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Abstract. We show that the automorphism group of the curve X(11) is the

Mathieu group M11, over a field of characteristic 3, containing a 11th root of
unity. As a consequence, we also exhibit a Galois covering of the affine line
over characteristic 3, with Galois group the Mathieu group M11.

1. The automorphism group of the modular curve X(p), for a prime p ≥ 7, over
a field of characteristic zero, is known to be the group PSL(2,Fp). However, over
a field k of characteristic 3, containing a 11th root of unity, it was shown by Adler
in ([A]), that a larger group acts as automorphisms on the curve X(11). Adler
exhibited an action of the Mathieu group M11, the smallest amongst the sporadic
simple groups, on the curve X(11), over k. Our aim is to show that over such
fields, Aut(X(11)) is precisely the group M11. Apart from using some properties of
M11, and the M11 action on X(11), our main tool is the Riemann-Hurwitz formula,
together with a result of Henn ([H]), classifying curves with large automorphism
groups. The main step is to show that the automorphism group leaves invariant the
singular fibres of the map from X(11) to the quotient of X(11) by the M11 action.

2. We recall some of the facts we need from ramification theory ([S]). Let k be an
algebraically closed field of characteristic p. Let X, Y be smooth projective curves
over k, respectively of genus g(X), g(Y ). Suppose f : X → Y is a branched Galois
cover of degree n, with Galois group G.

Let Q1, · · · , Ql be the branch points of f in Y . For i = 1, · · · , l, let ri denote
the number of closed points in the fiber f−1(Qi), and ei denote the exponent of
ramification of any closed point Pi lying above Qi. We have,

(1) |G| = n = riei, i = 1, · · · , l.

For a ramified point P on X, let G(P ) be the isotropy subgroup of G, fixing P . We
have the sequence of higher ramification groups of P ,

G(P ) = G0(P ) ⊃ G1(P ) ⊃ · · · ⊃ Gm(P ) = (1),

where G0(P ) is the inertia group at P . G1(P ) is the wild part of the inertia group at
P and is a p-Sylow subgroup of G0(P ). G0(P ) is the semi-direct product of a cyclic
subgroup H and G1(P ), and H maps isomorphically onto the tame ramification
group G0(P )/G1(P ). Further, for a point Pi lying above Qi, the ramification index
ei of Pi is |G0(P )|. We have the Hurwitz formula,

(2) Hurwitz formula : 2g(Y ) − 2 = (2g(X) − 2)|G| +
l∑

i=1

rie
′
i,
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where e′i is given by the following formula ([S, Proposition 4, p. 72]):

(3) e′i =
∑

j≥0

(|Gj(Pi)| − 1) = (ei − 1) + δi.

Here δi is defined by the above equation. δi > 0 iff the ramification is wild at Pi,
i.e., p|ei.

3. We refer to ([DR]), for details regarding the modular curves X(p). Let k be a
field of characteristic 3, containing a 11th root of unity ζ. Let Y (11) be the fine
moduli space parametrizing elliptic curves E over k, together with torsion points
P1 and P2 of order 11, which under the Weil pairing e(P1, P2), get mapped to ζ.
Let X(11) denote the compactification of Y (11). X(11) is a smooth, projective
curve over k. Morever it is possible to provide a moduli theoretic interpretation for
X(11), where the points at ‘∞’, the cusps, are represented by the Tate curve, with
level 11 structures.

The group PSL2(F11) of order 660, acts on X(11), as automorphisms of the level
structure. We have the j-morphism, j : X(11) → P1, which to a point of Y (11),
assigns the j-invariant of the associated elliptic curve, and assigns the point ∞ in
P1, to the cusps. The j-morphism is a PSL2(F11)-equivariant morphism, and the
corresponding extension of function fields, is a PSL2(F11)-Galois extension.

Since we are working over characteristic 3, the only elliptic curves upto isomor-
phim with extra automorphism, is the supersingular elliptic curve with j-invariant
0. The order of the automorphism group of this curve is 12. We have the following:

Lemma 1. The ramified points of j consists of the following two orbits under the
action of PSL2(F11):
i) the 60 cusps corresponding to the fiber over ∞, with ramification index 11.
ii) the 110 points on X(11), with ramification index 6, corresponding to the super-
singular elliptic curve. This is the fiber of j over 0.

4. The Mathieu group M11, for which we refer to ([Gr]), is the smallest of the
sporadic simple groups, having order 7920. PSL2(F11) is a subgroup of index 12
in M11. We assume now that we are given an action of the Mathieu group M11 on
X(11) over k, extending the action of PSL2(F11) on X(11). By Lüroth’s theorem,
the rational function field of genus 0, is then the invariant subfield of the function
field of X(11), with respect to the M11 action. Denote by J : X(11) → P1, the
corresponding M11-equivariant map.

Lemma 2. The ramified points of J consists of the following two orbits under the
action of M11:
i) the 110 points on X(11), with ramification index 72, corresponding to the super-
singular elliptic curve.
ii) the orbit of the cusps under M11, consisting of 720 points with ramification index
11.

Proof. We work over the algebraic closure of k. Suppose j−1(0) and j−1(∞), are
contained in a single M11 orbit. Then there are at least 170 points in a single fibre
of J , with ramification index divisible by 66. Since 170 × 66 > 7920, this is not
possible.
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Suppose then that M11j
−1(0) consists of j−1(0), together with a orbits under

PSL2(F11), each of cardinality 660. By (1), we must have,

(110 + 660a)6b = 7920,

where 6b is the ramification index of a point in the M11 orbit. i.e., we need to solve
(1 + 6a)b = 12. Hence a = 0 and b = 12. Since n = r∞e∞, we see that these
ramified points are defined over k, and this proves the first part of the lemma.

Similarly in order to prove ii), we need to solve for

(60 + 660c)11d = 7920,

in non-negative integers. i.e., solve for the equation (1 + 11c)d = 12. Here c is
the number of PSL2(F11) orbits of cardinality 660 each contained in J−1(∞), and
11d is the ramification index of J of point in this orbit. The possible solutions are
c = 0, d = 12 and c = 1, d = 1. If c = 0 and d = 12, then we have wild ramification
at the cusps. Substituting in the Hurwitz formula (2), we obtain,

50 = −2× 7920 + 60(132− 1 + δ∞) + 110(72− 1 + δ0) = 60(δ∞ − 1) + 110(δ0 − 1).

Since δ∞, δ0 ≥ 1, this is not possible. Hence c = 1, d = 1, and that proves ii). �

5. We recall the following result of Henn:

Theorem 3 (Henn). Let X be a smooth, projective curve of genus g over an
algebraically closed field k, of characteristic 3. Suppose |Aut(X)| ≥ 8g3, over k.
Then the function field K = k(X) = k(x, y) is one of the following:
i) xn + ym + 1 = 0, n − 1 a power of 3, m a divisor of n.
ii) x3 − x = y1+3n

, n > 1.

In case i), the genus of the curve is (m − 1)(n − 2)/2, and in case ii), the genus
of the curve is 3n. Since the genus of X(11) is 26, we see that X(11) cannot occur
in the above list. Hence we obtain the following:

Corollary 1. Let G be the automorphism group of X(11) over k. Then |G| <
8(26)3. In particular the index of M11 in G is at most 17.

6. We prove our main theorem, assuming Adler’s theorem, Theorem 6.

Theorem 4. Let k be a field of characteristic 3, containing a 11th root of unity.
Then Aut(X(11)) ≃ M11.

Proof. Let G = Aut(X(11)). By Adler’s theorem ([A]), we have an action of M11

on X(11) over k. We can assume that k is algebraically closed. By the corollary to
Henn’s theorem, we have |G/M11| ≤ 17. Let L denote the G-equivariant map from
X(11) to P1, obtained by taking the quotient of X(11) by the G-action. The main
step is the following lemma:

Lemma 5. G leaves stable both the M11 orbits J−1(0) and J−1(∞).

Proof of Lemma. We break the proof into the following two cases:
i) G fixes the set J−1(0): If not, GJ−1(0), contains either J−1(∞), or an orbit

of M11 containing 7920 elements. In the first case, we have at least 830 points in a
single orbit under G, with ramification index of L at least 11× 72, at these points.
Thus |G| ≥ 830× 11× 72 = 7920× 83, and this contradicts the bound provided by
Henn’s theorem. In the other case, we have at least 7920 points in a single G-orbit,
with ramification index at least 72, and this also contradicts the bound on |G|.
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ii) Suppose G does not leave stable the set J−1(∞). Then GJ−1(∞) can be ex-
pressed as the union of J−1(∞), together with a ≥ 1 fibres under M11 of cardinality
7920 each. Suppose that the ramification index of L at each of these points is 11b.
a and b have to satisfy the bound, (720+7920a)11b ≤ 7920× 17. This implies that
a = 1, b = 1, and the cardinality of G is 7920 × 12. Substituting into Hurwitz’s
formula, we obtain

50 = −2 × 7920 × 12 + (7920 + 720)10 + 110(72 × 12 − 1 + δ0).

This implies that δ0 = 80. The order of the 3-Sylow subgroup of G is 27. Hence by
the formula for wild ramification (3), we have

δ0 =
∑

i≥1

(|Gi| − 1) ≤ 36.

Hence, we can assume that G leaves stable both the M11 orbits J−1(0) and J−1(∞).
�

Let a be the index of M11 in G. Then 11a is the ramification index of L at a point
in J−1(∞). If 3|a, then these points have wild ramification, and that contradicts
the Hurwitz formula for L. Hence, we can assume that (3, a) = 1.

The ramification is then tame and the ramification group at such a point will
be a cyclic group H(11a) of order 11a. H(11a) will have unique subgroups H(m)
of order m|l. Let g(m) denote the genus of the field of invariants k((X(11))H(m),
s(m) ≥ 1 be the number of points fixed by H(m), and t(m) be the number of points
with isotropy group precisely H(m). Let p be a prime dividing the index a of M11

in G. We divide the proof into the following two cases:
a) p ≥ 5. The ramification at the ‘cusps’ is tame of order 11a. We take H(11p)

to be a subgroup of the tame ramification group at a cusp. We have on applying
the Hurwitz formula to H(11),

50 = (g(11) − 1)22 + s(11)10,

which implies that s(11) = 5. The subgroup H(p) leaves stable the set of fixed
points of H(11). Since we have assumed that H(11p) has at least one fixed point,
and p ≥ 5, we see that H(p) has to leave all the five points fixed pointwise. Hence
s(11p) = 5. Hurwitz formula applied to H(11p), gives us

50 = 22p(g(11p) − 1) + s(11p)(11p − 1) + t(11)10 + t(p)(p − 1).

We see that g(11p) = 0. Hence we have

50 + 22p = 5(11p − 1) + s(p)(p − 1).

This contradicts the fact that p ≥ 5. Hence we have reduced to the case, when the
index of M11 in G is a power of 2.

b) a a power of 2. Fixing a point over ∞, the tame ramification group at this
‘cuspidal point’ contains a group of the form H(22). Applying the Hurwitz formula
to H(22), we get

50 = 44(g(22) − 1) + 21s(22) + 10t(11) + t(2).

By above, H(11) leaves fixed a set of 5 points. H(2) acts on this set of 5 points.
By a parity argument, we see that the number of fixed points s(22) of H(22) is
odd. By the above equation, s(22) = 1 or 3. We have that s(11) = s(22) + t(11)
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and s(2) = s(22) + t(2). This yields respectively that t(2) = 33 or t(2) = 11, and
s(2) = 34 or s(2) = 14.

The remaining 715 points lying over ∞, break up into 65 orbits under the action
of H(11), and H(11) acts simply transitively in each orbit. H(2) commutes with
H(11). Since there are a odd number of simply transitive orbits under H(11), it
follows by a parity argument, that there has to be at least one orbit fixed by H(2),
of cardinality 11. Again by a parity argument, we see that H(2) has to fix each
element in this orbit. Morever H(2) belongs to the tame ramification groups at
these points, and hence commutes with the isotropy group of order 11 at these
various points.

Since there are at least 12 points fixed by H(2), and s(11) = 5, we see that H(2)
commutes with at least 2 different 11-Sylow subgroups in M11. We require crucially
the following fact from the classification of subgroups of M11 in ([Gr], [W])), that
the only subgroups of order divisible by 11, are: a) either a 11-Sylow subgroup or
a normalizer of a 11-Sylow subgroup of order 55. In this case there is precisely
only one subgroup of order 11. b) A conjugate of PSL(2,F11), of order 660. c)
the Mathieu group M11 itself. Thus we can assume, after conjugation if necessary,
that H(2) commutes with PSL(2,F11). It follows that the set of fixed points of
H(2) is stable under PSL(2,F11), and hence consists of at least 60 points. This
contradicts the fact that s(2) ≤ 34, and hence we see that a cannot be a power of
2. Hence we have proved that G ≃ M11, and the theorem is proved. �

Remark. An argument using double coset decompositions, which avoids the above
computations in b), was communicated to me by D. Prasad, and it is as follows:
Let C = G/M11 be the set of right cosets of M11 in G. M11 acts on C on the left.
By the corollary to Henn’s theorem, the isotropy groups can have order at most
17. From the subgroup structure of M11, it can be seen that the only subgroups of
M11 of index upto 17 are the groups M11, PSL2(F11) and the unique subgroup of
order 720 in M11. Correspondingly the index a of M11 in G can be either 1, 13 or
12. We can argue as above to conclude the theorem.

7. The map J : X(11) → P1, is ramified over only 0 and ∞, and the ramification
is tame of order 11 over 0. By using Abhyankar’s lemma ([G, Exposé 10, Lemma
3.6]) we can “remove” the tame ramification, by base changing to the cyclic cover
i : P1 → P1, ramified of order 11, over only 0 and ∞. Let t be the parameter
on the base P1. Since M11 is simple, the fields k(t1/11) and k(X(11)) are linearly

disjoint. Hence X ′ := X(11) ×J,i P1, is irreducible. Let X̃ be the normalisation of

X ′ in k(X ′), and J̃ : X̃ → P1, be the corresponding map to P1. We obtain as a
consequence of Abhyankar’s lemma the following,

Corollary 2. J̃ is ramified precisely over ∞ in P1. Hence X̃\J̃−1(∞), is a Galois
cover over A1, with Galois group M11.

It would be of interest to know the relationship of this example, with the equa-
tions given in ([ABS]), with Galois group M11.

8. For the sake of completeness, we recall Adler’s theorem ([A]).

Theorem 6 (Adler). Let k be a field of characteristic 3 containing a 11th root of
unity. Then the Mathieu group M11 acts faithfully on the modular curve X(11)
over k.
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Proof. We give a brief outline of the proof, and refer to ([A]) for details. First we
have the following result of Ward ([W]): let V be a vector space of dimension 5
over F3. Upto equivalence there is precisely only one symmetric trilinear form φ
on V , such that there is a non-zero element z of V such that φ(z, z, v) = 0, for all
v ∈ V , and with automorphism group M11.

The connection of Ward’s result with the curve X(11), arises from the description
given by Klein over C, and extended to arbitrary characteristics by Vélu ([V]) and
Adler ([A]), of the curve X(11) in terms of a cubic 3-fold. Consider the cubic form
f = x2

1x2 + x2
2x3 + x2

3x4 + x2
4x5 + x2

5x1, in five variables. The polarisation process,
associates to any element v ∈ k5, the polar quadric Q(f)v, which is the directional
derivative of f in the direction of v. The result of Klein, Vélu, and Adler, is that
the modular curve X(11), is precisely the locus of all points v ∈ P4, such that
rank(Q(f)v) = 3.

It can be checked that f determines φ upto cubes of linear polynomials. M11

acts as automorphisms of φ, and it can be checked that this gives a well defined
action on the polar of f . Hence we get an action of M11 on the modular curve
X(11). �
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