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Abstract. We describe the image and the fibers of the non-
normal cubic base change lift, constructed by Jacquet, Piatetskii-
Shapiro and Shalika.

Résumé. Nous déscrivons d’image et des fibres pour des relèvement
cubique non-normal, construit par Jacquet, Piatetskii-Shapiro et
Shalika.

1. Introduction

Let K/F be a Galois extension of number fields. The Galois group
Gal(K/F ) acts on the space of automorphic forms on GL2(AK), and
hence on the collection of automorphic representations of GL2(AK).
Suppose K/F is a cyclic extension of prime degree. By the characteri-
sation of the image of the base change map constructed by Langlands
([L]), we know that if π is a cuspidal automorphic representation of
GL2(AK), which is invariant with respect to the action of Gal(K/F ),
then π lies in the image of the base change map BCK/F from automor-
phic representations on GL2(AF ) to automorphic representations on
GL2(AK).

Let K/F be a non-normal cubic extension of number fields. Jacquet,
Piatetskii-Shapiro and Shalika ([JPSH]) showed the existence of the
cubic base change lift BCK/F , from automorphic representations of
GL2(AF ) to automorphic representations of GL2(AK). This was then
utilised by Tunnell, who extended the results of Langlands to establish
the Artin conjecture for all octahedral representations of the Galois
group. Our main purpose is to describe the image and the fibers of the
lift BCK/F .

One of the problems with characterising the base change forms is the
lack of a suitable Galois action on the space of automorphic forms over
K, with respect to which we can define the space of invariant forms.
Neither it seems to be possible to define the invariance condition in
terms of the associated L-functions. We can try to get around this by

1991 Mathematics Subject Classification. Primary 11F70; Secondary 22E55.
1



2 C. S. RAJAN

considering automorphic representations instead of automorphic forms,
and viewing the invariance condition locally. Let v be a prime of F
splitting completely into primes w1, w2, w3 of K. A necessary condition
for an automorphic representation π to be in the image of BCK/F , is
that the local components πwi

, (i = 1, 2, 3), should be mutually isomor-
phic as representations of GL2(Kwi

) ≃ GL2(Fv). For v decomposing
as w1, w2, with Kw2

a quadratic extension of Kw1
, we require that the

local component πw2
to be a quadratic local base change of πw1

. With
this however there is a problem with those primes of F , which remain
prime in K. Here we are presented with the problem of characterising
the image of the local base change for a non-normal cubic extension.

To solve this, we observe that for any Galois extension L of F , the
set of primes of L of degree 1 over F is of density 1 in L. Let L denote
the Galois closure of K over F . L/F is a Galois extension with Galois
group isomorphic to the permutation group S3 on 3 symbols. Denote
by E the unique quadratic extension of F contained in L.

Upon base changing to L, we can use the refined forms of strong
multiplicity one theorem of D. Ramakrishnan ([DR]), that if the local
components of two irreducible, unitary, cuspidal automorphic represen-
tations on GL2 agree on a set of primes of density at least 7/8, then
the representations coincide. There is still a problem which persists
with those cuspidal represntations of GL2(AK) which do not remain
cuspidal upon base changing to L. One requires a refined form of mul-
tiplicity one to handle these noncuspidal automorphic representations,
and this is done in ([R]).

2. Non-normal cubic base change

We first recall a refined form of the multiplicity one theorem for
non-cuspidal automorphic representations given in ([R]).

Proposition 1. Suppose π1 and π2 are non-cuspidal automorphic rep-
resentations of GL2(AK). Suppose that the local components of π1 and
π2 coincide on a set of places of K of density strictly greater than 3/4.
Then π1 ≃ π2.

Now let K/F be a cubic non-normal extension of number fields. Let
v be a place of F which splits completely in K into primes w1, · · · , wd,
where d is the degree of K over F . We have Kwi

≃ Kwj
≃ Fv for all

1 ≤ i, j ≤ d. Let π be an automorphic representation of GL2(AK).
Let (I) denote the following ‘invariance’ hypothesis:

Hypothesis I: π satisfies I, if for any place v of F splitting com-
pletely in K into wi, 1 ≤ i ≤ d, the local components πwi

, for i = 1 ≤
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i ≤ d, are all isomorphic to one another, via the natural isomorphisms
GL2(Kwi

) ≃ GL2(Kwj
).

Suppose K/F is a quadratic extension, and σ be the automorphism
of K/F . Suppose that θ is an idele class character of K, satisfying
θσ 6= θ. Then there exists a cuspidal automorphic representation IF

K(θ)
of GL2(AF ) ([GL]), the corresponding induced automorphic represen-
tation. We have that BCK/F (IF

K(θ)) ≃ π(θ, θσ), where π(θ, θσ) is the
automorphic representation of GL2(AK), constructed by the method
of Eisenstein series. We can now refine the description of the image
of the base change lift for cyclic extensions of number fields of prime
degree.

Proposition 2. Let K/F be a cyclic extension of number fields of
prime degree p.
a) Let π be a unitary, irreducible, cuspidal automorphic representation
of GL2(AK) satisfying hypothesis (I). Then π lies in the image of the
base change lift BCK/F .
b) Let π = π(θ1, θ2) be a non-cuspidal automorphic representation on
GL2(AK) satisfying hypothesis (I). Then π lies in the image of the base
change lift BCK/F .

Proof. a) follows from the strong multiplicity one theorem of ([DR])
and by the remarks on density made in the last section.

b) Let σ be a non-trivial element of Gal(K/F ). By our hypothesis
and Proposition 1, we have that {θ1, θ2} is invariant under Gal(K/F ).
Hence either i) θσ

1
= θ1, θσ

2
= θ2, or ii) θσ

1
= θ2, θσ

2
= θ1. i) implies that

there are exactly p2 distinct, (non-cuspidal) automorphic representa-
tions of GL2(AF ) which lift to π. If K/F is not quadratic, then ii)
implies i). If K/F is quadratic and only ii) holds and not i), then there
is exactly one (cuspidal) automorphic representation IF

K(θ1), which lifts
to π. �

We have the following theorem characterising the image and the
fibres of the non-normal cubic lift. We remark that the characterisation
is quite different from that of a cyclic extension of prime degree.

Theorem 3. Let K/F be a cubic non-normal extension of number
fields. Let L be the Galois closure of K over F and let E be the unique
quadratic extenstion contained in L. Let π be an automorphic repre-
sentation of GL2(AK). Then we have the following:

a) If π is a irreducible, unitary, cuspidal automorphic representation
of GL2(AK), satisfying hypothesis I, then π lies in the image of the
base change lift BCK/F .
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b) The base change map BCK/F , furnishes a bijective correspondence
between unitary, cuspidal automorphic representations of K, satisfying
hypothesis I, and which are not automorphically induced from a char-
acter on L, and unitary, cuspidal automorphic representations of F
which are not automorphically induced from a character on E.

c) If π is of the form IK
L (θ), for a grossencharacter θ of L and sat-

isfies hypothesis I, then θ is invariant with respect to the action of
Gal(L/E). Let θ′

1
, θ′

2
, θ′

3
be the (distinct) idele class characters on JE

satisfying θ′iNL/E = θ, where NL/E denotes the norm from the idele
classes JL of L to the idele classes JE of E. The representations IF

E (θ′i),
for i = 1, 2, 3 are distinct, cuspidal representations on GL2(AF ), and
are precisely the representations on GL2(AF ) which map to π under
BCK/F .

d) If π0 is a cuspidal automorphic representation of GL2(AF ) then
BCK/F (π0) is cuspidal, unless π0 is of the form IF

E (θ′
0
), where θ′

0
is a

grossencharacter on E satisfying θ′
0

= (θ′
0
)σχL/E or θ′

0
= (θ′

0
)σχ−1

L/E.

e) If π = π(θ1, θ2) is a non-cuspidal automorphic representation of
GL2(AK) satisfying I, then π lies in the image of BCK/F . If θ2 =
θ1χL/K, then there are exactly two (cuspidal) automorphic representa-
tions of the form IF

E (θ′
0
), where θ′

0
is as in d), and which lift to π under

BCK/F . If θ2 6= θ1χL/K, then this is a bijection.

Proof. We will use the results of Langlands as summarised in page 21
of ([L]).

By our hypothesis, BCL/K(π) satsifies hypothesis (I) with respect
to the extension L/E. Hence by Proposition 2, there are either ex-
actly 3 or 9 automorphic representations on GL2(AE), which map to
BCL/K(π) under BCL/E.

Let σ ∈ S3 be the element of order 2 in Gal(L/F ) fixing K. Since
BCL/E is equivariant with respect to the action of σ on E and on L, we
see that σ acts by permutation on these odd number of automorphic
representations on GL2(AE). Since σ is of order 2, there is at least
one automorphic representation π′ on GL2(AE) fixed by σ, such that
BCL/E(π′) = BCL/K(π). π′ thus lies in the image of the base change
map BCE/F .

Let χL/E be the idele class character on E corresponding to the
extension L of E. We claim that χL/E is not invariant under the action
of σ on E. This can be seen by looking at a prime v of F , which splits
in E as w1 and w2, where w1 and w2 remain inert in L. Then the image
of the norm map from L∗

w1
into E∗

w1
is a subgroup of index 3, whereas

the kernel of the norm map from E∗

w1
×E∗

w2
to F ∗

v consists of elements
of the form (x, x−1) as x ranges over E∗

w1
. Hence the image of the norm
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map from JL to JE does not contain the kernel of the norm map from
JE to JF . Hence χL/E is not invariant under σ.

Suppoe BCL/K(π) is cuspidal. Then there is exactly one cuspidal
representation π′ of GL2(AE) invariant under the action of σ. Let
π0 and π0 ⊗ χE/F be the two cuspidal automorphic representations of
GL2(AF ) which under BCL/F , map to BCL/K(π). Since BCL/K(π) is
cuspidal, BCK/F of π0 and π0 ⊗ χE/F are also cuspidal. Morever since
BCK/F (π0 ⊗ χE/F ) ≃ BCK/F (π0) ⊗ χL/K , the images under BCK/F of
both π0 and π0 ⊗ χE/F are different. Since only π and π ⊗ χL/K map
to BCL/K(π) under BCL/K , π must be in the image of BCK/F . Thus
we have proved that there exists a unique automorphic representation
on GL2(AF ) which lifts to π and it is cuspidal.

Now we will examine the situation when π is cuspidal and BCL/K(π)
is not cuspidal. In this case π is the automorphic induction IK

L (θ) of a
unitary grossencharacter θ on L and BCL/K(π) = π(θ, θσ), θ 6= θσ. By
Proposition 2, θ comes from a grossencharacter θ′ on E.

Now we observe that if θ′
0

is an idele class character on E, which
is invariant under σ, then θ′

0
NL/E is an idele class character on L,

invariant under σ. Hence θ′, θ′χL/E and θ′χ2

L/E are not invariant under
σ, since they map to θ under composition with the norm map NL/E,
which is not invariant by σ. Thus it is seen that the automorphic
represenatations IF

E (θ′), IF
E (θ′χL/E) and IF

E (θ′χ2

L/E) are all cuspidal on

GL2(AF ) and map to π(θ, θσ) under BCL/F . Hence under BCK/F they
should map to π. This finishes the proof of a) and c).

b) and d): Let π0 be a cuspidal automorphic representation on
GL2(AF ). The difficulty arises when BCL/F (π0) is not cuspidal. Then
π0 is the automorphic induction IF

E (θ0) of a grossencharacter θ0 on E
satisfying θ0 6= θσ

0
. We have BCL/F (π0) = π(θ0 ◦ NL/E, (θ0 ◦ NL/E)σ).

Therefore BCK/F (π0) = IK
L (θ0NL/E). If θ0NL/E is not left invariant

by σ, then BCK/F (π0) is cuspidal. Hence the only problem is when
θ0NL/E is invariant under σ. Since only θ0, θ0χL/E and θ0χ

2

L/E map to
θ0NL/E on composing with NL/E, and by assumption θ0 is not fixed by
σ, it follows that one of θ0χL/E and θ0χ

2

L/E is fixed under σ. Morever
only one of them can be left fixed, as σ is a non-trivial involution acting
on a set of 3 elements. Thus θ0 should satisfy θ0 = θσ

0
χL/E or θσ

0
χ−1

L/E.

Conversely it can be seen that when θ0 satisfies θ0 = θσ
0
χL/E or

θσ
0
χ−1

L/E, then θ0NL/E is left fixed by σ, and hence the representation

BCK/F (π0) is not cuspidal.
e) By the proof of Proposition 2, let θ′

1
, θ′

2
be the characters on E,

which lift to θ1◦NL/K , θ2◦NL/K . It can be checked that the conditions
θ′
2

= (θ′
1
)σ and satisfies I, is equivalent to saying that either θ1 = θ2
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or θ1 = θ2χL/K , and satisfies (I). Hence we are reduced to a situation
considered above. If θ1 6= θ2χL/K , then by arguments as before, it
can be seen that there is precisely one θ′

1
which lifts to θ1 ◦ NL/K ,

and similary for θ2. Morever the four non-cuspidal representations on
GL2(AF ), which lift to π(θ′

1
, θ′

2
) under BCE/F , lift to distinct non-

cuspidal automorphic representations on GL2(AK) under BCK/F . �
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