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Abstract. We present a method showing that the conjectural
Langlands functorial correspondence can be reduced to the ‘semistable’
case, assuming the existence of cyclic base change and descent.
This generalizes and places in an abstract context a method orig-
inally due to Blasius and Ramakrishnan, and used by several au-
thors since then. We also indicate, in the context of this method,
how to obtain an uniqueness property or strong functoriality at the
level of L-functions valid at all places, from a weak functoriality
valid at almost all places of the global field.

1. The Langlands programme

Let F be a global field with ring of adeles AF . Let G be a connected,
reductive algebraic group over F . Let L2(G(F )\G(AF )) be the space of
square integrable functions on the quotient space G(F )\G(AF ), with
respect to the projection of the invariant Haar measure on G(AF ).
An irreducible, unitary representation π of G(AF ) is automorphic if it
occurs in the decomoposition of the space L2(G(F )\G(AF )).

Let GF and WF denote respectively the absolute Galois group and
the Weil group of F . The dual reductive group Ĝ of G is defined as the
reductive group over the complex numbers, such that the root daturm
associated to Ĝ is the dual of the root datum associated to the reductive
group G over an algebraic closure of F . Denote by LG the Langlands
dual group of G defined over the complex numbers [Bo]. The group LG
is a semidirect product of the absolute Galois group GF (or the Weil

group WF ) of F, and the dual reductive group Ĝ. Suppose H and G
are connected, reductive algebraic groups defined over F . Suppose G
is quasi-split, and we have a morphism

φ : LH → LG
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of the Langlands dual groups LH and LG defined over the complex num-
bers. The conjectures of Langlands predict a partition of the collection
of automorphic representations into disjoint sets (called packets or L-
packets), and the existence of a functorial transfer from the collection
of L-packets of automorphic representations A(H) on H to the col-
lection of L-packets of automorphic representations A(G) on G ([Bo],
[BRo]), satisfying further properties.

The global correspondence is required to be compatible with the
local correspondences at the unramified places. A representation π of
H(AF ) can be written as a restricted tensor product indexed by all the
places ΣF of F , of irreducible, admissible representations πv (the local
component of π at v) of the group H(Fv),

π = ‘ ⊗′

ΣF
πv,

such that for almost all places v of F , the local component πv of π is an
unramified representation of H(Fv). Given an automorphic represen-
tation π of H(AF ), let Π be the corresponding lift to an automorphic
representation of G(AF ). Let v be a place of F at which the local
components πv and Πv are unramified. The required compatiblity is
that

φ(S(πv)) = S(Πv),

where for an unramified representation η of an unramified, reductive
group H over a local field F , S(η) denotes the Satake parameter lying
in the dual group LH [Bo].

More generally, if F is non-archimedean, let W ′

F = WF ×SU2(R) be
the Weil-Deligne group attached to F (for F archimedean, let W ′

F =
WF ). Let Φ(G) denote the set of equivalence classes of L-parameters,

θ : W ′

F → LG,

satisfying the following properties:

• composition with the projection LG → GF is the natural map
occuring in the definition of Weil groups.

• for every w ∈WF , θ(w) is semisimple .

The equivalence relation is taken with respect to the conjugacy action
of Ĝ on LG. Let Π(G) denote the collection of irreducible, admissible,
representations of G(F ). Then the local Langlands conjecture predicts
a natural bijection between Φ(G) and certain packets of representations
in Π(G), such that the unramified parameters correspond in a natural
way to the unramified (packets) of representations.
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The global correspondence can be more conveniently understood by
assuming the existence of the conjectural Langlands group LF pos-
sessing the property that the admissible representations of LF to LG
parametrize packets of automorphic representations of G(AF ). The
complex points of the Langlands group can be considered as general-
ized Galois groups and are extensions of the Weil group WF . For each
finite extension K/F , there exists a morphism LK → LF , possibly
satisfying some of the compatibility conditions for the Weil group as
given in [T]. For each place v of F , there should exist an embedding
of the ‘local Langlands group’, namely the Weil group WFv

of the local
field Fv into LF , well defined upto inner conjugation. This allows the
definition of the local parameters associated at all places of F , to a
global parameter. The global parametrization is then required to be
compatible with the local parametrization at all places.

An example of functoriality is obtained upon specialising H to be
the group consisting of a single element, and G to be GLn over F . The
required functoriality, known as the strong Artin conjecture, is the
problem of attaching an automorphic representation π(ρ) of GLn(AF )
to a linear representation ρ of GF :→ GLn(C). When n = 1, this
correspondence is given by the Artin reciprocity law. The compatiblity
with the local correspondences at all places translates into

L(s, ρ) = L(s, π(ρ)),

where the L-function on the left side of the above equation is the
L-function defined by Artin for a Galois representation [T], and the
L-function on the right side is the one attached to an automorphic rep-
resentation of GLn(AF ) by the method of Tate-Godement-Jacquet [J].
In particular, the strong Artin conjecture implies the Artin conjecture
that the functions L(s, ρ) are entire, provided ρ does not contain the
trivial representation.

The purpose of this paper is to enunciate a principle, which has
been used in different contexts before (see [R],[R1], [HT]). To state the
principle we need the concept of base change.

Let K/F be a Galois extension of global or local fields. Let H be a
connected, reductive algebraic group over F (assumed to be split for the
sake of convenience). Let G = RK/F (H) be the algebraic group defined
over F by the Weil restriction of scalars from K to F of the group
H considered as an algebraic group over K. At the level of L-groups,
there is a diagonal embedding φK/F : LH → LG. The corresponding
lifting, known as base change, gives a map BCK/F from packets of
automorphic representations of H(AF ) to H(AK) if F is global, and
if F is local the base change map sends L-packets of representations
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of H(F ) to H(K). At the level of Langlands parameters, it amounts
to restricting a parameter of LF to the group LK . When K/F is a
cyclic extension of number fields (and of their localizations) of prime
degree and H = GL(n), the existence and properties of base change,
in particular the descent criterion that invariant cuspidal automorphic
representations lie in the image of base change, were established by
Langlands [L] forGL(2), and by Arthur and Clozel forGL(n) in general
[AC].

Let F be a local field and let H be a connected split, reductive alge-
braic group over F . Let NF be a collection of irreducible, admissible
representations of H(E), where E runs over the finite extension of F
called as nice representations. We assume that the collection of nice
representations satisfy the following two properties:

• if π is an unramified representations of H(E) (i.e., there exists
a hyperspecial maximal compact subgroup K of H(E), and
the space of invariants of π with respect to K is non-zero),
then π is nice. More generally, representations corresponding
to semistable parameters (see next section) is nice.

• the base change (if it is defined) of a nice representation is nice.

We call a representation π of H(F ) to be potentially nice, if there
exists a finite extension E of F , such that BCE/F (π) is defined and is
nice. The primary examples we have in mind of nice representations
are the semistable l-adic representations (see next section), and the
irreducible admissible representations they parametrize.

The second property that we require from the theory of base change
is the descent property for invariant representations with respect to a
cyclic group of automorphisms of prime order of the base field, and
the description of the fibres of the base change. Let H be a connected,
split reductive group over F , and let E/F be a cyclic extension of prime
degree. We assume that there is an action of the Galois group G(E/F )
of E/F on the collection of automorphic L-packets of H(AE). Define
an automorphic L-packet of H(AE) to be invariant, if it is left fixed
with respect to the action of the Galois group G(E/F ).

Let B be a collection of automorphic L-packets of the groups H(AE),
as E ranges over the finite extensions of F . We now consider the
following two hypothesis based on the classical theory of cyclic base
change for GL(n):

Hypothesis 1 (Property D). A collection of automorphic packets B
satisfies the descent property of cyclic base change, if for any finite
extension L/E of prime degree containing F , any G(L/E) invariant
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automorphic L-packet of H(AL) in B is the base change of an auto-
morphic L-packet of H(AE) belonging to B.

We also need to have some control over the fibres of base change.
For the sake of simplicity, we assume that H is equipped with a ho-
momorphism ν : H → Gm defined over F , such that the kernel of ν
is semisimple. By means of this homomorphism, we can twist an au-
tomorphic representations of H(AF ) by a Hecke character of F . The
property that we require of the fibres is the following:

Hypothesis 2 (Property F). If two L-packets of H(AE) in the col-
lection B, base change to the same L-packet of H(AL), then there are
two automorphic representations belonging to the individual L-packets
respectively, which are twists of each other by an idele class character
corresponding to the extension L/E via abelian class field theory.

The main principle we want to illustrate here is the following:

Principle. Let F be a global field and H, G be connected, split, reduc-
tive groups over F . Let

φF : LH → LG

be a morphism of the corresponding Langlands L-groups. Suppose there
is a collection A consisting of automorphic L-packets of H(AE) as E
varies over the finite extensions of F , closed with respect to taking
cyclic base change, and consisting of potentially locally nice packets.
Assume that there is a collection B consisting of automorphic L-packets
of G(AE), as E varies over the finite extensions of F , satisfying Hy-
pothesis D and F given above.

Assume that the Langlands transfer map corresponding to φ, compat-
ible with the local correspondences and Galois action, has been defined
on the subclass of all nice packets belonging to A.

Then the Langlands transfer corresponding to φ, can be defined for
all packets in A.

The method appears originally in Blasius and Ramakrishnan [BR].
It has been used in many different contexts since then, by Ramakrish-
nan in showing the automorphicity of Rankin-Selberg L-functions for
GL(2) × GL(2) [R], and in proving some cases of Artin’s conjecture
for Galois representations with solvable image in GO(4) [R1]. Harris
and Taylor have used it to extend Clozel’s results attaching Galois rep-
resentations to regular, self-dual automorphic forms on GL(n) [HT].
Thus it appears that the principle outlined above is a useful techni-
cal device to simplify the proof of the functoriality correspondences in
these instances.
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The principal motivation for this paper was to extend the geometric
correspondence of attaching a l-adic representation to cusp forms on
GL(n) over a function field of a curve over a finite field, provided the
cuspidal representation is unramified at all places. Such a geometric
correspondence has been established in the case n = 2 by Drinfeld,
and by Gaitsgory, Frenkel and Vilonen for n ≥ 3 [Lau1]. The results
outlined here indicate that it is indeed possible to obtain the corre-
spondence in general using these methods, provided the methods of
Gaitsgory, Frenkel and Vilonen can be extended to cover the semistable
case, and if the required properties of base change are established for
GL(n) over function fields. This will then provide a different and geo-
metric way of obtaining one half of the Langlands correspondence, than
the proof using converse theory and the principle of recurrence given
by Deligne and Piatetskii-Shapiro [Lau], which reduces the proof to
Lafforgue’s theorem attaching automorphic representations to l-adic
Galois representations.

Even in the proof given by Lafforgue, the principle of reduction to
the semistable case can be applied, and the proof reduced to the case
when the automorphic representation is semistable, provided cyclic
base change for GL(n) over function fields is available. The advantage
is that the compactification of the space of shtukas with multiplic-
ity free (reduced) level structure enjoys nice properties [Laf, Theorem
III.17], which are not available in general.

The principle indicates a more central role for cyclic base change in
the context of establishing reciprocity laws. Depending on the context,
it is possible that the principle has to be modified or refined for the
application in mind. The underlying reasons for the validity of the
priniciple, lies in the fact that the local Galois groups are solvable,
and that local extensions can be approximated by global extensions.
Using the Grunwald-Wang theorem, it is possible to produce an infinite
family of cylic extensions, over which the extent of ‘ramified behavior’
of the given representation comes down, and an induction argument
combined with the properties of base change, allows us to conclude the
theorem.

In Section 2, we illustrate this principle in the situation of attach-
ing automorphic representations to l-adic representations of GF , F a
number field. In the last section we discuss the transfer at the ram-
ified places, and present a method to go from weak to strong lifting
at the level of L-functions, in the context of the methods used in this
paper. Here our attempt is to clarify the use of different triple product
L-functions that appear in the proof of automorphicity of the Rankin-
Selberg convolution for GL(2) ×GL(2), given by Ramakrishnan [R].
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2. Reciprocity: reduction to the semistable case

2.1. Semistability. Choose a rational prime l, and let S be a finite
set of places of F containing the primes of F lying above l. Denote by
G(n, F ) the set of irreducible λ-adic Galois representations

ρ : GF → GLn(Q̄l),

of the absolute Galois group GF of an algebraic closure F̄ of F over F ,
unramified outside S.

For a place v of F , let ρv : Gv → GLn(Q̄l) be the local representation
at v associated to ρ, where Gv is the absolute Galois group of the
completion Fv of F at v. If v is a finite place of F , denote by Iv the
inertia subgroup of Gv.

Definition 1. Let v be a finite place of F , with residue characteristic
coprime to l. The local representation ρv is semistable at a place v of
F , if ρv|Iv

is unipotent. It is said to be potentially semistable at a place
v of F , if ρv|Iv

is quasi-unipotent, i.e., there is a subgroup I ′v of Iv of
finite index, such that ρv|I

′

v is unipotent.
The global representation ρ is (potentially) semistable, if at all finite

places v of F coprime to l, ρv is (potentially) semistable.

It was proved by Grothendieck that any λ-adic representation ρv

is potentially semistable. From the correspondence between λ-adic
representations of the local Galois group and representations of the
Weil-Deligne group of the local field as given in [T, Theorem 4.2.1], we
are led to give an analogous definition of semistability in the case of
representations of p-adic groups:

Definition 2. Let F be a non-archimedean local field and G be a
connected, reductive group defined over F .

(1) The group G is said to be unramified, if G is quasi-split and
splits over an unramified extension of F .

(2) A L-parameter φ : W ′

F → LG is semistable, if G is unramified
and if the image of the inertia group of F with respect to φ acts
trivially on Ĝ.

In other words, a parameter is semistable, if restricted to WF it is an
unramified parameter in the traditional sense. Since unramified rep-
resentations are semistable, for almost all places the local components
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of an automorphic representation are semistable. For GL(n) over lo-
cal fields, it follows from the work of Bernstein and Zelevenskii [BZ]
(see also Kazhdan and Lusztig [KL]), that the above notion of semista-
bility is equivalent to the representation having Iwahori fixed vectors.
It would be interesting to know a similar description of a semistable
representation for groups apart from GL(n), purely in representation
theoretic terms.

We note that it follows from Grothendieck’s theorem and the exis-
tence of a local Langlands correspondence, that given any representa-
tion π ∈ Π(G(F )) as above, there exists an extension K of F , such
that the base change to K of π is semistable.

2.2. Let F be a number field. Denote by A(n, F ) the set of irreducible
cuspidal, automorphic representations of GL(n,AF ). Fix an isomor-
phism of Q̄l with C. Let v be a finite place of F not in S. Denote by
ρ(σv) the corresponding Frobenius conjugacy class in GL(n,C).

Definition 3. An automorphic representation π ofGLn(AF ) is a (weak)
lifting of ρ, if at any unramified finite place v of ρ and π, and v not
dividing l, we have

ρ(σv) = S(πv),

where S(πv) is the conjugacy class in GL(n,C) defined by the Satake
parameter S(πv).

We illustrate the principle stated above by the following theorem. If
K is a finite extension of F , let ρK denote the restriction of ρ to GK .

Theorem 1. Let F be a number field, and let ρ : GF → GLn(Q̄l)
be an irreducible λ-adic representation of GF . Suppose for any finite,
solvable extension K of F , such that the restriction ρK is semistable,
there exists a cuspidal, automorphic representation π(ρK) of GL(n,AK)
which is a weak lift of ρK. Then there exists a cuspidal, automorphic
representation π(ρ) of GL(n,AF ), which is a weak lift of ρ.

Proof. The proof has three main ingredients. The first main ingredient
involved in the proof is the structure of the absolute Galois group of a
local field. The results that we need from the structure theory of local
Galois groups, are

• for any place v of a number field K, the local Galois group GKv

is pro-solvable.
• Grothendieck’s theorem. Any λ-adic representation is poten-

tially semistable.

Consider the collection of pairs S of the form (G, p), where G is
a solvable group, p is a prime number, and there exists a surjective



FUNCTORIALIY-REDUCTION TO THE SEMISTABLE CASE 9

homomorphism G → Z/pZ. Define the modulus of such a pair to be
(|G|, p), and the prime modulus to be p. Order these pairs by:

(G, p) ≤ (G′, p′) iff |G| ≤ |G′|

or |G| = |G′| and p ≤ p′.

Given a λ-adic representation ρ : GF → GLn(Q̄l), let S ′ denote the
set of finite places v of F , at which the local component ρv is not
semi-stable. For each place v ∈ S ′, choose a solvable extension Lv

of minimal degree over Fv and with Galois group Hv, such that the
restriction ρv|GLv

is semistable. Consider the collection of pairs Sρ

given by (Hv, p), such that there exists a surjective morphism from
Hv → Z/pZ. Define the ramification index R(ρ) of ρ to be the modulus
of a maximal element in Sρ (depends on the choice of Lv), and let T
be the set of places at which the maximum is attained.

The proof of the theorem is by induction on R(ρ), and we assume
that given a representation ρ, we have proved the theorem over all ex-
tensions K of F , such that R(ρK) < R(ρ).

The second main ingredient involved in the proof is the Grunwald-
Wang theorem [AT, Chapter XV]: given a finite set of characters

ηv : Gv → C∗,

of order nv at a finite set of places v ∈ T ′ of F , there exists an idele class
character χ of F , such that we have an equality of local components
for all v ∈ T ′:

χv = ηv.

Let m be least common multiple of the orders nv. Let s be the least
integer ≥ 2, such that ζ2s + ζ−1

2s ∈ F , but ζ2s+1 + ζ−1
2s+1 6∈ F , and let

a0 = (1 + ζ2s)m.

In general, χ can be chosen to have period 2m, but the period can be
made equal to m, provided when F is special, the following auxiliary
condition (see [AT, Theorem 5, Chapter 10]) holds:

∏

v∈T ′

ηv(a0) = 1.

In our situation, if we assume further that either ηv is trivial, or it is of
order p for a fixed prime p at all the places v ∈ T ′, then we can arrange
for χ to have order p, by adding an extra fixed finite place v0 to the
collection T ′, and choosing an appropriate character at v0, such that
in the special case appearing in the hypothesis of the Grunwald-Wang
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theorem, the above extra condition needed for χ to have order p is
satisfied.

We need a preliminary lemma before applying the Grunwald-Wang
theorem:

Lemma 1. Let ρ : GF → GLn(Q̄l) be an irreducible λ-adic rep-
resentation of GF . Then there exists only finitely many characters
χ : GF → Q̄∗

l , such that
ρ ≃ ρ⊗ χ.

Proof. The ramification of χ is bounded by the ramification of ρ, and
on comparing determinants, we find that χ is of order dividing n. The
lemma follows from the theorem of Hermite-Minkowski. �

We now apply the Grunwald-Wang theorem, and construct charac-
ters depending on an auxiliary prime w not belonging to T . Let T
be the set of places of F , where the ramification index of ρ attains its
maximum. For each v ∈ T , choose a character ηv of order p, where p is
the prime modulus and such that the kernel of ηv is a Galois extension
of Fv contained in the chosen extension Lv. Choose, and fix a place v0

of F not in T (if needed), and a character ηv0
, such that in the special

case the extra condition needed in the Grunwald-Wang theorem for the
global character to have order exactly the least common multiple of the
local orders, is satisfied (see [AT, Theorem 5, Chapter 10]). Finally,
let K ′ be the compositum of the finitely many cyclic extensions of F
defined by the kernels of the characters satisfying the hypothesis of the
above lemma. Choose a prime w0 6= v0 of F which is inert in K ′, and
let

ηw0
= 1.

This has the consequence that the fields we construct will be disjoint
from K ′. Let w be a prime of F distinct from the primes belonging to T
and from v0 and w0, and let ηw = 1. Let T (w) = T ∪{w0}∪{w}∪{v0}.
By the Grunwald-Wang theorem, we obtain an idele class character χw,
such that the local components at v ∈ T (w) satisfy,

χw
v = ηv.

Denote by Kw the corresponding cyclic extension of F defined by the
kernel of χw. By construction, Kw satisfies the following properties:

• Kw is of degree p over F , where p is a prime.
• Kw is completely split over F at the primes w0 and w. In

particular, Kw is disjoint from K ′.
• the ramification index R(ρKw

) is less than R(ρ).



FUNCTORIALIY-REDUCTION TO THE SEMISTABLE CASE 11

The third main ingredient involved in the proof is the theory of base
change, due to Langlands for n = 2, and by Arthur and Clozel for
general n ([L], [AC]). Let K/F be a cyclic extension of prime de-
gree with Galois group G(K/F ). An automorphic representation Π
of GL(n,AK) is invariant with respect to G(K/F ), if Πσ ≃ Π, for
any σ ∈ G(K/F ). Let Π be a cuspidal, automorphic invariant rep-
resentation of GL(n,AK). Then there exists a cuspidal, automorphic
representation π of GL(n,AF ), which base changes to Π. Further if π1

and π2 are two such representations which base change to Π, then

π1 ≃ π2 ⊗ ψ,

where ψ is an idele class character of F , corresponding via class field
theory to a character of GF → C∗, whose kernel contains GK . As a
consequence of the descent criterion, we have

Lemma 2. Let m ≥ 2. Suppose K1, · · · , Km are cyclic, linearly dis-
joint extensions of F of prime degree (not necessarily of the same prime
degree). For i = 1, · · · ,m, let πi be a cuspidal, automorphic representa-
tions of GL(n,AKi

), invariant with respect to the actions of G(Ki/F ).
Assume further that for any pair of integers 1 ≤ i, j ≤ m, the base
change πij of πi and πj to the compositum GL(n,AKiKj

) are isomorphic
and remain cuspidal. Then there exists a unique, cuspidal automorphic
representation π of GL(n,AF ), which base changes to πi for 1 ≤ i ≤ m.

Proof. We first prove the lemma when m = 2. By hypothesis, let
π′

1, · · · , π
′

l be the distinct cuspidal automorphic representations ofGL(n,AF ),
which base changes to π1, where l = [K1 : F ]. Now, for any pair of
indices 1 ≤ i, j ≤ l,

π′

i ≃ π′

j ⊗ χ,

where χ is an idele class character on F , corresponding to the extension
K1/F . Since K2 is linearly disjoint with K1 over F , these characters
remain distinct upon base changing to K2. Since the base change to
the compositum K1K2 remains cuspidal, the base change Π′

i to K2 of
the representations π′

i remain distinct [AC]. By hypothesis, the base
change of Π′

i and π2 to the compositum K1K2 are isomorphic. Since
there are exactly [K1K2 : K2] = l such representations of GL(n,AK2

),
there is precisely one index j such that Π′

j ≃ π2, and that gives us the
lemma when m = 2.

Now we consider the general case. The descent π12 living on F ,
upon base changing to a field Kl different from K1 and K2, satifies
the property that upon further base changing to the fields K1Kl and
K2Kl becomes isomorphic to π1l and π2l respectively. Hence by the
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uniqueness proved above for two components, the base change of π12

to Kl is isomorphic to πl, and we have the lemma. �

We proceed to the proof of the Theorem. Now, ρw := ρKw

is a λ-adic
representation of GKw , with ramification index less than that of ρ. By
induction hypothesis, we have a cuspidal, automorphic representations
πw of GL(n,AKw), which is a (weak) lifting of ρw. By strong multiplic-
ity one, πw is invariant with respect to the action of G(Kw/F ), since
ρw is invariant. The compositum of the extensions Kw for any finite
set of places w is solvable, and hence by the hypothesis of the theorem,
the base change of πw to any of these composition of fields remains
cuspidal.

Hence by the lemma proved above, we have a unique cuspidal, auto-
morphic representation π of GL(n,AF ), which base changes to πw for
each w. By the inductive hypothesis, the local components of πw and
ρw at an unramified prime of Kw lying above w agree. But w splits
completely in Kw, and thus these local components are isomorphic re-
spectively to the local components of ρ and π at the place w. Hence
at any place w of F , not belonging to T ∪ {v0} and where ρw and πw

are unramified, we obtain that the Frobenius conjugacy class defined
by ρw is equal to the Satake parameter associated to πw. By choosing
a different v0, and appealing to strong multiplicity one, we obtain the
compatiblity of the lift at v0 too, and that proves the theorem. �

Remark 1. The above theorem can be used in the reverse direction
too. It allows the passage from knowing how to attach Galois rep-
resentations to ‘semistable, cuspidal, automorphic representations’ to
attaching Galois representation to any cuspidal, automorphic repre-
sentation. For this, one has to know that locally the automorphic
representations are potentially semistable, either via the local Lang-
lands correspondence or using the notion that a representation being
semistable amounts to the representation having non-zero Iwahori fixed
vectors. For GL(n) over local fields, this is compatible with the def-
inition by parametrizations of the Weil-Deligne group to the L-group
[BZ], and in general we have the results of Kazhdan and Lusztig [KL]
establishing the Deligne-Langlands conjecture.

2.3. Function fields. Let F be a global field of positive characteristic.
The Langlands correspondence for GL(2) was established by Drinfeld.
In [Laf], Lafforgue has established the Langlands conjecture for GL(n)
over F , giving a canonical bijection between the collection of cusp-
idal, automorphic representations of GLn(AF ), and the collection of
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irreducible λ-adic representations of GF → GLn(Q̄l) unramified out-
side a finite set of places of F , compatible with the local Langlands
correspondence at all places v of F . The method of Lafforgue is to
attach a Galois representation ρ(π) to any cuspidal automorphic rep-
resentation π ∈ A(n, F ). The reverse map ρ 7→ π(ρ), is the ‘principle
of recurrence’, due to Deligne, Laumon and Piatetskii-Shapiro. This
is given by appealing to the converse theorems proved by Cogdell and
Piatetskii-Shapiro, and a theorem of Grothendieck that the L-functions
attached to Galois representations have nice analytic properties.

Using geometric methods, Gaitsgory, Frenkel and Vilonen have es-
tablished the correspondence ρ 7→ π(ρ), attaching a cuspidal automor-
phic representation π(ρ) to any unramified Galois representation ρ of
GF , and compatible with the local correspondence (see [Lau1]). The
main motivation for this paper is to show that this correspondence can
be extended to cover all representations ρ ∈ G(n, F ), provided we know
the correspondence for all ‘semistable representations’, and we have the
Langlands-Arthur-Clozel theory of cyclic base change for extensions of
prime degree over function fields of a curve over a finite field.

Although the results that we require about base change follow from
Lafforgue’s results, it would be desirable to have a direct proof of base
change, and to characterize the local lifts in terms of character identi-
ties, since it reduces the proof of Lafforgue’s theorem to the case when
the automorphic representation is semistable. Granting the existence
of local base change asserting that the local components are poten-
tially semistable, by the application of the principle given above, we
only need to attach Galois representations to semistable automorphic
representations. This amounts to considering the space of shtukas with
reduced level structure and their compactifications, which enjoys nice
properties [Laf, Theorem III.17], and are not available in general.

3. Weak to strong lifting: Matching of L and ǫ-factors

Our main aim in this section is to indicate how to go from a weak lift-
ing to a strong lifting, where we obtain the matching of L and ǫ-factors
match at all places, assuming that in the case of lifting of semistable
data, the local L and ǫ-factors match at all places. The applications
we have in mind here are to clarify the use of different L-functions
associated to triple products that appears in the proof of automorphic-
ity of the Rankin-Selberg convolution for GL(2) × GL(2) established
by Ramakrishnan [R], and to provide a slightly different perspective of
Laumon’s theorem proving the factorisation of the global epsilon factor
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occuring in Grothendieck’s functional equation for L(s, ρ), in terms of
the local constants constructed by Deligne and Langlands.

Again the main ingredient is the theory of base change, which al-
lows us to concentrate our attention at only one place. The additional
assumption that we require, is the existence of Jacquet-Shalika type
bounds at the semistable places and the global functional equation.
For the case of automorphic representations on GL(n), Jacquet-Shalika
type bounds are available from the existence and properties of Rankin-
Selberg convolution proved by Jacquet, Piatetskii-Shapiro, Shalika and
Shahidi ([JS], [JPSh], [Sh]).

For the matching of epsilon factors, we assume the factorisation of
the global ǫ-factor, and then use the defining properties of the ep-
silon factors, together with the functional equation. We illustrate the
matching at all places of the local L and ǫ-factors, in the context of the
principle.

We first abstract a notion of an ‘arithmetic L-data’ A, which is stable
with respect to base change.

Definition 4. An arithmetic L-data, is a collection A satisfying the
following:

(1) to any element π ∈ A, we have an associated global field K. We
will say that π is defined over K. Further there is an L-function,

L(s, π) =
∏

v∈ΣK

Lv(s, π),

indexed over the places v ∈ ΣK ofK. It is required that Lv(s, π)
are meromorphic and non-vanishing on the entire plane. At the
archimedean places, Lv(s, π) can be expressed in terms of Γ-
functions. At the finite places, we require that

Lv(s, π) =
dv∏

i=1

(1 − αv,iq
−s
v )−1,

where qv is the cardinality of the residue field, and this will be
referred to as the local L-factors of π. Further it is required
that the product defining L(s, π) be absolutely convergent in
some right half plane.

(2) Functional equation. L(s, π) has a meromorphic continuation
to the entire plane, and satisfies a functional equation in the
form,

L(1 − s, π̃) = ǫ(s, π)L(s, π),

where π̃ ∈ A is the ‘contragredient’ of π, and is defined over
K. We have that ˜̃π = π, i.e., the contragredient operation is
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an involution on A. ǫ(s, π), called the global ǫ-factor associ-
ated to π, is an entire, non-vanishing function of s. Define the
archimedean component L∞(s, π) of L(s, π) by

L∞(s, π) =
∏

v∈Σ∞

Lv(s, π),

the product taken over the collection of archimedean places Σ∞

of K.
(3) Convolution with Dirichlet characters. If π is defined over K,

and χ is a Dirichlet character of K, i.e., an idele class character
of finite order, then there is an element π ⊗ χ ∈ A. With the
above notation for Lv(s, π), at a finite place v of K where χ is
unramified, the local L-factor is given by

Lv(s, π ⊗ χ) =

dv(π)∏

i=1

(1 − χ(ωv)αv,i(π)q−s
v )−1,

where ωv is an uniformising parameter for Kv. The contragre-
dient of π ⊗ χ is π̃ ⊗ χ−1.

(4) Base change. For any cyclic extension L/K with Galois group
G(L/K) and π defined over K, we have a base change element
BL/K(π) ∈ A defined over L, with the local components of the
L-function at any place w of L dividing a place v of K given
by,

Lw(s,BL/K(π)) =
∏

χ∈Ĝ(L/K)w

Lv(s, π ⊗ χ),

where Ĝ(L/K)w denotes the set of characters of G(L/K) mod-
ulo the equivalence relation that the restriction to the decom-
position group at w be equal. Here we are using abelian class
field theory in thinking of χ also as an idele class character,
with abuse of notation. In particular, if v is a place of K, and
w a place of L of degree one over K, then

Lv(s, π) = Lw(s,BL/K(π)).

(5) Potential semistability. There is a concept of π being semistable
at any place of K, satisfying:

• π is semistable at all but finitely many places of K.
• if π is semistable at v, and L/K is a cyclic extension, then
BL/K(π) is semistable at all places of L lying over v.

• given a place v of K, there is sequence of extensions L =
Kn ⊃ Kn−1 ⊃ · · · ⊃ K0 = K, with Ki+1/Ki cyclic such
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that v splits completely in L, and the successive base changes
of π defined with respect to this filtration exist, with the
property that

BL/K(π) := BL/Kn−1
◦ · · · ◦BK1/K(π),

is semistable at all places of L not dividing v.

Remark 2. It is possible to relax the condition of π being potentially
semistable at all places of K, and instead require that the above con-
ditions be valid for a particular class of places of the global fields (for
example the class of totally real fields), closed with respect to divisib-
lity.

The last condition in the notion of potential semistability, is moti-
vated by the expectation that locally the components of automorphic
representations are potentially semistable, and the use of Grunwald-
Wang theorem as in the proof of Theorem 1. We have stated it in this
form, rather than put in a condition of local base change and declaring
that the local components are potentially semistable.

Definition 5. Let A1, A2 be two classes of arithmetical L-data as
above. Given π1 ∈ A1 and π2 ∈ A2, we say that π1 and π2 are weakly
compatible (or weakly match, or is a weak lift of one..), if at all places
v of K, where π1 and π2 are semistable, we have

Lv(s, π1) = Lv(s, π2).

π1 and π2 are strongly compatible if at all places v of K, we have
Lv(s, π1) = Lv(s, π2).

If π1 and π2 are strongly compatible, we have as a consequence that
ǫ(s, π1) = ǫ(s, π2).

Let R : A1 → A2 be a map. We say that R is a weak (resp. strong)
transfer (or weak (resp. strong) lift, or weakly (resp. strongly) com-
patible), if for every π1 ∈ A1, π1 and R(π1) are weakly (resp. strongly)
compatible.

Definition 6. π ∈ A satisfies the Jacquet-Shalika (JS) condition at a
place v of K, if Lv(s, π) is holomorphic in the half plane Re(s) ≥ 1/2.

Remark 3. As remarked above, this condition is satisfied for isobaric,
automorphic representations of GL(n,AF ), by the results of Jacquet
and Shalika [JS].

Proposition 2. Suppose we are given two sets of arithmetic data A1

and A2 as above, and a weak transfer R : A1 → A2. Assume that
either A1 or A2 has the property, that for any element π in one of
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them, and any place v of K at which π is semistable, L(s, π) satisfies
the Jacquet-Shalika property at v.

Then R is a strong transfer.

Proof. SupposeM1/M2 is a cyclic extension, and we have π defined over
M2. Assume further that BM1/M2

(π) exists and satisfies the Jacquet-
Shalika condition at a place w of M1 lying over a place v of M2. Then
from the equality,

Lw(s,BM1/M2
(π)) =

∏

χ∈ ̂G(M1/M2)w

Lv(s, π ⊗ χ),

we obtain that Lv(s, π) also satisfies the JS-condition, since we have
the local L-factors are non-vanishing everywhere.

Given π ∈ A1 and a finite place v of K, we can find a sequence of
extensions L = Kn ⊃ Kn−1 ⊃ · · · ⊃ K0 = K, with Ki+1/Ki cyclic,
such that

BL/K(π), BL/K(π̃), BL/K(R(π)), BL/K(R̃(π))

are semistable at all places of L. Hence, by induction we obtain that the
local components of BL/K(π) and BL/K(R(π)) also satisfy the Jacquet-
Shalika condition at any place of L.

To prove the equality of the L-factors at a place v, we can assume
that there is a sequence extensions L = Km ⊃ Km−1 ⊃ · · · ⊃ K0 = K,
with Kj+1/Kj cyclic, such that v splits completely in L, and

BL/K(π), BL/K(π̃), BL/K(R(π)), BL/K(R̃(π))

are semistable at all places of L not lying above v. Now the local L-
factors are equal at all the semistable places by hypothesis, and does not
change at those places which split completely. To prove the proposition,
it is enough now to prove the equality of the L-factors at a place w of
L lying above v.

We further have the functonal equations,

L(1 − s,BL/K(π̃)) = ǫ(s,BL/K(π))L(s,BL/K(π))

and L(1 − s,BL/K(R̃(π))) = ǫ(s,BL/K(R(π)))L(s,BL/K(R(π))).

Dividing these two functional equations, we obtain

Lv(1 − s, π̃)d

Lv(1 − s, R̃(π))d
=

ǫ(s, π)d

ǫ(s,R(π))d

Lv(s, π)d

Lv(s,R(π))d
,

where d is the degree of the extension L/K. From the Jacquet-Shalika
condition we have that the right hand side is holomorphic and non-
vanishing in the half plane Re(s) ≥ 1/2. From the above functional
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equation and the assumptions about ǫ-factors,, using the fact that con-
tragedient is an involution, we obtain that the dth power of

Lv(s, π)

Lv(s,R(π))
=

∏dv(R(π))
i=1 (1 − αv,i(R(π))q−s

v )
∏dv(π)

i=1 (1 − αv,i(π)q−s
v )

,

is an entire, non-vanishing function of s. But then the right hand side
has to be a constant. Since the L-factors are normalized, we have the
desired equality Lv(s, π) = Lv(s,R(π)).

The proof of mathcing of L-factors at the archimedean places, is
similar, where we observe that a ratio of products of Gamma functions
cannot be entire and non-vanishing unless it is a constant. �

Remark 4. In the context of the applicablity of converse theorems, a
similar statement is proved in [BR, Proposition 4.1]. Instead of cyclic
base change, what is required in [BR], are converse theorems and strong
multiplicity one. Indeed by the converse theorems we have attached
two possible (cuspidal) automorphic representation, which agree at all
places except the given ones, and by strong multiplicity one, we have
the matching at all places.

3.1. Automorphicity of Rankin-Selberg. The principle outlined in
this paper, has been derived from the method of proof of the automor-
phicity of the Rankin-Selberg convolution for GL(2)×GL(2) proved by
Ramakrishnan in [R]. Here we reformulate Ramakrishnan’s proof, in
particular try to clarify the use of different triple product L-functions
appearing in Ramakrishnan’s proof, and show that it is enough to con-
sider the triple product L-function constructed by Shahidi. We observe
that the strong functorial lifting, viz., that the Rankin-Selberg convo-
lution on GL(2)×GL(2) has the correct Langlands parameter at all the
places has been established by Kim and Shahidi [KS1]. However, we
feel that although the remarks contained here are weaker, they serve
the purpose of illustrating the above material, and maybe of some in-
terest.

By the principle outlined in the first part, to prove the automorphic-
ity of the Rankin-Selberg convolution, it is enough to prove it in the
case when the automorphic representations involved have semistable
reduction at all places. To prove this for GL(2) × GL(2), we have to
show the following: if π1 and π2 are semistable, cuspidal, automorphic
representations of GL(2,AK) for a number field K, and if η is an arbi-
trary cuspidal, automorphic representation of GL(2,AK) with the set
of places of K at which η is ramified disjoint from the set of places at
which either π1 or π2 is ramified, then the triple product L-function
L(s, π1 × π2 × η) is ‘nice’ in the sense of converse theory, i.e., it has
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an analytic continuation to the entire plane, is entire and satisfies a
suitable functional equation, and is bounded in vertical strips.

One knows by the work of Shahidi [Sh2], and Kim and Shahidi [KS],
that the triple product L-function can be analytically continued as
an entire function, and that it satisfies a suitable functional equation.
Further by Ramakrishnan [R], and more generally by Gelbart-Shahidi
[GS], these L-functions are bounded in vertical strips. The required
matching at the semistable places of the L and ǫ-factors is given by
Part i) of Theorem 3.5 in [Sh3] at the non-archimedean places, and
for the archimedean places it is given by the archimedean Langlands
conjecture proved by Langlands.

This gives us the weak lifting for semistable, cuspidal, automorphic
representations. It can be seen along the lines of the proof of Theorem
1, that the principle is valid in this setting, as the necessary hypothesis
are satisfied, and hence we obtain a weak lifting in general. By Proposi-
tion 2, we obtain a strong lifting too at the level of L-functions. Hence,
we obtain that the Rankin-Selberg and triple product L-functions de-
fined by either the integral methods of Garrett and Piatetskii-Shapiro,
or by the method of Eisenstein series due to Shahidi, are equal.

Remark 5. In view of the results on lifting from classical groups toGLn,
it seems possible to establish the lifting for semistable representations
(those with Iwahori fixed vectors) from classical groups to GLn, by
extending Proposition 3.1 of [CKPS] to the general case.

3.2. Function fields and Laumon’s factorisation theorem. We
now consider the situation over function fields. For the rest of the
discussion, we are assuming the existence and properties of cyclic base
change for GL(n) as outlined above. In order to attach an automorphic
representation to a Galois representation, it is enough now to apply the
‘principle of recurrence’ of Deligne and Piatetski-Shapiro and obtain a
weak automorphic lifting of a semistable, irreducible Galois representa-
tion ρ of degree n. The analytic properties of the L-function attached to
a λ-adic representation has been proved by Grothendieck. To apply the
converse theorem, it remains to provide a factorisation of the epsilon
factor ǫ(s, ρ⊗ ρ(η)) occuring in Grothendieck’s functional equation, in
terms of the local constans constructed by Deligne and Langlands, as
given by the theorem of Laumon [Lau, Section 3]. Here ρ(η) is the
Galois representation of degree m (less than n) attached to a cuspidal,
automorphic representation of GL(m,AK) by Lafforgue [Laf]. The fac-
torisation of the ǫ-constant for ρ(η) follows from Lafforgue’s theorem,
or from Lafforgue’s theorem in the semistable case, and applying The-
orem 1 and Proposition 2. We can further assume that the ramified
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primes of η are disjoint from the ramified primes of ρ. Thus we require
Laumon’s theorem in the special case when ρ is semistable, and assum-
ing the factorisation for ρ and ρ(η) (with disjoint ramificiation loci), to
prove the factorisation for the tensor product ρ ⊗ ρ(η). The converse
theorem machinery proves the existence of a weak automorphic lift for
ρ. As a consequence, we also obtain Laumon’s theorem proving the fac-
torisation of the global epsilon factor occuring in Grothendieck’s func-
tional equation for L(s, ρ), in terms of the local constants constructed
by Deligne and Langlands.

Dedication. It is a pleasure to dedicate this paper to my teacher M. S.
Raghunathan on his sixtieth birthday. His infectious enthusiasm, dy-
namism, attitude towards mathematics have been of great inspiration
to me. We wish him and his family the best in the years to come.
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Astérisque No. 257 (1999).

[Laf] L. Lafforgue, Chtoucas de Drinfeld et correspondance de Langlands, Invent.
math. 147 (2002) 1-241.

[L] Langlands, R. Base change for GL(2), Annals of Maths Studies 96 (1980),
Princeton Univ. Press.

[Lau] G. Laumon, Transformation de Fourier, constantes d’équations fonction-

nelles et conjecture de Weil, Inst. Hautes Études Sci. Publ. Math. 65,
(1987), 131–210.

[Lau1] G. Laumon, Travaux de Frenkel, Gaitsgory et Vilonen sur la correspon-
dance de Drinfeld-Langlands, Séminaire Bourbaki.
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