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Laurent Lafforgue was awarded the Fields Medal for the proof of
the Langlands conjectures for the case of the general linear group over
function fields. The conjectures of Langlands represent a vast gener-
alization of the classical quadratic reciprocity law. These conjectures
envisage an intricate relationship between arithmetical objects on the
one hand and analytical data on the other.

Reciprocity laws can be traced back to the observation of Fermat that
a prime number p can be expressed as a sum of two integral squares, i.e.
p = x2 + y2, where x and y are natural numbers, if and only if p− 1 is
divisible by 4; (a well-known identity which goes back to Brahmagupta
then shows that a general natural number is a sum of two squares if
all its prime factors satisfy the condition. Fermat asserted also that
primes p of the form x2 +2y2 are precisely those that are 1 or 3 modulo
8, (namely, leave a reminder of 1 or 3 upon dividing by 8), and primes
of the form x2 + 3y2 are precisely those that are 0 or 1 modulo 3.

Euler continued on the theme and investigated the condition for a
prime p to divide an expression of the form x2 +ay2, where x and y are
natural numbers with no common factors. Considering the expression
modulo a prime p we see that a necessary condition for this is that
a has to be a square modulo p. The quadratic reciprocity conjecture
essentially is a statement that the set of primes p for which a is a square
modulo p are precisly those occuring in certain specific congruence
classes modulo 4a.

The law of quadratic reciprocity was finally proved by Gauss. As
a step towards understanding possible higher reciprocity laws, Gauss
gave many proofs of the quadratic reciprocity law over his lifetime. As
an example of such a relationhip it may be mentioned that the cubic
reciprocity law implies the fact, conjectured initially by Euler, that a
prime p is of the form x2 + 27y2, if and only if 3 divides p − 1, and 2
is cube modulo p.

It was realized by Gauss and Jacobi, that the theory of quadratic
reciprocity laws and even the formulation of higher reciprocity laws,
involve intimately the arithmetic of what are called algebraic num-
bers. These are numbers which are linear combinations, with ratio-
nal coefficients, of the roots of a (fixed) rational polynomial, such as
a + b

√
2, or a0 + a1ω + · · ·+ an−1ω

n−1, where ω is a n-th root of unity,
a, b, a0, . . . , an−1 being rational numbers. An attempt of Kummer at
Fermat’s last theorem, which turned out to be erroneous in a curi-
ous way, led him to a deep study of the arithmetic of the number fields
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generated by roots of unity. In an effort to restore the unique factorisa-
tion property of rational integers into prime numbers in a more general
framework, Kummer in a bold and decisive step, defined ‘ideal’ num-
bers, and showed that they indeed have a unique factorisation property.
Over a period of nearly fifteen years Kummer formulated and proved
various higher reciprocity laws over fields of these numbers. Subse-
quently Kronecker, Dedekind, Weber, Hilbert amongst others, laid out
the basics of the arithmetic of algebraic number fields needed for a
study of the reciprocity laws.

Meanwhile Galois had considered the group of symmetries (called
the Galois group) of a rational polynomial as those permutations of
the roots preserving the polynomial, and used it to study the structure
of subfields of algebraic extensions of a given field. This incidentally, is
the same work from which he deduced that general quintic equations
cannot be solved by radicals. In the work of Takagi, a Japanese math-
ematician, an intrinsic description was obtained of the Galois group of
the algebraic extensions of a given number field, in terms of the base
number field, provided the Galois group of the extension field is com-
mutative. The crowning moment came with the formulation and proof
by Artin in the 1920’s of the reciprocity law for such extension fields,
based on earlier work done by Frobenius and Chebotarev.

In a vague sense, one of the goals of the reciprocity laws is to define
intrinsically the collection of prime numbers which are expressible as
the absolute value of the product of transforms of a given element in
the number field, with respect to the elements of the Galois group. For
example, the problem of describing the primes which can be written
as a sum of two squares, can be reformulated in terms of the ring of
Gaussian integers defined by all integral linear combinations of 1 and
i, where i is a square root of −1. The primes p for which p − 1 is
divisible by 4, are precisely those that can be written as a product
p = (x + iy)(x − iy), where x and y are rational integers.

However, the formulation and the proof of the reciprocity laws are
neither easy nor direct. An important point here is that in any given
arithmetical situation, there arises along with the Galois group, a col-
lection of conjugacy classes in it (called Frobenius classes) indexed by
the primes in the number field. Given such a data a way of deal-
ing with it is to consider the group concretely as a subgroup of the
group of invertible n × n matrices, say over the complex numbers, via
representations of the group. The trace of a matrix being invariant
under conjugation, defines then a numerical data on the collection of
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conjugacy classes. This numerical data, denoted by gp(A, r), depends
on the arithmetical data A, the representation r of the Galois group
and the prime number p. The aim of the reciprocity laws is to un-
derstand this collection of conjugacy classes and the arithmetical data
{gp(A, r) | p a prime}, in terms of data which are constructed out of
the base field. We will call this data as Galois data.

Another way of constructing arithmetical data, is from the study
of rational or integral solutions to systems X of polynomial equations
defined over rationals, for example the Fermat equation xn + yn = zn,
or a cubic equation y2 = x3 + ax + b, in two variables, for some ratio-
nal numbers a, b (the so-called elliptic curves). Over the finite fields
Fp of congruence classes modulo p (where p is any prime number),
the number of such solutions give arithmetically defined data (called
diophantine data) depending on the system of equations X, and in-
dexed by the set of primes p. It is a consequence of the deep work
of Grothendieck (for which he won the Fields Medal in 1966), that
diophantine data can be suitably interpreted as data of Galois kind.

In another stream Dirichlet initiated in the 1830’s a study of proper-
ties of numbers using analytical methods. Dirichlet proved that given
two integers a and d without any common factors, there are infinitely
many primes p such that p − a is divisible by d. For proving this
Dirichlet defined, inspired by a result of Euler concerning of the infini-
tude of primes, analogues of the (Riemann) zeta function, that are now
called as Dirichlet L-functions. The zeta and L-functions were studied
further by Riemann and Hecke, respectively, and they were shown to
have nice analytic properties. This theme was taken up by Artin who
defined generalizations of Dirichlet L-functions, associated to a Galois
data (and depending on it). He conjectured that these functions also
have nice analytic properties.

A third way of obtaining arithmetical data started with the work
of Ramanujan, who considered the arithmetical properties of modular
forms. Ramanujan considered the Fourier coefficients τ(n), indexed by
natural numbers n, of the discriminant function ∆(z) defined on the
collection of elliptic curves (the discriminant function measures when
the polynomial x3 + ax + b fails to have distinct roots). Ramanujan
conjectured that the τ(n) satisfy some natural multiplicative proper-
ties, one of them being that τ(mn) = τ(m)τ(n), provided m and n
have no common prime factors. The conjectures of Ramanujan were
proved and given a geometric and group-theoretic framework by the
German mathematician Hecke, a contemporary and colleague of Artin.
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The study of modular forms continued in the work of Petersson, Maass,
Rankin and Weil. It is possible to define zeta type functions in this
setting, and also to show that these have nice analytical properties.

Langlands brought together the two strands of mathematical thought
started by Artin and Hecke, and formulated the reciprocity laws in a
new manner, generalizing the abelian reciprocity law of Artin. Lang-
lands immensely generarlized the work of Hecke and defined what are
called as automorphic data, constructed analytically and group theoret-
ically out of the base field and the group of invertible n × n-matrices,
containing as a special case the discriminant function considered by
Ramanujan.

The reciprocity conjecture, as formulated by Langlands, is that any

Galois or diophantine data is automorphic. More generally, any arith-
metical data arising in a natural way is automorphic in nature. Con-
versely, it is possible to single out the Galois data from the automorphic
data.

For n = 1, the conjecture of Langlands reduces to Artin’s reciprocity
law. Early confirmation of Langlands conjectures came from the rep-
resentation theory of real reductive groups, for example the group of
invertible n×n real or complex matrices. Harish-Chandra had built up
the edifice of representation theory for these groups. Langlands applied
Harish-Chandra’s theory to prove the appropriate reciprocity laws over
the fields of real and complex numbers.

The second striking application of the conjectures of Langlands came
with Deligne’s proof of the Weil conjectures. The conjectures of Weil
predict that for a diophantine data arising from smooth, projective X,
a precise estimate for the growth of the number npk(X) of the solutions
over the finite fields Fpk consisting of pk number of elements, as a func-
tion of k. It was shown before, also by Deligne, that the conjectures of
Weil imply the estimate conjectured by Ramanujan for the size of τ(p),
namely |τ(p)| ≤ 2p11/2. Deligne’s proof of Weil conjectures (for which
he recieved the Fields Medal in 1978) relies, on the other hand, upon
the ideas of Langlands and a method of Rankin providing a slightly
weaker estimate for the size of τ(p) than that proposed by Ramanujan,
coupled with the geometric machinery developed by Grothendieck.

A third confirmation for Langlands conjectures came with his own
work proving conjectures of Artin in the special cases when the Galois
group is solvable and the representation is of degree two. Together with
the work of Eichler-Shimura, this is the starting point for the proof of
Wiles of the Shimura-Taniyama-Weil conjecture (again a special case of
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the Langlands conjectures, but made before), which incidentally leads
to a proof of Fermat’s last theorem.

The work of Lafforgue concerns the Langlands conjectures over what
are called function fields. Such a field is a finite extension of a fields
consisting of quotients p(t)/q(t), where p(t) and q(t) are polnomials
over a (fixed) finite field. Dedekind observed striking arithmetical sim-
ilarities between the ring of integers and the ring of polynomials over
a finite field; this accords the function fields the significance analogous
to the algebraic number fields. This analogy of function fields with
number fields was pursued by Artin, Hasse and Weil and led to the
formulation of the Weil conjectures for this case. An interesting fea-
ture of the function fields is that the reciprocity laws can be formulated
geometrically, and in a stronger form, to say that there is a coincidence
of Galois, diophantine and automorphic data.

A major breakthrough towards Langlands conjectures in the function
field case was achieved by the Ukrainian mathematician Drinfeld, who
settled the conjectures for the 2×2 general linear group over these fields.
Drinfeld was awarded the Fields Medal in 1990 for this work. Again
the starting point of Drinfeld is to define analogues of the objects used
by Eichler and Shimura, and to show that indeed the modular forms
can be defined over such spaces. Drinfeld defined new objects called
shtukas. The collection of shtukas is parametrised by a space analogous
to a classical modular curve.

The work of Lafforgue generalises Drinfeld’s results to general linear
groups of all ranks, over the function fields. He shows that in this set-up
the automorphic data are necessarily of Galois type. His proof develops
on the constructions introduced by Drinfeld. In generalizing Drinfeld’s
work to higher ranks, Lafforgue had to deal with the problems posed by
the noncompleteness of the moduli spaces constructed by Drinfeld, and
to construct geometric analogues of Hecke’s theory to the completed
spaces. This involves, by all accounts, formidable technical power and
deep insight, which fetched him the coveted award this year.


