ◦ϕπ. In fact, by Lemma

3.37, this de�nes an isomorphism of WF -representations from m̂/m̂T̂ to a complement of CX1 + CX2 in n̂1.

Since M̂
1

T̂ and WF �x X1 and X2 while ŵ exchanges these, it is easy to see that the action of WF via Ad ◦ϕπ
on CX1 + CX2 is given by IndWF

WE
1.

Therefore, to prove (ii), it su�ces to show that the representation Ad ◦ϕπ of WF on m̂T̂/zM̂ is simply ρMε
T
.

This is easy to prove, using two facts. First, the map

( L M�T → L M) = ( L M� → L M) ◦ ( L M�T → L M�),

through which ϕπ factors, takes M̂
�
T to M̂T̂ and in turn quotients, �rst to a map that takes M̂T to M̂T̂

isomorphically, and then further to one that takes M̂ε
T isomorphically to M̂T̂/Z0

M̂
(because Mε

T is the kernel

of χγ on MT while Z0
M̂

is the image of the coroot γ̂∨, which is dual to χγ). Secondly, this isomorphism

M̂ε
T → M̂T̂/Z0

M̂
respects the action of WF (acting via Ad ◦ϕπ on the target), simply because ϕπ factors

through L M�T → L M, and because M̂
�
T is commutative. �

Lemma 10.51. Consider an inner twist G → G∗, sending P = M N to an analogous decomposition P∗ =

M∗N∗, with the latter decomposition also de�ned over F . Fix a pinning (B∗,T∗, {Xα}) of G∗ such that

either B∗ or the Borel subgroup of G∗ that is opposite to B∗ and contains T∗, is contained in P∗. Then:
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(i) For α belonging to the set Σr(B∗; M∗) of reduced roots α of AT∗ that are not roots in M∗ (i.e.,

are nontrivial on AM∗), the derived group of the Levi subgroup of G∗ associated to α (which is

automatically simply connected as G is) is isomorphic to ResKα/F SL2 for some �nite extension

Kα/F in F̄ .

(ii) The Kα's of (i) can be chosen so that we have an equality of multisets:

(134) {Kα | α ∈ Σr(B∗; M∗),Kα 6= F} = {Kj | j ∈ J,Kj 6= F} t {Kj | j ∈ J,Kj 6= F}.

Hence:

(135) λw0(ψ) =
∏
α

λ(Kα/F, ψ),

where the product on the right-hand side is over α as in (i), which is also as in [Art89, (7.8)] with

the w1 of [Art89, (7.8)] replaced by an analogue w∗0 of w0 for G∗.

Proof. (135) is a consequence of the de�nition of λw0
(ψ) in Notation 10.40(viii), and (134) (use that w∗0

normalizes M∗ and takes P∗ to an opposite, and hence takes each α ∈ Σr(B∗; M∗) to a negative root). Thus,

it su�ces to prove (i) and (134). In the G2 and B3-cases, G∗ is split and both assertions are clear, so assume

that we are in the D4-case. From Lemma 3.21 and Remark 3.22(i), applied with (G∗F̄ ,B
∗
F̄ ,T

∗
F̄ ) in place of

the (G,B?,T?) there, and noting that the M?
◦ of Lemma 3.21 is a torus in our case, we get a pair (U∗M∗ ,U

∗,−
M∗ )

of unipotent radicals of opposite Borel subgroups of M∗, such that n∗1 = Adwβ∗(u
∗
M∗)⊕ Adwγ∗−β∗(u

∗,−
M∗ )⊕

FXβ∗ ⊕ FXγ∗−β∗ , with wβ∗ and wγ∗−β∗ representatives chosen in G∗(F ) for the re�ections in the Weyl

group associated to (G∗,T∗) about the roots β∗ and γ∗ − β∗; here, β∗, γ∗ − β∗ and n∗1 ⊂ g∗ are the obvious

analogues of β, γ − β and n1 ⊂ g. This lets us obtain both (i) and (134) from a computation in M, namely

the isomorphism Msc
∼=
∏
j M′j

∼=
∏
j ResKj/F SL2. �

10.7. Residue formulas for G2 and D4 when ω is nontrivial, and B3 when ω is trivial.

Notation 10.52. (i) Now we drop the hypothesis, made in Notation 10.1, that G is absolutely almost

simple and simply connected, though we continue to assume that we are in the G2-case, the B3-case

or the D4-case in the sense of Notation 4.3.

(ii) We will de�ne L(s, π, ri) and ε(s, π, ri, ψ), generalizing from Notation 10.40(v), as follows. As in

Remark 4.2, we have an isogeny G[×G1 → G, with G[ absolutely almost simple and simply con-

nected, under which the Levi decomposition P = M N pulls back to one of the form (P[×G1) =

(M[×G1)(N[×{1}). Let π pull back, under M[(F )×G1(F )→ M(F ), to a representation that has

π[⊗π′ as an irreducible component, where π[ and π′ are irreducible supercuspidal representations of

M[(F ) and G1(F ), respectively. Note that we can de�ne L(s, π[, r[i ) and ε(s, π
[, r[i , ψ) as in Notation

10.40(v); these r[i , de�ned like the ri but with G[ in place of G, pull back to their analogues for M

under a map L M→ L M[ that is dual to M[ → M (whose image is a normal subgroup of M, letting

us make sense of the dual map L M→ L M[). For each i, we set:

L(s, π, ri) = L(s, π[, ri), and ε(s, π, ri, ψ) = ε(s, π[, ri, ψ).

Just like with Notation 10.40(v), these are also a priori noncanonical, but can be shown to be

canonical (in particular independent of the choice of the isogeny and π[), but we will not bother

with this, since we will not need it, strictly speaking (the theorems can be interpreted as being valid

for any noncanonical choice of these values).

(iii) We de�ne λw0
(ψ) to be what this symbol denotes with G[,P[,M[ in place of G,P,M (see Notation

10.40(viii)).

Theorem 10.53. Suppose we are in the G2-case, and ω is nontrivial. Then

R(π̃) = 0 = λw0
(ψ) · Ress=0

(
γ(s, π, r1, ψ)−1γ(2s, π, r2, ψ)−1γ(3s, π, r3, ψ)−1

)
.

Thus, Ind
G(F )
P(F ) π is reducible.
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Proof. The �nal assertion of the theorem follows from the earlier assertions and Harish-Chandra's work

(see Theorem 2.7(ii)), so let us prove the earlier assertions. By Proposition 2.15(iv) and the de�nitions in

Notation 10.52(ii), we may and do assume that G is absolutely almost simple and simply connected. We

have M = M� = GL2 (see Remark 10.3).

By (i) and (ii) of Corollary 10.33, R(π̃) = 0 unless there exists a quadratic extension E/F in E0 such that

ω = sgnE/F , and such that the representation π of M(F ) = GL2(F ) is the Weil representation associated to

a character θ of E×. If these conditions are satis�ed, Corollary 10.33(iii) gives that R(π̃) is a multiple of an

expression of the following form, that uses notation borrowed from the corollary:∫
T∗(F )

(θ(t) + θ(t̄)) dt,

which equals 0 as θ is nontrivial (as π is a supercuspidal representation).

This gives the �rst equality. The latter equality follows from Lemma 10.44, which gives L(s, π, r1) =

L(s, π, std), L(s, π, r2) = L(s, π,Λ2) = L(s, sgnE/F ) and L(s, π, r3) = L(s, π, std ⊗ det), and the fact that

these L-functions are all entire, forcing the γ(s, π, ri, ψ)−1 to be entire as well. �

Remark 10.54. Thus, although our formula for R(π̃) is of no interest in the G2-case, it does yield an

amusing observation, as we brie�y sketch, assuming G to be absolutely almost simple. In the situation of

the proof of Theorem 10.53, suppose that we can take the character θ of E× to be trivial. This `should'

correspond to π having the nonsupercuspidal Langlands parameter ϕπ = IndWF

WE
1 ∼= 1WF

⊕ sgnE/F , which

we will pretend to be the case. If we drop the factor d(π�,ZM�(F )) (which equals d(π)) from the expression

for R(π̃) in Corollary 10.33(iii), we get the product of sgnE/F (−2
√
δ
−1
τ−1
T )γ∗(0,1, ψ)−1〈υ, π̃〉 with:

vT

8
·λ(E/F, ψ̄) ·2 vol(T∗(F )) =

vT

4
·λ(E/F, ψ̄) · (#H1(F,T))λ(E/F, ψ)γ(0, sgnE/F , ψ)−1 =

γ(0, π, r2, ψ)−1

2
.

Here, we used Lemma 5.24, the fact that ε(0, sgnE/F , ψ) ∈ ε(1/2, sgnE/F , ψ)R>0 = λ(E/F, ψ)R>0, that

λ(E/F, ψ̄)λ(E/F, ψ) = 1, and that vT = vol(Tε(F ))(Γ0,Mε
T

)−1 = 1 in this case. This formula can be `ex-

plained' as follows. The factor (1/2) occurs because we `multiplied' R(π̃) by d(π), which `should have

been' (1/2)ωπ(−1)γ(0, π,Ad, ψ) = (1/2)sgnE/F (−1)γ(0, π,Ad, ψ) (see [GI14, Proposition 14.1]). While

γ(0, π,Ad, ψ) does not make sense, it is easy to see that Ad ◦ϕπ ⊕ 1WF
= r1 ◦ ϕπ ⊕ r3 ◦ ϕπ. Further,

for suitable normalizations, we have, by Lemmas 10.35 and 10.39, sgnE/F (−2
√
δ
−1
τ−1
T ) = sgnE/F (−1)

(`accounting' for the sgnE/F (−1) in the expression for d(π)) and 〈υ, π̃〉 = 1.

Theorem 10.55. Suppose we are in the B3-case, and ω is trivial. Choose G[ ⊃ P[ = M[ N[ with G[ abso-

lutely almost simple and simply connected, and a supercuspidal representation π[ of M[(F ), as in Notation

10.52(ii). We associate the objects J,M�,Mj , πj etc. of this section to G[ and π[ in place of G and π. Thus,

we can write J = {1, 2}, with J1 = {1}, and then we have that M1 is isomorphic to GL2 /F , while M2 is an

inner form of M1 (see Remark 10.3). Assume that π̃ is normalized as in Notation 10.21.

(i) We have:

R(π̃) = ±λw0
(ψ) Ress=0

(
γ(s, π1 × π2, ψ)−1γ(2s, π1,Ad, ψ)−1

)
= ±λw0(ψ) Ress=0

(
γ(s, π, r1, ψ)−1γ(2s, π, r2, ψ)−1

)
,

where the sign ± is + if M2 is split and −1 otherwise, where γ(s, π1,Ad, ψ) is an Artin factors

associated to Ad ◦ϕπ1
, and where γ(s, π1 × π2, ψ) can be made sense of similarly or as as a Rankin-

Selberg factor after passing to a quasi-split inner form of G[.

(ii) R(π̃) 6= 0, or equivalently Ind
G(F )
P(F ) π is irreducible, if and only if π1 is isomorphic to the Jacquet-

Langlands transfer of π∨2 (the contragredient of π2) to GL2(F ) = M1(F ) (this Jacquet-Langlands

transfer is taken to be isomorphic to π∨2 if M2, or equivalently G[, is split).
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Proof. First, we have similar considerations as in the proof of Theorem 10.53. The equivalence between

the nonvanishing of R(π̃) and the irreducibility of Ind
G(F )
P(F ) π in (ii) follows from Harish-Chandra's work (see

Theorem 2.7(ii)), so let us prove the rest of the theorem. By Proposition 2.15(iv) and the de�nitions in

Notation 10.52(ii), we may and do assume that G is absolutely almost simple and simply connected. Here,

we used that Proposition 2.15(iv) involves an extension π̃[ of π[ to a representation of M̃
[
(F ) (the analogue

of M̃(F ) when G is replaced with G[) that has a certain compatibility with π̃, and as a consequence the

normalization of Notation 10.21 on π̃ imposes an analogous normalization on π̃[.

Recalling that local Rankin-Selberg L-functions and ε-factors for general linear groups are equal to the

relevant Artin factors, the second equality of (i) follows from Lemma 10.45 and the fact that, using notation

from that lemma, χγ̂ ◦ ϕπ� is the Langlands parameter of ω, which is trivial. Hence it su�ces to prove the

�rst equality.

Using Corollary 10.22 (which makes use of our normaliation of π̃) and its notation,

R(π̃) =
γ∗(0,1, ψ)−1

8d(π�,ZM�(F ))

 ∑
E∈E0

E/F quadratic

vTE

∫
TE,∗,sr(F )

D(t)1/2Θπ�(t) dt∗


(the split torus does not contribute as we are in a classical case).

Noting that Mε
T
∼= T∗×T∗ (e.g., see the beginning of the proof of Lemma 10.24), we get that for each

T = TE as in the above equation:

(136) vT =
vol(Tε(F ))

Γ0,Mε
T

=
vol(Tε(F ))

vol(Mε
T(F ))

=
vol(T∗(F ))

vol(T∗(F ))2
= vol(T∗(F ))−1.

Thus,

R(π̃) =
γ∗(0,1, ψ)−1

8d(π�,ZM�(F ))

 ∑
E∈E0

E/F quadratic

∫
TE,∗,sr(F )

D(t)1/2Θπ�(t) dt
′

 ,

where dt′ denotes the normalized Haar measure on the relevant TE,∗(F ).

From Lemma 9.9 (which gives E0 = E) and Lemma 10.9(ii) (which says that E covers all the quadratic

extensions of F in F̄ ), it follows that, as E ranges over E0 = E , M1,TE (i.e., Mj,TE with j = 1 ∈ J) ranges
over a set of representatives for the conjugacy classes of elliptic maximal tori in M1. By the discussion of

Notation 10.12(ii), for j ∈ J = {1, 2}, the map TE ↪→ M� → Mj induces an isomorphism TE ∼= Mj,TE

and hence an isomorphism TE,∗ ∼= Mj,TE /ZMj . Moreover, D(t)1/2 = (DM1(t)DM2(t))1/2 = DM1(t), where

DMj (t) stands for |det(Ad t;mj/mj,T)|. Let π′2 denote the Jacquet-Langlands transfer of π2 to M1(F ).

Thus, using also the notation DM1(t1) = |det Ad t1;m1/m1,t1 | for strongly regular semisimple t1 ∈ M1(F ):

R(π̃) =
γ∗(0,1, ψ)−1

4d(π1)d(π′2)

(∑
T1

1

#WT1

∫
T1(F )/ZM1

(F )

DM1(t1)Θπ1
(t1) · (±Θπ′2

(t1)) dt1

)
,

the T1 in the sum ranging over a set of representatives for the conjugacy classes of maximal elliptic tori in

M1, with dt1 standing for the normalized Haar measure on T1(F )/ZM1
(F ) = (T1 /ZM1

)(F ), and #WT1
= 2

standing for the cardinality of the Weyl group of T1(F ) in M1(F ). Here, the `±' in front of Θπ2
is `+' if M2

is split, and `−' if M2 is non-split.

By the Schur orthogonality relations, we get:

(137) R(π̃) =

{
±γ
∗(0,1,ψ)−1

4d(π1)d(π′2) , if π1
∼= π′2

∨
, and

0, if π1 6∼= π′2
,

again with the same interpretation for ±.
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From this, (ii) follows immediately.

Note that L(s, ϕπ1
⊗ ϕπ′2) is holomorphic at s = 0 if π1 6∼= π′2

∨
, and that

ϕπ′2∨ ⊗ ϕπ′2 = ϕ∨π′2 ⊗ ϕπ′2 = Ad ◦ ϕπ′2 ⊕ 1,

where Ad denotes the adjoint representation of GL2(C) on sl2(C). Now the �rst equality of (i) follows easily

from (137) and the re�ned formal degree conjecture for GL2(F ) (see [GI14, Proposition 14.1]) applied to

each of π1 and π′2, using that the product of their central characters is ω, which is trivial (accounting for the

contribution of the central character in [GI14, Proposition 14.1], so that the sign remains unchanged). �

Theorem 10.56. Suppose we are in the D4-case, and ω is nontrivial. Choose G[ ⊃ P[ = M[ N[ with

G[ absolutely almost simple and simply connected, and a supercuspidal representation π[ of M[(F ), as in

Notation 10.52(ii). Obtain from the extension π̃ of π an extension π̃[ of π[ as in Proposition 2.15(iv). We

associate the objects J,Kj ,M
�,Mj , πj etc. of this section to G[ and π[ in place of G and π. Choose a datum

υ = (T, (βT,1, βT,2),
√
δ) as in Notation 10.30(i), and identi�cations Mj,T

∼= ResKj/F T ∼= ResEKj/F Gm as

in Notation 10.30(ii) (which followed Notation 10.12(ii)).

(i) Setting 〈υ, π̃〉 = 〈υ, π̃[〉, we have:

(138) R(π̃) = sgnE/F (2
√
δ
−1
τ−1
T )〈υ, π̃〉λw0(ψ) Ress=0

(
γ(s, π, r1, ψ)−1γ(2s, π, r2, ψ)−1

)
.

(ii) R(π̃) 6= 0, or equivalently Ind
G(F )
P(F ) π is irreducible, if and only if there exists a quadratic extension

E/F in F̄ with E 6= Kj for each j ∈ J , and characters θj of (EKj)
× for each j ∈ J , such that∏

j θj |E× is the trivial character of E×, and such that for each j ∈ J , πj is a Weil representation of

Mj(F ) = Hj(Kj) associated to (EKj/Kj , θj).

Proof. First, we have similar considerations as in the proofs of Theorems 10.53 and 10.55. The equivalence

between the nonvanishing of R(π̃) and the irreducibility of Ind
G(F )
P(F ) π in (ii) follows from Harish-Chandra's

work (see Theorem 2.7(ii)), so let us prove the rest of the theorem. By Proposition 2.15(iv) (which we used

to relate the normalizations of the extensions π̃ and π̃[), and the de�nitions in Notation 10.52(ii), we may

and do assume that G is absolutely almost simple and simply connected.

(i) and (ii) of Corollary 10.33 give us that R(π̃) = 0 unless ω = sgnE/F for a (necessarily unique) quadratic

extension E/F in E0 and also unless, for each j ∈ J , the representation πj of Mj(F ) is the Weil representation

associated to a character θj of Mj,T(F ) = (EKj)
× (where this last identi�cation uses the isomorphism

Mj,T
∼= ResEKj/F Gm �xed using Notation 10.30(ii)). When these conditions are not met, the right-hand side

of (138) vanishes as well, by Proposition 10.49(i) and the fact that L(2s, π, r2) = L(2s, ω) = L(2s, sgnE/F )

is holomorphic at s = 0: r2 ◦ ϕπ = sgnE/F = ω as representations of WF , because γ̂ is dual to γ∨.

Thus, we may assume that each πj is a Weil representation associated to θj as above.

By Corollary 10.33(iii), and adapting notation from there, we have:

(139)

R(π̃) = sgnE/F (−2
√
δ
−1
τ−1
T )

γ∗(0,1, ψ)−1vT〈υ, π̃〉
8d(π�,ZM�(F ))

·

∏
j∈J

λ(EKj/Kj , ψ̄j)

·∫
T∗(F )

∏
j∈J

(θj(t) + cj · θj(t̄))

 dt.

Thus, the above integral is zero unless for each j, there exists θ′j ∈ {θj , θ̄j}, where θ̄j is given by θj ◦ (t 7→ t̄)

(and t 7→ t̄ is the Gal(EKj/Kj)-conjugation in (EKj)
× = Mj,T(F )), such that

∏
j θ
′
j |E× = 1. This condition

is equivalent to the condition that, we can, changing the choice of θj if necessary for each j ∈ J , assume

that
∏
j θj |E× is trivial. If this condition is not met, then the right-hand side also vanishes, as one sees from

Proposition 10.49(i). Note that (ii) is now immediate, so that we may now focus on (i). Moreover, we may

and do assume for the rest of the proof that
∏
j θj |E× = 1.

We claim that, for any choice of θ′j ∈ {θj , θ̄j} for each j ∈ J , the product
∏
j θ
′
j |E× does not equal 1 unless

either θ′j = θj for each j, or θ
′
j = θ̄j for each j. To see this, we may replace {θ′j | j ∈ J} with {θ′j | j ∈ J} if
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necessary, to ensure that θ′j = θj for all j except possibly some j = j0 which satis�es that Kj0 = F (use that∑
j [Kj : F ] = 3). If such a j0 exists, then the conditions

∏
θj |E× = 1 =

∏
θ′j |E× forces θ′j0 |E× = θj0 |E× ,

so that θ′j0 = θj0 (as Kj0 = F ), a contradiction. Moreover, the number of j ∈ J such that cj = −1 (or

equivalently, Mj is not quasi-split) equals either 0 or 2, as follows from the tables for 1Dn,
2Dn,

3D4 and
6D4 in [Tit66].

Combining these observations with the fact that vol(Tε(F )) = vol(T∗(F )) (see Notation 9.17(i)), and sub-

stituting vT = vol(T∗(F ))(Γ0,Mε
T

)−1, (139) now becomes:

R(π̃) = sgnE/F (−2
√
δ
−1
τ−1
T ) · γ

∗(0,1, ψ)−1 vol(T∗(F ))2 · 〈υ, π〉
4d(π�,ZM�(F )) · Γ0,Mε

T

·

∏
j∈J

λ(EKj/Kj , ψ̄j)

 .

Therefore, it su�ces to show that:

sgnE/F (−1)
γ∗(0,1, ψ)−1 vol(T∗(F ))2

Γ0,Mε
T
· 4d(π�,ZM�(F ))

·

∏
j∈J

λ(EKj/Kj , ψ̄j)

 = λw0(ψ) Ress=0

(
γ(s, π, r1, ψ)−1γ(2s, π, r2, ψ)−1

)
.

We have noted above that r2 ◦ ϕπ = ω = sgnE/F as representations of WF . Therefore, by Proposition

10.49(ii), and the decomposition IndWF

WE
1 = 1⊕ sgnE/F , of which the contribution of 1 is accounted for by

γ∗(0,1, ψ)−1, this reduces to showing:

(140)
vol(T∗(F ))2

4Γ0,Mε
T
· sgnE/F (−1)d(π�,ZM�(F ))

·

∏
j∈J

λ(EKj/Kj , ψ̄j)

 = λw0
(ψ)γ(0,Ad ◦ϕπ, ψ)−1

· γ(0, sgnE/F , ψ)−2 · γ(0, ρMε
T
, ψ).

Now by Lemma 5.24 and the fact that ε(0, sgnE/F , ψ) is the product of ε(1/2, sgnE/F , ψ) and some integer

power of q1/2, vol(T∗(F )) equals

#H1(F,T∗) ·
∣∣∣γ(0, sgnE/F , ψ)

∣∣∣−1

= 2ε(1/2, sgnE/F , ψ) · γ(0, sgnE/F , ψ)−1,

so that, using ε(1/2, sgnE/F , ψ) = λ(E/F, ψ), we get:

(141) vol(T∗(F )) = 2λ(E/F, ψ) · γ(0, sgnE/F , ψ)−1.

We have Mε
T
∼=
∏
j ResKj/F T′j , with T′j /Kj the norm one torus associated to EKj/Kj (as observed in the

proof of Lemma 10.24). Therefore, #H1(F,Mε
T) = 2J , and ρMε

T
is a direct sum

⊕
j∈J IndWF

WKj
sgnEKj/Kj .

Hence, using Lemma 5.24 again, we get that Γ0,Mε
T

= vol(Mε
T(F )) equals:

#(H1(F,Mε
T))ε(1/2, ρMε

T
, ψ) · γ(0, ρMε

T
, ψ)−1 = 2#J

∏
j

ε(1/2, IndWF

WKj
sgnEKj/Kj , ψ)

 · γ(0, ρMε
T
, ψ)−1.

Therefore, using the behavior of epsilon factors under inducion:

(142) Γ0,Mε
T

= 2#J · γ(0, ρMε
T
, ψ)−1 ·

∏
j

(λ(Kj/F, ψ) · λ(EKj/Kj , ψj)) .

Further, using Lemma 5.35 and the fact that ω(γ∨(−1)) = sgnE/F (−1), we get:

(143) sgnE/F (−1)d(π�,ZM�(F )) = 2−#J ·

∏
j

λ(Kj/F, ψj)

−3

γ(0,Ad ◦ϕπ, ψ).
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By (141), (142) and (143), the desired equality (140) will follow if we prove that:

λ(E/F, ψ)2 ·
∏
j λ(EKj/Kj , ψ̄j)∏
j λ(EKj/Kj , ψj)

·
∏
j∈J

λ(Kj/F, ψ)2 = λw0
(ψ).

This in turn follows from the de�nition of λw0
(ψ) (Notation 10.40(viii)), and the fact that∏

j λ(EKj/Kj , ψ̄j)∏
j λ(EKj/Kj , ψj)

=
1∏

j λ(EKj/Kj , ψj)2
=

1∏
j sgnEKj/Kj (−1)

=
1

sgnE/F (
∏
j NKj/F (−1))

=
1

sgnE/F (−1)
=

1

λ(E/F )2
.

�

Remark 10.57. Assume that G is absolutely almost simple, simply connected and quasi-split, of type B3

or D4. Consider the Whittaker datum determined by ψ and the pinning chosen in Notation 10.2(v), and

abuse notation to use ψ to also denote this Whittaker datum. Assume that π̃ is de�ned by the Whittaker

normalization wherein π̃(w−1
0 ) induces the identity map on the space of Whittaker functionals with respect

to ψ. Note that in the B3-case, this simply means that π̃(w−1
0 ) acts trivially on the space of π, as required

in (Notation 10.21 and hence in) Theorem 10.55. Recall from Lemma 9.25 that w−1
0 is the Weyl group

representative w0 associated to this pinning by Arthur in [Art89, Section 7], explaining our choice of π̃(w−1
0 )

in the Whittaker normalization. Now it is easy to check that, if R(π̃) 6= 0, then the assumptions imposed

in Remark 2.14 are all satis�ed � the condition δP(w−1
0 w0) = 1 follows since w−1

0 w0 = w−2
0 = γ∨(−1), and

our choice of measure on N(F ) in Notation 5.22(i) agrees with what Shahidi calls the self-dual measure in

[Sha14, Remark 8.2.2] (and what Arthur describes in [Art13, Section 2.3]).

The expectation from Remark 2.14, speci�cally (19), amounts to the following formula when R(π̃) 6= 0:

R(π̃) = λw0
(ψ) Ress=0

(
γ(s, π, r1, ψ)−1γ(2s, π, r2, ψ)−1

)
.

In the B3-case where ω is trivial and in the D4-case where ω is nontrivial, this is exactly what Theorems

10.55 and 10.56 give, where in the D4-case we note that, in the notation of Theorem 10.56 and choosing

υ as in Notation 10.34(iv), we have 2
√
δτ−1

T = 1 by Lemma 10.35, and 〈υ, π̃〉 = 1 by Corollary 10.39. We

reiterate that the Langlands-Shahidi γ-factors in our situation are known to agree with the corresponding

Artin γ-factors, by [HL21, Theorem 1.1] (special cases of which were known before [HL21]).

10.8. Some formulas for γ-factors. In this subsection, we restrict ourselves to the cases not considered in

Subsection 10.7, i.e., the G2-case and the D4-case when ω is trivial, and the B3-case when ω is nontrivial. In

these cases, given our formula for R(π̃), the validity of (19) of Remark 2.14 is equivalent to some character

theoretic formulas for certain (products of) gamma values that we have not managed to locate in the

literature. In this subsection, we will assume the former (as formalized in Hypothesis 10.58 below) and

derive the latter, in Theorems 10.59, 10.61 and 10.63 below. If one can prove Hypothesis 10.58, as we

hope can be done using Shahidi's work along the lines of [Art13, Section 2.5], then these character theoretic

formulas for gamma values will become unconditional theorems.

Hypothesis 10.58. We impose the hypothesis that if G is absolutely almost simple, simply connected and

quasi-split, of type G2 or D4 (resp., B3), and if ω is trivial (resp., nontrivial), then the expectation of Remark

2.14 is satis�ed, i.e., whenever the assumptions and normalizations of that remark are met, we have:

R(π̃) = λw0(ψ) Ress=0

∏
i

γ(is, π, ri, ψ)−1,

where the i in the product ranges from 1 to 3 in the G2-case, and from 1 to 2 in the B3-case and the D4-case.

Theorem 10.59. Let σ be a representation of GL2(F ) with trivial central character. Then, assuming

Hypothesis 10.58:

(144)
1

4d(σ)

(∑
T

∫
T∗(F )

D(t)1/2Θσ(t) dt∗ + 3

∫
Ts,∗(F )

D(t)1/2Θσ(t) dt∗

)
= γ(0, σ, std, ψ)−2.
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where in the �rst sum T runs over a set of representatives for the conjugacy classes of elliptic tori in GL2 /F ,

Ts is a maximal split torus of GL2 /F , and T∗ and Ts,∗ denote the images of T and Ts in PGL2. Moreover,

D(t) = |det(Ad t− 1; gl2/t)|, and the measures on T∗(F ) and Ts,∗(F ) are as in Notation 5.22(ii). Here, the

integrands are well-de�ned on open dense subsets of the T(F ) and Ts(F ), and descend to functions on open

dense subsets of T∗(F ) and Ts,∗(F ), respectively.

Proof. We can assume that G = G2,M = GL2 and σ = π = π�. Then the theorem follows from Corollary

10.22 and Hypothesis 10.58 (and easy volume computations contained in Lemma 10.24), noting that the

residue of γ(2s, π, r2)−1 at s = 0 equals γ∗(0,1, ψ)−1/2, and that since σ has trivial central character,

γ(0, σ, std⊗ det) = γ(0, σ, std). �

Remark 10.60. The reason for the length of the statement of Theorem 10.61 below is that we have stated

it to be made sense of independently, without relying on notation introduced elsewhere in this paper.

Theorem 10.61. Assume Hypothesis 10.58 for every possible quasi-split D4-case. Let G =
∏
j∈J ResKj/F GL2,

where each Kj is a �nite extension of F , and
∑
j∈J [Kj : F ] = 3. Let σ = ⊗j∈J σj be an irreducible su-

percuspidal representation of G(F ), each σj an irreducible supercuspidal representation of GL2(Kj). Con-

sider H = GL2 as `diagonally embedded' in G, and assume that the central character of σ is trivial on

ZH(F ) ⊂ ZG(F ). Then we have an equality:

(145)

1

4d(σ,ZG(F ))

(∑
T

vT

∫
T∗(F )

D(t)1/2Θσ(t) dt∗ + 3vTs

∫
Ts,∗(F )

D(t)1/2Θσ(t) dt∗

)
= (
∏
j

λ(Kj/F, ψ)2)·γ(0, σ, r1, ψ)−1,

whose notation we explain as follows.

• The γ-factor γ(s, σ, r1, ψ) is an Artin factor de�ned as explicated in Lemma 10.46(i). In particular,

it is the triple product γ-factor γ(s,×j∈J σj , ψ) if [Kj : F ] = 1 for all j (so #J = 3), the Asai

triple product if [Kj : F ] = 3 for all j (so #J = 1), and the obvious adaptation otherwise (i.e., if

#J = 2).

• In the �rst term in the parenthesis, T runs over a set of representatives for the conjugacy classes of

elliptic maximal tori in H ⊂ G, with the property that that E 6= Kj for all j ∈ J if T ∼= ResE/F Gm.
The second term with Ts should be ignored unless J is singleton (so [Kj : F ] = 3 for the unique

j ∈ J ), in which case Ts is a split maximal torus of H ⊂ G. Each T∗ and Ts,∗ denotes the image

of T and Ts in H/ZH = PGL2.

• Each vT and vTs are de�ned analogously to objects in Corollary 10.22, as follows. Let T′ =

T∩Hder ⊂ H, let G′T denote centralizer of T in Gder, and similarly de�ne T′s and G′Ts . Then

each vT equals vol(T′(F ))/ vol(G′T(F )), while vTs equals vol((G′Ts/T′s)(F ))−1.

• All the measures involved are chosen as in [HII08a] or equivalently as in (ii) and (iii) of Notation

5.22, and d(σ,ZG(F )) is the formal degree of σ using measures as in [HII08a], but with the central

subgroup taken to be ZG(F ) (thus, we do not use the maximal split torus in the center as in [HII08b]).

• If t ∈ T(F ) then D(t) = |det(Ad t − 1; LieG(F )/LieGT(F ))|, where GT ⊂ G is the centralizer of

T ⊂ H ⊂ G. One de�nes D(t) similarly if t ∈ Ts(F ).

• The integrand is interpreted as in the G2-case considered in Theorem 10.59.

Proof of Theorem 10.61. Without loss of generality, we may assume that J = J , that Kj = Kj for each j,

and that G =
∏
j∈J ResKj/F GL2 = M�. Then the restriction of the central character of σ to γ∨(F×) =

ZH(F ) is trivial by hypothesis; in particular, π′ ∼= π′ ◦ ε for any irreducible subrepresentation π′ of σ|M(F ).

This lets us assume π� = σ as a representation of G(F ) =
∏
j∈J GL2(Kj).

Then each T and Ts as in the statement of the theorem are elements of T +, and it is easy to see that vT

and vTs equal exactly what they denoted in Corollary 10.22 � in the case of vTs , use Remark 10.23 and

the fact that Mε = M�der. Now the theorem follows easily from Corollary 10.22 and Hypothesis 10.58, noting

that the residue of γ(2s, π, r2, ψ)−1 at s = 0 equals γ∗(0,1, ψ)−1/2. �
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Remark 10.62. Suppose we are in the situation of the proof of Theorem 10.61. When J = {j} is singleton,
it is easy to see that λw0(ψ), which equals λ(Kj/F, ψ)2 by de�nition, equals 1 if Kj/F is Galois, and

sgnL/F (−1) otherwise, where L/F is unique quadratic extension contained in the Galois closure of Kj in F̄ .

Now it is easy to see that, when the cardinality of J equals 1 or 2, so that the sign ω(
∏
j Kj)/F

(−1) in the

notation of [Pra92, Theorem D] is de�ned, then λw0
(ψ) equals this sign.

Now we come to the B3-case with ω nontrivial. This is more involved than the previous two cases, because

ω is nontrivial.

Theorem 10.63. Let σ be an irreducible supercuspidal representation of GL2(F ), with central character

ωσ. Let T ⊂ GL2 /F be a maximal torus, together with an isomorphism T ∼= ResE/F Gm, where E/F is a

quadratic extension in F̄ . Let T∗ denote the image of T in PGL2 /F . Let θ : E× → C× be a continuous

character such that θ|F× = ω−1
σ . Assume that Hypothesis 10.58 holds whenever we are in the B3-case. Then

we have an equality:

1

2d(σ)

∫
T∗(F )

DGL2(t)1/2Θσ(t)θ(t) dt = ωσ(−1) · γ(0, σE ⊗ θ, ψE)−1,

where we explain the notation as follows.

• σE denotes the base-change of σ to GL2(E).

• All the measures involved, including the one used to de�ne the formal degree d(σ), are chosen as in

[HII08a], or equivalently, as in (ii) and (iii) of Notation 5.22.

• For regular semisimple t ∈ GL2(F ), DGL2(t) stands for |det(Ad t− 1; gl2/gl2,t)|.
• ψE : E → C× is the additive character given by ψE = ψ ◦ trE/F .

• Though the integrand is de�ned over a dense open subset of T(F ) = E×, it factors, by the condition

θ|F× = ω−1
σ , to de�ne a function on a dense open subset of T∗(F ).

Remark 10.64. Note that, accounting for di�erences in notation, the expression on the left-hand side of the

equality in Theorem 10.63 is a multiple of the expression obtained in [SS10, Proposition 14] (whose measure

`d∗γ' includes the factor DGL2(t)1/2). In [SS10], the residue was computed only up to multiplication by

a nonzero complex number; we hope that our agreement up to a multiple can be converted into an exact

equality if one goes through the computations of [SS10] with appropriate normalizations, and does not throw

away any of the constants involved. This is indeed what Remark 2.14 suggests should be the case, though

this agreement is not obvious from the `harmonic analytic side': for us, in the proof of Theorem 10.63 given

below, the `θ' arises via the Labesse-Langlands character identities from what might be called the `general

linear part of the Levi subgroup of G(F ) = Spin7(F )' in analogy with the SO7(F )-case, while in [SS10], the

analogous character `χH ' comes from the `classical part' of the Levi subgroup of the group SO∗6(F ) considered

there, without involving the Labesse-Langlands character identities.

Proof of Theorem 10.63. We will make a change in notation: we will write T2 for what is called T in the

statement of the theorem. By the conjugation invariance of Θσ, the statement of the theorem is una�ected

if we change the choice of T2 or of the isomorphism T2
∼= ResE/F Gm, so we will work with a particular

choice later.

Let π(θ) be theWeil representation of GL2(F ) associated to θ; its central character ωπ(θ) equals θ|F×sgnE/F (−1).

We assume that G is split, absolutely almost simple and simply connected of type B3, so that we have an

identi�cation M� ∼= GL2×GL2. Consider the representation π(θ) ⊗ σ of M�(F ) = GL2(F ) × GL2(F ). We

claim that we may assume π� = π(θ)⊗ σ.

More precisely, our claim is that there exists an irreducible subrepresentation π′ of (π(θ)⊗σ)|M(F ), such that

π′ ∼= π′⊗(sgnE/F ◦χγ) � note that we will then automatically have ω = ωπ(θ)ωσ = θ|F×sgnE/Fωσ = sgnE/F ,

which will imply that π′ ∼= π′⊗ (sgnE/F ◦χγ) = π′ ◦ ε. We have an intertwining isomorphism π(θ)→ π(θ)⊗
sgnE/F , which is a map of SL2(F )-representations and hence preserves the irreducible subrepresentations of

π|SL2(F ), these irreducible subrepresentations being nonisomorphic by the uniqueness of Whittaker models.
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Tensoring this with the identity map of σ, we get an isomorphism π(θ) ⊗ σ → (π(θ) ⊗ σ) ⊗ ((g1, g2) 7→
sgnE/F (det g1)) that preserves each SL2(F )×SL2(F )-subrepresentation of π(θ)⊗σ, and hence each irreducible
component of the restriction of π(θ)⊗ σ to M(F ). This proves the claim, since the restriction of ((g1, g2) 7→
sgnE/F (det g1)) to M(F ) equals sgnE/F ◦ χγ .

Therefore, we may and do assume that π� = π(θ)⊗σ, and that π is the unique irreducible subrepresentation

of π(θ)⊗ σ|M(F ) that is generic with respect to the Whittaker datum de�ned by ψ and the chosen pinning.

We choose the datum υ = (T, (βT,1, βT,2),
√
δ) as in Notation 10.34 (see Notation 10.34(iv)).

Write J = {1, 2} ⊃ J1 = 1 as before (i ∈ J corresponds to the root αi as �xed in Notation 10.2(ii)), so that

π1 = π(θ) and π2 = σ. We will also write ωπ1
and ωπ2

for ωπ(θ) and ωσ.

Let T2 (see the beginning of this proof) be the image of T under T ↪→ M� → M2 which we have earlier

seen to be an inclusion. The assertion that we need to prove can now be written, adapting notation from

Corollary 10.33, as:

(146)
1

2d(π2)

∫
T∗(F )

D2(t)1/2θ(t)Θπ2
(t) dt = ωπ2

(−1)sgnE/F (−1)γ(0, ϕπ1
⊗ ϕπ2

, ψ)−1,

where Θπ2(t) is made sense through the projection of t ∈ T(F ) ⊂ M�(F ) to the M2(F )-factor, and where we

used that γ(0, ϕπ1 ⊗ ϕπ2 , ψ) = sgnE/F (−1)γ(0, θ ⊗ σE , ψE), as follows from the behavior of ε-factors under

induction: note that

ϕπ1 ⊗ ϕπ2 = (IndWF

WE
θ)⊗ ϕπ2 = IndWF

WE
(θ ⊗ ϕπ2 |WE

),

and that λ(E/F, ψ)dim(θ⊗ϕπ2 |WE ) = sgnE/F (−1).

We extend π to a representation π̃ of M̃(F ) by letting π̃(w−1
0 ) act as the identity on the corresponding space of

Whittaker functionals. Hence, by Corollary 10.39, we have 〈υ, π̃〉 = 1. We also have sgnE/F (−2
√
δ
−1
τ−1
T ) =

sgnE/F (−1), by Lemma 10.35. Therefore by Corollary 10.33(iii), adapting its notation, we have:

R(π̃) = sgnE/F (−1)
γ∗(0,1, ψ)−1vT

8d(π�,ZM�(F ))
· λ(E/F, ψ̄) ·

∫
T∗(F )

(θ(t) + θ(t̄)) ·D2(t)1/2 ·Θπ2(t) dt.

We use that D2(t)1/2Θπ2
(t) = D2(t̄)1/2Θπ2

(t̄), together with Hypothesis 10.58 and Lemma 10.45 (together

with the behavior of the Langlands correspondence for GL2×GL2 with respect to central characters), to

get:

(147) sgnE/F (−1)
γ∗(0,1, ψ)−1vT

4d(π�,ZM�(F ))
· λ(E/F, ψ̄) ·

∫
T∗(F )

D2(t)1/2θ(t)Θπ2
(t) dt

= Ress=0

(
γ(s, ϕπ1 ⊗ ϕπ2 , ψ)−1γ(2s,Adϕπ1 ⊗ sgnE/F , ψ)−1

)
.

Since π1 = π(θ), we have ϕπ1
= IndWF

WE
θ, so that, letting θ1 be the character of E× given by t 7→ θ(tt̄−1), it

is easy to see that Adϕπ1
= IndWF

WE
θ1 ⊕ sgnE/F . Therefore

(Adϕπ1
⊗ sgnE/F )⊕ sgnE/F = Adϕπ1

⊕ 1.

Applying this in (147), and using that the residue of γ∗(2s,1, ψ)−1 at s = 0 equals 2γ∗(0,1, ψ)−1, we get:

(148)
sgnE/F (−1) · vT · λ(E/F, ψ̄)

2d(π1)d(π2)
·
∫

T∗(F )

D2(t)1/2θ(t)Θπ2
(t) dt = γ(0, ϕπ1

⊗ϕπ2
, ψ)−1γ(0,Adϕπ1

, ψ)−1·γ(0, sgnE/F , ψ).

On the other hand, from earlier computations in (136) and 141, we get:

vT =
vol(Tε(F ))

Γ0,Mε
T

=
vol(Tε(F ))

vol(Mε
T(F ))

= vol(T∗(F ))−1 = (1/2)λ(E/F, ψ)−1γ(0, sgnE/F , ψ).
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Using this in (148), and combining with the fact that λ(E/F, ψ̄)λ(E/F, ψ)−1 = λ(E/F, ψ)−2 = sgnE/F (−1),

we get:
1

4d(π1)d(π2)
·
∫

T∗(F )

D2(t)1/2θ(t)Θπ2
(t) dt = γ(0, ϕπ1

⊗ ϕπ2
, ψ)−1γ(0,Adϕπ1

, ψ)−1.

Using the re�ned formal degree conjecture for π1 ([GI14, Proposition 14.1]), which says that d(π1) =

(1/2)ωπ1(−1)γ(0,Ad ◦ϕπ1 , ψ), where ωπ1 = θ|F×sgnE/F = ω−1
π2

sgnE/F is the central character of π1, we

get:
1

2d(π2)
·
∫

T∗(F )

D2(t)1/2θ(t)Θπ2
(t) dt = ωπ2

(−1)sgnE/F (−1)γ(0, ϕπ1
⊗ ϕπ2

, ψ)−1,

which is the same as (146). This proves the theorem. �

Theorem 10.65. In each of Theorems 10.59, 10.61 and 10.63, even without assuming Hypothesis 10.58,

the absolute values of the two sides of the claimed equality are equal.

Proof. As in the proof of [HII08b, Lemma 4.1], Shahidi's normalization of intertwining operators (see [Sha90,

Theorem 7.9]) gives an expression for R(π̃) up to absolute value: it implies that Hypothesis 10.58 applies

up to absolute value, i.e., |R(π̃)| = |λw0
(ψ) Ress=0

∏
i γ(is, π, ri, ψ)−1|. One then proceeds exactly as in the

proofs of Theorems 10.59, 10.61 and 10.63. �

References

[Art87] James Arthur. The characters of supercuspidal representations as weighted orbital integrals. Proc. Indian Acad. Sci.
Math. Sci., 97(1-3):3�19 (1988), 1987.

[Art88] James Arthur. The local behaviour of weighted orbital integrals. Duke Math. J., 56(2):223�293, 1988.
[Art89] James Arthur. Unipotent automorphic representations: conjectures. Astérisque, (171-172):13�71, 1989. Orbites unipo-

tentes et représentations, II.

[Art13] James Arthur. The endoscopic classi�cation of representations, volume 61 of American Mathematical Society Col-
loquium Publications. American Mathematical Society, Providence, RI, 2013. Orthogonal and symplectic groups.

[BKZ08] L. Barchini, Anthony C. Kable, and Roger Zierau. Conformally invariant systems of di�erential equations and pre-

homogeneous vector spaces of Heisenberg parabolic type. Publ. Res. Inst. Math. Sci., 44(3):749�835, 2008.
[Bor79] A. Borel. Automorphic L-functions. In Automorphic forms, representations and L-functions (Proc. Sympos. Pure

Math., Oregon State Univ., Corvallis, Ore., 1977), Part 2, Proc. Sympos. Pure Math., XXXIII, pages 27�61. Amer.

Math. Soc., Providence, R.I., 1979.

[Bor91] Armand Borel. Linear algebraic groups, volume 126 of Graduate Texts in Mathematics. Springer-Verlag, New York,

second edition, 1991.

[Bou02] Nicolas Bourbaki. Lie groups and Lie algebras. Chapters 4�6. Elements of Mathematics (Berlin). Springer-Verlag,

Berlin, 2002. Translated from the 1968 French original by Andrew Pressley.

[BP16] Raphaël Beuzart-Plessis. A short proof of the existence of supercuspidal representations for all reductive p-adic

groups. Paci�c J. Math., 282(1):27�34, 2016.
[BP18] Raphaël Beuzart-Plessis. On distinguished square-integrable representations for Galois pairs and a conjecture of

Prasad. Invent. Math., 214(1):437�521, 2018.
[BT65] Armand Borel and Jacques Tits. Groupes réductifs. Inst. Hautes Études Sci. Publ. Math., (27):55�150, 1965.
[Cas] Bill Casselman. Introduction to the theory of admissible representations of p-adic groups. Available online at

http://www.math.ubc.ca/~cass/research/pdf/p-adic-book.pdf.

[Cas15] Bill Casselman. On Chevalley's formula for structure constants. J. Lie Theory, 25(2):431�441, 2015.
[CL14] Kuok Fai Chao and Wen-Wei Li. Dual R-groups of the inner forms of SL(N). Paci�c J. Math., 267(1):35�90, 2014.
[CM93] David H. Collingwood andWilliam M. McGovern. Nilpotent orbits in semisimple Lie algebras. Van Nostrand Reinhold

Mathematics Series. Van Nostrand Reinhold Co., New York, 1993.

[CX15] Li Cai and Bin Xu. Residues of intertwining operators for U(3, 3) and base change. Int. Math. Res. Not. IMRN,
(12):4064�4096, 2015.

[Dré04] Jean-Marc Drézet. Luna's slice theorem and applications. In Algebraic group actions and quotients, pages 39�89.

Hindawi Publ. Corp., Cairo, 2004.

[FOS20] Yongqi Feng, Eric Opdam, and Maarten Solleveld. Supercuspidal unipotent representations: L-packets and formal

degrees. J. Éc. polytech. Math., 7:1133�1193, 2020.
[GG99] Benedict H. Gross and Wee Teck Gan. Haar measure and the Artin conductor. Trans. Amer. Math. Soc., 351(4):1691�

1704, 1999.

[GG20] Benedict H. Gross and Skip Garibaldi. Minuscule embeddings. Indagationes Mathematicae, 2020.

155



[GI14] Wee Teck Gan and Atsushi Ichino. Formal degrees and local theta correspondence. Invent. Math., 195(3):509�672,
2014.

[Gol94] David Goldberg. Some results on reducibility for unitary groups and local Asai L-functions. J. Reine Angew. Math.,
448:65�95, 1994.

[GR10] Benedict H. Gross and Mark Reeder. Arithmetic invariants of discrete Langlands parameters. Duke Math. J.,
154(3):431�508, 2010.

[GS98] David Goldberg and Freydoon Shahidi. On the tempered spectrum of quasi-split classical groups. Duke Math. J.,
92(2):255�294, 1998.

[GS01] David Goldberg and Freydoon Shahidi. On the tempered spectrum of quasi-split classical groups. II. Canad. J. Math.,
53(2):244�277, 2001.

[GS14] David Goldberg and Freydoon Shahidi. The tempered spectrum of quasi-split classical groups III: The odd orthogonal

groups. Forum Math., 26(4):1029�1069, 2014.
[HC99] Harish-Chandra. Admissible invariant distributions on reductive p-adic groups, volume 16 of University Lecture

Series. American Mathematical Society, Providence, RI, 1999. Preface and notes by Stephen DeBacker and Paul J.

Sally, Jr.

[Hei11] Volker Heiermann. Opérateurs d'entrelacement et algèbres de Hecke avec paramètres d'un groupe réductif p-adique:

le cas des groupes classiques. Selecta Math. (N.S.), 17(3):713�756, 2011.
[HII08a] Kaoru Hiraga, Atsushi Ichino, and Tamotsu Ikeda. Correction to: �Formal degrees and adjoint γ-factors� [J. Amer.

Math. Soc. 21 (2008), no. 1, 283�304; mr2350057]. J. Amer. Math. Soc., 21(4):1211�1213, 2008.
[HII08b] Kaoru Hiraga, Atsushi Ichino, and Tamotsu Ikeda. Formal degrees and adjoint γ-factors. J. Amer. Math. Soc.,

21(1):283�304, 2008.

[HL21] Guy Henniart and Luis Lomelí. Asai cube L-functions and the local Langlands correspondence. J. Number Theory,
221:247�269, 2021.

[Kot05] Robert E. Kottwitz. Harmonic analysis on reductive p-adic groups and Lie algebras. In Harmonic analysis, the trace
formula, and Shimura varieties, volume 4 of Clay Math. Proc., pages 393�522. Amer. Math. Soc., Providence, RI,

2005.

[KS99] Robert E. Kottwitz and Diana Shelstad. Foundations of twisted endoscopy. Astérisque, (255):vi+190, 1999.
[Li13] Wen-Wei Li. On a pairing of Goldberg-Shahidi for even orthogonal groups. Represent. Theory, 17:337�381, 2013.
[LL79] J.-P. Labesse and R. P. Langlands. L-indistinguishability for SL(2). Canadian J. Math., 31(4):726�785, 1979.
[LS87] R. P. Langlands and D. Shelstad. On the de�nition of transfer factors. Math. Ann., 278(1-4):219�271, 1987.
[Luo20a] Caihua Luo. Knapp-Stein dimension theorem for �nite central covering groups. Paci�c J. Math., 306(1):265�280,

2020.

[Luo20b] Caihua Luo. The Langlands dual and unitary dual of quasi-split PGSOE
8 . Represent. Theory, 24:292�322, 2020.

[LW13] Jean-Pierre Labesse and Jean-Loup Waldspurger. La formule des traces tordue d'après le Friday Morning Seminar,
volume 31 of CRM Monograph Series. American Mathematical Society, Providence, RI, 2013. With a foreword by

Robert Langlands [dual English/French text].

[LY17] George Lusztig and Zhiwei Yun. Z/m-graded Lie algebras and perverse sheaves, I. Represent. Theory, 21:277�321,
2017.

[Mil13] James S. Milne. Lie algebras, algebraic groups, and lie groups, 2013. Available at www.jmilne.org/math/.

[MS18] Arnab Mitra and Steven Spallone. Towards a Goldberg-Shahidi pairing for classical groups. Forum Math., 30(2):347�
384, 2018.

[MW16a] Colette Moeglin and Jean-Loup Waldspurger. Stabilisation de la formule des traces tordue. Vol. 1, volume 316 of

Progress in Mathematics. Birkhäuser/Springer, Cham, 2016.

[MW16b] Colette Moeglin and Jean-Loup Waldspurger. Stabilisation de la formule des traces tordue. Vol. 2, volume 317 of

Progress in Mathematics. Birkhäuser/Springer, Cham, 2016.

[MW18] Colette M÷glin and J.-L. Waldspurger. La formule des traces locale tordue. Mem. Amer. Math. Soc.,
251(1198):v+183, 2018.

[Pra92] Dipendra Prasad. Invariant forms for representations of GL2 over a local �eld. Amer. J. Math., 114(6):1317�1363,
1992.

[Ric72] R. W. Richardson, Jr. Principal orbit types for algebraic transformation spaces in characteristic zero. Invent. Math.,
16:6�14, 1972.

[Rog81] Jonathan D. Rogawski. An application of the building to orbital integrals. Compositio Math., 42(3):417�423, 1980/81.
[RR96] Cary Rader and Steve Rallis. Spherical characters on p-adic symmetric spaces. Amer. J. Math., 118(1):91�178, 1996.
[Ser79] Jean-Pierre Serre. Local �elds, volume 67 of Graduate Texts in Mathematics. Springer-Verlag, New York-Berlin, 1979.

Translated from the French by Marvin Jay Greenberg.

[Sha90] Freydoon Shahidi. A proof of Langlands' conjecture on Plancherel measures; complementary series for p-adic groups.

Ann. of Math. (2), 132(2):273�330, 1990.
[Sha92] Freydoon Shahidi. Twisted endoscopy and reducibility of induced representations for p-adic groups. Duke Math. J.,

66(1):1�41, 1992.

156



[Sha00] Freydoon Shahidi. Poles of intertwining operators via endoscopy: the connection with prehomogeneous vector spaces.

Compositio Math., 120(3):291�325, 2000. With an appendix by Diana Shelstad.

[Sha14] Freydoon Shahidi. Eisenstein series, L-functions and representation theory. In Automorphic forms and L-functions,
volume 30 of Adv. Lect. Math. (ALM), pages 149�178. Int. Press, Somerville, MA, 2014.

[Sil79] Allan J. Silberger. Introduction to harmonic analysis on reductive p-adic groups, volume 23 of Mathematical Notes.
Princeton University Press, Princeton, N.J.; University of Tokyo Press, Tokyo, 1979. Based on lectures by Harish-

Chandra at the Institute for Advanced Study, 1971�1973.

[Spa08] Steven Spallone. Residues of intertwining operators for classical groups. Int. Math. Res. Not. IMRN, pages Art. ID
rnn 056, 37, 2008.

[Spa11] Steven Spallone. An integration formula of Shahidi. In Harmonic analysis on reductive, p-adic groups, volume 543

of Contemp. Math., pages 215�236. Amer. Math. Soc., Providence, RI, 2011.

[Spa16] Steven Spallone. Residues of intertwining operators for Sp(6): the hyperbolic term vanishes. In Prime Numbers and
Representation Theory, Lecture Series of Modern Number Theory, volume 2. Science Press, Beijing, 2016, 2016.

[SS10] Freydoon Shahidi and Steven Spallone. Residues of intertwining operators for SO∗
6 as character identities. Compos.

Math., 146(3):772�794, 2010.
[ST16] Sug Woo Shin and Nicolas Templier. Sato-Tate theorem for families and low-lying zeros of automorphic L-functions.

Invent. Math., 203(1):1�177, 2016. Appendix A by Robert Kottwitz, and Appendix B by Raf Cluckers, Julia Gordon

and Immanuel Halupczok.

[Tit66] J. Tits. Classi�cation of algebraic semisimple groups. In Algebraic Groups and Discontinuous Subgroups (Proc.
Sympos. Pure Math., Boulder, Colo., 1965), pages 33�62. Amer. Math. Soc., Providence, R.I., 1966, 1966.

[vD72] G. van Dijk. Computation of certain induced characters of p-adic groups. Math. Ann., 199:229�240, 1972.
[Vin17] Ernest B. Vinberg. Non-abelian gradings of Lie algebras. In 50th Seminar �Sophus Lie�, volume 113 of Banach

Center Publ., pages 19�38. Polish Acad. Sci. Inst. Math., Warsaw, 2017.

[Wal03] J.-L. Waldspurger. La formule de Plancherel pour les groupes p-adiques (d'après Harish-Chandra). J. Inst. Math.
Jussieu, 2(2):235�333, 2003.

[Wal08] J.-L. Waldspurger. L'endoscopie tordue n'est pas si tordue. Mem. Amer. Math. Soc., 194(908):x+261, 2008.
[Wal10] J.-L. Waldspurger. Les facteurs de transfert pour les groupes classiques: un formulaire. Manuscripta Math., 133(1-

2):41�82, 2010.

[Xu15] Bin Xu. On the cuspidal support of discrete series for p-adic quasisplit sp(n) and so(n). arXiv preprint
arXiv:1504.08364, 2015.

[Yu09] Xiaoxiang Yu. Prehomogeneity on quasi-split classical groups and poles of intertwining operators. Canad. J. Math.,
61(3):691�707, 2009.

[Yu15] Xiaoxiang Yu. Residues of standard intertwining operators on p-adic classical groups. Forum Math., 2015.

157


	1. Introduction
	2. The Framework of the Problem
	2.1. Some Preliminary Notation
	2.2. A brief review on intertwining operators
	2.3. The residue in terms of a scalar R()
	2.4. Reducing the computation of the residue to the simply connected F-almost simple case
	2.5. Preliminary observations concerning possible poles at 0

	3. The setting and some structure theory over the algebraic closure
	3.1. The setting
	3.2. The set T+ of non-maximal tori and an `39`42`"613A``45`47`"603AM(F)-conjugacy class of minuscule `39`42`"613A``45`47`"603ASL3-homomorphisms
	3.3. A homomorphism `39`42`"613A``45`47`"603ASL3 `39`42`"613A``45`47`"603AG
	3.4. Objects associated to a torus in T+
	3.5. A formula for  on c`39`42`"613A``45`47`"603AT
	3.6. The c`39`42`"613A``45`47`"603AT, 0(F) partition n0(F)
	3.7. The generic isotropy subgroup
	3.8. The subsets `39`42`"613A``45`47`"603ATsr

	4. The setting and some structure theory over the ground field
	4.1. The setting
	4.2. Objects associated to a torus in T+
	4.3. The subsets sr , and the partition of n0(F) by the c`39`42`"613A``45`47`"603AT, 0(F)
	4.4. Some results for later use

	5. An integration formula for the unipotent radical `39`42`"613A``45`47`"603AN(F)
	5.1. The structure of c`39`42`"613A``45`47`"603AT, 0'.
	5.2. The set-up for the formula
	5.3. Constraints on measures
	5.4. The integral of a function on n(F)
	5.5. Expressing the integral in terms of objects associated to (F)
	5.6. Some more precise choices for measures
	5.7. The refined formal degree conjecture for `39`42`"613A``45`47`"603AResE/F `39`42`"613A``45`47`"603AGL2

	6. Preliminary simplifications and naive weight factors
	6.1. Preliminary simplifications
	6.2. Naive weight factors and preliminary estimates on them
	6.3. Some homogeneity results and estimates

	7. Change of weight factors and a first expression for the residue
	7.1. Families of weight factors and related objects
	7.2. Close weight factors and replacing wk(, m) by wk, asym(, m)
	7.3. Formula for the contributions from tori
	7.4. R`39`42`"613A``45`47`"603AT() and weighted orbital integrals, `39`42`"613A``45`47`"603AT split

	8. Supercuspidal characters and weighted orbital integrals of pseudocoefficients
	8.1. The setting for this section
	8.2. Character values and invariant weighted orbital integrals of pseudocoefficients
	8.3. Semisimple descent, Shalika germs and passage to singular semisimple orbital integrals
	8.4. Matrix coefficients and pseudocoefficients

	9. The residue formula and some simplifications
	9.1. A first expression for R()
	9.2. Preliminary simplifications involving the residue
	9.3. The choice of w0
	9.4. Some computations for later use

	10. Examples — the cases of G2 and D4 with nontrivial , and the case of B3 with trivial 
	10.1. Some structure theory when we are in a G2, B3 or D4 case
	10.2. Elements from T+ and T0+ that belong to a given isomorphism class
	10.3. Residue in terms of isomorphism classes of tori
	10.4. Applying Labesse-Langlands character identities in the case of nontrivial 
	10.5. The normalizations in the quasi-split case,  nontrivial
	10.6. Normalizing factors from the Galois side
	10.7. Residue formulas for G2 and D4 when  is nontrivial, and B3 when  is trivial
	10.8. Some formulas for -factors

	References

