
AN ALGEBRAIC CHEBOTAREV DENSITY THEOREM

C. S. RAJAN

Abstract. We present here results on the distribution of Frobe-
nius conjugacy classes satisfying an algebraic condition associated
to a l-adic representation. We discuss applications of this algebraic
Chebotarev density theorem. The details will appear elsewhere.

1. Chebotarev density theorem

The classical Chebotarev density theorem provides a common gen-
eralisation of Dirichlet’s theorem on primes in arithmetic progression
and the prime number theorem. Let K be a number field, and let OK

be the ring of integers of K. Denote by ΣK the set of places of K.
For a nonarchimedean place v of K, let pv denote the corresponding
prime ideal of OK , and Nv the norm of v be the number of elements
of the finite field OK/pv. Suppose L is a finite Galois extension of K,
with Galois group G = G(L/K). Let S denote a finite subset of K,
containing the archimedean places together with the set of places of K,
which ramify in L. For each place v of K not in S, and a place w of L
lying over v, we have a canonical Frobenius element σw in G, defined
by the following property:

σw(x) ∼= xNv(mod pw).

The set {σw | w|v} form the Frobenius conjugacy class in G, which we
denote by σv. Let C be a conjugacy class in G. We recall the classical
Chebotarev density theorem [LO],

#{v ∈ ΣK−S | Nv < x, σv ∈ C} =
|C|

|G|
π(x)+o

(

x

log x

)

as x → ∞,

where for a positive real number x, π(x) = #{v ∈ ΣK | Nv < x},
denotes the number of primes of K whose norm is less than x.

The Chebotarev density theorem has proved to be indispensable in
studying the distribution of primes associated to arithmetic objects.
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Hence it is of interest to consider possible generalisations of the Cheb-
otarev density theorem, in the context of l-adic representations associ-
ated to motives, and also in the context of automorphic forms. Such a
generalisation is provided by the Sato-Tate conjecture.

2. Sato-Tate conjecture

Let GK denote the Galois group of K̄/K. Suppose ρ is a conti-
nous l−adic representation of GK into GLn(F ), where F is a non-
archimedean local field of residue characteristic l. Let L denote the
fixed field of K̄ by the kernel of ρ. Write L = ∪αLα, where Lα are finite
extensions of K. We will always assume that our l-adic representations
are unramified outside a finite set of primes S of K, i.e., each of the
extensions Lα is an unramified extension of K outside S. Let w be a
valuation on L extending a valuation v 6∈ S. The Frobenius elements at
the various finite layers for the valuation w|Lα

patch together to give
raise to the Frobenius element σw ∈ G(L/K), and a Frobenius conju-
gacy class σv ∈ G(L/K). Thus ρ(σw) (resp. ρ(σv)) is a well defined
element (resp. conjugacy class) in GLn(F ).

The analogue of the Chebotarev density theorem for the l-adic rep-
resentations attached to motives is given by the Sato-Tate conjeture
[Ser2, Conjecture 13.6]. Let G denote the smallest algbebraic subgroup
of GL(V ) containing the image of ρ(GK). G is also the Zariski closure
of ρ(GK) inside GLn. We assume that the l-adic representation satis-
fies the Weil estimates and is semisimple. G will then be a reductive
group. When ρ is a l-adic representation associated to a motive, there
should exist a homomorphism t from G to GL1, and let G1 denote the
kernel of t.

Fix an embedding of F into C. Let J be a maximal compact sub-
group of G1(C), and let J̃ denote the space of conjugacy classes in J.
On J̃ one can define the ‘Sato-Tate measure’ µ, which is the projec-
tion of the normalised Haar measure of J onto J̃ . Assume that ρ(σv)
are semisimple, and that there exists a positive integer i such that the

normalised conjugacy class ρ̃(σv) := (Nv)−i/2ρ(σv) considered as a con-
jugacy class in G1(C) intersects J . The latter assumption is equivalent
to the conjecture that the eigenvalues of ρ(σv) satisfy the Weil esti-
mates. If M is a subgroup of GL(V )(C), and C ⊂ M is a subset of M
stable under conjugation by M , then denote by

SC = {v 6∈ S | ρ(σv) ∩ C 6= φ}

and for a positive real number x > 1, denote by

πC(x) = #{v ∈ ΣK − S | Nv < x, ρ(σv) ∩ C 6= φ}.
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The Sato-Tate conjecture is the following:

Conjecture 1 (Sato-Tate). The conjugacy classes ρ̃(σv) ∈ J̃ are equidis-
tributed with respect to the measure µ on J̃ , i.e, given a measurable
subset C ⊂ J̃ , then the following holds:

πC(x) = µ(C)π(x) + o

(

x

log x

)

as x → ∞.

This conjecture is still far from being proved, and little is known
regarding the distribution of the Frobenius conjugacy classes for the l-
adic representations associated to motives. However when C is defined
by ‘algebraic conditions’, a simple, amenable expression for the density
of primes v with σv ∈ C can be obtained, which mirrors the classical
Chebotarev density theorem, and is particularly useful in applications.

3. An algebraic Chebotarev density theorem

In this section, we give a generalisation of the Chebotarev density
theorem to l-adic representations, provided the conjugacy class is al-
gebraically defined. Let M denote an algebraic subgroup of GLn such
that ρ(GK) ⊂ M(F ). Suppose X is an algebraic subscheme of M de-
fined over F , and stable under the adjoint action of M on itself. Let

C = X(F ) ∩ ρ(GK).

Let G0 be the identity component of G, and let Φ = G/G0, be the finite
group of connected components of H. For φ ∈ Φ, let Gφ denote the
corresponding connected component of G, ρ(GK)φ = ρ(GK) ∩ Gφ(F ),
and Cφ = C ∩Gφ. We have the following theorem which was proved in
[Ra1, Theorem 3], under the additional assumption that ρ is semisim-
ple.

Theorem 1. With notation as above, let Ψ = {φ ∈ Φ | Gφ ⊂ X}.
Then

πC(x) =
|Ψ|

|Φ|

x

log x
+ o

(

x

log x

)

, as x → ∞.

Hence the density of the set of primes v of K with ρ(σv) ∈ C is precisely
|Ψ|/|Φ|.

Remark. The heuristic for the theorem is as follows: We first observe
the following well known lemma [Ser3], which is a direct consequence
of the Chebotarev density theorem.
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Lemma 1. Suppose C is a closed analytic subset, stable under conju-
gation of G(L/K), of dimension strictly less than the dimension of the
analytic group ρ(GK). Then

#{v ∈ ΣK − S | Nv < x, σv ∈ C} = o

(

x

log x

)

as x → ∞.

Suppose C is a closed analytic subset such that the density of Frobe-
nius conjugacy classes ρ(σv) belonging to C is positive. It follows from
the lemma, that C must have at least one component of dimension the
same as the dimension of ρ(GK). In the algebraic context this would
then amount to counting the number of connected components. This
motivates the introduction of algebraic concepts.

Suppose now that ρ is semisimple. It follows that G is a reductive
algebraic group. Base changing to C, we see that that G(C), is a
complex, reductive Lie group. Let J be a maximal compact subgroup
of G(C). Since G(C) is reductive, we have G/G0 ≃ J/J0, where J0

denotes the identity component of K. Corresponding to an element
φ ∈ Φ, let Jφ denote the corresponding connected component of J . It
is well known that Jφ is Zariski dense in Gφ(C). Hence the following
theorem is a consequence of the above theorem, and can be thought of
as an algebraic analogue of the Sato-Tate conjecture. It is this form
that is crucially needed for the applications.

Theorem 2. Suppose that ρ is also a semisimple representation. With
notation as above,

πC(x) =
|{φ ∈ Φ | Jφ ⊂ X(C)}

|J/J0|

x

log x
+ o

(

x

log x

)

, as x → ∞.

4. Refinements of strong multiplicity one

We recall the notion of upper density. The upper density ud(P ) of
a set P of primes of K, is defined to be the ratio,

ud(P ) = limsupx→∞

#{v ∈ ΣK | Nv ≤ x, v ∈ P}

#{v ∈ ΣK | Nv ≤ x}
,

where Nv, the norm of v, is the cardinality of the finite set OK/pv,
OK is the ring of integers of K, and pv is the prime ideal of OK

corresponding to the finite place v of K. A set P of primes is said
to have a density d(P ), if the limit exists as x → ∞ of the ratio
#{v ∈ ΣK | Nv ≤ x, v ∈ P}/#{v ∈ ΣK | Nv ≤ x}, and is equal to
d(P ).

Suppose ρ1, ρ2 are l-adic representations of GK into GLr(F ). Con-
sider the following set:
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SM(ρ1, ρ2) := {v ∈ ΣK − S | Tr(ρ1(σv)) = Tr(ρ2(σv))}.

We will say two representations ρ1 and ρ2 have the strong multiplicity
one property if the upper density of SM(ρ1, ρ2) is positive. We answer
in the affirmative the following conjecture due to D. Ramakrishnan
([DR1]):

Theorem 3 ([Ra1]). If the upper density λ of SM(ρ1, ρ2) is strictly
greater than 1 − 1/2r2, then ρ1 ≃ ρ2.

The result was known for finite groups. There were examples con-
structed by J.-P. Serre ([DR1]), which showed that the above bound is
sharp. For unitary, cuspidal automorphic representations on GL2/K,
the corresponding result was established by D. Ramakrishnan ([DR2]).
The proof was based on the following result of Jacquet-Shalika: If π1

and π2 are unitary cuspidal automorphic representations on GLn, then
π1 ≃ π̄2, if and only if L(s, π1 × π2) has a pole at s = 1, where π̄2

denotes the contragredient of π2. In analogy, it was expected that the
obstruction to the proof of the above theorem, lies in the Tate con-
jectures on the analytical properties of L-functions attached to l-adic
cohomologies of algebraic varieties defined over K. However the the-
orem follows from Theorem 2 and the following well-known lemma on
representations of finite groups, and the corresponding generalisation
to compact groups.

Lemma 2. Let G be a finite group and let ρ1, ρ2 be inequivalent rep-
resentations of G into GL(n,C). Then

#{g ∈ G | Tr(ρ1(g)) = Tr(ρ1(g))} ≤ (1 − 1/2n2)|G|.

Theorem 3 is still not completely satisfactory, as it does not provide
any information on the relationship between ρ1 and ρ2 possessing the
strong multiplicity one property. One of the motivating questions for
us was the following: suppose ρ1 and ρ2 are ‘general’ representations of
GK into GL2(F ), possessing the strong multiplicity one property. Does
there exist a Dirichlet character χ such that ρ2 ≃ ρ1 ⊗ χ? It is this
stronger question that provides us with a clue to the solution of this
problem (see the foregoing remark after Theorem 1). The following
result can be considered as a qualitative version of strong multiplicity
one and provides a vast strengthening of Theorem 1 in general.

Theorem 4 ([Ra1]). Suppose that the Zariski closure H1 of the image
ρ1(GK) in GLr is a connected, algebraic group. If the upper density of
SM(ρ1, ρ2) is positive, then the following hold:

a) There is a finite Galois extension L of K, such that ρ1 |GL
≃ ρ2 |GL

.
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b) The connected component H0

2
of the Zariski closure of the image

ρ2(GK) in GLr is conjugate to H1. In particular, H0

2
≃ H1.

c) Assume in addition that ρ1 is absolutely irreducible. Then there
is a Dirichlet character, i.e., a character χ of Gal(L/K) into GL1(F )
of finite order, such that ρ2 ≃ ρ1 ⊗ χ.

Hence in the ‘general case’, the strong multiplicity one property indi-
cates that the representations are Dirichlet twists of each other, and the
set of primes for which Tr(ρ1(σv)) = Tr(ρ2(σv)), is not some arbitrary
set of primes, but are precisely the primes which split in some cyclic
extension of K. Morever, for any pair of representations satisfying the
strong muliplicity one property, the above theorem indicates, that the
set of primes for which Tr(ρ1(σv)) = Tr(ρ2(σv)), has a ‘finite’ Galois
theoretical interpretation.

5. Applications to modular forms

Let N, k be positive integers, and ǫ : (Z/NZ)∗ → C, be a character
mod N , satisfying ǫ(−1) = (−1)k. Denote by S(N, k, ǫ) the space of
cusp forms on Γ0(N) of weight k, and Nebentypus character ǫ. Given
f ∈ S(N, k, ǫ), we can write f(z) =

∑

∞

n=0
an(f)e2πinz, Im(z) > 0,

where an(f) is the nth Fourier coefficient of f . Denote by S(N, k, ǫ)0 the
set of cuspidal eigenforms for the Hecke operators Tp, (p,N) = 1, with
eigenvalue ap(f). We will define two such forms fi ∈ S(Ni, ki, ǫi), i =
1, 2, to be equivalent, denoted by f1 ∼ f2, if ap(f1) = ap(f2) for almost
all primes p. Given any cuspidal eigenform f as above, it follows from
the decomposition of S(N, k, ǫ) into old and new subspaces and by the
mulitplicity one theorem, that there exists a unique new form equiva-
lent to f . By a twist of f by a Dirichlet character χ, we mean the form
represented by

∑

∞

n=0
χ(n)an(f)e2πinz.

We recall the notion of CM forms ([Rib]). f is said to be a CM form,
if f is a cusp form of weight k ≥ 2, and the Fourier coefficients ap(f)
vanish for all primes p inert in some quadratic extension of Q.

Theorem 5 ([Ra1]). Suppose fi ∈ S(Ni, ki, ǫi)
0, i = 1, 2, and f1 is

a non CM cusp form of weight k1 ≥ 2. Suppose that the set {p ∈
ΣQ, (p,N1N2) = 1 | ap(f1) = ap(f2)} has positive upper density. Then
there exists a Dirichlet character χ of Q, such that f2 ∼ f1 ⊗ χ. In
particular, f2 is also a non CM cusp form of weight k2 = k1. Hence
apart from finitely many primes, the set of primes at which the Hecke
eigenvalues of f1 and f2 agree, is the set of primes which split in a
cyclic extension of Q.
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We now give an extension of a theorem of D. Ramakrishnan on recov-
ering modular forms from knowing the squares of the Hecke eigenvalues
[DR3]. We will just give the application to modular forms and not give
the general l-adic statement generalising Theorem 4.

Theorem 6. Let f1, f2 be cuspidal eigenforms in S(N, k, ǫ)0, k ≥ 2.
Fix a positive integer m.

a) Suppose that ap(f1)
m = ap(f2)

m on a set of primes of density
at least 1 − 1/2(m + 1)2. Then there exists a Dirichlet character χ of
order m, such that f2 ∼ f1 ⊗ χ.

b) Suppose f1 is a non CM cusp form. If ap(f1)
m = ap(f2)

m on a set
of primes of positive density, then there exists a Dirichlet character χ
of order m, such that f2 ∼ f1 ⊗ χ.

6. On a conjecture of Serre

In this section we discuss a conjecture of Serre [Ser2, Conjecture 12.9]
regarding the distribution of maximal Frobenius tori, in the context of
cohomology of smooth projective varieties. Let X be a nonsingular
complete variety over a global field K. Fix a non-negative integer i,
and a rational prime l. There is a natural, continuous representation
ρ of GK on the l-adic étale cohomology groups V := H i(X ×K K̄,Ql).
ρ is unramified outside a finite set of finite places S of K. We assume
that S contains the primes v of K lying over the rational prime l. For
a prime v 6∈ S, and w a valuation of K̄ extending v, we have a well
defined Frobenius element σw in the image group ρ(GK).

The concept of ‘Frobenius’ subgroups was introduced by Serre, in
relation to his work on the image of the Galois group for the l-adic
representations associated to abelian varieties defined over global fields.
For an unramified prime v 6∈ S and w|v, denote by Hw the smallest
algebraic subgroup of G containing the semisimple part of the element
σw. Denote by Tw the connected component of Hw. Hw and Tw are
diagonalisable groups, being generated by semisimple elements. Since
the elements σw are conjugate inside ρ(GK), as w runs over the places
of K̄ extending v, the groups Hw and Tw are conjugate in G. Thus the
connectedness of Hw, or the property of being a maximal torus inside
G depends only on v, and not on the choice of w|v.

It is expected that the elements σw are semisimple [Ser2, Question
12.4]. Granting this conjecture, Hw is then the smallest algebraic sub-
group of G containing σw. In case ρ is assumed to be semisimple, we
have the following:
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Proposition 1. Suppose that ρ is semisimple. There exists a set of
places of density 1 of K at which the corresponding Frobenius conjugacy
class consists of semisimple elements.

In general, it is not even clear that there is even a single prime v at
which Hw is a maximal torus for w|v, nor that the density of the set of
such primes is defined. Our theorem is the following result, conjectured
by J.-P. Serre in the context of motives [Ser2, Conjecture 12.9].

Theorem 7. a) The set of primes v 6∈ S of K, at which the correspond-
ing Frobenius subgroup Hw is a maximal torus inside G, has density
1/|G : G0|.

b) The density of connected Frobenius subgroups Hw, is also 1/|G :
G0|.

In particular the theorem implies that G is connected if the set of
primes v at which the corresponding Frobenius subgroup Hw is a max-
imal torus is of density 1. We now apply the above theorem to the
l-adic representations arising from abelian varieties. First let us define
the following notion for abelian varieties defined over Fp.

Definition 1. Let A be an abelian variety defined over Fp. A is said
to be endomorphism ordinary if the following holds:

EndFp
(A)0 := EndFp

(A) ⊗ Q = EndF̄p
(A × F̄p) ⊗ Q.

We recall the notion of ordinarity for abelian varieties. An abelian
variety A of dimension g, defined over a perfect field k of positive
characteristic p is said to be ordinary, if the group of p-torsion points
A[p] over an algebraic closure k̄ of k is isomorphic to (Z/pZ)g. In other
words the p-rank of A is the maximum possible and is equal to g. It is
known that if A is a simple abelian variety over F̄p defined over Fp and
if A is ordinary, then it is endomorphism ordinary [Wa]. Our theorem
is the following:

Theorem 8. Let A be an abelian variety defined over a number field
K. Let cA denote the number of connected components of the algebraic
envelope of the image of the Galois group acting on H1(Ā,Ql), for
some prime l. Then there is a set T of primes of K of degree 1 over
Q and of density at least 1/cA, such that for all p ∈ T , the reduction
mod p of A is endomorphism ordinary.

It is a conjecture of Serre and Oort, that given an abelian variety
A over a number field K, there is a set of primes of density one in
some finite extension L of K, such that the base change of A to L
has ordinary reduction at these primes. We would like to refine the
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conjecture to assert that in fact the set of primes of K at which A has
ordinary reduction is of density 1/cA. The above theorem seems to be
a step towards a proof of this conjecture. Notice one consequence of
the theorem: by a theorem of Tate characterising the endomorphism
algebras of supersingular varieties [Ta1], it follows that the set of primes
at which A has supersingular reduction is of density at most 1− 1/cA.
In particular if the Zariski closure of the image of the Galois group
is connected, then the set of primes of supersingular reduction is of
density 0.

If the conjectures of Tate are assumed for motives defined over finite
fields, then results similar to the classification of the endomorphism
algebras of abelian varieties over finite fields has been obtained for
motives defined over finite fields [Mi]. It seems plausible that the above
methods can be applied to establish a conditional result for general
motives also.

7. Analytical aspects

We will discuss now some of the analytical analogues of the re-
sults stated above. These results, especially the qualitative form of
the strong multiplicity one for GL(1), were the main motivations for
the algebraic theory discussed above. We now state a theorem, which
can be considered as a qualitative form of the strong multiplicity one
theorem for GL(1), and is essentially due to Hecke.

Theorem 9. Let θ1 and θ2 be two idele class quasi-characters on a
number field K. Suppose that the set of primes v of K for which θ1,v =
θ2,v is of positive upper density. Then θ1 = χθ2 for some Dirichlet
character χ on K. In particular the set of primes at which the local
components of θ1 and θ2 coincide has a density.

Let K be a global field, and AK denote the ring of adeles of K. Sup-
pose π1 and π2 are automorphic representations of GLn(AK). Define

SM(π1, π2) = {v ∈ MK | π1,v ≃ π2,v},

where MK denotes the set of places of K, and π1,v (resp. π2,v) de-
notes the local components of π1 (resp. π2) at the place v of K. If
the complement of SM(π1, π2) is finite and π1, π2 are unitary cuspidal
automorphic representations, then it is known by the strong multiplic-
ity one theorem of Jacquet, Piatetski-Shapiro and Shalika [JS], [JPSh],
that π1 ≃ π2. In [DR2, page 442] D. Ramakrishnan considered the
case when the complement in MK of SM(π1, π2) is no longer finite,
and made the following conjecture:
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Conjecture 2 (D. Ramakrishnan). Let π1, π2 are unitary cuspidal
automorphic representations of GLn(AK). Let T be a set of places
of K of Dirichlet density strictly less than 1/2n2. Suppose that for
v 6∈ T, π1,v ≃ π2,v. Then π1 ≃ π2.

In ([DR1]), D. Ramakrishnan showed that the conjecture is true
when n = 2. In analogy with GL1 and motivated by the analogous The-
orem 4 for l-adic representations, we conjecture the following, which
clarifies the structural aspects of strong multiplicity one, and is stronger
than Conjecture 2. We refer to [La, page 210] for the following notions.
Let H be a reductive group over K. Let L denote the conjectural Lang-
lands group possessing the property that to an ‘admissible’ homomor-
phism φ of L into Langlands dual LH of H, there is ‘associated’ a finite
equivalence class of automorphic representations of H(AK) and con-
versely. This association is such that at all but finitely many places v of
K, the local parameter φv, which can be considered as a representation
of the local Deligne-Weil group W (Kv) into LH, should correspond via
the conjectural local Langlands correspondence to the local component
πv of π, where π is an element of this class.

Suppose π is an isobaric automorphic representation of GLn(AK)
such that the local components πv are tempered. The image H(π) :=
φπ(L) will be a reductive subgroup of GLn(C). Consider now two irre-
ducible automorphic representations π1 and π2 of GLn(AK), such that
the local components are tempered. In analogy with Theorem 4, we
can make the following conjecture:

Conjecture 3. a) Suppose that the connected components of H(π1)
and H(π2) are not conjugate inside GLn(C). Then SM(π1, π2) is of
density zero.

b) Suppose that H(π1) is connected and acts irreducibly on the nat-
ural representation Cn. Suppose that SM(π1, π2) has positive upper
density. Then there exists an idele class character χ of finite order
such that for all but finitely many places v of K, π2,v ≃ (π1 ⊗ χ)v.

In particular for GL2, the above conjecture says the following: sup-
pose π1 is a cuspidal non-dihedral automorphic representation and π2 is
not a cuspidal non-dihedral automorphic representation of GL2(AK).
Then SM(π1, π2) is of density zero. Morever suppose π1, π2 are irre-
ducible, cuspidal, non-dihedral representations of GL2(AK) such that
the local components of π1 and π2 coincide for a positive density of
places of K. Then there exists a Dirichlet character χ of K, such that
π2 ≃ π1 ⊗ χ.
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The methods of [Ra2], prove that the above conjectures imply Ra-
makrishnan’s conjecture. We give now a result, the proof of which mim-
ics the proof for the corresponding statement for finite groups Lemma
2, but using deep facts from analytic number theory. This result was
independently observed by D. Ramakrishnan. Let us say that an au-
tomorphic representation π of GLn(AK) satisfies the weak Ramanujan
conjecture [DR4], if for v 6∈ S, we have

Weak Ramanujan conjecture: |av(π)| ≤ n ∀v 6∈ S.

Here we have assumed that for v 6∈ S, the local component πv is an
unramified shperical representation of GLn(Kv), and by av(π) we mean
the trace of the corresponding paremeter matrix belonging to GL(n,C).
It had been shown in [DR4], that for a cuspidal automorphic represen-
tation on GLn(AK), there is a set of places of density at least 1− 1/n2

where the weak Ramanujan conjecture is satisfied.

Theorem 10 ([Ra2]). Suppose π1 and π2 are irreducible, unitary, cus-
pidal automorphic representations of GLn(AK), unramified outside a
finite set of places S of K and satisfy the weak Ramanujan conjecture.
Then Conjecture 2 is true.
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