
ON THE WORK OF R. BORCHERDS

C. S. RAJAN

1. Introduction

R. Borcherds recieved the Fields medal at the International Congress
of Mathematicians held at Berlin during August, 1998. His work draws
upon diverse areas from mathematics and physics, and reflects a sur-
prising convergence of ideas from finite group theory, modular forms,
Lie algebras, and conformal quantum field theory. The three main as-
pects of his work we will be writing on are:
A) Proof of the Monster and the Moonshine conjecture.
B) Vertex algebras and Generalised Kac-Moody algebras, concepts ab-
stracted from string theory, and introduced in a rigorous manner pri-
marily in order to clarify the structures arising in A). These have in
turn led to algebraic formulations of conformal quantum field theory,
and furthered the connections between automorphic forms and Lie al-
gebras.
C) Construction of automorphic forms on orthogonal groups and ap-
plications.

2. Monster and the Moonshine conjecture

2.1. Finite simple groups. The beginnings of finite group theory had
its origins in the work of Lagrange, Galois, Cayley amongst others. A
natural question that occurs is the classification of all the finite groups.
The building blocks needed for understanding finite groups are the
finite simple groups, a classification of which can be considered as one
of the major achievements of mathematics in the present century. The
classification of finite simple groups can be coarsely divided into the
following families:

i) cyclic groups of prime order. These are the only simple solvable
groups. A key result in the classification of finite simple groups is the
result by Feit and Thompson that groups of odd order are solvable.
The Fields medal was awarded to Thompson for this result, which led
mathematicians to believe that a classification of finite simple groups
is indeed feasible.
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ii) Alternating groups An for n ≥ 5. An is the subgroup of the
permutation group on n symbols consisting of even pertmutations, i.e.,
those permutations which can be written as a product of even number
of transpositions.

iii) Finite groups of Lie type. Many examples were known to Jor-
dan and Dickson. The general construction of the finite simple groups
of Lie type were given by Chevalley, Steinberg and Rees-Suzuki. Ex-
amples of such groups are given by the projective special linear group
PSL(n,Fq) defined as the group of n × n matrices over a finite field
Fq of q elements having determinant 1, quotiented by the diagonal ma-
trices. By construction these groups are visibly related to the general
theory of Lie groups and Lie algebras.

iv) The 26 sporadic finite simple groups. The first such groups were
constructed by Mathieu in the last century, in an effort to find groups
with highly transitive actions. The Mathieu groups M12 and M24 ad-
mit an action on sets of cardinality 12 and 24 respectively, which are
transitive on the collection of ordered subsets of cardinality 5. These
groups termed are termed sporadic, since they do not seem to fall into
any regular pattern, nor admit a uniform way of describing them. It
took nearly 100 years before the next sporadic groups were discovered.
Another interesting example was discoverd by Conway, as the auto-
morphism group of the Leech lattice, quotiented by the group {±1}.
The Leech lattice which plays an important role in what follows, is
the unique lattice in Euclidean space R24, such that the volume of a
fundamental domain is 1, the length of any element in the lattice is
an even integer, and there are no lattice elements of length 2. To il-
lustrate the sporadic nature of these groups, there are no other finite
simple group which occurs as the automorphim group of a lattice upto
a finite center.

2.2. The Monster group. The story of the Monster group begins
with the independent predictions by Fischer and Griess in November
of 1973, that there should exist a simple group F having order,

246 · 320 · 59 · 76 · 112 · 133 · 17 · 19 · 23 · 29 · 31 · 41 · 47 · 59 · 71.

Conway termed this group the ‘Monster’, since if it existed it would
be the largest of the sporadic simple groups with cardinality of the
order of 1054, certainly a monstrous group. It was noticed by Conway,
Griess and Norton that the minimal non-trivial irreducible represen-
tation of F would be a vector space B of dimension at least 196883.
Based on the assumption that the Monster group exists and has an
irreducible representation of this dimension, Fischer, Livingstone and
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Thorne computed the conjugacy classes and the character table of F .
Norton next observed that the minimal representation is self-dual and
occurs with multiplicity one in both the symmetric square and the sym-
metric cube of this representation. Based on this he concluded that B

should have the structure of a commutative, non-associative algebra,
with an ‘associative’ product from B × B to B.

A different theme that was introduced into the classification of finite
simple groups, was trying to characterise finite groups via the centraiz-
ers of involutions. A beautiful result of R. Brauer, the pioneer of the
theory of finite groups in this century states the following: Suppose the
group G has the property that there exists an element σ of order 2, such
that the centralizer of σ in G, is isomorphic to the group GL(2,Fq) of
2 × 2 invertible matrices with entries in Fq. Then G is isomorphic to
PSL(n,Fq) or q = 3 and G is the Mathieu group M11. Griess observed
that the Monster group if it exists should have an involution whose
centralizer C in F , should be a certain extension of the simple Con-
way group Co1 by D12

8 , where D8 stands for the dihedral group of 8
elements. Morever the action of C on the space B was computed by
Griess.

Based on these observations Griess showed the existence of the Mon-
ster group, by constructing explicitly the Norton algebra structure on
B and the element of order 2 preserving this structure. He then showed
that the group generated by C and σ generates a finite group, is simple
and has the properties described above. A considerable simplification
of the proof was obtained by Conway, who instead of working with the
space B, considered the 196884 dimensional space, obtained by adding
a trivial representation to B.

2.3. Modular forms. Even before the Monster group was known to
exist, hints that it has intimate connections with the theory of modu-
lar functions began to appear. We briefly recall the theory of modular
forms and functions. A modular form is essentially a well behaved
complex valued function f on the collection of all lattices in Euclidean
space R

2 ≃ C, with the following properties:

i)f(λL) = λkf(L)

Here k will be called the weight of the modular form. In order to make
the definitions more precise, consider the upper half plane H = {τ ∈
C | Im(τ) > 0}. To an element of the upper half plane we can associate
a lattice by sending τ ∈ H to the lattice generated by the elements 1
and τ in C. The group Γ = SL(2, R) acts on H as follows: an element
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2.4. Moonshine. The first hint that the Monster is connected with
modular functions was observed by Ogg. Ogg observed that the primes
dividing the order of the Monster group are precisely the primes for
which the group Γ0(p)+, the normaliser of the group Γ0(p) inside PSL(2, R)
has genus 0. This latter fact was proved by Ogg a few years before the
Monster was predicted to exist.

McKay obsereved the near-coincidence of the dimension 196883 of
the smallest non-trivial irreducible representation B of the Monster, to
that of the first coefficient c(1) = 196884 of the modular function j(q).
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