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REPORT

AN INTERNATIONAL COLLOQUIUM on ‘Vector Bundles on Al-
gebraic Varieties’ was held at the Tata Institute of Fundamental Re-
search, Bombay from January 9 to January 16, 1984. The purpose of
the Colloquium was to highlight recent developments in the general area
of Vector Bundles as well as principal bundles on both affine and pro-
jective varieties. Projective modules and quadratic spaces over general
rings were also among the topics covered by the Colloquium. The Col-
loquium was jointly sponsored by the International Mathematical Union
and the Tata Institute of Fundamental Research, and was financially sup-
ported by them and the Sir Dorabji Tata Trust.

The Organizing Committee for the Colloquium consisted of Pro-
fessors Sir M.F. Atiyah, M.P. Murthy, M.S. Narasimhan, M.S.Raghu-
nathan, S. Ramanan and R. Sridharan. The International Mathematical
Union was represented by Professors Atiyah and Narasimhan

The following mathematicians gave one-hour addresses at the Col-
loquium :

M.F. Atiyah, W. Barth, S.M. Bhatwadekar, J.L. Colliot-Thélène, A.
Hirschowitz, G. Horrocks, G.R. Kempf, M.A. Knus, J. Le Potier, H.
Lindel, M. Maruyama, N. Mohan Kumar, S. Mukai, M. Ojanguren,R.
Parimala, S. Ramanan, A. Ramanathan, C.S. Seshadri, V. Srinivas and
G. Trautmann.
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Besides the members of the School of Mathematics of the Tata Institute,
mathematicians from universities and educational institutions in India
and France were also invited to attend the Colloquium.

The social programme for the Colloquium included a Tea Partyon Jan-
uary 9, a Classical Indian Dance (Bharata Natyam) Performance on Jan-
uary 10, a Concert (Classical Indian Music) on January 12, a Dinner
Party at the Institute on January 13, an Excursion to Elephanta Caves on
January 14, a Film Show on January 15, and a Farewell Dinner Party on
January 16, 1984.



Magnetic Monopoles in Hyperbolic Spaces

By M.F. Atiyah

1 Introduction
1

In recent years, the Penrose twistor transform has been extensively and
successfully used to convert certain problems arising in physics into
problems of algebraic geometry [1]. More precisely, solutions of the
self-dual Yang-Mills equations onR4 (describing ‘instantons’) convert
into holomorphic bundles on the complex projective 3-spaceP3. Simi-
larly, solutions of the Bogomolny equation inR3 (describing ‘magnetic
monopoles’) convert into holomorphic bundles onTP1 (the tangent bun-
dle of P1) [7]. In this talk, I shall consider the analogous problem, for
magnetic monopoles, when the Euclidean 3-spaceR

3 is replaced by the
hyperbolic 3-spaceH3. Twistor methods still apply and so then ‘hyper-
bolic monopoles’ can also be described by holomorphic bundles.

The motivation for studying the hyperbolic case is that, surprisingly,
it turns out to be simpler than the Euclidean case, while at the same time
preserving all its essential features. Moreover, by varying the curva-
ture of hyperbolic space and letting it tend to zero, the Euclidean case
appears as a natural limit of the hyperbolic case. While the details of
this limiting procedure are a little delicate, and need muchmore care-
ful examination than I shall give here, it seems reasonable to conjecture
that the moduli (or parameter space) of monopoles remains unaltered
by passing to the limit. This conjecture (forS U(2)) receives substan-
tial confirmation from the recent result of Donaldson [5] on the moduli
space of Euclidean monopoles.

In § 2, I explain how hyperbolic monopoles satisfying suitable decay
conditions at infinity, can essentially be viewed as instantons invariant

1



2 M.F. Atiyah

under a circular rotation. Although this works quite generally for any
compact Lie groupG, and for any asymptotic value for Higgs field, I
will for simplicity concentrate on theS U(2) case. This is the case which2

(for Euclidean 3-space) has been studied in the greatest detail [7], [8],
[9], [10] and it is therefore the most useful for comparativepurposes. In
particular, I will show how the two splittings (reduction tothe triangular
group) used by Ward [10] and Hitchin [7] have simple analogues in the
hyperbolic case.

The twistor picture forS1-invariant instantons is developed in § 3
and then the ‘mini-twistor’ picture is derived in § 4. The analogue of
Hitchin’s spaceTP1 (a quadric cone) is now a non-singular quadric sur-
faceQ, and the analogue of Hitchin’s spectral curve is now a curve on
Q. However, in the hyperbolic space, this spectral curve alsohas an
additional interpretation in terms of the jumping lines of the instanton
bundle on the 3-dimensional twistor space.

In § 5, I discuss the limiting process of letting the curvature tend
to zero. In the ‘mini-twistor’ picture, this means that we have a family
Q(t) of non-singular quadrics which degenerate to a quadric cone as
t → 0. While the general situation is fairly clear, there are many detailed
technical questions about this limiting process which I do not enter into
and which need thorough investigation.

Finally in § 6, using a recent result of Donaldson [4] on the moduli
space of instantons, I will show that the moduli space ofS1-invariant in-
stantons (i.e. of hyperbolic monopoles) can be identified with the space
of rational functions (of one complex variable). This result was also de-
rived in [2] in a more general context, but the treatment given here is
somewhat more elementary. Moreover, it enables us to identify the ra-
tional functions assigned to a monopole as part of the scattering matrix
for Hitchin’s differential operator. It seems likely that a similar interpre-
tation holds for monopoles in Euclidean space.

It will be clear from this introduction that many of the key points3

rest on results of S.K. Donaldson. I am also indebted to him and to N.J.
Hitchin for much valuable discussion on these topics.
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2 Instantons and Hyperbolic monopoles

I begin by recalling the self-dual Yang-Mills equations onR4

∗ F = F (2.1)

and the Bogomolny equations onR3:

Dφ = ∗F (2.2)

HereF is the curvature of a connection,φ (the Higgs field) is a section
of the adjoint bundle.Dφ its corariant derivative and∗ is the duality op-
erator (relative to the Euclidean metric). With suitable decay conditions
at infinity solutions of (1.1) are calledinstantons, and solutions of (2.2)
are calledmonopoles. For such solutions theL2-norm of F is finite in
both cases (referred to as the action onR4 and the energy onR3).

It is well-known that any solution of (2.1) which is independent of
the coordinatex4 can be reinterpreted as a solution of (2.1) withφ being
given by thex4-component of the connection. Thus a monopole can be
viewed as a solution of (2.1), but it is a solution withinfinite action, and
so is not an instanton.

Instead of consideringtranslation-invariant solutions of (2.1), we
can however considerrotationally-invariant solutions, relative to angu-
lar rotation in say the (x3, x4)-plane. It is then convenient to use polar
coordinates (r, θ) in this plane and to rewrite the Euclidean metric ele-
mentds2 as

ds2 = dx2
1 + dx2

2 + dr2 + r2dθ2

= r2


dx2

1 + dx2
1 + dr2

r2
+ dθ2

 (2.3)

Now the hyperbolic 3-spaceH3, of constant curvature−1, can be identi- 4

fied with the upper half-spacez > 0 in (x, y, z)-space. Thus (2.3) shows
that we have a conformal equivalence:

R
4 − R2 ∼ H3 × S1. (2.4)
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This implies thatS1-invariant solutions of (2.1) overR4−R2 correspond
to solutions of (2.2) onH3. SinceS1 is compact this correspondence
converts finite-action solutions onR4 into finite-energy solutions onH3.
In particular,S1-invariant instantons, defined on the whole ofR4 (in fact
on S4), can be interpreted as finite-energy solutions of(2.2)on H3. We
shall see that it is reasonable todefinea monopole onH3 as a solution
of (2.2) that arises in this way from anS1-invariant instanton. This by-
passes the interesting but technical questions of identifying the precise
decay conditions to be required of a monopole.

At this stage, we should look carefully at the notion ofS1-invariance.
The unknown function in (2.1) is a connectionA on a principal bundle
P overR4, andS1-invariance means that theS1-action onR4 has been
lifted to anS1-action onP preservingA. Notice that the choice of lifting
of theS1-action toP is part of the data.

So far we have not specified our structure groupG. From now on,
for simplicity, we takeG = S U(2) and we shall frequently work with
the associated vector bundleE (with fibre C2). An action ofS1 then
gives, on restriction to theR2-axis (i.e. the (x1, x2)-plane), a representa-
tion of S1 on the fibres ofE. This representation (up to conjugacy) is
independent of the point on the axis and must be of the form:

λ→

(
λp 0
0 λ−p

)
(2.5)

for some integerp ≥ 0. The integer p can be identified with the asymp-5

totic value of the norm|φ| of the Higgs field. For this we just have to
recall that, intrinsically, the Higgs field is the difference between the Lie
derivative and the covariant derivative along theS1-orbits. At a fixed
point of the action, the covariant derivative is zero, whilethe Lie deriva-
tive is just the infinitesimal action on the fibre given by (2.5).

This already shows that our definition of monopoles is some-what
restricted since we are requiring|φ| to tend to aninteger value at∞.
If we relax this condition (but preserve suitable decay conditions) our
monopole would correspond not to an instanton in the strict sense but to
a solution of (2.1) with a branch-type singularity alongS2 ⊂ S4. Such
solutions, with non-trivial holonomy aroundS2, have been explicitly
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found in [6]. A systematic treatment of hyperbolic monopoles should
certainly include all these but in this talk I shall discuss only the ‘inte-
gral’ case.

Excluding the trivial casep = 0, the sub-bundle ofE over S2 cor-
responding to the positive factorλp in (2.5) is well-defined and has an
integer first Chern class. This is (up to sign) themagnetic charge kof
the monopole as usually defined.

To be precise about signs, we must first decide on orientations. We
shall use the circle action to orient theR2 which is rotated, and the ori-
entation ofR4 then induces an orientation on the fixedR2. SinceH3

has thisR2 as boundary it also inherits an orientation. This turns out
to be opposite to the orientation it inherits from (2.4), starting with the
orientation ofR4. Hence solutions of the Bogomolny equation onH3

now correspond toanti-self-dualconnections onR4 (independent ofθ).
With these sign conventions, the integerk defined above is in fact6

positive and can be identified with the magnetic charge of themonopole.
Moreover, the anti-instanton number, i.e. the second Chernclassc2 of
the bundle overS4, is related tok andp by the simple formula:

c2 = 2kp. (2.6)

This is easily proved by the use of equivariant cohomology asexplained
in [3]. The equivariantc2 of E restricted to the fixedS2 ⊂ S4 is

−(kx− pu)2

wherex generatesH2(S2) andu generates the equivariantH2 of a point.
Since the equivariantc1 of the normal toS2 is justu one finds

c2 = coefficient ofx in −
(kx− pu)2

u

= 2kp.

Alternatively, (2.6) can be derived by equating the Energy of the
monopole (multiplied by 2π) with the Action of the anti instanton, using
the formulae

pk=
1
4π

∫
|F |2dx3
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c2 =
1

8π2

∫
|F |2dx4

The factor 2 arises in (2.6) because|Dφ|2 contributes by (2.2) the same
amount to the Energy as|F |2. This integration argument is, of course,
an explicit de Rham version of the cohomological argument above (see
[3] for further explanation).

We can now proceed to study our hyperbolic monopoles simply be
exploiting the available information on instantons.

3 The twistor picture
7

I recall that we have the “twistor” fibration (see [1]

P3(C)→ S4 (3.1)

and thatS U(2) - anti-instantons onS4 lift to holomorphic vector bundles
F (of rank 2) onP3(C). Moreover, the anti-involutionσ of P3(C) given
by

σ(z1, z2, z3, z4) = (−z̄2, z̄1,−z̄4, z̄3)

lifts to F, giving F a “real structure”. Finally, sinceF comes fromS4, it
is trivial on all the fibres of (3.1), the “real” lines.

An S1-invariant anti-instanton onS4 corresponds in this way to a
bundleF on P3(C) on which S1 acts. I now proceed to spell out the
details of this action.

First of all, the action ofS1 on S4 lifts naturally, via (3.1), to an
action onP3(C) and it then complexifies to give an action ofC∗. This
action has two fixed lines which we shall denote byP+1 andP−1 . Under
the projection (3.1), each gets identified with the fixedS2 ⊂ S4 of the
rotation. The mapP+1 → S2 is orientation-preserving, whileP−1 → S2

orientation-reversing. Moreover,σ interchangesP+1 and P−1 . On the
normal bundle toP+1 in P3, the representation ofC∗ is just scalar multi-
plication, while forP1, it is the dual (or inverse).

WhenF is restricted toP+1 , it decomposes as a direct sum

F | P+1 � H−k ⊗ Lp ⊕ Hk ⊗ L−p (3.2)
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whereH is the (positive) Hopf line-bundle (with trivialC∗-action) andL
is the standard one-dimensional representation ofC

∗. This follows from
the discussion in § 2, so thatk is the magnetic charge andp the limiting
value of the norm of the Higgs field. Becauseσ changes orientation, it
follows that

F | P−1 � H−k ⊗ L−p ⊕ Hk ⊗ Lp (3.3)

The decompositions (3.2) and (3.3) induce splittings ofF as de- 8

scribed by the following:

Proposition 3.4. On P3 − P
−
1 there is a unique holomorphic sub-line-

bundle L+ of F such that

(i) F is invariant under the action ofC∗,

(ii) F, restricted toP+1 , coincides with the first factor H−k⊗Lp in (3.2).

Proof. A sub-line-bundle ofF is given by a section of the associated
projective bundleP(F). Consider now the action ofC∗ on P(F). There
are four fixed linesα+, α−, β+, β− corresponding to the four factors of
(3.2) and (3.3):α+, α− arising (in order) from those of (3.2) andβ+, β−

from (3.3). The weights of the representation ofC∗, normal to the lines
α+, α− are

α+ : (1, 1,−2p)

α− : (1, 1, 2p). (3.5)

The weights±2p are in the fibre direction while the weights 1 corre-
spond to directions normal toP+1 in P3. Consider now theC∗-orbits in
P(F) lying overP3 − (P+1 ∪ P

−
1). As t → 0(t ∈ C∗), each such orbit ac-

quires a limit point inα+ or α−. Since the weights ofα− are allpositive,
mostC∗-orbits tend toα−. Consider the specialC∗-orbits which tend
to α+. Sinceα+ has just two positive weights, it is not hard to see that
these specialC∗-orbits define a codimension one complex sub-manifold
of P(F) overP3 − P−, and that this is the graph of the required section.
A formal proof can be given on the lines explained in § 6.
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Interchanging the roles ofP+1 andP−1 in 3.4, which corresponds to
changingt to t− in C∗, leads similarly to a line-bundleL− overP3 − P

+
1

which extends the first factorH−k ⊗ L−p of (3.3). 9

Recall now that a line inP3 on which F is non-trivial is called a
jumping line. These are related to our line-bundlesL+, L− by the fol-
lowing result: �

Proposition 3.5. The fibres of L+ and L− over a point x∈ P3 − P
+
1 ∪ P

−
1

coincide if and only if the closure inP3 of theC∗-orbit of x is a jumping
line of F.

Proof. Again, we work withP(F) so thatL+, L− determine sections
(denoted by the same letters) over the appropriate parts ofP3. Suppose
first that the closure ofC∗x (sayγ) is nota jumping line, so that, overγ,
P(F) is a product. Its sections are therefore just constant and determined
by their value at any point. Hence the action ofC∗ on these sections is
the same as its action on the fibres over the two points

γ+ = γ ∩ P
+
1 , γ− = γ ∩ P

−
1 .

In particular there are just two fixed sectionss+, s− as indicated in the
diagram

HereA+ is the point ofs+ overγ+, etc., and the arrows indicate the
direction of theC∗-flow as t → 0. As the figure indicatesA+ is the
saddle-point overγ+ so thats+ must coincide withL+. Similarly B− is
the saddle-point overγ− so thats− coincides withL−. Sinces+ ands−

are disjoint it follows thatL+(x) andL−(x) do not coincide.
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Conversely ifL+(x) , L−(x) then we get a diagram as above and we10

have to deduce thatP(F) is trivial overγ. For this consider the closure
of a genericC∗-orbit in P(F)|γ. From the direction of the arrows in the
diagram we see that this gives a sectionδ passing throughA− andB+.
Moreover from (3.5) it follows that the intersection numbers δ.s+ and
δ.s− are both equal to 2p. This implies thats+ ands− are homologous
and from this it follows thatP(F)|γ is indeed a product (for aP1-bundle
overP1 which is not a product, any two non-intersecting sections have
opposite self-intersection number).

Note that the real structure onF interchangesL+ andL− and has to
preserve the set of jumping lines. Moreover sinceF has no real jumping
lines, Proposition 3.5 implies thatL+ andL− never coincide at pointsx
for which the lineγ (closure ofC∗x) is real.

The line bundlesL+ andL− are in factalgebraic. This can be proved
by noting that, onP3 − (P+1 ∪ P

−
1), they descend to the quotient which

is the quadric surface. Since algebraic line-bundles correspond to alge-
braic divisor classes and since divisors onP3 − P1 extend uniquely to
P3 it follows that L+ andL− both extend to line-bundles onP3. Since
(ignoring theC∗-action)L+ restricts toH−k onP−k onP+1 it follows that
L+(and similarlyL−) extend toH−k onP3. Moreover, sinceP−1 has codi-
mension 2, the homomorphismL+ → F extends to a homomorphism
H−k → F. In other wordsF(k) = F ⊗ Hk has sectionσ+ vanishing on
P
−
1 , and similarly a sectionσ− vanishing onP+1 . Thus, in the general

correspondence between rank 2 bundles onP3 and (suitable) algebraic
curves,F corresponds to a line with a certain multiple structure (i.e. a
sheaf with nilpotent elements).

To describe this situation in more detail, it will be necessary to con-
sider the way in whichC∗ acts on all this data. First we note that the11

action ofC∗ onP3 comes from the representation

λ→



λ
1/2

λ
1/2

λ−
1/2

λ−
1/2



onC4. The square-roots indicate that this is really a representation of the



10 M.F. Atiyah

double cover ofC∗: in fact S O(5) → S O(4) is the spin-representation.
Let us now denote byH the Hopf bundle, regarded as an equivariant
bundle for this action ofC∗. Then restricting toP+1 andP−1 we have

H |P+1
� H ⊗ L

1/2
H |P−1

� H ⊗ L−
1/2. (3.6)

Moreover, the line-bundlesL+ andH −k being isomorphic onP3 − P
−
1

haveC∗-actions which can differ only by a character ofC∗ (since all
holomorphic functions onP3−P

−
1 are constant). From (3.6) we can then

deduce that, as equivariant bundles,

L+ �H
−k ⊗ Lp+k/2, L− �H

−k ⊗ L−p−k/2 (3.7)

Hence the homomorphismL+ → F, tensored byH k, gives a homo-
morphismLp+k/2 → F(k), showing that the sectionσ+ of F(k) which
vanishes onP−1 is of weightp+ k/2, i.e.

λ(σ+) = λp+k/2σ+, λ ∈ C∗ (3.8)

To examine the behaviour ofσ+ nearP−1 we shall use the decompo-
sition (3.3) which, after twisting byH k, becomes (using (3.6)),

F(k)|P−1 � L−p−k/2 ⊕ H2k ⊗ Lp−k/2 (3.9)

Also the canonical bundleN∗ of P−1 is12

N∗ = H−1 ⊗ L ⊗ C2

Hence terms of weightp + k/2 in the normal Taylor series ofσ+ can
arise in just two ways, namely from

Sk(N∗) ⊗ H2k ⊗ Lp−k/2

and
S2p+k(N∗) ⊗ L−p−k/2.

This shows that, locally,σ+ is given by a pair of functions (f , g) where

degg = k, deg f = 2p+ k. (3.10)
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This implies thatP−1 is a zero of multiplicityk(2p+ k) which proves that

c2(F(k)) = 2pk+ k2

so that
c2(F) = 2pk

as we have already proved by other methods.
Since (3.9) extends as an exact sequence (rather than as a direct sum)

to P3 − P
+
1 , the functiong in (3.10) is globally defined (as a section of

Hk), but f is only defined locally. �

4 The mini-twistor picture

In the preceding section, I described the structure of bundles on the
twistor spaceP3 corresponding toS1-invariant instantons. Because these13

bundles are acted on byC∗ it is possible to descend these bundles to the
quotient space

Q =
P3 − (P+1 ∪ P

−
1)

C∗
(4.1)

Since any pointx in P3− (P+1 ∪P
−
1) lies on a unique transversal toP+1 and

P
−
1 this transversal is the closure of theC∗-orbit throughx. This shows

that
Q � P × P−1 (4.2)

so thatQ is (abstractly) a quadric surface. Moreover the real structure on
P3 induces a real structure onQ which interchanges the two factors, and
the real points form the “anti-diagonal”Qσ consisting of pairs (y, σ(y)).
Thus the bundleF onP3 descends to a bundle, sayF , onQ, andF also
has a real structure.

SinceP+1 andP−1 have co-dimension 2 inP3 two bundles onP3 which
are isomorphic onP3 − (P+1 ∪ P

−
1) are automatically isomorphic onP3.

ThusF uniquely determinesF, so that no information has been lost on
descending toQ. We proceed now to reinterpret the results on § 3 in
terms of bundles onQ.
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The sub-line-bundleL+ of F descends to a sub-line-bundleL + of
F . If we denote byH+ andH− the Hopf bundles onP+ andP−1 pulled
back toQ by the factorization (4.2), thenL + must be of the formHα+ ⊗
Hβ− for some integersα, β. To find these we use (3.7) which can also be
rewritten

L+ � π∗+(H
−k ⊗ Lp) � π∗1(H−k ⊗ L+k) (4.2)

whereπ± : P3 − P
∓
1 → P

±
1 are the natural linear projections. Restricting14

L+ to the planeπ−1
+ (y) for y ∈ P+1 and using the first isomorphism in (4.2)

then shows that
L
+|y×P−1

� Hp
− (4.3)

so thatβ = p. Similarly the second isomorphism in (4.2) shows that
α = −(p+ k). Hence

L
+
� H−p−k

+ ⊕ Hp
−; (4.4)

similarly, we find
L
−
� Hp

+ ⊕ H−p−k
− (4.5)

Thus the bundleF on Q has two different splittings:

0→ L
+ → F → (L +)∗ → 0

0→ L
− → F → (L −)∗ → 0 (4.6)

whereL + andL − are given by (4.4) and (4.5). Moreover these split-
tings are interchanged by the linear structure.

These two splittings coincide where the composite homomorphism

L
+ → F → (L −)∗

is zero. This is given by the vanishing of a sectionsof the line bundle

(L + ⊗L
−)∗ � (H+ ⊗ H−)

k (4.7)

The zero set ofs is therefore a curveS on Q of bidegree (k, k). The15

curveS is real and the line-bundlesL + andL −. coincide overS so
that

H2p+k
+ |s � H2p+k|s

− (4.8)
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More geometrically this means that, ifD+, D− are the divisors cut out
on S by the two systems of generators ofQ, then

(2p+ k)(D1 − D2) ≈ 0 (4.9)

where≈ denotes linear equivalence onS.
Following Hitchin [7], we shall callS thespectral curveof the hy-

perbolic monopole. Just as in [7],S determines the monopole uniquely.
In fact consider the exact sequence of sheaves onQ

0→ O(−2p− 2k, 2p)→ O(−2p− k, 2p+ k)→ Os→ 0

whereO(α, β) denotes sections ofHα+ ⊗ Hβ− and we have used (4.8).
Taking

δ(1) ∈ H1(Q,O(−2p− 2k, 2p)) = H1(Q, (L +)2)

whereδ is the coboundary in the cohomology exact sequence we get the
element which defines the first extension in (4.6) and so recoverF .

Finally, we note thatF , restricted to a generator ofQ of either sys-
tem, has constant typeHp ⊕ H−p. This follows at once by using the
splittings (4.6) together with the isomorphisms (4.4) and (4.5). Thus,
for restricted to aP− generator, we use the first extension of (4.6) and
get an extension

0→ Hp
− → F |P− → H−p

− → 0

which splits sincep > 0. 16

The fact that the restriction ofF to the generators is not generically
trivial means that the extension classes in (4.6) are very special. This
is borne out by a parameter count which shows that the space ofall
extensions of the form (4.6) is much larger than the moduli space of
monopoles. Moreover the fact that decomposition is of constant type,
i.e. that there are no special generators, guarantees that the bundleF
when lifted back toP3 − P

+
1 ∪ P

−
1) extendsto P3. Special generators

would mean thatF would only extend as a torsion-free sheaf, having a
finite number of special points onP+1 , P−1 where it was not locally free.
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Whenk = 1, the spectral curveS, being of bidegree (1, 1) is a conic
section and so corresponds to a point 0 inH3. All geodesics through this
point are then “spectral lines”. Moreover since the monopole is uniquely
determined byS it follows that it is rotationally symmetric about 0. We
may therefore refer to 0 as thecentreof the monopole, and the situation
is quite analogous to that for Euclidean 3-space.

5 The limiting process

Comparison of the results of § 4 with those of Hitchin [7] showthat
the mini-twistor pictures of hyperbolic and Euclidean monopoles are
quite similar. The holomorphic bundle on the mini-twistor space has
in each case two canonical splittings (conjugates of each other) and a
spectral curve where they coincide, which determines the monopole.
The main difference is that in the Euclidean case the splittings are de-
fined by asymptotic behaviour, where as in the hyperbolic case we have
a compactification which incorporates infinity.

To pursue the comparison further, let us, following Hitchin, consider17

the case ofU(1)-monopoles on hyperbolic space. For these, the connec-
tion is flat and the Higgs field is the constant i. This corresponds to the
trivial line bundle onS4 (or on its twistor spaceP3) with the standard
S1-action. As we saw in § 4, this descends fromP3 to the quadricQ to
give the line bundleH−1

+ ⊗H−. This is therefore the analogue of Hitchin’s
line bundleL on TP1 (the tangent bundle ofP1). Comparing (4.4) and
(4.6) with theorem (6.3) of [7] then shows that they are precisely of the
same form.

So far, we have only considered the standard hyperbolic space with
curvature−1. We now want to vary the curvature and then consider the
limiting situation when the curvature tends to zero, givingflat Euclidean
space. If, for some positive constantR, we rewrite (2.3) as

ds2 =
r2

R2

{
R2

{
dx2 + dy2 + dr2

r2

}
+ R2dθ2

}
(5.1)



Magnetic Monopoles in Hyperbolic Spaces 15

this replaces (2.4) by the conformal equivalence

R
4 − R2 ∼ H3(R) × S1(R) (5.2)

whereS1(R) is the circle of radiusR and H3(R) is hyperbolic space
of curvature−R−. An S1-invariant instanton of weightp on R4 thus
defines a monopole onH3(R) in which, because of the scale change
on the circle, the norm of the Higgs field tends toR−1p at infinity. In
particular, takingR= p we see that monopoles onH3 with |φ| → p at∞
are equivalent, by this rescaling, to monopoles onH3(p−1) with |φ| → 1
at∞. Note that in Euclidean space, because there is no absolute scale,
we can always renormalize the Higgs field to have|φ| → 1.

The idea now is that, asp → ∞, monopoles on the sequence of18

spacesH3(p−1) should in some appropriate sense converge to monopoles
on Euclidean space, the Higgs field having throughout been normalized
so that|φ| → 1 at∞. More precisely, let us representH3(R) as the ball
of radiusR in Euclidean 3-space. It is easy to show that, asR→ ∞, the
hyperbolic metrics of these balls converge, on any compact set, to the
Euclidean metric. It now makes sense to ask that a sequence ofhyper-
bolic monopoles defined on eachB(p), should converge to a Euclidean
monopole asp → ∞. If the sequence converges smoothly, it is clear
that the limit will indeed be a Euclidean monopole.

If we reinterpret hyperbolic monopoles asS1-invariant instantons,
this limiting procedure amounts to considering (backward)rotations in
the (x3, x4)-plane having centres at (0, 0, p, 0) and using asS1-parameter
the arc length of the orbit through the origin (divided by 2π). In terms
of the generating vector fields, these are normalized to havelength one
at the origin. Asp→ ∞, these vector fields converge, on any compact
set, to the generator of translation in thex4-direction.
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These vector fields then induce holomorphic vector fieldsξp on P3,
generatingC∗-actions and converging asp→ ∞ to aC-action.

For the standardS1-action considered in § 4 theC∗-fibration overQ
defined by (4.1) is easily seen (by calculations similar to those in § 4) to
define the line-bundleH+ ⊗ H−1

− . Reversing the orientation ofS1 leads19

to the inverseH−1
+ ⊗H while rescaling replaces the bundle by its powers.

Hence the vector fieldξp induces the standard action ofC∗ = C/2πZ on
Lp = H−p

+ ⊗ Hp over the quadricQp: the principal bundle ofLp can
be identified with the quotient ofP3 − (P+1 (P) ∪ P−1(p)) by Zp, (P1(p)
denoting the zeros ofξp).

If we introduce
Q̃p = Qp − Qσp (5.3)

the complement of the real points ofQp, thenLp is topologically triv-
ial on Q̃p and arises by exponentiation from an element ofH1(Qp,O).
This element can be viewed geometrically as the -bundle given by the
action t → exp 2πtξp on the universal covering space of̃Pp, where
P̃p = π

−1(R2−R2
p), R2

p is the axis of thepth rotation andπ : P3→ S4 is
the twistor fibration. Note that at this stagep could be any positivereal
number, the integrality is only needed if we deal with the whole of Qp

rather than the open set̃Qp.
As p → ∞ the quadricsQp tend to the quadric coneTP1, and this

degeneration is best viewed by realizing theQp as all embeded in a fixed
projective 3-space. I shall now describe such a realization.

Recall first thatTP1 parametrizes oriented straight lines in the Eu-
clidean 3-spaceV = R3, and that points ofR3 correspond to real sections
of TP1. One way to derive this correspondence is to introduce the affine
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dual V′ of V, i.e. the space parametrizing affine planes inV. If we in-
troduce the projective spaceP compactifyingV and its projective dual
P
′ thenV′ ⊂ P is the complement of one point. Ifx, y, zare coordinates

for V, t a fourth homogeneous coordinate and

ξx+ ηy+ ζz+ τt = 0 (5.4)

the equation of a projective plance, then (ξ, η, ζ, τ) are homogeneous20

coordinates forP′ andV′ is the complement of the point (0, 0, 0, 1). Now
an affine lineL ⊂ V has a dual lineL′ ⊂ V′ and, if we complexity, the
line L′

C
meets the complex quadric cone

ξ2 + η2 + ζ2 = 0 (5.5)

in a pair of complex conjugate points. An orientation ofL gives a pre-
ferred choice of one of these points and in this way affine linesL ⊂ V are
parametrized by points of the cone (5.5), excluding the vertex (0, 0, 0, 1).
Note that (5.5) is the dual of the (purely imaginary) conic at∞ in PC
given by

x2 + y2 + z2 = 0, t = 0 (5.6)

which arises from the Euclidean metric structure ofV.
Now consider the hyperbolic spaceH3(R) and identify it as before

with the ballB(R) ⊂ V. A hyperbolic plane inB(R) is determined by
its “circle at∞”, i.e. on the boundary ofB(R). This is cut out by a
plane inV, so that the affine dualB(R)′ of B(R) can be identified with
the subspace ofV′ representing planes inV whose distance to the origin
is less thanR. ThusB(R) is given by the inequality

ξ2 + η2 + ζ2 − R−2τ2 > 0. (5.7)

A geodesic inB(R) is therefore represented by a lineL′ inside the region
(5.7). The analogue of (5.5) is the complex quadric inP′

C
given by the

equation
ξ2 + η2 + ζ2 − R−2τ2 = 0 (5.8)

which is the dual of the equation 21
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x2 + y2 + z2 − R2t2 = 0 (5.9)

giving the complexification of the boundary ofB(R). The complexifi-
cation L′

C
meets (5.8) in a pair of conjugate points and, as before, an

orientation of the geodesic gives a preferred choice. Note that asL′ lies
inside the region (5.7) it does not meet the quadric (5.8), sothat our
points are never real. In this way, oriented geodesicsB(R) are naturally
parametrized by the non-real points̃Q(R) of the quadricQ(R) given by
(5.8).

AsR→ ∞, the quadricQ(R) tends to the quadric cone given by (5.5)
and it is not hard to see that parametrization of (oriented) geodesics is
continuous. Thus, ifαR is an oriented geodesic inB(R) which converges
(on compact sets) to a straight line asR→ ∞, then the corresponding
points onQ(R) converge to the required point on the cone.

I shall now describe the family of line-bundlesLR onQ(R) and show
that they converge to Hitchin’s line bundleL on Q(1/2) = TP1.

Let U be the open setη , iξ andV the open setη , −iξ. Their union
coversQ̃(R) because the excluded lineξ = η = 0 intersectsQ(R) in the
real points (0, 0, 1,±R). The transition function

gUV =
ζ + R−1τ

ζ − R−1τ

is holomorphic and non-zero onU ∩V∩QR and it defines a line-bundle
on QR. This is, in fact, the restriction of the line bundleH−1

+ ⊗ H− on
QR.

Consider now the line bundleLR on Q̃(R) defined by the transition22

function (gUV)R. As R→∞, this converges to the limit

g∞UV = exp(2τ/ζ) (5.10)

defining a line-bundleL∞ on Q̃(∞) = TP1. It remains to check thatL∞
coincides with Hitchin’s line-bundleL. Now, in our coordinates, a point
(a, b, c) ∈ R3 is represented by the plane

aξ + bη + cζ = τ. (5.11)
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If we now parametrizeP1, defined by the homogeneous equation (5.4),
by

ξ

ζ
=
ρ − ρ−1

2
,
η

ζ
=
ρ + ρ−1

2i

then (5.11) becomes

τ/ζ = −1/2
{
(a+ ib)ρ−1 − 2c− (a− ib)ρ

}
(5.12)

Comparing this with (3.2) of [1] shows that our coordinates are related
to Hitchin’s by

ρ→ ζ τ/ζ → −η/2.

Thus our formula (5.10) coincides with Hitchin’s formula (5.4) in [7],
showing that outL∞ is hisL.

6 The moduli space

In [2] I showed, using a recent result of Donaldson [4], that the moduli
space of (based) monopoles of chargek on the hyperbolic spaceH3

can naturally be identified with the space of based holomorphic maps 23

P1→ P1 of degreek, i.e. with the space of rational functions

f (z) =
a1zk−1 + a2zk−2 + · · · + ak

zk + b1zk−1 + · · · + bk

where the numerator and denominator have no common factor. In [2],
this was deduced as a special case of a more general result forinstantons.
I shall now give a more direct and elementary treatment for the case of
monopoles alone. Again this rests on [4] and the proof is not essentially
different from that in [2], but the presentation is simpler and gives more
insight into the way the moduli space arises.

An instanton onR4 (or S4) defines a holomorphic bundle on the
twistor spaceP3 with a real structure (and satisfying further a non-
degeneracy condition). If we pick a planeP2 in P3 and restrict the
bundle, we get a holomorphic bundle onP2 trivial on the unique real
line in P2. Donaldson’s result in [4] asserts that this process identifies
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the moduli space of based instantons onS4 with that of holomorphic
bundles onP2 trivialized onP1. Here a base bundle means a bundle
with a preferred choice of trivialization over some base point. The im-
portant point in this result of Donaldson is that the bundleson P2 are
purely holomorphic - there is no real or unitary restriction, andS U(2)
gets replaced byS L(2,C).

For anS1-invariant instanton we pick ourP2 to contain the fixed
line P+1 and we take as base point its intersectionA with P−1 . ThenP2

is alsoS1-invariant and the naturality of Donaldson’s theorem implies
that the moduli space of based monopoles onH3 can be identified with
the moduli space ofS1-invariant based bundles onP2. Note that theS1-
action does not preserve the trivilization over the base point A. In fact,24

the representation ofS1 on the fibre overA is determined by the Higgs
field.

The action ofS1 complexifies to an action ofC∗ and both the bundle
on P2 and theC∗-action are necessarilyalgebraic. The classification of
such objects is a fairly elementary matter as we shall now see. As a first
step, let us prove:

Lemma 6.1. Let E be an algebraic vector bundle of rank n overC2

with an action ofC∗ covering the scalar action onC2. Then E isC∗-
isomorphic to the productC2 × EO.

Proof. C∗-bundles onC2 − 0 are equivalent to bundles on the quotient
spaceP1. By Grothendieck’s theorem, every vector bundle onP1 is a
direct sum of powers of the Hopf bundle. Hence onC2 − 0 everyC∗-
vector bundle is isomorphic to a product bundle of the form (C

2−0)×V,
whereV is a representation ofC∗ (and so a sum of one-dimensional
representations). Thus our bundleE and the productC2 × V areC∗-
isomorphic onC2 − 0. The isomorphism then necessarily extends to
C

2 and induces in particular an isomorphism of representations of C∗

betweenEO andV.
We shall be interested in the casen = 2 and representations with

weights (p,−p) for p > 0. The proof of Lemma 6.1 also shows that the
C
∗-automorphisms ofE = C2 × EO are all of the form

(z1, z2; u, v) → (z1, z2; au+ c(z1, z2)v, bv) (6.2)
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wherea, b are non-zero constants andc(z1, z2) is a homogeneous poly-
nomial of degree 2p. Hereλ ∈ C∗ is taken to act onEO by

(u, v) →
(
λ

p
u, λ
−p
v

)
.

By lifting a bundle fromC1 to C2 and applying 6.1 and (6.2), we
deduce: �

Corollary 6.3. Lemma 6.1 holds withC1 instead ofC2 and automor- 25

phisms for n= 2 and weights(p,−p) are given by

(z; u, v) → (z; au+ cz2p, bv) with ab, 0

Remark. The analogue of 6.1 holds for bundles overCm for anym, but
we only need the casesm= 1, 2 and the proof form≥ 3 is slightly more
complicated.

Suppose next thatE is aC∗-vector bundle overP1 = C∪∞. Then we
have representationsEO andE∞ which by (6.3) determineE restricted to
the two open setsP1−∞ andP1−0. Over the intersectionC∗-bundles are
equivalent to bundles over a point, so that the data needed toconstructE
from EO andE∞ is just a vector space isomorphismT : EO → E∞ (not
necessarily commuting with the action ofC∗). For example,T could
be fixed by looking at the fibre over the pointz = 1. Changing the
identification

E|P1−∞ � (P1 −∞) × EO

by an automorphism of (P1 − ∞) × EO altersT to TS. In the case we
want, whenn = 2 and the weights ofEO are (p,−p), Corollary (6.3)
shows thatS is (relative to the standard basis) given bya triangular
matrix. The coset space of the triangular matrix group inGL(2,C) is
just the projective line. More invariantly, let

P(T) : P(EO)→ P(E∞)

be the projective isomorphism induced byT, and letpO ∈ P(EO) corre-
spond to the positive weight vector. This is the point fixed bythe auto-
morphismS. Hence the left cosets ofS are determined by the point

P
′(T)(pO) ∈ P(E∞). (6.4)
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26

Summing up this discussion, we see that we have proved the follow-
ing:

Proposition 6.5. Let E be aC∗-vector bundle of rank2 over P1 with EO

having weights(p,−p), and with a preferredC∗-isomorphism

E|P1−0 � (P1 − 0)× E∞.

Then E corresponds canonically to a point ofP(E∞).

Remark . The matrixT : EO → E∞ defined earlier should be viewed
as a kind of “scattering matrix” and the point inP(E∞) as the ratio of
the “reflection/transmission” coefficients. I shall have more to say about
this later.

We are now ready to return to theC∗-bundleE overP2 correspond-
ing, by Donaldson, to anS1-invariant instanton and so to a hyperbolic
monopole. Recall thatP2 contains a fixed pointA anda fixed lineP+1 ,
and a unique real line, joiningA to its conjugate pointA∗ onP+1

The bundleE is trivial on the lineAA∗ and hence on all nearby lines
throughA∗. Applying the action ofC∗ then shows thatE is trivial on all
lines throughA∗ exceptP+1 . The trivialization ofE on AA∗ then extends
to all these lines. In particular we get a distinguishedC∗-isomorphism

E|P2 − P
+
1 � (P2 − P

+
1) × EA.
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27

Now apply (6.5) to the bundleE restricted to a variable lineBAusing
a third fixed line throughA∗ to define the unit point (and so identifying
BAwith the standardP1). We deduce thatE corresponds canonically to
a rational map

f : P+1 → P(EA). (6.6)

Actually, our construction only definesf on P+1 − A∗ but, because the
trivializations emanate fromA∗ it is easy to see thatf extends by conti-
nuity to the whole ofP+1 .

If we compare the definition of (6.6) with proposition (3.5) we see
that the poles off occur precisely at thek points B for which BA is a
jumping line ofE. To be precise, we parametrizeP(EA) � P(EA∗) so
that∞ corresponds to the minimum weight vector, and 0 to the maximal
weight vector. Note thatf (A∗) = 0.

This completes the proof that the moduli space of based monopoles
of chargek on H3 is the spaceMk of based rational mapsP1 → P1 of
degreek. Note that the moduli space is independent of the weightp,
i.e. of the norm of the Higgs field at∞. This makes it very plausible
that, in the limiting procedure described in § 5 forp → ∞, the moduli
spaces should converge to the corresponding moduli space for Euclidean
monopoles, which has already been proved by Donaldson [5] tocoincide
with Mk. Moreover if we allow non-integral values ofp we should get
a nice continuous one-parameter family of moduli spaces.

So far we have defined the rational mapf in (6.6) purely from the
holomorphic point of view. In fact it has quite a simple interpretation
from the monopole point of view. To see this let us first project from
the twistor spaceP3 back toS4. Then our planeP2 maps toS4 with the 28

line AA∗ collapsing to the point at∞ andC2 = P2− (AA∗) gets identified
with R4. This identification is compatible with theC∗-action so the fixed
line P+1 (with A∗ deleted) maps to theR2 axis inR4, while the linesBA
(with A deleted) map to the plane orthogonal to this axis. As before we
introduce coordinates (x, y, r, θ).

The rational mapf determined by a monopole is defined at a point
x0 + iy0 by considering theC∗-bundle over the projective lineP1(x0, y0)
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(obtained by compactifying the planex = x0, y = y0) and applying
Proposition (6.5). Here the complex coordinate of thisP1 is w = reiθ.
The procedure to obtain the valuef (x0 + iy0) is now as follows.

OverC = P1 − ∞ our bundle can be described as a productC × C2

with coordinates (w; u, v) andC∗-action given by

λ(w; u, v) = (λw; λp
u, λ
−p
v ).

There are two distinguished (invariant) sections, namely

s+ : u = wp, v = 0,

s− : u = 0, v = w−p.

Notice that the first is holomorphic onC while the second has a pole
at 0. Similarly overP1 − 0 we have coordinates (w′; u′, v′) with similar
formulae, and distinguished sectionss′+, s′− with s′+ holomorphic atℓ. In
the overlapP1 − (0∪ ∞) we have the “scattering matrix”T expressing
s± in terms ofs′±:

s+ = as′+ + bs′−

s− = cs′+ + ds′−

with a, b, c, d constants. The value off (x0 + iy0) is thena/b: note that29

a pole of f , i.e. havingb = 0, corresponds toP1 being a jumping line.
We shall now translate this into monopole terminology on thehy-

perbolic spaceH3, given as the upper half space

(x, y, r) r > 0. (6.7)

If we put ρ = log r, so thatρ + iθ = logw, holomorphic sectionss of E
overP1 are defined to be solutions of the equation

∇ρs + i∇θs = 0 (6.8)

where∇ρ and∇θ are the components of the connection in theρ, θ di-
rections. If, as usual, we work in anS1-invariant gauge and assumes
independent ofθ (i.e. S1-invariant), equation (6.8) becomes

∇ρs + iφs = 0 (6.9)
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whereφ is the Higgs field. This (up to a sign convention) is the hyper-
bolic analogue of the equation introduced by Hitchin. The sections s±
correspond to solutions of (6.9) which, asρ → −∞ (i.e. r → 0), satisfy
the asymptotic conditions

s+ ∼ exp(pρ), s− ∼ exp(−pρ)

so thats+ is the decaying solution (unique up to a constant). Similarly
s′± correspond to solutions of (6.9) which, asρ → ∞ (i.e. r → ∞),
satisfy the asymptotic conditions

s′+ ∼ exp(−pρ), s′− ∼ exp(pρ)

so thats′+ is again the decaying solution.
To sum up, therefore, we have the following procedure to assign a 30

rational function f (x + iy) to a monopole onH3. For each fixedx, y
consider the line inH3, with r varying and putρ = log r. Consider the
solutions of the linear ordinary differential equation (6.9). Start with the
solution which decays exponentially asρ → −∞ and express this as a
linear combination of the solutionss′+ ands′− asρ→ ∞:

s+ = as′+ + bs′−

Then define
f (x+ iy) = a/b.

Note that, for this to be well defined we need to fix the choice ofs′± as
ρ→ ∞. This is where the gauge fixing at∞ is used.

Clearly f has poles precisely whenb = 0, i.e. when our solution
decays exponentially at both ends. These are thespectral linesdefined
by Hitchin, and as we have seen, they correspond to the jumping lines.

Thus a monopole is determined by part of its “scattering data” in
a fixed direction. Notice, however, that, in usual scattering theory, one
used imaginary exponentials and the analogue of (6.9) is a self-adjoint
equation.

For a monopole of charge 1, the associated rational functionf is just

f (z) = a/(z− b) (6.10)
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with a , 0. Sincez= b gives a spectral line it follows that the centre of
the monopole inH3 = C × R+ is at a point of the form (b, λ), for some
real positive numberλ. By considering the action of the multiplication
groupz→ czone can see thatλ is proportional to|a| (the proportionality31

factor depends on our choice of normalization and is possibly 1), and
arg(a) represents the “phase angle” of the monopole.

More generally, consider a rational function with simple poles.

f (z) =
k∑

i=1

ai/(z− bi) (6.11)

where the pointsb1, . . . , bk, are ‘far apart’. We would like to argue that
this corresponds approximately to a superposition ofk monopoles of the
type (6.10). This can be justified on the following lines. Fixonebi say
b1 and translate so that this is zero. Now consider the family ofrational
functions

f (z) = (a1/z) +
k∑

i=1

ai/(a− λpi)

and consider the limit asλ → ∞. Reverting to their interpretation as
holomorphic bundles onP2 we see that this family converges to a torsion
free sheaf, locally free onP2 − (AA∗), and having a unique jumping line
AB (B the origin). Passing back to the monopole picture shows thatthe
monopoles parametrized by the familyf converge (on compact subsets
of H3) to the monopole of charge 1 represented bya1/z. This shows
that (6.11) looks approximately like the first monopole nearthe origin,
provided allbi(i > 2) are sufficiently large. Repeating the argument
for eachi then justifies the final claim that the monopole represented by
(6.11) does indeed approximate a superposition ofk simple monopoles.

Our procedure for assigning a rational function to a hyperbolic
monopole appears to extend naturally to the case of Euclidean mono-
poles. One considers Hitchin’s equation (6.9)p now standing for the
third Euclidean coordinate, and uses the same scattering prodecure. The32

fact that the resulting map is indeed holomorphic in (x+ iy) is a conse-
quence of the Bogomolny equations. It would be interesting to compare
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this with Donaldson’s way [5] of constructing a rational function (using
Nahm’s approach). It seems plausible that the two constructions will
agree1, and that the scattering procedure is continuous as the curvature
of hyperbolic space is allowed to tend to zero. This would then show
that the rational function (6.11) also represents an approximate super-
position of Euclidean monopoles as suggested by Donaldson.
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1 Introduction
38

1.1 Results and motivation

The Horrocks-Mumford bundleF on P4 was discovered in 1972 and
it is still essentially the only known indecomposable rank-2 bundle on
P4. Since 1972, all efforts to construct more such bundles or to disprove
their existence have been in vain. In this situation, we believe it impor-
tant to understand better the bundleF itself. Our paper is a step in this
direction.

In this paper, we prove the following facts (see section 5.5): The
variety of jumping linesof F is an irreducible rational 4-fold J. The
double (or triple) jumping linesform a surface J2 ⊂ J. Except for
singularities along this surface the 4-foldJ is smooth.

The main tool in our study of the 4-foldJ is a birationally equivalent
smooth 4-foldJ̃, which in its turn is constructed as theblow-up ofP4

with respect to theideal sheafof a singular surfaceS15 of degree 15 in
P4. This surfaceS15 is a copy ofShioda’s elliptic modular surface S(5)
immersed intoP4 in such a way that it acquires 30 double points, where
two branches of the surface meet.

The surfaceS15 is (the closure of) the variety swept out by allquin-
tic elliptic normal curves, embeddedH5-equivariantly in P4 for the
Schroedinger action of the Heisenberg groupH5 on P4. Alternatively
S15 can be described as thedeterminantal locusin P4 where the matrix
of homogeneous polynomials



z2
0 z2

1 z2
2 z2

3 z2
4

z2z3 z3z4 z4z0 z0z1 z1z2

z1z4 z2z0 z3z1 z4z2 z0z3



drops its rank. OrS15 can be considered as the image of the surface39

S(5) under the linear system|I + 2F |, whereF is the class of an elliptic
fibre andI is a divisor onS(5) recentrly considered in another context
by Inoue and Livné.

The systematic use of this surfaceS15 is the basic new achievement
in our paper. Calculations which have been unaccessible so far become
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practicable if one uses for appearing parameter pointsx ∈ P4 the distinc-
tion, whether they lie outside ofS15, on S15 away from the 30 double
points, or belong to the double points. We study the properties ofS15

quite carefully. This is motivated mainly by the following three reasons:

1. Elliptic quintic normal curves are mentioned in relationwith bun-
dleF already in [6]. So the appearance of the surfaceS15 is quite
natural. Totally unexpected for us is, however, that Shioda’s sur-
faceS(5) is related toF in many more ways than the one given
in this paper. In sections 1.2, 1.3 and 1.4 we describe what we
know about this at present, butwere unable to present with proofs
in this paperfor the lack of time.

2. The divisorI is interesting, because Inoue and Livné use it to
construct a surface of general type withc2

1 = 3c2. Little seems to 40

be known about the linear systems|pI +qF|, p, q ∈ N. Now some
of them arise naturally in connection with the Horrocks-Mumford
bundle.

3. Shioda’s modular surfaceS(n) exists for eachn ∈ N, n ≥ 3.
The surfaceS(3) is the blow up ofP2 in the 9 base points of the
Hesse pencil. This is the pencil of plane cubics invariant under
the Heisenberg groupH3. The surfaceS(4) is swept out by all
H4-invariant elliptic quartic normal curves inP3. In [9, p. 55]
theta-functions are used to identify the image inP3 as the Fermat
quartic. There it is also mentioned that similarly equations can be
found definingS(n) for highern. Our computations are related to
properties of theta-functions of level 5 in one variable.

1.2 The surface S25 (expository)

The smooth surfaceS2p ⊂ P1 × P4 is introduced in section 3.4. We call
it S25, because under the Segre mapP1×P4→ P9 it goes to a surface of
degree 25 inP9. In fact this surface is the complete intersection of Grass
(P1 ⊂ P4) ⊂ P9 with the (suitably normalized) Segre varietyP1 × P4 ⊂
P9. Notice deg(P1 × P4) = deg Grass= 5. AlternativelyS25 ⊂ P9 can
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be described as the image of Shioda’s surfaceS(5) under the complete
linear system|I + 3F |.

The surfaceS25 enjoys a strange self-duality. In this way, it para-
metrizes a 2-dimensional variety of planes inP4. It turns out that these
are the planesYv, v ∈ S15 (see 5.1) and that these are precisely the planes
P2 ⊂ P4 on which the restricted bundleF |P2 is unstable.

We havec1(F (−3)) = −1. If F |P2 is unstable for some planeP2 ⊂41

P4, thenF (−3)|P2 admits a unique section. This section vanishes in
four points. The four pencils of lines inP2 through these four points are
the jumping lines in the plane. The six lines connecting pairs among the
four points are double jumping lines.

Upon closer inspection, one finds that each double jumping line lies
in this way in three different planes.

1.3 The surface of double jumping lines (expository)

It is easy to see (cf. 5.2) that the only triple jumping lines are the 25
Horrocks-Mumford lines [6, p. 72]

zk = zk+2 + ǫ
jzk+3 = zk+1 + ǫ

3 jzk+4 = 0, j, k = 0, . . . , 4,

ǫ = e2πi/5

and that there are no jumping lines of order≥ 4. In this paper we
show that the double jumping lines are parametrized by a surfaceJ2 ⊂
Grass (P1 ⊂ P4), see section 5.5. There is a birational correspondence

betweenJ2 and the variety of sexti-secants ofS15. These sexti-secants
are separated iñJ after the blow up ofS15. The birational map̃J→ J es-
sentially consists of blowing down the proper transforms ofthese sexti-
secants.

A “generic” surface inP4 should admit a finite number of sexti-
secants only. ButS15 comes with a two-dimensional variety. They arise
in two ways:

(a) Joining a pointP on a smooth fibreE ⊂ S15 with P′ ∈ E such42

thatOE(P − P′) is a 2-torsion class, one obtains a secant ofS15.
But this secant meets two more smooth fibres in two other pairs
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of points differing by a 2-torsion class and thus becomes a sexti-
secant. The three fibres are related by the fact that their quotients
E/(2-torsion class) are isomorphic as elliptic curves with level-5-
structure.

(b) Shioda’s surfaceS(5) contains 25 sectionsLi, j differing by 5-
torsion translations on the fibres and 25 3-sectionsCi, j which con-
sist of all the points differing from Li, j by non-trivial 2-torsion
translations on the fibres. It turns out that the images of these
curvesCi, j on S15 are plane sextics (with six nodes). All lines in
their 25 planes are sexti-secants.

The sexti-secants of type (a) blown down parametrize the variety of
double jumping lines. The sexti-secants of type (b) blown down to 25
points parametrize the 25 triple jumping lines.

The curvesCi, j are realizations of Bring’s curveC. This is the mod-
ular curveH /Γ0(2, 5) where

H = {z ∈ C : Im z> φ} is the upper half-plane

Γ0(2, 5) =




a b

c d

 ∈ S L(2,Z) :
a ≡ d ≡ 1(5)
b ≡ 0(5), c ≡ 0(10)



There is a canonical 3 : 1 mapC → P1 inducing a rational 3 : 1 map
ρ : S0(2, 5) → S(5), whereS0(2, 5) is Shioda’s modular surface for
the groupΓ0(2, 5). The fibres ofS(5) are elliptic curves with level-
5-structure (see 4.2), whereas the fibres ofS0(2, 5) are elliptic curves 43

with level-5-structure and a distinguished non-trival 2-torsion element.
Forgetting this 2-torsion element is the 3 : 1 mapS0(2, 5)→ S(5).

SoS0(2, 5) birationally parametrizes pairs consisting of sexti-secants
of type (a) and of one of their six point of intersection withS15. The va-
riety of sexti-secants themselves is the image ofS0(2, 5) under the 6 : 1
map

S0(2, 5)
ω−→ S0(2, 5)

ρ
−→ S(5)

whereω is the quotient map with respect to the distinguished 2-torsion
translation on the fibres. Consequently,J2 being birationally equivalent
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to the variety of sexti-secants of type (a), is birational toS(5) again.
In fact it is nothing butS(5) with its 25 sections blown down. The
corresponding mapS(5)→ Grass (P1 ⊂ P4) ⊂ P9 is given by the linear
system|I + 3F |. So far this is the only linear system|pI + qF| on S(5)
where we knowh0(OS(5)(pI + qF)) , 0 andh1(OS(5)(pI + qF)) , 0.

1.4 The surface S45

If a plane varies in the family parametrized byS25, so that the restriction
of F to the plane is unstable, the four points in the plane, where the
unique section violating stability vanishes, describe a new surfaceS45.
Its degree turns out to be 45. Again it is an image of Shioda’s surface
S(5). This time the map is rational, blowing up the 60 double points
Pi of singular fibres onS(5) (see section 4.3). It is given by the linear44

system|3I + 5F − ΣPi |.
Associating with a point onS45 the (unique) unstable plane contain-

ing it we obtain a rational 4 : 1 mapS45 → S25. This is essentially the
quotient mapS(5)→ S(5) with respect to the four 2-torsion classes on
the fibres.

A double jumping line is contained in three unstable planes and for
each one of these contains two points fromS45. Strangely enough the
double jumping lines being parametrized by sexti-secants of S15 are
themselves sexti-secants ofS45.

1.5 Notations and conventions

The base field will beC throughout this paper.Pn will always denote
Pn(C), the n-dimensional complex-projective space.P(V) is the space
of lines in the vector spaceV. If v ∈ V is a non-zero vector, we de-
note byv also the pointCv ∈ P(V). We apologize in advance for using
this notation. But we believe that the context everywhere explains with-
out ambiguity whether a vector is meant or a point in projective space.
More generally, we even apply the following abuse of language: We
do not distinguish between a simplep-vector (i.e., an exterior product
x1 ∧ . . . ∧ xp ∈ ∧pV, xi ∈ V linearly independent), the vector space in
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V spanned byx1, . . . , xp, and the corresponding projective subspace in
P(V).Zn denotes the cyclic group of ordern.

For X ⊂ Pn, a subvariety with ideal sheafIx ⊂ OPn, we say that ho- 45

mogeneous polynomialsg1, . . . , gk describeX schematically ifg1, . . . , gk

generateIx at each point ofPn

The first two authors are indebted to M. Reid and D. Burns for stim-
ulating and helpful conversations which were extremely useful for this
work.

2 Some linear algebra

2.1 Contraction and *-operators

Let V be someC-vector space of dimensionn. (We are interested only
in the casen = 5). An element inΛpV is calledp-vector, and simple
p-vector if it decomposes as an exterior productv1 ∧ . . . ∧ vp, vk ∈
V. An element inΛpV∗ is called p-form. There is the natural duality
ΛpV∗ ⊗ ΛpV → C defined by

〈h1 ∧ . . . ∧ hp, v1 ∧ . . . ,∧vp〉 = det(〈hk, vl〉), hk ∈ V∗, vl ∈ V.

It extends to acontraction map

ΛpV∗ ⊗ ΛqV →


Λq−pV (p ≤ q)

Λp−qV∗ (p ≥ q)

g⊗ x→ 〈g, x〉

by

(1) 〈 f , 〈g, x〉〉 = 〈 f ∧ g, x〉 for all f ∈ ΛrV∗(r = q− p ≥ 0)

(2) 〈〈g, x〉, y〉 = 〈g, x∧ y〉 for all y ∈ ΛrV(r = p− q ≥ 0).

This contraction is the adjoint operator to exterior multiplication. 46

One immediately checks formula (1) and (2) also for allr, 0 ≤
r ≤ q − p, resp. 0≤ r ≤ p − q. For p = 1, i.e., h ∈ V∗, and
x1, . . . , xq ∈ V we have
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(3) 〈h, x1 ∧ . . . ∧ xq〉 =
q∑

k=1
(−1)q+k〈h, xk〉x1 ∧ . . . ∧ x̌k ∧ . . . ∧ xq.

If h ∈ V∗, x ∈ ΛqV is arbitrary, then

(4) 〈h, x〉 = 0⇔ x ∈ ΛqU with U = kerh ⊂ V.

Each basise1, . . . , en ∈ V with dual basiŝe1, . . . , ên ∈ V∗ induces
isomorphismsΛnV → C, x→ 〈̂e1 ∧ . . . ∧ ên, x), andΛnV∗ → C,
g→ (g, e1 ∧ . . . ∧ en〉. More generally we obtain isomorphisms

ΛpV → Λn−pV∗ ΛqV∗ → Λn−qV

x→ x∗ := 〈̂e1 ∧ . . . ∧ ên, x〉 g→ g∗ = 〈g, e1 ∧ . . . ∧ en〉

satisfying as consequence of (1) and (2)

(5) 〈x∗, y〉 = (x y)∗(x ∈ ΛpV, y ∈ ΛqV, p+ q ≤ n)

〈 f , g∗〉 = ( f ∧ g) ∗ ( f ∈ ΛpV∗, g ∈ ΛqV∗, p+ q ≤ n).

These isomorphisms are each other’s inverses [4, § 8.5, prop. 4],
i.e., (x∗)∗ = x and (f∗)∗ = f .

Lemma 1. If n = 5, for all x, y, z∈ Λ2V we have47

〈(x∧ y)∗, z〉 + 〈(y∧ z)∗, x〉 + 〈(z∧ x)∗, y〉 = 0 (6)

and in particular
〈(x∧ x)∗, x〉 = 0 (7)

Proof. By linearity formula (6) needs to be verified for simple 2-vectors
x = a1 ∧ a2, y = a3 ∧ a4, z = a5 ∧ a6 only. The whole expression (6)
is multilinear ina1, . . . , a6. From (3) it follows that it is alternating in
a1, . . . , a6. The assertion then is a consequence ofΛ6V = 0. �

2.2 The Horrocks-Mumford maps f+ and f−

From now on,V denotes a fixed copy ofC5 with standard basise0, . . . , e4.
We use the convention that subscripts are elements ofZ5, i.e.,ei+5 = ei .
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A vector v ∈ V is always writtenv =
4∑
0

viei . In [6] the two maps

f ± : V → Λ2V

f +(v) =
∑

viei+2 ∧ ei+3 f −(v) =
∑

viei+1 ∧ ei+4

are introduced. In addition, we use the following abbreviations

h+(v) := 1/2( f +(v) ∧ f +(v))∗ =
∑

vi+1vi+4̂ei

h−(v) := 1/2( f −(v) ∧ f −(v))∗ = −
∑

vi+2vi+3̂ei

h◦(v) := ( f +(v) ∧ f −(v))∗ =
∑

v2
i êt

v+ = v+(v) := −〈h◦(v), f +(v)〉 = (
∑

(vi+2v2
i+4 − v2

i−1vi+3)ei

v− = v−(v) := −〈h◦(v), f −(v)〉 =
∑

(vi+1v2
i+2 − v2

i+3vi+4)ei

48

We observe
h◦(v) , 0 for all 0, v ∈ V. (8)

As a consequence of (6) and (7), we find

〈h−(v), f +(v)〉 = 〈1/2( f − ∧ f −)∗, f +〉 = −〈( f + ∧ f −)∗, f − >= v

〈h+(v), f −(v)〉 = 〈1/2( f + ∧ f +)∗, f −〉 = −〈( f + ∧ f −)∗, f +〉 = v+

〈h+(v), f +(v)〉 = 〈1/2( f + ∧ f +)∗, f +) = 0

〈h−(v), f −(v)〉 = 〈1/2( f − ∧ f −)∗, f −〉 = 0

(9)

Using this and (1), we get

〈h◦(v), v±〉 = −〈h◦, 〈h◦, f ±〉〉 = −〈h◦ ∧ h◦, f ±〉 = 0

〈h+(v), v+〉 = 〈h+, 〈h+, f −〉〉 = 〈h∧ h+, f −〉 = 0

〈h+(v), v−〉 = −〈h+, 〈h◦, f −〉〉 = −〈h+ ∧ h◦, f −〉
= 〈h◦, 〈h+, f −〉〉 = 〈h◦, v+〉 = 0

〈h−(v), v−〉 = 〈h−(v), v+〉 = 0 similarly.

(10)

The exterior products of the formsh+(v), h◦(v), h−(v) are given by 49
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(h◦(v) ∧ h±(v))∗ = 1/2〈h◦, f ± ∧ f ±〉 (5)

= 〈h◦, f ±〉 ∧ f ± (3)

= −v± ∧ f ±(v)

(11)

(h+(v) ∧ h−(v))∗ = 1/2(h+, f − ∧ f −) (5)

= 〈h+, f −〉 ∧ f − (3)

= v+ ∧ f −(v) = −v− ∧ f +(v)

(h+(v) ∧ h−(v) ∧ h◦(v))∗ = −((v− ∧ f +)∗ ∧ h◦)∗
= 〈h◦, v− ∧ f +〉 (5)

= 〈h◦, v−〉 f + + v− ∧ 〈h◦, f +〉 (3)

= v+ ∧ v−

2.3 The condition v+ = v− = 0.

The next proposition gives several descriptions of the set{v ∈ V : v+ =
v− = 0}.

Proposition 1. For v ∈ V, the following properties are equivalent.50

(i) v+ = v− = 0

(ii) h+(v), h◦(v) and h−(v) are proportional

(iii) λ f +(v) + µ f −(v) is a simple bivector for two different ratios(λ :
µ) ∈ P1

(iv) v is a multiple of one of the 30 vectors

ek, k = 0, . . . , 4

ekl = (1, ǫk+1, ǫ2k+3l , ǫ4k)k, l = 0, . . . , 4, ǫ = e2πi/5

Proof. iii)⇒ ii): By assumption, there are two different (λ : µ) ∈ P1

with λ2h+(v)+λµh◦(v)+µ2h−(v) = 0. This implies that the forms
h+(v), h◦(v), h−(v) span a space of dimension 1.
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ii)⇒ i): By (11), we havev+ ∧ f ±(v) = v− ∧ f ±(v) = 0. If v+ , 0 or
v− , 0, this leads tof +(v) ∧ f −(v) = 0, in conflict with (8).

i)⇒ iv): The assumption is

v2v2
4 = v2

1v3 v1v2
2 = v2

3v4

v3v2
0 = v2

2v4 v2v2
3 = v2

4v0

v4v2
1 = v2

3v0 v3v2
4 = v2

0v1

v0v2
2 = v2

4v1 v4v2
0 = v2

1v2

v1v2
3 = v2

0v2 v0v2
1 = v2

2v3

We distinguish between two cases: 51

Case 1. One of the coordinatesvi vanishes. By (i → i + 1)-symmetry
we may assumev0 = 0. The equations then are equivalent with

viv j = 0 for all 1≤ i , j ≤ 4.

So all coordinates but one vanish.

Case 2. vi , 0 for all i. We may put

v0 = 1, v1 = αβ, v2 = α
2β3,

and find the equations equivalent with

v3 = α
−2β−4, v4 = α

4β5, α5 = β5 = 1.

Puttingα = ǫk, β = ǫ l we obtainv = ekl.

iv)⇒ iii): if v = ek, thenh+(v) = h−(v) = 0 and f ±(v) both are simple
bivectors. ifv = ekl, then

h◦(ekl) = ê0 + ǫ
2k+2l ê1 + ǫ

4k+1ê2 + ǫ
4+2l ê3 + ǫ

3kê4

h+(ekl) = ǫ
lh0(ekl), h−(ekl) = −ǫ−lh◦(ekl)

show that
λ2h+(ekl) + λµh

◦(ekl) + µ
2h−(ekl)
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vanishes if and only if 52

ǫ lλ2 + λµ − ǫ−lµ2 = 0.

This quadratic polynomial has the two different roots

(12) λ/µ = −ǫ−l (1±
√

5)/2,

corresponding to simple bivectorsλ f +(ekl) + µ f −(ekl).

�

We shall need explicitly the polynomial

f (λ, µ) =
4∏

l=0

(
ǫ lλ2 + λµ − ǫ−lµ2

)

which has the 10 roots (12.) Obviously

f (ǫλ, µ) = Πǫ l+2λ2 + ǫλµ − ǫ−lµ2

= Πǫ(ǫ l+1λ2 + λµ − ǫ−l−1µ2)

= f (λ, µ)

and similarly f (λ, ǫµ) = f (λ, µ). This shows

f (λ, µ) = aλ10+ bλ5µ5 + cµ10

We have

a = 1 · ǫ · ǫ2 · ǫ3 · ǫ4 = 1

c = (−1)(−ǫ)(−ǫ2)(−ǫ3)(−ǫ4) = −1

b = f (1, 1)

= (ǫ + 1− ǫ4)(ǫ2 + 1− ǫ3)(ǫ3 + 1− ǫ2)(ǫ4 + 1− ǫ)
= 11

53

(13) f (λ, µ) = λ10+ 11λ5µ5 − µ10
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2.4 The condition v+ ∧ v− = 0.

The next proposition gives several descriptions of the set{v ∈ V : v+(v)∧
v−(v) = 0}.

Proposition 2. The following conditions on v∈ V are equivalent:

(i) v+ ∧ v− = 0

(ii) h+(v) ∧ h◦(v) ∧ h−(v) = 0

(iii) from some(λ, µ) ∈ C2\0 : λv+ − µv− = 0

(iv) from some(λ, µ) ∈ C2\0

λ2h+(v) + λµh◦(v) + µ2h−(v) = 0

(v) for some(λ, µ) ∈ C2\0 : λ f +(v) + µ f −(v) is a simple bivector.

Unless v+ = v− = 0, the ratio (λ : µ) ∈ P1 is uniquely determined by
(iii), (iv), or (v) and is the same in all three equations.

Proof. Properties (i) and (ii) are equivalent by (11). Properties (i) and 54

(iii) are obviously equivalent, and (iv) obviously implies(ii). Properties
(iv) and (v) (with the same (λ : µ)) are equivalent by definition ofh+,
h◦, h−.

To show the direction (ii)⇒ (iv), we assume

c+h+(v) + c◦h◦(v) + c−h−(v) = 0, (c±, c◦) ∈ C3\0.

Contracting this equation withf ±(v) and using (9) we find

−c◦v+ + c−v− = c+v+ − c◦v− = 0.

The casev+ = v− = 0 being settled by proposition 1 we may assume
v+ , 0 orv− , 0. Taking (λ, µ) , (0, 0) as in (iii), we find

c◦µ − c−λ = c+µ − c◦λ = 0

(c◦)2 = c+c−
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So there is (λ′, µ′) ∈ C2\0 with c+ = (λ)2, c◦ = λ′µ′, c− = (µ′)2.
This proves (iv). Additionally we observe that (λ, µ) and (λ′, µ′) are
proportional. �

If λ f +(v)+µ f −(v) is a simple bivector, it describes some 2-dimensio-
nal vector space inV. The vector

−〈h◦(v), λ f +(v) + µ f −(v)〉 = λv+ + µv−

spans the intersection of this space with the hyperplane{u : 〈h◦(v), u〉 =
0}, unlessv+ = v− = 0.

We observe55

(14) v± ∧ (λ f +(v) + µ f −(v)) = 0

wheneverλ f +(v) + µ f −(v) is simple.

2.5 The curves Eλ:µ

We denote byEλ:µ ⊂ P4(V) the set described by vectorsv such that
λ f +(v) + µ f −(v) is simple. It was shown (proposition 2 in 2.4) that for
two different ratios (λ : µ) the two setsEλ:µ are disjoint, unless the
ratios are 0,∞ or two from the 10 ones in (12) differing by the sign. By
proposition 2 (iv) we have the following quadratic equations for this set

Q0(λ, µ) = λ2v1v4 + λµv
2
0 − µ

2v2v3 = 0

Q1(λ, µ) = λ2v2v0 + λµv
2
1 − µ

2v3v4 = 0

Q2(λ, µ) = λ2v3v1 + λµv
2
2 − µ

2v4v0 = 0

Q3(λ, µ) = λ2v4v2 + λµv
2
3 − µ

2v0v1 = 0

Q4(λ, µ) = λ2v0v3 + λµv
2
4 − µ

2v1v2 = 0

(15)

Proposition 3. The subscheme Eλ:µ ⊂ P4 given by equations(15) is a
smooth curve unlessλ\µ takes one of the following 12 values:

0,∞,−ǫ−l (1±
√

5)/2 (l = 0, . . . , 4)
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Proof. We show that the matrix of partial derivatives∂iQ j(λ, µ)56



2λµv0 λ2v2 −µ2v4 −µ2v1 λ2v3

λ2v4 2λµv1 λ2v3 −µ2v0 −µ2v
−µ2v3 λ2v0 2λµv2 λ2v4 −µ2v1

−µ2v2 −µ2v4 λ2v1 2λµv3 λ2v0

λ2v1 −µ2v3 −µ2v0 λ2v2 2λµv4



has rank≥ 3, unless (λ : µ) is one of the 12 special parameters above.
We denote by deti jk

lmn the 3× 3-subdeterminant in the rowsl, m, n and
columnsi, j, k and compute

deti,i+1,i+4
i,i+1,i+4 = λ{8λ

2µ3vtvivi+1vi+4 − 2µ5vivi+2vi+3

− 2λ4µ(vi+2v2
i+4 + v2

i+1vi+3) − λ3µ2(vi+1v2
i+2 + v2

i+3vi+4)}
deti,i+2,i+3

i,i+2,i+3 = µ{−2λ5vivi+1vi+4 + 8λ3µ2vivi+2vi+3)

+ λ2µ3(vi+2v2
i+4 + v2

i+1vi+3) − 2λµ4(vi+1v2
i+2 + v2

i+3vi+4)}
deti,i+1,i+4

i,i+2,i+3 = µ{−2λµ4vivi+1vi+4 + 2λ5v3
i + 2λ4µvivi+2vi+3

+ λ2µ3(vi+1v2
i+2 + v2

i+3vi+4)}
deti,i+2,i+3

i,i+1,i+4 = λ{2λµ
4vivi+1vi+4 − 2µ5v3

i + 2λ4µvi+2vi+3

+ λ3µ2(vi+2v2
i+4 + v2

i+1vi+3)}

We may assumeλµ , 0. Let v ∈ Eλ:µ be some point where the matrix57

(∂iQ j(λ, µ)) has rank≤ 2. Then



8λ2µ3 0 −2µ5 −2λ4µ −λ3µ2

−2λ5 0 8λ3µ2 λ2µ3 −2λµ4

−2λµ4 2λ5 2λ4µ 0 λ2µ3

2λµ4 −2µ5 2λ4µ λ3µ2 0





vivi+1vi+4

v3
i

vivi+2vi+3

vi+2v2
i+4 + v2

i+1vi+3

vi+1v2
i+2 + v2

i+3vi+4



vanishes fori = 0, . . . , 4. The 4× 4-minors of the 4× 5 matrix are 58

respectively

8λ3µ2(−2λ5 + µ5),−8λ2µ3(λ5 + 2µ5) − 4λ6µ4,−12λ5µ5, 4λ4µ6
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times the polynomial (13) from 2.3. The matrix has rank 4 unlessλ/µ is
one of the 12 special parameters. But this would imply

rank



v0v1v4 v1v2v0 v2v3v1 v3v4v2 v4v0v3

v3
0 v3

1 v3
2 v3

3 v3
4

v0v2v3 v1v3v4 v2v4v0 v3v0v1 v4v1v2

v2v2
4 + v2

1v3 v3v2
0 + v2

2v4 v4v2
1 + v2

3v0 v0v2
2 + v2

4v1 v1v2
3 + v2

0v2

v1v2
2 + v2

3v4 v2v2
3 + v2

4v0 v3v2
4 + v2

0v1 v4v2
0 + v2

1v2 v0v2
1 + v2

2v3



≤ 1

Already the first three rows have rank≥ 2 unlessv = ek or ekl (propo-
sition 1, (ii)) andλ/µ therefore is one of the twelve special values, or
someνi vanishes. In the latter case one easily checks that the rank drops
to one only if two more coordinates vanish. Then either the first or the
third row vanishes andv belongs toE1:0 or E0:1. �

Another way of stating the assertion of proposition 3 is this: For
eachλ : µ, not one of the 12 exceptional values, and eachv ∈ Eλ:µ the
differential

(16) dv→ (λ f +(v) + µ f −(v)) ∧ (λ f +(dv) + µ f −(dv))59

is a map of rank 3.

3 Elliptic normal curves

3.1 The Heisenberg group of order n3

Let n ≥ 3 be some integer. (Again, we are only interested in the casen =
5). Denote byV the vector spaceCn with standard basise0, . . . , en−1.
The automorphisms

σ : ek → ek−1 k = 0, . . . , n− 1 modn

τ : ek → ǫkek ǫ = e
2πi
n

generate a subgroupHn ⊂ GL(n,C). For n odd, the group is contained
in S L(n,C). The commutator isστσ−1τ−1 = ǫ. id. Therefore we have
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an exact sequence

0→ Zn→ Hn→ Zn × Zn→ 0

with Zn ⊂ Hn generated byǫ.id the centre ofHn. The groupHn is called
Heisenberg groupand its representation onV Schroedinger representa-
tion. This representation is irreducible.

The commutator map induces a nondegenerate skew-symmetricbi-
linear form

(, ) : (Zn × Zn) × (Zn × Zn)→ Zn

given by 60

ǫ(α,β) =
1
n

tr(αβα−1β−1).

If n is odd, then via the map

Hn→ Zn × (Zn × Zn)

σaτbǫc →
(
c+

1
2

(n+ 1)a · b, (a, b)

)

the groupHn can be described as the setZn × (Zn × Zn) with the group
law

(a, α) · (b, β) =
(
a+ b+

1
2

(n+ 1)(α, β), α + β

)

The form (, ) is invariant under the action ofS L(2,Zn) onZn×Zn. There-
foreS L(2,Zn) acts onHn as a group of automorphisms, the action on the
central subgroup ofHn being trivial. Write this action asγ(α), α ∈ Hn,
γ ∈ S L(2,Zn). We dentoe by

Nn = S L(2,Zn) × Hn

the semi-direct product with respect to this action, i.e. the setNn =

S L(2,Zn) × Hn with the group law

(γ, α)(γ′, α′) = (γγ′, α · γ(α′)).

For n = 5, we have the following result. 61
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Lemma 2 (6, §1). The Schroedinger representation extends uniquely to
a representationρ : N5→ S L(V).

FromS L2(Z5) = N5/H5, we need explicitly the following elements:

ι =

(
4 0
0 4

)
µ =

(
2 0
0 3

)
ν =

(
1 2
0 1

)
δ =

(
0 1
4 0

)

They are the images ofι, µ, ν, δ ∈ N5 acting onV by

ρ(ι)ei = e−1, ρ(µ)ei = −e−3i , ρ(v)ei = ǫ
i2ei

ρ(δ)ei = −
1
√

5

∑
ǫ i j ej

For ι, ν andµ, see [6, p.66/67]. Forρ(δ), it follows from the following
relations which are easy to verify:

ρ(δ)2 = ρ(ι), ρ(δ−1) = ρ(δ)ρ(ι)

ρ(δ)ρ(σ)ρ(δ)−1 = ρ(τ)4, ρ(δ)ρ(τ)ρ(δ)−1 = ρ(σ).

3.2 Hn-invariant elliptic normal curves

Let E be an elliptic curve (overC) andL some line bundle of degree
n. We assumedn ≥ 3, hence the complete linear systemH◦(L ) is very62

ample and embedsE as a smooth elliptic curve inPn−1(C). The image
curve is called anelliptic normal curve of degree n.

The bundleL is invariant under all translations ofE of order n.
We fix one pointOE ∈ E (from the n2 ones onE) with the property
L = OE(n.OE). Using OE as origin, we provideE with a group
structure. Then-torsion points form a subgroupE(n) ⊂ E, which is
(not canonically!) isomorphic withZn × Zn. The groupE(n) comes,
however, with an intrinsic non-degenerate skew-symmetricZn-bilinear
form: Write E = C/Ω with the latticeΩ ⊂ C canonically isomorphic to
H1(E,Z). This latticeH1(E,Z) carries the skew-symmetric intersection
productω1 · ω2 ∈ Z. Pointsα, β ∈ E(n) can be represented by complex

numbers in
1
n
Ω moduloΩ. The form onE(n) then is (a, β) = nα · nβ
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modulon. We call a basisa, β ∈ E(n) symplectic, if (α, β) = 1. The
groupS L(2,Zn) permutes the symplectic bases transitively.

The following facts can be found in [8] or [7, chapter 1]:

(a) Thee translation action ofE(n) onE lifts to an action of the Heisen-
berg group onL .

(b) The representation ofHn on H◦(L ) is isomorphic with the rep-
resentation ofHn on V∗ which is the dual of the Schroedinger
representation.

(c) The skew-symmetric form (, ) onHn′/Z(Hn) which is given by the 63

trace of the commutator of the representation (b) coincideswith
the one given by the intersection product.

To obtain the action ofHn on H◦(L ), two choices must be made:

1. An epimorphismHn→ E(n) compatible with the skew-symmetric
form. This is equivalent to choosing a symplectic basisα, β ∈ E(n)

on which the generatorsσ, τ ∈ Hn are mapped.

2. A lifting of α andβ to automorphisms ofL of ordern. There
aren such liftings forα and forβ, each differing by multiplication
with ǫk, k = 1, . . . , n. Thesen2 different liftings are equivalent
under then2 inner automorphisms ofHn.

Given an action ofHn on L as above, the isomorphismH◦(L ) →
V∗ of Hn-modules induces anHn-equivariant embeddingE→ Pn−1(V).
The image is anHn-invariant elliptic normal curve. Clearly, each ellip-
tic normal curve inPn−1(V), which is invariant underHn, is obtained in
this way. We have shown

Proposition 4. There is a bijection between Hn equivariant embedings
of elliptic normal curves inPn−1(V) and pairs (E, α, β) consisting of
an elliptic curve E (with origin) and a symplectic basisα, β of E(n).
This correspondence associates with an embedding E⊂ Pn−1(V) the
symplectic basisα = σ(OE), β = τ(OE) for E(n).
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We are not interested in embeddings, but in the embedded curves.
Two symplectic basesα, β andα′, β′ lead to the same image curve in64

Pn−1, if they differ by an automorphism of the curve. For exampleα,
β and−α, −β differ by the involutionιE : P → −P on E. An equiva-
lence class under Aut(E) of symplectic bases forE(n) is called alevel-
n-structureon E. If E is not isomorphic withC/Z ⊕ Zi or C/Z ⊕ Zω,
ω = e2πi/3, then the level-n-structures are exactly the symplectic bases
modulo the action of the involution. We have, therefore, thefollowing
consequence of proposition 4:

Proposition 5. There is a bijection between Hn-invariant elliptic curves
in Pn−1(V) and pairs consisting of an elliptic curve and a level-n-structure
on it.

3.3 Quadratic equations

It is known that any elliptic normal curve of degreen > 3 in Pn−1 is
schematically given by quadratic equations. This is a special case of
a theorem of Mumford [8, p.349] on abelian varieties. In the case of
curves, a proof can be found in [7, lemma IV. 1.1]. In our situation
n = 5, we need these equations explicitly.

Let E ⊂ P4 be anH5-invariant elliptic normal curve, and letv0, . . . , v4

be the coordinates on our fixed vector spaceV, dual to the basise0, . . . , e4.
The involution ιE on the curveE can be lifted toI and this defines a
unique involutionιE ∈ S L(V) which leavesE invariant. Since, onE,
one has

ιEσι
−1
E = σ

−1, ιEτι
−1
E = τ

−1,

it follows that65

ιE = ρ(ι) :V → V

em→ e−m.

Under this involution, the spaceV∗ = H◦(L ) splits into two eigen-
spaces, namely

V∗ = V+ ⊕ V−
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where

V+ = 〈v0, v1 + v4, v2 + v3〉,V− = 〈v1 − v4, v2 − v3〉.

Lemma 3. (i) The origin OE lies on the invariant line P

{v0 = v1 + v4 = v2 + v3 = 0}.

(ii) The non-zero2-torsion points P1, P2, P3 span the invariant plane
{v1 − v4 = v2 − v3 = 0}.

Proof. It is easy to exhibit twoι-invariant subspaces of dimension 1 and
2 in the complete linear system

|5OE| = P(H◦(L )).

Let
π : E→ E/ι = P1

be the 2 : 1 covering defined by the involution and define

{
D; D = OE + π

∗(D2) where D2 ∈ |OP1(2)|
}

D′,D′ =
3∑

i=1

Pi + π
∗(D1) where D1 ∈ |OPi (1)|



These subspaces must coincide withP(V+) andP(V−) respectively. � 66

We shall come back to this in section 5.2.
Using the above lemma, it now follows from [3] or [7, prop. IV.2.1]

thatE ⊂ P4 is given by the quadratic equations

Qk(λ) = λvk+1vk+4v2
k −

1
λ

vk+2vk+3, k = 0, . . . , 4 (18)

The striking point is this: Equations (18) and (15) are identical, up to a
change fromλ to the projective parameter (λ : µ). This observation is
crucial for this whole paper.
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The parameterλ = C in (18) depends on the embedded curve, i.e.,
on the elliptic curve with its level-5-structure. From 2.5,we know that
the equations (18) describe a smooth 1-dimensional subscheme in P4

unless the (projective) parameterλ is

λ = 0,∞, or −
1
2
ǫ−l (1±

√
5), l = 0, . . . , 4 (19)

Let us first consider these exceptional values ofλ.
Forλ = 0, the equations (18) are

v2v3 = v3v4 = v4v0 = v0v1 = v1v2 = 0.

They describe the set consisting of the five lines

vi = vi+2 = vi+3 = 0 i = 0, . . . , 4

spanned by the coordinate pointsei+1, ei+4. One easily checks that the67

quadratic equations describe this pentagon of lines even schematically.
Similarly, for λ = ∞, the equations (18) schematically describe the

pentagon consisting of the five lines spanned by the coordinate points
ei+2, ei+3, i = 0, . . . , 4.

Proposition 6. For each of the 12 special values(19) the equations
(18) schematically define a pentagon. Forλ = 0,∞ the vertices are the

coordinate points forλ = −
1
2
ǫ−1(1±

√
5) the vertices are the points ekl,

k = 0, . . . , 4, from 2.3.
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In one case, sayλ = 0, this can be checked by hand. The other 11
cases are equivalent under the operation ofS L(2,Z5): Recallµ, ν, δ ∈
S L(2,Z5) from 3.1. ρ(µ) changesvi to −v2i andQk(λ) into Qk(−1/λ).

This transforms 0↔∞, −1
2
ǫ−l (1+

√
5)↔ −1

2
ǫ−l (1−

√
5)·ρ(v) changes

vi to ǫ−i2vi andQk(λ) into ǫ−2k2
Qk(λǫ3). 68

Repeated application permutes cyclically the values−1
2
ǫ−l (1±

√
5)

with the same sign.
ρ(δ) transformsek into a multiple ofek,0. This transforms the values

0,∞ into −1
2
ǫ−l (1±

√
5). �

In face the 6 five-tuplets{ek}, {ekl, k = 0, . . . , 4}l = 0, . . . , 4 are the
fixed points of the 6 cyclic subgroups inZ5×Z5 of order 5 operating on
P4. They are permuted transitively byS L(2,Z5).

3.4 The surfaces S25

For the parametersλ different from the 12 special values we know that
the curvesEλ are smooth. Among them appear allH5-equivariantly
embedded elliptic curves. Strictly speaking, this does notyet imply that
all the smoothEλ are such elliptic curves. To see this, we put all the
curvesEλ:µ in a flat family:

Define the surface

S25 = {(v; λ, µ) ∈ P4 × P1 :

(λ f +(v) + µ f −(v)) ∧ (λ f +(v) + µ f −(v)) = 0}

The projection onto the second factor induces a mapS25→ P1. Its fibre
over (λ : µ) projected intoP4 is just the curveEλ:µ.

Lemma 4. S25 is a smooth surface. 69

Proof. We consider the differential map

V × |C2→ Λ4V

dv, dλ, dµ→ (λ f +(v) + µ f −(v)) ∧ (λ f +(dv) + u f−(dv) + dλ f +(v) + dµ f −(v))
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and show that its rank equals 3 for all (ν, λ, µ) ∈ S25. The map

dv→ (λ f +(v) + µ f −(v) ∧ (λ f +(dv) + µ f −(dv))

has rank 3 for allv belonging to a smooth curveEλ:µ (proposition 3)
and for all smoothv on one of the 12 singular curvesEλ:µ (proposition
6 above). This proves the assertion for thesev. If v is one of the points
ek, ekl, using the symmetries we may assumev = e0, λ = 1, µ = 0. The
differential then is

e2 ∧ e3 ∧ (
∑

dviei+2 ∧ ei+3 + dλe2 ∧ e3 + dµe1 ∧ e4) =

= dµ̂e0 + dv2e1 + dv3̂e4

and obviously has rank 3. �

Theorem 1. The subscheme given by equations(18) is a smooth quin-
tic elliptic normal curve Eλ embedded H5-equivariantly inP4 is λ is
not one of the 12 special values(19) a pentagon with vertices ek, k =

0, . . . , 4, (λ = 0,∞) or ekl, k = 0, . . . , 4(λ = −1
2
ǫ−l (1±

√
5)).

Proof. Forλ not one of the 12 special values we know thatEλ is smooth,70

isomorphic with a smooth fibre ofS25 → P1. All elliptic curves ap-
pear as such fibres, so all smooth fibres, hence all smoothEλ too are
(connected) elliptic curves. The equations (18) areH5-invariant. This
implies that each smoothEλ is anH5-invariant elliptic quintic. �

3.5 Cubic equations

The setEλ:µ is described not only by the quadratic equations (18) alias
(15) but also (cf. prop. 2) by the five cubic equations equivalent toλv+−
µv− = 0

λ(vk+2v2
k+4 − v2

k+3) − µ(vk+1v2
k+2 − v2

k+3vk+4) = 0 (20)

At the 30 pointsek, ekl bothv+ andv− vanish, so these points have to be
excluded.
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Proposition 7. Away from the 30 points ek, ekl the cubic equations(20)
define the scheme Eλ:µ.

Proof. At somev ∈ Eλ:µ, v , ek, ekl, we compute the rank of the differ-
ential

d(λv+ − µv−) : V → V.

For v =
∑

viei , dv=
∑

dviei ∈ V, we abbreviate

h+(v, dv) = 1/2( f +(v) ∧ f +(dv))∗

= 1/2
∑

(vi+4dvi+4 + dvi+1vi+4)̂ei

h−(v, dv) = 1/2( f −(v) ∧ f −(dv))∗

= −1/2
∑

(vi+2dvi+3dvi+2vi+3)̂ei

h0(v, dv) = ( f +(v) ∧ f −(dv))∗ =
∑

vidvi êi

Differentiating−v± = 〈h0(v), f ±(v)〉 and using (6), we find 71

−dv± = 〈2h0(v, dv), f ±(v)〉 + 〈h0(v), f ±(dv)〉
= 〈h0(v, dv), f ±(v)〉 − 2〈h±(v, dv), f ∓(v)〉

−d(λv+ − µv−) = 〈λh0(v, dv) + 2µh−(v, dv), f +(v)〉
− 〈µh◦(v, dv) + 2λh+(v, dv), f −(v)〉
= 〈((λ f +(v) + µ f −(v)) ∧ f −(dv)∗, f +(v)〉
− 〈((λ f +(v) + µ f −(v)) ∧ f +(dv))∗, f −(v)〉

If dv belongs to the kernel of the differential atv, then from

〈((λ f +(v) + µ f −(v)) ∧ f ±(dv))∗, λ f +(v) + µ f −(v)〉 = 0 (6)

we deduce

〈((λ f +(v) + µ f −(v)) ∧ (λ f +(dv) + µ f −(dv)))∗, f ±(v)〉 = 0

From (9) we know〈h+(v), f +(v)〉 = 〈h−(v), f −(v)〉 = 0. The space of 72

forms h ∈ V∗ with 〈h, f +(v)〉 = 0 is one-dimensional unlessf +(v) is a
simple bivector and similarly forf −(v).
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Applying some transformation fromS L(2,Z5), we may assume that
this is not the case. Since, by assumption, we are away from the 30
pointsek, ekl, from proposition 2 (iv) we concludeh+(v) ∧ h−(v) , 0.
Then necessarily

(λ f +(v) + µ f −(v)) ∧ (λ f +(dv) + µ f −(dv)) = 0.

So the kernel ofd(λv+ − µv−) coincides with the kernel ofd((λ f +(v) +
µ f −(v)) ∧ (λ f +(v) + µ f −(v)). The assertion follows from proposition 3
and 6. �

4 Shioda’s elliptic modular surface S(5)

4.1 The universal elliptic curve with level-n-structure

Let H denote theupper half-plane{z ∈ C : Im z > 0}. Eachz ∈ H

defines an elliptic curveEz = C/Z+Zzand inH1(Ez,Z) a distinguished
basissz, tz, namely, the images of 1,zunder the canonical isomorphism
Z + Zz → H1(Ez,Z). Clearly, the intersection number issz · tz = 1.

The complex numbers
1
n

,
z
n

have image pointsσz, τz ∈ E(n)
z forming a73

symplectic basis forE(n)
z .

Lemma 5. Each elliptic curve E with level-n-structure defined by a sym-
plectic basisα, β ∈ E(n) is isomorphic to(Ez;σz, τz) for some z∈H .

Proof. Write E = C/Ω and leta, b, ∈ C be inverse images ofα, β such
that na, nb ∈ Ω = H1(E,Z) have intersection number (na) · (nb) = 1.
This impliesz := nb/na ∈H . Under multiplicationC→ C, ζ → ζ/na,
the latticeΩ is mapped ontoZ + Zzwith na→ 1, nb→ z. This induces
an isomorphismE→ Ez with α→ σz, β→ τz. �

OnH operates the groupΓ = S L(2,Z) by

γz=
az+ b
cz+ d

for γ =

(
a b
c d

)
∈ Γ
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The elliptic curvesEz andEz are isomorphic if and only ifz′ = γz for
someγ ∈ Γ. Explicitly, the isomorphismEz→ Eγz is given as follows:
multiplicationζ → (cz+ d)−1ζ induces an isomorphism

Ez = C/Z(cz+ d) + Z(az+ b)→ C/Z + Zaz+ b
cz+ d

= Eγz.

Under this isomorphism, the basis 74

1 = a(cz+ d) − c(az+ b)

z= −b(cz+ d) + d(az+ b)

of H1(Ez,Z) goes to the basisa−cγz, −b+dγzof H1(Eγz,Z). The level-
n-structure given onEz by σz, τz goes onEγz to the one determined by
aσγz, −cτγz, −bσγz + dτγz.

Denote byΓ(n) ⊂ Γ thecongruence subgroup

{γ ∈ Γ : γ ≡ 1 mod n}.

Lemma 6. Two curves with level-n-structure,

(Ez, σz, τz) and (Ez′ , σz′ , τz)

are isomorphic if and only if z′ = γz withγ ∈ Γ(n).

Proof. If z′ = γz, γ ∈ Γ(n), then, by the above, there is an isomorphism
Ez→ Ez′ , mappingσz→ σz′ andτz→ τz′ .

Assume, conversely, that (Ez, σz, τz) and (Ez′ , σz′ , τz′) are isomor-
phic. Then there is someγ ∈ Γ with z′ = γzandaσz′ −cτz′ , −bσz′ +dτz′
differs from the symplectic basisσz′ , τz′ ∈ E(n)

z′ by an automorphismr
of Ez′ . Then there is someρ =

( p q
s t

)
∈ Γ such thatρz′ = z′ and

aσz′ − cτz′ = r∗σz′ = pσz′ − sτz′ ,

− bσz′ + dτz′ = r∗τz′ = −qσz′ + tτz′ .

Thenρ−1γ ∈ Γ mapsz → z′, σz → σz′ , τz → τz′ and from this, it 75

follows in particular thatρ−1γ ∈ Γ(n). �



56 W. Barth, K. Hulek and R. Moore

The last lemma means that there is a bijective correspondence be-
tween points ofX′(n) := H /Γ(n) and isomorphism classes of elliptic
curves with level-n-structure. Assumen ≥ 3, from now on. Then the
action ofΓ(n) onH has no fixed points.

We denote byN the semi-direct productΓ × (Z × Z), i.e. the set
Γ × (Z × Z) with the group law

(γ, (m1,m2)) · (γ′, (m′1,m
′
2)) = (γγ′, (m1,m2) · γ′ + (m1,m

′
2)).

This groupN acts onH × C by

(γ, (m1,m2)) : (z, ζ)→ (γz, (ζ +m1z+m2)(cz+ d)−1). (21)

Sincen ≥ 3, the induced action ofΓ(n)× (Z×Z) has no fixed points and

S′(n) =H × C/Γ(n) × (Z × Z)

is a smooth surface. The projection.H × C → H induces a mapϕ :
S′(n) → X′(n). The fibre over (z mod Γ(n)) ∈ X′(n) is isomorphic with
the curveEz. The set{(z, 0) ∈ H × C : z ∈ H } is invariant under the
group action. Its image inS′(n) is a sectionL0,0 for ϕmeeting each fibre76

in its origin. Similarly, the sets{(z, 1
n

) : z ∈ Z }, {(z, z
n

) : z ∈H } define

sectionsL1,0, L0,1 for ϕmeeting each fibre in the image ofσz, τz. So the
two sectionsL1,0, L0,1 provide each fibre ofϕ with a level-n-structure.
Lemmas 5 and 6 mean that each elliptic curve with level-n-structure is
isomorphic to exactly one fibre. In this sense,ϕ : S′(n) → X′(n) with
zero sectionL0,0 and the two sectionsL1,0, L0,1 is the universal elliptic
curve with level-n-structure.

4.2 Shioda’s elliptic surface S(n) for n ≥ 3

By adding cusps, the curveX′(n) is completed. The result is themodular
curve X(n). Shioda [11, p.38] has shown how to complete the surface
S′(n) by adding over each cusp a singular fibre of typeIn, i.e., ann-gon
of projective lines. The result is the smooth compactmodular surface
S(n), fibred over the modular curveX(n) by ϕ : S(n) → X(n).
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The two sectionsL1,0, L0,1 generate a group ofn-torsion sections
for ϕ : S′(n) → X′(n). This group is isomorphic toZn × Zn. Shioda
shows that those sections extend over all ofX(n), and that then2 sections
obtained in this way are the only sections forϕ : S(n) → X(n) [11,
theorem 5.5]. Of course, overX′(n), then2 sections are always disjoint.
This is also true over the cusps: Each line in one of then-gons is met by
n sections inn different points.

By Kodaira’s theory, cf. [2, V theorem 11.1(b)], the surfaceS(n) 77

is uniquely determined byS′(n) and one extended section. In partic-
ular, each automorphism ofS′(n), mapping then-torsion sections into
themselves, extends uniquely to an automorphism ofS(n). We therefore
have, acting onS(n),

– the groupZn×Zn of n-torsion sections. Denote byLk,l the section
corresponding to (k.l) ∈ Zn × Zn

– the quotientS L(2,Zn) = Γ/Γ(n). Its action is induced by the
action (21) ofN.

Now γ =
(

a b
c d

)
∈ T maps

L1,0→ La,−c L0,1→ L−b,d

Zn × Zn ∋
(
k
l

)
→

(
a −b
−c d

) (
k
l

)

where
(

a −b
−c d

)
=


[(

0 1
1 0

)
γ

(
0 1
1 0

)]t
−1

=: γ′

So up to the automorphismγ → γ′ of S L(2,Zn) this is the action of
S L(2,Zn) onZn×Zn from 3.1. The semi-direct productS L(2,Zn)×(Zn× 78

Zn) with respect to this action operates onS(n). Shioda [11] remarks
that this is the full automorphism group ofS(n). Notice that it is the
central quotientNn/Zn with Nn from 3.1.
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4.3 Divisors on the surface S(5)

The modular curveX(5) is rational, obtained fromX′(5) by adding 12
cusps [10, p.23]. The surfaceS(5) therefore contains 12 fibres of type
I5 (pentagons). Summing over the 12 pentagons, we obtain the Euler
number ofS(5)

e= 60.

This implies

X(OS(5)) = 5 (Noether’s formula)

KS(5) = OS(5)(3F), (Kodaira’s formula)

whereF is the class of a fibre,

Pg = 4, q = b1 = 0, b2 = 58, h1,1 = 50.

Lemma 7. The Picard group Pic S(5) contains no torsion.

Proof. [13] Corollary 1.
OnS(5), we have the following divisor classes:
F the class of a fibre,
Lk,l k, l = 0, . . . , 4, the 25 sections,
F1, . . . , F12 the twelve singular fibres.
For i = 1, . . . , 12, we letFi,0 ⊂ Fi be the component meetingL0,079

and label the other componentsFi,k, k = 1, 2, 3, 4, in such a way that
Fi,k · Fi,k+1 = 1(k = 0, . . . , 4 mod 5). This determines the notation
uniquely up to a change of orientation in the pentagons. We have the
following intersection numbers

F2 = 0, F · Lk,l = 1, F · Fi,k = 0

L2
k,l = −5, F2

i,k = −2

and eachFi,k meets exactly fiveLk,l . �

Lemma 8. The 50 classes L0,0, F, and Fi,k, i = 1, . . . , 12; k = 1, 2, 3, 4,
form a basis ofPic(S(5))⊗ Q.
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Proof. Sinceh1,1(S(5)) = 50, it will be sufficient to compute the inter-
section matrix of these divisor classes. One finds



−5 1
1 0

A4
. . .

A4



where A4 =



−2 1
1 −2 1

1 −2 1
1 −2



There are 12 blocksA4, each with determinant 5. So the intersection
matrix has determinant−512

, 0. �

Next, we define the divisor class

I : 5L0,0 + 24F −
12∑

i=1

(
2Fi,1 + 3Fi,2 + 3Fi,3 + 2Fi,4

)
(22)

This definition, looking somewhat artificial, is motivated by the follow- 80

ing fact.

Lemma 9 (Inoue, Livne). In Pic(S(5)) one has

5I =
∑

k,l

Lk,l

Proof. By lemma 7, it suffices to prove that both divisors are numeri-
cally equivalent. By lemma 8, this follows from the equations

(L :=
∑

Lk,l)

L · L0,0 = −5 = 5I · L0,0

L · F = 25= 5I · F
L · Fi,1 = L · Fi,4 = 5 = 5I · Fi,1 = 5I · Fi,4

L · Fi,2 = L · Fi,3 = 5 = 5I · Fi,2 = 5I · Fi,3.

�
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The divisor classesF andI are invariant under the action of

Aut(S(5)) = S L(2,Z5) × (Z5 × Z5).

Lemma 10. Any class D∈ Pic(S(5)) invariant under the groupZ5×Z5

of translations by 5-torsion sections is of the form D= pI+qF, p, q∈ Z.

Proof. By lemma 8, there area, b, cik ∈ Q such that81

D = aL0,0 + bF +
12∑

i=1

4∑

k=1

cikFik

If D is invariant, then

D =
1
25

∑

α∈Z5×Z5

α ∗ D

=
a
25

∑
Lk,l + bF + 5

12∑

i=1

∑

k=1

cikF

=
a
5

I + (b+ 5
∑

cik)F.

This showsD = pI + qF with p, q ∈ Q. But

p = D · F1,0 ∈ Z, q− p = D · L0,0 ∈ Z

�

The action of the translation groupZ5 × Z5 lifts trivially to an ac-
tion on OS(5)(F). To OS(5)(I ), it lifts as an action of the Heisenberg
group: Letσ, τ ∈ Z5 × Z5 be the distinguished generators (cf. 4.1) with
σ(L0,0) = L1,0, τ(L0,0) = L0,1. Denote byOE the pointL0,0 ∩ E for
any fibreE. The explicit formula (22) showsOE(I ) = OE(50E) for any
smooth fibreE. We therefore may liftσ, τ to OS(5)(I ) such that over one
fixed smooth fibreE they act as in 3.2. This impliesστσ−1τ−1 = ǫ. id
on all of OS(5)(I ), i.e. the Heisenberg groupH5 acts onS(5) covering
the translation group onS(5). By 3.2, the action ofH5 on OE(50E) is
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uniquely determined by the symplectic basiσ, τ ∈ E(5) up to an inner82

automorphism ofH5. So the action ofH5 on all the smooth fibresE is
isomorphic to the one described in 3.2.

By tensor products, we define an action ofH5 on all line bundles
OS(5)(pI + qF), p, q ∈ Z.

4.4 The linear system |I + 2F | on S = S(5).

Here we want to describe the map defined by the linear system|I + 2F |
on S.

Proposition 8. Let D= pI + qF be a divisor on S . Then

(i) D is ample if and only if q> p > 0.

(ii) h1(OS(D)) vanishes if p> 0, q> p+ 3.

(iii) h2(OS(D)) vanishes if p> 0.

Proof. (i) If D is ample, then 5p = D ·F > 0 andq− p = D ·L0,0 > 0.
To prove the converse, we use the Nakai-Moishezon criterion: If
q > p > 0, thenD2 = 5p(2q−p) > 0. If C ⊂ S(5) is an irreducible
curve, thenC · F > 0 andC · I ≥ 0, henceC · D > 0, unless one
of the following holds:

(a) C is a section. ThenC · D = q− p > 0

(b) C is a smooth fibre. ThenC · D = 5p > 0.

(c) C is a component of a singular fibre. ThenC · D = p > 0. 83

(ii) follows from Kodaira’s vanishing theorem and (i), becauseKS =

OS(3F).

(iii) We haveh2(OS(D)) = h◦(OS(K−D)) andK−D = −pI+ (3−q)F
cannot be effective if p > 0.

�
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Lemma 11. For D = I + qF we have the following table:

q χ(D) = 5q− 5 h◦(D) h1(D)

0 −5 0 5

1 0 0 0
≥ 2 5q− 5 5q− 5 0

Proof. Applying Riemann-Roch toD, we find

χ(D) =
1
2

D · (D − K) + χ(OS)

=
1
2

(I + qF) · (I + (q− 3)F) + 5

= 5q− 5

For q ≥ 1, we showh1(D) = 0 by descending induction onq. If q ≥ 5,
the assertion follows from proposition 8. Assumeq ≥ 1 and consider,
for a smooth fibreE, the exact sequence

0→ OS(I + qF) → OS(I + (q+ 1)F)→ OE(5OE)→ 0

By induction,h1(OS(I + (q+ 1)F)) = 0 and we obtain aH5-equivariant84

exact sequence

H◦(OS(I + (q+ 1)F))
restr.−−−→ H◦(OE(5OE))→ H1(OS(I + qF))→ 0.

In view of h1(OS(I + (q + 1)F)) = 0, we haveh◦(OS(I + (q + 1)F)) ,
0. So the restriction map cannot vanish for allE. But the H5-space
H◦(OE(5OE)) is irreducible, so restr is surjective for generalE and the
assertion follows forq ≥ 1. But, if OS(I + F) has no sections, the same
is true forOS(I ). �

Lemma 12. The linear system|I + 2F | has no base points on S .

Proof. Lemma 11 implies that restriction

H◦(OS(I + 2F))→ H◦(OE(I ))
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is bijective for all fibresE. If E is smooth, thenOE(I ) = OE(5OE)

and E cannot contain any base points. So assume thatE =
4⋃

k=0
Fi,k is

a pentagon. The restrictionOFi,k(I ) has degree 1 on each component
Fi,k. If a smooth pointp ∈ E would be a base point, then byZ5 × Z5

symmetry there would be 25 such points onE and all sections inOE(I )
would vanish, a contradiction. If a singular pointp ∈ E would be a base
point, then byZ5 × Z5-symmetry each componentFi,k would contain 85

two base points, which leads to the same contradiction. �

4.5 The surface S15.

In view of lemma 12 above, the linear system|I + 2F | defines a map
S(5) → P4. We normalize it by identifyingH◦(OS(I + 2F)) = V∗

equivariantly with respect to the action of the Heisenberg groupH5.

Proposition 9. The linear system|I + 2F | maps the modular surface
onto a surface S15 ⊂ P4 of degree15. The map is injective except for
the60 double points of the12 singular fibres. The fibres are paired and
the 5 double points on both fibres in one pair have the same5 image
points.

Proof. The mapS(5)→ P4 is H5-equivariant. The fibres onS(5) there-
fore go theH5-invariant curves. The smooth fibres go to the smooth
quintics from 3.3 Two different fibres are not isomorphic as curves with
level-5-structure (see 4.1), so they have different image curvesEλ. By
proposition 2, the images are even disjoint. So the map is injective on
the open partS′(5) ⊂ S(5) and the image must be surfaceS15 of degree

(I + 2F)2 = 15.

The 12 singular fibres go to non-degenerateH5-invariant pentagons in86

P4. The vertices of such a pentagon are fixed points for some cyclic sub-
groupZ5 ⊂ Z5×Z5 hence belong to the 30 pointsek, ek,l . It follows that
each singular fibre is mapped isomorphically to one of the 12 singular
curvesEλ. Conversely, all curvesEλ are images of fibres onS(5). This
follows because the curvesEλ sweep out the irreducible surface which
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is the projection ofS25 ⊂ P4 × P1 from 3.4 intoP4. This projection
necessarily coincides withS15 so eachEλ is contained in the image. By
proposition 2, allEλ are disjoint, except for the pairs of singular ones
which have the same vertices. This proves the assertion. �

Next, we show thatS15 is smooth, except for the 30 double pointsek,
ek,l , where two smooth branches ofS15 cross transversally. This follows
from

Proposition 10. (i) The projection S25→ S15 is an immersion.

(ii) The two branches of S15 meeting in one of the30 points ek, ek,l ,
are transversal.

Proof. At (v; λ, µ) ∈ S25 the tangent space to this surface is given by
thosedv, dλ for which

(λ f +(v) + µ f −(v)) ∧ (λ f +(dv) + µ f −(dv) + dλ f +(v) + dµ f −(v)) = 0.

The projection has maximal rank on this tangent space unlessit contains
all vectors (0;dλ, dµ). But this would imply

2λh+(v) + µh◦(v) = λh◦(v) + 2µh−(v) = 0.

Now, recall that87

λ2h+(v) + λµh◦(v) + µ2h−(v) = 0

is the only relation betweenh+, h◦, andh− unlessv = ek or ek,l . So, for
v , ek, ekl, we findλµ = 0, which eventualy leads to the contradiction
h◦(v)) = 0.

If v is one of the 30 singular points onS15 we may assumev = e0,
without loss of generality. The two points (e0; 1, 0) and (e0; 0, 1) lie on
S25 overe0. The two tangent planes toS25 are

µ = 0 : f +(e0)( f +(dv) + dµ f −(e0)) = dv2̂e1 + dv3̂e4 + dµ̂e0 = 0

λ = 0 : f −(e0)( f −(dv) + dλ f +(e0)) = −dv1̂e3 − dv4̂e2 + dλ̂e0 = 0.

They project inP4 to the two planesv2 = v3 = 0 andv1 = v4 = 0. They
are tangent to the two branches ofS15 ate0 and transversal. �
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Finally, we consider the equations definingS15. By definition,S15 is
the set of pointsv whereh+(v)∧h◦(v)∧h−(v) = 0. i.e. the determinantal
locus where the matrix



v2
0 v2

1 v2
2 v2

3 v2
4

v2v3 v3v4 v4v0 v0v1 v1v2

v1v4 v2v0 v3v1 v4v2 v0v3



drops its rank. Its ten 3× 3 determinants, the 10 coefficients ofv+ ∧ v− 88

are (k = 0, . . . , 4).

vkvk+2vk+3(vk+2v2
k+4 − v2

k+1v2
k+3) + v3

k(v2
k+3vk+4 − vk+1v2

k+2)

+ vk+1vk+4(v3
k+1v3

k+2 − vk+3v3
k+4)

vkvk+1vk+4(vk+1v2
k+2 − v2

k+3vk+4) + v3
k(vk+2v2

k+4 − v2
k+1vk+3)

+ vk+2vk+3(vk+1v3
k+3 − v3

k+2vk+4)

(23)

Proposition 11. The ten equations(23) schematically define S15.

Proof. As usual, we distinguish between two cases:

– If v ∈ S15 is a smooth point, we check that the differential

d(v+ ∧ v−) : V → Λ2V

has rank 2. Sincev− = (λ/µ)v+ (if e.g.µ , 0) we find

d(v+ ∧ v−)|v = dv+ |v ∧ v− + v+ ∧ dv− |v
= ((λ/µ)v∧ d+|v − dv− |v) ∧ v+.

From 3.5, Proposition 7, we know that the differentiald(λv+ −
µv−), λ, µ fixed, has rank 3. This implies that our differential has
rank≥ 2.

– If v ∈ S15 is a singular point, we assumev = e0, without loss of 89

generality. The two branches ofS15 at e0 are given by functions
g2, g3 andg1, g4 ∈ Oe0 respectively, where we may assume that
gi − vi belongs tom2, m the ideal generated byv1, v2, v3, v4 ate0.
Then the ideal ofS15 is generated byg1g2, g1g3, g2g4, andg3g4.
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�

On the other hand, puttingv0 = 1 in equations (23) and reducing
modulo m3 we obtain (only terms containingv4

0 ramain): v1v2, v1v3,
v2v4, v3v4. So among the 10 polynomials (23), we may pick four ones,
sayh1, . . . , h4 such that

g1g2 − h1 ≡ g1g3 − h2 ≡ g2g4 − h3 ≡ g3g4 − h4 ≡ 0 modm3.

The polynomialsh1, . . . , h4 belong to the ideal ofS15, so we may write
them

hi = c12
i g1g2 + c13

i g1g4 + c24
i c2g4 + c34

i g3g4, c
kl
i ∈ Oe0.

The congruences above imply

c12
1 ≡ c13

2 ≡ c24
3 ≡ c34

4 ≡ 1 modm

ckl
i ∈ m otherwise.

The 4× 4-matrix90 

c12
1 c12

2 c12
3 c12

4

c13
1 c13

2 c13
3 c13

4

c24
1 c24

2 c24
3 c24

4

c34
1 c34

2 c34
3 c34

4



therefore admits an inverse with coefficients inOe0.
We therefore may expressg1g2, g1g3, g2g4, g3g4 in the functions

h1, . . . , h4. This implies that the functions (23) generate the ideal ofS15

at e0.

5 Jumping lines of the Horrocks-Mumford bundle

5.1 Jumping lines belonging to v ∈ V.

The Horrocks-Mumford bundleF is stable withc1 = 5. Therefore,
we haveF |L = OP1(2) ⊕ OP1(3) for the general lineL ⊂ P4 (Grauert-
Mulich). We define thejumping order k(L) for each lineL ⊂ P4 by

F |L = OP1(2− k) ⊕ OP1(3+ k).
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So L is a jumping line(resp. double, triple jumping line) if k(L) ≥ 1
(resp.k(L) ≥ 2, 3). By [1, proposition 1], this jumping order equals the91

dimension of the kernel of the map

V → 2Λ3V, v→ f +(v) ∧ L, f −(v) ∧ L.

We define the varietỹJ ⊂ P4 ×Gr(1, 4) by

J̃ = {(v, L) ∈ P(V) ×Gr : f +(v) ∧ L = f −(v) ∧ L = 0}.

Then we obtain the following description ofJ ⊂ Gr, thevariety of jump-
ing lines forF : J is the projection of̃J intoGr. The fibre of this projec-
tion over a jumping line L is a projective subspace inP(V) of dimension
k(L) − 1.

We denote byJv ⊂ Gr the projection of the fibre overv ∈ P(V)
underJ → Gr. This Jv is the variety ofjumping lines determinedby v.
First, we describe the varietyYv ⊂ P(V) swept out by the jumping lines
determined byv. We use

Lemma 13 ([1, lemma 3]). For v, x ∈ P4 the following properties are
equivalent:

(i) through x there passes a jumping line x∧ y determined by v,

(ii) 〈h+(v), x〉 = 〈h◦(v), x〉 = 〈h−(v), x〉 = 0.

It follows that the jumping lines determined byvsweep out the linear
subspace

Yv = {x ∈ P4 : 〈h+(v), x〉 = 〈h0(v), x〉 = 〈h−(v), x〉 = 0}

We have 92

– dimYv = 1 if v ∈ P4\S15

– dimYv = 2 if v ∈ S15 is a smooth point

– dimYv = 3 if v ∈ S15 is singular.
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Next we describe the varietiesJv:

Proposition 12. (i) If v ∈ P4\S15, then Jv consists of one element,
the line Yv.

(ii) If v ∈ S15 is a smooth point, then Jv is a rational curve parametriz-
ing the pencil of lines in the plane Yv with vertex v+ ∼ v−.

(iii) If v is one of the30 double points of S15, with Li = λi f +(v) +
µi f −(v), i = 1, 2, the two simple bivectors from proposition 1(iii) ,
then Jv is a quadric surface, theP1 × P1’s worth of lines meeting
both the lines L1 and L2.

Proof. (i) follows from lemma 13 above.

(ii) By (11) the four tri-vectorsf ±(v) ∧ v± correspond to the planeYv

(unless some of them vanish, but not all of them do, by proposi-
tion 1 (ii). Not all the lines inYv can be jumping lines determined
by v, for, if Yv = x ∧ y∧ z, then f ±(v) ∧ x∧ y = 0 would imply
f ±(v) = x∧ x± + y∧ y±. Applying ∧x∧ z and∧y∧ z, we would
find x±, y± ∈ Yv and f ±(v) decomposable. This would contradict
the assumption thatv ∈ S15 is smooth.

On the other hand, each lineL = v± ∧ y in Yv passing throughv±93

is a jumping line determined byv:

f ±(v) ∧ L = ( f ±(v) ∧ v±) ∧ y = Yv ∧ y = 0

This implies the assertion, because being a jumping line deter-
mined byv is a linear condition on the Plucker coordinates of the
line.

(iii) The vanishing ofv+ andv− implies〈h◦(v), f ±(v)〉 = 0. By (4) the
bivectorsf ±(v) belong toΛ2Yv and the two linesLi are lines inYv.
By proposition 1 (iii), these two lines do not coincide. So wemay
write the bivectorsf +(v) and f −(v) as linear combinations ofL1

andL2. If L1∧L2 would vanish, then (λ f +(v)+µ f −(v))∧(λ f +(v)+
µ f −(v)) would vanish identically a contradiction with (8). SoL1
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andL2 are disjoint. The conditionf +(v) ∧ L = f −(v) ∧ L = 0 is
equivalent withL1∧ L = L2∧ L = 0. This shows that the jumping
lines determined byv are exactly the lines (inYv) meeting bothL1

andL2.
�

5.2 The 25 triple jumping lines.

The 25 sectionsLi, j ⊂ S(5) are mapped to lines inP4 under the linear
systemI + 2F.

Proposition 13. The25 sections Li, j map to the25 Horrocks-Mumford
lines [6, p.72].

z−i = z−i+2 + ǫ
jz−i+3 = z−i+1 + ǫ

3 jz−i+4 = 0

94

Proof. We already saw, in lemma 3, that the originOE of aH5-invariant
elliptic curveE ⊂ P4 is contained in the line

z0 = z2 + z3 = z1 + z4 = 0. (24)

HenceL0,0 must be mapped to this line. The 25 sectionsLi, j are the
translatesτ jσiL0,0. Their images inP4 are therefore obtained by apply-
ing τ jσi. The result is

z−i = z−i+2 + ǫ
jz−i+3 = z−i+1 + ǫ

3 jz−i+4 = 0.

�

Proposition 14. The 25 Horrocks Mumford lines are triple jumping
lines forF . In fact, they are the only jumping lines L of order k(L) ≥ 3.

Proof. To show that these 25 lines are triple jumping lines, byH5-
symmetry it suffices to consider the image (24) ofL0,0. It is spanned
by e2 − e3 ande4 − e1. We have

(e2 − e3) ∧ (e4 − e1) = e1 ∧ e2 − e1 ∧ e3 + e2 ∧ e4 − e3 ∧ e4
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f +(v) ∧ (e2 − e3) ∧ (e4 − e1) = (v1 − v4)̂e0 + (v2 − v3)(̂e2 + ê3)

f −(v) ∧ (e2 − e3) ∧ (e4 − e1) = (v2 − v3)̂e0 + (v4 − v1)(̂e1 + ê4)

So this jumping line is determined by allv in the 3-dimensional sub-95

spacev2 − v3 = v1 − v4 = 0.
Conversely, ifL is a jumping line of some order 3+ k, k ≥ 0, then

F |L = OP1(−1 − k) ⊕ OP1(6 + k) is not globally generated. But away
from the 25 Horrocks-Mumford lines, the bundle is generatedby its
global sections [6, p. 75]. �

5.3 Smoothness of J̃.

The aim of this section is to prove

Proposition 15. The subvarietỹJ ⊂ P4 ×Gr is smooth of dimension4.

Proof. For (v, L) ∈ J̃, we again distinguish between the three different
cases:

– OverP4\S15, the projectionJ̃→ P4 is bijective. SoJ̃ necessarily
is smooth there.

– If v ∈ S15 is a smooth point andL ∈ Jv we show that (v, L) ∈ J̃ ⊂
P4(V) × P9(Λ2V) is a smooth point by differentiating at (v, L) the
ten equationsf ± (v) ∧ L = 0 defining J̃. The differential is the
map

V × Λ2V → 2Λ4V

(dv, dL) → f ±(dv) ∧ L + f ±(v) ∧ dL

96

A sufficient condition for smoothness is that this map has rank

dim(P4 × P9) − 4 = 9.

A pair (t, u) ∈ 2V annihilates the image of this map if and only if

( f +(dv) ∧ t + f −(dv) ∧ u) ∧ L = 0 for all dv ∈ V (25)
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( f +(v) ∧ t + f −(v) ∧ u) ∧ dL = 0 for all dL ∈ Λ2V.

The second condition of course is equivalent with

f +(v) ∧ t + f −(v) ∧ u = 0. (26)

First, we show thatt ∧ u = 0 in this situation. Indeed, ift ∧ u , 0, then
(26) implies thatt ∧ u is a jumping line determined byv.

If e.g. v+ , 0, we may write

t = t1v+ + t2y, u = u1v+ + u2y, with y ∈ Yv, t
i , ui ∈ C.

Inserting this in (26), we find using (11) that 97

t1 f +(v) ∧ v+ + t2 f +(v) ∧ y+ u1 f −(v) ∧ v+ + u2 f −(v) ∧ y

= −t1(h0(v) ∧ h+(v)) ∗ −u1(h−(v) ∧ h+(v)) ∗ +

(t2 f +(v) + u2 f −(v)) ∧ y

vanishes. Contracting withh+(v), h−(v), h◦(v) and using (5), (3) and (9),
we find

u2v+ ∧ y = t2v− ∧ y = (t2v+ + u2v−) ∧ y = 0.

Since eitherv+∧y , 0 of v−∧y , 0, this leads tot2 = u2 = 0, in conflict
with t ∧ u , 0.

Using t ∧ u = 0, we writet = aw, u = bw with w ∈ V, a, b, ∈ C.
Then (25) and (26) become

(a f+(dv) + b f−(dv)) ∧w∧ L = 0 for all dv ∈ V (27)

(a f+(v) + b f−(v)) ∧w = 0. (28)

In particular, the bivectora f+(v) + b f−(v) is simple, so (a : b) = (λ : µ)
with λ, µ as in proposition 2. The assertion comes down to showing
w∧ v± = 0. Otherwise, we could write (cf. (14))

a f+(v) + b f−(v) = w∧ v±

L = y∧ v±, y ∈ Yv.
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Inserting this in (27), we find 98

(λ f +(dv) + µ f −(dv)) ∧ (λ f +(v) + µ f −(v)) ∧ y = 0 for all dv ∈ V.

But in (2.5), we showed that the map

dv→ (λ f +(dv) + µ f −(dv)) ∧ (λ f +(v) + µ f −(v))

has rank 3 for all smooth pointsv on the curveEλ:µ. The image of this
map now is annihilated byw, v±, andy. This impliesw∧ v± ∧ y = 0 and
sincew∧ v± , 0, the lineλ f +(v) + µ f −(v) is a jumping line determined
by v. Evaluating this we obtain

2λh+(v) + µh◦(v) = λh◦(v) + 2µh−(v) = 0.

This contradicts proposition 2 (iv).

– If v ∈ S15 is singular, we assumev = e0 w.l.o.g. Now it does
not suffice to differentiate the equations defining̃J with respect to
dL ∈ Λ2V, we must considerdL ∈ TGr,L and check that

V × TGr,L → 2Λ4V

dv, dL→ f ±(dv) ∧ L + f ±(v) ∧ dL

has rank99

dim(P4 ×Gr)− 4 = 6.

we writeL = x∧ y with

x = x2e2 + x3e3 a point on the line f +(e0) = e2 ∧ e3

y = y1e1 + y4e4 a point on the line f −(e0) = e1 ∧ e4

ThendL = x∧ dy+ dx∧ y with dx, dy ∈ V and we must check
that

3V → 2Λ2V

dv, dx, dy→ f ±(dv) ∧ L + f ±(e0) ∧ x∧ dy+ f ±(e0) ∧ dx∧ y
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has rank 6. We compute

f +(e0) ∧ × ∧ dy= f −(e0) ∧ dx∧ y = 0

f +(e0) ∧ dx∧ y = (y4dx1 − y1dx4)̂e0 − y4dx0ê1 + y1dx0ê4

f −(e0) ∧ x∧ dy= (x2dy3 − x3dy2)̂e0 + x3dy0ê2 − x2dy0ê3

Remembering (x2, x3) , (0, 0) , (y1, y4), one easily checks that
the map in question is given by a 10× 15 matrix of rank 6.

�

5.4 Blowing-up the ideal of S15
100

First, we describe the blowing-up of a double point, i.e., the blowing-
up of C4 (with coordinatesu1, . . . , u4) with respect to the ideal sheaf
I ⊂ OC4 generated by the four polynomials

u1u2, u1u3, u2u4, u3u4

Let X → C4 be this blowing-up. By definition [5, p.163], we have
X = Proj(

⊕
d≥0

I d). There is a surjective map of gradedOC4-algebras

OC4[p0, p1] ⊗O
C4 OC4[q0, q1] → ⊕I d

p0→ u1, p1→ u4, q0→ u2, q1→ u3

inducing an embeddingX → C4 × P1 × P1. The image is the smooth
4-fold with equations

p0u4 = p1u1, q0u3 = q1u2 (29)

The fibre over some pointu ∈ C4 is

– a point, ifu < {u1 = u4 = 0} ∪ {u2 = u3 = 0}

– a copy ofP1, if u ∈ {u1 = u4 = 0} ∪ u2 = u3 = 0 butu , 0
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– the quadricP1 × P1 if u = 0.

Equations (29) show thatX ⊂ C4 × P1 × P1 can be considered as the101

graph of the rational mapC4→ P1×P1 sending (u1, . . . , u4) to (u4 : u1),
(u3 : u2). This blowing-up is related to blowing up smooth subvarieties
as follows:

Let π1 : B1 → C4 be the blowing-up in the origin. Introducing an
auxiliary P3 = P(TC4,0) with coordinatesz1 : . . . : z4 we haveB1 ⊂ C4 ×
P3 as the submanifold given byziu j = zjui . The two planes{u1 = u4 =

0}, {u2 = u3 = 0} are separated underπ1. Their proper transforms inB1

are smooth surfaces meeting the exceptionalP3 = π
−1
1 (0) in the two lines

L1 : z1 = z4 = 0, L2 : z2 = z3 = 0. Letπ2 : B2 → B1 be the blowing-up
of B1 in these smooth surfaces. The functionsu4 : u1 andu3 : u2 are
well-defined onB2, so they induce a mapB2→ X ⊂ C4 × P1 × P1 such
that the diagram

B2

��

π2
// B1

π1

��

X // C4

commutes. This mapB2 → X is an isomorphism overC4\0. But, on
P3 = π

−1(0), it contracts to points inP1 × P2 all the lines meeting both
L1 andL2. (In B2, all these lines become disjoint.)

Finally, denote byπ : P̂ → P4 the blowing-up ofP4 with respect to
the ideal sheaf of S15. After the preceding local discussion, it is clear
that P̂ is a smooth 4-fold and the fibreπ−1(v), v ∈ P4, is

– a point ifv ∈ P4\S15102

– a copy ofP1, if v is a smooth point ofS15

– a copy of the quadricP1 × P1, if v is a singular point ofS15.
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5.5 The variety of jumping lines

The variety J̃ ⊂ P4 × Gr is a smooth 4-fold. The projectioñJ → P4

is surjective (proposition 12); overP4\S15 even an isomorphism. All
fibres are irreducible. This proves thatJ̃ itself is irreducible.

The mapv+ ∧ v− : P4 → Gr is well-defined only onP4\S15. There
it associates withv the unique jumping line belonging tov. ThereforeJ̃
is the graph{(v, v+ ∧ v−) : v ∈ P4} of the mapv+ ∧ v− overP4\S15.

The 10 components ofv+∧v− generate the ideal sheaf ofS15 at each
point (proposition 11). This implies that the mapv+ ∧ v− extends to a
regular mapϕ : P̂ → Gr on the blow up ofP4 w.r.t. the ideal sheaf. The
map (π, ϕ) : P̂4→ P4 ×Gr has its image iñJ:

P̂4 //

��
;;

;;
;;

;;
;;

J̃

����
��
��
��
��

P4

The induced map̂P4→ J̃ is birational, overP4\S15 an isomorphism. 103

A point (v, L) ∈ J̃ cannot have several pre-images inP̂4, because then it
could not be a normal point oñJ, which is smooth. This proves

Proposition 16. The map(π, ϕ) : P̂ → P4 ×Gr defines an isomorphism
P̂→ J̃.

In particular,P̂ = J̃ can be considered as the graph of the rational
mapv+ ∧ v−.

The varietyJ of jumping lines for the Horrocks-Mumford bundle
F is the projection of̃J into Gr. The fibres of the projectioñJ → J
are linear subspaces inP4. J contains the sub-varietiesJ2, resp. J3 of
double, resp. triple jumping lines. They consist of the image points of
fibres of dimension≥ 1, resp.≥ 2.

Theorem 2. The variety J⊂ Gr is a rational, irreducbile4-fold. It is
smooth outside of J2. The variety J2 ⊂ J has dimension2.
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Proof. ForF , as for every rank-2-bundles onPn with oddc1, the jump-
ing lines come in codimension≤ 2. Therefore, dimJ ≥ 4 and the gen-
eral fibre ofJ̃ → J is discrete. This shows thatJ2 , J and thatJ̃ → J
is birational. Since overJ2 all fibres have dimension≥ 1, necessarily
dim J2 ≤ 2. But J2 , φ, because it contains e.g. the 25 points cor-
responding to the triple jumping linesLk,l. Deformation theory shows
codim J2 ≤ 4. We therefore find thatJ2 is a surface inJ.

Over J\J2, the mapJ̃ → J is bijective. To show that it is biregular104

there we must check that at (v, L) ∈ J̃ the tangent spaceTJ̃ is transversal
to the fibreP4 × L. But this follows immediately from the fact that the
equationsf ± (v) ∧ L = 0 definingJ̃ are linear inv. As a consequence,
J is smooth outside ofJ2. �

It is known that through each pointx ∈ P4 some jumping line has to
pass [cf. 12].

Proposition 17. (i) Through the general point x∈ P4 there passes
no double jumping line.

(ii) The jumping lines through a general point x∈ P4 are the genera-
tors of a cone (with vertex x) over a smooth curve inP3.

Proof. (i) Since the double jumping lines are parametrized by a sur-
face, they sweep out at most a threefold inP4.

(ii) Consider, inP4 ×Gr, the variety

{(x, L) : L ∈ J, x ∈ L}

It is an irreducible 5-fold which is singular along a 3-fold (lying
overJ2). The projection of this 5-fold inP4 is surjective. The gen-
eral fibre therefore does not meet the singular locus. By Bertini’s
theorem, the general fibre must be a smooth curve. This curve is
the basis for the cone of jumping lines through the image point of
this fibre.

�
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1979, p. 29-48 (Ed. A. Beauville), Sijthoff and Noordhoff, Alphen
aan den Rijn 1980.

[2] Barth, W., Peters, C., Van de Ven, A.Compact complex surfaces,
Springer, Berlin - Heidelberg - New York, 1984.

[3] Bianchi, L. Ueber die Normalformen dritter und fünfterStufe des
elliptischen Integrals erster Gattung,Math. Annalen17, 234-262
(1880).
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Some Results on a Question of Quillen

By S. M. Bhatwadekar

1 Introduction
107

This paper intends to bring to your attention some recent developments
on an approach suggested by Quillen to the following well-known con-
jecture of H. Bass and D. Quillen.

Bass-Quillen Conjecture : Let S be a regular local ring. Thenevery
finitely generated projective S[T]- module is free.

In view of a monic inversion criterion of G. Horrocks (see [5]) it
would suffice to show that the extension of the projective module toS(T)
(= localization ofS[T] at the multiplicatively closed set of monic poly-
nomials) is free. In particular, if all finitely generated projectiveS(T)-
modules are free then all finitely generated projectiveS[T]-modules are
free.

Let R= S[T−1](n,T−1) wheren denotes the maximal ideal ofS. Then,
sinceS is local, S(T) = RT−1. Therefore in [12], Quillen posed the
following stronger question.

Question:- Are all finitely generated projective Rf -modules free, 108

when R is a regular local ring and f is a regular parameter of R?
Since then, the Bass-Quillen Conjecture has been settled invarious

cases. However in all these cases, the methods employed there throw no
light on the corresponding Quillen question. Therefore this question still
merits interest. This motivated us (I and R. A. Rao) to investigate the
Quillen question at least in those cases where Bass-QuillenConjecture
was known. We find that in some cases the Quillen question is more dif-
ficult than the corresponding Bass-Quillen Conjecture and needs subtle
arguments. In some other cases, which I shall be describing in this pa-

79
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per, the Quillen question has provided alternative and neater arguments
to settle the corresponding Bass-Quillen Conjecture.

WhenS is a local ring of an affine algebra at a regular prime ideal,
the Bass-Quillen Conjecture has been proved by H. Lindel ([6, Theo-
rem]). With Rao, I have settled the corresponding Quillen question. My
joint work with Rao had two, perhaps surprising, outcomes. Firstly the
special case of the Quillen question - theS(T) case-which implies the
Bass-Quillen Conjecture, is actually equivalent to it [3, Theorem 2.4].
The other novelty observed was that the Quillen question in geometric
situations (like in Lindel’s Theorem) was, up to an etale extension, like
S(T)-case! This was shown using a refined “Lindel subring” approxi-
mation of a geometric local ring.

Even prior to Quillen’s question, Horrocks has proved that when109

dimR = 3 andR contains a coefficient field, then every projectiveR-
module of rank 2 is free ([5, Theorem 2]). In this article, I generalize
this result by showing that every projectiveRf -module of rankd − 1
(d = dimR) is free whenRcontains a coefficient field (see Theorem 3.5).
Moreover when dimR = 3, I prove the result of Horrocks under the
weaker assumption thatR is unramified (see Theorem 3.7). The ex-
istence of a coefficient field enables me to approximate (in a broader
sense) the ring by a good geometric ring. Using the rank condition, I
reduce the problem to one over such an “approxiamte” ring.

During this colloquium, Professor M. Ojanguren brought to my no-
tice a beautiful result of O. Gabber in [4], where he answers the Quillen
question affirmatively when dimR= 3.

Finally, let me summarise known results regarding the Bass-Quillen
Conjecture and the Quillen question in the following table:
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References Bass-Quillen
Conjecture
p ∈ P(R[T];
dimR= d

Quillen
question P ∈
P(Rf ), dimR=
d + 1

References

Horrocks [5] d = 2, R
contains a
coefficient
field

d = 2, R
contains a
coefficient
field

Horrocks [5]

Murthy [10] d = 2 d = 2, R
unramified

Bhatwadekar
(this paper)

d = 2 Gabber [4]
Lindel-Lutke-
bohmert
[8]

R: power series ring over a field Mohan
Kumar [9]

Mohan Kumar
[9]
Lindel [6] R: local ring of an affine algebra

at a regular prime ideal
Bhatwadekar-
Rao
[3]

Lindel [7] Rcontains a coefficient field and
rankP = d

Bhatwadekar
(this paper)

This paper has been organized as follows. In § 2, we record some 110

definitions and results. In § 3, we prove our main theorems (Theorem
3.5 and Theorem 3.7). In § 4, we prove a result about projective mod-
ules over a Laurent polynomial extension ofS(T) when dimS = 2.
(Theorem 4.2).

My warmest thanks are due to Ravi Rao, whose intuition and enthu-
siasm led me to consider Theorem 3.5 of this paper. I also thank Amit
Roy for encouragement.

2 Preliminaries

Throughout this paper, all rings will be commutative noetherian and all
modules are finitely generated. Further allprojectivemodules will be
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assumed to be of constant rank.
In this section, we collect some definitions and results for later use.

A will denote a commutative noetherian ring.

2.1

Given an ideala of A, ht(a) will denote the height ofa andµ(a) will
denote the minimal number of generators ofa.

2.2

Given a projectiveA-moduleP and an elementpof P we defineOP(p) =
{β(p)|β ∈ HomA(P,A)}. We say thatp is uni-modularif OP(p) = A.

2.3

Given a freeA-moduleAd we denote an element ofAd by a row vector
[a1, . . . , ad]. We identify AutA(Ad) with GLd(A); the group ofd × d
invertible matrices overA.

2.4

projectiveA-moduleP is said to beA-cancellativeif P ⊕ Ad ≃ Q ⊕ Ad111

impliesP ≃ Q.

2.5

Given a setP of prime ideals ofA and a functionδ : P → N ∪ {0} we
define a partial order≪ onP by settingp ≪ a if p ⊂ a andδ(p) > δ(a).

The functionδ is called ageneralised dimension functiononP if for
any ideala of A, V(a)∩P has only a finite number of minimal elements
with respect to≪.

2.6

Next we quote a theorem from [11]:
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Eisenbud-Evans Theorem: Let P be a projective A-module, letP

be a subset ofSpec(A) and δ a generalized dimension function onP.
Assume rank P≥ δ + 1. Let (p, a) ∈ P⊕ A be uni-modular at allp ∈ P.
Then there exists an element q∈ P such that p+ aq is unimodular at all
p ∈ P.

2.7

Let A be a PID. We say thatA is a special PID ifS Lr (A) = Er (A) for all
r ≥ 2.

2.8

Let A[Y] be a polynomial algebra in one variable overA. ThenA(Y) will
denote the ring obtained fromA[Y] by inverting all monic polynomials
in Y.

2.9

Quillen-Suslin Theorem([12], Theorem 3 and and [14], Theorem 1).
Let P be a projective A[Y]-module. If A(Y)

⊗
A[Y]

P is free, then P is 112

free.

3 Main Theorem

In this section, we prove the main theorem (Theorem 3.5). Forthe proof
of this theorem we need lemmas and propositions.

Proposition 3.1. Let A be a ring and P be a projective A-module of
rank d. Let T be a multiplicatively closed subset of A and let(p′, a′) be
a unimodular element of PT ⊕AT. Then there existsσ ∈ AutAT (PT ⊕AT)
such that

(1) σ(p′, a′) = (p, a) ∈ P⊕ A

(2) ht OP⊕A(p, a) ≥ d + 1
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Proof. Without loss of generality, we can assume thatT = {1, t, t2, . . .}
for somet ∈ T.

Let I = {σ/σ ∈ AutAt (Pt ⊕ At); σ(p′, a′) ∈ P⊕ A}. It is obvious that
I , φ. Forσ ∈ I , if σ(p′, a′) = (p̃, ã) ∈ P ⊕ A then letN(σ) denote
ht OP⊕A(p̃, ã). Then it is enough to prove that there existsσ ∈ I such
that N(σ) ≥ d + 1. This is proved by showing that for anyσ ∈ I with
N(σ) ≤ d, there existsσ1 ∈ I such thatN(σ1) > N(σ).

Let σ ∈ I be such thatN(σ) ≤ d. Let σ(p′, a′) = (p, a) ∈ P ⊕ A.
LetP be a set of prime ideals ofA of height≤ d − 1 and letP1 = P ∩113

D(a). Then there is a generalized dimension functionδ : P1 → N ∪ {0}
such thatδ ≤ d − 1. Moreover sinceP1 is a subset ofD(a), (p, a) is
unimodular at all prime ideals belonging toP1. Further rankP = d. So,
by (2.6), there exists aq ∈ P such thatp+ aq is unimodular at all prime
ideals belonging toP1. Since (p, a) can be mapped in to (p+ aq, a) by
anA-automorphismτ of P ⊕ A we haveOP⊕A(p, a) = OP⊕A(p+ aq, a).
Thereforeτtσ ∈ I andN(σ) = N(τt, σ). Hence, if necessary, replacing
σ by τtσ and (p, a) by (p+ aq, a), we can assume thatp is unimodular
at all prime ideals belonging toP1. This, in particular, implies that if
a prime idealp of A containsOP(p) but does not contain the element
a thenht p ≥ d. Therefore, sinced ≥ N(σ) ≥ ht OP(p) we have
N(σ) = ht OP(p).

Let J denote the set of minimal prime ideals ofOP(p). Let J1 be
a subset ofJ consisting of those membersp of J which contain the
element a and letJ2 = J − J1. SinceN(σ) = ht OP(p), J1 is not empty.
Moreover since (p, a)(= σ(p′, a′)) is a unimodular element ofPt ⊕ At,
we havetk ∈ OP⊕A(p, a) for some positive integerk. Thereforet ∈ p for
everyp ∈ J1. Since rankp = d, p ∈ J implies thatht p ≤ d and therefore
for everyp ∈ J2 we haveht p = d. Hence

⋂
p∈J2

p 1
⋃
p∈J1

p. Let x be an

element of
⋂
p∈J2

p such thatx <
⋃
p|ǫJ
p. Sincet ∈ p for everyp in J1 we

have (tx)r ∈ OP(p) for some positive integerr.
Let β : P → A be anA-linear map such thatβ(p) = (tx)r . Let θ̃ be

an A-automorphism ofP ⊕ A defined as:̃θ(q, b) = (q, b + β(q)) and let114

θ1 be anAt-automorphism ofPt ⊕ At defined as:θ1(q′, a′) = (q′, t′a′).
Let σ1 denoteθ−1

1 θ̃tθ1σ, thenσ1(p′, a′) = θ−1
1 θ̃tθ1(p, a) = (p, a + xr ).
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Therefore,σ1 ∈ I and

N(σ1) = ht OP⊕A(p, a+ xr ) > ht OP(p) = N(σ).

This completes the proof of Proposition 3.1. �

As a consequence of Proposition 3.1, we get the following result.

Corollary 3.2. Let A be a ring of dimension d and let P be a projective
A-module of rank d. Let T be a multiplicatively closed subsetof A. If P
is A-cancellative then PT is AT-cancellative.

Proof. As before, without loss of generality, we can assume thatT =
{1, t, t2, . . .} for somet ∈ T.

Let (p′, a′) ∈ Pt ⊕ At be a unimodular element. We want to show
that there existsθ ∈ AutAt(Pt ⊕ At) such thatθ(p′, a′) = (0, 1).

By Proposition 3.1, there existsσ ∈ AutAt(Pt ⊕ At) such that

(1) σ(p′, a′) = (p, a) ∈ P⊕ A

(2) ht OP⊕A(p, a) ≥ d + 1.

Since dimA = d, this implies that (p, a) is a unimodular element of115

P⊕ A. SinceP is A-cancellative, there existsτ ∈ AutA(P⊕ A) such that
τ(p, a) = (0, 1). Let θ = τtσ. Thenθ ∈ AutAt (Pt ⊕ At) andθ(p′, a′) =
(0, 1).

As an application of Proposition 3.1 we prove the following result
which is a variant of result of Lindel ([7, 2.8 Satz]). �

Proposition 3.3. Let (R,m) be a local ring of dimension d and let
(R′,m′) be a local subring of(R,m) such thatR̂′ = R̂. Let f be an
element ofm′ and let Q be a stably free Rf -module of rank d− 1. Then
there exists a stably free R′f -module Q′ such that Q≃ Rf ⊗R′f

Q′.

Proof. SinceQ is stably free of rankd − 1 ≥ dimRf ′ there exists an
Rf -isomorphismΨ : Q ⊕ Rf → Rd

f (= (Rd−1) f ⊕ Rf ). Let Ψ(0, 1) =
[a1, . . . , ad]. Then, by Proposition 3.1

(taking P = Rd−1, p′ = [a1, . . . , ad−1], a′ = ad),

there existsσ ∈ GLd(Rf ) such that
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(1) [a1, . . . , ad]σ = [b1, . . . , bd] ∈ Rd

(2) ht ORd[b1, . . . , bd] ≥ d.

If ht ORd[b1, . . . , bd] > d, then [b1, . . . , bd] is a unimodular element of
Rd. SinceR is local, there existsτ ∈ GLd(R) such that [b1, . . . , bd]τ =
[0, . . . , 1]. This shows thatQ ≃ Rd−1

f . Then takingQ′ = R′d−1
f we are

through. So we assumeht ORd[b1, . . . , bd] = d.
Let a be an ideal ofR generated byb1, . . . , bd. Then sincea =116

ORd[b1, . . . , bd], we haveht a = d. Thereforea is m-primary ideal of
R and hencemℓ ⊂ a for some positive integerl. Moreoverd = µ(a) =
ht(a).

SinceR̂′ = R̂ we havem′ℓR = mℓ andR′/m′ℓ
≈
֒→R/mℓ. So if b =

a ∩ R′ then (1)bR= a and (2)d = µ(b) = ht(b).
Let c1, . . . , cd be elements ofb which generateb. Then as elements

of R, c1, . . . , cd generatea also. SinceR is local andµ(a) = d, there
existsθ ∈ GLd(R) such that [b1, . . . , bd]θ = [c1, . . . , cd].

Consider the following short exact sequence

0→ R′f → R′df → Q′ → 0

1→ [c1, . . . , cd]

Since f ℓ ∈ a ∩ R′ = b, [c1, . . . , cd] is a unimodular element ofR′df .
ThereforeQ′ is stably freeR′f -module. ObviouslyQ ≃ RF ⊗R′f

Q′.
Let (R,m) be a regular local ring of dimensiond and let f be a

regular parameter ofR. If R contains a local ring (R′m′) such that (1)
f ∈ R′ (2) R̂′ = R̂, then Proposition 3.3, shows that to study projective
Rf -modules of rankd−1 it is enough to consider projectiveR′f -modules
of rankd−1. The following technical lemma gives a sufficient condition117

for R to contain a local ringR′ such that (1)f ∈ R′, (2) R̂′ = R̂ and (3)
every projectiveR′f -module of rankd − 1 is free. �

Lemma 3.4. Let (R,m) be a regular local ring of dimension d and let f
be a regular parameter of R. Suppose R contains a local ring(S, n) of
dimension do such that
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(i) S ֒→ R is a faithfully flat extension

(ii) R/n|R is a regular local ring withf (= image of f in R/nR) as its
one of regular parameters.

(iii) S/n
≈
֒→R/m

(iv) do ≤ d − 2.

Then R contains a regular local ring(R′,m) such that

(1) f is a regular parameter of R′

(2) R̂′ = R̂

(3) Every projective R′f -module of rank d− 1 is free.

Proof. SinceS ֒→ R is a faithfully flat extension andR is regular, so
alsoS. Let d − do = k ≥ 2. Let f = f1, f2, . . . , fk be elements ofR such
that{ f 1, f 2, . . . , f k} is a regular system of parameters ofR/n R(note that
dimR/nR= k).

Let B = S[ f1, . . . , fk] and p = nB + ( f1, . . . , fk)B. Then it is easy 118

to see thatB is a polynomial algebrain k variables overS andp is a
maximal ideal ofB. Let R′ = Bp,m′ = pBp. Then obviouslyR contains
R′ andR̂′ = R̂. Moreover, f = f1 is a regular parameter ofR′.

Let A = S[ f ], po = nA + f A and R̃ = Apo. ThenR̃f is a regular
ring of dimensiondo andR̃f [ f2, . . . , fk] is apolynomial algebrain k− 1
variables over̃Rf . Moreover,R′f is a localization of̃Rf [ f2, . . . , fk].

SinceK0(R̃f [ f2, . . . , fk]) = K0(R̃f ) = Z and dimR̃f = do < d−1 (by
[15, Theorem 1.1]) every projectivẽRf [ f2, . . . , fk]-module of rankd− 1
is free. Now we are through in view of Corollary 3.2, if we notethat
K0(R′f ) = Z andd − 1 = dim R̃f [ f2, . . . , fk]. �

Now we prove the main theorem which is a generalization of Theo-
rem 2 of Horrocks ([5]).

Theorem 3.5. Let(R,m) be a regular local ring of dimension d and let f
be a regular parameter of R. If R contains a field L such that L֒→ R/m
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is a finite separable extension then every projective Rf -module of rank
≥ d − 1 is free.

Proof. Let Q be a projectiveRf -module of rank≥ d−1. SinceK0(Rf ) =
K0(R) = Z, Q is stably free. If, rankQ > d − 1 = dimRf then by ([1,
Corollary 3.5, p. 184])Q is free. So we assume that rankQ = d − 1.119

Since stably free modules of rank one are always free we assume that
d − 1 ≥ 2 i.e. d ≥ 3.

SinceL ֒→ R/m is a finite separable extension,R/m is a simple
extension ofL sayL[α]. Let ϕ(Y) be a minimal polynomial ofα overL.
Let a ∈ R be a lift ofα. Thenα is separable overL andϕ is its minimal

polynomial impliesϕ(a) ∈ m but
∂ϕ

∂Y
(a) < m.

If ϕ(a) and f are linearly dependent modulom2 then takingx ∈
m such thatf and x are linearly independent modulom2, we see that

ϕ(a+ x)(= ϕ(a)+
∂ψ

∂Y
(a)x+ hx2) and f are linearly independent modulo

m2. Therefore replacing a bya + x (if necessary) we can assume that
ϕ(a) and f are linearly independent modulom2.

Let B = L[a] andp = ϕ(a)B. Then sinceϕ(a) is a regular parameter
of R, B is a polynomial algebra in one variable overL andp is a maximal
ideal of B. Let S = Bp, n = pBp. Then (S, n), is a one dimensional
regular local ring contained inR. MoreoverS/n = L[α] = R/m. It is
easy to see that (S, n) also satisfies the conditions (i) and (ii) of Lemma
3.4.

SinceQ is stably free we apply Lemma 3.4 and Proposition 3.3 to
conclude thatQ is free. �

Corollary 3.6. Let (S, n) be a regular local ring of dimension d. Let
S[Y] be a polynomial algebra in one variable over S . If S contains a120

field L such that L֒→ S/n is a finite seperable extension then every
projective S(Y)[X1, . . . ,Xr ]-module of rank d is free.

Proof. Let R = S[Y−1](n,Y−1) andY−1
= f . ThenRf = S(Y). Therefore

by Theorem 3.5 every projectiveS(Y)-module of rankd is free. Hence
it is enough to prove that every projectiveS(Y)[X1, . . . ,Xr ]-module of
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rankd is extended fromS(Y). This can be proved using the same argu-
ments as in the proof of 4.1 Satz of Lindel ([7]). �

Now we conclude this section with the following theorem.

Theorem 3.7. Let R be a regular local ring of dimension3 and let f
be a regular parameter of R. Assume that R is unramified. Then every
projective Rf -module is free.

Proof. Let { f = f1, f2, f3} be a regular system of parameters ofR. Let
R0
= R and letRi denote thefi-adic completion ofRi−1 for 1 ≤ i ≤

3. ThenRi−1 ֒→ Ri, fi is a non-zero-divisor ofRi and Ri−1/( fi)
≈
−→

Ri/( fi). Hence by ([13, § 2]) we get the followingcartesian square(see
[1, p. 359])

P(Ri−1)

��

// P(Ri)

��

P(Ri−1
fi

) // P(Ri
fi
)

where, for a ringA, P(A) denote the category of all finitely generated
projectiveA-modules.

Therefore, asRi−1 is local for 1 ≤ i ≤ 3. every projectiveRi−1
fi

- 121

module is free if every projectiveRi
fi
-module is free. Moreover by ([10,

Proposition 2′]) every projectiveRi
fi
-module is free if every projective

Ri
fi+1

-module is free.
The above discussion shows that to prove the theorem it is enough

to prove that every projectiveR3
f3

-module is free. ButR3 is a complete,

regular local, unramified ring of dimension 3. ThereofreR3
= S[[X,Y]]

whereS is a regular local ring of dimension 1. Again by ([10, Propo-
sition 2′]), we can assume thatf3 = Y. Now we are through in view of
Lemma 3.4 and Proposition 3.3. �
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4 Projective modules over Rf [X1, . . . ,Xr ,Z±1
1 . . . ,Z±1

k ]

Let R be a regular local ring and letf be a regular parameter ofR.
We want to study projective modules overRf [X1, . . . ,Xr ,Z±1

1 , . . . ,Z±1
k ].

WhenR is a power series over a field or a geometric local ring over an in-
finite field then all projective modules overRf [X1, . . . ,Xr ,Z±1

1 , . . . ,Z±1
k ]

are free (see [3, Theorem 3.1 and Theorem 2.2]). These results and
Corollary 3.6 lead us to ask the following question:
Question. Let R be regular local ring of dimension d satisfying the hy-
pothesis of Theorem 3.5. Let f be a regular parameter of R. Areall
projective Rf [X1, . . . ,Xr ,Z±1

1 , . . . ,Z±1
k ]-modules of rank d− 1 free?

Remark 4.1. Swan has shown that all projective

Rf [X1, . . . ,Xr ,Z
±1
1 , . . . ,Z±1

k ]-modules

of rank> dimRf are free ([15, Theorem 1.1.]).122

In this section, we show that whend = 3 andRf is of special type,
then the above question has an affirmative answer. More precisely.

Theorem 4.2. Let S be a regular local ring of dimension2. Let S[Y]
be a polynomial algebra in one variable over S . Let P be a projective
S(Y)[X1, . . . ,Xr ,Z±1

1 , . . . ,Z±1
k ]-module. Then P is free.

For the proof of this theorem we need the following proposition.

Proposition 4.3. Let A be a UFD and letπ be an element of A such that
A/(π) is a special PID. Let P be a projective A[X1, . . . ,Xr ,Z±1

1 , . . . ,Z±1
k ]-

module such that Pπ is free. Then P is free.

Proof. We prove the result by induction onr + k, the caser + k = 0
being a result of Bass and Murthy ([2, Proposition 9.6]). LetB denote
the ringA[X1, . . . ,Xr ,Z±1

1 , . . . ,Z±1
k ].

Case(1) : r > 0
Let T denote the multiplicatively closed subset ofB consisting of

monic polynomials inX1 with coefficients inA. Then123
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BT = A(X1)[X2, . . . ,Xr ,Z
±1
1 , . . . ,Z±1

k ].

Moreover by ([10, Proposition 1′]) A(X1)/(π) = A/(π)(X1) is a special
PID. ObviouslyPTπ is free. Therefore by inductionPT is free and hence
by (2.9)P is free.

Case(2) : r = 0.
Let T′ denote the multiplicatively closed subset ofB consisting of

monic polynomials inZ1 with coefficients inA. Then

BT′ = A(Z1)[Z±1
2 , . . . ,Z±1

k ]

and as before we conclude thatPT is free. Therefore by ([15, Lemma
1.3]) there exists a projectiveA[Z−1

1 ,Z±1
2 , . . . ,Z±1

k ]-moduleQ such that
P ≃ B⊗ Q. SincePπ ≃ Bπ ⊗ Qπ is free, by (2.9)Qπ is free. Therefore
by Case (1)Q is free and henceP is free. �

Proof of Theorem 4.2. Let π be a regular parameter ofS. ThenS/(π)
is a discrete valuation ring and therefore a specialPID. Hence by ([?,
Proposition 1′]) S(Y)/(π) = S/(π)(Y) is a special PID.

Let L denote the quotient field ofS[Y]. ThenSπ[Y] ֒→ S(Y)π ֒→ L.
Moreover,S(Y)π is aUFD of dimension 2 (in factS(Y) is a UFD of
dimension 2). Therefore by ([3, Proposition 2.1])Pπ is free. Hence by
virtue of Proposition 4.3,P is free.
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A Problem of Zariski

By J.-L. Colliot-Thelene

IN 1949, ZARISKI raised the following question. LetX andY be 127

two algebraic varieties over a fieldk, let Pr
k be the projectiver-space over

k. Assume thatX ×k Pr
k is k-birational toY ×k Pr

k. Does it follow that
X is k-birational toY? In particular, if ak-variety X is stablyk-rational
(i.e. X ×k Pr

k is k-birational toPd+r
k ), is it k-rational (i.e. isk-birational

to Pd
k)?
Although a positive answer is known in special cases (Segre [13],

Nagata [11]), the problem remained open for many years. A positive
answer in the particular case would have been of interest forthe ra-
tionality problem of some moduli spaces of stable vector bundles over
curves ([12], [1]), as was pointed out to me by Seshadri at theCollo-
quium. Unfortunately, the answer to Zariski’s problem is negative ([4]):

There exist stably rational surfaces over a suitable non-algebraically
closed fieldk which are notk-rational, and there exist stably rational
threefolds over the complex fieldC which are not rational.

Over a non-algebraically closed fieldk, with char. k , 2, which 128

admits a field extensionK/k, Galois with groups3 (the symmetric group
on three letters), our examples are surfaces given by an affine equation:

y2
− az2

= P(x) (1)

whereP(x) is a separable polynomial with coefficients ink, anda ∈ k∗,
and moreover:

(2) P is irreducible of the third degree, anda = disc(P) ∈ k∗ is not
a square.

1Summary of results appearing in [4].
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That such a surface is notk-rational is a special case of a result of
Iskovskih ([9]). That it is stablyk-rational appeared in the course of
arithmetic investigations ([8]) on surfaces as in (1) withP(x) of degree
at most 4. As a rule, such surfaces arek-unirational as soon as they have
ak-rational point, but they need not be stablyk-rational (e.g. ifP(x) is a
polynomial of the third degree which is split overk, anda is not a square
in k; this particular case is the one originally considered by F.Châtelet
([5]).

Iskovskih’s result uses the method of linear systems with base points,
as was first done over a non-algebraically closed field by B. Segre ([14]).
As for the methods of ([8]), they involve a close analysis of principal
homogeneous spaces under tori over (smooth compactifications of) sur-
faces of type (1) – and more generallyk-surfaces which become rational
after a finite extension of the ground field ([7]).

Over the complex fieldC, examples of stably rational non-rational129

threefolds are given by affine equations:

y2
− a(t)z2

= P(x, t) (3)

whereP(x, t) is an irreducible polynomial, of degree 3 inx, and where
a(t) = discx P has no square factor and is of degree at least 5.

That such threefolds are stably rational follows immediately from
the stablek-rationality of surfaces of type (1) (2) (takek = C(t)). That
(3) is not rational uses intermediate jacobians ([6]) and Prym varieties,
as was first done by Mumford ([10]). However, the discriminant locus
of a conic bundle defined by (3) is a reducible singular curve,and the
delicate analysis of [2] and [3] is required to show that (3) is not rational.
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Conditions D’Existence des Fibres Stables
de Rang Eleve SurP2

By J.M. Drezet and J. Le Potier

EN DEHORS DU paragraphe 9, le travail qui suit est un resume133

de notre article a paraitre aux Annales de 1’E.N.S [4], auquel le lecteur
devra se reporter pour des démonstrations complètes.

Let corps de base estC.

1 Introduction

SoientX use surface projective lisse,A(X) ’anneau de Chow deX. On
sait qu’etant donnes un entierr ≧ 2, des classesci ∈ Ai(X) il existe des
fibres vectoriels algebriques surX, de rangr, de classes de Chernc1 et
c2 c’est un resultat qui remonte a Schwarzenberger [13].

Par contre, pour obtenir l’existence de fibrés stables (relativement à 134

une polarisation donnée surX) de rangr, de classes de Chernc1 et c2

on doit imposer des conditions àr, c1 et c2: on connaı̂t par exemple le
résultat de Bogomolov selon lequel on doit avoir nécessairement

c2 ≧ (r − 1)c2
1/2r.

Cette condition n’est pas suffisante pour assurer l’existence de fibres
stables. Pour le plan projectifP2, les conditions necessaires et suffisantes
d’existence s’ecrivent en rangr = 2:

c2 − c2
1/4 ≧















2 si c1 est pair

3/4 si c1 est impair

1Presenté par J. Le Potier
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Ce résultat est dû lui aussi à Schwarzenberger [4]; on se propose ici
de l’étendre en rang quelconque.

2 Formulaire

Sur le plan projectifP2, on aA1(P2) = Z, A2(P2) = Z; si E est unOP2

- module coherent, les classes de chern deE seront considerées comme
des nombres. SiE est de rang> 0, on definit la penteµ et le discriminant
∆ deE par les formules

µ = c1/r

∆ = (1/r)(c2 − (r − 1)c2
1/(2r)).

Avec ces conventions, la formule de Riemann-Roch s’écrit135

χ(E) =
∑

(−1)ihi(E)

= r(P(µ) − ∆) (2.1)

où P est le polynômeP(X) = 1+ 3x/2+ x2/2.
Plus généralement, siE et E′ sont deuxOP2-modules cohérents de

rangsr et r′, de pentesµ, de discriminants∆ et ∆′ respectivement, on
pose

χ(E,E′) =
∑

i

(−1)i dim Exti(E,E′)

et la formule de Riemann-Roch s’étend sous la forme suivante:

χ(E,E′) = rr ′(P(µ′ − µ) − ∆ − ∆′) (2.2)

En particulier,χ(E,E) = r2(1− 2∆).

DUALITE DE SERRE: Soient E et E′ des faisceaux algébriques
cohérents surP2; soit dáutre partK � OP2(−3) le fibré canonique sur
P2. Il existe un accouplement

Exti(E,E′) × Ext2−i(E′,E ⊗ K)→ C

qui fait d’un de ces espaces vectoriels le dual de l’autre.136
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3 Faisceaux semi-stables

La notion de semi-stabilité dont nous aurons besoin est celle de Gieseker
[7] et Maruyama [12].

Definition 1. Un faisceau algebrique coherent E surP2 est ditsemi-
stable(resp. stable) si E est sans torsion, et si pour tout sous-module
0 , E′ ⊂ E, on a

µ(E′) ≦ µ(E)

et en cas d’égalité∆(E′) ≧ ∆(E) (resp.∆(E′) > ∆(E)).

Soit S une variete algebrique. Considerons le foncteurM(r, µ,∆)
qui à S associe l’ensemble des classes d’isomorphisme de faisceaux
algébriques cohérentsE surS × P2, S-plats et tels que pour touts ∈ S,
le faisceauE(s) induit surP2 soit semi-stable de rangr, de penteµ, de
discriminant∆. Gieseker [7] et Maruyama [12] ont construit une variété
algébriqueM(r, µ,∆) et un morphisme fonctoriel

M(r, µ,∆)→ Mor( , M(r, µ,∆))

qui fait de M(r, µ,∆) un espace de modules grossier, c’est-à-dire qu’il
satisfait à la propriété suivante : pour toute variétéalgébriqueM, et tout
morphisme fonctoriel

M(r, µ,∆)→ Mor( , M′)

il existe un et un seul morphisme de variétésM(r, µ,∆) → M′ rendant 137

le diagramme suivant commutatif

Mor( , M(r, µ,∆))

��

M(r, µ,∆)

44iiiiiiiiii

**UU
UU

UU
UU

UU

Mor( , M′)

Ceci caractérise le variété algébriqueM(r, µ,∆). Dans M(r, µ,∆) les
points qui proviennent de faisceaux stables forment un ouvert lisseMs;
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cet ouvert s’identifie à l’ensemble des classes d’isomorphisme de fais-
ceaux stables; il est de dimension

dim Ms = r2(2∆ − 1)+ 1

FILTRATION DE HARDER-NARASIMHAN: Si E est un faisceau
algébrique cohérent sans torsion surP2, il a une filtration

0 ⊂ F1 ⊂ F2 ⊂ . . . ⊂ Fℓ = E

par des sous-modules coherénts tels que

(1) le graduégri = Fi/Fi−1 soit semi-stable

(2) µ(gri) ≧ µ(gri+1), et en cas d;égalité∆(gri ) < ∆(gri+1).

Une telle filtration est déterminée de manière unique parces conditions;
on l’appelle la filtration de Harder-Narasimhan [8].

4 Fibr és exceptionnels

Proposition 1. Soit E un faisceau stable de rang r, de penteµ, de dis-138

criminant∆ surP2. Les assertions suivantes sont equivalentes:

(1) Ext1(E,E) = 0

(2) ∆ < 1/2

(3) χ(E,E) > 0

En effet, par dualité de Serre, Ext2(E,E) est le dual de

Hom(E,E(−3))

et par suite est nul par définition de la stabilité. D’autrepart, on a
Hom(E,E) = C; compte-tenu de la formule de Riemann-Roch, on ob-
tient

χ(E,E) = r2(1− 2∆) = 1− dim Ext1(E,E)

ce qui donne l’équivalence voulue.
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Definition 2. Un faisceau algébrique coherent surP2 est dit exception-
nel (resp.semi-exceptionnel) s’il est stable (resp. semi-stable) et si son
discriminant C satisfait à la condition

∆ < 1/2.

Examples .Les fibres de rang un sont exceptionnels. Le fibre tangent
T(P2) est un fibre exceptionnel de pente 3/2. Le fibre noyau du mor-
phisme canonique d’évaluation

ev :P2 × Γ(O(2))→ O(2)

est un fibré exceptionnel de rang 5, de pente - 2/5. Si E est un fibré 139

exceptionnel, il en est de même du dual, et des fibrésE(i) pour i ∈ Z.

En un point de l’espace de modulesM(r, µ,∆) défini par un faisceau
exceptionnel, on a dimM(r, µ,∆) defini par un faisceau exceptionnel, on
a dimM(r, µ,∆) = 0. Plus précisément, on a le résultat suivant:

Proposition 2. Pour toutα ∈ Q, il existe au plus, à isomorphisme près,
un faisceau exceptionnel de penteα. Ce faisceau est en fait localement
libre; son rang est le plus petit dénominateur rα > 0 deα, et son dis-
criminant est donné par

∆ = 1/2(1− 1/r2
α)

En effet, montrons d’abord que la penteα détermine le rang et le
discriminant. On a déjà vu que siE est exceptionnel de rangr, de pente
α et de discriminant∆, on a

χ(E,E) = 1 = r2(1− 2∆);

c’est-à-dire, en revenant aux classes de Chernc1 et c2

1 = r2 − 2rc2 + (r − 1)c2
1.

Ceci entraı̂ne quer et c1 sont premiers entr’eux; ceci signifie quer est
le plus petit denominateur> 0 deα. Le rangr est ainsi déterminé; la140
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même formule donne pour discriminant∆ = 1/2(1− 1/r2).
Montrons maintenant que l’ouvertMS ⊂ M(r, µ,∆) est réduit à un

point si 2∆ < 1. La méthode ci-dessous, qui évite le recours au résultat
d’Ellingsrud [6] nous a été signalée par Mukaı̈. SoientE et E′ deux
faisceaux exceptionnels de meme penteµ, de meme rangr et de même
discriminant∆; d’après la formula de Riemann-Roch,

χ(E,E′) = r2(1− 2∆).

On a encore Ext2(E,E′) = 0, car cet espace est le dual de

Hom(E′,E(−3)),

et donc est nul par stabilité. Il en résulte que Hom(E,E′) , 0; un homo-
morphismef : E→ E′ est en fait un isomorphisme s’il est non nul, par
stabilité. Par suite,E est isomorphe àE′.

Soit E un faisceau exceptionnel de penteα; pour g ∈ Aut(P2), le
faisceaug∗(E) est encore exceptionnel de penteα, et par suite isomorphe
à E. Par suite, l’ensemble des points deP2 au voisinage desquels le
faisceauE est localement libre est invariant par le groupe Aut(P2), et ne
peut être queP2 lui-meme.

Proposition 3. Soit E un faisceau semi-exceptionnel de penteα. Alors
E est somme directe de fibrés exceptionnels de penteα.

En effet, les fibrés semi-stables de penteα et de discriminant∆ for-141

ment une categorie abélienne, artinienne et noethérienne; par suite, un
faisceau semi-stable de penteα, de discriminant∆ a une filtration de
Jordan-Hölder

0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fℓ = E

avecgri = Fi/Fi−1 stable de penteα, de discriminant∆. Si∆ < 1/2, les
faisceauxgri sont exceptionnels de meme penteα, donc isomorphes; la
filtration ci-desses est en fait scindée, d’où la proposition.
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5 L’ensembleE

Soit α un nombre rationnel. On appelle rang deα le plus petit entier
rα > 0 tel querαα ∈ Z, et discriminant deα le nombre rationnel

∆α = 1/2(1− 1/r2
α).

Soit E l’ensemble des nombres rationnelsα qui sont pentes de fibrés
exceptionnels; siα ∈ E, et siEα est un fibré exceptionnel de penteα, rα
est le rang deEα et∆α son discriminant. La proposition suivante nous
permettra de donner une construction deE.

Proposition 4. Soitµ ∈ Q un rationnel de rang r et de discriminant∆.
Let assertions suivantes sont équivalents:

(1) µ ∈ E

(2) r(P(µ) − ∆) ∈ Z et pour toutα ∈ E tel que0 < |α − µ| < 3, on a 142

P(−|α − µ|) ≤ ∆α + ∆

(3) r(P(µ) − ∆) ∈ Z et pour toutα ∈ E tel que rα < r et |α − µ| ≤ 1,
on a

P(−1|α − µ|) ≦ ∆α + ∆

En effet, si µ ∈ E, c’est la pente d’un fibr’e exceptionnelEµ, et
r(P(µ) −∆) doit être la caractéristique d’Euler-Poincaré, donc un entier.
L’implication (1)⇒ (2) repose sur la formule de Riemann-Roch (2.2) :
désignons parEα un fibré exceptionnel de penteα; si α > µ, on a par
stabilité

Hom(Eα,Eµ) = 0

D’autre part, Ext2(Eα,Eµ), dual de Hom(Eµ,Eα(−3)), est nul par sta-
bilité dès queα − µ < 3 par suiteχ(Eα,Eµ) ≤ 0. Siα < µ, on voit de
même queχ(Eµ,Eα) ≦ 0 pourvu queµ − α < 3.

L’implication (2)⇒ (3) est triviale; l’implication (3)⇒ (1) résulte
du théorème d’existence 3 (cf. § 7).
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CONSTRUCTION DE E : Soientα et β deux nombres rationnels Si
3+ α − β , 0, l’equation ent

P(α − t) − ∆α = P(t − β) − ∆β

a une solution unique, notéet = α · β, donnée par

α · β =
α + β

2
+
∆β − ∆α

3+ α − β

143

SoitD l’ensemble des nombres rationnels de la formep/2q où p ∈ Z
et oùq est un entier≥ 0. Soitǫ : D → Q l’application construite par
récurrence surq définie par

ǫ(n) = n si n ∈ Z

ǫ(2p+ 1/2q+1) = ǫ(p/2q) · ǫ((p+ 1)/2q).

Proposition 5. (1) L’applicationǫ : D→ Q est bien définie et stricte-
ment croissante.

(2) Le nombreǫ(p/2q) est de rang≧ 2q si p est impair.

(3) Pour toutα ∈ ǫ(D), or a rα(P(α) · ∆α) ∈ Z

(4) Pourρ ∈ D, et n∈ Z, ǫ(ρ + n) = ǫ(ρ) + n, etǫ(−ρ) = −ǫ(ρ).

Il en résulte en particulier que la fonctionǫ : D → Q est parfaite-
ment déterminée quand on connaı̂t sa restriction àD∩[0, 1/2]. Le calcul
effectif donne par exemple:

p 0 1 2 3 4 5 6 7 8

ǫ(p/24) 0
13
34

5
13

75
194

2
5

179
433

12
29

70
169

1
2

Theorem 1. On a∈ (D) = E.
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Ceci détermine donc, à isomorphisme près, tous les fibrés excep-144

tionnels. Indiquons le plan de la démonstration: soitDq l’ensemble des
nombres de la formep/2q, où p ∈ Z, et oùq, est un entier tel que
0 ≤ q′ ≤ q. Pour montrer queǫ(D) ⊂ E, on verifie queǫ(Dq) ⊂ E par
récurrence surq. Il suffit de demontrer le lemme suivant, qui repose sur
la proposition 4:

Lemma 1. Soientα = ǫ(p/2q), β = γǫ((p + 1)/2q) et µ = α · β. On
suppose queα ∈ E, etβ ∈ E. Alors

(1) Pour toutα′ ∈ E, tel queα < α′ < β, on a rα′ ≧ rµ

(2) On aµ ∈ E.

Inversement, soitµ ∈ E; choisissonsq assez grand pour que 2q ≧ rµ,
et p de sorte que

α = ǫ(p/2q) ≦ µ < ǫ(p+ 1)/2q

Commeα · β est de rang≧ 2q+1 d’après la proposition 5, on voit que
la partie (1) du lemma ci-dessus imposeµ = ǫ(p/2q). Par suiteµ ∈ ǫ(D).

6 Le théorème d’existence

L’étude des faisceaux semi-stables de discriminant∆ < 1/2 ayant deja
été faite, on se limite dans ce paragraphe au cas∆ < 1/2. Remarquons
d’autre part que pourR réel donne, l’ensembleE(R) des éléments deE 145

de rang inférieur ou egal àRest localement fini.

Theorem 2. Soient r un entier≧ 2, c1 et c2 ∈ Z; on poseµ = c1/r,
∆ = (1/r)(c2 − (r − 1)c2

1/(2r)), et on suppose∆ ≧ 1/2.
On designe par:α(r, µ) le plus grand des élémentsα ∈ E tels que

rα ≦ r/2 etα ≦ µ, et parβ(r, µ) le plus petit des élémentsβ ∈ E tels que
rβ ≦ r/2 etµ ≦ β.

Let assertions suivantes sont équivalentes:

(1) Il existe un fibré stable de rang r, de penteµ, de discriminant∆.
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(2) Il existe un faisceau semi-stable de rang r, de penteµ, de discrim-
inant∆.

(3) Pour toutα ∈ E, tel queα − µ < 3, on a

P(−α − µ|) ≦ ∆α + ∆

(4) ∆ ≧ P(α(r, µ) − µ) − ∆α(r,µ) et∆ ≧ P(µ − β(r, µ)) − ∆β(r,µ)

En effet les implications (1)⇒ (2) et (3)⇒ (4) sont triviales. La
démonstration de l’implication (2)⇒ (3) est tout à fait semblable à celle
qui a été vue dans la proposition 4 et repose sur le théorème de dualité
de Serre et la formula de Riemann-Roch (2.2). Reste à demontrer que
(4) ⇒ (1); pour ceci, on commence par vérifier de manière purement146

arithmétique que l’assertion (4) entraı̂ne l’assertion suivante:

(5) ∆ , 1/2, et pour toutα ∈ E tel que rα < r et α − µ| ≤ 1

P(−1|α − µ|) ≦ ∆α + ∆

L’implication (5)⇒ (1) résultera du théorème 3 (cf. § 7).
Let théorème 2 permet effectivement de décrire quelles sont exacte-

ment les classes de Chern des fibrés stables. Supposons par exemple
r = 20,c1 = 9 et doncµ = 0, 45; le tableau du paragraphe 5 montre que
α(r, µ) = 0, 4 etβ(r, µ) = 0, 5. Par suite, les conditions (4) s’écrivent

∆ ≧ P(−0, 05)− 12/25 et ∆ ≧ P(−0, 05)− 3/5

et sont donc équivalentes a∆ ≧ 0, 55125, c’est-à-direc2 ≧ 50.

7 La methode

Pour compléter les démonstrations de la proposition 4 (etdonc du
théorème 1) et du théorème 2, il suffit de vérifier l’énoncé suivant:

Theorem 3. Soient r un entier> 1, et deux rationnels tels que rµ ∈
Z, r(P(µ) − ∆) ∈ Z, ∆ , 1/2. On suppose satisfaites les conditions
suivantes:
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(S) Pour toutα ∈ E tel que rα < r et |α − µ| ≦ 1, on a P(−|α − µ|) ≦
∆α + ∆

Alors il existe un fibré stable de rang r, de penteµ, de discriminant 147

∆ surP2.

7.1 Construction d’une grande famille de fibres vectoriels.

Soit d ⊂ P2 une droite fixée. On commence par construire une famille
de fibrés vectoriels de rangr, de penteµ, de discriminant∆, paramétrée
par une variété algébrique lisseS:

E→ S × P2

satisfaisant aux conditions suivantes:

(L) Pour touts∈ S, Ext2(E(s),E(s)) = 0

(KS) Le morphisme de déformation infinitésimale de Kodaira etSpen-
cer

TsS→ Ext1(E(s),E(s))

est suriectif

(R) Pour touts∈ S, E(s)|d est rigide, c’est-à-dire

Ext1d(E(s)|d,E(s)|d) = 0

La construction s’inspire de [11]: considérons le polynôme de
Hilbert H(m) = r(P(µ+m)−∆); pourm+µ ≧ −3/2, la suitem→ H(m)
est croissante; elle est négative pour−2 ≦ m+ µ < 0: on le vérifie pour
1 ≦ m+ µ ≦ 0 en remarquant que−m ∈ E, et donc d’après la condition
(S) P(m+µ) ≦ ∆ et d’autre part,P(m+µ−1) = P(m+µ)−(m+µ+1)≦ ∆.

Par suite, il existe un entierm0 tel queNo = H(mo) > 0, N1 = 148

−H(mo − 1) ≧ 0, N2 = −H(mo − 2) ≧ 0. Soit Q le fibré canonique
quotient de rang 2 surP2; les morphismes injectifs de fibrés vectoriels

(O(−1))N2 → (Q∗)N1 ⊕ O
No



108 J.M. Drezet and J. Le Potier

forment un ouvert non videΩ de l’espace vectoriel de tous les mor-
phismes car 2N1 + N0−N2 = r ≧ 2. Pours∈ Ω, le conoyau desdéfinit
un fibré vectorielF(s) de rangr, de penteµ+mo, de discriminant∆. La
famille de fibrés vectoriels de rangr, de penteµ, de discriminant∆

E(s) = F(s)(−mo)

satisfait aux conditions (L) et (KS). En fait, on a même la condition plus
forte que (L)

(L′) Pour touts∈ Ω, Ext2(E(s),E(s)(−1)) = 0

qui permet de vérifier que l’ouvertS ⊂ Ω des pointss ∈ S tels que le
fibré E(s)d soit rigide est non vide.

7.2 Stratification de Shatz

On considère une familleE → S × P2 de fibrés vectoriels surP2 para-149

métrée par une variété lisseS, et satisfaisant aux conditions (L) et (KS).
Soient (H1, . . . ,Hℓ) des polynômes à coefficients rationnels. On dit que
s ∈ S est de poids (H1, . . . ,Hℓ) si la filtration de Harder-Narasimhan de
E(s)

0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fℓ = E(s)

est de longueurℓ, et si le gradué associégri(E(s)) a pour polynôme de
Hilbert Hi. Le rangr i , la penteµi, le discriminant∆i degri(E(s)) sont
déterminés à partir deHi par la formule

Hi(m) = r i(P(µi +m) − ∆i).

L’énoncé suivant étend àP2 les résultats obtenus par Atiyah et Bott
dans le cadre des surfaces de Riemann [1]:

Proposition 6. Sour les conditions(L) et (KS), l’ensemble

Y(H1, . . . ,Hℓ)
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des points s∈ S de poids(H1, . . . ,Hℓ) est une sous-variété localement
fermée lisse de codimension

∑

i< j

r ir j(∆i + ∆ j − P(µ j − µi))

Let sous-variétés ainsi definies sont en nombre fini.

7.3 Existence de fibŕes semi-stables

L’énoncé ci-dessus s’applique en particulier à la famille construite au
paragraphe 7.1. Pour montrer l’existence de fibrés semi-stables de rang 150

r, de penteµ, de discriminant∆, il suffit de montrer que siℓ > 1, les
sous-variétés ci-dessus sont de codimension> 0. Compte-tenu de la
formule de Riemann-Roch, ceci résulte du lemme suivant.

Lemma 2. Soit E un fibre vectoriel surP2, de rang r, de penteµ et de
discriminant∆ satisfaisant à la condition(S). Soit

0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fℓ = E

la filtration de Harder-Narasimhan de E. de gradué gri(E). On suppose
en outre qu’il existe une droite d⊂ P2 telle que E|d soit rigide. Alors si
ℓ > 1

∑

i< j

χ(gri (E), gr j (E)) < 0

En effet, soientr i le rang,µi la pente,∆i le discriminant degri(E)
l’existence d’une droited telle queE|d soit rigide entraı̂ne

0 ≦ µ1 − µℓ ≦ 1

En particulier, pouri < j, on a 0≦ µi − µ j < 3 de la semi-stabilité de
gri (E) il découle

χ(gri (E), gr j (E)) ≦ 0

Supposons que pour tout (i, j) tel quei < j, χ(gri (E), gr j (E)) = 0,
c’est-à-dire, d’apres la formule de Riemann-Roch

P(µ j − µi) = ∆i + ∆ j .
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En particulier, siµ1 − µℓ < 0, ceci entraı̂ne∆1 + ∆ℓ < 1, donc soit 151

∆1 < 1/2 soit ∆ℓ < 1/2. Si µ1 = µℓ, ∆1 < ∆ℓ par définition de la
filtration de Harder-Narasimhan; par suite∆1 < 1/2. Dans les deux cas,
l’un des faisceauxgr1(E), grℓ(E) est semi-exceptionnel. Supposons par
exemplegr1(E) semi-exceptionnel; alors

χ(gr1(E), (E) = χ(gr1(E)) +
∑

i>1

χ(gr1(E), gri (E))

= χ(gr1(E), gr1(E))

D’après la proposition 3 qui sonne la structure des faisceaux semi-excep-
tionnels, cette quantité est positive. On a alors

P(µ − µ1) > ∆ + ∆1

et |µ − µ1| ≦ 1. Ceci contradit la condition (S). Dans le cau où c’est
grℓ(E) qui est semi-exceptionnel, on obtient à nouveau une contradic-
tion en étudiantχ(E, grℓ(E)).

7.4 Construction de fibrés stables

Considérons, dans la famille ci-dessus, l’ouvertM ⊂ S correspondant
aux fibrés semi-stables. On vient de voir queM n’est pas vide.

Lemma 3. Let points deM correspondant aux fibrés stables forment un
ouvertMs partout dense dansM.

En effet, si ∆ < 1/2, pour t ∈ M, chaque fibréE(t) est semi-152

exceptionnel; la condition (S) impose en fait queE(t) soit exceptionnel
d’après la proposition 3.

Si ∆ > 1/2, soitr i une suite d’entiers tels que
∑

r i = r, r i > 0. Let
pointst ∈ M tels queE(t) ait une filtration (dite de Jordan-Hölder)

0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fℓ = E(t)

dont le graduégri soit stable de rangr i , de penteµ et de discriminant
∆, est un ferméY(r1, . . . , rℓ) dont on peut minorer la codimension, de
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manière tout à fait semblable à ce qui a été vu dans la proposition 6,
bien que ces fermés n’aient ici aucune raison d’être lisses:

cosimY(r1, . . . , rℓ) ≥
∑

r ir j(2− 1)

Par suite,Y = ∪Y(r1, . . . , rℓ) est un fermé de codimension> 0; le
complémentaire de ce fermé est exactement l’ensemble despointst ∈ M
tels queE(t) soit stable. Cet ouvert est donc partout dense.

8 Irreductibilit é

Un faisceau algébrique cohérentE sur P2 est ditµ-stable s’il est sans
torsion et si pour tout sous-moduleF ⊂ E de rangr(F) < r(E), F , 0
on a

µ(F) < µ(E).

153

Let points deM(r, µ,∆) qui proviennent de faisceaux localement li-
bresµ-stables forment un ouvertMo

µs; par une méthode semblable a
celle qui vient d’être décrite au paragraphe 7, on démontre que cet ou-
vert est partout dense. Compte-tenu du résultat d’Ellingsrud donnant
déjà l’irréductibilité deMo [6]1, on obtient:

Theorem 4. L’espace de modules M(r, µ,∆) est irréductible.

9 Groupe de Picard

Soientr un entier> 1, µ et ∆ deux rationnels tels quec1 = rµ et χ =
r(P(µ) − ∆) soient entiers, et∆ > 1/2.

Dans le cas our, c1 et χ sont premiers entr’eux, l’ouvertMs de
l’espace de modulesM(r, µ,∆) est egal aM(r, µ,∆): la variétéM(r, µ,∆)
est alors une variété projective lisse de dimensionr2(2∆ − 1)+ 1; c’est
un espace de modules fin pour le foncteur quotient

S→ M(r, µ,∆)(S)/PicS

1Pourr = 2, l’irréductibilité deMo
µs est due à Barth [2] et Hulek [9] Pourµ = 0, elle

est due a Hulek [10]. L’irréductibilité deM(2, µ′,∆) est connue de Maruyama [12].
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où Pic(S) opère surM(r, µ,∆)(S) (cf. § 3) par la formule

(L,E)→ E ⊗ pr1
∗(L)

ou L ∈ Pic(S), et E ∈ M(r, µ,∆)(S).154

Considérons l’ensembleE(r/2) des élémentsα ∈ E tels querα ≤
r/2, et posons

δ(r, µ) = SupP(−|α − µ|) − ∆α
α ∈ E(r/2)

|α − µ1 ≦ 1

Avec les notations du théorème 2, cette borne superieure est en fait at-
teinte soit pourα = α(r, µ), soit pourα = β(r, µ). L’énoncé du théorème
2 peut en fait se lire:

L’espace de modules M(r, µ,∆) n’est pas vide si et seulement si

∆ ≧ δ(r, µ)

L’énoncé suivant est du au premier auteur; il donne, quandr, c1 etχ
sont premiers entr’eux, le groupe de Picard de la variétéM(r, µ,∆) :

Theorem 5. [3] On suppose que∆ > 1/2, et que r, c1 = rµ et χ =
r(P(µ)−∆) sont des entiers premiers entr’eux. Alors le groupe de Picard
de la variété M(r, µ,∆) est donné par

PicM(r, µ,∆) =



















Z si ∆ = δ(r, µ)

Z2 si ∆ > δ(r, µ)

De plus, en utilisant le fibré universel, on peut donner une base pour155

le groupe de Picard.
Considérons par exemple le casr = 4, µ = 1/2, ∆ = 5/8: alors

c1 = 2,χ = 5, et par suite, l’espace de modulesM(r, µ,∆) correspondant
est une variété projective lisse de dimension 5; commeδ(4.1/2) = 5/8,
son groupe de Picard estZ. On peut en fait vérifier que cet espace de
modules est isomorphe àP5.
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Signalons que le casr = 1 a éte étudié parG. Elencwajg etP.
Le Barz [5]; le casr = 2 a également été traité récemment par S.A.
Strømme [16].

Si r, c1 et χ ne sont plus premiers entréux la varieteM(r, µ,∆) est
encore projective et normale, mais il apparaı̂t en général des singularités
dansM(r, µ,∆). Il est encore possible de décrire le groupe de Picard de
l’ouvert de lissitéMreg(r, µ,∆) de M(r, µ,∆) et le résultat est semblable
au précédent [3]:

PicMreg(r, µ,∆) =



















Z si ∆ = δ(r, µ)

Z2 si ∆ > δ(r, µ).

Sauf pour quelques exceptions qu’il est possible d’énumérer, cet ouvert
de lissité coı̈ncide en fait avec l’ouvertMs correspondant aux faisceaux
stables.
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Rank Techniques and Jump Stratifications

By A. Hirschowitz

IT IS A fundamental duty and tool for geometers to study natural 159

stratifications. The theory of special divisors on projective curves is
devoted to such a matter. Much progress has been made in this field
during the last few years (see some references in 7.2.1). In the present
lecture, I want to emphasize the fact that some of the tools, which I may
call rank techniques and which were developed mainly for application
to questions on special divisors, have much wider applicability.

Rank techniques are reviewed in sections 1-4. In particularthe rank-
Kodaira-Spencer map is introduced in section 3. It turns outthat many
subvarieties in projective spaces are constructed via rankstratifications
(or via similar stratifications). This is explained in sections 5, 6. Jump
stratifications are introduced in section 7 where it is shownhow far the
rank techniques are expected to be useful. In particular, Petri’s comor-
phism is defined, generalizing the Petri’s map of the theory of special
divisors.

In section 8, I give a sample of applications. The first one should
concern special divisors and projective curves. Instead the reader is in-
vited to see [47]. The second one computes the number of minimal
sections in a general geometrically ruled surface. The third one is a
“simplification” in the proof of the theorem of natural cohomology for
rank two vector bundles overP3 (cf. [56]). And the last one is an echo
from Barth’s lecture in the Colloquium: any rank two vector bundle on
P4 with c1 = 1, c2 = 4 has a two dimensional family of unstable planes.160

From the general definition of jumping loci, the jumping points
emerge. Surprisingly, although considered in several special cases, the
jumping points have not been studied systematically, not even in the

115
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case of curves. Section 9 gives a first account of this matter.
The results exposed below developed slowly in my mind duringmy

collaboration with Brun, Hartshorne, Marlin and Narasimhan, for which
I am indebted. This knowledge grew much faster during the twomonths
after the conference, as I wrote the present paper. I thank the organizers
who gave me the opportunity to think about this in an accurateway. I
also thank them for the kind invitation, and with them, all those people
in the Tata Institute who made my stay so pleasant.

1 Rank Stratifications

Many natural stratifications may be viewed as rank stratifications in the
following sense; moreover, the strata of many further natural stratifica-
tions may be viewed as strata of such rank stratifications.

Definition 1.1. Let X be a quasiprojective smooth connected variety, E
and F locally free sheaves on X and u: E → F a morphism. We de-
fine the rank stratification Xu associated with u as follows. First denote
by p the smaller among rank E and rank F; then Xi

u is defined to be
the zero-scheme associated withΛp−i+1u, and the stratification Xu is the
collection(Xi)i∈N.Observe that Xu and Xu∗ are identical so that we may161

assume either rank E= p+ δ or as well rank F= p+ δ (with δ ≥ 0). We
setX̊i

u := Xi
u−Xi+1

u . Also we consider the relative grassmannian variety
GE over X of linear subspaces in the fibers of E, and the subschemeGu

of subspaces where u vanishes identically. Of course GE (and in gen-
eral Gu) have several connected components corresponding to various
dimensions.

1.2 Program.

The study of such a rank stratification splits: from the global study,
we expect answers to the questions: “What are the non-void strataXi

u?
What are their degrees, rational equivalence classes, irreducible compo-
nents?” and to similar questions concerningGu. From the local study,
we expect answers to be questions: “What is the maximum rank of u?
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What are the dimensions of the strata, are they reduced? Are the Xi
u

smooth?” and to similar questions concerningGu.

1.3 Tools.

As for the global study : Porteous’ formula (Porteous [91], Kempf-
Laksov [68]) gives the rational equivalence class of each stratum in
terms of Chern classes ofE and F, provided the stratum has the ex-
pected codimension (namelyi(δ+ i) for Xi

u). This is also a powerful tool
to prove existence results (cf. [71]); and a theorem of Fulton-Lazarsfeld
[35] says that in caseX is projective, andE∨ ⊗ F is ample, then each
stratum with positive expected dimension (i.e.i(δ + i) < dimX) is con-
nected.

Now locally, rank stratifications are obtained by pulling-back some
universal rank-stratification. Thus the local study splitsinto the study
of universal rank-stratifications and the study of base-change. This ap-
proach appears in Arbarello-Cornalba [1], and both parts are developed
in the next two sections.

2 Universal Rank Stratifications [1], [67], [67], [48]
162

2.1 The Universal Objects.

We choose an integerδ ≥ 0 and another integerp > 0, and we consider
the vector spaceRδ,p of matrices withp columns andp + δ rows, and
coefficients in the base fieldk. On Rδ,p viewed as an affine variety, we
have two tautological morphisms:

τ : O
p→ O

p+δ and τ∨ : O
p+δ → O

p

As observed above, the stratifications associated withτ andτ∨ are iden-
tical. We also denote them withRδ,p so thatR0

δ,p is Rδ,p and the other
strata are theRδ,p’s for i > 0.

We denote byGδ,p the connected component τ (cf. 1.1) consist-
ing of subspaces of dimensioni and byGi

δ,p∨ the connected component
of Gτ∨ consisting of subspaces of dimensionδ + i. If G (resp. G∨)is
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the grassmannian variety of subspaces ofkp (resp.kp+δ), thenGτ (resp.
Gτ∨) is a closed subscheme inG× Rδ,p (resp.G∨ × Rδ,p).

2.2 Some Properties ofRδ,p.

The following properties ofRδ,p are well known : R̊i
δ,p is smooth of

codimensioni(δ + i). For i > 0, Ri+1
δ,p is the singular locus ofRi

δ,p. Each
Ri
δ,p is reduced, determinantal and Cohen-Macaulay. On the otherhand

Gi
δ,p andGi

δ,p∨ are smooth and bothGi
δ,p → Ri

δ,p andG1
δ,p∨ → Ri

δ,p are
(rational) desingularizations ofRi

δ,p. In caseδ = 0, p = 2, i = 1, this is
the simple example, explained so long ago by Hironaka, of a threefold
with an isolated singularity, with two minimal desingularizations, the
fiber product of which is the blowing-up of the singular point. Another
way to desingularizeRi

δ,p in the general case consists in blowing up

successively (the strict transform of)Rp
δ,p, Rp−1

δ,p , . . . ,R
i+1
δ,p .163

Now we review the normal spaces : at a pointu in R̊1
δ,p, the normal

space is the space of linear mapsL(Keru,Cokeru) and the projection
of the tangent space to the normal space is the natural map :Rδ,p =
L(Kp, kp+δ)→ L(Keru,Cokeru). Similarly at a point (W, u) in G j

δ,p, the

normal space ofG j
δ,p in G × Rδ,p is L(W, kp+δ) and the projection from

the total tangent space is the natural map

L(W, kp/W) ⊕ L(kp, kp+δ)→ L(W, kp+δ)

(α, β)→ u ◦ α + β ◦ w,

wherew is the injectionW→ kp andu inducesu onkp. The same holds,
mutatis mutandis forG j

δ,p∨.

2.3 From Rδ,p to Rδ,p.

Let us see that the shape ofRδ,p does not depend too heavily uponp.

Proposition 2.3.1. Let u be a point inR̊i
δ,p. There exists an open neigh-

bourhood U of u in Rδ,p and a morphismϕ : U → L (Keru, Cokeru)
such that:
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(i) The pull-back byϕ of the (universal) rank stratification on

L(Keru,Cokeru)

is the universal rank stratification Rδ,p restricted to U,

(ii) the derivative duϕ of ϕ at u is the natural projection(cf. 2.2).

Proof. We choose decompositionskp
= Keru ⊕ A, kδ+p

= Im u ⊕
Cokeru, so that a pointv in Rδ,p readsv =

( v11 v12
v21 v22

)
. We defineU to 164

be the open set wherev12 is an isomorphism. It clearly containsu. And
we defineϕ byϕ(v) = v21−v22v−1

12v11. One checks easily (i) and (ii).�

3 Base Change

The general hope concerning a bundle morphism is that it has maxi-
mal rank (at the generic point) and that the associated rank-stratification
“looks like” some universal rank-stratification. We make precise defini-
tions and then introduce the rank-Kodaira-Spencer map, in order to give
differential criteria for the above hopes to be fulfilled.

Definition 3.1. By a stratification indexed byN, I mean a family(Xi)i∈N

of (quasi-projective) schemes together with compatible closed embed-
dings:

(i < j)X j ֒→ Xi ,

so that the Xt’s are subschemes of X0. The differences Xi − Xi+1 are
locally closed subschemes in X0, which we denote with̊Xi . Let us say
that such a stratification(Xi)i∈N is Rδ – like at a pointx ∈ X̊ j if there
exists an etale neighborhood X′ of xX0 and a smooth morphismϕ : X→
Rδ, j such that(Xi)i∈N and Rδ, j induce the same stratification on X′. Let
us say further that(Xi)i∈N is Rδ-like if it is Rδ-like at every point.

It follows from 2.3 that for anyδ, p, the stratificationRδ,p is Rδ-like,
and that whenever a stratification isRδ-like at a point, it isRδ-like in a
neighbourhood.
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3.2 The RKS-MAP.

Let u : E → F be a morphism between locally free sheaves on the165

quasi-projective smooth varietyX. We denote byL(E, F) the geometric
bundle associated with Hom(E, F), also usually denoted byV(E ⊗ F∨).
Let π be the projectionL(E, F) → X. Then overL(E, F), we have a
tautological morphism

τEF : π∗E→ π∗F

Furthermore,u may be viewed as section ofπ characterized byu =
u∗τEF.

One checks easily that the rank stratification (L(E, F)i )i≥0 associated
with τEF is Rδ-like whereδ = | rankE − rankF |. Also the stratification
Xu is the pull-back by (the section)u of the stratification (L(E, F)i)i≥0.

Let O be a point inX, EO andFO the fibers ofE andF atO, anduO

the image ofO by u in L(E, F). Let i be such thatuO is in L(E, F)i −

L(E, F)i+1. First L(E, F)i is smooth inuO, second it is transversal to
the fibreπ−1(O) = L(EO, FO) in L(E, F). Thus the normal space of
L(E, F)i in L(E, F) atuO is canonically identified with the normal space
of L(EO, FO)t in L(EO, FO) atuO, which isL(KeruO,CokeruO) (cf. 2.2)
so that the differential ofu induces a linear map from the tangent space
T0X of X at O into L(Keru0,Cokeru0). This map we call the rank
Kodaira-Spencer map(or briefly RKS-map) ofu at O and we denote
it by RKS(u,O).

3.3 Criterion for Maximal Rank.

Let A, B, C be vector spaces andf : A → L(B,C) a linear map. We
shall say thatf reaches the maximal rankif, for a sufficiently general,
f (a) is injective or surjective.

Proposition. Let u : E → F be a vector bundle morphism over a166

smooth connected variety X. Suppose there exists a point O inX where
RKS(u,O) reaches the maximal rank. Then u has maximal rank (at the
generic point).
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Proof. The statement being local, we may suppose thatE andF are triv-
ial. Also we may suppose thatX is a smooth curve. Thenu corresponds
to an immersionu : X → L(kp,Kp+δ). Let us definei by u(O) ∈ R̊i

δ,p.
And let us consider the mapϕ given by 2.3. According to 2.3 ii, the
derivative ofϕ ◦ u at O is RKS(u,O) and hence reaches the maximal
rank. This means thatdO(ϕ ◦ u) takes some values outside ofR1

δ,i which
is its own tangent cone. Hence the same is true ofϕ ◦ u itself which,
according to 2.3.i, implies thatu takes some values outsideR1

δ,p. �

Remark. We could prove easily, when the field has characteristic zero,
that RKS(u, x) vanishes forx sufficiently general. In particular, if for
any x in X1

u, RKS(u, x) does not vanish, thenu has maximal rank.

3.4 Criterion for Rδ-Likehood

Proposition. Let X, E, F,δ, u be as above. Then Xu is Rδ-like at a
point x if and only if RKS(u, x) is surjective.

Proof. We definei andϕ as in the previous proof. ThenXu is pulled-
back byϕ◦u of Rδ,i; and the derivative ofϕ◦u is RKS(u, x). If the latter
is surjective, thenXu is Rδ-like at x by definition. On the other hand, for
(ϕ ◦ u)∗(O) to be smooth of codimensioni(δ + i) it is necessary that the
kernel ofdX(ϕ ◦ u) has codimensioni(δ + i), hence that its image has
dimensioni(δ + i). �

3.5 Criterion for Smoothness ofGu (cf. [1] 3.3).
167

Proposition. Let X, E, F,δ, u and x be as above and let W be a linear
subspace inKeru(x) of dimension i ifrankE ≤ rankF, and of dimension
δ + i otherwise. Then Gu is smooth of codimension i(δ + i) at W in GE

(cf. 1.1) if and only if w◦RKS(u, x) is surjective where w is the restiction
map from L(Keru(x),Cokeru(x)) to L(W,Cokeru(x)).

Proof. We suppose, for instance, that rankE > rankF. Again we con-
sider (locally)u as a morphism fromX to Rδ,p. Now W corresponds to
a point inG∨ (cf. 2.1). We extend triviallyu as a map̃u : G∨ × X →
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G∨ × Rδ,p, so thatG∨ is just the pull-back bỹu of Gτ∨ . Let δ + i be the
dimension ofW. Then, as above, the necessary and sufficient condition
for Gu to be smooth of codimensioni(δ+ i) is that the derivativedũ(W, x)
ranges over the whole normal space ofGi

δ,p∨ in G∨ ×Rδ,p. According to
2.2, this means that the map

L(W, kp+δ/W) ⊕ TxX→ L(W, kp)

(α, ǫ) 7→ u∨ ◦ α + du∨(x, ǫ) ◦ w

is surjective wherew is the injectionW → kp+δ (here we identifykp

andkp+δ with their duals). Now the image ofα 7→ u∨ ◦ α is precisely
L(W, Im u∨) so that the condition means that the map

TxX→ L(W,Cokeru∨)

ǫ → γ ◦ du∨(x, ǫ) ◦ w is surjective

whereγ is the projectionkp → Cokeru∨. To conclude, we just have to
observe thatRKS(u, x)(ǫ) is the composition

Keru∨ → kp+δ du∨(x,ǫ)
−−−−−−→ kp→ Cokeru∨.

�168

4 Stable Properties [21]

In [21], Brun and I emphasized stable properties of stratifications. In
this section, after recalling the definitions, we reviewRδ-likehood from
this point of view of stability.

4.1 Definitions.

Although everybody understands what is meant by a property being sat-
isfied by stratifications indexed byN, let us give a careful definition: let
us say that it is a subset of the set of isomorphism classes of stratifica-
tions indexed byN. Now we say that a propertyP (satisfied by (Xt)i∈N
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as soon as there exists an étale covering (Xα)α∈A of X◦ such thatP is
enjoyed by each induced stratification (Xiα)i∈N. Finally we say that the
propertyP is stableif, whenever it is satisfied by a stratification (T i)i∈N

with T0 smooth, it also holds:

(a) for any submersionR→ T0, by the induced stratification (Ri)i∈N,

(b) for any submersionT0 → R, with R connected, by the induced
stratification on the general fiberT0(r).

Examples 4.2.Here are the most usual examples:

(a) Xi is s-codimensional inX0.

(b) X̊i is smooth.

(c) Xi is locally complete intersection.

(d) Xi is determinantal.

(e) Xi+1 is the singular locus ofXi .

(f) locally, in the étale topology,Xi is trivial alongXi+1.

(g) Xp+1 is empty, andXi may be desingularized by blowing-up suc-169

cessively (the strict transforms of)Xp, Xp−1, . . . ,Xi+1 (cf. 2.2).

4.3 Stability of Rδ - Likehood.

Proposition. Rδ-likehood is a stable property.

Proof. The property is clearly stable under submersions. Hence we may
consider a submersions : X → Y whereX is endowed with the stratifi-
cation induced by another submersionf : X→ L(k j , kδ+ j). By Bertini’s
theorem, the general fiberZ = s−1(y) intersects transversally the strata
X̊i . Let x be a point inZ ∩ X̊i. We know that aroundx, the stratifica-
tion on X is induced by a submersionf ′ : X → L(ki , kδ+i). SinceZ
is transversal to the special fiberXi of f ′, the restriction off ′ to Z is
again a submersion, which proves that the stratification induced onZ is
Rδ-like at x. �
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Remark 4.4.Another point of view is as follows. Call any local stable
property satisfied by everyRδ,p a stable property satisfied byRδ. Then
one proves easily that a stratification indexed byN is Rδ-like if and only
if it satisfies all the stable properties ofRδ. Of courseRδ is not a stratifi-
cation itself. However, as pointed out by M.F. Atiyah, it maybe thought
of as the stratification by the corank of the open set of Fredholm oper-
ators with indexδ in the Hilbert space (of course only in the complex
case.) Stratification on infinite dimensional manifolds is amain tool in
Atiyah-Bott [3] (see also [69]).

5 Other Stratifications

There are several other standard ways to construct stratifications with
corresponding universal stratifications and KS-maps. We briefly review
two of them.

5.1 Symmetric Rank-Stratifications ([24], [12])
170

Instead of general morphismsu : E → F, we consider symmetric mor-
phismsµ : E → E∨. The universal stratifications are induced byR0,n

on the vector subspaces of symmetric maps inL(kn, kn). The range of
the KS-map is the vector spaceLs(KeruO CokeruO) of symmetric lin-
ear maps from KeruO to CokeruO (sinceuO is symmetric, KeruO and
CokeruO are dual to each other).

5.2 Σ-Stratificatons ([84], [102]).

Let Y → X be a locally (in the étale topology) trivial bundle overX
with typical fiberP1. Let E be a rank-two vector bundle overY. The
splitting type of the restrictionE|Y(x) of E to the fiber defines a (scheme)
stratification ofX. The corresponding universal stratifications live on
semi-universal deformations of rank two vector bundles over P1. These
split into two familiesΣ0 andΣ1 according to the parity of the degrees.
As in the rank case, one can defineΣ0-like andΣ1-like stratifications.
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In the present case, theKS-map is the classical one with values in
H1(Y(O),EndE(O)).

According to Gruson-Peskine ([44, p.1]), the corresponding univer-
sal stratifications may also be seen as rank stratificatons onvector spaces
of so-called per-symmetric matrices.

5.3 S-Likehood.

In each of the case we have encountered so far, instead of a single uni-
versal stratification, we have seen a sequence of universal stratifications
(which we could glue over a Hilbert manifold, see 4.4). So thefollowing
definition seems relevant.

Definition. Let S be a set of stratifications, each indexed byN and
let (Xi)i∈N be a further stratification. We say(Xi)i∈N is S -like in case it 171

enjoyes any local stable property enjoyed by any member of S .

For this definition to fit with that ofRδ-likehood, we have to consider
Rδ as the set{Rδ,p}p>0.

6 Constructing Subvarieties

After having worked some time on vector bundles (or any othertopic)
one asks himself why. The answer, though not immediate, arises, in
general, from connections with other fields whose interest is presum-
ably more clear. I am satisfied with the connection between vector bun-
dles and subvarieties say of projective spaces. First vector bundles are
a tool in the study of subvarieties. Second, vector bundles provide new
natural varieties through their moduli. Finally, many subvarieties are
constructed starting from vector bundles. The original idea was to con-
sider zero-sets of sections of vector bundles. It turns out that several
generalizations of this idea deal with rank stratifications. That is what is
explained in the present section.



126 A. Hirschowitz

6.1 Zero-Sets.

It is a standard tool, called the Serre-Horrocks construction and reac-
tived by Barth - van de Ven [14], [15] in the seventies. Given arank two
vector bundleE and a sections, we get an exact sequence:

0→ O f
s
−→ E→ IY(c1)→ 0.

Provideds just vanishes in codimension two,IY is the ideal sheaf of
s−1(0) andc1 is the determinant ofE. This is, on the one hand, a starting
point for studying vector bundles and their moduli [51], [73], [57], [19],
[26] through subvarieties and their Hilbert scheme and, on the other
hand, this is a tentative technique to find out subvarieties [62]. Here is a172

picture of corresponding properties for vector bundles andfrom subva-
rieties point of view (over projective space):

Subvarieties side connection vector bundles side

Y smooth (∃)⇐= E globally generated

Y connected ⇐⇒ h1(E(−c1)) = 0

postulation
h◦(IY(s))

! cohomology
h◦(E(s− c1))

liaison ⇐= twist, cf. [93], [94]

cohomology of the
normal bundle

f cohomology ofE(s),
E ⊗ E(s), cf. [5]

compactification:
Hilbert scheme NO

compactification:
Maruyama’s moduli

6.2 First Generalization.

Suppose we have a linear algebraic groupG acting (linearly) onkN and a
stratificationS = (Si)i∈I of AN

k (i.e. S◦ = AN
k ), which is invariant under

the action ofG. Suppose we have a rankN vector bundle onX with
structure groupG. Then the total spaceV(E∨) inherits a stratification
(Ei)i∈I , locally induced by (Si)i∈I through trivializations. Furthermore,
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if σ is a section ofE overX, viewed as section ofV(E∨)→ X it induces
a stratificationXσ defined byXi

σ = σ ∗ Ei . Now this is used through the
following general nonsense:

Proposition. (cf. [70], [107])In case E is globally generated (i.e. 173

H0(E) ⊗ O → E

is surjective) andσ is general enough, then Xσ is S -like(cf. 5.3). In
particular, if S is a universal rank stratification Rδ,p then Xσ is Rδ-like.

Proof. Let e : H0(E) × X → V(E∨) be the evaluation map. SinceE
is globally generated,e is a submersion. Forσ in H0(E), Xσ is the
stratification induced bye∗(Ei)i∈I on {σ} × X. The projectionH0(E) ×
X→ H0(E) is again a submersion. Thus the statement follows from the
definition of stability. �

Program. In order to invoke this proposition, one has to

(a) choose the groupG, the representation and the stratification (sup-
posed to be well known).

(b) find a globally generated vector bundle with structure group G
acting through the chosen representation. One way, for instance,
if G = GL(n, k), is to start with a globally generated rankn vec-
tor bundle and consider the rankN vector bundle associated with
the representation. If the representation is suitably “positive”, this
vector bundle will be globally generated again. Also remember
([85, p. 99]) that forE to be globally generated, a sufficient con-
dition (onPn) is

0 = H1(E(−1)) = H2(E(−2)) = . . . = Hn(E(−n)).

(c) study global properties of the obtained strata. Here methods of
(1.2), or analogous methods should be helpful.
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6.3 Examples

6.3.1

We first see how zero sections fit into this frame. HereG = GL(n, k),
the representation is the identity, and the stratification is:

S0
= An, S1

= 0 ∈ An.

174

6.3.2

HereG = GL(V) acts diagonally onVr , andN = nr. The stratification
is by the rank (observeVr

= L(kr ,V)). In case we haver ≤ n and
d < 2(n − r + 2) whered is the dimension ofX, this leads to smooth
subvarieties of codimensionn− r + 1 ([107], [94], [98], [58]).

6.3.3

More generally,G = GL(V) ×GL(W) acts onL(V,W) and the universal
rank stratification is invariant. We just come back to rank stratifications
as introduced in 1.1 to which 6.2 applies wheneverHom(E, F) is gen-
erated by global sections. Examples overP3 with E andF sums of line
bundles arise in [32]. Let us observe that the main theorem in[56], giv-
ing many vector bundles globally generated overP3 leads to much more
curves than suggested in ([56, p. 365]). More generally, this technique
would yield many smooth subvarieties of dimensiond in Pn, for roughly
2d ≤ n, if we could prove that there are many globally generated vector
bundles overPn at least in higher rank.

6.3.4

HereG = GL(V) acts onS2V,N =
n(n+ 1)

2
. The stratification is again

by the rank (cf. 5.1). This leads to hypersurfaces with a 3-codimensional
signular locus of double points, provided the base dimension is at most 5
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(cf. [24], [12]). Furthermore there is an extension of Porteous’ formula
available for this case [66], [104], [48], [49].

6.4 Second Generalization

Previous considerations extend in some sense to sheaves with tame sin-
gularities. In the rank two case over a 3-fold, suitable sheaves are re-
flexive sheaves of which the number of singular points is precisely the
third Chern class. Starting from such a globally generated sheaf, the 175

method of 6.3.1 leads to nonsingular curves [54], while the method of
6.3.4 leads to surfaces with nodes [60].

7 Jump Stratifications (cf. [21, § 1])

Many stratifications occurring in the theory of vector bundles or in the
theory of subvarieties of projective spaces are what we define below as
jump stratifications. In the present section, we explain howfar rank
stratification techiniques help in their study. In particular, we gener-
alize Petri’s map which, in good cases, describes the first order local
behaviour of the jump stratification for semi-universal families.

Definition 7.1. Let π : X → S be a projective morphism and(Eα)α∈A
be a finite set of S -flat coherent sheaves over X. According to the
semi-continuity theorem, the dimensions hi(Eα,X(s)) define upper semi-
continuous integer-valued functions on S . All together, these functions
define on S the jump stratification associated with(Eα)α∈A. For the
moment, the jump stratification is set-theoretic. An additional scheme
structure may be defined, at least in the cases we are interested in. Also,
observe that the jump stratification is not indexed for the moment; or,
it is indexed by the huge set of integer valued functions on I× A where
I = {0, . . . , n} and n is the (maximal) dimension of the fibers ofπ. In-
deed, for such a function g, we may set

Sg
=

¶

s∈ S | ∀i ∀α, hi(Eα X(s)) ≥ g(i, α)
©

.
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7.2 Examples

7.2.1 Special Divisors

This is the fundamental example:S is the Jacobian variety of isomor-
phism classes of line bundles of degreed over a smooth projective curve
C andX is C × S. Finally, E is some Poincaré bundle overX (cf. e.g.176

[40], [37] [35], [27], [28], [103] and for an introduction [47]).

7.2.2 Postulation

S is a subvariety of the Hilbert scheme ofPn, X is S × Pn; we denote
by U the universal subscheme and byIU its ideal sheaf. The considered
sheaves areIU(l), OU(l), l running in a big subset ofZ (outside of which
nothing happens) (cf. e.g. [32], [42], [43], [45], [52], [55], [59], [4], [6],
[7], [23]).

7.2.3 Jump Loci

Let Y be a projective variety and (Fα)α∈A a finite set of vector bundles
over Y (for instance a set of twistsE(1) of a single bundleE). Let S
be a subvariety in the Hilbert scheme ofY, with universal subschemeU
and corresponding ideal sheafIU . We consider the jump stratification
associated with the sheavesFα⊠ IU , Fα⊠OU (cf. [20], [21], [22], [25],
[13]). This stratification is a fundamental tool in the classification of
vector bundles over projective spaces [99], [105], [14], [15], [10], [11],
[63].

7.2.4 Line Subbundles Over Curves

Let S, C, X, E be as in 7.2.1 and letF be a rank two vector bundle over
C. Then the jump stratification associated withE∨ ⊠ F distinguishes
line subbundles ofF (cf. [86], [79], [101], [46], [75], [95]). One of the
obtained strata is the starting point for the classificationof (semi-) stable
rank two vector bundles overC (cf. [87], [88], [89]).
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7.2.5 Normal Bundles

Let S be a subvariety of the Hilbert Scheme of smooth space curves
and X ⊂ S × P3 be the tautological curve. The normal bundleN is
a rank two vector bundle overX. Among the twisted bundleN(l) :=
N ⊠ OP3(ℓ), N(−1) stands out as the only one with zero Euler-Poincare
characteristic. Hence it will be the most sensitive to jump phenomena. 177

So we are interested in the jump stratification associated with N(−2)
(cf. [36], [96], [29], [30], [34], [65], [31], [5], [33], [64]). One has
also studied the restricted tangent bundle and other restricted standard
bundles [106], [18], [69].

7.2.6 Stratification of Quot-Schemes

Let (Y,Y, (1)) be a projective variety,F a coherent sheaf overY andH a
(Hilbert) polynomial. This defines a Grot-schemeS of quotients ofF
with Hilbert polynomialH. OverX = S ×Y we have the universal quo-
tient, the universal subsheaf and their twists. This situation generalizes
7.2.2.

7.3 Generalization

We want to consider some among the above situations with parame-
ters. For instance, in 7.2.1, we want to considerC as a point in the
moduli of curves. The hope here is to understand in a better way the
original stratification as the trace of a (well-understood)stratification on
something bigger. Some trouble arises because in general there is no
Poincare bundle over moduli see [87], [92], [76], [61], [81], [82]. For-
tunately, in order to define jump stratifications, we only need sheaves
up to line bundles overS. So we could define a pseudo-S-sheaf over
X to be a section overS of the sheaf in the etale topology associated
with the presheafP for which P(T) is the set of isomorphism classes
of sheaves overXT , modulo PicT. The obstruction for a pseudo-S-
sheaf overX to come from a sheaf is inH2

ét(S,OS∗). Now, on the one
hand, jump-stratifications are clearly defined for pseudoS-sheaves and
on the other, there exists a (unique) Poincaré (pseudo-S-sheaf onS × Y
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wheneverS is a moduli of stable sheaves onY. So the new picture is
Eα → X→ S→ M whereEα is a pseudo-S-sheaf and whereM stands
to remind us that we are interested not only in the stratification overS
but also in its restriction to the fibers ofS → M. Observe that we get a178

natural stratification onM by flattening the jump stratification onS.

7.4 Examples

7.4.1

Example 7.2.1 extends by lettingC move in the moduli of curves (rigid-
ified in such a way that the relative Jacobian exists). The corresponding
stratification on the moduliM selects the hyperelliptic locus, the trigonal
locus, and so on.

7.4.2

Example 7.2.3 extends by letting the sheavesFα move in their moduli.
In this way, we get a stratification (by jumping loci) on moduli say of
stable vector bundles (see an example of result concerning this stratifi-
cation in [77, Prop. 5.2]).

7.4.3

Examples 7.2.4 extends by letting the vector bundleF move in some
moduli. The corresponding stratification of the moduli is finer than by
the degree of stability (cf. [75]).

7.4.4

Notations are those of 7.2.5. LetJ → S be a relative Jacobian associ-
ated withX → S andP a Poincaré (pseudo-J-) bundle overJ×

S
X. We

consider the (pseudo-J-) sheafHom(P,N) on J×
S

X. The corresponding

stratification onM := S is finer than by the degree of stability ofN
(cf. [97], [90]).
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7.4.5

S is a moduli of stable vector bundles over a projective variety Y, X is
S × Y, andE is a Poincaré (pseudo-J-) sheaf onS × Y. This is another
generalization of 7.2.1 (cf. [11], [51], [53], [19], [73], [56], [22]).

7.5 Programme

In order to describe a jump stratification, the first task consists in discov- 179

ering the generic value of thehi ’s. This is the corresponding maximal
rank problem. Here the general hope is that the generic valueshould be
minimal among values suitable for the Riemann-Roch formula(cf. for
instance [22]). The next step is to find a simpler way of indexing. The
hope here is that very few among thehi ’s should be relevant, preferably
only two, related by Riemann-Roch. Observe here that among afamily
of twisted sheavesE(l), the most sensitive to jump phenomena should
be the ones for which the Hilbert polynomialχ(E(l)) assumes its min-
imal absolute value. In any case, one should discover all thepossible
values of thehi ’s. The final hope is to identify strata as strata of some
rank stratification for which the techiniques reviewed above could help,
the goal being, of course, to find degrees, rational equivalence classes,
irreducible (or connected) components of the strata, and todescribe the
local shape.

7.6 Global Tools

For the rest of the present section, we suppose that we are concerned
with a single torsion-free sheafE such that the restrictionsE|X(S)-are
torsion-free too and that we know that, for anys ∈ S, and anyi ≥ 2,
hi(E|X(s)) vanishes. Thenh0(E|X(s))−h1(E|X(s)) is a constantχ. Moreover
the jump stratification is a rank stratification. Indeed, we can embedE
in a vector bundleF with no higher direct images (i.e.Riπ ∗ F = 0,
i > 0) in such a way that the restricted morphismsE|X(s) → F |X(s)

are injections too. Then the cokernelG of E → F is flat and has no
higher direct images as well because, fori > 1, Riπ∗E vanishes. By the
Riemann-Roch formula,h0(F |X(s)) andh0(G|X(s)) are locally constant.
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Thus, by the base change theorem,π∗F andπ∗G are locally free and
the jump stratification fits with the rank stratification associated withu :
π∗F → π∗G. Incidentally, our stratification acquires a scheme structure
(which according to the theory of Fitting ideals does not depend upon180

the choice ofE→ F). So the global tools of 1.3 apply. More precisely,
in caseX andS are smooth, the rational equivalence classes of the strata
Si , supposed to have the right dimensioni(|χ|+ i) whereχ1 is the Euler-
characteristic ofE(s), are, modulo torsion given by an expression of the
form ∆i (log(π∗(ch E. td X/S))) where td is the Todd class, ch is the
Chern character, log is a universal polynomial map fromA∗(S)⊗Q into
itself and∆; another one, depending on the index of the stratum (cf.
[44], [16], [22]).

7.7 Petri’s Morphisms

For the study of the local behavior, we still require the assumptions of
7.6 and suppose further thatE is locally free and thatπ : X → S is
trivial (say for simplicity). Then at any points∈ S, we have:

– the mapRKS(u, s) : TsS→ L(H0(E(s)),H1(E(s)))

– the deformationKS map:

DKS(E, s) : TsS→ H1(X(s),EndE(s))

Petri’s comorphism:

PC(E(s)) : H1(X(s),EndE(s))→ L(H0(E(s)),H1E(s))) :

this is the natural map associated withE(s) ⊗ EndE(s)→ E(s). I call it
comorphism because, in the theory of special divisors, Petri’s map is the
dual of the present map. As one would expect (up to sign!), we have:

Proposition. RKS(u, s) = −PC(E(s)) ◦ DKS(E, s).

Proof. Here we setX = Y × S and we may suppose that the bun-
dle F introduced in 7.6 is of the form pr1 ∗F

′. We may supposeS =
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Spec(k[ǫ]/ǫ2). So we have exact sequences:

0→ E→ pr∗1 F′
q
−→ G→ 0

0→ H0(E(O)→ H0(F′)→ H0(G(O))
α
−→ H1(E(O))→ 0.

Over the generic pointy of Y, we can choose a splitting: 181

F′(y) = E(O)(y) ⊕G(O)(y).

We know that the tangent space to QuotF corresponding toG(O)
is Hom(E(O),G(O)) and that the image of the canonical tangent vector
of S in this tangent space is a mapϕ : E(O) → G(O) such that over
{y} × S, E is the graph, in (S × E(O)(y)) × G(O)(y) ⊂ S × F′), of ǫϕ.
Now letγ be a section ofE(O), and letσ be the corresponding constant
section ofπ∗F. We want to computeq(σ). Over the generic pointy,
σ(y)+ ǫϕ(σ(y)) is a section ofE(y), so thatq(σ(y)+ ǫϕ(σ(y))) = 0. This
implies thatq(σ) = −ǫϕ(σ). Now DKS(E, s) is known to be the image
of ϕ under the natural map

β : Hom(E(O),G(O))→ Ext1(E(O),E(O))

and we conclude because for any sectionδ of E(O), the following dia-
gram is commutative:

Hom(E(O),G(O))

◦γ

��

β
// Ext1(E(O),E(O))

γ∗

��

Hom(O ,G(O)) = H0(G(O)) α
// H1(E(O)) = Ext1(O ,E(O)).

�

Remarks. (a) Hence the surjectivity of theRKS-map follows if we
know the surjectivity of theDKS-mapandof Petri’s comorphism.

(b) Similar considerations hold in case, instead ofh0, h1, only the 182

highest grouphn, hn−1 are not identically zero. Also, by duality,
one can pass from one case to the other.
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8 Applications

One of the main applications of the techniques reviewed above is to the
study of space curves. In the first version of the present text, I devoted
a section to it. Then my attention was drawn to [47] where thisstudy is
performed much more completely. That is why there is no section 8.1
below.

8.2 Ruled Surfaces

Let C be a curve of genusg andE be a stable rank two vector bundle
overC, of degreed. Let J denote the Jacobian ofC andP be a Poincaré
bundle overJ × C → J of relative degreed′. Consider overJ × C
the bundle Hom(P, p∗2E). The associated jump stratification onJ selects
classes of line bundles which inject (as sheaves) inE. Now a theorem
of Nagata ([86], see also [101] [46] [75] [74]) says that wheneverd′ ≤
d − g+ 1

2
, such line bundles exist. This result could be reproved in the

vein of [71]. Instead, we give the following sample.

Theorem. If C and E are general enough, and d− g is odd, then E as

exactly2g subbundles of degree
d − g+ 1

2
.

Proof. We may supposed = g − 1 and setα =
ï

g
2

ò

, α′ = g − α so

thatα ≤ α′ ≤ α + 1. We may suppose that Petri’s condition holds for
C. This implies that for any line bundleL over C of degreeα or α′,
we haveh0(C, L) ≤ 1. Now we choose two line bundlesLα andLα′ of
degreeα andα′ and setE0 = Lα ⊕ Lα′ . We consider the semi universal
deformation ofE0: this is a vector bundleE over S × C whereS is a
smooth variety with base pointO, such that the fiberE(O) is EO and183

the tangent spaceTOS is identified withH1(C,EndE0) (cf. [72] or for
a sketch of the algebraic proof [17]). Now, we denote byJ the Jacobian
of C, and byP a Poincaré bundle overJ×C of relative degree 0, and we
consider the bundle Hom(P,E) overJ×S×C as a family of bundles over
C parametrized byJ × S. I claim that the associated jump stratification
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is Rg−1-like along J × {O}. Indeed, itsR.K.S map at a pointL × {O},
restricted to the subspace{O} × ToS of the tangent spaceTLJ × ToS is
the natural map

H1(EndEO)→ L(Ho(L∨ ⊗ EO),H1(L∨ ⊗ EO)).

In order it prove that it is surjective, we prove that its fourparts are
surjective namely:

u1 : H1(EndLα)→ L(H0(L∨ ⊗ Lq),H1(L∨ ⊗ Lα))

u2 : H1(EndLα′)→ L(H0(L∨ ⊗ Lα′),H
1(L∨ ⊗ Lα′))

are surjective by Petri’s assumption onC and

u3 : H1(Hom(Lα, Lα′))→ L(H0(L∨ ⊗ Lα),H
1(L∨ ⊗ Lα′))

u4 : H1(Hom(Lα′ , Lα))→ L(H0(L∨ ⊗ Lα′),H
1(L∨ ⊗ Lα))

are transposed in

u∗3 : H0(L∨ ⊗ Lα) ⊗ H0(Ω ⊗ L∨α′ ⊗ L)→ H0(Ω ⊗ Lα ⊗ L∨α′)

u∗4 : H0(L∨ ⊗ Lα′) ⊗ H0(Ω ⊗ L∨α ⊗ L)→ H0(Ω ⊗ Lα′ ⊗ L∨α)

which are injective becauseh0(L∨⊗Lα) ≤ 1, h0(L∨⊗Lα′) ≤ 1. Hence by
4.3, for s general in S, the jump stratification associated with
Hom(P,E(s)) is Rg−1-like. This means thatE(s) has a finite number
n of subbundles of degree 0 and this number is given by Porteous’ for- 184

mula (cf. 7.3). Now we proven = 2g. It is proved in [71], although
not explicitly stated, that ifP′ is a Poincaré bundle overC × J of rel-
ative degreed > 2g − 2 on the fibers ofC × J → C, and of relative
first Chern class 0 on the fibers ofC × J → C, then the Chern class

of p∗P′ is exp(−θ) = 1 − θ +
θ2

2
+ · · · modulo numerical equivalence,

whereθ is the polarization class. In order to compute the Chern class of
p2!(EO ⊗ P′∨), we choose a very negative line bundleLβ so that the line
bundleL′β := (detEO) ⊗ L∨β is very positive. One checks easily thatEO
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is a generalization ofE1 := Lβ ⊕ Lβ′ , so that we compute Chern class of
p2!(E1 ⊗ P′∨), which is

C(p2∗(L
′
β ⊗ P′∨))/C∨(p2∗(Ω ⊗ Lβ ⊗ P′))

and by the quoted result, the inverse Chern class is exp(2θ) whose top
component 2g is the number we look for. �

Remark. This was known to Segre (cf. [108]). For a more general
formulation of the problem solved above, see [109].

8.3 Cohomology of Instanton Bundles

The maximal rank problem for the moduli of rank two stable vector bun-
dles overP3 is solved in [56], at least in one irreducible component of
each moduliM(c1, c2). The proof consists in looking at a non-locally
free specialization of some simple bundles in order to reduce the prob-
lem to a suitable general position statement. We show how this reduc-
tion can be achieved using 3.3 instead of specialization (this was known
to Hartshorne long ago):

Proposition. Let a = 2 (resp. a= 3). Suppose that there exists a
disjoint union Y ⊂ P3 of r lines (resp. conics) and a morphismβ :
O(−a) → OY such that for all n∈ Z, takingα = (β, ρ), the induced
maps

H0(α(n)) : H0(P3,O(n− a) ⊕ O(n)) → H0(Y,OY(n)) and

H0(ρ(n)) : H0(P3,O(n)) → H0(Y,OY(n))

are of maximal rank. Then there exists a rank two vector bundle E over185

P3 with natural cohomology and c1(E) = 0 (resp−1), c2(E) = r − 1
(resp.2r − 2).

Proof. We choose a vector bundleEO sitting in an extension

0→ O(1− a)→ EO→ IY(1)→ 0.
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Such anEO exists and it corresponds to a smooth point in the mod-
uli (cf. [51]). Hence, according to 3.3 and 7.7, it is enough to prove
that PC(EO(l − 1)) reaches the maximal rank, for eachl. We see that
H1(EO(l − 1)) = H1(IY(l − 1)). If this group vanishes there is nothing
to prove; so, we may suppose thatH0(IY(l − 1)) vanishes. Then we see
thatH0(EO(l − 1) = H0(O(l − a)). We also see that

Ext1(EO,EO)→ Ext1(EO, IY(1)) is surjective as well as
Ext1(EO, IY(1))→ Ext1(O(1− a), IY(1)) and
Hom(O(1 − a),OY(1)) → Ext1(O(1 − a), IY(1)). We chooseβ in

Ext1(EO,EO) having the same image in Ext1(O(1 − a), IY(1)) asβ, and
we check that the assumption onβ implies thatPC(EO(l − 1))(β) has
maximal rank. �

Remark. The general position statement in [56] is weaker since only
the first series of maps is required to have maximal rank. However,
the second series of maps is known to have maximal rank for a general 186

union of lines [55], and should not be too difficult to handle for a general
union ofr ≥ 3. Moreover, this approach fits in a better way with [52] p.
109.

8.4 Unstable Planes

Let E be a vector bundle overPn, n ≥ 3 with rank E = 2, −1 ≤
c1(E) ≤ 0 and letχ = 2 + c1 − c2. Then E is expected to have at
least a (|χ| + 1)-codimensional family of unstable planes (i.e. planesH
for which H0(EH) , 0) provided a certain polynomial inc2 (with coef-
ficients depending onn, c1, χ) does not vanish. This polynomial can be
computed in any case, given time. We give an example corresponding
to Barth’s lecture.

Proposition. Any rank two vector bundle overP4 with c1 = −1, c2 = 4
has at least a two-dimensional family of unstable planes.

Proof. In case there exists a two-dimensional family of planesH with
H2(EH) , 0, we are done because, by Serre-duality, such planes are
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unstable. So we suppose that the family of such planes is at most one-
dimensional. LetG′ be the complement of this family in the grassman-
nian variety of planes inP4. OverG′, the family of restrictions ofE
satisfies the conditions of 7.6. Hence it is enough to prove that the ex-
pected rational equivalence class is not zero inG′. Although straightfor-
ward, the computation seems quite tedious. Fortunately, wecan avoid it
thanks to [13]. Indeed, they prove that the family of unstable planes of
the Horrocks-Mumford bundleF is non-empty and two-dimensional. In
order to conclude, it is sufficient to prove that for any planeH, H2(FH)
vanishes. And this follows [64], becauseF(3) is globally generated out-
side 25 lines, and has a section with exactly 6 zeroes on each of these187

lines, so that, for anyH, FH(3) has a section vanishing in codimension
two. From the eact sequence

0→ OH → FH(3)→ IY(5)→ 0

we deduceH0(FH(−2)) = 0 which, by Serre-duality, implies the desired
result. �

Remark. It was announced during the Colloquium that someone (in
USSR) has constructed a rank two vector bundle on4 with c1 = −1,
c2 = 4, which is not isomorphic to a Horrocks-Mumford bundle.

9 Jumping Points

Let Y be a projective non-singular variety, andE a vector bundle over
Y (or (E(l))l∈A a set of twists ofE). We may considerY as a subvari-
ety in its own Hilbert scheme either in the trivial way (simple points)
or as a variety of non-reduced points (big points, see 9.1). According
to 7.2.3, we get corresponding jump stratifications onY itself. Jumping
points inY are points in the non-dense strata. While jumping lines ap-
peared as a fundamental tool from the very beginning of the theory of
vector bundles over projective spaces (see [99], [105], [14], [15]), jump-
ing points were considered in a much more discrete way (see 9.2). The
general hope here around is to describe (stable) vector bundles (and con-
sequently their moduli) in terms of some of their jumping loci together
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with possible additional data living there. The prototype is Barth’s re-
sult [11, § 2.3.4] (See also [63, § 7.2, 7.3]). From this pointof view,
the current knowledge aboutMP3(−1, 2) [57] andMP3(0, 2) [52] is quite
satisfactory. In case of more involved moduli, one has to study each 188

stratum separately (see e.g. [8]). In this section, after some generalities,
we look at some examples of loci of jumping simple points (9.2), then
we solve the maximal rank problem for big points jumping withrespect
to rank two stable vector bundles onP2 with even first Chern class (9.3).

9.1 Generalities

Let Y, E be as above, and letd be the dimension ofY, andr be the rank
of E. Choose an integers ≥ 0 and define ans-big-point inY to be the
subscheme associated with the (s+1)-th power of a maximal ideal sheaf.
So, for s = 0, ans-big-point is just a (simple) point. For eachs, if we
setN(s) =

(s+d
s

)
, we have an embeddingY→ HilbN(s) Y, corresponding

to s-big-points. The corresponding universal sub-schemeUs in Y × Y
is thes-th infinitesimal neighbourhood of the diagonal. We see thatthe
only sensible groups areH0(E ⊠ IUs(y)) andH1(E ⊠ IUs(y)) and that the
jump stratification is the rank stratification associated with

evs : H0(E) ⊗ OY → JsE

where JsE is the jet-bundle:JsE = pr−1∗(E ⊗ OUs); and evs is the
corresponding evaluation.

So we are interested in the Chern polynomialct(JsE). From the
exact sequences.

0→ Ss
Ω ⊗ E→ JsE→ Js−1E→ 0,

we getct(JsE) =
s∏

l=0
ct(S−1

Ω ⊗ E), whereSl
Ω is the l-th symmetric

power of the cotangent bundle. Also we observe that sensitive s will
achieve small values of|h◦(E) − rN(s)|.
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9.2 Simple Points

The jump locus of simple points first occurred in the study of unstable
rank two vector bundles overP2 (Grauert-Mulich [38]). For stable bun-189

dles, it appeared in the study of special moduli overP3, rather than over
P2.

Example 9.2.1.MP3(0, 2), cf. Hartshorne [52], see also [61]. Rank two
stable bundles overP3 with c1 = 2, c2 = 3 have two sections whose de-
pendency locus is a smooth quadricQ. The bundle and its other jumping
loci (lines, planes) are described in terms of a certain pencil over this
jumping locusQ.

Example 9.2.2.MP3(−1, 2), cf. Hartshorne-Sols [57], see also [78],
[83]. Rank two stable bundles overP3 with c1 = 1, c2 = 2 have (up
to scalars) only one non-zero section whose zero scheme is a double
line. This jumping locus plays the central role in the classification. For
the similar study ofMP3(−1, 4), see [8].

Example 9.2.3.MP2(1, 2). A rank two stable bundleE over P2 with
c1 = 1, c2 = 2 has two sections whose dependency locus is a lineL (the
unique jumping line). The image ofH0(E) in E|L is a line bundle of
degree two overL so thatH0(E) defines a pencil of degree two. The two
double points in this pencil characterizeE. The second kind of jumping
lines are the lines through one among these two points (see [76, p. 236]
and [63, p. 256]).

Example 9.2.4.MP2(0, 4). A general rank two stable bundleE overP2

with c1 = 2, c2 = 5 has two sections whose dependency locus is a
smooth conic, where they define a pencil of degree 5. Jumping lines are
lines cutting the conic in two points of a divisor in the pencil.

Example 9.2.5.MP2(0, 5). A general rank two stable bundleE over
P2 with c1 = 2, c2 = 6 has (up to scalars) only one non-zero section,
vanishing at six points (see [11, p. 84]).

Remark. The jumping loci considered in 9.2.4, 9.2.5 lead to a nice190

description of an open dense subset in the moduli which generalizes to
cases where the Euler-Poincaré characteristic is two or one.
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9.3 Jumping Big-Points

9.3.1 Line Bundles over Curves

Let L be a general line bundle of degreed ≥ g over a curveC of genus
g. We have a morphism fromC into its Jacobian of degreeg−1 through
x 7→ [L(−(d + 1− g)x)]. The intersection with theθ-divisor givesg(d +
1− g)2 points. This is the jump locus for (d + 1− g)-big points.

9.3.2 Rank Two Vector Bundles OverP2, With Even c1

What we saw in 9.2.4, 9.2.5 generalizes to the case of big points as soon
as the Euler-Poincaré characteristic is of the forms2

+ s − 1, s2
+ s

or s2
+ s+ 1. To see that the corresponding jumping loci are actually

non-trivial, we have to solve a maximal rank problem, namely

Theorem. Let c1, c2 be integers with c1 even and c2 − 4c2 ≤ −8. Then,
for the general rank two stable vector bundle E overP2 with Chern
classes c1, c2, the evaluations

evs : H0(E) ⊗ O → JsE

have maximal rank.

Proof. First, remember [99], [80] that the required condition onc2 is
necessary and sufficient for the moduliMP2(c1, c2) of rank two stable 191

vector bundles with these Chern classes to be non-empty, andthat this
moduli is irreducible. Next remember that an open dense subset in the
moduli consists of classes of bundles with “natural” cohomology (cf.
eg. [19]). Now, observe that if evs is injective, so is evt for any t > s.
Also, observe that the property for ev−s to have maximal rank is open in
flat families of torsion free sheavesFt with constanth0(Ft). So it is
sufficient to prove that for anys, there exists a bundleE in MP2(c1, c2)
with natural cohomology and evs of maximal rank. In fact, it is sufficient
to produce a torsion-free sheafF satisfying:

(i) evs : H0(F ) ⊗ O → JsF has maximal rank
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(ii) H1(F ) = 0 (or H0(F ) = 0).

(iii) F deforms to a rank two stable bundle with Chern classesc1, c2.

The Euler-Poincaré characteristic for our bundles is

χ = 2
1
2 c1(c1 + 3)+ 2− c2.

So we may supposec1 > 0, c2 <
1
2c1(c1 + 3)+ 2, otherwise, for the

generalE, H0(E) vanishes.
First, we letc1 = 2t, and setc2 = t2 + 2d + ǫ with 0 ≤ ǫ ≤ 1. We

know d ≥ 0. We chooseF = IX(t) ⊕ IY(t) whereX is a general set of
d points inP2 andY a general set ofd + ǫ points inP2. So we have
0 ≤ χ(IX(t)) − χ(IY(t)) ≤ 1 andχ(IX(t)) + χ(IY(t)) = χ. So for X and
Y general enough,H1(F ) vanishes. Now (i) and (ii) follow from the
lemmas: �

Lemma 1. For a sufficiently general subset Z inHilbd P2,

evs : H0(IZ(t)) ⊗ O − Js(IZ(t))

has maximal rank.

Lemma 2. Let t, d1, d2 be integers satisfying192

(t − 2)(t − 1)
2

< d1 ≤ d2 ≤
t(t + 1)

2

and for i= 1, 2 let Yi be inHilbd iP2. Then IY1 ⊕ IY2 deforms to a stable
vector bundle.

Proof of Lemma 1. It is enough to prove that the general unionT of
ones-big point andd points has maximal rank (i.e. the restrictions

H0(P2,O(l)) → H0(P2,OT(l))

have maximal rank). Adding or deleting points, it is enough to treat the
case whered = 0 (evident) or

(l + 1)(l + 2)
2

=
s(s+ 1)

2
+ d.
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Observe thats+d ≥ l +1. Thus we may choosel +1− spoints on a line
meeting thes-big point and we proceed by induction in the usual way
(cf. [55], [59]).

Proof of Lemma 2. We may supposeY1 andY2 smooth and general so
that for any pointp in Yi, H0(IYi−{p}(t − 3)) = 0. Thus, there exist exact
sequences (cf. [39], [19]):

0→ O → Ei → IYi (t)→ 0

whereE1, E2 are locally free, Furthermore, we have

H1(Ei(−1)) = H1(IYi (t − 1)) = 0

and H2(Ei(−2)) = H2(IYi (t − 2)) = 0.

Hence, by Castelnuovo’s criterion ([85, p. 99]),Ei is generated by 193

global sections. Now we have an exact sequence

0→ O ⊕ O
u0
−−→ E1 ⊕ E2→ IY1(t) ⊕ IY2(t)→ 0.

Moving u0 in the vector spaceL(O⊕O ,E1⊕E2) we get a deformation of
IY1(t)⊕IY2(t) which is flat, because the Hilbert polynomial is constant (cf.
[50] III. 9.9 and its proof). Now by 6.2, for generalu, Cokeru is locally
free. SoIY1 ⊕ IY2 deforms to a vector bundle as well and this vector
bundle, by semicontinuity has no non-zero section hence is stable.

Remarks. A similar statement and proof should hold in casec1 is odd
and also overP3 at least for the so-called general instanton bundle.
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sion 2 dansPe á cône de Cohen-Macaulay,Ann. Sci. Ecole Norm.
Sup. Paris,8 (1975), 423-432.

[33] G. Ellingsrud - A. Hirschowitz : Sur le fibré normal des courbes
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365-390.

[57] R. Hartshorne - I. Sols : Stable rank 2 vector bundles onP3 with
c1 = −1, c2 = 2, J. Reine Angew. Math.,325 (1981), 145-152.

[58] R. Hernandez - I Sols : On a family of rank 3 bundles on Gr(1, 3),200

Preprint, Madrid (1983).

[59] A. Hirschowitz : Sur la postulation générique des courbes ra-
tionnelles,Acta Math.,146 (1981) 209-230.

[60] A. Hirschowitz - R. Marlin : Nouvelles surfaces a noeudsdansP3,
Math. Ann.,267 (1984), 83-89.

[61] A. Hirschowitz - M.S. Narasimhan : Fibrés de ’t Hooft spéciaux
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bra, 11 (1983), 2115-2121.

[98] M. Schneider : Einschränkung stabiler Vektorraum-b¨undel vom
Rang 3 auf Hyperebenen des projektiven Raumes,J. Reine Angew.
Math.,323 (1981), 177-192.

[99] R.L.E. Schwarzenberger : Vector bundles on the projective plane,
Proc. London Math. Soc.,(3) 11 (1961), 623-640.



154 REFERENCES

[100] G. Sernesi : On the existence of certain families of curves,Invent.
Math.,75 (1984), 25-57.

[101] U. Stuhler : Unterbündel maximalen Grades von Vektorbündeln
auf algebraischen Kurven,Manuscr. Math.,27 (1979), 313-321.

[102] T. Suwa : Stratification of local moduli spaces of Hirzebruch205

manifolds, InRice Univ. Studies,59 (1973), 129-146.

[103] M. Teixidor : For which Jacobi varieties is Singθ reducible?
Preprint, Barcelona, 1983.

[104] L. Tu. : Variation of Hodge structure and the local Torelli Prob-
lem, Thesis, Harvard (1979).

[105] A. Van de Ven : On uniform vector bundles,Math. Ann.,195
(1972), 245-248.

[106] J.L. Verdier : Two dimensionalσ-Models and Harmonic Maps
from S2 to S2n, in Group Theoretical Methods in Physics,Lecture
Notes in Physics, n◦ 180, Springer-Verlag.

[107] H. Vogelaar : Constructing vector bundles from codimension two
subvarieties, Ph. D. Thesis, Leiden, 1979.

[108] F. Ghione : Quelques resultats de Corrado Segre sur lessurfaces
reglées,Math. Ann.,255 (1981), 77-95.

[109] F. Ghione : Un probleme du type Brill Noether pour les fibres
vectoriels, inAlgebraic Geometry, – Open problems, Proceedings
Ravello1982, Springer Lecture Notes in Math., 997, 1983, 197-209.

Department of Mathematics
University of Nice
Parc Valrose
F–06034 NICE CEDEX



Vector Bundles on the Punctured Spectrum
of a Local Ring II

By G. Horrocks

GIVEN A SCHEME and a divisor what are the obstructions to ex-207

tending a bundle supported by the divisor to a bundle on the ambient
scheme? Schwarzenberger’s integrality conditions [5] give congruences
for the Chern classes when the divisor is a hyperplane inPd+1, and in
[3] Atiyah and Rees obtain an independent mod 2 condition on the di-
mensions of the holomorphic cohomology spaces when the divisor has
odd dimension and the bundle is self-dual in a suitable sense.

In the present article, the ambient varietyY is the punctured spec-
trum of a local ring and the divisorX belongs to a regular element.
There are no additive obstructions to extending a bundle from X to Y.
So consider self-dual bundles onX and whether they have self-dual ex-
tensions. WhenX has odd Krull dimension, there are again no additive
obstructions but for even dimension, the length mod 2 of the middle
cohomology group of the bundle is the unique additive obstruction to
extendibility. For the complex field this obstruction is also a topological
invariant and may be identified with an element ofKS̃ or K‹O depend-
ing on the mod 4 residue class of the dimension. For arbitraryresidue
fields of the local ring, the obstruction is invariant for self-dual algebraic
equivalence. More generally, it is invariant for confluenceof bundles.

Finally there are non-additive obstructions to extendibility for bun-
dles which need not be self-dual, for example, thek-th exterior power of
a bundle with rank 2k is self-dual and for some of these the obstruction
to self-dual extendibility is non-zero.

155
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1 No additive obstructions
208

Let B be a regular local ring of dimensiond + 2 ≥ 4, n be its maximal
ideal,Y = SpecB−{n}, x be an element ofn−n2, A = B/xB,m = n/xB,
andX the divisor ofx in Y. So dimX = d.

Complexes are cochain complexes indexed byZ and their differen-
tials are indexed by the degree of their source.

Identify vector bundles onY with reflexiveB-modules locally free
on Y, and call themY-bundles. AnX-bundleE extends to aY-bundle
F if E is isomorphic to theA-bidual (F/xF)∗∗. There are no additive
obstructions to extendibility with values in an abelian group because of:

Theorem 1.1. Let E be an X-bundle. Then there exists an extendible
X-bundle E′ such that E⊕ E′ is extendible.

Proof. In the equicharacteristic case, we may assumeA complete ([6, §
8]) and B = A[[ x]]. Let V be the complex with non-zero components
V−1
= B, V◦ = B and differential∂ multiplication byx. Take the dual

P of an A-projective resolution ofE∗ as in [6] and form the complex
(B⊗

A
P) ⊗ V. Then the module of cycles of degree zero extendsE ⊕

Ker(P1 → P2), and the theorem follows by induction on the projective
dimension ofE∗.

In the general case, takePi(i ≥ 0) as before and in lower degrees
take it to be anA-projective resolution ofE. Let Q → P be a homo-
morphism of aB-projective complex ontoP inducing isomorphisms of
cohomology groups. Take the tensor product⊗BA in the derived cate-
gory of B-complexes to obtain a morphismQ⊗

B
A→ P⊗

B
V inducing iso-

morphisms of cohomology. SoE ⊕ Ker(P1 → P2) extends after adding
a free summand and the theorem follows by induction on projective di-
mension. �

2 Self-dual bundles
209

Self-dual bundles are assumed to have a given pairing. This is described
by an isomorphism between the bundle and its dual. A self-dual X-
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bundleE is said to be extendible if it has aY-bundle extensionF and its
pairingE � E∗ extends to a pairingF � F∗.

Theorem 2.1. Suppose that d is odd and let E be a self-dual X-bundle.
Then there exists an extendible self-dual X-bundleÊ such that E⊕ Ê
extends as a self-dual bundle.

Proof. First construct a self-dualA-projective complexJ such that:

H◦(J) � E; Hi(J) = 0(i < 0); Ji
= 0 if |i| > d/2.

The construction starts from the complexP in the proof of 1.1. Kill the
cohomology ofP in dimensions less thand/2 to obtain a complexQ.
Lift the isomorphisms in dimensions greater thand/2 to a homomor-
phism ofP into Q and add free modules toP so that the homomorphism
is surjective. ThenJ is its kernel.

SinceJ is self-dual, identifyJ−i
= (Ji)∗(i < 0) and (∂−i−1

= ∂i)∗(i >
0). The pairing determines an isomorphismq : (J◦)∗ � J◦. The differ-
ential∂−1 is q(∂◦)∗.

In the equicharacteristic case putK = J⊗
A

B, and denote the induced

differential and pairing by∂, q also. Define a self-dual complexL with
differentiald by

L◦ = K−1 ⊕ K◦ ⊕ K1, Li
= K i ⊕ K i+1(i > 0), L−i

= (Li)∗(i > 0),

d◦(a, b, c) = (∂◦b+ xc, ∂1c), di (a, b) = (∂ia+ xb, ∂i+1b)(i > 0),

d−i−1
= (di )∗(i > 0), r(a, b, c) = (c, qb, a) andd−1

= r(d◦)∗.

Then H◦(L) is a self-dualY-bundle extendingE ⊕ E′ ⊕ (E′)∗ where
E = Ker(J1→ J2).

In the general case, modify this procedure as in the proof of 1.1. 210

First letJ+ be the complex obtained fromJ by replacingJi by zero ifi <
0. Then construct a complex of freeB-modulesQ+ and an epimorphism
Q+ → j+ inducing isomorphisms of cohomology in degrees greater than
zero. Lets : (Q◦)∗ � Q◦ left q : (J◦)∗ � J◦. Let δ be the differential of
Q+. Define a self-dual complexL by

Li
= Qi , L−i

= (Li)∗(i > 0), ∂i
= δi∂−i−1

= (∂i)∗i > 0,
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L◦ = Q◦ ⊕ Q◦, ∂◦(a, b) = δ◦a− δ◦b, ∂−1(a) = (s(δ◦)∗a, s(δ◦)∗a).

ThenH◦(L) extendsE⊕E′⊕ (E′)∗⊕ free. So the proof follows from 1.1.
Now suppose thatd = 2r is even. There is an additive obstruction to

extendibility for self-dual bundles. For supposeF extendsE. The exact
cohomology sequence

Hr (F)→ Hr(F)→ Hr(E)→ Hr+1(F)→ Hr+1(F)

and Serre-Grothendieck duality show thatHr(E) has even length as an
artinianA-module. For any self-dualX-bundleE, define the obstruction
µ(E) to be the length ofHr(E)mod 2. �

Theorem 2.2. Suppose that d is even and the residue field k is alge-
braically closed. Let E be a self-dual bundle withµ(E) = 0. Then there
exists an extendible self-dual bundlêE such that E⊕ Ê extends as a
self-dual bundle.

Proof. Sincek is algebraically closed,Hr(E) has a submoduleM whose
quotient is isomorphic toM∗ via the isomorphism induced by the pain-
ing. Construct a self-dualA-projective complexJ such that:H◦(J) � E;
Hi(J) = 0 (i < 0); Hr(J) � M. The construction is similar to the first
stage of the proof of 2.1. The change is to construct the complex Q by
killing the cohomology ofP in dimensions less thanr and only the part
M in dimensionr. The proof can now be completed as for 2.1.211

To generalize this result to arbitrary fields, it is necessary to use the
Witt group for bilinear forms. �

3 Confluence and algebraic equivalence

Suppose thatF is a reflexiveB-module locally free except on a 1-dimen-
sional closed subset of SpecB intersectingX in the empty set. Its ideal
is an intersection of distinct 1-dimensional primesp1, . . . , ps of B which
do not containx. Localizing B, F at pi gives a regular local ringAi

and a vector bundleEi on the punctured spectrum ofAi. The bundle
E = (F/xF)∗ is called a confluence ofE1, . . . ,Es. The following result
has been proved in [4]:
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Theorem 3.1. Suppose that d is even and F is self-dual; then

µ(E) =
s∑

i=1

µ(Ei).

Proof. The biduality spectral sequence gives exact sequences

0→ Extd+2
B (Hr+1(F), B)→ Hr(F)→ Extd+1(Hr (F), B)→ 0

0→ Extd+2
B (Hr (F), B)→ Hr+1(F)→ Extd+1(Hr−1(F), B)→ 0.

In both cases the kernels have supportn and the cokernels arex-torsion
free. So the two kernels are dual to each other. The result nowfollows
from the exact cohomology sequence forF/xF.

There is a simple application to the extension of bundles from Pd

to Pd+1 (d even). LetE be a self-dual bundle onPd. It always has a
self-dual extension as a sheaf toPd+1, for, example by extending the
pull-back ofE to the punctured cone onPd over the vertex.

LetF be any self-dual extension toPd+1 which is locally free except
for singularities at pointsa1, . . . , as of Pd+1. The sheafF determines 212

reflextive sheavesF1, . . . ,Fs at each of these points. Apply 3.1 to the
punctured cone overPd+1 in the neighbourhood of the vertex. We find
that

s∑

i=1

µ(F ) = µ(E )

whereµ( ) is defined by liftingE to the punctured cone onPd.
A second application is to algebraic equivalence. Define twoX-

bundles to be algebraically equivalent if they can be joinedby a se-
quence of confluences. LetE1, E2 be two X-bundles, not necessarily
self-dual, with even rank 2t and assumed is even. Thet-th exterior
power of a rank 2t bundle has a natural pairing andγ(E) = (µ(ΛtE)) is
an obstruction to extendingE. Applying 3.1 shows that ifE1, E2 are
algebraically equivalent thenγ(E1) = γ(E2). In particular letE be the
X-bundle of rankd which is the second syzygy of an ideal of A gener-
ated by a system of parameters forA. Thenγ(E) is the multiplicity of
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the ideal mod 2 andE is not algebraically equivalent to a trivial bundle
if the multiplicity is odd.

WhenE is a rank 2X-bundle coming by pull-back fromPd andd ≥
4, M. Cohen has shown by means of the Riemann-Roch Theorem that
µ(E) = 0. �

4 Formalism for µ

Assumed = 2r is even. Form the exterior algebraΛ(d + 1)A) and letξ
be an element of (d + 1)A whose coordinates generatem. Put

Θ = Ker(∧ξ : Λr+1→ Λr+2).

It is a self-dualX-bundle with a pairing induced by the exterior algebra
structure and its cohomology is given by

Hi(Θ) = 0(1≤ i ≤ d − 1, i , r),Hr (Θ) = k.

Soµ(Θ) = 1. Now letE be any self-dualX-bundle and putρ(E) equal213

to the rank ofE modulo two, and put

µ̂(E) = ρ(E) + µ(E)t ∈ Z2[t], t
2
= 0

Theorem 4.1. (i) ρ(E) = µ(E ⊗ Θ).

(ii) µ(Θp) = 0, p ≥ 2.

(iii) µ̂ is a homomorphism of the ring of self-dual vector bundles onto
Z2[t].

(iv) µ(Λp
Θ) = 0, p≥ 2.

Proof. First prove (ii) for p = 2. SinceΘ extends to a vector bundle
on SpecA whenm is blown up, it is sufficient to consider the graded
case. The dualizing line bundle forΘ2 regarded as a sheaf onPd has
even degree and the dualizing line bundle forPd has odd degree. Serre
duality implies thatµ(Θ2) vanishes.
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Now we prove (i). By 2.2, there is an extendible self-dualX-bundle
E′ such thatE ⊕ µ(E)Θ ⊕ E′ is self-dually extendible. So tensoring
with Θ and using (ii) withp = 2 shows that it is sufficient to note that
ρ(Θ) = 0 and to prove (i) for an extendible self-dualX-bundleE. Let q
be the ideal generated by a base ofm lifted to B. Construct aB-module
Φ from the exterior algebra on (d+1)B using this lifted base in the same
way asΘ was constructed from (d + 1)A and a base form. The module
Φ is reflexive, free outside the variety ofq, and extendsΘ. Choose a self
dualY-bundleF extendingE′ and apply 3.1 toF ⊗Φ. SinceF is locally
free except atn, the localizationFq is free with the same rank asE. So

µ(E ⊗ Θ) = µ(Fq ⊗ Φq) = ρ(E)µ(Φq) = ρ(E),

becauseµ(Φq) = 1.
Sinceρ(Θ) = 0, (ii) now follows for p > 2.
To prove (iii) it is sufficient to show that̂µ = 0 defines an ideal. This214

is easily reduced to showing that ifE is extendible and of even rank then
µ̂(E ⊗ Θ) = 0. But this follows (i).

Finally (iv) follows by reduction to the graded case as in theproof
of (ii). Serre duality and consideration of the total weights of the inde-
composable representations contained inHr (Λp

Θ) show that the repre-
sentations occur in dual pairs. Soµ(Λp

Θ) = 0. �

5 Topological invariance

Take the residue field ofA to beC. The category ofX-bundles is de-
termined up to a canonical equivalence by the completion ofA and it
is easily verified that anX-bundleE determines up to bundle isomor-
phism a topological bundle on a punctured neighbourhood of the origin
of Cd+1. SoE determines a topological bundle|E| onS2d+1. If E extends
then|E| is trivial.

Suppose thatd = 2r. The K-group for self-dual bundles has been
defined in [1, p. 636]. ForS4r+1 it is isomorphic toZ2. So the topologi-
cal invariance ofµ is equivalent to:
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Theorem 5.1.Θmaps to the non-trivial element of the K-group of self-
dual bundles on S4r+1.

Proof. At the conference I gave a proof via [3, Theorem 4.2] which
depends on the Atiyah-Singer Index Theorem. Briefly letW be the non-
Kähler manifold obtained by factoringCd+1 − {0} by an infinite cyclic
subgroup ofC∗. It has a holomorphic fibrationf : W → Pd with a
topological factorization throughS4r+1. Now Θ is the pull back toX
of θ the r-th exterior power of the tangent bundle ofPd. The stable
homotopy invariantβ of [3] (the holomorphic semicharacteristic) is now
easily computed forf ∗ θ and seen to be non-zero. So,Θ is non-trivial
in the sense of the stable homotopy theory of bundles with a pairing.215

In the course of the conference, M.F. Atiyah gave me a direct proof
of this result which I outline here. First theK-group of self-dual bun-
dles onS4r+1 can be identified withK‹O(S8m+1) if r = 2m and with
KS̃(S8m+5) if r = 2m+1. In each caseS4r+1 is a homogeneous space for
the appropriate group (Spin or Symplectic). Consider the caser = 2m.
ThenS8m+1

= Spin(8m+ 2)/Spin(8m+ 1) and the representations of
Spin(8m+ 1) determine real vector bundles onS8m+1. The generator of
KC̃ corresponds to the basic spin representation of dimension 24m [[2],
[7, p.270]]. NowP4m

= U(4m+1)/U(4m)×U(1) and the exterior power
representationΛ2m of U(4m) determines the bundleθ. To compareθ
with the generator ofKO expressS8m+1 asS U(4m+ 1)/S U(4m). An
easy character computation shows that the basic spin representation and
Λ

2m give equivalent representations ofS U(4m) modulo sums of pairs
of dual representations. The caser = 2m+ 1 can in a similar way be
reduced to a character computation. �
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Some Metrics on Picard Bundles

By G.R. Kempf

THE PICARD BUNDLES on the JacobianJ of a smooth complete217

curveC of genusg have been studied by various methods [1], [2], but
their nature still remains mysterious. In this paper, I willpresent some
naturally occurring Hermitian metrics on certain Picard bundles in the
complex case. These metrics are special among the myriad of such met-
rics. Hopefully, they will be useful in the application of the methods of
metric geometry to the study of Picard bundles.

These metrics are induced by metrics on the analog of Picard bun-
dles on the Jacobian. The rich geometry of abelian varietiesprovides
metrics on these analogs. The connection between these analogs and
the Picard bundles themselves has been developed by R.C. Gunning [1].
The first two sections of this paper are algebraic and apply tothe geom-
etry over an arbitrary fieldk. In them, I will develop the abstract version
of Gunning’s connection. In the third section, we will be working over
the complex field to define the matrics.

1 Some linear systems on C and J

Let V denote the set of effective divisorsD on C of degreeg such that
the complete linear system|D| consists of one point. We may regard
V as an open dense subset of theg-th symmetric productC(g). Let

∫
g :

C(g) → Picg be the universal abelian integral onto theg-th Picard variety
of C, which classifies isomorphism classes of invertible sheaves onC of
degreeg. Then

∫
g induces an isomorphism betweenV and an open dense

subsetU of Picg.

1Partly supported by NSF grant #MPS 75-05578.
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Let E be a divisor onC of degreeng for some integern ≥ 2. Then
we have

Lemma. The divisors D1 + · · · + Dn where the Di’s in V are dense in218

the complete linear system |E|.

Proof. Let F be a member of|E|. We may writeF = G1 + · · · + Gn

where theGi’s are effective divisors of degreeg. LetL1, . . . ,Ln denote
invertible sheaves onC of degree zero such that

⊗
1≤i≤n

Li ≈ OC . Asn ≥ 2

for a general choice of theLi’s, each sheafLi(Gi) is contained inU. In
this caseLi(Gi) ≈ OC(Di) whereDi is in V. HenceDi + · · · + Dn ∈ |E|
andF is contained in the closure of such divisors asV is dense inC(g).
Q.E.D. �

Recall that the JacobianJ possesses a principal polarization; i.e.,
there is a divisorθ on J which is determined upto translation with
dimΓ(J,OJ(θ)) = 1. For any integern > 0, we have the multiple polar-
ization. Any divisor in this class is linearly equivalent tonθ for someθ.
Choose an elementα of Pic1. Then we have the embeddingi : C ֒→ J
given byi(C) =

∫
(C) − α. With this embedding, we can study the rela-

tion between the linear systems onJ and those onC.

Proposition. If n ≥ 2, the linear system |nθ| cuts out a complete linear
system on C of degree ng. Equivalently, the restriction Γ(J,O j, (nθ)) →
Γ(C,OJ(nθ)|C) is surjective.

Proof. First recall [4, for instance] that the linear equivalence classi∗θ
is of degreeg. Furthermore, if the inverse imagei1(θ+ j) is defined for a
point j of J, it is a divisor inV and all divisors inV occur this way. Let
E denote a member of the classi∗(nθ). Take a divisorD1+ · · ·+Dn in |E|
with theDi’s in V. Thus we may find pointsji of J such thati−1(θ + ji)
is defined and equalsDi. Therefore,

D1 + · · · + Dn = i−1((θ + j1) + · · · + (θ + jn)).

As (θ + j1) + · · · + (θ + jn) is algebraically equivalent tonθ and its
intersection withC is linearly equivalent toE, (θ+ ji)+ · · ·+ · · ·+ (θ+ jn)
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is contained in|nθ| by the autoduality of the Jacobian. As|nθ| cuts out a219

linear system, this linear system is complete by the Lemma.Q.E.D. �

2 The connection between the Picard sheaves

Let L be an invertible sheaf onC × J which is a universal family of
invertible sheaves onC of degreed. If d > 2g − 2, the direct image
Wd ≡ πJ∗L is a locally free sheaf onJ of rankd + 1− g. This sheafWd

is called a Picard bundle of degreed. Furthermore, the formation of the
direct image commutes with base extension. In particular, for any point
j of J, we have a natural isomorphism

Wd ⊗ k( j)
≈
−→ Γ(C,L |C×{ j}).

ThusWd arises naturally when one is studying variational problemsin-
volving complete linear systems of degreed on C. Let X be an abelian
variety with dualX .̂ Similarly, letM be an invertible sheaf onX × X
which gives a universal family of invertible sheaves onX which are
algebraically equivalent toN ≡ M |X×0. We will assume thatM is
isomorphic toπ∗XN ⊗P whereP is a Poincaré sheaf onX × X .̂ If N

is ample onX, the direct imageV {N ≡ πXˆ∗M is a locally free sheaf
on X̂of rank dimΓ(J,N ) [3]. Furthermore, the formation of this direct
image also commutes with base extension. In particular, foreach point
y of x, we have a natural isomorphism

V {N } ⊗ k(y)→ Γ(X,M |X×y)

In the special caseX = J, we haveX̂� J asJ is principally polar-
ized. If N ≈ OJ(nθ) for some integern > 0, the sheafV{N } will be
denoted byVn. As dimΓ(J,OJ(nθ)) = ng, Vn is a locally free sheaf onJ
of rankng. This sheaf contains variational information about the various
linear systems|nθ|.

Now consider the embeddingC ֒→ J, the sheafCJ(nθ) ⊗P |C×J is
a universal family of invertible sheaves onC of degreeng paramerized
by J because of the autoduality ofJ. Furthermore, we have the natural
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restriction of direct images.

α : Vn = π2∗(π
∗
1OJ(nθ) ⊗P)→

→ πJ∗(π
∗
1OJ(nθ) ⊗P |C×J) = Wng.

The main connection between these two kinds of Picard sheaves is the220

following.

Proposition 2. If n ≥ 2, the above homomorphism α : Vn → Wng is
surjective.

Proof. It will suffice to showα ⊗ k( j) is surjective for each pointj of
J. As the formation of both sheaves commutes with base extension,
this is equivalent to the surjectivity ofΓ(J,H ) → Γ(C,H |C) where
H ≈ OJ(nθ) for some choice ofθ. Thus this proposition follows from
the last one. Q.E.D. �

The sheafV {M } has a clear description which we will use in the
next section. The last proposition may be used to give a description of
the Picard sheafW4 whenC is a curve of genus 2. In this caseW4 has
rank 8 andV2 has rank 4.

Claim. (a) We have an exact sequence

0→ OJ(−θ)
β
−→ V2

α
−→ W4→ 0.

(b) Any homomorphismOJ(−θ) to V2 is a multiple ofβ.

Proof. As g = 2, we can assume thatC = θ.
On J × J we have an exact sequence

0→ π∗1OJ(θ) ⊗P → π∗1OJ(2θ) ⊗P → π∗1OJ(2θ) ⊗P |C → 0.

The sequence in (a) is just the direct image sequence. To see the claim
(a) it will suffice to computeπ2∗|(π∗1OJ(θ) ⊗P). Here we may take

P = (π1 + π2)∗OJ(θ) ⊗ π∗1OJ(−θ) ⊗ π∗2OJ(−θ).
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Thus we need to computeπ2∗((π1+π2)∗OJ(θ)⊗π∗2OJ(−θ)) which equals
π2∗(π1+π2)∗OJ(θ))⊗OJ(−θ) by the projection formula. Lastly, we need
to show thatπ∗2((π1+ π2)∗OJ(θ)) is trivial. To see this, note that we have221

theπ2 - isomorphism (π1 + π2, π2) betweenπ1 + π2 andπ1. Hence

π2∗((π1 + π2)∗OJ(θ)) ≈ π2∗(π
∗
1OJ(θ)) = OJ ⊗k Γ(J,OJ(θ))

The desired result follows becauseΓ(J,OJ(θ)) = k.
For (b), note that Hom(OJ(−θ),V2) =

Γ(J,HomOJ(OJ(−θ), π2∗OJ(2θ) ⊗P)))

=Γ(J × J, π∗2OJ(θ) ⊗ π∗1OJ(2θ) ⊗P).

Using our formula forP, we need to show that the space of global
sections of (π1 + π2)∗OJ((θ) ⊗ π∗1OJ(θ) is one dimensional. Using the
isomorphism (π1, π1 + π2) of J × J the last space is isomorphic to

Γ(J × J, π∗1OJ(θ) ⊗ π∗2OJ(θ)) = Γ(J,OJ(θ)) = ⊗(JΓ(J,OJ(θ)) = k

by the Kunnëth formula. This proves (b). �

3 The natural Hermitian metrics on the Picard
bundles

We return to the situation of the last section whereN is an ample in-
vertible sheaf on an abelian varietyX with dual X .̂ Recalling from [5]
that we have an isogenyφN : X → X which sends a pointx in X to
the isomorphism classTxN ⊗N ⊗−1 whereTx denotes translation byx.
The kernel ofφN is the finite group schemeH. Furthermore, we have
Mumford’s theta groupG which is given by a central extension

1 ֒→ Gm → G → H → 0.

An element ofG is a specific isomorphismα : TkN � N for some
point k of H. In fact, if G acts onX via translation byH, we have a
G-linearization of the sheafN on X where the centreGm of G acts
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by multipliacation. Consequently,Γ(X,N ) is a representation ofG
where Gm acts by multiplication. This representation is the unique
irreducible representation ofG with this condition onGm and order
(H) = [αΓ, ???Γ(X,N )]2.

Consider the sheafΓ(X,N ) ⊗k N ⊗−1 on J. This sheaf possesses a222

natural action ofH. Just letG act naturally onΓ(XN ) and contragradi-
ently onN ⊗−1; then the tensor product has an inducedG-linearization
given by the tensor product of the two actions. As the center of G acts
trivially on the tensor product, we have an action ofH on the sheaf. A
central result about Picard sheaves on abelian varieties is

Proposition 3 (See [3]). We have an H-isomorphism

φ∗N (V {N })
≈
−→ F(XN ) ⊗k N

⊗−1

where the H-action on φ∗N (V {N }) is the tautological one which de-
termines V {N } by descent theory.

From now on, we will assume that the ground fieldk is the complex
numbersC. In this case, all the group schemes are reduced. The invert-
ible sheafN (or any invertible sheaf, for that matter) on our abelian
varietyX possesses an almost canonical Hermitian metric by a result of
Mumford’s [6]. This metric is determined upto a positive real multiple
by the condition that its curvature is an invariant differential form on the
abelian groupX. The groupG possesses a maximal compact subgroup
K which is an extension ofH by {c ∈ G| |c| = 1}. In fact, K consists of
elements ofG where the isomorphismα is an isometry. Also this metric
globally induces a Hermitian inner product on the vector spaceΓ(JN )
which is invariant underK. Here one uses an invariant normalized Haar
measureµ on X and defines

〈α, β〉 =

∫

X
〈αX, βX〉Xµ.

Returning to our sheafΓ(JN ) ⊗C N ⊗−1 we may give this sheaf
a metric by taking the tensor product of the one onΓ(J,N ) with the
dual metric onN ⊗−1 for a given choice of a Mumford type metric on223
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N . The metric is immediately seen to be independent of the lastchoice
and to be invariant under the action ofH on Γ(J,N ) ⊗C N ⊗−1. Using
Proposition 3 and descent theory, we may descent this metricto get one
on the quotientV {N }. Thus we have

Proposition 4. The Picard sheaf V {N } possesses a canonical Hermi-
tian metric which pulls back via φN to the one given above.

Returning to the curve case, we have

Corollary. If n ≥ 2, the Picard sheaf Wng possesses a canonical Her-
mitian metric.

Proof. By Proposition 2, we may use the restrictionNn →→ Wng to
give a quotient metric from the canonical metric onVn. Q.E.D. �

Remark. One may check that the Chern forms (elementary invariants
of the curvature) of the Hermitian sheafV {N } are invariant differential
forms. This follows immediately after pulling back viaφN . One may
ask for a computation of the Chern forms of the Picard shavesWng.
Their cohomology class is well-known.
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Bundles onP2 with a Quaternionic Structure

By M.-A. Knus

Introduction
225

In this paper, we give a survey of some recent results on 2-bundles over
P2
C, which have a quaternionic structure. These bundles were studied in

[7] in connection with projective ideals of the polynomial ring in two
variables over the real quaternionsH.

We present some of the main results of [7] in a slightly different
form and give a few generalizations. In particular we compute the Chern
classes of bundles arising from an explicit family of idealsin H[x, y] and
we indicate how to calculate the curves of jump lines for someof them.
Finally, we mention connections with bundles over quadricsand over
P3
C.

We do not mention any related results for bundles of higher rank
(see [6], [10], [12] and report of Parimala at this Conference).

Most of the results described here were obtained by M. Ojanguren, 226

R. Parimala, R. Sridharan and the author, mostly as joint work (in many
different combinations), but the author is responsible for possible errors
in the presentation of the results given here.

We thank the Tata Institute for its hospitality and we are thankful to
many participants in the Colloquium for the useful discussions we had
with them in connection with this work.
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1 Quaternion algebras and quadratic bundles

1.1

Let X be a scheme overR and letH be a sheaf of algebras overX which
is a locally freeOX-module of rank 4 and such that the fiber at each
real closed point is isomorphic to the real quaternion division algebra
H. We call such a sheaf of algebras aquaternion algebraover X. Any
quaternion algebraH has a quadratic structure given by thereduced
norm n. We recall that aquadratic space(or aquadratic bundle) over
a K-schemeX, (K any field of characteristic, 2) is a vector bundleE
over X with a symmetric bilinear formb : E ⊗OX E → OX which is
nonsingular, i.e. which induces an isomorphismE

∼
−→ E ∗. Composingb

with the diagonalE → E ⊗OX E , we get the quadratic formq associated
with b. We denote a quadratic bundle by (E, q) or simplyq.

1.2

Let E be a locally free sheaf of rank 4 overX which is a rightH -
module,H a quaternion algebra overX. The restriction ofH to any
affine open setU = SpecA is a separableA-algebraH. Hence any pro-
jective A-module, which is also anH-module, projective asH-module.
Thus E is locally free of rank one as anH -module (for the Zariski227

topology of X). We denote the category of suchH -modulesE by
P(H ) and call them simplyH -modules of rank one.

1.3

Let H be a quaternion algebra overX. We say that a quadratic space
(E, q) overX is of typeH if

(a) E ∈ P(H )

(b) q◦m= q⊗OXn, wherem : E ⊗OX H → E defines the operation
of H onE andn is the norm ofH .
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Let X = SpecA. Then a quadratic space overX is a pair (P, q), where
P is a finitely generated projectiveA-module andq : P → A is a non-
singular quadratic form. Condition (a) means thatP is a projective right
H-module of rank one for a quaternion algebraH overA and condition
(b) means thatq(xh) = q(x)n(h), x ∈ P, h ∈ H.

1.4

Let X be anR-scheme, letH be a quaternion algebra overX and let
(E, q) be a quadratic bundle overX of typeH . Thenq is locally similar
to the normn of H . Hence we see that at the fiber of any real closed
point of X, the quadratic formq is definite. We say that a quadratic
bundle ispositive definiteif the fiber at any real closed point is positive
definite. In the following, we always assume that a quadraticbundle of
typeH is positive definite. This is not a serious restriction sinceq or
−q is positive definite ifX is connected.

Proposition 1.5. Let H be a quaternion algebra over a real scheme228

X and letE ∈ P(H ). Then there exists a universal quadratic map
q : E → NE (in the category of coherent sheaves over X) satisfying
property (b) of (1.3). The sheafNE is invertible and the pair(q,NE ) is
uniquely determined up to isomorphisms by (1.3)and the condition im
b = NE , where b is the symmetric bilinear map associated with q.

Proof. If X is affine, we constructNE in the standard way by genera-
tors and relations. In order to proveNE is an invertible sheaf, we may
assume by localization thatE ≃H . In this case the pair (n,OX), where
n is the norm ofH , is universal. ThusNH ≃ OX is invertible. The
construction clearly globalizes for any real scheme. �

We call the quadratic mapq : E → NE thenormof E . The follow-
ing results are consequences of the universal property ofNE .

Corollary 1.6. Let (E , q) be a quadratic bundle of typeH over X.
Then we haveNE ≃ OX. Conversely, ifE ∈ P(H ) is such thatNE ≃

OX, thenE is of typeH for some quadratic structure q. The form
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q is uniquely determined up to a multipleλ ∈ H◦(X,Gm) (and up to
isometries).

Corollary 1.7. Assume that H◦(X,Gm) = RX. Let (E , q) and (E ′, q′)229

be two positive definite quadratic bundles of typeH . If E andE ′ are
isomorphic asH -modules, they are isometric as quadratic spaces.

Proposition 1.8. Let X be a real scheme such that H◦(X,OX) = R and
let (E , q) be a positive definite quadratic bundle of typeH over X. If
E ,H , then H◦(X,E ) = 0.

Proof. Let s ∈ H◦(X,E ), thenq(s) ∈ H◦(X,OX) is a constantλ ∈ R.
Sinceq is positive definite,λ is positive ifs, 0. The sectionsdefines a
homomorphismH → E which is an isometry ifλ , 0. ThusE ≃ H

if E has a nontrivial global section. �

The next result is again a consequence of the universal property of
NE .

Lemma 1.9. Let X be a real scheme, letI be an invertible sheaf on X
and letE ∈ P(H ) for some quaternion algebraH over X. Then we
haveNE ⊗OX I � NE ⊗OX I 2.

2 Bundles over projective spaces

2.1

Let X = Pn
R be the real projectiven-space, letH be a quaternion algebra

over X and letE ∈ P(H ). In view of (1.5), we haveNE ≃ O(n) for
somen ∈ Z. We claim thatn is even. By (1.9), we are reduced to
the casesn = 0 andn = 1. For any real affine n-spaceU ⊂ X, the
restrictionNE U is free, henceE |U carries a quadratic form of typeH |U .
As noticed in (1.4) we may assume that the form is positive definite. But
if n = 1, the form would change sings for a real closed point of some230

real affinen-spaceU.
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Proposition 2.2. Let H be a quaternion algebra overPn
R and letE ∈

P(H ). Then, for some m∈ Z, E (m) carries a quadratic form q of type
H which is positive definite. The form q is unique up to isometry.

Proof. The existence ofq follows from (2.1). Letq and q′ be two
quadratic structures onE of type H and which are positive definite.
By (1.6) we haveλ ∈ RX such thatq′ = λq. Since both forms are
positive definite,λ is positive and the forms are isometric. �

Remark 2.3. The uniqueness part of (2.2) follows more generally from
the fact that a vector bunder over a real projective scheme carries at most
one positive-definite quadratic structure (see [6]).

2.4

We call the bundleE (m) of (2.2) thenormalizationof E and we say that
E ∈ P(H ) is normalizedif it carries a quadratic structure of typeH .

2.5

Let H0 be the constant sheafH⊗ROX of quaternion algebras over a real
schemeX. Let E be a locally freeH0-module. The embeddingC → H
induces a complex structure onE . Hence we can associate withE a
complex bundle overXC = X ×SpecR SpecC. We denote this bundle by
Ec.

Proposition 2.6. Let X = Pn
R and letE ∈ P(H0) such thatE (m) /̃→H0

for all m ∈ Z. ThenEc is a stable 2-bundle overPn
C.

Proof. We may assume by (2.2) thatE is a quadratic bundle of typeH0. 231

In view of (1.8), we haveH0(Pn
C,Ec) = 0. Further,c1(Ec) = 0, sinceE

is a quadratic bundle. ThusEc is stable. �

Proposition 2.7. Let E be a quadratic bundle of typeH0. Then the
restriction ofE to any real line L is trivial.

Proof. The restriction ofE to L gives an anisotropic bundle overP1
R and

the claim follows by a result of Scharlau [14]. �
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2.8

Let σ : Pn
C → P

n
C be the usual real structure ofPn

C, given by complex
conjugation of the variables. For anyE ∈ P(H0), themultiplication by
j ∈ H induces an isomorphismEc → σ ∗ Ec, also denoted byj, such
thatσ ∗ j ◦ j = −1. Conversely, any isomorphismj · F → σ ∗ F ,
F a 2-bundle overPn

C, such tahtσ ∗ j ◦ j = −1 defines the structure
of anH0-module of rank one onF considered as a 4-bundle overPn

R.
If n is odd, thenPn

C has another real structure, without real points. A
stable 2-bundleE overP3

C with a quaternionic structurej with respect
to the nonstandard real structure ofP3

C, such thatc1(E ) = 0 andE is
trivial over real lins is an instanton bundle. OverP2

C, there is only one
real structure, the usual one. Thus, quadratic bundles of typeH0 are in
some sense instantons overP2

C.

2.9

Let M(0, k) be the moduli space of stable 2-bundles overP2
C with c1 = 0

andc2 = k. By results of Barth [1],M(0, k) is an irreducible complex
variety of dimension 4k − 3. Instantons correspond to real points of
M(0, k) for the real structure ofM(0, k) induced functorially by the real
structure ofP2

C. Thus, this set is a real open smooth manifold of real
dimension 4k − 3. Thus, the moduli space of quadratic bundles of type
H0 overP2

R is a manifold of dimension 4k − 3. An explicit description232

of this manifold is given in section 9 fork = 2.

3 Extensions of isometries

3.1

Let K be a field of characteristic, 2 and letX be aK-scheme. We say
that a quadratic bundle (E , q) is anisotropicif its restriction to any affine
open set is anisotropic. IfX = SpecA, then a quadratic space overX
is called anisotropic ifq(x) = 0 implies x = 0, x ∈ P. The property
of anisotropicity is birational. IfK = R, XR is connected andX(R) not
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empty, then positive definite quadratic bundles are anisotropic.

Proposition 3.2. Let X be an irreducible noetherian scheme over K
and let Y be the closed subscheme defined by a sheaf of locally prin-
cipal ideals. Let(E , q), (E ′, q′) be quadratic spaces over X with an
isometryϕ : (E , q) → (E ′, q′) defined over X− Y. If (E , q) and (E ′, q′)
are anisotropic over Y, thenϕ can be extended to a unique isometry
(E , q)→ (E ′, q′) over X.

Proof. In view of the asserted uniqueness, the question is local onX.
Thus, we may assume thatX is affine and the claim follows by proposi-
tion (1.1) of [7]. �

Example 3.3. Let X = Pn
R and letU ⊂ X be a real affine subspace of

dimensionn, i.e.,U = Pn
R−V(L), whereV(L) is a real hyperplane inPn

R.
Let (E , q), (E ′, q′) be positive definite quadratic bundles overPn

R. They
are positive definite overV(L), hence anisotropic. Thus, any isometry
ϕ : (E , q)→ (E ′, q′) overU extends to a unique isometry overPn

R.

3.4
233

Let E andE ′ beH modules of rank one overPn
R, for H some quater-

nion algebra overPn
R. Let U as in (3.3) and letϕ : E → E ′ be an iso-

morphism ofH modules overU. By (1.6)E ′|U andE ′|U are quadratic
spaces of typeH |U and by (1.7)ϕ is an isometryE |U

∼
−→ E ′|U . In

view of (3.3)ϕ extends to an isometry of the normalizationsE (m), resp.
E ′(m′) of E andE ′. This isometry is an isomorphism ofH -modules.
Thus, we see that ifE |U

∼
−→ E ′|U′ thenE (k)

∼
−→ E ′ for somek ∈ Z.

4 Bundles over the affine and the projective plane

4.1

Let P2
R be the real projective plane with coordinatesX1, X2, X3 and let

A2
R ⊂ P

2
R be the affine planeP2

R − V(X3), with affine coordinatesx =
X1/X3, y = X2/X3. We use the notationA = R[x, y] andH = H⊗RA. Let
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P be a finitely generated projective (right)H-module of rankn. Since
the ringH(x)[y] = H⊗RR(x)[y]. is a P.I.D., the moduleP becomes a free
module overH(x)[y]. Thus, there is a monic polynomialf ∈ R[x] such
thatP⊗AA[1/ f ] = Hn⊗AA[1/ f ]. Let fX3 be theX3-homogenization off
preserving the degree off . We extendP toU = D(X3)∪(D(X1)∩D( fX3))
by taking the freeH-moduleHn overD(X1) ∩ D( fX3) and glueing with
an isomorphismP ⊗A A[1/ f ] ≃ Hn ⊗A A[1/ f ] over D(X3) ∩ D(X1) ∩
D( fX3) = SpecR[x, y, x−1, f −1]. We thus have an extensioñP of P to
U = P2

R − (0, 1, 0). The direct imagei ∗ P̃ of P̃ overP2
R is a coherent

sheaf and by [2, p. 110] is reflextive. Since a finitely generated reflexive
module over a regular local ring of dimension two is free, thesheafi ∗ P̃
is locally free. Thus we have a bundleE = i ∗ P̃ which extendsP to P2

R.

Theorem 4.2. LetH0 be the constant sheaf of quaternion algebras over234

P2
R. LetA2

R ⊂ P
2
R be any real affine plane contained inP2

R. Then the
embedding i: A2

R → P
2
R induces a one-to-one correspondence between

isomorphism classes of normalizedH0-bundles of rank one overP2
R and

isomorphism classes of projective H-modules of rank one, where H =
H0(U).

Proof. By a linear change of coordinates, we may assume thatA2
R =

P2
R − V(X3). Then the construction described in (4.3) shows that any

projectiveH-module is the restriction of someH0-module. The claim
now follows from (3.4). �

Remark 4.3. A projectiveH[x, y]-module P gives a module over an
affine planeA2

R. Its extension toP2
R will in general depend on the par-

ticular choice of the embeddingA2 ֒→ P2. Fixing the embedding as
A2
= P2 − V(X3), we denote byE (P) the normalized bundle which

extends the projectiveH[x, y]-moduleP of rank one.

4.4 The examples of Ojanguren-Sridharan

A construction of nonfree projectiveD[x, y]-modules of rank one,D any
division ring, was described in [9]. ForD = H, the construction runs as
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follows: Let f , g ∈ R[x, y] and letϕ : H[x, y]2 → H[x, y] be theH[x, y]-
linear map given byϕ((1, 0)) = f + i andϕ((0, 1)) = g + j. Then the
sequence

0→ Pf ,g→ H2 ϕ−→ H → 0

with Pf ,g = kerϕ andH = H[x, y] is exact and splits. Thus,Pf ,g is a
projectiveH-module of rank one. It is shown in [13] by explicit compu-
tations that the modulesPx,ym are mutually nonisomorphic. In contrast,235

projectiveH[x, y]-modules of rank> 1 are free (see [5] or for more gen-
eral results [15]). Thus, we can identify projectiveH[x, y]-modules or
rank one with projective ideals ofH[x, y].

4.5

The correspondence given by (4.2) has application in both directions.
In one direction, we deduce results about projectiveH[x, y]-modules of
rank one from results about stable bundles overP2

C. In the other, known
examples of projectiveH[x, y]-modules give examples of bundles over
P2
C. A first application is to define the second Chern class of a projective
H[x, y]-module P of rank one as the second Chern class of the com-
plex 2-bundleE (P)c. With this definition, we deduce from (2.9) that
the moduli space of projectiveH[x, y]-modules of rank one with fixed
second Chern classk is a real manifold of dimension 4k − 3. Another
application is to define the curveC(P) of jump lines ofP as the curve of
jump lines ofE (P)c.

Since the restriction ofE (P)c to any real line is trivial, the curve
C(P) does not have any real closed points. Thus its degree must be
even. Since, by a result of Barth [11], the degree of the curveof jump
lines is the second Chern class, we see that the second Chern class of a
projectiveH[x, y]-module of rank one is even. This integer is computed
for some examples in section 7 of this paper.
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5 Galois cohomology

5.1

Let ϕ : C ⊗R H
∼
−→ M2(C) be the fixed isomorphism ofC-algebras

s⊗ (u+ v j)→ s

Ç

u v
−v u

å

, u, v ∈ C.

Let R= R[x, y], C = C⊗RRandH = H⊗RR. For any (right) projective236

idealP of H, ϕ(C⊗RP) is a projective ideal ofM2(C) of rank one, hence
free. We chooseγ ∈ M2(C) such that

ϕ(C ⊗R P) = γ · M2(C). (5.2)

Let τ ⊗ 1 : C ⊗R H → C ⊗R H the conjugation map onC and let
σ = ϕ ◦ τ ⊗ 1 ◦ ϕ−1 its transport onM2(C) throughϕ. The element
σ(γ) is also a generator ofϕ(C ⊗R P) and we haveσ(γ)α = γ for some
α ∈ GL2(C). The elementα satisfies the idenityσ(α) = α−1, i.e.,α is a
1-cocycle.Two 1-cocyclesσ andβ are cohomologous ifσ(ν)α = βν for
someν ∈ GL2(C). They correspond to isomorphic ideals.

5.2

It follows from σ(α) = α−1 that detα = detα−1. Thus, by Hilbert 90,
there isρ ∈ C such that detα = ρρ−1. Replacingα by the cohomologous
cocycle

Ç

ρ 0
0 1

å

α

Ç

1 0
0 ρ−1

å

,

we may assume that detα = 1. We call such a cocyclenormalized. An
explicit computation shows that

σ

Ç

a b
c d

å

=

Ç

d −c
−b a

å

, a, b, c, d, ∈ C.

Thus, if detα = 1, the cocycle conditionσ(α) = α−1 reduces to the
conditionαt

= α, that isα is a 2× 2-hermitian matrix.
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Example 5.3. Let Pf ,g, f , g ∈ R[x, y], be a projective ideal ofH[x, y] as237

constructed in (4.3). A generatorγ f ,g for ϕ(C⊗R Pf ,g) was computed by
Parimala in [11] and [13] (see also the computation in [4]):

γ f ,g =

Ç

1+ g2 g( f − i)
g(1+ g2) g2( f − i) − 2i

å

The corresponding hermitian 2× 2-matrix is

α f ,g =

Ç

1+ f 2g4 − f g(1+ g2) + ig(1+ f 2g2)
− f g(1+ g2) − ig(1+ f 2g2) 4+ g2(1+ f 2)

å

We remark thatγ f1,g with f1 ≡ f mod (g2
+ 1) inR[x, y], is also a gener-

ator ofϕC⊗RPf ,g). This allows us sometimes to simplify computations.

5.4

Let α ∈ GL2(C[x, y]) be a hermitian matrix. We identifyC[x, y] with
R[x, y]2 asR[x, y]-module and define a quadratic formq onR[x, y]4

=

C[x, y]2 by

q(ξ) = ξtαξ, ξ =

Ç

ξ1

ξ2

å

∈ C[x, y]2.

If α = a+ ib is the decomposition ofa into real and imaginary parts, the238

form q is given by the real symmetric 4× 4-matrix S =
Ä

a b
bt a

ä

. Thus,
the matrixS defines a quadratic bundle of rank 4 overA2

R.

5.5

Let P be a projective ideal ofH[x, y] and letα be a normalized cocycle
corresponding toP. By Galois descent we haveϕ(P) ≃ {γη|σ(γη) =
γη, η ∈ M2(C)}. γ is a generator ofϕ(C ⊗R P) such thatσ(σ)α = γ.
Thusϕ(P) ≃ {γη | σ(η) = αη} andP is isomorphic toQ = {η ∈ M2(C) |
σ(n) = αη}, whereH[x, y] acts onQ (as a right module) throughϕ. Let

f (η) = ηtαη, η ∈ Q.



184 M.-A. Knus

We have f (η) = ηtσ(η) = det(η) = det(η) since det(η) = det(σ(η)) =
det(αη) = det(η̄). From this, it is easy to check thatf is a quadratic form
of typeH[x, y] on Q. Thus, we know by (1.6) that the quadratic form on
R[x, y]4 given by a normalized cocycleα of P is isometric to the norm
of P.

6 Transition maps

6.1

Let X1, X2, X3 be the variables ofP2
R and let∪Ui = P

2 be the covering
given byU1 = D(Xi) = SpecRi, whereRi = R[X1,Xi ,X2/Xi ,X3/Xi]
is a polynomial ring in two variables overR. Further, we introduce
the notationsHi = H ⊗R Ri andCi = C ⊗R Ri. For any moduleE of
rank one over the constant sheafH0 of quaternion algebras overP2

R, the
restriction ofE to Ui defines a projectiveHi-module of rank one which
is isomorphic to an idealPi of Hi. Let, as in (5.2),γi be a generator for239

ϕ(C ⊗R Pi) in M2(Ci). Restricting toUi ∩ U j , we can choose the image
of γi or γ j as generator. Thus we have

γ j = γi ti j , ti j ∈ GL2(Ci j ) (6.2)

whereUi∩U j = SpecRi j andCi j = C⊗RRi j . The family{ti j } is a family
of transition maps for a complex 2-bundleFc overP2

C. We claim that
F ≃ Ec(ℓ) for someℓ ∈ Z. For this we may first assume that theγi are
such that the corresponding 1-cocylesαi are hermitian 2× 2-matrices
with determinant one. Further, we may assume that the quadratic forms
qi associated with theai as in (5.4) are positive definite. We deduce from
(6.2) and the relationσ(γi)ai = γi that

det(ti j )α j = ti j
t
αi ti j

Since theαi are positive definite, we have det(ti j ) = λ2
i j ∈ RX

i j as in (2.1)
and

α j = ui j
tαiui j (6.3)
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with ui j = ti j · λ−1
i j . Theui j are transition maps of a bundleF (n). The

relations (6.3) show that this bundle is a quadratic bundle with quadratic
form qi on Ui. Sinceqi is of typeHi on Ui, we see thatF(n) is of type
H0 on P2

R. The bundleE (m) also is of typeH0 for somem ∈ Z (see
(2.2)). Since the restrictions of the quadratic bundlesF (n) andE (m)
to Ui are isometric, we conclude by (3.4) thatF ≃ Ec(ℓ) for someℓ as
claimed.

Remark 6.4. Assume that the bundleE in (6.1) is normalised. ThenE 240

is isomorphic to the bundleF (n) with the transition mapsui j . The re-
lations (6.3) show that the quadratic structure ofE (or F (n)) is induced
by ahermitian structureon Ec with respect to the real structure ofP2

C.
Such a structure (which is calledσ-hermitianin [6], [7] or [10]) is given
on a complex bundleG by an isomorphismϕ : G → σ∗G ∗ such that
(σ∗ϕ)t

= ϕ. It can be shown, that for any real schemeX, the quadratic
structure of a bundleE of typeH0 is induced by a hermitian structure
onEc.

Example 6.5. Let Px,y be the projective ideal ofH[x, y] given by the
Ojanguren-Sridharan construction forf = x andg = y and letEx,y =

E (Px,y) be the normalized extension ofPx,y to P2
R given by (4.2) (for

the identificationA2
R = P

2
R − V(X3)). The restriction ofEx,y to U3 has

γ3 = γx,y (see 5.3) as generator, wherex = X1/X3 and y = X2/X3.
Generators for the restrictionsE1 andE2 on U1 andU2 were computed
in [4]: we have

γ1 =

Ç

2y2 − iz(y2
+ 1) −3yz− iy(2− z2)

−iy(1− y2) y2
+ iz(2− y2)

å

where y =
X2

X1
and z=

X3

X1

γ2 =

Ç

1− ixz −x+ iz
z(1+ ixz) −i(z2

+ 2)+ zx

å

where x =
X1

X2
and z=

X3

X2
.
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7 Chern Classes
241

Proposition 7.1. Let Ex,y be as in (6.4). We have c1(Ex,y) = 0 and
c2(Ex,y) = 2.

Proof. Let Ei = Ex,y|Ui and letγi be the generator ofEi given in (6.5).
Let F be the complex 2-bundle given by the transition mapsti j satis-
fying γ j ≃ γiti j . We havec1(F ) = −2, thusEx,y ≃ F (1). Writing the
2× 2-matrixγi as

Ä

ai bi
ci di

ä

, we check that

ti j

Ç

d j

c j

å

=

Ç

di

−ci

åÇ

Xi

X j

å2

Thus
( di
−ci

)
is a global section ofG = F (2). The zeros of this section are

(1, 0, 0) and (1,±1, i) with multiplicity one. Thus we havec2(G ) = 3.
It follows from the formulac2(G (m)) = c2(G ) + mc1(G ) + m2, that
c2(Ex,y) = c2(G (−1)) = 3− 2+ 1 = 2 as claimed. �

Theorem 7.2. Let f , g∈ R[x, y] be algebraically independent. Then we
have c2(E f ,g′ ) = 2 · [C(x, y) : C( f , g)].

Proof. Let f ′(x, y) = f (x+ yr , y), g′(x, y) = g(x+ yr , y). It can be shown
that c2(E f ′,g′) = c2(E f ,g). Thus, by choosingr big enough, we may
assume thatf andg have as terms of higher degree monomialsyn and
ym. Assume thatn ≥ m.

Let x = X1/X3, y = X2/X3 and letF, resp.G be theX3-homogeni-
zation of f , resp.g. We define a rational mapΨ : P2

R → P
2
R which242

extends the mapϕ : A2
R → A

2
R given byx→ f , y→ g by Ψ(X1) = F,

Ψ(X2) = GXn−m
3 , Ψ(X3) = Xn

3. The mapΨ is not defined at (1, 0, 0). By
a sequence of blow-ups at real closed points we construct a resolution
of Ψ:

Y

π

��		
		
		
		
		
	

φ

��
55

55
55

55
55

5

P2
R Ψ

// P2
R
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SincePf ,g = ϕ
∗Px,y, we haveπ∗E f ,g ≃ φ

∗Ex,y outside of

Z = π−1({(1, 0, 0)}) ⊂ Y.

The setZ is a set of real lines. Thereforeπ∗E f ,g andφ∗Ex,y are anisotropic
over Z. In view of (3.2), the two bundlesπ∗E f ,g and φ∗Ex,y are iso-
morphic overY. Thus we havec2(E f ,g) = c2(π∗E f ,g) = c2(φ∗Ex,y).
degφ = 2. [C(x, y) : C( f , g)]. �

8 Curves of jump lines

8.1

Let E be a stable 2-bundle overP2
C with c1(E ) = 0 and letC(E ) be the

curve of jump lines ofE . By [1] we know that the degree ofC(E ) is
equal toc2(E ). We compute the equation of the curve of jump lines for
the following classes of bundlesE f ,g:

(1) g = y

(2) f ∈ R[x, y] is monic and has degreen as a polynomial inx. By
the last remark of (5.3) we may assume thatf is linear iny.

By (7.2), we know that the degree ofC f ,g = C(E f ,g) is 2n.

8.2
243

Let E3 be the restriction ofE f ,g to U3 = D(X3). A generatorγ3 for
C ⊗R E3 is given in (5.3) using affine coordinatesx = X1/X3 andy =
X2/X3. We have detγ3 = (X2

2 + X2
3)/X2

3. Let V2 = D(X2) ∩ D(X2
2 + X2

3)
and letH2 be the restriction of the constant sheafH0 to V2. Sinceγ3

invertible onU3∩V2, γ3 induces an isomorphismE3|U3∩V2

∼
−→ H2|U3∩V2.

Thus we can extendE3 to a bundleF overU = U3 ∩ V2 by takingH2

on V2 and glueing withϕ3 overU3 ∩ V2. SinceP2 − U = {(1, 0, 0)}, the
bundleF onU has a unique extension toP2, also denoted byF . Since
F |U3 ≃ E |U3, the bundlesF andE only differ by a twist onP2. Hence
they have the same curves of jump lines.
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8.3

The equationX1 = uX2 + vX3, u, v ∈ R gives a real lineL contained
in U = U3 ∪ V2 (see (8.2)). We compute the linesL which are jump
lines for F . Using affine coordinatesx = X1/X3 andy = X2/X3 and
substitutingx = uy+ v in γ3, we obtain a transition map

Γ =

Ç

1+ y2 y( f1 − i)
y(1+ y2) y2( f1 − i) − 2i

å

for F |L onU3∩ L∪U2∩ L, where f1(y) = f (uy+ v, y). SinceU3∩ L =
SpecR[y] and V2 ∩ L = SpecR[y−1, (1 + y−2)−1], we see that we have
to diagonalizeΓ, operating on the right overR[y] and on the lest over
R[y−1, (1 + y−2)−2], to determine the type ofF |L. In particular we can
reduce f1 modulo 1+ y2 by column operations. Thus we may assume
that f1 = A(u, v)y + B(u, v) is linear iny. By further row and column244

operations we check that a pair (u, v) gives a jump line if and only if
A(u, v)2

+ B(u, v)2
+ 1 = 0. Under the given hypothesis forf , this is

an equation of degree 2n, which by (7.2) is the degree of the curve of
jump lines. Thus we have the affine part of the curve. Homogenizing,
we obtain the full curve of jump lines.

Example 8.4. Let f = x, then f1 = uy+ v and the equation of the curve
of jump lines ofEx,y is

U2
+ V2

+W2
= 0.

9 Bundles with c2 = 2 and c2 = 4

9.1

LetH0 be the constant sheaf of quaternion algebras overP2
R and letE be

a normalisedH0-module of rank one withc2(E ) = 2. We know that the
curveC(E ) of jump lines ofE is a real conic without real points. Such
a conic is induced by the conic (8.4) through a real projective transfor-
mationρ ∈ PGL3(R). By a result of Barth [1], 2-bundles overP2

C with
c1 = 0 andc2 = 2 are isomorphic if and only if they have the same curve
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of jump lines. Thusρ∗Ex,y andE are isomorphic asH0-modules. Con-
versely, for anyρ ∈ PGL3(R), ρ∗Ex,y is a normalizedH0-module. Thus
the set of isomorphism classes ofH0-modules of rank one withc1 = 0
andc2 = 2 is in bijection with the orbit of the conicV(U2

+ V2
+W2)

under the action of groupPGL3(R). This gives an explicit description
of the 5-dimensional moduli space of these bundles (see (2.9)).

9.2

Let E be as in (9.1) and letρ ∈ PGL3(R) such thatρ∗Ex,y ≃ E . By 245

modifying ρ by an element in the isotropy group ofV(U2
+ V2

+W2),
we may assume thatρ fixes the line at infinityV(X3). Then we have
ρ∗Ex,y = E f ,g with f = ax + by+ c, g = a′x + b′y + c′, both linear.
The bundlesE f ,g andEx,y are isomorphic if and only ifc = c′ = 0 and(

a b
a′ b′

)
belongs to the orthogonal group of the quadratic form

(
1 0
0 1

)
. By

a similar argument, we see that the one-to-one correspondence between
normalizedH0-modules of rank one overA2

R andP2
R does not depend

on the embeddingA→ P2 for bundles withc2 = 2.

Example 9.3. As noticed by parimala, we can replacexy by x in γx,y

(see (5.3)) and obtain a new matrix

γ′ =

Ç

1+ y2 x− iy
y(1+ y2) y(x− iy) − 2i

å

with corresponding 1-cocycle

a′ =

Ç

1+ x2y2 −x(1+ y2) + iy(1+ x2)
−x(1+ y2) − iy(1+ x2) 4+ x2

+ y2

å

This cocycle belongs to some projective idealP of H[x, y] with reduced
norm given by the symmetric 4× 4-matrix.

S =

á

1+ x2y2 −x(1+ y2) 0 y(1+ x2)
−x(1+ y2) 4+ x2

+ y2 −y(1+ x2) 0
0 −y(1+ x2) 1+ x2y2 −x(1+ y2)

y(1+ x2) 0 −x(1+ y2) 4+ x2
+ y2

ë
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The matrixS gives the simplest known example of a nontrivial quadratic246

bundle overA2
R. We claim thatS is isometric to the norm onPx,y or that

P ≃ Px,y. Let ϕ : A2 → A2 be the quadratic transformation given by
x → xy, y → y. We havePx,y = ϕ

∗P. Sinceϕ is a birational map,
c2(P) = c2(Px,y) = 2 and the curve of jump lines ofP is a conic. By
computations as in (8.3), we obtain thatC(P) = V(U2

+V2
+W2). Thus

P ≃ Px,y as claimed.

9.4

Let f ∈ R[x, y] be monic and of degree 2 as polynomial inx and let
g = y. As already noticed we may assume thatf is linear iny. In view
of (7.2) the curve of jump lines ofE f ,g has degree 4.

We obtain by (8.3) an affine equation for the curve of jump lines of
the form

(u2
+ v2)2

+ p(u, v) = 0

wherep is of degree 3. For example,f = x2
+ a gives the equation

(u2
+ v2)2

+ 2a(u2 − v2) + (a2
+ 1) = 0.

These curves which have the two cyclic points. (1,±i, 0) as double247

points, are calledbicircular quartics. Since a quartic with two double
points depends on 12 parameters, we see that it is impossibleto obtain
all bundlesE with c1 = 0 andc2 = 4 which areH0-modules of rank
one, as translates of someE f ,y, f quadratic inx, for the action of the
groupPGL3(R).

10 Bundles over a quadric and extensions to P3

10.1

Another way to extend the projectiveH[x, y]-module Px,y to a bundle
overP2

R is to homogenize the sequence 4.3: We putH = H[X1,X2,X3]
and define a mapϕ : H2 → H by ϕ((1, 0)) = X1 + iX3 andϕ((0, 1)) =
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X2+ jX3. The kernal of the mapϕ is a graded module overR[X1,X2,X3]
and the associated sheaf overP2

R is a bundle which extendsPx,y.
This suggests the following construction of a bundle overP1

R × P
1
R:

We putH = H[X1,X2,U1,U2] and defineϕ : H2 → H by ϕ((1, 0)) =
X1 + iX2, ϕ((0, 1)) = U1 + jU2. The kernel defines a bundleE over
P1
R × P

1
R. Assuming thatE is normalized, we havec2(E ) = 2, and the

jump lines ofE are the four linesX2
1 + X2

2 = 0, U2
1 + U2

2 = 0. Let
Q ⊂ P3 be the image ofP′ × P1 by the Segre embedding. It follows by
results of Le Potier [8] thatE as a bundle overQ is the restriction of two
instanton bundles overP3. We can embedP1 × P1 into P3 in such a way
that the nonstandard real structure onP3

C induces the usual real structure
onP1×P1. Thus the restriction of an instanton bundle overP3

C to P1×P1

is a normalisedH0-bundle of rank one overP1 × P1. By a result of Le
potier mentioned above, any normalizedH0-bundle overP1 × P1 with
c2 = 2 is such a restriction. It would be interesting to know if this is true 248

for higher values ofc2.

10.2

Similarly, one can consider the bundles overP2 which are restrictions of
instanton bundles overP3. By results of Donaldson [3], these are stable
bundles which are trivial on the line at infinity. HenceH0-modules of
rank one overP2 are such restrictions, since they are trivial over any
real line. But there is,a priori, no relation between the quaternionic
structures on the bundles overP2 and overP3. Let π : A3

R → A
2
R be

the projection given by (x, y, z) → (x, y). As communicated to us by
Parimala, nontrivialH0-modules of rank one overA3

R of the formπ∗P,
P anH0-module overA2

R, cannot be extended asH0-modules toP3
R.
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On Projective Modules Over Positively
Graded Rings

By H. Lindel

Introduction
251

Let A be a noetherian ring of finite Krull dimension dim(A) = d. A
fundamental result of Serre says that every projectiveA-moduleP of
r = rank(P) > d has a unimodular elementp, i.e., an elementp such
that P splits into a direct sumP = Q ⊕ Ap. This reduces the study
of the structure of projective modules over finite dimensional noethe-
rian rings to the case

∨
= d. The maximalr ∈ |N such that there ex-

ists a projectiveA-module without unimodular elements is called the
Serre dimensionSerre-dim(A) of A. In 1979, Plumstead showed that,
for a polynomial ringR = A[T] in one indeterminateT, that Seree-
dim (A[T]) ≤ dim(A), thus settling a question of Eisenbud and Evans
[[7]). In 1981, Bhatwadekar and Roy generalized Plumstead’s result
by proving that Serre-dim (A[T1, . . . ,Tn]) ≤ dim(A) ([4, Theorem 3.1],
and Theorem 2.4 below). Recently, this result was extended to Lau-
rent polynomial ringsR = A[T1, . . . ,Tn,U±1

1 , . . . ,U
±1
m ] establishing a

positive answer to a question of Bass and Murthy ([3, Theorem4.1]],
and [2, § 9]). To look for further cases of ring extensionsR of A with
Serre-dim (R) ≤ dim(A) it seems to be sensible to consider ringsR that 252

are birationally equivalent to a polynomial ringA[T1, . . . ,Tn]. If, in this
casen = 1, we know by a result of Rao ([9, Theorem 1.1]) that indeed
Serre-dim (R) ≤ dim(A).

In studying the structure of projective modules, it can be useful to
consider projective modules over positively graded rings that we write

195
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in the usual formR =
⊕

i≥0
Ri (See, for example, the use of CriterionI

in [3]). The purpose of this paper is to give an elementary approach to
some basic theorems on projective modules over such rings. we give
some applications, but the approach itself is the main point.

In § 1, we generalise Quillen’s patching theorem ([8, Theorem 1])
from polynomial rings to positively graded rings (cf. Theorem 1.3):

Let M be a finitely presented module over a positively graded ring
R =

⊕

i≥0
Ri, A = R0. Then the set J(A,M) of all u ∈ A, for which Mu is

extended from Au, is an ideal in A.
In the case of a projectiveM or a flat extensionR/A, Murthy has

observed ([6, Theorem 3.6]) that Quillen’s technique applies. Our proof
is based on the crucial Matrix-Lemma 1.1 and does not depend on
Quillen’s techniques. In particular, we need no flatness assumption. The
above result was obtained independently by Artamonow ([1]).

As a first application, we derive a lovely result of Vorst ([10, Theo-
rem 3.2], and Theorem 1.5 below).

Let A be a noetherian ring such that all projective A[T1, . . . ,Tn]-253

modules are extended from A. Then every projective module over dis-
crete Hodge A-algebras is extended from A.

In § 2, we apply our matrix lemma to obtain in correspondence with
Criterion I in [3] (cf. (2.1)).

Let P be a projective module over a positively graded ring R=
⊕

i≥0
Ri . Assume there exists an element q∈ P, whose canonical images in

the localizations P1+R and P1+J(A,R), A = R0, are unimodular. Then P
has a unimodular element p with p− q ∈ R+P, R+ =

⊕

i≥1
Ri.

As a first application, we deduce the results of Plumstead andBhat-
wadekar/Roy on the Serre dimension of polynomial rings (cf. (2.4)).

If dim(R) ≥ dim(A)+1 andR is an affine algebra over a field, then in
the situation of Theorem 2.1 it suffices to know that the canonical image
q1+JR+ of q in P1+JR+ , J = J(A,P), is unimodular (cf. (2.5)).

In § 2, we apply our results to projective modules over “Segreexten-
sions” of a fieldk, i.e., to ak-algebraSmn = k[xi j ], 1 ≤ i ≤ m, 1 ≤ j ≤ n
with xi j xls − xisxl j = 0, 1≤ i ≤ m, 1 ≤ j ≤ n. We obtain the following
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results (Theorem 2.7 and Theorem 2.8)

(1) Every stably free Smm-module P of rank(P) ≥ 1 + min{m, n}, is 254

free.

(2) If k is infinite, then every projective Smn-module P ofrank(P) ≥
1+min{m, n} contains a unimodular element.

We have not made serious attempts to remove the additional assump-
tion on k in the assertion 2. It remains an open question, whether all
projectiveSmn-modules are free or at least stably free.

The Segre extensions can also be written asSmn = A[mT2, . . . ,mTn]

whereA = k[X1, . . . ,Xm] andm is the canonical maximal ideal
m
∑

i=1
AXi

of A, T2, . . . ,Tn indeterminates. If, in particular,n = 2, Smn appears as
the blowing up ofA in m, i.e. as the Rees ringSm2 =

⊕

i≥1
mn = A[mT].

Assume, more generally thatA is a regular ring and letp be a prime ideal
in A such thatA/p is regular. We are interested in an example where
projectiveA[T]-modules and projectiveA/p[T]-modules are extended
from A but projectiveA[pT]-modules are not extended fromA.
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1 The basic matrix lemma and the graded patch-
ing theorem

Let M be a module over a ringRand letA be a subring ofR. M is called
extended from A, if there exists anA-moduleN with M = R⊗A N. If
R =

⊕

i≥0
Ri is a positively graded ring withA � R0 thenN = M/R+M.
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In terms of relation modules, extendability can be expressed by saying
that M = Rn/RK, whereK is a submodule ofAn and RK is the R-
module generated by the vectors inK considered as vectors inRn. This
is a consequence of right exactness of the tensor product. Hence M
is extended fromA if and only if it can be presented by a matrix with
coefficients inA.

Now assume that there exist comaximal elementsu1, u2 ∈ A such
that Mi = Mui is extended fromAi = Aui , i = 1, 2. It is easy to see that
there exist two submodulesN1, N2 of M with the following properties:
(1) M = N1 + N2, (2) Mi = (Ni)i = (Ni)ui , i = 1, 2 (3) Ni has a relation
module Li ⊂ R such that RiLi , Ri = Rui , is generated by vectors with
components in the canonical image of A in Ai , i = 1, 2. The epimor-
phismsRsi → Ni with kernelLi give rise to a presentation ofM of the

form Rm j
−→ Rs1 ⊕Rs2 → M → 0, wherej(Rm) is the fiber product ofRs1

andRs2 over M with respect to the compositions ofRsi → Ni and the
natural inclusionNi → M, i = 1, 2. It follows from (2) thatul

i M ⊂ Ni256

for a suitablel ∈ N, i = 1, 2, and (1) allows to assume thatj is given by
a matrixD of the form

D =





















V2 0

ul
1E B1

B2 ul
2E′

0 V1





















, E andE′ unit matrics.

The submatricesVi presentNi, i = 1, 2. They can be chosen in the form

Vi =

Ç

Vi

Ci

å

, where the canonical image ofV′i in Mat(Ai) presents (Ni)i ,

i = 1, 2. This implies that, overR1, the row vectors ofD are generated
by the row vectors of

D1 =

Ö

V′2 0

ul
1E B1

è

,
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and that, overR2, they are generated by those of

D2 =

Ö

B2 ul
2E′

0 V1

è

.

Sinceu1 andu2 are comaximal, we see that inD the matricesVi can be
replaced byV′i , i = 1, 2. Therefore, we may assume that the matricesVi

themselves have coefficients inA. Notice that there exists at ∈ N such
that ut(ul

1ul
2E′ − B2B1) is a right multiple ofV1 andut(ul

1ul
2E − B1B2) 257

is a right multiple ofV2. To fix terminology, let us call a matrixD of
the described formfibred (over A with respect to u1, u2). We are going
to show that every fibred matrix over a positively graded ringR=

⊕

i≥0
Ri

is equivalent to its “constant term”, where “equivalence” means that we
need only elementary transformations.

Let us first fix some notation concerning positively graded rings
R =

⊕

i≥0
Ri . As usual, we setR+ =

⊕

i≥0
Ri and call ar ∈ Ri homogenous

of degreei. If r =
∑

i≥0
r i , thenr0 is the constant term ofr. In correspon-

dence with the decomposition ofR into a direct sum of homogenous
componentsRi, we have a decomposition of matricesB ∈ Mat(R) into
a sumB =

∑

i≥0
Bi, Bi ∈ Mat(Ri), which is canonically induced by the

decomposition of the coefficients. Everya ∈ R0 induces aR0-algebra

homomorphismha : R→ R with ha

Ç

∑

i≥0
r i

å

=
∑

i≥0
air i . If D is a matrix

overR, thenha · D(0) denotes the constant term ofD.
The next lemma is the crucial observation in our approach.

Lemma 1.1. Let R=
⊕

i≥0
Ri be a positively graded ring and let D be a

matrix with coefficients in R of the form

D =

à

ulE B1

B2 B3

0 V

í

,
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where Eis a unit matrix, Vhas coefficients in R0, and u∈ R0. Assume 258

that ut(ul B3 − B2B1) = GV, G a matrix, t a natural number. Then, for
all n > t + l and all a, c ∈ R0, the matrices ha(D) and ha+cun(D) are
equivalent.

Proof. We extendR to a polynomial ringR′ = R[T], T an indetermi-
nateR′ can be considered as a positively graded ring with homogeneous
componentsR′i = Ri [T], i ≥ 0. TheR0-algebra homomorphismsha,
a ∈ R0, extend canonically toR′0-algebra homomorphisms ofR′. Set
h = ha+cun. The matrixha(D) is equivalent to a matrix

D0 =

à

ul E h(B1)

h(B2) C

O V

í

whereC is a submatrix, whose relations withh(B3) andV will now be
described. There exist matricesL, L′ with
(

E O

L E′

)(

ulE ha(B1)

ha(B2) ha(B3)

)(

E L

O E

)

=

(

u1E h(B1)

h(B2) C

)

E′ a unit matrix. A simple calculation leads to

ulC − h(B2)h(B1) − ulha(B3) − ha(B2)ha(B1)

and hence to

ul(C − ha(B3)) = h(B2)h(B1) − ha(B2)ha(B1).

Sinceh(r) − ha(r) ∈ R′T for all r ∈ R1, we obtain thatC − ha(B3) and
h(B3)−ha(B3) are divisible byT. HenceC−h(B3) is divisible byT and
we haveC − h(B3) = HT, H a matrix. We have

ut(ulC − h(B2)h(B1)) = ut(ulha(B3) − ha(B2)ha(B1)) = ha(G)V.

Applying h to
ut(ul B3 − B2B1) = GV
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we obtain
ut(ulh(B3) − h(B2)h(B1) = h(G)V,

and hence 259

ut+1(C − h(B3)) =W0V0,W0 = ha(G) − h(G).

BecauseC−h(B3) = HT andV has coefficients inR0, T dividesW0 and
we haveW0 = WT for a matrixW. This impliesut+l H = WV. Now we
return fromR′ to R by the substitutionT → cun, n ≥ t + l, c ∈ R0, the
result of which we denote by a star “∗”. We haveC∗−h∗(B3) = cunH∗ =
SV, S = cun−1−tW∗h∗ = ha+cun+1. We obtain

D∗ =

à

ulE h∗(B1)

h∗(B2) h∗(B3) + SV

0 V

í

.

HenceD∗ it is equivalent toh∗(D). Becauseha(D) is equivalent toD0

with coefficients inR, it is equivalent toD∗0, whence toh∗(D). This
proves the assertion. �

In terms of modules, Lemma 1.1 implies the following

Theorem 1.2. Let M be a finitely presented module over a positively
graded ring R=

⊕

i≥0
Ri. Assume that M= R⊗R′ M′, R′ = ha(R) for an

a ∈ R0 and M′ a finitely presented R′-module. If M′u is extended from
(R0)u for a u ∈ R0, then M is extended from ha+cun(R) for all c ∈ A and
sufficiently high n∈ N.

Proof. SinceM′u is extended from (R0)u’ it can be presented by a matrix
of the formha(D) whereD has the form as in Lemma 1.1. By Lemma260

1.1, M can be presented by every matrixha+cun(D), c ∈ R0, n ∈ N
sufficiently high. �

Now it is easy to generalize Quillen’s patching theorem ([8,Theo-
rem 1]) from polynomial rings to positively graded rings.
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Theorem 1.3. Let M be a finitely presented module over a positively
graded ring R=

⊕

i≥0
Ri and let J(A,M) be the set of all u∈ A, A = R0

for which Mu is extended from Au. Then J(A,M) is an ideal in A. If, for
all maximal idealsm of A, the localizations Mm = MA\m are extended
from Am, then M is extended from A.

Proof. It suffices to show thatM is extended fromA, if there exist two
comaximal elementsu, v ∈ J(A,M). If a = 1 it follows from (1.2) that
M is extended fromha(R), a = 1 + dvn, for all d ∈ A and sufficiently
high n ∈ N. Sinceu andv are comaximal,M can be presented by a
fibred matrixD with respect tov andu. Thenha(D) is also fibred with
respect tov andu and it presentsM by Lemma 1.1. HenceM is not
only extended fromha(R) but also an extension of aha(R)-moduleM′

such thatM′u is extended fromAu. HenceM is extended fromha+cun(R)
for all c ∈ A and sufficiently highn ∈ N. Sinceu, v are comaximal, it
follows thatM is extended fromA = h0(R). �

1.4

The importance of Quillen’s patching theorem in case of a polynomial
ring R = A[T] comes from the possibility to generalize the “local Hor-261

rocks theorem” to the affine Horrocks theorem. Avoiding the use of
monic polynomials the local Horrocks theorem can be formulated as
follows: Let P be projective module over a polynomial ring A[T], where
A is local. Assume there exists a free submodule F of P such that P/F
is a finite A-module. Then P is free.Quillen’s patching theorem shows
that this theorem remains valid for an arbitrary ringA. In the case of
positively graded rings, one can show the following generalized version
of Horrocks theorem:Let P be a projective module over a positively
graded ring R=

⊕

i≥0
Ri, A = R0 a noetherian ring of finite Krull di-

mension d and R= A[x1, . . . , xn], xi homogeneous of positive degree.
Assume thatdimR = d + 1 and that(Rx1 : R+) ∩ R+ = Rx1. If there
exists a projective submodule F of F such that F is extended from A and
P/F is a finite A-module, then P is extended from A.This result does not
look very satisfactory. We have not found really interesting applications
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and omit the proof.
Let us add the remark that Roitman’s converse of Quillen’s patching

theorem also extends to the graded case:Let R be a positively graded
ring as above with A as its zero component and let S be any multi-
plicative subset of A. If all projective R-modules are extended from A
then all projective Rs-modules are extended from A then all projective
Rs-modules are extended from As.

We finish this section with an interesting result of Vorst ([10, Theo-
rem 1.1]).

Theorem 1.5 (Vorst). Let A be a noetherian ring such that all projec-262

tive A[T1, . . . ,Tn]-modules are extended from A. Then every projective
module P over a discrete Hodge A-algebra is extended from A.

Proof. Recall thatR is a discreteA-Hodge algebra, ifR is isomorphic to
a residue class ringA[T1, . . . ,Tn]/a, wherea is generated by monomials.
It is easy to see that it suffices to treat the case thatR is reduced. Thena
is generated by square free polynomials. We induct onn. If n ≤ 1, then
R = A or R = A[T] if allow a = 0. Supposen ≥ 2. The ideala can be
written asb0 + b1T, T = Tn, whereb0 andb1 are generated by square
free monomials inB = A[T1, . . . ,Tn−1]; C = B/b0 is a discrete Hodge
A-algebra and by the induction hypothesis all projectiveC-modules are
extended fromA. We haveR= C[T]/b1T, where the bar denotes residue
class formation modulob0 ·D = C/b1 � B/(b0, b1), is a discrete Hodege
A-algebra and henceD[T] is a discrete HodgeA[T]-algebra. By the
induction hypothesis, all projectiveD-modules are extended fromA.
Now, we have the following result: �

Lemma 1.6. Let C[T] be a polynomial ring over a ring C and letb be
an ideal in C and R= C[T]/bT. If every projective C/b[T]-module is
extended from C/b then every projective R-module is extended from C.

Proof. Let t denote the residue class ofT modulobT. One hasbt = 0 in
R = C[t] and henceRb = b. SinceR/Rb = C/b[T], for every projective
R-moduleP, the factor moduleP/bP is extended fromC/b. Notice that
R is a gradedC-algebra,R =

⊕

i≥0
Ri with Ri = Ctit. By Theorem 1.3, 263



204 H. Lindel

it suffices to handle the case thatC is local. ThenP/bP is free. Set

r = rankP/bP. There exist a submoduleF =
r
∑

i=1
R fi such that the residue

classesfi of fi modulo,bP, 1 ≤ i ≤ r, form a basis ofP/bP. We have
P = F + bP. SinceRb = b, there exists ab ∈ b such that (1+ b)P ⊂ F.
But C is local and hence 1+ b a unit. SoP = F. If

∑

r i fi = 0, then
r i ∈ b for all 1 ≤ i ≤ n, becauseF/bF is free andRb = b. This implies
thatP is extended fromC. �

Due to this lemma applied toD = C/b1, we obtain that projective
R-modules are extended fromC, whence, fromA, by the induction hy-
pothesis. This proves Vorst’s result.

2 Unimodular elements in projective modules over
graded rings

Let P be a projective module over a commutative ringR, and letP∗ =
HomR(P,R) be the dual ofP. An elementP ∈ P is calledunimodular
if the ideal 0P(p) = {ϕ(p), ϕ ∈ aP∗} equals the whole ringR. This
is equivalent to the property thatRp is a direct summand ofP. If P
is generated by elementsp1, . . . , pm andP∗ by elementsq∗1, . . . , q

∗
n, the

module P is isomorphic to the module that is generated by the rows
(q∗1(pi ), . . . , q∗n(pi)), 1 ≤ i ≤ m, of the matrix (q∗i (pi )), 1 ≤ i ≤ m, 1 ≤
j ≤ n. We call such a matrix apresenting matrixof P. In this “matrix
picture” an elementp is unimodular if and only if the coefficients of the
corresponding row generate the whole ring.

Assume that there exists an elements in a subringA of R such that264

Ps is free. Sett = rankPs. It is easy to see that then there exist a
submoduleF of P with a systemf1, . . . , ft of generators and homomor-
phisms f ∗1 , . . . , f

∗
t ∈ P∗ and l ∈ N such thatslP ⊂ F and f ∗i ( f j) = slδii

whereδi j is the Kronecker symbol. If we include thefi, 1 ≤ i ≤ t, in
a system of generators ofP, we obtain a presenting matrixD of P with
a submatrixslE, E a t× t-unit matrix, and with rankDs = t whereDs

denotes the canonical image ofD in Mat(Rs). Let us call a matrixD
with this porpertys-distinguished.
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The following theorem corresponds to CriterionI in ([3]). It is the
main result of this section.

Theorem 2.1. Let P be a projective module over a positively graded
ring R =

⊕

i≥0
Ri. Assume that there exists an element q∈ P such that

q1+R+ ∈ Um(P1+R+) and q1+J ∈ Um(P1+J), J = J(R0,P). Then P
contains a unimodular element p with p− q ∈ JR+P.

Proof. The assumptions onq1+R+ andq1+J mean that (0P(q),R+) = R
and (0P(q) ∩ A, J) = A, A = R0. Hence it follows that there exist a
finitely generated idealI = (u1, . . . , ut) ⊂ J with (0P(q) ∩ A, I ) = A.
BecauseP is projective, we may assume, without loss of generality, that
Pui is free. 1≤ i ≤ t. By the remark preceding the theorem, we see that
P is presentable by a matrixD that isui-distinguished for alli, 1≤ i ≤ t.
Let I j = (u1, . . . , u j) ⊂ I , 1 ≤ j ≤ t. We show by induction that to every265

j there exists an ∈ N such thatD is equivalent to all matricesha(D),
a ∈ 1+In

j . SinceD is u1-distinguised it has the form described in Lemma
1.1 withu = u1 (up to permutations of rows and columns) including the
additional assumption stated in the lemma. So the assertionin case of
j = 1 follows from Lemma 1.1 withu = u j+1, j < t, and hence we
obtain thatha(D) and soD itself is equivalent to all matricesha+cun

j+1
(D),

c ∈ A andn suitably high. This finishes the induction. In casej = t,
we have that for a suitably highn ∈ N the matrixD is equialent to all
ha(D), a ∈ 1+ In. It follows from A = (0P(q) ∩ A, I ) that there exists a
w ∈ In with 1+ w ∈ 0P(q), and henceD is equivalent toD′ = h1+w(D).
If q corresponds to a row of the form (q∗1(q), . . . , q∗l (q)), P∗ =

∑

Rq∗i ,
then the corresponding row ofD′ has the form (v∗1(p), . . . , v∗1(p)) for a
p ∈ P and P∗ =

∑

Rv∗i such thatv∗i (p) = h1+w(q∗i (q)), 1 ≤ i ≤ l.
Sinceh1+w(a) = a for a ∈ A we obtain 0P(q) ∩ A ⊂ 0P(p) ∩ A, whence
1+w ∈ 0P(p). Therefore 0P(q) contains the constant terms of thev∗i (p),
1 ≤ i ≤ l, which are equal to the constant terms ofq∗i (q) for eachi. But
these constant terms generateA. This shows thatp is unimodular and
that p− q ∈ wR+P ⊂ JR+P. �

The following result of Eisenbud and Evans ([5]) is crucial for our
applications of Theorem 2.1.
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Theorem 2.2. Let P be a projective module of rank r over a noetherian266

ring A and let p= (p1, a) be a unimodular element of P⊕A. Then there
exists a p2 ∈ P such that ht(0p(p1 + ap2)) ≥ min{r, ht(0p ⊕A (p)}.

For example, this theorem implies a well known theorem of Serre:

Theorem 2.3. Let A be a noetherian ring of finite Krull dimension d.
Every projective A-module P of rank(P) ≥ d + 1 has a unimodular
element.

In 1979, Plumstead [P] settled a question of Eisenbud and Evans,
which asked whether (2.3) remains valid for a polynomial rign A[T].
In 1981, Bhatwadekar and Roy generalized Plumstead’s result making
available Plumstead’s patching technique for many indeterminates. As
a kind of justification of our matrix pictures, we now give a short deduc-
tion of their result from Theorem 2.1.

Theorem 2.4 (Bhatwadekar/Roy). Let P be a projective module over a
polynomial ring R= A[T1, . . . ,Tn], A a noetherian ring ofdimA = d.
If rank (P) ≥ d + 1, then P has a unimodular element.

Proof. We use induction onn. It suffices to handle the case thatR is
reduced. Ifn = 0, the assertion follows from (2.3). Supposen ≥ 1.
If d = 0, thenA is a direct product of fields andP is even free, by the
Theorem of Quillen and Suslin ([8]). Letd ≥ 1. The localizationPS

of P at the setS of non zero divisors ofR is free because dimRS =267

0. Therefore, there existss ∈ S such thatPs is free, and hence the
Quillen idealJ = J(A,P) has height≥ 1. Following the procedure of
Bhatwadekar and Roy, we consider the factor moduleP = P/JTPover
R = R/(JT) = A[T1, . . . ,Tn−1], whereA = A[T]/(JT), T = Tn. By
the induction hypothesis,P contains a unimodular element. This means
thatP contains an elementq with (0P(q), JT) = R. Theorem 2.2 allows
to assume thatht(0P(q)) = d + 1. There exists a Nagata transformation
of indeterminate of the formT′i = Ti + Tr i , 1 ≤ i ≤ n− 1, T′ = T, such
that 0P(q) contains a polynomialf (T) that is monic inT over the ring
R′ = A[T1, . . . ,T′n−1]. Furthermore, 0P(q) contains an elementg of the
form g = 1 + hT with h ∈ RJ. The resultant res (f , g) of f andg in R′
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has the form 1+ h′, h′ ∈ R′J. Hence (0P(q) ∩ R′, J(R′,P)) = R′. Now
Theorem 2.1 implies thatP contains a unimodular element. �

The following theorem generalizes Plumstead’s result ((2.4) with
n = 1):

Theorem 2.5. Let R=
⊕

i≥0
Ri be a positively graded ring, A= R0 noethe-

rian of finite dimension d. Assume that R is finitely generated, R =
A[t1, . . . , tn], ti homogeneous in R+, 1 ≤ i ≤ n with dimR = d + 1. Fur-
ther assume that the kernel of an A-epimorphismϕ from A[T1, . . . ,Tn] to
R withϕ(T1) = ti has ht(kerϕ) ≥ n− 1. Let P be a projective R=module
of rank P≥ dimR. If P1+JR+ , J = J(A,P), has a unimodular element,
then P has a unimodular element.

Proof. There exist aq ∈ P such that (0P(q), JR+) = R. By the result of 268

Eisenbud and Evans (see 2.2), we may assume thatht(0p(q)) ≥ d + 1.
Sinceht(kerϕ) ≥ n − 1, the inverse imageb = ϕ−1(0P(q)) of 0P(q) has
ht(b) ≥ n+d = dim B. After suitable Nagata transformations of indeter-
minates (cf. the proof of (2.4)) we obtain indeterminatesT′1, . . . ,T

′
n with

B = A[T′1, . . . ,T
′
n] and a sequence of polynomialsf1(T′1), . . . , fn(Tn)

such thatf1(Ti) is monic inTi with coefficients inA[T1, . . . ,Ti−1], 1 ≤
i ≤ n. It follows that B = B/b is a finiteA/b ∩ A-module, and hence
we conclude fromBJ = B that (0P(q) ∩ A, J) = A. Now the assertion
follows from Theorem 2.1. �

Remark 2.6. We do not know, if Theorem 2.5. remains valid without
the special assumption onht(kerϕ). But in case of affine algebras over
a field, this assumption is fulfilled. To have a simple example, let us
handle a well-known case: LetR = k[x, y, z], zn − xy = 0, k a field.
Murthy has shown that projectiveR-modules are free. SinceR is graded
and normal, we have Pic(R) = 0. So it remains to show that a given
projectiveR-moduleP of rank P ≤ 2 has a unimodular element.R is a
gradedA-algebra withA = k[x] and dimR = 2 = 1+ dim A. Moreover,
Rx = Ax[z], zalgebraically independent overAx. SoPx is free andx ∈ J.
This implies dimR/JR+ = 1, R+ = (y, z), degy = n, degz= 1. By (2.3)
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P/JR+P has a unimodular element. Now we conclude from (2.5) thatP
has a unimodular element.

Now we shall consider projective modules over Segre extensions of
a fieldk. Let us first fix some notation.

Let k be a field and letX = (Xi j )1≤i≤m,1≤ j≤n be a matrix of indetermi-269

natsXi j overk. Let dmn be the ideal in the polynomial ringk[X] which
is generated by the 2× 2-minors ofX. We call the residue class ring
Smn = K[X]/dmn a Segre extensionof k. The residue classes ofXi j will
be denoted byxi j , 1 ≤ i ≤ m, 1 ≤ j ≤ n. So Smn is defined by the
relationsxi j xlt − xit xl j = 0, 1 ≤ i, l ≤ m, 1 ≤ j, t ≤ n. The maximal
ideal in Smn which is generated by thexi j is denoted byn(Smn). It is
easy to see thatht(dmn) = (m− 1)(n − 1), dimSmn = m+ n− 1 and that
Smn is normal. One has an ascending chainSm0 ⊂ Sm1 ⊂ . . . ⊂ Smn

with dimSm,i+1 = dimSmi + 1 andSm j is in an obvious way, a pos-
itively gradedSmi-algebra and birationally equivalent to a polynomial
ring in one variable overSm, j−1, 1 ≤ i ≤ j ≤ n. Notice that (Smn)xi j is
isomorphic to a Laurent polynomial ringk[Y1, . . . ,Ym+n−1,Y−1

1 ]. Hence
the localizationsPxi j of a projectiveSmn-moduleP at xi j are free for
1 ≤ i ≤ m, 1 ≤ j ≤ n. This implies that the Quillen idealJ of P in
Sm,n−1 contains the maximal idealn(Sm,n−1). ThereforeP is extended
from Sm,n−1, if Pz is extended from(Sm,n−1)z for a z ∈ n(Sm,n−1). By
Rao’s theorem ([9, Theorem 1.1]) we know thatevery projective Smn-
module P of rank(P) ≥ dim(Smn) has unimodular element and that
stably free Smn-modules of rank equal todim(Smn) are free.

In this special case, we can prove stronger results. At first,we con-
sider stably free modules.

Theorem 2.7. Let R= Smn be a Segre extension of a field k with m≤ n.270

Every stably free R-module P of rank(P) ≥ m+ 1 is free.

Proof. Let us first assume thatk is infinite. We proceed by induction
on n. If n = 1, P is even free, becauseSm0 is a polynomial ring inm
indeterminate overk. Supposen ≥ 2. We show thatP is extended from
Sm,n−1. It suffices to treat the caseP⊕R= Rr+1, r = rank(P). ThenP can
be presented by a unimodular vectorv ∈ Umr+1(R). By known results of
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ideal theory, we can assume thatht(a) = r and (a, n(R)) = R whereq is
the ideal generated by the firstr components ofv. The inverse imagéa of
a in the polynomial ringR′ = k[X] has heightht(a’) = r+(m−1)(n−1) ≥
(m − 1)n + 2. This implies that the contractions,bi = à ∩ Bi of á’
to the subringBi = k[Xil , . . . ,Xin], haveht(bi ) ≥ 2, because, by this
contraction,n(m− 1) indeterminates are eliminated, 1≤ i ≤ m. Since
ht(bi ) ≥ 2, the bi contain ahomogenouspolynomial fi , 1 ≤ i ≤ m.
Becausek is infinite, there existc j ∈ k such that after the homogenous
linear transformationXin = Xin, Xi j = Xi j + c jXin, 1 ≤ j ≤ n − 1, the
fi are monic inXin, 1 ≤ i ≤ m. SinceXi j Xlt − Xit Xl j = Xi j Xlt − Xit Xl j ,
1 ≤ i, 1 ≤ m, 1 ≤ j, t ≤ n, we may assume, without loss of generality,
that the fi are monic inXin, 1 ≤ i ≤ m. It follows that (a,Rn(B)) = R,
B = Sm,n−1. Moreover,R/a is a finiteB/a∩B-module. Hence we obtain
(a ∩ B, η(B)) = B. Thus, we have shown that there exists az ∈ B\n(B)
such thatPz is free and henceJ(B,P) , n(B). As remarked above,
we haven(B) ⊂ J(B,P), whenceB = J(B,P). This shows thatP is
extended fromB. If k is finite, adjoin an indeterminateU to R. Since 271

k(U) is infinite, k(U) ⊗k P is free, and henceR[U] ⊗R P is free by the
affine Horrocks theorem. ThereforeP is free. �

Theorem 2.8. Let P be a projective module over a Segre extension R=
Smn of an infinite field k, m≤ n. Every projective module P of rank
(P) ≥ m+ 1 has a unimodular element.

Proof. We proceed by induction onn. If n = 1, P is even free. Let
n = 2 and letp denote the (prime) ideal inR which is generated by the
coefficients of then-th column of the matrix (xi j )1≤i≤m,1≤ j≤n. R = R/p
is a Segre extension isomorphic toSm,n−1. By the induction hypothesis
P = P/pP has a unimodular element, and henceP contains an element
q with (0P(q), p) = R. By the theorem of Eisenbud and Evans (see
(2.2)), we may assume thatht(0P(q)) ≥ m+ 1. As shown in the proof of
Theorem 2.6, we can assume without loss of generality thatR/0P(q) is
a finiteB/B∩ 0P(q)-module,B = Sm,n−1. Furthermore we may assume
that (0P(q),Rn(B)) = R. This implies thatB = (0P(q)∩B, n(B)). SinceR
is a positively gradedB-algebra withR+ = p and sinceJ(B,P) ⊃ n(B),
we conclude from Theorem 2.1 thatP has a unimodular element. �
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Remarks 2.9. Theorem 2.8 should be valid for arbitrary fields, but we
have no convincing argument to show this. We must leave it as an open
question, if all projectiveSmn-modules are free. Because we do not
believe that this question has an affirmative answer, we are interested in
calculatingK0(Smn).
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Vector Bundles OnP2 And Torsion Sheaves
On The Dual Plane

By M. Maruyama

Introduction
275

W. Barth found a beautiful relationship between rank-2 netsof quadrics
and stable vector bundles of rank-2 on the projective planeP

2 with the
first Chern class zero ([2]). Then, in [7], K. Hulek defined a pre-stable
Kronecker module and succeeded in describings-stable vector bundles
onP2 in terms of it. The notion of Kronecker modules is a generalization
of nets of quadrics. In fact, a net of quadrics is nothing but asymmetric
Kronecker module.

For a non-degenerate Kronecker moduleα, we can define the dis-
criminant curve∆(α) in the dual plane and anO∆(α)-module L (α).
Moreover, the couple (∆(α),L (α)) determinesα ([7, p. 124, 125]).
Whenα is a net of quadricsL (α) becomes aθ-characteristic on∆(α),
inheriting the symmetry ofα. Thus we come to the known result that
the classification of non-degenerate nets of quadrics reduces to that of
couples of a plane curve and a generalized, ineffectiveθ-characteristic
(see, for example, [4] and Corollary 2.12.4 of this article).

If α is obtained from a vector bundleF on P2, the non degeneracy276

means that
(1.10.2) for general linesℓ in P2, F |ℓ≃ O

⊕r(F)
ℓ

.

In this way, ans-stable vector bundle onP2 with the property (1.10.2)
gives rise to a couple of a curve in the dual plane and a coherent sheaf on
it. The main purpose of this work is to study the inverse of this process.
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A remarkable property ofL (α) is

H0(∆(α),L (α)) = H1(∆(α),L (α)) = 0.

Taking note of this, we shall start with, instead of a Kronecker module,
a coherent sheafL on the dual planeP∗ with the following property:

(2.3.1)L is a torsion sheaf such thatH0(P∗, L) = H1(P∗, L) = 0.
Then we have the following resolution (Proposition 2.5):

(2.5.1) 0→ OP∗(−1)⊕n α
−→ O

⊕n

P∗ → L(1)→ 0.

α is represented by ann× n-matrixα(L) whose entries are linear forms
on P∗. Theα(L) is a Kronecker module and the curve inP∗ defined by
detα(L) = 0 is the discriminant curve∆(α(L)) The givenL carries an
O∆(α(L))-module structure which is theL (α(L)) stated in the above.

Therefore, we shall take, on one hand, the full subcategoryC of the277

category of coherentOP∗-modules whose objects have the properties
(2.3.1) and (2.3.2). The property (2.3.2) corresponds to a half of 1.2.2
of [7]; dim

(
αT(ϕ ⊗ V∗)

)
≧ 2 (see Corollary 2.13.2). On the other hand,

let V be the full subcategory of the category of coherent sheaves on
P

2 such that anF is contained inV if F is a vector bundle with the
properties (1.10.2),H0

(
P

2, F
)
= 0 andc2(F) = r(F). Our main result

(Main Theorem 2.16) is then stated as follows.

Main Theorem. There is an equivalence between two categoriesV and
C .

Barth [2] and Hulek [7] used the monads to get vector bundles from
nets of quadrics and Kronecker modules. We shall construct avector
bundle inV from a member ofC by exploiting a flag manifold and di-
rect image functors. An observant reader will find the idea ofelementary
transformations behind our construction of vector bundles.

We know two types of good monads fors-stable vector bundlesE
onP2 with c1(E) = 0([3], §6).

M1 : OP(−1)⊕n → O
⊕(2n+r)
P → OP(1)⊕n



Vector Bundles OnP2 And Torsion Sheaves On The Dual Plane 215

M2 : OP(−1)⊕n a
−→ ΩP(1)⊕n b

−→ O
⊕(n−r)
P

whereP = P2, c2(E) = n and r(E) = r. The former was used by K.
Hulek and W. Barth employed the latter in the case ofr = 2. If we
describe a vector bundleF in V by M2, thenb = 0 and henceF is 278

isomorphic to coker(α) becausen = r. By using the resolution (2.5.1)
and Corollary 3.6.1, we also get to the monad.

For generals-stable vector bundles, the connection between our re-
sults and the monadology will be revealed by Theorem 4.8. Thus our
results must be interpreted in terms of the monad of typeM2 if one
follows the work of W. Barth in [2]. The author hopes, nevertheless,
that his results will serve deeper understanding of the relation between
vector bundles onP2 and plane curves.

We have a nice application of our viewpoint to the study of moduli
spaces of stable vector bundles onP2 with the first Chern class zero. It is
easy to see that the second Chern classc2 is greater than or equal to the
rank r. If one fixesc2, then the extreme casec2 = r is, in some sense,
most important. In fact, we shall show that a good part of the other
moduli space is a subscheme of that of the extreme case (Proposition 1.7
and Theorem 5.6). The structure of the moduli space of the extreme case
will be studied in a forthcoming paper.

This work was completed while the author was staying at Tata Insti-
tute of Fundamental Research. He wishes to express his hearty thanks
to the mathematicians at the Institute for their hospitality and their stim-
ulation given to him.

Notation and convention.
A variety in this article is geometrically integral algebraic scheme

over a field. For a coherent sheafF on a varietyX, hi(X, F) denotes 279

dim Hi(X, F) and r(F) does the rank ofF, that is,F |U≃ O
⊕r(F)
u on a

non-empty open setU. F∗ is the dual HomOX(F,OX) of F. If E is
a coherent sheaf onP2, we can define the first and the second Chern
classesc1(E), c2(E). Since all the cycles onP2 are determined by their
degrees up to the rational equivalence,c1(E) andc2(E) can be regarded
as integers.
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§1 Vector bundles onP2 with c1 = 0 and c2 = r .

First of all, let us recall the definition of stable sheaves.

Definition 1.1. Let (X,OX(1)) be a couple of a non-singular projec-
tive variety X over a fieldk and an ample line bundleOX(1) on X.
For a coherent sheafG on X with r(G) > 0, PG(m) is the polyno-
mial χ(G(m))/r(G), whereχ(G(m)) =

∑
(−1)ihi(X,G(m)). µ(G) is de-

fined to be the rational numberd(G,OX(1))/r(G), whered(G,OX(1))
is the degree ofc1(G) with respect toOX(1). For an overfieldK of k
and for a coherent sheafG on XK = X ⊗k K, PG(m) andµ(G) denote
those with respect to (XK ,OXK (1)), respectively. A coherent sheafE
on X is stable (semi-stable,µ-stable orµ-semi-stable) with respect to
OX(1) is (a)E is torsion free and (b) for every coherent subsheafF of
E ⊗k k with 0 < r(F) < r(E), we havePF(m) < PE(m) for all large
m(PF(m) ≦ (PE(m) for all largem, µ(F) < µ(E) or µ(F) ≦ µ(E), resp.).
WhenE is locally free, a stable (semi-stable,µ-stable orµ-semi-stable)
sheaf is called a stable (semi-stable,µ-stable orµ-semi-stable, resp.)
vector bundle.

For a coherent sheaf onP2 which we are mainly concerned with in
this article, the above four notions are independent of the choice of the280

ample line bundle.

Notation 1.2. We shall fix a base fieldk which is not necessarily alge-
braically closed.P denotes the projective planeP2

k.
The following seems to be known.

Lemma 1.3. Let E be a torsion free coherent sheaf on P. If c1(E) = 0,
c2(E) ≦ 0 and if E isµ-semi-stable, then E is isomorphic toO

⊕r
P .

Proof. Let us prove the lemma by induction onr = r(E). If r = 1,
thenE′ = (E∗)∗ is OP. Sincec2(E) = h0 (P,E′/E) is positive or zero
according asE , E′ or E = E′, we see thatE = E′ ≃ OP by our
assumption thatc2(E) ≦ 0. Assume thatr(E) = r > 1 and if r(E) < r,
our assertion is true. By our assumption, we see that forE′ = (E∗)∗,
c1(E′) = 0 andc2(E′) ≦ c2(E) whose equality holds if and only if
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E = E′. Thus, replacingE by E′, we may assume thatE is locally free.
Theµ-semi-stability ofE implies thath2(P,E) = h0(P,E∗(−3)) = 0 and
henceh1(P,E) = −r +c2(E) if h0(P,E) = 0. This is not the case because
c2(E) ≦ 0. Therefore, by using a non-zero section ofE, we have an
exact sequence

0→ OP→ E→ F → 0.

By the assumption thatE is µ-semi-stable we see thatF is torsion
free. Sincec1(F) = c1(E) andc2(F) = c2(E), our induction hypothesis
implies thatF is isomorphic toO⊕(r−1)

P and thenE ≃ O
⊕r
P . Q.E.D

The above is said in other words: 281

Corollary 1.3.1. If E is aµ-semi-stable sheaf on P with c1(E) = 0, then
c2(E) > 0 or E ≃ O

⊕r
P .

The results of this section are based on the following.

Lemma 1.4. Let E and F be coherent sheaves on P with c1(E) =
c1(F) = 0. Assume there exists an exact sequence

0→ E→ F
Ψ
−→ O

⊕r
P .

(1) If F is stable, c2(F) = r(F) and if Ψ is generically surjective,
thenΨ is surjective.

(2) If Ψ is surjective, E isµ-stable, F is locally free and H0(P.F) = 0,
then F is stable.

Proof. (1) Put im(Ψ) = E′ and O
⊕r
P /E′ = T. SinceΨ is generi-

cally surjective,T is a torsion sheaf. If dim Supp(T) = 1, then
d(E′OP(1)) < 0 and henceF is not µ-semi-stable, a fortiori,
not stable. Thus dim Supp(T) ≦ 0 and then it is easy to see
that c2(E′) = h0(P,T) = s and c1(E′) = c1(E) = 0. Sup-
pose thats < r · t = h0(P,E′) ≧ h0

(
P,O⊕r

P

)
− h0(P,T) = r −

s > 0. NowΨ is surjective if and only ift = r. Assume that
t < r. SinceO

⊕t
P = H0(P,E′) ⊗k OP is a subbundle ofO⊕r

P =

H0
(
P,O⊕r

P

)
⊗k OP, theO

⊕t
P is a subsheaf ofE′. By replacingE
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by Ψ−1
(
O
⊕t
P

)
, we may assume thats ≧ r becausec2

(
E′/O⊕t

P

)
=

c2(E′) = s and r
(
E′/O⊕t

P

)
= r − t. By virtue of our assump-

tion c2(E) = r(F) − s. Then Riemann-Roch Theorem shows that
PE(m) = m2/2+ 3m/2− (r(F) − s)/r(E) + 1. On the other hand,
PF(m) = m2/2+3m/2−r(F)/r(F)+1. These together with the in-
equality−(r(F)− s)/r(E) ≧ (−r(F)+ r)/r(E) = −r(E)/r(E) = −1282

contradict the stability ofF.

(2) Let F′ be a coherent subsheaf ofF such that 0< r(F′) < r(F)
andF/F′ is torsion free. SinceF is µ-semi stable,d(F′,OP(1)) ≦
0. If d(F′,OP(1)) < 0, it is obvious thatPF′ (M) < PF(m) for
all large m. We may assume, therefore, thatc1(F′) = 0. It is
well-known thatF′ is locally free. ForE′ = F′ ∩ E, F′/E′

can be regarded as a subsheaf ofO
⊕r
P . If E′ = 0 then F′ it-

self is a subsheaf ofO⊕r
P . Then F′ must beO

⊕s
P because it is

locally free andc1(F′) = 0. This violates the assumption that
H0(P, F) = 0. Hence we have thatr(E′) > 0. SinceE is µ-stable,
d(E′,OP(1)) < 0 or r(E) = r(E′). The former is not the case
becaused(F′,OP(1)) = d(F′/E′,OP(1)) + d(E′,OP(1)) < 0 if
that holds. In the latter case, the difference betweenPF′(m) and
PF(m) is at most on constant terms which are−c2(F′)/r(F′) + 1
and−c2(F)/r(F) + 1, respectively. On the other hand,E/E′ is a
subsheaf ofF/F′ which is torsion free. This andr(E′) = r(E)
imply that E = E′. Then, we see thatPF′ (m) < PF(m) for all
largem because

−c2(F′)
r(F′)

=

{
c2(E) + c2

(
F′

E

)}

r(F′) ≦ −c2(E)
r(F′)

<
−c2(E)
r(E)

=
−c2(F)
r(F)

=
−c2(F)
r(F)

by virtue of Corollary 1.3.1
Q.E.D

For a vector bundleF on P with c1(F) = 0 andc2(F) = r(F),
Lemma 1.4 provides us with a relation between the stability and the
s-stability ([7]).
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Corollary 1.4.1. If F is a stable vector bundle on P with c1(F) = 0
and c2(F) = r(F) and if h0(P, F∗) = s, then F is an extension ofO⊕s

P
by a vector bundle E with H0(P,E∗) = 0. Moreover, E is uniquely
determined by F.

Proof. SinceF is stable,F∗ is µ-semi-stable. Then it is easily seen that283

O
⊕s
P = H0(P, F∗) ⊗k OP is subsheaf ofF∗. The sheafE =

(
F∗/O⊕s

P

)∗
is

locally free and we have the following exact sequence

0→ E→ F
Ψ
−→ O

⊕s
P

Ψ is generically surjective and we can apply Lemma 1.4, (1) to the above
sequence.F is, therefore, an extension ofO

⊕s
P by E. The rest of our

assertion is obvious.
Let E be aµ-semi-stable vector bundle onP such thatH0(P,E) = 0

andc1(E) = 0. SinceE∗ is µ-semi-stable,h2(P,E) = h0(P,E∗(−3)) = 0.
By Riemann-Roch Theorem, we haveh1(P,E) = r(E) − c2(E) = t. Pick
a basis{η1, . . . , ηt} of H1(P,E). Thenη = (η1, . . . , ηt) can be regarded as
an element of Ext1

OP

(
O
⊕t
P ,E
)
≃ H1(P,E)⊕t · η defines an extension

0→ E→ F → O
⊕t
P → 0,

whereF is locally free andr(F) = c2(E) = c2(F). F is uniquely de-
termined byE up to isomorphisms so long as{η1, . . . , ηt} is a basis of
H1(P,E). Moreover, by the construction ofF we haveH0(P, F) = 0.
Q.E.D

Definition 1.5. V(r, n)k is the set of isomorphism classes of vector bun-
dlesE on P with the following properties:

E is µ − semi-stable. (1.5.1)

H0(P,E) = 0. (1.5.2)

c1(E) = 0, c2(E) = n and r(E) = r. (1.5.3)
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The above discussion shows that ifr > n, thenV(r, n)k = φ and that 284

by mappingE to the extensionF, we obtain a mapσ(r, n)k of V(r, n)k

to V(n, n)k.

Definition 1.6. V(r, n)s
k

(
or V(r, n)µk

)
is the subset of consisting of stable

(or, µ-stable, resp.) vector bundles.

Lemma1.4.(2) means thatσ(r, n)k =
(
V(r, n)µk

)
⊂ V(r, n)s

k. Let M(r, n)0(
or M(r, n)µ0

)
be the moduli space of stable vector bundles (or,µ-stable

vector bundles, resp.)E of rank r on P such thatc1(E) = 0 andc2(E) =
n. Whenk is algebraically closed,V(r, n)s

k = M(r, n)0(k) andV(r, n)µk =
M(r, n)µ0(k) as sets.

Proposition 1.7. There exists an immersionΨ(r, n) of M(r, n)µ to
M(n, n)0 such that for all algebraically closed fields K containing k,
σ(r, n)k is induced byΨ(r, n)(K).

Proof. SetM(r, n)µ0 = M1. There exist a principalPGL(N)-bundle p :

Q→ M1 and a vector bundlẽE onP×Q with GL(N)-linearization ([10,
Proposition 6.4], and [9],§4) such that for allx in Q(K), Ẽ(x) = Ẽ⊗k(x)
is the vector bundle corresponding to the pointp(x). For the projection
π : P × Q → Q, G = R1π∗(Ẽ) is a vector bundle of rankn − r on Q.
Sinceπ∗

(
π∗(G∗ ⊗ Ẽ

)
= G∗ ⊗ π ∗

(
Ẽ
)
= 0 andR1π∗

(
π∗(G∗) ⊗ Ẽ

)
= G∗ ⊗

R1π∗
(
Ẽ
)
= G⊗G∗, Ext1 OP×Q

(
π∗(G), Ẽ

) ∼
←− H1

(
P× Q, π∗(G∗) ⊗ Ẽ

)
→

H0(Q,G∗ ⊗ G) ≃ HomOQ(G,G). Thus Ext1
OP×Q

(
π∗(G), Ẽ

)
contains a

special elementζ which corresponds to idG of HomOQ(G,G). Let us
consider the extension defined byζ:

0→ Ẽ→ F̃ → π∗(G)→ 0.

285

It is easy to see that for all pointsx of Q(K), F(x) is σ(r, n)K(E(x)).
Moreover, this construction ofF is compatible with base changes. By
the universality ofM(n, n)0, we have a morphismf ′ of Q to M(n, n)0.
TheGL(N)- linearization ofE and the compatibility with base changes
imply that there is a morphismf of M1 to M(n, n)0 such thatf p = f ′.
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For M(n, n)0, we have a principalPGL(N′)-bundleq′ : R→ M(n, n)0

and a vector bundleH′ on P×R′ with the same properties as in the case
of M1. SetR= {y ∈ R′|(h0(Pk(y), H̃′, (y)∗) = n− r and

H̃′(y)H̃0(Pk(y),H
′(y)∗) ⊗ OPk(y) is µ-stable}.

Then R is locally closed inR′ and PGL(N′)-invariant. HenceM2 =

q′(R) is locally close inM(n, n)0. If we endowR and M2 with the re-
duced structure, then we have a principalPGL(N′)-bundle:q : R→ M2.
SinceM1 is smooth, f is a morphism ofM1 to M2. Put H̃′ |P×R= H̃.
Corollary 1.4.1 shows that

(
H̃∗/τ∗τ∗(H̃∗)

)∗
= D̃ is a vector bundle of

rank r such that for ally of R(K), D(y) is a member ofV(r, n)µK , where
τ is the projection ofP × R to R. Thus we have a morphismg′ of R to
M1. By an argument similar to the case off ′, we obtain a morphism of
M2 to M1 such thatgq = g′. Take a pointx of Q. If one looks into the
construction off ′ ([9], § 5), then he will find a morphismf ′′ of an open
neighbourhoodU of x to Rwhich coversf . We also get an open neigh-
bourhoodV of f ′′(x) and a morphismg′′ to U coveringg. Furthermore,
(1 × f ′′)∗(D) is isomorphic toẼ |U and (1× g′′)∗(E |U) ≃ D |V. Thus
1× g′′ f ′′)∗

(
Ẽ |U
)

is isomorphic toE in a neighbourhoodU′ of x. Since
Q is an open set of a Quot-scheme andE is the universal quotient sheaf,
the universality of the

(
Q, Ẽ
)

shows thatg′′ f ′′ = id on U′ after replac-
ing F′′ by its composition with the action of an element ofPGL(N). We 286

have, therefore, thatπ = πg′′ f ′′ = g′F′′ = gτ f ′′ = g f ′ = g fπ. Since
π is faithfully flat, this means thatg f = id. Thus f is birational. Since
M(r, n)µ0 is smooth andf is bijective, we deduce from this andZMT that
f is isomorphic. Q.E.D

Each member ofV(n, n) has beautiful properties.

Lemma 1.8. If F is a member of V(n, n), then F is1-regular (for the
definition of regularity, see [8]).

Proof. SinceF is µ-semi-stable, so isF∗. This and the assumption that
c1(F) = 0 imply thath2(P, F(−1)) = h0(P, F∗(−2)) = 0. Then, as we
have seen in the above, we get thath1(P, F) = c2(F) − r(F) which is
equal to zero by virtue of the assumption (1.5.3) forV(n, n). Q.E.D
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Corollary 1.8.1. If we write F |ℓ=
n⊕

i=1
Oℓ(ai) for an F in V(n, n) and a

line ℓ in P, then we have ai ≧ −1 for all i.

Proof. SinceF is 1-regular,F(1) is generated by its global sections and
then so isF(1) |ℓ. Thusai + 1 ≧ 0 for all i. Q.E.D

Another remarkable property ofV(n, n) is

Lemma 1.9. If F is a member of V(n, n), then F is semi-stable. More-
over, if E is a locally free subsheaf of F with PE(m) = PF(m), then E is
contained V(t, t).

Proof. SinceF is µ-semi-stable, the subsheafF′ which may disturb the
semi-stability ofF is of degree zero. We may assume thatF is locally287

free. SinceF is µ-semi-stable and sinceH0(P, F′) ⊂ H0(P, F) = 0, we
see thatc2(F′) − r(F′) = h1(P, F′) ≧ 0. On the other hand,PF′ (m) =
m2/2 + 3m/2 − c2(F′)/r(F′) + 1 andPF′(m) = m2/2 + 3m/2. Thus
PF′ (m) ≦ PF(m) for all large m and PF′ (M) = PF(m) if and only if
c2(F′) = r(F′), that is,F is a member ofV(r(F′), r(F′)). Q.E.D

Corollary 1.9.1. A vector bundle E on P is contained in V(n, n) if and
only if it has the properties(1.5.3)and (1.9.2) E is semi-stable.

Proof. Assume thatE has the properties (1.5.3) and (1.9.2). Then, obvi-
ously it has the property (1.5.1). IfH0(P,E) , 0, thenOP is a subsheaf
of E and it violates the semi-stability ofE. Thus we obtain the property
(1.5.2). The converse was proved in Lemma 1.9. Q.E.D

The main aim of this article is to study the following category.

Definition 1.10. V is the full subcategory of the category of coherent
sheaves onP whose objects are vector bundlesE on P with the proper-
ties (1.5.2) and

c2(E) = r(E), (1.10.1)

for general linesℓ in Pk,E ⊗k k |ℓ≃ O
⊕r(E)
ℓ

ob(V ) is a disjoint union ofV (n) = {E ∈ V | c2(E) = n}.
(1.10.2)
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§2 A class of torsion sheaves onP2.

Let V be a 3-dimensional vector space over the fieldk which was fixed 288

in Notation 1.2. ThenP is isomorphic to Proj(S(V)). For the dual space
V∗ = Homk(V, k) of V, we set P∗ = Proj(S(V∗)). P∗ is the dual plane
of P. LetF be the flag manifold which defines the incidence correspon-
dence betweenP andP∗. Then we have the following diagram which is
the most fundamental in the following:

F

P

����
��
��
�

q

  @
@@

@@
@@

P P∗

(2.1)

where p (or q) is isomorphic to the projective bundleP(TP(−1)) (or,
P(TP∗(−1)), resp.) associated with the tangent bundleTP of P (or, TP∗

of P∗, resp.). p∗(OP(1)) (or, q∗(OP∗(1))) is the tautological line bundle
of TP∗(−1) (orTP(−1), resp.).

Notation 2.2. For a coherent sheafG onF, we denote

G⊗ p∗(OP(a)) ⊗ q∗(O∗P(b)) by G(a, b).

For a coherent sheafL on P∗, we shall consider the following prop-
erties:

Supp(L) , P∗ and H0(P∗, L) = H1(P∗, L) = 0. (2.3.1)

q∗
(
Ext1

OP∗
(L,OP∗(−3))

)
(1, 0) is generated by its global sections.

(2.3.2)
In the first place, let us study (2.3.1). Assume thatL has the property

(2.3.1). The property that Supp(L) , P∗ implies thatH2(P∗, L(a)) = 0 289

for all integersa. Then, by the property thatH1(P∗, L) = 0, we see that
L is 1-regular.

Lemma 2.4. If a coherent sheaf L on P∗ has the property(2.3.1), then
L is 1-regular.
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Let c1(L) = n. Since Supp(L) , P∗ and H0(P∗, L) = 0, Ass(L)
consists of codimension one points and hencen > 0. By Riemann-Roch
Theorem, we have

χ(L) = n(n+ 3)/2− c2(L)

becauser(L) = 0. Our assumption (2.3.1) shows thatc2(L) = n(n+3)/2.
Using this, it is easy to see thatc1(L(1)) = n andc2(L(1)) =

(
n2 + n

)
/2.

Then, by Riemann-Roch Theorem again and by the 1-regularityof L,
we have

h0 (P∗, L(1)
)
= χ(L(1)) =

n(n+ 3)
2

−
(n2 + n)

2
= n.

Proposition 2.5. Let L be a coherent sheaf on P∗. L has the property
(2.3.1)and c1(L) = n if and only if there is an exact sequence

0→ OP∗(−1)⊕n λ
−→ O

⊕n
P∗ → L(1)→ 0. (2.5.1)

Proof. “If” part is obvious because Supp(L) = {det(λ) = 0} and det(λ) 6≡
0. Conversely, by Lemma 2.4,L(1) is generated by its global sections.

Then the above computation gives rise to a surjectionO
⊕n
P∗

ν
−→ L(1) which

induces an isomorphism ofH0
(
P∗,O⊕n

P∗

)
to H0 (P∗, L(1)) Let K be the290

kernal ofν. Since depthOP∗ ,xL(1)x = 1 at every closed pointx in Supp(L),
K is locally free. Now let us consider the following exact sequence

0→ K(a)→ OP∗(a)⊕n ν(a)
−−−→ L(a+ 1)→ 0

If a ≦ −1, thenH0 (P∗, L(a+ 1)) = 0 and henceH1 (P∗,K(a)) = 0.
When a = 0, H0(ν(a)) is surjective by the construction ofν. Thus
H1 (P∗,K) = 0. SinceH2 (P∗,K(−1)) H1 (P∗, L) = 0, we see thatK
is 1-regular and henceH1(P∗,K(a)) = 0 for all a ≧ 0. By a well-known
result on vector bundles onP2, K is a direct sum of line bundles. More-
over,H0(P∗,K) = 0, r(K) = n andc1(K) = −n. This K is isomorphic to
OP ∗ (−1)⊕n. Q.E.D
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Theλ in (2.5.1) can be represented by ann × n-matrix α(L) whose
entries are all linear forms onP∗, that is, members ofH0(P∗,OP∗(1)) ·
α(L) is determined up to the choice of bases ofO

⊕n
P∗ andOP∗(−1)⊕n, in

other words,α(L) andα′(L) represent the sameλ if and only if there are
two elementsβ andγ of GL(n, k) such thatα(L) = βα′(L)γ. Thus the
curve defined by det(λ) = detα(L) = 0 is independent of the choice of
the bases ofO⊕n

P∗ andOP∗(−1)⊕n.

Definition 2.6. The discriminant ofL is the curve (effective Cartier di-
visor) in P∗ defined by detα(L) = 0 and it is denoted byS(L).

The definition is justified by the following which is proved bya
simple argument in linear algebra.

Lemma 2.7. L is anOS(L)-module andSupp(L) is equal to the support 291

|S(L)| of the divisor S(L).

The proof of the next lemma is also obvious and hence we omit it.

Lemma 2.8. For an exact sequence of coherent sheaves on P∗

0→ L′ → L→ L′′ → 0,

if two of L′, L and L′′ have the property(2.3.1), then so does the third.
In that case, we have that S(L) = S(L′) + S(L′′) as Cartier divisors on
P∗.

Let us list some of basic results on coherent sheaves onP∗ with the
property (2.3.1)

Proposition 2.9. Let L be a coherent sheaf on P∗ with the property
(2.3.1).

(1) If S(L) is smooth at x, then L is an invertibleOS(L) module at x.

(2) If S(L) is a non-singular curve, then L is a line bundle on S(L)
with degL = g− 1, where g is the genus of S(L).

(3) HomOs(L)(L, ωS(L)) = L′ has the property(2.3.1), whereωS(L) is
the canonical sheaf of S(L). Moreover,α(L′) = tα(L) and hence
S(L) = S(L′).
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(4)

Exti
OP∗

(L,OP∗) ≃


HomOS(L) (L,OS(L)(n)) if i = 1

0 if i , 1

where n= c1(L). HenceExt1
OP∗

(L,OP∗(−3)) ≃ L′.292

(5) Exti
OS(L)

(L,OS(L)) = 0 for all i > 0.

(6) Let δ : OS(L) ⊕ n → L(1) be the restriction of the mapν :
O
⊕n
P∗ → L(1) to S(L) and M= ker(δ). ThenExti

OS(L)(M,OS(L)) =

Exti
OS(L)

(M∗,OS(L)) = 0 for all i > 0 andExt1
OP∗

(M,OP∗) ≃ M∗(n),
where M∗ =HomOS(L)(M,OS(L)).

(7) The canonical homomorphisms

L→ (L∗)∗ =HomOS(L)(HomOS(L)(L,OS(L)),OS(L))

and M→ (M∗)∗ are isomorphism.

Proof. (1) is due to Barth. In fact, by [1] Lemma 7 and (2.5.1), 1=
intx(S(L), ℓ) = h0(ℓ, L|ℓ ) for a general lineℓ passing throughx. Thus the
minimal number of generators ofL at x is 1. This holds at every smooth
point of S(L). Then, as is well-known,L is invertible on the open set of
smooth points ofS(L). If S(L) is non-singular,L is invertible onS(L)
by virtue of (1). Riemann-Roch Theorem onS(L) and (2.3.1) provide293

us with degL − g + 1 = 0 which proves (2). For the proof of (4), look
at the sequence (2.5.1). It supplies us with a locally free resolution of
L(1). Thus

Exti
Op∗

(L,Op∗) = Exti
OP∗

(L(1),OP∗)(1) = 0 if i ≧ 2.

SinceL is a torsion sheaf onP∗, HomOP∗ (L,OP∗) = 0. By the exact
sequence

0→ OP∗ → OP∗(n) → OS(L)(n) → 0,

we have the exact sequence

0→HomOP∗ (L,OS(L)(n))→ Ext1
OP∗

(L,OP∗)
α
−→ Ext1

OP∗
(L,OP∗(n))
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SinceExt1
OP∗

(L,OP∗) is anOS(L)-module andα is nothing but the
multiplication by an equation ofS(L), α is zero. Therefore, we have
that HomOS(L) (L,OS(L)(n)) ≃ HomOP∗ (L,OS(L)(n)) ≃ Ext1

OP∗
(L,OP∗.

By using the spectral sequenceEp,q
2 = Hp(P∗,Extq

OP∗
(L,OP∗(−3))) ⇒

Ep+q = Extp+q
OP∗(L,OP∗(−3))) and (4), we get isomorphisms

Hi(P∗HomOS(L)(L,OS(L)(n− 3))) ≃ Exti+1(L,OP∗(−3)), i = 0, 1.

On the one hand,OS(L)(n − 3) is isomorphic toωS(L) and on the other
hand, Exti+1

OP∗
(L,OP∗(−3)) is a dual space ofH1−i(P∗, L) by virtue of

Serre duality. We infer from these and (2.3.1) forL thatH1(P∗, L′) = 0
for i = 0, 1. It is obvious thatL′ is a torsion sheaf. ThusL has the 294

property (2.3.1). To prove the latter half of (3), dualizingthe sequence
(2.5.1) and tensoringOP∗(−1) to it, we have the exact sequence

0→ OP∗(−1)⊕(n) tα(L)
−−−−→ O

⊕n
P∗ → Ext1

OP∗
(L(1),OP∗(−1))

→ Ext1
OP∗

(OP∗ ,OP∗(−1)) = 0.

On the other hand, we derive the following isomorphisms from(4)

Ext1
OP∗

(L(1),OP∗(−1)) ≃Hom(L,OS(L)(n− 3))(1)≃

HomOS(L) (L,OS(L))(1) = L′(1).

Hence we see thatα(L′) = tα(L). As for (5), since the problem is local,
it is enough to show the following if (4) is taken into account. Q.E.D

Lemma 2.10. Let a be a non-zero divisor of a commutative ring B,
A = B/aB and N an A-module. Then

ExtiA(N,A) ≃ Exti+1(N, B).

Proof. The exact sequence 0→ B
×a
−−→ B→ A→ 0 supplies us with the

complex

0 // HomB(B, B) ×a // HomB(B, B) // 0

B B
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whose cohomology is Exti(A, B). Thus Ext1B(A, B) = Aand ExtiB(A, B) = 295

0 if i , 1. Then, making use of the spectral sequence ([5, p. 349])

Ep,q
2 = ExtpA(N,ExtqB(A, B))⇒ Ep+q = Extp+q

B (N, B),

our proof is completed.
Now let us come back to the proof of Proposition 2.9. It remains to

prove (6) and (7). From the exact sequence (2.5.1) we have thefollowing
exact commutative diagram:

0

��

0

��
0 // OP∗(−n)⊕n

��

OP∗(−n)⊕n

��
0 // OP∗(−1)⊕n //

��

O
⊕n
P∗

//

��

L(1) // 0

0 // M //

��

O
⊕n
S(L)

//

��

L(1) // 0

0 0

By the same argument as in the case ofL, we see that

Ext1
OP∗

(M,OP∗(−n)) ≃ M∗.

Then the left column of the above diagram gives rise to an exact se-
quence:

0→ OP∗(−n+ 1)n→ O
⊕n
P∗ → M∗ → 0

ThusExti
OP∗

(M,OP∗) = Exti
OP∗

(M∗,OP∗) = 0 for all i > 1. Applying296

Lemma 2.10 to the above, (6) is proved. By (3), (5) and (6), we have the
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following exact commutative diagram:

0 // M //

��

O
⊕n
S(L)

//

∽

��

L //

��

0

0 // (M∗)∗ // O⊕n
S(L)

// (L∗)∗ // 0

Thus the canonical homomorphismρ : L → (L∗)∗ is surjective. On
the other hand, the exact commutative diagram

0 // OP∗(−1)⊕n α(L) // O⊕n
P∗

// L(1)

��

// 0

0 // OP∗(−1)⊕n
t(tα(L))// O⊕n

P∗
// HomOS(L)(L′, ωS(L))(1) // 0

provides us with an isomorphismθ of L to

HomOS(L)(L
′, ωS(L)) ≃HomOS(L)(HomOS(L)(L, ωS(L)), ωS(L) ≃ (L∗)∗.

SinceL is a coherent sheaf on a noetherian scheme,ρ must be isomor-
phism. Then, the natural homomorphism ofM to (M∗)∗ is isomorphic,
too. Q.E.D

Definition 2.11. Assume thatL has the property (2.3.1).L is said to be
quadratic, if there is an isomorphismγ : L → L′ =HomOS(L) (L, ωS(L)).
A quadratic sheaf (L, γ) is called symmetric (or, symplectic) iftγ :
(L′)′ = HomOS(L)(HomOS(L)(L, ωS(L)), ωS(L)) ≃ L → L′ is equal toγ
(or,−γ, resp.).

The following is an interpretation of the definition.

Proposition 2.12. An L is symmetric (or, symplectic) if and only ifα(L) 297

is symmetric (or, skew-symmetric, resp.) with respect to suitable bases
of O⊕n

P∗ andOP∗(−1)⊕n.

Proof. Let H be the vector spaceH0(P∗, L(1)). Then the exact sequence
(2.5.1) can be written in the form

0→ OP∗(−1)⊕n→ OP∗ ⊗ H → L(1)→ 0. (2.12.1)
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Dualizing this sequence and tensoringOP∗(−1) to it, we have

0→ OP∗(−1)⊗ H∗ → O
⊕n
P∗ →HomOS(L)(L, ωS(L))(1) = L′(1)→ 0.

(2.12.2)
Identifying L′(1) with L(1) throughγ(1), the middle of the above can be
regarded asOP∗ ⊗ H. For these bases, (2.12.1) and (2.12.2) turn out

0 // OP∗(−1)⊗ H∗

β

��

// OP∗ ⊗ H

δ

��

// L(1)

γ

��

// 0

0 // OP∗(−1)⊗ H∗ // OP∗ ⊗ H // L′(1) // 0

(2.12.3)

By the choice of the basis ofH, we see thatδ = id. To seeβ, let us make
the dual diagram of (2.12.3):

0 // OP∗(−1)⊗ H∗ // OP∗ ⊗ H // Ext1
OP∗

(L(1),OP∗)(−1)

0 // OP∗(−1)⊗ H∗ // OP∗ ⊗ H

OO

// Ext1
OP∗

(L′(1),OP∗)(−1)

ǫ

OO

∼ // HomOS(L) (L, ωS(L))(1) // 0

∼ // HomOS(L)(L
′, ωS L)(1)

tγ

OO

// 0

whereǫ = Ext1
OP∗

(γ,OP∗)(−1). Though the isomorphismsν andν′ de-298

pend on the choice of the equation ofS(L), the square ofν, ν′, tγ andǫ
is commutative once we fix the equation ofS(L). Therefore,tβ = id or
− id according asγ is symmetric or symplectic. The converse is obvious.
Q.E.D

This proposition and Proposition 2.5 show the following (cf. [4,
Proposition 6.23])

Corollary 2.12.4. Giving a non-degenerate net of quadrics is equiva-
lent to giving a coherent sheaf which has the property(2.3.1) and is
symmetric.
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Now we shall study the property (2.3.2). For a coherent sheafL
on P∗, L has the properties (2.3.1) and (2.3.2) if and only ifL ⊗k k has
them. Thus we assume, up to Remark 2.14, that the ground fieldk is
algebraically closed. The following shows that the condition (2.3.2) is
quite mild.

Proposition 2.13. Assume that a coherent sheaf L on P∗ has the prop-
erty (2.3.1). Then L has the property(2.3.2)if and only if for each line
M contained in S(L) and for each point x on M, there exists a point y
on M different from x such that

Z(y) =
{
s∈ H0(P∗, L′(1)) | s(y) = 0

}

generates L′(x) = L ⊗ k(x).

Proof. Let D be the closed setq−1 (|S(L)|) of F (see the diagram (2.1)).
Pick a pointz on D and putx = q(z). There exists a unique lineM
passing throughx such thatz is on the minimal sectionΓ of q−1(M) ≃ 299

F1. For a pointy of M different fromx, H = p−1pq−1(y) is isomorphic
to F1 and contains theΓ as a fibre. We have the exact sequence onF:

0→ OF → OF(1, 0)→ OH(0, 1)⊗ OH(−E)→ 0,

whereE is the exceptional divisor onH ≃ F1, that is,q−1(y). Tensoring
the above sequence withq∗(L′), we have

0→ q∗(L′)→ q∗(L′)(1, 0)→ q∗(L′) ⊗ OH(0, 1)⊗ OH(−E)→ 0.

Note that the equation ofH is a non-zero divisor ofq∗(L′) and hence
q∗(L′)→ q∗(L′)(1, 0) is injective. Now we need

Lemma 2.13.1.Let S be a locally noetherian scheme over a field k and
π : X → S aPn-bundle in the category of k-schemes. Then, for every
coherentOS-module F and every line bundle L on X, we have a natural
isomorphism of F⊗Os Riπ∗(L) to Riπ∗(π∗(F) ⊗OX L).

Proof. Since the problem is local with respect toS, we may assume that
X = S ×k P

n andS is a noetherian affine scheme. Letπ′ be the second
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projection. Then, by the base change theorem,L ⊗OX π
′∗(OPn(−m)) ≃

π∗(N) for some integerm and a line bundleN on S. For theseN and
m, we have thatπ∗(F) ⊗OX L � π∗(F ⊗OS N) ⊗OX π

′∗(OPn(m)). Since
H j(S, F⊗OS N) = 0 for all j > 0, Künneth’s formula provides us with an
isomorphism ofH0(S, F⊗Os N)⊗k Hi(Pn,OPn(m)) to Hi(X, π∗(F)⊗Oχ

L).300

This means that

(F ⊗OS N) ⊗OS Riπ∗(π
′∗(OPn(m)))

∼
−→ Riπ∗(π

∗(F) ⊗Oχ
L)

On the other hand, by the projection formula, we have that

N ⊗OS Riπ∗(π
′∗(OPn(m))) ≃ Riπ∗(π

∗(N) ⊗Oχ
π′
∗(OPn(m))) ≃ Riπ∗(L).

Q.E.D

Let us come back to the exact sequence before the lemma. Thanks to
(2.3.1) forL′ and the above lemma, we obtain thatH0(F, q∗(L′)(1, 0)) ≃
H0(H ∩ D, q∗(L′) ⊗ OH(0, 1)⊗ O(−E)).

Case 1.Assume thatM 6⊂ S(L), If y is chosen so that it is not a point on
S(L), thenq∗(L′)⊗OH(0, 1)⊗O(−E) can be identified withL′(1). Since
L′(1) is generated by its global sections, (q∗(L′)⊗OH(0, 1)⊗O(−E))(z) =
q∗(L′)(0, 1)(z) is generated by global sections ofq∗(L′) ⊗ OH(0, 1) ⊗
O(−E) which are the same as those ofq∗(L′)(1, 0).

Case 2. Assume thatM ⊂ S(L). By applying Lemma 2.13.1 to the
sequence before the lemma, we have the following exact sequence

0→ L′
σ
−→ L′ ⊗ TP∗(−1)→ q∗(q

∗(L′) ⊗ OH(0, 1)⊗ O(−E)) → 0

The mapσ is indused byOP∗
×s
−−→ TP∗(−1) with s the section definingH.

Therefore, the last term of the sequence isL′(1) ⊗ my, wheremy is the
ideal of the pointy in OP∗. SinceH0(P∗, L′(1)⊗my) = Z(y), we see that
Z(y) generatesL′(x) if and only if q∗(L′)(1, 0) is generated by its global
sections atz.

Now suppose thatL has the properties (2.3.1) and (2.3.2) and that301

S(L) contains a lineM. Note thatL′ is isomorphic toExt1
OP∗

(L,OP∗(−3))
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by Proposition 2.9, (3) and (4). Pick a pointx on M and letz be the
point on the minimal section ofq−1(M) � F1 and on the fibreq−1(x).
Applying the case II above to this situation we see thatL must have
the property of our proposition for thisM. Conversely, assume that
the property of the proposition holds for anL with the property (2.3.1).
Then, combining the cases I and case II, it is easily seen thatL has the
property (2.3.2).

An interpretation of the above proposition throughα(L) is the fol-
lowing.

Corollary 2.13.2. Let L be a coherent sheaf on P∗ with the property
(2.3.1)and H′ = H0(P∗, L′(1)). Let us consider the sequence in Propo-
sition 2.5 for L′

0→ OP∗(−1)⊗k H → OP∗ ⊗k H′ → L′(1)→ 0

where H is a vector space of dimension n. Then L has the property
(2.3.2)if and only if the following holds:

(2.13.3) for each lineM in S(L), there is a couple of pointsx and
y of M such thatH′ = α(x)(H) + α(y)(H), where for a pointz of M,
α(z) = α(L′) ⊗ k(z) : H → H′.

Proof. In the first place, let us note the condition (2.13.3) is independent 302

of the choice of the couplex andy. In fact, if we take another couple
(λx+ µy, λ′x+ µ′y), thenα(λx+ µy) = λα(x)+ µα(y) andα(λ′x+ µ′y) =
λ′α(x) + µ′α(y). Let h be an element ofH′. By (2.13.3), there areu and

v in H such thath = α(x)(u) + α(y)(v). For the matrix
[

t s
t′ s′
]
=
[
λ λ′

µ µ′

]−1
,

takeu′ = tu+svandv′ = t′u+s′v. Thenα(λx+µy)(u′)+α(λ′x+µ′y)(v′) =
h as required. Now assume that the condition in Proposition 2.13 holds.
The exact sequence

H
α(y)
−−−→ H′ → L′(1)⊗ k(y)→ 0

shows thatα(y)(H) = Z(y). Thus every element ofH′ is contained
in Z(y) moduleα(x)(H) by the condition of Proposition 2.13. This is
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(2.13.3). Conversely, it is obvious that (2.13.3) implies that the condi-
tion of Proposition 2.13 for the givenx in (2.13.3) is satisfied. On the
other hand, as we have seen in the above, (2.13.3) is independent of the
choice of (x, y).

Thus our proof is completed. Q.E.D

Corollary 2.13.4. If the condition of Proposition 2.13 is satisfied by a
point an a line M in S(L), then it is satisfied by all the points on M.

Remark 2.14. It is easy to see that (2.13.3) corresponds to the (α2) in
[2].

Now let us introduce a subcategory of the category of coherent
sheaves onP∗.

Definition 2.15. Let C be the full subcategory of the category of co-303

herent sheaves onP∗ whose objects are coherent sheaves with prop-
erties (2.3.1) and (2.3.2). ob(C ) is a disjoint union ofC (n), where
C (n) = {L ∈ C | c1(L) = n}.

Our main result of this article is the following.

Main Theorem 2.16. For a member F ofV (n), R1q∗(p∗(F)(−1,−1)) is
contained inC (n).

(2) The functorΦ : V ∋ F → R1q∗(p∗(F)(−1,−1)) ∈ C gives rise
to an equivalence of categories ofV to C .

Example 2.17.Let L be a coherent sheaf onP∗ with the property (2.3.1)
and withc1(L) = 1. ThenS(L) is a lineM in P∗ andL ≃ OM(−1). Since
L′(1) ≃ OM , L does not have the property (2.3.2). Therefore,C (1) = φ.
On the other hand,V (1) is empty, too.

§3 From V to C .

In this section, we shall studyR1q∗(p∗(F)(−1,−1)) for membersF of
V and prove that (1) of our Main Theorem holds and thatΦ is fully
faithful. Let F be a vector bundle onP = P2

k with the properties (1.5.2),
(1.10.2) and

(1.10.1)n c2(F) = r(F) = n,
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that is,F is a member ofV (n). Take a general lineℓ in P so thatF |ℓ� 304

O
⊕n
ℓ

. Then we have the following exact sequence:

0→ F(−1)→ F → O
⊕n
ℓ
→ 0

This supplies us with another exact sequence:

0→ q∗p
∗(F(−1))→ q∗p

∗(F)→ O
⊕n
P∗

→ R1q∗(p
∗(F(−1)))→ R1q∗(p

∗(F)),

wherep andq are the same as in the diagram (2.1). The leftmost term
is, on one hand, torsion free becauseF(−1) is so. On the other hand,
it is torsion, thanks to the property (1.10.2). Hence it vanishes. Since
F is locally free,P∗ is smooth and since dimP∗ = 2, G = q∗p∗(F) is
locally free. By (1.10.2) again,R1q∗(p∗(F(−1))) is torsion and hence
r(G) = n. By virtue of Corollary 1.8.1 and the base change theorem,
we see thatR1q∗(p∗(F)) = 0. PuttingL = Φ(F), we have the following
exact sequence:

0→ G→ O
⊕n
P∗ → L(1)→ 0.

Lemma 3.1. (1) L has the property(2.3.1).

(2) G≃ OP∗(−1)⊕n.

Proof. Since H0(P∗,G) ≃ H0(F, p∗(F)) ≃ H0(P, F), we see that
H0(P∗,G) = 0, by the property (1.5.2) forF. H1(P∗,G) is a subspace
of H1(F, p∗(F)) by a spectral sequence of Leray. On the other hand, we
have an exact sequence

H1(P, F)→ H1(F, p∗(F))→ H0
(
P,R1 | p∗(p

∗(F))
)
.

Since p is a P1-bundle, we have thatR1p∗(p∗(F)) = 0. By virtue 305

of Lemma 1.8,H1(P, F) must vanish. These show thatH1(P∗,G) =
0. Thus the mapH0

(
P∗,O⊕n

P∗

)
→ H0 (P∗, L(1)) is bijective. Since

H0(P∗,R1q∗(p∗(F)(0,−1)) = 0 by Corollary 1.8.1,H2(P∗,G(−1)) is a
subspace ofH2(F, p∗(F)(0,−1)) by a spectral sequence of Leray. As is
easily seen,R1p∗(p∗(F)(0,−1)) = 0 for all i. Therefore,

H2(F, p∗(F)(0,−1)) = 0
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and henceH2(P∗,G(−1)) = 0. Similarly we have thatH1(P∗G(−1)) =
0. SinceL is a torsion sheaf, the proof of (1) is completed. The proof
of (2) is completely the same as that of Proposition 2.5, because the
homomorphism ofH0(P∗,O∗nP∗ ) to H0(P∗, L(1)) is isomorphic. Q.E.D

The natural homomorphism ofq∗(G) to p∗(F) is generically isomor-
phic because of the property (1.10.2) ofF and the base change theorem.
SinceG is locally free, the map is injective;

0→ q∗(G)→ p∗(F)→ A→ 0. (3.2)

Let us determineA = coker(q∗(G) → p∗(F)). If ℓ is a sufficiently
general line inP, then forp−1(ℓ) = H ≃ F1, H is isomorphic toP∗ on
Supp(L) andH∩Ass(A) = φ. We have the following exact commutative
diagram:

0

��

0

��

0

��
0 // q∗(G)(−1, 0)

��

// p∗(F(−1))

��

// A(−1, 0)

��

// 0

0 // q∗(G)

��

// p∗(F)

��

// A

��

// 0

0 // q∗(G) |H

��

// p∗(F) |H // A |H

��

// 0

0 p∗(F |ℓ)

��

0

0

Taking the direct image of the above byq, another exact commutative306
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diagram is obtained:

0

��

0

��

0

��
0 // G

��

∼ // G = q∗p∗(F)

��

// q∗(A)

��

// 0

0 // G

��

// O⊕n
P∗

��

∼ // q∗ (A |H) ≃ A |H

��

// 0

0 // L(1)

��

// R1q∗(A(−1, 0))

��

// 0

0 = R1q∗p∗( f F) // R1q∗(A) // R1q∗q∗(G) = 0

From the top row, we deduce thatq∗(A) = 0. We infer from the bottom
row thatR1q∗(A) = 0. Thus we obtain an isomorphism

L(1) � A |H . (3.3)

Note that we can regardA |H as a cohe.rent sheaf onP∗ because 307

Supp(A) ⊆ q−1(Supp(L))

andH is isomorphic toP∗ on Supp(L). Abusing the notation as in (3.3),
the following sequence is exact;

0→ A→ A(1, 0)→ L(1)⊗ p∗(OP(1))→ 0

on the support ofL(1) = A |H, p∗(OP(1)) = OP∗(1). Taking this into
account, let us make the direct image byq of the above sequence;

0→ q∗(A)→ q∗(A(1, 0))→ L(2)→ R1q∗(A).

Since q∗(A) = R′q∗(A) = 0, we see

q∗(A(1, 0)) ≃ L(2). (3.4)

From another exact sequence

0→ q∗(G)(1, 0)→ P∗(F)(1, 0)→ A(1, 0)→ 0
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we have

0→ G⊗ TP∗(−1)→ q∗p
∗(F(1))→ q∗(A(1, 0))→ R′q∗(q

∗(G)(1, 0))

Obviously the last termR1q∗(q∗(G)(1, 0)) is zero. Putting the above308

together, we have the following exact commutative diagram:

0 // q∗(G⊗ TP∗(−1))

u
��

// q∗q∗p∗(F(1))

ν

��

//

0 // q∗(G)(1, 0) // p∗(F(1)) //

(3.5)

q∗q∗(A(1, 0)

ω

��

// 0

A(1, 0) // 0

By the base change theoremu is surjective. Thanks to Corollary 1.8.1
and the base change theorem again we see thatν is surjective, too. Thus
ω is surjective. SettingK′ = ker(u), K = ker(ν) andK′′ = ker(ω), we
get the following exact sequence by the snake lemma:

0→ K′
ζ
−→ K → K′′ → 0.

Sincer(q∗(G⊗TP∗(−1))) = 2n = r(q∗q∗p∗(F(1))) and since bothK′ and
K are locally free, we know that Supp(K′′) is of pure codimension 1,
in fact, Supp(K′′) is the divisor defined by det(ζ) = 0. The first Chern
class ofq∗p∗(F(1)) is equal to zero by the top row of (3.5) because
c1(G⊗TP∗(−1)) = −n andc1(q∗(A(1, 0))) = c1(L(2)) = n by (3.4). Then
we have

c1(K′) = c1(OF(0,−n)) − c1(OF(n,−n)) = c1(OF(n, 0)) and

c1(K) = 0− c1(OF(n, 0)) = c1(OF(n, 0)).

These imply thatc1(K′′) = 0, which means thatK′′ = 0. We have309

therefore
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Proposition 3.6. For a vector bundle F inV (n), there exists an exact
sequence

0→ OF(0,−1)⊕n → p∗(F)
π
−→ q∗(L)(−1, 2)→ 0,

where L= R1q∗(p∗(F)(−1)).

An obvious corollary to the above is

Corollary 3.6.1. p∗(π) is an isomorphism of F to p∗(q∗(L)(−1, 2)).

For the aboveL, let us putC = S(L) and D = q−1(C). C and
D are effective Cartier divisors onP∗ and F, respectively. Then the
exact sequence in Proposition 3.6 is displayed in the following exact
commutative diagram:

0 0

0 // N

OO

// p∗(F) |D

OO

// q∗(L)(−1, 2) // 0

0 // OF(0,−1)⊕n

ν

OO

// p∗(F)

OO

// q∗(L)(−1, 2) // 0

p∗(F)(0,−n)

OO

p∗(F)(0,−n)

OO

0

OO

0

OO

(3.7)

The canonical homomorphism 310

q∗C(Exti
OC

(L,OC))→ Exti
OD

(q∗(L),OD)

is an isomorphism, thanks to the flatness ofqC : D → C, and hence
Exti

OD
(q∗(L)(−1, 2),OD) = 0 for all i > 0. Indeed,

Exti
OD

(q∗(L)(−1, 2),OD) ≃ Exti
OD

(q∗(L),OD)(1,−2)
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≃ q∗C(ExtiC(L,Oc))(1,−2) = 0

by Proposition 2.9, (5) because, as we have seen in Lemma 3.1,L has
the property (2.3.1). We have therefore

Exti
OD

(N,OD) = 0 for all i > 0. (3.8)

We shall determine ker(νD) = T, whereνD is the restriction of toD.
The restriction of 3.7 toD gives rise to the following exact commutative
diagram;

0 // N // p∗(F) |D

// Tor1 OF(q∗(L)(−1, 2),OD) // OD(0,−1)⊕n

νD

OO

θ // p∗(F) |D

From the diagram, we can deduce clearly thatT = ker(νD) = r(θ) =
Tor1 OF(q∗(L)(−1, 2),OD). On the other hand, the solution ofOD by
locally free sheaves

0→ OF(−D) ≃ OF(0,−n)
δ
−→ OF → OD → 0

provides us with an isomorphismTor1 OF(q∗(L)(−1, 2),OD) ≃ (1⊗ δ :
q∗(L)(−1, 2 − n) → q∗(L)(−1, 2)). Sinceδ is the multiplication by the
local equation ofD which annihilatesL), we know that 1⊗δ = 0, whence
we have the following exact sequence:

0→ q∗(L)(−1, 2− n)→ OD(0,−1)⊕n → N→ 0. (3.9)

Taking the dual of the above sequence and tensoring withOD(0,−1),311

we get

0→HomOD(N,OD(0,−1)) = N∗(0,−1)→ O
∗n
D →

HomOD(q∗(L),OD)(1, n− 3)→ Ext1
OD

(N,OD)(0,−1).

By (3.8) and the fact thatOD(0, n− 3) ≃ q∗(ωC), we have the exact
sequence

0→ N∗(0,−1)→ O
⊕n
D → q∗(L)(1, 0)→ 0. (3.10)
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In fact, the natural homomorphism

q∗(L) ≃ q∗(HomOC(L, ωC))→HomOD(q∗(L), q∗(ωC))

is isomorphic because of the flatness ofqC. Now we have

Proposition 3.11. L = R′q∗(p∗(F)(−1,−1)) enjoys the property 2.3.2.

Proof. SinceExt1
OP∗

(L,Op∗ (−3)) ≃ L′ by Proposition 2.9, (4), our asser-
tion is obvious if one looks at the exact sequence (3.10).

Combining Proposition 3.6 with Proposition 3.11, we have a part of
our Main Theorem. Q.E.D

312
Corollary 3.11.1. (1) For a member F ofV (n), R1q∗(p∗(F)(−1,−1)

is contained inC (n).

(2) The functorΦ in Main Theorem 2.16 is fully faithful.

Proof. (1) is done Lemma 3.1 and Proposition 3.11. LetF1 andF2 be
two objects inV and setLi = Φ(Fi). For a given homomorphism
f of F1 to F2, the exact sequences forF1 andF2 in Proposition 3.6
provide us with the following commutative diagram:

p∗(F1)

p∗( f )
��

π1 // q∗(L1)(−1, 2)

ψ f (−1,2)
��

// 0

p∗(F2)
π2

// q∗(L2)(−1, 2) // 0

(3.11.2)f

because the kernel ofπi is q∗p∗(Fi), whereψ f is a homomorphism
of q∗(L1) toq∗(L2). Tensoring the above diagram withOF(−1,−1)
and applyingR1q∗ to it, we get

Φ(F1)

Φ( f )

��

// L1 ⊗ R1q∗(OF(−2, 1))

ξ f

��
Φ(F2) // L2 ⊗ R1q∗(OF(−2, 1))

(3.11.3)

by Lemma 2.13.1. SinceR1q∗(OF(−2, 1)) ≃ OP∗, ξ f = q∗(ψ f )
andψ f = q∗(ξ f ). Now assume that for two elementsf andg of
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HomV (F1, F2), we haveΦ( f ) = Φ(g). Since (3.11.3) is canoni-313

cal, we getξ f = ξg. If one takes the direct images of (3.11.2)f

and (3.11.2)g by p, he obtains thatf = p∗(π2)−1p∗(ψ f (−1, 2)) ·
p∗(π1) = p∗(π2)−1 · p∗(ψg(−1, 2)) · p∗(π1) = g becauseψ f =

q∗(ξ f ) = q∗(ξg) = ψg. Thus

HomV (F1, F2)→ HomC (Φ(F1),Φ(F2))

is injective. To prove the surjectivity of the map, let us pick a
memberξ of HomC (Φ(F1),Φ(F2)) and setψ = q∗(ξ)(−1, 2). By
Corollary 3.6.1,p∗(πi) is an isomorphism of

p∗p
∗(Fi) to p∗(q

∗(Li)(−1, 2)).

Identifying Fi with p∗p∗(Fi), set fξp∗(π2)−1 · p∗(ψ) · p∗(π1). Then
fξ is an element of Hom(F1, F2) and we have the following com-
mutative diagram:

p∗p∗(q∗(L1)(−1, 2))

k1uullll
lll

lll
lll

l

p∗p∗(ψ)

��

p∗(F1)

∼

p∗p∗(π1)
33fffffffffffffffffffffffff

π1
// q∗(L1)(−1, 2)

ψ

��
p∗(F2)

∼

p∗p∗(π2) ++XXXX
XXXX

XXXX
XXXX

XXXX
XXXX

XX
π2 // q∗(L2)(−1, 2)

p∗p∗(q∗(L2)(−1, 2))

k2

iiSSSSSSSSSSSSSS

Sincep∗( fξ) = p∗p∗(π2)−1 · p∗p∗(ψ) · p∗p∗(π1), we see thatπ2 ·

p∗( fξ) = k2 · p∗p∗(ψ) · p∗p∗(π1) = ψ · k1 · p∗p∗(π1) = ψ · π1. Then,
as before, we have thatΦ( fξ) = ξ.

Q.E.D

§4 From C to V

The remaining part of our proof of the Main Theorem is that ifL is an
object ofC , then there is anF in V such thatΦ(F) is isomorphic to314
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L. By the property (2.3.2) forL and Proposition 2.9, (4),q∗(L)(1, 0)
is generated by its global sections, whereL′ = HomOS(L) (L, ωS(L)).
SetS(L) = C and q−1(C) = D as in the preceding section. Assume
that L is a member ofC (n). Sinceq∗(q∗(L′)(1, 0)) ≃ L′ ⊗ TP∗(−1) by
Lemma 2.13.1, we have thath0(F, q∗(L′)(1, 0)) = h0(P∗, L′ ⊗ TP∗(−1)).
By the exact sequence

0→ L′ → L′⊕3
→ L′ ⊗ TP∗(1)→ 0

we see thath0(P∗, L′ ⊗ TP∗(−1)) = h1(P∗, L′(−1)) becauseL′ has the
property (2.3.1) by Proposition 2.9, (3). On the other hand,the exact
sequence

0→ OP∗(−3)⊕n → OP∗(−2)⊕n→ L′(−1)→ 0

(Proposition 2.9, (3) and Proposition 2.5) implies thath1(P∗, L′(−1)) =
h2(P∗,OP3(−3)⊕n) = n. Thus we obtain thath0(F, q∗(L′)(1, 0)) = n.

Let N be the kernal of a homomorphismO⊕n
D

τ
−→ q∗(L′)(1, 0) such

thatH0(τ) is isomorphic:

0→ N→ O
⊕n
D

τ
−→ q∗(L′)(1, 0)→ 0. (4.1)

Note here thatn > 1, by Example 2.17. SinceExti
OC

(L′,OC) = 0 for all
i > 0, we see, as in the proof of (3.8), that

Exti
OD

(N,OD) = Exti
OD

(q∗(L′),OD) = 0 for all i > 0. (4.2)

And also, by the flatness ofqC and Proposition 2.9, (3) and (7), we see315

that

(q∗(L′))∗ ≃ q∗(L′∗) and the canonical homomorphism

((q∗(L′))∗)∗ → q∗(L′) is an isomorphism, where (4.3)

(q∗(R))∗ =HomOD(q∗(R),OD).

Dualizing (4.1) and tensoring withOF(0, n− 1), we have, by (4.2), (4.3)
and Proposition 2.9, (3),

0→ q∗(L)(−1, 2)→ OD(0, n− 1)⊕n σ
−→ N∗(0, n− 1)→ 0. (4.4)
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Let F̃ be the kernel of the homomorphismOF(0, n − 1)⊕n → OD(0, n −

1)⊕n σ
−→ N∗(0, n− 1). Then the following exact commutative diagram is

obtained

0 0

0 // q∗(L)(−1, 2)

OO

// OD(0, n− 1)⊕n

OO

// N∗(0, n− 1) // 0

0 // F̃

OO

// OF(0, n− 1)⊗n

OO

// N∗(0, n− 1) // 0

OF(0,−1)⊕n

OO

OF(0,−1)⊕n

OO

0

OO

0

OO

(4.5)

Proposition 4.6. (1) F̃ is locally free.

(2) There exists a vector bundle F on P such thatF̃ ≃ p∗(F).

Proof. Let x be a closed point ofD and y = q(x). Sinceqc : D →316

C is a P1-bundle and since depthOP∗ ,y(Ly) = 1 (see Proposition 2.5)
depthOF,x (q

∗(L′)x) = 2. On the other hand, depthOF,x(OD,x) = 2. Then
(4.1) shows that depthOF,x (Nx) = 2. SinceF is a non-singular, projec-
tive three-fold, this implies that there is a locally free resolution ofN of
length 1; 0→ E1→ E0→ N → 0. This gives rise to an exact sequence

0→ E∗0→ E∗1→ Ext1
OF

(N,OF)→ 0

On the other hand, as in the proof of Proposition 2.9. (4),N∗(0, n) ≃
Ext1

OF
(N,OF) is proved. This and the above exact sequence show that

depthOF,x (N
∗)x = 2 for all closed pointsx of D. Then our assertion (1)

follows from the definition of̃F or the middle row of (4.5).
Let U be the open set

{
z∈ P | p−1(z) 6⊂ D

}
in P. U is the set of points

z such that there exists a lineℓ passing throughz but not contained in
S(L) = C. It is clear thatP−U is a finite set of points. Foraz∈ U, pick
such a lineℓ and setH = p−1(ℓ). For theM in Proposition 2.9, we have
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the following exact sequence

0→ OP∗(−n+ 1)⊕n → O
⊕n
P∗ → M∗ → 0

(see the proof of Proposition 2.9 (6)). Sincen ≧ 2, h0(P∗,M∗) = n.
Obviously, we see that

(4.6.1) Ifψ : O
⊕n
P∗ → M∗ is a homomorphism such thatH∗(ψ) is an 317

isomorphism, then ker(ψ) is isomorphic toOP∗(−n+ 1)⊕n.
No member of Ass(OD) does not contain the equation ofH and

Ass(N) = Ass(q∗(L′)) = Ass(OD). This and (4.1) provides us with
the following exact sequence

0→ N |H→ O
⊕n
D |H→ q∗(L′)(1, 0) |H→ 0.

From the choice ofl, it turns out thatH is isomorphic toP∗ in a neigh-
borhood ofS(L) = C and hence we can identifyD ∩ H with C. More-
over, by this identification we have thatL′(1) ≃ q∗(L′)(1, 0) |H. There-
fore, the above exact sequence can be regarded as that onP∗.

0→ N |H→ O
⊕n
C

δ
−→ L′(1)→ 0. (4.6.2)

SinceH0(F, q∗(L′)) = H0(P∗, L′) = 0 andH1(F, q∗(L′)) = H1(P∗, L′) =
0, the exact sequence 0→ q∗(L′) → q∗(L′)(1, 0)→ L′(1)→ 0 gives us
an isomorphismH0(F, q∗(L′)(1, 0))

∼
−→ H0(C, L′(1)). The map

H0(F,O⊕n
D )→ H∗(C,O⊕n

C )

is obviously isomorphic:

H0(F,O⊕n
D )

≀

��

∼ // H0(F′, q∗(L′)(1, 0))

≀

��
H0(C,O⊕n

C )
Ho(δ) // H0(C, L′(1))

H0(δ) is, therefore, bijective. Then, by the definition ofM, we see 318
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N |H≃ M. (4.6.3)

Our next claim is

N∗ |H≃ (N |H)∗ =HomOC(N |H′ OC). (4.6.4)

Indeed, from the exact sequence

0→ OD(−1, 0)→ OD → OC → 0,

we obtain another

0→ N∗(−1, 0)→ N∗ →HomOD(N,OC)→ Ext1OD(q∗(L′),OD).

(4.2) and the exact sequence

Ext1OD(O⊕n
D ,OD) // Ext1OD(N,OD) // Ext2OD(q∗(L′),OD(−1, 0))

0

which is obtained from (4.1) show thatExt1
OD

(N,OD(−1, 0)) = 0. Then
our claim is clear, becauseHomOD(N,OC) ≃ HomOC(N |H ,OC) =
(N |H)∗.

(4.6.3) and (4.6.4) yield an isomorphism

N∗ |H≃ M∗ (4.6.5)

319

From the middle row of (4.5) we also have an exact sequence

0→ F |H (0, 1− n)→ O
⊕n
H

η
−→ N∗ |H→ 0. (4.6.6)

For theη, we claim the following:

H0(η) is isomorphic. (4.6.7)
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Sinceq∗(L)(−1, 2) |H≃ L(1), we get the following exact commuta-
tive diagram by restricting (4.5) toH and tensoring withOF(0, 1− n) :

0 // L(2− n) // O⊕n
C

ǫ // N∗ |H // 0

O
⊕n
H

ζ

OO

η // N∗ |H // 0

By (4.6.5)h0 (C,N∗ |H) = h0(C,M∗), which is equal ton, as we have
seen in the first part of this proof. Sincen ≧ 2, h0(C, L(2 − n)) = 0.
HenceH0(ǫ) is isomorphic.H0(ζ) is clearly an isomorphism. Thus our
claim is proved.

SinceO
⊕n
H ≃ (q |H)∗

(
O
⊕n
P∗

)
and sinceN∗ |H can be regarded as a

sheaf onP∗, there is a vector bundleE on P∗ which is fitted in an exact
sequence

0→ E→ O
⊕n
P∗

ζ
−→ N∗ |H→ 0

whose pull-back toH is (4.6.6). SinceH0(ξ) = H0(η) is isomorphic, 320

(4.6.1) and (4.6.5) imply thatE ≃ OP∗(n − 1)⊕n and henceF |H≃

(q |H)∗ (OP∗(1−n)⊕n)(0, n−1) ≃ O
⊕n
H . What we have proved so far is that

for all pointsz of U, F(z) is a trivial bundle. Therefore,p∗
(
F̃
)
= F is a

vector bundle of rankn and the natural homomorphismλ : p∗p∗
(
F̃
)
→

F̃ isomorphic onp−1(U). The set whereλ is not isomorphic is det(λ) =
0 which is pure codimension 1 inF. On the other hand,F− p−1(U) is at
least codimension 2. Thusλ is an isomorphism. Q.E.D

The above proposition and the following lemma complete the proof
of Main Theorem 2.16.

Lemma 4.7. The vector bundle F in Proposition 4.6 is contained inV

andΦ(F) ≃ L.

Proof. SinceRiq∗(OF(0. − 1)⊕n) = 0 for all i > 0 andq∗(OF(0,−1)⊕n) ≃
OP∗(−1)⊕n, we see thatHi(F,OF(0,−1)⊕n) = Hi(P∗,OP∗(−1)⊕n) = 0 for
all i. All the cohomology groups ofq∗(L)(−1, 2) vanish, too, because
Riq∗(q∗(L)(−1, 2)) ≃ L ⊗ Riq∗(OF(−1, 2)) = 0 for all i. By the leftmost
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column of (4.5), these show thatHi
(
F, F̃
)
= 0 for all i, SinceHi

(
F, F̃
)
=

Hi(P, F) for all i, F has the property (1.5.2) and moreover 0= −c2(F)+
n, by Riemann-Roch Theorem forF (Note thatc1(F) = 0 andr(F) = n).
Thusr(F) = c2(F). Pick a point outsideS(L). Then, by the construction
of F̃, F̃ |q −1(x) is trivial. SinceF |pq−1(x)≃ F̃ |q −1(x), we see thatF
enjoys the property (1.10.2). The second assertion is easily proved by
using the leftmost column of (4.5) again. Q.E.D

For anL in C , L′ =HomOS(L) (L, ωS(L)) is not necessarily contained321

in C . If both L andL′ are members ofC , the structure of corresponding
bundles is clearer.

Theorem 4.8. Let F be a member ofV (n) and setΦ(F) = L. Then L′

contained inC (i.e. L′ has the property(2.3.2)) if and only if there is an
exact sequence of vector bundles

0→ E→ F → O
⊕r
P → 0 (4.8.1)

with H0(P,E∗) = 0 Moreover L′ corresponds to the vector bundleσ(n−
r, n)k(E∗) byΦ.

Proof. Assume that we have the exact sequence (4.8.1). SinceH0(P,E∗)
and E∗ |ℓ≃ O

⊕(n−r)
ℓ

for general linesℓ, the isomorphism classE∗ is
contained inV(n − r, n)k. Let us consider a vector bundleF′ whose
isomorphism class isσ(n − r, n)k(E∗). Then F′ is fitted in an exact
sequence

0→ E∗ → F′ → O
⊕r
P → 0.

Now it is obvious that

Φ(F) ≃ R1q∗(P
∗(E)(−1,−1))

and
Φ(F′) ≃ R1q∗(P

∗(E∗)(−1,−1)).

The dual sequence of (4.8.1) shows thatR1q∗(p∗(E∗)(−1,−1)) is iso-
morphic toR1q∗(p∗(F∗)(−1,−1)). On the other hand, dualizing the ex-
act sequence of Proposition 3.6, we have

0→ p∗(F∗)→ OF(0, 1)⊕n → Ext1
OF

(q∗(L)(−1, 2),OF)→ 0. (4.8.2)



Vector Bundles OnP2 And Torsion Sheaves On The Dual Plane 249

Since322

Ext1
OF

(q∗(L)(−1, 2),OF) ≃ q∗(Ext1OP∗
(L,OP∗(−3)))(1, 1) ≃ qF∗ (L′)(1, 1),

we get an isomorphismR1q∗(p∗(F∗)(−1,−1)) ≃ L′, by tensoring the
above sequence withOF(−1,−1) and then applying the direct image
functor ofq to it. Combining the above results, we see thatΦ(F′) ≃ L′

and henceL′ is contained inC .
The proof of the converse consists of several steps.
Step I. LetF′ be the bundle which corresponds toL′. We shall

construct a homomorphism of̃F∗ = p∗(F∗) to F̃′ = p∗(F′). SettingH =
p−1(ℓ) for a general lineℓ in P, we have the following exact sequence:

0→ F̃∗(−1, 0)→ F̃∗ → O
⊕n
H → 0.

SinceR1q∗
(
F̃∗(−1, 0)

)
≃ L′(1) as we have seen in the above, the above

sequence provides us with another exact sequence

0→ G′ = q∗
(
F̃∗
)
→ O

⊕n
P∗ → L′(1)→ R1q∗

(
F̃∗
)
→ 0.

SinceF̃∗ is locally free, so isG′. If one denotes the cokernel of the natu-
ral map ofq∗(G′) to F̃∗ by T, one gets the following exact commutative
diagram (see 4.8.2)

0

T

OO

0

0 // F̃∗

OO

// OF(0, 1)⊕n // q∗(L′)(1, 1)

OO

// 0

0 // q∗(G′)

OO

// q∗q∗(OF(0, 1))⊕n // q∗(B)

OO

// 0

R

OO

0

OO

(4.8.3)
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whereB is im(β) in the following exact sequence 323

0→ G′ → OP∗(1)⊕n β
−→ q∗(q∗(L′)(1, 1)) ≃ L′ ⊗ TP∗

→ R1q∗
(
F̃∗
)
→ R1q∗(OF(0, 1)⊕n) = 0.

Let us consider another exact commutative diagram

0 0

q∗(L′)(1, 1)

OO

q∗(L′)(1, 1)

OO

0 // q∗(B)

OO

// q∗(L′ ⊗ TP∗)

OO

// q∗
(
R1q∗

(
F̃∗
))

// 0

0 // R

OO

// q∗(L′)(−1, 2)

OO

// Q

OO

// 0

0

OO

0

OO

The first diagram gives rise to an isomorphism ofT to R. Composing
this with the injection of the bottom row of the second diagram, we
obtain an injectionδ0 : T → q∗(L′)(−1, 2). Note that we have the
following isomorphism

q∗(L′)(−1, 2)/δ0(T) ≃ q∗
(
R1q∗

(
F̃∗
))
. (4.8.4)

From the exact sequence in Proposition 3.6 forF′, we obtain the exact324

sequence

0→ HomOF

(
F̃∗,OF(0,−1)⊕n

)
→ HomOF

(
F̃∗, F̃′

)
→

HomOF

(
F̃∗, q∗(L′)(−1, 2)

)
→ Ext1

OF

(
F̃∗,OF(0,−1)⊕n

)
.

As easily seen, HomOF
(
F̃∗,OF(0,−1)⊕n

)
≃ H0

(
F, F̃(0,−1)⊕n

)
= 0 and

Ext1
OF

(
F̃∗,OF(0,−1)⊕n

)
≃ H1

(
F, F̃(0,−1)⊕n

)
= 0. Thus there exists a
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unique homomorphism̃δ : F∗ → F′ which coversδ0. Obviously, for
δ = p∗

(̃
δ
)

: F∗ → F′, p∗(δ) = δ̃.
Step II. SetK = ker(δ). We shall prove thatK ≃ O

⊕r
P , wherer =

h0(P, F∗). Since bothF∗ andF′ areµ-semi-stable and sincec1(F∗) =
c1(F′) = 0, for E′ = im(δ), c1(E′) = 0 and hencec1(K) = 0. Let S
be the torsion part ofF′/E′. Since 0≦ c1((F′/E′)/S) = c1(F′/E′) −
c1(S) = −c1(S), we see thatS is supported by, at most, a finite set of
points. This implies that for a generalzof P∗,

0→ K̃ |q −1(z) → F̃∗ |q −1(z) → F̃′ |q −1(z)

is exact, wherẽK = p∗(K). From this, we deduce that

(4.8.5) K̃ |q−1(z) is a trivial bundle of rankr for all general pointsz 325

in P∗ with r = r(K) because both̃F∗ |q−1(z) and F̃′ |q−1(z) are trivial for
all pointsz in P∗ − S(L). If ℓ is a sufficiently general line inP, then for
H = p−1(ℓ), we have the following exact commutative diagram:

0

��

0

��

0

��

0 // K̃(−1, 0)

��

// K̃

��

// K̃ |H

��

// 0

0 // F̃∗(−1, 0)

��

// F̃∗

��

// F̃∗ |H

��

// 0

0 // F̃′(−1, 0) // F̃′ // F̃′ |H // 0

(4.8.6)

On the other hand, the leftmost colum of (4.8.3) yields the exact
sequence

0 = R1q∗(q
∗(G′)(−1, 0))→ R1q∗

(
F̃∗(−1, 0)

)
→ R1q∗(T(−1, 0))→ 0,

which implies thatL′(1) = R1q∗
(
F̃∗(−1, 0)

)
≃ R1q∗(T(−1, 0)). Since

R1q∗(q∗R1q∗
(
F̃∗(−1, 0))

)
≃ R1q∗

(
F̃∗(−1, 0)

)
⊗ R1q∗ (OF) = 0, (4.8.4)

shows that

R1q∗(δ0(−1, 0)) : R1q∗(T(−1, 0))→ R1q∗(q
∗(L′)(−2, 2)) ≃ L′(1)
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is surjective and then it is an isomorphism becauseR1q∗(T(−1, 0)) is
isomorphic toL′(1) as we have seen in the above. In the commutative
diagram

R1q∗
(
F̃∗(−1, 0)

)

u
��

// R1q∗(T(−1, 0))

R1q∗(δ0(−1,0))
��

// 0

R1q∗
(
F̃′(−1, 0)

)
// R1q∗(q∗(L′)(−2, 2)) // 0

we have showed that the maps except foru were in bijective corre-326

spondence, whenceu is bijective, too. Now, (4.8.6) supplies us with the
following exact commutative diagram:

0

��

0

��

0 // q∗
(
K̃
)

��

// q∗
(
K̃ |H
)

��

// R1q∗
(
K̃(−1, 0)

)

��
0 // G′

��

// O⊕n
P∗

��

// L′(1)

��

// 0

0 // OP∗(−1)⊕n // O⊕n
P∗

// L′(1) // 0

Look at the two exact sequences

0 // K̃(−1, 0) // F̃∗(−1, 0) // Ẽ′(−1, 0) // 0

0 // Ẽ′(−1, 0) // F̃′(−1, 0)

whereẼ′ is the torsion freep∗(E′). From these, we have

R1q∗
(
F̃∗(−1, 0)

)

u
((QQ

QQ
QQ

QQ
QQ

QQ

ν // R1q∗
(
Ẽ′(−1, 0)

)

��

// 0

R1q∗
(
F̃′(−1, 0)

)
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Sinceu is bijective,ν is injective, whence this is isomorphic. By (4.8.5),327

for general pointsz of P∗, Ẽ′ |q−1(z) is a trivial bundle of rankn −

r, which implies thatq∗
(
Ẽ′(−1, 0)

)
vanishes. We see, therefore, that

R1q∗
(
K̃(−1, 0)

)
= 0. The above diagram then shows thatq∗

(
K̃
)

is iso-

morphic toq∗
(
K̃ |H
)

which is a trivial bundle thanks to the middle col-

umn of the diagram. The leftmost column gives us thath0
(
P∗, q∗

(
K̃
))
=

h0 (P∗.G′) = h0
(
F, F̃∗

)
= h0(P, F∗). Therefore,q∗

(
K̃
)
≃ O

⊕r
P∗ with

r = h0(P, F∗). By (4.8.5), the natural homomorphismω of O
⊕r
F
≃

q∗q∗
(
K̃
)

to K̃ is injective andr = r
(
K̃
)
. Thus coker(ω) is supported

by the divisor det(ω) = 0. On the other hand,c1(coker(ω)) = 0 because
c1

(
K̃
)
= c1

(
O
⊕r
F

)
= 0. These mean thatω is an isomorphism, that is,

K ≃ O
⊕r
F

. Hence we obtain thatK ≃ O
⊕r
P with r = h0(P, F∗) as required.

Step III. Let us prove thatE′ = im(δ) is locally free. SetI = F′/E′.
Sincec1(E′) = 0, the torsion partU of I is supported by a finite set of
points. On the other hand, settingJ = coker(q∗(δ) : G′ → OP∗(−1)⊕n)
and taking (4.8.4) into account, we have the following exactcommuta-
tive diagram:

0

��
0 // q∗(G′)

��

// F̃∗

��

// T

��

// 0

0 // OF(0,−1)⊕n

��

// F̃′

��

// q∗(L′)(−1, 2)

��

// 0

0 // q∗(J)

��

// Ĩ

��

// q∗R1q∗(F∗)

��

// 0

0 0 0

The bottom row Lemma 2.13.1 assert that the natural map ofq∗q∗
(
Ĩ
)

to 328

Ĩ is bijective. Sincep andq are flat, the torsion part of̃I is, on one hand,
p∗(U) and, on the other hand,q∗(V), whereV is the torsion part ofq∗

(
Ĩ
)
.

Thus p−1(Supp(U)) = q−1(Supp(V)), which implies that (SuppU) is
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empty or equivalentlyU = 0, that is,I is torsion free. This implies that
E′ is locally free.

Step IV. We shall complete the proof of the theorem. In the first
place,χ(F′) − χ(I ) = χ(E′) = χ(F∗) − χ(O⊕r

P ) andχ(F′) = χ(F∗) = 0.
Thusχ(I ) = r. Sincec1(I ) = 0 andr(I ) = r, we see, by Riemann-Roch
Theorem, thatc2(I ) = 0. Moreover,I is µ-semi-stable because for a
general lineℓ in P, I |ℓ≃ O

⊕r
ℓ

. Then applying Lemma 1.3 toI , we know
that I is isomorphic toO⊕r

P . Thus we have two exact sequences

0→ O
⊕r
P → F∗ → E′ → 0

0→ E′ → F′ → O
⊕r
P → 0.

SettingE = E′∗, we get our assertion. In fact, sinceH0(P, F∗) = r,
H0(P,E∗) vanishes. Q.E.D

Corollary 4.8.7. If a member L ofC is quadratic, then we have an exact
sequence

0→ E→ F → O
⊕r
P → 0

where H0(P,E) = 0, E ≃ E∗ and r= h0(P, F∗).

Proof. We have only to prove thatE is isomorphic toE∗. SinceL ≃ L′,329

F′ in the proof of Theorem 4.8 is isomorphic toF. Thus we have two
exact sequences:

0→ O
⊕r
P → F∗ → E∗ → 0

0→ O
⊕r
P → F∗ → E→ 0

Sinceh0(P, F∗) = r, E∗ = F∗/H0(P, F∗) ⊗ OP by the first sequence and
it is isomorphic toE by the second. Q.E.D

Let us show by an example that for anL in C , L′ is not necessarily
contained inC .

Example 4.9. Let E be a member ofV (2) andI an ideal of a rational
point x of P. By a well-known spectral sequence, we have the following
exact sequence:

0→ H1(P,HomOP(I ,E))→ Ext1
OP

(I ,E)→
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H0(P,Ext1
OP

(I ,E)) → H2(P,HomOP(I ,E)).

Another exact sequence

0→ I → OP→ k(x)→ 0

shows thatHomOP(I ,E) ≃ E andExt1
OP

(I ,E) ≃ Ext2
OP

(k(x),E) ≃ k(x)⊕2.

Therefore, Ext1
OP

(I ,E) ≃ H0(P,Ext1
OP

(I ,E)) ≃ k(x)⊕2 becauseE is a 330

member ofV (2). In a neighborhoodU of x, E |U≃ OUe1 ⊕ OUe2. We
may assume that by the mapExt1OP(I ,E) → Ext1OU(I |U′ OUe1 ⊕

OUe2)→ k(x)⊕2, e1 is sent to the (1, 0) = ξ · ξ. defines an extension

0→ E→ F → I → 0

F |U is isomorphic toOUe2 ⊕ G, whereG is the extension ofI |U by
OUe1 defined by a generator ofExt1OU(I |U ,OUe1) ≃ k(x). By virtue of
a result of Serre ([12]),G is locally free and hence so isF. Now it is clear
thatH0(P, F) = 0, c2(F) = r(F) = 3 and for a general lineℓ in P, F |ℓ is
trivial. ThusF is a member ofV (3). However,E′ = F∗/H0(P, F∗)⊗OP

is a subsheaf ofE∗ but not equal toE∗ at x. Thus E′ is not locally
free, this and Theorem 4.8 together show that forL = Φ(F), L′ is not
contained inC . Note that the discriminant curveS(L) of L is a union of
non-singular conic and a line. ThisF also supplies us with an example
to show that Lemma 1.4, (1) does not hold without assuming thestability
of F. In fact, thisF is semi-stable but not stable.

§5 Applications and remarks

Let us give some applications of our Main Theorem and Theorem4.8
and some remarks. The first remark is

Lemma 5.1. (1) A member F ofV is stable if and only ifΦ(F) is a
simple object inC .

(2) Let L be a member ofC . If S(L) is irreducible and reduced, then331

a vector bundle corresponding to L is stable.
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Proof. (1) If Φ(F) contains a proper subsheafL which is a member of
C , thenF contains a subsheafE corresponding toL. SinceE is a
member ofV (t) for somet, we see thatPE(m) = m2/2+ 3m/2 =
PF(m), which implies thatF is not stable. Conversely, ifF is
not stable, then it is semi-stable and contains anE of a V (t) by
Lemma 1.9Φ(E) is then a proper, non-zero subsheaf ofΦ(F).

(2) Take anF in V (n) which corresponds toL. Assume thatF is not
stable. By virtue of Lemma 1.9, we see thatF is semistable and
contains anE in V (t)(t < n) as a subsheaf. ThenM = Φ(E) is
a proper subsheaf ofL = Φ(F) and thenS(M) is a subsheme of
S(L) (Lemma 2.8) which violates our assumption.

Q.E.D

Which curve can be a discriminant curve ofL in C or the curve of
jumping lines of a vector bundle inV ? The following answers partly
this question.

Lemma 5.2. Let D be an effective divisor on P∗ whose support does not
contain any line. Then there exists an L inC such that S(L) = D.

Proof. Since the support ofD contains no lines, we do not need to
care about the property (2.3.2), by virtue of Proposition 2.13. Let D
be
∑

niDi , whereni ’s are positive integers andDi ’s are mutually dis-
tinct irreducible, reduced divisors. If we haveLi for eachDi such that332

S(Li) = Di, thenL = ⊕L⊕ni
i has the property (2.3.1) andS(L) = D (see

Lemma 2.8). Thus we may assume thatD is irreducible and reduced.
Let g : D̃ → D be the normalization ofD. Then, as is easily seen,
there is a line bundlẽL on D̃ such thatH0

(
D̃, L̃
)
= H1

(
D̃, L̃
)
= 0. Set

L = g∗
(
L̃
)
. Sinceg is a finite morphism,H0(P∗, L) = H0

(
D̃, L̃
)
= 0

and H1(P∗, L) = H1
(
D̃, L̃
)
= 0. ThusL has the property (2.3.1). At

smooth points ofD, g is isomorphic. This means thatc1(L) = D. We
see, therefore, thatS(L) = D. Q.E.D

The next question is on the existence ofµ-stable vector bundlesF
with S(F) smooth.
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Proposition 5.3. Let r and c2 be integers with c2 ≧ r ≧ 2. Then there
exists aµ-stable vector bundle F on P= P2 of rank r with c1(F) = 0 and
c2(F) = c2 such that the curve of jumping lines S(F) of F is smooth.

Proof. We shall fix ac2 and prove our assertion by induction onr. In the
case ofr = 2, the proposition is well known (see [2] or [11]). Suppose
that Proposition 5.3 is true up tor − 1. Pick aµ-stable vector bundleE
on P of rank r − 1 with c1(E) = 0, c2(E) = c2 andS(E) smooth. Since
H0(PE) = H2(P,E) = 0, we haveh1(P,E) = c2 − r + 1 > 0. Then we
have a non-trivial extension

0→ E→ F′ → OP→ 0

which is stable by Lemma 1.4, (2). Since

R1q∗(p
∗(E(−1))) ≃ R1q∗(p

∗(F′(−1)),

S(F′) = S(E) which is a smooth curve inP∗. Let M be the irreducible 333

component of the moduli space of stable vector bundles onP which
contains theF′ in the above. SinceS(F′) is smooth, for general points
F of M and general lineℓ in P, F |ℓ≃ O

⊕r
ℓ

andS(F) is smooth. Assume
that F is not µ-stable. ThenF is µ-semi-stable. LetE′ be a maximal
proper subsheaf ofF with c1(E′) = 0. ThenE′ is locally free,E′′ =
F/F′ is torsion free andc1(E′) = 0. Moreover, bothE andE′ areµ-
semi-stable. On the one hand,S(F) is smooth and, on the other hand,
S(F) = S(E′) + S(E′). This implies that one ofS(E′) and S(E′) is
zero; in other words, eitherc2(E′) or c2(E′) is zero. By Lemma 1.3,
we see thatE′ ≃ O

⊕s
P or E′ ≃ O

⊕(r−s)
P . If E′ is trivial, h0(P, F) ≧

h0(P,E′) , 0 which contradicts the stability ofF. ThereforeF is fitted
in the extension

0→ E′ → F → O
⊕t
P → 0

Now we shall assume that our assertion is false forr and show that it
leads us to a contradiction. Sinceh0(P, F∗) is upper semi-continuous
on M andh0(P, F′∗) = 1, t must be 1 for generalF. Furthermore, by
the openness ofµ-stability and the fact thatE∗ is µ-stable, we see that
E′∗ ≃ F∗/OP is µ-stable for generalF. Thus there exists a non-empty
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open setU of M whose points correspond to stable vector bundlesF
such thatF is an extension ofOP by aµ-stableE:

0→ E→ F → OP→ 0. (5.3.1)

The dimension of the moduli space ofµ-stable vector bundlesE with334

c1(E) = 0, c2(E) = c2 andr(E) = r − 1 is

2(r − 1)c2 − (r − 1)2 + 1([10,Proposition 6.9]).

Sinceh1(P,E) = c2− r + 1, the dimension of the space of the extensions
(5.3.1) isc2− r. By Proposition 6.9 of [10] again, we have that dimU =
2rc2 − r2+ 1. Then we get dimU − {2(r − 1)c2 − (r − 1)2 + 1+ c2− r} =
c2− r +1 > 0. This means that general membersF of U cannot be fitted
in the extension (5.3.1). This is a contradiction. Q.E.D

Remark 5.4. The existence ofµ-stable vector bundlesE on P such that
c1(E) = 0, c2(E) = c2 andr(E) = r for thec2 andr given in the above
proposition is a very special case of the result by J.M. Drezet and J. Le
Potier [6].

In view of Theorem 4.8, we can say, on stable vector bundles in
V(n, n), a little more than Corollary 1.4.1 under the additional assump-
tion (1.10.2).

Proposition 5.5. Let F be a stable vector bundle inV .

(1) BothΦ(F) andΦ(F) are contained inC .

(2) We have an exact sequence of vector bundles

0→ E→ F → O
⊕r
P → 0

with E µ-stable, where r= h0(P, F∗). In particular, if H0(P, F∗) =335

0, then F isµ-stable.

Proof. (1) is corollary to Corollary 1.4.1 and Theorem 4.8. We proved
(2) in Corollary 1.4.1 except for theµ-stability of E. Assume thatE is
not µ-stable. SinceE is µ-semi-stable, there is a coherent subsheafE1
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of E such thatc1(E1) = 0, E1 is locally free andr(E1) < r(E). Set
E2 = E/E1. ThenE2 is torsion free and for general linesℓ in P, we
see thatEl |ℓ, E |ℓ andE2 |ℓ are all trivial, which particularly implies
that q∗(p∗(E2))(−1,−1)) is torsion. On the other hand, sincep∗(E2) is
torsion free, thanks to the flatness ofp, so isq∗(p∗(E2)(−1,−1)). Hence
q∗(p∗(E2)(−1,−1)) = 0. Therefore, puttingLi = R1q∗(p∗(Ei)(−1,−1))
and L = R1q∗(p∗(E)(−1,−1)) = Φ(F), we obtain the following exact
sequence:

0→ L1→ L→ L2→ 0.

SinceRiP∗(p∗(E j)(−1,−1)) = 0 for all i and j (see Lemma 2.13.1 ),
Hi(F, p∗(E j)(−1,−1)) = 0 for all i and j. Combining this and the fact
thatRiq∗(p∗(E j)(−1,−1)) = 0 unlessi = 1, we know thatL1 andL2 have
the property (2.3.1). By virtue of Proposition 2.9, (4), we get the exact
sequence

0→ L′2→ L′ → L′1→ 0.

Then it is obvious thatL1 has the property (2.3.2) because so doesL.
By Lemma 5.1,L is a simple object inC and hence eitherL1 or L2 336

vanishes. On the other hand, it is not difficult to see that degS(Li) =
c2(Ei) (cf. [11] Proposition 1.7). Thusc2(E1) = 0 or c2(E2) = 0.
Applying Lemma 1.3 toEi, we get thatE1 or E2 is trivial. The former
violates the condition thatH0(P, F) = 0 and the latter contradicts the
fact thatH0(P,E∗) = 0. This completes the proof.

Let M′(r, n)µ0 be the moduli space ofµ-stable vector bundlesE of
rank r and P with c1(E) = 0 andc2(E) = n which have the property
(1.10.2). ThenM′(r, n)µ0 is an open subscheme ofM(r, n)µ0. If the base
field k is of characteristic zero, thenM′(2, n)µ0 = M(2, n)µ0, by the the-
orem of GrauertMülich. If we defineM′(n, n)0 to be the moduli space
of stable vector bundlesE with c1(E) = 0 andc2(E) = r(E) = n which
have the property (1.10.2), thenM′(n, n)0 is also an open subscheme
of M(n, n)0 andψ(r, n)(M′(r, n)µ0) = ψ(r, n)(M(r, n)µ0) ∩ M′(n, n)0 (see
Proposition 1.7). Letψ′(r, n) be the morphism ofM′(r, n)µ0 to M′(n, n)0

induced byψ(r, n) of Proposition 1.7. Relations amongM′(r, n)µ0 are
clearer than those amongM(r, n)µ0 which we have seen in Proposition 1.7.
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Theorem 5.6.There are subschemes Z(r, n) in M′(n, n)0(r = 2, 3, . . . , n)
such that(1) ψ′(r, n) induces an isomorphism of M′(r, n)µ0 to Z(r, n), (2)

M′(n, n)0 =
n∐

r=2
Z(r, n) and (3) Z(r, n) =

∐
s≦r

Z(s, n), where means

the closure in M′(n, n)0.

Proof. By Proposition 1.7 and Proposition 5.5, (2), our assertionsare337

obvious except for (3). (3) is also easy if one takes the irreducibility
of the moduli space of stable bundles onP ([6, see, for example,]) into
account.

Let us close this article by the following question.

Question 5.7. Let M(n, n) be the moduli space of semi-stable sheaves
E of rankn on P with c1(E) = 0 andc2(E) = n ([10]). It is known that
M(n, n) is a projective, normal variety. What is the closure ofZ(r, n) in
M(n, n)?
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On The Moduli Space Of Bundles OnK3
Surfaces, I

By S. Mukai

IN [12], WE have shown that the moduli spaceMS of stable sheaves341

on a K3 or abelian surfaceS is smooth and has a natural symplectic
structure. In this article, we shall studyMS more precisely in the caseS
is of typeK3. We shall show that every compact 2 dimensional compo-
nent ofMS is aK3 surface isogenous toS (Definition 1.7 and 1.8) and
describe its period explicitly (Theorem 1.4). As an application of this
result, we shall show that certain Hodge cycles on a product of two K3
surfaces are algebraic (Theorem 1.9). As a corollary, we have that two
K3 surfaces with Picard number≧ 11 are isogeneous in our sense if and
only if their transcendental Hodge structuresTS andTS′ are isogenous,
i.e., isomorphic overQ (Corollary 1.10).

This work was done during the author’s stay at the Institute for Ad-
vanced Study in 1981-2, at the Max Planck Institut fur Mathematik first
in 1982 and later in 1983 and at the Mathematics Institute in Univer-
sity of Warwick in 1982-3. The stay at MPI was partially supported by
SFB 40 and others by Educational Projects for Japanese mathematical
Scientists.

1 Introduction
342

Let S be an algebraicK3 surface over the complex number fieldτ. The
cohomology groupH2(S,Z) with the cup product pairing is an even
unimodular lattice and isomorphic to∧ = U⊥3 ⊥ E⊥2

8 which we call a

K3 lattice, whereU is the hyperbolic lattice

[
0 1
1 0

]
andE8 is an even

263
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unimodular negative definite lattice of rank 8. We define a bilinear form
and a Hodge structure of weight 2 on the cohomology ringH∗(S,Z).
The integral bilinear form (·) on H∗(S,Z) is defined by

(α · β) = −α0∪β4 + α2∪β2 − α4∪β0 ∈ H4(S,Z) � Z (1.1)

for everyα =
(
α0, α2, α4

)
andβ =

(
β0, β2, β4

)
in H∗(S,Z), where we

identify H4(S,Z) with Z by the fundamental cocycleω ∈ H4(S,Z). The
Hodge decomposition ofH∗(S,C) = H∗(S,Z) ⊕ C is defined by

H∗,2,0(S,C) = H2,0(S,C),

H∗,0,2(S,C) = H0,2(S,C)

and

H∗,1,1(S,C) = H0(S,C) ⊕ H1,1(S,C) ⊕ H4(S,C).

(1.2)

H∗(S,Z) with the bilinear form (1.1) and the Hodge structure (1.2) is
denoted byH̃(S,Z) · H2(S,Z) is a sublattice and a Hodge substructure
of H̃(S,Z).

Let E be a sheaf onS. SinceH2(S,Z) is an even lattice, the Chern343

characterch(E) of E belongs toH∗(S,Z). We denotech(E) ·
√

tdS ∈
H∗(S,Z) = H̃(S,Z) by υ(E) (Definition 2.1) TheH0(S) -component of
υ(E) is the rankr(E) of E (at the generic point) andH2(S)-component is
the 1st Chern classc1(E). TheH4(S)-component ofυ(E) is denoted by
s(E). By the Riemann-Roch theorem, we haves(E) = r(E) + ch2(E) =
X(E) − r(E) · v(E) is of type (1,1) with respect to the Hodge structure
defined in (1.2). For sheavesE andF on S,X(E, F) denotes the alter-
nating sum

∑
i
(−1)i dim ExtiOS(E, F). By the Riemann-Roch theorem,

we have (see Proposition 2.2)

X(E, F) = −(υ(E) · υ(F)).

Let υ be a vector ofH̃(S,Z) of Hodge type (1,1), and letMA(υ) be
the moduli space of stable sheavesE on S with υ(E) = υ which are
stable with respect toA in the sense of [2]. ThenMA(υ) is smooth and
each component has dimension (υ2) + 2. Assume thatυ is isotropic,
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i.e., (υ2) = 0 and thatυ is primitive, i.e., not divisible by any integer
≧ 2. ThenMA(υ) is 2-dimensional. The orthogonal complementυ⊥ of

υ in H̃(S,Z) containsυ and the quotient
υ⊥

Zυ
is a freeZ-module of rank

22. The quadratic form oñH(S,Z) defined in (1.1) induces a quadratic

form on
υ⊥

Zυ
with signature (3, 19). Sinceυ is of type (1.1), the Hodge

decomposition of̃H(S,C) induces that of

(
υ⊥

Zυ

)
⊗ C. Hence

υ⊥

Zυ
carries

the polarized Hodge structure of the same kind asH2(S,Z).

Theorem 1.4. Let S be an algebraic K3 surface andυ a primitive
isotropic vector ofH̃(S,Z). Assume that the moduli space MA(υ) is 344

nonempty and compact. Then MA(υ) is irreducible and is a (minimal)
K3 surface. Moreover, there is an isomorphism of Hodge structures

between H2(MA(υ),Z) and
υ⊥

Zυ
which is compatible with the cup prod-

uct pairing on H2(MA(υ)) and the bilinear form
υ⊥

Zυ
induced by that on

H̃(S,Z).

The above theorem and the Torelli theorem forK3 surfaces ([7],
[20]) determine the isomorphism class ofMA(υ) uniquely There are
many pairs ofυ andA for which the moduli spacesMA(υ) are compact
(Proposition 4.1 and Proposition 4.3).

Remark. Even if MA(υ) is not compact, every component ofMA(υ) is
birationally equivalent to aK3 surfaceM and the period ofM is isomor-

phic to
υ⊥

Zυ
.

Now we show how the isomorphism betweenH2(MA(υ),Z) and
υ⊥

Zυ
is obtained. The isomorphism is induced by a natural algebraic cycle
on S × MA(υ). There exists a sheafE on S × MA(υ) which we call a
quasi-universal sheaf (Definition A.4 and Theorem A.5).E is flat over
MA(υ) and the restriction toS ×m is isomorphic toE⊕σm for every point
m ∈ MA(υ), whereEm is a stable sheaf inMA(υ) corresponding tom.
The integerσ = σ(E ) does not depend onmand is called the similitude
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of E. Let ch(E ) ∈ H∗(S × MA(υ),Q) be the Chern character ofE . Put

ZE =
(
π∗S
√

tdS

)
·ch(E )·


π∗M
√

tdM

σ(E )

, wheretdS is the Todd class ofS and

M = MA(υ) · ZE is an algebraic cycle onS×MA(υ) (with Q coefficient)
and induces the homomorphism

fZE : H̃(S,Q) // H̃(MA(υ),Q)

H∗(S,Q) // H∗(MA(υ),Q).

∈ ∈

t // πM,∗(ZE · π∗St)

fZE
is a homomorphism of Hodge structures.fZE

sendsυ to the fun-345

damental cocyclew ∈ H4(MA(υ),Z) (Lemma 4.11) and mapsυ⊥ into
H0(MA(υ),Q) ⊕ H2(MA(υ),Q). HencefZE

induces the homomorphism

ϕQ =

(
υ⊥ ⊗ Q)

Qυ
→ H2 (MA(υ),Q).

Theorem 1.5. Assume thatυ is an isotropic vector and that MA(υ) is
nonempty and compact. Then we have

(1) ϕQ does not depend on the choice of a quasi-universal familyE

on S× MA(υ),

(2) ϕQ is an isomorphism of Hodge structures and compatible with

the bilinear forms on
(υ⊥ ⊗ Q)
Qυ

and H2(MA(υ),Q), and

(3) ϕQ is defined overZ, i.e.,ϕQ

(
υ⊥

Zυ

)
= H2(MA(υ),Z).

If E is a universal family (i.e.,σ(E ) = 1), thenZE is integral and
fZE gives an Hodge isometry of betweeñH(S,Z) and H̃(M,Z) (Theo-
rem 4.9).
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Remark 1.6. The relation between the periods of a varietyX and the 346

moduli space of bundles onX was studied in the caseX is a curve in
[16]: Let M be the moduli space of stable rank 2 bundles with a fixed
determinantξ. If degξ is odd, thenM is compact and the two polar-
ized Hodge structuresH1(C,Z) and H3(M,Z) are isomorphic and the
isomorphism is given by using the Chern class of a universal family on
C × M. (Since the weights are odd, in this case, the polarization is not
symmetric but skew symmetric).

The following is a natural analogue of the notion of isogeny of
abelian surfaces.

Definition 1.7. An algebraic cycleZ ∈ H4(S × S′,Q) on a product
of two K3 surfacesS andS′ is an isogeny, if the homomorphismfz :
H2(S,Q)→ H2(S′,Q), t → πS, ·∗(Z.π∗St), is an isometry, i.e. an isomor-
phism compatible with cup product pairings.

fZ is an isometry if and only if so is the homomorphismf ′Z : H2

(S′,Q) → H2(S,Q), t′ → πS, ∗(Z, π∗St′) becausefZ and f ′Z are adjoint
to each other with respect to the cup product pairings. In fact, we have
(t′ · fZ(t)) = (π∗S′ t

′ · Z · π∗St) = ( f ′Z(t) · t) for every t ∈ H2(S,Q) and
t′ ∈ H2(S′,Q).

Definition 1.8. Two K3 surfacesS andS′ are isogenous if there exists
an isogenyZ ∈ H4(S × S′,Q) onS × S′.

Let NS be the Néron-Severi group ofS.NS is canonically isomorphic 347

to H1,1(S,Z) and is a primitive sublattice ofH2(S,Z). The orthogonal
complementTS of NS is called thetranscendental latticeof S. Every
cohomology class inNS is of type (1,1) and any cohomology class in
TS is not so. H2(S,Z) containsNS ⊥ TS as a sublattice of a finite
index andH2(S,Q) is isomorphic to (NS × Q) ⊥ (TS × Q). Hence the
cohomology groupH4(S × S′,Q) is the direct sum of 4 vector spaces
NS × NS′ ⊗ Q,NS ⊗ TS′ ⊗ Q, TS ⊗ NS′ ⊗ Q andTS ⊗ TS′ ⊗ Q. Neither
NS ⊗ TS′ ⊗ Q nor TS ⊗ NS′ ⊗ Q contains a cohomology class of type
(2,2). Hence ifZ ∈ H4(S × S′,Q) is a Hodge cycle, thenZ is the sum
of Zυ ∈ NS ⊗ NS′ ⊗ Q andZτ ∈ TS ⊗ TS′ ⊗Q. Zυ is always an algebraic
cycle. Hence a Hodge cycleZ is algebraic if and only if so isZτ · Zτ
induces the homomorphismf τZ : TS ⊗ Q → TS′ ⊗ Q. In particular,S



268 S. Mukai

andS′ are isogeneous if and only if there exists an algebraic cycleZ on
S×S′ such thatf τZ : TS⊗Q→ TS′ ⊗Q is an isometry. By Theorem 1.5,
ZE is an isometry andS andMA(υ) are isogeneous. As an application
of this fact, we have

Theorem 1.9. Let S and S′ be algebraic K3 surfaces and Z∈ H4(S ×
S′,Q) a Hodge cycle on S× S′. Assume that fτZ : TS ⊗ Q → TS′ ⊗ Q
is an isometry and that the lattice T= TS ∩ ( f τZ)−1T′S can be primitively
embedded into a K3 lattice∧. Then Z is an algebraic cycle.

If ρ(S) ≧ 11, then rankT ≦ 11 andT can be primitively embedded
into ∧ by Corollary 1.12.3 in [17]. Hence we have

Corollary 1.10. If ρ(S) ≧ 11and if fτZ : TS⊗Q→ TS⊗Q is an isometry,348

then the Hodge cycle Z is algebraic.

Remark 1.11. By the corollary, twoK3 surfacesS andS′ with ρ ≥ 11
are isogenous if and only if the Hodge structuresTS and TS′ are so.
This partially answers to the question posed in [21]. ForK3 surfaces
with ρ = 20, this has been proved by Shioda-Inose [22]. Moreover,
Inose [4] has proved that ifTS andTS′ are isogenous for such twoK3
surfacesS andS′, then there exist rational maps of finite degree fromS
to S′ and fromS′ to S.

In [10], Morrison has proved that ifTS has a primitive embedding
TS ֒→ U⊥3, then there exist an abelian surfaceA and a certain algebraic
correspondence onS×A which inducesTS � TA. By this result and the
above corollary, we have

Theorem 1.12. Let S be an algebraic K3 surface. If TS ⊗ Q can be
embedded into(U ⊗ Q)⊥3 as a lattice, then there exists an algebraic
cycle on S× A which induces an isometry between TS ⊗ Q and TA ⊗ Q

This was conjectured in [10] by modifying Oda’s conjecture in [19].

Notation. A K3 surface always means a minimal algebraicK3 surface
overC, throughout this article. For a complex manifoldX overC,
H∗(X,Z) is the cohomology ring ofX. The even (resp. odd) part of349
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H∗(X,Z) is denoted byHeυ(X,Z) (resp. Hodd(X,Z). ∗ is the involution
of Heυ(X,Z) which is+1 on

⊕
n

H4n(X) and−1 on
⊕

n
H4n+2(X).

A sheaf onX is a choerentOX-module. hi(E) is the dimension of
the cohomology groupHi(X,E) andX(E) is the alternating sum

∑
(−1)i

hi(E). For an ample line bundleA and a nontorsion sheafE, the rational

number
(c1(E) · Adim X−1)

r(E)
is called the slope ofE with respect toA and

denoted byµA(E). A torsion free sheafE is µ-stable (resp.µ-semi-
stable) with respect otA, if µA(F) > µA(E) (resp. µA(F) ≧ µA(E)) for
every proper nontorsion quotient sheafF of E. The set of isomorphism
classes of allµ-stable (resp.µ-semi-stable) sheaves onX is denoted by
Mµ

X

(
resp.S Mµ

X

)
. Mµ

X is an open subset of the moduli spaceMX of stable
(in Gieseker’s sense) sheaves onX. For a sheafE on X,E∨ denotes the
dual sheaf HomOX(E,OX) · ch(E) ∈ Heυ(X,Q) is the Chern character of
E. If E is locally free, then we havech(Ev) = ch(E)∗.

A latticeover a ringR is a freeR-moduleL with a symmetric bilinear
form (·) : L × L → R and a lattice means a lattice overZ. A sublattice

L0 of L is primitive if
L
L0

has no torsion and a vectorυ of L is primitive

if Zυ is a primitive sublattice. An isomorphismf : L
∼−→ L′ between

two latticesL andL′ is an isometry iff is compatible with the bilinear
forms onL andL.

For an algebraic varietyX, the Néron-Severi groupNX is the Picard 350

group Pic (X) modulo algebraic equivalence. The Picard numberρ(X)
is the rank ofNX. If S is aK3 surface, then the natural map Pic(S) →
NS is a bijection. Forℓ ∈ NS, we denote byOS(ℓ) the line bundle
corresponding toℓ.

2 Generalities

In this section, we assume thatS is an abelian orK3 surface. The Todd
classtdS of S is equal to 1+ 2ǫw, where 1∈ H0(S,Z) is the unit ele-
ment of the cohomology ringH∗(S,Z), w ∈ H4(S,Z) is the fundamental
cocycle ofS and ǫ is equal to 0 or 1 according asS in abelian or of
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type K3. The positive square root
√

tdS = 1 + ǫw lies in the even part
Heυ(S,Z) of H∗(S,Z). Let E be a sheaf onS. Then the Chern character
ch(E) belongs toHeυ(S,Z).

Definition 2.1. For a sheafE, we putυ(E) = ch(E).
√

tdS ∈ Heυ(S,Z)
and call it the vector associated toE.

We define a symmetric integral bilinear form (· ) on Heυ(S,Z) by

(u · u′) = α∪α′ − r∪s′ − s∪r′ ∈ H4(S,Z) � Z

for every u = (r, α, s) and u′ = (r′, α′, s′) ∈ H0(S,Z) ⊕ H2(S,Z) ⊕
H4(S,Z). We denoteHeυ(S,Z) with this inner product (· ) by H̃(S,Z).
H̃(S,Z) is an even lattice of rank 8(1+ 2ǫ) and isomorphic toU⊥4 ⊥351

E⊥2
8 ǫ as an abstract lattice. The inner product (u · u′) is equal to the

H4(S,Z)-component of−u∗ ·u ∈ Heυ(S,Z). Hence, for sheavesE andF
onS, (υ(E) · υ(F)) is equal to theH4(S)-component of−ch(E)∗ · ch(F) ·
tdS. Therefore, by the Riemann-Roch theorem, we have

Proposition 2.2. Let E and F be sheaves on S and putX(E, F) =∑
i
(−1)i dim Exti

OS
(E, F). Then we haveX(E, F) = −(υ(E) · υ(F)).

Proof. If E is locally free, then Exti
OS

(E, F) is canonically isomorphic

to Hi(S,E∨⊗F) for everyi and−ch(E)∗ ·ch(F) · tdS is equal to−ch(E⊗
F) · tdS. Hence our assertion follows from the usual Riemann-Roch
theorem. If 0→ E′ → E→ E′′ → 0 is an exact sequence, thenX(E, F)
and (υ(E) · υ(F)) are equal toX(E′, F) + X(E′′, F) and (υ(E′) · υ(F)) +
(υ(E′′) · υ(F)), respectively. SinceE has a resolution by locally free,
sheaves, we have our assertion for every sheavesE andF. q.e.d

The dualizing sheafωS of S is trivial. Hence the Serre duality is
simple in form and is a very effective tool of our study.

Proposition 2.3. Let E and F be sheaves on S . Then the pairingExti
OS

(E, F) × Ext2−i
OS

(F,E) → H2(OS), (α, β) → tr2(α ◦ β) is nondegener-352

ate for every i, where tr2 : Ext2
OS

(F, F) → H2(OS) is the trace ho-

momorphism ofExt2
OS

(F, F). In particular we havedim Ext2
OS

(E, F) =

dim HomOS(F,E) anddim Ext1(E, F) = dim Ext1
OS

(F,E).
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Proof. The usual Serre duality says that the natural pairingHi(S,G) ×
Ext2−i

OS
(G, ωS) → H2(S, ωS) is nondegenerate for every sheafG on S.

In the case whereE is locally free, applying this Serre duality forG =
E∨ ⊗ F, we have our proposition. In the general case, take locally free
resolutions 0→ Em → Em−1 → · · · → E0 → E → 0 and 0→
Fm → Fn−1 → · · · F0 → F → 0 of E and F, and apply the Serre
duality for Hom•

OS
(E •

, F •) in the derived categoryD(S) of S([3]), where

E •

= [0 → Em → Em−1 → · · · → E0 → 0] andF •

= [0 → Fn →
Fn−1 → · · · → F0→ 0]. Then we have our proposition. q.e.d

In the special case whereE = F, the Serre pairing is a non degener-
ate bilinear form on Ext1

OS
(E,E) which we call the Serre bilinear form.

This form is skew symmetric.
By Proposition 2.2 and 2.3, we have

Proposition 2.4. (υ(E) · υ(F)) = dim Ext1
OS

(E, F) dim HomOS(E, F) −
dim HomOS(F,E).

Corollary 2.5. dim Ext1
OS

(E,E) = (υ(E)2) + 2 dim EndOS(E) for every 353

sheaf E on S . In particular,dim Ext1
OS

(E,E) is always an even integer. If

E is simple, thendim Ext1
OS

(E,E) =(υ(E)2+2) and hence(υ(E)2) ≧ −2.

The tangent space of SplS (or MA) at the point [E] ∈ SplS is canon-
ically isomorphic to Ext1

OS
(E,E). Since SplS is smooth ([12]), we have

Corollary 2.6. Let υ be a vector of̃H(S,Z). Then every component of
SplS(υ) is smooth and has dimension

(
υ2

)
+ 2.

Next we prove some inequalities for
(
υ(E)2

)
and dim Ext1

OS
(E,E)

which play an important role for our study of sheaves onS.

Proposition 2.7. Let X :→ F
f
−→ E

g
−→ G → 0 be an exact sequence

of sheaves on S such thatHomOS(F,G) = 0. Define i: Ext1
OS

(G, F) →
Ext1

OS
(E,E) and j : Ext1

OS
(E,E)→ Ext1

OS
(F,G) by i(α) = f ◦ α ◦ g and

j(β) = g ◦ β ◦ f . Let I be the image of i and J the kernel of j. Then we
have
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(1) I ⊂ J and the quotient
J
I

is isomorphic to

Ext1
OS

(F,E) ⊕ Ext1
OS

(G,G),

(2) Let e ∈ Ext1
OS

(G, F) be the extension class of X and define the
homomorphism h: EndOS(F) ⊕ EndOS(G) → EndOS(G, F) by
h(eF , eG) = eF ◦ e − e ◦ eG. Then the sequence (2.7.1)0 →
EndOS(E)→ EndOS(F) ⊕ EndOS(G)

h−→ ExtO i
S
(G, F)

i−→ ExtOS

(E.E) is exact (sinceHomOS(F,G) = 0, every endomorphism of354

E preserves X and induces endomorphisms of F and G), and

(3) J is the orthogonal complement I⊥ of I with respect to the Serre
bilinear form onExt1

OS
(E,E) and I is totally isotropic.

Proof. (1) Sinceg◦ f = 0, j ◦ i = 0 andJ containsI . We show that
J
I

is isomorphic to Ext1
OS

(F, F) ⊕ Ext1
OS

(G,G). If α ∈ Ext1
OS

(E,E)
belongs toJ, then (g ◦ α) ◦ f = 0. Hence there existsαG ∈
Ext1

OS
(G,G) such thatg ◦ α = αG ◦ g. Since HomOS(F,G) = 0,

such anαG is unique. In a similar way, there exists a unique
αF ∈ Ext1

OS
(F, F) such thatα ◦ f = f ◦ αF . It is easy to see that

the mapϕ : J → Ext1
OS

(F, F) ⊕ Ext1
OS

(G,G), α 7→ (αF , αG) is a
homomorphism.

Claim. Ker ϕ = I .

If α ∈ I , theng ◦ α = α ◦ f = 0. HenceαF = αG = 0 andI is
contained in Kerϕ. Assume thatα belongs to Kerϕ. Then we have
α ◦ f = g ◦ α = 0. Hence there existsβ ∈ Ext1

OS
(E, F) such that

α = f ◦ β. Since f ◦ (β ◦ f ) = α ◦ f = 0 and since Ext1
OS

(F, F)

f ◦
∗−→ Ext1

OS
(F,E) is injective, we haveβ◦ f = 0. Henceβ = γ ◦g

for someg ∈ Ext1
OS

(F,G). Therefore,α is equal tof ◦ γ ◦ g and
belongs toI .

Claim. ϕ is surjective.
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By the Serre duality and by our assumption, we have Ext2
OS

355

(G, F) = 0. Hence the homomorphism Ext1
0S

(E, F)
∗◦ f
−−−→

Ext1
OS

(F, F) is surjective. Therefore, for everyαF ∈ Ext1
OS

(F, F),

there existsβ ∈ Ext1
OS

(E, F) such thatαF = β ◦ f . Putα = f ◦ β ∈
Ext1

OS
(E,E). Then it is easy to see thatϕ(α) = (αF , 0). In a similar

way, for everyαG ∈ Ext1
OS

(G,G), we obtainα ∈ Ext1
OS

(E,E) such
thatϕ(α) = (0, αG). Henceϕ is surjective.

(2) If h(eF , eG) = 0, theneF ◦ e = e ◦ eG which means that two
endomorphismseF andeG of F andG are compatible with respect
to the extension class ofX. Hence there exists an endomorphism
of E which induceseF andeG. Therefore, the sequence (2.7.1)
is exact at EndOS(F) ⊕ EndOS(G). Since f ◦ e = e ◦ g = 0, we
haveh ◦ i = 0. Assume thatα ∈ Ext1

OS
(G, F) and i(α) = 0, i.e.,

f ◦(α◦g) = 0. Then there existsβ ∈ HomOS(E,G) such thatα◦g =
e◦ β. Since HomOS(F,G) = 0, there exists an endomorphismγG

of G such thatβ = γG ◦ g. Since (α − e ◦ γG) ◦ g = 0, there
exists an endomorphismγF of F such thatα − e◦γG = γF ◦ e.
Therefore,α lies in the image ofh and the sequence (2.7.1) is
exact at Ext1

OS
(G, F).

(3) SinceωS is trivial, the homomorphismsi and j are dual to each

other by the Serre duality. HenceI and Ext1
OS

(E,E)
J

are dual to

each other. Ifα ∈ I and β ∈ J, thenα ◦ β ∈ Ext2
OS

(E,E) is
zero. HenceI andF are perpendicular with respect to the Serre
bilinear form on Ext1

OS
(E,E). Since the Serre bilinear form is

nondegenerate,J coincides withI ℓ.
q.e.d

Corollary 2.8. ([11]) Let X be same as above. Then we have 356

dim Ext1
OS

(F, F) + dim Ext1
OS

(G,G) ≦ dim Ext1
OS

(E,E).

Remark 2.9. If S is a surface and| KS |, φ, then HomOS(F,G) = 0
implies Ext2

OS
(G, F) = 0. Hence (1) and (2) of the proposition and the
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corollary are true for such surface (1) of the proposition says that every
infinitesimal deformation ofF andG can be lifter to an infinitesimal
deformation ofE.

The following proposition and its proof are quite similar toabove
ones. In fact, these propositions are equivalent if one consider them in
the derived categoryD(S) of S.

Proposition 2.10. Let X : 0→ E
g
−→ G

e−→ F → 0 be an exact sequence
of sheaves on S such thatExt1

OS
(F,G) = 0. Let f ∈ Ext1

OS
(F.E) be

the extension class of X. Define i= HomOS(G, F) → Ext1
OS

(E,E) and

j : Ext1
OS

(E,E) → Ext2
OS

(F,G) by i(α) = f ◦ α ◦ g and j(β) = g ◦ β ◦ f .
Let I be the image of i and J the kernel of j. Then we have (1) and (3)
in Proposition 2.7 and (2) define the homomorphism h: EndOS(F) ⊕
EndOS(G) → HomOS(G, F) by h(eF , eG) = eF ◦ e − e ◦ eG for eF ∈
EndOS(F) and eG ∈ EndOS(G). Every endomorphism of E is induced by

that of G and the sequence0→ EndOS(E)→ EndOS(F) ⊕EndOS(G)
h−→

Ext1
OS

(G, F)i → Ext1
OS

(E,E) is exact. In particular, if I= 0, then h is357

surjective.

Proof. By the Serre duality, we have Ext1
OS

(G, F) = 0. (1) and (3) can

be proved in a similar way to Proposition 2.7. Since Ext1
OS

(F,G) = 0,
the map EndOS(G) → HomOS(E,G) is surjective. Hence every endo-
morphism ofE is a restriction of an endomorphism ofG. Hence the
homomorphism EndOS(E) → EndOS(F) ⊕ EndOS(G) is well defined.
The exactness of the sequence can be proved in a similar way toPropo-
sition 2.7. q.e.d

Corollary 2.11. Let X be same as above. Then we havedim Ext1
OS

(F, F)

+ dim Ext1
OS

(G,G) ≦ dim Ext1
OS

(E,E).

Let E be a torsion free sheaf and̃E the double dual ofE. Then the
natural homomorphismE → Ẽ is injective and the cokernelM is of
finite length. We have the exact sequence

0→ E→ Ẽ
e−→ M → 0.



On The Moduli Space Of Bundles On K3 Surfaces, I 275

Since Ẽ is locally free, we have Ext1
OS

(
M, Ẽ

)
� Ext1

OS

(
Ẽ,M

)∨
= 0.

Since
(
υ(M)2

)
= 0. dim Ext1

OS
(E,E) is equal to 2 dim EndOS(E) by

Corollary 2.5. Hence we have
358

Corollary 2.12. Let E be a torsion free sheaf on S and̃E and M be as
above. Then we have

dim Ext1
OS

(
Ẽ, Ẽ

)
+ 2 dim EndOS(M) ≦ dim Ext1

OS
(E,E).

If equality holds in the above relation, then the natural homomorphism
EndOS

(
Ẽ
)
⊕ EndOS(M) → HomOS

(
Ẽ,M

)
, (α, β) 7→ e◦α − β ◦ e, is

surjective.

Lemma 2.13. Let (R,m) be a local ring and M an artinian R-module.
Then we have length(EndR(M)) ≧ length(M). If equality holds, then M

is isomorphic to
R
I

for an ideal I of R.

Proof. We prove by induction on length (M). Let M0 be the submodule
{x ∈ M;mx = 0} of M. Every endomorphism ofM mapsM0 into itself.
Hence we have the exact sequence

0→ HomR(M,M0)→ EndR(M)→ EndR

(
M
M0

)
→ 0.

SinceM is artinian,M0 is nonzero. Hence by induction hypothesis, we

have length

(
EndR

(
M
M0

))
≧ length

(
M
M0

)
. SincemM0 = 0, every homo-

morphism fromM to M0 factors through
M
mM

. Hence HomR(M,M0) is

isomorphic to the vector space
HomR

m(M/mM,M0)
. Therefore, we have

length (EndR(M)) = length

(
EndR

(
M
M0

))
+ length (HomR(M,M0))

≧ length

(
M
M0

)
+ length

( M
mM

)
length (M0)

≧ length (M)
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which shows the first half of the lemma. If equalities hold in the above 359

relations, then we have length

(
EndR

(
M
M0

))
= length

(
M
M0

)
and length

( M
mM

)
= 1. By the latter equality and the Nakayama’s lemma,M is

generated by one element. HenceM is isomorphic to
R
I

for an idealI .

q.e.d

By Corollary 2.12 and the above lemma, we have

Proposition 2.14. Let E be a torsion free sheaf on S, Ẽ the double dual

of E and M=
Ẽ
E

. Then we have

dim Ext1
OS

(
Ẽ, Ẽ

)
+ 2 length(M) ≦ dim Ext1

OS
(E,E).

If equality holds, then the natural mapEndOS

(
Ẽ
)
⊕ EndOS(M)→

HomOS

(
Ẽ,M

)
is surjective and M is isomorphic to

OS

I
for an idealI

of OS.

Remark 2.15. SinceẼ is locally free, Ext1
OS

(
Ẽ,M

)
= Ext1

OS

(
M, Ẽ

)
= 0

for any surfaceS. Hence Corollary 2.12 and the above proposition are
true for any (smooth) surface.

Let 0 → F → E → G → 0 be an exact sequence of nontorsion
sheaves onS. Sinceυ(E) = υ(F) + υ(G) andr(E) = r(F) + r(G), we
have

(
υ(F)2

)

r(F)
+

(
υ(E)2

)

r(G)
−

(
υ(E)2

)

r(E)
=

r(F)r(G)
r(E)

(
υ(F)
r(F)

υ(G)
r(G)

)2

Since
υ(F)
r(F)

− υ(G)
r(G)

=

(
0,

c1(F)
r(F)

− c1(G)
r(G)

,
s(F)
r(F)

− s(G)
r(G)

)
,

the right hand side of the above equality is equal to
r(F)r(G)

r(E)
360

(
c1(F)
r(F)

− c1(G)
r(G)

)2

. Hence we have
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Proposition 2.16. Let 0→ F → E → G→ 0 be an exact sequence of
nontorsion sheaves. Then we have

(
υ(F)2

)

r(F)
+

(
υ(G)2

)

r(G)
−

(
υ(E)2

)

r(E)
=

r(F)r(G)
r(E)

(
c1(F)
r(F)

− c1(G)
r(G)

)2

If ρ(S) = 1, then the right hand side is always nonnegative because
we are assuming thatS is algebraic. Hence we have

Corollary 2.17. If (S is algebraic and)ρ(S) = 1, then

(
υ(F)2

)

r(F)
+

(
υ(G)2

)

r(G)
≧

(
υ(E)2

)

r(E)
. Here equality holds if and only if

c1(F)
r(F)

=
c1(G)
r(G)

.

If F andG have the same slope with respect to an ample line bundle

A i.e.,µA(F) = µA(G), then we have

(
A.

c1(F)
r(F)

− c1(G)
r(G)

)
= 0. Hence, by

the Hodge index theorem

(
c1(F)
r(F)

− c1(G)
r(G)

)2

is always nonpositive and

is equal to zero if and only if
c1(F)
r(F)

=
c1(G)
r(G)

. Hence we have

361
Corollary 2.18. Assume that F and G have the same slope with respect
to an ample line bundle. Then we have

(
υ(F)2

)

r(F)
+

(
υ(G)2

)

r(G)
≦

(
υ(E)2

)

r(E)
.

and equality holds if and only if
c1(F)
r(F)

=
c1(G)
r(G)

.

Let E be aµ-semi-stable sheaf. Then there is a filtration

E∗ : 0 = E0 ⊂ E1 ⊂ . . . ⊂ En = E

such that every successive quotientFi =
Ei

Ei−1
is µ-stable and has the

same slope asE. Such a filtrationE∗ is called aµ − JHS filtration of E.
Applying the above corollary repeatedly for this filtration, we have the
following:
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Proposition 2.19. Let E be aµ-semi-stable sheaf and Fi(1 ≦ i ≦ n) the
successive quotients of aµ-JHS filtration of E. Then we have

n∑

i=1

(
υ(Fi)2

)

r(Fi)
≦

(
υ(E)2

)

r(E)

Equality holds if and only if
c1(Fi)
r(Fi)

is equal to
c1(E)
r(E)

for every1 ≦ i ≦ n.

Remark 2.20. If E is a semi-stable sheaf. Then there is a filtration

0 = E0 ⊂ E1 ⊂ . . . ⊂ En = E

such thatFi is stable, has the same slope asE and
s(Fi)
r(Fi )

=
s(E)
r(E)

for362

everyi = 1, . . . , n. Such a filtration is called aJHS filtration of E. The
above proposition is also true for a semi-stable sheafE and its JHS
filtration.

Now we assume thatS is aK3 surface and prove a result which we
shall need in§ 5. LetF be a sheaf onS which satisfies

the canonical homomorphismf : H0(S, F) ⊗ OS → F

is injective andH2(S, F) = 0.
(2.21)

We construct a sheafE on S from F, which we call thereflection
of E (from the left), such thatr(E) = −s(F), c1(E) = c1(F) ands(E) =
−r(F). We show thatE is simple if and only ifF is so. This result is a
very special case of the theory of the reflection functor ofS, which we
will discuss systematically in [14].

Let F be the cokernel of the canonical homomorphism

f : H0(S, F) ⊗ OS → F.

We have the exact sequence

0→ H0(S, F) ⊗ OS
f
−→ F → F → 0. (2.22)
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SinceH1(S,OS) = H2(S, F) = 0, the above sequence induces the exact
sequence

0 // H1(S, F) α
// H1

(
S, F

)
// H0(S, F) ⊗ H2(S,OS)

≀

// 0.

H0(S, F)
(2.23)

Construct an exact sequence 363

0→ F → E→ H1(S, F)→ H1(S, F) ⊗ OS → 0 (2.24)

so that the coboundary mapδ : H1(S, F) ⊗ H0(S,OS) → H1(S, F) is
equal toα. We call this extensionE of H1(S, F)⊗OS beF the reflection
of F (from the left). SinceH2(S, F) = 0 by our assumption,X(F) is
equal toh0(F) − h1(F). Hence we have.

υ(E) = υ(F) + h1(F)υ(OS)

= υ(F) − h0(F)υ(OS) + h1(F)υ(OS)

= υ(F) − X(F)υ(OS).

SinceX(F) = r(F) + s(F) and υ(OS) = (1, 0, 1), we haver(E) =
−s(F), c1(E) = c1(F) ands(E) = −r(F). (By our assumption,X(F) ≦
h0(F) ≦ r(F). Hences(F) is nonpositive.)

Proposition 2.25. Assume that F satisfies (2.21) and let E be the reflec-
tion of F. Then we haveEndOS(E) � EndOS(F).

Proof. We have constructedE canonically fromF. It is almost clear that
every endomorphism ofF induces an endomorphism ofE. Let ϕ be an
endomorphism ofE. We show thatϕ is induced by an endomorphism
of F. Since HomOS(F,OS) = 0 by our assumption and the Serre duality,
we have HomOS(F,OS) = 0. Henceϕ preserves the exact sequence
(2.24) and induces an endomorphismψ of F and f1 of H1(S, F). Since
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ψ and f1 are induced byϕ, the following diagram

H1(S, F) ⊗ H0(S,OS)

f1
��

δ=α
// H1

(
S, F

)

H1
(
ψ
)

��

H1(S, F) ⊗ H0(S,OS)
δ=α

// H1
(
S, F

)

is commutative. Hencef1 preserves the exact sequence (2.23) and in-364

duces an endomorphismf0 of H0(S, F). From the long exact sequence
Ext∗

OS
((2.22),OS), we obtain the exact sequence

0→ H0(S, F)∨
δ′−→ Ext1

OS

(
F,OS

)
→ Ext1

OS
(F,OS)→ 0.

This sequence is the dual of the exact sequence (2.22) via theSerre
duality. Hence we have the following commutative diagram:

H0(S, F)∨

f∨0
��

δ
// Ext1

OS

(
F,OS

)

Ext1
OS

(
ψ,OS

)

��

H0(S, F)∨ δ′
// Ext1

OS

(
F,OS

)

Therefore, there exists an endomorphismψ of F which Preserves the
exact sequence (2.22) and inducesψ on F and f0 on H0(S, F). By our
construction, thisψ inducesϕ.

For our requirements in§4, we show a vanishing of higher direct
image sheafRi f∗F, which was essentially proved in [15].

Proposition 2.26. Let f : X → Y be a proper morphism of noetherian365

schemes and F a Y-flat coherentOX -module. Let Z be a closed sub-
scheme which is locally complete intersection in Y. For y∈ Y, let FY

be the restriction of F to the fibre Xy = f −1(y). Assume that Hi(Xy, Fy)
vanishes for every i< codim Z and y∈ Y−Z. Then Ri f∗F = 0 for every
i < codim Z.
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Proof. We may assume thatY = SpecA is affine andZ is defined by
a regular sequencex1, . . . xn ∈ A, n = codim Z. By the theorem in§
5 [15], there exists a finite complexK • of finitely generated projective
A-modules such thatHi(K •) � Ri f∗F. By the base change theorem and
by our assumptionRi f∗F has a support onZ for every i < n. Hence
there exists an integerN such thataNHi(K •) = 0 for everyi < N, where
a = (x1, . . . , xn)A. Our proposition follows from the following:

Lemma. Let K. be a finite complex of finitely generated projective A-
module anda an ideal of A generated by a regular sequence x1 . . . xn of
A. If aNHi(K •) = 0 for every i< n, then Hi(K •) = 0 for every i< n.

This can be proved in the same way as the lemma in ([15, p.127])
by using induction onn. q.e.d

3 Semi-rigid sheaf

In this section, we shall study sheavesE on aK3 surfaceS with small 366

Ext1
OS

(E,E).

Definition 3.1. A sheafE onS is rigid if Ext1
OS

(E,E) = 0. By Proposi-
tion 2.5, we have

Proposition 3.2. If E is simple, then the following are equivalent:

(1) E is rigid,

(2)
(
υ(E)2

)
= −2, and

(3)
(
υ(E)2

)
< 0.

By Proposition 2.14, we have

Proposition 3.3. If E is rigid and torsion free, then E is locally free.

If E is a rigid sheaf and ifυ(F) = aυ(E) for a rational numbera,
thenX(E, F) is equal toaX(E,E) and is positive. Hence we have
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Proposition 3.4. Let E be a rigid sheaf and F a sheaf withυ(F) =
aυ(E), a ∈ Q. Then eitherHomOS(E, F) , 0 or HomOS(F,E) , 0.

If E is stable andF is semi-stable and ifυ(E) = υ(F), then every 367

nonzero homomorphism betweenE andF is an isomorphism. Hence
we have

Corollary 3.5. Let E be a stable rigid bundle. If F is semi-stable and
υ(F) = υ(E), then F is isomorphic to E.

Corollary 3.6. Letυ be a vector of̃H1,1(S,Z) with
(
υ2

)
= −2. Then the

moduli space MA(υ) is empty or a reduced one point.

Proof. By Corollary 3.5, ifMA(υ) is nonempty, thenMA(υ) is one point.
The tangent space ofMA(υ) at the point [E] ∈ MA(υ) is canonically
isomorphic to Ext1

OS
(E,E) = 0. HenceMA(υ) is reduced. q.e.d

dim Ext1
OS

(E,E) is always an even integer (Corollary 2.5). Hence if

Ext1
OS

(E,E) , 0, then dim Ext1
OS

(E,E) ≧ 2.

Definition 3.7. A simple sheafE on S is semi-rigid if E satisfies the
following equivalent conditions:

(1) dim Ext1
OS

(E,E) = 2, and

(2) υ(E) ∈ H̃1,1(S,Z) is isotropic, i.e.
(
υ(E)2

)
= 0.

Proposition 3.3 is not true for semi-rigid sheaf. In fact, there is368

a semi-rigid torsion free sheaf which is not locally free. The simplest
example is a maximal idealm of OS. We can construct many such semi-
rigid sheaves from a rigid bundle. LetF be a simple rigid vector bundle
of rankr. Take a points ∈ S and putV = F ⊗ k(s) andF̃ = F ⊗k V∨ · F̃
is a rigid bundle of rankr2 and F̃ ⊗ k(s) is isomorphic to End(V). Let

E be the kernel of the homomorphismf : F̃ → F̃ ⊗ k(s) � End(V)
tr−→

k(s), wheretr is the trace map of End(V). Every endomorphism ofE
is induced by an endomorphismα of F̃. Sinceα preservesf , α is a
constant multiplication and henceE is simple. It is easy to check that
υ(E) is isotropic. We call thisE the semi-rigid sheaf associated to F.
We have proved the following:
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Proposition 3.8. Let F be a simple rigid bundle of rank r. Then, for
every point s∈ S , there exists a semi-rigid sheaf E of rank r2 and an
exact sequence

0→ E→ F⊕r → k(s)→ 0.

The above examples of semi-rigid torsion free sheaves are locally
free except at one point. This is true in general. In fact, by Proposi-
tion 2.14, we have

Proposition 3.9. Let E be a torsion free sheaf withdim Ext1
OS

(E,E) = 2.

Let Ẽ be the double dual of E and assume that E is not locally free. Then 369

the quotient
Ẽ
E

is isomorphic to k(s) for a point s∈ S . Moreover, E is

a rigid vector bundle and the natural homomorphismα : EndOS

(
Ẽ
)
→

HomOS

(
Ẽ, k(s)

)
induced by the exact sequence0→ E → Ẽ → k(s) →

0 is surjective.

Corollary 3.10. Let E be aµ-stable semi-rigid sheaf. If E is not locally
free, then r(E) = 1 and E is isomorphic to L⊗m for a line bundle L and
a maximal idealm of OS.

Proof. Since E is µ-stable, so isE. HenceE is simple. Sinceα is
surjective and dim EndOS

(
Ẽ
)
= 1, we have dim HomOS

(
Ẽ, k(s) ≦ 1

)
.

Therefore,Ẽ is a line bundle. q.e.d

Remark 3.11. If F is a stable rigid bundle, then the semi-rigid sheafE
associated toF is stable. Hence the above corollary is not true for stable
semi-rigid sheaves.

If E is semi-rigid andυ(F) = υ(E), thenX(E, F) = −(υ(E).υ(F)) =
0. Hence, if HomOS(E, F) = HomOS(F,E) = 0, then we have Ext1

OS

(E, F) = 0.

Proposition 3.12. Let E be a stable semi-rigid sheaf and F a semi-
stable sheaf withυ(F) = (υ(E)). If E is not isomorphic to F, then
Exti

OS
(E, F) andExti

OS
(F,E) vanish for every i.
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Proof. By the assumption of (semi-) stablility ofE andF, every homo- 370

morphism betweenE andF is either zero or an isomorphism. Hence,
if E 6� F, then HomOS(E, F) = HomOS(F,E) = 0. SinceX(E, F) =
X(F,E) = 0, we have our assertion by Proposition 2.4 q.e.d

If MA(υ) , φ, thenMA(aυ) is empty for everya , 1, In fact, we
have

Proposition 3.13. Let E be a stable semi-rigid sheaf and F a simple
semi-stable withυ(F) = aυ(E), ∈ Q. Then every nonzero homomor-
phism between E and F is an isomorphism.

Proof. Let f : E → F be a nonzero homomorphism. Thenf is injec-
tive and the cokernel ofF is semi-stable by our assumption on (semi-)
stability of E andF.

Claim. F is E-potent, i.e., has a filtration 0= F0 ⊂ F1 ⊂ . . . ⊂ Fn = F

such that
Fi

Fi−1
� E for everyi = 1, . . . , n.

We defineF1 = Im( f ) andFi inductively for i ≧ 2. Assume that

Fi has been defined andFi , F. Let Gi be the quotient
F
Fi

, Since

E is simple, HomOS(Gi ,E) = 0. SinceGi , 0 andF is simple, the
exact sequence 0→ Fi → F → Gi → 0 does not split. Hence
Ext1

OS
(Gi , Fi) , 0. SinceFi is E-potent and Ext1

OS
is an additive func-371

tor, we have Ext1
OS

(Gi ,E) , 0. SinceX(Gi ,E) = −(υ(Gi).υ(E)) =

(i − a)
(
υ(E)2

)
= 0, we have dim HomOS(E,Gi) = dim Ext1

OS
(Gi ,E) −

dim HomOS(Gi ,E) > 0. Hence there exists a nonzero homomorphism
fi : E → Gi. Let Fi+1 be the pull-back of Im(fi) by F →→ Gi. Since

Gi is semi-stable,fi is injective and
Fi+1

Fi
is isomorphic toE. SoFi+1 is

well defined.
If g : F → E is a nonzero homomorphism, theng is surjective. By

the same argument, we have our claim in this case. SinceF is simple,F
is isomorphic toE by the above andf andg are isomorphisms. q.e.d

Next we investigate the stability of semi-rigid sheaves.
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Proposition 3.14.Let S be an algebraic K3surface with Picard number
1 and E a simple torsion free sheaf on S . Assume that E is rigid orsemi-
rigid and thatυ(E) is primitive inH̃1,1(S,Z). Then E is stable.

Proof. Sinceρ(S) = 1 andυ = υ(E) is primitive, every semi-stable
sheafE′ with V(E′) = υ is stable. Hence it suffices to show thatE is
semi-stable. Assume thatE is not so. LetF1 be theβ-subsheaf ofE, i.e.,

F1 maximizes the polynomial
X(F1(n))

r(F1)
among all subsheaves ofE and 372

then maximizesr(F1) among such subsheaves. The quotientF2 =
E
F1

is torsion free and HomOS(F1, F2) = 0 by our choice ofF1. Hence,
by Corollary 2.8, we have (∗) dim Ext1

OS
(F1, F1) + dim Ext1

OS
(F2, F2) ≦

dim Ext1
OS

(E,E). Since dim Ext1
OS

(E,E) =
(
υ(E)2

)
+ 2 ≦ 2, we have

dim Ext1
OS

(Fi , Fi) ≦ 2 for bothi = 1 and 2. Hence

(
υ (Fi)

2
)
= dim Ext1

OS
(Fi , Fi) − 2 dim EndOS(Fi) ≦ 0

for both i = 1 and 2. Sincer(Fi ) < r(E), we have, by Corollary 2.17,
(
υ(F1)2

)
+

(
υ(F2)2

)
≧

(
υ(E)2

)
.

Hence we have

dim Ext1
OS

(F1, F1) + dim Ext1
OS

(F2, F2)

≧ dim Ext1
OS

(E,E) + 2 dim EndOS(F1)

+ 2 dim EndOS(F2) − 2

> dim Ext1
OS

(E,E),

Which contradicts (∗). q.e.d

Remark 3.15. If F is a rigid bundle of rank≧ 2, then the semi-rigid
sheafE associated toF is notµ-stable. Hence, even ifρ(S) = 1, it is not 373

always true that simple semi-rigid torsion free sheaf isµ-stable.
In the following two propositions, we consider the case wherec1(E)

is ample and study the stablility ofE with respect toc1(E).
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Proposition 3.16. Let E be a semi-rigid sheaf withυ(E) = (r, ℓ, s).
Assume thatℓ is ample and E is stable with respect toℓ. If s is divisible
by r andυ(E) is primitive, then E isµ-stable with respect toℓ.

Proof. Assume thatE is not µ-stable. ThenE has a proper quotient
sheafE1 with µ(E1) = µ(E). We chooseE1 so thatr(E1) is minimum
among such quotients. Putυ(E1) = (r1, ℓ1, s1). Sinceµ(E1) = µ(E),
we have (ℓ · ℓ1 − r1ℓ/r) = 0. SinceE is semi-rigid, we haveℓ2 = 2rs.
Therefore, we have

(
υ(E1)2

)
=

((
ℓ1 − r1

ℓ

r

)
+ r1

ℓ

r

)2

− 2r1s1

=

(
ℓ1 − r1

ℓ

r

)2

+

(
r1
ℓ

r

)2

− 2r1s1

=

(
ℓ1 − r1

ℓ

r

)2

+ 2r1

(
r1s

r − s1

)
.

Sinceυ(E) is primitive, r and ℓ are coprime. Henceℓ1 − r1
ℓ

r
is not

zero. Since

(
ℓ1 − r1

ℓ

r.ℓ

)
= 0 andℓ is ample,

(
ℓ1 − r1

ℓ

r

)2

is negative374

by the Hodge index theorem. On the other hand, sinceE is stable, the

integer
r1s

r − s1
is negative. Therefore, we have (υ(E1)2) < −2r1 ≦ −2,

which contradicts Corollary 2.5 becauseE1 is µ-stable and simple by
our choice. q.e.d

Proposition 3.17. Let υ = (r, ℓ, s) be a primitive isotropic vector of
H̃1,1(S,Z) and E a sheaf withυ(E) = υ. Assume thatℓ is ample and E
is semi-stable but not stable with respect toℓ. Let

0 = E0 ⊂ E1 ⊂ . . . ⊂ En = E, n ≧ 2

be a JHS-filtration of E. Then the successive quotients Fi =
Ei

Ei−1
are

rigid for every i= 1, . . . , n.
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Proof. By Proposition 2.19 and Remark 2.20, we have
(
υ(Fi)2

)
≦ 0 for

everyi. Sinceυ is primitive, equality is not attained for anyi. HenceFi

is rigid by Proposition 3.2 q.e.d

Corollary 3.18. Let υ be as above. Then the complement of Mℓ(υ) in
the moduli spaceMℓ(υ) of semi-stable sheaves E withυ(E) = υ is a
0-dimensional set.

4 Surface components of the moduli space
375

Let υ = (r, ℓ, s) be an isotropic vector of̃H1,1(S,Z) andA an ample line
bundle. Then each component ofMA(υ) has dimension 2. In this sec-
tion, we studyMA(υ) in the case it is compact and we prove Theorem 1.4
and Theorem 1.5. By Langton’s result [6] (see also [9,§ 5]), the moduli
space of semi-stable sheaves onS is compact. Hence we have

Proposition 4.1. MA(υ) is compact if and only if every semi-stable sheaf
E with υ(E) = υ is stable. This is the case, e.g., if the greatest common
divisor of r, (ℓ.A) and s is equal to1.

The above is true for every vectorυ. Using this proposition, we give
some further sufficient conditions forMA(υ) to be compact for given
primitive isotropic vectorυ. Let c be the greatest common divisor ofr,
(ℓ,m) ands, wherem runs over all divisor class ofS. Then there exists
an ample line bundleA such that the greatest common divisor ofr, (A, ℓ)
ands is equal toc. Hence ifc = 1, thenMA(υ) is compact for such an
ample line bundleA. For an application in§ 6, we consider the case
c ≧ 2. We show thatMA(υ) is compact for an ample line bundleA in
this case, too. LetNS be the Neron-Severi group ofS. NS is a sublattice

of H2(S,Z). Let N be the sub module generated byNS and
ℓ

c
in NS⊗Q. 376

Since
(
ℓ2

)
= 2rs,

(
ℓ2

)
is divisible by 2c2. By the definition ofc, the

bilinear form onNS ⊗ Q is integral and even onN. HenceN is an even
lattice which containsNS as a sublattice of indexc.
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Proposition 4.2. Let A be an ample line bundle on S such that G.C.D.
(r, (A.ℓ), s) = c. If there are no(−2) vectorsα in N with (A.α) = 0, then
MA(V) is compact.

Proof. Let E be a semi-stable sheaf withυ(E) = υ and

E∗ : 0 = E0 ⊂ E1 ⊂ . . . ⊂ En = E

be a JHS-filtration ofE We show thatn = 1. PutFi =
Ei

Ei−1
andυ(Fi) =

(r i , ℓi , si) for every i = 1, . . . , n. SinceE∗ is a JHS-filtration, we have
r i : (A.ℓi) : si = r : (A.ℓ) : s for everyi. There exists an integerai such

that r i = ai
r
c
,

(A.ℓ)
c

andsi =
ai s
c

. Putmi = ℓi −
aiℓ

c
∈ N. Then we have

(A.mi) = 0 and
(
υ(Fi)2

)
=

(
mi + ai

ℓ

c

)2

− r i si =
(
m2

i

)
+

2ai(mi .ℓ)
c

. Since

m∑
i=1

mi = 0, there exists ani such that (mi .ℓ) ≦ 0. For thisi, we have
(
m2

i

)
≧

(
υ(Fi)2

)
≧ −2. Since (A.mi) = 0,

(
m2

i

)
is non-positive by the

Hodge index theorem. Hence by our assumption, we have
(
m2

i

)
= 0 and

mi = 0 by the Hodge index theorem. Therefore, we haveυ(Fi) = ai
υ

c
.377

Sinceυ is primitive,υ(Fi) is equal toυ. HenceE is stable. q.e.d

As an application of the above, we have the following proposition:

Proposition 4.3. Assume that there exists a semi-rigid sheaf E with
υ(E) = υ which isµ-stable with respect to an ample line bundle A′.
Then there exists an ample line bundle A such that

(1) E isµ-stable with respect to A, and

(2) MA(υ) is nonempty and compact.

Proof. There exists a neighbourhoodU of A′ in P(NS ⊗ R) such thatE
is µ-stable with respect toA for every ample line bundleA ∈ U. Let
α1, . . . , αn be all the (−2) vectors inN which are perpendicular toA′. If

A1 is an ample line bundle inU −
n⋃

i=1
α⊥i and if A1 is sufficiently nearA′,
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then (A1.α) , 0 for any (−2) vectorα in N. Take suchA1 from U−
n⋃

i=1
α⊥i ,

and take an ample line bundleA2 such that G.C.D (r, (A2.ℓ), s) = c. If n
is sufficiently large, thenA = ncA1 + A2 belongs toU and satisfies the
last assumption of the preceding proposition. There are infinitely many
n’s such that G.C.D. (r, (A.ℓ), s) = c. Hence there exists an integern 378

such thatMA(υ) is compact and nonempty. q.e.d

If MA(υ) is compact, thenMA(υ) is irreducible. In fact, we have

Proposition 4.4. Assume that MA(υ) contains a connected component
M which is compact and every member of M is locally free. Then we
have

(1) MA(υ) is irreducible, and

(2) every semi-stable sheaf E withυ(E) = υ is stable.

Proof. SinceMA(υ) is smooth,M is irreducible. We show that every
semi-stable sheafF with υ(F) = υ belongs toM. LetE be the restriction
to S × M of a quasi-universal family onS × MA(υ) (see Appendix 2).
We consider the functorΦi(F) = RiπM, ∗

(
E ∨ ⊗ π∗SF

)
, i = 0, 1 and 2,

of OS-moduleF into the category ofOM -modules. IfF is semi-stable,
then, for every stable sheafE with υ(E) = υ(F), Hl (S,E∨ ⊗ F

)
, 0

is equivalent toF � E. Hence ifF is semi-stable andυ(F) = υ, then
Φi(F) is supported at most one point. Therefore, by Proposition 2.26,
we haveΦ0(F) = Φ1(F) = 0. Since dimS = 2, Φ2(F) is canonically
isomorphic toH2(S,E∨ ⊗ F) at the point [E] of M, that is,Φ2(F) ⊗
k([E]) � H2 (

S,E∨ ⊗ F
)
. HenceΦ2(F) is nonzero if and only ifF

is stable and belongs toM. On the other hand, the cohomology class
α(F) = ch

(
Φ0(F)

)
− ch

(
Φ1(F)

)
+ ch

(
Φ2(F)

)
∈ H∗(M,Q) does not 379

depend onF but depends only onυ(F) by the Grothendieck-Riemann-
Roch theorem. IfF belongs toM, theα(F) is nonzero. Henceα(F) is
nonzero for every sheafF with υ(F) = υ. Therefore every semi-stable
sheaf f with υ(F) = υ is stable and belongs toM, which proves (1) and
(2). q.e.d
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Remark 4.5. In the above proposition, the assumption that every mem-
ber ofM is locally free is superfluous. The proof works without this as-
sumption, if one defines that functorΦi byΦi (F) = πM − Ext

(
E , π∗SF

)
,

whereπMExt(∗, ∗) is the sheaf associated to the presheaf assigning

ExtOS×U′ (∗ |S×U′ ∗ |S×U)

for every open subsetU of M.

Corollary 4.6. If every semi-stable sheaf E withυ(E) = υ is stable, the
MA(υ) is compact and irreducible.

We assume that the moduli spaceM = MA(υ) is compact. Since the
canonical bundle ofM is trivial, ([12, Corollary 0.2]),MA(υ) is abelian
or of typeK3. We first consider the case where a universal family exists
on S × M.

Lemma 4.7. For every sheafE on S× M, the Chern character ch(E )
of E is integral, i.e., belongs to H∗(S × M,Z).

Proof. Put ch(E ) =
4∑

i=0
chi(E ) ∈

4⊕
i=0

H2i(S × M,Q).ch1(E ) is the first380

Chern classc1(E ) of E and is integral. SinceH1(S) = 0, H2(S ×
M) is the direct sum ofH2(S) and H2(M). Hencec1(E ) is equal to
c1, s(E ) + c1,M(E ) ∈ H2(S,Z) ⊕ H2(M,Z). Since bothS andM have
trivial canonical bundles, bothc1, s(E )2 andc1,M (E )2 are even. Hence

ch2(E ) =
1
2

c1 (E )2 − c2(E ) is integral. By the Grothendieck-Riemann-

Roch theorem, theH∗(S)⊗H4(M) -component ofch(E ) · tdM is equal to(
∑
j
(−1) jch(RjπS, ∗E

)
⊗ w, wherew ∈ H4(M) is the fundamental cocy-

cle of M. Hencech2(E ) and theH2(S) ⊗ H4(M)-component ofch3(E )
are integral. InterchangingS andM, we have that theH4(S) ⊗ H2(M)
component ofch3(E ) is also integral. SinceH6(S×M) is the direct sum
of H2(S) ⊕ H4(M), ch3(E ) is integral. q.e.d

Let E be a universal family onS × M. PutZ = πS ∗
√

tdSch(E )∗ ·
πM ∗

√
tdM . By the lemma,Z belongs toH∗(S × M,Z).Z defines a
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homomorphism

f : H∗(S,Z) // H∗(M,Z).

∈ ∈

α
� // πM, ∗(Z.πS ∗ α)

(4.8)

Theorem 4.9. Under the above situation, we have

(1) M is K3 surface,

(2) f is an isometry form̃H(S,Z) onto H̃(M,Z) with respect to the 381

quadratic forms defined in(1.1), and

(3) the inverse of f is equal to the homomorphism

f ′ : H∗(M,Z) // H∗(S,Z)

∈ ∈

β
� // πS, ∗

(
Z′ · π∗Mβ

)

defined by Z′ = π∗S
√

tdS · ch(E ) · π∗M
√

tdM .

For the proof, the following is essential.

Proposition 4.10. Let E be a universal family on S× M. Let π12

and π13 be the two projections of S× M × M onto S× M. Then
πM×M −Exti

(
π∗1,2E , π

∗
13E

)
is zero if i, 2 andπM×M −Ext2

(
π∗12E , π

∗
13E

)

is supported on the diagonal sub scheme∆ of M×M and is a line bundle
on∆.
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Proof. If E, F ∈ MA(υ) andE 6� F, then Exti
OS

(E, F) = 0 for everyi by

Proposition 3.8. Hence the relative Ext-sheafπM×M −Exti
(
π∗12E , π

∗
13E

)

has a support on∆. Since∆ is locally complete intersection, the relative
Ext-sheaf is zero for bothi = 1 and 2, by Proposition 2.26. By the base
change theorem,πM×M−Ext2

(
π∗12E , π

∗
13E

)
is canonically isomorphic to

the 1-dimensional vector space Ext2
OS

(E,E) � EndOS(E)∨ at the point
([E], [E]) ∈ ∆. SinceM is a moduli space andE is a universal family,
the sheafπM×M −Ext2

(
π∗12E , π

∗
13E

)
is annihilated by the idealI∆ of ∆.

Therefore,πM×M − Ext2
(
π∗12E, π

∗
13E

)
is a line bundle on∆. q.e.d382

Proof of theorem 4.9.The following is the key to our proof.

Claim. The endomorphismf ◦ f ′ of H∗(M,Z) is the identity.

The homomorphismsf and f ′ are given by cyclesZ and Z′ on
S × M. Using the projection formula, it can be easily shown thatf ◦ f ′

is given by the cyclẽZ = πM×M , ∗
(
π∗12Z · π

∗
13Z
′
)
, whereπ12 and π13

are same as in the above proposition. Precisely speaking, (f ◦ f ′)(β) =
π1,∗

(
Z̃ · π∗2β

)
for everyβ ∈ H∗(M,Z), whereπ1 andπ2 are two projec-

tions of M × M onto M. By the definition ofZ andZ′, we haveZ̃ =
(
π∗1
√

tdM

)
.
(
π∗2
√

tdM

)
πM×M , ∗(U), whereU =

(
π∗12ch(E )∗

)

π∗StdS.
(
π∗13ch(E )

) . By

the Grothendieck-Riemann-Roch theorem, the cycleπM×M∗(U) is ratio-
nally equivalent to

∑
i
(−1)ich

(
πM×MExti

(
π∗12E , π13 ∗ E

))
. By the above

proposition,Z̃ is rationally equivalent toπ∗1
√

tdM .ch(δ∗L).π2 ∗
√

tdM,
whereL is a line bundleM andδ : M → M × M is the diagonal em-
bedding. Therefore,f ◦ f ′ is the multiplication bych(L) ∈ H∗(M), i.e.,
( f ◦ f ′)(β) = β · ch(L) for everyβ ∈ H∗(M,Z). Let ρ be the factor
change ofM × M. Then (1× ρ)∗U is equal toU∗. Hence, we have
ρ∗(πM×M , ∗U) = (πM×M , ∗U)∗. On the other hand, sinceπM×M, ∗U has
a support on∆, we haveρ∗(πM×M , ∗U) = πM×M ∗ U. Hence we have
ch(δ∗L)∗ = ch(δ∗L). SinceS is aK3 surface, the line bundleL is trivial.
Therefore,f ◦ f ′ is the identity.

By the claim,H∗(M,Z) is a direct summand ofH∗(S,Z). SinceZ383
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andZ′ belong toHeυ(S × M,Z), f and f ′ preserve the decompositions
H∗ = Heυ ⊕ Hodd of the cohomology groupsH∗(M,Z) and H∗(S,Z).
HenceHodd(M,Z) is a direct summand ofHodd(S,Z) which is zero,
sinceS is aK3 surface. SinceM has a trivial canonical bundle, we have,
(1). By (1), H∗(M,Z) andH∗(S,Z) have the same rank (= 24). There-
fore, f is an isomorphism, which shows (3). Letγ = γS:S → SpecC
be the structure morphism ofS. Then our inner product (α.α′) on
H̃(S,Z) = H̃∗(S,Z) is equal toγ∗(α∗.α′) Hence, by the projection for-
mula, we have

(α. f ′(β)) = γS,∗
(
α∗ · πS,∗

(
π∗S
√

tdS · ch(E ) · π∗M
√

tdM · π∗Mβ
))

= γS, ∗πS, ∗
(
π∗Sα

∗ · π∗S
√

tdS · ch(E ) · π∗M
√

tdm · π∗Mβ
)

= γS×M,∗
(
π∗Sα

∗ · π∗Mβ · ch(E ).
√

tds×m

)
.

for everyα ∈ H∗(S,Z) andβ ∈ H∗(M,Z). In a similar way, we have

(β · f (α)) = γS×M,∗
(
π∗Mβ

∗ · π∗Sα · ch(ξ)∗ ·
√

tdS×M

)
.

Therefore (α · f ′(β)) = ( f (α).β) for everyα ∈ H∗(S · Z) andH∗(M,Z),
that is, f and f ′ are adjoint to each other with respect to the inner prod-
ucts (·) onH∗(S,Z) andH∗(M,Z). By (3), f ′◦ f is the identity. Hence we
have (f (α) · f (α′)) = (α · f ′( f (α))) = (α · α′) for everyα, α′ ∈ H∗(S,Z),
which proves (2). q.e.d

Now we assume only thatM = MA(υ) is compact and thatE is a 384

quasi-universal family onS × M and prove Theorem 1.4 and 1.5. Let

σ(E ) be the similitude ofE and putZ = π∗S
√

tdSch(E ).π∗M

√
tdM

σ(E )
∈

Heυ(S × M,Q).Z induces a homomorphism

f : H∗(S,Q) // Heυ(M,Q)

∈ ∈

α
� // πM, ∗(Z.π∗Sα)
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TheH0(M,Q) -component off (α) is equal to (υ.α). Hence the orthog-
onal complementυ⊥ of υ in H∗(S,Q) is sent intoH2(M,Q) ⊕ H4(M,Q)
by f .

Lemma 4.11. f (v) is equal to the fundamental cocycleω ∈ H4(M,Z).

Proof. Let F be a member ofM = MA(υ) and letΦ2(F) be same as
in the proof of Proposition 4.4 and Remark 4.5. By the Grothendieck-
Riemann-Roch theorem, we havech(Φ2(F)) = πM, ∗(ch(E )∗ ·π∗S(ch(F) ·
tdS)) = σ(E )

√
tdM

−1 · f (ch(F)·
√

tdS) = σ(E )
√

tdM
−1 f (υ). NowΦ2(F)

has a support at the pointx ∈ M corresponding toF andΦ2(F) ⊗ k(x) is
canonically isomorphic to Ext2

OS
(ES×x, F). SinceE is a quasi-universal

family, E |S×x is isomorphic toF⊕σ(E ). HenceΦ2(F) ⊗ k(x) is aσ(E )
dimensional vector space. On the other hand, sinceM is the mod-
uli space andE is a quasi-universal family,Φ2(F) is annihilated by
the maximal ideal atx. HenceΦ2(F) is isomorphic tok(x)⊕σ(E ) and385

ch(Φ2(F)) = σ(E )ω, which proves our lemma. q.e.d

By this lemma, we see thatf induces a homomorphism

ϕQ :
(υ⊥ in H∗(S,Q))

Qυ
→ H2(M,Q).

Proof of Theorem 1.4 and Theorem 1.5 : IfE is a quasi-universal fam-
ily on S × M. then so isE ⊗ π∗MV for every vector bundleV on M.
We first show that the two homomorphismsϕQ and ϕQ,V for E and
E ⊗ π∗MV are same. The similitudeσ(E |⊗ π∗MV) is equal toσ(E )r(V).

Hence
ch(E ⊗ π∗MV)

σ(E ⊗ π∗MV)
is equal to

ch(E )
σ(E )

.π∗M

(
Ch(V)
r(V)

)
. Therefore, we

have fQ,v(α) = fQ(α)

(
ch(v)
r(V)

)
for everyα ∈ H∗(S,Q). If (υ.α) = 0,

thenH0(M)-component offQ(α) is zero. Hence theH2(M) component
of fQ,V(α) is same as that offQ(α). Therefore,ϕQ,V andϕQ are same. If
E andF are quasi-universal families onS × M, then there exist vector
bundlesU andV on M such thatE ⊗π∗MU = F ⊗π∗MV (Definition A.4).
Hence, by what we have shown, the two homomorphismsϕQs for E and
F are same, which shows (1) of Theorem 1.5
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We prove (2) and (3) of Theorem 1.5 by a deformation argument.
Both are reduced to the case where a universal family exists on S × M.
Let T be the moduli space ofK3 surfaceS′ with isometric markings
i′ : H2(S′,Z) → H2(S′,Z). Let T0 be the subspace ofT consisting of
(S′, i′)’s for which i′(c1(A)) andℓ = i′(ℓ) lie in H1,1(S′) and i′(c1(A))
is positive.T0 contains (S, id) and has dimension 18 or 19 according as386

c1(A) andℓ are linearly independent or not. LetA′ be an ample divisor
on S′ such thatc1(A′) = i′(c1(A)) and putυ′ = (r, ℓ′, s). The family
of moduli spacesMA′(υ′) is smooth over an etale covering ofT0 ([12]
Theorem 1.17). There exists a family of quasi-universal families Ft

on St × MAt(υt), t ∈ T0, which is flat over an etale covering ofT0. By
Proposition 4.1, the compactness ofMA′(V′) is an open condition: There
exists an open neighbourhoodU of (S, id) such thatMA′(υ′) is compact
for every (S′, i′) ∈ U. On the other hand the set of (S′, i

′
) which satisfy

(∗) there exists a divisor classm ∈ H1,1(S′,Z) such that G.C.D.
(r, (ℓ.m), s) = 1.

is dense inT0. By Theorem A.6 and Remark A.7, for suchS′, there
exists a universal family onS×MA′(υ′). Hence there exists a pair (S′, i′)
for which M′ = MA′(υ′) is compact and a universal familyE ′ exists
on S × M′. By Theorem 4.9,M′ is a K3 surface and (2) and (3) of
Theorem 1.5 are true for thisS′ andE . HenceM is aK3 surface and (2)
and (3) of Theorem 1.5 are true for thisS′ and for every quasi-universal
family F ′ onS×M′. Since (S, id) andF is a flat deformation of (S′, i′)
andF ′, (2) and (3) are also true forS. The second half of Theorem 1.4
follows from (2) and (3) of Theorem 1.5 q.e.d.

5 Existence of simpleµ-semi-stable
semi-rigid sheaves

In this section, we show the existence of simpleµ-semi-stables sheaves
E with υ(E) = υ for primitive isotropic vectorsυ of H̃1,1(S,Z).

Theorem 5.1. Letυ = (r, ℓ, s) be a primitive isotropic vector of 387

H̃1,1(S,Z) of rank r ≧ 1 and A an arbitrary ample divisor. Then there
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exists a simpleµ-semi-stable sheaf E withυ(E) = υ, i.e. S MA(υ) is
nonempty.

By virtue of Theorem A. 1, this theorem is equivalent to the follow-
ing stronger version:

Theorem 5.2. Let m be a divisor class of S . Then the simpleµ-semi-
stable sheaf E can be chosen so that E satisfies the following condition:

(∗) (c1(F) ·m)
r(F)

≧
(c1(E) ·m)

r(E)
holds for every non-torsion quotient

sheaf F of E withµ(F) = µ(E).

In fact, if n ≫ 0, thennA+ m is ample. By Theorem 5.1, there
exists a simple sheafEn with υ(En) = υ and which isµ-semi-stable

with respect toA+
1
n

m. By Theorem A.1, there exists a simple sheafE

which isµ-semi-stable with respect to infinitely manyA+
1
n

m. It is easy

to see that thisE satisfies (∗) in Theorem 5.2 We prove these theorems
by induction onr. In the caser = 1, E = OS(ℓ) ⊗ m satisfies our
requirement for a maximal idealm of OS. In fact,υ(E) = n andυ is µ-
stable with respect to any ample line bundle. Assume that Theorem 5.2
is true in the case of rank< r. Under this assumption, we shall show
that Theorem 5.1 is true fore everyυ of rankr.

Step I. Assume that−r < s < 0 and (ℓ.A) = 0. Then there exists a
simpleµ-semi-stable sheafE with υ(E) = υ.

388
Proof. By the induction hypothesis, there exists a simpleµ-semi-stable
sheafF with υ(F) = (−s, ℓ,−r). Sinceµ(F) = 0, the canonical homo-
morphism f : H0(S, F) ⊗ OS → F is injective and for every nonzero
homomorphismg : F → OS, the cokernel ofg is of finite length. Here
we apply Theorem 5.2, puttingm= −ℓ. Then we can takeF so that

−(c1(G) · ℓ)
r(G)

≧
−(ℓ2)
r(F)

holds for every nontorsion quotientG of F with µ(G) = µ(F). Since
(ℓ2) = 2rs < 0, (c1(G) · ℓ) is negative. Hence, for thisF, we have
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HomOS(F,OS) = 0. Therefore, by the Serre duality,H2(S, F) = 0 and
F satisfies (2.21). LetE be the reflection ofF (see§ 2). Thenυ(E) = υ
and there is an exact sequence

0→ H0(S, F) ⊗ OS
f
−→ F → E→ H1(S, F) ⊗ OS → 0.

SinceF is µ-semi-stable andµ(F) = µ(OS), the cokernel off is torsion
free andµ-semi-stable. HenceE is torsion free andµ-semi-stable. By
Proposition 2.25,E is simple. q.e.d

We do not use the full strength of the above step but only the ex-
istence of simple torsion free sheaves on monogonalK3 surfaces. A
quasi-polarizedK3 surface (S,A) is calledmonogonalif there exists a

smooth elliptic curveC on S with (A.C) = 1. putg =
1
2

(
A2

)
+ 1. Then

(A − gC)2 = −2 and (C.A. − gC) = 1. Hence there exists an effective
divisor D such thatD ∼ A− gC.

If ρ(S) = 2, then PicS is generated byC andD andD is a smooth 389

rational curve.S is a double cover of theP1-bundleF2 = P(O ⊕ O(2))
overP1. A divisor aC+b(C+D) onS is ample if and only ifa > b > 0.

Step.II.Assume that S is monogonal andρ(S) = 2. Then there exists
a simple torsion free sheaf E on S withυ(E) = υ.

Proof. ℓ is equal toaC+ b(C + D) for some integersa andb. Take an
integerb′ so thatb′ ≡ b mod r and|b′| ≦ r/2. Then take an integera′

congruent to a modulor so thatr/2 < |a′| ≦ 3r/2 anda′b′ < 0 if b′ , 0
and so that−r < a′ ≦ 0 if b′ = 0. Putℓ′ = a′C + b′(C + D) · ℓ′ is
congruent toℓ modulor and s′ =

(
ℓ′2

)
/2r is an integer. We show the

existence of a simple torsion free sheafE′ on S with υ(E′) = (r, ℓ′, s′).

ThenE = E′ ⊗ OS

(
(ℓ − ℓ′)

r

)
is a simple torsion free sheaf and satisfies

υ(E) = υ. If b′ , 0, then
−3r2

4
≦ a′b′ < 0 by our choice ofa′ andb′.

Since
(
ℓ′2

)
= 2a′b′, we have

−3r
4
≦ s′ < 0. PutH = a′C − b′(C + D).

If b′ , 0, thenH or −H is ample. Since (H · ℓ′) = 0, there exists a
simple torsion free sheafE′ with υ(E′) = (r, ℓ′, s′) by Step I. Ifb′ = 0,
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then s′ = 0. Sinceυ′ is primitive, r anda′ are coprime. Hence there
exists a simple vector bundleξ on the elliptic curveC of rank−a′ and
degreer by [1] (see also§ 2 [18]). ξ is generated by global sections
andH1(C, ξ) = 0 (see Lemma 5.3 below). We regardξ as a sheaf on
S supported byC. Let E′ be the kernel of the natural homomorphism
ϕ : H0(S, ξ) ⊗ OS → ξ. Thenϕ is surjective andE′ is a vector bundle.
Since dimH0(S, ξ) = dim H0(C.ξ) = r. the rank ofE′ is equal tor.
Sinceξ is a simple sheaf and sinceH1(S, ξ) = 0,E′ is simple. (Every390

endomorphism ofE comes from that ofξ.) q.e.d

Lemma 5.3. Let E be an indecomposable vector bundle of rank r and
degree d on an elliptic curve C. If d> r. then E is generated by global
sections and H1(C,E) = 0.

Proof. Let h be the greatest common divisor ofr andd. ThenE has a
filtration

0 = Eo ⊂ E1 ⊂ . . . ⊂ Eb = E

such that
Ei

Ei−1
is indecomposable and has rank

r
h

and degree
d
h

for every

i = 1, 2, . . . , h. Hence we may assume thatr andd are coprime. Then, by

Lemma 2.2 [1],E is simple. Let
d′

r′
be the greatest irreducible fraction

with
d′

r′
<

d
r

and 0< r′ < r. There exists a simple vector bundleE′ on

C with rankr′ and degreed′. Sincer′d− rd′ = 1, we haveX(E′,E) = 1
by the Riemann-Roch theorem. Applying Part II [1] forE′∨ ⊗ E, we
have Ext1

OC
(E′,E) = 0 and dim HomOC(E′E) = 1.

SinceE′ andE are stable, the canonical homomorphismϕ : E′ ⊗
HomOC(E′,E) → E is injective and the cokernelE′′ has no torsion.
Since HomOC(E′′,E′) = 0, we have Ext1

OC
(E′,E′′) = 0 by the Serre

duality. Hence every endomorphism ofE′′ is induced by that ofE.
Therefore,E′′ is simple. So we have obtained an exact sequence of
simple vector bundles

0→ E′ → E→ E′′ → 0

Case for which
d′

r′
> 1 : By the induction hypothesis, our assertion is391
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true forE′ andE′′. Hence so is forE.

Case for which
d′

r′
= 1: By our choice of

d′

r′
, we haver′ = d′ = 1

andd = r+1. E′ is a line bundle of degree 1 and isomorphic toOC(p) for
a pointp onC. By the induction hypothesis,E′′ is generated by global
sections. HenceE is generated by global sections except atp. Let L
be the kernel of the canonical homomorphismψ : H0(C,E) ⊗ OC →
E. Sinceψ is generically surjective and sinceh0(C,E) = r(E) + 1,
L is a line bundle. If dim HomOC(L,OC) < h0(C,E), thenE would be
decomposable. Hence we haveh0(C, L−1) ≧ d = r+1. By the Riemann-
Roch theorem we have degL ≦ −d and deg (Imageψ)≧ d. Henceψ is
surjective. q.e.d

Next we study the case whereA is primitive andℓ is a multiple of
A, sayℓ = kA for an integerk. In this case, the moduli spaceMS,A(υ)
is defined for every polarizedK3 surface (S,A) of a fixed degree, say
d = (A2). Let Fd (resp. Fd) be the moduli space of polarized (resp.
quasi-polarized)K3 surfaces (S,A) of degreed. By the Torelli theorem
([7], [20]), Fd andFd are irreducible.

Step III. There is a nonempty open subsetU of Fd such thatMS,A is
nonempty for every polarizedK3 surface (S,A) ∈ U.

Proof. If (S,A) is monogonal andρ(S) = 2, then there exists simple392

torsion free sheafE with υ(E) = υ. Since{S plS(υ)}(S,A)∈Fd is a smooth
family over an etale covering ofFd ([12, Theorem1.17]), there exists
a simple torsion free sheafE′ on S′ with υ(E′) = (r, kA′, s) for every
small deformation (S′,A′) of (S,A). The polarizedK3 surfaces (S′,A′)
with ρ(S′) = 1 form a dense subset inFd. Hence there exists a polarized
K3 surface (S′,A′) with ρ(S′) = 1 and a simple torsion free sheafE′ on
S′ with υ(E′) = (r, kA′, s). Since (ν(E′)2) = 0 andρ(S′) = 1, E′ is
stable, by virtue of Proposition 3.14 Since{MS,A(υ)}(S,A)∈Fd is a smooth
family over an etale covering ofFd′ there exists an open neighbourhood
U of (S′,A′) which satisfies our requirement. q.e.d

Step IV. If ℓ is a multiple of A, then there exists a sheaf E with
υ(E) = υ and which is stable with respect to A, i.e., MS,A(υ) is nonempty
for every(S,A).
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Proof. By Langton’s theorem ([6] see also [9]§ 5), the family

{MS,A(υ)}(S,A)∈Fd

of the moduli spaces of semi-stable sheaves is proper overFd. By Step
III, MS,A(υ) is nonempty over a dense open subset ofFd. Therefore
MS.A(υ) is nonempty for every (S,A) ∈ Fd. Let π : S → F be a fam-
ily of polarized K3 surfaces. Then, by Maruyama [9]§ 4, the (coarse)

moduli space
∏

: MS /F → F to semi-stable sheaves on
S

F
exists

and each fibre of
∏

is canonically isomorphic to the moduli space of
semi-stable sheaves on the corresponding fibre ofπ. In particular, the
function Fd ∋ (S,A) 7→ dim MS,A(υ is upper semi-continuous. Since
dim MS,A(υ) ≧ dim MS,A(υ) = 2 for every member (S,A) of U in Step393

II, we have dimMS,A(υ) ≧ 2 for every polarizedK3 surface (S,A). By
Proposition 3.14, the complement ofMS,A(υ) in MS,A(υ) discrete. Hence
MS,A(υ) is nonempty for every (S,A) ∈ Fd. q.e.d

Now we return to the general case.
Step V. There exists a simple sheafE with υ(E) = υ and which is

µ-semi-stable with respect toA.

Proof. If a sheafE is stable with respect toA, thenE ⊗ L is simple and
µ-stable with respect toA for every line bundleL. Hence, by Step IV,
our assertion is true ofℓ ≡ kA mod r for an integerk. In particular,
S Mµ

rnA+ℓ(r, ℓ, s) is nonempty for everyn≫ 0. Since the sequence{A +
ℓ/rn} Q-divisors converges toA, we have, by Theorem A. 1,S Mµ

A(r, ℓ, s)
is nonempty. q.e.d

We have completed the proof of Theorem 5.1 and Theorem 5.2 By
Step IV, we have also proved the following.

Theorem 5.4. Let υ = (R, ℓ, s) be a primitive isotropic vector of
H̃1,1(S,Z) and assume thatℓ is ample. Then there exists a sheaf E with
υ(E) = υ and stable with respect toℓ, i.e., Mℓ(r, ℓ, s) , φ.
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6 Application to the Hodge conjecture

In this section, we apply the results in§ 4 and 5 to show that certain394

Hodge cyclesZ on a productS×S′ of two algebraicK3 surfacesS and
S′ are algebraic (Theorem 1.9). We first consider the special case for
which TS � ϕ(TS), whereϕ = f τZ as in Theorem 1.9.

Step I.Let ϕ : TS
∼−→ TS′ be a Hodge isometry between the tran-

scendental lattices of S and S′. Then there exists an algebraic cycle
ω ∈ H4(S × S′,Q) on S×S′ such thatϕ(α) = π′S′ ∗ (W · π∗Sα) for every
α ∈ TS.

We remark that there exists an isomorphismf : S′ → S such that
f ∗ = ϕ on TS if ρ(S) > 11 (Proposition 6.2). But this is not true in
general ifρ(S) ≦ 11. In fact, there is a pair ofK3 surfacesS andS′

such thatTS � TS′ but NS 6� NS′ as lattices. We note that two lattices
H̃1,1(S,Z) andH̃1,1(S′,Z) are isomorphic to each other, which is the key
of our proof of Step I. More strongly, by Theorem 1.14.2 and 1.14.4 in
[17], we have

Proposition 6.1. Letϕ1, ϕ2 : T → H be two primitive embeddings of a
lattice T into an even unimodular lattice. H. Assume that theorthogonal
complement N ofϕ1(T) in H satisfies one of the following:

(1) N contains the hyperbolic lattice U=

[
0 1
1 0

]
as a sublattice or

(2) N is indefinite and rank N≧ rank T+ 2.

Thenϕ1 andϕ2 are equivalent, i.e., there exists an isometryγ of H such 395

thatϕ1 = γ ◦ ϕ2.

We give a proof of the fact remarked above, which is a prototype of
our proof of Step I.

Proposition 6.2. Let S and S′ be algebraic K3 surfaces andϕ : TS →
TS′ be a Hodge isometry. Ifρ(S) > 11, then there exists an isomorphism
f : S→ S such that f∗ = ϕ on TS.

For the proof, we need a version of Torelli theorem ofK3 surfaces:



302 S. Mukai

Proposition 6.3. Let S and S′ be K3 surfaces andψ : H2(S,Z) →
H2(S′,Z) be a Hodge isometry. Then there exists an isomorphism f:
S′ → S such that f∗ = ψ on TS.

Proof. By the strong Torelli theorem ([7]), there exists an isomorphism
f : S′′ → S and reflectionsr i(i = 1, . . . , n) by (−2) curvesCi � P

1 on
S such thatψ = f ∗ ◦ r1 ◦ · · · ◦ rn. Since [Ci] is perpendicular toTS, r i

is identity onTS for everyi = 1, . . . , n. Hence we have our proposition.
q.e.d

Proof of theorem 6.2.Apply (2) of Proposition 6.1 to two primitive
embeddingsTS֒→H2(S,Z) and TS, ֒→ H2(S,Z). SinceH2(S,Z) and
H2(S′,Z) are isomorphic to each other as lattices, we obtain isometry ϕ̃ :
H2(S,Z) → H2(S′,Z) such that̃ϕ | TS = ϕ. By the above proposition,396

there exists an isomorphismf : S′ → S such thatf ∗ = ϕ̃ which proves
our proposition. q.e.d

Proof of Step I. The orthogonal complement ofTS in the extendedK3
lattice H̃(S,Z) is isomorphic toNS ⊥ U. Applying (1) of Proposi-
tion 6.1 to the embedding ofTS and TS′ into H̃(S,Z) and H̃(S′,Z),
we see that there exists an isometryΦ : H̃(S,Z) → H̃(S,Z) such that
Φ | TS = ϕ. Put υ = Φ(0, 0, 1) = (r, ℓ, s) and u = Φ(1, 0, 0) =
(p, k, q). Φ mapsH̃1,1 · (S′) onto H̃1,1(S). Hence bothℓ and k are
divisor classes onS. Let m be a divisor class onS. The Chern char-
acter em of the line bundleOS(m) is a unit of the cohomology ring
H∗(S,Z). Hence the multiplication byem induces a Hodges isometry

Φm, Φm(r, ℓ, s) =
(
r, ℓ + rm, s+ (m.ℓ) +

r
2

(
m2

))
of the extendedK3 lat-

tice H̃(S,Z) � H∗(S,Z). ReplacingΦ byΦm◦Φ for a sufficiently ample
divisor m, we can chooseΦ so thats is positive. Since the change of
r ands is an Hodge isometry, we chooseΦ so thatr is positive. Since
(u.v) = −1, the greatest common divisorr, (ℓ, k) ands is equal to 1.

Claim. There exists an integern such thatr ands+ n(ℓ.k) are coprime.

Let d be the greatest common divisor ofs and (ℓ.k). Since
s
d

and
(ℓ.k)

d

are coprime, there exists an integern such thatr and
s
d
+

n(l.k)
d

are
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coprime. Sincer andd are coprime, so arer ands+ n(ℓ.k).
Taken as in the claim and replaceΦ byΦnk ◦Φ. Then by the claim, 397

r and s are coprime. ReplaceΦ by ΦrA ◦ Φ again for a sufficiently
ample divisorA. Thenr and s are still coprime andℓ become ample.
Let M be the moduli spaceMℓ(υ) of sheavesE with υ(E) = υ which is
stable with respect toℓ. By Theorem 5.4M is nonempty. Sincer and
s are coprime, every semi-stable sheaf is stable. HenceM is compact
and hence irreducible by Corollary 4.6 By Theorem A.6 and Remark
A.7, there exists a universal familyE on S × M. By Theorem 4.9,
the cycleZ = πS ∗

√
tdS · ch(E )π∗M

√
tdM induces a Hodge isometry

ψ : H̃(M,Z) → H̃(S,Z), with Ψ(δ) = υ, whereδ = (0, 0, 1).Φ−1 ◦ Ψ is
an isometry and sendsδ to δ. HenceΦ−1 ◦Ψ induces a Hodge isometry

from H2(M,Z) = Ψ−1

(
υ⊥

Zυ

)
ontoH2(S′,Z) = Φ−1

(
υ⊥

Zυ

)
.

By Proposition 6.3, there exists an isomorphismf : S′ → M such
that f ∗ : H2(M,Z) → H2(S′,Z) coincides withΦ−1 ◦ Ψ on TM . Then
the Chern characterch((i × f ) ∗E ) ∈ H∗(S×S′,Z) of (1× f )∗E induces
a Hodge isometryΨ′ : H̃(S′,Z) → H̃(S,Z which coincides withΦ
(or equivalentlyϕ) onT′S. TheH4(S×S′) componentW of Z induces a
homomorphismτ of the Hodge structureH2(S′,Z) to H2(S′,Z). τmaps
T′S ontoTS and coincides withφ onT′S. q.e.d

Let υ = (r, ℓ, s) be a primitive isotropic vector of̃H1,1(S′,Z) and as-
sume that the moduli spaceM = MA(υ) of stable sheavesE with υ(E) =
υ is nonempty and compact. Then, by Theorem 1.5, there exists an alge-
braic cycleZ onS×M defined by using the Chern character of a quasi-398

universal family andZ induces a Hodge isometryφ :
υ⊥

Zυ
→ H2(M,Z).

The transcendental latticeTS regarded as a sublattice of̃H(S,Z) is per-

pendicular toν andTS ∩ Zν = 0. Hence
υ⊥

Zυ
contains a sublattice iso-

morphic toTS andϕ induces a Hodge isometryϕ : TS → TM · ϕ is
injective but not surjective in general.

Proposition 6.4. Letυ = (r, ℓ, s) m andϕ be as above. Let n= n(υ) be
the minimum of|(u.v)|, where u runs over all vectors of̃H1,1(S,Z) with
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(u.v) , 0. Then we have

(1) the cokernel ofϕ is a cyclic group of order n,

(2) there exists a transcendental cycleλ ∈ TS such thatℓ + λ ∈
H2(S,Z) is divisible by n, and

(3) if λ satisfies (2), thenϕ(λ) ∈ TM is divisible by n and
ϕ(λ)

n
gener-

ates the cokernel ofϕ.

Proof. For everyυ ∈ H1,1(S,Z),
(u.v)

n
is an integer. SincẽH(S,Z) is

unimodular andH̃1,1(S,Z) is a primitive sublattice, there existsw ∈
H̃(S,Z) such that

(u.υ)
n
= (w.v) for everyυ ∈ H̃1,1(S,Z).λ = nw− u ∈

H̃(S,Z) is perpendicular tõH1,1(S,Z) and hence lies inTS. It is clear

thatλ satisfies (2). Assume thatλ satisfies (2). Thenw =
(λ + υ)

n
lies

in υ⊥ andnw is congruent toλ moduloZυ. Hence
ϕ(λ)

n
lies in TM . We

show that
ϕ(λ)

n
generates the cokernel ofϕ. The transcendental lattice

TM is isomorphic to

(
υ⊥ ∩ H̃1,1(S,Z)

)⊥

Zυ
� (Qυ ⊕ TS ⊗ Q) ∈ H̃(S,Z)

Zυ
.

Let α be a vector of (Qυ ⊕ TS ⊗ Q) ∩ H̃(S,Z). Thenα = aυ + v for
a ∈ Q andυ ∈ TS ⊗ Q. Take a vectoru ∈ H̃1,1(S,Z) such that (u.υ) = n.399

Then we have an= a(u.υ) = (α.υ) ∈ Z. Sinceυ = nw− λ, we have
α = (an)w + (υ − aλ). Since an is an integer,υ − aλ lies in TS andα is

congruent to (an)w moduloTS. Hence
ϕ(λ)

n
generates the cokernel of

ϕ, which shows (3). If
mϕ(λ)

n
lies inTS, thenmw lies inTS + Zυ and is

equal toλ′ + bυ for λ′ ∈ TS andb ∈ Z. We havem(λ + υ) = n)(λ′ + bv).

SinceTS ∩ Zv= 0, m is equal tonband divisible byn. Hence
ϕ(λ)

n
has

ordern is Cokeϕ, which shows (1) q.e.d

We have thus proved the following
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Corollary 6.5. Let M be a compact surface component of the moduli
space of stable sheaves on S . Then there exists an algebraic cycle on
S×M which induces a homomorphismϕ : TS → TM such thatϕ×Q is
an isometry and the cokernel ofϕ is a finite cyclic group.

Conversely, we have

Proposition 6.6. Let S be an algebraic K3 surface andΨ : TS → T be
an embedding of the transcendental lattice TS of S into an even lattice
T. Assume that the cokernel ofΨ is a cyclic group of order r< ∞.
Then there exists a compact component M of the moduli space ofstable
sheaves of rank r on S which satisfies the following:

(1) there is an isometry i: T
∼−→ TM and

(2) there is an algebraic cycle on S× M which induces i◦ ψ. 400

Proof. Take a transcendental cycleτ ∈ TS⊗Q so that (ψ⊗Q)(τ) belongs
to T and generatesT moduloψ(TS). By our assumption,λ = rτ belongs
to TS. Sinceψ⊗Q is an isometry, (τ.β) is equal to ((ψ⊗Q)(τ) ·ψ(β)) and
is an integer for everyβ ∈ TS. SinceH2(S,Z) is a unimodular lattice
and sinceTS is a primitive sublattice ofH2(S,Z), there exists a cycle
α ∈ H2(S,Z) such that (α · β) = (τ · β) for every transcendental cycle
β ∈ TS. Then, the cycleℓ = r(α− τ) belongs toH2(S,Z) and perpendic-
ular toTS. Henceℓ is a divisor class ofS. Moreover,ℓ+λ is equal torα
and divisible byr in H2(S,Z). Replacingα by α+(a sufficiently ample
divisor), we can chooseα so thatℓ becomes an ample divisor class. We

put s=
(ℓ2)
2r
=

r(α − τ)2

2
andυ = (r, ℓ, s) ∈ H̃1,1(S,Z) and consider the

moduli spaceM = MA(υ) of stable sheavesE with υ(E) = υ. Since (τ2)
is an even integer, so is (α − τ)2. Hences is divisible byr. Sinceτ is
transcendental, (ℓ ·m) is equal tor(α ·m) and hence divisible byr for ev-
ery divisor classmof S. Hence the numbern(υ) (see Proposition 6.4) is
equal tor. Mℓ(υ) is nonempty, by Theorem 5.4 andMµ

ℓ
(υ) is nonempty,

by Proposition 3.16. Hence by Proposition 4.3, there existsan ample
line bundleA such thatM = MA(υ) is nonempty and compact and irre-
ducible. By Proposition 6.4, there exists an isometryi : T → TM such
thatϕ = i · Ψ andϕ is induced by an algebraic cycle onS × M. q.e.d
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Step II. Letϕ : TS → TS be a homomorphism of Hodge structures401

and assume thatϕ ⊗ Q is an isometry. Then there exists an algebraic
cycleW ∈ H4(S × S′,Q |) onS × S′ which inducesϕ.

Proof. We prove our assertion by induction on the lengthℓ of the cok-
ernel ofϕ. In the caseℓ = 1, our assertion was proved in Step I. Hence
we assume thatℓ > 1. Take a sublatticeT of TS′ such thatϕ(TS)⊂

,

T

and
T

ϕ(TS)
is a cyclic group. Then, by Proposition 6.6, there exists aK3

surfaceM which is a compact component of the moduli space of stable
sheaves such thatTM � T and there exists an algebraic cycleW1 on
S × M which inducesTS → T � TM . By induction hypothesis, there
exists an algebraic cycleW2 on M × S′ which inducesTM � T → TS′ .
Then, the cycleZ = πS×S′ , ∗(π∗S×MW1 ·πM×S′ ∗Ws) onS×S′ is algebraic
and inducesϕ on TS. q.e.d

Proof of Theorem 1.9.By our assumption, there exists a primitive em-
beddingT ֒→ ∧ of T into a K3 lattice∧. SinceT ⊗ Q � TS ⊗ Q the
Hodge decomposition ofTS ⊗C induces that ofT ⊗CWe regardT as a
polarized Hodge structure by this Hodge decomposition. Theorthogo-
nal complement ofT in ∧ is a hyperbolic lattice, i.e., has signature (1, ∗).
By virtue of the surjectivity theorem of the period map forK3 surfaces
[23], there exists aK3 surfaceS′′ and an isometryi : ∧ → H2(S′′,Z)
such thati(T) = TS′′ and i |T is a homomorphism of Hodge structures.
Both TS andTS′ containTS′′ as a sublattice of finite index. By Step
II, there exist algebraic cycles onS′′ × S and onS′′ × S′ which induce
the isometriesTS′′ ֒→ TS and TS′′ ֒→ TS′ , respectively. Therefore,402

the composition of the two algebraic cycles induces the Hodge isometry
betweenTS ⊗ Q andTS′ ⊗ Q. q.e.d

Appendix 1. Boundedness and existence ofµ-semi-stable sheaves.

In this section,S is an arbitrary complete algebraic surface overC.
We study the behaviour of moduli spaces ofµ-semi-stable sheaves with
respect toAn, n = 1, 2, 3, . . . , when ampleQ -divisorsAn converge to an
ample divisorA.
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Theorem A. 1. Let {An} be a sequence of ampleQ-divisors which con-
verges to an ample divisor A. Let c1 be a numerical equivalence class of
divisors and c2 an integer. Assume that, for every n, there exists a sheaf
En on S with Chern classes c1 and c2 (modulo numerical equivalence)
and which isµ-semi-stable with respect to An. Then there exists a sheaf
E on S which satisfies the following:

(1) there exists an infinite subsequence{Ank} of {An} such that E is
µ-semi-stable with respect to every Ank, and

(2) E isµ semi-stable with respect to A.

Let P be a Zariski-open condition for sheaves on S which is independent
of An, e.g., simpleness or local freeness. If the open condition Pholds
for every En, then E can be chosen so that E satisfies P.

For the proof of the above theorem, a certain boundedness ofµ- 403

semi-stable sheaves is essential. LetA be the ample cone inH1,1(S,R)
andA its closure.

Theorem A. 2. Let H be an ample divisor and B a bounded subset of
A ∩H2(S,Q). Let Sr

A(c1, c2) denote the set of isomorphic classes of rank
r sheaves with Chern classes c1 and c2 modulo numerical equivalence
and which areµ-stable with respect to an ampleQ-divisor A. Then the
union

⋃
b∈B

Sr
H+b(c1, c2) is bounded.

In the caseB = {0}, this was proved by Maruyama in [8] and our
proof of Theorem A.2 is quite parallel to his proof in§ 2 [8]. Let
α1, . . . , αr−1 be a sequence ofr − 1 rational numbers and let

Sr
B(α1, . . . , αr−1 : c1, c2)

be the set of isomorphism classes of rankr torsion free sheaves of type
α1, . . . , αr−1 with respect toH+b for someb ∈ B ([8, see p.28]) and with
Chern classesc1 andc2 modulo numerical equivalence. Our Theorem A.
2 is a special case of the boundedness ofSr

B(α1, . . . , αr−1 : c1, c2) which
follows from Theorem A. 3 below and Theorem 1.14 in [8].
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Theorem A. 3. Let a be an integer and let SrB,a(α1, . . . , αr−1 : c1) be
the union of SrB(α1, . . . , αr−1 : c1, c2) for all c2 ≦ a. Then there are two
constants b0 and b1 (independent of each c2) such that for any member E
of Sr

B,a|(α1, . . . , αr−1 : c1), dim H0(S,E) ≦ b0 anddimH0(C,E ⊗ OC) ≦
b1 for any curve C in an open set U(E) of |H|, where U(E) may depend
on E.

Proof. Our proof is quite similar to that of Theorem 2.5 in [8]. We only404

indicate the parts to be modified. It suffices to show the theorem for
the subsetVSr

B,a(α1, . . . , αr−1 : c1) of Sr
B,a(α1, . . . αr−1 : c1) consisting

of vector bundles inSB,a(α1, . . . , αr−1 : c1). We prove our theorem
by induction onr. Assume that the theorem is true in the case rank
r − 1. Under this assumption, we shall show that our theorem holds for
VSr

B,a(α1, . . . , αr−1 : c1). SinceB is bounded, there exists an integern

such thatH0(S,E(n)) , 0 for every memberE of VSr
B,a(α1, . . . , αr−1 :

c1) (cf. Lemma 2.1 in[8]), whereE(n) is the abbreviation ofE ⊗ H⊗n.
Hence, for every memberE of VSr

B,a(α1, . . . , αr−1 : c1), there exists an
exact sequence

0→ OS(D) ⊗ H⊗(−n) → E→ F → 0

whereD is an effective divisor andF is a torsion free sheaf of rank
r − 1. Let L be the set of effective divisorsD such thatOS(D) ⊗ H⊗(−n)

is contained in some memberE of VSr
B,a(α1, . . . , αr−1 : c1).

Claim. L is bounded.

OS(D) is a subsheaf ofE(n) andE(n) is of typeα1, . . . , αr−1 with
respect toH + b for someb ∈ B. Hence we have

(D · H + b) ≦ µH+b(E(n)) +
αr−1

(r − 1)
=

(c1 · H + b)
r + n(H · H + b)

+
αr−1

(r − 1)

=
(c1 · H)

r + n(H2)
+

(c1

r
+ nH.b

)
+

αr−1

(r − 1)
.

SinceB is bounded,R= sup
b∈B

(c1/r + nH · b) < ∞. Sinceb belongs toA405
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andD is effective, (b · D) is nonnegative. Hence we have

(D · H) ≦ (D · H + b) ≦
(c1 · H)

r + n(H2)
+ R+

αr−1

(r − 1)
.

Therefore,L is bounded.
Let G be a ranksquotient sheaf ofF. SinceG is a quotient ofE and

sinceE is of typeα1, . . . αr−1 with respect toH + b, we have

µH+b(E) − αs ≦ µH+b(G).

Putαs,D,b = αS + {n(H · H + b) + (c1/r − D · H + b)}/(r − 1). Then we
haveµH+b(E) − αs = µH+b(F) − αs,D,b. Putα′s = sup

D∈L,b∈B
αs,D,b. Then we

obtainµH+b(F) − αs ≦ µH+b(G). HenceF is of typeα1, . . . , αr−2 with
respect toH + b. Let Q be the set of isomorphic classes ofF′s which
are obtained from someE in VSr

B,a(α1, . . . , αr−1 : c1) as above. Then,
by the above result,Q is a subset of

∐

λ∈∧

∐

c2≦α+β

Sr−1
B

(
α′1, . . . , α

′
r−2 : c1 − λ + nc1(H), c2

)

where∧ = L/( (numerical equivalence) andβ = max
D∈L
{−(c1 − D + nH · 406

D − nH)}. By induction hypothesis, our theorem is true for any member
F of Q and our proof can be completed in the same way as Theorem 2.5
in [8]. q.e.d

Proof of Theorem A.1.Take an integerN so thatNAn − A is ample
for everyn. Applying Theorem A.2 forH = A and B = {NAn − A},
we see that the setE of isomorphic classes of sheaves onS which are
µ-semi-stable with respect toAn for somen is bounded. AllEnsbelong
to E and hence there exists a subfamily{Ft : t ∈ V} of E parametrized
by a varietyV which containsEn for infinitely many n, say, forn =
n1, n2, . . . Sinceµ-semi-stability is an open condition, for eachnk, there
exists a Zariski open setUk of V such thatFu is µ-semi stable with
respect toAnk (and satisfies the propertyP) for everyu ∈ Uk. V is a
variety overC and is a Baire space. Hence the intersection of allUk s
is nonempty. Therefore, we have (1). (2) follows immediately from (1),
becauseµA(F) = lim

k→∞
µAnk

(F) for every sheafF on S q.e.d
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Appendix 2. Existence of a (quasi-) universal family

Let X be a scheme andM a connected component of the moduli
functorS plX of simple sheaves onS.

Definition A. 4. (1) Let T be a scheme. A sheafE on X × T is a
quassi-family of sheaves inM if E is T-flat and if, for every
t ∈ T there exists an integerσ and a memberE of M such that
E |X×T� E⊕σ. If T is connected, then the positive integerσ does407

not depend ont ∈ T and called the similitude ofE .

(2) Two quasi-familiesE , E ′ of sheaves inM onX×T are equivalent
if there exist vector bundlesV andV′ on T such thatE ⊗ π∗TV �
E ⊗ π∗TV′.

(3) A sheafE on X × M is a quasi-universal family of sheaves inM

if E is a quasi-family and, for every schemeT and quasi family
F onX×T, there exists a unique morphismf : T → M such that
f ∗E andF are equivalent.

By definition, if E on X × M andE ′ on X × M′ are quasi-universal
families, theM andM′ are isomorphic to each other andE andE ′ are
equivalent.

Theorem A. 5. Assume thatM is representable by a scheme M of finite
type in the usual topology (if k= C) or in the etale topology. Then there
exists a quasi-universal family on X× M.

Proof. For simplicity, we assume thatk = C andM is representable in
the usual topology. There exists an open coveringM =

⋃
i

Ui (in the

usual topology) and a universal familyEi on Ui × X for everyi. Take a
sufficiently ample line bundleL such that all higher cohomology groups
Hi(X,E ⊗ L) vanish for every memberE of M. By the base change
theorem, the direct imageVi = πi ∗ (Ei ⊗ L) is a vector bundle onUi,
whereπi is the projection ofX×Ui ontoUi Shrink the covering

⋃
i

Ui so408

that Pic(Ui ∩U j) = 0 for everyi , j. Then there exists an isomorphism

fi j : Ei |X×(Ui∩U j )
∼−→ E j |X×(Ui∩U j ). fi j induces an isomorphismf i j =
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πi j ∗ ( fi j ⊗ L) : Vi
∼−→ V j, on Ui ∩ U j whereπi j is the projection of

X × (Ui ∩ U j) onto Ui ∩ U j . We putΦ( fi j ) = fi j ⊗ π∗i j
(
f
−1
i j

)∨
: Ei ⊗

π∗i V
∨
i |X×(Ui∩U j )

∼−→ E j ⊗ π∗jV
∨
j |X×(Ui∩U j ).

Claim. Φ( fi j ) ◦ Φ( f jk) ◦ Φ( fki) is identity overX × (Ui ∩ U j ∩ Uk) for
everyi, j andk.

By the functoriality ofΦ, Φ( fi j ) ◦Φ( fik) ◦Φ( fki) is equal toΦ(gi jk ),
wheregi jk = fi j ◦ f jk ◦ fki · gi jk is an automorphism ofEi |X×(Ui∩U j∩Uk)

over Ui ∩ U j ∩ Uk. SinceEi is simple overUi, the automorphismgi jk

of Ei over Ui ∩ U j ∩ Uk is multiplication by an invertible element of
OUi ∩ U j ∩Uk. HenceΦ(gi jk ) is identity.

By the claim,Ei ⊗ π∗i V
∨
i can be glued together byΦ( fi j )’s. We ob-

tain a sheafE on X × M whose restriction toUi × X is isomorphic
to Ei ⊗ π∗i V

∨
i for every i. We show thatE is a quasi-universal fam-

ily. Let F be a quasi-family of sheaves inM on X × T. SinceEi

are universal families, there exist a unique morphismf : T → M, a
vector bundleFi on f −1(Ui) and an isomorphismhi : F |X× f −1(Ui )

∼−→
((1 × f )∗Ei) ⊗ OTFi for every i. We show that two quasi-familiesF
andG = (1× f )∗E on X × T are equivalent. Define the homomorphism
ϕ : G ⊗ π∗π∗HomOX×T(G ,F ) → HomOX×T(π∗π∗EndOX×T (G ),F ) by
ϕ(g ⊗ f )(e) = f (e(g)) for everyg ∈ G , f ∈ π∗π∗HomOX×T(G ,F ) and 409

e ∈ π∗π∗EndOX×T(G ), whereπ is the projection ofX × T onto T. By
using the isomorphismshi , it can be easily checked that thisϕ is an
isomorphism. Sinceπ∗HomOX×T (G ,F ) andπ∗EndOX×T (G ) are vector
bundles onT, two quasi-familiesF andG are equivalent. q.e.d

A quasi-universal family of similitudes 1 is nothing but a universal
family. On the existence of a universal family, we have the following
by an argument similar to the above and by an idea in [16] (and its
improvement Theorem 6.11 in [9]).

Theorem A. 6. Let the assumption be same as in above theorem. Letµ

be the greatest common divisor ofX(E ⊗ N), where E is a member of
M and N runs over all vector bundles on X. Ifµ = 1, then there exists
a universal on X× M.
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Proof. Letµ0 be the greatest common divisor ofX(E⊗N), whereN runs
over all vector bundles onX which satisfy (∗) all higher cohomology
groupsHi(X,E ⊗ N) vanish for every memberE of M.

We show thatµ0 = 1. Let OX(1) be an ample line bundle onX.
Then there exists an integerm0 such thatN(m) satisfies (∗) for every
m≧ m0. X(E ⊗ N(m)) is divisible byµ0 for everym≦ m0 by definition.
Since QX(E ⊗ N(m)) is a numerical polynomial onm, X(E ⊗ N) is
divisible by µ0. SinceN is an arbitrary vector bundle,µ0 divides µ
and henceµ0 = 1 by our assumption. Therefore, there exist vector410

bundlesN j with the property (∗) and integersaυ(1 ≦ υ ≦ n) such that
∑
υ=1

aυX(E ⊗ Nυ) = −1. Let M = ∪iUi ,Ei and fi j : Ei X×(Ui∩U j )
∼−→

E j X×(Ui∩U j ) be same as in the proof of Theorem A.5. By the Property
(∗), πi,∗(Ei ⊗ πX ∗ Nυ) is a vector bundle of rankX(E ⊗ Nυ) on Ui for

every i andυ. PutLi =
n⊗
υ=1

det(πi,∗(Ei ⊗ π∗XNυ))⊗aυ , where det denotes

the highest nonzero exterior power of a vector bundle. The isomorphism
fi j induces the isomorphismpi j : Li |Ui∩U j

∼−→ L j |Ui∩U j for everyi, j. By
the same argument as in Theorem A.5, we can show thatEi ⊗ π∗i Li on
X×Ui can be glued together by the isomorphismsfi j ⊗ pi j and we obtain
a sheafE onX×M whose restriction toX×Ui is isomorphic toEi⊗π∗i Li

for everyi. SinceEi are universal families,E is a universal family. q.e.d

Remark A. 7. If X is smooth, then every sheaf onX has a resolution by
a locally free sheaves. Henceµ in the theorem is equal to the greatest
common divisor ofX(E⊗N′) whereE ∈M andN′ runs over all sheaves
on X. If X is smooth and dimX = 2, thenµ is equal to the greatest
common divisor ofr(E), (c1(E).D) andX(E), whereD runs over all
divisors ofX.
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2θ-Linear Systems On Abelian Varieties

By M. S. Narasimhan and S. Ramanan

1 Introduction and Statement of Main Theorem
415

We would like to consider the 2θ-linear system on an abelian variety
with a principal polarisationθ. In the case when the abelian variety
is the Jacobian of a projective non-singular curveX, there is a close
relationship between semistable vector bundles of rank 2 and trivial de-
terminant onX and the 2θ-linear system. On the one hand, one can de-
scribe the moduliS UX(2) of such bundles onX in terms of the 2θ-linear
system. On the other, classical questions regarding Kummervarieties
or the Schottky relation may be better understood in terms ofthis ‘new’
varietyS UX(2).

We first considered this relationship some fifteen years ago in the
case of genus 2 and proved

Theorem 1 ([5]). The variety S UX(2) is canonically isomorphic to the
projective space of divisors on the Jacobian, linearly equivalent to2θ.

This result was somewhat of a surprise for the following reason.
For every line bundlej on any curveX, consider the semistable bundle
j ⊕ j−1. This imbeds inS UX(2), the Kummer varietyK = j/i, where
J = Pic◦(X) is the Jacobin ofX andi is the involutionx→ x−1 of J. It 416

is easy to see thatS UX(2)−K is smooth. ThatS UX(2) is itself smooth
in the case of genus 2 is surprising n view of the following

Theorem 2 ([5]). The kummer varietyK is precisely the singular locus
of S UX(2), is g≥ 3.

Some of the ideas relating to Theorem 1 have been generalised[2]
to hyperelliptic curves of arbitrary genusg ≥ 2. In particular, we have

315
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Theorem 3 ([2]). If X is hyperelliptic of genus3 and i the involution of

S UX(2) induced by the hyperelliptic involution on X, then
S UX(2)

i
is a

quadric inP7.

The aim of this paper is the following generalisation of Theorem 1.

Main Theorem. If X is non-hyperlliptic of genus3, then S UX(2) iso-
morphic to a quartic hypersurface inP7

In particular, of course, the Kummer variety is imbedded inP7 and
is the singular locus of a quartic hypersurface. Supposef is the quartic
polynomial in the homogenous coordinates (Z1, . . . ,Z8) defining

S UX(2). Then Theorem 2 implies thatK is defined by
∂ f
∂zi
= 0, i =

1, . . . 8. Thus we have, as an application, the

Corollary. K can be defined by cubic polynomials.

Wirtinger [7] had shown thatK can be defined by quartics and it417

was an open problem if cubics would suffice. (See Coble ([1, p. 106])).

2 The relationship between vector bundles
and 2θ-linear systems

Let us now make explicit the map ofS UX(2) into the projective linear
systemP of 2θ, which exists for anyg. If we denote byJd the space of
line bundles onX of degreed, notice that the natural divisorθ lives only
in Jg−1 Hence the linear system of 2θ is a system of divisors inJg−1.
The map that we have in mind associates to a vector bundleE of rank 2
with trivial determinant, the subsetDE =

{

ξǫJg−1 : Γ(ξ ⊗ E) , 0
}

. If E
is not semistable, then it has a line subbundleL of positive degree. For
everyξǫJg−1, we haveΓ(ξ ⊗ L) , 0 so thatDE = Jg−1 in this case. On
the other hand, Raynaud [6] showed that ifE is semistable, theDE is a
proper subset ofJg−1 Then it is easy to see thatDE is the support of a
divisor linearly equivalent to 2θ.
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Actually, one can associate a divisorDE to E (and not merely its
support) as follows. Takex1, . . . xNǫX, with N sufficiently large. IfZ is
the divisorx1 + · · · + xN, tensorise the exact sequence

0→ O(−Z)→ OX → OZ → 0

with ξ ⊗ E. If N is large enough so thatΓ(ξ ⊗ E ⊗ O(−Z)) = 0, then
clearlyΓ(ξ ⊗ E) is the kernel of the connecting homomorphism

N
∑

i=1

(ξ ⊗ E)xi → H1(ξ ⊗ E ⊗ O(−Z))

We will now allow ξ to vary overJg−1. In others words, takingξ to be 418

the universal line bundle of degreeg−1 parametrised byJg−1 we get two
vector bundles onJg−1, both of rank 2N and a homomorphism. This
defines a section of a line bundle, namely the difference between their
determinants. It is easy to compute this line bundle and showthat it is
isomorphic to 2θ.

3 Generalities on polarised abelian varieties

Let A be an abelian variety andτ a principal polarisation on 4. Consider
B = PicτA, namely the space of isomorphism classes of line bundles on
A with Chern classτ. ThenA acts onB by a.ξ=translation bya of ξ.
All line bundlesξǫB are ample and henceHi(ξ) = 0 for i ≥ 1 ([3, p.
150]). On the other hand,Γ(ξ) is 1-dimensional, since the polarisation
is principal. Hence the line bundlesξǫB may be identified with their
divisors inA. Let θ ⊂ B be defined by

θ{ξǫB : divisor of ξ passes through 0}

This belongs to the principal polarisationτ in the sense, that for any
choice of a point inB, the natural identificationA→ B leads to a divisor
in A whose class isτ. Moreover,A

∐

B can be made into a group, using
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the involution i : B → B given byξ → i∗ξ where i is the morphism
x→ −x of A. We have then a natural exact sequence

0→ A→ A
∐

B→ Z/2→ 0.

Of course, this sequence splits, but the point is that there is no canonical419

splitting. Elements ofA2 = {aǫA : 2a = 0} are calledperiod character-
isticsand elements ofB2 = {bǫB : 2b = 0} are calledtheta characteris-
tics. As a groupA2 is isomorphic toF2

2g and the principal polarisation
on A gives a nondegenerate alternating formτ on A2. Moreover,B2 can
be identified with quadratic forms onA2 whose associated alternating
form is τ. The Arf invariant then distinguishes between odd and even
theta characteristics. We have the well-known [4]

Theorem. The parity of the multiplicity of the divisorθ at bǫB2 deter-
mines the parity of the theta characteristic.

On A × B, we may consider the divisor obtained by pulling back
θ by the natural group actionA × B → B. This bundle serves as a
Poincaré bundle for line bundles onA with Chern classτ, and also as
one for line bundles onB with Chern classτ. Indeed, the spaceB and
the divisorθ are characterized by this property. It then follows that ifA
is the Jacobian of a curveX of genusg, thenB may be identified with
Jg−1.

Although there is no canonicalθ-divisor on A, there is a divisor
classΦ with Chern class 2τ. For everybǫB, T∗bθ, is the divisor in
A, corresponding tob. The linear equivalence class ofT∗bθ + T∗

−bθ

is independent ofbǫB and this definesΦ. More elegantly, this may
be constructed as follows. Consider the mapµ : A × B → B × B
given by (a, b) 7→ (a + b, a − b). The pull back of tensor product of420

P∗1O(θ) ⊗ P∗2O(θ) on B× B to A× B may be looked upon as a family of
line bundles onB parametrised byA. But then for anya, this gives the
isomorphism class ofO(2θ). Hence there is a line bundleΦ on A such
that

P∗1φ ⊗ P∗2O(2θ) ≈ µ∗
(

P∗1O(θ) ⊗ P∗2O(θ)
)

.
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Moreover, the situation comes with a section of the lineP∗1Φ⊗P∗2O(2θ),
so that we have a canonical element ofΓ(A,Φ) ⊗ Γ(B,O(2θ)). This can
be proved to give a perfect pairing so that we have

Theorem 3.1. There is a canonical duality betweenΓ(A,Φ) and
Γ(B,O(2θ)).

We have a natural morphismA → PΓ(A,Φ)∗ given by linear sys-
tem ofΦ. On the other hand, foraǫA, we have the divisorTaθ + Taθ

linearly equivalent to 2θ. In other words, we have a morphismA →
PΓ(B,O(2θ)). Under the duality of Theorem 3.1, these two morphism
are compatible.

WhenA is the Jacobian andB = Jg−1 of the curveX, we may in-
terpret the morphismA→ PΓ(B,O(2θ)) defined above as follows. For
any aǫA, consider the semistable vector bundleE = a ⊕ (a)∗. Then
E is of rank 2 and trivial determinant so that there is a divisorDE lin-
early equivalent to 2θ defined in§ 2. It is clear that this is the same as
the map given above. Thus one may say that the morphismS UX(2)→
PΓ(Jg−1,O(2θ)) given byE 7→ DE restricts to the Kummer varietyK
as the morphism given by the linear system ofΦ. It has been shown by
Andreotti and Meyer overC that forθ irreducible,Φ imbeds the Kum- 421

mer variety. This does not seem to have been proved in the literature
for characteristicP > 0. It is easy enough to show that ifθ is irre-
ducible, then the Kummer variety is mapped injectively. We can prove
(following ideas of Wirtinger[7]) over any field of characteristic , 2, the
following

Theorem. Let A be any abelian variety,τ a principal polarisation on
it and B= PicτA. If no even theta characteristic lies on the canonical
theta divisor in B,thenK is imbedded by the canonical divisor classΦ
in A with Chern class2τ.

4 Proof of the Main Theorem

We will sketch here the alinea of proof of our main theorem. The de-
tailed proofs will appear elsewhere.
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Lemma 4.1. Let ξ be a line bundle of degree1 on X. Then X may
be imbedded in J by x→ ξ−1 ⊗ O(x). The induced mapΓ(J,Φ) →
Γ(X,K ⊗ ξ2) is onto.

Proof. Any divisor linearly equivalent toK⊗ξ2 may be written as a sum
of two divisors of degreeg each. Let these belong to classesK ⊗ ξ⊗α−1

andξ⊗α for αǫJg−1. It is easy to see that ‘most’ sections inΓ(K⊗ξ2) can
be thus split up in whichΓ

(

K ⊗ ξ ⊗ α−1
)

andΓ(ξ ⊗ α) are of dimension
one each. It is clear then that these divisors are images of elements in
Γ(Φ) given byαθ + α−1θ ∼ Φ.

Consider the injective map

H1
(

X, ξ−2
) ∼
−→ Γ

(

X,K ⊗ ξ2
)∗
→ Γ(J,Φ)∗

∼
−→ Γ(Jg−1,O(2θ)).

We wish now to interpret the mapPH1
(

X, ξ−2
)

→ PΓ(Jg−1,O(2θ)).422

Lemma 4.2. Let ξ be a line bundle on X, of degree1. Any point of
PH1
(

X, ξ−2
)

gives a nontrivial extension0 → ξ−1 → E → ξ → 0,
where E is a semi-stable vector bundle of rank2 and trivial determinant.

Proof. See ([5, Lemma 5.1]).
By allowing ξ to vary overJ1, one can thus construct a bundleV

on J1 whose fibre overξ is identifiable withH1
(

X, ξ−2
)

, and an exact
sequence

0→ V → Γ(Jg−1,O(2θ))J1→W→ 0

on J1 It can be shown that the fibreVξ is the subspace ofΓ(Jg−1,O(2θ))
consisting of sections which vanish onξX.

Lemma 4.3. The map PH1
(

X, ξ−2
)

→ PΓ(Jg−1, (2θ)) can be inter-

preted as follows. If E is the vector bundle associated toυǫPH1
(

X, ξ−2
)

,
then the image ofυ is the divisor DE.

Lemma 4.4. Let X be of genus3. If EǫS UX(2) is stable andξX ⊂ DE

for someξǫJ1, thenΓ(ξ ⊗ E) , 0.

These two lemmas ensure that the morphismE 7→ DE is injective.
Firstly, it is easy to show (see 5.4 below for a slightly stronger statement)
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that there existsξǫJ1 with Γ(ξ ⊗ E) , 0. This implies of course that
ξX ⊂ DE. If then DE = DE it follows from 4.4 thatΓ(ξ ⊗ E′) , 0 as
well, which implies that bothE andE′ occur as extensions ofξ by ξ−1. 423

Now 4.3 implies thatE 7→ DE is injective.
We have also to show that the morphismE → DE is an imbed-

ding. From the injectivity, we see that the image is a hypersurface in
P

7
= PΓ

(

Jg−1O(2θ)
)

. We will compute the differential of the morphism

P(V) → P7. Let EǫS UX(2) be a stable bundle. Then we will show that
in the diagram

P(V)

$$I
II

II
II

II
// P7

S UX(2)

;;xxxxxxxxx

there exists a point ofP(V) lying overE at which the differential of the
mapP(V) → P7 is injective. It would follow that the hyper surface in
question is normal, since the set of nonstable points is of codim 3 in
S UX(2). Hence by Zariski’s Main Theorem, we are through.

5 Computation of differential

But the computation of the differential of the morphismP(V)→ S UX(2)
turns out to be somewhat hard. The result is

Lemma 5.1. The differential is injective at every point of PH1
(

ξ−2
)

corresponding to stable E, ifξ2 6ǫθ.

Since the bundleV is induced by a mapϕ of the JocobainJ1 into the
Grassmannian of 4 dimensional subspaces ofΓ(J2,O(2θ)), Lemma 5.1 424

can be proved by computing the differential of this map and a simple
computation of the differential of the natural map of the projective bun-
dle associated to the universal subbundle on the Grassmannian, into the
projective space. Thus it is easy to see that Lemma 5.1 would follow
from the following statement regarding the differential ofϕ which is a
mapH1(X,O)→ Hom

(

VξΓ
(

K2 ⊗ ξ−2
))

.
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Lemma 5.2. Let υ ∈ Tξ
(

J1
)

, ξ2 6ǫ θ. (a) if υ does not belong to any

1-dimensional subspace of H1(X,O) corresponding to a point of X in
its canonical imbedding, then the image ofυ under the differential of
J1 → Gr4

(

Γ

(

J2,O(2θ)
))

is an injective map Vξ → Γ
(

K2 ⊗ ξ−2
)

. (b)
if υ belongs to such an1-dimensional sub-space, then the image has
1-dimensional kernel and this, as a point of P(Vξ), corresponds to a
nonstable extension.

The spaceVξ can also be identified with the kernel ofΓ
(

J2,O(2θ)
)

→ Γ(X,K2 ⊗ ξ−2) obtained by imbeddingX asξX ∈ J2. In other words,
Vξ = Γ

(

J2, IX ⊗ O(2θ)
)

, where IX is the sheaf of ideals ofξX in J2.
From the exact sequence

0→ I2
X → IX → N∗ → 0

we obtain a natural mapVξ → Γ
(

N∗ ⊗ K2 ⊗ ξ−2
)

. It can be shown that
the required differential factors as follows.

H1(X,O)

**TTT
TTT

TTT
TTT

TTT
TTT

// Hom
(

VξΓ
(

K2 ⊗ ξ−2
))

��

Hom
(

Γ

(

N∗ ⊗ K2 ⊗ ξ−2
)

, Γ
(

K2 ⊗ ξ−2
))

The vertical map is induced by the mapVξ → Γ
(

N∗ ⊗ K2 ⊗ ξ−2
)

men-425

tioned above. The mapH1(X,O)→ Hom
(

Γ

(

N∗ ⊗ K2ξ−2
))

,
(

Γ

(

K2 ⊗ ξ−2
))

can be determined explicitly by using the natural inclu-
sionN∗ → Γ(X,K)X. In fact, it is the composite of the natural map

H1(X,O)→ Hom
(

Γ(X,K) ⊗ Γ
(

K2 ⊗ ξ−2
)

, Γ
(

K2 ⊗ ξ−2
))

and the map Hom
(

Γ(X,K) ⊗ Γ
(

K2 ⊗ ξ−2
)

, Γ
(

K2 ⊗ ξ−2
))

→

Hom
(

Γ

(

N∗ ⊗ K2 ⊗ ξ−2
)

, Γ
(

K2 ⊗ ξ−2
))

induced byN∗ → Γ(X,K)X. In
view of this, Lemma 5.2 will follow from
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Lemma 5.3. The natural map Vξ → Γ
(

N∗ ⊗ K2 ⊗ ξ−2
)

is an isomor-

phism ifξ2 6ǫSuppθ. Geometrically speaking, there is no divisor linearly
equivalent to2θ which vanishes onξX with multiplicity2, f ξ2 6ǫSuppθ.

The proof thatE 7→ DE is an imbedding is completed by proving

Lemma 5.4. Every stable bundle E can be obtained as an extension
0→ ξ−1→ E→ ξ → 0, ξǫJ1 andξ2 6ǫSuppθ.

To prove that the image is a quartic surface, we first observe that
the mapP(V) → P7 is generically finite and is of degree 8. IfτV is the
tautological hyperplane bundle along the fibres it suffices to show that
[c1(τV)]6[P(V)] = 32. This follows from

Lemma 5.5. Let ci(i = 1, 2, 3) denote the Chern classes of the bundle V
and let c(θ)ǫH2

(

J1,Z
)

be the cohomology class defined by aθ-divisor

in J1. Then we have 426

(1)
c1(V) = −4c(θ), c2(V) = 8[c(θ)]2and

c3(V) = −
16
3

[c(θ)]3

(2) [c1(τV)]6[P(V)] =
(

−c3
1 + 2c1c2 − c3

) [

J1
]

.
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Compactification ofM(0, 2)

By M. S. Narasimhan and G. Trautmann

1 Introduction
429

Let M(0, 2) denote the quasi-projective variety of isomorphism classes
of stable rank 2 vector bundles onP3(C) with C1 = 0,C2 = 2. This vari-
ety was investigated in detail by Hartshorne [1]. See also [2]. He proved
that M(0, 2) has the structure of a fibre space over the 9-dimensional
varietyRof reguli (i.e., the space of smooth quadrics inP3 with a distin-
guished system of generating lines), the fibre being an open subset of a
smooth quadric inP5 If σ is the smooth conic in the grassmannianG of
lines inP3 given by the generators of a regulusρ, then the fibre overρ
consists of the space of smooth conicsγ such thatσ andγ are Poncelet
related, withσ as the inner conic: a triangle can be inscribed inγ which
circumscribesσ.

In the present paper, we study the natural compactification of M(0, 2)
and the degeneration of bundles to sheaves with singularities. Geomet-
rically, one has to first compactify the fibres overRwhich is easy and is
done by taking all conicsγ, smooth or not, which are Poncelet related
to σ; the fibre overσ is then a smooth quadric inP5, which may be
called the Poncelet quadric associated withσ. Next, one has to take a430

good compactification of the space of reguliR. There is a ‘naive’ com-
pactification ofR, namely the ramified 2-sheeted covering of the space
of all quadrics inP3 defined by the space of singular quadrics. This is
not the right one to take and has to be ‘modified’ and we take as the
compactification ofR the Hilbert schemeC (G) of all conics contained
in the grassmannianG = G(2, 4). The varietyC (G) is in fact smooth
and there is a tautological conic bundle overC (G). There is then a Pon-

325
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celet quadric bundle overC (G) associated with this conic bundle; it is
constructed by considering also the space of conics which are Poncelet
related to a singular conic, which turns out to be a pair of hyperplanes in
P

5 in the case of a pair of lines and a ‘doubled’ hyperplance in the case of
a double line. This Poncelet quadric bundle overC (G) is the sought for
compactification ofM(0, 2). We prove that this space is the coarse mod-
uli scheme for semi-stable rank 2 sheaves onP3 with C1 = 0, C2 = 2,
C3 = 0 which are limits of stable vector bundles (see the statement of
Theorem in§ 3). The non-singular points of this compactification cor-
respond exactly to stable sheaves. It should be remarked that the moduli
space of semi-stable rank 2 sheaves withC1 = 0, C2 = 2, C3 = 0 is not
irreducible.

We proceed to describe the results and methods of proof in more
detail.

2 Poncelet pairs and the Poncelet quadric.

Two smooth conics (σ, γ) in P2 are said to be Poncelet related if we431

can inscribe a triangle inγ which circumscribesσWe have also to deal
with the case whenσ is degenerate. For this purpose it is convenient
to consider the Poncelet relation as one between conics inP2 and those
in the dual projective spaceP∗2. For instance, in the case above, if we

consider the polar dual
∨
γ of γ with respect to the smooth conicσ, the

Poncelet relation between (σ, γ) says that there are three points inσ

such that the dual triangle has vertices on
∨
γ. This relation is symmetric.

If W is a 3-dimensional vector space (overC), the Poncelet rela-
tion defines a correspondence betweenP

(
S2(W)

)
andP

(
S2 (W∗)

)
i.e.,

a correspondence between the space of conics inP(W) and inP (W∗).
In particular ifσ is a conic inP(W) we get a quadric inP

(
S2(W)

)
, the

Poncelet quadric corresponding toσ. If we denote also byσ a quadratic
form onW definingσ, a quadratic formQ on S2(W) defining the Pon-
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celet quadric associatedσ is given by:

Q(X,Y,X′.Y′) =
1

[σ(X,X′)σ(Y,Y′) + σ(X,Y′)σ(Y,X′)

− σ(X,Y)σ(X′,Y′)]

This construction can be relativised: given a conic bundleC → S, we
can construct the Poncelet quadric bundle overS associated toC.

3 Statement of the main theorem.
432

Theorem. LetG be the grassmannian of lines inP3(C), C (C) the Hilbert
scheme of conics contained inG and Q→ C (G) associated to the tau-
tological conic bundle overC (G). We then have:

(1) The variety Q is the space of S -equivalence classes of semi-stable
sheaves onP3(C) which are limits, under flat deformations, of
bundles in M(0, 2)

(2) Q has the ‘coarse moduli property’ for flat families{Fs}s∈S of
torsion-free semi-stable rank2 sheaves with C1 = 0, C2 = 2,
C3 = 0 for which the subset of S , consisting of those s∈ S with
Fs a stable bundleǫM(0, 2) is dense in S where S is normal.

(3) Q is the normalisation of a component of the Maruyama scheme
of all semi-stable torsion free rank2 sheaves onP3 with C1 = 0,
C2 = 2 C3 = 0.

(4) The non-singular points of Q correspond precisely to stable
sheaves.

In the rest of the paper, we give a brief account of some of the ideas
involved in the proof of the theorem.
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4 Geometric invariant theoretic (G.I.T)
description of the Poncelet bundle over the
space of conics in P2

433
In order to relate the Hilbert schemeC (G) and the associated Pon-
celet bundle to sheaves onP3 we will need a geometric invariant the-
oretic description of these spaces. As a motivation for thisdescription,
which will be given in the next section, we give in this section a G.I.T.
parametrisation of the Poncelet bundle over the space of conics inP2.

We first give a G.I.T. parametrisation of conics inP2. Let W be a
3-dimensional vector space and letW̃ =W⊕W =W⊗C2 The action of
S L(2,C) onC2 induces an action oñW. This in turn gives an action of
S L(2,C) on the grassmannianG4

(
W̃

)
of 4 dimensional subspaces ofW̃,

which is linearised with respect to the natural polarisation on G4

(
W̃

)
.

The G.I.T. quotient
G4 (W⊕W)ss

S L(2)
is then identified with the space of

conics inP2 (As usual, the superscript “ss” denotes the set of semi-
stable points). In fact, if for a 4-dimensional subspaceΓ ⊂ W ⊕W, we
consider

σ(Γ) =
{
L ∈ P(W) | dim

[(
L ⊗ C2

)
∩ Γ

]
≥ 1

}

one sees thatσ(Γ) , P(W) if and only if Γ is semi-stable and thatσ(Γ)
is a conic ifΓ is semi-stable. MoreoverΓ is stable if and only ifσ(Γ) is
a smooth conic.

We next consider the Poncelet correspondence. (See§2). For this,
we consider the grassmannianG2

(
W̃

)
of 2-dimensional subspaces of434

W ⊕ W and observe, as above, that
G2

(
W̃

)ss

S L(2)
can be identified with

the space of conics inP (W∗). To obtain the Poncelet correspondence
betweenP

(
S2(W)

)
andP

(
S2 (W∗)

)
, we consider the flag manifoldF ⊂

G2

(
W̃

)
×G4

(
W̃

)
consisting of (M, Γ) with M ⊂ Γ and show that, for the

action ofS L(2) on F,
Fss

S L(2)
is isomorphic to the Poncelet subvariety

contained inP
(
S2 (W)

)
×P

(
S2 (W∗)

)
. Moreover the natural mapFss→
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G4(W)ss induces the Poncelet quadric bundle over the space of conics
in P(W).

5 G.I.T. description of the Hilbert scheme of con-
ics in G and the associated Poncelet bundle.

Let V be a 4-dimensional vector space andG = G2(V) ⊂ P

(
2
∧V

)
. We

first give a G.I.T. description of the Hilbert scheme of conics inP

(
2
∧V

)
.

Note that this scheme is aP5 bundle over the grassmanianZ = G3

(
2
∧V

)

of planes inP

(
2
∧V

)
, the fibre over a plane consisting of the space of

conics in that plane. As such, in analogy with§ 4, this scheme has the
following G.I.T. description. LetU be the universal rank 3 bundle over

the grassmannianZ; U is a subbundle of the trivial bundle
2
∧V ⊗ OZ

over Z. ThenS L(2,C) operates on the relative grassmannian bundle
G4(U ⊕ U)2 and the G.I.T quotient is the Hilbert scheme of conics in

P

(
2
∧V

)
. We also have an obvious G.I.T. description of the associated

Poncelet bundle as in§ 4.
To obtain the Hilbert schemeC (G) of conics inG as a G.I.T. quo-

tient we define a subvarietyY of G4(U ⊕ U) as follows. If (z, Γ) ∈
G4(U ⊕ U), with z ∈ Z, then (z, Γ) defines a quadratic formσ(Γ) on the 435

fibre U of U at z, and the Plücker quadricG defines a quadratic form
ρ(z) on Uz (Hereρ(z) could be zero which means thatP(Uz) ⊂ G and
σ(Γ) could be zero which means thatΓ is not semi-stable). We defineY
by the condition that (z, Γ) ∈ Y if and only if σ(Γ) andρ(z) are linearly
dependent. Let

Yss
= Y∩G4(U ⊕ U)ss andYs

= Y∩G4(U ⊕ U)s.

We thee see that the natural map
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Yss

S L(2)
→ C (G) induces an isomorphism.

To get the Poncelet bundle overC (G), we look at the (relative) flag
variety

X ⊂ G4(U ⊕ U) ×Z G2(U ⊕ U)

consisting of (z, Γ,M) with (z, Γ) ∈ Y andM ⊂ Γ. The morphismX →

Y is a bundle withG(2, 4) as fibres. The G.I.T. quotient
Xss

S L(2)
is the

Poncelet bundleQ associated to the ‘universal’ conic bundle onC (G);
moreover,Q → C (G) is induced byXss → Yss. It turns out that the
singular points ofQ correspond exactly the non-stable points ofXss.

6 C (G) as the moduli space of rank 4 ‘kernel’
sheaves on P3.

The connection between the foregoing considerations and sheaves on436

P3 will be made by constructing, in the next section, a family ofmonads
paramterised byXss whose ‘cohomology’ will give the required rank 2
semi-stable sheaves onP3.

In this section we outline the construction of (the family of) the two
modules (and the ‘arrow’) on the right side of the monad. These are
parameterised actually byYss (The spaceC (G) is, in some sense, the
moduli space of the kernel sheaves of the monads).

For doing this, it is convenient to study a G.I.T. parametrisation of
the ‘naive’ compactification of the space reguli and relate it to C (G)
which is a modification of it. Consider the action ofS L(2) on G =

G2(V ⊕ V). Then
G2(V ⊕ V)ss

S L(2)
gives the naive compactification. The

canonical map(V∗ ⊕ V∗) ⊗Og→ A∗, whereA is the tautological rank 2
bundle onG may be interpreted as a map

α :

(
3
∧V ⊕

3
∧V

)
⊗ OG →

4
∧V ⊗ A∗

on observing that
3
∧V � V∗ ⊗

4
∧V. Note also that we have a morphism
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of bundles (
2
∧V ⊕

2
∧V

)
⊗OG →

3
∧V ⊗ A∗

The relation betweenC (G) and
G2(V ⊕ V)ss

S L(2)
comes from

Lemma. In Γ ∈ G4(U ⊕ U) ⊂ G4

(
2
∧V ⊕ ∧V

)
. Define NΓ ⊂ V ⊕ V to be 437

the subspace of all pairs(x, y), x, y ∈ V, satisfying

ξ ∧ x+ η ∧ y = 0 for any (ξ, η) ∈ Γ.

If Γ ∈ Yss, then NΓ is 2-dimensional.

Using the lemma we define a morphismYss→ G2(V ⊕ V)ss (which

in turn defines the modification mapC (G) →
G2(V ⊕ V)ss

S L(2)
. We con-

sider the diagram

Yss

γ

//

q

��

G4(U ⊕ U) // G3

(
2
∧V

)
×G4

(
2
∧V ⊕

2
∧V

)
// G4

(
2
∧V ⊕

2
∧V

)

G = G2(V ⊕ V)← A C

OO

whereA andC are the tautological subbundles on the grass mannians
and

γ : Yss→ G4

(
2
∧V ⊕

2
∧V

)

the composite map.
We are now in a position to define the right hand side of the family

of monads. Lift the mapα

(
3
∧V ⊕

3
∧V

)
⊗ OG →

4
∧V ⊗ A∗ (defined

above) first toYssby the morphismYss→ G and then toP3×Yssby the 438

projectionpr ontoY. We get an epimorphism
(

3
∧V ⊕

3
∧V

)
⊗ OP3×Yss→

4
∧V ⊗ pr∗q∗A∗
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Similarly, starting from the Koszul homomorphism

3
∧V ⊗ OP3 →

4
∧V ⊗ O(1) onP3,

we get an epimorphism
(

3
∧V ⊕

3
∧V

)
⊗ OP3×Y →

(
4
∧V ⊗

4
∧V

)
⊗ OP3×Y (1)

Taking the sum of these homomorphisms, we obtain a homomorphism
overP3 × Yss:

α̃ :

(
3
∧V ⊕

3
∧V

)
⊗ OP3×Y →

(
4
∧V ⊕

4
∧V

)
⊗

OP3×Y(1)⊕

(
4
∧V ⊗ pr∗q∗A∗

)
.

This gives the required family of ‘partial’ monads.
Let N = kerα and A = Imα̃. We also observe that under the

natural map

pr∗γ∗C(−1)→

(
2
∧V ⊕

2
∧V

)
⊗ OP3(−1)→

(
3
∧V ⊕

3
∧V

)
⊗ OP3×Y,

pr∗γ∗C(−1) injects intoN and we defineG by the exact sequence439

(∗) 0→ pr∗γ∗C(−1)→N → G → 0.

We have

Proposition. (1) The sheavesN , A andC are flat over Yss

(2) For any y = (z, Γ) ∈ Yss, if Ny denotes the restriction ofN to
P3 × y, then the natural homomorphism

Γ→ H0(P3,Ny(1))( given by (∗))

is an isomorphism. Moreover

C1(Ny) = −2,C2(Ny) = 3,C3(Ny) = −4.

(3) The sheavsNy are semi-stable in the sense of Gieseker.
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7 Construction of a family of monads and the uni-
versal rank 2 sheaf on P3

We consider the diagram

B

��

Xss

β0

&&

β

&&

//

p

��

Z × F //

id×p4 &&LL
L

L

L

L

L

L

L

L

L

L

L

L

F //

p4

''NN
N

N

N

N

N

N

N

N

N

N

N

N

N

N

G2

(
2
∧V ⊕

2
∧V

)

Yss // G4(U ⊕ U) // Z ×G4

(
2
∧V ⊕

2
∧V

)
// G4

(
2
∧V ⊕

2
∧V

)

C

OO

HereF denotes the flag manifold of pairs (Γ,M) with M ⊂ Γ andp2, p4 440

are the natural projections. The mapX→ Z × F is induced by

G4(U ⊕ U)XZG2(U ⊕ U) // Z ×G4

(
2
∧V ⊕

2
∧V

)
×G2

(
2
∧V ⊕

2
∧V

)

x //

←

OO

Z × F

OO

As before,B andC denote the tautological bundles. From the diagram,
we get an exact sequence of vector bundles onF:

0→ P∗2B→ P∗4C→
∨

B→ 0.

Lifting via β0 andpr : P3 × Xss→ Xss,
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We obtain a diagram

0

��

0

��
pr∗β∗B(−1)

��

pr∗β∗B(−1)

��
0 // pr∗p∗γ∗C(−1) //

��

P∗N //

��

p∗G // 0

0 // pr∗β∗B∨ //

��

F // p∗G //

��

0

0 0

in which F is defined at the same time as a quotient ofp∗N and as an441

extension ofp∗G for each pointx = (z, Γ,M) ∈ X with y = p(x) = (z, Γ),
we obtain the induced diagram on the fibreP3 = P3 × x

0

��

0

��
M ⊗ O(−1)

��

M ⊗ O(−1)

��
0 // Γ ⊗ O(−1) //

��

Ny
//

��

Gy
// 0

0 //
∨

M ⊗O(−1) //

��

Fx
//

��

Gy
// 0

0 0

Proposition. (1) For x ∈ Xss, the sheafFx is a torsion free semi-
stable sheaf with C1 = 0, C2 = 2 and C3 = 0.



Compactification of M(0, 2) 335

(2) For x, x′ ∈ Xss, Fx andFx are S -equivalent if and only if x and
x′ are equivalent in the sense of G.I.T. i.e. x, x′ have the same
image in Xss

S L(2).

8 Limit Sheaves

The ‘limit sheaves’ which occur in the compactification can be explicitly
described. Such a description is also useful in carrying outsome of the
proofs. We give below some examples of limit sheaves. 442

Example 1. Suppose thatσ is the smooth conic in G given by the gen-
erators of a given regulus. The fibre over x of the compacification con-
sists of, in addition to some elements of M(0, 2), sheaves which are ob-
tained from the rank2 trivial bundle onP3 or a null correlation bundle
(C1 = 0, C2b1) by a Hecke transformation. More precisely, the sheaves
F are of the form

0→ F → E→ 0L(1)→ 0

0→ F → 2O → 0L1(1)⊕ 0L2(1)→ 0

0→ F → 2O → R → 0,

whereE is a null correlation bundle,L, L1, L2, are lines inP3 with
L1 ∩ L2 = ∅ andR is an extension of the form

0→ 0L(1)→ R → 0L(1)→ 0.

The elements ofM(0, 2) correspond to smooth conics which are Pon-
celet related toσ and the other cases correspond to the various subcases
of degenerate conics which are Poncelet related toσ. All these sheaves
are stable.

Example 2. Let S1 and S2 be two planes inP3 intersecting along a line
and let p and q be two distinct points on S1 ∩ S2. Then considering the
lines in S1 passing through p and lines in S2 through q we get a conic443

σ in G, which is a pair of lines. LetP be the plane inP

(
2
∧V

)
in whichσ
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is contained and letP∗ be the dual plane. Thenσ determines two points
e, f in P∗ and the conicsγ in P∗ passing through either e or f are those
which are Poncelet related toσ. Take forγ a pair of lines inP∗ one
passing through e, the other through f and intersecting outside e∪ f .
Thenγ defines lines L and K inP3 with L (resp K) contained in S1 (resp
S2) and passing through p (resp q).

Corresponding toγ we have in the compactification the sheafILUq⊕

IKU p, whereILIq (respIKU p) denotes the ideal sheaf ofLUq (respKU p).
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The Witt Group Of A Real Surface

By M. Ojanguren and G. Ayoub

THIS IS A short report on some of the results obtained by the first 445

named author in his thesis(Université De Lausanne, 1984).Full details
will appear elsewhere.

1 The Witt group of a scheme

Let X be a noetherian scheme with structure sheafOX. We assume that
2 is invertible inOX. A vector bundleoverX is, by definition, a locally
freeOX-module of finite rank. Aquadratic space over Xis a pair (F, f )

consisting of a vector bundleF and an isomorphismf : F →
∨

F of

F into its dual such that
∨

f = f . Notice that we identifyF with its
double dual through the canonical isomorphism. IfX = SpecA is an
affine scheme,F can be identified with the projectiveA-moduleF of its
global sections andf defines onF a symmetric bilinear scalar product
< x, y >= f (x)(y). In particular, ifF is free with basise1 . . . , er , f is
defined by the invertible symmetric matrix (< ei , ei >). Hence, ifA is
a field, a quadratic space over SpecA is the same as a non-degenerate
symmetric bilinear form overK.

Given two quadratic spaces (F, f ) and (G, g) overX, we define their
orthogonal sum(F, f ) ⊥ (G, g) as ((F ⊕G, f ⊕ g). An isometryof (F, f )
into (G, g) is defined as a linear isomorphismφ : F → G such that
φgφ = f . The set of isometries of (F, f ) into itself is theorthogonal
group O(F, f ) of F.

Given a vector bundleP over X we define a quadratic spaceH(P)

337
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overX - the hyperbolic spaceassociated toP- by

H(P) =

(
P⊕

∨

P

[
0 1
1 0

])

For any submoduleL of F we define its orthogonalL⊥ as the kernel446

of
∨

i ◦ f , where
∨

i : F → L is the dual of the inclusioni : L → F and
f is the isomorphism defining the quadratic structure onF. Clearly,
the orthogonal ofP in H(P) is P itself. This motivates the following
generalization of hyperbolic space. A space (F, f ) is said to bemetabolic
if F contains a subbundle (not just a submodule!)L that coincides with
its orthogonal:L = L⊥. In this case,L is called alagrangianof (F, f ).
If X is affine, a metabolic space with lagrangianL is isometric toH(L),
but in general, a metabolic space need not be hyperbolic.

The category of quadratic spaces overX is a category with “product”
in the sense of [3, p. 344]. LetG(X) be its Grothendieck group [3,
p. 346]. The Witt group ofX is the quotientW(X) of G(X) by the
subgroup generated by the classes of metabolic spaces. IfX = SpecA,
we putW(A) = W(X). If A is a field,W(A) is the group of anisotropic
quadratic forms overK introduced byE. Witt in 1937 [16]. The Witt
group of a scheme has been defined more recently by M. Knebusch. His
lectures at the Queen’s conference on a quadratic forms are an excellent
introduction to the subject [10].

It is easily checked that the tensor product (F, f ) ⊗ (G, g) = (F ⊗
G f ⊗ g) induces a ring structure onW(X). We shall use this fact in§ 2,
but our main interest here is the group structure ofW(X).

It is important to observe that, for any morphism of schemesφ : Y→
X and any quadratic space (F, f ) over X, the inverse image(φ∗F, φ∗ f )447

is a quadratic space overY. Furthermore,φ∗ induces a functorial ring
homomorphismW(φ) : W(X) → W(Y). HenceW is a contravariant
functor from the category of the schemes under consideration to the
category of commutative rings. In particular, ifX is reduced and irre-
ducible, there is a canonical morphismW(X) → W(K), whereK is the
field of rational functions ofX. And if X is ak-scheme,k a ring, there is
a canonical homomorphismW(k)→W(X).
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Examples. If k is a field (of characteristic, 2) andAn
k, Pn

k are, respec-
tively, then-dimensional affine and then-dimensional projective space
overk, then

W
(
An

k

)
=W(k) =W

(
Pn

k

)
.

The first equality is due to karoubi [9]. the second one to Arason [1].
In [11], Knebusch asked if the Witt group of a finitely generated 448

R-scheme is finitely generated. For one-dimensional schemesthis is
indeed the case, as shown by Knebusch himself in the smooth case and
by Dietel [5] in general. In his thesis, the first named authorhas proved
the following results.

Main Theorem. Let X be an affine real surface and X the normalization
of Xred. If the cokernel of the canonical homomorphismPicX→ Pic
X is finitely generated, then the Witt group of X is finitely generated.

Corollary. The Witt group of a normal real surface is finitely generated.

Counter examples. There are real surfaces for whichW(X) is not fini-
tely generated. An easy example is the surface ofR3 defined by the
equationz2

= x2 f (y), where f is a square-free polynomial of degree at
least 3.

Most probably, the main theorem can be extended to quasi-projective
surfaces.

2 The classical invariants

We describe how the classical invariants of quadratic formsover fields
have been extended to quadratic spaces over schemes. They will prove
very useful for the study of the Witt group of a real surface.

If a schemeX is the disjoint union of two closed subschemesX1, X2,
its Witt ring is simplyW(X1) ×W(X2). Hence we may (and do) assume
thatX is connected. In particular, every vector bundle overX has a well
defined rank.
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(a) The rank homomorphism
The rank of a metabolic space is even because a metabolic space is

locally hyperbolic. Hence, the parity of the rank ofF only depends on
the class of (F, f ) in W(X) and yields a ring homomorphism

ρ : W(X)→
Z

2

called therank.

Example. ρ induces an isomorphism

ρ : W(C)
∼
−→
Z

2

We denote byI (X) the kernel ofρ: it is the ideal of even rank spaces.449

(b) The signatures
Let K be a field. Anorderingof K is a subsetP satisfyingP+P ⊂ P,

PP⊂ P and such thatK be the disjoint union ofP,−P and{0}.
Let (V, f ) be a quadratic space overK. We can choose an orthogonal

basise1, . . . , er of V. Given any orderingP of K, we define the signature
of (V, f ) with respect toP asσP(V, f ) = (number of< ei , ei > inP) −
(number of< ei , ei > in − P). By a well known-theorem of Sylvester,
σP(V, f ) does not depend on the choice of the orthogonal basis. The
signature of a hyperbolic space being zero,σP defines a surjective ring
homomorphism

σP : W(K)→ Z

Example. The fieldR of real numbers has only one ordering given by
P=set of non-zero squares. The homomorphism that it defines is in fact
an isomorphism

W(R)
∼
−→ Z.

It can be shown that, conversely, every surjective homomorphism ρ :
W(K) → Z coincides withσP for a uniquely defined orderingP of K.
We therefore extend the notion of signature to any schemeX by saying
that asignatureof K is surjective ring homomorphism

σ : W(X)→ Z.
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Assume now thatX is a real quasi-projective variety and letX(R)450

denote the set of real (closed) points ofX. For anyx ∈ X(R), the residue
field k(x) isR, hence the canonical homomorphism

σX : W(X)→W(k(x)) =W(R) = Z

is a signature ofX. Clearly,σX only depends on the connected compo-
nent ofX(R) containingx. SinceX(R) has only a finite set of connected
components, we obtain in this way only a finite number of signatures.
A very useful theorem of Knebusch [10] asserts that every signature of
X is aσx, x ∈ X(R). In particular, a real variety has only finitely many
signatures (and possibly none).

A word of caution may be appropriate. Assume thatX is integral
and letR(X) be its field of rational functions. Every signature ofR(X)
defines, by composition withW(X) → W(R(X)), a signature ofX. But,
in general, not every signature ofX arises in this way. For example,

if X = Spec


R[T1,T2](
T2

1 + T2
2

)
, X(R) consists of one point, henceX has one

signature, whereasR(X) has no ordering because it contains an element
of square−1. On the other hand, in spite of the fact thatX has only
finitely many signatures,R(X) may have infinitely many. This happens,
for instance, ifX = An

R
.

(c) The discriminant
The tensor product of two quadratic spaces of rank 1 is again a

quadratic space of rank 1 and the square of such a space is isometric
to the “unit space” (OX, id). Hence the set of isometry classes of rank 1
quadratic spaces has a natural structure of abelian group ofexponent 2. 451

We denote it byQ(X).
Let (F, f ) be a quadratic space overX, of rank r. The r-th exte-

rior power
r
∧ f maps

r
∧F to

r
∧
∨

F. We identify
r
∧
∨

F with
(

r
∧F

)∨
, so that

d(F, f ) =
(

r
∧ F, (−1)r(r−1)/2 r

∧ f
)

becomes a quadratic space of rank 1.

The discriminant of (F, f ) is, by definition, the class ofd(F, f ) in Q(X).
The discriminant of a metabolic space is trivial but, in general, d does
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not define a homomorphism fromW(X) to Q(X). Only its restriction to
the ideal of even rank spaces gives a group homomorphism

δ : I (X)→ Q(X),

which we call thediscriminant.
Any global functionα on X gives rise to a rank one quadratic space

(OX, α). On the other hand, to any rank one quadratic space (I , q) we can
associate the isomorphism class of the self-dual line bundle I in PicX.
This yields an exact sequence

1→
Γ(X) •

(Γ(X) •)2
→ Q(X)

π
−→2 PicX→ 0,

whereΓ(X) is the ring of global sections ofOX and, for any ring∧, ∧
denotes its group of units.

Clearly πδ depends only on the linear structure of the quadratic
space overX and is a homomorphism on the whole ofW(X).

Example. Let X = Spec


R[T1,T2](

T2
1 + T2

2 − 1
)
. The set of real points ofX452

is a circle, henceX has only one signatureσ. It is easy to see that
PicX =2 PicX � Z/2 and it can be shown that

σ ⊕ πδ : W(X)→ Z ⊕
Z

2

is a group isomorphism.

(d) The Clifford invariant
Consider first an affine schemeX = SpecA. As we remarked in

§ 1, a quadratic space onX is the same as a pair (F, f ) whereF is a
projectiveA-module of finite type andf a symmetric isomorphism of
F into its dual. Let<, > denote the associated bilinear product. The
Clifford algebraC(F, f ) of (F, f ) is the quotient of the tensor algebra
T = A⊕F ⊕F ⊕F ⊕ . . . by its two-sided ideal generated by all elements
x ⊗ x− < x, x >, x ∈ F. We denote byi : F → C(F, f ) the A-linear
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map induced by the canonical injectionF → T. The pair (C(F, f ), i)
is uniquely defined by the following universal property: given anyA-
algebra∧ andA-linear mapφ: F → ∧ such thatφ(x)2

=< x, x > 1∧,
there exists a unique homomorphismΦ : C(F, f ) → ∧ of A-algebras
such thatφ = Φ ◦ i

The construction ofC(F, f ) commutes with scalar extensions. As-
sume now that the rank ofF is an even integer 2r. Then, locally for the
étale topology, (F, f ) is isometric toH (Ar ). A direct computation shows
thatC(H (Ar )). A direct computation shows thatC(H (Ar)) ≃ M2r(A);
hence, locally for the étale topology,C(F, f ) is a matrix algebra. This
shows thatC(F, f ) is an Azumaya algebra.

For a general (non affine) schemeX, the universal property of
C(F, f ) allows to patch the variousC (F | U, f U) over a covering con- 453

sisting of affine open setsU. This patching yields an Azumaya algebra
C(E, f ) overX. We denote byγ(F, f ) the class ofC(F, f ) in the Brauer
group of X. Notice that the opposite algebra ofC(F, f ) satisfies the
same universal property asC(F, f ) and is therefore canonically isomor-
phic to C(F, f ). From this it follows thatC(F, f ) ≃ C(F, f )opp, and
henceγ(E, f ) ∈2 Br(X).

In general,γ does not define a homomorphism fromW(X) to 2Br(X),

but if we restrictγ to the subgroupJ(X) = ker(I (X)
δ
−→ Q(X)), we get

indeed a group homomorphism

γ : J(X)→2 Br(X).

We callγ theClifford invariant.

Example. Let X = Spec


R[T1,T2,T3](

T2
1 + T2

2 + T2
3 − 1

)
. SinceX(R) is the real

sphere,X has only one signatureσ. It is well known that PicX = 0,

henceQ(X) = Q(R) =

•

R
•

R2

∼
−→
Z

2
. Choose now a real pointx : SpecR→

X on X. It defines a homomorphismW(x) : W(X) → W(R). From the
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commutative diagram

W(X) σ
//

W(x)
��

Z

W(R) ∼
// Z

and fromQ(X) = Q(R) it follows that kerσ = J(X). Henceγ defines a
homomorphism kerσ→2 BrX. It can be shown that

BrX =
Z

2
⊕
Z

2
, where one copy of

Z

2
is represented by the usual454

(constant) quaternion algebra overX, the other copy being the kernel
of Br(x) : Br(X) → Br(R). An explicit construction of an algebra rep-

resenting this kernel shows thatγ mapsJ(X) isomorphically onto
Z

2
.

HenceW(X) = Z ⊕
Z

2
.

3 Regular affine surfaces

We assume here thatX = SpecA and thatA is a regular 2-dimensional
integral affine algebra overR. We want to show thatW(X) is a finitely
generated group. LetK be the field of fractions ofA. We recall a result
proved in [13] and, earlier but [4] independently, by W. Pardon.

Theorem 1. Let A be a regular2-dimensional domain in which2 is
invertible and K its fields of fractions. The canonical homomorphism
W(A)→W(K) is injective.

A similar result holds for 3-dimensional regular domains, but not
in dimension 4. It should not be too difficult to prove the analogous
statement for smooth quasi-projective surfaces.

We also need the following theorem of Elman and Lam [6].

Theorem 2. Let K be a field of transcendence degree at most2 overR.
Then every element of W(K) is determined by its classical invariants.

Let now X = SpecA be an affine smooth real surface. It clearly
suffices to show thatI (X) is finitely generated.
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Any signatureσ : W(K) → Z restricts to a signatureσi : W(X) →
Z. Since the number of signatures ofX is finite, there is a finite num-455

ber of differentσi which, together with the discriminant, give rise to a
commutative diagram

0 // N(X) //

��

I (X)

��

πσi×δ
// ZX . . .XZ × Q(X)

��

0 // N(K) // I (K)
πσ×δ

// πZ × Q(K)

where the products in the bottom line extend over all the signatures of
K.

We show thatQ(X) and 2Br(X) are finite groups. From the exact
sequence of étale sheaves

1→ µ2→ Gm
(−)2

−−−→ Gm→ 1,

we get a cohomology exact sequence

. . .→ Hi(X,Gm)2→ Hi(X,Gm)→ Hi+1(X, µ2)→ Hi+1(X,Gm)→ . . .

For i = 0, this is the sequence relatingQ(X) to
Γ(X)

(Γ(X)·)2
and2PicX,

henceQ(X) = H1(X, µ2). For i = 1, this sequence shows that2Br(X) is
a quotient ofH2(X, µ2). Now, for a smooth real quasi-projective variety
X, the groupsHi(X, µ2) are finite. This can be shown as suggested in
[12, p. 244], although the theorem stated there is obviouslyfalse for
arbitrary ground fields. By the finiteness ofQ(X), we are reduced to
show thatN(X) is finitely generated. In the commutative diagram

N(X)

��

γ
// 2Br(X)

��

N(K)
γ

// 2Br(K)

the vertical map on the left is injective, by Theorem1 and thebottom 456

map is injective, by Theorem 2; hence the top map is injectiveas well.
Since2Br(X) is finite, N(X) is finite andW(X) is finitely generated.
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4 Normal affine surfaces

Assume now thatX = SpecA, whereA is an integrally closed affine
domain overR. As before, letK be the field of fractions ofA. In general,
for normal surfaces,W(X)→W(K) is not injective.

Example. A =
[T1,T2,T3](

T2
1 + T2

2 + T2
3

) = R[t1, t2, t3]. In this case,X(R) con-

sists of one point, henceX has exactly one signatureσ. The quadratic
space (A4, id) represents a non-zero classξ in W(X) becauseσ(A4, id) =
4. The image ofξ in W(K) is the class of

(
K4, id

)
. Now, in K we have

(
t1
t3

)2

+

(
t2
t3

)2

= −1, hence
(
K4, id

)
is isotropic and splits asH(K) ⊥

(V, f ). But the discriminant of (V, f ) must be 1, hence (V, f ) � H(K)
and

(
K4, id

)
is hyperbolic. This shows thatξ maps to zero inW(A).

Instead of Theorem 1, we shall use the following result, proved in
[13].

Theorem 3. Let A be a normal2-dimensional domain, K its field of
fractions. Letξ be an element of W(A). Assume thatξ is in the kernel457

of W(A) → W(K) and also in the kernel of W(A) → W
( A
m

)
for every

singular maximal ideal m of A. Then,γ(ξ) = 0 impliesξ = 0.

Corollary. Let A be a normal2-dimensional affine algebra overR,
σ1, . . . . . . σn the signatures of A and N(X) the kernel of the homomor-
phism

σ1 × . . . × σn × δ : I (X)→ Z × . . . × Z × Q(X)

Then, ker(N(X)→W(K)) ⊂ ker | (2Br(X)→2 Br(K)).

In fact, N(X) ⊂ J(X), henceγ defines a homomorphismγ :
N(X) →2 Br(X). Sinceσi(ξ) = 0 for everyσ |i , for any maximal ideal

m of A, the image ofξ in W
( A
m

)
= W(R) is zero. On the other hand, if

m is not real,W
( A
m

)
= W(C) =

Z

2
, henceξ ∈ I (X) maps toI

( A
m

)
= 0
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This shows thatξ maps to zero in everyW
( A
m

)
. By the theorem above,

γ is injective on ker(N(X)→W(K)).
As in § 3, we first show thatq(X) is finite. If k(= R or = C) is the

algebraic closure ofR in K, by [15] the quotient
A •

k •

is finitely generated.

Hence
A

(k •)2
is also finitely generated and its quotient

A •

A •2
is finite. To

show that2PicX is finite, we consider the open setU of all regular points
of X. The group PicX is a subgroup of the divisor class group ofX,
which in fact coincides with PicU. Since2 PicU = H1(U, µ2) is finite,

2PicX is finite. The exact sequence connectingQ(X),
A •

A •2
and 2PicX

shows thatQ(X) is finite. Proceeding as in§3. we are reduced to show-
ing thatN(X) is finitely generated. LetU be any affine open set ofX con-
sisting of smooth points. By§3, W(U) is finitely generated, hence it suf-
fices to show that ker(N(X)→W(U)) is finitely generated. Clearly, this458

kernel is contained in ker(N(X) → W(K)) ⊂ ker(2Br(X) →2 Br(K)).
Hence we are reduced to showing that ker(2Br(X) →2 Br(K)) is finite.
According to a result of Grothendieck [7, p.74], this last group is con-
tained in

⊕

x∈S2


Cℓ

(
Abs

x

)

Cℓ(Ax)



whereCℓ denotes the divisor class group,S denotes the (finite) set of
singular points ofX andAbs

x is the strict henselization of the local ring
Ax of X at x.

Consider the scalar extensionB = C
⊕
R

A and putY = SpecB. Then

Abs
x = Bb

y, the henselization ofBy, wherey is a preimage ofx in y. By

a general approximation theorem of Hironaka [8, p. 214],Cℓ
(
Bbol

y

)
=

Cℓ
(
B̂y

)
where Bbol

y is the local ring of holomorphic functions of the

complex variety associated toY and B̂y is the completion ofBy. The
groupCℓ

(
Bhol

y

)
has been computed by Prill [14] and turns out to be of

the formP ⊕

(
Q

Z

)m

⊕ Qc whereP is a finitely generated group,m is a
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finite integer andc is either zero or the cardinality ofR. On the other
hand,Cℓ(Ay) is the direct sum of finitely generated group and a divisible

group. From these facts, it follows easily that2


Cℓ

(
Bbs

y

)

Cℓ(Ax)

 is finite.

5 The general case

We now consider the case of an arbitrary real affine algebraA of dimen-
sion 2. SinceW(A) is the same asW(Ared), we assume thatA is reduced.
Let K be its total ring of fractions andA the integral closure ofA in K.
SinceA is a finite product of normal domains, it follows from the results459

of § 4, thatW(A) is finitely generated. Letc denote the conductor ofA
in A. We consider the cartesian diagram

A //

��

A

��

A
c

//
A
c

and the corresponding Mayer-Vietoris sequence of Grothendieck-Witt
groups

. . .→ KO1

(A
c

)
→ KO(A)→→ KO

(
A
)
× KO

(A
c

)
→ . . . .

Here, for any scheme,X, KO(X) is the quotient of the Grothendieck
group of the category of quadratic spaces overX, modulo the subgroup
generated by the difference (F, f )−H(L), whereL is a lagrangian of the
(metabolic) space (F, f ). A reasonable definition ofKO1 seems to be
known only for an affine schemeX = SpecR : KO1(X) = KO1(R) =

O(R)
[O(R),O(R)]

, whereO(R) denotes the inductive limit of the orthogonal

groupsO2n(R) of the spacesH(Rn). Associating to every bundleP over
X the hyperbolic spaceH(P) yields an exact sequence

K0(X)
H
−→ KO(X)→W(X)→ 0
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which, combined with the Mayer-Vietoris sequence, gives a commuta-
tive diagram

// K0(A) //

��

K0

(
A
)

��

× K0

(A
c

)
//

��

// KO(A)

��

// KO
(
A
)

��

× KO
(A
c

)

��

//

// W(A)

��

// W
(
A
)

��

× W
(A
c

)

��

//

��

0 0 0

A careful analysis of this diagram leads to a proof of the maintheorem. 460

Although the details are rather tricky, the gist of the argument can be

sketched as follows: we know thatW
(
A
)

andW
(A
c

)
are finitely gen-

erated; hence we only have to show that the kernelN(A) of W(A) →

W
(
A
)
×W

(A
c

)
is finitely generated. A class in this kernel comes from

an elementξ in KO(A) which becomes hyperbolic inKO
(
A
)

and in

KO
(A
c

)
. In general,ξ < M(A) = ker(KO(A)) → KO

(
A
)
× KO

(A
c

)
,

but the condition that coker (PicA→ PicA) be finitely generated is pre-
cisely what is needed to reduce the finite generation ofN(A) to that
of M(A). To show thatM(A) is finitely generated, we consider any
ξ ∈ M(A). By a quadratic analogue of Serre’s theorem on projective
modules [13], we may assume thatξ is represented by a space (F, f )

such that (F, f ) ⊗A A � H
(
A

2
)

and (F, f ) ⊗A
A
c

� H

(
A
c

2)
. This

means thatξ is a “Minor patching” ofH(A2) and H

(
A
c

2)
over

A
c

via

an isometry ofH



A
c


2. Denote

A
c

by B and letS(B) be the subgroup

of GL2(B) × GL2(B) consisting of the pairs (α, β) with detα = detβ.
We identify H(B2) with (M2(B), det) and associate to (α, β) ∈ S(B) the
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isometry sendingξ ∈ M2(B) to αξβ−1. This gives a group homomor-461

phismS(B)→ O4(B). It follows from results of Bass [2], that the image
of S(B) is a normal subgroup of finite index inO4(B). On the other,

hand, it is easy to check that patchingH
(
A

2
)

andH

((A
c

)2)
via a matrix

coming fromS(B) yield a stably hyperbolic space (F, f ) overA. Hence,
upto Witt equivalence, there are only a finite number of suchξ andM(A)
is indeed finitely generated.

Acknowledgement. We thank W. Pardon for suggesting to us that the
results of Elman and Lam could be used for our problem.
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Université de Lausanne
1015 Lausanne - Dorigny
Switzerland.





Anisotropic Quadratic Spaces Over The
Plane

By M. Ojanguren, R. Parimala and R. Sridharan

Introduction
465

Let K be a field of characteristic, 2. It is well-known that any quadratic
space over the affine lineA1

K is extended fromK. It was proved in [7]
that anyisotropic quadratic space overAn

K is extended fromK for all
n. However, itn ≥ 2, there do exist, in general, anisotropic quadratic
spaces overAn

K which are not extended fromK ([5], [9]). In [8], we
constructed positive definite quadratic spaces of arbitrarily large ranks
over the real affine planeA2

R
. More generally, ifK is any field which

admits of an anisotropic quadratic spaceq0 of rank≧ 3, then there exist
[10] indecomposable quadratic spaces overA

2
K , with qo as the “form on

the fibre”.
The aim of this paper is to give a classification of anisotropic

quadratic spaces overA2
K in terms of linear algebraic data. Our method

is to exploit a theorem [6, theorem 2.1], which reduces the classification
problem to that of quadratic spaces over the projective plane and then
use suitable adaptations of the work of Barth-Hulek ([1], [2], [4]). Using
this classification, we show that the set of isometry classesof indecom-
posable quadratic spaces of second Chern class 4 (see§ 2 for definition)
overA2

K with a given formqo on the fibre is in bijection with the orbit
of an anisotropic conicCo overK.

For vector bundles overP2, we follow generally the definitions and
noatation of Barth-Hulek [2] and Hulek [4].

353
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1 Classification of Quadratic spaces overP2
K

466
We recall, in this section, some results of Barth-Hulek regarding the
classification of quadratic spaces overP2

K in terms of linear algebra ([2],
[4]). We remark that though these results are stated by them only for the
field of complex numbers, they are valid for any field. Throughout this
section, we denote byK a field of characteristic, 2.

By a skew-symmetric, pre-stable tripleα we mean a tripleα =
(α0, α1, α2), αi ∈ Mn(K), αt

i = −αi such that for anyv ∈ Kn, V , 0, the
subspace ofKn spanned by{α0v, α1v, α2v} is at least two-dimensional.
Two pre-stable triplesα = (α0, α1, α2) and β = (β0, β1, β2) are said
to be equivalent, if there existsu ∈ GLn(K) such thatαi = uβiut,
0 ≤ i ≤ 2. We denote the set of equivalence classes of such triples
by K (n). Given any skew-symmetric, pre-stable tripleα, we shall as-
sociate to it a quadratic space overP2

K.
Let o be the structure sheaf ofP2

K and letZ0,Z1,Z2 be the homo-
geneous coordinates, so thatΓ(o(1)) hasZ0,Z1,Z2 as a basis. LetV =
(Γ(o(1))∗ and let{v0, v1, v2} be the basis ofV, dual to the basis{Z0,Z1,Z2}.
We define a linear mapA(α) : Kn ⊗ V → Kn ⊗ V∗ by A(α)(ϕ ⊗ vi) =
αi+1(ϕ) ⊗ Zi 1 − αi−1(ϕ) ⊗ Zi, wherei = 0, 1, 2 (mod 3).

For the choice of the canonical basis ofKn. and the basis forV and
V∗ defined above, the matrix ofA(α) is given by



0 α2 −α1

−α2 0 α0

α1 −α0 0



Let U denote the image ofA(α). Let a : Kn ⊗ o(−1) → U ⊗ o be the467

compositeKn⊗o(−1)
1⊗s
−−−→ Kn⊗V⊗o

A(α)⊗1
−−−−−→ U⊗o, andc : U⊗o→ Kn⊗

o(1), the restriction toU⊗o of the mapKn⊗V∗⊗o
1⊗st

−−−→ Kn⊗o(1), where
s : o(−1)→ V ⊗ o is induced by the multiplicationΓ(o(1))⊗ o(−1)→ o
andst denotes the transpose ofs.



Anisotropic Quadratic Spaces Over The Plane 355

We have a self-dual monad ([2, p.10])

M(α) : Kn ⊗ o(−1) a // U ⊗ o

ϕ

��

c // Kn ⊗ o(1)

M(α)∗ : Kn ⊗ o(−1) ct
// U∗ ⊗ o at

// Kn ⊗ o(1),

the mapϕ : U
∼
−→ U∗ being defined byϕ(x) = it(y), wherei : U →

Kn ⊗ V∗ denotes the canonical inclusion andy is any preimage ofx
underA(α). Let E (α) denote the cohomology of the monadM(α). The
isomorphismϕ of M(α) with M(α)∗ yields an isomorphismq : E (α)

∼
−→

E (α)∗. Using the fact thatA(α) is symmetric, one verifies thatqt
= q,

so thatE (α) carries a non-singular quadratic structure. We note [4] that
c1(E (α)) = 0, c2(E (α)) = n, and rankE (α) = rankA(α) − 2n andE (α)
is s-stable, i.e.Ho(E (α)) = 0.

Let α andα′ be equivalent skew-symmetric pre-stable triples and
let u ∈ GLn(K) be such thatutα′i u = αi, 0 ≤ i ≤ 2. We then have an
isomorphism of the corresponding self-dual monads:

Kn ⊗ o | (−1)
u⊗1

wwnn
n
n
n
n
n
n
n
n
n
n

Id

a // U ⊗ o
(ut)−1

⊗1

wwoo
o
o
o
o
o
o
o
o
o
o

ϕ⊗1

c // Kn ⊗ o(1)
(ut)−1

⊗1

xxqq
q
q
q
q
q
q
q
q
q

Id

��

Kn ⊗ o(−1)

Id

��

a′ // U′ ⊗ o c′ //

��

Kn ⊗ o(1)

Kn ⊗ o(−1)
u⊗1

wwnn
n
n
n
n
n
n
n
n
n
n

ct
//

��

U∗ ⊗ o
u⊗1

wwoo
o
o
o
o
o
o
o
o
o
o

at
//

��

Kn ⊗ o(1)
(ut)−1

⊗1

xxqq
q
q
q
q
q
q
q
q
q

Kn ⊗ o(−1) c
′t

// U′∗ ⊗ o a
′ t

// Kn ⊗ o(1)

whereu : U → U′ is induced by the mapu⊗ 1 : Kn ⊗ V∗ → Kn ⊗ V∗. 468

This yields an isometryu : E (α) → E (α′), i.e. we have a commutative
diagram.

E (α)

q

��

u // E (α′)

q
��

E (α)∗ E (α′)∗ut
oo
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Let Q(n) denote the set of isometry classes of s-stable quadratic spaces
(E , q) overP2

K with c2(E ) = n. The assignmentα→ (E (α), q) defines a

mapK (n)
m
−→ Q(n).

We first show thatm is injective. Supposeα, α′ ∈ K (n) with
(E (α), q) ≈ (E (α′), q′). By definition, E (α) andE )(α) are the coho-
mologies of the self-dual monadsM(α), M(α′) respectively. In view of469

([2, prop. 4]), an isometryf : E (α) → E (α′) is induced by a unique
isomorphism of monads.

Kn ⊗ o(−1)

u⊗1
��

a // U ⊗ o

β

��

c // Kn ⊗ o(1)

(ut)−1
⊗1

��

Kn ⊗ o(−1) a′ // U′ ⊗ o c′ // Kn ⊗ o(1)

We therefore have a commutative diagram

Kn ⊗ V

u⊗1
��

A(α)
// Kn ⊗ V∗

(ut)−1
⊗1

��

Kn ⊗ VA (α′)
// Kn ⊗ V∗,

so thatutα′i u = αi , 0 ≤ i ≤ 2. Thisα′ ∼ α.
We next show thatm is surjective.
Let (E , q) be a quadratic space overP2

K which is s-stable and with

c2(E ) = n. Then dim
(
H1(E (−2))

)
= dim

(
H1(E (−1))

)
= n. We have

multiplication maps

αZi : H1(E (−2))→ H1(E (−1))

for 0 ≤ i ≤ 2. Let θ : H1(E (−1)) → H1(E (−2)) be the composite

H1(E (−1))
H1(q(−1))
−−−−−−−→ H1 (E ∗(−1))

S
−→ H1(E (−2))∗, wheres is the Serre-470

duality map. If{ei} is a basis ofH1(E (−1)) and{ fi} a basis ofH1(E (−2))
dual to the basis{θ(ei )}, thenαZi are represented with respect to these
bases by matricesαi ∈ Mn(K) with αt

i = −αi([8, Th.20]). Letα = (αi).
One can show ([4, Proof of theorem 1.5.2]), thatE belongs to the monad

H1(E (−2))⊗ o(−1)→ H1(E ⊗Ω) ⊗ o→ H1(E (−1))⊗ o(1).
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If we identify H1(E (−1)) with H1(E (−2))∗ throughθ and identify both
of these spaces withKn through the choices of the bases described
above, thenE belongs to the monad

M(α) : Kn ⊗ o(−1)
a
−→ U ⊗ o

c
−→ Kn ⊗ o(1),

which is self dual with respect to (E , q). Thus (E , q)
∼
−→ E (α) and we

have the following

Theorem 1.1. The map[α] 7→ [E (α)] is a bijection betweenK (n) and
Q(n).

2 Anisotropic quadratic spaces over the affine
plane

By ananisotropic quadratic spaceoveran irreducible scheme, we mean
a quadratic space which is anisotropic over the function field.

The problem of classification of anisotropic quadratic spaces over
A

2
K is equivalent to the problem of classification of anisotropic quadratic

spaces overP2
K thanks to the following

Theorem 2.1. ([6, Theorem 2.1]), Every quadratic space overA2
K ex- 471

tends toP2
K and the extension is unique upto isometry if the space is

anisotropic.

The following lemma describes the type of bundles onP2
K one ob-

tains, by extending anisotropic quadratic spaces fromA2
K .

Lemma 2.2. Let q be an anisotropic quadratic space overA2
K which

does not represent any unit of K. LetE (q) be the extension of q toP2
K.

Then

(i) E (q) is s-stable (in the sense of Hulek) i.e., H◦(E (q))
= H◦(E (q)∗) = 0.

(ii) c1(E (q)) = 0
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(iii) The bundleE (q), restricted to every line inP2
K , defined over K, is

trivial.

Proof. SinceE (q)
∼
−→ E (q)∗, to check thatE (q) is s-stable, it is enough

to prove thatH◦(E (q)) = 0. Let sbe a global section ofE (q). Then, the
mapx 7→ q(s(x)) is a global function onP2

K and is hence a constant. If
this constant is non-zero, thens defines a trivial line sub-bundle which
is an orthogonal summand ofE (q). This contradicts (in view of Theo-
rem 2.1) the assumption thatq does not represent a unit. If the constant
is zero, sinceq is anisotropic, we haves(x) = 0 for all x, implying s= 0.

(ii) Since E (q) supports a non-singular quadratic form, detE (q) is472

trivial and hencec1(E (q)) = 0.
(iii) Let L ⊂ P2

K be a line defined overK. SinceE (q) | L supports an
anisotropic form, the underlying bundle ofE (q) | L is trivial.

Motivated by the above lemma, we define an anisotropic quadratic
spaceq overA2

K to thes-stable if it does not represent a unit ofK. For
any anisotropic quadratic spaceq overA2

K , we define itssecond Chern
class c2(q) to bec2(E (q))

Proposition 2.3. Let q be an s-stable quadratic space overA2
K. Then

C2(q) is an even integer.

Proof. Let E = E (q) denote the extension ofq to P2
K. Let Zi, 0 ≤ i ≤ 2

be the co-ordinates ofP2
K andαi ,0≤ i ≤ 2 be the skew symmetric matri-

ces representing the multiplication mapsαZi : H1(E (−2))→ H1(E (−1))
with respect to suitable bases, as described in§ 1. We recall ([4,§ 1.7.1])
that forλ, µ, v ∈ K, the bundleE | Z = λZ0 + µZ1 + vZ2 is trivial if and
only if αZ is an isomorphism. By Lemma 2.2 (iii),E | Zi is trivial and
henceαi are non-singular for 0≤ i ≤ 2. Sinceαi are skew symmetric
and non-singular, it follows thatn = c2(E ) is even. In fact, ifK = R, the
field of real numbers, the following stronger result, which,however, is
not needed in what follows, holds.

Proposition 2.4. For any s-stable quadratic space q overA2
R
, c2(q) is

divisible by4.

Proof. Let π : P2
C
→ P2

R
denote the projection. The set of all lines

Z = λZo + µZ1 + vZ2 in P2
C
, such thatπ∗E (q)Z is not trivial is a curve in473
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the dual plane, defined by the equation det(Xoαo + X1α1 + X2α2) = 0,
unless it is the whole plane. The latter possibility does notarise because
αi being non-singular. det(Xoαo + X1α1 + X2α2) , 0. In view of ([4,
§ 1.7.1]) c2(q) = degdet(Xoαo + X1α1 + X2α2). We have det(Xoα0 +

X1α1 + X2α2) = (P f(X0α0 + X1α1 + X2α2))2, whereP f denotes the
Pfaffian. SinceE (q) restricted anyR rational line is trivial, the curve
p f(Xoαo+X1α1+X2α2) = 0 which is defined overR, has noR-rational
point. Thus,P f(Xoαo + X1α1 + X2α2) = 0 is a curve of even degree, so
thatc2(q) = 2degp f(Xoαo + X1α1 + X2α2) is divisible by 4.

Let (E , q) be a quadratic space overX = A2
K or P2

K . Then, there
exists a quadratic formqo over K such that at every pointx ∈ X, the
quadratic space (Ex, qx) which is the fibre atx, is isometric toqO. This
can be deduced ifX = A2

K from the fact (Karoubi’s theorem) that (E , q)
is “stably extended” from a formqO over K. If X = P2

K , and if q1, q2,
q3 are the forms overK corresponding to the restrictions of (E , q) to the
affine planes, then the connectedness ofP

2
K shows thatq1 ≈ q2 ≈ q3 We

call qo the “form on the fibre of (E , q)”. Clearly (E , q) is anisotropic if
and only ifqo is anisotropic.

Proposition 2.5. Let (E , q) be an s-stable quadratic space overP2
K

with α = (αi) as the corresponding skew-symmetric triple. Thenω =
α2α

−1
0 α1 − α1α

−1
0 α2 is symmetric andω modulo its radical is the form

on the fibre of(E , q).

Proof. Let U be the image of the mapA(α) : K3n→ K3n, whereA(α) is

as in§ 1. Letα : Kn→ U be defined asa =



−α1

α0

0



Let c : U → Kn be the restriction of the mapK3n (0,0,1)
−−−−−→ Kn; then 474

the fibre ofE (q) over (0, 0, 1) is the homology of the complex

Kn a
−→ U

c
−→ Kn

with the form on the fibre induced by the mapϕ : U → U∗ defined
by ϕ(x)(z) =< z, y >, whereA(α)(y) = x, and〈, 〉 denotes the canonical
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inner product onK3n. Let

T =



u uα1α
−1
0 uα2α

−1
0

0 1 0
0 0 1



whereuut
=

(
ω̃ 0
0 0

)
and ω̃ is an invertibler by r matrix Transform-

ing K3n by T,we get an isometric space given as the homology of the
complex

Kn



0
α0

0


−−−−→ Kr ⊕ Kn ⊕ Kn (0,0,1)

−−−−−→ Kn(∗)

Since

TA(α)Tt
=



ω 0 0
0 0 α0

0 α0 0



(
Tt)−1

ϕT−1 is represented by the matrix



ω̃−1 0 0
0 0 −α−1

0
0 α−1

0 0

 so that the475

form on the fibre of the complex is given bỹω−1. This proves the Propo-
sition.

We shall now fix an anisotropic formqo overK of rankr ≥ 2 and an
integern ≥ r. Let q be ans-stable quadratic space overA2

K with qo as
the form on the fibre and withc2(q) = n. Let (αi), 0 ≤ i ≤ 2 be a (skew-
symmetric) triple corresponding to the bundleE (q). By Proposition 2.5,
the form on the fibre ofE (q) is q1, whereq1 ⊥< 0, . . . , 0 >n−r

∼
−→ ω Let

u ∈ GLn(K) be such thatuωut
= qo ⊥< 0, . . . 0 >n−r . If βi = uαiut,

0 ≤ i ≤ 2, thenβ2β
−1
0 β1 − β1β

−1
0 β2 = qo ⊥< 0, . . . , 0 >n−r . Thus in the

equivalence class ofα, there exists a tripleβ with β2β
−1
0 β1 − β1β

−1
0 β2 =

q0 ⊥< 0, . . . 0 >n−r .
Let K (n, q0) = {α = (α0, α1, α2) | αi ∈ GLi(K), α pre-stable,

αt
i = −αi andα2α

−1
0 α1 − α1α

−1
0 α2 = q0 ⊥< 0, . . . , 0 >n−r } modulo

the equivalence relationα ∼ β if and only if there existu ∈ GLn(K),
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λ ∈ K∗ such thatβi = λutαiu, 0 ≤ i ≤ 2. We setQ(n, q0)= set of simili-
tude classes ofs-stable quadratic spaces overA2

K with qo as the form on
the fibre andc2 = n, similitude being isometry upto a scalar ofK∗

As an immediate consequence of Theorem 1.1. we have the follow-
ing

Theorem 2.6. The assignment[q] 7→ [α(E (q))] gives rise to a bijection 476

between the sets Q(n, q0) andK (n, q0).

Remark. The condition of pre-stability ofα in the definition ofQ(n, q0)
can be dropped ifn=rankq0.

3 Quaternion algebras associated to triples of
skew symmetric matrices

Definition 3.1. A triple α = (α0, α1, α2), αi ∈ GLn(K) is anisotropic
if α is pre-stable,αt

i = −αi, 0 ≤ i ≤ 2 andω̃ is anisotropic, where
ω = α2α

−1
0 α1 − α1α

−1
0 α2, andω̃ denotesω modulo its radical.

We observe that a pre-stable tripleα is anisotropic if and only if the
corresponding quadratic spaceE (α) is anisotropic.

Lemma 3.2. Letα = (α0, α1, α2) be an anisotropic triple. Then, forλ,
µ, v ∈ K, not all zero,λα0 + µα1 + vα2 is non-singular.

Proof. The triple α defines an anisotropic quadratic spaceE (α) over
P

2
K . Since any anisotropic quadratic space overP1

K is trivial as a vector
bundle,E (α), restricted to anyK rational lineZ of P2

K is trivial. Hence
the corresponding multiplication mapαZ : H1(E (−2))→ H1(E (−1)) is
an isomorphism. ForZ = λZ0 + µZ1 + vZ2, αZ is represented by the
matrixλα0 + µα1 + vα2 for a suitable choice of bases. Hence, it follows
thatλα0 + µα1 + vα2 is non-singular.

Proposition 3.3. Letα = (α0, α1, α2) be an anisotropic triple withαi ∈

GL4(K), 0 ≤ i ≤ 2. Thenω = α2α
−1
0 α1α1α

−1
0 α2 is non-singular and

determinantω is a square.
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Proof. If rank ω ≤ 2, sinceα is pre-stable, it gives rise to ans-stable
quadratic space of rank≤ 2 overA2

K . This contradicts the fact ([9,477

Proposition 1.1]) that any rank 2 quadratic space overA
2
K is extended

from K. Hence rankω ≥ 3. LetU ∈ GL4(K) be such thatUωU t
= θ <

1,−a,−b, c >, with θ, a, b, c, ∈ K∗. Replacingαi by UαiU t, we assume,
without loss of generality, that

α2α
−1
0 α1 − α1α

−1
0 α2 = θ < 1,−a,−b, c > (∗)

Replacingαi by αi + xα0, i = 1, 2 or α1 by α1 + xα2, x ∈ K neither
changes the relation (∗) nor the non-singularity of theαi, in view of
Lemma 3.2. We therefore assume thatαi have the following form

α−1
0 =

(
λǫ A
−At µǫ

)
, α1 =

(
0 B
−Bt 0

)
α2 =

(
0 C
−Ct vǫ

)

whereλ, µ, v ∈ K, A ∈ M2(K), B,C ∈ GL2(K) andǫ =

(
0 1
−1 0

)
.

The condition (∗) yields:

µ(C ∈ Bt − B ∈ Ct) = θ

(
1 0
0 −a

)
(1)

λ
(
Ct ∈ B− Bt ∈ C

)
+ v

(
ǫAtB− BtAǫ

)
= θ

(
−b 0
0 c

)
(2)

CAtB− BAtC = µvB (3)

From (3), we getCAt − BAtCB−1
= µv. Comparing the traces, we

have 2µv = 0. From (1), it follows thatµ , 0 sinceθ, a ∈ K∗, so that
v = 0. From (2), it follows thatλ , 0 sinceθ, b ∈ K∗. We get from (1)478

and (2).

(detB)C − (detC)BC−1B = θµ−1
(
1 0
0 −a

)
ǫ−1B

(detC)BC−1B− (detB)C = θλ−1Bǫ−1
(
−b 0
0 c

)



Anisotropic Quadratic Spaces Over The Plane 363

Thus

0µ−1
(
1 0
0 −a

)
ǫ−1B = −θλ−1Bǫ−1

(
−b 0
0 c

)

Comparing the determinants, we obtainλ2a = µ2bc. Sinceλ, a ∈ K∗, it
follows thatc , 0, so thatω is non-singular. Further detω = θ4abc =
θ4λ−2µ2(bc)2 which is a square.

Lemma 3.4. Let q= θ < 1,−a,−b, ab>, with θ, a, b, ∈ K∗.
Letα ∈ M4(K) which satisfiesα + qαtq−1. = 0 andα · qαtq−1 ∈ K.

Thenα has either of the following forms


0 µ x y
aµ 0 −ay −x
xb yb 0 µ

−yab −xb aµ 0


(∗)



0 µ x y
aµ 0 ay x
xb −yb 0 −µ

−yab xb −aµ 0


(∗∗)

Proof. Let ηa

(
1 0
0 −a

)
, α =

(
α1 α2

α3 α4

)
with αi ∈ M2(K). 479

Then,α + qαtq−1
= 0 gives

α1ηa + ηaα
t
1 = 0

α4ηa + ηaα
t
4 = 0

ηaα
t
3 − bα2ηa = 0

(1)

The fact thatαqαtq−1 ∈ K gives

α2
1 + α2α3 = α3α2 + α

2
4 ∈ K

α1α2 + α2α4 = α3α1 + α4α3 = 0
(2)

From (1), one obtainsα1 =

(
0 µ

aµ 0

)
, α4 =

(
0 0
a0 0

)
From (2), it follows

that α2
1 − α

2
4 = α3α2 − α2α3. Comparing the trace we getTr

(
α2

1

)
=
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Tr(α2
4), i.e. µ2

= θ2. According asµ = ±θ, we getα to be of the form
(∗) or (∗∗) respectively.

Theorem 3.5. Let α = (α0, α1, α2) be an anisotropic triple withαi ∈

GL4(K), 0 ≤ i ≤ 2 ≤. Letα2α
−1
0 α1 − α1α

−1
0 α2 = ω

Then

(i) The K-subalgebra H(α) of M4(K) generated byα1α
−1
0 andα2α

−1
0

is a quaternion algebra over K.

(ii) The formω is non-singular and the involution on M4(K) given by480

x → ωxtω−1 restricts to the canonical involutions on H(α) and
H(α)c, where H(α)c denotes the commutant of H(α) in M4(K).

(iii) The reduced norm on H(α) is isometric toω up to a scalar.

(iv) For any element x= λ + µα1α
−1
0 + vα2α

−1
0 ∈ H(α); λ, µ, v ∈ K,

we have Nrd(x) = P f(λα0 + µα1 + vα2).

Proof. By Proposition 3.3, it follows thatω is non-singular and that
disc ω = 1. Replacingαi by uαiut andω by uωut changes the al-
gebraH(α) to uH(α)u−1. We assume without loss of generality that
ω = θ < 1,−a,−b, ab >. Changingαi , i = 1, 2 toαi + xα0 or α1 + xα2,
x ∈ K, does not changeω or the algebraH(α), nor does it affect the in-
vertibility of theαi. we thus assume, following the proof of Proposition
3.2, thatαi have the form

α−1
0 =

(
λǫ A
−At µǫ

)
α1 =

(
0 B
−Bt 0

)
, α2 =

(
0 C
−Ct 0

)

whereA ∈ M2(K), B,C ∈ GL2(K), λ, µ ∈ K∗, λ2
= µ2b2 with

(detB)CB−1 − (detC)BC−1
= θµ−1ηaǫ

−1 (1)

(detC)C−1B− (detB)B−1C = θλ−1ǫ−1(−bηa) (2)

CAtB = BAtC. (3)

Let λ = eµb wheree= ±1. From (1) and (2), we get481
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ηaǫ
−1B = eBǫ−1ηa

ηaǫ
−1C = eCǫ−1ηa

These imply thatB =

(
x y
−ey −eax

)
, c =

(
x′ y′

−ey′ −eax′

)
,

x, y, x′, y′ ∈ K. Let A =

(
p q
r s

)
Using (1) and (3), we getq = −er,

p = −eas. ThusA =

(
−eas −er

r s

)
Let W denote theK-subspace of

M4(K) spanned by{1, ωα−1
0 , α1α

−1
0 , α2α

−1
0 }. Then W ⊂ H(α), since

wα−1
0 = α2α

−1
0 α1α

−1
0 − α1α

−1
0 α2α

−1
0 ∈ H(α). We first show thatW =

K + X or K + X′, whereK ⊂ M4(K) as scalar matrics andX is the set of
all matrices of the form (∗) andX′ is the set of all matrices of the form
(∗∗).

ωα−1
0 = θ

(
ηa 0
0 −bηa

) (
eµbǫ A
−At µǫ

)

= θ



0 eµb −eas −er
eµab 0 −ar −as
−eabs br 0 −µb
eabr −abs −µab 0



α1α
−1
0 =

(
0 B
−Bt 0

) (
eµbǫ A
−At µǫ

)

= (eaxs+ eyr).1+



0 −(xr + ys) −µy µx
−a(xr + ys) 0 eµax −eµy
−µby −eµbx 0 e(xr + ys)
−µabx −eµby ea(xr + ys) 0



The matrixα2α
−1
0 has a form similar to that ofα1α

−1
0 above, withx, y 482

replaced byx′, y′. These matrices belong toK+X. if e= 1 and toK+X′

if e= −1.
We claim that 1,ωα−1

0 · α1α
−1
0 , α2α

−1
0 are linearly independent over

K. In fact, if xO1 + x1ωα
−1
O + x2α1α

−1
0 + x3α2α

−1
0 = 0, with xi ∈ K,

thenx0α0 + x1ω + x2α1 + x3α2 = 0. Comparing traces, we getx1(1 −
a− b+ ab) = 0. Sinceω is anisotropic, we getx1 = 0. From the forms
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of αi, 0 ≤ i ≤ 2, we getx0 = 0 andx2B = x3C. If x2 and x3 are not
both zero, equation (1) is contradicted. Thusxi = 0 for 0 ≤ i ≤ 3 and
dimW = 4. SinceK + X andK + X′ are both of dimension 4 overK, it
follows thatW = K + X or W = K + X′ according ase = ±1. It is easy
to check thatK + X andK + X′ are bothK-subalgebras ofM4(K) and
hence the inclusionW ⊂ H(α) ⊂ K + X or W ⊂ H(α) ⊂ K + X′ gives
that H(α) = K + X or H(α) = K + X′. It is also easy to see thatK + X
andK + X′ are quaternion algebras with the canonical involution given
by x→ ωxtω−1. The algebraK + X is generated by the two elements

i =



0 1 0 0
a 0 0 0
0 0 0 1
0 0 a 0


, j =



0 0 1 0
0 0 0 −1
b 0 0 0
0 −b 0 0



with the relationsi2 = a, j2 = b, i j + ji = 0. Hence its norm with respect483

to the basis 1, i, j, i j is given by〈1,−a,−b, ab〉 ≈ θ−1
ω .

One can similarly show that the norm inK + X′ is also isometric to
θ−1ω. The commutant ofK + X in M4(K) is checked to beK + X′. To
complete the proof of the theorem, we need only to check (iv) which
follows from the following

Lemma 3.6. Letα, β be two skew symmetric matrices in M2n(R), where
R is any commutative ring withα non-singular. Then, the matrixβα−1

satisfies the equation P f(xα − β) = 0.

Proof. Given a skew symmetric matrixγ ∈ M2n(R), if γ∗ ∈ M2n(R) is
defined by

γ∗i j = (−1)i+ j−1P f(Γi j ); i ≤ j

= (−1)i+ j P f(Γi j ), i > j,

whereΓi j is the skew symmetric matrix obtained fromγ by suppressing
the ith and jth rows and columns, thenγγ∗ = γ∗γ = P f(γ). Id (see[11],
(24)). Thus, ifγ is treated as an endomorphism ofR2n, then cokerγ
is annihilated byP f(γ). Given skew symmetric matricesα, β ∈ M2n(R)
with α non-singular, then we have an exact sequence [3, p. 630] ofR[x]-
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modules

0→ R[x]
2nxα−β
−−−−−−→ R[x]2n ϕ−→ R2n→ 0,

whereϕ is defined byϕ
(∑

ai xi
)
=

∑(
βα−1

)i
(ai), ai ∈ R2n. HereR2n is 484

treated as anR[x] -module by lettingx operate asβα−1. By the above
remark, f (x) = P f(xα − β) annihilatesR2n, i.e. f

(
βα−1

)
= 0. This

proves the lemma.

4 Anisotropic quadratic spaces withc2 ≤ 4

We have already seen (Proposition 2.3) that the second chernclassc2

of an s-stable quadratic space overA2
K is even. we denote byq0 an

anisotropic quadratic form overK. Since every quadratic space of rank
2 overA2

K is extended fromK [9, Prop 1.1],K (n, q0) = φ if rank
q0 = 2. In particular, forc2 = 2, K (2, q0) = φ. We next consider the
casec2 = 4. In view of Proposition 3.3,K (4, q0) = φ, unless rank
q0 = 4 and discq0 = 1. In this case,q0 is, upto a scalar, the norm from
a quaternion algebraH0. Let C0 be the conic inP2

K giving the norm on
any three dimensional subspace ofH0. We shall show thatK (4, q0) is
in bijection with the orbit ofC0 under the action ofGL3(K).

Let q0 = θ < 1,−a,−b, ab >. Let C0 be the conic inP2
K defined by

az2
0+bz2

1−z2
2 = 0. We define a mapc : K (4, q0)

K
−→

{
set of conics inP2

K

}

as follows. Let [α] ∈ K (4, q0). Then,P f(Z0α0 + Z1α1 + Z2α2) is a
homogenous polynomial, which is not zero sinceαi are non-singular,
and is of degree 2. We definec([α]) : P f(Z0α0+Z1α1+Z2α2) = 0. The
map is well-defined onK (4, q0) since ifβi = λuαiut, P f(Z0β0+Z1β1+

Z2β2) = λ2 detu.P f(Z0α0 + Z1α1 + Z2α2) which again determines the
same conic.

485

Theorem.The map c induces a bijection betweenK (4, q0) and the or-
bit of the conic C0 under the action of GL3(K). The image of c is pre-

cisely
GL3(K)

(subgroup f ixingC0)
.

Proof. Suppose [α], [β] ∈ K (4, q0) with c(α) = c(β). ThenP f(Z0α0 +

Z1α1 + Z2α2) = λ.P f(Z0β0 + Z1β1 + Z2β2), with λ ∈ K∗. If P fα0 = a,
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P fβ0 = b, thena−1P f(Z0α0 + Z1α1 + Z2α2) = b−1P f(Z0β0 + Z1β1 +

Z2β2). The mapλ + µα1α
−1
0 + vα2α

−1
0 → λ + µβ1β

−1
0 + vβ2β

−1
0 gives an

isometry from a 3-dimensional subspace ofH(α) onto the corresponding
subspace ofH(β) which maps the identity elements onto each other.
This can be extended to an isomorphism ofH(α) ontoH(β).

Let u ∈ GL4(K) with uH(α)u−1
= H(β). Then

uα1α
−1
0 u−1

= β1β
−1
0

uα2α
−1
0 u−1

= β2β
−1
0

(1)

To show thatuαiut
= λβi , λ ∈ K∗, 0 ≤ i ≤ 2, it suffices to show that

uα0ut
= λβ0. From (1), we get

uq0α
−1
0 u−1

= u
(
α2α

−1
0 α1 − α1α

−1
0 α2

)
α−1

0 u−1
= β−1

0 (2)

We have the following commutative diagram:

H(α)

Intu
��

∗ // H(α)

Intu
��

H(β) ∗ // H(β),

(since intu is an isomorphism ofH(α) ontoH(β), it commutes with the486

canonical involutions∗ of these algebras). By theorem 3.5, the involu-
tions are precisely given byx 7→ q0xtq−1

0 . Thus

uq0xtq−1
0 u−1

= q0ut−1xtutq−1
0 , ∀x ∈ H(α),

i.e. (
utq−1

0 uq0

)
xt
= xt

(
utq−1

0 uq0

)
∀x ∈ H(α),

i.e.
x
(
q0utq−1

0 u
)
=

(
q0utq−1

0 u
)

x∀x ∈ H(α),

i.e.
q0utq−1

0 u ∈ H(α)c and
(
q0utq−1

0 u
)∗
= q0utq−1

0 u.
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Thus the elementq0utq−1
0 u ∈ H(α)c is invariant under the canonical

involution of H(α)c and hence is a constant, sayλ ∈ K∗ so that

uq0 = λq0ut−1

Substituting this in (2), we get

λq0ut−1
α−1

0 u−1
= q0β

−1
0 , i.e. uα0ut

= λβ0.

We next show that for [α], [β] ∈ K (4, q0),C(α) = λutC(β)u for
someu ∈ GL3(K), λ ∈ K∗. Since the norms inH(α) and H(β) are
isometric toθ−1q0, H(α) andH(β) are isomorphic. Hence the reduced
norms restricted toK + Kα1α

−1
0 + Kα2α

−1
0 andK + Kβ1β

−1
0 + Kβ2β

−1
0

are isometric upto a scalar. Letu ∈ GL3(K) be the matrix of trans-
formation of these spaces with respect to the bases

(
1, α1α

−1
0 , α2α

−1
0

)

and
(
1, β1β

−1
0 .β2β

−1
0

)
respectively. ThenuP f (Z0α0 + Z1α1 + Z2α2) ut

= 487

λP f (Z0β0 + Z1β1 + Z2β2).
Let now c([α]) = C1. Then, the full orbit ofC1 underGL3(K) is

contained in the image ofC. In fact, if C2 = uC1ut, u ∈ GL3(K), and

β1 =
2∑

j=0
ui jα j, 0 ≤ i ≤ 2, whereu = (ui j ), then,c(β) = uC1ut. Thus we

have shown that the image ofc is a full orbit of a conic provided it is
non-empty. In fact, ifC1: 4aZ2

0 + bZ2
1 − Z2

2 = 0, thenC1 is equivalent to
C0 andC1 is the image of [α] defined by

α0 =



0 2θ−1 0 0
−2θ−1 0 0 0

0 0 0 −2θ−1a−1

0 0 2θ−1a−1 0



α1 =



0 0 1 0
0 0 0 b
−1 0 0 0
0 −b 0 0


α2 =



0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0
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Faculté des Sciences
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Unitary Bundles and Restrictions of Stable
Sheaves

By A. Ramanathan

1 Introduction
491

This is a report on joint work with V. B. Mehta. Here we will state the
main results and give a sketch of their proofs. Full details will appear in
[4].

Let X be a smooth projective variety of dimensionn over an al-
gebraically closed fieldk. Let H be an ample line bundle onX. For
any coherent sheafF on X let c1(F ) denote its first Chern class. By
degF we mean the intersection numberc1(F ) · Hn−1 and byrkF we
mean the rank of the generic fibre ofF over the function field ofX.
Let V be a torsion free sheaf onX. Mumford has given the following
definition of stability forV. For any proper subsheafW ⊂ V if we

have deg
W
rk

V < deg
V
rk

V thenV is said to be stable. If, on the other

hand, only the weak inequality deg
W
rk

W ≤ deg
V
rk

V holds,V is called

semistable.
For a smooth projective curveC stable bundles and their moduli

have been studied in depth by Narasimhan, Ramanan and Seshadri (see
[5], [6]).

For higher dimensional varietiesX, clearly it would be of some use492

to know how the restriction of semi-stable or stable bundlesonX to suit-
able subvarieties ofX behave. In [3], we proved that the restriction of a
semistable bundle onX to complete intersection sub-varieties in general
position and of suitably high multi-degree remain semistable. The proof

373
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was based on an unpublished manuscript of Mumford. In this paper we
extend the method to prove that stable bundles onX also remain stable
on such subvarieties. This has some interesting consequences which we
describe now.

In [5], it is proved that over the field of complex numbers for a
curveC of genus≥ 2, stable bundles onC of degree zero are precisely
those which come from irreducible unitary representationsof the funda-
mental groupπ1(C). This means that a vector bundleV → C of rank
r is stable if and only if there is an irreducible unitary representation
ρ : π1(C) → U(r) ⊂ GL(r) such thatV is the associated bundle for
the principalπ1(C)-bundleC̃ → C corresponding toρ, whereC̃ is the
universal covering ofC

For higher dimensions, the right generalisation of this theorem was
formulated by Kobayashi [2]. For a vector bundle to come froma uni-
tary representation of the fundamental group it is necessary and suffi-
cient that it admit a hermitian metric whose hermitian connection is flat.
Generalising this, Kobayashi conjectured that a vector bundle is stable
(more precisely a direct sum of stable bundles) if and only ifit admits
a hermitian metric for which the associated connection has curvature
which satisfies the Einstein-Kahler condition. (See [2] forprecise state-493

ments). Kobayashi and Lubke proved that if a bundle admits such a met-
ric then it is a direct sum of stable bundles. When all the Chern classes
of the bundle vanish, this condition on curvature reduces toflatness, i.e.
coming from a unitary representation of the fundamental group.

In [1], Donaldson proved that if dimX = 2 andV → X a stable
vector bundle withc1(V) = c2(V) = 0 thenV comes from an irreducible
representation ofπ1(X). We show here how this result combined with
our restriction theorem yields the same result for higher dimensionalX.

2 Restriction Theorem

We assume, without loss of generality, thatH is very ample. Ifs1, . . . , sr

are sufficiently general elements ofH0 (X,Hmr ) respectively, then their
common zeroes defined bys1 = . . . = sr = 0 is a complete intersec-
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tion subvariety ofX of codimensionr. We denote this subvariety by
Y(s1 . . . sr ) or Ys.

Theorem 1. Let V be a stable (resp. semistable) torsion free sheaf on
X. Then there exists an integer N (depending on V) such that for all
m ≥ N and sufficiently general elements si ∈ H0

(
X,H2m

)
i = 1, . . . , r

the restriction V| Ys is stable (resp. semistable) with respect to H| Ys.

We sketch the proof. IfV | Ys is stable, it is easy to see thatV is
stable. Only the converse needs to be proved. First it is easyto see that
we can reduce to the case whereYs is a curve.

SupposeV | Ys is not stable. Then one can associate a canonical494

subsheafW of V | Ys which contradicts stability. If the sheafW on YS

can be extended to a sheafW̃ on X together with an inclusioñW ⊂ V
we would be through, for thenW would contradict the stability ofV. To
achieve such an extension two arguments due to Mumford are used.

(A) Weil’s Lemma. This essentially says that any line bundle on the
genericY0 comes from a unique line bundle onXK where K is the
function field of the parameter variety{H0(X,H2m

)}n−1 through which
s varies andY0 is the corresponding complete intersection variety over
K.

(B) A degeneration argument. One can construct a 1-parameter fam-
ily C → S of smooth complete intersection curves inX of degree 2m

degenerating to a reducible curve with two smooth components each of
degree 2m−1. The sheafV gives, by pull back, sheaves on the curves
of the family and one can compare the degree of instability ofV on the
curves of deg 2m with that of the curves of deg 2m−1.

Using (A), one gets a line bundleLs onX which restricts to detW on
YS. Using (B), one can takeLS to beL, independent ofs. Then one sees

thatL admits homomorphismL→
r
∧V wherer is the rank ofW. Using

further a boundedness argument and the lemma of Enriques-Serveri we
show that there is ãW→ V with detW̃ = L which restricts toW → V
onYS. Thus we are led to the contradictionV is not stable. HenceV | YS

must have been stable to begin with.
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3 Narasimhan-Seshadri Theorem for Higher Di-
mensions

495
Theorem 2. Let X be a projective nonsingular variety of dimension n
over the field of complex numbersC. Let H be an ample line bundle
on X. Let V be a vector bundle on X with C1(V) = 0 and C2(V) ·
Hn−1

= 0. Then V comes from an irreducible unitary representation of
the fundamental groupπ1(X) if and only if V is stable with respect to H.

Proof. Let C → X be a complete intersection curve. Thenπ1(C) →
π1(X) is surjective. Hence an irreducible unitary representation ofπ1(X)
gives by composition an irreducible unitary representation of π1(C).
Hence a vector bundle onX associated to such a representation ofπ1(X)
gives on restriction toC a stable bundle by the theorem of Narasimhan-
Seshadri. ThusV on X itself must be stable (see Theorem 1 above).

Let V be a stable bundle. The setS of all representationsρ :
π1(X) → GL(r) can obviously be parametrised by an algebraic variety.
For example, ifa1, . . . , ag are the generators ofπ1(X) with the relations
R1, . . . then the above set can be identified with the subvariety of the
productGL(r)g satisfying the relationsR1, . . . Therefore we can find us-
ing the lemma of Enriques-Severi (cf.[3]) anN such that form≥ N for a
general complete intersection varietyY in X of degreem the restriction
HomX(V,W)→ HomY (V | Y,W | Y) is surjective for allW ∈ S.

Further using Theorem 1 we can find a smooth complete intersection496

surfaceY ⊂ X such thatV | Y is stable. Then by the result of Donaldson
there is an irreducible unitary representationρ : π1(Y)→ U(r) ⊂ GL(r)

giving V | Y. Since, by Lefchetz,π1(Y)
≈
−→ π1(X), ρ gives a repre-

sentation ofπ1(X) as well and hence a unitary bundleVρ on X. Since
Hom

(
V | Y,Vρ | Y

)
, 0 we have a nonzero mapϕ : V → Vρ on X which

must be an isomorphism since the subvariety detϕ = 0 does not intersect
the surfaceY.
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Line Bundles On Schubert Varieties

By C. S. Seshadri

1 Introduction
499

Recently a gap has been found by V. Kac in the proof of the main results
of the important work of Demazure [1] on Schubert varieties in flag
varieties associated to a semi-simple algebraic groupG. The purpose of
this paper is to justify this work of Demazure; in fact, the conjectures
statedb. Demazure in his paper, which essentially mean that his main
results hold in arbitrary characteristic or even over SpecZ, also follow.

The main contribution of this paper is the proof of the normality of a
Schubert variety (in arbitrary characteristic). This, together with a recent
beautiful work of V. B. Mehta and A. Ramanathan [4], give the required
justification of the work of Demazure, as well as his conjectures over
SpecZ.

Recently, A. Joseph [2] has justified “Demazure’s characterfor-
mula” for large dominant weights (in characteristic zero).It can be
easily seen that this is equivalent to showing that a Schubert variety 500

is normal (in characteristic zero). Combined with the abovecited work
of V. B. Mehta and A. Ramanathan, this work of Joseph also leads to a
justification of the main results of Demazure [1], but not hisconjectures
over SpecZ.

WhenG is aclassical group, the work of Demazure (as well as his
conjectures over SpecZ) is also a consequence of “Standard Monomial
Theory” (cf. [3], [5], [6])1

1In the lecture, we spoke only about this. The written versionpresents a later devel-
opment.

379
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Addendum (January, 1985)
This paper was written around May 1984 and represents the state of

affairs around that time in justifying the work of Demazure [1].Soon
after, S. Ramanan and A. Ramanathan (cf. Projective normality of Flag
Varieties and Schubert Varieties” Invent. math., 79(1985), 217–224)
proved Theorem 2 of this paper as well as the normality of Schubert vari-
eties by methods related to [4]. Recently, A. Ramanathan (cf. “Schubert
varieties are arithmetically cohen-Macaulay”. Invent. Math. 80 (1985)
283–294) has proved the arithmetic Cohen-Macaulay nature of Schubert
varieties inarbitrary characteristic(cf. Remark 5 of this paper for the
case of characteristic zero). The arithmetic Cohen-Macaulay nature of
Schubert varieties (for arbitrary characteristic) was known earlier only
for special classes of Schubert varieties as a consequence of standard
monomial theory (e.g.G = S L(n)).

2 Normality of a Schubert variety
501

Let G be a semi-simple, simply-connected, Chevalley group defined
over a fieldk. Let us fix a maximal torusT and a Borel subgroupB

containingT. Let W =
N(T)

T
be the Weyl group,N(T) being the nor-

malizer ofT. We talk of roots, weights etc. with respect toT, B.

For w ∈ W, let e(w) denote the image in
G
B

of a representative

of w in N(T). It is a fixed point for the canonical action ofT on
G
B

. Let X(w) denote the closure in
G
B

of the “Bruhat cell” B e(w)
(

in the Zariski topology of
G
B

)
, endowed with canonical structure of a

reduced subscheme of
G
B

. We callX(w) theSchubert varietyassoicated

to w ∈W. Then we have the following:

Theorem 1. Every Schubert variety X(w) in
G
B

(w ∈W) is normal.

Proof. The proof is by decreasing induction on the length

l(w) = dimX(w) of X(w).
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If w = w0, the element of maximal length inW; X(w0) =
G
B

which

is smooth, in particular, therefore normal. We assume now that every
Schubert varietyX, such that dimX > l(w), is normal.

Let τ = sαw be such thatα is a simple root andl(τ) = l(W) + 1, so
thatX(w) ⊂ X(τ) andl(w) = l(τ) − 1. By the induction hypothesis,X(τ)
is normal. LetPα be the minimal parabolic subgroup ofG, associated
to α. Then one knows thatX(τ) is Pα-stable. Then we have a canonical
morphism: 

Pα × X(w)→ X(τ) defined by

(p, x)→ p · x

SetZ = Pα ×B X(w) i.e. the set of equivalence classes under the equiv-502

alence relation

(p, x) ∼
(
pb, b−1x

)
for someb ∈ B(p ∈ Pα,X ∈ Xw).

Then the above morphism goes down to a morphism:

Ψ : Z→ X(τ)

It is seen without much difficulty thatΨ is a birationalPα morphism and
that we have a canonical morphism:

p : Z→ P1, P1 ≃
Pα
B

We note thatp is a (locally trivial) fibre space with baseP1 and fibre
X(w); in fact, it is the fibre space with fibreX(w), associated to the
principal fibrationPα → P1 with structure groupB (B acts onX(w)).

Let us take the normalization morphism̃X(w)→ X(w). Observe that
we have a natural action ofBon X̃(w) and that this map is aB-morphism.
SetZ̃ = Pα ×B X̃(w). We denote bỹΨ the canonical morphism:

Ψ̃ : Z̃→ X(τ)

Again we have a canonical morphism 503

p̃ : Z̃→ P1
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which is a fibre space overP1 with fibre X̃(w). Then we have the fol-
lowing:

(i) Z̃
v
−→ Z

Ψ

−→ X(τ), Ψ̃ = Ψ ◦ v

(ii) Z̃

P̃ ��
==

==
==

==
v

// Z

P
����
��
��
��

p̃ = p ◦ v

P1

Let F be an object onX(w)
(
resp.X̃(w)

)
, say a line bundle on which

B acts consistent with the canonical action ofB on X(w)
(
resp.X̃(w)

)
.

We denote byF the “associated” object onZ
(
resp.Z̃

)
i.e. F = Pα ×B

F . For a line bundleM on
G
B

, we denote byM(τ)
(
resp.M(w)

)
the

restriction ofM to X(τ) resp.X(w)) and byM̃(w) the pullback ofM(w)
to X̃(w). We have then the following

Lemma 1. (i) Ψ∗(M(τ)) ≃ M(w)♯

(ii) Ψ̃∗(M(τ)) ≃ M̃(w)
♯

Proof. We observe thatΨ and Ψ̃ arePα-morphisms. NowM is a ho-
mogenous line bundle onG/B i.e. G acts onM. HencePα acts onM(τ),
so thatPα acts onΨ∗(M(τ))

(
resp.Ψ̃∗(M(τ))

)
. Suppose now thatH is a

group, K a subgroup andG an object on the spaceH/K on which H504

acts (consistent with its action onH/K). Let G0 denote the “fibre” ofG
over the pointe ∈ H/K corresponding to the cosetK. We see that the
isotropy subgroup ofH at e, namelyK, acts onG0. If G

♯
0 denotes the

object overH/K. “associated” to theK-principal fibre spaceH → H/K,
we see easily thatG ≃ G

♯
0 Applying this principle to our case, by tak-

ing H = Pα, K = B andG = Ψ∗(M(τ))
(
resp.Ψ̃∗(M(τ))

)
, we find that

G0 ≃ M(w)
(
resp.M̃(w)

)
and the lemma follows.

Let us fix an ample line bundleL onG/B (say, associated to

ρ =

(
1
2

sum of positive roots

)
. We use also the notation of Serre, say
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OX(τ)(m) etc. for the restriction ofLm to X(τ) (or the associated coherent
sheaves). Set

Vm = H0(X(w),OX(w)(m)), Ṽm = H0
(
X̃(w),OX̃(w)(m)

)

whereOx̃(w)(1) denotes the pull-back ofL to X̃(w) (note that it is again

ample). NowVm andṼm areB modules. We denote byVm

(
resp.Ṽm

)
the

vector bundles onP1, associated to the principalB-fibration Pα → P1

with fibreVm

(
resp.Ṽm

)
. Then we have the following:

Lemma 2. H0
(
P1,Vm

)
≃ H0

(
P1, Ṽm

)
≃ H0(X(τ),OX(τ)(m)) for m≥ 0.

Proof. One knows that the morphismΨ andΨ̃ are birational. SinceX(τ)
is normal, it follows that

Ψ∗(Oz)
(
resp.Ψ̃∗(OZ̃)

)
≃ OX(τ).

Hence 

H0(Z,Ψ∗ (L(τ)m)) ≃ H0(X(τ), (L(τ)m))

= H0(X(τ),OX(τ)(m))

H0(Z̃, Ψ̃∗(L(τ)m) ≃ H0(X(τ), L(τ)m)

= H0(X(τ),OX(τ)(m))

(1)

We observe now thatPα acts onp∗ (Ψ∗(L(τ)m))
(
resp. p̃∗

(
Ψ̃
∗(L(τ)m)

))
505

consistent with its action onP1, sinceΨ and p(resp.Ψ̃ and (̃p) arePα
-morphisms. It follows then easily that these coherent sheaves onP1 are
locally free; in fact, by Lemma 1 (and an argument similar to its proof),
we see that 

p∗ (Ψ∗(L(τ)m)) ≃ Vm

p̃∗
(
Ψ̃
∗(L(τ)m)

)
≃ Ṽm

(2)

On the other hand, we have


H0
(
P1, p∗ (Ψ∗(L)(τ)m)

)
≃ H0(Z,Ψ∗(L(τ)m))(

resp.H0
(
P1, p∗

(
Ψ̃
∗ (L(τ)m)

))
≃ H0

(
Z̃, Ψ̃∗ (L(τ)m)

)) (3)

Now (1), (2) and (3) imply Lemma 2.
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Remark 1. For the proof of Theorem 1, it suffices to use Lemma 2 for
m>> 0

Let us now setC = OX̃(w)/OX(w) a coherentOX(w) module. We have506

then the exact sequence ofOX(w) modules:

0→ OX(w) → OX̃(w) → C→ 0

Tensoring byL(w)m, we obtain the exact sequence ofOX̃(w)-modules:

0→ OX(w)(m)→ OX̃(w)(m)→ C→ 0 (4)

(we use the principle that ifδ : X̃(w)→ X(w) is the canonical morphism
andN a line bundle (or invertible sheaf) onX(w), we have

δ∗
(
δ∗N ≃ OX̃(w) ⊗OX(w) N

)

We observe that

H0(X(w),OX̃(w)(m)) ≃ H0
(
X̃(w), L̃(w)

m)
≃ Ṽm

(
L̃(w) pull-back ofL(w) on X̃(w)

)
.

Let us now choosem0 such that form≥ m0, one has


(a) H1(X(w),OX(w)(m)) = 0, and

(b) H0(X(τ),OX(τ)(m))→ H0(X(w),OX(w)(m))→ 0

is exact.

(5)

Then writing the cohomology exact sequence of (4), we get by (5)507

(a): 
0→ Vm→ Ṽm→ H0(X(w),C(m))→ 0

exact form≥ m0.
(6)

Set
Wm = H0(X(w),C(m))

Now C(m) is a coherentOX(w) -module on whichB operates consistent
with its action onX(w) (since X̃(w) → X(w) is a B morphism etc.).
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HenceWm is also aB-module. We denote byWm the vector bundle on
P1, associated to theB moduleWm Then we get the following exact
sequence of vector bundles

0→ Vm→ Ṽm→Wm→ 0 (7)

Now we claim that

H1
(
P1,Vm

)
= 0,m≥ m0. (8)

To prove (8), letE = H0(X(τ), OX(τ)(m)). Then the canonical map
E → Vm is surjectivefor m ≥ m0 by (5) (b). letK = ker(E → Vm).
Observe thatE is a Pα -module (sinceX(τ) is Pα -stable). Hence the
associated vector bundleE on P1 is trivial. Thus we get the following
exact sequence of vector bundles onP1:

0→ K → E→ Vm→ 0 (9)

SinceE is trivial, H1
(
P1,E

)
= 0. Hence, writing the cohomology exact508

sequence of (9), we deduce thatH1
(
P1,Vm

)
= 0 for m ≥ m0 (using the

fact H2
(
P1,K

)
= 0. This proves the assertion (8).

Using the assertion (8), the cohomology exact sequence of (7) leads
to the following exact sequence:

0→ H0
(
P1,Vm

)
→ H0

(
P1,Vm

)
→ H0

(
P1,Wm

)
→ 0,m≥ m0, (10)

Now Lemma 2 implies that

H0
(
P1,Vm

) ∼
−→ H0

(
P1, Ṽm

)
,m≥ 0.

Hence, we conclude that

H0
(
P1,Wm

)
= 0 for m≥ m0.

(Recall thatWm = H0(X(w),C(m))).

Observe that
C , 0⇔ X(w) is not normal.
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Further, ifQ is the parabolic subgroup ofG generated byB and the min- 509

imal parabolic subgroupsPβ (β simple) such thatPβ leavesX(w)-stable,
we see thatQ leavesX(w) stable andC is aQ− OX(w) -module. Hence,
the required normality ofX(w) is a consequence of the following:

Lemma 3. LetF be a coherent Q−OX(w) module. Let Wm = H0(X(w),
F (m)) (note thatF (m) is also a Q− OX(w)-module). Then ifF , 0,
there is a simple rootα which moves X(w) (i.e. if τ = sαw, τ > w) such
that

H0
(
P1,Wm

)
, 0 for m>> 0

(where Wm is the vector bundle onP1
= Pα/B, defined as above, asso-

ciated to Wm).

Proof. Let J = AnnF (annihilator ofF - an ideal sheaf ofOX(w)). Let
OY = OX(w)/J. We observe thatJ is aQ-sheaf or thatY is aQ-scheme.
ThenYred is also aQ-scheme. We observe thatF “lives on” Y i.e. it is
the canonical extension of aQ − OY-module. We denote thisQ − OY

-module by the same letterF . Let I be the ideal sheaf ofOY such that

OYred. =
OY

I

We observe thatI is aQ− OY-module and that there exists an integern
such that

In
F = (0) andIn−1

F , (0), n ≥ 1.

(noteF , (0)). If n = 1, the above relation means thatI · F = (0).510

SetG = In−1F . Since all the powers ofI are againQ−OY sheaves, we
see thatG is also aQ− OY sheaf. FurtherG , (0). We observe that it
suffices to prove the lemma forG for if W′m = H0(X(w),G (m)), we have
the exact sequence:

0→ H0(X(w),G (m))→ H0(X(w),F (m))

which gives the exact sequence of vector bundles onP1.

0→W′m→Wm
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which, in turn, gives the exact sequence

0→ H0
(
P1,W′m

)
→ H0

(
P1,Wm

)

Hence
H0

(
P1,Wm

)
, (0)⇒ H0

(
P1,Wm

)
, (0).

This proves the above claim that it suffices to prove the lemma forG .
We observe thatI · G = 0 i.e. G lives onYred. Let Y1, . . . ,Yr denote

the distinct irreducible components ofYred. These are allQ-stable (Q
is connected). We can also suppose thatG does not live onY′ such
that Y′ , Y andY′ is the union of some irreducible components ofY
(otherwise, we replaceY by the corresponding union etc.). LetI1 be
the ideal sheaf ofOYred defining the closed subschemeY1 of Yred andI2 511

the ideal sheaf ofOYred defining the closed subschemesY2 ∪ · · · ∪ Yr of
Yred. SetG1 = I2 · G . ThenG1 is a Q − OYred subsheaf ofG (the sheaf
of sections ofG1 are those ofG which vanish onY2 ∪ · ∪ Yr). Observe

that I1 annihilatesG1, so thatG1 lives onY1

(
for OY1 =

OYred

I1

)
. Now

G1 , (0) for if G1 = I2G = (0), G would live onY2 ∪ · · · ∪ Yr , which
is not the case. Thus, by an argument as above, it suffices to prove the
lemma forG1.

Let G denote the torsion subsheaf ofG1, G1 being now considered
as aQ−OY1 -module (Y1− aQ stable Schubert subvariety ofX(w)). We
observe thatG ′ is aQ− OY1 -sub-module ofG1. If G ′ , (0), it suffices
to prove the lemma forG ′. Observe that the support ofG ′ is a closed
subscheme ofY1, properly contained in Y1. Repeating the above proce-
dure, we would get aQ − OY2 - moduleG2, G2 , (0), such thatY2 is a
Schubert varietyproperly contained in Y1, and it would suffice to prove
the lemma forG2. If we repeat this procedure and everytime we get that
the torsion subsheavesG ′2G ′3, . . . etc. are, (0), we would get an infinite
strictly decreasing chain of Schubert varieties, which would lead to a
contradiction. Therefore, at some point the torsion sheaf would be (0).

Thus, as a consequence of the above method, it would suffice to
prove the lemma whenF lives on a Schubert subvarietyX(θ) of X(w),
such that considered as a sheaf onX(θ), F is torsion free(in particular
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, (0)). Note thatF is a Q − OX(θ)-module. HenceX(θ) is Q-stable.
Let α be a simple root which movesX(θ) i.e. if ϕ = sαθ, thenϕ > θ.512

Note thatα also movesX(w), for otherwise,Pα leavesX(w) stable i.e.
Pα ⊂ Q and hencePα leavesX(θ) stable, which is not the case.

Now by the Borel fixed point theorem,F (m0) and a non-zero sec-
tion s ∈ F (m0) such that the line throughs is B-fixed. Now multiplica-
tion by s induces an inclusion

j : OX(θ) → F (m0),

f → f · s·

Let G denote the image ofOX(θ) in F (m0). Now G is a B − OX(θ)

submodule ofF (m0). Note thatG need not beB-isomorphic toOX(θ)

(the action ofB on G differs from that onOX(θ) by a character ofB,
namely the characterX which defines the action ofB on the line through
s). It would suffice to prove the lemma forG i.e. if

W′m = H0(X(θ),G (m)) = H0(X(w),G (m)),

(G being considered canonically as anOX(w) -module), thenH0
(
P1.Wm

)

, (0) for m >> 0. Note that the action ofB on G (m) (for all m) differs
by the same characterX from the action onOX(w)(m). Consider the
canonical morphism

Ψ : Z = Pα ×
B X(θ)→ X(ϕ) (ϕ = sαθ)

We note thatΨ is birational (sinceϕ > θ). We have again the fibration:513

p : Z→ P1
(
=

Pα
B

)

(fibre typeX(θ))

Consider the line bundleG (m)♯ onZ, which is associated to theB−OX(θ)

-moduleG (m). We see that

G (m)♯ =
(
OX(θ)(m)♯

)
⊗ N
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whereN is a line bundle onZ (or rather the corresponding sheaf), which

comes fromP1 (N is the line bundle onP1
=

Pα
B

, associated to the

characterX of B). We have seen that (by Lemma 1)

(
OX(θ)(m)

)♯
= Ψ

∗
(
OX(φ)(m)

)
.

Then we get
p∗

(
G (m)♯

)
= p∗

(
OX(ϕ)(m)♯

)
⊗ N

where we use the same notationN for the line bundle onP1 as well as
its inverse image by p. SettingVm to beB-module

Vm = H0(X(θ),OX(θ)(m))

andVm the vector bundle onP1, associated to the principalB-fibration

Pα → P1
=

Pα
B

, we see that

p∗OX(θ)(m)♯ � Vm

the proof being as in Lemma 2 (see (2) in the proof of Lemma 2). Hence 514

p∗
(
G (m)♯

)
≃ Vm⊗ N.

If now
Wm = H0(X(w),G (m)).

We see that
p∗

(
G (m)♯

)
≃Wm ≃ Vm⊗ N

We see also that
H0

(
P1,Wm

)
≃ H0

(
Z,G (m)♯

)

Thus to show that

H0
(
P1,Wm

)
, (0) for m>> 0

it suffices to show that

H0
(
Z,G (m)♯

)
, (0) for m>> 0.
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i.e.
H0

(
Z,Ψ∗

(
OX(ϕ)(m)

)
⊗ OZN

)
, (0) for m>> 0.

Now 515

H0
(
Z,Ψ∗

(
OX(ϕ)(m)

)
⊗OZ N

)
= H0(X(ϕ),Ψ∗(△))

where
△ = Ψ∗

(
OX(ϕ)(m)

)
⊗OZ N.

We find that
Ψ∗(△) = Ψ∗(N) ⊗ OX(ϕ)OX(ϕ)(m).

SinceΨ is birational andN is a line bundle, we see thatΨ∗(N) , (0).
Hence by Serre’s theorems, we have

H0(X(ϕ),Ψ∗(N) ⊗ OX(ϕ)(m)) , (0) for m>> 0.

This proves (∗). Hence Lemma 3. follows and therefore Theorem 1 as
well.

3 The work of Demazure.

Proposition 1. Let τ, w ∈ W be a such thatτ = sαw, α simple and
τ > w. Let Z = Pα ×B X(w) (Pα -minimal parabolic subgroup ofG
associated toα) andΨ the birational morphismΨ : Z → X(τ) (as in
Theorem 1). Then we have the following:

(i) R0
Ψ∗ (OZ) = OX(τ)

(ii) Rq
Ψ∗ (OZ) = 0, q > 0

(iii) For any line bundleM on X(τ), we haveHi(X(τ),M) ≃ Hi516

(Z,Ψ∗(M))∀i.

Proof. As is well-known (iii) is a consequence of (i) and (ii) and (i)
follows from the normality ofX(τ) (of Theorem 1). Hence we have
only to prove (ii). We fix an ample line bundleL on G/B and denote
by OX(τ)(m) the restriction ofLm to X(τ). SetVm = H0(X(w),OX(w)(m))



Line Bundles On Schubert Varieties 391

and Vm the bundle onP1
=

Pα
B

, associated to the principal fibration

p : Pα →
Pα
B

. Let p denote the canonical morphismp : Z → P1. We

claim that

Rq (
p∗Ψ

∗ (
OX(τ)(m)

))
= 0, q > 0 andm>> 0. (1)

To see this, we first observe that by Lemma 1

Ψ
∗ (

OX(τ)(m)
)
≃ OX(w)(m)♯

OX(w)(m)♯ being the line bundle onZ, “associated to” the line bundle

OX(w)(m) on X(w)
(

for the fibrationPα →
Pα
B

)
. Now

Hi(X(w),Ox(w)(m)) = 0, i > 0,m>> 0.

Now (i) is an immediate consequence of the fact thatp is a locally triv-
ial fibre space of fibre typeX(w) (in fact, the fibre ofp over the point
corresponding to the cosetB can be canonically identified withX(w)).
By the usual Leray spectral sequence argument, (∗) implies that


HP

(
P1, p∗Ψ∗

(
OX(τ)(m)

))
≃ HP (

Z,Ψ∗
(
OX(τ)(m)

))

for all p.
(2)

Now by Lemma 1 and (8) of Theorem 1, we have 517

(a) p∗Ψ
∗ (

OX(τ)(m)
)
≃ Vm, and

(b) Hi
(
P1,Vm

)
= 0, i > 0,m>> 0.

Hence by (2), we conclude that

Hp (
Z,Ψ∗

(
OX(τ)(m)

))
= 0, p > 0,m>> 0. (3)

We claim now that


H0(X(τ),
(
R9
Ψ∗(OZ)

)
⊗ OX(τ)(m)) ≃

Hq(Z,Ψ∗
(
OX(τ)(m)

)
, q > 0,m>> 0.

(4)
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To prove this consider the Leray spectral sequence


Hp (
X(τ),Rq

Ψ∗
(
Ψ
∗
(
OX(τ)(m)

)))

⇒ Hp+q (
Z,Ψ∗

(
OX(τ)(m)

)) (5)

Now we have

Rq
Ψ∗

(
Ψ
∗ (

OX(τ)(m)
))
≃

(
Rq
Ψ∗(OZ)

)
⊗ OX(τ)(m).

so that518
Hp(X(τ),Rq

Ψ∗
(
Ψ
∗ (

OX(τ)(m)
))
≃

Hp(X(τ),
(
Rq
Ψ∗(OZ)(m)

) (6)

One has

Hp(X(τ),
(
Rq
Ψ∗(OZ)

)
(m)) = 0, p > 0,m>> 0.

Hence the spectral sequence (5) degenerates and we get

H0(X(τ),
(
Rq
Ψ∗(OZ)

)
(m)) ≃

Hq (
Z,Ψ∗

(
OX(τ)(m)

))
,m>> 0.

(7)

Using (3), we deduce that

H0(X(τ),
(
Rq
Ψ∗(OZ)

)
(m)) = 0, q > 0,m>> 0. (8)

Now (8) implies that

Rq
Ψ∗(OZ) = 0, q > 0.

This completes the proof of Proposition 1.

Theorem 2. Let X(τ), τ ∈ W, be a Schubert variety in G/B and L a
line bundle on G/B associated to a dominant weight. Then we have the
following:

(i) The canonical restriction map519

H0
(G

B
, L

)
→ H0(X(τ), L)

is surjective, and
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(ii) H i(X(τ), L) = 0, i > 0.

Proof. These follow essentially from the results of V. B. Mehta and A.
Ramanathan [4] where they prove the analogues of (i) and (ii)for an
ample line bundleL on G/P, P a parabolic subgroup ofG. To apply
their result, ifL is as in the above theorem, note that it comes from an
ample line bundleL′ on G/P for a well determined parabolic subgroup
P of G. Let X′ denote the image ofX in G/P. One knows that the

cohomology groups ofL′ are preserved by pull-back to
G
B

; in fact, by

Theorem 1 and proofs similar to that of Prop.1, one can show easily that
the cohomology groups ofL′/X′ are also preserved by pull-back toX.
This proves Theorem 2.

Let Z[N] denote the group ring of the multiplicative group expN,
where

expN = {expλ | λ ∈ N} andN = Hom (T,Gm).

Let X(w) andX(τ) be Schubert varieties (as in Prop. 1) such thatτ =
Sαw, τ > w, α simple. LetLλ denote the line bundle onG/B, “asso-
ciated” to adominant weightλ (we adopt the convention that when the
base field is of characteristic zero,H0(G/B, Lλ) is the dual of the irre- 520

ducible module with highest weightλ). Now the “characters” of theT
modulesH0(X(w), Lλ) and H0(X(τ), Lλ) are elements ofZ[N] and are
denoted respectively byF(w) and F(τ). Let Lα be the linear operator
Lα : Z[N] → Z[N] defined by

Lα(expλ) =
expλ − exp(Sαλ)

1− expα
, λ ∈ N

Let M∼ be the operatorMα : Z[N] → Z[N], defined by


Mα(expλ) = (expp).Lα(exp(λ − p))

ρ =
1
2
− sum of positive roots

Theorem 3. We have the following “character formula”.

Mα(F(w)) = F(τ) with F (identity) = exp(−λ).
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Proof. By Theorem 2, the following sequence is exact:

H0(X(τ), Lλ)→ H0(X(w), Lλ)→ 0 (∗)

Set
E = H0(X(τ), Lλ),V = H0(X(w), Lλ). (1)

We denote byE andV the vector bundles onP1
=

Pα
B

, associated to the521

principal B-fibrationPα →
Pα
B

We see thatE is trivial and we have the

following exact sequence of vector bundles onP1:

0→ K → E→ V → 0 (2)

Writing the cohomology exact sequence for (2), then we conclude (as
for the proof of (8) of Theorem 1) that

Hi
(
P1,V

)
= 0, i ≥ 1. (3)

If Ψ andp denote the canonical maps

Ψ : Z→ X(τ) andp : Z→ P1
(
=

Pα
B

)

We conclude as in the proof of Lemma 2, that

p∗
(
Ψ
∗(Lλ)

)
≃ V (4)

Now (4) implies that

H0 (
Z,Ψ∗(Lλ)

)
≃ H0

(
P1,V

)
(5)

and by Prop. 1, we have

H0 (
Z,Ψ∗(Lλ)

)
≃ H0(X(τ), Lλ)

so that we find that

H0
(
P1,V

)
≃ H0(X(τ), Lλ) (6)
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In view of (3) and (6), we have:522


CharH0(X(τ), Lλ) = CharX

(
P1,V

)

V = H0(X(w), Lλ)
(7)

Now it is easily seen that CharX
(
P1,V

)
is obtained by applying the

operatorMα to V (essentially the Weyl character formula forS L(2), for
more details, see [6]). This proves Theorem 3.

Remark 2. The formula of Theorem 3 is essentially the Demazure char-
acter formula (of [1] and [5]). If the dominant weightλ is “sufficiently
large”. (∗) in the proof of Theorem 2 is an immediate consequences
of the basic theorems of Serre on projective varieties (for this purpose,

we may have to work on
G
P

, P being a parabolic setgroup, such thatLλ

comes from an ample line bundle on
G
P

etc.). Hence, Demazure’s char-

acter formula for sufficiently largeλ, is a consequence of the normality
of Schubert varieties and one does not need Theorem 2. On the other
hand, as we mentioned in the introduction, the Demazure character for-
mula for sufficiently largeλ, implies the normality of Schubert varieties.
The proof is by increasing induction on the dimension of Schubert va-
rieties. With the notations as in Theorem 1, it suffices to show that
X(τ) is normal supposing thatX(w) is normal. ThenZ is normal. We
see easily (as in the above proofs) that for sufficiently largeλ (say for
Lmλ,m >> 0 Lλ ample onG/B), H0 (Z,Ψ∗(Lmλ)) is given by the De-
mazure character formula. Hence, by our hypothesis, we deduce that

H0(X(τ), Lmλ)
∼
−→ H0(Z,Ψ∗(Lmλ)),m>> 0.

From this we deduce easily thatΨ∗(OZ) ≃ OX(τ), which implies that 523

X(τ) is normal, sinceZ is normal.

Remark 3. LetGZ denote the semi-simple, simply connected Chevalley
group scheme overZ such thatG = GZ ×SpecZ Speck. We have a Borel
subgroup schemeBZ of GZ, corresponding toB and we have the “flag

scheme”
GZ
BZ

which behaves well under base change with respect to any
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field e.g.
GZ
BZ
×SpecZ Speck ≃ G/B. For anyτ ∈ W, we define the

Schubert subschemeXZ(τ) of
GZ
BZ

as the “flat closure” in
GZ
BZ

of the

Schubert scheme associated toτ in
GZ
BZ
×SpecZ SpecQ. We claim that

XZ(τ) ×SpecZ Speck ≃ X(τ) (1)

We refer to (1) as saying that the Schubert schemeXZ(τ) “behaves well”
under base change with respect to any field. To prove (1) let usdenote
the following base changes by Speck as


X(τ) = XZ(τ) ×SpecZ Speck

Lλ = Lλ,Z ×SpecZ Speck
(2)

Then we see easily that
X(τ)red = X(τ) (3)

Let nowλ be a dominant weight such that the associated line bundleLλ524

onG/B is very ample. One can also associate toλ a line bundleLλ,Z on
GZ
BZ

, which is relatively ample with respect toZ. Let us denote byXQ(τ)
(
resp.Lλ,Q

)
the base change ofXZ(τ)

(
resp.Lλ,Z

)
by SpecQ → SpecZ.

Then sinceXZ(τ) is Z -flat, we see that

dimH0
(
X(τ), L

m
λ

)
= dim H0

(
XQ(τ), Lm

λ,Q

)
,m>> 0. (4)

On the other hand, by Theorem 2, we see that the character formula is
independent of the base field.

This fact implies that

dimH0
(
XQ(τ), Lm

λ,Q

)
= dim H0

(
X(τ), Lm

λ

)
,m>> 0. (5)

Combining (4); (5) we get

dimH0
(
X(τ), L

m
λ

)
= dim H0

(
X(τ), Lm

λ

)
, for m>> 0. (6)

SinceX(τ)red = X(τ), we deduce easily from (6) thatX(τ) = X(τ). This
proves (1).
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Remark 4. Let λ be a dominant weight and let us use the notations as
in Remark 3. Then as a consequence of Remark 3 and the vanishing
theorem (see (ii) of Theorem 2), we deduce that

H0 (
XZ(τ), Lλ,Z

)
⊗Z k ≃ H0(X(τ), Lλ) (1)

Further, as a consequence of the exactness of 525

H0(G/B, Lλ)→ H0(X(τ), Lλ)→ 0 (2)

(see (1), Theorem 2), we deduce easily that the following sequence is
exact.

H0
(
GZ
BZ
, Lλ,Z

)
→ H0 (

XZ(τ), Lλ,Z
)
→ 0 (3)

Let us now set

a. Vλ,Z(τ) =
(
H0 (

XZ(τ), Lλ,Z
))∗

(dual)

b. Vλ,Z(w0) = Vλ,Z =

(
H0

(
GZ
BZ
, Lλ,Z

))∗

c. Vλ,k(τ) = Vλ,Z ⊗Z k =
(
H0 (X(τ), Lλ)

)∗

Then because of (1), (2) and (3), we deduce that

Vλ,Z(τ) is a direct summand inVλ,Z (4)

Now Vλ,Z(τ) has a more concrete description as follows.
Let Vλ,Q denote the irreducibleGQ = GZ ×SpecZ SpecQ module

with highest weightw0(λ) (w0= weyl involution). Fix a highest weight
vector, saye ∈ Vλ,Q. Let U denote the enveloping algebra of the Lie
algebra ofGQ andUZ(resp.U+

Z
, U−
Z
) theZ a subalgebras generated by

Xα
n!

, α any root (resp. positive root, negative root). We now set

V′λ,Z = UZe(= U−Ze) (5)

Now anyτ ∈ W can be represented by aZ -valued point ofGZ and 526
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hence the elementτ. e is determined upto the factor±1. Let us write
e(τ) for τ.e. Set

V′λ,Z(τ) = U+Ze(τ) (6)

Now as a consequence of (3), and Theorem 2, it can be shown easily
that (for details, see [6])

Vλ,Z = V′λ,Z
Vλ,Z(τ) = V′λ,Z(τ)

(7)

HenceV′λ,Z(τ) is a direct summand inV′λ,Z. This was conjectured by
Demazure in [1].

Remark 5. One can construct canonical desingularigations ofX(τ).
This can be done by either following Demazure [1] or refining the con-
struction ofZ inductively as follows. Letτ = sαw with α simple and
w < τ. Suppose we have constructed a desingularigation

Ψw : Z(w)→ X(w)

such thatZid = point. Then we define

Z(τ) = Pα ×
B Z(w)

and the morphismΨτ : Z(τ) → X(τ) in the obvious manner. We note527

that the morphismΨτ depends upon the choice of a reduced decompo-
sition of τ. By repeating the proof of Prop.1, one deduces easily that

(i) (Ψτ)∗ (Oz(τ)) = OX(τ),

(ii) (Rq
Ψ∗) (OZ(τ) = 0, q > 0.

When the base field is ofcharacteristic zero, we see that (as in
Demazure[1]) (i) and (ii) imply thatZ(τ) has onlyrational singulari-
ties, in particular thatZ(τ) in Cohen-Macaulay.
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Zero Cycles On A Singular Surface: An
Introduction

By V. Srinivas

0

529
This article consists, for the most part, of an introductionto the paper
Srinivas (1985) (which will appear elsewhere), and an outline of the
proof of the infinite dimensionality theorem for zero cycleswhich is
proved there. The main object under consideration is the Chow (coho-
mology) group of zero cycles on a normal quasi-projective surface over
an algebraically closed field. After briefly surveying the known results
for Chow groups of smooth surfaces, we give the various equivalent def-
initions of the Chow group of a singular surface, and mentionresults of
Collino, Levine, Pedrini, Weibel and the author giving generalisations
to the singular case of the above results for smooth surfaces. Next, we
introduce relativeK-theory and use it to formulate a conjecture about
the structure of the Chow group of a normal surface. We then outline
the proof of the infinite dimensionality theorem. Finally, we make some
remarks about the related problems of the structure ofNK0 and K−1.
We give a condition in terms of Picard groups which implies the non-
vanishing ofNK0 andK−1 of a normal quasi-projective surface overC;
we conjecture that this condition is in fact necessary and sufficient for
surfaces over any algebraically closed fieldk.

401
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1 The smooth case
530

Let X be a smooth surface over an algebraically closed fieldk. The
Chow group of zero cycles onX is defined by

CH2(X) =
Free abelian group on points ofX

cycles rationally equivalent to zero

where the group of cycles rationally equivalent to zero is generated by
cycles of the form (f )C, whereC ⊂ X is a curve,f a non-zero rational
function onC and (f )C denotes the divisor off .

The Grothendieck group of vector bundlesK0(X), which also equals
the Grothendieck group of coherent sheaves, has a filtrationby codimen-
sion of support

{

F iK0(X)
}

0≤i≤2
, where

F0/F1 ≃ Z, F1/F2 ≃ Pic X, andF2 is the subgroup ofK0(X) gen-
erated by classes of residue fields of points. We have the cycle map
Ψ : CH2(X) → F2K0(X), and the second Chern classC2 : F2K0(X) →
CH2(X); by the Riemann-Roch theorem (or directly, sinceX is a sur-
face)Ψ and−C2 are inverse isomorphisms. ThusCH2(X) has an alter-
nate description as the sub-group ofK0(X) generated by points ofX.

Next,CH2(X) can be interpreted in terms of algebraicK-theory. Let
K2,X be the Zariski sheaf associated to the pre-sheafU → K2(Γ(U,
OU)). Then by a result of Quillen (1973),K2,X has a flasque resolution

0→ K2,X → i∗K2(k(X))
T
−→ ⊕ (iC)∗

C: curves
k(C)∗

∂
−→ ⊕ (ip)∗

P: points
Z→ 0

HereK2(k(X)) is K2 of the function fieldk(X), which is given (by a result531

of Matsumoto - see Milnor (1971)) by

K2(k(X)) =
k(X)∗ ⊗Z k(X)∗

〈a⊗ (1− a)|a ∈ k(X)∗, a , 1〉
.

i∗K2k(X) is the constant sheafK2(k(X)) on X, and similarly (iC)∗k(X)∗,
(ip)∗Z are the constant sheavesk(C)∗, Z on C andP respectively. The
mapT can be explicitly described in terms of the above presentation,
while ∂ is the sum of divisor maps

k(C)∗ → ⊕
PǫC
Z[P]
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This resolution can be used to compute the cohomology ofK2,X; in
particular, we obtain the formulaH2(X,K2,X) = CH2(X), This is the
K-theoretic description ofCH2(X).

Suppose now thatX is a smooth projective surface over an alge-
braically closed field. By associating to each zero cycle

∑

niPi its de-
gree

∑

ni , we obtain a surjectionCH2(X) → Z; let A0(X) denote the
kernel. If Sn(X) denotes thenth symmetric product ofX, so that points
of Sn(X) parametrize effective zero cycles of degreen, we have a natural
map

rn : Sn(X) × Sn(X)→ A0(X)

(A, B)→ [A] − [B]

Now assume thatk is uncountable i.e. a universal domain in the sense
of Weil. We have the following definition of Mumford (1968).

Definition. A0(X) is finite dimensional if somern is surjective. If none 532

of thern is surjective, we say thatA0(X) is infinite dimensional.

Theorem (Mumford (1968)).Let k = C, and supposeΓ
(

X,Ω2
X

)

, 0.
Then A0(X) is infinite dimensional.

This result is false in characteristicp > 0. In arbitrary characteristic,
we have

Theorem (Bloch (1976)).Let k be a universal domain of arbitrary char-
acteristic, and suppose the cycle map

Pic X ⊗Z Qℓ → H2
et(X,Qℓ(1))

is not surjective(ℓ , characteristic of k). Then A0(X) is infinite dimen-
sional

(Bloch conjectures that the converse also holds).
Next, we mention some results of Roitman on zero cycles. We have

a natural map
ϕ : A0(X)→ Alb X
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whereAlb X is the Albanese variety ofX; if k = C this can be described
as follows:

Alb X = Γ
(

X, ω1
X

)∗
/ image (H1(X,Z)) , and

ϕ
(
∑

([Pi ] − [Qi ])
)

=

(

ω→
∑

∫ Qi

Pi

ω

)

, ωǫΓ
(

X, ω1
X

)

;
∫ Qi

Pi

denotes the integral along any path joiningPi andQi.533

Theorem (Roitman (1972), Roitman (1980)). (1) If A0(X) is finite
dimensional, thenϕ : A0(X)→ Alb X is an isomorphism.

(2) ϕ : A0(X) → Alb X is always an isomorphism on torsion sub-
groups.

(We note that thep-torsion statement in (2), forp = characteristic
k, is due to Milne (1982). Roitman’s Proof of (1) has a small gapin
characteristicp, which is however easily filled-see Srinivas (1985)).

2 The singular case:

We now see to what extent this theory generalises to singularsurfaces.
Firstly, the three definitions of the Chow group in the smoothcase all
admit generalisations to the singular case. LetX be a normal quasi-
projective surface. The cycle theoretic definition is

CH2(X) =
Free abelian group on smooth points ofX

〈

( f )C | C ⊂ X is a curve, f ǫk(C)∗, andC ∩ Xsing = φ
〉

where Xsing denotes the singular locus ofX, andC runs overclosed
curvesin X disjoint fromXsing.

The Grothendieck group of vector bundlesK0(X) is now in gen-
eral different from the Grothendieck groupG0(X) of coherent sheaves.534

However K0(X) is also the Grothendieck group of coherent sheaves
F such that for eachxǫX the stalkFx has finite projective dimen-
sion overOx,X (since X is quasi-projective, such anF has a finite
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resolution by vector bundles). We have a filtrationF iK0(X)0≤i≤2 with
F0

F1
= Z,

F1

F2
= PicX. andF2K0(X) is the kernel of the determinant map

F1K0(X) → Pic X. Since any vector bundle is trivial in a neighbour-
hood ofXsing, one checks thatF2K0(X) is also the sub-group generated
by residue classes of smooth points. Thus we have a surjective cycle
mapΨ : CH2(X)→ F2K0(X).

Theorem (Collino (1981)).Ψ : CH2(X) → F2K0(X) is an isomor-
phism.

We note here that Fulton has defined a Chow (homology) group

CH0(X) =
Free abelian group on all points

〈

( f )C | C ⊂ X any curve, f ǫk(C)∗
〉

This group is related toG0(X) is an analogous fashion. The natural map
CH2(X)→ CH0(X) is always surjective, but in general not injective.

Finally, the K-theoretic definitionH2(X,K2,X) still makes sense,
though the resolution obtained in the smooth case is not valid here; how-
ever we have:

Theorem. H2(X,K2,X) = CH2(X).

This result is due to Collino (1981) whenX has 1 singular point; the
general case, along lines similar to Collino’s proof, is dueindependently 535

to Levine (1985) and Perdrini and Weibel (1983) Next, we havea result
of Levine generalizing Roitman’s theorem on torsion 0-cycles.

Theorem (Levine (1985)).Let X/k = k be projective, f: Y → X a
resolution of singularities. The composite

A0(X)
f ∗
−−→ A0(Y)

ϕ
−→ Alb Y

is an isomorphism on torsion prime to the characteristic of k.
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3

Now supposeX is a normal projective surface over a universal domain
k. Let U = X − Xsing; then there is a natural maprn : Sn(U) × Sn(U)→
A0(X) whereSn(U) is thenth symmetric product, andrn(A, B) = [A] −
[B].

Definition. A0(X) is finite dimensionalif rn is surjective for somen; if
none of thern are surjective, thenA0(X) is infinite dimensional.

We have the following straightforward generalisation of Roitman’s
finite dimensionality theorem.

Theorem (Srinivas (1985)).A0(X) is infinte dimensional⇔ A0(X) ≃
Alb Y where Y→ X is a resolution of singularities.

As a consequence of this result and the Murthy-Swan cancellation
theorem Murthy (1976), we see that there are 2 possible situations for
the Chow group over a universal domain:

(i) (finite dimensional case) for any affine open setV ⊂ X, every536

vector bundle onV is the direct sum of a trivial bundle and a line
bundle.

(ii) (infinte dimensional case) for an arbitrary neighbourhoodV of the
singular locusXsing,CH2(V) has uncountable rank.

In case (ii), one can show that there exist uncountably many non-
isomorphic indecomposable vector bundles of rank 2; this isnot imme-
diately clear unless PicX is finitely generated (see Srinivas (1999)).

We now state the infinite dimensionality theorems proved in Srinivas
(1985); the proofs are outlined below.

Theorem. (1) Let k = C, and suppose X is a normal projective sur-
face with H2(X,OX) , 0. Then A0(X) is infinite dimensional.

(2) Let k be a universal domain of arbitrary characteristic. LetX/k
be a normal, projective surface,π : Y→ X a resolution of singu-
larities such that the reduced exceptional divisor E= π−1(Xsing)
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has smooth components and normal crossings. SupposePic0Y→
Pic0E is not surjective. Then A0(X) is infinite dimensional.

We reformulate the hypothesis in slightly different terms. The in-
teresting case of the theorem is whenA0(Y) is finite. dimensional for a
resolutionπ : Y → X. If X/C is projective, this meansH2(Y,OY) = 0
by Mumford’s result. Thus the Leray spectral sequence forπ yields an
exact sequence

H1(Y,OY) // Γ
(

X,R1π∗OY

)

// H2(X,OX) // 0

∖

lim
←−n

H1(E,OnE) 0

wherenE is the subscheme ofY with ideal sheafOY(−nE). (the equal- 537

ity follows from the formal function theorem Hartshorne (1977)). Since
the maps of the inverse system

{

H1(E,OnE)
}

n≥1
are all surjective, the hy-

pothesisH2(X,OX) , 0 is equivalent to the statement thatH1(Y,OY)→
H1(E,OnE) is not surjective for somen ≥ 1. The hypothesis in 2) of
the Theorem is thatH1(Y,OY)→ H1(E,OE) is not surjective, if PicY is
reduced.

4 Examples

(1) X = Spec
C[x, y, z]

(

z2 + x3 + y7)
. Bloch and Murthy (unpublished) showed

that there is a surjectionF2K0(X) → Ω
1
C/Z

, the module of absolute

Kahler differentials ofC; sinceΩ1
C/Z

has uncountable rank, this gives
a negative answer to a question of Murthy on Grothendieck groups of

normal graded rings Bass (1973). IfA =
C[x, y, z]

(

z2 + x3 + y7)
, thenA ⊂ B =

C[u, v] is birational, whereu =
x

y2
, v =

z

y3
. The maximal ideal at the ori-

gin in A generates the ideal
(

v2
+ u3

)

B in B, so that there is a resolution
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of singularitiesY→ X such that the exceptional divisor inY contains a
rational curve with a cusp. IfX ⊃ X is a projective surface whereX − X
consists only of non-singular points, and ifY→ X is the corresponding
resoluton, thenH1(Y,OY) vanishes asY is a smooth rational surface,
while H1(E,OE) , O. Hence from the theorem,F2K0(X) is infinite538

dimensional, andF2K0(X) has uncountable rank.
(ii) Cones. Let C ⊂ Pn be a projectively normal curve, so that the

coneX ⊂ Pn+1 over C is a normal projective surface whose only sin-
gularity is the vertexPǫX. Let π : Y → X be the blow up ofX at P.
ThenY ≃ P(OC ⊕ OC(1)) is aP1-bundle overC. If f : Y → C, the
exceptional divisorE of π is a reduced curve giving the (unique) section
of f with normal bundleOc(−1). If I = OY(−E) is the ideal sheaf ofE,

then
I j

I j+1
� OC( j). Thus

(i) H1(Y,OY)→ H1(E,OE) is an isomorphism

(ii) for somen > 1, H1(Y,OY) → H1(E,OnE) is not surjective⇔ for

somen > 1, H1
(E, I

In

)

, 0⇔ H1
(E, I

I2

)

, 0⇔ H1(C,OC(1)) ,

0. ThusH2(X,OX) , 0⇔ H1(C,OC(1)) , 0⇔ H0(C, ωC(−1)) ,
0⇒ degC ≤ 2g−2. HenceA0(X) is infinite dimensional ifC is a
complete intersection of genus≥ 3 overC (eg. C ⊂ P2 of degree
≥ 4), orC is canonically embedded (see Srinivas (1982))

We remark that if degC ≥ 2g+ 1, whereC ⊂ Pn is embedded via
a complete linear system, thenC is projectively normal andA0(X)
is finite dimensional. IfC ⊂ Pn

k is projectively normal, andk = k
has characteristicp > 0, thenA0(X) is always finite dimensional
Srinivas (1982); in particular (1) in the Theorem is false ifC is
replaced by a universal domain in characteristicp > 0.

(iii) Let X ⊂ A4
C

be the surface















x3
+ y3
+ z3
= 0

w2
+ x2
+ y2
+ 1 = 0

Then X is the double cover of the cubic coneY ⊂ A3 given by539

x3
+ y3

+ z3
= 0 branched along a smooth quadric section. Clearly
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X→ Y is étale over the vertex ofY, so thatX has 2 singular pointsP, Q
each analytically isomorphic to the vertex ofY. Let XP → X,XQ → X
be the blow ups ofP, Q respectively.

Claim. CH2(XP) = CH2(XQ) = 0, whileCH2(X) has infinite rank.

First we show thatCH2(X) is infinite dimensional. LetX be a pro-
jective surface containingX as an open set so thatX − X consists only
of smooth points. LetZ→ X be the blow up atP, Q. ThenZ is smooth
and birationally ruled overC ⊂ P2 given byx3

+ y3
+ z3

= 0 such that
the exceptional curvesEP, EQ overP andQ respectively, both map iso-
morphically toC. Thus dimH1(Z,OZ) = 1, while dimH1(E,OE) =
dim H1(EP,OEP) + dim H1(EQ,OEQ) = 2. HenceCH2(X) is infinite
dimensional so thatCH2(X) has uncountable rank.

To show thatCH2(XP) = CH2(XQ) = 0, since the involution of
X/Y interchangesP, Q it suffices to proveCH2(XP) = 0. Now X →
Y is branched along a smooth genus 4 curve (Y ⊂ P3 the projective
cone overC) which is tangent to 6 rulings ofY (by Riemann-Hurwitz,
for example). HenceZ → C is a non-minimal ruled surface with 6
reducible fibers, each with 2 components which are exceptional curve of
the first kind, andEP, EQ are sections. Blowing down the 6 exceptional
curves meetingEP,we obtain a minimal ruled surface overC with 2
disjoint sections, namely the images ofEQ and EP Since the normal
bundle ofEQ does not change under this map, the minimal ruled surface
is PC(OC ⊕ OC(1)) (the normal bundle ofEQ is OC(−1)) i.e. XP is
isomorphic to the blow up ofY at 6 points. HenceA0(XP) is finite 540

dimensional, sinceA0(Y) is (see Srinivas (1982)). ThusA0(XP) = 0 by
an easy argument.

5 Relative K-theory

Let T be a scheme,S ⊂ T a subscheme. One can define relativeK-
groupsKi(T,S) for i > 0 which fit into a natural long exact sequence
(see (Coombes and Srinivas, 1982, appendix))

→ Ki(T)→ Ki(S)→ Ki−1(T,S)→ Ki−1(T)→ . . .
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Let X be a normal quasi-projective surface,S ⊂ X a closed sub-scheme
supported onXsing; let Y→ X be a resolution of singularities, andE ⊂ Y
a subscheme such that we have a diagram

E //

��

Y

��
S // X

Then by naturality we have a diagram of long exact sequences

K1(Y) // K1(E) // K0(Y,E) // K0(Y) // K0(E)

K1(X)

OO

// K1(S)

OO

// K0(X,S)

OO

// K0(X)

OO

// K0(S)

OO

Further, it is shown (loc. cit.) that points ofX − S admit relative cy-
cle classes inK0(X,S) which map to the usual classes inK0(X), and a
similar claim holds for the pair (Y,E). Let

F2K0(X,S)=subgroups ofK0(X,S) generated by points ofY − S F2541

K0(Y,E)= subgroup ofK0(Y,E) generated by points ofY − E.
We have a diagram with surjective arrows (this is easy ifY − E ≃

X − S, but true even otherwise)

F2K0(Y,E) // F2K0(Y)

F2K0(X,S)

OO

// F2K0(X)

OO

Claim. F2K0(X,S) ≃ F2K0(X).

Idea of proof. Must show (F)C = 0 in F2K0(X,S) for anyC ⊂ X with
C ∩ Xsing = 0, and f ǫk(C)∗. One checks that from the definition of the
relative K-groups in loc. cit., ifC is the normalisation ofC, then the
natural mapsKi(C) → Ki(X) factor throughK(X,S); now the vanishing
of ( f )C in K0(X,S) follows from the vanishing of (f )C in K0(C).
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We can now state a conjecture due to Bloch and the author. Let
E ⊂ Y be the reduced exceptional divisor.

Conjecture. (i) F2K0(Y, nE) →→ F2K0(Y, (n − 1)E) is an isomor-
phism for all sufficiently largen.

(ii) F2K0(X) ≃ lim
←−n

F2K0(Y, nE).

In particular lim
←−n

F2K0(Y, nE) should be independent of the resolu-

tion Y → X We can verify this in general assuming a form of excision
for K1 for certain 1-dimensional schemes, and in any case can verify this
for resolutions whereE has smooth components and normal crossings.

As a special case of the conjecture, one expects that ifX has only 542

singularities, thenCH2(X) ≃ CH2(Y).
A closely related problem to that of computingF2K0(X) for singular

X is the problem of computingK0(CR), whereR is the local ring of a
singular point on a surface,CR the category ofR-modules of finite length
and finite projective dimension. This problem is of independent interest
to algebraists, but not much computation could be done by algebraic
methods. Recently,K-theory has provided some results in this area; in
Srinivas (1985) a method was introduced which enabled one toprove
that

K0(CR) = Z ⊕ N − ( torsion )

for someN, whereR is a rational double point in characteristicp > 0
which occurs on a rational surface, or elseR is of typeE8 over an arbi-
trary algebraically closed field. Some further examples in characteristic
p > 0 were considered in Coombes and Srinivas (1982), and finallywe
have the results of Levine (1999) and the author Srinivas (1999) (inde-
pendently).

Theorem.Let R be the local ring of a rational double point on a surface
X/C. Then K0(CR) = Z.

Corollary. Let X/k = k be a normal quasi-projective surface with only
quotient singularities. If Y→ X is a resolution, then CH2(X) ≃ CH2

(Y).
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We should point out that inspite of the explicit nature of theformula

F2K0(X) = lim
←−n

F2K0(Y, nE),

we do not know a single example where we can prove that this formula543

is true, when the right side is different fromF2K0(Y). Thus we have
only indirect evidence for the truth of the conjecture.1

Levine has made a conjecture related to ours. IfX is a normal (quasi-
projective) surface, andPǫX the unique singular point,Y→ X a resolu-
tion, Z = Y×X SpecR, R= OP,X′ and ifE ⊂ Y is the reduced exceptional
divisor, then Levine constructs (loc. cit.) an exact sequence

H1(Z,K2,z)/N
Φ

−→ K0(CR)
Ψ

−→ F1G0(E)→ 0.

HereG0(E) is the Grothendieck group of coherent sheaves onE, F1

G0(E) the subgroup generated by points;H1(Z,K2,Z) is H1 of the com-
plex.

0→ K2(k(Y))
T
−→ ⊕

xǫZ1
k(x)∗

∂
−→ ⊕

xǫZ2
→ 0

whereZi is the set of codimensioni points;N is defined to be the sub-
group ofH1(Z,K2,Z) generated by

Ker

(

⊕
exceptionalcurves

k(x)∗
∂
−→ ⊕

zǫZ2
Z

)

.

Conjecture (Levine)2. φ : H1(Z,K2,Z)/N → K0(CR) is injective.544

Levine shows that under the natural mapK0(CR) → K0(X) we have
imageS K0(CR) = Ker(Ψ : K0(CR)→ F1G0(E)). We conjecture that

H1(Z,K2,Z)/N → lim
←−n

H1(E,K2,nE)/N

is injective; this is closely related to our conjectural formula forF2K0(X).

1Some examples exist now.
2The author now has a proof of Levine’s conjecture [23].
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6 Sketch of the proof

In this section we sketch the proof of the infinite dimensionality the-
orem. We only consider the casek = C; the other case uses similar
methods. Letπ : Y → X be a resolution of singularities. We may
assume thatA0(Y) is finite dimensional, since ifA0(Y) is infinte dimen-
sional then triviallyA0(X) is infinite dimensional. Thus we may assume
that for somen ≥ 1, H1(Y,OY) → H1(E,OnE) is not surjective; fix the
smallest such value ofn. The idea is to show thatF2K0(Y, nE) is strictly
larger thanF2K0(Y), so thatF2K0(X) → F2K0(Y) ≃ AlbY × Z is not
an isomorphism. In particular, we wantK0(Y, nE) → K0(Y) to have a
kernel i.e. coker (K1(Y)→ K1(nE)) should be non-zero. One has a nat-
ural decompositionK1(T) = Γ(T,O∗T) ⊕ S K1(T) for any “reasonable” 545

schemeT, for a certain subgroupS K1(T) → K1(T); in fact S K1(T) is
the intersection of the kernels of all the mapsK1(T) → K1(Ot,T ) for all
pointstǫT. It turns out that (S K1(nE)/ imageS K1(Y)) ⊂ K0(Y, nE) con-
tains Ker

(

F2K0(Y, nE)→ F2K0(Y)
)

. Thus we will be mainly interested
in the mapS K1(Y)→ S K1(nE).

SupposeE is a smooth curve. We have the localisation sequence of
Quillen (1973) for any open setU ⊂ E.

K2(U)→ ⊕
PǫE−U

K1(k(P))→ K1(E)→ K1(U)→ ⊕
PǫE−U

Z→ K0(E)

→ K0(U)→ 0

Taking the direct limit over all open subsetsU ⊂ E, we obtain

K2(k(E)) → ⊕
PǫE

K1(k(P)) → K1(E)→ K1(k(E))→ ⊕
PǫE
Z

→ K0(E)→ Z→ 0

Herek(E) is the function field,K1(E) = k(E)∗, and∂ : k(E)∗ → ⊕Z
is the divisor map. Thus Ker∂ = Γ(E,O∗E) i.e. we have a presentation
(since K1(k(P)) = k(P)∗)

K2(E)→ ⊕
PǫE

k(P)∗ → S K1(E)→ 0.
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From the resolution (for a smooth curveE - see Quillen (1973)).

0→ K2,E → i∗K2(k(E)) → ⊕
PǫE

(iP)∗k(P)∗ → 0

we thus have an isomorphismS K1(E) ≃ H1(E,K2,E).546

It turns out that even whenE has many components, the scheme
(nE) still satisfiesS K1(nE) ≃ H1(E,K2.nE) by an analogous argument.
Further, there exists a surjectionS K1(Y) → H1(Y,K2,Y) leading to a
diagram

S K1(Y)

��

// H1(Y,K2Y)

��
S K1(nE) ≃ // H1(E,K2,nE)

So we are reduced to consideringϕ : H1(Y,K2,Y) → H1(E,K2,nE) We
state a lemma which is a special case of a result of Bloch (1975), (which
has already been implicitly used to sayS K1(nE) ≃ H1(E,K2,nE); the
casen = 2 is due to Van der Kallen (1971)

Lemma. Let R be a localQ-algebra, Sn =
R[t]
(tn)

, n > 1. Then there is an

exact sequence

0→ Ω1
R/Z → K2(Sn)→ K2(Sn−1)→ 0

This lemma allows us to compute the “derivative” ofϕ. Let Yk[ǫ],
(nE)k[ǫ] denote the products (over Speck) of Y, (nE) respectively with
Spec(k[ǫ]), wherek[ǫ] is the ring of dual numbers (i.e.ǫ2 = 0, ǫ , 0).

Then
H1(Yk[ǫ] ,K2) = H1(Y,K2) ⊕ H1

(

Y,Ω1
Y/Z

)

H1((nE)k[ǫ] ,K2) = H1((nE),K2) ⊕ H1
(

E,Ω1
(nE)/Z

)

Thus the derivative ofϕ is547

dϕ : H1
(

Y,Ω1
Y/Z

)

→ H1
(

E,Ω1
(nE)/Z

)

.
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For any “reasonable” schemeT/k, we have an exact sequence

0→ Ω1
k/Z ⊗k OT → Ω

1
T/Z → Ω

1
T/k → 0

Thus we have a diagram

HO(Y,Ω1
Y/K)

��

// H1(Y,OY) ⊗k Ω
1
k/Z

��

// H1(Y,Ω1
Y/Z)

��

//

H0(E,Ω1
(nE/k))

// H1(E,OnE) ⊗k Ω
1
k/Z

// H1(E,Ω1
(nE)/Z)

//

H1(Y,Ω1
Y/k)

��
H1(E,Ω1

(nE)/k)
// 0

The cohomology groups ofΩ1
y/k,Ω

1
(nE)/k are finite dimensional over

k, while if k is uncountable,Ω1
k/Z has uncountable dimension overk.

Since

H1(Y,OY)→ H1(E,OnE)

is not surjective, we see thatH1
(

Y,Ω1
Y/Z

)

→ H1
(

E,Ω1
(nE)/Z

)

has an un-
countably generated cokernel (in fact the cokernel has uncountable di-
mension overk).

To get global results from the above computations, we letk be an 548

uncountable proper subfield ofCwhich is algebraically closed, such that
X,Y,E are all defined overk. Then there is an embedding ofk-algebras
A ⊂ C whereA = k[t]n

(t), the super-scripth denoting henselisation. Let
YA = Y ×Speck SpecA, etc.; for m ≥ 1 let Am = A/tmA and YAm =

Y ×Speck SpecAm, etc. We prove the following claims:

(i) H1((nE)A,K2)→ H1((nE)Am,K2) is surjective for anym≥ 1

(ii) H1((nE)A,K2) → H1((nE)K ,K2) is injective, whereK = A[1/t]
is the quotient field.
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(iii) coker (H1(YA,K2) → H1((nE)A,K2)) ⊗ Q has uncontable rank
⇒ coker (H1(YK ,K2) → H1((nE)K ,K2)) ⊗ Q has uncountable
rank (here we use the fact thatA0(Y) is finite dimensional, so that
Pg = 0; if q > 0, we use the fact that overC all surfaces with
pg = 0, q > 0 are classified).

(iv) pass fromK toC by a transfer argument (i.e show that

K0(YK, (nE)K) ⊗ Q→ K0(YC, (nE)C) ⊗ Q

is injective).

These steps will show that Ker(K0(Y, nE) → K0(Y)) ⊗ Q has un-
countable rank; we want to get a similar result forF2K0. For this, we
need some information about the boundary map.

∂ : S K1(nE) → K0(Y, nE)

in the long exact sequence. Ifn = 1, andE is smooth, this map has549

relatively simple description. In this case

S K1(E) =

⊕
pǫE

k(P)∗

imageK2(k(E))
.

If
m
∑

i=1
(αi)Pi is a class inS K1(E), let C ⊂ Y be a smooth curve meeting

E transversally atP1, . . . . . . ,Pm and letPm+1, . . . . . . ,Pr be the other
points of intersection which may also be taken to be transverse. Let
αm+1, . . . , αr all equal 1; we can now find a rational functionf on C,
regular at all thePi with f (Pi) = αi. Then

∂
(
∑

(αi)Pi

)

= ( f )CǫF
2K0(Y,E).

Thus∂(S K1(E)) = Ker(F2K0(Y,E)→ F2K0(Y)).
In general, we obtain elements ofS K1(nE) mapping to relative 0-

cycles in a similar way - ifC ⊂ Y is a smooth curve which is not a
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component ofE, andS = C ∩ (nE) as schemes, then we have a dia-
gram of relativeK-theory sequences (see Coombes and Srinivas (1982),
appendix).

K1(C)

��

// K1(S)

��

∂ // K0(C,S)

��

// K0(C)

��
K1(Y) // K1(nE) ∂ // K0(Y, nE) // K0(Y)

whereK1(S) = Γ(S,O∗S) since dimS = 0. The map∂ : K1(S) →
K0(C,S) is as follows; givengǫΓ(S,O∗S), let f be a rational function on
C, which is a unit nearS, such thatf |S= g. Then∂(g) = ( f )CǫK0(C,S).
Thus image (Γ(S,O∗S) → S K1(nE)) gives elements ofS K1(nE) whose 550

boundaries are algebraic cycles.
If we assumen > 1, but E is smooth, then by the lemma of Bloch

mentioned earlier we get a sequence (I is the ideal sheaf ofE on Y)H1
(

E,Ω1
E/Z ⊗

In−1

In

)

→ H1(E,K2,nE) → H1(E,K2,(n−1)E) → 0. If we

choose a curveC as above meetingE transversally, and takegǫΓ
(

S,O∗S
)

such thatg |C∩(n−1)E= 1, then it turns out that the class inS K1(nE)
obtained fromgǫK1(S) in fact lifts to H1

(

E,Ω1
E/Z ⊗ In−1/In

)

. We have

a flasque resolution ofΩ1
E/Z ⊗ In−1/In as follows:

0→ Ω1
E/Z ⊗ In−1/In → i∗Ω1

k(E)/Z ⊗ In−1/In→ ⊕(iP)∗AP→ 0 where

AP =
(

Ω
1
k(E)/Z/Ω

1
O ,P,E/Z

)

⊗ In−1/In.
Thus

H1
(

E,Ω1
E/Z ⊗ In−1/In

)

= (⊕AP)

image
(

Ω
1
k(E)/Z ⊗ In−1/In

)

.

If h is a rational function onY, which is a unit in the semi-local ring
OS,Y, such thath |S= g, and if xǫOS,Y such thatxOS,Y is the ideal ofC
in OS,Y, then

dx
x
⊗ (1− h)ǫ ⊕

PǫS
AP

gives the lift toH1
(

E,Ω1
E/Z ⊗ In−1/In

)

, where we regard 1−h as a local 551
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section ofIn−1/In. Thus to check that∂(S K1(nE)) ⊂ F2K0(Y, nE), we
have to see if groups likeH1(E,Ω1

E/Z ⊗ In−1/In) are generated by such
“logarithmic” principal parts. We could show this using residues for the
quotient groupH1(E,Ω1

E/L ⊗ In−1/In) whereL is any field of definition

of X. Thus if X,Y,E are defined over the fieldQ of algebraic numbers,
we would be done. In general, the argument is complicated by the fact
thatE has many components, andL may not equalQ.

7 NK0 and K−1

For any schemeX/k we define
NK0(X) = coker (K0(X)→ K0(X × A1))K−1(X) = coker

(

K0(Xk[t] ) ⊕ K0(Xk[t−1])→ K0(Xk[t,t−1])
)

If X is regular,NK0(X) = K−1(X) = 0. Murthy had asked for ex-
amples of normal graded ringsA = ⊕An with NK0(A) , 0. (NK0(A) =
NK0(SpecA)). Weibel (1981) showed thatNK0(A) , 0 for the local ring
described in example 6 in the appendix to Nagata’s book “Local rings”;
this is a 2 dimensional normal domain which is analytically ramified.
Swan (see Weibel (1981)) gave some geometric examples in dimension
3. Weibel and Swan also showed that ifA = ⊕

n≥0
An satisfies

NK0(A) = 0, thenK0(A) = K0(A0). Thus Bloch-murthy’s example552
C[x, y, z]

(

z2 + x3 + y7)
hasNK0 , 0.

Now supposeX is a normal quasi-projective surface over an alge-
braically closed fieldk. Let Y→ X be a resolution of singularities such
that the reduced exceptional divisorE has smooth components and nor-
mal crossings.

Conjecture. The following are equivalent:

(i) NK0(X) , 0

(ii) 2 K−1(X) , 0

2The conjecture forK−1 has to be modified; see Srinivas (1999)
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(iii) PicnE→ PicE is not an isomorphism for somen > 1

(iv) H1(E,OnE)→ H1(E,OE) is not an isomorphism for somen > 1

(iii) and (iv) are clearly equivalent. Ifk = C (or more generally,
if L is a field of definition of characteristic 0, andk has transcendence
degree≥ 1 overL) then (iv)⇒ (i) and (iv)⇒ (ii); the details of the proof
will appear elsewhere. Finally, ifX is the affine cone overC ⊂ Pn,
with H1(C,OC(1)) , 0, thenNK0(X) , 0 in any characteristic, 2 (see
Coombes and Srinivas (1982)), giving examples of affine surfacesX in
characterisiticP > 0 such that all vector bundles onX are trivial, while
K0(X × A1) , Z. Lastly, if C ⊂ Pn

k is projectively normal with degC ≥
2g+ 1, g=genusC, andk has characteristic 0 orp ≥ dim H0(C,OC(1)),
thenNK0(X) = 0.
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