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Preface
This collection of the publications of Chidambaram Padmanabhan

Ramanujam and of the several papers, in his memory, by his friends and
colleagues is intended to be a tribute to a distinguished colleague.

C.P. Ramanujam joined the School of Mathematics of the Tata In-
stitute of Fundamental Research as a Research Student in 1957. In his
meteoric career he had done brilliant work in Number Theory and Alge-
braic Geometry. He was, without doubt, one of the outstanding young
Indian mathematicians of the last twenty years. Gifted witha remark-
ably deep and wide mathematical culture, he was at home as much with
abstract Algebraic Geometry as with analytic methods of Number The-
ory. A conversation with him was a rewarding experience for students
and colleagues alike. He passed away, in Bangalore, when he was hardly
37 years old.

I should like to thank all those who contributed papers to this vol-
ume, and in addition Jal R. Choksi, K. Gowrisankaran, Pavaman Murthy,
Raghavan Narasimhan and K. Srinivasacharyulu for their assistance. I
am also grateful to C.P. Rajagopal, brother of Ramanujam, for some
biographical details concerning Ramanujam.

K.G. Ramanathan
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C.P. Ramanujam

By K.G. Ramanathan

Chidambaram Padmanabhan Ramanujam was born in Madras on1

January 9, 1938, as the eldest son of Shri C. Padmanabhan, an advo-
cate in the High Court, Madras. Ramanujam had his primary andsec-
ondary education at Ewart’s School, Madras and later joinedthe Sir M.
Ct. Muthiah Chetty High School at Vepery, Madras. He passed his High
School examination at the early age of 14 in 1952 and joined, as many
talented young students in Madras did, the Loyola College, Madras, for
his Intermediate and then the Mathematics Honours. He passed out of
the Loyola College with the B.A. (Hons.) degree in 1957 with asecond
class which was unusual for a gifted student like him. Duringhis High
School and College days he was interested in Chemistry and Tennis.
He had set up, in his house, a small laboratory in Chemistry and would
perform experiments along with his friend Raghavan Narasimhan, now
at Chicago University. The Laboratory was closed down afterthe ‘in-
evitable’, namely, a small accident.

During his Honours years he came under the guidance of the late
Reverend Fr. C. Racine of the Loyola College with whom he keptup
regular correspondence almost until his (Ramanujam’s) death. He had,
as many students of Fr. Racine’s had, a great regard and respect, border-
ing on affection for Fr. Racine. On Fr. Racine’s suggestion he appliedin
1957 for admission to the School of Mathematics of the Tata Institute of
Fundamental Research at Bombay. In his letter to the Institute recom-
mending Ramanujam, Fr. Racine wrote, “He has certainly originality
of mind and the type of curiosity which is likely to suggest that he will
develop into a good research worker if given sufficient opportunity”.
Ramanujam amply justified Fr. Racine’s estimate of him. Ramanujam,

1



2 K.G. Ramanathan

before he entered the Tata Institute, also came, briefly, under the influ-
ence of the late Professor T. Vijayaraghavan, the eminent mathematician
who was, until 1954, the Director of the Ramanujan Instituteof Math-
ematics at Madras. Ramanujam (and his friend Raghavan Narasimhan2

who also joined the Tata Institute in 1957) displayed a deep knowledge
of Analytic Number Theory even at the time of joining the TataInstitute.

At the Tata Institute he learnt mathematics with an avidity and speed
that was often frightening. He had given expert Colloquium talks and
participated in seminars and displayed within two years of stay, versatil-
ity and depth in mathematics which are rare. Unfortunately however, he
soon found himself in possession of a vast amount of mathematical ex-
pertise which he could not ‘cash in’, by solving problems of importance.
The success of a few others at the Institute led to great frustration and
Ramanujam decided to leave the Institute. He felt, wrongly of course,
that he was inadequate in solving problems in mathematics and that he
would be, perhaps, a better teacher in a university or a college. He began
applying to various colleges and universities in India and it was lucky
for the Tata Institute and Ramanujam that he was not selectedin any of
the places he had applied to.

It was then that he came to work with me and he started with a prob-
lem relating to Lie groups and Differential geometry connected with the
work of C.L. Siegel. Early in 1961 he took up the problem regarding
Diophantine equations especially related to those over algebraic num-
ber fields. The important problem was that raised by C.L. Siegel regard-
ing the generalisation of Waring’s problem to algebraic number fields,
namely, to find ag = g(m) independent of the degree of the algebraic
number field K, so that every totally positive integerv with sufficiently
large norm, which is in the ringJm(K) generated bymth powers of inte-
gers ofK can be written

v = xm
1 + · · · + xm

g

as the sum ofmth powers of totally positive integersxi . At that time
many significant results were being obtained by Davenport and his co-
workers D.J. Lewis and B.J. Birch. Davenport had proved thatevery
cubic form with rational coefficients in at leastg = 32 variables had3
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a non-trivial rational zero. Ramanujam set about the task oftrying to
generalise Davenport’s method to cubic forms over algebraic number
fields by using Siegel’s generalisation of the major and minor arcs of
the Hardy-Littlewood-Ramanujan circle method. In this attempt he suc-
ceeded eminently by first simplifying Siegel’s method and then proving
that every cubic form in 54 variables over any algebraic number field
K had a non-trivial zero over that field. Ramanujam himself knew that
the number 54 could be considerably reduced, even to Davenport’s 29;
but he was not interested in doing this. Recently Ramanujam’s idea of
proof was adapted by Pleasants who showed that Ramanujam’s result
holds withg = 16.

However, Waring’s problem in algebraic number fields was always
at the back of his mind. In the meantime some very interestingresults
had been published. Rose Marie Stemmler had written a thesison the
easier Waring’s problem in algebraic number fields, namely,of express-
ing v ≻ 0 in the formxm

1 ± xm
2 ± · · · ± xm

g . She showed thatg can be
bounded by an integer depending only onm andnot on the degree of
the fieldK providedm is, for instance, a prime number. Birch then used
a generalisation of Hua’s mean value theorem to show that indeed the
method of Stemmler gives Siegel’s conjecture in the casem is a prime
p, and that every totally positive integer of sufficiently large norm, in
Jp(K) is indeed a sum of at most 2p

+ 1 totally positivepth powers. The
extension of this result for arbitrary natural numberm was tied up with
obtaining a local to global theorem as was shown by Birch and Körner.
Ramanujam attacked the general problem of representation of elements
of Jm(A), the ring generated bymth powers of elements of a complete
discrete valuation ringA, as sums of a fixed numbers ofmth powers.
He showed that whateverA might be, 8m5 summands would be enough.
Birch had shown, almost simultaneously, that ifs > 2m

+ 1, then every
integer of sufficiently large norm which is sum ofs, mth powers mod-
ulo all powers of prime ideals, is itself such a sum ofmth powers of
integers inK. The problem raised by Siegel was thus solved. Indepen-
dently, at about the same time, Birch also solved thisp-adic problem by 4

an entirely different method.
Ramanujam was promoted as Associate Professor for his brilliant
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work on Number Theory. He protested very strongly against this but was
prevailed upon by friends and colleagues to accept the position. This
promotion, besides being deserved in his case, also showed,as was the
intention of the School of Mathematics, that promotion to any position
in the Institute was possible on just brilliant accomplishments. He wrote
his thesis in 1966 and early in 1967 he took his Doctoral examination
at which Carl. L. Siegel was one of the examiners. Siegel verygreatly
appreciated not only Ramanujam’s knowledge in Number Theory but
also his general mathematical culture especially in Analysis.

Ramanujam had attended during the first few years of his stay at the
Institute a large number of courses of lectures by visiting Professors.
He wrote the notes of Lectures of Max Deuring during 1958–59 on “the
theory of algebraic functions of one variable” and in 1964–65 of the
lectures of I.R. Shafarevich on “minimal models and birational transfor-
mations of two dimensional schemes”. Professor Shafarevich was very
appreciative of Ramanujam’s contributions to the Lecture notes. He
wrote, “I want to thank him (Ramanujam) for the splendid job he has
done. He not only corrected several mistakes but also complemented
proofs of many results that were only stated in oral exposition. To men-
tion some of them, he has written the proofs of the Castelnuovo theorem
... of the chain condition ..., the example of Nagata of a non-projective
surface ... and the proof of Zariski’s theorem ...”. In the case of Mum-
ford’s lectures on Abelian Varieties which he gave in 1968 atthe Tata
Institute, Mumford wrote, “...these lectures were subsequently written
up, and improved in many ways, by C.P. Ramanujam. The presenttext
is the result of a joint effort”, and further, “... C.P. Ramanujam contin-
uing my lectures at the Tata Institute lectured on and wrote up notes on
Tate’s theorem on homomorphisms between abelian varietiesover finite
fields”.

The contacts with Shafarevich and Mumford led him on to Algebraic5

Geometry and his progress and deep understanding in this field was phe-
nomenal. Of his work in Algebraic Geometry, Mumford has written an
excellent account which also is included in this volume. Hisinfluence
on the members of the School of Mathematics was indeed very great. He
was a source of inspiration and of ideas to the members of the School
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of Mathematics. He used to hold seminars on Commutative Algebra
and on aspects of Algebraic Geometry. To talk to him on mathemat-
ics, especially Algebraic Geometry, was to get one’s ideas clarified and
sometimes get one’s problems solved. He was very generous ingiving
his ideas, especially to the younger members of the School.

In 1964 he participated in the International Colloquium on Differen-
tial Analysis at the Institute and in 1968, the International Colloquium
on Algebraic Geometry at which Grothendieck and Mumford, among
others, greatly admired Ramanujam’s knowledge and virtuosity. Both
of them became fast friends and admirers of his and invited him to Paris
and Harvard.

It was in 1964 that he had the first of the many attacks of the cruel
malady that was ultimately to take his life. The ailment was diagnosed
by the medical officer to be “Schizophrenia with severe depression”.
This depression made him feel that he was “inadequate” for mathemat-
ical research and he therefore decided to take a position in aUniversity.
In July 1965 he was offered a Professorship, with tenure, at the Panjab
University in Chandigarh. However, he went there only for a year. He
was immensely liked by colleagues and students there, but the illness
struck him again and amidst tragic circumstances he had to cut short
his stay there after about 8 months. Shortly after he rejoined the Tata
Institute in June 1965, he received an invitation from the Institut des
Hautes Etudes Scientifiques, Paris, to spend six months there. The Tata
Institute deputed him to Bures-Sur-Yvette with full salarybut again he
returned before the projected period of stay was over, sincethe cruel
illness struck him. I still remember his telephoning to me after arrival at
Bombay airport—sans his baggage—saying that he would writeto me 6

about his ‘whereabouts in a few days’. Such bouts with his unfortunate
illness continued throughout his short life. In February 1970, he wrote
to the Director of the Institute, “due to personal reasons, Ihave to leave
the Institute immediately. Please accept this letter of resignation”. The
Director, rightly, refused to accept the resignation and wrote that “in
his disturbed state of mind the above cannot be treated straightaway as
meaningful”. However, he later resigned from the Instituteand went for
some time to Warwick University, at the instance of Mumford during
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the Algebraic Geometry year there. He also visited Italy forsome time
and made many friends there. When he came back, he was requested
to accept a Professorship at the Tata Institute of Fundamental Research
but stay at Bangalore where the Institute had just started the programme
in applications of mathematics. He lectured there on Analysis regularly
and won great respect from the students as well as from many members
of the Indian Institute of Science.

During the years he stayed at the Institute he had the attacksof his
cruel illness several times. At those times, he resolved to take his life
and it appears that once hedid make a serious effort to end his life but
the attempt was discovered and he was treated promptly. Due to great
frustration he again decided to leave Bangalore and sever his connexion
with the Tata Institute and had written several letters to meabout it.
He was recommended to the Indian Institute for Advanced Studies at
Simla for a permanent Professorship. He died on October 27, 1974,
after taking an overdose of barbiturates, before the offer was made by
that Institute.

During his Bangalore days he became increasingly interested in mys-
ticism and especially in ‘miracles’ which were being talkedabout in
Bangalore at that time. He had many discussions with me aboutthese
‘miracles’ and he said that he would investigate the truth about these
miracles. He wanted to do this, both because of his intense curiosity
and also because he was interested in finding out whether his malady
could be cured through these methods. He was becoming somewhat7

‘religious-minded’ and began also chanting sacred hymns.
Ramanujam was intensely human in his relations with others and

honest to a fault both in mathematics and in his dealings withfellow
mathematicians and students—qualities that are rare, moreso now-a-
days. He was modest and self-effacing. In mathematics he had very
high standards, though he would not make caustic remarks about the
work of others especially if it concerned a young man who was trying
to come up. He would always, as he told me many a time, think about
himself and his own work, which curiously enough, he felt, was incom-
mensurate with his position at the Institute. However, whenit came to
promotions he applied very strict standards. He was an understanding
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colleague, warm-hearted, and an evening with him could be rewarding
mathematically and socially. He liked high class classicalIndian music
and loved books. Buying books, mostly on mathematics but sometimes
on art, mysticism etc., especially first editions or rare books became
an obsession with him. His enormous private library of mathematical
books was bought by the Tata Institute of Fundamental Research.

Ramanujam was a very good lecturer and loved his students. His
colleagues and friends loved him and got great benefit in mathemat-
ics from discussion with him. He was elected Fellow of the Indian
Academy of Sciences in 1973. In his death the country in general, and
the Tata Institute in particular, has lost an outstanding mathematician, a
warm colleague and a great human being. He is mourned by one and
all.





The work of C.P. Ramanujam in Algebraic
Geometry

By D. Mumford

It was a stimulating experience to know and collaborate withC.P. 8

Ramanujam. He loved mathematics and he was always ready to take up
a new thread or to pursue an old one with infectious enthusiasm. He
was equally ready to discuss a problem with a first year student or a
colleague, to work through an elementary point or to puzzle over a deep
problem. On the other hand, he had very high standards. He felt the
spirit of mathematics demanded of him not merely routine developments
but theright theorem on any given topic. He wanted mathematics to be
beautiful and to be clear and simple. He was sometimes tormented by
the difficulty of these high standards, but, in retrospect, it is clear to us
how often he succeeded in adding to our knowledge, results both new,
beautiful and with a genuinely original stamp.

Our lives and researches intertwined considerably. I first met him
in Bombay in 1967–68, when he took notes on my course in Abelian
Varieties and we worked jointly on refining and understanding better
many points related to this theory. Later, in 1970–71, we were together
in Warwick where he ran seminars on étale cohomology and on classifi-
cation of surfaces. His excitement and enthusiasm was one ofthe main
factors that made that “Algebraic Geometry year” a success.We dis-
cussed many topics involving topology and algebraic geometry at that
time, and especially Kodaira’s Vanishing Theorem. My wife and I spent
many evenings together with him, talking about life, religion and cus-
toms both in India and the West and we looked forward to a warm and
continuing friendship. His premature death was a great shock to all who
knew him. I will always miss his companionship and collaboration in

9



10 D. Mumford

the enterprise of mathematics.
I will give a short survey of his contributions to algebraic geome-

try. Perhaps his most perfect piece of work is his proof that asmooth
affine complex surfaceX, which is contractableand simply connected9

at∞, is isomorphic to the planeC2. The proof of this is not simple and
uses many techniques; in particular, it shows how well he knew his way
about in the classical geometry of surfaces! What is equallyastonishing
is his very striking counter-example showing that the hypothesis “sim-
ply connected at∞” cannot be dropped. The position of this striking
example in a general theory of 4-manifolds and particularlyin a general
theory of the topology of algebraic surfaces is yet to be understood. As
mentioned above, the Kodaira Vanishing Theorem was an enduring in-
terest of his. Both of us were particularly fascinated by this “deus ex
machina”, an intrusion of analytic tools (i.e. harmonic forms) to prove
a purely algebraic theorem. His two notes on this subject went a long
way to clarifying this theorem:

(a) he proves it by merely topological, not analytic, techniques and

(b) he finds a really satisfactory definitive extension of thetheorem to a
large class of non-ample divisors on surfaces.

This second point is absolutely essential for many applications and was
used immediately and effectively by Bombieri in his work on the pluri-
canonical system|nK| for surfaces of general type. His result is that if
D is a divisor onX, such that (D2) > 0 and (D.C) ≥ 0 for all effective
curvesC, thenH1(X,O(−D)) = (0).

His earliest paper, on automorphisms group of varieties, isa defini-
tive analysis of the way this group inherits an algebraic structure from
the variety itself. This work employs the techniques of functors, e.g.,
families of automorphisms developed by Gröthendieck at about the same
time. His paper “On a certain purity theorem” addresses itself to a ques-
tion of Lang that puzzled almost all algebraic geometers at that time:
given a proper surjective morphism f: X → Y between smooth vari-
eties, is the set

{

y ∈ Y | f −1(Y) singular
}
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of codimension1 in Y? Here he provides a topologico-algebraic analy-
sis of one good case where it is true, and describes a counter example
to the general case worked out jointly with me. We again see his fasci-
nation with the interactions between purely topological techniques and
algebro-geometric ones.

This interest comes out again in his joint paper with Le Dung-Trang, 10

whose Main Result is described in the title: “The invarianceof Milnor’s
number implies the invariance of the topological type”. Here they are
concerned with a family of hypersurfaces inCn+1 : Ft(z0, . . . , zn) =
0, with isolated singularities at the origin, whose coefficients areC∞

functions oft ∈ [0, 1]. They show that when Milnor’s numberµt, giving
the number of vanishing cycles at the origin, is independentof t, then if
n , 2, the germs of the mapsFt : Cn+1 → C near 0 are independent of
t, up to homeomorphism (ifn = 2, they get a slightly weaker result). A
beautiful and intriguing corollary is that the Artin local ring

C[[z0, . . . , zn]]/

(

F,
∂F
∂z0
, . . . ,

∂F
∂zn

)

already determines the topology of the mapF near 0.
Finally, his paper “On a geometric interpretation of multiplicity”

proves essentially the following elegant theorem:If Y ⊂ X is a closed
subscheme defined by IY ⊂ OX, which blows up to a divisor E⊂ X′,
then

(−1)n−1(En)
n!

=

















leading coefficient of the polynomial

P(k) = X
(

Ox/I
k
Y

)

, k≫ 0

















.

In addition to these published papers, Ramanujam made many con-
tributions to my book “Abelian Varieties”, while writing upnotes from
my lectures. Reprinted here is the Appendix by him on Tate’s Theorem
on abelian varieties over finite fields; and the following extraordinary
theorem: It had been proven by Weil that ifX is a projective variety
andm : X × X → X is a morphism, then ifm makesX into a group,
m must satisfy the commutative law too. Ramanujam proved thatif m
merely possessed a 2-sided identity (m(x, e) = m(e, x) = x), thenmmust
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also have an inverse and satisfy the associative law, hence makeX into
a group!



A Note on C.P. Ramanujam

By S. Ramanan

For sheer elegance and economy, I have come across few mathe-11

maticians who were C.P. Ramanujam’s equal. He made so many re-
marks which clarified and threw light on different branches of mathe-
matics that personally I derived immense mathematical pleasure in his
company. I list below three of his unpublished mathematicalcomments
which exemplify his mathematical style.

1. Any two points of an irreducible variety can be connected by an ir-
reducible curve. To prove this one notices that by Chow’s lemma,
one may assume that the variety in question is projective. Then
one could blow up the two points and in any projective imbedding
of this blow-up, take a generic hyperplane section which is irre-
ducible of lower dimension. Since this hyperplane meets thetwo
exceptional divisors, the problem reduces to one of lower dimen-
sion and hence proves the assertion by induction.

2. In the early days of algebraicK-theory, M.P. Murthy asked me if
I could think of any example to show thatS L(2, A)→ S L(2, A/p)
need not be surjective. I suggested that as a universal example
(for C-algebras), one should takeA = C[X, Y, Z, T ], p = the prin-
cipal ideal generated byXY − ZT and try to show that

(

X̄
Z̄

T̄
Ȳ

)

in
S L(2, A/p) cannot be in the image of an element inS L(2, A). Ra-
manujam, who was around, immediately came up with the fol-
lowing proof unbeatable for its beauty and simplicity.

Let

(

f k
h g

)

be the unimodular matrix overA reducing to
(

X̄
Z̄

T̄
Ȳ

)

.

13
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Then the mapM(2,C)→ S L(2,C) given by
(

x t
z y

)

7→

(

f (x, y, z, t) k(x, y, z, t)
h(x, y, z, t) g(x, y, z, t)

)

is easily seen to be a retraction, which is impossible sinceM(2,C)12

is contractible, andS L(2,C) is homotopically equivalent to the
three dimensional sphere.

3. In our study of the moduli of stable vector bundles with trivial
determinant over a projective nonsingular curve of genus 2,M.S.
Narasimhan and I came upon the following question: IfX is a
3-dimensional projective nonsingular curve, andY ⊂ X an ample
divisor isomorphic toP2 with X − Y simply connected, can one
conclude thatX is isomorphic toP3? Ramanujam’s solution of
this problem follows.

Theorem. Let X be a projective, nonsingular variety of dimension
n ≥ 3 and Y � Pn−1 a closed subvariety of X of codimension 1,
with X − Y affine and H1(X − Y, Z) torsion free. Then X � Pn.

Proof. By Lefschetz, valid even under the assumptionX−Y affine,
Hi(Y)→ Hi(X) is an isomorphism fori ≤ n − 2 and surjective for
i = n − 1. Now if n is even,Hn−1(Y) = 0, while if n is odd,
Hn−1(Y) � Z and rankHn−1(X) is clearly≥ 1, so that in any case,
Hi(Y)→ Hi(X) is an isomorphism fori ≤ n − 1. By the universal
coefficient theorem, so isHi(X) → Hi(Y), i ≤ n − 1. In partic-
ular, H1(X) = 0,H2(X) = Z and H1(X,OX) = H2(X,OX) = 0.
Thus we obtainH1(X,O∗X) � H2(X, Z) ≈ Z and thatH1(X,O∗X)→
H1(Y,O∗Y) is an isomorphism.

We wish to show that the line bundleL = LY defined by the di-
visor Y generatesH1(X,O∗X), or what is the same, the Poincaré
dual of the class inH2n−2(X) defined byY generatesH2(X, Z).
SinceH2n−2(Y) → H2n−2(X) is clearly nontrivial andH2n−2(X) �
H2(X) � Z, it is enough to show thatH2n−2(X, Y) has no tor-
sion. But this follows from the assumption thatH1(X − Y) �
H2n−1(X, Y) has no torsion.
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Now L/Y generatesH1(Y,O∗Y). Let f be a nonconstant rational
function, regular onX − Y and having a pole of orderr alongY.
If σ is the canonical section ofL, then fσr|Y is a nonzero section
of Lr |Y and henceL|Y cannot be negative. ThusL|Y is ample.

For anyp ∈ Z, consider the exact sequence 13

0→ Lp−1 ⊗σ−−→ Lp|Y → 0.

One deduces, by induction from the cohomology exact sequence,
that

(i) for p ≥ 0,H1(X, Lp) = 0 and hence

(ii) for p ≥ 1,

0→ H0(X, Lp−1)→ H0(X, Lp)→ H0(Y, Lp)→ 0

is exact. Thus in the graded algebraA =
∑

p≥0
H0(X, Lp) there

is an elementσ of degree 1 which is not a zero divisor such
thatA/σ is a polynomial algebra in (n − 1) variables. From
this it is easy to conclude thatA itself is a polynomial alge-
bra in n variables. Thus for somed > 0, Ld is very ample
and the homogeneous coordinate ring ofX for the projective
imbedding given byLd is the same as that forPn for thed-
fold Segre imbedding. HenceX � Pn, is itself very ample
andY is a hyperplane.

�
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Davenport has proved [3] that any cubic form in 32 or more variables 21

with rational coefficients has a non-trivial rational zero. He has also
announced that he has subsequently been able to reduce the number of
variables to 29. Following the method of [3], we shall prove that any
cubic form over any algebraic number field has a non-trivial zero in that
field, provided that the number of variables is at least 54. The following
is the precise form of our result.

Theorem.Let K be any algebraic number field and let CpXq “ CpX1, . . . ,Xmq
be any homogeneous cubic form with coefficients in K. If the number m
of variables is greater than53, there exist X01, . . . ,X

0
m in K, not all zero,

such that CpX0q “ CpX0
1, . . . ,X

0
mq “ 0.

Throughout this paper, we shall use the following notations:
Γ,R andC denote the fields of rational, real and complex numbers

respectively.
K is a finite algebraic extension ofΓ of degreen.
Z ando are the rings of integers ofΓ andK respectively, andd the

different ideal ofK overΓ.
ω1, . . . , ωn is a basis ofo overZ, andρ1, . . . , ρn the dual basis ofd´1

overZ, determined uniquely by the conditionsSpωiρ jq “ δi j , whereS
denotes the trace overΓ.

21
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KR is then-dimensional commutative algebraR bΓ K over R; we
identify an elementx of K with the element 1b x of KR; thenω1, . . . , ωn

form a basis ofKR overR, and for anyy in KR, we writey “
ř

yiωi. For
anyy P KR,Spyq andNpyq will denote the trace and norm respectively
of y overR. By a boxB “ Bpa1, b1, . . . , an, bnq in KR, where theai , bi

are real numbers with 0ă bi ´ ai ď 1, we shall mean the set ofy in KR

with ai ď yi ă bipi “ 1, . . . , nq. B0 will denote the set ofy in KR with
´1 ď yi ă 1.

pKRqm will denote themth Cartesian power ofKR, considered as an
mn-dimensional vector space overR. A box B in pKRqm is the Carte-

sian product
m
ś

i“1
Bi of boxesBi in KR; similarly, B0 will denotepB0qm.22

Unless otherwise stated, all summations will be over ‘integral’ vectors
X “ pX1, . . . ,Xmq of pKRqm,Xi P a, which are subject to the conditions
stated either under the summation sign or immediately after.

For real values ofx, epxq will denotee2πix as usual and||x|| the dis-
tance ofx from the nearest integer. We shall use theO, o, notation of
Landau-Bachmann as well as theÎ notation of Vinogradoff, whichever
is more convenient. The parameters on which the constants involved in
these notations depend will be explicitly mentioned, if notclear from
the context.

1 General cubic exponential sums

Since the estimations of this and the next sections are straightforward
extensions of those of the corresponding §§ 3 and 4 of [3], we shall
only state the results or give brief sketches of the proofs, referring to [3]
for details.

Let

ΓpXq “
m
ÿ

i, j,k“1

γi jk XiX jXk

be a cubic form with coefficients inKR which are symmetric in all three
indices. We associate to this cubic form the bilinear formsB jpX,Yqp j “
1, . . . ,mq on pKRqm with values inKR and the bilinear formsλ jppX,Yq
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p j “ 1, . . . ,m; p “ 1, . . . , nq on pKRqm with values inRby means of the
equations

B jpX,Yq “
ÿ

i,k

γi jk XiYk “
n
ÿ

p“1

λ jppX,Yqρp.

For a boxB in pKRqm and a realP ą 1, we set

S “ SpP,Bq “
ÿ

XPPB

epSpΓpXqqq.

Throughout this section, the constant implied by the signÎ will depend
only onmandn, and will in particular be independent of the coefficients
of ΓpXq.

LEMMA 1.1.

|S|4 Î Pmn
ÿ

X,YPPB0

m
ź

j“1

n
ź

p“1

min
`

P, ||6λ j,ppX,Yq||´1
˘

.

This is proved by following the first step of Weyl’s method of esti-
mating trigonometrical sums in one variable, exactly like Lemma 3.1 of
[3].

The above lemma remains valid even ifΓpXq contains quadratic and
linear terms, as the proof of the lemma shows. This remark will be
useful to us later.

We now find conditions under which the inequality

|S| ą Ppm´κqn (1)

will be valid, where 0ă κ ă m.

LEMMA 1.2. Suppose (1) holds and let N denote the number of distinct
pairs of integral points X,Y satisfying

X,Y P PB0, ||6λ jppX,Yq|| ă P´1;

then NÏ Pp2m´4κqnplog Pq´mn.
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Proof. If txu denotes the fractional part ofx for real x, and r jpp j “
1, . . . ,m; p “ 1, . . . , nq are integers satisfying 0ď r jp ď P, the simulta-
neous inequalities

P´1r jp ď
 

6λ jppX,Yq
(

ă P´1pr jp ` 1q

cannot hold for more thanNpXq integer points,Y lying in any fixed23

box with edges not exceedingP in length, whereNpXq denotes for any
X P PB0 the number ofY satisfying the inequalities stated in the lemma.
SincePB0 can be subdivided into 2mn such boxes, we obtain

ÿ

YPPB0

m
ź

j“1

n
ź

p“1

min
`

P, ||6λ jppX,Yq||´1
˘

Î NpXq
ź

j,p

P´1
ÿ

r j,p“0

min

ˆ

P,
P

r jp
,

P
P ´ r jp ´ 1

˙

Î NpXqpP log Pqmn;

summing over allX P PB0 and applying Lemma 1.1, we get the esti-
mate forN. �

LEMMA 1.3. Suppose (1) holds, and let0 ă θ ă 1. Let N2 denote the
distinct pairs of integer points X,Y satisfying

X,Y P PθB0, ||6λ jppX,Yq|| ă P´3`2θ.

Then N2 Ï
`

P2mθ´4κplog Pq´m
˘n
.

Proof. For fixedX andYi “
n
ř

q“1
Yiqωq, we have

6λ jppX,Yq “ 6S
`

B jpX,Yqωp
˘

“ 6
ÿ

k,q

S

˜

ÿ

i

γi jk Xiωpωq

¸

Yk,q,

which shows that the coefficient ofYk,q in 6λ jp is equal to the coefficient
of Yjp in 6λk,q. Thus we may apply Lemma 3.3 of [3] to the forms inY
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obtained by substituting a fixed value ofX in 6λ jppX,Yq, and similarly
also to the forms inX obtained by fixingY.

Fixing X in PB0 and applying the aforementioned lemma to the
forms 6λ jppX,Yq in Y with A “ P,Z1 “ P´1`θ,Z2 “ 1, and summing
over all integralX in PB0, we find that the numberN1 of distinct pairs
of integral pointsX,Y satisfying

X P PB0, Y P PθB0, ||6λ jppX,Yq|| ă P´2`θ

is Ï Ppm`mθ´4κqnplog Pqmn, by Lemma 1.2. Another application of
the lemma to the forms inX obtained by fixingY P PθB0 with A “
P

1
2p3´θq,

Z1 “ P´ 3
2p1´θq,Z2 “ P´ 1

2p1´θq, and summation overY, gives the re-
sult. �

LEMMA 1.4. Let Y be a set of at least T distinct integer points Y in
Km, with Y P yB0. Suppose there are at most r points ofY linearly
independent over K. Then

T ď Ayrn,

where A depends only on m and n.
Further, if W is a positive integer with1 ă W ď T, there exist W

distinct points Yp1q, . . . ,YpWq in Y such that

Yp1q ´ Ypwq P ByW1{rnT´1{rn
B0 pw “ 1, . . . ,Wq,

where B is again a constant depending only on m and n.

Proof. Lemma 3.5 of [3] is our lemma in the special caseK “ Γ. Our
lemma clearly reduces to this special case if we identifyKm with Γmn

by means of the basisω1, . . . , ωn, and notice that if there are at mostr
independent points inY overK, there are at mostrn independent points
overΓ. �

Definition . Let m, n, r, κ, θp0 ă θ ă 1q, δpą 0q, be given with mθ ą 24

4κ. For P ą 1, define r to be the greatest positive integer with the
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property that there exists a non-zero integer point X and r integer points
Yp1q, . . . ,Yprq independent over K such that

X P PθB0, Ypsq P PθB0, ||6λ jppX,Ypsqq|| ă P´3`2θ`δ

for s “ 1, . . . , r.

Note that under assumption (1) and forP large, r ě 1 by Lemma
1.3.

LEMMA 1.5. Suppose that

0 ă ξ ď θ, 0 ă η ď θ, 0 ă B ď P´3`2θ`δ

and thatλ andǫ are positive satisfying

λ ą mξ, λ ą rη.

Then there exists a P0 “ P0pm, n, ξ, η, θ, δ, λ, ǫq, such that if Pą P0 and
there are more than Ppλ`ǫqn distinct pairs of integer points X,Y, neither
zero, satisfying

X P PξB0, Y P PηB0, ||6λ jppX,Yq|| ă B, (2)

then λ ` ǫ ď mξ ` rη,

and there are more than Pmnξ distinct pairs of integer points X,Y neither
zero, with

X P PξB0, Y P Pη´pλ´mξq{r
B0, ||6λ jppX,Yq|| ă 2B.

Proof. For eachX ‰ 0, letTpXq denote the number ofY ‰ 0 satisfying
(2). Because of the assumptions onξ, η and B, we can apply the first
part of Lemma 1.4 to deduce that

TpXq ď APrnη;

since by assumption
ÿ

XPPξB0
X‰0

TpXq ě Ppλ`ǫqn
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We deduce thatPnpλ`ǫq´mnξ´rnη ď A, which shows thatλ`ǫ ď mξ` rη
unlessP is small (the smallness as made precise in the statement of the
lemma).

For s “ 0, 1, 2, . . . , let Xs denotes the number of integer pointsX ‰
0,X P PξB0, for which

APrnη2´ś 1 ď TpXq ă APrnη2´s.

It is clearly sufficient to takeÎ logP values ofs to include allX for
which TpXq ‰ 0. Since we have

APrnη
ÿ

s

2´sXs ą Ppλ`ǫqn,

there exists at least ones for which

Prnη2´sXs ě A1Ppλ`ǫqnplog Pq´1,

A1 being a constant dependent only onmandn. For thiss, andρ defined
by the equationPρ “ Prnη´ 1

2ǫn2´s, we have

Xs ě A2pm, n, ǫqPλn´ρ` 1
3ǫn,

and sinceXs Î Pmn trivially, it follows that ρ ą λn ´ mnξ ` 1
4ǫn unless

P is small.
AssumingP large enough, we now haveXs integer pointsX ‰ 0 to 25

each of which there correspondTpXq integer pointsY ‰ 0 such that (2)
is satisfied. We apply to the set of pointsY corresponding to a particular
X the second part of Lemma 1.4 with

y “ Pη, T “ TpXq ě 1
2APρ` 1

2ǫn, W “ rPρ´λn`mnǫs ` 1.

The condition 1ă W ă TpXq is satisfied since 0ă npλ ´ mξq ă ρ.
We thus deduce that to each of theXs points there correspondW distinct
pointsYp1q, . . . ,YpWq with

Yp1q ´ Ypwq P B1PηPpρ´λn`mnξq{rnP´pρ` 1
2 ǫnqrn

B0 “ B1Pη´pλ´mξq{r´ 1
2 ǫrB0,
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whereB1 is a constant depending only onmandn. DenotingYp1q´Ypwq

by Y1pwq, we see that to each of theXs points there correspondW ´ 1
distinct integer pointsY ‰ 0 satisfying

Y P Pη´tpλ´mξq{ru
B0, ||6λ jppX,Yq|| ă 2B,

if P is large enough. All the resulting pairs satisfy the condition of our
lemma, and their number is

pW ´ 1qXs ě 1
2A2Pρ´λn`mnξPλn´ρ` 1

3ǫn ě Pmnξ

if P is large. �

The lemma is thus proved.

LEMMA 1.6. Let m, κ, θp0 ă θ ă 1q andδpą 0q be fixed independently
of P and suppose that mθ ą 4κ and that (1) holds. Then there exists a
P1 depending only on m, n, θ, κ andδ such that for Pě P1, we have

r ě m´ 2κ{θ.

Proof. The proof simply consists of repeated applications of the previ-
ous lemma, though the details are complicated.

We define several sequences of numbers depending onm, n, κ, θ and
δ and on certain positive parametersǫ0, ǫ1, . . . , which will later be fixed
in termsm, n, κ, θ andδ, as follows:

ξ0 “ θ, η0 “ θ, B0 “ P´3`2θ, λ0 “ 2mθ ´ 4κ ´ 2ǫ0,

ξq`1 “ ηq ´
pλq ´ mξqq

r
, ηq`1 “ ξq, Bq`1 “ 2Bq, λq`1 “

“ mξq ´ ǫq`1,

,

/

/

/

.

/

/

/

-

(3)

for q ě 0.
On substituting forηq andλq in the expression forξq`1 whenq ě 1,

we obtain

ξq`1 “ ξq´1 ´
pmξq´1 ´ ǫq ´ mξqq

r
,
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ξq ´ ξq`1 “ ωpξq´1 ´ ξqq ´ 1
r ǫq,

whereω “ m{r ´ 1, and hence by induction,

ξq ´ ξq`1 “ ωqpξ0 ´ ξ1q ´ 1
r

q
ÿ

t“1

ǫtω
q´t pq ě 1q.

Summation gives

ξ0 ´ ξq`1 “ pξ0 ´ ξ1q

q
ÿ

s“0

ωq ´ 1
r

q
ÿ

s“0

q
ÿ

t“1

ǫtω
ś t.

Now assume contrary to the required conclusion thatr ă m´ 2κ{θ.
Sincer is an integer, it follows thatm´ 2κ{θ ´ r must be greater than a
positive number depending only onm, κ andθ. We shall show that there26

exist φpm, n, θ, κq ą 0 and an integerQ “ Qpm, n, θ, κq such that for
ǫ0 ă φpm, n, θ, κq we have

ξ0 ´ ξ1 ą
mθ ´ 4κ

2m

and ξ0 ă pξ0 ´ ξ1q
Q
ÿ

s“0

ωs.

The first is clearly ensured ifǫ0 ă pmθ ´ 4κq{2m. It follows that if
ω ě 1, we can ensure the second by takingQ ` 1 ą 2mθ{pmθ ´ 4κq.
Hence assumeω ă 1, that is,

ω ď 1 ´ 1{m.

Sinceξ0 ´ ξ1 is bounded above by 2, it is clearly enough to show that if
ǫ0 is small enough,

ξ0 ă pξ0 ´ ξ1q
8
ÿ

s“0

ωs “ p1 ´ ωq´1pξ0 ´ ξ1q,

i.e. θ ă
r

2r ´ m

pmθ ´ 4κ ´ 2ǫ0q

r
“

mθ ´ 4κ ´ 2ǫ0
2r ´ m

,
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i.e. 2r ă 2m´
3κ
θ

´
2ǫ0
θ
,

which holds ifǫ0 is less thanθpm´2κ{θ´ rq, and hence ifǫ0 is less than
φ1pm, n, κ, θq. It follows easily that forǫ0 ă φ1pm, n, κ, θq, we have

ξ0 ă pξ0 ´ ξ1q
Q
ÿ

s“0

ωs ` µpm, n, κ, θq,

whereµpm, n, κ, θq ą 0. Hence it follows that there exists a

ψpm, n, κ, θq ą 0

such that ifǫi ă ψpm, n, κ, θq for i “ 0, . . . ,Q we have

ξ0 ă pξ0 ´ ξ1q
Q
ÿ

s“0

ωs ´ 1
r

Q
ÿ

s“0

s
ÿ

t“1

ǫtω
ś t “ ξ0 ´ ξQ`1,

ξQ`1 ă 0.

We shall now chooseǫi suitably depending only onm, n, θ, κ andδ
to show that if the above inequality holds,P must be bounded above by
a function of these parameters.

For everyq ď Q, we wish to chooseǫ0, . . . , ǫq with ǫi ă ψpm, n, κ, θq
andPqpm, n, κ, θ, δq such that the following conditions hold:

ξs ą 0, ξs ´ ξs̀ 1 ą 0, λs ą mξs, λs ą rηs ps “ 0, . . . , qq,

and if P ą Pq, the inequalities

X P PξsB0, Y P PηsB0, ||6λ jppX,Yq|| ă Bs

have at leastPnpλs`ǫsq pairs of solutions withX,Y ‰ 0.
For q “ 0, chooseǫ0 “ 1

2ψpm, n, κ, θq. It follows from our previ-
ous considerations that the first set of conditions hold. Also by Lemma
1.3, the second set of inequalities hasÏ

`

P2mθ´4κplog Pq´m
˘n

solutions.27

Since the number of solutions withX “ 0 or Y “ 0 is Î Pmnθ and
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mnθ ă 2mnθ´ 4κn, we deduce that ifP ą P0pm, n, κ, θq, the number of
solutions withX ‰ 0,Y ‰ 0 is ě pP2mθ´4κ´ǫ0qn “ Pnpλ0`ǫ0q.

Suppose we have now chosenǫ0, . . . , ǫq andPq depending only on
m, n, κ andθ satisfying our conditions. Applying Lemma 1.5 to the sec-
ond set of inequalities withs “ q, we deduce that if

P ą maxpPq,P0pm, n, ξq, ηq, θ, δ, λq, ǫqqq “ Pq`1pm, n, θ, δ, κq

we have λq ` ǫq ď mξq ` rηq,

and that the number of pairsX,Y with X ‰ 0,Y ‰ 0 satisfying

X P PξqB0, Y P Pηq´pλq´mξqq{r , ||6λ jppX,Yq|| ă Bq`1

is greater thanPmnξq “ Pnpλq`1`ǫq`1q. Sinceλ jppX,Yq “ λ jppY,Xq we
may inter-changeX andY in the above set of inequalities to deduce that
the second set of conditions are satisfied fors “ q ` 1. As to the first
set, we have

ξq`1 “ ηq ´
pλq ´ mξqq

r
ą 0,

ξq`1 ´ ξq`2 “ ωpξq ´ ξq`1q ´
1
r
ǫq`1 ą 0,

if ǫq`1 ă ωpξq ´ ξq`1q, and since the right-hand side depends only on
m, n, κ, θ, δ, if ǫq`1 ă ψq`1pm, n, κ, θ, δq. Also

λq`1 ´ mξq`1 “ mpξq ´ ξq`1q ´ ǫq`1 ą 0

again ifǫq`1 ă ψ1
q`1pm, n, κ, θ, δq; and finally,

λq`1 ´ rηq`1 “ pm´ rqξq ´ ǫq`1 ą 0,

if ǫq`1 ă ψ2
q`1pm, n, κ, θ, δq. Thus if we choose

ǫq`1 “ 1
2 minpψq`1, ψ

1
q`1, ψ

2
q`1q,

all our conditions are satisfied and our induction is complete.
Thus we obtain fors “ Q ` 1 that ξQ`1 ą 0 unlessP ă PQ`1

pm, n, κ, θ, δq and since we have already shown thatξQ`1 ă 0 (and since
Q depends only onm, n, κ, θ, δ) we deduce that ifr ă m´ 2κ{θ,P must
necessarily be bounded by a function ofm, n, κ, θ andδ. The proof of
the lemma is complete. �
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2 Two particular types of exponential sums

Let

CpXq “ CpX1, . . . ,Xmq “
m
ÿ

i, j,k“1

ci jk XiX jXk

be a cubic form with coefficients which are integers ofK, symmetric
in all three indices.We shall assume throughout this section that CpXq
does not represent zero non-trivially; that is, that X“ p0, . . . , 0q is the
only solution of CpXq “ 0 in K.

The cubic form CpXq is said to represent the cubic form
C1pUq “ C1pU1, . . . ,Usq in the s variablesU1, . . . ,Us if there exists
a linear transformation

Xi “
s
ÿ

t“1

pitUt, pit P o pi “ 1, . . . ,m; t “ 1, . . . , sq,

of rank s which transformsCpXq into C1pUq. It follows that we must
haves ď m. We shall say thatCpXq splits with remainder rif it repre-
sents a form inr ` 1 variables of the type

a0U3
0 ` C1pU1, . . . ,Urq.

We define the following bilinear forms (not to be confused with the28

B j defined in § 1) associated toCpXq:

B jpX,Yq “
ÿ

i,k

ci jk XiYk.

LEMMA 2.1. Suppose there is a non-zero integral point Z and r lin-
early independent integral points Yp1q, . . . ,Yprq such that

B jpZ,Y
psqq “ 0 p j “ 1, . . . ,m; s “ 1, . . . , rq.

Then rď m´ 1, and CpXq splits with remainder r.

Proof. The linear transformation

Xi “ ZiU0 ` Yp1q
i U1 ` ¨ ¨ ¨ ` Yprq

i Ur
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can be easily seen to be of rank preciselyr ` 1, and transformsCpXq
into a form of the typea0U3

0 ` C1pU1, . . . ,Urq, proving our assertion.
We will now apply Lemma 1.6 to two particular exponential sums

which will arise in our later work.
Let B be a fixed box inpKRqm; for anyα P KR andP ą 1, we define

Epαq “
ÿ

XPPB

epSpαCpXqqq.

Let δ be any positive number. We then have �

LEMMA 2.2. Let κ andθ be fixed numbers satisfying

0 ă θ ă 1, 0 ă 4κ ă mθ.

Let CpXq be any cubic form over K with integral coefficients which does
not represent zero non-trivially and which does not split with remainder
r, where r is the least integer satisfying

r ě m´
2κ
θ
.

Then there exists a P0 (depending on K,C, θ, κ andδ) such that for Pě
P0, either

|Epαq| ď Ppm´κqn (4)

or there exists an integerµ P o, µ ‰ 0, andµ P P2θ`δB0, and aλ P d´1

such that

µα ´ λ “
n
ÿ

i´1

ǫiPi , ǫi P R, |ǫi | ă P´3`2θ`δ. (5)

Proof. We apply Lemma 1.6 withΓpXq “ αCpXq. It follows that for
large P, either (4) holds or there exists an integral pointX and r ě
m ´ 2κ{θ integral pointsYp1q, . . . ,Yprq, in PθB0, linearly independent
overK, such that the following conditions hold:

6αB jpX,Y
psqq “ λ j,s `

ÿ

i

ǫip j, sqρi , λ j,s P d´1, ǫip j, sq P R,
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|ǫip j, sq| ă P´3`2θ`δ pi, j “ 1, . . . , n; s “ 1, . . . , rq.

All the B jpX,Ypsqq cannot be zero, since it would then follow from
Lemma 2.1 thatCpXq splits with remainderr. Also sinceX,Ypsq P
PθB0, it follows that

6B jpX,Y
psqq P AP2θ

B0,

whereA is a constant depending only onK andC. Our lemma there-29

fore follows if we takeµ “ 6B jpX,Ypsqq with j and s so chosen that
B jpX,Ypsqq ‰ 0.

We note that in view of the remark made at the end of Lemma 1.1,
the above lemma holds without change even if we replace the sum Epαq
by the sum

ÿ

XPPB

epSpαCpXqq ` LpXqq,

whereLpXq is a real linear form in theXi j .
Now let γ be any non-zero element ofK. We associate withγ the

integral idealaγ which is the denominator ofpγqd, that is to sayaγ “
pg.c.dpo, γdqq´1. Let l “ pl i j qp1 ď i ď m, 1 ď j ď nq be any system of
rational integers. We define

S1pl, γq “
ÿ

Xmod Naγ

e

˜

SpγCpXqq `
ÿ

i, j

l i j
Naγ

Xi j

¸

,

whereX “ pX1, . . . ,Xmq,Xi “
ř

j
Xi jω j, and eachXi j runs through a

complete system of residues moduloNaγ. We also put

S1pp0q, γq “ pNaγqmpn´1q
ÿ

Xmod Naγ

epSpγCpXqqq “ pNaγqmpn´1qSγ.

�

LEMMA 2.3. Let CpXq be a fixed cubic form in m variables which does
not represent zero non-trivially, andκ a fixed number satisfying

0 ă κ ă
1
8

m.
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Suppose CpXq does not split with remainder r, where r is the least inte-
ger satisfying

r ě m´ 4κ.

Then, for anyγ P K and any system of rational integers l“ pl i j q, we
have

|S1pl, γq| ă pNaγqmń κ (6)

unless Naγ is bounded above by a constant depending only onκ, the
field K and the form C. In particular, if Naγ is large, we obtain

|Sγ| ă pNaγqm´κ. (7)

Proof. We apply Lemma 2.2 (and the remark made at the end of that
lemma) with the boxB “

 

X : 0 ď Xi j ă 1
(

, γ instead ofα,Naγ in-
stead ofP, p1{2nq ´ δ instead ofθ, andκ{n instead ofκ. The condi-
tions of that lemma are verified ifδ is small enough. Hence ifNaγ
is large enough and (6) does not hold, there is a non-zero integer µ in
pNaγq1{n´dB0 andaλ P d´1 such that

µγ ´ λ “
n
ÿ

i“1

ǫiρi , |ǫi | ă pNaγq´3´δ`1{n.

But sinceaγpµγ ´ λq Ă d´1,Naγǫi must be a rational integer, and since

|Naγǫi | ă pNaγq´2`1{n´δ ă 1

for Naγ large, it follows thatǫi “ 0 for 1 ď i ď n, andµγ P d´1. By the
definition ofaγ, we must haveµ P aγ, andNaγ dividesNµ. But since

µ P pNaγq1{n´δ
B0, |Nµ| ď ApNaγq1´nδ,

whereA depends only onK, which implies that for largeNaγ, we must 30

have|Nµ| ă Naγ, and thereforeµ “ 0, which is a contradiction. This
proves the inequality (6). The inequality (7) follows from (6) since we
haveS1pp0q, γq “ pNaγqmpn´1qSγ. �
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3 The contribution of the major arcs

We shall continue to use the notations of the previous section. Further,
we defineR to be the parallelepiped inKR defined by

R “

#

x “
n
ÿ

i“1

xiρi | 0 ď xi ă 1

+

.

For anyγ P K, we define the ‘major arc’Bγ to be the set ofα P KR such
that if

β “ α ´ γ “
n
ÿ

i“1

βiρi ,

we have|βi | ă P´2´δpNaγq´1. We assert that ifγ ‰ γ1 and Naγ ď
P1´2δ,Naγ1 ď P1´2δ, Bγ and Bγ1 cannot intersect. In fact, if they did
intersect, we must have

γ ´ γ1 “
ÿ

γiρi , |γi | ă P´2´δ
`

pNaγq´1 ` pNaγ1 q´1
˘

.

But sinceaγaγ1 pγ ´ γ1q Ă d´1,NaγNaγ1γi must be a rational integer
for all i. Since

ˇ

ˇNaγNaγ1γi

ˇ

ˇ ă P´2´δpNaγ ` Naγ1 q ă 2P1´2δP´2´δ “
2P´1´3δ ă 1, we must haveγi “ 0 andγ “ γ1.

Now let CpXq be a cubic form inm variables with coefficients inte-
gers inK and symmetric in all three indices. Our ultimate goal is to find,
under suitable conditions onC and for a suitable choice of the boxB,
an asymptotic formula for the numberN pPq of solutions of the equa-
tion CpXq “ 0 with X integral andX P PB. If α “

ř

αiρi denotes a
general point ofR anddα denotes the measuredα1, . . . , dαn, we have
the following integral representation forN pPq:

N pPq “

ż

R

Epαqdα. (8)

In this section, we shall establish under certain conditions onC, and
the boxB being suitably chosen, an asymptotic formula for the con-
tribution to the integral on the right of (8) of the major arcsBγ with
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Naγ ď P1´2δ. Because of the definition ofR and the periodicity of
Epαq in the variablesαi, the contribution of these major arcs is given by

ÿ

NaďP1´2δ

ÿ

γmod d´1

aγ“a

ż

Bγ
Epαqdα.

The main result of this section is the following:

LEMMA 3.1. Let CpXq be any cubic form in more than nine vari-
ables with integral coefficients in K which does not represent zero non-
trivially. Assume that (in the notation of § 2) we have a uniform estimate
of the form

|S1pl, γq| Î pNaγqmń ω

with ω ą 2. Then for P tending to infinity suitably, and with a suitable
choice of the boxB, we have the following asymptotic formula

ÿ

NaďP1´2δ

ÿ

γmod d´1

aγ“a

ż

Bγ
Epαqdα “ APpm´3qn`opPpm´3qnq p0 ă A ă 8q.

The whole of this section is devoted to the proof of this lemma, 31

which will be carried out in several steps.
Let gpt1, . . . , tpq be a function ofp variables defined in a paral-

lelepipedA1
i ď ti ď A2

i , and letQ be a subsetpr1 ă ¨ ¨ ¨ ă rqq of the
set of integerst1, 2, . . . , pu. We shall adopt the following conventions:
hQ will denote an element ofZQ, that is, a set of integersphr1, . . . , hrqq,

and |hQ| the sum
q
ř

i“1
hr i . If s is a fixed integer, we shall denote the set

ps, . . . , sq by psqQ. We shall writeB
hQ

Q g in place of

B|hQ|g

pBtr1qhr1 ¨ ¨ ¨ pBtrqqhrq
.

If a andb are two integers, the symbol
b
ř

hQ“a
will imply summation over

all the hQ with a ď hr i ď bp1 ď i ď qq. An integral of the form
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şA2
Q

A1
Q

g dtQ will stand for the multiple integral

ż A2
r1

A1
r1

¨ ¨ ¨

ż A2
rq

A1
rq

g dtr1 ¨ ¨ ¨ dtrq.

Finally, we shall mean by the symbolrgpt1, . . . , tpqs∆Q the multiple dif-
ference expression

ÿ

λi“1 or 2

p´1q

ř

i
λi

g
´

t1, . . . ,A
λ1
r1
, . . . ,Aλ2

r2
, . . . ,Aq

rq
, . . .

¯

.

With these notations, we can state

LEMMA 3.2. Let fpxq “ f px1, . . . , xkq be a function of k variables
defined and continuous with all its partial derivatives up toorder s in
an open set containing the parallelepiped Ai ď xi ď Bipi “ 1, . . . , kq,
where we assume the Ai and Bi to be non-integral. Let z“ pz1, . . . , zkq
be a set of k integers and let q be any integerě 1. Then we have

ÿ

Ai ăxăBi
xi ”zi pqq

f px1, . . . , xkq “
ÿ

Φ

p´1qµqvpś 1q´λ

ˆ

»

–

ś 1
ÿ

hJ“0

q|hJ|
ź

jPJ

ψh j

ˆ

ξ j ´ zj

q

˙

B1
ż

A1

BK
ż

AK

ź

kPK

ψś 1

ˆ

ξk ´ zk

q

˙

Bh
JJB

psq
K K f dξI dξK

fi

fl

∆J

,

whereΦ runs through all partitions ofr1, ks into three disjoint sets of
integers

I “ ti1 ă . . . ă iλu , J “
 

j1 ă . . . ă jµ
(

and K “ tk1 ă . . . ă kvu ,

and for any integer hě 0, we write

ψhpxq “ p´1qh`1
8
ÿ

1“´8
l‰0

eplxq

p2πilqh`1
.

This lemma can be proved by induction on the number of variables,
starting from Lemma 5.2 of [3]. We omit the details.

Note thatψh is bounded, being continuous and periodic.
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LEMMA 3.3. Let ξi “
n
ř

j“1
ξi jω jpi “ 1, . . . ,mq and β “

n
ř

1
β jρ j be

elements of KR, and let hi j p1 ď i ď m; 1 ď j ď nq be non-negative 32
integers. Considering epSpβCpξqqq as a function of the real variables
ξi j andβk, we have identically

Bh

Bξh11
11 . . . Bξ

hm,n
m,n

pepSpβCpξqqq “ epSpβCpξqqq
ÿ

1
2 hď|α|ďh

βαΦαpξ11, . . . , ξmnqq,

whereα runs through all multi-indicespα1, . . . , αnq, αi ě 0, such that
|α| “

ř

αi lies between1
3h and h (h stands for

ř

i, j
hi, j ) and Φα is a

homogeneous real polynomial in theξi j of degree3|α| ´ h.
In particular, if |ξi j | ď BP and|βi | ď µ, with P3µ ą 1, then the left

side of the above identity isď B1pP2µqh, where B1 depends only on B,
hi j , the coefficients of C and the field K.

Proof. The first part can be proved easily by induction onh “
ř

i, j
hi j .

It follows that if |ξi j | ď BP and|βi | ď µ, andP3µ ą 1, the left side is
bounded in absolute value by a constant multiple of

ÿ

1
3hďvďh

µvP3v´h “ P3v0´hµv0
 

pP3
µqh´v0`1 ´ 1

(

{pP3µ ´ 1q Î

P3v0´hµν0pP3µqh´v0 “ pP2µqh,

wherev0 denotes the least integerě h{3.
The lemma is proved. �

We shall now start on the proof of Lemma 3.1. LetI “ IpPq denote
the expression on the left in Lemma 3.1, andIγ “

ş

Bγ
Epαqdα, so that

we have
I “

ÿ

NaďP1´2δ

ÿ

γmod d´1

Iγ.

Forα in Bγ, we writeα “ β ` γ, so that we have

β “
ÿ

i

βiρi , |βi | ă P´2´δpNaγq´1.
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Suppose the boxPB is defined by the inequalitiesAi j ă Xi j ă Bi j ,
where we assume that theAi j andBi j are non-integral. We then have for
α in Bγ,

Epαq “

Naγ
ÿ

Zi j “1

epSpγCpZqqq
ÿ

Xi j ”Zi j pNaγq
Ai j ăXi j ăBi j

epSpβCpXqqq, (9)

whereZ stands forpZ1, . . . ,Zmq, Zi “
n
ř

j“1
Zi jω j . Let sbe a fixed positive

integer such thatsδ ą n`1. We substitute for the inner sum in the above
expression from Lemma 3.2.

Still retaining the notations of Lemma 3.2, letΦ “ I Y JY K be any
partition of the set of double indicespi, jq, 1 ď i ď m, 1 ď j ď n, with
K non-empty, that isv ą 0, and lethJ be a fixed element ofr0, s´ 1sJ.
By Lemma 3.3, and using the fact that theAi j and Bi j are OpPq, we
deduce that the term arising from Lemma 3.2 corresponding tosuch aΦ
andhJ is

Î pNaγqvpś 1q´λ`|hJ|pP´δpNaγq´1q|hJ|`svPλ`v “ P´δpsv̀ |hJ|qpPNa´1
γ qλ`v,

and sincePNa´1
γ ě P2δ ą 1, andv ě 1, the above expression is

Î P´δspPpNaγq´1qmn. Summation over theZi j and integration over
Bγ gives the contribution of the terms corresponding to a fixedΦ andhJ33

to Iγ to beÎ Pmń δspP´2`δNaγq´n, and hence the contribution toI is

Ppm´2´δqn´sδ
ÿ

NaďP1´2δ

pNaq1´n Î Ppm´2´δqn´ps̀ 2qδ`1 Î Pmń 3n´δ

since sδ ą n ` 1. This takes care of the terms arising from Lemma
3.2 corresponding to the partitionsΦ for which K is non-empty. For the
estimation of the remaining terms, we have to make a proper choice of
the boxB. The possibility of this choice is given by the next

LEMMA 3.4. Let Cpξq “
n
ř

i“1
Cipξ11, . . . , ξmmqωi , where each Ci is a

cubic form with rational integral coefficients in the variablesξi j . We
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assume that mą 1 and that Cpξq does not represent zero non-trivially.
Then there exists a box

B “
 

ξ P pKRqm|ai j ă ξi j ă bi j
(

in pKRqm such that the following conditions hold:

(a) ai j “ mi j {2N, bi j “ ni j {2N, where mi j and ni j are odd integers,
and N a positive integer. We have bi j ´ ai j ă 1;

(b) there is a pointξ0 “ pξ0
i j q in B and a set R of n couplespp j , q jq

p j “ 1, . . . , nq such that we have

Cipξ
0q “ 0 pi “ 1, . . . , nq,

det

ˇ

ˇ

ˇ

ˇ

ˇ

BCi

Bξppj ,qj q
pξ0q

ˇ

ˇ

ˇ

ˇ

ˇ

‰ 0.

Let T denote the set of couplespi, jqp1 ď i ď m, 1 ď j ď nq not
belonging to R;

(c) for any subset S of R, there is a subset S1 of t1, 2, . . . , nu such that
for any fixed values ofξi j for pi, jq P R´ S satisfying ai j ă ξi j ă
bi j , the mappingpξT , ξSq Ñ pξT , ηS1q defined byηi “ Cipξq is an
analytic isomorphism of the domain defined by aT ă ξT ă bT ,
aS ă ξS ă bS onto a domain in thepξT , ηS1q space containing
the domain defined by aT ă ξT ă bT , |ηS1 | ă ǫ (ξT , ξS, etc., stand
for the set of variablesξi j with pi, jq P T, S , etc., respectively;ǫ
is some fixed positive quantity).

In order not to interrupt our discussion, we shall postpone the proof
of this lemma to the end of this section.

Let us now turn to the estimation of those terms arising from the
substitution from Lemma 3.2 in (9), corresponding to a fixed parti-
tion Φ of the double-indices into two setsI and J (in the notations
of the same lemma) withJ non-empty, and to a fixedhJ. Let I “
tpi1, j1q, . . . , pip, jpqu and J “ tpi11, j11q, . . . , pi1q, j1qqu, with q ą 0, and
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let hJ “ phpi11, j
1
1q, . . . , hpi1q, j

1
qqq. Such a term when summed over theZi j

and integrated overBγ gives

˘pNaγq´p`hT
ÿ

1
3hď|α|ďh

ż BI

AI

Φαpξq

"
ż

|β|ăµ
βαepSpβCpξqqqdβ

*

dξ1,

(10)
where theΦα are as in Lemma 3.3, each one of the variables

ξti11, j
1
1u, . . . , ξti1q, j

1
qu

is fixed at a correspondingAi j or Bi j , µ stands for the expression

P´2´δpNaγq´1,

andT is defined by the equation

T “

Naγ
ÿ

Zi j “1

epSpγCpZqqqψhpi11, j
1

1q

ˆ

ξpi11, j
1

1q ´ Zpi11, j
1

1q

Naγ

˙

. . . ψhpi1q, j
1

qq

ˆ

ξpi1q, j
1

qq ´ Zpi1q, j
1

qq

Naγ

˙

.

Let us put34

Srpxq “

x
ż

´x

treptqdt.

Then (10) becomes

˘pNaγq´p`hT
ÿ

1
3hď|α|ďh

ż BI

AI

Φαpξq
n
ź

r“1

Sαr pµCrpξqq

pCrpξqqαr `1
dξI .

If we changeξ (including the fixedξJ) to Pξ, and use the fact thatΦα is
homogeneous of degree 3|α| ´ h, the above expression becomes

˘pNaγq´p`hT
ÿ

1
3hď|α|ďh

Pp´3n´h
ż bI

aI

Φαpξq
n
ź

r“1

Sαr pP
3µCrpξqq

pCrpξqqαr `1
dξI .

Now let S “ RX I andS1 the subset oft1, 2, . . . , nu corresponding
to S by Lemma 3.4(c); letT1 “ I ´RXI “ TXI . For any fixed values of
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ξR´I in the respective intervals, the mappingξI “ pξS, ξT1q Ñ pηS1 , ξT1q
defined byηi “ Cipξq is an analytc isomorphism of the parallelepiped
aI ă ξI ă bI onto a domain in thepηS1 , ξT1q space, whose Jacobian
we shall denote byJpξT1 , ηS1q. Writing φ for P3µ, the above expression
then transforms into

˘ pNaγq
´p`hT

ÿ

1
3 hď|α|ďh

Pp´3n´h

ˆ

ż

ź

rPS1

Sαr pφηrq

η
αr `1
r

#

ż

Dpηs1 q

ź

rRs1

Sαr pφCrpξqq

pCr pξqqαr `1
Φαpξq|JpξT1 , ηS1 q|dξT1

+

dηS1 ,

where the integration with respect toηS1 is over a certain bounded do-
main and for everyηS1 in this domain,DpηS1 q is a uniformly bounded
domain in theξT1-space. It is easy to see (by direct evaluation, or oth-
erwise), that we haveSppxq Î xp for all x and Sppxq Î xp`1 for
x ď 1. SinceΦαpξq and J are absolutely and uniformly bounded on
any bounded domain, the above integral is

Î φ
ÿ

rRS1

pαr ` 1q
ź

rPS

"
ż A

´A
|
Sαr pφηrq

η
αr `1
r

|dηr

*

Î φ|α|`n0 logn φ Î φ|α|`n0 logn P,

wheren0 denotes the number (n – number of elements inS). Hence (10)
is bounded by

|T|pPpNaγq´1qp´hP´3npP3µqn0`|α| logn P “ |T|pPpNaγq´1qp´h`n0`|α|

P´3n´δpn0`|α|q logn P Î |T|pPpNaγq´1qp`n0 P´3n´δn0.

We shall now estimate|T|. We have for any integerk ě 0 and any
integerQ ě 0,

ψkpxq “ p´1qk`1
Q
ÿ

l“´Q

eplxq

p2πilqk`1 ` RQ
,

where the1 over the summation sign means that there is no term corre-
sponding tol “ 0, and

|RQ| Î
1

Qk`1||x||
.
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We shall now assume that P varies through odd multiples of theinteger
denoted by N in Lemma 3.4(a). It follows that forZi j integral andξi j “
Pai j or Pbi j ,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ξi j ´ Zi j

Naγ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Ï
1

Naγ
,

and on on substituting from the above expression forψkpxq into T, with35

Q “ pNaγqmǹ 1, we obtain

|T| ď

ˆ

1
2π

˙h`q pNaγqmǹ 1
ÿ

l1,...,lq“´pNaγqmǹ 1

|l1|
´hpi11, j

1
1q´1

¨ ¨ ¨ |lq|
´hpi1q, j

1
qq´1

ˆ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Naγ
ÿ

Zi j “1

epSpγCpZqqq `
l1Zti11, j

1
1u ` . . . ` lqZti1q, j

1
qu

Naγ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

and by our assumption in Lemma 3.1, we get

|T| Î pNaγqmń ωplogNaγqmn Î pNaγqmń ω1

for any fixedω1 ă ω. Substituting in our earlier estimate for (10),
summing over allγ modd´1 with aγ “ a and finally summing over alla
with Na ď P1´2δ we deduce that the total contribution toI of the terms
arising from a partitionΦ for which J is non empty is

Î Pp`n0´3n´δn0 logn P
ÿ

NaăP1´2δ

pNaqmń p´n0´ω1`1

Î Pp`n0´3n´δn0 logn`1 Pp1 ` Pmń p´n0´ω1`2q.

Since by definitionn0 ď q, we must havep ` n0 ď p ` q “ mn, and
if p ` n0 “ mn, we must haven0 “ q ě 1. Hence if we putρ “
minpδ, ω1 ´ 2q, the above expression isOpPmń 3n´ρ logn`1 Pq which is
opPpm´3qnq.

To complete the proof of Lemma 3.1, it only remains to estimate
the main term which arises from the partitionΦ for which J andK are
empty, so thatI is the set of all couplespi, jq, 1 ď i ď m, 1 ď j ď
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n. A calculation exactly similar to the one made above shows that the
contribution of this term toIγ is

pNaγqmnS1pp0q, γq

ż

PB

"
ż µ

´µ
epSpβCpξqqqdβ

*

dξ

“ Ppm´3qnpNaγq´1Sγ

ż

B

˜

n
ź

r“1

sinφCrpξq

Crpξq

¸

dξ

with the notations of the previous paragraph. Changing frompξR, ξTq to
pη, ξTq, the above becomes

Ppm´3qnpNaγq´mSγ

ż bT

aT

dξT

#

ż

DpξT q

n
ź

r“1

sinφηr

ηr
|JpξT , ηq|dη

+

,

where JpξT , ηq denotes the Jacobian of the above transformation and
DpξTq is a certain uniformly bounded domain in theη-space which al-
ways contains the domain|η| ă ǫ, by Lemma 3.4(c).

Now split the domainDpξTq into 2n parts in each of which a certain
subset of the variablesη remainą ǫ, while the others remaină ǫ. We
shall show that on any of these subdomains on which at least one ηi

remainsą ǫ, the integral over this subdomain of
n
ś

r“1
η´1

r sinφηr JpξT , ηq

tends to zero uniformly with respect toξT asφ tends to8. Assume for
instance thatηn ą ǫ in such a subdomain. We rewrite the integral of the
above function as a repeated integral

ż

sinφη1

η1
dη1

ż

sinφη2

η2
dη2 . . .

ż

sinφηn

ηn
dηn.

Now, since the boundary ofDpξTq consists of algebraic hypersurfaces,36

it is easy to see that the line through any pointpη1, . . . , ηnq in DpξTq par-
allel to theηn-axis meets the boundary ofDpξTq in a uniformly bounded
number of points. Hence the last integral with respect toηn is over a uni-
formly bounded number of intervals inηn on all of which intervals we
have |ηn| ą ǫ. Since|JpξT , ηq|{ηn is uniformly bounded and of uni-
formly bounded variation with respect toηn in any bounded interval on



46 C.P. Ramanujam

which |ηn| ą ǫ, we deduce that the above repeated integral is

Î
1
φ

"
ż A

´A

ˇ

ˇ

ˇ

ˇ

sinφη
η

ˇ

ˇ

ˇ

ˇ

dη

*n´1

Î
logn´1 φ

φ

Ñ 0 uniformly asφ Ñ 8, and sinceφ “ P3µ “ P1´δpNaγq´1 ě Pδ,
also asP Ñ 8. Hence the ‘main term’ ofIγ is

Pmń 3npNaγq´mSγ

«

ż bT

aT

dξT

#

ż

|η|ăǫ

ź

r

sinφηr

ηr
|JpξT , ηq|dη

+

` op1q

ff

.

Now since|JpξT , ηq| (being always equal toJpξT , ηq or to ´JpξT , ηq in
DpξTq) is analytic inη, we may write

|JpξT , ηq| “ |JpξT , 0q| `
ÿ

i

ηiψipξT , ηq,

where theψi are again analytic. It can be shown by an argument similar
to the one used above that

ż

|η|ăǫ

ź

r

sinφηr

ηr
ηiψipξT , ηqdη

Ñ 0 asP Ñ 8 for all i uniformly. Hence the main term reduces to

Ppm´3qnpNaγq´mSγ

"
ż bT

aT

|JpξT , 0q|dξT

ˆ
ż ǫ

´ǫ

sinφx
x

dx

˙n

` op1q

*

“ Ppm´3qnpNaγq´mSγpA ` op1qq,

where A “ πn
ż bT

aT

|JpξT , 0q|dξT ą 0

andop1q tends to zero uniformly asP Ñ 8.
On summing over theγ for which aγ “ a and summing over alla

with Na ď P1´2δ, we see that the main term inI is

APpm´3qn
ÿ

γmod d´1

NaγďP1´2δ

pNaγq´mSγ ` o

¨

˚

˚

˚

˝

Ppm´3qn
ÿ

γmod d´1

NaγďP1´2δ

pNaγq´m|Sγ|

˛

‹

‹

‹

‚

.
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SincepNaγqmpn´1qSγ “ S1pp0q, γq, the assumption of Lemma 4.1 im-
plies that

Sγ “ OppNaγqm´ωq,

with ω ą 2, and hence the series

r “
ÿ

γmod d´1

pNaγq´mSγ

converges absolutely.
Hence we obtain finally that 37

I “ ArPpm´3qn ` opPpm´3qnq,

and Lemma 3.1 will be proved completely if we can show thatr ą 0.
This will be our next task.

LEMMA 3.5. Under the assumptions of Lemma 3.1. we have

x ą 0.

Proof. It can be shown by standard arguments that ifγ1 andγ2 are el-
ements ofK different from zero such thataγ1 andaγ2 are coprime, we
haveSγ1Sγ2 “ Sγ1`γ2. For any prime idealp of o, we define

χppq “ 1 `
ÿ

pě1

pNpq´mp
ÿ

γmod d´1

aγ“pp

Sγ;

this series is absolutely convergent, since it is majorizedby the absolute
values of the terms of the series forr, and we deduce easily that

r “
ź

p

χppq,

the product being absolutely convergent. To prove the lemma, it is there-
fore sufficient to show thatχppq ą 0 for all p.

Now, let MppNq denote for any integerN the number of solutions of
the congruence

CpXq ” OppNq,
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when theXi run through a complete system of residues modulopN. Then
it can be shown easily that

N
ÿ

p“0

pNpq´mp
ÿ

γmod d´1

aγ“pp

Sγ “ pNpq´pm´1qN MppNq,

and therefore
χppq “ lim

NÑ8
pNpq´Npm´1q MppNq.

Let Kp denote thep-adic completion of the fieldK. Then it is well
known (and is easily established) that if the formCpXq has a non-trivial
non-singular zeroin Kp, then

lim
NÑ8

pNpq´Npm´1q MppNq ą 0.

From the fact thatCpXq does not represent zero non-trivially it fol-
lows that it is non-degenerate, i.e. we cannot reduce it to a form in a
fewer number of variables by making a non-singular linear change of
variable inCpXq. But for a non-degenerate cubic form over ap-adic
field in more than 9 variables, the existence of a non-singular zero has
been proved by several authors (see, for instance, (2)).

This finishes the proof of Lemma 3.5. �

Lemma 3.1 is therefore completely proved, except for the proof of
Lemma 3.4, which we shall now give.
Proof of Lemma 3.4. It is enough to prove the existence of a pointξ0 in
pKRqm, ξ0 ‰ 0, such that

Cipξ
0q “ 0 pi “ 1, . . . , nq, Rank

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

BCi

Bξp j,kq
pξ0q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ n.

For, once we have found such aξ0, we can find a boxB satisfying the38

conditions(a), (b) and(c) by the implicit function theorem (to get(a),
we use the fact that the rational numbers of the forma{2N, wherea is an
odd integer andN a positive integer, are dense inR). We are therefore
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reduced to proving the existence of a real non-trivial, non-singular zero
of the variety defined by the equationsCipξq “ 0p1 ď i ď nq.

Let χp1q, . . . , χpr1q denote the distinct isomorphisms ofK into R,
and χpr1`1q, . . . , χpnq the distinct isomorphisms ofK into C such that
χpr1`r2`pq “ χ̄pr1`pqp1 ď p ď r2q. For any x P K, we shall put
xpiq “ χpiqpxq, andCpiqpXq will denote the form deduced fromCpXq
by applyingχpiq to its coefficients. For 1ď p ď r2, we put

Cpr1`pqpX ` iYq “ Cpr1`pq
1 pX,Yq ` iCpr1`pq

2 pX,Yq,

whereCpr1`pq
1 andCpr1`pq

2 are forms in the variablesX “ pXi j q and
Y “ pYi j q with real coefficients.

If we now make the following real non-singular transformation of
the variablesξi j ,

η
ppq
i “

ÿ

j

ξi jω jppq p1 ď p ď r1q,

η
1pr1`pq
i “

ÿ

j

ξi jω
1pr1`pq
j

,

/

.

/

-

p1 ď p ď r2q,

η
2pr1`pq
i “

ÿ

j

ξi jω
2pr1`pq
j

whereω1pr1`pq
j andω2pr1`pq

j stand for the real and imaginary parts of

ω
pr1`pq
j , the variety in theξ-space defined byCipξq “ 0pi “ 1, . . . , nq

gets transformed into the variety in theη-space defined by the equations

Cppqpη
ppq
1 , . . . , η

ppq
m q “ 0 p1 ď p ď r1q,

Cpr1`pq
1 pη

1pr1`pq
1 , . . . , η

1pr1`pq
m , η

2pr1`pq
1 , . . . , η

2pr1`pq
m q “ 0

,

/

/

.

/

/

-

p1 ď p ď r2q,

Cpr1`pq
2 pη

1pr1`pq
1 , . . . , η

1pr1`pq
m , η

2pr1`pq
1 , . . . , η

2pr1`pq
m q “ 0

and is therefore the product of the varietiesVp defined by

CppqpXq “ 0p1 ď p ď r1q
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and the varietiesWq defined byCpr1`qq
1 pX,Yq “ 0, Cpr1`qq

2 pX,Yq “
0p1 ď q ď r2q. Hence it is enough to find a real non-trivial, non-
singular point on each of the varietiesVp, Wq. It is shown in [3], Lemma
6.1 that such a point exists on eachVp. As for Wq, it is easy to see that
if Z “ X ` iY is a non-singular zero ofCpr1`qqpZq “ 0, whereX and
Y are real,pX,Yq is a real non-singular zero ofWq. This concludes the
proof of Lemma 3.4.

We make a final remark concerning the exponential sum
S1pl, γq. SupposeCpXq andC1pYq are two cubic forms in the disjoint
sets of variablesX andY, andS1pl, γq andS1

1pl1, γq are the correspond-
ing sums. Then ifS2

1ppl, l1q, γq denotes the sum corresponding to the
form CpXq ` C1pYq in the variablesX andY, we have clearly

S2
1ppl, l1q, γq “ S1

1pl, γqS1
1pl1, γq

and therefore the uniform estimates

|S1pl, γq| Î pNaγqmń ω, |S1
1pl1, γq| Î pNaγqm1n´ω1

imply the uniform estimate|S2
1ppl, l1q, γq| Î pNaγqpm`m1qn´pω`ω1q, where

m andm1 are the number of variablesX, andY respectively. We shall
make use of this remark later.

4 Proof of the theorem

We preserve the notations of §§2, 3.39

We shall denote bym the set of points ofR which do not belong to
the major arcs, i.e.m “ R ´

Ť

NaγďP1´2δ

Bγ. For anyθ with 0 ă θ ă 1,

we shall denote bymθ the set of pointsα P m for which there does not
exist an integerλ P P2θ`δB0, λ ‰ 0, and aµ P d´1 such that we have

λα ´ µ “
ÿ

ǫiρi , |ǫi | ă P´3`2θ`δ.

We shall show that ifθ ă t1 ´ δpn ` 2qu {2n and P is large enough,
mθ “ m. Suppose on the contrary that there exists an integerλ and an
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elementµ P d´1 satisfying the above conditions. Puttingγ “ µ{γ, we
have clearlyλ P aγ and therefore

Naγ ď Nλ Î Pnp2θ`δq,

and by our assumption onθ, it follows that if P is large enough,Naγ ď
P1´2δ. Moreover, we have

α ´ γ “ α ´ µ{λ “ λ´1
ÿ

ǫiρi “
n
ÿ

i“1

ǫi

˜

n
ÿ

j“1

αi jρ j

¸

“
n
ÿ

j“1

´

ÿ

αi j ǫi

¯

ρ j “
n
ÿ

j“1

β jρ j ,

wherepai j q is the regular representation matrix ofλ´1 with respect to
the basisρ1, . . . , ρn of K overΓ. Hence it follows thatpai j q is the inverse
of the regular representation matrix ofλ with respect to the same basis.
Hence for anyi, jp1 ď i ď n, 1 ď j ď nq, we have

ai j Î Ppn´1qp2θ`δqpNλq´1,

|β j | Î P´3`2θ`δ`pn´1qp2θ`δqpNλq´1 Î P´3`np2θ`δqpNaγq´1,

and therefore forP large, |β j | Î P´2´2δpNaγq´1, which shows thatα
lies on the ‘major arc’Bγ, and hence cannot be inm. Our contention is
proved.

For anyθ with 0 ă θ ă 1, we shall denote byE pθq the set of points
α P R for which there exists an integerλ P P2θ`δB0, λ ‰ 0, and a
µ P d´1, such that

λα ´ µ “
ÿ

ǫiρi , |ǫi | ă P´3`2θ`δ.

We have m´mθ “ mX E pθq Ă E pθq.

We want to estimate the measure ofǫpθq. For a fixedλ andµ, the set
of α having the above property is equal topP´3`2θ`δqnpNλq´1, since
multiplication byλmultiplies then-dimensional measures of sets byNλ.
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Since for any fixed integerλ, there correspond at mostOpNλq elements
µ P d´1 for which there exists anα P R satisfying the above inequalities
with respect to thisλ andµ, we obtain

|E pθq| Î
ÿ

λPP2θ`δB0

pP´3`2θ`δqnpNλq´1Nλ Î pP´3`4θ`2δqn.

We need two lemmas which give estimates for exponential sums
involving a single cube.

LEMMA 4.1. For α P R, B a fixed box in KR, d an integer in K and
P ą 1, we define

Tdpαq “
ÿ

XPPB

epSpαdX3qq.

Then forα P mθ and P large, we have

|Tdpαq| ă Pp1´ 1
4θqn.

Proof. We apply Lemma 1.3 of §1 toΓpXq “ αdX3, with θ` 1
3δ instead40

of θ andκ “ 1
4θ; we haveB1pX,Yq “ 6αdXY. We conclude that if the

above estimate for|Tdpαq| is not valid, andP large enough, there exist
X P Pθ`

1
3δB0, Y P Pθ`

1
3δB0, neither zero, andµ P δ´1d such that

6αdXY´ µ “
n
ÿ

1

ǫiρi ,

|ǫi | ă P´3`2θ` 2
3δ ă P´3`2θ`δ.

For, the number of solutions of these inequalities is, by Lemma 1.3,
Ï tPθ`

2
3δplog Pq´1un and the number of solutions withX or Y zero is

Î Pnθ.
But now, 6dXY is a non-zero integer and is inP2θ`δB0 for P large.

This contradicts the fact thatα P mθ, proving the lemma.
�

LEMMA 4.2. Letγ P K and let l1, . . . , ln be any set of rational integers.
Then if

X “
n
ÿ

1

Xiωi
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runs through a complete system of residues mod Naγ, we have for any
ǫ ą 0,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

Xmod Naγ

e

ˆ

SpγdX3q `
l1X1 ` . . . ` lnXn

Naγ

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Î pNaγqn´ 1
3`ǫ .

Proof. Let a “ g.c.d

ˆ

γ,

ř

l1iρi

Naγ

˙

andb “ p1, adq´1.

It is clear thataγ dividesb, which in turn dividesNaγ. The above
sum can be rewritten as

ÿ

Xmod Naγ

e

ˆ

S

ˆ

γdX3 `

ř

l iρi

Naγ
X

˙˙

“
pNaγqn

Nb

ÿ

Xmod b

e

ˆ

S

ˆ

γdX3 `

ř

l iρi

Naγ
X

˙˙

.

By Hua (4), the latter sum isÎ pNbq
2
3`ǫ, and therefore for the sum we

started with, we obtain

|
ÿ

| Î pNaγqnpNbq
1
3`ǫ Î pNaγqn´ 1

3`ǫ

sinceNb ě Naγ. Lemma 4.2 is proved. �

LEMMA 4.3. Let

CpX,Yq “ Cp1qpX1, . . . ,Xm1q ` d1Y3
1 ` . . .` dtY

3
t

be a cubic form with symmetric integral coefficients in K which does not
represent zero. We assume moreover that

(i) 0 ď t ď 8;

(ii) if r is the least integerą 7 ´
1
2

t, then m1 ě 2pr ` 1q.

Then Cp1qpXq splits with remainder m1 ´ r.

Proof. Assuming thatCp1qpXq does not split with remainderm1 ´ r, we
shall show thatCpX,Yq represents zero non-trivially.
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For anyγ P K, and any sets of rational integers

l “ pl i j q p1 ď i ď m1, 1 ď j ď nq

and l1 “ pl1k jq p1 ď k ď t, 1 ď j ď nq,

let Sp1q
1 pl, γq andS1pl, l1, γq be the exponential sums associated to the41

formsCp1q andC respectively. We may apply Lemma 2.3 to the form
Cp1q with κ “ 1

4pr ` 1q ´ δ, since

0 ă 8κ “ 2pr ` 1q ´ 8δ ă m1

and Cp1qpxq does not split with remainderm1 ´ r which is the least
integer

ě m1 ´ 4κ “ m1 ´ r ´ 1 ` 4δ.

Hence we obtain |Sp1q
1 pl, γq| Î pNaγqm1n´ 1

4pr`1q`δ.

This, coupled with Lemma 4.2 and the remark made at the end §3,gives

|S1pl, l1, γq| Î pNaγqpm1`tqn´ 1
4pr`1q´ 1

3 t`2δ

and

1
4

pr ` 1q `
1
3

t ´ 2δ ě
1
4

pr ` 1q `
1
8

t ´ 2δ “
1
4

pr ` 1 `
1
2

tq ´ 2δ ą 2

if δ is small enough, by our assumption (ii). Hence by Lemma 3.1, there
is a boxB in pKRqm1`t such that ifEpαq denotes the exponential sum
attached toCpX,Yq, the contribution of the major arcs to the integral of
Epαq is

APpm1`t´3qn ` opPpm1`t´3qnq pA ą 0q.

We shall now show that the contribution of the ‘minor arcs’m is
opPpm1`t´3qnq. LetBp1q denote the projection of the boxB in pKRqm1`t

onto the product of the firstm1 components andBi the projection into the
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pm1 ` iqth component fori “ 1, . . . , t. Let Ep1qpαq denote the exponen-
tial sum associated toCp1q and the boxBp1q, andTdi pαq the exponential
sum associated todiY3

i and the boxBi, for i “ 1, . . . , t. We then have

Epαq “ Ep1qpαq
t

ź

i“1

Tdi pαq.

The conditions of Lemma 2.2 are fulfilled by the formCp1qpXq with
κ “ 1

2pr ` 1qθp1 ´ δq, and we obtain the estimate

|Ep1qpαq| ă Ppm1´ 1
2pr`1qθp1´δqqn

for P large andα P mθ. Hence by Lemma 4.1, we get forα P mθ

|Epαq| ă Ppm1´ 1
2pr`1qθp1´δq`t´ 1

4 tθqn.

Applying this withθ “ 7
8, we get

ż

m 7
8

|Epαq|dα “ opPpm1`t´3qnq,

since

m1 ´
1
2

pr ` 1q
7
8

p1´ δq ` t ´
7t
32

ă m1 ` t ´
1
2

p8´
1
2

tq
7
8

p1´ δq ´
7t
32

“ m1 ` t ´
7
2

`
7δ
32

p16´ tq ă m1 ` t ´ 3

if δ is small.
Now let 7

8 “ θ0 ą θ1 ą θ2 ą . . . ą 0 be a decreasing sequence of42

positive real numbers, to be chosen suitably later. We shallestimate the
integral ofEpαq on the setmθg`1 ´mθg. Sincemθg`1 ´mθg Ă E pθgq, we
obtain by the above estimate forEpαq,

ż

mθg`1´mθg

|Epαq|dα Î |E pθgq|PUn Î PVn,



56 C.P. Ramanujam

where

U “ m1 ´
1
2

pr ` 1qθg`1p1 ´ δq ` t ´
1
4

tθg`1,

and

V “ m1 ` t ´ 3 ` 4θg ` 2δ ´
1
2

pr ` 1qθg`1p1 ´ δq ´
1
4

tθg`1.

Hence
ż

mθg`1´mθg

|Epαq|dα “ opPpm1`t´3qnq

if 4θg ´
1
2

pr ` 1qθg`1 ´
1
4

tθg`1 ` δp2 `
7
16

pr ` 1qq ă θ

i.e. 4pθg ´ θg`1q ` θg`1t4 ´
1
2

pr ` 1q ´
1
4

tu ă ´t2 `
7
16

pr ` 1quδ.

This inequality clearly holds ifθg`1 remains greater than a fixed positive
quantity (independent ofδ), δ is small enough and the jumpsθg ´ θg`1

are less than a positive quantity. Hence we can find a finite sequence

7
8

“ θ0 ą θ1 ą . . . ą θG with
1
4n

ă θG ă
1 ´ δpn ` 2q

2n
,

such that
ż

mθg`1´mθg

|Epαq|dα “ opPpm1`t´3qnq.

SincemθG “ m, we finally reach the conclusion that the numberN pPq
of integral pointspX,Yq in PB for whichCpX,Yq “ 0 satisfies

N pPq “

ż

R

Epαqdα “ APpm1`t´3qn ` opPpm1`t´3qnq pA ą 0q.

Since this is positive forP large, it follows thatCpx,Yq represents zero
non-trivially, which is a contradiction, proving Lemma 4.3.

We have tabulated below for 0ď t ď 8 the associated values ofr
and the minimum permissible value ofm1 for the validity of Lemma 4.3.
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Minimum
permissible

t r value of m1

0 8 18
1 7 16
2 7 16
3 6 14
4 6 14
5 5 12
6 5 12
7 4 10

The main theorem stated at the beginning of this paper can be easily
deduced from the above lemma.

Let CpXq be a form with symmetric integral coefficients inK in 43

at least 54 variables. If it does not represent zero, the above lemma
says that it must represent a form of the typeC1pX1q ` d1Y3

1, where
C1 is a form in at least 46 variables. The formC1pX1q ` d1Y3

1 cannot
represent zero either, and another application of the lemmashows that
C1 represents a form of the typeC2pX2q ` d2Y3

2, whereC2 is a form in
at least 39 variables. HenceCpXq represents the formC2pX2q ` d1Y3

1 `
d2Y3

2. Continuing in this way, we get finally thatCpXq represents a form
of the type

C8pZq ` d1Y3
1 ` . . . ` d8Y3

8 ,

which therefore cannot represent zero non-trivially. Letd0 be any value
taken byC8pZq with Z ‰ p0q; thenCpXq representsd0Y3

0 ` d1Y3
1 `

. . . ` d8Y3
8 and hence this form cannot have a non-trivial zero. But by

a theorem of Birch ((1), p.458), we know that any diagonal cubic form
in at least 9 variables represents zero non-trivially. Hence there exist
Y0

0 , . . . ,Y
0
8, not all zero, such thatYi “ Y0

i is a zero of the form written
above. This is a contradiction.

The theorem is therefore proved. �
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Sums ofm-th Powers inp-Adic Rings

By C.P. Ramanujam

0 Introduction and notations

Let A be a complete discrete valuation ring of characteristic zero with 45

finite residue field, and for any integerm > 1, let Jm(A) be the subring
of A generated by them-th powers of elements ofA. We will prove that
any element ofJm(A) is a sum of at most 8m5 m-th powers of elements
of A. We will also prove a similar assertion when the residue fieldof
A is only assumed to be perfect and of positive characteristic, with the
numberΓ(m) of summands depending only onmand not onA.

It follows from this and Theorem 2 of Birch [1] (see also Körner [2])
that any totally positive integer of sufficiently large norm inany alge-
braic number field belonging to the order generated by them-th powers
of integers of this field is actually a sum of at most max (2m

+ 1, 8m5)
m-th powers of totally positive integers of this field. This answers a
question raised by Siegel [3] in the affirmative.

The author has been informed that Dr. B. J. Birch has also solved
substantially the same problem by a different method, and that Dr. Birch’s
work will be published in the Mordell issue ofActa Arithmetica.

Notations. Awill denote a complete discrete valuation ring,p its
maximal ideal, andπ a generator ofp. The residue fieldk = A/p is
assumed to be perfect of characteristicp > 0, andq = pf will denote
the number of elements ink when this is finite. Letebe the ramification
index of A, andB the maximal unramified complete discrete valuation
ring contained inA with the same residue fieldk.

For any integerm> 1, we writem= n· pr , with r ≥ 0 and (n, p) = 1.
Jm(A) = Jm will denote the subring ofA generated by them-th powers
of elements ofA. Whenk is finite, we denote byf1 the least positive

59
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divisor of f such that
pf − 1

pf1 − 1
dividesn, and we writeq1 = pf1. We put

τ = r + 1 or r + 2 according asp is greater than or equal to 2.
γ1(m), γ2(m), Γ(m) denote positive integers depending only onm

and not onA or p.

1 The unramified case.

We start with a known lemma (Lemma 5 of Birch [1] or Theorem 7 of
Stemmler [4]), whose proof we reproduce for completeness.

Lemma 1. When k is infinite, Jn = A and any element of A is the sum
of at mostγ1(n) n-th powers.

When k is finite, let k1 be its subfield with q1 elements. Then Jn is
the inverse image of k1 under the natural homomorphism of A onto k,46

and any element of Jn is the sum of at most(n+ 1) n-th powers.

[Mathematika 10 (1963), 137-146]

Proof. Whenk is finite, k1 is evidently the set of elements ofk which
are sums ofn-th powers of elements ofk. By Theorem 1 of Tornheim
[5], any element ofk1 is the sum ofn n-th powers. Hence any unitα of
A whose image ink lies ink1 can be written as

α ≡

n∑

i=1

xn
i (modp), xi ∈ A.

Since at least onexi is a unit and (n, p) = 1, it follows from Hensel’s
lemma thatα is a sum ofn n-th powers. Ifα were a non-unit, we write
α = (α − 1)+ 1n, and the assertion follows.

If k is infinite, it follows from Theorem 2 and the proofs of Theorem
4 and its Corollary 1 of Tornheim [5] that any element ofk is a sum of
γ′1(n) n-th powers ofk, and our assertion follows as before.

The next lemma says that a congruence modulo a high power ofp
can be refined to an equality, and is again well known (see Theorem 12
of Stemmler [4]). �
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Lemma 2. If
a∑

i=1

xm
i ≡ y(mod pτA)

and x1 is a unit, there is an x′1 ∈ A, x′1 ≡ x1(mod pA) with y = (x′1)m
+

a∑

2
xm

i .

Proof. Suppose we have found az ∈ A with z≡ x1(mod pA) satisfying

zm ≡ y−
a∑

2

xm
i (mod psA)

for somes≥ τ. If we putz1 = z+ λps−r , it follows easily that

zm
1 ≡ zm

+ zm−1 · nλps(mod ps+1),

and sincenzm−1 is a unit, we can findλ ∈ A such that

zm
1 ≡ y−

a∑

2

xm
i (mod ps+1A).

SinceA is complete, the lemma follows. �

Lemma 3. Let C be a commutative ring,a an ideal of C, and s an
integer≥ 0. We denote bya(p

s) the set of ps-th powers of elements ofa,
and byas the set of elements of C of the form a0 + pa1 + . . . + psas with
ai ∈ a

(ps−i ). Then Cs is a subring1 of C, andas an ideal of Cs. If x, y ∈ C,
with x≡ y(mod a), then xp

s
≡ yps

(modas).

Proof. This being trivial fors = 0, we may assume thats ≥ 1, and that 47

the lemma holds withs− 1 instead ofs. SinceCs = C(ps)
+ pCs−1, the

inclusionsCs ·Cs ⊂ Cs andpCs−1+ pCs−1 ⊂ pCs−1 are trivial, and only
the inclusionC(ps)

+C(ps) ⊂ Cs remains to be verified. Forx, y ∈ C, we
have

xps
+ yps

= (x+ y)ps
−

∑

0<i<ps

(

ps

i

)

xiyps−i
, (1)

1CS is derived fromC asaS is from a,



62 C.P. Ramanujam

and if pk||i, ps−k||
(

ps

i

)

, and hence by induction hypothesis,−
∑

belongs
to pCs−1, and the right side belongs toCs. ThusCs is a ring, andas a
subring ofCs, and clearlyCsas ⊂ as. Finally, if z = x+ y with y ∈ a, it
follows from (1) thatxps

≡ zps
(mod as), which completes the proof of

the lemma. �

It follows that the set

J′m =
{

xpr

0 + pxpr−1

1 + . . . + pr xr |xi ∈ Jn

}

is a subring ofA, and we have evidently the inclusion

J′m ⊂ Jm.

Proposition 1. Assume that r≥ 1 and that A is unramified. If k is
infinite, Jm = J′m = A and any element of A is a sum of at mostγ2(m)
m-th powers.

If k is finite, any element of Jm is a sum of at most
pτ − 1
p− 1

n+ δ m-th

powers, whereδ = 1 if n = p − 1 and δ = 0 otherwise. Moreover,
Jm = J′m unless p= 2 and f1 , f .

Proof. First consider the case whenk is finite andp > 2. We putms =

n · ps(0 ≤ s ≤ r), and we shall show that (with the notation of Lemma

3) any element of (Jn)s is the sum of at most
ps+1 − 1

p− 1
n ms-th powers

modulops+1A. Fors= 0, this is the theorem of Tornheim quoted earlier.

Suppose the result is true fors, and letx = xps+1

0 + y ∈ (Jn)s+1, with
y ∈ p(Jn)s. By the theorem of Tornheim, there existy1, . . . , yn ∈ A such

that x0 ≡
n∑

1
yn

i (mod pA), hence

xps+1

0 ≡





n∑

1

yn
i





ps+1

(mod ps+2A) and





n∑

1

yn
i





ps+1

≡

n∑

1

yms+1
i (mod p(Jn)s),

as follows from (1) withs+1 instead ofs. Thus we obtain by induction
hypothesis,

x ≡
n∑

1

yms+1
i + p

N∑

1

zm
j , (mod ps+2A),
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whereN =
ps+1 − 1

p− 1
· n. Since the residue field is perfect, we can find48

t j such thattp
j ≡ zj(mod pA), and hencetms+1

j ≡ zms
j (mod ps+1A), which

gives

x ≡
n∑

1

yms+1
i + p

N∑

1

tms+1
j (mod ps+2A),

i.e., x is a sum ofn+ pN = n·
ps+2 − 1

p− 1
ms+1-th powers modulops+2A.

This completes the induction, and we obtain fors = r that anyx ∈

J′m is the sum of at most
pr − 1
p− 1

· n m-th powers modulopr+1A, and it is

easily deduced from Lemma 2 thatx is actually the sum of this manym-
th powers ifx . 0(pτ). Further, ifn < p−1 andζ is a primitive (p−1)-th

root of unity inA,
p−2∑

i=0
ζmi
= 0, and ifn ≥ p−1, 0≡ 1+ . . . + 1

︸      ︷︷      ︸

pτ times

(mod pτ).

This proves the assertion whenx ≡ 0(pτ), in view of Lemma 2.
Next consider the case whenJn = A, and suppose that every ele-

ment ofA is a sum ofλ n-th powers modulopA. Since the residue field
is perfect, it follows that sums ofλm-th powers form a system of repre-
sentatives for the residue classes modpA. Since any elementx ∈ A can
be represented asx = x0+ x1p+ . . .+ xτ−1pr−1(mod pτA) with xi chosen
from this system of representatives, it follows from Lemma 2that any
element ofA which is. 0 (mod pτ) is a sum of

(1+ p+ . . . + pτ−1)λ =
pτ − 1
p− 1

· λ

m-th powers. Elementsx ≡ 0(pτ) can be dealt with as before. This
settles the case of the infinite residue field as well as the case of p = 2
andJn = A.

If p = 2 andJn , A, it follows from Lemma 1 thatf1 , f and

hencef1 ≤ f /2, n ≥
2f − 1

2f1 − 1
≥ 2f /2

+ 1, and 2f ≤ (n− 1)2. We give an

argument whose idea goes back to Siegel [3].
Let x̄m

1 , . . . , x̄
m
d be a minimal set of generators (as an additive group)

of the image ofJm(A) in A/2r+2A, andqi the index of the subgroup gen-
erated by{x̄m

1 , . . . , x̄
m
i−1} in the subgroup generated by{x̄m

1 , . . . , x̄
m
i }. Then
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qi ≤ 2r+2, eachqi is a positive power of 2 andq1 . . . qd ≤ 2(r+2) f . Any

element ofJm(A) can therefore be written as a sum of at most
d∑

i=1
(qi − 1)

m-th powers modulo 2r+2A. We shall find an upper bound for

d∑

i=1

(qi − 1) =
d∑

i=1

min(qi − 1, 2r+2 − 1).

Let N be the supremum of all sumsS =
l∑

i=1
min(ni −1, 2r+2−1), wherel,49

n1, . . . , nl vary subject to the following conditions: eachni(1 ≤ i ≤ l) is
a positive power of 2 andn1 . . . nl ≤ 2(r+2) f . Supposel = d′, ni = q′i (1 ≤
i ≤ d′) is a choice of the variables for whichS attains its supremum, with
l minimal. We assert that for all but onei, q′i ≥ 2r+2. If not, suppose for
instance thatq′d′−1 < 2r+2, q′d′ < 2r+2. Since all theq′i are powers of 2, it
follows thatq′d′−1 + q′d′ ≤ 2r+2. If we defineq′′i = q′i for 1 ≤ i ≤ d′ − 2,
q′′d′−1 = q′d′−1 · q

′
d′ , we have

min(q′d′−1 − 1, 2r+2 − 1)+min(q′d′ − 1, 2r+2 − 1)

= (q′d′−1 − 1)+ (q′d′ − 1) ≤ min(q′′d′−1 − 1, 2r+2 − 1),

N =
d′∑

i=1

min(q′i − 1, 2r+2 − 1) ≤
d′−1∑

i=1

min(q′′i − 1, 2r+2 − 1) ≤ N,

sinceq′′1 . . . q
′′
d′−1 = q′1 . . . q

′
d′ ≤ 2(r+2) f , which contradicts the minimal-

ity of d′. Hence for all but onei, q′i ≥ 2r+2, and all theq′i are≥ 2, and
therefore

2(r+2)(d′−1)+1 ≤ q′1 . . .q
′
d′ ≤ 2(r+2) f , d′ ≤ f .

It follows that

N =
d′∑

1

min(q′i − 1, 2r+2 − 1) ≤ f (2r+2 − 1)

≤
2 log(n− 1)

log 2
(2r+2 − 1) < n(2r+2 − 1).

It follows from Lemma 2 that any element ofJm(A) is a sum of at most
(2r+2 − 1)n m-th powers. This completes the proof of Proposition 1.�
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2 The case when the residue field is large

Proposition 2. When k is infinite, Jm = J′m = A, and any element of A
is a sum of at mostγ3(m) m-th powers.

When k is finite, and f1 > r ≥ 1, any element of Jm is a sum of at

most{(r + 1)(pr
+ 1) + 1}

{

pτ − 1
p− 1

n+ δ

}

m-th powers, whereδ = 1 if

n = p − 1 andδ = 0 otherwise; and the equality Jm = J′m holds unless
p = 2 and f , f1.

Proof. When eitherk is infinite or f1 > r, we can find elements
u0, . . . , upr ∈ Jm(B) such that their residue field images are distinct, by
Lemma 1. It follows that we can finda0, . . . , apr ∈ Jm(B) such that

pl xpr−1
=

pr
∑

i=0

ai(ui x+ 1)pr
. (2)

In fact, writing
(

pr

pr−l

)

= plαl , whereαl is a unit inJm(B), we have only 50

to solve the system of linear equations

pr
∑

i=0

aiu
v
i =






0 if v , pr−l , 0 ≤ v ≤ pr

α−1
l if v = pr−l

for the ai in Jm(B). The determinant∆ =
∏

i< j
(ui − u j) is an element

of Jm(B) invertible in B, hence inJm(B), since∆(∆m−1(∆−1)m) = 1,
∆

m−1(∆−1)m ∈ Jm(B). Thus theai can be solved for inJm(B).
Now for x ∈ p, (1+ui x)pr

is anm-th power by Hensel’s lemma. It fol-
lows that if any element ofJm(B) is a sum ofλm-th powers, any element
of mr (in the notation of Lemma 3) is the sum of at mostλ(r +1)(pr

+1)
m-th powers. But since any element ofA is congruent to an element ofB
modulop, it follows from Lemma 3 that any element ofJm(A) or J′m(A)
is congruent to an element ofJm(B) or J′m(B) respectively modulopr .

Proposition 2 follows from this, if we substitute forλ from Proposi-
tion 1. �

Remarks. (1) It follows from the proof that the Proposition is true
for any complete local ring with residue field finite andf1 > r, or
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perfect and infinite of characteristicp > 0, since such a ring con-
tains a homomorphic image of an unramified complete discrete
valuation ring of characteristic zero with the same residuefield,
by the structure theorems of Cohen.

(2) Whenn = 1, that is whenm = pr , the passage fromJm(A) to
Jm(B) [or from J′m(A) to J′m(B)] is not necessary, and we can apply
(2) to any elementx ∈ A directly. Thus if every element ofJm(B)
is a sum of at mostλ m-th powers, every element ofJm(A) is a
sum of at most (r + 1)(pr

+ 1)λ m-th powers.

Moreover whenn = 1, the casef = r can also be dealt with in the
same manner. In fact ifζ is a primitive (pf − 1)-th root of unity in
B, we have the identities

(pf − 1)

(

pr

pk

)

xpk
=

pf−2∑

i=0

ζ−ipk
(ζ i x+ 1)pr

, 0 < k < r,

(pf − 1)(pr x+ xpr
) =

pf−2∑

i=0

ζ−i(ζ i x+ 1)pr
,

andζ is a pr-th power inB.

(3) Sincepf1 − 1 ≥
pf − 1

n
, the conditionf1 > r is certainly fulfilled

if pf > m. Since the casepf
= m is also covered by Remark (2),

we may assume in what follows thatpf < m.

3 The general case

We assumeA to have finite residue field, and thatf1 ≤ r, pf < m. The51

method is similar to that of §2, but more complicated.
Let ζ be a primitive (q1−1)-th root of unity inB. It is easily seen that

ζ ∈ Jm(B). For anyk with 0 ≤ k ≤ r, we wish to establish an identity of
the form

∑

j

q1−2∑

i=0

ai j (ζ
iλ j x+ 1)pr

= pr−k(λx)pk
(3)
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with ai j , λ j andλ suitably chosen. This identity is equivalent to the
system of linear equations

(

pr

pk

)
∑

i, j

ai j ζ
ivλv

j =






0 if v , pk, 0 ≤ v ≤ pr ,

pr−kλpk
if v = pk.

If we put
∑

i
ai j ζ

iv
= b jv, thenb jv = b jv′ if v ≡ v′(mod (q1 − 1)). We

naturally chooseb jv = 0 if v . pk(mod (q1 − 1)), and we will choose
b jv = c j for v ≡ pk(mod (q1 − 1)) later. Theai j are then determined
by thec j by the equationsai j = ui · c j with ui ∈ Jm(B). Let us write
pk
= σ(q1−1)+ ρ1, pr − ρ1 = κ(q1−1)+ ρ2, with 0≤ ρ1, ρ2 < q1−1; if

q1 > 2 andl andsare the least non-negative residues ofk andr modulo
f1, it is easily checked that

σ =
pk − pl

q1 − 1
, ρ1 = pl , and κ =

pr − ps

q1 − 1
or =

pr − ps

q1 − 1
− 1

according ass ≥ 1 or s < l. We let the indexj vary through the range
0 ≤ j ≤ κ. We write

(
pr

pk

)

= pr−kmk, wheremk is a unit inJm(B). Putting

λ
q1−1
j = µ j , mkc jλ

ρ1
j = d j , so thatai j = m−1

k λ
−ρ1
j uid j , the equation (3)

becomes equivalent to the system of linear equations.

κ∑

j=0

d jµ
t
j =






0 if t , σ, 0 ≤ t ≤ κ

λpκ if t = σ.

We chooseλ j = π
jm(0 ≤ j ≤ κ), so thatµ j = π

jm(q1−1). If Sα(X0, . . . ,Xβ)
denotes the elementary symmetric function of degreeα in the variables
X0, . . . ,Xβ, the solution of the above system of linear equations for the
d j is

d j = ±λ
pk Sκ−σ(µ0, . . . , µ̂ j , . . . , µκ)

∏

α, j
(π jm(q1−1) − παm(q1−1))

and hence

ai j = ±
m−1

k uiλ
pk

Sκ−σ(µ0, . . . , µ̂ j , . . . , µκ)

π jmρ1
∏

α, j
(π jm(q1−1) − παm(q1−1))
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where the symbol ‘ˆ ’ over a letter means that it is to be omitted. Now

Sκ−σ(µ0, . . . , µ̂ j , . . . , µκ) = π
m(q1−1)(κ−σ−1)(κ−σ)/2P j(π

m(q1−1)),

whereP j is a polynomial of degree≤ (σ+1)(κ−σ) with rational integral52

coefficients. The above expression for theai j may be rewritten as

ai j = ±
m−1

k uiλ
pk
π( 1

2 [(κ−σ−1)(κ−σ)]− 1
2 [( j−1) j]−(κ− j) j)m(q1−1)− jmρ1P j(πm(q1−1))

∏ j
α=1(1− πmα(q1−1))

κ− j∏

α=1
(1− πmα(q1−1))

We wish to chooseλ in such a way that it is divisible by as small a power
of p as possible, and such that theai j are sums of as few a number of
m-th powers as possible.

Let pX be the power ofp dividing λ. In order that theai j belong to
A at all, we must have

pkX+

(

(κ − σ − 1)(κ − σ)
2

−
( j − 1) j

2
− (κ − j) j

)

m(q1−1)− jmρ1 ≥ 0

(0 ≤ j ≤ κ).

The minimum of the left side of the above inequality asj varies in the
range 0≤ j ≤ κ is attained forj = κ, so that we must have [on substitut-
ing pk

= σ(q1 − 1)ρ1]

pk(X − κm) +m(q1 − 1)
σ(σ + 1)

2
≥ 0.

We chooseX in such a way that equality holds. We put

λ = πX
κ∏

j=1

(1− πim(q1−1)).

It is easily checked that the polynomial
α∏

j=1
(1 − Y j)

κ−α∏

j=1
(1 − Y j) divides

κ∏

j=1
(1− Y j), so that we obtain

ai j = π
umQ j(π

m(q1−1)), u = u( j) ≥ 0
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whereQ j is a polynomial with coefficients inJm(B) of degree

≤ (σ + 1)(κ − σ) + pkκ(κ + 1)
2

−
j( j + 1)

2
−

(κ − j)(κ − j + 1)
2

= (σ + 1)(κ − σ) + (pk − 1)
κ(κ + 1)

2
+ j(κ − j).

It follows from (3) that for anyx ∈ pX+1, pr−kxpk
is a sum of at most

N(q1 − 1)




(κ + 1)

{

(σ + 1)(κ − σ) + (pk − 1)
κ(κ + 1)

2

}

+

κ∑

j=0

j(κ − j)





m-th powers, whereN denotes the smallest integer such that any element

of Jm(B) is the sum of at mostN m-th powers. Let us putκ0 =

[

pr

q1 − 1

]

,

so thatκ ≤ κ0 for all k; the above integer is then≤ N(q1 − 1)pkκ0(κ0 +
1)2/2.

Hence if we putY = 1 + sup
0≤k≤r

X anda = pY, any element ofar (in 53

the notation of Lemma 3) is the sum of at most

N
2

(q1 − 1)κ0(κ0 + 1)2
pr+1 − 1

p− 1

m-th powers. Since

X = κm+ pr−kn(q1 − 1)
σ(σ + 1)

2
= κm+ n

(σ + 1)
2

(pr − ρ1pr−k),

andσ and (pr − ρ1pr−k) are both non-decreasing ask increases, we see
that

sup
0≤k≤r

X = κ0m+ n(q1 − 1)
κ0(κ0 + 1)

2
.

Now, if J̄ denotes the image ofJm(A) in the ringAr/ar + pτA, the
order (as an abelian group) of̄J is of the formpQ where

Q ≤ (r + 1) f

(

κ0m+ n(q1 − 1)
κ0(κ0 + 1)

2
+ 1

)

,
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by Lemma 3. Choose a minimal set ¯xm
1 , . . . , x̄

m
d of generators of̄J (as an

abelian group), and denote byqi the index of the subgroup{x̄m
1 , . . . , x̄

m
i−1}

in the subgroup{x̄m
1 , . . . , x̄

m
i } for 1 ≤ i ≤ d, so thatpr ≥ qi > 1, eachqi

is a power ofp andq1 . . . qd = pQ. Any element ofJ̄ is then a sum of

at most
d∑

1
(qi − 1) elements of the form ¯xm

i . Arguing as in the last part of

the proof of Proposition 2, we obtain that

d∑

i=1

(qi − 1) ≤
d′∑

j=1

min(q′j − 1, pr − 1),

where eachq′j is again a positive power ofp,
∏

q′j = pQ, and all but one
of theq′j satisfyq′j ≥ pτ. Thus we obtain

p(d′−1)τ+1 ≤ pQ,

d′ − 1 < (r + 1) f

(

κ0m+ n(q1 − 1)
κ0(κ0 + 1)

2
+ 1

)

/τ

≤ f

(

κ0m+ n(q1 − 1)
κ0(κ0 + 1)

2
+ 1

)

,

i.e. d′ ≤ f

(

κ0m+ n(q1 − 1)
κ0(κ0 + 1)

2
+ 1

)

,

and hence

d∑

1

(qi − 1) ≤ f (pτ − 1)

(

κ0m+ n(q1 − 1)
κ0(κ0 + 1)

2
+ 1

)

.

It follows that any element ofJm(A) is a sum of at most54

N
2

(q1−1)κ0(κ0+1)2
pr+1 − 1

p− 1
+ f (pτ−1)

(

κ0m+ n(q1 − 1)
κ0(κ0 + 1)

2
+ 1

)

m-th powers. Now iff = f1, then f ≤ r by assumption, and iff , f1,
then f1 ≤ f /2, so that

n ≥
pf − 1

pf1 − 1
≥ pf /2

+ 1, f ≤
2 log(n− 1)

log p
.
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Using this and the value forN as given by Proposition 1, one easily
deduces after a little calculation that the above integer is< 8m5. In view
of Propositions 1 and 2, we thus have

Proposition 3. Let A be any complete discrete valuation ring of char-
acteristic zero with finite residue field, and m an integer> 1. Then any
element of the subring Jm(A) of A generated by m-th powers of elements
of A is a sum of at most8m5 m-th powers.

Remark. As is needless to remark, the bound 8m5 is quite rough, and it
is possible to obtain better estimates for particular values of m. In view
of the fact that the “global to local” reduction of the numberfield case
to that of ap-adic field works when the number of variables is at least
2m
+ 1 (Birch [1] and Körner [2]), and since 8m5 < 2m

+ 1 for m ≥ 27,
it might not be without interest to check that 2m

+ 1 variables suffice
for m ≤ 26. For most values of this range, this is a consequence of our
estimates, but the author has not checked this for allm≤ 26.

The author wishes to thank Professor K. G. Ramanathan for suggest-
ing the problem and for his kind help. He is also indebted to Professor
K. Chandrasekharan for several improvements.
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A Note on Automorphism Groups of
Algebraic Varieties∗

By C.P. Ramanujam in Bombay (India)

Matsusaka has proved [3] that the maximal connected group ofau- 55

tomorphisms of a projective variety can be endowed with the structure
of an algebraic group. Our aim in this note is to extend this result to
arbitrary complete varieties. More generally, we shall show that a “con-
nected” and “finite dimensional” groupG of automorphisms (see below
for precise definitions) of any algebraic varietyX can be endowed with
the structure of an algebraic group variety. The main line ofargument is
similar to the one used by Chevalley [2] and Seshadri [7] in the construc-
tion of the Picard variety, but somewhat simpler. We shall prove that the
linear map of the Lie algebra of this algebraic group into thespace of
vector fields onX which associates to any tangent vector at the identity
element ofG the corresponding “infinitesimal motion” is an injection.
It follows easily thatG satisfies the universal property for connected
algebraic families of automorphisms ofX containing the identity, that
is, that any algebraic family of automorphisms of an algebraic variety
X parametrised by a varietyT is induced by a morphism ofT into G.
As an application, we shall prove that the maximal connectedgroup of
automorphisms of a (locally isotrivial) principal fibre space over a com-
plete variety has a structure of a group variety. We have beeninformed
by the referee that this result has also been obtained by H. Matsumura.

All varieties will be assumed to be irreducible, and defined over an
algebraically closed fieldK.

∗The author wishes to express his gratitude to Professors M. S. Narasimhan and C.S.
Seshadri for many helpful suggestions and discussions.
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We shall say that a family{ϕt}t∈T of automorphisms of a varietyX,
where the parametrising setT is also a variety, is analgebraic family if

the mapT × X → X given by (t, x)
ϕ
−→ ϕt(x) is a morphism. It is clear

that if λ : S→ T is a morphism, the family{ϕλ(s)}s∈S is again algebraic,
and that if{ψs}s∈S is another algebraic family,{ψs◦ϕt}(s,t)∈S×T is also an
algebraic family. Let (̃X, p) be the normalisation ofX. For everyt ∈ T,
ϕt lifts to a unique automorphismϕt of X̃ such thatp ◦ ϕ̃t = ϕt ◦ p.
We shall show that{ϕ̃t}t∈T is an algebraic family of automorphisms of
X̃. Let (T̃, q) be the normalisation ofT. Then (T̃ × X̃, q × p) is the

normalisation ofT × X, and the morphismT × X
ϕ
−→ X lifts to a unique

morphism ¯ϕ : T̃× X̃→ X̃ such thatp◦ ϕ̄ = ϕ◦ (q× p). It follows that for
any t̃ ∈ T̃, the morphism ofX̃ onto itself given by ˜x→ ϕ̄(t̃, x̃) coincides56

with ϕ̃q(t̃). Let Γϕ̄ be the graph of ¯ϕ in T̃ × X̃ × X̃, andΓϕ̃ its image in
T × X̃ × X̃ by q × I X̃ × I X̃ denoting the identity map of̃X. Γϕ̃ is then

the graph of the mapT × X̃
ϕ̃
−→ X̃ given by (t, x̃) → ϕ̃t(x) and sinceq is

proper,Γϕ̄ is closed. Since the projection ofΓϕ̃ onto the product̃T × X̃
of the first two factors is an isomorphism andq× I X̃ : T̃ × X̃ → T × X̃
is proper, it follows that the projection ofΓϕ̃ ontoT × X̃ is a morphism
which is proper and bijective.

Let p1 andp2 be the projections ofΓϕ̃ onto the second and third fac-
tors. It is easily checked that ifτ is a tangent vector at a point (t, x̃, ϕ̃t(x̃))
to Γϕ̄ whose image by the differential map of the projection ontoT is
zero, and ifdpi anddϕt are the differential maps ofpi andϕt, we have
dp2(τ) = dϕ̃t(dp1(τ)). It follows that the differential map of the pro-
jection of Γϕ̃ onto T × X̃ is everywhere injective. It follows from [5,
Appendix, Exposé 5, p. 5-28] thatΓϕ̃ → T × X̃ is an isomorphism ev-
erywhere, which shows that ˜ϕ is a morphism and{ϕ̃t}t∈T is an algebraic
family.

A similar argument proves that the family{ϕ−1
t }t∈T of inverses of

an algebraic family is again algebraic. Since the set of points of a
parametrising variety for which the corresponding elements of an al-
gebraic family become the identity automorphism is a closedset, it fol-
lows that if {ϕt}t∈T and {ψs}s∈S are two algebraic families, the set of
(s, t) ∈ S × T for whichϕt = ψs is closed.
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We shall say that a groupG of automorphisms of a varietyX is a
connected group of automorphismsif any automorphism belonging to
G is a member of an algebraic family which also contains the identity
automorphism ofX. We shall say thatG is finite dimensionalif there
exists an integerN such that if{ϕt}t∈T is any algebraic family of auto-
morphisms contained inG (i.e. ϕt ∈ G for every t ∈ T) and such that
ϕt , ϕt′ if t , t′ (an injective family),we have dimT ≤ N. The smallest
integerN having this property is then called thedimensionof G.

We need a final definition. Let{ϕt}t∈T be an algebraic family of
automorphisms ofX andϕ : T × X → X the defining morphism. Letτ
be a tangent vector toT at a pointt0, and for anyx, let τx be the tangent
vector toT × X at (t0, x) which is the image ofτ by the differential
mapping of the morphismθx : T → T × X given by θx(t) = (t, x).
We can then define a vector fileddϕ(τ) on X whose valuedϕ(τ)x at the
point x is given bydϕ(τ)x = dϕ(τϕt0

− 1x). The vector fielddϕ(τ) is
immediately verified to be regular (i.e., maps regular functions on open
subsets ofX into regular functions). We shall say that the family{ϕt}t∈T

is infinitesimally injectiveat a pointt0 ∈ T if dϕ is an injection of the
tangent space att0 into the vector space of regular vector fields onX.

We now state our result.

Theorem . Let G be a connected finite dimensional group of automor-
phisms of an algebraic variety X. Then there exists a unique structure
of an algebraic variety on G which makes of it an algebraic group (of
dimension= dimension of G) such that the following condition holds:

a. The automorphisms of X belonging to G, when considered as a
family of automorphisms of X parametrised by the identity map of
G onto G, is an algebraic family which is infinitesimally injective 57

on G. In other words, ifχ : G × X → X is defined byχ(ϕ, x) =
ϕ(x), χ is a morphism of algebraic varieties, and ifτ , 0 is a
tangent vector at any point of G, dϕ(τ) , 0.

Further, G has the following universal property:

b. If {ϕt}t∈T is any algebraic family of automorphisms of X such that
ϕt ∈ G for every t∈ T, there is a unique morphism̄ϕ : T → G
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such thatϕ̄(t) = ϕt.

We will first show that (a) implies (b), and this in turn trivially im-
plies the uniqueness assertion of the theorem. By an earlierremark,
the subsetΓ of T × G consisting of those (t, ϕ) for which ϕt = ϕ is a
closed subset ofT ×G. Since this is precisely the graph of ¯ϕ, we have
only to verity that the projection is an isomorphism. We shall prove
that the differential map of the projection ofΓ onto T is injective at
every point ofΓ. Let p1 and p2 be the projections ofΓ onto T and
G respectively. Let{ψγ}γ∈Γ be the algebraic family onX defined by
ψγ = ϕp1(γ) = p2(γ). If τ is any tangent vector at a pointγ0 to Γ, we
have evidentlydψ(τ) = dψ(dp1(τ)) = dχ(dp2(τ)). It follows by (a) that
if dp1(τ) = 0, thendp2(τ) = 0 and henceτ = 0.

By Lemmas 1 and 2 below and Zariski’s main theorem, we can
find y1, . . . , ym ∈ X such that the morphismλ : G → Xm defined by
λ(g) = (gy1, . . . , gym) is a radicial covering of the non-singular locally
closed subvarietyW = λ(G) of Xm by G. Sinceµ : T → W given by
µ(t) = (ϕt(y1), . . . , ϕt(ym)) is a morphism, its graphΓµ ⊂ T×W is closed
irreducible. SinceIT × λ : T ×G → T ×W is a radicial covering and
(IT × λ)−1(Γµ) = Γ, Γ is irreducible andΓ → T is proper. We may now
apply the result of [5, Appendix to Exposé 5, p. 5-28] to conclude that

Γ
p1
−−→ T is an isomorphism, and ¯ϕ = p2 ◦ p−1

1 is the required morphism.
Hence we have only to construct a structure of variety onG satisfy-

ing (a).

Lemma 1. Let {ϕt}t∈T be an algebraic family of automorphisms of a va-
riety X parametrised by a (not necessarily irreducible) algebraic space
T. Then there exists a finite number of points x1, . . . , xn ∈ X such that if
ϕt(xi) = ϕt′(xi) (i = 1, . . . , n; t, t′ ∈ T), thenϕt = ϕt′ .

Proof. For anyx ∈ X, let Sx be the closed subset ofT × T consisting
of all (t, t′) such thatϕt(x) = ϕt′(x) andS the subset of (t, t′) such that
ϕt = ϕt′ . Then we haveS =

⋂

x∈X
Sx, and sinceT × T is a noetherian

space,S =
n⋂

i=1
Sxi , wherex1, . . . , xn are a finite number of points ofX.

This is the assertion of the lemma. �
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Lemma 2. Let G be a connected group of automorphisms of a variety
X, and x any point of X. Then the orbit Gx= {ϕ(x)|ϕ ∈ G} is a locally
closed non-singular subvariety of X. Moreover if G is finite dimensional,
dimGx≦ dimG.

Proof. By a well known theorem of Chevalley, if{ϕt}t∈T is any algebraic
family of automorphisms ofX, the subsetϕT(x) = {ϕt(x)|t ∈ T} is an
irreducible constructible subset ofX of dimension at most equal to the
dimension ofX. It follows that we can choose a family{ϕt}t∈T such that
ϕt ∈ G for all t ∈ T and dimϕT(x) is a maximal. By replacing this family
by {ϕt ◦ ϕ

−1
t0 }t∈T , if necessary, we may assume thatϕt0 is the identity of

X for somet0 ∈ T. The closureϕT(x) of ϕT(x) is a closed irreducible 58

subvariety ofX and ϕT(x) contains an open subsetU of ϕT(x). We
assert thatGx ⊂ ϕT(x). If not, there would exist aψ ∈ G such that
ψ(x) < ϕT(x). SinceG is connected, there exists a family{ψs}s∈S such
that for two pointss0, s1 ∈ S, we haveψs0 = IX, ψs1 = ψ. The algebraic
family of automorphisms{ψt◦ψs}(t,s)∈T×S is contained inG, and contains
both the families{ϕt}t∈T and {ψs}s∈S. Hence it follows thatϕT(x) &
ϕT ◦ ψS(x) (sinceψs1(x) < ϕT(x)), dimϕT ◦ ψS(x) = dimϕT ◦ ψS(x) >
dimϕT(x) = dimϕT(x), which contradicts our choice of the family{ϕt}.

Thus,Gx ⊂ ϕT(x), and sinceGx =
⋃

ϕ∈G
ϕ(U) and eachϕ(U) is open

in ϕT(x), Gx is open inϕT(x) = Gx. HenceGx is locally closed inX,
and sinceG acts transitively on the varietyGx, it is non-singular.

Suppose now thatG is of finite dimensionN, and dimGx > N. It
follows from the first part of the proof that there is an algebraic family
{ϕt}t∈T contained inG such that dimϕT(x) = dimGx > N. Since the
morphismT → Gx given by t → ϕt(x) is dominant, it is easy to see
that there is a subvarietyT1 of T such that dimT1 = dimGx and the
morphismT1 → Gx given by t1 → ϕt1(x) is again dominant. The
function fieldR(T1) of T1 is therefore algebraic over the function field
R(Gx) of Gx. Hence, by replacingT1 by an open subset, we may further
assume that the fibers of the morphismt1 → ϕt1(x) are finite, and in
particular that for anyt1 ∈ T1, there are only a finite number oft2 ∈ T1

such thatϕt1 = ϕt2. If we can construct by a suitable “descent” an
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injective family of automorphisms of the same dimension, wewould
have the required contradiction.

By Lemma 1, there existy1, . . . , yn ∈ X such thatϕt1(yi ) = ϕt2(yi)
(i = 1, . . . , n) implies thatϕt1 = ϕt2. Let y = (y1, . . . , yn) ∈ Xn, and
let {ϕn

t1}t1∈T1 be the algebraic family of automorphisms ofXn defined by
ϕn

t1(x1, . . . , xn) = (ϕt1(x1), . . . , ϕt1(xn)). Sinceϕn
T1

(y) is constructible we
may assume thatϕn

T1
(y) is actually a locally closed normal subvariety of

Xn, by replacingT1 by an open subset. Since the fibers oft1 → ϕn
t1(y)

are finite, we may assume (by replacingT1 by its normalisation in a
normal algebraic extension ofR(ϕn

T1
(y)) containingR(T1)) that R(T1)

is normal overR(ϕn
T1

(y)). Let T′1 be the normalisation ofϕn
T1

(y) in the
purely inseparable closure ofR(ϕn

T1
(y)) in R(T1). By replacing by an

open subset, we may assume that the morphismT1
λ
−→ T′1 is a Galois

covering, so thatT1 is the quotient ofT′1 by a finite group
∏

. If t1, t2 ∈
T1 have the same image inT′1, thenϕn

t1(y) = ϕn
t2(y) and henceϕt1 = ϕt2,

and conversely, ifϕt1 = ϕt2, ϕ
n
t1(y) = ϕn

t2(y) and henceλ(t1) = λ(t2) since
T′1 is a purely inseparable covering of an open subset ofϕn

T1
(y). Thus,

the defining morphismϕ : T1 × X→ X commutes with the action of
∏

on T1 × X, and hence “passes down” to a morphismϕ′ : T′1 × X → X
such thatϕ′ ◦ (λ× IX) = ϕ. Thenϕ′ defines an injective algebraic family
of dimension= dimension ofT1 > N, which is a contradiction.

Lemma 2 is proved. �

We now proceed to the proof of the theorem. Let{ϕt}t∈T be an
injective family contained inG and containing the identity such that
dimT = dimG andT is normal. We assert that any elementψ of G can59

be written asϕt1◦ϕ
−1
t2 with t1, t2 ∈ T. In fact, by an application of Lemma

1 to the union of the two families{ϕt}t∈T and{ψ ◦ ϕt}t∈T , we deduce that
there exist a finite number of pointsx1, . . . , xn such thatϕt(xi) = ϕt′(xi)
implies thatϕt = ϕt′ and also such thatϕt(xi) = ψ ◦ ϕt′(xi) implies that
ϕt = ψ ◦ ϕt′ . Let x = (x1, . . . , xn) ∈ Xn, and makeG act onXn com-
ponentwise. ThenGx is an irreducible locally closed subvariety ofXn

whose dimension is the dimensionN of G, by Lemma 2 and because the
morphismt → ϕn

t (x) of T into Gx is injective. Alsoϕn
T(x) andψ ◦ϕn

T(x)
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contain open subsets ofGx, since both are of dimensionN. Hence these
two subsets ofGxhave a non-void intersection, so thatϕn

t1(x) = ψ◦ϕn
t2(x)

for somet1, t2 ∈ T, which implies (by our choice ofx) thatϕn
t1 = ψ ◦ϕt2,

ψ = ϕt1 ◦ ϕ
−1
t2 . Thus the algebraic family{ϕt ◦ ϕ

−1
t′ }(t,t′)∈T×T contains all

the elements ofG. Hence by Lemma 1, there exist a finite number of
pointsy1, . . . , ym ∈ X such thatϕ(yi) = ϕ′(yi)(i = 1, . . . ,m), ϕ, ϕ′ ∈ G,
implies thatϕ = ϕ′.

Let y be the point (y1, . . . , ym) ∈ Xm, andGy the orbit ofy for the
action ofG componentwise onXm. It follows from Lemma 2 thatGy is
an irreducible locally closed non-singular subvariety ofXm of dimension
N. Since the morphismT → Gy given by t → ϕt(y) is dominant and
injective, R(T) is purely inseparable overR(Gy). If the characteristic
is zero, it follows from Zariski’s main theorem thatT is isomorphic
to an open subset ofGy, and we putZ = Gy. If the characteristic is
p > 0, we can find an integern ≧ 0 such thatR(T) ⊂ R(Gy)p−n

. In
this case, letZ be the normalisation ofGy in R(Gy)p−n

. By replacing
T by its normalisation inR(Gy)p−n

we may assume thatT is an open
subset ofZ. Let π : Z → Gy denote the projection ofZ ontoGy (and
the identity map if characteristic is zero). SinceZ is the normalisation
of Gy in R(Gy)p−n

, and sinceG acts (as an abstract group) as a group of
automorphisms ofGy, it can be made to act as a group of automorphisms
of Z in such a way as to commute with the projectionπ. Sinceπ is
bijective, it follows from our choice ofy that for anyz ∈ Z, there is a
unique elementϕz ∈ G such thatϕz(y) = π(z), and it follows that for any
ψ ∈ G, we haveϕψz = ψ◦ϕz. Also the map ofZ ontoG given byz→ ϕz

is a bijection. Since the family of automorphisms{ϕz}z∈Z is algebraic
when restricted to the open subsetT, and sinceG acts transitively (and
simply) as a group of automorphisms ofZ, it follows that {ϕz}z∈Z is an
algebraic family.

We have thus constructed an algebraic family{ϕz}z∈Z parametrised
by a non-singular varietyZ, such that (a)z → ϕz is a bijection ofZ
ontoG, and (b)G (as an abstract group) acts onZ in such a way that for
ψ ∈ G, z∈ Z, we haveϕψz = ψz◦ϕ. If the family {ϕz}z∈Z is infinitesimally
injective (this always holds when the characteristic ofK is zero, as is
well known) on the whole ofZ, we transport the algebraic structure ofZ
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ontoG by the above bijection, and we are through. Suppose that thisis
not so, so that the characteristicp of K is > 0. At any pointz ∈ Z, let Tz

be the tangent space ofZ, and letT′z be the kernel of the linear mapdϕ
of Tz into the space of vector fields onX. Because of (b), the dimension
of T′z is the same for allz ∈ Z. Since locally onZ T′z is defined by the60

vanishing of a finite number of regular differential forms, it follows that
the family of vector spaces{T′z}z∈Z defines s sub-bundleT′ of the tangent
bundle ofZ. It is easy to verify that ifX andY are vector fields on an
open set ofZ such that their values at any pointzof this open set belong
to T′z, the same is true of [X,Y] and Xp. Thus,T′ is an integrable sub-
bundle of the tangent bundle ofZ, in the sense of Cartier (see Exposé
6 of [5]). Hence there exists a non-singular varietyZ′ and a radicial
covering p : Z → Z′ of height one such that the kernel ofdp at any
z ∈ Z is preciselyT′z. Further, there exists a morphismϕ′ : Z′ × X → X
such thatϕ′ ◦ (p× IX) = ϕ (Theorem 2 and Proposition 7, exposé 6, [5]).
Thus, the family{ϕ′z′}z′∈Z′ parametrised byZ′ and defined byϕ′p(z) = ϕz

for z ∈ Z is again algebraic. Also the action ofG onZ “goes down” to an
action ofG onZ′ since it leaves the sub-bundleT′ invariant. Finally we
have a morphism ofZ′ ontoGy defined byz′ → ϕ′z′(y), which implies
that R(Z) ⊃ R(Z′) ⊃ R(Gy), [R(Z) : R(Z′)] > 1. If the family on
Z′ is not infinitesimally injective, we may repeat the above method of
descent, to get aZ′′ with R(Z) ⊃ R(Z′) ⊃ R(Z′′) ⊃ R(Gy), [R(Z′) :
R(Z′′)] > 1. Since [R(Z) : R(Gy)] < ∞, we must arrive at a bijective
and infinitesimally injective algebraic family in a finite number of steps.
Transporting the algebraic structure of the parametrisingvariety of this
family to G, we arrive at a structure of an algebraic variety onG, such

thatG× X
χ
−→ X defined byχ(ϕ, x) = ϕ(x) is a morphism and the family

{χϕ}ϕ∈G(χϕ = ϕ) is infinitesimally injective.
Now, in the proof of the fact that part (a) of the theorem implies (b),

we never used the fact that the group operations onG are algebraic. Thus
we may apply (b) to the algebraic family{χϕ ◦ χ−1

ϕ′
}(ϕ,ϕ′)∈G×G to deduce

that the mapG×G→ G given by (ϕ, ϕ′)→ ϕ ◦ ϕ′−1 is a morphism.
The theorem is completely proved.
We now apply the theorem to the group of all automorphisms of a
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semi-complete variety which can be connected to the identity automor-
phism by an algebraic family parametrised by an irreduciblevariety.
(From the preliminary remarks made at the beginning of this note, it
follows that such automorphisms form a group under composition.) We
shall say that a varietyX is semi-completeif for any torsion free co-
herent algebraic sheafF on X, the vector spaceH0(X,F ) (over K) of
sections is finite dimensional. By the theorem, we have only to show
that there exists an integerN such that if{ϕt}t∈T is any injective alge-
braic family of automorphisms ofX, dimT ≦ N. The normalization
(X̃, p) of X is again semi-complete; for ifF is coherent and torsion free
on X̃, its direct imagep∗(F ) on X is again coherent and torsion free,
andH0(X̃,F ) � H0(X, p∗(F )). Also the family{ϕt}t∈T lifts to a family
{ϕ̃t}t∈T of automorphisms of̃X, which is again injective. LetY be the
closed set of singular points of̃X. Then any automorphism of̃X leaves
X̃ − Y stable. Any coherent torsion free sheafF1 on X̃ − Y admits of
an extensionF to X̃, which is again torsion free, and sinceX̃ is normal
and codimY ≧ 2, it follows that the mapH0(X̃,F ) � H0(X̃ − Y,F1) is
an isomorphism.

Thus, we are reduced to the case of a non-singular semi-complete
variety X. In this case, it is well known that the group of coherent
sheaves of principal ideals onX (the Cartier divisors) is canonically61

isomorphic to the free group generated by the subvarieties of codimen-
sion one inX. Let f1, . . . , fp be non-constant rational functions onX

generating the function fieldR(X) over K, and letD =
n∑

j=1
D j be any

positive divisor onX with D j prime, such thatD + div( fi) ≧ 0, and
D + div( fi − 1) ≧ 0. If {ϕt}t∈T is any algebraic family of automorphisms
of X such that for somet0 ∈ T, ϕt0 = Identity and for anyt ∈ T, the
inverse imageϕ∗t (D) of D equalsD, I assert thatϕt = Identity. In fact,
sinceT is irreducible, it follows that we must haveϕt(D j) = D j for any
j, 1 ≦ j ≦ n. If V j is the discrete valuation onR(X) defined byD j , it fol-
lows thatV j( f ⊙ϕt) = V j( f ). Hence, we must have div(fi) = div( fi⊙ϕt),
div(( fi − 1)⊙ ϕt) = div( fi − 1) for 1≦ i ≦ p. SinceX is semi-complete,

the functions
fi ⊙ ϕt

fi
and

( fi − 1)⊙ ϕt

fi − 1
, being everywhere regular, must
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be constants. Thus we obtain

fi ⊙ ϕt = ai fi ,

( fi − 1)⊙ ϕt = bi( fi − 1) = fi ⊙ ϕt − 1 = ai fi − 1,

which shows thatai = bi = 1 and fi ⊙ ϕt = fi . Thus,ϕt induces the
identity automorphism onR(X), and hence must be the identity.

Now if {ϕt}t∈T is any irreducible algebraic family of automorphisms
of X with ϕt0 = Identity, {ϕ∗t (D)}t∈T is an algebraic family of divisors
on X with ϕ∗t0(D) = D. If Pic(X) is the (connected) Picard variety
of X, we thus get a morphismψ : T → Pic(X) defined byψ(t) =
Cl(ϕ∗t (D) − D) ([5], Exposé 8, corollary to Theorem 3). LetT1 be
an irreducible component ofψ−1(ψ(t0)) containing t0. We then have
dimT ≦ dimT1 + dim Pic(X), by the dimension theorem ([1], Chapter
III, Theorem 2). But now, for everyt ∈ T1, ϕ∗t (D) − D is linearly equiv-
alent to zero, and thus we have an injective morphismξ : T1 → Pr ,
wherePr is the projective space which parametrises the complete linear
system containingD ([5], corollary to Prop. 7 and Theorem 2, Exposé
5]). Hence, we deduce that dimT ≦ dim |D| + dim Pic(X).

We have thus proved

Corollary 1. Let X be a semi-complete variety. Then the group G of
all automorphisms of X which can be connected to the identityauto-
morphism by an irreducible family can be given the structureof a group
variety such that the map G× X → X given by(ϕ, x) → ϕ(x) is a mor-
phism. The induced linear map of the Lie algebrag of G into the (finite
dimensional) vector space of regular vector fields on X is an injection.
G has the universal mapping property for all irreducible algebraic fam-
ilies of automorphisms containing the identity.

Remark. By substitutingG for T in the argument preceding the corol-
lary, we see thatG is an extension of a subgroup of Pic(X) by a linear
group. In particular, when Pic(X) is trivial, G is a subgroup of the pro-
jective group of the projective space which defines the linear system|D|.
Further, whenX is itself projective, we may clearly assume (by adding
to D a high multiple of an ample divisor) thatD is a hyperplane section
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in a projective imbedding ofX. It follows thatG is the restriction toX
of a group of projective transformations of the ambient projective space
(for this projective imbedding).

Now, let P be a locally isotrivial principal fiber space over a com-62

plete varietyX with structure groupG. ([6], Exposé 1, §2.2.) We will
show that the groupH of automorphisms ofP which commute with the
action ofG on P and which can be connected to the identity automor-
phism of P is finite dimensional. Letq : P → X be the projection.
If {ϕt}t∈T is any injective algebraic family of automorphisms ofP with
ϕt0 = Identity for somet0 ∈ T, it is easy to check that it induces an
algebraic family of automorphisms{ϕ̄t}t∈T of X such thatq◦ϕt = ϕ̄t ◦q.
By Corollary 1 and the dimension theorem, it is sufficient to bound the
dimension of any algebraic family{ϕt}t∈T such thatϕt0 = Identity and
q(ϕt(x)) = q(x), that is, a family which fixes the base space.

Let ϕ be any automorphism ofP which is identity onX, so that
for any p ∈ P, there is a uniqueψ(p) ∈ G such thatϕ(p) = pψ(p).
Thenψ is a morphism ofP into G satisfyingψ(pg) = g−1ψ(p)g. Let
Ad(P) denote the bundle associated toP with fiber G for the action of
G on the left ofG by inner automorphisms andη : P × G → Ad(P)
the canonical map ([6], Exposé 1, §3.3). There is then a unique regular
sectionσ : X → Ad(P) such thatη(p, ψ(p)) = σ(q(p)). Suppose now
thatH is a closed normal subgroup ofG, and letP′ be the principal fiber
space with structure groupG/H deduced fromG ([6], Exposé 1, §3.3).
It is clear thatϕ induces an automorphism ofP′, which is the identity
if and only if the morphismψ : P → G defined above mapsP into H,
or equivalently, if the sectionσ of the bundleAd(P) has values in the
sub-bundle with fiberH.

Assume first that the structure groupG is linear, so that we may
assume it to be a subgroup of a full linear groupGl(n). Let G act on
the vector spaceM(n) of all (n, n) matrices on the left by inner auto-
morphisms, and letV be the associated vector bundle. ThenAd(P) is
a sub-bundle ofV. If {ϕt}t∈T is an injective family of automorphisms
of P, we therefore get for eacht ∈ T a sectionσt : X → V of V, and
it is easy to see thatσ : T × X → V defined byσ(t, x) = σt(x) is a
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morphism. SinceX is complete, the vector spaceL of sections ofV is
finite dimensional, and ifL is provided with the structure of an affine
space,t ∈ T → σt ∈ L is clearly a morphism which is injective. Hence
dimT ≦ dimK L , and we are through in this case.

Next supposeG is any connected algebraic group, andC the centre
G. ThenG/C is a linear group ([4], §4, Lemma 3). Since we know
the finite dimensionality of the group of automorphisms of the principal
bundle with groupG/C deduced fromP, it is sufficient to prove the
finite dimensionality of the group of automorphisms ofP which induce
the identity on the base and on the associated bundle withG/C as fiber.
If {ϕt}t∈T is any injective family of automorphisms of this group with
ϕt0 = Identity, we get a morphismσ : T × X → C such that ifσt :
X → C is defined byσt(x) = σ(t, x), σt , σt′ if t , t′, since the bundle
associated toP with fiber C and the (trivial) action ofG on C by inner
automorphisms is trivial. Also we haveσt0(X) = e in C. Let C′ be the
maximal linear subgroup ofC, so thatC/C′, is an abelian variety, and
j : C → C/C′ the canonical homomorphism. Sincej ◦ σ(t0 × X) = e
in C/C′, it follows from well known theorems on abelian varieties that63

j ◦ σ depends only onT, that is, there is a morphismξ : T → C/C′

such thatj ◦ σ(t, x) = ξ(t). Hence ifT1 is any irreducible component
of ξ−1(e) containingt0, dimT ≦ T1 + dimC/C′. But for anyt ∈ T1,
σt(X) ⊂ C′, and sinceX is complete andC′ is linear,σt(X) is a single
pointσt ∈ C′, and the morphismT1 → C′ given byt → σt is injective.
Hence, dimT ≦ dimC′ + dimC/C′.

Finally, supposeG is not connected, and letG0 be the connected
component ofG containinge. ThenP may be considered as a principal
bundle with structure groupG0 over the Galois coveringY = P×GG/G0

of X. Any connected family of automorphisms ofP overX induces the
identity on Y, and hence may be considered as a family of automor-
phisms ofP over Y. SinceY is again complete we are reduced to the
previous case.

Thus, we have proved

Corollary 2. Let P be a locally isotrivial principal fiber space with base
a complete variety X and structure group G. LetAut0(P) be the group
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of all automorphisms of P which can be connected to the identity by
an irreducible algebraic family, andAut0X(P) the subgroup ofAut0(P)
consisting of those automorphisms which leave the base fixed. Then
Aut0(P) can be made into an algebraic group variety in such a way that
the mapχ : Aut0(P) × P→ P defined byχ(ϕ, p) = ϕ(p) is a morphism.
Aut0X(P) is a closed subgroup ofAut0(P). The linear map dχ maps the
tangent space at e toAut0(P) (resp.Aut0X(P)) injectively into the vector
space of G-invariant vector fields on P (resp. G-invariant vector fields
on P which are tangential to the fiber at any point of P).
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On a Certain Purity Theorem

By C.P. Ramanujam

[Received May 1, 1970]

1 Statement of result

Let X andY be connected complex manifolds andf : X → Y a proper 65

and flat1 holomorphic map. LetD ⊂ X be the analytic set where the
differentiald f is not of maximal rank andE = f (D) the set of critical
values off . It has been conjectured thatE is pure of codimension one in
Y. This has been proved by I. Dolgacev [1] and R. R. Simha [2] when the
general fibre is a compact Riemann surface of genusg ≥ 1. We prove
the conjecture when the general fibre is the Riemann sphere, thereby
establishing the conjecture when the relative dimension dim X − dimY
is one. (When the general fibre is not connected, use Stein factorisation
and purity of branch-locus).

Specifically, we prove the following

Theorem . Let X, Y be connected complex manifolds, f: X → Y a
proper flat holomorphic map such that the general fibre of f is the Rie-
mann sphere, D the set points in X where d f is not of maximal rank and
E = f (D). Then E is pure of codimension one in Y.

1SinceX andY are manifolds andf is proper, the assumption of flatness is equiv-
alent to the assumptions thatf is surjective and that all the fibres off are of the same
dimension everywhere onX.

87
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2 Proof of Theorem

Let us assume to the contrary that the analytic setE is not pure of codi-
mension one. We first achieve several reductions, which are valid even
when the general fibre is only assumed of dimension one.

Firstly, since the set of (n, n + 1) matrices not of maximal rank is
an analytic subset pure of codimension 2 in the space of all (n, n + 1)66

matrices, it follows that any irreducible component ofD is of codimen-
sion6 2 in X, hence any component ofE is of codimension6 2 in Y.
Thus if E is not pure of codimension one, by removing a certain ana-
lytic set fromY, we may assume thatE is a connected sub-manifold of
codimension two inY.

Next, let D′ = {x ∈ X rank(d f)x 6 dimY − 3}. We assert that
dim D′ 6 dim X − 3. If not, D′ has an irreducible componentZ of
codimension6 2 in X, and there would exist an open subsetU of Z of
smooth pointsx where dim(ker(d f)x ∩ Tx(U)) > 2, so that there would
exist a holomorphic vector field on a non-void open subsetU′ of U, not
tangential to the fibres off but mapped to zero byd f . This is clearly
impossible, since the restriction off to any integral curve of this vector
field must be constant. Also, we see that ifZ is a component ofD′ of
dimension equal to dimX − 3, at any regular point ofZ, kerd( f |Z) , 0,
so that dimensionf (Z) 6 dimY−3. Hence, by throwing outf (D′) from
Y, we may assume that rank(d f) > dimY − 2 everywhere onX.

Let Di(1 6 i 6 p) be the components ofD, so that eachDi is of
codimension 2 inX and f (Di) = E. We can clearly choose a pointy ∈ E
having the following properties: (i) every component of thefibre over
y of the mapf |Di : Di → E meets the set (Di)reg of smooth points of
Di , and (ii) on every component of the fibre overy of the induced map
gi : (Di)reg→ E, gi is of maximal rank.

Lemma. For a dense subsetΩ of the Grassmannian of two dimensional
subspaces of the tangent space Ty(Y) to Y at y, we have

Im(d f)x + V = Ty(Y),∀x ∈ f −1(y),∀V ∈ Ω.

Proof. Let C1, . . . ,Cq be the irreducible components off −1(y) ∩ D. If
for someCi, rank(d f)x = dimY − 2 for all x ∈ Ci, by (i) and (ii) above,
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we see thatIm(d f)x = Ty(E) for all x ∈ Ci. Then defineΓi to be the
set of 2-dimensional subspaces ofTy(Y) meetingTy(E) in a space of
dimension> 1. On the other hand, supposeC is a component such
that rank(d f) is dim(Y) − 1 generically onCi. Then there is a finite
set of pointsx1, . . . , xr on Ci such that rank(d f)xj = dimY − 2 and
rank(d f)x = dimY − 1 for x ∈ Ci , x , x j for any j. Let

∑

j be the 67

set of 2-dimensional subspaces ofTy(Y) meeting Im(d f)xj in a non-
zero subspace. Let

∑′ be the set of 2-dimensional subspaces ofTy(Y)
contained inIm(d f)x for somex ∈ Ci−{x1, . . . , xr}. PutΓi =

∑′ ∪
⋃

j

∑

j .

A simple argument (counting constants) shows that eachΓi and
henceΓ =

⋃

Γi is a countable union of closed nowhere dense subsets of
the Grassmannian of 2-dimensional subspaces ofTy(Y). Hence ifΩ is
the complement ofΓ in this Grassmannian,Ω has the required property.

Now for the next reduction. Choosey ∈ E as above, and a 2-
dimensional subspaceV of Ty(Y) transversal toTy(E) with V ∈ Ω.
Choose a submanifoldY′ of dimension two in a neighbourhood ofy
meetingE only atyand havingV for its tangent space. PutX′ = f −1(Y′),
so thatX′ is a submanifold ofX proper and flat overY′. Further, if
g : X′ → Y′ is induced byf , g is of maximal rank outsideg−1(y). Now
for any flat holomorphic mapφ of complex manifolds,φ is of maximal
rank along a fibre if and only if the “correct” fibre (as an analytic space,
possibly with nilpotent elements in its structure sheaf, whose defining
ideal sheaf is generated by the maximal ideal of the local ring of the
point in the image space) is reduced and smooth. Now, the fibres of f
andg overy are the same, so thatg cannot be of maximal rank all along
g−1(y).

We are thus reduced to the case whereY is an open neighbourhood in
C2 of the closed ballD1 = {(z1, z2) ∈ C2||z1|

2
+ |z2|

2 ≤ 1} andE consists
of the single point 0∈ C2. We now make use of the hypothesis that
the general fibre (hence every fibref −1(z) for z, 0) is holomorphically
isomorphic to the Riemann sphere.

Now, we assert that the inclusionf −1(0) ֒→ f −1(D1) is a homotopy
equivalence. To see this, note that sinceX can be triangulated such that
f −1(0) is a sub-complex, there is a fundamental system of neighbour-
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hoods{Un}n≥1 of f −1(0) such thatf −1(0) is a strong deformation retract
of eachUn. Further, ifDǫ is the closed disc of radiusǫ < 1 around 0 in
C2, f −1(Dǫ) is a strong deformation retract off −1(D1). In fact, one can
retract f −1(D1) to f −1(Dǫ ) along a projectable vector field onX whose68

projection toY is an inward radial vector field around 0. Now, we have

D1 ⊃ Up ⊃ Dǫ ⊃ Uq

for some integersp, q > 0 and someǫ with 0 < ǫ < 1. SinceUp ⊃

Uq andDǫ ⊂ D1 are homotopy equivalences, the inclusionUq ֒→ D1

induces isomorphisms of homotopy groups and is hence a homotopy
equivalence. This proves the assertion.

Now, it is not difficult to show thatf −1(D1 − (0)) → D1 − (0) is
a holomorphic fibre bundle with fibre the Riemann sphere and structure
group the projective groupPGL(1,C). SinceD1−(0) is of the homotopy
type ofS3 andπ2(PGL(1,C)) ≈ π2(S L(2,C)) ≈ π2(S U(2)) = π2(S3) =
(e), this fibration is topologically trivial. LetM be the compact manifold
f −1(D1) with boundary∂M homeomorphic toS2 × S3. Now, f −1(0) is
the union of a number of irreducible one-dimensional compact analytic
sets. Letv be this number. Then by Lefschetz duality, we have (with
F = f −1(0)2)

Zv ≈ H2(F) ≈ H2(M) ≈ H4(M, ∂M) ≈ H3(∂M) ≈ Z⇒ v = 1,

so thatf −1(0) is irreducible. Also,

H1(F) ≈ H1(M) ≈ H5(M, ∂M) ≈ H4(∂M) = (0),

so thatF is locally irreducible (i.e., without nodes) at every pointand
the normalisation ofF is the Riemann sphere.

Let m be the sheaf of ideals onY defining the origin 0, and denote
by F = f −1(0) the “correct” fibre with structure sheafOF = OX/mOX.
Sincem is defined by two elements andF is of dimension one by
the unmixedness theorem of Macaulay, the sheaf of idealsmOX has

2All homologies, cohomologies are with integer coefficients. Further,H∗c denotes
cohomology with compact support.
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no embedded components at any point, hence is primary with radi-
cal the sheaf of prime idealsp defining the reduced fibre. Thus, if
mOX , p, that is if F is not reduced, we can find a series of ideals
OF = a0 ⊃ a1 ⊃ . . . ⊃ am = (0) such that each quotientai/ai+1 is an
OX/p-module and

∑

i

Generic rankOX/p (ai , ai+1) = r > 1.

We now recall some “well-known” definitions. LetX, Y be con- 69

nected complex manifolds andf : X → Y a holomorphic map. LetZ
be an irreducible closed analytic subset ofY of codimensionp such that
f −1(Z) is pure of codimensionp. One then defines theanalytic cycle
(i.e., formal linear combination of closed irreducible analytic subsets)
f ∗(Z) in X to be

∑

niCi whereCi are the components off −1(Z) andni

is defined as follows. Letq be the defining ideal ofZ. Then the sheaves
TorOY

r (OX,OY/q) are coherent sheaves onX with support inf −1(Z). On
an open subset ofCi, we can find coherent sheavesFp j,

TorOY
r (OX,OY/q) = Fr0 ⊃ Fr1 ⊃ . . . ⊃ Frnr = (0)

such thatFr j/Fr j+1 is anOCi -module. Define the integernir as

nir =

∑

Generic rank onCi of Fr j/Fr j+1

and put
ni =

∑

(−1)rnir

Next, letX be a connected complex manifold andZ a compactirre-
ducible analytic set onX of dimensionr. Then there is a unique genera-
tor ξ ∈ H2r (Z) ≈ Z determined by the orientation ofZ, sinceZ can be tri-
angulated and is an oriented compact connected pseudomanifold of di-
mension 2r (see Seifert-Threlfall [3]). Letξ′ be the image ofξ in H2r(X)
andCl(Z) ∈ H2(n−r)

c (X), the Poincaré dual ofξ′. We callCl(Z) the coho-
mology class (with compact support) associated toZ. If zp

c (X) denotes
the free abelian group on the irreducible compact analytic subsets of
codimensionp, we obtain a homomorphismCl : zp

c (X) → H2p
c (X) on

extending by linearity.
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We then have the following (acceptable, “well-known” but nowhere
explicitly proved) result (See remark at the end of the paper).

If f : X → Y is a proper holomorphic map and Z, a compact ana-
lytic irreducible subset of Y of codimension p such that f∗(Z) is defined,
we have

H2p
c ( f )(Cl(Z)) = Cl( f ∗(Z))

Now, let us return to our original situation. LetḊ1 be the interior70

of D1 andP any point ofḊ1. ThenCl(P) ∈ H4
c(Ḋ1) is the fundamental

cohomology class with compact support ofḊ1. Put Ṁ = M − ∂M, so
that f |Ṁ : Ṁ → Ḋ1 is a proper holomorphic map. Sincef is flat,
TorOY

i (OX,OY/m) = (0) for i > 0. Thus, ifmOX , p, we see thatf ∗(0)
is the cyclerF0 wherer is an integer> 1 andF0 is the (reduced) fibre.
By the result stated,H4

c( f )(ξ) = r.Cl(F0) with r > 1. Now, consider the
following commutative diagram

Z ≈ H3(∂M)
β1
∼

// H4(M, ∂M) H4
c(Ṁ)

β2
∼

oo

Z ≈ H3(S3)
α1

//

≀ f ∗1

OO

H4(D1,S3)

f ∗2

OO

H4
c(Ḋ1)

α2
∼

oo

f ∗3

OO

where f ∗1 are the maps induced byf in cohomology. Here,α1, α2 and
β2 are well-known to be isomorphisms, andf ∗1 is an isomorphism since
∂M → S3 is a trivial fibration with fibreS2. Finally, β1 is also an
isomorphism sinceH3(M) = H4(M) = (0). It follows that f ∗3 is an
isomorphism. Hence it cannot take a generatorξ of H4

c(Ḋ1) to anr-th
multiple of an element ofH4

c(M) wherer > 1.
This contradiction shows hatmOX = p, so thatF is a reduced (and

irreducible) analytic set of dimension one. Sinceχ(O f −1(z)) = 1 for
z ∈ Y, z , 0 and f is flat, we haveχ(OF) = 1 andH1(F,OF) = (0).
This implies thatF is smooth (since singularities increase the arithmetic
genus). By what was said earlier,f is of maximal rank alongF which
is a contradiction to our assumption that 0 is a critical value of f . The
theorem is proved. �
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Remark . The result stated about the naturality ofCl with respect to
proper maps is certainly reasonable, but nowhere explicitly proved to
our knowledge. Borel-Haefliger [4] associate cohomology classes (with
arbitrary support) to arbitrary (not necessarily compact)cycles, and prove
naturality. Presumably their methods would also prove the above result.

However, we prefer to give anad hocproof in our situation. 71

Let P be a point of f −1(0) where the reduced fibreFred is smooth
and choose a locally closed submanifoldZ of dimension 2 throughP
transversal to the reduced fibre havingP as the unique point of inter-
section withF. By shrinking D1 if necessary, we may assume that
Z ∩ M is proper overD1 with finite fibres. SinceZ and F have in-
tersection number one in the topological sense (Seifert-Threlfall [3]),
using the well-known relationship between intersection ofcycles and
cup-product, we see that ifα ∈ H4

c(M) ≈ H4(M, ∂M) is the class associ-
ated to the reduced fibre andζ ∈ H4(M, ∂M) the cycle defined byZ, we
have〈α, ζ〉 = 1. Now, the generatorξ of H4(D1,S3) ≈ H4

c(Ḋ1) can be
represented by a real 4-formω with compact support iṅD1 and

∫

Ḋ1

ω = 1.

Since we have shown thatH4(D1,S3)→ H4(M, ∂M) is an isomorphism,
f ∗(ω) represents a generator ofH4

c(Ṁ) ≈ H4(M, ∂M). Thus, we see that
α is theµ-th multiple of the class off ∗(ω) in H4(M, ∂M) with µ ∈ Z.
We thus obtain

1 = 〈α, ζ〉 = µ
∫

Z

f ∗(ω).

Now, ifmOX , p, it is easy to see thatm together with the principal ideal
in OP,X definingZ cannot generate the maximal ideal ofOP,X. Hence,
f |Z : Z → Y is not an isomorphism atP. By local analytic geometry,
there is a neighborhood of 0 inY, which we may assume to bėD1, such
that outside of a proper analytic subset of this neighborhood, f |Z is a
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covering of degreer > 1. Hence,

1 = µ
∫

Z∩Ṁ

f ∗(ω) = µr
∫

Ḋ1

ω = µr

which shows thatµ = r = 1, a contradiction. This completes the proof.

Addendum. It was pointed out to us in a letter by R. R. Simha that the72

appeal to the theorem on the continuity of the Euler characteristic at the
end of the proof of the theorem is unnecessary, since, once weknow that
the special fibre is reduced, the set of points wheref is not of maximal
rank is of codimension> 3, and hence is empty.

This enables us to extend the proof also to the case when the general
fibre is a non-singular curve of arbitrary genus. In fact, in the notation
of the above proof, we have only to show thatH4

c(Ḋ1) → H4
c(Ṁ) is

surjective (hence an isomorphism, since RankH4
c(Ṁ) is > 1). The rest

of the proof does not utilise the genus zero assumption. By the Wang
sequence of the fibration∂M → S3, we see thatH3(S3) → H3(∂M) is
surjective and sinceH4(M) = 0, H1(∂M) → H4(M, ∂M) = H4

c(Ṁ) is
also surjective. This proves the assertion, and we get a uniform proof
for all genera.

Added in Proof (Nov. 16, 1970)
The author is informed that the result has also been proved inthe

case of algebraic varieties when the genus of the general fibre is zero,
by I. Dolgacev and M. Raynaud.

The following very simple counter-example to the conjecture when
the dimension of the fibre is> 2 was pointed out by Professor David
Mumford.

Let X be a compact non-singular surface,x0 ∈ X, p2 : X × X → X
the second projection, and

∑

1 and
∑

2 the sections{x0} × X and∆ the
diagonal. LetI be the sheaf of ideals defining

∑

1∪
∑

2. Blow up X × X
with respect to the sheaf of idealsI , to obtainY. Denote the composite

Y
σ
−→ X× X

p2
−−→ X by f . ThenY non-singular outside ofσ−1(x0, x0) and

f is of maximal rank outsideσ−1(x0, x0). If we can show that (i)Y is
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non-singular, and (ii)σ−1(x0, x0) is of dimension 2, it would follow that
f −1(x0) has at least two components, and hencef cannot be regular all
along f −1(x0).

To check these statements, we might as well blow upC4 with respect
to the sheaf of ideals defined by{z1 = z2 = 0} ∪ {z3 = z4 = 0} i.e. with 73

respect to the sheaf of ideals generated by{z1z3, z1z4, z2z3, z2z4}. The
resulting space is covered by four open subsets, all of whichare isomor-
phic, a typical one being the affine algebraic variety with co-ordinate
ring

C

[

z1, z2, z3, z4,
z4

z3
,
z2

z1
,
z2z4

z1z3

]

= C

[

z1, z3,
z4

z3
,
z2

z1

]

which is isomorphic toC4. The intersection of this open set with the
fibre over the origin is given byz1 = z3 = 0, hence is 2-dimensional.
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A topological characterisation of the affine
plane as an algebraic variety

By C.P. Ramanujam∗

1 Statement of results

This investigation arose from an attempt to answer the following ques- 75

tion, raised by M. P. Murthy: IfX is an affine algebraic variety over
a field k such thatX × A1 ≈ A3, whereAn denotes the affine n-space
overk, is X isomorphic toA2? It was hoped that whenk = C, just the
hypothesis thatX is a non-singular, affine, rational and contractible sur-
face would imply thatX ≈ C2. This, however, is not true as we show
by a counter-example. We are unable to decide if the varietyY of this
counter-example also satisfies the conditionY× C ≈ C3.1

On the other hand, we do prove the following positive result.

Theorem. Let X be a non-singular complex algebraic surface which is
contractible AND simply connected at infinity. Then X is isomorphic to
the affine two-space as an algebraic variety.

The idea of the proof is to embedX as a Zariski open subset of a
complete non-singular surface such that the complement is aunion of
non-singular curves with normal crossings, and to use the contractibil-
ity and simple-connectedness at infinity ofX to work out the geometric

∗This work was done when the author was at the Tata Institute ofFundamental
Research.

1Examples of compact 4-manifolds with boundary which are contractible and whose
boundary is a homology 3-sphere but not a homotopy sphere have been given by several
authors (Mazur, Poinereau, —–). Our counter-example also provides another such.
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configuration of these curves. We prove that after suitable transforma-
tions, we are reduced to the case where the complement consists of a
single non-singular curve, from which it follows easily that the com-
pactification is the projective plane and the curve a line.

We shall first prove the theorem, and then proceed to give the counter
example. The methods of the proof of the theorem are analogous to
those of Mumford [2].

2 Proof of the theorem

Let X be as in the statement of the theorem. By the Nagata compacti-
fication theorem [3] and the theorem of resolution of singularities of an76

algebraic surface [1], we may assumeX embedded as a Zariski open
subset of a complete non-singular (hence projective, see [4]) surfaceX̄,
such that ifX̄ − X = Y andYi(1 ≦ i ≦ n) are the components ofY, each
Yi is a complete non-singular curve, and we have the following further
conditions:

(i) For two distinct indicesi, j, eitherYi
⋂

Yj = ⊘ or Yi
⋂

Yj consists
of a single point whereYi andYj meet transversally.

(ii) For three distinct indicesi, j, k, Yi
⋂

Yj
⋂

Yk = ⊘.

The contractibility ofX implies some further conditions. In fact,
by Poincaré duality onX, we get2

Hi(X̄,Y) ≈ Hi
c(X) ≈ H4−i(X) ≈















0 if i < 4

Z if i = 4,

so that by the cohomology exact sequence, we have isomorphisms

Hi(X̄) ≈ Hi(Y), 0 ≦ i ≦ 3.

HenceY is connected,H2(X̄) → H2(Y) is an isomorphism and
H3(X̄) = 0. By duality,H1(X̄) = 0, hence alsoH1(Y) = 0. From
this, we deduce the following three conditions:

2All homologies and cohomologies have integral coefficients, unless otherwise in-
dicated. Cohomology with compact supports is denoted byH∗c.
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(iii) Any two componentsYi, Yj can be joined by a chainYi = Yi1,
Yi2, . . . ,Yip = Yj such thatYik ∩ Yik+1 , ⊘, 1 ≦ k ≦ p− 1.

(iv) There is no chain of componentsYi1, . . . ,Yip(p ≦ 3) such that
Yik ∩ Yik+1 , ⊘, 1 ≦ k ≦ p− 1, andYip ∩ Yi1 , ⊘.

(v) EachYi is isomorphic to the complex projective lineP1.

In fact (iii) is just the connectedness ofY. As for (v), letY′ be the
union of all the connected components ofY exceptingYi. Since
Yi ∩ Y′ is a finite set of points, the Mayer-Vietoris sequence gives
us thatH1(Y′)⊕H1(Yi) = 0, which implies (v). Next suppose there
is a chain of components satisfying the conditions of (iv). Let Y′

be the union of the components of the chain, andY′′ the union of
Yi1, . . . ,Yip−1. ThenY′′ is connected andY′′ ∩ Yip consists of at
least two points, and it follows from the Mayer-Vietoris sequence

0→ Z = H0(Y′)→ Z2 ≈ H0(Y′′) ⊕ H0(Yip)

→ Zν ≈ H0(Y′′ ∩ Yip)→ H1(Y′)

with ν ≧ 2 thatH1(Y′) , 0. If Y′′′ is the union of the components
of Y not belonging to the chain, the exact sequence

0 = H1(Y)→ H1(Y′) ⊕ H1(Y′′′)→ H2(Y′ ∩ Y′′′) = 0

leads to a contradiction. Thus, (i)-(v) are established. Wemay 77

also assume the further condition:

(vi) If someYi has self-intersection number−1, it meets at least three
otherYj( j , i).

In fact, suppose (Y2
i ) = −1 andYi meet at most two otherYj. Then

we can contractYi to obtain a non-singular complete surfaceX̄′

such thatX is isomorphic to an open subsetX′ of X̄′, andY′ =
X̄′ − X′ satisfies (i)-(v). If this does not suffice, we repeat the
above process, till (vi) is satisfied.

Now H3(X̄) = 0 impliesH2(X̄) is torsion-free, so thatH2(Y) →
H2(X̄) is an isomorphism. SinceH2(Y) is freely generated by the
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fundamental classes of its componentsYi(1 ≦ i ≦ n), we see that
H2(X̄) is freely generated by the cohomology classes associated
to the divisorsY1, . . . ,Yn. Hence, with the usual notations,

H2(X̄,C) ≈ H1(X̄,Ω1)

and H2(X̄,O) = H0(X̄,Ω2) = 0. Since furtherH1(X̄,C) = 0,
H1(X̄,O) = 0 andχ(OX̄) = 1.

Now, denote byL = L(Y) the vector space
∑n

1RYi overR with
basisYi, endowed with the quadratic form given by the intersec-
tion number extended by linearity. By the Hodge index theorem,
we have

(vii) If W is any subspace ofL on which the intersection form is posi-
tive semi-definite, dimW ≦ 1.

Now, consider any non-singular complete surfaceV and a Zariski-
closed subsetF of V of codimension one with irreducible com-
ponentsF1, . . . , Fn satisfying conditions (i)-(vii) (withY, Yi re-
placed byF, Fi). To such a pair (V, F), we attach a graphΓ =
Γ(V, F) and weights which are integers to each of the vertices of
Γ as follows. We take the vertices to be in one-one correspon-
dence with the componentsFi of F, and link two vertices if and
only if the corresponding components meet. The self-intersection
number of a component is the weight of the corresponding vertex.
This graph is a tree, that is, is connected and contains no loops,
by (ii) and (iv).

Let {Pa}(α = 1, . . . , λ) be the various points of intersection of dis-
tinct components ofF. We can choose disjoint closed neighborhoods
Ūα of Pα and holomorphic co-ordinate systemszα = (z1

α, z
2
α) valid in a

neighborhood ofŪα such that:

(a) zαmapsŪα homeomorphically onto the polycylinder{z= (z1, z2) ∈
C2||zi | ≦ 1}.

(b) If Fi andF j are the two components ofF throughPα, no other78
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component ofF meetsŪα andFi ∩ Ūα andF j ∩ Ūα respectively
are defined by the equationsz1

α = 0, z2
α = 0 in Ūα.

Choose a Riemannian metricds2 on V such that in a neighborhood
of Ūα, ds2

= |dz1
α |

2
+ |dz2

α |
2. Then there is anǫ > 0 with 2ǫ < 1 such that:

(a) the exponential map maps the open subset of the tangent bundle ofV
consisting of tangent vectors of length< 2ǫ diffeomorphically onto an
open neighborhood of the diagonal inV×V, (b) the image of the 2ǫ-ball
in the tangent space at any point ofV by the exponential map is a convex
open neighborhood of that point, and (c) ifi , j, d(Fi −

⋃

α Ūα, F j −
⋃

α Ūα) > 2ǫ. Denote byV̄δ = V̄δ(F) the set of points inV whose
distance fromF is ≦ δ, by Sδ = Sδ(F) the set of points whose distance
from F equalsδ and setVδ(F) = Vδ = V̄δ −Sδ. Then forδ < ǫ, Sδ is the
boundary andVδ the interior ofV̄δ in V. From now on,δ always satisfies
0 < δ < ǫ. We denote bȳVδi ,Sδi, andVδi the constructs corresponding
to V̄δ,Sδ, andVδ for Fi instead ofF. ThenV̄δ =

⋃

i V̄δi andVδ =
⋃

i Vδi.
The closed ball bundleBδi of radiusδ in the normal bundle ofFi in V
is homeomorphic tōVδi by the exponential map expi : Bδi → V̄δi. We
denote the inverse of this homeomorphism by logi. Then logi carries
Sδi onto the circle bundle (of radiusδ) assosiated to the normal bundle
of Fi.

Lemma 1. There is a homeomorphism

Sδ × (0, 1]
ϕ
−→ V̄δ − F

such thatϕ(x, 1) = x andϕ(Sδ × (0, δ′))∪ F form a fundamental system
of neighborhoods of F on V. Further, F is a strong deformationretract
of V̄δ(F) .

Proof. A point x of S at a distance> ǫ from anyPα lies on a unique
Sδi . We then define for 0< t ≦ 1,

ϕ(x, t) = expi(t logi x).



102 C.P. Ramanujam

Defineϕ on each (Sδ ∩ Ūα) × (0, 1] in terms of the co-ordinateszα by

ϕ(zα, t) =



























































(tz1
α, z

2
α) if |z2

α | ≧ ǫ

(z1
α, tz

2
α) if |z1

α | ≧ ǫ
(

tz1
α,

(

t + (1− t)
|z2
α| − δ

ǫ − δ

)

z2
α

)

if ǫ > |z2
α| ≧ δ

((

t + (1− t)
|zα1 | − δ

ǫ − δ

)

z1
α, tz

2
α

)

if ǫ > |z1
α| ≧ δ.

Fig. 1
79

It is easily checked thatϕ is well-defined onSδ × (0, 1] and satisfies
the conditions of the lemma. �

Corollary. The fundamental group at∞ of U = V − F is isomorphic to
the fundamental group of Sδ for some (or any)δ < ǫ.

We will now examine howSδ is built up from theSδi (1 ≦ i ≦ n) or,
what is the same, from the circle bundles

∑

i associated with the normal
bundles, considered as complex line bundles, ofFi in V. For eachi, we
take the unique oriented circle bundle

∑

i overFi ≈ S23 of degree equal
to the self-intersection number ofFi . If Fi andF j intersect at a point

3We denote bySn then-sphere, byDn the closedn-disc. For a subsetY of a topolog-
ical spaceX, we denote bẏY, Ȳ and∂Y the interior, closure and boundary, respectively,
of Y in X.



A topological characterisation of the affine plane as an algebraic variety103

Pα, let D2, D′2 be closed discs of radiusδ on Fi andF j , respectively.
Denote byπi the projection

∑

j → Fi . We have orientation-preserving
trivialisations over the baseπ−1

i (D2) ≈ D2×S1, π−1
j (D′2) ≈ D′2×S1. We

set
∑′

i =
∑

i −(π−1
i (D2))◦, and

∑′
j =

∑

j −(π−1
j (D′2))◦, so that these are

manifolds with boundariesD2×S1, D′2×S1. We then identifyD2×S1

andD′2×S1 by a homeomorphism carrying∂D2×{x} onto{y}×S1 (any
x, somey depending onx) and{x} ×S1 onto∂D′2× {y} (any x, somey),
preserving orientations. If we perform this operation for all the points
of intersection of different components ofF, we end up withSδ.

Thus, we see thatSδ is determined topologically by the following
data: the number of components ofF, the pairs among them which in-
tersect, and their self-intersection numbers; in other words, the weighted
graph associated withF.

Note that to any subsystemG = {G1,G2, . . . ,Gm} of curves ofF =
{F1, . . . , Fn}, there corresponds a sub-graphΓ′ of Γ such that two ver-
tices ofΓ′ are linked inΓ′ if and only if they are linked inΓ, and con- 80

versely, to any such sub-graphΓ′, there corresponds a sub-system of
curves ofF.

We introduce some definitions. LetΓ be any connected graph, and
f a vertex ofΓ. The connected components of the graph obtained by
removing f from the vertices ofΓ and deleting the links atf are called
the branches ofΓ at f . We say thatf is a branch point if the number of
branches atf is at least three. Now supposeΓ is a graph with weights
{we} which are real numbers attached to the vertices{e} of Γ. On the
real vector spaceL(Γ) with the vertices ofΓ as basis, we introduce a
symmetric bilinear formQ = Q(Γ) by defining

Q(e, e) = we for any vertexeof Γ,

Q(e, f ) =

{

1 if eand f are distinct vertices linked inΓ
0 if eand f are distinct vertices not linked inΓ.

Note that whenΓ is the weighted graph arising from a pair (V, F) as
above,Q is nothing but the intersection form.

Lemma 2. LetΓ be a graph with real weights{we} attached to the ver-
tices{e} of Γ. Let e, e′ be two vertices ofΓ such that there is a unique
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link ēe′ through e inΓ. Suppose we , 0. LetΓ′ be the graph with the
same vertices asΓ, but with the linkēe′ omitted from the links ofΓ.
Define weights{w′f } on the vertices{ f } of Γ′ by

w′f = wf if f , e′,

w′e′ = we′ − w−1
e .

Then the quadratic forms Q(Γ) and Q(Γ′) are equivalent by a unimodu-
lar linear transformation. In particular, they have the same discriminant
(with respect to the basis consisting of the vertices ofΓ).

Proof. ExpressQ(Γ) in terms of the basis ofL(Γ) given by

e, e′ − w−1
e e, f ( f , e, e′).

�

Corollary. The determinant of the following graph with real weights wi

(k ≧ 1)

satisfying w1 < −1, wi ≦ −2 for i > 1, is greater than one in absolute
value.

Proof. Successive applications of the lemma, starting from the left, show
that the discriminant equals

∏k
1 qi , whereq1 = w1, qi+1 = wi+1 − q−1

i ,
Sinceqi < −1, the result follows.

We shall denote the discriminant ofQ(Γ) by d(Γ) and we shall write
d(F) for d(Γ(Y, F)). �

Lemma 3. Let (V, F) be a pair satisfying conditions (i)-(vii). Then81

d(F) , 0 if and only if Hi(Sδ(F)) is finite for smallδ, and in that case,
d(F) equals the order of H1(Sδ(F)).

Proof. We have the following commutative diagram

H2(Vδ(F)) H2
c(Vδ(F)) ≈ H2(V̄δ(F),Sδ(F))

��

P1
∼
oo // H2(V̄δ(F))

β
≈H2(F)

H2(F)

α
∼

99sssssss

&&MM
MM

MM
M

H2(V) H2(V)
P2
∼

oo

88ppppppppppppppppppp
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Here,P1, P2 are the isomorphisms of Poincaré duality theory, ob-
tained by forming cap products with the fundamental classesof Vδ(F)
(in the homology group of locally finite chains) andV, respectively,
andα andβ are isomorphisms sinceF ֒→ Vδ(F) ֒→ V̄δ(F) are homo-
topy equivalences. It follows that the composite mapH2(F) → H2(F)
obtained by following the upper row is that given by the intersection
productH2(F) × H2(F) → Z. Hence,d(F) , 0 if and only if this pair-
ing is non-degenerate overQ, and in this cased(F) equals the order
of the cokernel ofH2(F) → H2(F), i.e., the order of the cokernel of
H2(V̄δ(F),Sδ(F)) → H2(V̄δ(F)). Now

H3(V̄δ(F),Sδ(F)) ≈ H3
c(Vδ(F)) ≈ H1(Vδ(F)) ≈ H1(F) = 0,

so that the sequence

H2(V̄δ(F),Sδ(F))→ H2(V̄δ(F))→ H2(Sδ(F))→ 0

is exact. Further, by Poincaré duality onSδ(F), H2(Sδ(F)) ≈ H1(Sδ(F)).
This proves the lemma. �

Now, let (V, F) satisfy conditions (i)-(vii) and letΓ be its graph. For
any connected subgraphΓ′ of Γ such that two vertices ofΓ′ are linked
in Γ′ if and only if they are linked inΓ, let F′′ denote the corresponding
subsystem of curves ofF. We shall denote byπ(Γ′) the fundamental
groupπ1(Sδ(F′)) for smallδ. Note that this is the fundamental group at
infinity of V − F′. In particular, if (W,G) is another pair satisfying (i)-
(vii) such thatV − F andW −G are isomorphic varieties,π1(Sδ(F)) ≈
π1(Sδ(G)).

Lemma 4 ([2]Mumford). Let (V, F) satisfy (i)-(vii), and letΓ be its
graph. Let e be a vertex ofΓ and Γ1, . . . , Γp the branches at e. If
π(Γ) = (e), there are at most two branchesΓi such thatπ(Γi) , (e).

Proof. Let Gi be the system of curves corresponding toΓi, andG the
component ofF corresponding toe. ThenSδ(F) is obtained as follows.
From eachSδ(Gi), one removes an open solid torus (D2

i × S1)◦. Let 82

π :
∑

(G) → G be the oriented circle bundle overG of degree equal
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to the self-intersection number ofG. Then one removes from
∑

(G)
certain open solid tori of the formπ−1(D′2i )◦,D′2i being disjoint discs
onG. Choose trivialisation of

∑

(G) over theD′2i preserving orientation:

π−1(D′2i )
λi
≈D′2i ×S1. Now one identifies∂D2

i ×S1 andλ−1
i (∂D′2i ×S1) by

a homeomorphismϕi such thatλi ◦ϕi takes circles of the form∂D2
i ×{x}

onto circles of the form{y} × S1.
Choose an open subsetU of G containing all theD′i with a home-

omorphismU ≈ R2 taking theDi onto discs inR2 with centers on
the unit circle and small radius, such that the centers ofD′21 ,D

′2
2 , . . .

occur in cyclic order on the unit circle (see Fig. 2). Join theori-
gin O of R2 to points xi of ∂D′2i by straight linesl i . Since the
fibration π restricted toU is trivial, we can choose a base point

Fig. 2

O′ in
∑

(G)−∪iπ
−1(D′2i ), curvesl′i lifting l i leading fromO′ to a pointx′i83
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lying over xi and loopsγ′i at x′i whose projectionπ(γ′i ) is the loop∂D′2i
oriented positively atxi. Finally let δi be the loop atx′i describing the
fiberπ−1(xi) ≈ S1 once positively.

The fundamental groupH of
∑

(G) −
⋃

i π
−1(D′2i )◦ is generated by

ci = l′iγ
′
i l
′−1
i , di = l′i δi l

′−1
i with the relationsd1 = d2 = . . . = dp(=

d, say),cid jc−1
i d−1

j = e andc1c2 . . . cp = dr for somer ∈ Z. Let G′i
be the fundamental group ofSδ(Gi) − (D2

i × S1)◦ based at the pointyi

corresponding to the pointx′i onπ−1(∂D′2i ). By van-Kampen’s theorem,
π1(Sδ(Gi)) = G′′i is the quotient ofG′i by the normal subgroup generated
by the loop∂D2

i × xi (for some pointxi ∈ S1) throughyi . Again by van-
Kampen’s theorem, the fundamental groupπ(Γ) of Sδ(F) is the quotient
of the free product

G′1 ∗G′2 ∗ . . . ∗G′p ∗ H

by the normal subgroup generated bydi(∂D2
i × xi)−1(1 ≦ i ≦ p) and

ciξ
′−1
i for someξ′i ∈ G′i . On dividing eachGi by ∂D2

i × xi andH by the
(central) subgroup generated byd, we see thatπ(Γ) has as quotient the
group

G′′1 ∗G′′2 ∗ . . . ∗G′′p/{ξ1 . . . ξp}

whereξi are the images ofξ′i in G′′i , and for anyη, we denote by{η} the
normal subgroup generated byη.

Now, if there are three indicesi for whichG′′i is non-trivial,π(Γ) has
as quotient a group of the form

H1 ∗ H2 ∗ H3/{η1η2η3}

whereHi are non-trivial groups andηi ∈ Hi . Sinceπ1(Γ) = {e} by the
assumption, the above group should also be trivial. But by Mumford’s
lemma [2] this group is non-trivial, which is a contradiction. �

Lemma 5. Let(V, F) be a pair satisfying (i)-(vii) with graphΓ. Suppose
there is a subgraphΓ′ of the form

(k ≧ 1)
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(where the wi denote the weights) withπ(Γ′) = (e) such that no vertex
of Γ′ is a branch point ofΓ. Then there is a pair(W,G) satisfying (i)-(v)
and (vii) such that the following conditions hold:

(i) There is an isomorphism of varieties V− F ≈W−G;

(ii) The graph of(W,G) is obtained from the graphΓ of (V, F) by
pinchingΓ′ to a single vertex inΓ and giving it a weight+1. (The
weights at vertices not inΓ′ may get changed.)

Proof. We proceed by induction onk. Whenk = 1, w1 = ±1 since
π(Γ′) = (e), andw1 = −1 is ruled out by assumption (vi). Assume84

that the result holds when the number of vertices inΓ′ is < k. Now,
all the weightswi cannot be< 0, since they would then be≦ −2 and
|d(Γ′)| > 1. If there are at least three non-negative weights, some two
vertices which are not linked must have non-negative weights, and there
is a two dimensional subspace ofL(Γ) on whichQ(Γ) is positive semi-
definite. Hence the number of non-negative weights is eitherone or two,
and if it is two, the corresponding vertices must be linked and one of the
weights must be 0.

Suppose the number of non-negative weights is one, saywi0 ≧ 0 and
wi ≦ −2 for i , i0. By Lemma 2, the discriminantd(Γ′) equals

d(Γ′) = q1 · q2 . . .qi0−1 · r1 · r2 . . . rk−i0 (wi0 − q−1
i0−1 − r−1

k−i0
)

whereq1 = w1, qi+1 = wi+1 − q−1
i for i ≧ 1, r1 = wk, r i−1 = wk−i+2 − r−1

i
for i ≦ k. (Omit theq’s if i0 = 0 and ther ’s if i0 = k). Thus,qi , r i < −1
and if wi0 ≧ 1, |d(Γ′)| > 1. Thus,wi0 = 0, and

d(Γ′) = −q1 · · · qi0−2 · r1 · · · rk−i0 − q1 · · · qi0−1 · r1 · · · rk−i0−1

if 2 ≦ i0 ≦ k − 1. This again leads to|d(Γ′)| > 1. Thus,i0 must be
1 or k, and we may assumei0 = 1 by symmetry. Again, one sees that
necessarillyk = 2, so thatΓ′ has to be the weighted graph
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Let L be the line corresponding to the first vertex. If this vertex is linked
to a vertexf of Γ not inΓ′, let L′ be the line corresponding tof . Choose
an arbitrary pointP on L if there is no suchf , and chooseP to be
the point of intersection ofL andL′ if there is an f . Blow up P, and
contract the proper transform ofL. Repeat this procedure (n− 1) times,
till we get a pair (W′, G′), satisfying conditions (i)-(v) and (vii) such
that V − F ≈ W′ − G′, and the graph of (W′,G′) is isomorphic toΓ.
Further, the weights ofΓ′ are 0 and−1 respectively. Contract the line
corresponding to the weight−1, to get (W,G) as required.

Next suppose there are two non-negative weights inΓ
′. By condition

(vii), these must be linked and one of them must be 0. Thus,Γ
′ looks

like

with r ≧ 0, s≧ 0, n ≧ 0, r + s+ 2 = k. Blow up the point of intersection
of the lines corresponding to the vertices with weightsn and 0, and
contract the proper transform of the line corresponding to the vertex of
weight 0. Repeat thisn + 1 times to get (W′,G′) satisfying conditions
(i)-(v) and (vii) with a graph isomorphic to the original graph but the
weights changed as follows:

85

Now shrink the line corresponding to the vertex with weight−1. We
get a pair (W′′,G′′) satisfying (i)-(v) and (vii). The graph of this pair is
obtained fromΓ by pinching two adjacent vertices to one and replacing
the weightspr and 0 by pr + 1 and 1, respectively. Sincek is now
decreased, the assertion of the lemma follows by induction hypothesis.

�

Remarks. (1) The pair (W,G) obtained from the lemma need not nec-
essarily satisfy (vi), since certain weights at vertices ofΓ not in
Γ
′ are also altered. However, the only weights which are altered

are those at vertices directly linked to the first or last vertex of
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Γ
′. Now, we can shrink suitable exceptional curves of the first

kind successively to obtain a pair (W̄, Ḡ) which satisfies all the
conditions (i)-(vii), with W̄ − Ḡ ≈ V − F. However, the graph
of (W̄, Ḡ) is not describable in such a simple fashion as that of
(W,G), though we can make the following assertion.The num-
ber of branch points of the graph of(W̄, Ḡ) is the same as that
of Γ. In fact, if this were not so, we would necessarily have (a)
the maximal linear subgraphΓ′′ of Γ containingΓ′ but not any
branch point ofΓ must be linked to exactly one vertex ofΓ so
that it is a branch at a branch point ofΓ, and (b) the system of
curves corresponding toΓ′′ must be collapsible to a single point
on a non-singular surface. But now (b) implies that the restriction
of the intersection form to the space spanned by the verticesof Γ′′

is negative definite. This is not so onΓ′, as we have shown above.

(2) During the course of the proof, we have also established that there
is no system of curves satisfying (i)-(vii) whose graph is linear,
contains no non-negative weights, and has discriminant±1; and
that the only systems satisfying (i)-(vii) with a linear graph of
discriminant 1 in absolute value containing a unique vertexwith
non-negative weight are those with the graphs

.

Lemma 6. On a complete non-singular surface V with H1(V,Ov) =
0, there cannot exist a system of five lines Li(1 ≦ i ≦ 5) satisfying
conditions (i)-(v) whose weighted graph looks like

with (L2
3) = −1 and(L2

5) ≧ 0.

Proof. ShrinkL3 onV to a point on a non-singular surfaceV′ and denote
by L′i (i , 3) the image ofLi in V′. Then L′1, L′2 and L′4 meet at a
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point P, and L′4 and L′5 meet transversally at a pointQ , P. Since 86

H1(V′,OV′) = 0 we have the exact sequence

0→ C = H0(V′,OV′)→ H0(V′,OV′(L
′
5))→ H0(L′5,OV′(L

′
5)|L′5)→ 0.

Thus the complete linear system|L′5| cuts out onL′5 the complete linear
system of divisors of degreen = (L2

5) ≧ 0. Hence|L′5| has no base
points, and since (L′4 · L

′
5) = 1, |L′5| cuts out the complete linear system

of divisors of degree 1 onL′4. Choose a divisorsD ∈ |L′5| such thatD
cuts out the pointP on L′4. Since (L′5 · L

′
1) = (L′5 · L

′
2) = 0, D must have

L′1 andL′2 for components but notL′4. But then,

(L′5 · L
′
4) = (D · L′4) ≧ ((L′1 + L′2) · L′4) ≧ 2,

a contradiction. �

Corollary . With V as in Lemma 6, there cannot exist a system of four
lines L̄i(1 ≦ i ≦ 4) satisfying (i)-(v) whose graph looks like

and
(

L2
3

)

= 0,
(

L2
4

)

> 0.

Proof. If we blow up the point of intersection ofL3 andL4 onV, we are
landed with a system of five lines as in Lemma 6.

Let us call a subgraphΓ′ of a graphΓ simpleif Γ′ is linear and no
vertex ofΓ′ is a branch point ofΓ. We shall say that a branch point of
Γ is extremalif all but one of the branches at this point are simple. We
say that a connected subgraphΓ′ of Γ is spherical4 if π(Γ′) = (e).

The proof of the main theorem follows immediately from the fol-
lowing �

4This only means that ifF′ is the system of curves corresponding toΓ′, Sδ(F) is a
homotopy 3-sphere.
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Proposition . There is no pair(V, F) with H1(V,OV) = 0 satisfying (i)-
(vii) such thatπ1(Sδ(F)) = (e) and the graphΓ not linear.

Proof. Suppose in fact that there is such a pair. By Lemma 5 and the
succeeding remark (1), we may assume that any simple branch at any
branch point which is spherical consists of a single vertex with weight
1. Letk ≧ 1 be the number of branch points ofΓ.

Suppose first thatk = 1, and lete be the branch point. Then the
branches ate are all simple; if these are≧ 4 in number, at least two of
them must be spherical by Lemma 4 and hence consist of single vertices
with weight 1. But this clearly contradicts (vii). Thus there are exactly
three branches, and one of them is spherical, hence consistsof a vertex87

of weight 1. The graph looks like

whereΓi are simple branches. By (vii), the weights of the vertices onΓi

must be≦ −2, and the weightw ate is≦ 0. If w = 0, we get a contradic-
tion by the Corollary to Lemma 6. Ifw ≦ −1, use Lemma 2 to conclude
that d(Γ) = the discriminant of the graph , the

weights in this graph at vertices onΓi being the same as in the original
one. Sincew−1 ≦ −2, we see that|d(Γ)| > 1 by the Corollary to Lemma
2 and we get a contradiction by Lemma 3.

Hence supposek > 1, and that we have ruled out the possibility of
a pair as in the proposition with fewer branch points. LetS denote the
set of extremal branch points ofΓ. We assert that Card(S) ≧ 2. In fact,
start from an arbitrary branch pointe of Γ. We assert that Card(S) ≧ 2.
In fact, start from an arbitrary branch pointe of Γ. There is a branch
at e containing a branch point ofΓ, sincek ≧ 2, and there are at least
two such branches ate if e is not extremal. Travel along one of these
branches (without retracting one’s path) till one reaches abranch point
f . If f is not extremal, we can choose a branch atf not containingebut
containing a branch point. Travel along this branch. Continuing in this
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manner, we see that on every branch atewhich is not simple, there is an
extremal branch point. This proves that Card(S) ≧ 2.

Denote byS′ the subset ofS consisting of those verticese ∈ S such
that every simple branch ate carries only weights< 0 (hence≦ −2).
Because of (vii), we have Card(S′) ≥ Card(S) − 1 ≧ 1.

Let ebe an arbitrary element ofS′. There must be exactly two sim-
ple branches ate, since otherwise there would exist a simple spherical
branch ate by Lemma 4 and this branch would consist of a single ver-
tex with weight 1 by assumption, contradicting the fact thate ∈ S′.
Let Γ′ be the non-simple spherical branch ate and f the point of this
branch linked toe in Γ. If f is a branch point ofΓ′, the system of curves
corresponding toΓ′ would satisfy (i)-(vii) andΓ′ is spherical, which is
impossible by the induction hypothesis. For the same reason, it cannot
happen thatf is not a branch point ofΓ. Thus f is a branch point ofΓ
with exactly three branches inΓ at f .

We deal separately with the casek = 2. The graph looks like

wheree and f are linked branch points andl i(1 ≦ i ≦ 4) are sim-
ple branches such that the weights onl1, l2 and one ofl3, l4, sayl3, are
negative. Letδi be the discriminants ofl i and∆1 and∆2 the discrimi- 88

nants of and respectively. By taking

the weights to be variables and applying Lemma 2 repeatedly to remove
the links on the simple branches and the links connecting these branches
to the branch points, one obtains the identity disc(Γ) = ∆1∆2−δ1δ2δ3δ4.
Since is spherical,|∆2| = 1, and since the weights on

l i(1 ≦ i ≦ 3) are≦ −2, |δi | > 1 and hence≧ 2 by the Corollary to
Lemma 2. Ifδ4 = 0, the quadratic form ofl4 is degenerate, and hence
by (vii) should be negative semi-definite with null-space ofdimension
one. If this happens, there must be a non-negative weight inl4 and this
weight must then necessarily be 0. The corresponding vertexmust be-
long to the null-space of the quadratic form. But then, this vertex cannot
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be linked to any other vertex ofl4, so thatl4 should reduce to a sin-
gle vertex with weight 0. But then, the graphl1el2 cannot be spherical,
since we would then havewe = −1 by remark (2) following Lemma 5,
in contradiction to Lemma 6. Suppose then thatδ4 , 0, so that|δ4| ≧ 1
and |δ1δ2δ3δ4| ≧ 8; since 1= |d(Γ)| = |∆1∆2 − δ1δ2δ3δ4| and |∆2| = 1,
we must have|∆1| , 1 and againl1el2 cannot be spherical. Applying
Lemma 4 to the branch pointf , we deduce thatl4 is spherical, hence
reduces to a single vertex with weight 1. Because of (vii) we must have
wf ≦ 0, and by the Corollary to Lemma 6,wf , 0, so thatwf ≦ −1.
Using Lemma 2, the discriminant ofl3 f l4 equals that ofl3 f with wf

replaced bywf − 1, so that all the weights of the latter graph are≦ −2
and its discriminant exceeds 1 in absolute value, a contradiction.

Thus, we assume from now on thatk ≧ 3. Reverting to our old no-
tations, we have seen that ife ∈ S′, there are two simple branches ate,
and on the third spherical branchΓ′, the point f linked toe is a branch
point of Γ with three branches. SinceΓ′ has at least one branch point,
if wf , −1, the system of curves corresponding toΓ′ satisfies condi-
tions (i)-(vii) andΓ′ is spherical, which is impossible by the induction
hypothesis. Furthermore,Γ′ satisfies conditions (i)-(v) and (vii), and
(vi) can be ensured by successively contracting exceptional curves cor-
responding to non-branch points. SinceΓ′ is spherical, this implies that
the above process of shrinking suitable exceptional curvesshould elim-
inate all branchings. As is easily seen, this implies in paricular that one
of the branches atf is simple with all weights less than, 0, hence≦ −2.
Thus, in the vicinity of a pointe∈ S′, Γ looks like

(e∈ S′)

where thel i are simple branches, all having weights≦ −2, wf = −1, and89

γ is an arbitrary branch containing at least one branch point of Γ.
DefineS′′ = {e ∈ S′|we = −1}. SupposeS′′ , ∅; then the inter-

section form is 0 one+ f . We assert that this implies that there is no
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non-negative weight. In fact, ifwg ≧ 0 for someg, then by condition
(vii), g must be linked to eithere or f . But this is again impossible by
Lemma 6. In particular, we haveS = S′. Suppose on the other hand that
e ∈ S′ − S′′. Thenl1el2 cannot be spherical by the Corollary to Lemma
5 and the remarks following it. Thus, Lemma 4 applied tof gives us
that γ is spherical. Sinceγ contains branch points ofΓ, we deduce as
before that the point onγ linked to f is a branch point ofΓ with exactly
three branches.

Let us dispose of the casek = 3. Suppose first thatS′′ , ∅ and
e ∈ S′′. Denote byg the third branch point besidese and f . We know
that all weights are< 0. Supposeg is not linked to f directly. We can
then apply Lemma 4 toΓ at g to get a contradiction to our induction
hypothesis. By the same token, there are exactly three branches atg,
two of them simple. Now, we know thatΓ′ is spherical. Apply Lemma
4 toΓ′ atg to deduce that all the weights onl3 equal−2. Apply Lemma
4 toΓ at g to deduce that

is spherical. Note thatwe = wf = −1. Shrink the curves corresponding
to vertices on the branch atecontainingl3, to get a linear spherical graph
with all but one of the weights≦ −2 and a weight at a unique vertex
which is not an end vertex≧ 0. This is impossible. Thus,S′′ = ∅, and
in this case, by what we have seen earlier, the graph looks like

with all the weights onl1, l2 andl3 and one ofl4 or l5, sayl4, negative,
and wf = −1, we , −1. Now, l5 cannot be spherical since it would
then consist of a single vertex of weight 1 by assumption, contradicting



116 C.P. Ramanujam

Lemma 6. Applying Lemma 4 atg, we see that

is spherical. Thus the horizontal branch of this graph ate should be
collapsible, and all the weights onl3 should be equal to−2. Now, both
the graphs

90

are spherical, hence have discriminants= ±1. But the discriminant of
the second graph equals that of the first graph withwg replaced bywg+ r
wherer is an integer≧ 2. But clearly the discriminant of the first graph
is a linear function ofwg, the coefficient of wg beingδ4δ5, whereδi is
the discriminant ofl i . Now, δi are intergers,|δ4| ≧ 2, so that the above
can happen only ifδ5 = 0. But then the quadratic form ofl5 must be
negative semi-definite with null-space of dimension one. Thus, at least
one weight onl5 is ≧ 0, hence equal to 0. This vertex must therefore
belong to the null-space, and must be orthogonal to all the vertices for
the quadratic form. Thus,l5 consists of a single vertex of weight 0,
contradicting Lemma 6.

Hencek = 3 is impossible, and we assume from now on thatk ≧ 4.
We look more closely at the branchγ whene ∈ S′ − S′′. Sinceγ is
spherical and contains at least two branch points ofΓ, one of which, say
g, is linked to f , we deduce as before thatwg = −1 and one of the three
branches atg is simple with weights≦ −2. Thus, in the vicinity ofe, Γ
looks like
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Further,Γ′ spherical gives us that all the weight onl3 should be−2.
Again, a repetition of an earlier argument applied to the branch γ tells
us that there is a branch point ofΓ in γ′ linked to g in Γ. But then,γ
being spherical implies that all the weights onl4 equal−2.

Now, collapse all exceptional curves at non-branch points of Γ′, that
is, collapse the branchl3 f atg. We are left with the graphγ:

except that the weight atg is replaced bywg+ r = r −1, r an integer≧ 2.
But this graph fulfills all the conditions (i)-(vii), contains a branch point
and is spherical, which is impossible. Thus fork ≧ 4, S′−S′′ = ∅, S′ =
S′′, and hence (since Card(S′) ≧ 1) S = S′ = S′′, Card(S) ≧ 2. Choose
two distinct verticese, e′ ∈ S′′, and denote the objects corresponding to
the objectsl i , f , γ associated toe′ by the same symbols with a prime.
Sincee+ f ande′ + f ′ both have self-intersection 0, one ofe, f must
either coincide with or be linked to one ofe′, f ′. Bute is linked only tof
besides non-branch points ande′ only to f ′ besides non-branch points.
Thus, eitherf = f ′ or f and f ′ are linked. If f = f ′, looking at the 91

structure ofΓ neare ande′, we see that there can be only three branch
pointse, f = f ′ ande′. Hencef and f ′ are linked, andΓ looks like

with all weights< 0, we = we′ = wf = wf ′ = −1. Now, the fact
that the non-simple branch ate is spherical gives us (by our induction
hypothesis) that all the weights onl3 are equal to−2. Collapsingl3 f on
this branch by successively shrinking lines correspondingto non-branch
vertices with weight−1 gives us that the graph
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where the weight atf ′ is replaced bywf ′ + r = r − 1, r ≧ 2, is spherical.
But this new graph satisfies all the conditions (i)-(vii) andcontains a
branch point. This is impossible.

Thus the Proposition is proved. �

The theorem follows almost immediately. In fact, imbedX in X̄ such
thatX̄−X = Y satisfies conditions (i)-(vii) as explained at the beginning
of this section. By the Corollary to Lemma 1 and the Proposition Γ(Y)
does not contain branch points, and is hence linear. By Lemma5, we
may assume thatY ≈ P1 and has self-intersection 1. The exact sequence

0 −→ C = H0(X̄,OX̄) −→ H0(X̄,OX̄(Y))

−→ H0(Y,OX̄(Y)|Y) −→ H1(X̄,OX̄) = 0

shows that the complete linear system|Y| has no base points, and defines
a morphismϕ of degree 1 (since (Y2) = 1) into P2. Since the Neron-
Severi group ofX̄ is Z, ϕ cannot contract any curve, so thatϕ is an
isomorphism. HenceX = X̄ − Y ≈ P2 − {line} = C2, proving the
theorem.

3 The counter-example

Consider in the projective planeP2 a cubic curveC1 with a cusp and
a non-degenerate conicC2 meetingC1 at two distinct pointsP andQ,
which are simple onC1 and different from the inflexion point ofC1, with
intersection numbers 5 and 1 respectively. (That such a configuration
exists, and in fact,C1 and eitherP or Q can be chosen arbitrarily, is
easily seen, for instance using the fact thatC1-{cusp} is an algebraic92

group isomorphic to the additive group ofC, and a conic meetsC1 at
simple pointsPi(1 ≦ i ≦ 6), each point being repeated as many times
as the intersection multiplicity, if and only if

∑6
1 Pi = 0 for this group
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law.) Blow up the pointQ to obtain a varietyF and letC′i be the proper
transform ofCi. The verietyX = F −C′1 −C′2 is our counter-example.

PutC′ = C′1 ∪ C′2, so thatC′ is topologically the wedge of two 2-
spheres, so thatH1(C′) = 0 andH2(C′) is the free abelian group on the
classes defined byC′1 andC′2. Now, F is simply-connected, andH2(F)
is generated by the classE of the exceptional curve and the classH
defined by the total transform of a line inP2. But in H2(F), we have the
relationsC′1 = 3H − E, C′2 = 2H − E. Further,H3(F) ≈ H1(F) = 0.
ThusHi(C)→ Hi(F) is an isomorphism for 0≦ i ≦ 3, andHi(F,C) = 0
for 0 ≦ i ≦ 3. Thus we also have

Hi(X) = H4−i
c (X) = H4−i(F,C) = 0, 1 ≦ i ≦ 4.

To show thatX is contractible, it suffices to show thatπ1(X) is abelian,
since it would then follow thatπ1(X) = H1(X) = (e).

Now F is a projective line bundle overP1 whose fibers are the proper
transforms of the lines inP2 through the pointQ in F. Since the inter-
section number of any fiber withC′2 is 1,C′2 is a section of this fibration
π : F → P1 and the restriction ofπ to F − C′2 is an affine line bundle
over P1. If P′ is the inverse image ofP, we may assume thatπ(P) is
the point at infinity. IfG = F − C2 − π

−1(∞), G is an affine line bun-
dle overP1 − (∞) = C. Since affine line bundles overC are trivial, we
haveG ≈ C × C such that the restriction ofπ to G identifies itself to
the first projection ofC × C onto C. Now, the proper transform of a
line throughQ in P2 meetsC′1 in one point if and only if either the line
passes through the singularity ofC1 or the line is tangent toC1 at a point
which is simple and distinct fromQ. Now, it is easily seen that there is
exactly one line throughQ tangent toC1 at a simple point other thanQ
and this point has to be distinct fromP or the inflexional point ofC1.
SinceC′1 andC′2 meet only at the pointP′, G ∩ C′1 is proper overC,
of degree 2, and exactly two fibers of the mapG ∩C1 → C reduce to a
single point. Denoting the coordinates inC×C by (z,w), we see that the
equation ofC′1 in C×C has the formw2

+a(z)w− p(z) = 0, a, p ∈ C[z].
Replacingw by w + ϕ(z) for a suitable polynomialϕ, we may assume
that the equation isw2

= p(z). Since exactly two fibers inC′1 reduce to
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a point,p(z) has exactly two zeros and after a linear change ofz andw
we may assume the equation ofC′1 in C × C has the form

w2
= zm(z− 1)n, m, n ≧ 1.

We may assume that the singularity ofC′1 lies over 0, and the the point93

over 1 inC′1 is simple. This givesn = 1, and the fact that the singularity
of C′1 is an ordinary cusp (i.e., on blowing up the singular point, the
proper transform ofC1 is non-singular and touches the exceptional curve
exactly one point) gives us thatm= 3. Thus,C′1∩C×C has the equation

w2
= z3(z− 1).

Now, C × C − {z(z− 1) = 0} − C′1 is a locally trivial fiber space over
C− {0, 1} with typical fiber the complex plane with two points removed.
The homotopy exact sequence shows thatπ1(C×C−{z(z−1) = 0}−C′1)
is generated by the fundamental group of the fiber and loops atthe base
points whose images byπ are loops around 0 and 1 inC−{0, 1}. Choose
the base point to be (1/2,M) = A with M sufficiently large. Further note
that

π1(C × C − {z(z− 1) = 0} −C′1) −→ π1(C × C −C1)

is surjective. We can choose loops atA lifting the loops at 1/2 in C −
{0, 1} around 0 and 1 with thew-co-ordinate constantlyM, and these
loops can be contracted inC×C−C′1. Thus we see thatπ1(C×C−C′1)
is generated by the fundamental group of any fiber ofC × C −C′1→ C
over aλ ∈ C, λ , 0, 1. Since thew-co-ordinates of the two points
of C′1 lying over aλ tend to 0 asλ tends to 1, ifU is any connected
neighborhood of (1, 0) in C × C, π1(U − C′1) → π1(C × C − C′1) is
surjective. Now chooseU such that there are co-ordinates (z′,w′) valid
in U and mapping it on to the polycylinder{(z′,w′)||z′ | < 1, |w′| < 1}
such thatC′1 ∩ U is mapped ontoz′ = 0. Thenπ1(U − C′1) is infinite
cyclic. We have thus proved thatX is contractible. Now, after successive
blowings up of points onC′1 ∪ C′2 and its inverse images, starting from
F, we get an embeddingX ֒→ X̄ whereX̄ is a non-singular complete
surface and the pair (̄X, X̄ − X) satisfies conditions (i)-(vii) of § 2. The
associated graph takes the form
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This graph is not spherical, as is seen by applying Lemma 4 succes-
sively at the two branch points. On the other hand, this system of curves
forms a basis forH2(X̄), and hence by Poincaré duality overZ, the dis-
criminant of this graph is one in absolute value. Denoting this system
of curves onX̄ by Y, with the notations of § 2, we see that for smallδ,
X̄−Vδ(Y) = M is a contractible compact 4-manifold with boundary∂M
a homology sphere but not a homotopy sphere.

Consider the manifoldM′ = M × [0, 1] × [0, 1] with boundary 94

∂M′ = ∂M × [0, 1] × [0, 1] ∪ M × {0, 1} × [0, 1] ∪ M × [0, 1] × {0, 1}.

Then M′ is contractible and∂M′ is a homotopy sphere. By theh-
cobordism theorem,∂M′ is homeomorphic to a sphere andM′ to a disc.
It follows from well-known theorems thatX × R2 is homeomorphic to
R6.

We may thus conclude that eitherX is an affine rational non-singular
surface withX × C isomorphic as an algebraic variety toC3 but X not
isomorphic toC2; or, that there is a non-singular affine rational variety
Y(= X × C) of dimension 3 homeomorphic toC3 but not isomorphic to
C3. We are unable to decide which of these possibilities holds in fact,
or in other words whetherX × C ≈ C3 or not.

The author wishes to thank M. P. Murthy and C. S. Seshadri for
helpful discussions. He is grateful to his sister C. P. Bhamini for her
painstaking typing of the manuscript. Finally, he would like to acknowl-
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referee.
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Remarks on the Kodaira Vanishing Theorem∗

By C.P. Ramanujam

[Received February 22, 1971]

1 Introduction

The object of this note is three-fold. In the first part, we give a de- 95

duction of the Kodaira-Nakano-Akizuki vanishing theorem [1] from the
Lefschetz hyperplane-section theorem [6], using a lemma ofMumford.
In the second part, we prove a vanishing theorem for the first cohomol-
ogy for varieties in all characteristics. The idea of this section is due to
Franchetta [2], but Franchetta failed to prove the basic Lemma 3. In the
third part, we return to the case of the complex base-field, and give what
seems to be the most general form known of the Kodaira vanishing the-
orem for the cohomologies of a line bundle in this case. We were told
of the existence of such a generalisation by D. Mumford.

2 The Kodaira-Nakano-Akizuki vanishing theorem

The statement runs as follows:

Theorem 1. Let X be a complex non-singular algebraic variety, and L
a line bundle on X such that L−1 is ample (in the sense of Grothendieck,
that is, for some n> 0, L−n is induced from the hyperplane bundle

∗This work was done while the author was at the Mathematics Institute, University
of Warwick, with financial assistance from Harvard University.
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OPN(1) by an imbedding X֒→ PN). Then, for p+ q < dimX,

Hq(X,Ωp ⊗ L) = (0).

For the proof, we need the following simple lemma, whose con-
struction is due to Mumford [7].

Lemma 1. Let X be a variety over the complex field, L a line bundle on96

X,σ ∈ H0(X, Lm) − (0) where m is positive integer and D the divisor of
σ. Then there is an m-fold cyclic covering f: X′ → X ramified precisely
over the support of D such that f(L) admits a sectionτ satisfying

τm = f ∗(σ) in H0(X′, f ∗(Lm)).

If further X and D are non-singular, so are X′ and div. τ, and in the
neighbourhood of a point of the support of D, the covering f isisomor-
phic to the coveringCn→ C given by

(z1, z2, . . . , zn) 7−→ (z1, z2, . . . , z
m
n )

restricted to neighbourhoods of the origin.

Proof. DefineX′ to be the subvariety of the total space ofL given by

X′ = {x ∈ L|xm
= σ(π(x)) in Lm}

whereπ : L → X is the projection,f : X′ → X the restriction ofπ, and
on f ∗(L) = L × XX′, define a sectionτ : X′ → f ∗(L) by τ(x) = (x, x).
All the conditions are trivially verified. �

Proof of Theorem 1. We proceed by induction onn = dim X. The
statement being trivial forn = 1, we assumen > 1 and that the result
holds for varieties of smaller dimension.

By assumption and the theorem of Bertini, there is an integerm> 0
andσ ∈ H0(X, L−m) such thatD = div. σ is a non-singular hyperplane
section ofX for some projective embedding. By Lemma 1,∃ f : X′ → X
a cyclic m-fold covering withX′ non-singular andτ ∈ H0(x, f ∗(L−1))
such thatτm = f ∗(σ) andD′ = div. τ is non-singular. Also,D′ is the
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support of a hyperplane section ofX′ for some embedding, sincef ∗(L−1)
is ample onX′ (E. G. A., Chap. II). By the Lefschetz hyperplane section
theorem [6],

Hi(X′,C)→ Hi(C′,C)

is an isomorphism fori < n − 1 and is injective fori = n − 1. By the
Hodge decomposition theorem and its naturality ([8], p. 129), it follows
that

Hp(X′,Ωq
X′)→ Hp(D′,Ωq

D′) (1)

is an isomorphism forp+ q < n− 1 and is injective forp+ q = n− 1. 97

Let I be the sheaf of ideals definingD′, so thatI is isomorphic to the
sheaf of germs of sections off ∗(L). We have the exact sequence (E. G.
A., Chap. IV, Pt. 1)

0→ I ⊗ OD′ → Ω
1
X′ ⊗OX′ OD′ → Ω

1
D′ → 0,

and hence for anyq > 0, the exact sequence

0→ Ωq−1
D′ ⊗I ⊗ OD′ → Ω

q
X′ ⊗ OD′ → Ω

q
D′ → 0

andΩq−1
D′ ⊗ I ⊗ OD′ ≈ Ω

q−1
D′ ⊗ f ∗(L ) where as usual we denote by a

script letter the sheaf of germs of sections of the line bundle denoted by
the same letter in bold type. By induction hypothesis,Hp(D′,Ωq−1

D′ ⊗

f ∗(L )) = (0) for p+ q < n, so thatHp(X,Ωq
X′ ⊗ OD′)→ Hp(Ωq

D′) is an
isomorphism forp+ q < n− 1 and is injective forp+ q = n− 1. This
together with (1) gives us that

Hp(X′,Ωq
X′)→ Hp(D′,Ωq

X′ ⊗ OD′)

is an isomorphism forp+ q < n− 1 and is injective forp+ q = n− 1. It
follows that

Hp(X′, f ∗(L) ⊗Ωq
X′) = Hp(X′,IΩq

X′) = (0) (2)

for p + q < n. Having proved the theorem forX′, it would follow
for X and the line bundleL on X, provided the inclusion of sheaves
L ⊗ Ω

q
X ֒→ f∗( f ∗(L ) ⊗ Ωq

X′) ≈ L ⊗ f∗(Ω
q
X′) admits a splitting, or
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equivalently, if the natural inclusioni : Ωq
X ֒→ f∗(Ω

q
X′) splits. (This

is because the morphismf is finite, so that for anyF coherent onX′,
Hp(X′,F ) ≈ Hp(X, f∗(F )).)

To give a splitting ofi, letU be any open set ofX andω a regular dif-
ferential form onf −1(U). Define a form ˜ω on f −1(U) by ω̃ =

∑

φ∈G
φ∗(ω)

whereG denotes the Galois groups ofX′ over X. Then ω̃ is regular
andG-invariant on f −1(U). We assert that there is a unique formTrω
regular onU such thatf ∗(Trω) = ω̃. This is in fact clear ifU does
not contain any branch points off . At points of the branch-locus, this
follows from a simple calculation using the local description of f given98

in Lemma 1†. Now, (1/m) Tr gives the required splitting.

3 The method of Franchetta

Let X be a non-singular variety of dimensionn ≥ 2 over an algebraically
closed field of any characteristic andD an effectivedivisor onX. We
define (following Franchetta)D to be numerically connectedif there
is an ampleH on X such that for any decompositionD = D1 + D2,
Di > 0, we have (Hn−2.D1.D2) > 0. It is clear that the effective divisor
without multiple components is numerically connected if and only if its
support is connected, and that for any effectiveD, if nD is numerically
connected, so isD. Further, if H′ is a generic (hence non-singular)
hyperplane section ofX for an embedding given by any multiple ofH,
D is numerically connected if and only ifD.H′ is numerically connected
on H′.

Lemma 2. If for some N> 0, ND moves in an algebraic system of ef-
fective divisors without fixed components, and(Hn−2.D2) > 0 for some
ample H, then D is numerically connected.

†In fact, for any separable morphism of non-singular varieties f : X′ → X one can
define a homomorphism

Tr : f∗(Ω
q
x′ )→ Ω

q
x.
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Proof. By a remark above, we may replaceD by ND and assumeN =
1. By a second remark, we may successively take general hyperplane
sections ofX for an embedding given by a multiple ofH, till we arrive
at a surface. The other hypotheses are stable for general hyperplane
sections.

Thus, assumeX a non-singular surface andD = D1 + D2, Di > 0.
SinceD moves in an algebraic system without fixed components we
have that (D.Di) = (D′.Di) > 0 whereD′ is algebraically equivalent to
D and effective, and has no common components withD. Since (D2) >
0, at least one of these is a strict inequality. Hence - (D1.D2) 6 (D2

i )(i =
1, 2) with atleast one strict inequality. Suppose now that (D1.D2) 6 0,
so that 06 −(D1.D2) 6 (D2

i )(i = 1, 2).
Apply the Hodge index theorem for surfaces (valid in any charac-

teristic, [4]) to the subgroup of the Neron-Severi group generated by 99

D1, D2. The intersection form must have one positive and one negative
eigenvalue on this subspace if theDi are numerically independent. But
if they are numerically dependent, we must haveaD1 = bD2 with a,
b positive integers, and since (D2) > 0, (D1.D2) > 0. Hence they are
independent, and we get

(D2
1). (D2

2) − (D1.D2)2
= det















(D2
1) (D1.D2)

(D1.D2) (D2
2)















< 0,

contradicting our earlier inequalities 06 −(D1.D2) 6 (D2
1). Hence

(D1.D2) > 0. �

Lemma 3. If D is a numerically connected effective divisor on a non-
singular variety X, H0(D,OD) consists of constants.

Proof. We proceed by induction onn = dim X. Supposen > 2 and
the result holds in smaller dimensions. Choose an embeddingof X
in PN such thatH0(D,OD(−1)) = (0). (This is possible sinceD does
not have points as embedded components). LetH be a general hyper-
plane section. Then we have the exact sequence 0→ H0(D,OD) →
H0(D∩H,OD∩H), and the last group consists of constants, by induction
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hypothesis applied to the pair (H,D ∩ H). Hence so doesH0(D,OD),
and we are through.

Thus, one has only to prove the lemma when dimX = 2. Let us
suppose there is a sectionσ of H0(D,OD) which is not a scalar. Since
Dred is connected,H0(D,ODred) consists of constants, and the image ofσ
in H0(ODred) is a scalarλ. Replacingσ byσ−λwe may assume thatσ is
a section ofR, the root ideal ofOD. One can evidently find an effective
divisor D1 which is maximum, satisfying the conditions 0< D1 < D,
σ ∈ ID1OD. Let D = D1 + D2. We have two exact sequences of
coherent sheaves onX,

0 −→ OD2

σ
−−→ OD −→ OD/σOD −→ 0,

0 −→ F −→ OD/σOD −→ OD1 −→ 0,

whereF is a sheaf supported by finitely many points. Calculate Chern
classes (in the ring of rational or algebraic equivalence classes of cycles,
see[5]). We have

c(OD) = c(OD2). c(OD/σOD) = c(OD2). c(OD1). c(F ),

=
1

1− D
=

1
1− D1

.
1

1− D2
. c(F ).

If F has support at the pointsPi and l(FPi ) = ni , we havec(F ) =100

1−
∑

niPi. Thus,

(1− D1). (1− D2) = (1− D). (1−
∑

niPi),

(D1.D2) = −
∑

ni 6 0.

�

Lemma 4. ‡ Let f : X′ → X be a proper birational morphism of a
non-singular surface X′ onto a normal surface X, and L a line bundle
on X′ such that for any irreducible curve C on X′ contracted to a point
by f , (C. c1(L)) > 0. Then,(R1 f )(Ω2

X′ ⊗ L) = 0.

‡Analogous results have been obtained over the complex field by Grauert, also in
the case of higher dimensions.
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Proof. The sheafR1 f (Ω2
X′⊗L) is concentrated at the finitely many points

P where dimf −1(P) = 1. Let P be one of these points. If we can show
that for any effective divisorD with support f −1(P), we haveH1(D, L ⊗
Ω

2
X′/IDΩ

2
X′) = 0, it would follow from the ‘Théorème fondamentale

des morphismes propres’ (E. G. A., Chap.III) thatR1 f (Ω2
X′ ⊗ L)P = (0)

and we would be through. Now, the sheafωD = I −1
D Ω

2
X′/Ω

2
X′ is dual-

ising onD, so that we have to show thatH0(D, L−1 ⊗ I −1
D /OX′) = 0.

If not, let σ be an non-zero element ofH0(D, L−1 ⊗ I −1
D /OX′). We

can find a maximum divisorD1 with 0 6 D1 6 D such thatσ ∈
H0(D, L−1 ⊗ ID1I

−1
D /OX′), and sinceσ , 0, D1 , D. It then follows

thatσ generatesL−1 ⊗ ID1I
−1
D /OX′ generically on the components of

the support of this sheaf. If we setD2 = D − D1, this sheaf is nothing
but L−1 ⊗ I −1

D2
/OX′ . Further, the annihilator ofσ is easily seen to be

ID2, so that we get an exact sequence

0 −→ OD2

σ
−−→ L−1 ⊗I

−1
D2
/OX′ −→ F −→ 0

whereF has zero dimensional support. Calculating Chern classes, we
get

c(L−1 ⊗I
−1
D2
/OX′) = c(OD2). c(F ),

i.e., 101

(1− D2). (1− c1(L) + D2) = (1− c1(L)). (1−
∑

niPi),

wherePi are the points supportingF andni = lPi (FPi ). This gives

(D2
2) > (D2

2) − (c1(L).D2) =
∑

ni > 0,

which is impossible, since by a well-known result [9], for any nonzero
divisor E with support inf −1(P), (E2) < 0. This is a contradiction. �

Lemma 5. Let X be a non-singular complete surface and L a line bundle
on X such that for some n> 0, the complete linear system determined by
H0(X, Ln) has no fixed components and is not composite with a pencil.
Then H1(X, L−N) = 0 for all large N.
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Proof. By ([10], Theorem 6.2), we may assume that the linear system
determined byH0(X, Ln) has no base points at all. Hence, there is a
morphismφ : X → Pm for somem > 0 such thatY = φ(X) is a surface
andLn ≃ φ∗(OPm(1)). Further, by (E.G.A., Chap. II), we may assumeY
normal andφ birational. DetermineN0 so that forN > N0 and 06 v < n,
H1(R0φ(Ω2

X′⊗Lv)⊗OY(N)) ≈ H1(R0φ(Ω2
X′⊗LNn+v)) = (0). For any curve

C contracted to a point byφ, the restriction ofLn to C is trivial, hence
(c1(L).C) = 0. Thus by Lemma 4,R1φ(Ω2

X′ ⊗ Lv) = 0 for v > 0. It
follows from the Leray spectral sequence thatH1(X′,Ω2

X′ ⊗ LNn+v) = (0)
for 0 6 v < n, N > N0; and the lemma follows by Serre duality.

�

Lemma 6. Let X be a complete normal variety. Assume further in the
case of positive characteristic that the Frobenius homomorphism on
H1(X,OX) is injective. For any effective divisor D on X, defineα(D)
to be the dimension of the kernel of the homomorphism H1(X,OX) →
H1(D,OD). Then,α(D) = α(Dred).

Proof. It is clearly sufficient to show that ifD1 6 D2 6 2D1, α(D1) =
α(D2).

First suppose that the characteristic is zero. Since the ideal ID1OD2

is of square zero, we have the exact sequence 0→ ID1OD2 → O∗D2
→

O∗D1
→ 1 from which the exact sequence

H0(O∗D1
)→ H1(ID1OD2)→ PicD2→ PicD1.

SinceH0(O∗D1
) is divisible (use binomial series), it follows that the ker-102

nel of Pic D2→ PicD1 is torsion-free. If we setK(Di) = Ker(Pic◦ X→
PicDi), K(Di), are closed subgroups of the abelian variety Pic◦ X, and
torsion elements are dense inK(D1)/K(D2). Thus,K(D1) = K(D2) and
the assertion follows on passing to Lie algebras.

Suppose now that the characteristic isp > 0.
SinceID1OD2 is of square zero, it follows from the exactness of

H1(ID1OD2)→ H1(OD2)
λ
−−→ H1(OD1) that the Frobenius kills the ker-

nel ofλ. Since the Frobenius is semi-simple onH1(OX) by assumption,
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it is so on any quotient, and the image ofH1(OX) → H1(OD2) cannot
meet Kerλ. �

Remark . An ‘evaluation’ ofα(D) has been given by Kodaira whenX
is a surface in characteristic zero andD is reduced. We give a rapid
derivation of this, valid for any non-singularX in characteristic zero and
any effectiveD. We have clearly thatα(D) = α(Dred) is the dimension
of the kernel of Pic◦ X → PicDred. But if η : X → A is the Albanese
map, andB the abelian subvariety ofA generated by the differences
η(x) − η(y) where x and y belong to the same connected component
of Dred, since Pic◦ X = Pic◦ A, one sees easily (using the Jacobians of
normalisations of generic curves on the various componentsof Dred) that
the dimensions of the kernels of Pic◦ X→ PicDred and Pic◦ A→ Pic◦ B
are the same. But the dimension of this last group equals the dimension
of the space of 1-forms onA which induce the 1-form 0 onB; and since
Dred generatesB (in the above sense), it also equals the dimension of
the space of 1-forms onX which induce the 1-form 0 onDred. Thus we
have

α(D) = dim. ker. (H0(X,Ω1
X)→ H0(Dred,Ω

1Dred)).

Theorem 2. Let X be a non-singular projective variety of dimension
> 2 and D an effective divisor on X such that for some n> 0, |nD| has
no fixed components and is not composite with a pencil. Assumefurther 103

that either the characteristic is zero or that it is positiveand that the
Frobenius is injective on H1(OX). Then H1(OX(−D)) = (0).

Proof. First suppose dimX = 2. The exact sequence

0→ OX(−D)→ OX → OD → 0

leads to the cohomology sequence

H0(X,OX)→ H0(D,OD)→ H1(X,OX(−D))→ H1(X,OX)→ H1(D,OD)

and the result follows from Lemmas 2, 3, 5 and 6.
Next supposen = dim X > 2 and that the result holds in smaller

dimensions. Replacing the given projective embedding by the one given
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by hypersurfaces of sufficiently large degree, we may assume thatH1(X,
OX(−D)(−1)) = (0). Hence ifH is a general hyperplane section for this
embedding, the homomorphismH1(X,OX(−D)) → H1(H,OH(−D.H))
is injective. On the other hand, the assumptions fulfilled byD on X are
also fulfilled byD.H on H. This completes the induction. �

4 A generalisation of the Kodaira vanishing theo-
rem for algebraic varieties

We assume the following theorem:

Theorem [11]. Let X be a projective variety over the complex field, L a
line bundle on X such that there is an integer n> 0 and a birational
morphismφ : X→ Y ⊂ PN such thatφ∗(OY(1)) ≈ L. Then Hi(X, L−1) =
0 for 0 6 i < dimX.

We deduce from this the following

Theorem 3. Let X be a projective non-singular variety of dimension n
over the complex field, L a line bundle on X, m an integer with1 6 m6 n
such that for some N> 0, the complete linear system determined by
H0(X, LN) has the dimension of its base point set6 n − m and has a
projective image of dimension> m. Then Hi(X, L−1) = (0) for 0 6 i <
m.

Proof. We fix m, and use induction onn starting fromn = m. Assume
first that n > m and that the theorem is true for varieties of dimen-
sionn− 1. Using a suitable projective embedding, we may assume that104

Hi(X, L−1(−1)) = (0) for 06 i < n. If H is a general hyperplane section
for this embedding, it follows thatHi(X, L−1)→ H2(H, (LH)−1) is injec-
tive for 0 6 i < n, whereLH denotes the restriction ofL to H. Further,
the hypotheses made on the pair (X, L) are evidently also satisfied by the
pair (H, LH) for H general. We are thus reduced to proving the theorem
whenn = m.

Thus, assumen = m. Since the base points of the complete lin-
ear system determined byH0(X, LN) are isolated, by ([10], Theorem
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6.2), replacingN by a larger multiple, we may assume there are no base
points. Thus there is a morphismφ : X → Y ⊂ Pk with dim X =
dimY = n such thatφ∗(OY(1)) ≈ LN. By (E.G.A. Chap II), we may
even assumeφ birational. But now, the result follows from the theorem
quoted above. �

Remarks. (1) It is not clear if in Theorem 3, the hypothesis on the
set of base points of the complete linear system determined by
H0(X, LN) can be weakened to the assumption that the base point
set be of dimension6 n− 2.

For m = 2, Theorem 3 specialises to Theorem 2 overC, which
however is proved under the further assumption thatH0(X, L) ,
(0).

(2) A generalisation of the theorem of Nakano on the vanishing of
Hp(X,Ωq ⊗ L−1) along the lines of the theorem quoted at the be-
ginning of this section does not exist. In fact, letσ : X → P3 be
the morphism obtained by blowing upP3 at (1, 0, 0, 0), andL =
σ∗(OP3(1)). Then one shows easily thatH1(X,Ω1

X ⊗ L−1) , (0) .
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Publ. Math. Inst. des hautes études Sc.(1958).

[4] A. Grothendieck: Sur une note de Mattuck-Tate,Jour. reine angew. 105

Math.200 (1958).

[5] A. Grothendieck: La theorie des classes de Chern,Bull. Soc. Math.
France,86 (1958).



134 REFERENCES

[6] J. Milnor: Morse theory.Annals of Maths. Studies.No. 51, Prince-
ton.

[7] D. Mumford: Pathologies III,Amer. Jour. Math.,89 (1967).

[8] L. Schwartz: Lectures on complex analytic manifolds.Tata Inst.
Lecture Notes(1955).

[9] I. R. Shafarevich: Lectures on minimal models and birational
transformations,Tata Inst. Lecture Notes(1966).

[10] O. Zariski: The theorem of Riemann-Roch for high multiples of an
effective divisor on an algebraic surface.Ann. Maths.,76 (1962).

[11] H. Grauert and O. Riemenschneider: Verschwindungssätze für an-
alytische Cohomologiegruppen auf komplexen Raümen. Several
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The Invariance of Milnor’s Number Implies
The Invariance of the Topological Type

By LêDũng Tráng and C. P. Ramanujam.

Introduction. We are interested in analytic families ofn-dimen- 107

sional hypersurfaces having an isolated singularity at theorigin. In this
paper we only consider the case when the Milnorś number of the singu-
larity at the origin does not change in this family. Under this hypothesis
with n “ 1, H. Hironaka conjectured that the topological type of the
singularity does not change. We give a proof of this conjecture in the
more general case ofC8 family of n-dimensional hypersurfaces of di-
mensionn ‰ 2. The hypothesisn ‰ 2 comes from the fact we are using
h-cobordism theorem. Actually a more general conjecture should be the
following:

0.1 letFpz0, . . . , zn, tq be analytic in thezi and smooth (i.e.C8) in t.
Suppose that for anyt0 P R the complex hypersurfaceFpz0, . . . , zn, t0q “
0 of Cn`1 has an isolated singularity at the origin. Suppose that the
Milnor’s numberµt0 of this singularity, say the complex dimension of
Ctz0, . . . , znu{pBFt0q is the ideal generated by the partial derivatives
pBF{Bziqpz0, . . . , zn, t0q pi “ 0, . . . , nq in this algebra, does not depend
on t0. Then the pair composed of the smooth part of the hypersurface
F “ 0 in a neighborhoodU of 0 in Cn`1ˆR andpt0uˆRqXU satisfies
Whitney conditions at each point ofpt0u ˆ Rq X U, (cf. [17] p. 540).

If such a conjecture is true we obtain easily our result by using
Thom-Mather isotopy theorem (cf. [16] and [7]).

Manuscript received June 22, 1973,
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Actually recent results of B. Teissier [14] give a numericalcondi-
tion to get Whitney conditions. Precisely letpX, xq be a germ of hyper-
surface inCn`1 with an isolated singularity, letE be ak-dimensional
affine subspace ofCn`1 passing throughx. If E is chosen sufficiently
general the Milnor’s number ofX X E at x does not depend onE, we
denote this number byµpkqpX, xq. Then B. Teissier proved that if in an
analytic family of germs of hypersurfacespXt, 0q in Cn`1 defined by
Fpz0, . . . , zn, tq “ 0 and having an isolated singularity at the origin 0 the
numbersµpkqpXt, 0q for 1 ď k ď n ` 1 do not depend ont, the smooth
part of the hypersurfaceFpz0, . . . , zn, tq “ 0 in a neighborhoodU of108

Cn`1 ˆ C satisfies Whitney conditions alongpt0u ˆ Cq X U.
Whenn “ 1 our result shows that the multiplicity of the curves of

our analytic family is constant, because in this case we knowthat the
multiplicity of a plane curve singularity is a topological invariant.

Actually whenn “ 1, O. Zariski in [19] and [20] proved that if the
sum ofµt ` mt ´ 1, whereµt is the Milnor’s number of the singularity
andmt its multiplicity, is independent oft then the smooth part of the
surfaceFpx, y, tq “ 0 in a neighborhoodU of 0 in C3 satisfies Whitney
conditions alongpt0uˆCqXU. In his terminology the preceding surface
is equisingular along its singular locus at 0. Then the constancy ofµt

implying the one ofmt, Teissier’s result is analogous to Zariski’s result.

0.2 It is then natural to conjecture, following B. Teissier (cf. [14])

that the constancy of theµpn`1q
t implies the constancy of theµpkq

t p1 ď
k ď nq, which would imply (0.1). Recently J. Brianson and J. P. Speder
disproved this conjecture.

1 Milnor’s Results on the Topology of Hypersur-
faces

In this paragraph we first recall Milnor’s results on the topology of hy-
persurfaces (cf. [9]).

Let f : U Ă Cn`1 Ñ C be an analytic function on an open neigh-



The Invariance of Milnor’s Number Implies..... 137

borhoodU of 0 in Cn`1. We denote

Bǫ “ tz|z P Cn`1 : ||z|| ď ǫu

Sǫ “ BBǫ “ tz|z P Cn`1 : ||z|| “ ǫu.

Then:

Theorem 1.1. For ǫ ą 0 small enough the mappingϕǫ : Sǫ ´ t f “
0u Ñ S1 defined byϕǫpzq “ f pzq{| f pzq| is a smooth fibration.

Theorem 1.2. For ǫ ą 0 small enough andǫ " η ą 0 the mapping
ψǫ,n : 9Bǫ X f ´1pBDηq Ñ S1 defined byψǫ,ηpzq “ f pzq{| f pzq|, where
BDη “ tz|z P C : |z| “ ηu, is a smooth fibration isomorphic toϕǫby an
isomorphism which preserves the arguments. We call the fibrations of
Theorems 1.1 and 1.2 the Milnor’s fibrations of F at 0.

Corollary 1.3. The fibers ofϕǫ have the homotopy type of a n-dimen-
sional finite CW-complex.

Theorem 1.4. For ǫ ą 0 small enough, Sǫ transversally cuts the smooth
part of the algebraic set H0 defined by f“ 0. If 0 is an isolated critical
point of f , then the pairspSǫ ,Sǫ X H0q for any ǫ small enough are
diffeomorphic andpBǫ , Bǫ X H0q is homeomorphic topBǫ ,CpSǫ X H0qq, 109

where CpSǫ X H0q is the real cone, union of segments with vertices at 0
and at a point of Sǫ X H0.

Theorem 1.4 says that, when 0 is an isolated critical point off ,
for ǫ ą 0 small enough, the topology of the pairpBǫ , Bǫ X H0q does
not depend onǫ. Then if g is another analytic function defined in a
neighborhood of 0, having an isolated critical point at 0, wesay that the
hypersurfacesH0 andH1

0 defined by f “ 0 andg “ 0 havethe same
topological type at 0if for ǫ ą 0 small enough there is a homeomor-
phismpBǫ , Bǫ X H0q

„
ÝÑ pBǫ , Bǫ X H1

0q.
From [9] and [11] we have:

Theorem 1.5. If 0 is an isolated critical point of f , forǫ ą 0 small
enough, the fibers ofϕǫ have the homotopy type of a bouquet ofµ spheres
of dimension n with

µ “ dimCpCtz0, . . . , znu{pB f {Bz0, . . . , B f {Bznqq.
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(A bouquet of spheres is the topological space union of spheres hav-
ing a single point in common).

We call the number of spheresthe Milnor’s numberof the critical
point 0 ofF or thenumber of vanishing cyclesof F at 0.

Actually we have:

Proposition 1.6. The germ of morphismψ : pCn`1, 0q Ñ pCn`1, 0q
whose components are the partial derivatives of f is an analytic cover-
ing of degreeµ. On another hand, forǫ ą 0 small enough, the mapping
ψǫ : Sǫ Ñ S2n`1 defined by

ψǫpzq “ pB f {Bz0pzq, . . . , B f {Bznpzqq
M

gffe
nÿ

i“0

|B f {Bzipzq|2

has the degreeµ.

Finally recall a well-known result of P. Samuel (cf. [12]):

Theorem 1.7. Let f : U Ă Cn`1 Ñ C be an analytic function on a
neighborhood U of 0 inCn`1. Suppose fp0q “ 0 and 0 is an isolated
critical point. Then there exists a polynomial f0 : Cn`1 Ñ C with an
isolated critical point at 0 and an analytic isomorphism of aneighbor-
hood U1 of 0 onto a neightborhood U2 of 0 which sends the points of
f “ 0 on points of f0 “ 0.

2 The Main Theorem

We prove the following theorem:

Theorem 2.1. Let Fpt, zq be a polynomial in z“ pz0, . . . , znq with co-
efficients which are smooth complex valued functions of tP I “ r0, 1s
such that Fpt, 0q “ 0 and such that for each tP I, the polynomials110

pBF{Bziqpt, zq in z have an isolated zero at 0. Assume moreover that the
integer

µt “ dimC Ctzu{

ˆ
B f
Bz0

pt, zq, . . . ,
B f
Bzn

pt, zq

˙
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is independent of t. Then the monodromy fibrations of the singularities
of Fp0, zq “ 0 and Fp1, zq “ 0 at 0 are fo the same fiber homotopy. If
further n ‰ 2, these fibrations are even differentiably isomorphic and
the topological types of the singularities are the same.

A crucial step in the proof of the theorem is the following lemma:

Lemma 2.2. Let f P Crz0, . . . , zns, fp0q “ 0, and Rą 0, ǫ ą 0 such
that

(i) dimC Ctzu{pB f {Bz0, . . . , B f {Bznq “ µ ă 8;

(ii) for any z with0 ă ||z|| ă R and| f pzq| ď ǫ, we have d f‰ 0;

(iii) for any z P SR “ tz| ||z|| “ Ru with | f pzq| ď ǫ, dp f |SRq is of
rank 2;

(iv) for some w0 with 0 ă |w0| ď ǫ, Fw0 “ tz| ||z|| ď R, f pzq “ w0u
is of the homotopy type of a bouquet ofµ n-spheres.

Then the map

tz| ||z|| ď R, | f pzq| “ ǫu
f {| f |

ÝÝÝÑ S1 (A)

is a fibration fiber homotopy equivalent to the monodromy fibration of
the singularity of f“ 0 at 0. If further n‰ 2, it is even diffeomorphic
to the monodromy fibration, and there is a homeomorphism of the set

tz| ||z|| ď R, | f pzq| “ ǫu Y tz| ||z|| “ R, | f pzq| ď ǫu

with the spheretz| ||z|| “ δu (δ small) which maps the settz| ||z|| “
R, f pzq “ 0u onto the settz| ||z|| “ δ, f pzq “ 0u.

Proof. It is clear from (ii) and (iii) that the map

f : tz| ||z|| ď R, 0 ă | f pzq| ď ǫu Ñ tw|0 ă |w| ď ǫu (B)

is a locally trivial differentiable fibration, hence so is (A). Chooseδ, η
with 0 ă δ ă R, 0 ă η ă ǫ such that

f {| f | : tz| ||z|| ď δ, | f pzq| “ ηu Ñ S1 (C)
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is the monodromy fibration of the singularity. This fibrationis contained
in the fibration 111

f {| f | : tz| ||z|| ď R, | f pzq| “ ηu Ñ S1, (D)

and (A) and (D) are diffeomorphic fibrations since (B) has been shown
to be a fibration. Thus it suffices to show that the inclusion of (C) in (D)
is a fiber homotopy equivalence. By the theorem of Dold ([4] Theorem
6.3) and the homotopy sequence of a fibration, it suffices to show that
the inclusion of the fiberG1 over 1 of (C) in the fiberF1 over 1 of (D) is a
homotopy equivalence. Now, since the spheresSR andSδ of radii Rand
δ respectively are transversal to the manifoldf pzq “ η, for all z0 close
enough to the origin, the pair of manifolds with boundariespF1,G1q is
diffeomorphic to the pair

ptz| f pzq “ η, ||z´ z0|| ď Ru, tz{ f pzq “ η, ||z´ z0|| ď δuq.

Choose suchz0 such that the distance function||z´ z0|| has only nonde-
generate critical points onf pzq “ η. Since the indices of this function at
these critical points areď n, it follows thatF1 is obtained fromG1, up
to homotopy type, by attaching cells of dimensionď n. Now, it follows
from (iv) thatF1 is of the homotopy type of the wedgeµ n-spheres, and
the same holds ofG1, by [9]. It clearly follows that forn “ 1, the in-
clusionG1ô F1 is a homotopy equivalence. Forn ą 1, both spaces are
simply connected, and it suffices to show thatHipG1,Zq Ñ HipF1,Zq
is an isomorphism for alli. This is clearly so fori ‰ n and it also holds
for i “ n sinceHn`1pF1,G1; Zq “ 0, HnpG1,Zq andHnpF1,Zq are both
free of rankµ andHnpF1,G1; Zq is torsion-free.

We have thus shown that the inclusion of (C) in (D) is a homo-
topy equivalence. We have yet to establish the stronger assertions of the
lemma forn ‰ 2. First notice that ifX “ tz|δ ď ||z|| ď R, | f pzq| ď ηu,
then f : X Ñ tw||w| ď ηu is a differentiable fibration. This follows
from (ii), (iii) and the fact thatdp f |Sδq is of rank 2 onX X Sδ. It
follows that X is diffeomorphic to a product of the disctw||w| ď ηu
and the fiberXw of X over any pointw of this disc, in particularXη “
F1 ´ Int G1. Now, H˚pF1,G1; Zq “ H˚pXη, BG1; Zq “ p0q. So that
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H˚pBG1,Zq Ñ H˚pXη; Zq is an isomorphism. Forn “ 1, it follows
from this and the classification of surfaces with boundary that Xη is dif-
feomorphic toI ˆ BG1. For n ą 2, BG1 is simply connected ([9]) and
the inclusionBG1 Ă Xη is a homotopy equivalence. Further, by con-
sidering the Morse functioń ||z ´ z0|| with z0 close to the origin, and
noticing that its indices at critical points onF1 are ě n, ([1]) we see
that π1pBF1q Ñ π1pF1q is injective, so thatBF1 is also simply con-
nected. If we can show thatH˚pXη, BF1; Zq “ p0q, it would follow
that the inclusionBF1ô Xη is a homotopy equivalence. From the ho-
mology exact sequence of the triplepF1,Xη, BF1q, it suffices to show
thatH˚pF1, BF1q Ñ H˚pF1,Xηq is an isomorphism, or passing to coho-112

mology, thatH˚
c pInt G1q Ñ H˚

c pInt F1q is an isomorphism, whereH˚
c

denotes cohomology with compact support. By Poincare duality, this
is the same as saying thatH˚pG1,Zq Ñ H˚pF1,Zq is an isomorphism,
which is certainly true.

Thus, the inclusionsBG1 Ă Xη andBF1 Ă Xη are homotopy equiv-
alences, the spaces are simply connected and we are in real dimen-
sions ě 6. It follows from theh-cobordism theorem [8] thatXη is
diffeomorphic toI ˆ BG1. Thus, the fibration (D) is obtained from
the fibration (C) (which restricted to the boundary of the total space
of (C) is trivial) by attachingS1ˆ collar. Hence the two fibrations
are diffeomorphic by a diffeomorphismϕ. Further, if we fix a dif-

feomorphismX
λ

rÐÝ D ˆ I ˆ BG1 over D, whereD denotes the disc
tw||w| ď ηu, we may assume that the pointsλpw, 0, xq andλpw, 1, xq
correspond to each other underϕ. But now, the canonical diffeomor-
phism ofD ˆ 0ˆ BG1 andD ˆ 1ˆ BG1 goes over byλ into a diffeomor-
phism oftz| ||z|| “ δ, | f pzq| ď ηqu ontotz| ||z|| “ R, | f pzq| ď ηqu such
thatϕ andψ are equal at points where both are defined andψ carries the
zero set off (i.e., λp0 ˆ 0 ˆ BG1q) in its domain onto the zero set of
f pi.ǫ., , λp0 ˆ 1 ˆ BG1qq in its range. Now, by [9] there is a homeo-
morphism oftz| ||z|| ď δ, | f pzq| “ ηu Y tz| ||z|| “ δ, | f pzq| ď ηu onto
Sδ which is the identity on the second of these sets. This establishes
the last assertion of the lemma, except for the fact thatǫ is replaced by
η. But this clearly does not matter, in view of assumptions (ii) and (iii).
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Q.E.D. �

We need another simple lemma:

Lemma 2.3. Let K be a compact convex set inCn`1 and g1, . . . , gn`1

holomorphic functions in a neighborhood of K such that onBdK,ř
|gi |

2 ą 0. Orient BdK (which is homeomorphic to S2n`1) such that
a radial projection onto an interior sphere has degree`1. Then the gi
have only finitely many common zeros in K, and the degreeµ of the map
BK Ñ S2n`1 given by zÞÑ p

ř
|gipzq|2q´1{2 pg1pzq, . . . , gn`1pzqq equalsř

PPK µp, where

µp “ dimC OCn`1P{pg1, . . . , gn`1q.

Proof. Since thegi have no common zeros on BdK, their common zeros
in K form an analytic set inCn`1, andK being compact, they must be a
finite set. We proceed by induction on the numberN of these common
zeros. IfN “ 1, let P P Int K be the unique common zero,B a small
aroundP contained in IntK andS the boundary ofB. The map BdK Ñ
S2n`1 is then homotopic to the composite BdK α

ÝÑ S “ BdB Ñ S2n`1

whereα is radial projection and the map BdB Ñ S2n`1 is the map
defined above withK replaced byS. The result then follows from [9].

If N ą 1, choose a hyperplaneH such that there are no common113

zeros of thegi on H and such that ifH` andH´ are the closed half-
spaces defined onH, H` X K and H´ X K each contain at least one
common zero of thegi . Since we may assume by induction that the
result holds for each of the compact convex setsH` X K andH´ X K,
we have only to show that the degree of BdK Ñ S2n`1 equals the sum
of the degrees of BdpK X H`q Ñ S2n`1 and BdpK X H´q Ñ S2n`1.
Since the intersection BdpK X H`q X BdpK X H´q is contractible on
each of these boundaries, the assertion reduces to the standard and easy
fact that if f , g : S2n`1 Ñ S2n`1 are maps preserving some base point,

h : S2n`1 Ñ S2n`1 Ž
S2n`1 the pinching map, the compositeS2n`1 h

ÝÑ

S2n`1 Ž
S2n`1 p f ,gq

ÝÝÑ S2n`1 has degree equal to the sum of the degrees
of f andg. Q.E.D. �
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Proof of Theorem 2.1. We set ftpzq “ Fpt, zq. It is clearly enough to
prove the theorem withI replaced by some smaller intervalr0, δs with
δ ą 0. Denote byµ the constant value ofµt, t P I . ChooseR and ǫ
such that the conditions (ii), (iii) and (iv) hold withf replaced byf0,
and also such that

řn`1
1 |B f0{Bzi |

2 ą 0 on ||z|| “ R. By continuity, one
sees that there is aδ ą 01 such that for anyt P r0, δs, (iii) holds and alsořn`1

1 |B ft{Bzi |
2 ą 0 on||z|| “ R. The mapsSR Ñ S2n`1 are defined by

|| grad ft||´1. pB ft{Bzi , . . . , B ft{Bzn`1q for various t are all homotopic,
hence all of the degreeµ. On the other hand, we know that at the origin,
dimC Ctzu{pB ft{Bz1, . . . , B ft{Bzn`1q “ µ. It follows from Lemma 2.3
that (ii) is also fulfilled byft, R andǫ if t P r0, δs “ I1.

Let X “ tpt, zq P I1 ˆ Cn`1| ||z|| ď R, 0 ă |Fpt, zq| “ ǫu, and
defineΦ : X Ñ I1 ˆ tw|0 ă |w| ď ǫu,Φpt, zq “ pt, Fpt, zqq. ThenΦ has
compact fibers, and is of maximal rank on the setstpt, z P X| ||z|| ă Rqu
as well as when restrictedX X I1 ˆ S2n`1

R . Thus,Φ is a differentiable
fibration. Similarly, ifY : tpt, zq P I1 ˆ SR||Fpt, zq| ď ǫu, the mapψ :
Y Ñ I1 ˆ tw||w| ď ǫu, ψpt, zq “ pt, Fpt, zqq is a smooth fibration. It
follows thatψ is differentiably a trivial fibration, and thatΦ|X X p0 ˆ
Cn`1q : X X p0 ˆ Cn`1q Ñ tw|0 ă |w| ď ǫu andΦ|X X pδ ˆ Cn`1q :
X X pδˆ Cn`1q Ñ tw|0 ă |w| ď ǫu are smoothly isomorphic fibrations
such that this isomorphism is compatible with the chosen trivialisation
of ψ.

The theorem now follows from Lemma 1. Q.E.D.
We now deduce some corollaries. In order to shorten statements we

introduce the following definition. We say that the isolatedhypersurface
singularities at 0 inCn`1 defined by the equationsf “ 0 andg “ 0 are
of thesame typeif (i) their monodromy fibrations are fiber homotopic,
and (ii), for n ‰ 2, these fibrations are differentiably isomorphic, and
there is a homeomorphism ofS2n`1 onto itself carrying the zero set of
f on S2n`1 onto that ofg, this implies in particular that the matrices of
the monodromy transformations on then-th homology of the fiber of the 114

Milnor’s fibrations of f andg are inner conjugate inSLpµ,Zq, µ being
the number of vanishing cycles.

Corollary 2.4. Let f P Crz1, . . . , zn`1s, and pi P Z, pi ą 0p1 ď i ď n`
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1q be weights for the variables zi , f “ fN` fN`1`. . . the decomposition
of f into quasi-homogeneous polynomials fp of weight p with fN ‰ 0,
suppose 0 is an isolated critical point of fN “ 0. Then the same holds
for f “ 0, and the singularities f“ 0 and fN “ 0 at 0 are of the same
type.

Proof. Put Fpt, zq “ fN ` t fN`1 ` t2 fN`2 ` ¨ ¨ ¨ , so that fort ‰ 0,
Fpt, zq “ t´N f ptp1z1, . . . , tpn`1zn`1q. ChooseR so thatpd fNqz ‰ 0 for
0 ă ||z|| ď R, and letµ “ dimC Ctzu{pB fN{Bz1, . . . , B fN{Bzn`1q. Then
for t close enough to 0,dzFpt, zq ‰ 0 on ||z|| “ R, so thatFpt, zq has
only isolated critical points in||z|| ď R. SinceFpt, zq derives fromf pzq
by a trivial coordinate transformation,f pzq has 0 for an isolated critical
point. Now chooseR1 ą 0 such that bothf and fN have 0 as their only
critical point in||z|| ď R1. Then the same is true ofFpt, zq for 0 ď t ď 1.
Further for allt P r0, 1s, the mapsSR Ñ S2n`1 given by

z ÞÑ || gradz Fpt, zq||´1
ˆ

B ft
Bz1

, . . . ,
B ft

Bzn`1

˙

are homotopic, hence have the same degree. It follows from Lemma 2.3
thatµ “ dimC Ctzu{pB ft{Bz1, . . . , B ft{Bzn`1q is independent oft. Now
appeal to the theorem. Q.E.D. �

Remark 2.5. It is in fact possible to make a stronger statement. There is
a diffeomorphismϕ : Sδ Ñ Sδ (δ small) isotopic to the identity which
mapsK “ tz P Sδ| f pzq “ 0u ontoK0 “ tz P Sδ| fNpzq “ 0u and such
that forz P Sδ ´ K, f pzq{| f pzq| “ fNpϕpzqq{| fNpϕpzqq|, i.e.,ϕ|Sδ ´ K
is a fiber preserving diffeomorphism of the monodromy fibration off
onto that of fN. This holds for alln ě 1 without exception. This is a
consequence of the fact that if we defineftpzq “ Fpt, zq as above, there
is aδ ą 0 such that, for any with 0ă ||z|| “ δ, and anyt P r0, 1s,grad
log ft “ λ. z with λ complex implies that|argλ| ă π{4 and||z|| “ δ,
ft “ 0 imply thatdp ft|Sδqz is of rank 2.

To state the next corollary, we need a few definitions and facts from
commutative algebra. LetA be a noetherian normal local domain of
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dimensionn ` 1 with maximal idealM, anda anM-primary ideal. An
elementf P A is said to be integral overa if it satisfies an equation

f m ` a1 f m´1 ` . . . ` am “ 0, ai P ai .

The setā of elements ofA integral overa form an ideal containinga,
called the integral closure ofa. (See [13], Appendix 4 and [10] for115

all properties made use of.) Ifepaq is the multiplicity of a, we have
epaq “ epāq ([10], Theorem 1). Further, ifRruns through all the discrete
valuation rings containingA and having the same quotient field asA, we
haveā “ XR ¨ a ([13], Appendix 4, Theorem 3). Finally, letαip1 ď
i ď kq be elements ofA generating anM-primary ideala. Then there
exists a finite set of polynomialsPαpxi j q over the residue field in the
variablesxi j p1 ď i ď k, 1 ď j ď n ` 1q such that ifv “ pni j q P Akpn`1q

andan “ p
řk

i“1 ni1αi , . . . ,
řk

1 nin`1αiq; thena is integral overan (i.e.,
a Ă ān) if and only if Pαpn̄i j q ‰ 0 for someα, wheren̄i j denotes the
image ofni j in the residue field. (See [10], Sec. 5, Theorem 1.)

Lemma 2.6. Let A be a regular local ring of dimension ǹ1 containing
a field k of characteristic 0 which gets mapped onto the residue field of
A. Suppose Dip1 ď i ď n`1q is a system of k-derivations of A such that
the induced maps Di : M{M2 Ñ A{M form a basis of the dual ofM{M2.
Then if f P M such that the idealpD1 f , . . . ,Dn`1 f q is primary for the
maximal ideal, f belongs to the integral closure ofpD1 f , . . . ,Dn`1 f q.

Proof. It suffices to show that ifA Ă R, whereR is a discrete valuation
ring, f P

řn`1
1 R ¨ Di f , we may further assume that the maximal ideal

of A is contained in that ofR, since otherwise
řn`1

1 R¨ Di f “ Rand the
assertion is trivial. We may further supposeR complete. We can then
find a subfieldL of R such thatL Ą k andR is the formal power series
ring LrrTss over L in someT generating the maximal ideal ofR. Let
D denote theL-derivationd{dt of R, so that clearlyR f Ă R ¨ D f . It
suffices to show thatR ¨ D f Ă

řn`1
1 R ¨ Di f . Let DerkpA,Rq be theR-

module ofk-derivations ofA into Rcontinuous for theM-adic topology,
so thatD|A P DerkpA,Rq. We will be done if we show that DerkpA,Rq
is generated by theDip1 ď i ď n ` 1q choose a basisxip1 ď i ď n ` 1q
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ofM such thatDi x j “ δi j pmodMq. The homomorphism DerkpA,Rq Ñ
Rn`1 which sendsD̄ to pD̄x1, . . . , D̄xn`1q is clearly injective. It is also
surjective and the images of theDi generatedRn`1 by Nakayama, since
it is so when we pass to the quotient modulo the maximal ideal of R.
This proves the lemma. Q.E.D.

�

We are now ready for the next corollary. For anyf P Crz1, . . . , zn´1s
with an isolated singular point at (0), define

a1p f q “
n`1ÿ

1

Ctzu ¨
B f
Bzi

“ tD f {D a continuousC - derivation ofCtzuu,

a2p f q “ Ctzu f ` a1p f q,

a3p f q “ a1p f q “ integral closure ofa1p f q.

It follows from Lemma (2.6) thata1p f q Ă a2p f q Ă a3p f q. Further, it116

is clear that for anyC-automorphismϕ of Ctzu, aipϕp f qq “ ϕpaip f qq.
Define the artinian local ringsAip f q by Aip f q “ Ctzu{aip f q.

Corollary 2.7. Suppose f , gP Crzs and that for some ip1 ď i ď 3q
we are given an isomorphism overC, λ : Aip f q – Aipgq. Then the
singularities of f“ 0 and g“ 0 at 0 are of the same type.

Proof. First we start with proving weaker statements. Supposea1p f q Ą
M

N andg ´ f P MN`2. ThenpBg{Bziq ´ pB f {Bziq P MN`1 Ă Ma1p f q,
which shows thata1p f q “ a1pgq. Hence for anyt, if ht “ tg ` p1 ´ tq f ,
a1p f q “ a1phtq, and it follows from the theorem that the singularities of
f andg are of the same type. (Compare to [15].)

Next supposeϕ is a C-automorphism ofCtzu andϕp f q “ g. We
want to say that the singularities off andg are of the same type. Let
Jpϕq be the Jacobian matrix ofϕ, γptq a smooth path inGLpn ` 1,Cq
connectingE to Jpϕq´1, andφt the automorphism ofCtzu induced by
γptq. Applying the theorem to the familyht “ φt ˝ ϕp f q, we see that we
may assumeϕ has Jacobian matrix the identity, so that we haveϕpziq “
zi ` ψipzq, whereψi begins with second degree terms. By what we said
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at the beginning of the proof, ifψ1
i denotes the power series obtained

from ψi by leaving out fromψi all terms of degreeN (N large) andϕ1

the automorphism ofCtzu defined byϕ1tziu “ zi `ψ1
ipzq, ϕp f q ” ϕ1p f q

pmodMNq so thatϕt f u andϕ1p f q have the same monodromy. Thus we
may assume that theψi are polynomials. Now define an automorphism
ϕt of Ctzu by ϕtpziq “ zi ` tψipzq and apply the theorem tohi “ ϕtp f q.
Our assertion follows.

Suppose now that we have aC-isomorphismλ̄ : Aip f q
„
ÝÑ Aipgq. We

can then find aC-automorphismλ of Ctzu which makes the diagram

Ctzu
λ

//

��

Ctzu

��

Ctzu{aip f q
λ̄

// Ctzu{aipgq

commutative, the vertical arrows being the natural maps. Itfollows that
λpaipgqq “ aipgq. On the other hand, we haveλpaip f qq “ aipλp f qq.
Finally, sinceaip f q “ a3p f q, we deduce thata3pλp f qq “ a3pgq. But
now, since the singularities off andλp f q are of the same type, we may
assume that we havea3p f q “ a3pgq. But now, there is a finite setS Ă
C, 0 R S, 1 R S, such that fort P C ´ S, the integral closure of
the idealptpB f {Bziq ` p1 ´ tqBg{Bziq also equalsa3p f q. Join 0 and 1
in C by a smooth pathγptq not containing any point ofS, and apply 117

the theorem to the familyht “ γptq ¨ f ` p1 ´ γptqq ¨ g. Note that
µt “ dimC Ctzu{pBht{Bziqq “ epa3p f qq is constant. Q.E.D. �

3 Plane Curve Case.

Let us show that our main theorem implies the conjecture 0.1 of the
introduction whenn “ 1. Because of Zariski’s results in [19], it is
sufficient to prove that the multiplicitymt of the curveFpz0, z1, tq “ 0
of C2 at 0 is independent oft.

But O. Zariski in [21] and M. Lejeune in [6] proved that:
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Theorem 3.1. The topological type of a plane curve singularity at a
singular point is determined by the topological type of eachanalytically
irreductible component of this curve at the singular point and the inter-
section numbers of any pairs of distinct branches.

Then consider two plane curves defined byf “ 0 andg “ 0 and
having an isolated singular point at 0. Suppose that these curves have the
same topological type at 0. Then there is a one-to-one correspondence
φ between their anayltically irreductible branches, such that the branch
γi of f “ 0 at 0 has the same topological type as the branchφpγiq of
g “ 0 at 0. Thus, as the multiplicity at 0 is the sum of the multiplicities
of each branch, it suffices to prove that the multiplicity is a topological
invariant of an analytically irreductible plane curve at its singular point.

More generally using results of K. Brauner in [2], W. Burau in[3]
and O. Zariski in [18] we have:

Theorem 3.2. Puiseux pairs (cf. [5]) of ananalytically irreductible
plane curve singularity depends only on the topology of the singular-
ity.

If pm1, n1q, . . . , pmg, ngq are the Puiseux pairs, one knowns that
n1 . . . ng is the multiplicity of the singularity (cf. [5]).

Centre de Mathematiques de L’Ecole Polytechnique
Penjab University.
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On a Geometric Interpretation of Multiplicity

By C.P. Ramanujam (Madras)

The interpretation is as follows. LetY be a projective variety of 119

dimensionn, y a point ofY, Q an ideal in the local ringOY,y primary
for the maximal ideal, andf : X → Y a proper birational morphism
of a non-singular varietyX into Y such thatQOX is an invertible sheaf
of ideals ofX. Then the multiplicity ofQ in OY,y equals (−1)n−1(Dn),
whereD is the effective divisor onX defined byQOX.

Following a suggestion by Bombieri, we present a generalisation
of this result to sheaves of ideals defining closed subsets ofarbitrary
dimension. Also, we have given the result in the context of schemes.

All schemes considered will be noetherian and seperated, and all
morphisms considered seperated of finite type.

First, we recall some basic facts on the blow-up of a scheme with
respect to a coherent sheaf of ideals. (See [1].) LetY be a scheme and
I a coherent sheaf of ideals inOY, defining a closed subschemeZ of
Y. LetR(I ) be the quasi-coherent sheaf of gradedOY-algebras defined
by

R(I ) = OY ⊕I ⊕I
2
⊕ . . . .

Then the blow-up ofY with respect toI or the blow-up ofZ on Y
is defined to be theY-schemeX = ProjR(I ). If Y is affine with
Γ(Y,OY) = A andΓ(Y,I ) = I , X is covered by affine open sets isomor-
phic to SpecI · f −1 where f runs through the elements (or even a set of
generators) ofI andI · f −1 is the subring of the of quotientsAf = A[ f −1]
consisting of elements of the formg/ f n, g ∈ In. If ϕ : X → Y is the
structural morphism,I OX is an invertible sheaf of ideals ofOX which
is very ample forϕ, and the restriction ofϕ to ϕ−1(Y − z) is an isomor-
phism of this open subscheme ontoY− Z. Further, ifU is any non-void

151
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open subset ofX, it cannot happen thatϕ(U) ⊂ Z, since thenI · OU

would be contained in the sheaf of nilpotents ofOU and hence cannot
be invertible. Hence, ifZ contains no components ofY, or equivalently
if Y− Z is dense inY, ϕ maps an open dense subset ofX isomorphically
onto an open dense subset ofY, i.e.,ϕ is birational.

Now, letψ : Y′ → Y be a morphism such thatI OY′ is invertible.
We assert that there is a unique morphismψ̃ : Y′ → X such thatϕ ◦
ψ̃ = ψ. To prove this, we may clearly assume thatY = SpecA and120

Y′ = SpecB are affine and that ifI = Γ(Y,I ), IB = f ·B for somef ∈ I ,
and also that the image off in B is a non-zero divisor. ThenB → Bf

is injective, and under the induced homomophismAf → Bf , the image
of I · f −1 is contained inB. This proves the assertion. Finally, letξ be
the generic point of a component of the closed subset ofY′ defined by
I OY′ , so thatOξ,Y′ is a local ring of dimension one. Since (I OY′)ξ is a
principal ideal generated by a non-zero divisor contained in the maximal
ideal ofOξ,Y′ , the maximal ideal ofOξ,Y′ is not associated to (0). Hence
if η1, η2, . . . , ηp are generic points of components ofY′ containingξ, the

natural homomorphismOξ,Y′ →
p∏
1

Oηi ,Y′ is injective.

Next we recall the definitions and some basic facts about the degree
of an invertible sheaf. Letm be an integer≧ 0, andX a proper scheme
over SpecΛ, whereΛ is an artinian ring, with dimX ≦ m. Then, ifL
is an invertible sheaf onX, andI any coherent sheaf onX,

P(n) =
n∑

i=0

(−1)i lΛ(Hi(X,I ⊗L
n))

is a polynomial inn of degree≦ m. This is well-known whenΛ is
a field (see for instance [2]), and the general case follows easily. The

coefficient of nm in χ(L n) is of the form
dm(L )

m!
, wheredm(L ) is an

integer called the degree ofL (the integerm being fixed once for all).
This has the following properties:

(i) If Xi are the irreducible components ofX with reduced structure
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andLi = L ⊗OX OXi andξi is the generic point ofxi , we have

dm(L ) =
∑

i

l(OX,ξi )dm(Li).

(ii) If f : Y→ X is a proper morphism,X irreducible and reduced of
dimensionm and dimY ≦ m, and ifξ is the generic point ofX,

dm( f ∗(L )) = (
∑

f (η)=ξ

dimk(ξ) OY,η) · dm(L ).

We can now state the main theorem.

Theorem. Let X be a noetherian scheme of dimension n and Y a closed
subscheme of X defined by the coherent sheaf of ideals.I . Suppose Y
is a proper scheme over SpecΛ whereΛ is an artinian ring. Suppose
further that f : X′ → X is a proper birational morphism such that
I OX′ is an invertible sheaf of ideals. Then we have:

(i) there exists a polynomial P(T) of degree≦ n− 1 such that for all
large N, 121

P(N) =
n∑

i=0

(−1)i lΛ(Hi(X,I N/I N+1)),

(ii) the coefficient of Tn−1 in P(T) is
1

(n− 1)!
· dn−1(I OX′).

Proof. Let g : X̄ → X be the blow-up ofX with respect to the sheaf of
idealsI . ThenI OX̄ is an invertible sheaf relatively very ample forg,
henceI OX̄/I

2OX̄ is relatively very ample for the morphismg−1(Y) =
Y×X X̄→ Y. It follows that forN largeRig(I NOX̄/I

N+1OX̄) = (0) for
i > 0 andg∗(I NOX̄/I

N+1OX̄) ≃ I N/I N+1. Hence from the Leray
spectral sequence, forN large we have

n∑

i=0

(−1i)lΛ(H i(X,I N/I N+1)) =
n∑

i=0

(−1)i lΛ(H i(Y×X X̄,I N
OX̄/I

N+1
OX̄))
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and the right side is a polynomial of degree≦ dimY ×X X̄ < dim X̄ ≦ n
([1]). This proves (i), and also (ii) for the special morphism g.

Now, f factorises asg ◦ h whereh : X′ → X̄ is birational proper.
We have to show thatdn−1(I OX′) = dn−1(I OX̄). SinceI OX̄ is an
invertible sheaf of ideals, we haveh∗(I OX̄) ≃ I OX′ . PutȲ = Y ×X X̄,
Y′ = Y ×X X′; in view of the preceding remarks, it suffices to show that
if η is the generic point of an irreducible component ofȲ of dimension
n− 1, we have

l(OȲ,η) =
∑

η′∈Y′

h(η′)=η

lOȲ,η
(OY′,η′).

SetA = OX̄,η. Then the morphismX′ ×X SpecA → SpecA is proper
with finite fibers, hence is a finite morphism. Thus,X′ ×X SpecA is
isomorphic over SpecA to SpecB whereB is anA-algebra which is a
finite A-module. Let f ∈ A be a generator of (I OX̄)η. ThenOȲ,η ≃

A/ f A and ∏

η′∈Y′

h(η′)=η

OY′,η′ ≃ B/ f B.

We have thus to show thatlA(A/ f A) = lA(B/ f B). Assume for the mo-
ment thatA→ B is injective andlA(B/A) < ∞. Then we have

lA(B/ f A) = lA(B/ f B) + lA( f B/ f A) = lA(B/A) + lA(A/ f A).

But since f is a non-zero divisor inB, multiplication by f induces an
isomorphismB/A ≃ f B/ f A andlA(B/A) = lA( f B/ f A). Inserting this in
the above equality, the desired result follows.

To prove thatA → B is an injection andlA(B/A) < ∞, let K be
the product of the (artinian) local rings of generic points of those com-
ponents ofX which containη andL the product of the (artinian) local
rings of generic points of those components ofX which contain a point122

of h−1(η). The natural homomorphismsA→ K andB→ L are injection
in view of the remarks made earlier. Further,K → L is an isomorphism
sinceh is birational. HenceB can be identified with a finitely generated
submodule of the total quotient ringK of A. Hence there is a non-zero
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divisor λ ∈ A such thatλB ⊂ A, andB/A ≃ λB/λA ֒→ A/λA which is
of finite length overA.

The proof of the theorem is complete. �

Remarks. (1) SupposeA is a local ring of dimensionn ≧ 1 andQ

an ideal primary for the maximal ideal. The theorem is then ap-
plicable to SpecA, Y the closed subscheme defined byQ (and
Λ = A/Q). The polynomialP(N) then equalslA(QN/QN+1) for

N large, and its leading coefficient is
1

(n− 1)!
eQ(A), whereeQ(A)

is the multiplicity ofQ.

Suppose now thatQ,Q′ are two ideals primary for the maximal
ideal andg : X1 → X a proper birational morphism such that
QOX1 = Q′OX1. We can then findh : X′ → X1 proper birational
such thatQOX′ = Q′OX′ is invertible. (Take for instanceX′ to
be the blow-up ofX1 with respect toQOX1.) It follows from the
theorem applied tog ◦ h thateQ(A) = eQ′(A). Now recall that if
Q′ ⊃ Q, Q′ is said to be integral overQ if every x in Q′ satisfies
an equationxn

+ a1xn−1
+ · · · + an = 0 with ai ∈ Qi (see [3]). We

assert that ifQ′ is integral overQ, there is ag : X1 → X proper
birational such thatI OX1 = I ′OX2. Infact, chooseX1 so that
QOX1 andQ′OX1 are both invertible. For anyx1 ∈ X1, we have

QOX1,x1 = λOX1,x1 ⊂ Q
′
OX1,x1 = µQX1,x1

with λ, µ ∈ QX1,x1, λ = µv, v ∈ OX1,x1. Now µ must be integral
overλOX1,x1, hence satisfies an equation

µm
+a1µv ·µm−1

+a2(µv)2µm−2
+ · · ·+am(µv)m

= 0, ai ∈ OX1,x1,

i.e.,
µm(1+ a1v+ a2v2

+ · · · + amvm) = 0.

Sinceµ is not a zero divisor, it follows that 1+ v(a1 + a2v+ · · · +
amvm−1) = 0, andv is a unit.

Thus, if Q′ is integral overQ, eQ(A) = e′
Q

(A). This is a result
due to Northcott and Rees ([4]).
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(2) Let the assumptions be as in the theorem. Suppose furtherthat
Y is a local complete intersection of codimensionr in X, i.e.,
suppose for everyy ∈ Y, Iy is generated by anOX,y-sequence
of length r. Then I /I 2 is locally free of rankr on Y and
⊕m≧0I

m/I m+1 is isomorphic to the symmetric algebraS(I /I 2)
overOY (see [5]). Thenχ(I N/I N+1) = P(N) whereP is a poly-
nomial, for allN ≧ 0.

Now, suppose further that a theory of Chern classes is definedon123

Y with values in a graded ringA(Y) with the usual properties. (For in-
stance,Λ = C, Y reduced andA(Y) is the even dimensional integral
cohomology ofY(C); orΛ an algebraically closed field,Y non-singular
projective overΛ and A(Y) the Chow ring of rational equivalence; or
anyΛ, andA(Y) is the associated graded ring ofK(Y) with respect to
theλ-filtration, tensored withQ.) Since dimY ≦ n− r, we have a homo-
morphismAn−r(Y) → Q which we denote byξ 7→ ξ[Y]. There is then a
universal polynomialQ (depending only onn andr) in the Chern classes
ci of I /I 2 such that the coefficient ofNn−1 in P(N) equalsQ(ci)[Y].

These are general assertions having to do with a locally freesheafξ
((I /I 2) in our case) of rankr and its symmetric powers on a schemeY
of dimensionm proper over SpecΛ, Λ an artinian ring. To prove them,
let P(ξ∗) be the projective bundle associated to the dual sheafξ∗ on Y,
andO(1) the canonical invertible sheaf onP(ξ∗). If π : P(ξ∗) → Y is
the projection, we haveRiπ(O(N)) = (0), i > 0, N ≧ 0 andπ∗(O(N)) ≃
SN(ξ). Hence by the Leray spectral sequence,χ(Y,SN(ξ)) = χ(P(ξ∗),
O(N)), which shows thatχ(Y,SN(ξ)) is a polynomial inN. Further, ifξ
is the first Chern class ofO(1) onP(ξ∗), the coefficient ofNr+m−1 in this

polynomial is
1

(r +m− 1)!
ξr+m−1[P(ξ∗)]. Now, ξ satisfies an equation

ξr
− c1ξ

r−1
+ · · · ± cr = 0, whereci are the Chern classes ofE and

A(P(E ∗)) is considered as anA(Y)-algebra viaπ. Dividing ξr+m−1 by
ξr
− c1ξ

r−1
+ · · · ± cr leaves a remainder

α0 + α1ξ + · · · + αr−1ξ
r−1

where theαi are universal polynomials inc1, . . . , cr . Further, by the



REFERENCES 157

projection formula,αiξ
i[P(E ∗)] = 0 for i < r − 1 andαr−1ξ

r−1[P(E ∗)] =

αr−1[Y]. Thus, we may takeQ =
1

(r +m− 1)
αr−1.
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Throughout this Paper, we work over an algebraically closed field125

of characteristic zero, which we may assume is the field of complex
numbers. We adhere to the notations of the paper referred to in the title.

Our first remark was pointed out to us by E. Bombieri, and is used
by him in his investigations of pluri-canonical surfaces.

If X is a complete non-singular surface and D an effective divisor
on X with(D2) > 0, then

H1(X,OX)→ H1(D,OD)

is injective.

Proof. By the Riemann-Roch theorem, dimH0(X,OX(nD)) increases
quadratically inn. Hence for somen > 0, if F is the divisor of base
components of|nD|, |nD| − F is a linear system without base compo-
nents not composite with a pencil. We then have, in the terminology of
Lemma 6 of (2),

α(D) = α(nD) 6 α(nD− F) = 0

by Theorem 2 and Lemma 6 of (2).
Our next result is the following �

∗C. P. Ramanujam suddenly passed away in Bangalore on October27, 1974 (Ed.)
© Indian Mathematical Society 1974
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Theorem. Let X be a complete non-singular surface andL an invertible
sheaf on X such that(c1(L)2) > 0 and (c1(L) · C) > 0 for any curve C
on X. Then Hi(X,L−1) = 0, i = 0, 1.

Conversely, if(c1(L)2) > 0 and Hi(X,L−n) = 0, i = 1, 2 and n large,126

for any curve C on X,(c1(L) ·C) > 0.

Proof. We first prove the sufficiency of the condition.
Suppose first thatH0(X,L) , 0, so thatL ≃ OX(D), D an effective

divisor. We show thatD is numerically connected. Suppose on the
contrary thatD = D1 + D2, Di effective, (D1 · D2) = −λ 6 0. Since
(D2

1) ± (D1 · D2) = (D · D1) > 0 by assumption, (D2
1) > λ and similarly

(D2
2) > λ. Now, if D1 andD2 are linearly dependent modulo numerical

equivalence, we must haveaD1 numerically equivalent tobD2 where
a and b are positive integers, sinceDi are effective. But then, since
(D2) > 0, (D1 · D2) > 0. Thus,Di are independent modulo numerical
equivalence, and by the Hodge index theorem,

det

(

(D2
1) −λ

−λ (D2
2)

)

= (D2
1)(D2

2) − λ2 < 0,

which is a contradiction. Thus,D is numerically connected. But now,
the assertion follows from our earlier remark, Lemma 3 of (2)and the
exact sequence

H0(X,OX)→ H0(D,OD)→ H1(X,L−1)→ H1(X,OX)→ H1(D,OD).

Next, consider the case whenL does not admit a non-zero section.
Our hypotheses clearly imply that forH ample, (c1(L) · H) > 0, and
henceH0(X,Ω2

X⊗L
−n) = 0 for n large. Hence, by Riemann-Roch, there

is ann > 0 such thatLn admits a non-zero sectionσ with divσ = D.
By Lemma 1 of (2) and the theorem of resolution of singularities, we
can find a complete non-singular surfaceY and a surjective morphism
f : Y→ X such thatf ∗(L) admits a sectionτwith τn = f ∗(σ) in f ∗(Ln).
For any curveC′ on Y, we have

(c1( f ∗(L)) ·C′) = ( f ∗(c1(L)) ·C′) = (c1(L) · f ∗(C′)) > 0,
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so that f ∗(L) on Y satisfies the hypothesis and also admits a non-zero
section. Hence, by the first part and Serre duality,

Hi(Y,Ω2
Y ⊗ f ∗(L)) = 0, i > 0.

Now, by Lemma 4 of (2) and Stein factorisation,

Ri f (Ω2
Y) = 0, i > 0.

Thus, by the Leray spectral sequence, 127

Hi(X, f∗(Ω
2
Y) ⊗ L) = 0, i > 0.

We have a splitting 1/m Tr : f∗(Ω2
Y) → Ω2

X(m = deg f ) of the natural
homomorphismΩ2

X → f∗(Ω2
Y) (See footnote on p.44 of (2)), which gives

Hi(X,Ω2
X ⊗ L) = 0, i > 0,

and the result follows by Serre duality.
We next prove the converse part of the theorem. IfH is ample,

(H · c1(L)) , 0, by the Hodge index theorem. By our hypothesis and
Riemann-Roch,H0(X,Ω2

X ⊗ L
n) , 0 for n large, so that (H · (K +

nc1(L))) > 0 for n large. Hence (H ·c1(L)) > 0 andH0(K⊗L−n) = 0 for
n large. Hence (H · c1(L)) > 0 andH0(K ⊗ L−n) = 0 for n large. Again
by Riemann-Roch,H0(Ln) , 0 for somen > 0, and replacingL byLn,
we may assumeH0(L) , 0,L ≃ OX(D) for some effective divisorD.

From the cohomology exact sequence of the short exact sequence

0→ OX(−(n+ 1)D)
D
−→ OX(−nD)→ OD ⊗ OX(−nD)→ 0

we deduce thatH0(OD ⊗ OX(−nD)) = 0 for n large. We can clearly find
a morphismf : D̃ → D such that (i) f is finite, (ii) every connected
component ofD̃ is irreducible, and (iii) there is a finite setS of points
on D such thatf | f −1(D − S) in an isomorphism ontoD − S. We then
have an exact sequence

0→ OD → f∗(OD̃)→ F → 0
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whereF is a sheaf supported at finitely many points. We deduce from
this that

dimH0(D̃, f ∗(OX(−nD))) = dim H0(D, f∗(OD̃) ⊗ OX(−nD))

is bounded. Hence for any componentC of D, we must have (D ·C) >
0. But for a curveC′ which is not a component ofD, the inequality
(D ·C′) > 0 is obviously satisfied. Q.E.D. �

Remarks. (1) Using the Lemma of Enriques-Severi-Zariski-Serre as
in the proof of Theorem 2 of (2), it is easy to deduce from the
above theorem the following generalisation to higher dimensional
varieties:

If X non-singular projective of dimension n andL an invertible
sheaf on X with(c1(L)n) > 0 and(c1(L) ·C) > 0 for any curve C128

on X, then H1(X,L−1) = 0.

(2) The assumptions thatD effective, (D2) > 0 and (D · C) > 0 do
not imply that|nD| has no base components for somen > 0, as is
shown by the following example:

Let C be an elliptic curve, andX the projective line bundle onC
obtained by compactifying a line bundleL of degree-1 onC by
adding points at infinity to the fibers. LetD1 be the zero section
andF the fiber over a pointP of C. Then,

((D1 + F)2) = (D2
1) + 2(D1 · F) = −1+ 2 = 1.

If C is a curve not a component ofD1 + F, we have evidently
(C · (D1 + F)) > 0. On the other hand, ((D1 + F) · F) = 1 and
((D1 + F) · D1) = (D2

1) + (D1 · F) = −1 + 1 = 0. If some linear
system|n(D1 + F)| does not haveD1 for a base curve, we deduce
thatOD1 ⊗ OX(n(D1 + F)) is trivial on D1, i.e.,Ln ⊗ OC(nP) is
trivial on C. But we can chooseP such thatL ⊗ OC(P) is not of
finite order. ThenD1 is a base component of each of the linear
systems|n(D1 + F)|.

Our theorem is therefore strictly stronger than Theorem 2 of(2).
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Appendix

By C.P. Ramanujam

The proof of Prop. 3 has been essentially global. The following 130

result gives a “local proof” of Prop. 3.

Proposition ∗. Let A be a noetherian analytically normal local ring with
maximal idealm. Let B be a noetherian local ring with maximal ideal
n such that B contains A and has the same residue field as A. Let us
suppose thatn ∩ A = m and thatn is generated bym together with
elements x1, . . . , xr of B, where r= dim B− dimA.

Then any prime idealp of height one in B which is not contained in
m · B is principal.

Proof. Let A and B be the completions ofA and B respectively. The
hypothesis thatn is generated bym together withr = dim B − dim A
elements onn implies thatB is isomorphic to the formal power series
ring A

[

[X1, . . . ,Xr ]
]

in r variables overA, as can be shown easily. Since
p is of height one inB, there exist elementsa, b ∈ Bsuch that (a : b) = p,
and hence by a well-known property of completions (B is B flat), we
deduce that (aB : bB) = pB = p, which implies in turn (sincêB is
normal) that all the associated prime ideals ofpB in B are of height one.
Moreover, sincep 1 m · B, p 1 m · B = m · B, and the same holds
for all the associated prime ideals ofp. If we could prove that each of
these associated prime ideals is principal, it would then follow that pB
is principal, and hence thatp is principal (sinceB is B-flat).

∗This proposition could be used to prove straightaway that the Weil divisorC in
Prop. 4 is a divisor; thereby one could avoid going to the variety Z for the proof of
Prop. 4.

165



166 C.P. Ramanujam

Thus, it is enough to prove the theorem whenA is a complete normal
local domain, andB a formal power series ringA

[

[X1, . . . ,Xr ]
]

in r
variables overA. �

We shall do this in a series of lemmas.

Lemma 1. Let A be a local ring with maximal idealm, and f an element
of A

[

[X1, . . . ,Xp]
]

which does not lie in the idealmA
[

[X1, . . . ,Xp]
]

.

Then there is an automorphismϕ of A
[

[X1, . . . ,Xp]
]

which fixes A such
thatϕ( f ) < (m,X1, . . . ,Xp−1).

Proof. The proposition being trivial forp = 1, we may assume that
p ≧ 2. We proceed by induction onp.

Let p = 2 and f =
∑

r=s
ar,sXr

1Xs
2, and letar0,s0 be a coefficient which

is not inm. We may assume thatr0 is minimal with this property. LetN
be any integer greater thanS0, and define

ϕ(X1) = X1 + XN
2

ϕ(X2) = X2.

Thenϕ extends to a unique automorphism ofA [[X1,X2]], which fixes
A, by continuity. The coefficient ofXr0N+S0

2 in ϕ( f ) is the sum of thear,s

for which rN + s = r0N + s0. This implies thatN divides s− s0, and
sinces ands0 are non-negative andN > s0, that s≧ s0, andr ≦ r0. By
the minimality ofr0, we see that thosear,s which occur in the sum with
(r, s) , (r0, s0) are inm, and sincear0.s0 < m, the coefficient ofXr0N+s0

2
in ϕ( f ) is not inm.

Now let p be any integer> 2 and assume that the lemma is valid for131

p− 1 variables. Writingf =
∑

q=0
fqXq

p, with fq ∈ A
[

[x1, . . . ,Xp−1]
]

, we

see that there is anfq0 < mA
[

[X1, . . . ,Xp−1]
]

, and by induction hypothe-

sis, there is an automorphismϕ′ of A
[

[X1, . . . ,Xp−1]
]

such thatϕ′( fq0) <

(m,X1, . . . ,Xp−2). Extendingϕ′ to A
[

[X1, . . . ,Xp]
]

by puttingϕ′(Xp) =

Xp (and continuity), we see thatϕ′( f ) ∈ A
[

[X1, . . . ,Xp−2]
] [

[Xp−1,Xp]
]

andϕ′( f ) < (m,X1, . . . ,Xp−2). Since we have proved the lemma forp =
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2, there is an automorphismϕ′′ of A
[

[X1, . . . ,Xp]
]

such thatϕ′′(ϕ′( f )) <
(m,X1, . . . ,Xp−2,Xp−1), andϕ = ϕ′′ ◦ ϕ′ fulfills the requirements. �

Lemma 1 clearly reduces the proof of the proposition to the case
whenB = A[[X]] and A are before. We shall assume this from now on.

Lemma 2. Let A be a complete local ring with maximal idealm and
f ∈ A[[X]] , f < m[[X]] . Let r be the least integer such that fr <

m

(

f =
∞
∑

0
frXr

)

. If g ∈ A[[X]] there exists a unique h∈ A[[X]] such

that

g = h f + R,

R=
r−1
∑

0

r iX
i ,

In particular, f is the associate of a unique polynomial Xr
+ α1Xr−1

+

. . . + αr , αi ∈ m.

Proof. The proof of the Weierstrass preparation theorem as given in
Zariski and Samuel (Vol. II, Commutative Algebra, p. 139) carries over
almost word for word. �

Lemma 3. A is as in Lemma 2,a an ideal of A[[X]] , a 1 m[[X]] . Then
a is generated bya ∩ A[X].

Proof. Let f be any element ofa which is not inm[[X]], and r as in
Lemma 1. Ifg is any element ofa, it follows from Lemma 1 thatg =
h f + R, R ∈ A[X], and f is the associate of an element ofA[X]. Lemma
3 is proved.

We can now complete the proof of the proposition. By Lemma 3 it
is enough to show thatp∩A[X] = p1, is a principal ideal ofA[X]. Let S
be the set of non-zero elements ofA; thenA[X]S = Q[X], Q being the
quotient field ofA. We assert thatS ∩ p1 = ∅. In fact, if α ∈ p1 ∩ S, p1

(being of height one) must be associated toαA[X]. But sinceα ∈ A, the
associated prime ideals ofα in A[X] are all the extensions toA[X] of the



168 REFERENCES

prime ideals associated toα in A, and all these extensions are⊂ m[X].
This contradicts the fact thatp1 1 m[X].

It follows that p1Q[X] is a prime ideal ofQ[X]. Let f = Xn
+

a1Xn−1
+ · · · + an, ai ∈ Q be the monic polynomial which generates

p1Q[X]. We assert thatai ∈ A. In fact, let X̄ be the image ofX in
Q[X]/p1Q[X] = Q[X̄]. Sincep 1 m[[X]], it follows from Lemma 2
that there is a monic polynomial overA[X] which is in p, and hence
in p1, this proves that̄X is integral overA. But sinceA is integerally
closed, the minimal polynomial of̄X over Q, i.e., f , must be inA[X],132

and our assertion is proved. But now, sincep1 is prime, we must have
p1Q[X] ∩ A[X] = p1(A[X])S ∩ A[X] = p1, and f ǫp1. Since f is monic,
and divides any element ofp1 in Q[X], it does so inA[X]. �

Our result is prove.
Added in proof. The proposition in the Appendix has been proved

in a special case by P. Samuel (Sur une conjecture de Grothendieck,
Comptes Rendus, Paris, Tome 255).
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Appendix I
The Theorem of Tate

By C.P. Ramanujam

We have seen that ifX and Y are abelian varieties over a fieldk 134

(algebraically closed) andl a prime different from the characteristic of
k, the natural homomorphism

Zl ⊗Z Hom(X,Y)
T1−−→ HomZl (Tl(X),Tl(Y)) (1)

is injective. It is obviously of importance to know the image.
By a field of definitionof X, we shall mean a subfieldk0 of k over

which there is agroup scheme X0 and an isomorphism ofgroup schemes
X0 ⊗k0 k

∼−→ X. We also say thatX is an abelian variety defined overk0.
Now choose a common field of definitionk0 for X andY; we may and
shall assumek0 to be of finite type over the prime field. Let̄k0 be the
algebraic closure ofk0 in k. SincenX and nY(n ∈ Z) are morphisms
defined overk0, their respective kernelsXn and Yn consist entirely of
k̄0-rational points, or in other words, the points of finite order in X and
Y arek̄0-rational (i.e., they come from̄k0-rational points ofX0⊗k0 k̄0 and
Y0 ⊗k0 k̄0 resp.) Thus, ifG = G(k̄0/k0) is the Galois group ofk0 overk0,
G acts on the groupsXn andYn compatible with the homomorphisms

Xmn
m−→ Xn and Ymn

m−→ Yn. HenceG acts continuously on theZl-
modulesTl(X) andTl(Y), where we giveG the Krull topology andTl(X)
andTl(Y) their l-adic topologies.

Furthermore, letϕ be any homomorphism ofX into Y. Since the
points of finite order inX arek̄0-rational andk-dense, andϕmaps points
of finite order into points of finite order,ϕ is defined over̄k0 and hence
over a finite extensionk1 of k0 in k̄0 (i.e., comes by base extension from

169
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a homomorphism of group schemesX0 ⊗k0 kl → Y0 ⊗k0 k1). It then
follows that if H = G(k̄0/k1) ⊂ G is the subgroup ofG fixing k1, for
any k̄0-rational pointx of X, we havehϕ(x) = ϕ(hx) for all h ∈ H.135

Thus, if we makeG act on HomZl (Tl(X),Tl(Y)) by putting (gλ)(x) =
g(λ(g−1x)) for g ∈ G, λ ∈ HomZ(Tl(X),Tl(Y)) and x ∈ Tl(X), we see
thathTl (ϕ) = Tl(ϕ) for h ∈ H. In other words, for anyϕ ∈ Hom(X,Y),
there is a neighborhoodH of the identity inG fixing Tl(ϕ). We see
therefore that if for anyG-moduleM we denote byM(G) the subgroup of
elements fixed by some neighborhood ofe, the image of (1) is contained
in HomZl (Tl(X),Tl (Y))(G), and we obtain a homomorphism

Zl ⊗Z Hom(X,Y)→ HomZl (Tl(X),Tl (Y))(G). (2)

Tateconjecturesthat (2) is an isomorphism (or equivalently (2) is sur-
jective) for any field of definitionk0 of finite type over the prime field.
He proves this for abelian varieties defined over a finite field. It has also
been proved whenk0 is an algebraic number field andX = Y is of di-
mension one (Serre). We shall now reproduce Tate’s proof in the case
of finite fields.

Theorem 1. Let X and Y be abelian varieties defined over a finite field
k0. Then the homomorphism ((2)) is an isomorphism.

The rest of this section will be devoted to the proof, which wegive
in several steps.

Step I. It suffices to show that the homomorphism

Ql ⊗Z Hom(X,Y) = Ql ⊗Q Hom0(X,Y) −→
−→ HomQl (Vl(X),Vl(Y))(G) (3)

where Vl(X) = Ql ⊗Zl Tl(X), is bijective.

In fact, if this were so, the image of the homomorphism (1) would
be aZl-submodule of maximal rank in HomZl (Tl(X),Tl (X))(G). On the
other hand, if this image isM, HomZl (Tl(X),Tl (X))/M has no torsion;
for, supposeϕ ∈ HomZl (Tl (X),Tl(X)) and lϕ ∈ M. We can findψn ∈



Appendix I - The Theorem of Tate 171

Hom(X,Y) such thatTl(ψn)→ lϕ, so that for all largen, Tl(ψn) = lϕn,ϕn ∈
HomZl (Tl(X),Tl(Y)). Thus,Tl(ψn)(Tl (X)) ⊂ lTl(Y) andψn vanishes on
Xl . Thusψn admits a factorisationψn = χn◦lX = lχn and theχn converge
to a certainχ in Zl ⊗Z Hom(X,Y) with Tl(χ) = ϕ, so thatϕ ∈ M. This
proves our assertion, and establishes thatM = HomZl (Tl(X),Tl(Y))(G).

Step II. It suffices to show that for any abelian variety X defined over a136

finite field

Ql ⊗Q End0(X)
λ−→ EndQl (Vl(X))(G) (4)

is an isomorphism.

In fact, if (4) is an isomorphism withX × Y instead ofX, since we
have the direct sum decompositions asG-modules

Ql ⊗ End◦(X × Y)

��

(Ql ⊗Q End0 X)

��

∼oo ⊕ (Ql ⊗Q End0 Y)

��

⊕ (Ql ⊗Q Hom0(X,Y)) ⊕

��

(Ql ⊗Q Hom0(Y,X))

��
End(Vt(X × Y)) End(Vt(X))

∼oo ⊕ End(Vl(Y)) ⊕ Hom(Vl (X),Vl(Y)) ⊕ Hom(Vl(Y),Vl(X)),

the above diagram is commutative and the first vertical arrowis an iso-
morphism, (3) is an isomorphism.

Thus, henceforward we shall restrict ourselves to a single abelian
varietyX defined over a finite field, and prove that (4) is an isomorphism.

Step III. It suffices to show thatλ is an isomorphism for one l and that
dimQl End(Vl(X))(G) is independent of1 , char. k.

This follows from the fact that the dimension of the left member in
(4) is independent ofl andλ is always injective.

Step IV. To establish(4) for an l, it suffices to show the following. Let
E be the image ofλ, and F the intersection over all neighborhoods of e
in G of the subalgebras generated inEndQl (Vl) by these neighborhoods.
Then F is the commutant of E inEnd(Vl).

In fact, sinceE is semi-simple, if the above were true, it would fol-
low from von Neumann’s density theorem thatE is the commutant of
F. Further, since EndQl (Vl) is of finite dimension overQl , F actually
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equals the subalgebra generated by some neighborhood, and all smaller
neighborhoods generate the same subalgebra. Hence the commutant of
F is precisely EndQl (Vl)(G).

Now, Steps I-IV are valid for any field of definitionk0, and do not
make use of the fact thatk0 is finite. The next step makes use of a certain137

hypothesis which is easily seen to be true for finite fields, and probably
holds for any field of finite type over its prime field. We therefore state
it as a hypothesis, verify it for a finite field and deduce its consequences.

Let X be an abelian variety defined over a fieldk0, l a prime. We
then state the

Hypothesis (k0, X, l): Let d be any integer> 1. Then there exist
upto isomorphism only a finite number of abelian varieties Y defined
over k0, such that:

(a) there is an ample line bundle L on Y defined over k0 with χ(L) =
d;

(b) there exists a k0-isogeny Y→ X of l-power degree.

(If X ≃ X0 ⊗k0 k andY ≃ Y0 ⊗k0 k, a line bundleL on Y is said to be
defined overk0 if there is a line bundleL0 on Y0 such thatL ≃ L0 ⊗k0 k,
and an isogenyY → X is said to be defined overk0 if it arises from a
homomorphismY0→ X0 by base extension tok.)

For finite fieldsk0, we have in fact the following stronger

Lemma 1. If k0 is a finite field, d> 0 and g> 0, there are upto isomor-
phism only finitely many abelian varieties Y defined over k0 of dimension
g and carrying an ample line bundle L defined over k0 with χ(L) = d.

Proof. The line bundleL3 onY is defined overk0 and gives a projective
embedding ofY as ak0-closed subvariety of projective space of dimen-
sion 3gχ(L) − 1 = 3gd − 1. The degree of this subvariety is theg-fold
self intersection number ofL3, that is, 3g. (L)g. d = 3g. g!d. Thus, there
corresponds to it ak0-rational point of the Chow variety of cycles of di-
mensiong and degree 3g. g!d in P3gd−1. Sincek0 is a finite field, there
are only finitely manyk0-rational points on this Chow variety, which
proves the lemma. �
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Step V. Suppose X is an abelian vareity defined over k0 and L an
ample line bundle on X defined over k0. Suppose for a prime l,
char. k0,Hyp(k0,X, l) holds. Let W⊂ Vl(X) be a subspace of Vl(X) 138

which is G-stable and is maximal isotropic for the skew-symmetric form
EL. Then there is an element u∈ E with u(Vl(X)) =W.

Proof. SetT = Tl(X), V = Vl(X) and for each integern > 0,

Tn = (T ∩W) + lnT

If ψn : Tn(X) → Xln is the natural homomorphism, setKn = ψn(Tn),
Yn = X/Kn and letπn : X → Yn be the natural homomorphism. Then

(ln)X factors asX
πn−−→ Yn

λn−−→ X. Sinceπn ◦ λn ◦ πn = lnπn, we obtain that
πn ◦ λn = (ln)Yn, so that

λn((Yn)ln) = kerπn = Kn.

Furthermore, for anym> n, λn((Yn)lm) ⊃ (λn ◦ πn)(Xlm) = Xlm−n, so that
Tl(λn)(Tl (Yn)) ⊃ lnTl(X), Tl(λn)(Tl(Yn)) = Tn.

We now verify thatYn is an abelian variety defined overk0 and that
λn is ak0-morphism. First note that ifX = X0 ⊗k0 k whereX0 is a group
scheme overk0, the points ofXln, are separably algebraic overk0. In fact,
since (ln)X : X → X is étale, so is (ln)X0 : X0 → X0, so that (ln)−1

X0
(0)

consists of points whose residue fields are separably algebraic overk0.
Further, sinceW and hence (T∩W)+lnT areG-stable by assumption,Kn

is alsoG-stable. Thus the fact thatYn as a variety is defined overk0 and
πn : X→ Yn is defined overk0 follow from the following general �

Lemma 2. Let X be a quasi-projective variety defined over k0 andΠ a
finite group of automorphisms of X such that

(i) there is a separably algebraic extension of k0 over which the au-
tomorphisms ofΠ are defined;

(ii) for any automorphismσ of the algebraic closurēk0 of k0 over k0,
Π
σ
= Π.
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Then X/Π is defined over k0 and the natural map X→ X/Π is de-
fined over k0.

Proof. Choose a Galois extensionk1/k0 over which the automorphisms139

of Π are defined. IfU is a k0-affine open subset ofX,
⋂

λ∈Π
λU is again

k0-affine open andΠ-stable, by assumption (ii) of the lemma. Thus, we
may assumeX affine,X = SpecA, A = A0 ⊗k0 k, A0 being ak0-algebra.
If A1 = A0 ⊗k0 k1, Π operates onA1, and Aπ1 ⊗k1 k = AΠ. Further,
G = Gal(k1/k0) operates onA1, and since by assumptionλΠλ−1

= Π

for anyλ ∈ G, it follows that AΠ1 is G-stable. LetB be thek0-algebra
of G-invariants, and{θi} a basis ofk1/k0. If

∑

ai ⊗ θi ∈ AΠ1 , ai ∈ A0,
thenλ(

∑

ai ⊗ θi) =
∑

ai ⊗ λ(θi) ∈ Aπ1, and since det(λ(θi))λ∈G,i , 0,
ai ⊗ 1 ∈ AΠ1 ∩ A0 ⊂ B, which proves thatAΠ1 = B⊗k0 k1. �

This proves the lemma.
Thus, as a variety,Yn is defined overk0 andπn : X → Yn is defined

overk0, so thatπn(0) isk0-rational. Since the addition mapm : Yn×Yn→
Yn and the inverseI : Yn → Yn are defined over a separably algebraic
extension ofk0 and are invariant under the action of Gal(k̄0/k0), they are
again defined overk0. HenceYn is defined overk0 as an abelian variety.
Now, (ln)X = λn◦πn andπn are defined overk0, henceλn is defined over
k0, since for ak0-regular functionϕ on an open subset ofX, ϕ ◦ λn is
k1-regular for a Galois extensionk1 of k0 and invariant under Gal(k1/k0)
sinceϕ ◦ λn ◦ πn = ϕ ◦ (ln)X is.

Let d be the degree of the ample line bundleL on X. We shall
produce on ample line bundle of degree 2g. d defined overk0 on each
Yn. We have

el(x, ϕλ∗n(L)(y)) = Eλ∗n(L)(x, y)

= EL(λn(x), λn(y)) ∈ eL(Tn,Tn)

= eL(lnT,T ∩W+ lnT) ⊂ lnMl

for any x, y ∈ Tl(Yn), sinceW is isotropic foreL. Sinceel : Tl(Yn) ×
Tl(Ŷn) → Ml is non-degenerate, it follows thatϕλ∗n(L)(Tl(X)) ⊂ lnTl(X),
ϕλ∗n(L) = lnψ for someψ : Yn→ Yn.
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It follows from the theorem of §23 thatψ = ϕLn for some line bundle140

Ln onYn defined over the algebraic closure, hence over some normal ex-
tension ofk0. We may assume thatLn is symmetric. Hence, ifp denotes
the characteristic ofk0 if this is positive andp = 1 if the characteristic is

zero, for a suitable integerN > 0, LpN

n is defined over a Galois extension
k1 of k0. We now have

Lemma 3. Let Y be an abelian variety defined over k0 and L ∈ Pic0 Y
a line bundle defined over the algebraic closurek̄0 of k0 in k. Letσ ∈
Gal(k̄0/k0), and denote byσ(L) the line bundle on Y defined overk̄0

obtained by pulling back L by the morphism1Y0 × Specσ : Y0 ⊗k0 k̄0→
Y0 ⊗k0 k̄0. Thenσ(L) ∈ Pic0 Y.

Proof. Let M be an ample line bundle onY defined overk0, and consider
the line bundleN = m∗(M)⊗ p∗1(M)−1⊗ p∗2(M)−1 onY×Y. We can find
an algebraic pointy ∈ Y such thatN|{y} × Y = L. It is then easy to see
thatN|{σy} × Y = σ(L), so thatσ(L) ∈ Pic0 Y.

We shall make use of the notationσ(L) introduced in the lemma in
future. Further, ifL1 andL2 are two line bundles onY with L1 ⊗ L−1

2 ∈
Pic0 Y, we shall writeL1 ≡ L2.

Resuming the earlier discussion, ifσ ∈ Gal(k1/k0), we see that

σ(LpN

n ) is also symmetric, andσ(LpN

n )ln ≡ λ∗n(LpN
), so that sinceNS(Yn)

is torsion-freeσ(LpN

n ) ≡ LpN

n for everyσ ∈ Gal(k1/k0). Hence,σ(LpN

n )

and LpN

n differ by an element of order 2 in Pic0 Y. Thus, if we put

Mn = L2pN

n , we haveσ(Mn) ≃ Mn for every σ ∈ Gal(k1/k0) and

Mln
n ≡ λ∗n(L2pN

) ≡ L2pN ln
n . We now have �

Lemma 4. Let Y be a complete variety defined over k0 with a k0-rational
point, k1 a Galois extension of k0 and L a line bundle on Y defined over
k1 such that for everyσ ∈ Gal(k1/k0), σ(L) ≃ L. Then L can be defined
over k0.

Proof. PutX = X0⊗k0 k, X1 = X0⊗k0 k1 and letπ : X1→ X0 the natural
morphism. Since projective modules of constant rank over semi-local
rings are free, we can find an affine coveringu = (Ui)i∈I of X0 such that
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L/π−1(Ui) is free. Let{αi j } be the 1-cocycle with respect to the covering141

{π−1(Ui)} with values inO∗X1
defining L. Our assumption implies that

for anyσ ∈ G = Gal(k1/k0), we haveβi,σ ∈ Γ(π−1(Ui),O∗X1
) such that

σ(αi j )

αi j
=
βi,σ

β j,σ
.

If y0 is a k0-rational point ofX0 with y0 ∈ Ui0 andy1 = π−1(y0), by
dividing theβ j,σ by βi0,σ(y1), we may assume thatβi0,σ(y1) = 1. Now,

στ(αi j )

αi j
=
βi,στ

β j,στ
=
στ(αi j )

σ(αi j )
,
σ(αi j )

αi j
=
σ(βi,τ)

σ(β j,τ)
· βi,σ

β j,σ
,

so that for anyσ, τ ∈ G, i, j ∈ I ,

βi,στσ(βi,τ)
−1β−1

i,σ = β j,στσ(β j,τ)
−1β−1

j,σ in Ui ∩ U j .

SinceX is complete,βi,στσ(βi,τ)−1β−1
i,σ = Cσ,τ for all i, and takingi = i0

and evaluating aty1, we see that

σ(βi,τ) β
−1
i,στ βi,σ = 1.

Grant for the moment that ifA is any local ring ofX0 andB = A⊗k0 k1,
and if B∗ is the group of units ofB, H1(G, B∗) = (1). We deduce that
there is a covering{Ui,α}α∈Ai of Ui andγi,α ∈ Γ(π−1(Ui,α),O∗X1

) such that

βi,σ =
σ(γiα)
γiα

in π−1(Uiα).

The cocycleαi j
γ jβ

γiα
with respect to the covering{Uiα}α∈Ai

i∈I
is cohomolo-

gous to{αi j }, and we have

σ

(

αi j
γ jβ

γiα

)

=
βiσ

β jσ
· αi j

β jσ

βiσ

γ jβ

γiα
=
γ jβ

γiα
αi j ,

αi j
γ jβ

γiα
∈ Γ(Uiα ∩U jβ,O∗X0

).
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It only remains to show that ifA is the local ring of a point onX0

andB = k1 ⊗k0 A, H1(G, B∗) = {1}. Let R be the quotient field ofB; we
then have the exact sequence

H0(G,R∗)→ H0(G,R∗/B∗)→ H1(G, B∗)→ H1(G,R∗) = {1}.

An element ofH0(G,R∗/B∗) is represented by an elementf ∈ R∗ such 142

that
σ f
f
∈ B∗ for all σ ∈ G, and we shall show that we can writef = gu

whereg ∈ H0(G,R∗) andu ∈ B∗. Writing f =
f0
F

with f0 ∈ B, F ∈ A,

we see that we may assume thatf ∈ B. Now, since
σ f
f
∈ B∗ for all

σ ∈ G, the idealB f is G-invariant, hence of the formBU, U being
an ideal inA. But now, sinceB f ≃ k1 ⊗k0 U, U is A-projective, hence
principal. Thus,B f = Bg for someg ∈ A and f = gu, g ∈ A, u ∈ B∗. �

This completes the proof of Lemma 4.
It follows that the line bundleMn onYn is defined overk0. Now, the

g.c.d. of 2pN and ln is 1 or 2 according asl is 2 or not. Hence, we can
find integersa, b such that 2apN

+ bln = 2. DefineNn = Ma
n ⊗ λ∗n(L)b,

so thatNn is defined overk0. Further,

Nn ≡ L2apN
+bln

n = L2
n,

so thatNn is ample withχ(Nn) = 2gχ(Ln) = 2g. l−ngχ(λ∗n(L))
= 2g. l−ng deg. λnχ(L)
= 2gχ(L) = 2gd.

An alternative way of producing an ample line bundle of degree 2gd
on Yn is to observe that (i) ifY is an abelian variety defined overk0,
and we construct̂Y asY/K(L) for a line bundleL defined overk0, Ŷ
is defined overk0 and the Poincaré bundleP on Y × Ŷ is defined over
k0; (ii) if ϕλ∗n(L) = lnψ, sinceλ∗n(L) is defined overk0, so isϕλ∗n(L) and
hence alsoψ; and finally; (iii) if Pn is the Poincaré bundle onYn × Ŷn

andχ = (1, ψ) : Yn→ Yn× Ŷn, thenχ∗(Pn) = Nn is a line bundle defined
overk0 with ϕN = 2ψ (see §13), so thatχ(Nn)2

= degϕNn = 22g degψ =
22gl−2ng degλ∗n(L) = 22gl−2ng × (degλn)2χ(L)2

= 22gχ(L)2.
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Anyhow, we deduce fromHyp(k0,X, l) that there is an infinite setI
of natural integers with smallest integern and isomorphismsvi : Yn

∼−→
Yi for all i ∈ I . Consider the elementsui = λiviλ

−1
n ∈ End0 X and

their imagesu′i ∈ EndQ(Vl). We haveu′i (Tn) = Ti ⊂ Tn for i ∈ I , and
since EndZ(Tn) is compact, we can select a subsequence (u′j) j∈J which143

converges to a limitu′. SinceE is closed in End(Vl) and u′j ∈ E, u′

also belongs toE. SinceTn is compact,u′(Tn) consists of elements of
the form x = lim x j wherex j ∈ u j(Tn) = T j, and since the setsT j are
decreasing, it follows that

u(Tn) =
⋂

j∈J
u j(Tn) =

⋂

j∈J
T j = T ∩W.

Henceu(V) =W.
This completes the proof of Step V.

Step VI. Suppose that for any finite algebraic extension k1 of k0, Hyp(k1,

X, l) holds, and that F is isomorphic as aQl-algebra to a direct product
of copies ofQl . Then(4) is an isomorphism.

Proof. Replacingk0 by a finite algebraic extensionk1 over which all el-
ements of EndX are defined and which is such that Gal(k̄1/k1) generates
F in End(Vl), we may assume thatk0 itself has these properties. LetD
be the commutant ofE in End(Vl), so thatD ⊃ F. We first show that
any isotropic subspaceW for EL which isF-stable is alsoD-stable. We
proceed by downward induction on dimW. If W is maximal isotropic,
i.e. if dimW = g, we can by Step V find au ∈ E such thatu(V) = W,
and henceDW = DuV = uDV = uV = W, which proves the assertion.
Suppose then that dimW = r < g and the assertion holds forF-stable
isotropic subspaces of dimensionr+1. The orthogonal complementW⊥

of W for EL is alsoF-stable, sinceEL is invariant under the action of
Gal(k̄0/k0). Further, since any simpleF-module is one-dimensional and
dimW⊥ − dimW = 2g − 2 dimW = 2(g − r) > 2(g − g + 1) = 2, we
can findF-stable one-dimensional subspacesL1 andL2 of W⊥ such that
the sumW + L1 + L2 is direct. By induction hypothesis,W + L1 and
W + L2 areD-stable, hence so is their intersectionW. This completes
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the induction. We deduce that any eigen-vector forF in V is also an
eigen-vector forD. It follows that D ⊂ F. (The decomposition ofV
into factorsVi corresponding to the simple factors ofF reduces this as-
sertion to the evident statement that an endomorphism ofVi for which
every element ofVi is an eigen-vector is a scalar multiplication). Hence
F = D, completing the proof of Step VI. �

Step VII. End of proof of theorem. 144

We assume from now on thatk0 is a finite field. By replacing it
by a finite extension if necessary, we may assume that every element of
EndX is defined overk0. Letπ be the Frobenius morphism overk0. Then
π belongs to the center of End0 X, and henceQ[π] is a commutative
semi-simple subalgebra of End0 X. We shall first show that there are an
infinity of primesl for which Ql ⊗Q Q[π] is isomorphic as aQl-algebra
to a direct product of copies ofQl.

In fact, writingQ[π] = K1 × . . . × Kr whereKi are finite extensions
of Q, it suffices to show that for an infinity of primesl, eachQl ⊗ Ki

is isomorphic to a product of copies ofQl. Let K be a finite Galois
extension ofQ in which all theKi are embeddable. Then it suffices to
show that for an infinity ofl, K ⊗Q Ql splits as a product of copies of
Ql as aQl-algebra. It suffices for this that there is one simple factor of
K ⊗Q Ql isomorphic toQl . In fact, if K ⊗Q Ql ≃ L1× . . .× Lk, the Galois
groupπ of K/Q permutes the factorsLi . It also acts transitively on the
simple factors. For, if not, supposeL1 × . . . × Lr is π-stable; then the
element (1, 1, . . .

r times
, 1, 0, 0, 0) ∈ L1 × . . . × Lk is π-stable. On the other

hand, sinceπ fixes only the elements ofQ in K, it fixes only the elements
of Ql in Ql⊗QK, that is, elements of the form (α, α, . . . , α) ∈ L1×. . .×Lk

with α ∈ Ql. This proves the assertion.
Now, choose an algebraic integerα of K generatingK overQ, and

let F(X) ∈ Z[X] be its irreducible monic polynomial overQ. Since
K ⊗Q Ql ≃ Ql[X]/(F(X)), it is enough to find an infinity ofl for which
F(X) has a zero inQl. Let ∆ be the discriminant ofF(X), and l any
prime not dividing∆ such thatF(X) ≡ 0(mod l) has a solutionn in Z.
ThenF′(n) . 0(modl), so that by Hensel’s lemma,n can be refined to a
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root of F in Zl . Thus, we are reduced to proving the following

Lemma 5. Let F(X) ∈ Z[X] be a non-constant polynomial. Then there
are an infinity of primes l for which F(X) ≡ 0(mod l) has a solution in
Z.

Proof. Let F(X) = a0Xn
+ a1Xn−1

+ . . . + an. The lemma being trivial145

whenan = 0, sinceX is a factor ofF(X) in this case, we may assume
an , 0. Further, by substitutinganX for X in F and removing the com-
mon factoran, we may assumean = 1. LetS be a finite set of primesp.
If N =

∏

p∈S
p, then

F(vN) = a0vnNn
+ . . . + an−1vN+ 1 ≡ 1(modN)

so that no prime ofS dividesF(vN). On the other hand,F(vN) , ±1
for v large, hence has a prime factorl not belonging toS.

Next, we show that for alll , char. k0, the dimension of EndQl V(G)
l

is the same. Again, assume that every element of EndX is defined over
k0, so that the Frobeniusπ belongs to the center of End0 X, hence to the
centre ofQl ⊗Q End0 X. ThenQl[π] is semi-simple andVl is a Ql[π]-
module, so that the imageπ′ of π in EndQl Vl is semi-simple. The char-
acteristic polynomialP(t) of π′ in EndQl Vl has coefficients inZ indepen-
dent of l. Further, the closed subgroups of Gal(k̄0/k0) generated byπn!

form a fundamental system of neighborhoods ofe in this group, so that
EndQl V(G)

l is the commutant ofπ′n! in EndQl Vl for n large. The char-
acteristic polynomial ofπ′n! has for rootsθn!

1 , . . . , θ
n!
2g whereθ1, . . . , θ2g

are the roots ofP(t) repeated with multiplicity. For alln large, the num-
ber of distinct elements ofθn!

1 , . . . , θ
n!
2g as well as their multiplicities is

the same. Thus, our assertion is a consequence of the following lemma,
applied to an algebraic closure ofQl . �

Lemma 6. Let A and B be absolutely semi-simple endomorphisms of
two vector spaces V and W of finite dimensions over a field k respec-
tively, with characteristic polynomials PA and PB. Let

PA =

∏

p

pm(p),
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PB =

∏

p

pn(p)

be the decompositions of PA and PB as products of powers of distinct
irreducible monic polynomials p. Then the vector space

E = {ϕ ∈ Homk(V,W)|ϕA = Bϕ}

has dimension 146

r(PA,PB) =
∑

p

m(p)n(p) degp,

and this integer is invariant under any extension of the basefield k.

Proof. MakeV (resp.W) into ak[X]-module by makingX act through
A (resp. . B). Denote thek[X]-module k[X]/(p(X)) by Mp. Because
of our assumption of semi-simplicity, we have isomorphismsof k[X]-
modules

V ≃
∏

p

Mm(p)
p ,

W ≃
∏

p

Mn(p)
p .

Now, the Mp are non-isomorphic simplek[X]-modules for distinctp,
and E is nothing but Homk[X](V,W). Since dimk Homk(X)(Mp,Mp) =
dimk Mp = degp, and sinceE clearly ‘commutes with base extension’,
the lemma follows.

The main Theorem 1 is a consequence of what we have proved,
combined with Steps III and VI. �

Remark. The theorem can be stated in the following seemingly stronger
form:

Theorem 1′. Let X and Y be abelian varieties defined over a finite field
k0, and letHomk0(X,Y) be the group of homomorphisms of X into Y
defined over k0. If G is the Galois group of the algebraic closure of k0

over k0, we have an isomorphism

Zl ⊗Z Homk0(X,Y)
∼−→ HomZl (Tl(X),Tl(Y))G.
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Proof. TakeG-invariants on both sides of the isomorphism (2). �

Applications. We give some easy consequences of Theorem 1′.
We shall make our statements over a fixed finite field. The ‘geometric’
statements over the algebraic closure are easily obtained from these. We
shall consistently use the notationr( f , g) for two polynomials f andg,
introduced in Lemma 6. Further, as we have shown above that ifX is an
abelian variety defined over a finite fieldk0 with Frobenius morphism
π, then the Frobenius morphismπn over a finite extension ofk0 induces147

semi-simple endomorphisms ofVl(X) overQl, it follows sinceQl is of
characteristic zero thatπ itself induces (absolutely) semi-simple endo-
morphisms ofVl(X) for all l , char. k0. Thus, the structure ofVl(X) as
a module over the Galois group ofk̄0 overk0 is uniquely determined by
the characteristic polynomial ofπ, as explained in the proof of Lemma
6.

We now have

Theorem 2. Let X and Y be abelian varieties defined over a finite field
k0, and let PX and PY be the characteristic polynomials of their Frobe-
nius endomorphisms relative to k0. Then

(a) we have
rank(Homk0(X,Y)) = r(PX,PY);

(b) the following statements are equivalent:

(b1) Y is k0-isogenous to an abelian subvariety of X defined over
k0,

(b2) Vl(Y) is G-isomorphic to a G-subspace of Vl(X) for some l,

(b3) PY divides PX;

(c) the following statements are equivalent:

(c1) X and Y are k0-isogenous,

(c2) PX = PY,

(c3) X and Y have the same number of k1-rational points for ev-
ery finite extension k1 of k0.
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Proof. (a) follows from Theorem 1′ and Lemma 6, since the Frobe-
nius morphism generates the Galois group in the topologicalsense. The
implications (b1) ⇒ (b2) ⇔ (b3) are clear, in view of our earlier re-
marks. We show that (b2)⇒ (b1). If (b2) holds, we can find an injective
G-homomorphismϕ of Tl(Y) into Tl(X). Thenϕ is in the image of
Zl ⊗Z Homk0(X,Y), so that we can findψ ∈ Homk0(X,Y) such thatTl(ψ)
approximates arbitrarily closely toϕ, in particular withTl(ψ) injective.
If ψ is not an isogeny, we can find an abelian subvarietyZ of Y in the 148

kernel ofψ, and the submoduleTl(Z) of T1(Y) would be in the kernel of
T l(ψ). Henceψ is an isogeny, proving (b).

The equivalence (c1) ⇔ (c2) is a special case of (b1) ⇔ (b3) when
dim X = dimY. Further, we have seen during the proof of the Riemann
hypothesis in §20 that ifωi(i ∈ I ) andω′j( j ∈ J) are the roots ofPX and
PY respectively andNn andN′n are the number of rational points ofX
andY respectively in the extension of degreen of k0, we have

Nn =

∏

i

(1− ωn
i ),

N′n =
∏

j

(1− ω′nj );

thus, we have to show thatPX = PY ⇔
∏

i
(1−ωn

i ) =
∏

j
(1−ω′nj ) for every

n > 0. The implication⇒ is obvious. To prove the other implication,
note that

∏

i∈I
(1− ωn

i ) =
∑

S⊂I

(−1)|S|ωn
S,

∏

j∈J
(1− ω′nj ) =

∏

T⊂J

(−1)|T |ω′nT

where|S|, |T | denote the respective cardinalities andωS =
∏

i∈S
ωi, ω′T =

∏

j∈T
ω′j . Multiplying the given equation bytn, wheret is a variable, and

summing as formal power series, we obtain
∑

S⊂I

(−1)|S|
1

1− tωS
=

∑

T⊂J

(−1)|T |
1

1− tωT
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Since |ωi | = |ω′j | = q1/2, comparing the poles on both sides on the

circle |t| = q1/2, we obtain that there is a bijectionσ : I → J such that
ωi = ω

′
σ( j). Hence,PX = PY.

Before we come to the next theorem, we need some preliminaries.
Let X be an abelian variety defined overk0, so thatX = X0⊗k0 k for some
group-schemeX0 over k0. Let Y be an abelian subvariety ofX, which
is a k0-closed subset, so that ifλ : X → X0 is the natural morphism,149

there is a closed subsetY0 of X0 with λ−1(Y0) = Y in the set-theoretic
sense. We giveY0 the structure of a reduced subscheme ofX0. If m0 :
X0 ×k0 X0→ X0 is the multiplication morphism, our hypothesis implies
theset-theoretic inclusion m0(Y0 ×k0 Y0) ⊂ Y. Hencem0 restricts to a
morphismm0 : (Y0 ×k0 Y0)red. → Y0. If we can assert thatY = Y0 ⊗k0 k
andY0 ×k0 Y0 are reduced, it would follow thatY is an abelian variety
defined overk0. Both of these are consequences of the assertion that
the function fieldRk0(Y0) is a regular extension ofk0, or equivalently
thatRk0(Y0) is a separable extension ofk0. This is always true (vide S.
Lang,Abelian varieties,Chap. I), but we shall not prove this, since we
shall need it only whenk0 is a finite (hence perfect) field, so that this is
trivially satisfied.

Next, supposeX is an abelian variety defined overk0, and Y an
abelian subvariety which isk0-closed. We want to show that there is
an abelian subvarietyZ of X defined overk0 such thatY + Z = X and
Y ∩ Z is finite. We know (vide §18, proof of Theorem 1) that ifL is an
ample line bundle onX, we can takeZ to be the connected component
of 0 of the groupZ′ = {z ∈ X| T∗Z(L) ⊗ L−1|Y is trivial}, so that if we
can ensure thatZ is defined overk0 for a suitable choice ofL, we are
through. Now if we chooseL to be a line bundle defined overk0, Z′ is
defined over the algebraic closurek̄0 of k0 and is stable for all automor-
phisms ofk̄0 overk0. HenceZ′ is k0-closed. Further, the conjugations
of k̄0 overk0 permute the components ofZ′, and sinceZ is a component
of Z′ containing thek0-rational point 0,Z is also stable under these con-
jugations. HenceZ is k0-closed, and it follows from the comments of
the earlier paragraph thatZ is an abelian variety defined overk0.

If follows from this by repeating the arguments of §18 that ifwe call
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an abelian varietyX defined overk0 to bek0-simple if it does not contain
an abelian subvarietyY defined overk0 with Y , {0}, Y , X, then (i) any
abelian variety defined overk0 is k0-isogenous to a product ofk0-simple
abelian varieties, and (ii) ifX is k0-isogenous to a productXn1

1 × . . .×Xnr

r ,
whereXi arek0-simple andXi andX j are notk0-isogenous ifi , j, then
End0

k0
X ≃ Mn1(D1) × . . . × Mnr (Dk) whereDi = End0

k0
(Xi) are division

algebras of finite rank overQ. �

We now have 150

Theorem 3. Let X be an abelian variety of dimension g defined over
a finite field k0. Let π be the Frobenius endomorphism of X relative
to k0 and P its characteristic polynomial. We then have the following
statements:

(a) The algebra F= Q[π] is the center of the semi-simple algebra
E = End0

k0
(X);

(b) End0
k0

(X) contains a semi-simpleQ-subalgebra A of rank2g which
is maximal commutative;

(c) the following statements are equivalent:

(c1) [E : Q] = 2g,

(c2) P has no multiple root,

(c3) E = F,

(c4) E is commutative;

(d) the following statements are equivalent:

(d1) [E : Q] = (2g)2,

(d2) P is a power of a linear polynomial,

(d3) F = Q,

(d4) E is isomorphic to the algebra of g by g matrices over the
quaternion division algebra Dp overQ(P = char.k0) which
splits at all primes l, p,∞,
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(d5) X is k0-isogenous to the g-th power of a super-singular curve,
all of whose endomorphisms are defined over k0;

(e) X is k0-isogenous to a power of a k0-simple abelian variety if and
only if P is a power of aQ-irreducible polynomial. When this is
the case, E is a central simple algebra over F which splits at all
finite primes v of F not dividing p, but does not split at any real
prime of F.

Proof. If follows from the main theorem thatFl = Ql ⊗Q F is the center
of El = Ql ⊗Q E, which proves thatF is the center ofE.

SupposeE = A1 × . . . × Ar is the expression ofE as a product of151

simple algebrasAi with centersKi. Let [Ki : Q] = ai , and [Ai : Ki] =
b2

i . We can choose subringsLi of Ai containingKi with Li semi-simple
and maximal commutative, [Li : Ki ] = b. ThenL = L1 × . . . × Lr is
a semi-simpleQ-subalgebra ofE which is maximal commutative, and

[L : Q] =
r
∑

1
aibi . Now, for anyl, we have

E ⊗Q Ql =

r
∏

1

(Ai ⊗Q Ql) =
r

∏

1

(Ai ⊗Ki (Ki ⊗Q Ql))

=

r
∏

i=1

ni
∏

j=1

Ai ⊗Ki K′i j

whereKi⊗QQl =
ni
∏

j=1
K′i j with K′i j fields. On the other hand, ifP =

S
∏

1
Pmi

i

is the decomposition ofP overQl into a product of powers of irreducible
polynomials overQl, and if we considerTl(X) as aQl [T]-module by
makingT act viaπ, we have an isomorphism ofQl[T]-modules

Tl(X) ≃
s

∏

v=1

(

Ql[T]
(Pv)

)mv

=

s
∏

v=1

Smv
v ,Sv =

Ql[T]
(Pv)

,

so thatE ⊗Q Ql, being the commutant ofπ in EndTl(X), is isomorphic
to

s
∏

v=1

Mmv(Sv).
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Comparing the two factorisations ofE ⊗Q Ql and keeping in mind that
K′i j is the center ofAi ⊗Ki K′i j , we deduce that (i) for any primel , p and
any primev of Ki lying over l, Ai splits atv and (ii) there is a partition
of [1, s] into r disjoint subsetsI1, . . . , Ir such that

Ai ⊗Q Ql ≃
ni

∏

j=1

Ai ⊗Ki K′i j ≃
∏

v∈I i

Mmv(Sv).

It follows thatmv = bi for v ∈ I i and
∑

v∈I i

[Sv : Ql] =
ni
∑

j=1
[K′i j : Ql] = [Ki : 152

Q] = ai , so that

r
∑

1

aibi =

r
∑

i=1

∑

v∈I i

mv[Sv : Ql ] =
s

∑

v=1

mv[Sv : Q1]

=

s
∑

v=1

mv degPv = degP = 2g.

This proves (b).
SinceF is the center ofE andE contains a maximal commutative

subring of rank 2g, (c1), (c3) and (c4) are equivalent, and sinceE com-
mutative⇔ El commutative⇔ mv = 1 with the above notations, these
are also equivalent to (c2). This proves (c).

Now, [E : Q] = (2g)2 if and only if Ql ⊗Q E ≃ M2g(Ql), hence
if and only if s = 1, Sv = Ql or equivalently,P is a power of a linear
polynomial. In this case,Ql is the center ofQl ⊗Q E, so thatQ is the
center ofE, and conversely, if this holds,Ql ⊗Q E is the commutant of
Ql in EndVl , so that it is the whole of EndVl. Thus (d1), (d2) and (d3)
are equivalent. IfQl ⊗Q E = M2g(Ql), E is a central simple algebra over
Q whose invariants at all finite primesl , p are 0. Since its invariant at
the infinite prime is 0 or12 and the sum of invariants at all primes is 0,
E is eitherM2g(Q) or Mg(Dp) whereDp is the quaternion algebra over
Q splitting at all finite primesl , p. The first possibility is ruled out,
sinceX cannot be a product of 2g abelian varieties. This proves that
(d1) ⇐⇒ (d4). In view of our remarks preceding the theorem, (d4)
is equivalent to saying thatX ≃ Cq, whereC is an elliptic curve with



188 C.P. Ramanujam

Endk0 C ≃ Dp. We have then shown thatC is supersingular (§22). This
proves (d).

Let Q be the product of the distinct irreducible factors ofP. Since
F = Q[π] is semi-simple, andP(π) = 0, we haveQ(π) = 0. Further,
π acts as an endomorphism ofVl, any irreducible factor overQl of the
characteristic polynomialP divides the minimal polynomial ofπ, so that
Q is the minimal polynomial ofπ overQ. Now, X is k0-isogenous to a
power of ak0-simple abelian variety if and only ifE is simple, hence if153

and only if the centerF = Q[π] of E is a field. SinceF ≃ Q[X]/(Q(X)),
F is a field if and only ifQ is irreducible, or equivalently,P is the power
of an irreducible polynomialQ. If F is the center ofE, we have shown
earlier thatE splits at any finite primev of F not dividing l. Suppose
v is a real imbedding ofF, so thatv(π) is a real number. Sincev(π)
satisfiesP(v(π)) = 0 and the roots ofP have absolute value

√
q, we must

havev(π) = ±√q. If q is a square,v(π) ∈ Q andF = Q, so that the
equivalent condition of (d3) and (d4) implies thatE does not split at∞.
If q is not a square,F = Q(

√
p). Let k1 be the quadratic extension ofk0

andπ′ = π2 the Frobenius overk1. Thenπ2 ∈ Q, so that the centerF′

of E′ = Endkl X is Q. Appealing to (d), we conclude thatE′ = Mg(Dp).
On the other hand, we haveF′ ⊂ F ⊂ E ⊂ E′, andE is the commutant
of F in E′. By a known result on central simple algebras, we see thatE
andF ⊗F′ E′ define the same element of the Brauer group overF, that
is, E is the image ofE′ under the natural mapBr(F′) → Br(F). Since
both the real primes ofQ(

√
p) lie over the real prime∞ of Q andE′ has

invariant 1
2 at∞ with respect toF′ = Q, E has invariant12 at either of

the real primes ofF = Q(
√

p). This completes the proof of (e).
�

Corollary . Any two elliptic curves defined over finite fields with iso-
morphic algebras of complex multiplications are isogenous(over the
algebraically closed field k).

In particular, any two supersingular elliptic curves are isogenous.

Proof. SupposeX, Y are supersingular elliptic curves. We can choose
a common finite field of definitionk0 such that Endk0 X and Endk0 Y
are quaternion algebras overQ, so that they haveQ for center. Thus,
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their Frobenius morphismsπX andπY lie in Q. Since they must both
have absolute value

√
q whereq = card(k0), we see thatπ2

X = π
2
Y = q.

Thus, if k1 is the quadratic extension ofk0, there is an isomorphism
Tl(X)

∼−→ Tl(Y) carrying the action ofπ′X into π′Y, whereπ′X = π2
X and

π′Y = π
2
Y are the Frobenius morphisms overk1. By Theorem 2,X andY

are isogenous overk1.
Next suppose End0 X ≃ K, End0 Y ≃ K for some imaginary quadratic154

extensionK of Q. Choose a common finite field of definition ofX and
Y over which all their endomorphisms are defined and all the points
of order p are rational. Now,Qp ⊗Q End0 X admits a one-dimensional
representation inTp(X). Hence,p splits into a product of two distinct
primesp andp′ in K which are conjugate, andQp⊗QEnd0 X ≃ Kp×Kp′ .
Suppose for instance thatQp ⊗Q End0 X acts onTp(X) via Kp. By what
we have said, it follows thatπX ≡ 1(p), and sinceNmπX is a power of
p, (πX) has to be a power ofp′ in the ring of integers ofK. A similar
assertion (possibly withp replacingp′) holds forπY. By altering the
isomorphism End0 Y ≃ K by the conjugation ofK if necessary, we may
assume that (πY) is also a power ofp′. SinceNmπX = NmπY = q = pf ,
we see that in the ring of integers ofK, (πX) = (πY) = p′ f so thatπX and
πY differ by a unit, i.e., a root of unity sinceK is imaginary quadratic.
Thus πn

X = πn
Y in K for suitablen, and they have the same minimal

equation overQ, of degree 2. Since this has to be their characteristic
polynomial, X and Y are isogenous over an extension of degreen of
k0. �





The Geometry of the Monodromy Theorem∗

By Lê Dũng Tráng

Introduction. Let (X, x) be the germ of an analytic space andf : 157

(X, x)→ (C, 0) be the germ of an analytic function. We shall still denote
X and f representants of the corresponding germs. Let us supposeX ⊂
U ⊂ CN whereU is an open subset ofCN andX is closed inU.

Let us suppose that for anyt , 0 sufficiently small, f = t is smooth.
It has been proved in [3] or [6] that ifǫ > 0 is small enough and 0<
η ≪ ǫ, we have a smooth (i.e.C∞) fibration:

ϕǫ,η : Bǫ ∩ f −1(D∗η)→ D∗η

induced byf , whereBǫ is the closed ball ofCN centered atx with radius
ǫ > 0 andD∗η = {z ∈ C|0 < |z| 6 η}. We shall call this fibration the
Milnor fibration of f at x (cf. [11] whenX = CN).

The monodromy of this fibration is called the local monodromyof
f at x (cf. [6]). We prove under the preceding hypothesis:

Theorem. (the Monodromy Theorem):The local monodromy of f at x
is quasi-unipotent, i.e. its eigenvalues are roots of unity.

In [1] this theorem has been proved using the resolution of singu-
larities. In [2], A. Grothendieck has given a proof which applies in the
case we have a proper mappingf : X → C; this proof actually uses the
resolution of singularities and applies in any characteristic when there
is a resolution of singularities. Another proof with a topological flavour,

∗This article has been conceived during the stay of the authorat the Mathematics
Institute of the Vietnam Institute for Sciences at Hanoi andhas been informally lectured
at the Kyoto Sympostium on Algebraic Geometry in January 1977.

191
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but still using the resolution of singularities is given by A. Landman in
[5].

In this paper we are giving a topological proof of the monodromy
theorem which does not use the resolution of singularities and which
gives a topological interpretation to the eigenvalues. Theproof uses 158

the notion of relative monodromy (cf. [6]) which is an avatarof the
Lefschetz method for the study of the monodromy. Its strong interest
comes from the use of a precise geometric description of the singularity.
This leads to an interesting filtration of the Milnor fiber off at x.

I thank N. A’Campo for noticing a mistake in the original paper
concerning the hypersurfaces. I thank K. Saito to have helped me to
settle down correctly the proof. I thank R. Thom for the constant interest
he showed in this paper.

1 Basic facts about the relative monodromy

Now we recall some results about the relative monodromy. cf.[6]. We
still use the notations defined in the introduction. Letz1 be a linear form
of CN, say the first coordinate ofCN. The restriction ofz1 to X and
f defines a mapping (z1, f ) of X into C2. From [7] and [6], because
X − f −1(0) is smooth, we have the following theorem:

Theorem 1.1. Suppose that z1 = 0 be sufficiently general, then we have
polydiscs D× P ⊂ CN centered at x and D× D′ ⊂ C2 centered at
(z1(x), 0), a curveΓ ⊂ (D × P) ∩ X and a curve∆ ⊂ D × D′ such that:

(1) the restrictionΦ of (z1, f ) to (D×P)∩X is critical alongΓ outside
f −1(0), moreover it induces a smooth fibration ofΦ−1(D×D′−∆)
onto D× D′ − ∆;

(2) f induces a smooth fibrationΦ−1(D ×D′ −D× {0}) onto D′ − {0}
which is fiber isomorphic to the Milnor fibration of f at x;

(3) f induces a smooth fibration of({0} ×P)∩Φ−1(D×D′ − {0}) onto
D′ − {0} which is fiber isomorphic to the Milnor fibration of the
restriction of f to X∩ {z1 = 0} at x;
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(4) for any x ∈ ∆ − {0} the fibersΦ−1(x) have only one quadratic
ordinary singular point at y= Γ ∩ Φ−1(x).

In [8] and [6] we have calledΓ the polar curve off relatively to
z1 = 0 andΦ(Γ) = ∆0 its Cerf diagram. Notice that it may happen that
∆ = ∆0, but in general∆ = ∆0 ∪ (D × {0}).

In [6] we have seen that in this situation we have defined a smooth 159

mappingh of the Milnor fiberΦ(D × {η}) onto itself whereη ∈ ∂D′

which is a characteristic diffeomorphism of Milnor fibration off at x.
Moreoverh lifts a diffeomorphismΨ of D × {η} onto itself such that the
following diagram is commutative:

Φ
−1(D × {η}) h

//

ϕ

��

Φ
−1(D × {η})

ϕ

��

D × {η} Ψ
// D × {η}

(1.2)

whereϕ is induced byΦ andΨ satisfies the following properties:

(1) Ψ(0, η) = (0, η)

(2) Ψ(D × {η}) ∩ ∆ = (D × {η}) ∩ ∆.

Further properties ofΨ will be given in the next paragraph. In [6] it
has been seen thath induces a smooth mapping ofΦ−1(0, η) onto it-
self which is a characteristic diffeomorphism of the Milnor fibration of
the restriction off to X ∩ {z1 = 0}. Thenh induces an automorphism
of H∗(Φ−1(D × {η}),Φ−1((0, η))) which defines the relative local mon-
odromy of f at x. From the fact thatX− f −1(0) is smooth and the (4) of
the Theorem (1.1) cited above, a reasoning as in [8] leads to:

Lemma 1.3. Hk(Φ−1(D × {η}),Φ−1((0, η))) =















0 if k , dimC f −1(t)

Zr if k = dimC f −1(t)
with t small enough and t, 0, and r equal to the number of points of
∆ ∩ (D × {η}) or Γ ∩ Φ−1(D × {η}).

Notice thatΓ may be⊘ and thusH∗(Φ−1(D × {η}),Φ−1((0, η))) may
entirely vanish.
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Now we are going to give a more precise description ofΨ which
will allow use to prove the monodromy theorem.

2 The Carrousel

We are going to recall the results of [6] and [7] which describeΨ. 160

Let






















λ = tr

z1 =

∑

j>r i

ai j t
j air i , 0 (2.1)

be a parametrization of∆i .
Let us index the∆1, i = 1, . . . , k, such that for any 16 i 6 i1− 1, we

have






















r1

r
=

r i

r
=

m′1
n′1

with (m′1, n
′
1) = 1

a1r1 = air i = α1

(2.2)

. . . . . . . . . . . .

for any i l 6 i 6 i l+1 − 1 = k, we have























r il

r
=

r i

r
=

m′l
n′l

with (m′l , n
′
l ) = 1

ail r il
= air i = αl

and moreover
m′1
n′1
>

m′2
n′2
> · · · >

m′l
n′1

all couples

(

m′1
n′1
, αi

)

are distinct and if
m′j
n′j
=

m′j+1

n′j+1

, we have|α j | 6 |α j+1|.

Let us callC1, . . . ,Cl the curves defined by














λ = tn
′ j

z1 = α jt
m′ j

j = 1, . . . , l. (2.3)
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If η is small enough, it is clear that the points of (D × {η}) ∩ (∆i j ∪

. . . ∪ ∆i j+1−1) lie in a neighbourhood of (D × {η}) ∩C j. More precisely

Lemma 2.4. If η is small enough, in D× {η} there are disjoint discs 161

δ jµ( j = 1, . . . , l and µ = 1, . . . , n′j) centered at the n′j points of(D ×
{η}) ∩C j, when j= 1, . . . , l, such that

(D × {η}) ∩ (∆i j ∪ . . . ∪ ∆i j+1−1) ⊂

n′j
⋃

µ=1

δ jµ.

Moreover the number of points ofδ jµ ∩ (∆i j ∪ . . . ∪ ∆i j+1−1) is the same
for µ = 1, . . . , n′j and theδ jµ have the same radius forµ = 1, . . . , n′j .

Now let us suppose that:

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

m′1
n′1
= . . . =

m′j1−1

n′j1−1

m′j1
n′j1
= . . . =

m′j2−1

n′j2−1

. . . . . . . . .

m′js
n′js
= . . . =

m′l
n′l

(2.5)

and
m′1
n′1

>
m′j1
n′j1

> . . . >
m′js
n′js

.

Lemma 2.6. If η is small enough, in D× {η} there are closed discs
centered at(0, η), say D1 ⊂ D′1 ⊂ . . . ⊂ D′s−1 ⊂ Ds ⊂ D such that

1) the interior D̊1 contains theδ jµ with j = 1, . . . , j1 − 1 and µ =
1, . . . , n′j;

2) the open annulus̊D2 − D′1 contains theδ jµ with j = j1, . . . , j2 − 1
andµ = 1, . . . , n′j ;

. . . . . . . . . . . .
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s) the open annulus̊Ds−D′s−1 contains theδ jµ with j = js, . . . , l and
µ = 1, . . . , n′j.

Now we can summarize the properties ofΨ (cf. [6] and [8]) as
follows:

2.7

1) Ψ is a smooth diffeomorphism ofD × {η} onto itself;

2) its restriction toD1 −
j1−1
⋃

j=1

n′j
⋃

µ=1
δ jµ is a rotation of angle 2π

m′1
n′1

. . . . . . . . . . . . 162

its restriction to (̊Ds − D′s−1) −
l
⋃

j= js

n′ j
⋃

µ=1
δ jµ is a rotation of angle

2π
m′js
n′js

;

3) its restriction to∂D × {η} is the identity;

4) its restriction to each circle centered at (0, η) and contained in
D̊i − D′i−1 andD − Ds is a rotation.

The we define a class of smooth diffeomorphisms of a discD onto
itself to whichΨ will belong.

Definition 2.8. Any diffeomorphism of D onto itself which maps the
center of D on itself, which has a fixed point x< ∂D and the restriction of
which is the identity on∂D is called a carrousel with one distinguished
point x∈ D̊.

Definition 2.9. A roll is a diffeomorphismΨ of an open annulus̊D−D′

onto itself such that:

1) there are circles S1, . . . ,Sm contained inD̊ − D′ and discsδi j ⊂

D̊ − D′(i = 1, . . . ,m, j = 1, . . . , q) centered at points xi j ( j =
1, . . . , q) equidistributed on Si(i = 1, . . . ,m) and of the same ra-
dius for any fixed i;
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2) there are the same number of distinguished points in eachδi j ( j =
1, . . . , q) for a given i, such thatΨ mapsδi j onto δi j+1 for j =
1, . . . , q−1 (resp. δiq onto δi1) and the distinguished points ofδi j

onto those ofδi j+1 for j = 1, . . . , q−1 (resp. those ofδiq onto those
of δi1);

3) the restriction ofΨ to D̊ − D′ −
⋃

i, j
δi j is a rotation of angle2π

p
q

,

(p, q) = 1.

If Ψ is a roll, Ψq induces a diffeomorphismΨi j of δi j onto itself
which maps the distinguished points ofδi j onto themselves. We shall
call the diffeomorphismsΨi j the distinguished diffeomorphisms of the
roll .

163

We have defined a carrousel with one distinguished point, we sup-
pose we have defined carrousels withn′ distinguished points, 16 n′ <
n, we define what is a carrousel withn distinguished points.

Definition 2.10. A ‘carrousel with n distinguished points’ is a diffeo-
morphismΨ of D onto itself such that:
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1) there are discs D1 ⊂ D′1 ⊂ D2 ⊂ . . . ⊂ Dk ⊂ D such that the
restrictionΨi ofΨ to D̊i − D′i−1 is a roll;

2) the n distinguished points ofΨ are the distinguished points of the
Ψi;

3) the distinguished diffeomorphisms of each roll are

a) either carrousels with n′ distinguished with1 6 n′ < n;

b) or k = 1 and the rollΨ1 has only one distinguished diffeo-
morphism which satisfies 1) and 2); then if it satisfies 3)-b)
this process will stop after l steps with carrousels with n′

distinguished points with1 6 n′ < n. Such a carrousel is
called a carrousel which simplifies after l steps.

Example. (cf. [6] and [7]). 164

Lemma 2.11. The smooth mappingΨ : D × {η} → D × {η} of (2.7) is
actually a carrousel the distinguished points of which are(∆1 ∪ . . . ∪

∆k) ∩ (D × {η}).
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3 The Monodromy Theorem:

We can summarize the preceding results by

Theorem 3.1. η > 0 is small enough, there is a commutative diagram
(cf. (1.2)):

Φ
−1(D × {η}) h

//

��

Φ
−1(D × {η})

��

D × {η} Ψ
// D × {η}

such that:

1) Ψ is a carrousel the distinguished points of which are(D×{η})∩∆;

2) h is a characteristic diffeomorphism of the Milnor fibration of f 165

at x;

3) h induces a diffeomorphism ofΦ−1(0, η) onto itself which is a
characteristic diffeomorphism of the Milnor fibration of the re-
striction of f to X∩ {z1 = 0} at x;

4) the fibers ofϕ over the distinguished points ofΨ are singular and
have only one ordinary quadratic singular point, the other fibers
of ϕ are smooth.

Moreover, it is clear that if dimC f −1(t) = 0 whent , 0 is small
enough, the monodromy theorem is true.

(H) Let us assume it is true when1 6 dimC f −1(t) < n.
Suppose now that dimC f −1(t) = n.
From the induction hypothesis we know that for any parametrization

π : (C, 0)→ (C2, 0) of a germ of curve (C, 0) in (C2, 0), such that (C, 0)
does not lie inside (C × {0}0) the monodromy of the pullbackfπ of Φ is
quasi-unipotent:

Xπ, 0 //

fπ
��

X, 0

Φ

��

(C, 0)
π

// (C2, 0)
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Then we obtain:

Lemma 3.2. For any point x∈ Di − (D̊′i−1

⋃

j,k
δi jk ), hn′ji induces an auto-

morphism of H∗(Φ−1(x)) which is quasi-unipotent.

Proof. Consider a curveCx parametrized by















λ = tn
′
ji

z0 = α(x)tm
′
ji

(*)

such thatx ∈ Cx. It is clear that such a curve exists and does not contain
any point of∆ ∩ (D × {η}) as

Cx ∩ (D × {η}) = Cx ∩ (Di − (D̊′i−1

⋃

j,k

δi jk )).

It is enough now to notice thatΨ induces a bijection ofCx∩(D×{η}) 166

onto itself which is lifted in a characteristic diffeomorphism of the fi-
brationΦ−1(Cx ∩ (D × ∂D′)) → ∂D′ induced by f . Finally the mon-
odromy of this fibration is quasi-unipotent as its pull back by (*) is
quasi-unipotent according to the induction hypothesis.

Actually we have a more precise result which will allow us to prove
the monodromy theorem by induction on the dimension of the fiber �

Lemma 3.3. Let Ψi jk : δi jk → δi jk a distinguished carrousel of the
carrouselΨ. Let x be a point ofδi jk → ∆ on which the action ofΨi jk

is one of the rotations of this carrousel. Then there is a power hq of
h which induces a quasi-unipotent automorphism of H∗(Φ−1(x)). This
property is true for the distinguished carrousels ofΨi jk and so on.

Let 2πp/q be the angle of the rotation induced byΨi jk on x. We may
chooseq multiple of n′ji . The proof is the same as the one of (3.2) by
considering a curve parametrized by



















λ = tq

z0 = αi t
m′j

q
n′ji + β(x)t

m′j
q

n′ji

+p
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which goes throughx.
Because of the specific character of the pointsx which appear in

(3.2) and (3.3) we shall call the points ofDi − (D̊′i−1

⋃

j,k
δi jk ) therotating

pointsof the carrouselΨ. The distinguished carrousels of distinguished
carrousels ofΨ and so on are calledsuccessive distinguished carrousels
of Ψ. The rotating points of the successive distinguished carrousels of
Ψ are called therolling pointsof Ψ.

Notice that ifΨ is a carrousel with one distinguished point the centre
of D might be the only rolling point ofΨ.

We can prove the theorem (3.1) now by using the following 167

Theorem 3.3. Letϕ : X → D be an analytic morphism of a connected
analytic manifold X of dimension n onto a disc D. Suppose that

1) there are a carrouselΨ : D → D and a smooth diffeomorphism
h : X→ X such that:

X h
//

ϕ

��

X

ϕ

��

D Ψ
// D

is commutative,ϕ is a smooth fibration outside the distinguished
points of the carrouselΨ and the fibers ofϕ over the distinguished
points ofΨ have only one ordinary quadratic singular point;

2) for any rolling point x ofΨ the restriction toϕ−1(x) of some power
hq of q such that hq(ϕ−1(x)) = ϕ−1(x) induces a quasi-unipotent
automorphism of H∗(ϕ−1(x)).

Then h induces an automorphism of H∗(X) which is quasi-unipotent.

Proof of the Theorem (3.3).We prove this theorem by induction on the
number of distinguished points of the carrousel. Ifn = 1, the theorem is
obvious as

Hk(X, ϕ
−1(x)) =















0 if k , n

Z if k = n
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if x is a point which is not the distinguished point ofΨ, i.e. ϕ−1(x) is
smooth.

Then if, moreover,x is a rolling point such that there is an integerq
such thatΨq(x) = x, sayx = 0 and thenq = 1, then we have the exact
sequence:

0→ Hn(X)→ Hn(X, ϕ−1(0))→ Hn−1(ϕ−1(0))→ Hn−1(X)→ 0

and isomorphisms 168

Hk(ϕ
−1(0))

≃
−→ Hk(X) for 0 6 k 6 n− 2.

As h induces quasi-unipotent automorphisms onHn(X, ϕ−1(0)) and on
Hn−1((ϕ−1)(0)) from the commutativity of the corresponding diagrams,
we obtain: the automorphism induced byhq onH∗(X) is quasi-unipotent.

Supposen > 1, and that for any 16 n′ < n the Theorem (3.3) is true
for carrousels withn′ distinguished points.

Now let us callUi = ϕ−1(Di), i = 1, . . . , k andU′i = ϕ−1(D′i ), i =
1, . . . , k− 1.

Notice thatUi ⊂ u′i is an equivalence of homotopy.
Then

Lemma 3.4. The diffeomorphism h induces a quasi-unipotent automor-
phism of H∗(Ui).

Proof. i = 1. If there is only one distinguished point ofΨ1 which is
therefore a carrousel with one distinguished point, we justapply the
reasoning above and our lemma is proved.

If Ψ1 hasn1 distinguished points, then there are three cases:

a) either there are strictly more than one distinguished diffeomor-
phism which is a carrousel withn′ points, n′ < n1, thus with
n′ < n;

b) either there is only one distinguished diffeomorphism which is a
carrousel withn′ points,n′ = n1 andn1 < n;
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c) either there is only one distinguished diffeomorphism which is a
carrousel withn1 = n points but this carrousel simplifies afterk−1
steps.

We may consider the cases a), b) and c) together by doing the induc-
tive hypothesis:

(H′) The Theorem (3.3) is true whenΨ is a carrousel withn′ distin-
guished points and which simplifies afterl, steps withn′ < n or n′ = n
andl′ < l.

Now we suppose thatΨ is a carrousel withn distinguished points 169

and which simplifies afterl steps.
Then the diffeomorphismh induces an automorphism ofH∗(ϕ−1(δ1 jk))

which is quasi-unipotent according to the induction hypothesis as we
have the commutative diagram.

ϕ−1(δ1 jk)
h1 jk

//

δ1 jk

��

ϕ−1(δ1 jk)

ϕ1 jk

��

δ1 jk
Ψ1 jk

// δ1 jk

whereΨ1 jk is the distinguished carrousel ofΨ1 induced byΨq1
1 andh1 jk

is induced byhq1.

Notice that : U1 = ϕ
−1(U1 −

⋃

j,k
δ̊1 jk)

⋃

j,k
ϕ−1(δ1 jk).

We denote : ϕ−1(U1 −
⋃

j,k
δ̊1 jk) = V1.

We have : V1 ∩ (
⋃

j,k
ϕ−1(δ1 jk)) =

⋃

j,k
ϕ−1(∂δ1 jk).
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�

We prove 170

Lemma 3.5. hq1 induces a quasi-unipotent automorphism of H∗(V1)
and of H∗(∂δ1 jk).

Actually this lemma is a consequence of

Lemma 3.6. Letϕ : X→ Y be a smooth fibration of a smooth manifold
X onto a relatively compact manifold Y andΨ : Y → Y a mapping
such thatΨq

= IdY and h: X → X such that we have the commutative
diagram:

X h
//

ϕ

��

X

ϕ

��

Y Ψ
// Y

Suppose that the restriction of hq to ϕ−1(x) for any x ∈ Y induces a
quasi-unipotent automorphism of H∗(ϕ−1(x)), then h induces a quasi-
unipotent automorphism of H∗(X).

Proof. ConsideringΨq andhq instead ofΨ andh we may suppose that
ψ = Id Y.



The Geometry of the Monodromy Theorem 205

Then our result follows from an obvious spectral sequence reason-
ing or we can prove it by considering a coveringU1, . . . ,Us of Y by
contractible open sets such thatUi ∩ U j are contractible. Then prove
by induction that the restriction ofh to ϕ−1(U1 ∪ . . . ∪ Ui), i = 1, . . . , s
induces a quasi-unipotent automorphism ofH∗(ϕ−1(U1 ∪ . . . ∪Ui)).

Now we have the Mayer-Vietoris sequence

→
⊕

j,k

Hk(∂δ1 jk)→
⊕

j,k

Hk(δ1 jk) ⊕ Hk(V1)→ Hk(U1)→ .

The actions ofhq1 on
⊕

j,k
Hk(∂δ1 jk) andHk(V1) are quasi-unipotent

because the points of∂δ1 jk andV1 are rolling points. Thus this comes
from our hypothesis 2) in (3.3) and the Lemma (3.6). �

Thus we have proved (3.4) when i= 1.
Let us suppose we have proved (3.4) for 16 i < i0. We shall prove 171

it for H∗(Ui0). Notice that:

Ui0 = U′i0−1Uϕ−1(Di0 − D̊′i0−1). (3.7)

As Ui0−1 ⊂ U′i0−1 is a homotopy equivalence, the action ofh on
H∗(U′i0−1) is quasi-unipotent. From Lemma (3.6) and the hypothesis 2)

of (3.3) we obtain that the action onH∗(ϕ−1(∂D′i0−1)) is quasi-unipotent.
We obtain our result by using again the Mayer-Vietoris sequence coming
from (3.7) if we prove that the action ofh on H∗(ϕ−1(Di0 − D̊′i0−1)) is
quasi-unipotent.

LetΨi0 jk : δi0 jk → δi0 jk be a distinguished carrousel associated to the
roll Ψi0. From the inductive hypothesishqi0 induces a quasi-unipotent
automorphism ofH∗(ϕ−1(δi0 jk)). The Lemma (3.6) applies toϕ−1(Di0 −

(D̊′i0−1

⋃

j,k
δi0 jk)) which is a smooth fibration ontoDi0 − D′i0−1

⋃

j,k
δi0 jk by

ϕ. Thus because of (3.6) and 2) of (3.3)hqi0 induces a quasi-unipotent
automorphism ofH∗(ϕ−1(Di0 − (D′i0−1

⋃

j,k
δi0 jk)). For the same reason

(application of the Lemma (3.6)),hqi0 induces a quasi-unipotent au-
tomorphism ofH∗(ϕ−1(

⋃

j,k
∂δi0 jk)). Using again the Mayer-Vietoris ar-
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gument,hqi0, thush itself, induces a quasi-unipotent automorphism of
H∗(ϕ−1(Di0 − D̊′i0−1)).

Now our Theorem (3.3) is proved asUk ⊂ X is a homotopy equiva-
lence, asD − D̊k does not contain any critical values ofϕ.

Corollary 3.8 (Monodromy theorem). The local monodromy of f at x
is quasi-unipotent.

Conclusion. The preceding proof has explicited a filtration ofH∗(F)
whereF is the Milnor fibration andF′ = F ∩ {z1 = 0}:

H∗(F
′) ⊂ H∗(U1) ⊂ H∗(U2) ⊂ . . . ⊂ H∗(Uk) = H∗(F)

which is invariant under the action of the local monodromy.
One can prove that

H∗(F, F
′) �

k
⊕

i=1

H∗(Ui ,Ui−1) with U0 = F′.

The relative monodromy onH∗(F, F′) is then the direct sum of the172

actions ofh on H∗(Ui ,U′i−1). By excision it is clear thatH∗(ϕ−1(Di −

D̊′i−1), ϕ−1(∂D′i−1)) is isomorphic toH∗(Ui ,U′i−1).
Now in the case of complex hypersurfaces ofCn+1, one can prove

thatHn(ϕ−1(δi jk )) = 0. Using a Mayer-Vietoris type argument as in the
proof of the Lemma (3.6) above, we obtain that the relative monodromy
induces an automorphism ofHn(Ui ,Ui−1) the eigen values of which are
pi-th power of the eigenvalues of the local monodromy of the restriction
of z1 to the hypersurfacef qi − zpi

1 = 0, wherepi andqi are integers,

(pi , qi) = 1 and 2π
p1

q1
is the rotation angle of the rollΨi .

By a more precise study of this geometry this should lead to anexact
knowledge of the eigenvalues of the local monodromy by induction on

the dimension. As it is seen the rotation angles 2π
pi

qi
interferes in this

study. We want to point out that the interest of these
pi

qi
have been arisen

algebraically by B. Teissier in [12] and [13] in the case whenf = 0 is
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a complex hypersurface with isolated singularity. In [10],M. Merle has
computed these numbers in terms of Puiseux exponents of the curve
whenn = 1.

In fact it seems that one can likely study the Gauss-Manin connec-
tion of the singularity off at x by using this geometry. This should lead
to a relative Gauss-Manin connection. One expects a knowledge about
the link between the roots of theb-polynomial (Bernstein polynomial)
of f and the eigenvalues of its local monodromy atx as it has been done
by B. Malgrange in [9]. This should give another proof of the rationality
of the roots of theb-polynomial which does not use the resolution of the
singularities off (cf. [4]).
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On Euclid Algorithm

By Masayoshi Nagata

THROUGHOUT THIS article, we shall mean by a ring a commuta-175

tive ring with identity.
Roughly speaking, an integral domain which admits the Euclid al-

gorithm is called a Euclid ring. But there are some distinctions among
the ways conditioning the Euclid algorithm, and we want to discuss the
subject. Since the Euclid algorithm can be observed independently of
the property that the ring is an integral domain, we dare define a Euclid
ring without assuming the integrity. Thus:

Definition . A ring E is called a Euclid ringif there is a mappingρ of
E−{0} into a suitable well-ordered set W so that it holds that if a, b∈ E,
a , 0, then there are q, r∈ E such that

b = aq+ r, and either ρr < ρa or r = 0. (*)

In this case, we say also that(E,W, ρ) is a Euclid ring.

Of course, main importance is in the case of a usual Euclid ring, for
which we add the assumption:

(1) E is an integral domain.

Now, the distinction of the definitions of a Euclid ring comesfrom
whether or not we assume some of the following two conditions:

(2) If b is a multiple ofa(a, b ∈ E, b , 0), thenρb > ρa.

(3) W is isomorphic to the setN of natural numbers.

209
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Our main results are the following:

Theorem 1.2. If (E,W, ρ) is a Euclid ring, then there is a mapping
τ : E − {0} → W such that(E,W, τ) is a Euclid ring satisfying the
condition (2).

Thus, though (2) restricts the choice of the mappingρ, it does not
restrict the class of Euclid rings.

Theorem 2.3. There is a Euclid ring(E,W, ρ) such that (i) E is an
integral domain and (ii) for any mappingτ : E − {0} → N, (E,N, τ)176

cannot be a Euclid ring.
Thus, even in the case of integral domains, the condition (3)reduces

the class of Euclid rings. As will be seen by Theorem 4.2, a structure
theorem of a non-integral Euclid ring, there are easy examples of similar
character if we do not assumeE to be an integral domain. The existence
of such an integral domain was asked by P. Samuel, About Euclidean
Rings,J. Algebra, 19 (1971), who defined an Euclid ring without as-
suming integrity. Hiblot [C. R. Acad. Sc. Paris,281 (22 Sept. 1975),
ser. A] claimed an example, but his proof contains some errors.

In order to make this article to be selfcontained, we repeat some of
the results in the article of Samuel.

1 The condition (2).

A local principal ideal ring is either an Artin local ring or an integral
domain. This means that ifE is a principal ideal ring and ifQ, Q′ are
mutually distinct primary components of the zero ideal, then there is no
maximal ideal containing both ofQ, Q′. Thus:

Lemma 1.1. A principal ideal ring E is the direct sum of certain princi-
pal ideal rings El , . . . ,Em such that each Ei is either an Artin local ring
or an integral domain.

Now we prove:
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Theorem 1.2. If (E,W, ρ) is a Euclid ring, then there is a mappingτ :
E− {0} →W such that(E,W, τ) is a Euclid ring satisfying the condition
(2) (with τ instead ofρ).

Proof. As is well known, a Euclid ring is a principal ideal ring. Apply-
ing Lemma 1.1 toE, we obtainEl , . . . ,Em. Let ei be the identity ofEi .
Now, letU be the unit group ofE and defineτ by: τa = min{ρ(au)|u ∈
U}. If a, b ∈ E, a , 0, then there areu ∈ U andq, r ∈ E such that
τa = ρ(au), b = auq+ r, ρr < ρ(au) or r = 0. Thus (E,W, τ) is a Euclid
ring. Let a be a non-zero element ofE, and setS = {c ∈ E|ac , 0}.
Choosed ∈ S so thatρ(ad) 6 ρ(ac) for any c ∈ S. Then there areq,
r ∈ E such thata = adq+ r, eitherρr < ρ(ad) or r = 0. Sincer is a mul- 177

tiple of a, our choice ofd shows thatr = 0. Thusa(1− dq) = 0. In each
Ei , (aei )(ei − deiqei ) = 0. Therefore by the face thatEi is either a local
ring or an integral domain with identityei , we see that eitheraei = 0 or
dei , qei are units inEi . If aei = 0, then we may changed by adding any
element ofEi and therefore there is a unitu such thatad = au. By our
assumption,τa = τ(au). �

Note that we have proved that ifb is a non-zero multiple of a and if
τa = τb, thenb is an associate ofa (i.e., an element ofaU). Therefore if
a, b ∈ E and if b is a proper multiple ofa (i.e.,b is a non-zero multiple
of a and is not inaU), thenτb > τa. So we have

Corollary 1.3. If (E,W, ρ) is a Euclid ring satisfying the condition (2),
and if b is a proper multiple of a(a, b ∈ E), thenρb > ρa.

2 An example

Before stating our example, we prove some preliminary results.

Lemma 2.1. Assume that(A,M) is an Artin local ring, and B is an Artin
ring containing A, sharing the identity with A and is a finite A-module.
Let A∗ and B∗ be the unit groups of A and B, respectively. If B, A, then
♯(B∗/A∗) > ♯(A/M).∗

∗If M is a set,♯(M) denotes the cardinality ofM.
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Proof. First we consider the case whereB is not a local ring. LetJ be
the radical ofB and consider the natural homomorphismϕ : B→ B/J.
The groupsB∗, A∗ are mapped surjectively to the unit groups ofϕB,
ϕA, respectively, and therefore we may assume thatJ = 0. ThenB is
the direct sum of fieldsB1, . . . , Bs(s > 2). Since eachBi containsAei

(ei being the identity ofBi), we see the assertion easily in this case.
Assume next that (B,N) is a local ring. IfB/N , A/M, then by taking
an elementeof B such that (e modN) < A/M and considering cosets of
l + ue(u ∈ A∗), we see the assertion in this case. IfB/N = A/M, then
N , MBby the lemma of Krull-Azumaya. Therefore, taking an element
eof N outside ofMB, we prove the assertion similarly. �

Next we introduce the notion of a canonical structure of a Euclid
ring. First we make a well-ordered setW to be canonical. Namely, we
take the ordinal numberv which represents the order-type ofW; W is178

isomorphic to the setW′ of ordinal numbers smaller thanv. Therefore
we identifyW with W′ at this step. We setW′′ =W∪ {v}. Note that the
least member ofW′ is 0 (order-type of the empty set). Now letE be an
arbitrary ring. For everyµ ∈ W′′, we defineRµ andSµ inductively as
follows: (i) R0 is the unit group, (ii) ifµ ∈ W′′ and if Rλ are defined for
all λ < µ, thenSµ = {0} ∪ (

⋃

λ<µ
Rλ) andRµ =

{

a ∈ E − Sµ| for anyb ∈ E,

there areq, r ∈ E such thatb = aq+ r, r ∈ Sµ
}

. Now, our definition of a
Euclid ring shows the following fact:

Lemma 2.2. There is a mappingρ : E−{0} →W such that(E,W, ρ) is a
Euclid ring if and only if Sv = E. In this case,(E,W, τ) is a Euclid ring
with τ such thatτx = µ if and only if x∈ Rµ. Furthermore if x∈ E− {0},
thenτx 6 ρx.

Of course,W may be too big. The smallest possible one isW∗ =
τ(E−{0}). This (E,W∗, τ) is called thecanonical structureof the Euclid
ring E.

Now we come to the construction of a Euclid integral domain by
which the condition (3) cannot be satisfied.

Consider a set of algebraically independent elementsXt indexed by
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the setR of real numbers and we setA = PS whereP is the poly-
nomial ring in theseXt over the ringZ of rational integers andS =
{

f ∈ P| coefficients of f have no proper common factor
}

. Then every
elementa of A is expressed in the formqswith s in the multiplicative
group generated byS andq a natural number or zero. Thisq is uniquely
determined bya, called theabsolute valueof a and denoted by|a|.

We order prime numbers and denote them byp1, p2, . . . , (p1 < p2 <

. . .). For eachn ∈ N, we take natural numbersan and ein (for i =
1, 2, . . . , n) and also elementsb0, bn, b∗n as follows:

(i) Everyein is a multiple ofPi.

(ii) an =
∏

i
pein

i , b0 = 1, bn =
∏

i6n
ai andb∗n =

∑n−1
i=0 bi xi.

Next we consider the polynomial ringK[T] in one variableT over
the fieldK of quotients ofA. In this ring, we defineTn by T = T0 = b∗n+
bnTn and we setBn = A[Tn], B = ∪nBn. Note thatTn = Xn + an+1Tn+1. 179

Let S∗ be the multiplicatively closed subset generated by
T0,T1, . . . ,Tn, . . . and setE = BS∗. Now we claim:

Theorem 2.3. The integral domain E is a Euclid ring, but, not under
the condition (3).

The proof proceeds stepwise. First considerf (T) = d0+d1T + . . .+
dsTs ∈ A[T](di ∈ A, ds , 0). For eachm ∈ N, f is expressed as the
product of a natural numbercm and a primitive polynomialfm in Tm

overA. Obviouslycm dividescm+1. We want to show:

Lemma 2.4. There is a natural number m such that for every natural
number n> m, it holds that (i) cn = cm and (ii) the constant term of fn

is a unit in A.

Proof. Multiplying some element ofS, we may assume that alldi are
in P. Then we can take a natural numberm such that there is noXt,
with t > m− 1, appearing in somedi . Then we considerf = cm−1 fm−1,
fm−1 = e0 + e1Tm−1 + . . . + esTs

m−1. Then the constant term off in its
expression as a polynomial inTm is cm−1 fm−1(Xm−1) becauseTm−1 =
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Xm−1 + amTm. Since fm−1(Tm−1) is primitive and sinceXm−1 does not
appear in the coefficients, we see thatfm−1(Xm−1) ∈ S. Thus thism is
the required natural number.

fm obtained above enjoys the properties that (i) it is a primitive poly-
nomial in someTm overA and (ii) for every natural numbern not smaller
thanm, the constant term offm as a polynomial inTn overA is a unit in
A. Such an element ofB is called aprimitive element ofB.

Lemma 2.4 can be applied to any non-zero elementf of K[T], and
f = c fm with a positive rational numberc anda primitive elementfm.
This c is uniquely determined byf and is called thecontentof f . Note
the f ∈ B if and only if the content is a natural number. Note also that
Tn are all primitive. �

Lemma 2.5. B is a principal ideal domain. As ideal is maximal if and
only if it is generated either by some pi(i ∈ N) or by a primitive element180

f in B which is irreducible and of positive degree as an element of K[T].
The unit group of B is the group generated by S and therefore every
residue class of B/piB is represented either by 0 or a unit.

Proof. The last half is obvious. As for the first half, similar statement
holds for everyBm and a prime elementf in Bm is not a prime element in
Bm+1 if and only if f is a primitive polynomial inTm but not inTm+1. �

Corollary 2.6. E is a principal ideal domain and the unit group of E is
generated by S S∗.

If f ∈ E − {0}, then with somes ∈ S∗, it holds thats f ∈ B and
we can apply the factorization given in Lemma 2.5 tos f and we obtain
s f = c fm with contentc and a primitive elementfm. fm may contain
some factors which are inS∗; taking out all such factors, we have the
following factorization:

f = cpu; wherec is the content,p is primitive and having no factor
in S∗ andu a unit inE.

These factors are uniquely determined byf (as forp, u, we observe
them within unit factors inA) and therefore we denote them byc( f ),
p( f ), u( f ), respectively, from now on.
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Now we considerW = N × N (with lexicographical order), and we
define a mappingρ : E − {0} →W by ρ f = (1+ degp( f ), c( f )).

We claim:

Lemma 2.7. (E,W, ρ) is a Euclid ring.

Proof. Let f , g be non-zero elements ofE and we want to show the
existence ofq, r ∈ E such thatg = f q + r and eitherr = 0 or ρr < ρ f .
Since unit factors off , g can be disregarded (cf. the proof of Theorem
1.2), we may assume thatf = c( f )p( f ), g = c(g)p(g). We use an
induction onρg. If ρg < ρ f , thenq = 0, r = g. So we assume that
ρg > ρ f . Then either (i) degg > deg f or (ii) degg = deg f andc(g) >
c( f ). In the case (i), if we expressf andg as polynomials inTm with
sufficiently largem, then the coefficient of the highest degree term inf
divides that ofg, and we can reduce to the case where degg is lower
than before. Consider the case (ii). InBm with sufficiently largem, 181

the constant terms off , g arec( f )·unit, c(g)·unit. Therefore, by someq
which is a unit inA, the constant term ofr has absolute valuec(g)−c( f ).
If c( f ) , c(g), then degr 6 deg f and c(r) < c(g), and this case is
finished by our induction. Ifc( f ) = c(g), then sinceTm is a unit inE,
we have degp(r) < degp( f ). �

We consider the canonical structure (E,W′, τ) of the Euclid ringE.
In order to prove Theorem 2.3, it suffices to show:

Proposition 2.8. W′ ≃W = N × N.

In order to prove this, we adapt symbolsRµ, Sµ as in the definition
of a canonical structure. So,R0 is the unit group ofE. We prove the
assertion stepwise.

(i) If n is a natural number, then Rn =
⋃

mR0 where m runs through
Mn =

{

πei
pi
|
∑

ei = n(ei > 0)
}

.

Proof. In proving (i), we use induction arguments onn. First note that
every prime number is inR1 in view of the last half of Lemma 2.5. Note
also that if f (∈ E − {0}) has a proper factor which is not inSn then f
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cannot be inRn in view of Corollary 1.3. By induction, no element of
Mn is in Sn. If m ∈ Mn, then inE/mE, an elementf such thatc( f ) is
coprime tom is represented by a unit. Therefore, in general, an arbitrary
elementf is congruent to an element of the formd · unit with d = (the
G.C.M. of m andc( f )) and we see thatm ∈ Rn. Thus

⋃

m∈Mn
mR0 ⊆ Rn.

Conversely, assume thatf ∈ Rn. We may assume thatf = c( f )p( f ). If
f = c( f )·unit, then the observation above and Corollary 1.3 imply that
c( f ) ∈ Mn. In order to show thatf = c( f )·unit, it suffices to show that if
f is a prime element ofE such thatf = p( f ), then f < Rn (by virtue of
Corollary 1.3). Assume first that degf = 1. Then f = d0 + d1Tm with
sufficiently large natural numberm(di ∈ A, |d0| = 1). Then inE/ f E,
by our choice ofan, we see that every sufficiently large prime numberq
appears as a factor of a (unit inE modulo f ) only in a power ofqq. Thus
q appears as a factor of residue classes of elements ofSn − {0} only in
the formqsq−t with t such that 06 t < n. Thereforef < Rn. If deg f > 1,182

then Lemma 2.1 implies thatf < Rn. �

As a consequence, we have:

(ii) Sω =
⋃

uA, whereω denotes the ordinal number corresponding
to N, andu runs through the multiplicative group generated by
T0,T1, . . ..

(iii) For n ∈ N andm ∈ N ∪ {0}, it holds that

Rnω+m = { f ∈ E − {0}|degp( f ) = n, c( f ) ∈ Rm}.

Proof. By induction,Snω = {0} ∪ (∪ f R0) where f runs throughFn =

{ f ∈ E|degp( f ) < n}. Therefore, if f is primitive and if degp( f ) = n,
then our proof of Lemma 2.7 shows thatf ∈ Rnω. Conversely, if f ∈
Rnω, then degp( f ) > n; if degp( f ) > n, then our method in proving
Lemma 2.1 shows thatf < Rnω. If c( f ) , 1, then Corollary 1.3 shows
that f < Rnω. Thus we proved the case wherem = 0. Form > 0, our
proof (i) above is adapted and we complete the proof. �

Now, this (iii) completes the proof of Proposition 2.8.
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3 An operation on ordinal numbers

For each ordinal numberα, we denote byWα the set of ordinal numbers
β such thatβ < α. For a given cardinalityb, we denote byWb the set
of ordinal numbersα such that♯(Wα) < b. Note that♯(Wb) = b and
the ordinal number representing the order-type ofWb is the beginning
ordinal number for the cardinalityb in caseb is an infinite cardinality.

Assuming thatb is an infinite cardinality, we define an operation∗
on Wb by the following properties:

(i) α∗β = β∗α, (ii) 0∗0 = 0, (iii) (α+1)∗β = (α∗β)+1
(iv) if (α, β) , (0, 0), then α ∗ β = sup({α ∗ β′ + 1|β′ < β}

∪ {α′ ∗ β + 1|α′ < α}).
One sees easily that this∗ is well defined by these requirements, if

we allowα ∗ β to be in a bigger set of ordinal numbers, though we shall
show thatα ∗ β belongs toWb in Proposition 3.1 below. We shall call∗ 183

maximal addition; α ∗ β is called themaximal sumof α andβ.†

The first remark is thatα ∗ β is independent ofWb containingα, β
because of our definition.

We give further results on computing the value of maximal sums.
From now on, Greek letters will denote ordinal numbers belonging to
Wb.

Proposition 3.1. (i) Wb ∗Wb =Wb. (ii) α ∗ 0 = α.

(iii) If m, n are finite, then(α +m)(β + n) = (α ∗ β) +m+ n.

(iv) If α < α′, thenα ∗ β < α′ ∗ β.

Proof. (ii) ∼ (iv) are obvious by the definition. By (ii), we see that
Wb ⊆ Wb ∗Wb. By our definition, ifα, β ∈ Wb, thenWα∗β ⊆ (Wα ∪
{α}) ∗ (Wβ ∪ {β}). Therefore♯(Wα∗β) 6 ♯(Wα ∪ {α}) × ♯(Wβ ∪ {β}) < b.
ThusWα∗β ⊂Wb andα ∗ β ∈Wb. �

†One can prove easily by virtue of Theorem 3.4 below thatα∗β is the largest among
ordinal numbers which can be obtained in the formα1 + β1 + . . . + αs + βs with αi , βi

such thatα = α1 + . . . + αs, β = β1 + . . . βs.
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(iii) above shows that in order to compute the value ofα ∗ β, it is
essential to know the value in the case whereα, β are limit ordinal num-
bers, and let us investigate the case.

For a limit ordinal numberλ, we considerΓγλ = {µ ∈Wb|γ < µ < λ}

for every γ < λ and letτλ be min {ordinal number representing the
order-type ofΓγλ|γ < λ}. We callτλ theweightof λ, and the symbolτ
will maintain its meaning in this section.

Lemma 3.2. (i) If λ is the beginning ordinal number for an infinite
cardinality, then the weight ofλ is λ itself.

(ii) If λ is a limit ordinal number, thenα + λ is also a limit ordinal
number andτλ = τα+λ.

(iii) If α = τλ for someλ, thenτα = α.

Proof is easy and we omit it.

Theorem 3.3. Let α be an infinite ordinal number. Then the setΓ =
{τλ|λ limit ordinal 6 α} has a maximal member, sayδ, and τδ = δ.
Furthermore, M= {β|β limit ordinal 6 α, τβ = δ} is a finite set andδ is184

the smallest member in M.

The maximal member ofM is called thedeepest limit ordinal num-
ber in α.

Proof. Considerδ = supΓ. If τδ < δ, then there is aγ smaller thanδ
such that the order-type ofΓγδ is smaller thanδ. Then, withΓ′ = {τβ ∈
Γ|τβ > γ}, we haveδ = supΓ = supΓ′ < δ, a contradiction. Thus
δ = τδ and δ is the smallest member inM. If M were infinite, then
we have an ascending chainδ = β0 < β1 < . . . < βn < . . . in M. Let
µ = supn∈N βn. For anyǫ < µ, Γǫµ contains infinitely manyβi which are
in M; for ǫ′ < δ, Γǫ′µ does not contain any member ofM. Thusτδ < τµ,
a contradiction. �

Maximal sums can be computed making use of the following:

Theorem 3.4.For infinite ordinal numbersα, β, let δα, δβ be the deepest
limit ordinal numbers inα, β, respectively.
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Assume thatτδα > τδβ . Writeα = δα + α′, β = δρ + β′. Then

(i) α ∗ β = δα + (β ∗ α′),

(ii) If τδα = τδβ , thenα ∗ β = (δα + δβ) + (α′ ∗ β′).

Thus the computation can be reduced to the case whereτδα , τδβ are
smaller.

Proof. (ii) follows easily from (i), and it suffices to prove (i). We use an
induction on (α, β); namely, we assume the validity of (i) for (α′′, β′′)
such thatα′′ 6 α, β′′ 6 β, (α′′, β′′) , (α, β). If α > δα, β > δβ,
then (i) is shown easily by induction hypothesis. The most important
case is the case whereα = τδα, β = τδβ . By induction, if β′′ < β,
thenα ∗ β′′ = α + β′′. If τδα = τδβ , then by the symmetry, we have
α+β = α ∗β. If τδα > τδβ and ifα′′ < α, thenα′′ ∗β < τδα by induction.
Thereforeα ∗ β = α + β in this case. The remaining case can be proved
similarly. �

Corollary 3.5. Assume thatα, β are limit ordinal numbers and thatτα >
τβ. Thenα ∗ β = sup{α ∗ β′|β′ < β} andτα∗β = τβ.

Theorem 3.6. The maximal addition satisfies the associativity. Namely,185

(α ∗ β) ∗ γ = α ∗ (β ∗ γ).

Proof. We use induction on (α, β, γ). If some ofα, β, γ is not a limit
ordinal number, the assertion is obvious by induction and by(iii) in the
definition. If all of α, β, γ are limit ordinal numbers, then we prove the
assertion easily by induction and by Corollary 3.5 above. �

4 Structure of generalized Euclid rings

We maintain the notation of §3 except forρ, ρ′, ρi , ϕ (which ar̀e map-
pings) andWi(i = 1, . . . , s).

In this section, we want to show the following three theorems.
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Theorem 4.1.Assume that a ring E is the direct sum of rings E1, . . . ,Es.
Then E is a Euclid ring if and only if every Ei is a Euclid ring. Conse-
quently, a Euclid ring is the direct sum of Euclid rings Ei , . . . ,Es such
that each Ei is either an integral domain or an Artin local ring.

Theorem 4.2. Assume that(Ei ,Wi , ρi)(i,= 1, . . . , s; Wi ⊂ Wb with a
sufficiently large cardinalityb) are Euclid rings and letλi be the ordinal
number representing the ordertype of Wi. Extendρi so thatρi0 = λi and
defineρ : E = E1 ⊕ . . . ⊕ Es→Wµ+1 with µ = λ1 ∗ . . . ∗ λs by:

ρ(a1 + . . . + as) = (ρ1a1) ∗ . . . ∗ (ρsas) (ai ∈ Ei).

Then(E,Wµ, ρ) is a Euclid ring.
If every(Ei ,Wi , ρi) is the canonical structure of Ei , then(E,Wµ, ρ)

is the canonical structure of E.

Theorem 4.3. If E is a Euclid ring, then (i) a ring which is a homomor-
phic image of E is a Euclid ring and (ii) any ring of quotients of E is a
Euclid ring.

As for the proof of Theorem 4.1, the if part follows from Theorem
4.2, itsonly if part follows from Theorem 4.3 (i) and its last part follows
from Lemma 1.1.

Theorem 4.2 follows from the definition of maximal addition,noting186

that the condition (*) in the definition of a Euclid ring is equivalent to
the following:

(*) If a, b ∈ E, a , 0, then there areq, r ∈ E such thatb = aq+ r,
andρr < ρa or r = a.

Theorem 4.3(i) follows from:

Proposition 4.4. Let (E,W, ρ) be a Euclid ring. Ifϕ : E → E′ is a
surjective ring homomorphism, then(E′,W, ρ′) is a Euclid ring withρ′

defined by:
ρ′x = min{ ρy | ϕy = x}.

Proof. Assume thata′, b′ ∈ E′, a′ , 0. Takea, b ∈ E so thatϕa = a′,
ρa = ρ′a′, ϕb = b′. Then there areq, r ∈ E such thatb = aq+ r, either
ρr < ρa or r = 0. Thenb′ = a′(ϕq) + ϕr, eitherρ′(ϕr) 6 ρr < ρa = ρ′a′

or ϕr = 0. �
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Theorem 4.3(ii) follows from:

Proposition 4.5. Let (E,W, ρ) be a Euclid ring and let S be a multi-
plicatively closed subset of E not containing 0. Then(Es,W, ρ′) is a
Euclid ring withρ′ defined by:

ρ′x = min{ρy|y ∈ E, there are s, s′ ∈ S, ys/s′ = x}.

This can be proved quite similarly to the proof of Theorem 1.2.
In closing this article, the writer likes to remark that:
Although, in order to state the condition (*) in the definition of a

Euclid ring, it is natural to extendρ so thatρ0 < ρa for anya , 0, in
view of Theorem 4.2, Proposition 4.4 etc., the writer feels it to be more
natural to extendρ so thatρ0 > ρa for anya , 0.





Principal Bundles on Affine Space

By M.S. Raghunathan

1 Introduction

The affirmative answer to Serre’s question on vector bundles on an affine 187

space (due to Quillen [10] and Sublin) leads one to pose the following
question (*):

Let k be a field andAn
k = Speck[X1, . . . ,Xn] → Speck the affine

space of dimensionn overk. Let G be an affine group scheme (of finite
type) overk andP a principalG-bundle overAn

k. Is P then isomorphic
to a bundle of the formP′

⊗

Speck
An

k whereP′ is a principal homogeneous

space overk.
(By a principalG-bundle P over a schemeX we mean a scheme

p : P→ X overX together with a right actionm : P×G→ P such that
the diagram

P×G m //

π

��

P

p
��

P p
// X

is commutative and the induced morphism

P×G→ P×
X

P

is an isomorphism. (It is known that with this definition, there exists
for every pointp ∈ X̄ = X

⊗

k
k̄, k̄ an algebraic closure ofk, a neigh-

bourhoodU of p and an etale morphismq : Ũ → U such thatŨ×
X̄

P̄

(P̄ = P̄
⊗

k
k̄) is isomorphic as aG space toŨ ×

Speck
G).

223
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The immediate expectation that Quillen’s theorem would generalise
to any reductive group turns out to be false: Ojanguran and Sridharan
[8a] and Parimala and Sridharan [8b] have results which showthat the
answer to the question is in general in the negative. Specifically in [8a]
it is shown that whenG is the group of norm 1 elements in anoncommu-188

tative division algebra overk, there existG-bundles overA2
k which are

not obtained by base change. Whenk = R in [8b] it is shown that there
are infinitely many inequivalent bundles onA2

R which are not obtained
by a base change fromR. Using this, one can also show (see Parimala
[9] where the caseS O(4) overR is dealt with) (*) has a negative answer
for S O(3) andS O(4) overR. These examples suggested that one should
look for an affirmative answer to (*) only under further restrictions onk.
H. Bass [1] proved that ifk is algebraically closed and of characteristic
, 2 andn = 2, (*) has an affirmative answer forG = S O(n) the present
work began in fact with providing an alternative (and more direct) proof
for Bass’s theorem.

Before we can describe the results of the present work-whichis
mainly concerned with the casen > 2 - we need to briefly outline the
situation in the case of the affine line overk. For the sake of brevity in
later formulations we make the following:

Definition . A group G (over k) is ‘acceptable’ if for every extension
L ⊃ k, any principal G⊗k L-bundle overSpecL[X] is obtained from a
bundle onSpecL by the base change L→ L[X].

G is known to be acceptable in the following cases:

(i) Char k = 0, G any group. This is a recent result due to A. Ra-
manathan and the author [11].

(ii) G = 0(n) (hence alsoS O(n)), Chark , 2 (Harder; see [6a])

(iii) G = S L(n), GL(n) or S p(n) (k arbitrary): these cases are obvious.

(iv) G simply connected of inner-typeAn : this follows from the fact
that the projective modules overD[X], D a division algebra, are
free (see for instance [15, p. 202].
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(v) G simply connected of classical type and Chark ‘good’ for
G(Chark > 5 is good for allG, (see [11])).

(vi) G a torus ofany semisimple group of inner typeAn or a spin
group: this follows from the earlier mentioned results and some
Galois cohomology arguments. For more details see [11].

We expect the following to hold. 189

Conjecture. Any smooth simply ‘connected’ reductive group is accept-
able.

(The assumption of connectedness is evidently essential inview of
the existence of Artin Schrier extensions.)

After this discussion we can now formulate the main results of this
work. The results are formulated for acceptable groups. It is possible of
course to formulate some sharper results and this will be done in §4.

The first result (which should probably be called a lemma rather
than a theorem) is

Theorem A. Assume that G is acceptable. Let P be a principal G-
bundle over An. Then there is an open subscheme U⊂ An such that
P ×An U is obtained from a G-bundle over k by the base change U→
Speck.

Theorem B. Assume that G is connected, smooth, reductive and split.
Assume further that the natural map H1(k,G) → H1(k,AdG) is trivial
(i.e. for every principal homogeneous space over G the principal ho-
mogeneous space over the adjoint group AdG obtained by extension of
structure group is trivial). Then a G-bundle P over An is trivial if and
only if for a non-empty open subscheme U⊂ An, P×An U is obtained
from a bundle onSpeck by the base change U→ Speck.

An immediate corollary is

Theorem C. Assume that G is connected, acceptable and reductive and
that k is ‘separably closed’. Then any principal G-bundle over An is
trivial.
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We state one final result which is applicable especially to the case of
local fields.

Theorem D. Assume that G is acceptable, connected, semisimple, sim-
ply connected and quasi-split. Assume further that the map H1(k,G)→
H1(k,AdG) is trivial. Then any principal G-bundle on An is trivial.

The following result for the special caseG = 0(n)-which has at-190

tracted considerable interest-is proved in §4.

Theorem E. Assume thatChark , 2 and the Brauer group Br(k) of k
has no 2-torsion. Then any orthogonal bundle on An is obtained from
an orthogonal bundle onSpeck by the base change An→ Speck.

The method of proof closely parallels-and needless to say, is sug-
gested by - Quillen’s in the case ofGL(n). We need an obvious extension
of a lemma of Quillen’s (Theorem 2, §2). Rigidity of the trivial bundle
overP1 (not surprisingly) serves as a replacement of the Horrocks the-
orem used in Quillen’s work. (Parimala [9] gives an example to show
that the theorem of Horrocks does not generalise to 0(n)-bundles).

My thanks are due to many colleagues who took considerable inter-
est in this work. Among them I should mention: Hyman Bass whose
lectures in Bombay on his theorem triggered off the present work; C.
S. Seshadri with whom I had many stimulating discussions; also R. C.
Cowsik, Mohan Kumar, M. Nori and S. Parimala who had helpful com-
ments and suggestions to offer.

2 Some known results

We make use of three essentially known results in our proofs of the main
theorems (Theorems B and C). In this section we collect theseknown
results together. (Sketch proofs are given where no proper references
are to be found). The first of these is:

Theorem 1. Let P1 denote the projective line over k and X be any
k-scheme of finite type. Let E be a principal G-bundle overP1 × X.
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Let π : P1 × X → X be the natural projection. Suppose now that
x0 : SpecL → X is a closed point such that E× x0 SpecL is trivial
over L̄, the algebraic closure of L. Then there exists an open subscheme
U of X containing x0 and a principal G-bundle E′ over U such that
E ×

(P1×X)
π−1(U) is isomorphic to E′×

U
π−1(U).

WhenE is aGL(n)-bundle this is a special case of Grothendieck [4,
Corollaire 4.6.4.]: note that for the projective lineP1, H1(P1,OP1) = 0 191

whereOP1 is the structure sheaf. In this case, one may assume thatE′

is in addition the trivialGL(n)-bundle.
For handling the general case we need

Lemma. Any smooth G is isomorphic to a closed subgroup scheme of
some GL(n) such that G(L)(n)/G contains no complete reduced sub-
scheme of positive dimension.

Assume the lemma for the present. Then we can think of aG-bundle
as aGL(n)-bundle together with a section in the associated fibre space
with GL(n)/G as fibre. From what we have remarked earlier theGL(n)-
bundle may be assumed trivial so that the section is a morphism σ :
P1 × X → GL(n)/G. SinceGL(n)/G contains no complete subscheme
of positive dimensionσ factors throughP1×X→ X which shows that
the G-bundleE itself is obtained from a bundle onX by base change
P1 × X→ X.

We have to establish the lemma. We may assume thatG is a closed
(k-) subgroup scheme ofGL(m) for somem. Let ρ be a (k-) representa-
tion of GL(m) on a vector spaceV and 0, v ∈ V(k) be such thatG is
the isotropy group scheme at ¯v for the action ofGL(m) on the projective
spaceP(V) associated toV. This means the orbit mapGL(m)→ GL(m)
v̄ is an isomorphism ofGL(m)/G on the orbit which is a locally closed
subscheme ofP(V). (Herev̄ is the closed point ofP(V) determined by
v). This determines a morphismχ : G→ Gm such that for anyg ∈ G(L),
L ak-algebra,

ρ(g)v = χ(g) · v.

If χ is trivial, G is the isotropy atv for the action ofGL(m) on V so that
GL(m)/G is locally closed in affine space and the assertion follows. We
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assume then thatχ is non-trivial. Consider the immersion

G
(i,χ−1)
−−−−−→ GL(m) ×GL(1) = H.

Let I denote the identity representation ofGL(1) andρ ⊗ I the repre-
sentation ofH obtained by forming the tensor product ofρ andI . Then
the isotropy group atv ⊗ 1 is seen to be preciselyG so that (GL(m) ×
GL(1))/γG is a locally closed subscheme of an affine space. On the192

other hand,GL(m) × GL(1) is in a natural fashion a closed subscheme
of GL(m+ 1) with affine quotient. It follows thatGL(m+ 1)/G is a fi-
bre space over an affine scheme with fibres (GL(m) ×GL(1))/γG. The
lemma follows immediately from this.

Theorem 2 (Quillen [10]). Let E be a G-bundle onSpecR[T](≃ A1 ×

SpecR), R a k-algebra. Suppose for every maximal idealm ⊂ R,
E ×

SpecR
SpecRm (Rm = localisation atm) is trivial, then E≃ F ×

SpecR
Spec

R[T] for some G-bundle F overSpecR.

Quillen states and proves this forG = GL(n). The general case
follows by simply changing GL(n) toG in his argument.

The next result we need is well known.

Theorem 3. Let G be a ‘split’ connected semisimple group over k. Let
n = dim G and I = rankG ( = dimension of maximal k-split torus of
G). Then G contains an affine open subscheme isomorphic to An−1 ×

Speck[T1,T−1
1 ,T2,T−1

2 . . . ,T1,T−1
1 ].

This is immediate from structure theory: LetT be a maximalk-split
torus andU± opposing unipotent maximalk-subgroup schemes. Then
the morphismU+ × T × U− → G given by the multiplication inG is an
isomorphism onto the imageΩ.

Theorem 4 below must also be regarded as well known: it is a more
or less immediate consequence of the work of Chevalley [3] and Stein-
berg [13]. We give some details, as a proof does not seem to be available
explicitly in literature.
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Theorem 4. Let G be a simply connected quasi-split (smooth) group
scheme. Then G contains an open (k-) subschemeΩ0 such that the in-
clusion i : Ω0 → G factors through an affine space, i.e. there is a
commutative diagram of the form

Ω0
�

� i //

  B
BB

BB
BB

G

Ar

??~~~~~~~~

(for some integer r).

Let T be the centraliser of ak-split torusS in G. Let U andU− be 193

opposing maximal unipotentk-subgroup schemes ofG normalised by
S. Let N(S) be the normaliser ofS in G andθ ∈ N(S)(k) an element
which conjugatesU ontoU−. Then the morphism

U × T × U → G

defined by (u, t, u′) 7→ uθtu′ on the set of closed points is an open immer-
sion. As ak-schemeU is isomorphic to an affine spaceAq, q = dimU. It
suffices to show that the inclusionT′ ֒→ G for somek-open subsetT′ of
T factors through an affine space. If∆ is the system of simplek-roots de-
termined byU, for eachα ∈ ∆, we have ak-rank 1 quasi split subgroup
Gα of G such thatT =

∏

α∈∆

Tα, a direct product withTα ⊂ Gα. This

shows that the problem immediately reduces to the case whenk-rank
G = 1. The quasi-split groups ofk-rank 1 are of one of the following
two kinds:

(i) RL/kS L(2),

(ii) RL/KS U(2, 1), S U(2, 1) being the special unitary group of a her-
mitian form of Witt index 1 over a quadratic extension ofL where
L is a finite separable extension ofk. Now for the affinen-space
An

L′ , RL/kAn
L is isomorphic toAnq

k whereq = dimk L so that we see
that we need only consider the cases ofS L(2) andS U(2, 1) over
k.
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In caseG = S L(2), takeT′ = T and the factorisation sought after
results from the product decomposition

(

t 0
0 t−1

)

=

(

1 t
0 1

) (

1 0
−t−1 1

) (

1 t
0 1

) (

0 −1
1 0

)

.

Consider now the caseG = S U(2, 1) : G is the special unitary group of
the hermitian quadratic form





















0 1 0
1 0 0
0 0 1





















in 3 variables over a quadratic Galois extensionK overk. If we denote
by x 7→ x̄ the conjugation by the non-trivial element of the Galois group
of K/k as well as its extension tõL = L ⊗k K for any L ⊃ K, the L-194

rational points of a split torus are given by

ϕ(x) =





















x 0 0
0 x−1 0
0 0 x−1x̄





















, x ∈ L̃ invertible.

We will deal with the cases Chark , 2 and chark = 2 separately.

Case 1.Chark , 2. LetT′ be the open set whoseL-rational points are

{ϕ(x)|x− x̄ is invertible inL̃}.

Fix an elementθ ∈ K − k such thatθ2 ∈ k. Then any element ofK is of
the form

a+ bθ, a, b ∈ k,

and for anyL ⊃ k, L̃ = L + Lθ; also for a + bθ ∈ L̃ ⊃ a, b ∈ L,
(a+ bθ)− = a− bθ so thatϕ(a+ bθ) ∈ T′(L) if and only if b is invertible
in L.

Now for a+ bθ ∈ L̃.




















a+ bθ 0 0
0 (a− bθ)−1 0
0 0 (a+ bθ)−1(a− bθ)
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0 −(b2/2− abθ−1/2 0
−(b2/2 − abθ−1/2 0 0

0 0 δ(a, b)









































0 +2−1bθ−1 0
−2b−1θ 0 0

0 0 1





















= λ(a, b) · µ(a, b) say.

We will now give factorisations ofλ(a, b) and µ(a, b) as products
µ(a, b) = χ′(a, b)ξ′(a, b)β′(a, b) · λ(a, b) = α(a, b)ξ(a, b)β(a, b) where
α, α′ andβ, β′ morphisms ofT′ in U andξ, ξ′ are morphism ofT′ in
U−. Forµ this is similar to what we did in the case ofS L(2):

µ(a, b) =





















1 2−1bθ−1 0
0 1 0
0 0 1









































1 0 0
−2b−1 θ 0

0 0 1









































1 2−1bθ−1 0
0 1 0
0 0 1





















As for λ(a, b) this is a trifle more complicated. We write downα(a, b);
the others are uniquely determined byα(a, b):

α(a, b) =





















1 −b2/2− abθ−1/2 b
0 1 0
0 −b 1





















(Given an elementx ∈ U(k), there are unique elementsy ∈ U−1(k) and 195

x′ ∈ U(k) such that

xyx′ ∈ Normaliser ofS.

This is the reason why the argument works.)

Case 2.Chark = 2. We pick an elementθ ∈ K with θ+ θ̄ = 1. Then any
element ofL is of the forma+ bθ with a, b ∈ L. We can then write

























a+ bθ 0 0

0 (a+ bθ)
−1

0
0 0 (a+ bθ)(a+ bθ)−1

























=























0 b2θ + ab 0

(b2θ + ab)−1 0 0
0 0 (a, b)











































0 b 0
b−1 0 0
0 0 1
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= λ(a, b) µ(a, b) as before.

Clearlyµ(a, b) =





















1 b 0
0 1 0
0 0 1









































1 0 0
−b−1 1 0

0 0 1









































1 b 0
0 1 0
0 0 1





















; and

µ(a, b) = α(a, b) · ξ(a, b) · β(a, b) with α, β ∈ U andξ ∈ U−.
As before we write downα(a, b) explicitly:

α(a, b) =





















1 b2θ + ab b
0 1 0
0 b 1





















(β andξ are determined byα). This completes the proof of Theorem 3.

3 Proofs of the main results (A, B, C, and D).

Throughout this sectionG will denote anacceptable(smooth) group
scheme overk.

We prove Theorem A first. We argue by induction onn. When
n = 1, this is immediate from the definition of acceptability. Assume
that the result holds forn 6 mand letP be aG-bundle onAm+1

= A×Am.196

Let SpecK → Am be the generic point ofAm andP∗ = P×AmSpecK : P∗

is a bundle overA×
k

SpecK. By the definition of acceptability, there is

a G×
k
K bundleP′ on SpecK such thatP′ ×

Speck
(A1

⊗

k
K SpecK) ≃ P∗.

Equivalently there is an open subschemeU ⊂ Am and a bundleP′′ onU
such that

P×Am U ≃ P′′×
U

(A1×
k
U).

Let p : Speck→ A be anyk-point andp̂ : Am→ A×
k
Am the correspond-

ing immersion. Let

P1 = P ×
A′×Am

Am (via p̂).

If we let p̂ also denote the immersion

U → A×
k
U,
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clearly

P1 ×Am U ≃ P′′.

By induction hypothesisP1 is obtained by base changeAm → Speck
from a principal homogeneous space overk. Thus the same is true of
P′′ (with respect to the base changeU → Speck). SinceP ×Am U ≃
P′′ ×U (A′×

k
U) the desired result follows. This concludes the proof of

Theorem A.
We proceed to the proofs of Theorems B and C. For the sake of brief

formulations we adopt the following definition: AG-bundleP on ak-
schemeX is obtained from kif P is isomorphic to a bundle of the form
P′ ×

Speck
X with P′ a principal homogeneous space overk.

Under the hypotheses in Theorems B and D we can findf ∈ k[X1, . . . ,

Xn](An
= Speck[X1, . . . ,Xn]) such thatP restricted to the open sub-

schemes

W′ = {p ∈ An| f (p) , 0}

is obtained from Speck. After a change of coordinates if necessary one
can assume thatf has the form

Xm
1 +

m−1
∑

i=0

qi (X
′)X′1

with qi(X′) ∈ k[X′]
de f
= k[X2, . . . ,Xn]. Isolating the variableX1 gives a 197

product decomposition

An
= A1 × An−1.

We want to prove the following.

Assertion 1. The hypotheses are those of Theorem B or of Theorem D.
Then for each closed point x0 ∈ An−1, there is an open neighbourhood
Ux0 of x0 such that P restricted to A1 × Ux0 is obtained from a bundle
Px0 on Ux0 by the base change A1 × Ux0 → Ux0.
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Observe that the assertion implies Theorems B and D. To see this
we argue as follows. Letp : Speck → A1 be ak-point and p̂ the
corresponding immersion

An−1 ֒→ A1 × An−1.

Then the restriction ofP to An−1 is, by an induction assumption, ob-
tained from Speck. Using a Galois twist ofP we can assume that this
bundle is actually trivial. It is then easily seen that thePx0 in the As-
sertion is necessarily trivial. We can now appeal to Theorem2 to obtain
Theorems B and D.

To prove Assertion 1 we use Theorem 1. Consider the schemeP1×

An−1. This containsA1 × An−1 as an openk-subscheme which we note
also byU1 in the sequel. Let

U′2 =P
1 × An−1 − {p ∈ An| f (p) = 0}.

ThenU′2 is an openk-subscheme as well. Sincef is monic in X1, U1

andU′2 coverP1 × An−1. Moreover ifU1 ∩ U′2 = W′ andP restricted
to W′ is obtained fromSpeck. We may, after atwist assume then that
P restricted toW′ is actually trivial. SinceH1(k,G) → H1(k,AdG) is
trivial, this does not change G. Fix once and for all an isomorphism

P

∣

∣

∣

∣

∣

∣

∣

∼
−→ 1G,W′

U1 ∩U′2 Φ0

where 1G,W′ is the trivial bundle onW′. Now let x0 : SpecL → An−1 be198

any closed point and ˜x0 the induced morphism

P
1 × SpecL →P

1 × An−1.

For an open subschemeV of P1 × An−1 we denote byVx0 the inverse
image ofV in P1×

k
SpecL. In particular thenU1x0 and U′2x0

cover

P1×
k

SpecL. Let Px0 denote the bundle onA1 × SpecL induced by

P. SinceG is acceptablePx0 is obtained fromL and, sinceP is trivial on
W′ andW′x0

is non-empty (note thatf is monic inX1) Px0 is trivial. Let

θ : Px0 ≃ G×
k
(A1×

k
SpecL)
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be an isomorphism. On the other hand,Φ0 by restriction gives an iso-
morphism

ϕ0 : Px0 |Wx0 ≃ G×
k
W′x0

.

Let α = θ0ϕ
−1
0 be the composite isomorphism

α : G×
k
W′x0
→ G×

k
W′x0

.

α gives rise to and is determined by a morphism

Ψ1 : W′x0
→ G.

We will deduce Assertion 1 from

Assertion 2. Let x0 ∈ An−1 be any closed point. Then there is a re-
finemenet(U1,U2) of (U1,U′2) with the following properties:

(i) there is a neighbourhood V of x0 ∈ An−1 such that
U1 ∪ U2 ⊇P1 ×

Speck
V,

(ii) if W = U1 ∩U2, ψ = ψ1|Wx0 extends to a morphismΨ of W in G.

If we admit Assertion 2, we can construct a bundleP̃ on P1 ×
Speck

V

as follows: Let 1G,U2 be the trivialG-bundle onU2. ThenΨ◦Φ0 gives an
isomorphism ofP restricted toW with 1G,U2 restricted toW. Patching
by this isomorphism we obtain a bundle onU1 ∪ U2 whose restriction
to P1 ×

Speck
V we denoteP̃. From the fact thatΨ extendsψ, it is im- 199

mediate that the bundle onP1×
k

SpecL obtained by the base-change

x0 : SpecL → V is trivial. By Theorem 1,P̃ is locally obtained by base
change from aG-bundle on a neighbourhood ofx0. SinceP̃ hasP for
its restriction toA1 × V, Assertion 1 follows.

We are still to establish Assertion 2. We consider the hypotheses of
the two theorems separately.

Case i(Hypotheses as in Theorem B). ChooseΩ as in the proof of The-
orem 3 of §2.Ω ≃ Speck[X1, . . . ,Xq,T1 . . .T1T−1

1 . . .T−1
1 ] (1 = k-rank
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G, q+ = dimG). Let S = ψ−1
1 (G − Ω). This is ak-closed subset ofW′x0

since dimW′x0
= 1, if S is a proper subset,S in finite hence closed in

U1x0(≃ SpecL[X1]); and we assume thatS ,W′x0
by replacingΩ if nec-

essary by a translate by an element ofG(k). (This is evident whenG(k)
is dense inG but one can give an obvious argument using the Bruhat-
decomposition even ifG(k) were not dense inG). The affine scheme

W′x0
is of the form SpecL

[

X1,
1
f ∗

]

where f ∗ ∈ L[X1] is the polynomial

Xm
1 +

m−1
∑

i=0
qi(x0)Xi

1. The morphismΨ1 gives a ring homomorphism

ψ∗1 : k[X j ,Ti ,T
−1
i (1 6 j 6 q, 1 6 i 6 1)] → L(X1).

Let ψ∗1(X j) = (Q j/Rj) andψ∗1(Ti) = Ai/Bi where (Q j ,Rj) and (Ai , Bi)
are coprime polynomials inL[X1]. Let degreeRj = r j , degreeAi = ai

and degreeBi = bi . Choose elements (Ãi , B̃i, Q̃ j) andR̃j in k[X1, . . . ,Xn]
such that

(i) Ãi (resp.B̃i, Q̃ j , R̃j) is a lift of Ai (resp.Bi,Q j ,Rj) for the map
x̂0 : k[X1, . . . ,Xn] → L[X1],

(ii) degreeÃi (resp.B̃i , R̃j) in X1 is preciselyai (resp.bi , r j).

Let αi (resp.βi , ρ j) denote theleading coefficientsof Ãi (resp.B̃i , R̃j) as
a polynomial inX1 : αi , βi , ρ j belong tok[X2, . . . ,Xn]. These elements200

do not take the value zero atx0. Let V be the open neighbourhood ofx0

defined by

V = {p ∈ An−1|αi(p) , 0, βi(p) , 0, ρ j (p) , 0, 1 6 i 6 l, 1 6 j 6 q}.

Let U2 = U′2 − {p ∈ An|
∏

16i61
16 j6q

Ai BiRj(p) = 0}. This choice ofU2 andV

is easily seen to satisfy the conditions of Assertion 2.

Case ii(Hypotheses as in Theorem D). SinceG is quasi split and simply
connected we can choose (Theorem 4 of §2) an open subsetΩ0 such that
the inclusionΩ0 ⊂ G factors through an affine space :Ω0 → Ar → G.
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Let S = ψ−1
1 (G − Ω0). We may assume thatS is finite (if Ω0 is chosen

exactly as in Theorem 4 of §2 this can be secured by translating Ω0 by
an element ofG(k)). Let f0 ∈ k[X1] be a monic polynomial vanishing
on S ⊂ SpecL[X1]). Considerf0 as an element ofk[X1, . . . ,Xn] and let
U2 = U′2 − {p ∈ An| f0(p) = 0}. Since f0 is monic inX1, U1 ∪ U2 =

P1×An−1 with this choice ofU2, ψ factors throughΩ0 : ψ1(Wx0) ⊂ Ω0.
SinceΩ0 ֒→ G factors throughAr , ψ extends (from the closed setWx0)
to all of W : ψ : W→ G. This proves Assertion 2 in this case.

4 Complements

We discuss first some special fields.

1. Fields of Dimension 6 1. If k is a field of dimension 1,H1(k,G) =
0 for all smooth connectedG (Lang [7], Steinberg [14]). Thus
Theorem B is applicable to anyacceptablesemisimpleG overk.
We conclude thatfor such k any G-bundle on An is trivial. Among
the fields covered are:

(i) finite fields;

(ii) k = L(X), the pure transcendental extension of degree 1 over
an algebraically closed fieldL;

(iii) k is the maximal unramified extension of a local field.

2. Local fields with residue fields of dimension6 1. For suchk,
it is known (Bruhat-Tits [2]) thatH1(k,G) = 0 for any simply
connected G. Thus Theorem D is applicable:Any G-bundle with
G quasi-split and simply connected on an affine space is trivial. 201

The fields that are covered are:

(i) finite extensions ofp-adic fields,

(ii) quotient fields of power series ringsk′[[T]] in 1 variable
with dimk′ 6 1.
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3. Global fields. Here again it is known that for a simply connected
acceptableG, H1(k,G) = 0 except possibly whenG has excep-
tional factors andk is a number field which admits a real place
(Harder [5a], [5b], Kneser [6b]). Thus for any quasi-splitG, G-
bundles onAn are trivial for simply connected classicalG over a
number fieldk.

The following groups are acceptable forany field k : GL(n),
S p(n) Spin f , f a split quadratic form (in more than 3 variables).
This is obvious forGL(n) and S p(n) and can be deduced from
Harder’s theorem forS O(n) in the case of Spin groups. Theorem
D is applicable in all these cases because in addition,H1(k,G) = 0
for all these groups.-Note that for Spin we have taken the split
form (see Serre [12], III-25).

We have therefore

Theorem D′. Let G be a split simply connected‘classical’ group over
any field k. Then any G-bundle over An is trivial.

Next observe that Theorem C gives the following

Proposition . If G is an acceptable k-group, these is a bijective corre-
spondence between isomorphism of classes of principal G-bundles on
An and the Galois cohomology set

H1(π,G(k̄s[X1, . . . ,Xn]))

wherek̄s = separable closure of k andπ is the Galois group of̄ks over
k.

As a corollary we will prove

Theorem E. Let k be such that Br(k) has no 2-torsion andChark , 2.
Then any orthogonal bundle over An is obtained by base change from k.

Theorem E is evidently equivalent to202

Theorem E′. Let k be a field such that Br(k) has no 2-torsion and
Chark , 2. Then every non-singular quadratic form over k[X1, . . . ,Xn]
is equivalent to one over k.
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For the proof we need

Lemma. Let k be a field such that Br(k) has no 2-torsion. Then

(i) a quadratic form over k is determined by the discriminant;

(ii) if the number of variables is n> 3, the Witt-index is at least
[(n− 1)/2] (integral part of(n− 1)/2).

(iii) the spinor norm is surjective for any form f ;

(iv) for any quadratic form f , S O( f ) is quasi-split over k (if the num-
ber of variables is at least 3);

(v) for any form f , H1(k,Spin f ) = 0.

Proof. To prove (i) we argue by induction on the number of variables,
we may assume that the quadratic form is the orthogonal sum

q ⊥ λ

whereq is a form in (n − 1) variablesλ ∈ k and λ is the form in 1
variablex 7→ λx2, x ∈ k. By induction hypothesisq is isomorphic to the
orthogonal sum

1 ⊥ d

where 1is the identity form in (n − 2) variables,d ∈ k and d is the
form x → dx2 on k. It suffices then to show thatd ⊥ λ is isomorphic
to 1 ⊥ λd (with the obvious notation). In order to prove this, we have
to show that any quadratic form in 2 variables represents 1. In fact, we
prove the following stronger statement which immediately implies (iii)
as well:

Let α , 0 be any element of k; then the quadratic formλ ⊥ µ for
any pairλ, µ ∈ k∗ representsα.

We have to solve the equation

λx2
+ µy2

= α

or equivalently 203
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x2
+
µ

λ
y2
=
α

λ
.

This is the same as proving thatα/λ is a norm for the quadratic extension
k(

√

−µ/λ). Since there are no quaternion divison algebras overk, this is
indeed true (see for instance, O’Meara [15], p. 146).

We have thus proved (i) and (ii). Statement (iii) is immediate from
(i): if q is any quadratic form inm= 2n+ 2 (resp. 2n+ 1) variables and
h is the hyperbolic form in 2n variables,q ≃ h ⊥ 1 ⊥ d (resp.h ⊥ d)
whered′ ∈ k is any representative for the discriminant andd = ±d′.

To prove (iv) again write

q ≃ h ⊥ d or

q ≃ h ⊥ 1 ⊥ d

according as the number of variables is odd or even. LetE be the maxi-
mal isotropic subspace forh. Then the subgroupP of S O(q) which fixes
E is a parabolic subgroup. Writingq as

q ≃ h ⊥ q′

(where dimq′ 6 2) we see that the reductive partM of P is isomor-
phic locally to the product of a torus andS O(q′). It follows that (since
dimq′ 6 2) M is a torus. ThusP is a Borel subgroup. This proves (iv).

Finally (v) follows from (i) and (iii) in view of the following known
fact (Serre [12, III-25]).

If f is a quadratic form such that the Spinor norm map is surjective
and every formf ′ with the same Witt-index and discriminant asf (in
the same number of variables) is equivalent tof , thenH1(k,Spin f ) = 0.
This proves (v).

�

We proceed to the proof of Theorem E now. When the number of
variables is 2 this is trivial. We assume therefore that the number of
variables is at least 3. Observe first that for any quadratic form f overk,

H1(π,Spin f (ks[X])) = 0
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whereks = separable closure ofk andπ = Gal (ks/k). This follows from204

Theorem C combined with Parts (iv) and (v) of the lemma above.Next
consider the exact sequence

1→ {±1} → Spin f → S O( f )→ 1.

Since Chark , 2, one sees immediately that the sequence

1→ {±1} → Spin f (ks[X]) → S O( f )(ks[X]) → 1

is exact. The cohomology sequence gives exactness of

H1(π,Spin f (ks[X])) // H1(π,S O( f )(ks[X])) // H1(π,±1)

0 0

The last group is trivial sinceBr(k) has no 2-torsion.
Thus for any f , H1(π,S O( f )(ks[X])) = 0. Now consider the split

exact sequence for a fixedf0

1→ S O( f0)(ks[X]) → 0( f0)(ks[X]) → {±1} → 1.

This gives in cohomology the sequence

0→ H1(π, 0( f0)(ks[X]))
η
−→ H1(π, {±1}). (*)

The fibre over the trivial element is thus trivial. We want to show that
the fibre overanyelement ofH1(π,±1) is trivial. Using the splitting the
fibre can be identified (by a standard twisting argument) withthe fibre
over the trivial element for a twisted formf of f0:

H1(π,O( f )ks[X]) → H1(π,±1);

and sinceH1(π,S O( f )(ks[X])) = 0 it follows thatη in (∗) is a bijection.
Comparing with the Galois cohomology forks-points we conclude that
H1(π,O( f0)(ks[X])) is in bijective correspondence withH1(π,O( f0)(ks)).
To conclude the proof of Theorem E, we need only show thatH1(π,O( f0)
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ks[X]) classifies quadratic forms overk[X]. Equivalently we have to
show that all orthogonal bundles over Specks[X] are trivial. And this
follows from Theorem B since (in view of our assumption that Chark ,
2) anyO(n)-bundle admits anS O(n)-reduction.

Remarks. (I). Theorems can be formulated for general connectedG205

using the main results of this paper. For this one takes into account
the following facts:

(i) For asplit unipotentG any principalG-bundle is trivial (This
is obvious).

(ii) If T is a torus then any torus bundle overAn is obtained
by base change fromk, (This can be proved by the follow-
ing observations. Whenk is separably closed this amounts
to saying that all line bundles are trivial; the general case
follows from Galois cohomology once one observes that
T(k̄s[X])

∼
−→ T(k̄)s).

(II). Theorem A has the following consequence: Given anyG-bundle
P, G acceptable, overAn, there is a product decompositionAn ≃

A1 × An−1 such thatP extends to a bundle overP1 × An−1. This
suggests that a classification ofG-bundles overAn is closely con-
nected with the study of families of bundles onP1.

(III). One can prove a sharper result than Theorem D for quasi-split
groups. The statement is:

Assume thatG is quasi-split acceptable and that the mapH1(k,G)
→ H1(k,AdG) is trivial. Suppose further that the central isogeny
G̃ → G of the simply connected covering group̃G on G is sep-
arable. Then any principalG-bundle onAn is obtained by base
change fromk.

This is proved by looking at the Galois cohomology exact sequence
(for ks[X] rational points) associated to the exact sequence

1→ C→ G̃→ G→ 1
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It appears likely that the hypothesis that the isogeny is separable is not
really necessary.

References

[1] H. Bass:Quadratic modules over polynomial rings,Preprint.

[2] F. Bruhat and J. Tits: in (Proceedings of a Conference on)Local
Fields,Ed. T.A. Springer, Springer-Verlag, (1967).

[3] C. Chevalley: Sur certaines groupes simples,Tohoku Math. J(2). 206

7(1955), 14-66.
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Geometry ofG/P-I
Theory of Standard Monomials for

Minuscule Representations

By C.S. Seshadri

Introduction. Let G be a semi-simple simply connected algebraic207

group defined over an algebraically closed fieldk. Let P be a maximal
parabolic subgroup inG andL the ample line bundle onG/P which gen-
erates PicG/P. We say thatP is minusculeif the Weyl groupW (fixing
of course a Borel subgroup, maximal torus etc.) acts transitively on the
weight vectors of the irreducibleG-moduleH0(G/P, L) (k assumed to
be of characteristic zero. Note then thatH0(G/P, L) is the irreducibleG-
module associated to a fundamental weight). We can then index these
weight vectors by{pτ}, τ ∈ W/Wi(P) (whereWi(P) denotes the Weyl
group of the maximal parabolic subgroupi(P) which is the transform of
P under the Weyl involutioni) so thatpτ is the highest weight vector,
whenτ ≡ Identity (modWi(P)). We say that a monomial in{pτ}, say

pτ1 pτ2 . . . pτm ∈ H0(G/P, Lm)

is standardif τ1 6 τ2 6 . . . 6 τm (cf. Def. 1). Then the main result of
this paper is the following (cf. . Th. 1):

Standard monomials of length m, which are distinct, form a
(*)

basis of H0(G/P, Lm),m> 0, P minuscule.

It is proved that this result holds also in arbitrary characteristic.
WhenG = S L(n), every maximal parabolic subgroup is minuscule.

In this case, when the base fieldk is of characteristic zero, (*) is due

245
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to Hodge (cf. [9], [10]) and is related to Young tableaux. When k is of
arbitrary characteristic, again forG = S L(n), (*) was proved to be true
by many, for example, by Musili (cf. [13]). That the generalisation is to
be sought for a minusculeP, was pointed out to the author by A. Borel.

An important consequence of (*) is that it allows one to determine
the ideal defining a Schubert variety inG/P, the scheme theoretic unions208

and intersections of Schubert varieties and the scheme theoretic hyper-
plane intersection of a Schubert variety, when this intersection decom-
poses into a union of Schubert varieties (cf. Th. 1). One knows (cf. [12])
that these are the main technical difficulties in trying to prove the fol-
lowing:

Hi(G/B, L) = 0, i > 0, L in the dominant chamber. (**)

The essential achievement of G. Kempf, in his proof of (**) (cf. [11]),
is that he is able to manage these technical difficulties forG of typeE6,
E7, E8 andF4 andP associated to what he calls adistinguished weight.
For the casesE6 and E7, there exists a distinguished weight which is
also minuscule. Hence from (*), a proof of (**) forG of typeE6 andE7

follows on the lines as in [12].
In another place, we shall given an application of (*) to the work

of C. De Concini and C. Procesi (cf. [7]) on their generalisation (to ar-
bitrary characteristic) of the classical theorems on invariants, which are
found, for example, in H. Weyl (cf. [24]).

The proof of Theorem 1 is related to the one in [13]. The two new
simple observations which have made the present generalisation possi-
ble and which the author missed for a long time, are as follows:

(i) it suffices to do the standard monomial theory when the base field
is of characteristic zero (cf. Remark 5);

(ii) it is not necessary to have,a priori, the quadratic relations defin-
ingG/P in its canonical projective imbedding, in the specific form
used in [13]. Such quadratic relations follow, once one has the
theorem on standard monomials (cf. Corollary 1, Theorem 1).

The proof of Theorem 1 is somewhat indirect and uses Demazure’s
results (cf. [8]) that Schubert varieties are Cohen-Macaulay when the
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ground field is of characteristic zero. One can give a more direct proof,
closer to that of [13], if the following could be checked directly when
the ground field is of characteristic zero (cf. Remark 8).

dim H0(G/P, L2) = ♯ (Distinct standard monomials of degree 2).
This could perhaps be done by a clever handling of the Weyl’s or De-
mazure’s character or dimension formula.

Chapter 1

Standard Monomials
209

1 Notations and preliminaries (cf. [1], [2], [3], [5],
[12]).

G = a semi-simple, simply-connected, split (Chevalley) groupover
a fieldk. Note thatG has also aZ-form i.e.,G can be considered
asG′ ⊗Z k, whereG is split, semi-simple overZ etc.

T = a maximal torus ofG; B = a Borel subgroup ofG, B ⊃ T. Roots
and weights indicated below are taken in the usual sense having
fixedT andB.

∆ = system of roots,∆+ = system of positive roots
S = simple roots:αi, 16 i 6 l, or the set [1, . . . , l]
W =Weyl group with simple reflectionssi(= sαi ), 1 6 i 6 l
̟i = fundamental weights, 16 i 6 l, i.e.,〈̟i , α̌ j〉 = δi j where ˇα j

denotes the coroot ofα j and〈, 〉 is as in [4].
U∞ = unipotent group≈ Ga associated toα ∈ ∆.
ω0 = the element of maximal length inW

i = the Weyl involution -ω0.
Let P be a parabolic subgroup ofG, P ⊃ B. ThenP is determined

by a subsetSP of S i.e. P is generated byB andU−α, α =
∑

niαi , ni > 0,
αi ∈ SP. Set

∆P =
{

α ∈ ∆/α =
∑

niαi , αi ∈ SP, ni ∈ Z
}
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∆
+

P =
{

α ∈ ∆/α =
∑

niαi , αi ∈ SP, ni > 0, ni ∈ Z
}

∆
−
P = { ” ” ” with ni 6 0, ni ∈ Z} .

We have
P = MP · UP

MP being generated byT andUα, α ∈ ∆P andUP being generated by
Uα, α ∈ ∆+, α < ∆+P. One knows thatUP is the unipotent radical ofP
and thatMP is reductive so thatMP (resp.UP) is called thereductive
(resp.unipotent) part ofP.

The subgroupWP of W generated by the simple reflectionssα, α ∈210

SP, is called theWeyl group of P. One sees thatWP is in fact the Weyl
group of the reductive partMP of P. The radical ofMP is a torus,
whose dimension= ♯(S − SP). Hence thecharacter group(i.e. group
of homomorphisms intoGm) of P (or of MP), considered as an abelian
group is free of rank= ♯(S − SP). One sees that the character group
of P can be identified with the group of charactersχ of T such that
ω(χ) = χ∀ω ∈ WP. From this fact it is seen easily that{̟i}, i ∈ S − SP

form a basis of the character group ofP.
In the sequel we will be working with amaximal parabolic subgroup

P. We write i0 = S − SP and̟ = ̟i0, i0 ∈ [1, . . . , l] = S. We assume
that the base fieldk is algebraically closed.

Let V denote the space of regular functionsf onG such that

f (gb) = χ̟(b) f (g)

whereχ̟ denotes the character ofB defined by the fundamental weight
̟. ThenV can be identified with the space of sections of the line bundle
L onG/B associated to the characterχ−1

̟ : B→ k of B. Nowχ̟ extends
to a character ofPandV can in fact be identified withH0(G/P, L), where
by the sameL we denote the line bundle associated to the character
χ−1
̟ : P→ k. Now V has a uniqueB-fixed line and let us fix a generator

F of this line. We have

F(b1gb2) = χ−1
i(̟)(b1)F(g)χ̟(b2), bi ∈ B.

If f : G→ k is a regular function onG, we define
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Lh f (g) = (h◦ f )(g) = f (h−1g), g, h ∈ G. (left regular representation).
We find

b1 · F(g) = F(b−1
1 g) = χi(̟)F(g)

so that the weight ofF is i(̟) i.e. thehighest weight of Vis i(̟).
For w ∈ W, we denote byX(w) the Schubert variety associated tow

i.e. the closureBwBof BwB in G. Let X0 denote the set of zeros ofF.
Then it isP-stable on the right andB-stable on the left. We denote by
the sameX0 the subvariety ofG/P defined byX0. ThenX0 is the unique
codimension one Schubert variety inG/P. We claim that

X0 = X(ω0s) = X(i(s)ω0), s= si0, i0 = S − SP, i(s) = ω0sω0.

To check this, sinceX(ω0s) is of codimension one inG/B, it suffices 211

to check thatX(ω0s) is P-stable on the right. This is a consequence of
Prop. 1.4, [12] and by this proposition we have only to check that

(ω0s)(α) < 0 ∀α ∈ ∆+P.

Hence it suffices to check that

s(α) ∈ ∆+, α = αi , i ∈ SP i.e. i , i0, s= si0.

We havesi0(αi) ∈ ∆+, i , i0 and thus the claim thatX0 = X(ω0s) is
proved.

We observe now that the sethX0, h ∈ G, is precisely the zero set
of LhF = F(h−1g). We observe that fort ∈ T, t leaves stable the set
X0 and hence the notationτX0, τ ∈ W makes sense. Now ifτ ∈ W,
τ · F(g) = F(τ−1g) is well-defined only upto a scalar multiple; however
we use this notation as it is convenient for us.

Note that the Weyl groupW does not operate even on the projective
spaceP(V) associated toV (as the torus operates with different weights
on the weight vectors). Of course the normaliserN(T) of T operates on
V.
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2 Preliminaries on the ideals of Schubert varieties
in G/P.

Lemma 1. For τ ∈W, we have

τX0 = X0⇔ τ ∈Wi(P)

where i(P) denotes the maximal parabolic group w0Pω0 (i.e. the parabolic
subgroup associated to the subset i(SP) of S ).

Proof. Observe that the action ofW on the charactersχ of T is defined
as follows:

τ · χ(t) = χ(τ−1tτ)

We have then (τ1τ2) · χ = τ1 · (τ2χ). DefineH(g) by

H(g) = F(τ−1g) = LτF(g), g ∈ G.

The zero set ofH(g) is τX0 as mentioned above. We have

t.H(g) = H(t−1g) = F(τ−1t−1g) = F(τ−1t−1ττ−1g)

= χi(ω)((τ
−1t−1τ)−1)F(τ−1g) = χi(ω)(τ

−1tτ)H(g)

= χτi(ω)(t)H(g).

This shows thatH(g) is a weight vector underT with weightχτi (ω). By212

the uniqueness of the codimension one Schubert variety inG/P and the
fact thatF is the unique (upto scalars) element inV with weight i(ω), it
follows that

τX0 = X0⇔ X0 = zero set ofH(g)

⇔ τi(ω) = i(ω) i.e τ ∈Wi(P).

This completes the proof of Lemma 1. �

Lemma 2. The correspondence

τ 7→ X(τw0) = Bτw0P, τ ∈W

induces a bijection of W/Wi(P) onto the set of Schubert varieties in G/P.
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Proof. We have the following:

X(τ1ω0) = X(τ2ω0)⇔ τ1ω0 = τ2ω0θ, θ ∈WP

⇔ τ1 = τ2(ω0θw0)⇔ τ1 = τ2λ, λ ∈Wi(P).

This proves Lemma 2. �

Definition 1. We writeτ1 6 τ2 for τi ∈ W/Wi(P), whenever X(τ1ω0) ⊇
X(τ2ω0). In a similar fashion we writeτ1 > τ2, τ1 � τ2 or τ1 
 τ2.

We see thatτ1 6 τ2, τi ∈ W/Wi(P), if and only if we can find rep-
resentatives ofτi in W (represented by the same lettersτi) such that a
reduced expression ofτ2ω0 (resp.τ1) can be obtained as a “subword”
from a reduced expression ofτ1w0θ (resp.τ2λ), θ ∈WP (resp.λ ∈Wi(P))
(cf. p. 98, Prop. 1.7, [12]).

Lemma 3. We have the following:

(i) X(τ1w0) 1 τ2X0 if τ2 > τ1

(ii) X (τ2w0) ⊂ τ2X0 if τ2 � τ1

i.e. (i) and (ii) can be written as

X(τ1w0) ⊆ τ2X0⇔ τ2 � τ1.

Proof. (i) We observe first that

X(τ1w0) 1 τ1X0.

To see this, suppose that this is not the case. Then we have

τ1w0 ∈ τ1X0 which implies thatw0 ∈ X0.

This leads to a contradiction (for this would meanX0 = big cell). 213

Suppose thatτ2 > τ1. ThenX(τ2ω0) ⊂ X(τ1w0). We have

X(τ2ω0) 1 τ2X0

This implies,a fortiori, thatX(τ1w0) 1 τ2X0.
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(ii) We have to show that

τ−1
2 X(τ2w0) ⊂ X0 if τ2 � τ1.

Let C(w) = BwP (Bruhat or Schubert cell). It suffices to check
that

τ−1
2 C(τ1w0) ⊂ X0.

Choose a representative ofτ2 in W and a reduced decomposition

τ2 = s1 . . . sp

By the axioms (or properties) of a Tits system (axiom T-3 and its
easy consequence, cf. [4] pp. 22-23), we deduce that

τ−1
2 C(τ1w0) ⊂

⋃

(si1 ...sik )

B(sik . . . si1)τ1w0P (*)

where (si1 . . . sik) runs through all “subwords” ofs1 . . . sp (i.e. a
word consisting of a subset ofs1, . . . , sp and written in the same
order). Note thatsik . . . si1 = (si1 . . . sik)

−1. We claim that to prove
(ii), it suffices to check that in (*) everyB(sik . . . si1)τ1w0P(mod P)
is not the big cell inG/P. For, if this property is true, then every
B(sik . . . si1)τ1w0P(mod P) in (*) is contained inX0 (the condi-
mension one Schubert variety inG/P contains anyproper (i.e.
, G/P) Schubert variety inG/P) and (ii) would then follow. Sup-
pose then that

B(sik . . . si1)τ1w0P = Bw0P(big cell inG/P)

wheresi1 . . . sik is a subword of (s1 . . . sp). This implies that

sik . . . si1τ1w0 = w0θ, θ ∈Wp

i.e. sik . . . si1τ1 = w0θw0 = θ
′, θ′ ∈Wi(P)

i.e. (si1 . . . sik)θ
′
= τ1, θ

′ ∈Wi(P).
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From Lemma 2 , it follows then that

X(τ1w0) = X(si1 . . . sikw0).

But now X(si1 . . . sikw0) ⊃ X(τ2w0) sincesi1 . . . sik is a subword214

of τ2 = s1 . . . sp. HenceX(τ1w0) ⊃ X(τ2w0), which contradicts
the assumption thatτ2 � τ1. This concludes the proof of (ii) and
hence of Lemma 3.

�

Lemma 4. We have the following:
X(τw0)∩τX0 = union of all Schubert varieties in X(τw0) of codimen-

sion one= union of all proper Schubert subvarieties of X(τw0) (X(τw0)
as in Lemma 2).

Equivalently (because of Lemma 3)
(Big cell in X(τw0)) ∩τX0 is empty.

(The intersections taken in this lemma are set theoretic).

Proof. Now X(τw0)∩ τX0 is of pure codimension one inG/P. Hence it
suffices to prove that

X(τw0)∩τX0 = union of all proper Schubert subvarieties ofX(τw0).
By Lemma 3, ifτ1 > τ andτ1 , τ

X(τ1w0) ⊂ τX0(for τ � τ1).

HenceX(τw0) ∩ τX0 contains all the proper Schubert subvarieties of
X(τw0) in G/P. Thus to prove Lemma 4, it suffices to show that

(Big cell in X(τw0)) ∩ τX0 isempty.

This is easily shown as follows (cf. Prop. A. 4, [12]): we haveto show
that

Bτw0P∩ τX0 is empty.

Take the action ofB on G/B induced by left multiplication and let us
compute the isotropy group atτw0 ∈ G/B:

bτw0 = τw0b′(b, b′ ∈ B) i.e. (τw0)−1b(τw0) ∈ B.
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Hence ifB1 is the isotropy sub-group at (τw0), we have

B1 = {b ∈ B/(τw0)−1b(τw0) ∈ B}

= T ×
∏

α

Uα/(τw0)−1(α) > 0, α > 0

= T ×
∏

α

Uα/α > 0, τ−1(−α) > 0 i.e τ−1(α) < 0.

Now B = B1 × B2, where215

B2 =

∏

α

Uα






τ−1(α) = β > 0, α > 0

i.e.α = τ(β), α > 0, β > 0

Hence

T · B2 = B∩ τBτ−1.

Therefore, ify ∈ Bτw0B, we have

y = b1τw0b2, bi ∈ B, b1 = τcτ
−1, c ∈ B.

Hence

y = τcw0b2; b2, c ∈ B,

This implies that

Bτw0B∩ τX0 is empty

for otherwiseτcw0b2 = τθ, θ ∈ X0 which implies thatcw0b2 ∈ X0 and
this gives thatw0 ∈ X0 which is a contradiction. Now it is immediate
that

Bτw0P∩ τX0 is empty

for otherwise

x = bτw0p ∈ τX0, b ∈ B, p ∈ P

i.e. xp−1
= bτw0 ∈ τX0 i.e. Bτw0B∩ τX0 is empty-which is a contra-

diction. Thus Lemma 4 is proved. �
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Lemma 5. Let L be the line bundle on G/P and F the section of L whose
zero set is X0 as in §1 (the space of sections of L gives a realisation of
the irreducible representation of G with highest weight i(ω) in charac-
teristic zero). Let A1 be the linear subspace of H0(G/P, L) spanned by
τ · F, τ ∈W/Wi(P). Then the linear system A1 has no base points.

Proof. We have to show that givenx ∈ G/P, there existsτ ∈ W/Wi(P)

such thatx < τX0. We can suppose thatx is in the big cell of a suitable
Schubert varietyX(τw0), asG/P is the union of Schubert (or Bruhat)216

cells and distinct Schubert cells are mutually disjoint. Bythe second
part of Lemma 4, it follows thatx < τX0. This proves Lemma 5. �

Remark 1. It is well-known that PicG/P = Z, L is ample and generates
PicG/P. Since the linear systemA1 in Lemma 5 has no base points,A1

defines amorphism

ϕ : G/P→ P(A∗1),A∗1 = dual ofA1.

We see thatϕ is afinite morphism; this is a consequence of the fact that
L is ample, for on a fibre ofϕ the restriction ofL is trivial and one would
get a contradiction if the dimension of the fibre is strictly greater than
zero. In particular we have

dim . Image ofϕ = dimG/P.

3 Standard monomials

Let L(τ) denote the restriction ofL to the Schubert subvarietyX(τw0) of
G/P (we endowX(τw0) with the canonical structure of a reduced closed
subscheme ofG/P), L being the ample generator of PicG/P.

We set:

R(τ) =
∞⊕

n=0

H0(X(τw0), L(τ)n); R(τ)n = H0(X(τw0), L(τ)n)

R(e) = R=
∞⊕

n=0

H0(G/P, Ln),Rn = H0(G/P, Ln)
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(e= element ofW/Wi(P) corresponding to the classWi(P))
I =W/Wi(P), Ir = {τ1 ∈ I/τ1 > τ}.
pr = the sectionτ · F of L onG/P (F as in §1 and Lemma 5).
A(τ) = subalgebra ofR(τ) generated byPλ, λ ∈ Iτ
A = A(e), e= the element ofI =W/Wi(P) defined byWi(P).

Definition 2. An element p∈ Rm (resp. R(τ)m) of the form

p = pτ1 . . . pτm, τi ∈ I (resp. Ir ), τ1 6 . . . 6 τm)

is called a standard monomial in I (resp. Iτ) of degree or length m.

Proposition 1. Distinct standard monomials in Iτ are linearly indepen-217

dent (as elements of R(τ)). In particular distinct standard monomials in
I are linearly independent.

Proof. We prove this by induction on dimX(τw0). By definition R(τ)
is a graded ring and hence it suffices to prove that standard monomials,
say inR(τ)m are linearly independent. Suppose now that dimX(τw0) =
0 i.e. X(τw0) reduces to a pointx0 ∈ G/P. Then Iτ reduces to one
element, namelyIτ = {τ} and upto a constant multiple, there is only one
standard monomial inR(τ)m namelypm

τ . Furtherpm
τ , 0, for by Lemma

3, pτ(x0) , 0. Thus the proposition holds when dimX(τw0) = 0.
Let us now pass to the general case. Observe thatR(τ) is an integral

domain. Sincepτ , 0 in R(τ) (Lemma 3), it follows in particular that

λpτ = 0, λ ∈ R(τ)⇒ λ = 0.

Suppose now thatp ∈ R(τ)m can be expressed in the form

p =
∑

(λ)

a(λ) pλ1 pλ2 . . . pλm (*)

where (λ) = (λ1 . . . , λm), λ1 6 . . . 6 λm, runs overdistinct elements of
Im
τ anda(λ) , 0, a(λ) ∈ k. We shall now show thatp = 0 leads to a

contradiction.
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Case (i).Suppose that on the right side of (*) we have a (standard)
monomial of the forma(β)pβ1 . . . pβm, β1 > τ(β1 , τ) (of coursea(β) ,

0).
Let qdenote the restriction ofp to X(β1w0). Thenq can be expressed

as a sum of standard monomials as follows:

q =
∑

(λ)

a(λ) pλ1 . . . pλm, (λ) as in (∗) andλ1 > β1, (**)

i.e. q is obtained from the right hand side of (*) by cancelling all the
terms such thatλ1 � β1 (by Lemma 3,pλ1 vanishes onX(β1w0) when
λ1 � β1). The right hand side of (**) contains at least one term, namely
a(β) pβ1 . . . pβm; besides it consists of distinct standard monomials, as it is
obtained from the right hand side of (*) by cancelling some terms. We
have

X(β1w0) $ X(τw0).

Hence by our induction hypothesis,q , 0, so that a fortiorip , 0. 218

Case (ii).We have only to consider the case, when in (*)λ1 = τ for
every (λ).

In this case we havep = pτp′. Furtherp′ is a sum of distinct stan-
dard monomials, in fact in (*) we have only to cancel the first term
pλ1 = pτ of every monomial. To prove thatp , 0, it suffices to prove
that p′ , 0 sinceR(τ) is an integral domain. Nowp′ ∈ R(τ)m−1 and
hence by induction onmwe can suppose thatp′ , 0. Thusp , 0.

This proves Proposition 1. �

Let us recall that we denoted byA(τ) (resp.A) the graded subalgebra
of R(τ) (resp.R) generated bypλ, λ ∈ Iτ (resp.λ ∈ I ). Set

Y(τ) = Proj. A(τ), Y = Proj. A(Y = Y(e)).

ThenY(τ) is a variety and can be identified with the image ofX(τw0)
by the canonical morphism into a projective space defined by the linear
systemA(τ)1 = {pλ/λ ∈ Iτ}. By Lemma 5, the canonical morphism
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X(τw0)→ Y(τ) is a finite morphism and since it is surjective, it follows
that dimY(τ) = dim X(τw0). The graded algebraA(τ) is generated by
A(τ)1 (=homogeneous elements of degree one inA(τ)). We have canon-
ical surjective homomorphisms

A→ A(τ)→ 0,A(τ1)→ A(τ2)→ 0, τ2 > τ1

induced by the canonical (restriction) homomorphisms

R→ R(τ),R(τ1)→ R(τ2), τ2 > τ1.

We thus get canonical immersions

Y(τ) ֒→ Y,Y(τ2) ֒→ Y(τ1), τ2 > τ1.

We see thatA(τ) is the homogeneous coordinate ring ofY(τ) in the pro-
jective space associated to the linear systemA(τ)1 (on X(τw0)).

Definition 3. A subset T of I is said to be a ‘right half space’ (resp. ‘left
half space’) if the following property holds:

λ ∈ T, µ ∈ I andµ > λ(resp. µ 6 λ)⇒ µ ∈ T.

We see that intersections and unions of right (resp. left) half spaces219

are again right (resp. left) half spaces. The complement inI of a right
half space is a left half space. IfT is a right half space, then

T = Iτ1 ∪ . . . ∪ Iτr

whereτ1, . . . , τr are the distinct minimal elements ofT. We setX(T) to
be theschematic union

X(T) = X(τ1w0) ∪ . . . ∪ X(τrw0).

We have then

T = {τ ∈ I/restriction ofpτ to X(T) , 0}.
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SinceX(τiw0) is reduced,X(T) is reduced. We speak ofstandard mono-
mials in a right half space T, namely elements of the form

pτ1 pτ2 . . . pτm, τ1 ∈ T(then allτi ∈ T).

From Proposition 1, it follows immediately that distinct standard mono-
mials inT are linearly independent (in fact their restrictions toX(T) are
linearly independent). We defineY(T) as theschematic union

Y(T) = ∪Y(τi), τi minimal elements ofT.

We see thatY(T) is reducedsinceY(τi) is reduced. We note that

X(Iτ) = X(τw0),Y(Iτ) = Y(τ), τ ∈ I .

We denote byY0 the subvariety ofY, which is the image ofX0 by the
canonical morphismX → Y i.e. Y0 = Y(s), s = S − SP. We denote by
τY0 the subvariety ofY, which is the zero set ofpτ, τ ∈ W/Wi(P). We
denote byR(T) the graded algebra

R(T) =
∞⊕

n=0

H0(X(T), (L/X(T))n)

and byA(T) the graded subalgebra ofR(T) spanned by{pτ}, τ ∈ T (it
suffices to takeτ ∈ T). We see thatA(T) is the homogeneous coordinate
ring of Y(T) (with respect to the projective imbedding ofY considered
above) and that

A(T) = A(Iτ) = A(τ) whenT = Iτ.

We have canonical surjective homomorphisms
A → A(T) → 0, A(T1) → A(T2) → 0; T2 ⊆ T1 (Ti right half 220

spaces).

Definition 4. Let T be a right half space. We set
χ(T,m) , ♯ (Set of distinct standard monomials in T of degree m)
χ(T, 0) = 1 andχ(T,m) = 0, m< 0.
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Lemma 6. (i) I τ − {τ} is a right half space; in fact if T is a right
half space andτ1, . . . , τr are some distinct element chosen from
the minimal elements of T, then

T − {(τ1, . . . , τr )} is again a right half space. We have

Iτ − {τ} =
⋃

τi

Iτi

whereτi are precisely the minimal elements in Iτ such that l(τi) =
l(τ) + 1 (l = length in W/Wi(P) or equivalently l(τ) = codimension
of X(τw0) in G/P).

(ii) We have (similar to Lemma 4)

Y(τ) ∩ τY0 = Y(T), T = Iτ − {τ}

in the set theoretic sense.

(iii) χ(T1 ∪ T2,m) = χ(T1,m) + χ(T2,m) − χ(T1 ∩ T2,m)

(iv) χ(Iτ,m) = χ(Ir − {τ},m) + χ(Iτ,m− 1)

Proof. The proof of (ii) is an immediate consequence of Lemma 4 and
the definition ofY(τ). The proof of the other assertions is straightfor-
ward and immediate and is left as an exercise. �

4 Consequences of the hypothesis of generation by
standard monomials.

Let T0 be a right half space inI . If T is a right half space such that
T ⊆ T0, we see that (T0 − T) is a left half space in T0 i.e.

λ ∈ (T0 − T), µ 6 λ⇒ µ ∈ T0 − T.

We can similarly defineright half spaces T in T0, but this is equivalent
to the fact thatT is a right half space inI , T ⊆ T0. As in the caseT0 = I ,
we note that

T right half space inT0⇔ T0 − T is a left half space inT0.
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Proposition 2. Let T0 be a right half space in I. Suppose that A(T0) is221

spanned by standard monomials in T0. Then we have:

(i) For every right half space T in T0, A(T) is spanned by standard
monomials in T and the kernel of the canonical surjective homo-
morphism (of algebras)

A(T0)→ A(T)

is the ideal in A(T0) generated by{pτ}, τ ∈ T0 − T.

(ii) Let S be a left half space in T0, T = T0 − S and J(S) the ideal in
A(T0) generated by{pτ} τ ∈ S . Then the map

S 7→ J(S)

from the set of left half spaces in T0 into the set of ideals in A(T0)
takes set intersection into ideal intersection, set union into ideal
sum and preserves distributivity properties.

(iii) Consider the map
T 7→ Y(T)

from the set of right half spaces in T0 into the set of closed sub-
schemes of Y(T0). Then this is a bijective map of the set of right
half spaces in T0 onto the set of closed subschemes of Y(T0), each
member of which is a (scheme theoretic) union of Y(τ), τ ∈ T0.
Further this map takes set union into scheme theoretic union, set
intersection to scheme theoretic intersection and preserves dis-
tributivity properties. Since unions and intersections ofright half
spaces in T0 are again right half spaces in T0 and Y(T) is reduced
(T right half space in T0), it follows that unions and intersections
of Y(T) are again reduced.

Proof. (i) Let j be the canonical homomorphism

j : A(T0)→ A(T).
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Since j is surjective, it is immediate thatA(T) is generated by
standard monomials, sinceA(T0) has this property by hypothesis.
Let J be the ideal inA(T0) generated by{pτ}, τ ∈ T0−T. By (ii) of
Lemma 3, it follows thatJ ⊂ Ker j. Hence j induces a canonical
homomorphism

j′ : A(T0)/J→ A(T).

We have to prove thatj′ is an isomorphism. Letθ1 be a non-zero222

element ofA(T0)/J. Choose a representativeθ ∈ A(T0) of θ1.
Thenθ can be written as a linear combination of standard mono-
mials inT0, but sincepτ ∈ J for τ ∈ T0 − T, in this sum we can
cancel those terms which involvepτ, τ ∈ T0 − T. Thus the repre-
sentativeθ of θ1 can be chosen so that it is a linear combination of
standard monomials inT andθ , 0. Now by Prop. 1, it follows
that j(θ) , 0. This implies thatj′(θ1) , 0, which shows thatj′ is
injective. This proves (i).

(ii) The mapJ in (ii) of Prop. 2, obviously takes set union to ideal
sum. On the other hand, to show thatJ(S1)∩ J(S2) = J(S1∩S2),
Si left half space inT0, we first observeJ(S1 ∩ S2) ⊂ J(S1) ∩
J(S2). If T1 = T0−S1 andT2 = T0−S2, we see immediately that
J(S1) ∩ J(S2) vanishes onX(T)(= X(T1) ∪ X(T2)), T = T1 ∪ T2.
On the other hand by (i)J(S1 ∩ S2) is the ideal of all elements
in A(T0) vanishing onX(T). HenceJ(S1 ∩ S2) ⊃ J(S1) ∩ J(S2).
This proves the assertionJ(S1 ∩ S2) = J(S1) ∩ J(S2). The other
assertions in (ii) follow easily.

(iii) On account of (i), (iii) is just a reformulation of (ii).
This completes the proof of Prop. 2. �

Corollary 1. Let T0 be a right half space in I such that A(T0) is spanned
by standard monomials. Letτ be an element of W/Wi(P) such that Iτ ⊂
T0. Then the set theoretic intersection in (i), Lemma 6, is in fact scheme
theoretic, i.e.

Y(τ) ∩ τY0 = Y(T),T = Iτ − {τ}
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where the intersection is scheme theoretic. In particular,the scheme
theoretic intersection Y(τ) ∩ τY0 is reduced.

Proof. This is an immediate consequence of Prop. 2. The scheme theo-
retic intersectionY(τ)∩ τY0 is defined by the idealJ in A(T0) generated
by pλ, λ ∈ T0 − Iτ andpτ. We observe that (T0 − Iτ) ∪ {τ} is a left half
space inT0, since its complementIτ − {τ} is a right half space (cf. (i),
Lemma 6). HenceY(T) is the scheme theoretic intersectionY(τ) ∩ τY0,
T = Iτ − {τ}. This proves the corollary. �

Remark 2. Let M be the very ample line bundle onY (cf. §3 for the 223

definition of Y) induced by the linear system{pτ}, τ ∈ I . We denote
this bundle byOY (1) and we denote the restriction of this line bundle to
Y(T) by OY(T) (1), T a right half space inI .

Suppose now thatT0 is a right half space inI such thatA(T0) is
generated by standard monomials (inT0). Let Iτ ⊂ T0, τ ∈ I . Then Cor.
1, Prop. 2 gives the exact sequence

0→ OY(τ)(−1)→ OY(τ) → OY(T) → 0,T = Iτ − {τ}. (1)

Corollary 2. Let {Ti}, 1 6 i 6 r, be a family of right half spaces in
I, such that A(Ti) is spanned standard monomials,1 6 i 6 r. Then if
T = T1 ∪ . . . ∪ Tr , A(T) is also spanned by standard monomials.

Proof. By induction onr, obviously it suffices to prove the proposition
for the caser = 2. First we claim that

Y(T1) ∩ Y(T2) = Y(T1 ∩ T2) (scheme theoretically).

To prove this, consider the idealJ in A(T1) which defines the scheme
theoretic intersectionY(T1) ∩ Y(T2). Obviously J contains allpτ for
τ ∈ (T1 − T1 ∩ T2). By Prop. 2, sinceA(T1) is generated by standard
monomials andT1 − T1 ∩ T2 is a left half space inT1, it follows that
A(T1)/J = A(T1 ∩ T2). This is precisely the above claim.

Let now B be a commutative ring andJ1, J2 two ideals inB. Then
one sees easily that the homomorphismB → B/J1 ⊕ B/J2 defined by
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b 7→ (bmod J1, bmod J2) induces the following exact sequence ofB-
modules

0→ B/J1 ∩ J2→ B/J1 ⊕ B/J2
j
−→ B/J1 + J2→ 0

where j(b1, b2) = b1 − b2(mod J1 + J2) and (b1, b2) in B⊕ B represents
an element ofB/J1 ⊕ B/J2. If J1 ∩ J2 = 0, then this gives

0→ B→ B/J1 ⊕ B/J2→ B/J1 + J2→ 0. (*)

Let J = SpecB and Zi the closed subschemes ofZ, Zi = SpecB/Ji,
i = 1, 2. Then we have

(i) J1 ∩ J2 = 0⇔ Z = Z1 ∪ Z2 (scheme theoretic union)

(ii) SpecB/J1 + J2 = Z1 ∩ Z2.224

Thus from (*), it follows that ifZi, i = 1, 2, are closed subschemes of
Z such thatZ = Z1 ∪ Z2 (scheme theoretic), then we have the following
exact sequence ofOZ-modules (patching upZ1 andZ2 alongZ1 ∩ Z2)

0→ OZ → OZ1 ⊕ OZ2 → OZ1∩Z2 → 0.

From the above general remark, it follows that we have an exact
sequence ofOY(T)-modules (T = T1 ∪ T2)

0→ OY(T) → OY(T1) ⊕ OY(T2) → OY(T1∩T2) → 0. (2)

By hypothesis
dimA(Ti)m = χ(Ti ,m), i = 1, 2

and by Prop. 2, sinceT1 ∩ T2 ⊂ T1

dim A(T1 ∩ T2)m = χ(T1 ∩ T2,m).

By (ii) of Lemma 6, it follows that

χ(T,m) = dimA(T)m.

On the other hand, by Prop. 1, the subsapce inA(T)m spanned by stan-
dard monomials is of dimensionχ(T,m). Hence it follows thatA(T)m is
spanned by standard monomials. This proves Corollary 2, Proposition
2. �
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Proposition 3. Let T0 be a right half space in I such that A(T0) is
spanned by standard monomials. Then for every right half space T in
T0, we have:

(i) dim H0(Y(T),OY(T)(m)) = χ(T,m) or equivalently (because of
Prop. 2)

A(T)m = H0(Y(T),OY(T)(m)),m> 0.

In particular, if T1, T2 are two right half spaces in T0 such that
T1 ⊂ T2, then the canonical homomorphism

H0(Y(T2),OY(T2)(m))→ H0(Y(T1),OY(T1)(m)),m> 0

is surjective

(ii) Hi(Y(T),OY(T)(m)) = 0, i > 0, m> 0

Proof. We prove the proposition by induction on dimY(T) (= dimX(T), 225

cf. Remark 1). Letn = dimY(T). We claim that it suffices to prove
the proposition whenY(T) is of the formY(τ), τ ∈ I . To prove this,

sinceY(T) is the schematic union ofY(τi),T =
r⋃

i=1
Iτi (τi-the minimal

elements ofT), we see easily that it suffices to prove the following:






Let T1 = Iτ1 andT2 =

r⋃

i=2

Iτi . Suppose that (i) and

(ii) above hold forY(T1) andY(T2); then they hold for

Y(T), T = T1 ∪ T2.






(*)

The claim (*) is an easy consequence of the exact sequence 2 (cf. Cor.
2, Prop. 2), namely the exact sequence ofOY(T) modules

0→ OY(T) → OY(T1) ⊕ OY(T2) → OY(T1∩T2) → 0 (**)

We see that dimY(T1 ∩ T2) 6 (n− 1). Hence the proposition is true for
Y(T1 ∩ T2). In particular,

H0(OY(T1∩T2)(m)) = A(T1 ∩ T2)m
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and it is spanned by standard monomials. Hence the canonicalmap

H0(OY(T1)(m) ⊕ OY(T2)(m))→ H0(OY(T1∩T2)(m)) (***)

is surjective form > 0. Writing the cohomology exact sequence for
(**), we get

dim H0(OY(T1∪T2)(m)) = χ(T1,m) + χ(T2,m) − χ(T1 ∩ T2,m),

which implies (by Lemma 6) that

dimH0(OY(T1∪T2)(m)) = χ(T1 ∪ T2,m).

Thus the assertion (1) of Prop. 3 follows.
Since the map (***) is surjective, we see that the sequence

0→ H1(OY(T1∪T2)(m))→ H1(OY(T1)(m)) ⊕ H1(OY(T2)(m)),m> 0 (3)

induced by the cohomology exact sequence of (**) is exact. Further we
get the exact sequence

0→ Hi−1(OY(T1∩T2)(m))→ Hi(OY(T)(m))→ Hi(OY(T1)(m)) ⊕ Hi

(OT(Y2)(m)) for i > 2, m > 0. Since dimY(T1 ∩ T2) 6 (n − 1), by the226

induction hypothesis, we have

Hi−1(OY(T1∩T2)(m)) = 0, i > 2, m> 0.

Thus we get the exact sequence

0→ Hi(OY(T1∪T2)(m))→ Hi(OY(T1)(m)) ⊕ Hi(OY(T2)(m)),






i > 2

m> 0.

Combining this with (3) above, we get

Hi(OY(T)(m)) = 0, i > 1,m> 0.

This proves the claim (*) above i.e. it suffices to prove the proposition
for Y(τ), τ ∈ I .
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Let T = Iτ − {τ}. Tensoring the exact sequence (1) in Remark 2 by
OY(τ)(m), we get the exact sequence

0→ OY(τ)(m− 1)→ OY(τ)(m)→ OY(T)(m)→ 0,m> 0. (4)

We have dimY(T) = (n− 1). By our induction hypothesis, it follows, in
particular, thatH0(OY(T)(m)) = A(T)m and that it is spanned by standard
monomials. Thus implies that the canonical map

H0(OY(τ)(m))→ H0(OY(T)(m)), (5)

is surjective. If we setλm = dimH0(OY(τ)(m)), writing the cohomology
exact sequence for (4) at theH0 level, we get

λm− λm−1 = χ(T,m) for all m(noteλm = χ(T,m) = 0,m< 0).

On the other hand, by Lemma 6, we get

χ(Iτ,m) − χ(Iτ,m− 1) = χ(T,m) for all m.

For m6 0, we see immediately thatχ(Iτ,m) = λm. From this it follows
thatχ(Iτ,m) = λm i.e.

χ(Iτ,m) = dim H0(OY(τ)(m)) for all m.

Writing the cohomology exact sequence for (4) and using the fact that
the proposition holds forOY(T)(m) (on account of the inductive hypoth-
esis) and the surjective map (5) above, we deduce easily the following:

0→ Hi(OY(τ)(m− 1))→ Hi(OY(τ)(m)) is exact,i > 1,m> 0.

One knows thatHi(OY(τ)(m)) = 0, i > 1 andmsufficiently large (Serre’s 227

theorem). Hence by decreasing induction onm, we deduce immediately
that

Hi(OY(τ)(m)) = 0, i > 1, m> 0.

This concludes the proof of Prop. 3. �



268 C.S. Seshadri

Corollary 1. Let T0 be a right half space in I such that A(T0) is spanned
by standard monomials. Let

Ŷ(T) = SpecA(T),T right half space in T0.

Then we have the following:

(i) Ŷ(T) is reduced

(ii) Consider the map
T 7→ Ŷ(T)

from the set of right half spaces in T0 into the set of closed sub-
schemes of̂Y(T0). Then this is a bijective map of the set of right
half spaces in T0 onto the set of closed subschemes ofŶ(T0), each
member of which is a (schematic) union ofŶ(τ), τ ∈ T0. Further
this map takes set union into scheme theoretic union, set intersec-
tion to scheme theoretic intersection and preserves distributivity
properties. Since unions and intersections of right half spaces in
T0 are again right half spaces in T0 and Ŷ(T) is reduced, it fol-
lows that unions and intersections ofŶ(T) are again reduced (T
right half spaces in T0).

(iii) Ŷ(τ) is normal forτ ∈ I such that Iτ ⊂ T0. In particular, for such
a τ, Y(τ) is normal. We refer tôY(T) as cones over Y(T).

Proof. SinceY(T) is reduced and

A(T) =
⊕

m>0

H0(OY(T)(m)) (by Prop. 3),

it follows immediately that̂Y(T) is reduced. The assertion (ii) is merely
the assertion (ii) of Prop. 2.

Let τ ∈ I be such thatIτ ⊂ T0. Hence as in the proof of Cor. 1, Prop.228

2, it follows that

A(τ)/pτA(τ) = A(T),T = Iτ − {τ}.
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Let Oτ be the local ring of̂Y(τ) at its “vertex” i.e. the point correspond-
ing to the irrelevant maximal ideal of the graded ringA(τ). SinceA(T)
is reduced by (i) above, it follows thatOτ/pτOτ is reduced. This implies
that

depthOτ > 2.

On the other hand, it has been shown by Chevalley [6] that the singular-
ity subset ofY(τ) is of Codim> 2 in Y(τ). It follows that the singular
locus ofOτ is of Codim> 2 in SpecOτ. It follows then thatOτ is nor-
mal. i.e. the conêY(τ) is normal at its vertex. HencêY(τ) as well asY(τ)
are normal (note of course thatŶ(τ) is thecone over Y(τ) in the usual
sense for the imbedding ofY(τ) in the projective space corresponding to
the linear system onY defined byA1). This proves Cor. 1, Prop. 3. �

Remark 3. Let T0 andτ be as in Cor. 1, Prop. 3 (Iτ ⊂ T0). It should be
possible to prove that̂Y(τ) is Cohen-Macaulay by showing that

Hi(OY(τ)(m)) = 0, 0 6 i < dimY(τ),m< 0 (*)

Let T = Iτ − {τ} andτi , 1 6 i 6 r, be the minimal element ofT so
thatY(τi) are the irreducible components ofY(τ)∩τY0. For proving (*),
following the argument as in Prop. 3 for the casem> 0 (see for example
[13]), it is seen easily that one has to show that

Y(τi) ∩ Y(τ j)(i , j) is of pure Codim 1 inY(τi)

Equivalently one has to show that (cf. Remark 1)

X(τiw0) ∩ X(τ jw0)(i , j) is of Codim 1 inX(τiw0).

When P is miniscule(cf. §5, below), this has been proved by Kempf
(cf. [11]) and a proof has also been shown to the author by Lakshmibai
and Musili.

Remark 4. Suppose thatY(τ)(τ ∈ I ) is of dimensionn and thatA(T) 229

is spanned by standard monomials whenever dimY(T) 6 (n − 1) (T a
right half space inI ). Then to show thatA(τ) is spanned by standard
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monomials,we claim that it suffices to prove that the scheme theoretic
intersection Y(τ) ∩ τY0 is reduced. For, one has the following exact se-
quence (cf. exact sequence (1) in Remark 2, what is essentialfor having
this exact sequence is thatY(τ) ∩ τY0 is reduced and in Remark 2 this
follows from Cor. 1, Prop. 2)

0→ OY(τ)(m− 1)→ OY(τ)(m)→ OY(T)(m)→ 0 (*)

whereT = Iτ−{τ} (this exact sequence is obtained by tensoring the exact
sequence (1) of Remark 2 byOY(τ)(m)). Then as in the proof of Prop. 3,
writing the cohomology exact sequence for (*), we deduce that A(τ) is
spanned by standard monomials. In particular, if the schemetheoretic
intersectionY(τ)∩τY0 is reduced for everyτ ∈ I , it will follow that A(T)
is generated by standard monomials for every right half space T in I .

Remark 5. Suppose that for a givenτ ∈ I (or more generally a given
right half spaceT in I ) A(τ) is spanned by standard monomials when
the ground field is of characteristic zero. Then we claim thatA(τ) is
spanned by monomials when the field is of arbitrary characteristic.

Let D be a complete discrete valuation ring with quotient fieldK
of characteristic zero and residue field the (algebraicallyclosed) ground
field k, assumed to be of characteristicp > 0. We know thatG = G′⊗Dk,
whereG′ is a split semisimple group scheme overD. One knows that
the above considerations go through over the base SpecD (cf. [15], esp.
Vol. III). To be more precise, let us note the following:

(i) We have a maximal parabolic subgroupP′ in G′ such thatP′⊗k =
PandG′/P′⊗k = G/P. Further PicG′/P′ ≈ Z and it has an ample
generatorL′ such thatL′⊗k = L, whereL is the ample generator of
PicG/P. We have a canonical sectionF′ ∈ H0(G′/P′, L′) whose
zero set is the Schubert schemeX′0 of codimension one inG′/P′

with X′0 ⊗ k = X0. We can also suppose thatT′ is a maximal split
torus inG′ such thatT′ ⊗ k = T and that in theG′ − D module
H0(G′/P′, L′) (for the notationG′ − D module, see [15]), theD230

module spanned byF′ is T′ stable.
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(ii) the Weyl groupW of G is the Weyl group of the abstract root sys-
tem associated to the split semi-simple group schemeG′. Then
one knows thatWD = N(T′)/T′, whereWD is the constant group
scheme over SpecD associated to the abstract groupW (cf. p.168-
169, Vol. III, [15]). The parabolic subgroup schemeP′ has a
structure similar to that ofP (cf. §1) and we can talk of the parabol-
ic subgroup schemei(P′), i = −w0 (Weyl involution). The Weyl
group ofi(P′) is the constant group scheme (over SpecD) associ-
ated to the abstract groupWi(P).

(iii) the elements ofW can be canonically identified with theD-valued
points ofWD (WD being a constant group scheme) and theseD-
valued points ofWD can be lifted (not canonically) to someD-
valued points ofN(T′) since the canonical morphismN(T′) →
WD is smooth andD is a complete discrete valuation ring with
algebraically closed residue field. Ifτ ∈ W, denote by the same
τ theD-valued point ofN(T′) obtained this way. If theD-valued
point τ corresponds to an element of the subgroupWi(P′) of W,
we see thatτ fixes the Schubert subschemeX′0 or equivalently
τ · F′ = λF′ (λ=unit in D) (cf. §2 and Lemma 1). Let us denote
by p′τ the elementp′τ = τ·F

′, τ ∈W. Since theD-module spanned
by F′ is T′ stable,p′τ is well-defined upto a unit (i.e. independent
of the above lifting toD-valued points inN(T′) upto a unit inD)
and thus upto a unit inD, the notation

p′τ, τ ∈W/Wi(P)

is justified.

Let us now take up the proof of the assertion in Remark 5 above.
Let us denote byX′(τw0) the Schubert subscheme inG′/P′ associated
to τw0 ∈ W and byA′(τ), R′(τ) the algebras overD similar to A(τ),
R(τ) (cf. §2). We see thatA′(τ) is the subalgebra ofR′(τ) generated by
{pτ}, τ ∈ W/Wi(P). Suppose thatq ∈ A′(τ)m is not standard(over D).
By hypothesis,A′(τ) ⊗D K is spanned (overK) by standard monomials.
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This implies that

q =
∑

(α)∈Im
τ

λ(α) pα1 . . . pαm, α1 6 . . . 6 αm

whereλ(α) ∈ K, λ(α) , 0 and (α) runs overdistinct elementsof Im
τ . We231

can write

λ(α) = a(α)/p
n,






a(α) ∈ D, n > 0,

p = generator of maximal ideal ofD

and at least onea(α) is aunit in D.

This gives

pnq =
∑

(α)∈Im
τ

a(α) pα1 pα2 . . . pαm,






α1 6 . . . 6 αm

a(α) ∈ D, a(α) , 0
(1)

where the summation on the right side runs over distinct standard mono-
mials. Nown , 0, since otherwiseq is a sum of standard monomials.
Hencen > 0. Reduce (1) modp i.e. read (1) by taking the images of the
elements by the canonical homomorphismA′(τ) → A(τ) = A′(τ) ⊗D k.
Then we get

0 =
∑

ā(α) pα1 . . . pαm, ā(α) , 0 at least for one (α). (2)

whereā(α) denotes the image ofa(α) by the canonical homomorphism
D → k and the right side runs over distinct standard monomials. This
contradicts the fact that standard monomials are linearly independent
overk (cf. Prop. 1). Thus we conclude thatA′(τ) is spanned by standard
monomials overD. This implies, a fortiori, thatA(τ) is spanned by
standard monomials (overk) as we haveA′(τ) ⊗ k = A(τ). This proves
the assertion in Remark 5.

5 Minuscule weights and the main theorem

Definition 5. A fundamental weight̟ (or the associated parabolic
group P) is said to beminuscule(cf. p. 226, exercise 24, [4]) if any
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weightθ of the irreducible representation V1 with highest weight̟ in
characteristic zero (i.e. if G′ is the split group scheme overZ such that
G ⊗Z k = G, then V1 is the irreducible representation of G′ ⊗Z C with
highest weight̟ ) is of the form

θ = τ(̟), τ ∈W,W = Weyl group.

Proposition 4 (cf. exercise 24, p. 226, [4]). A fundamental weight̟ is 232

minuscule if and only if

〈̟,αˇ〉 = 0, 1 or − 1,∀α ∈ ∆ : (α ˇ coroot ofα).

Further, if̟ is minuscule, X(τω0), τ ∈ W/Wi(P) a Schubert variety in
G/P and Y a Schubert variety which is an irreducible component of
X(τw0) ∩ τX0 (cf. Lemma 4), then the multiplicity of this intersection
along Y is 1.

Proof. Let α ∈ ∆+ (positive root) and̟ be minuscule. One has to
show that〈̟,αˇ〉 = 0 or 1. One knows that〈̟,αˇ〉 is an integer > 0
(cf. Théorèm 3, Chap. VII-9, [14]); further by taking the 3-dimensional
Lie algebra generated byXα, Yα andHα (notations as in [14]) and using
Theorem 1, Chap. IV-3 especially its Corollary 1, (b) (cf. [14]), we see
that (̟ − rα) is also a weight ofV1 wherer an integer 06 r 6 〈̟,αˇ〉.
Suppose now that〈̟,αˇ〉 > 1. Taker such that 0< r < 〈̟,αˇ〉 Then
q = ̟ − rα is a weight ofV1. We claim that

(q|q) < (̟/̟)(notation as in [4])

for

(̟ − rα/̟ − rα) = (̟/̟) + r2(α/α) − 2(̟ /α)r

= (̟/̟) + r2(α/α) − r(α/α)〈̟,αˇ〉
(

for 〈̟,αˇ〉 =
2(̟ /α)
(α, α)

)

= (̟/̟) + (α/α)[r2 − r〈̟,α〉̌].
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Since 0< r < 〈̟,αˇ〉, we deduce that

r2 − r〈̟,αˇ〉 < 0

This proves the claim that (q/q) < (̟,̟). But since̟ is minuscule,
q = τ(̟), τ ∈W, which implies, in particular, that (q/q) = (̟,̟). This
leads to a contradiction to the hypothesis that〈̟,αˇ〉 > 1. Thus we see
that〈̟,αˇ〉 = 0 or 1.

Suppose now that̟ is a fundamental weight, such that

〈̟,αˇ〉 = 0, 1 or − 1 ∀α ∈ ∆.

Then we see that for anyτ ∈W, we have233

〈τ(̟), αˇ〉 = 0, 1 or − 1.

Let v ∈ V1 be the element with highest weight̟. Then one knows that

Ym1
β1
. . .Ymk

βk
v,mi ∈ N, βi ∈ ∆

+, (c f. Prop.2,VII − 3, [14])

generateV1 and one has to show that ifYm1
β1
. . .Ymk

βk
v , 0, then the weight

of this element is of the formτ(̟), τ ∈ W. By a simple induction
argument, we see that it suffices to show that ifv′ ∈ V1, v′ , 0 and
of weight τ(̟), τ ∈ W and if Yβi v

′
, 0, thenYβi v

′ is of weightτ′(̟)
for someτ′ ∈ W. Now v′ is the highest weight vector for a suitable
conjugate of the Borel subalgebra andβi can be supposed to be positive
with respect to this Borel subalgebra. Thus we can suppose without loss
of generality, thatτ = Identity i.e. v = v′. We see that〈̟, βiˇ〉 , 0, for
if 〈̟, βiˇ〉 = 0, then by Theorem 1, Chap. IV-3, especially its Cor. 1,
(b), [5], the 3-dimensional Lie algebraXβi , Yβi , Hβi annihilatesv (weight
of v = λ = 〈̟, βiˇ〉 = 0) and this contradicts the assumptionYβi v , 0.
We see then that〈̟, βiˇ〉 = 1 and then the weight ofYβi v is ̟ − βi =

̟ − 〈̟, βiˇ〉βi = sβi (̟). This proves the first assertion of (Prop. 4).
The last assertion of Prop. 4 is an immediate consequence of Cheval-

ley’s multiplicity formula (cf. [8], p. 78, Cor. 1, Prop. 1.2), since by this
formula, this required multiplicity is of the form

〈̟,αˇ〉(or perhaps〈i(̟), αˇ〉), α ∈ ∆+
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and̟ is minuscule if and only ifi(̟) is minuscule (i = Weyl involu-
tion).

This proves Prop. 4. �

Remark 6. Suppose that the base field is ofcharacteristic zeroand̟ is
minuscule. Then

R(τ) = A(τ), ∀τ ∈W/Wi(P).

In particular, the canonical morphismX(τw0)→ Y(τ) is anisomorphism
(cf. beginning of §3 for the definition ofR(τ), A(τ)).

Proof. SinceRm = H0(G/P, Lm) is known to be irreducible with highest234

weightmi(̟) (Borel-Weil theorem), the canonicalG-homomorphism

R1 ⊗ . . . ⊗ R1
︸          ︷︷          ︸

m times

→ Rm

is surjective. This shows thatR1 generatesR. Sincei(̟) is minuscule,
the weights ofR1 are of the formτi(̟), τ ∈ W/Wi(P). Now τi(̟) is
the “highest weight” for a suitable conjugate of the Borel subgroupB
of G, which shows that the linear subspace ofR1 with weight τi(̟) is
of dimension one and hence coincides with the one dimensional sub-
space spanned bypτ. This shows thatR = A. The general case follows
from a result of Demazure (cf. Theorem 1, [8], p. 84), namely that the
canonical map

H0(G/P,OG/P(m))→ H0(X(τw0),OX(τw0)(m))

is surjective. �

Remark 7. We see that ifG is type An, every fundamental weight is
minuscule. Looking at the tables in [4], we have the following:

(i) G of type Bn, ̟ is minuscule⇔ ̟ = ̟n i.e. ̟ corresponds to
the “right end root” (in the Dynkin diagram)

(ii) G of typeCn, ̟ is minuscule⇔ ̟ = ̟1 i.e. ̟ corresponds to
the “left end root”.
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(iii) G of type Dn, ̟ is minuscule⇔ ̟ = ̟1 or ̟n−1 or ̟n i.e. ̟
corresponds to the “extreme end roots”.

(iv) G of typeE6,̟ is minuscule⇔ ̟ = ̟1 or̟6 i.e.̟ corresponds
to the “left or right end root”.

(v) G of type E7, ̟ is minuscule⇔ ̟ = ̟7 i.e. ̟ corresponds to
the “right end root”.

(vi) there are no minuscule weights, whenG is of typeE8, F4 or G2.

Proposition 5. Suppose that the base field is of characteristic zero and
̟ is minuscule. Then R(τ) = (A(τ)) is spanned by standard monomials
in Iτ, τ ∈W/Wi(P).

Proof. We prove this by induction on dimX(τw0). When dimX(τw0) =235

0, the required fact is immediate. Now by Remark 4, it suffices to check
that the scheme-theoretic intersectionX(τw0)∩ τX0 is reduced. Now by
Demazure’s results,X(τw0) is Cohen-Macaulay (cf. Cor. 2, Theorem 1,
[8], p. 84-85). Hence the scheme theoretic intersectionX(τw0) ∩ τX0 is
also Cohen-Macaulay. Now by (ii) of Prop. 4, the scheme theoretic in-
tersectionX(τw0)∩τX0 is reduced at the generic points of its irreducible
components. It follows thatX(τw0) ∩ τX0 is reduced and hence Prop. 5
follows. �

Theorem 1. Suppose that the fundamental weigh̟ is minuscule. Then
if T is a right half space in I, we have (the characteristic of the ground
field k being arbitrary):

(i) A(T) is spanned by standard monomials in T;

(ii) A(T) = R(T);

(iii) the line bundle L on G/P is very ample;

(iv) Hi(X(T),OX(T)(m)) = 0, i > 0, m> 0;
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(v) Consider the map

T 7→ X(T)(resp. X̂(T) − cone over X(T))

from the set of right half spaces in I into the set of closed sub-
schemes of G/P (resp.Ĝ/P). This is a bijective map of the set of
right half spaces in I onto the set of closed subschemes of G/P
(resp.Ĝ/P), each member of which is a schematic union of X(τ)
(resp.X̂(τ)), τ ∈ I. Further this map takes set union into scheme
theoretic union, set intersection into scheme theoretic intersection
and preserves distributivity properties. Scheme theoretic unions
and intersections of X(T) (resp.X̂(T)) are reduced;

(vi) X(τw0) (in fact the conêX(τw0)) is normal (in fact,X̂(τw0) is also
Cohen–Macaulay, cf. Remark 3 above);

(vii) X(τw0) ∩ τX0 is reduced.

Proof. By Prop. 5,A(τ) is spanned by standard monomials inIτ, τ ∈
W/Wi(P), when the ground field is of characteristic zero. Hence by Re-236

mark 5, the same holds when the ground field is of arbitrary characteris-
tic. Now by Cor. 2, Prop. 2, it follows thatA(T) is spanned by standard
monomials inT, T being any right half space inI . This proves (i).

Now H1(X(T),OX(T)(m)) = 0, whenm is sufficiently large. Hence
R(T)m = H0(X(T),OX(T)(m)) is obtained by “reduction modp” of the
same space in characteristic zero (note thatX(τw0), X(T) can be con-
structed as schemes overZ), whenm is sufficiently large. In particular,
we get

dimR(T)m = χ(T,m),m≫ 0

since by Prop. 5 and Cor. 2, Prop. 2,R(T)m is spanned by standard
monomials inT when the ground field is of characteristic zero. On the
other hand

dim A(T)m = χ(T,m),∀m

because of (i). Hence, we get

A(T)m = R(T)m,m≫ 0.
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SinceA(T)1 generatesA(T), it follows that the canonical morphism

X(T) = ProjR(T)→ Y(T) = ProjA(T)

is an isomorphism; in particularL|X(T) is very ample. Since (i) holds and
X(T) = Y(T), we deduce that

A(T)m = R(T)m

by (i), Prop. 3. This proves (ii) and (iii).
The assertions (iv), (v) and (vi) and (vii) are taken from Prop. 1, its

Cor. 1, Prop. 3 and its Cor. 1. �

Corollary 1. Let̟ be minuscule. Suppose that pβ1 pβ2 is a quadratic
monomial which is not standard,βi ∈ I. Then we have a unique relation

pβ1 pβ2 =

∑

(α)∈I2

λ(α) pα1 pα2;α1 6 α2 andλ(α) ∈ k, λ(α) , 0 (*)

where on the right side (α) runs over distinct elements of I2 of the form

(i) α1 6 β1, α1 , β1; α1 6 β2, α1 , β2237

(ii) α2 > β1, α2 , β2; α2 > β2, α2 , β2.

Proof. By Theorem 1,pβ1 pβ2 can be expressed uniquely as a sum of
standard monomials. We shall now show that if a non-standardmono-
mial pβ1 pβ2 is expressed as a sum of standard monomials (even without
assuming that̟ is minuscule), then the properties (i) and (ii) above are
satisfied.

Suppose thenα1 
 β1. Restrict (*) to the Schubert varietyX(α1w0).
Then the restriction ofpβ1 to X(α1w0) is zero (cf. Lemma 3) and we get

0 = λ(α)pα1 pα2 +

∑

. . .

which contradicts the linear independence of standard monomials (cf. Pr-
op. 1.). Thus we see thatα1 6 β1. Suppose thatα1 = β1; sinceβ1, β2

are not comparable, we deduce thatβ2 � α1. Again the restriction of
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pβ2 to X(α1w0) is zero and restricting (*) toX(α1w0) we get a contradic-
tion. Thus we deduce thatα1 6 β1, α1 , β1. Similarly, we deduce that
α1 6 β2; α1 , β2.

To prove (ii), we observe thatτi · pτ2 = pτ1τ2, τi ∈ W, (this is well
defined only upto a constant, see the discussion preceding Lemma 1).
Transforming (*) by left action by the elementw0 (or to be precise by a
representative ofw0 in N(T)), we get

pw0β1 pw0β2 =

∑

(α)∈I2

µ(α)pw0α2 pw0α1, (**)

where (α) runs over the same set of elements as in (*) andµ(α) , 0. We
see easily that

α1 6 α2⇔ w0α1 > w0α2 (cf. Definition 1).

Hence the right side of (**) also runs over distinct standardmonomials
and the left side of (**) is not standard. Hence applying (i),we get for
example

w0α2 6 w0β1; w0α2 , w0β1

and this impliesα2 > β1, α2 , β1. This proves (ii) and completes the
proof of the corollary. �

Remark 8. In the proof of Theorem 1, the work of Demazure [8], es-
pecially his result that the Schubert varieties are Cohen-Macaulay in 238

characteristic zero, has been used. A more direct proof would be along
the following lines: When̟ is minuscule and the base field is of char-
acteristic zero, suppose one is able to check (probably using Weyl’s or
Demazure’s character or dimension formula) directly that

dim H0(G/P,OG/P(2)) = χ(I , 2).

Then this implies that given a non-standard quadratic monomial pβ1 pβ2,
this can be expressed as in (*), Cor. 1, Theorem 1 as a linear combina-
tion of standard monomials (base field is of characteristic zero) and we
have seen in the proof of this corollary that the properties (i) and (ii) of
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Cor. 1, Theorem 1, follow then automatically. Then by the argument as
in [10] or (Prop. 3. 1, p. 153 [13]), we conclude that the standard mono-
mials spanR, and by Remark 5 the same conclusion holds in arbitrary
characteristic. Once we have this, Theorem 1, follows from Prop. 2 and
Prop. 3.

References

[1] A. Borel: Linear algebraic groups, W. A. Benjamin, New York,
(1969).

[2] A. Borel: Linear representations of semi-simple algebraic groups,
Proceedings of Symposia in Pure Mathematics, vol. 29, Algebraic
geometry,Amer. Math. Soc., (1975).
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Varieties with No Smooth Embeddings

By M.V. Nori

This paper is based essentially on the following idea: A schemeX 241

which has no effective Cartier divisors cannot be embedded in a smooth
scheme, or for that matter, even in a smooth algebraic space ([1], p.
326). For, given any such embedding ofX, one could find plenty of
such divisors on the ambient space which do not containX, and hence
their restrictions toX would be effective and locally principal again.
However, this says nothing about embeddingX in a complex manifold
(not necessarily algebraic).

I thank Simha very heartily for providing the incentive to look for
examples of such varieties; also for discussing the problemwith me in
some detail.

One may construct such a schemeX quite simply as follows:
Take irreducible curvesC1 andC2 of different degrees inPn, such

that there is a birational isomorphismf : C1 → C2, and identify the
pointsx and f (x), wherex ∈ C1, to get a quotient varietyX of Pn with
the following properties:

(A) X is a reduced irreducible scheme andϕ : Pn → X is the normal-
isation map,

(B) ϕ = ϕ ◦ f for all points ofC1, andϕ mapsC1 birationally onto its
imageC = ϕ(C1),

(C) any line bundleL on X lifts to the trivial line bundle onPn, and
thereforeX is not projective,

(D) however, any finite set of points ofX is contained in an affine open
set, and finally,

283
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(E) X has no smooth embeddings.

To prove (C), note that the degrees ofϕ∗(L)|C1 andϕ∗(L)|C2 both
coincide with the degree ofL|C, and are therefore equal. Butϕ∗(L)
is OPn(k) for some integerk, and therefore the degrees in question are
kd1 and kd2 respectively, whered1 and d2 are the degrees ofC1 and
C2. Now, d1 , d2 by assumption, implying thatk is equal to zero and
thereby settling the fact thatϕ∗(L) is trivial.

Now (E) follows. Because, otherwise,X possesses an effective line242

bundleL which lifts toϕ∗(L), an effective line bundle!
The rest of the properties follow from the explicit construction of X,

the details of which are probably well-known (compare with Theorem
6.1 of ‘Algebraization of formal moduli...’ by M. Artin,Annals of Math.
(1970), vol. 91) but follow nevertheless.

All schemes considered are of finite type over an algebraically closed
field k.

Call a scheme aF-scheme if every finite set of (closed) points is
contained in an affine open set.

Lemma 1. If Y → Y′ is a finite morphism and Y′ is an F-scheme, so is
Y.

Proof. Obvious. �

Lemma 2. If Y → Z is a closed immersion, g: Y → Y′ a finite mor-
phism,and Z and Y′ are F-schemes, then given any finite set S⊂ Z,
there exists an affine open subset U of Z which contains S , such that g
restricts to a finite morphism from Y∩ U onto its image.

Proof. ReplaceS by T = S ∪ g−1g(S ∩ Y) which is also finite and let
W1 be an affine open set that contains it. BecauseY′ is anF-scheme,
there is an affine open setV′ that containsg(S∩Y). Now,g−1(V′)∩W1

is a neighbourhood ofT ∩ Y in Y; so it follows that there is an affine
openW2 ⊂ W1 such thatW2 ∩ Y is contained ing−1(V′), andT ⊂ W2.
Also, g−1g(S ∩ Y) is contained inW2, which means that there is ah
in the co-ordinate ring ofV′ such thatg restricts to a finite morphism
from D(h ◦ g) ⊂ W2 → D(g) ⊂ V′. Also, there existsf defined onW2
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such thatf = h ◦ g when restricted toY ∩W2, andT ⊂ D( f ). Putting
D( f ) = U proves the lemma. �

Lemma 3. If g : Y→ Y′ is a finite morphism, and Y is an F-scheme, so
is Y′.

Proof. Assume, by induction, that the lemma has been proved when243

dimY 6 n− 1. �

Step 1. Y, Y′ irreducible, reduced, and have the same quotient field, with
dimY = n.

Let I be the conductor of the morphism; denote byA and A′ the
closed subschemes defined byI in Y and Y′ respectively. ThenA is
an F-scheme of dimension6 n − 1; by induction,A′ is an F-scheme
too, so one may appeal to Lemma 2 withA′, A, Y in place ofY′, Y, Z.
Now, let S′ be any finite set inY′, S its inverse image inY andU an
affine open set containingS such thatU ∩A→ g(U ∩A) ⊂ A′ is a finite
morphism. This is merely equivalent to saying thatg−1g(U∩A) = U∩A,
from which it follows thatg−1g(U) = U, so thatU → g(U) is a finite
morphism, proving thatg(U) is affine. Obviously,g(U) containsS′,
finishing the proof thatY′ is anF-scheme.

Step 2. Y andY′ both irreducible and normal. There is a factoringY→
Y′′ → Y′ with Y→ Y′′ purely inseparable andY′′ → Y′ separable, with
Y′′ normal too. ThatY′′ anF-scheme impliesY anF-scheme is classical
(it involves identifyingY′′ with the quotient of a certainF-scheme by a
finite groupG) and we omit it. Also,Y → Y′′ is a homeomorphism in
the Zariski topology, proving thatY′ is anF-scheme too.

Step 3. Y andY′ irreducible.

This is proved by replacingY by its normalisation and putting step
1 and step 2 together.

Step 4. The general case.
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Let Z′ be any irreducible component ofY′ and Z any irreducible
component ofg−1(Z′) that maps ontoZ′. BecauseZ is anF-scheme, by
step 3,Z′ is aF-scheme. So the lemma would be proved if one has

Sub-Lemma. If Y = Y1∪Y2 where Y1 and Y2 are closed subschemes,
then Y is an F-scheme if and only if Y1 and Y2 are both F-schemes.

Proof. Assume thatY1 andY2 areF-schemes, and letS be any finite244

set inY. With the given information, it is a trivial matter to find affine
open subsetsUi of Yi containingS∩Yi for i = 1, 2, such thatU1 ∩Y2 =

U2 ∩ Y1, by choosing affine openVi in Yi containingS ∩ Yi and then
taking convenient principal affine open subsets of each. Now,U1 and
U2 are closed inU = U1 ∪ U2, proving thatU is affine (because a
scheme is affine if and only if each irreducible component is affine). �

Proposition. Given an F-scheme Z, a closed subscheme Y, a finite sur-
jective morphism g: Y → Y′ which induces a monomorphism on co-
ordinate rings, there is a unique commutative diagram

Y //

g
��

Z

f
��

Y′ // Z′

with:

(a) Z′ is an F-scheme, f is finite and induces a monomorphism on
co-ordinate rings, Y′ → Z′ is a closed immersion, and

(b) the ideal I that defines Y′ in Z′ remains an ideal in f∗(OZ), in fact
the ideal that defines Y in Z.

Proof. First assume thatZ is affine, in which caseY andY′ are affine
too. Let A, A/I , B be their co-ordinate rings, and thenB ⊂ A/I in a
natural way. Letj : A→ A/I be the standard map, and putA′ = j−1(B),
specA′ = Z′. ThatZ′ has the required properties follows immediately,
as does the fact that ifZ were replaced by an open subsetU such that
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g−1g(U ∩ Y) = U ∩ Y, Z′ would be replaced byU′ = f (U) which is an
open subset.

This guarantees the existence ofZ′ once it has been shown thatZ can
be covered by affine open subsetsU such thatg−1g(U ∩ Y) = U ∩ Y′.
By Lemma 3,Y′ is anF-scheme, so it follows by Lemma 2 that such
open sets coverZ, and in fact can be chosen to contain any finite set of
points, proving thatZ′ exists and is anF-scheme.

To come back to the previous problem, putPn
= Z, andY = C1∪C2 245

in Pn. Let Di be the normalisation ofCi and f̃ : D1 → D2 be the lift
of the rational mapf : C1 → C2. There are several candidates for a
commutative diagram:

D1 ∐ D2
h′

//

��

Y

��

D2
h

// Y′

among which there is a best one, for which,

(I) h∗(OD2/OY′) injects intoh′∗(OD1∐D2)/Oγ′ ,

(II) h is birational.

Applying the above proposition, withZ, Y andY′ as above, one gets
the varietyX mentioned in the introduction.

A final remark:X has no line bundles at all ifC1 andC2 are chosen
suitably!

Let i1 andi2 be the compositesD1→ C1→ Pn andD2→ C2→ Pn

respectively. Assume that there is a pointP of D1 such thati1(P) =
is f (P). Then

(F) X is simply connected (follows from a careful application of Van
Kampen’s theorem), and

(G) PicX = 0.

A rather neat example is provided by taking a conicC1 and a tan-
gential lineC2 in the projective plane and associating to a pointP on
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C1 the point of intersectionQ of C2 and the tangent line toC1 at P; the
properties (A) to (G) can be verified directly in this case.

[Added in Proof: Such varieties were also constructed by G. Hor-
rocks on slightly different lines; see: ‘Birationally ruled surfaces without
embeddings in regular schemes’, by G. Horrocks,J. Lond, Math. Soc.,
Vol. III (1971)] �
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Some Footnotes to the Work of
C. P. Ramanujam

By D. Mumford

THIS PAPER consists of a series of remarks, each of which is con- 247

nected in some way with the work of Ramanujam. Quite often, in
the last few years, I have been thinking on some topic, and suddenly
I realize–Yes, Ramanujam thought about this too–or–This really links
up with his point of view. It is uncanny to see how his ideas continue
to work after his death. It is with the thought of embellishing some of
his favourite topics that I write down these rather disconnected series of
results.

I

The first remark is a very simple example relevant to the purity con-
jecture (sometimes called Lang’s conjecture) discussed inRamanujam’s
paper [10]. The conjecture was–let

f : Xn→ Ym

be a proper map of ann-dimensional smooth variety onto anm-dimen-
sional smooth variety with all fibres of dimensionn − m. Assume the
characteristic is zero. Then show

{y ∈ Y| f −1(y) is singular}

has codimension one inY. Whenn = m, this result is true and is known
as “purity of the branch locus”; whenn = m + 1, it is also true and

289
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was proven by Dolgačev, Simha and Ramanujam. Whenn = m+ 2,
Ramanujam describes in [10] a counter-example due to us jointly. Here
is another counter-example for certain large values ofn−m.

We consider the following very special case forf . Start withZr ⊂

Pm an arbitrary subvariety. LeťPm be the dual projective space–the
space of hyperplanes inPm. The dual varietyŽ ⊂ P̌m is, by defini-
tion the Zariski-closure of the locus of hyperplanesH such that, at some248

smooth pointx ∈ Zr , Tx,H ⊃ Tx,Z. It is apparently well known, although
I don’t know a reference, that in characteristic 0,

ˇ̌Z = Z.

Consider the special case whereZ is smooth and spansPm. Then we
don’t need to take the Zariski-closure in the above definition and, in
fact, the definition of̌Z can be reformulated like this:

Let
I ⊂ Pm× P̌m

be the universal family of hyperplanes, i.e., if (X0, . . . ,Xm), resp.
(ξ0, . . . , ξm) are coordinates inPm, resp.P̌m, thenI is given by

∑
ξiXi = 0.

Let
X = I ∩ (Zr × P̌m).

Note thatI andZr × P̌m are smooth subvarieties ofPm × P̌m of codi-
mension 1 andm− r respectively. One sees immediately that they meet
transversely, soX is smooth of dimensionm+ r − 1. Consider

p2 : X→ P̌m.

Its fibres are the hyperplane sections ofZ, all of which have dimension
r − 1. Thusp2 is a morphism of the type considered in the conjecture.
In this case

{ξ ∈ P̌m|p−1
2 (ξ) singular} = {ξ ∈ P̌m| if ξ corresponds toH ⊂ Pm,
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then Z.H is singular}

= Ž.

Thus the conjecture would say that the dualŽ of a smooth varietyZ
spanningPm is a hypersurface.

I claim this is false, although I feel sure it can only be falsein very
rare circumstances. In fact, I don’t know any cases other than the fol- 249

lowing example where it is false.† Simply take

Zr
= [Grassmannian of lines inP2k, k > 1].

Herer = 2(2k− 1), m= k(2k+ 1)− 1 and the embeddingi : Zr ⊂ Pm is
the usual Plücker embedding. In vector space form, let

V = a complex vector space of dimension 2k + 1

Z = set of 2-dimensional subspacesW2 ⊂ V

Pm
= set of 1-dimensional subspacesW1 ⊂ Λ

2V

i =map takingW2 to W1 = Λ
2W2.

Note that we may identify

P̌m
= set of 1-dimensional subspacesW′1 ⊂ Λ

2V∗, where

Λ
2V∗ = space of skew-symmetric 2-formsA : V × V → C.

Write [W2] ∈ Z for the point defined byW2, andHA ⊂ Pm for the hyper-
plane defined by a 2-formA. Then it is immediate from the definitions
that

i([W2]) ∈ HA⇔ resW2 A is zero.

To determine when moreover,

i∗(TW2,Z) ⊂ Ti(W2),HA,

†M. Reid has indicated to me another set of examples: Suppose

Z = P(E)

whereE is a vector bundle of ranks on yt, sor = s+ t − 1, and the fibres ofP(E) are
embedded linearly. Then ifs≥ t + 2, Ž is not a hypersurface.
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let v1, v2 ∈W2 be a basis, and make a small deformation ofW2 by taking
v1 + ǫv′1, v2 + ǫv′2 to be a basis of̃W2 ⊂ V ⊗ C[ǫ]. TheW̃2 represents a
tangent vectort to Z at [W2] and

i∗(t) ⊂ Ti(W2),HA ⇔ A(v1 + ǫv
′
1, v2 + ǫv

′
2) ≡ 0 (mod ǫ2)

⇔ A(v′1, v2) + A(v1, v
′
2) = 0,

Thus:

i∗(TW2,Z) ⊂ Ti(W2),HA ⇔ for all v′1, v
′
2, ∈ V,

A(v1, v
′
2) + A(v′1, v2) = 0

⇔W2 ⊂ (nullspace ofA).

Therefore250

HA is tangent toi(Z)⇔ dim (nullspace)≥ 2.

Now the nullspace ofA has odd dimension, and if it is 3, one counts
the dimension of the space of suchA as follows:

dim

(
space ofA’s with
dim(nullspace)= 3

)
= dim

(
space of
W3 ⊂ V

)
+ dimΛ2(V/W3)

= 3(2k − 2)+
(2k − 2)(2k − 3)

2
= 2k2

+ k− 3.

Thus dimŽ = m−3, and codimŽ = 3! (Compare this with Buchsbaum-
Eisenbud [3], where it is shown thatŽ ⊂ P̌m is a “universal codimension
3 Gorenstein scheme”.)

II

The second remark concerns the Kodaira Vanishing Theorem. We
want to show that Ramanujam’s strong form of Kodaira Vanishing for
surfaces of Char. 0 is a consequence of a recent result of F. Bogomolov.
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In particular, this is interesting because it gives a new completely alge-
braic proof of this result, and one which uses the Char. 0 hypothesis in a
new way (it is used deep in Bogomolov’s proof, where one notesthat if
V3→ F2 is a ruled 3-fold andD ⊂ V3 is an irreducible divisor meeting
the generic fibre set-theoretically in one point, thenD is birational toF).
Ramanujam’s result [11] is this: letF be a smooth surface of Char. 0,D
a divisor onF.

Then

(D2) > 0
(D.C) ≥ 0, all curves C ⊂ F

}
⇒ H1(F,O(−D)) = (0) (1)

Bogomolov’s theorem is that ifF is a smooth surface of char. 0,E a
rank 2 vector bundle onF, then

C1(E)2 > 4C2(E)⇒E is unstable, meaning∃ an extension

0→ L(D)→ E→ IZL→ 0,

IZ = ideal sheaf of a 0-dim. subschemeZ ⊂ F,

L invertible sheaf,D a divisor

D ∈ [num. pos. cone, (D2) > 0, (D.H) > 0]. (2)

(See Bogomolov [2], Reid [13]; another proof using reduction mod p 251

instead of invariant theory has been found by D. Gieseker.)
To prove (2)⇒ (1), supposeD1 is given satisfying the conditions of

(1). Take any elementα ∈ H1(F,O(−D1)) and viaα, form an extension

0→ OF
µ
−→ E

ν
−→ OF(D1)→ 0.

Note thatC1(E) = D1, C2(E) = 0, (D2
1) > 0, soE satisfies the conditions

of (2). Therefore, by Bogomolov’s theorem,E is unstable: this gives an
exact sequence

0→ L(D2)
σ
−→ E

τ
−→ IZL → 0

D2 ∈ (num. pos. cone).
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Note that the subsheafσ(L(D2)) of E cannot equal the subsheafµ(OF)
in the definition ofE, because this would imply, comparing the 2 se-
quences, thatD2 ≡ −D1 whereas bothD1, D2 are in the numerically
positive cone. Therefore, the composition

L(D2)
σ
−→ E

ν
−→ OF(D1)

is not zero, hence

L � OF(D1 − D2 − D3),D3 an effective divisor.

Next, comparing Chern classes ofE in its 2 presentations, we find

2C1(L) + D2 ≡ C1(E) ≡ D1 (3a)

(C1(L) + D2) ·C1(L) + degZ = C2(E) = 0. (3b)

By (3a), we findD1 − D2 − 2D3 ≡ 0, henceL ≃ OF(+D3); by (3b), we252

find (D1 − D3) · D3 ≤ 0. But

det

∣∣∣∣∣∣
(D2

1) (D1 · D3)
(D1 · D3) (D2

3)

∣∣∣∣∣∣ = (D2
1)[(D2

3) − (D1 · D3)]

+ (D1 · D3)[(D2
1) − 2(D1 · D3)] + (D1 · D3)2

while

(D2
3) − (D1 · D3) ≥ 0 (by 3b)

(D2
1) − 2(D1 · D3) = (D1 · D2) > 0 (since D1,D2 num. pos.)

(D1 · D3) ≥ 0 (by the assumptions onD1).

On the other hand, this det is≤ 0 by Hodge’s Index Theorem. Therefore
(D1 · D3) = 0 and det= 0. From the latter,D3 is numerically equivalent
to λD1, λ ∈ Q, hence (D1 · D3) = λ(D2

1). Thusλ = 0 and sinceD3 is
effective,D3 = 0. Therefore the sub-sheafσ(L(D2)) is isomorphic to
OF(D1) and defines a splitting of the original exact sequence. Therefore
the extension classα ∈ H1(OF(−D1)) is 0, soH1(OF(−D1)) = (0).
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III

The last two remarks are applications of Kodaira’s Vanishing The-
orem. To me it is quite amazing how this cohomological assertion has
such strong consequences, both for geometry and for local algebra. Here
is a geometric application. This application is a link between the recent
paper of Arakelov [1] (proving Shafarevich’s finiteness conjecture on
the existence of families of curves over a fixed base curve, with pre-
scribed degenerations), and Raynaud’s counter-example [12] to Kodaira
Vanishing for smooth surfaces in char.p. What I claim is this (this re-
mark has been observed by L. Szpiro also):

Proposition. Let p : F → C be a proper morphism of a smooth surface
F onto a smooth curve C over a field k of arbitrary characteristic. Let
E ⊂ F be a section of p and assume the fibres of p have positive arith-
metic genus. Let F0 be the normal surface obtained by blowing down
all components of fibres of p not meeting E. Then:

Kodaira’s Vanishing Theorem =⇒ (E2) ≤ 0. for ample divisors on F0 253

If Char(k) = 0, then Kodaira’s Vanishing Theorem holds forF0

(cf. [9]), so (E2) ≤ 0 follows. This result, and its refinement – (E2) < 0
unless all the smooth fibres ofp are isomorphic – are due to Arakelov
[1], who proved them by a very ingenious use of the Weierstrass points
of the fibresp−1(x). On the other hand, if char(k) = p, Raynaud has
shown how to construct examples of morphismsp : F → C and sec-
tions E ⊂ F, where all the fibres ofp are irreducible but singular (thus
F = F0), and (E2) > 0. Thus Kodaira Vanishing is false for thisF. If
char(k) = 2 or 3, he finds in fact quasi-elliptic surfacesF of this type.
This Proposition is, in fact, merely an elaboration of the last part of
Raynaud’s example.

Proof of Proposition: Suppose (E2) > 0. Let p0 : F0 → C be the
projection and letE stand for the image ofE in F0 too. Consider divisors
on F0 of the form

H = E + p−1
0 (U), degU > 0.
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Then (H2) > 0 and (H · C) > 0 for all curvesC on F0, so H is am-
ple by the Nakai-Moisezon criterion. On the other hand, let’s calculate
H1(F0,O(−H)). We have

0→ H1(C, p0, ∗O(−H))→ H1(F0,O(−H))

→ H0(C,R1p0, ∗O(−H))→ 0.

Clearly

p0, ∗O(−H) = (0) and R1p0, ∗O(−H) � (R1p0, ∗O(−E)) ⊗ Oc(−U).

Now using the sequences:

0→ OF0(−E)→ OF0 → OE → 0

0→ OF0 → OF0(E)→ OE((E2))→ 0

we find

p0, ∗OF0

α // p0, ∗OE
// R1p0, ∗O(−E)

β // R1p0, ∗OF0
// 0

OC OC

soα andβ are isomorphisms, and (using the fact that the genus of the254

fibres is positive):

0 // p0, ∗OF0

γ // p0, ∗O(E) // p0, ∗OE((E2)) δ // R1p0, ∗OF0

OC OC

so γ is an isomorphism, andδ is injective. Now via the isomorphism
resp: E → C, let the divisor class (E2) on E correspond to the divisor
classU onC. Thenp0, ∗OE((E2)) � OC(U), and we see that

OC(U) ⊂ R1p0, ∗OF0 � R1p0, ∗OF0(−E)
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hence
OC ⊂ R1p0, ∗OF0(−H)

hence
H1(C,O(−H)) , (0). Q.E.D.

IV

The last remark is an application of Kodaira’s Vanishing Theorem
to local algebra. It seems to me remarkable that such a globalresult
should be useful to prove local statements about the non-existence of
local rings, but this is the case. The question I want to studyis that
of the smoothability of non-Cohen-Macauley surface singularities. In
other words, given a surfaceF, P ∈ F a non-CM-singular point, when
does there exist a flat family of surfacesFt parametrized byk[[ t]] such
that F0 = F while the genericFt is smooth. More locally, the problem
is:

Given a complete non-CM-purely†-2-dimensional local ringO with-
out nilpotents, when does there exist a complete 3-dimensional local
ring O′ and a non-zero divisort ∈ O′ such that

(a) O � O′/tO′

(b) OP regular for all prime idealsP ⊂ O with t <P.

First of all, let 255

O
∗
=

⊕

I⊂O
minimal

prime ideals

(
integral closure ofO/I
in its fraction field

)

and let

Õ =

{
a ∈ O

∗

∣∣∣∣∣∣
mna ⊂ O for some n ≥ 1
m= maximal ideal inO

}

†i.e. O/I is 2-dimensional for all minimal prime ideals ofI ⊂ O.
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= Γ(SpecO − closed pt.,O)

Note thatÕ is a finiteO-module andmn · Õ ⊂ O for some largen, so
that Õ/O is anO-module of finite length. Moreover, it is easy to see
thatÕ is a semi-local Cohen-Macauley ring. It has been proven by Rim
[14] (cf. also Hartshorne [6], Theorem 2.1, for another proof) that:

O smoothable⇒ Õ local.

The result we want to prove is:

Theorem. Assumechar(O/m) = 0, SpecO has an isolated singularity
at its closed point and thatO is smoothable, so that, by the remarks
above,Õ is a normal local ring. Letπ : X∗ → SpecO be a resolution
and let

pa(Õ) = l(R1π∗OX)

be the genus of the singularitỹO. Then

l(Õ/O) ≤ pa(Õ).

Actually, for our applications, we want to know this result for rings
O where SpecO has ordinary double curves too, with a suitable def-
inition of pa. We will treat this rather technical generalization in an
appendix.

For example, the theorem shows:

Corollary . Let Õ = k[[ x, y]] , chark = 0. Let I $ (x, y) be an ideal of
finite codimension. Then ifO = k+ I, O is not smoothable.

On the other hand, ifF ⊂ Pn is an elliptic ruled surface andO′256

is the completion of the local ring of the cone overF at its apex, then
O′ is a normal 3-dimensional ring which is not Cohen-Macauley.If
C = V(t) = (F · Pn−1) is a generic hyperplane section ofF, thent ∈ O ′

andO = O′/tO′ is the completion of the local ring of the cone overC
at its apex. NowC is an elliptic curve, but embedded by an incomplete
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linear system – in fact,C is a projection of an elliptic curvẽC in Pn from
a point not onC̃ – this follows from the exact sequence:

0 // H0(OF) // H0(OF(1)) // H0(OC(1)) // H1(OF) // 0

C

Let Õ be the completion of the local ring of the cone overC̃ at
its apex. ThenÕ is a normal 2-dimensional ring, in fact an “elliptic
singularity”, i.e.,pa(Õ) = 1; moreoverÕ ⊃ O and dimÕ/O = 1. This
shows that there are smoothable singularitiesO with

l(Õ/O) = pa(Õ) = 1.

Proof of Theorem. Let O � O′/tO′ give the smoothing ofO. The
proof is based on an examination of the exact sequence of local coho-
mology groups:

(∗) . . .→ H1
{x}(O

′)→ H1
{x}(O)→ H2

{x}(O
′)

t
−→ H2

{x}(O
′)
α
−→ H2

{x}(O)→ . . .

wherex ∈ SpecO ⊂ SpecO′ represents the closed point.
What can we say about each of these groups?

(a) H1
{x}(O

′) is zero sinceO ′ is an integrally closed ring of dimension
3, hence has depth at least 2.

(b) To computeH1
{x}(O), use

H0(SpecO ,O)→ H0(SpecO − {x},O)→ H1
{x}(O) → 0

which gives us:
H1
{x}(O) � Õ/O .

(c) As for H2
{x}(O

′), it measures the degree to whichO′ is not Cohen- 257

Macauley. A fundamental fact is that it is of finite length–cf. The-
oreme de finitude, p. 89, in Grothendieck’s seminar [15].
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(d) As for H2
{x}(O), we can say at least:

H2
{x}(O) � H1(SpecO − {x},O)

� H1(SpecÕ − {x}, Õ)

� H2
{x}(Õ)

but unfortunately this group is huge: it is not even anÕ-module
of finite type.

However, for any local ringO with residue characteristicO and with
isolated singularity, we can define, by using a resolution ofSpecO, im-
portant subgroups:

Hi
{x},int(O).

Namely, letπ : X→ SpecO be a resolution and set

Hi
{x},int(O) = Ker[π∗ : Hi

{x}(O)→ Hi
π−1x(OX)].

This is independent of the resolution, as one sees by comparing any 2
resolutionsπi : Xi → SpecO, i = 1, 2, via a 3rd:

X1
π1

##G
GG

GG
GG

GG

X3

f

π3

>>}}}}}}}}
//

  A
AA

AA
AA

A
SpecO

X2

π2

;;wwwwwwwww

and using the Leray spectral sequence

Hp
π1−1(x)

(X1,R
q f∗(OX3))⇒ H∗π3−1(x)

(X3,OX3)

plus Matsumura’s resultRq f∗OX3 = (0), q > 0 whereX1 and X3 are
smooth and characteristic zero. Moreover, whenO � O′/I , then the
restriction map

Hi
{x}(O

′)→ Hi
{x}(O)
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gives258

Hi
{x},int(O

′)→ Hi
{x},int(O)

because we can find resolutions fitting into a diagram:

X �

� //

��

X′

��
SpecO �

� // SpecO′.

Next, we prove using the Kodaira Vanishing Theorem and following
Hartshorne and Ogus ([16]p. 424):

Lemma. Assume x is the only singularity ofO, dimO = n andπ : X→
SpecO is a resolution. Then

Hi
{x}′ int(O) � Hi

{x}(O), 0 ≤ i ≤ n− 1

and
Hi
{x}′ int(O) � Ri−1π∗(OX)x, 2 ≤ i ≤ n.

Proof. BecauseO has an isolated singularity, we may assumeO �

Ôx,X0, whereX0 is ann-dimensional projective variety withx its only
singular point. We may assume our resolution is global:

π : X→ X0.

Let X̂ = X ×X0 SpecO and letI be the injective hull ofOx,X0/mx,X0 as
Ox,X0-module. Then according to Hartshorne’s formal duality theorem
(cf. [7]p. 94), for all coherent sheavesF on X, the 2O-modules

Hi
π−1x

(F ), Extn−i
OX̂

(F̂,Ωn
X̂
)

are dual via Hom(−, I ). In particular,

Hi
π−1x

(OX), Hn−i(Ωn
X̂
)
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are dual. But

Hn−i(Ωn
X̂
) � Rn−iπ∗(Ω

n
X) ⊗OX0

O

and it has been shown by Grauert and Riemenschneider [5] thatRiπ∗
(Ωn

X) = (0), i > 0. (This is a simple consequence of Kodaira’s Van-
ishing Theorem because ifL0 is an ample invertible sheaf onX0 with259

Hi(X0, L0 ⊗ π∗Ω
n
X) = (0), i > 0, then by the Leray Spectral Sequence:

Hi(X, π∗L0 ⊗Ω
n
X)

OO

dual
��

� H0(X0, L0 ⊗ Riπ∗Ω
n
X)

Hn−i(X, (π∗L0)−1)

and Kodaira’s Vanishing Theorem applies to all invertible sheavesM
such thatΓ(X,Mn) is base point free and defines a birational morphism,
n ≥ 0 (cf. [9]).) Recapitulating, this showsHn−i(Ωn

X̂
) = (0), i < n, hence

Hi
π−1x

(OX) = (0), i < n, henceHi
{x}int(O)

≈
−→ Hi

{x}(O) is an isomorphism.
To get the second set of isomorphisms, we use the Leray Spectral

Sequence:

Hp
{x}(X0,R

qπ∗OX)⇒ H∗π−1x
(X,OX).

The only non-zero terms occur forp = 0 or q = 0, so we get a long
exact sequence

. . .→ H0
{x}(R

i−1π∗Ox)→ Hi
{x}(π∗Ox)→ Hi

π−1x
(OX)→ H0

{x}(R
i
π∗

Ox)

→ Hi+1
{x} (π∗OX)→ . . .

Using the first part, plus the isomorphism:

Hi
{x}(π∗OX) � Hi−1(SpecO − {x}, π∗OX)

� Hi−1(SpecO − {x},O)

� Hi
{x}(O), i ≥ 2,

we get the results. Q.E.D. �
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We now go back to the sequence (*). It gives us:

0→ Õ/O → H2
{x},int(O

′)
t
−→ H2

{x},int(O
′)→ R1π∗(OX)x → . . .

whereπ : X→ SpecO is a resolution. Therefore

l(Õ/O) = l(ker of t in H2
{x},int(O

′))

= l(Coker of t in H2
{x},int(O

′))

≤ l(R1π∗(OX)x) = pa(Õ). Q.E.D.

Appendix 260

The purpose of this appendix is to make a rather technical extension
of the result in § IV, which seems to be better for use in applications.
Let X be an affine surface, reduced, with at most ordinary double curves,
plus one pointP ∈ X about which we know nothing. Let

X̃ = SpecΓ(X − P,OX)

so that we get
π1 : X̃→ X,

an isomorphism outsideP, everywhere a finite morphism, with̃X Cohen-
Macauley. Our goal is to show that in certain casesX is not smoothable
nearP, i.e.,∄ an analytic family

f : X′ → ∆ = disc in thet-plane,

where f −1(0) ≈ (neighborhood ofP in X), and f −1(t) is smooth,t , 0.
(Here we work in the analytic setting rather than the formal one to be
able below to take an exponential.) We know that a necessary condition
for X′ to exist is thatπ−1

1 (P) is one pointP̃, so henceforth we assume
this too. Next blow up̃X, but only atP̃ and at centers lying over̃P : it is
not hard to see that we arrive in this way at a birational proper morphism

π2 : X∗ → X̃
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such thatX∗ has at most ordinary double curves and pinch points (points
like z2

= x2y), these pinch points moreover lying overP̃. Define

pa(OP̃) = dimC[R1π2,∗(OX∗)P̃].

It is easy to verify that this number is independent of the choice of X∗.
(However, this wouldnot be true if X̃ had cuspidal lines–in this case,
there is no bound on dimR1π∗ as you blow up̃X more and more!) We
claim the following

Theorem. If X is smoothable near P, then l(OP̃/OP) ≤ pa(OP̃).261

Proof. We follow the same plan as in the case whereO has an isolated
singularity, except that, for an arbitrary local ringO, we set

Hi
{x},int(O) =

⋃



modifications
π:X→SpecO

where

X−π−1(x)
≈

−→SpecO−{x}



[ker : Hi
{x}(O)→ Hi

π−1(x)
(OX)]

The proof is then the same as before except that we cite only the follow-
ing case of the lemma: �

Theorem (Boutot [17]). Let O be a normal excellent local k-algebra,
with residue field k, andchar(k) = 0. Then:

H2
{x},int(O) = H2

{x}(O).

This result is a Corollary of Proposition 2.6, Chapter V [17]. Since
char(k) = 0, we may disregard “red” in that Proposition and apply it to
the values of the functor on the dual numbers. It tells us thatthere is a
blow-upπ : X→ Spec(O) concentrated at the origin such that

PicX/k(k[ǫ]/(ǫ2))→ PicSpec(O)−{x}(k[ǫ]/(ǫ2))

is an isomorphism. In other words, in the sequence:

→ H1(X,OX)
α
−→ H1(X − π−1(x),OX)

β
−→ H2

π−1(x)(OX)→

α is surjective, henceβ is zero.
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Singular Modular Forms of Degrees

By S. Raghavan

1. For a natural nubmers, let Hs denote the Siegel half-plane263

of degrees, namely the space ofs-rowed complex symmetric ma-
tricesW = U + iV with U, V real andV positive-definite. The
Siegel modular groupΓs = Sp(s,Z) = {M =

(

A B
C D

)

|A, B,C,D
s-rowed integral square matrices with

M

(

0 Es

−Es 0

)

M′ =

(

0 Es

−Es 0

)

,

whereEs is the s-rowed identity matrix and for a matrixN, N′

denotes the transpose ofN} acts onHs as a discontinuous group
of analytic homeomorphismsW 7→ M〈W〉 = (AW+B)(CW+D)−1

of Hs (called modular transformations of degrees). By a modular
form of degrees and weightk(≥ 0) we mean a complex-valued
function f holomorphic in thes(s+ 1)/2 independent elements
of W such thatf (M〈W〉) det(CW+ D)−k

= f (W) for everyM =
(

A B
C D

)

∈ Γs and further, fors= 1, f is bounded in a fundamental
domain forΓs in Hs [6]. Let {Γs, k} denote the complex vector
space of such modular forms. Everyf ∈ {Γs, k} has the Fourier
expansion

f (W) =
∑

N

a(N) exp(πi tr (NW)) (1)

wheretr denotes the trace andN runs over alls-rowed integral
non-negative definite matrices with even diagonal elements. If
a(N) = 0 for every positive definiteN, we call f a singular mod-
ular form. On the other hand, ifa(N) = 0 for all N which are not
positive-definite,f is known as a cusp form. It is immediate that

307
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the only cusp form which is, at the same time, a singular modular
form is the constant 0. WritingW in Hs as

(

Z w
w′ z

)

with z ∈ H1,

Z ∈ Hs−1, we knowg = Φ( f ) given byg(Z) = lim
λ→∞

f
((

Z 0
0′ iλ

))

is

in {Γs−1, k}. This mapΦ : {Γs, k} → {Γs−1, k} (with {Γ0, k} = C, by
convention) is known as the Siegel operator and its kernel consists264

precisely of cusp forms in{Γs, k}.
It is clear that{Γs, k} contains no singular modular form, 0,

if and only if every f in {Γs, k} is uniquely determined by the set
of its Fourier coefficients {a(N)|N positive definite} referring to
(1).

For s = 1, a singular modular form is necessarily a constant.
For s> 1, we know from Resnikoff ([3], [4]) that singular modu-
lar forms can exist only fork of the formr/2 with r integral and
0 ≤ r < s; such weights, for givens, are calledsingular weights.

Even for s > 1, it turns out, as we shall see in a while, that
singular modular forms are particularly simple in their structure;
in fact, they are quite arithmetical in nature in as much as they are
just linear combinations of theta series associated with “positive-
definite even quadratic forms of determinant 1 inr variables” (and
with W ∈ Hs). It is well known that such quadratic forms exist
only whenr is a multiple of 8.

2. Let S be anr-rowed integral positive-definite matrix. Then
associated toS andW ∈ Hs, we define the theta series

t(W; S) =
∑

G

exp(πi tr (G′ SG W))

where the summation is over all integral matricesG of r rows
and s columns. The series represents a holomorphic function of
W on Hs. From Witt [7], we know that it is a modular form of
degrees and weightr/2, if S is positive-definite, integral with
diagonal elements even and of determinant 1; as already men-
tioned, 8 has to divider in this case. Thus, fors > r, t(W; S) is
always a singular modular form for suchS, since, in the expan-
sion (1) fort(W; S) only N of the formG′SGwith integralG of
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r(< s) rows andscolumns can occur. From the analytic theory of
quadratic forms [5], we know that, for givenr divisible by 8, all
such even positive-definiteS of determinant 1 constitute a single
“genus” consisting of finitely manyZ-equivalence classes (Two
r-rowed matricesA, B are said to beZ-equivalent, if there exists
an integral matrixU of determinant±1 such thatU′AU = B). Let 265

S1, . . . ,Sh form a complete set of representatives of these classes.
Thent(W; Si) depends only on the class ofSi for 1 ≤ i ≤ h. We
claim thatt(W; Si), 1 ≤ i ≤ h are linearly independent over the
field of complex numbers forW ∈ Hr . In fact, the Fourier coef-
ficient of t(W; Si) corresponding toS j (in place ofN) as in (1) is
given byδi j E(S j) whereδi j is the Kronecker delta andE(S j) is
the number of integral matricesU with U′S jU = S j. Any lin-
ear relation of the form

∑

1≤i≤h
bi t(W; Si) = 0 with bi not all zero,

immediately implies thatbiE(Si) = 0 for every i and yields a
contradiction, since we haveE(Si) ≥ 2, always. It is immediately
seen, by applying theΦ-operator, that fors ≥ r and W ∈ Hs,
t(W,S1), . . . , t(W,Sh) are linearly independent.

Theorem. Every (singular) modular form of degree s and weight
r/2 with r integral and0 < r < s vanishes identically unless r
is a multiple of8. If 8 divides r, every modular form of degree s
and weight r/2 is a linear combination of the theta series t(W; Si),
1 ≤ i ≤ h, where W∈ Hs and S1, . . . ,Sh are representatives ofZ-
equivalence classes of r-rowed positive-definite integralmatrices
with even diagonal elements and determinant1.

Remark. The theorem does not say anything about the nature of
{Γr , r/2} for r divisible by 8. If the Siegel operator from{Γr+1, r/2}
to {Γr , r/2} were onto, then one can conclude that{Γr , r/2} is gen-
erated overC by theta series. Ifr = 8, we know from ([1], [2])
that {Γs, 4} has dimension 1 overC for s≤ 4. It has been conjec-
tured by Freitag that even for 5≤ s ≤ 8, {Γs, 4} has dimension 1,
being generated by a theta series.

Assume that the theorem has been proved fors = r + 1. We
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then claim that it is valid fors > r + 1. First, forr not divisible
by 8, if {Γr+1, r/2} consists only of 0, then the Siegel operatorΦ
from {Γr+2, r/2} is clearly onto{Γr+1, r/2} = {0} and its kernel is
already{0} since every cusp form which is a singular form van-
ishes identically. Thus, forr not divisible by 8,{Γr+2, r/2} = {0}
and a similar argument gives{Γs, r/2} = {0} for s≥ r + 2. On the
other hand, let, forr divisible by 8,{Γr+1, r/2} be a linear com-
bination of theta seriest(W; Si), 1 ≤ i ≤ h with W ∈ Hr+1. If266

W∗ =
( W ∗
∗ ∗

)

∈ Hr+2, clearlyΦ(t(W∗; Si)) = t(W; Si), i.e. the
Siegel operator from{Γr+2, r/2} is onto. Again by the same argu-
ment as above,Φ is an isomorphism, implying that{Γr+2, r/2} is
generated by theta series forr divisible by 8; the spaces{Γs, r/2}
for s> r + 2 are taken care of in a similar manner.

Therefore, we proceed to prove the theorem fors= r +1. Let
{Γr+1, r/2} contain an f, 0. ForW =

(

Z w
w′ z

)

∈ Hr+1 with z ∈ H1,
Z ∈ Hr , let us write (1) as

f (W) =
∑

N

a(N) exp(πi(mz+ 2n′w+ tr(TZ)) (1)

whereN runs over all matrices of the form
(

T n
n′ m

)

which are non-
negative definite, (r + 1)-rowed, integral with even diagonal el-
ements,T being r-rowed. Further,f being a singular modular
form, a(N) = 0 for detN > 0. If detT > 0, we can writeN above
as

N =

(

T 0
0′ m− T−1[n]

) [

E T−1n
0′ 1

]

.

HereEr denotes ther-rowed identity matrix and for two matri-
cesA, B we abbreviateB′AB (when defined) asA[B]. Thus, for
detT > 0, we have necessarilym= T−1[n].

For integralA with detA = 1, we havef (W[A]) = f (W). This
givesa(N) = a(N[A]). In particular, for integralr-rowed columns
g and

N =

(

T n
n′ T−1[n]

)

,N1 =

(

T Tg+ n
(Tg+ n)′ T−1[Tg+ n]

)

= N

[

Er g
0′ 1

]
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the corresponding coefficientsa(N) anda(N1) coincide.
For positiveT as above and an integralr-rowed columnl with

T−1[l] even, letb(T; l) = a
((

T l
l′ T−1[l]

))

and letb(T; l) = 0 other-
wise. Thenb(T; Tg+ l) = b(T; l) for every integralg. Let l run
over a complete set ofr-rowed integral columns such that no two267

distinct columns sayl1, l2 satisfy l1 = l2 + Tg for some integral
columng (We write l modT, in symbols). We can write

f (W) =
∑

T>0

exp(πi tr (TZ))
∑

l modT

b(T; l)
∑

g

exp(πiz T−1[Tg+ l]+

+ 2πi(Tg+ l)′w) +
∑

T1≥0,detT1=0

h(z,w; T1) exp(πi tr (T1Z))

(2)

whereT, T1 respectively run over positive-definite and singular
non-negative-definiter-rowed integral matrices with even diago-
nal elements andg runs over allr-rowed integral columns. Let us
abbreviate the innermost sum in the first term on the right side of
[3] asϑ(z,w; T, l). It is easy to see that

(

Z w
w′ z

)

=W 7→W1 =

(

Z − z−1ww′ z−1w
z−1w′ −z−1

)

=































Er 0 0 0
0′ 0 0′ −1
0 0 Er 0
0′ 1 0′ 0































〈W〉

is a modular transformation of degrees. Now, sincef ∈ {Γs, r/2},
we have

f (W1)z−r/2
= f (W) (3)

taking that branch ofz−r/2 assuming the value exp(−πir/4) corre-
sponding to the pointiEr+1. On the other hand, it is easy to check
that, for positive-definiteT,

ϑ(−z−1, z−1w; T, l) = exp(πiz−1T[w])×
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×
∑

g integral

exp(−πi T [g+ T−1l − w]z−1)

= exp(πiz−1T[w])(det(iz−1T))−1/2×

×
∑

g integral

exp(πiz T−1[g] + 2πi g′(T−1l − w))

using the theta transformation formula. Let us writeT−1g again
asT−1 j + p where j runs moduloT and p runs over all integral
columns asg does so. Then we have

ϑ(−z−1, z−1w; T, l)

= (i/z)−r/2(detT)−1/2 exp(πiz−1T[w])×

×
∑

j modT

∑

p integral

exp(πi T [p+ T−1 j]z+

+ 2πi l ′(T−1 j + p) − 2πi(T p+ j)′w)

= (i/z)−r/2(detT)−1/2 exp(πiz−1T[w])×

×
∑

j modT

exp(−2πi l ′T−1 j)ϑ(z,w; T, j) (4)

noting thatexp(2πi l ′p) = 1 and making the changep→ −p and268

j → − j. From (2), (3) and (4), we obtain

zr/2
∑

0<T, j modT

b(T, j)ϑ(z,w; T, j) exp(πi tr (TZ)

+ zr/2
∑

T1

h(z,w; T1) × × exp(πi tr (T1Z))

=

∑

T,l modT

b(T; l) exp(πi tr (TZ) − πiz−1T[w])

× ϑ(−z−1, z−1w; T, l)+

+

∑

T1

h(−z−1, z−1w; T1) exp(πi tr (T1Z) − πiz−1T1[w])

= (i/z)−r/2
∑

T,l modT

b(T; l)(detT)−1/2 exp(πi tr (TZ))×
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×
∑

j modT

exp(−2πi j ′T−1l)ϑ(z,w; T, j)+

+

∑

T1

h(−z−1, z−1w; T1) exp(−πi z−1T1[w]) exp(πi tr (T1Z))

= (i/z)−r/2
∑

0<T, j modT

(detT)−1/2
∑

l modT

b(T; l) exp(−2πi j ′T−1l)×

× exp(πi tr (TZ))ϑ(z,w; T, j)

+

∑

T1

h(−z−1, z−1w; T1) exp(−πi z−1T1[w]) exp(πi tr (T1Z)).

Comparing the coefficient of exp(πi tr (TZ)) for fixed positive-
definiteT on both sides, we get

zr/2
∑

j modT

b(T; j)ϑ(z; w; T, j) = (i/z)−r/2(detT)−1/2×

×
∑

j modT

ϑ(z; w; T, j)
∑

l modT

b(T : l) exp(−2πi j ′T−1l).

This implies, in turn, that 269

b(T : j) = exp(−πir/4)(detT)−1/2
∑

l modT

b(T; l) exp(−2πil ′T−1 j).

In particular, we have forT with detT > 0,

a

((

T 0
0′ 0

))

= (detT)−1/2 exp(−πi r/4)
∑

l modT

a

((

T l
l′ T−1[l]

))

(5)
(cf. [1](13), p. 284, [4]§§ 5-6). Note that (detT)1/2 is the positive
square root.

For given positive-definiteT andl modT as above, there ex-
ists an integral matrixA of determinant 1 such that

(

T l
l′ T−1[l]

)

= A′
(

T0 0
0′ 0

)

A. (6)

Since the left hand side is integral with even diagonal elements
and of rankr, the same is true ofT0. If A =

(

d c
b a

)

with r-rowed
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squared, we haveT = T0[d] implying thatd is nonsingular. Fur-
ther l = d′T0c. If detd = ±1, thenl = d′T0d. d−1c = Td−1c
(≡ 0 modT, in the sense thatl = Tg for an integral columng).
Thus, if there exists an integrall not of the formTg for an inte-
gralg such thatT−1[l] is even, then necessarily detd has absolute
value atleast equal to 2. On the other hand, there always exists an
integrall such thatT−1[l] is an even integer.

Let us callT imprimitive if there exists an integral matrixd
with detd , 0,±1, such thatT[d−1] is integral with even diagonal
elements. IfT is not imprimitive, we callT primitive.

For primitiveT, the only term occurring on the right side of
(4) corresponds tol = 0 (i.e. l ≡ 0(mod T)). In this case then,
we have

(

1−
exp(−πir/4)

(detT)1/2

)

a

((

T 0
0′ 0

))

= 0. (7)

Unless
detT = 1 and r ≡ 0(mod 8), (8)

(7) implies thata
((

T 0
0′ 0

))

= 0, We may rewrite (4) as

a

((

T 0
0′ 0

))

=
exp(−πir/4)

(detT)1/2

∑

(d c)

a

((

T[d−1] 0
0′ 0

))

(5′)

where, on the right hand side, the summation is over integral270

matrices (d c) of r rows andr + 1 columns having discriminant 1,
with integral non-singulard not mutually differing by a left sided
integral matrix factor of determinant±1 and withc running only
modulod. From (5′) and (8), we conclude that

“a

((

T 0
0′ 0

))

, 0, detT > 1” ⇒ T is imprimitive. (9)

On the other hand, if there existsT as above with detT = 1
anda

((

T 0
0′ 0

))

, 0, then 8 necessarily dividesr, T beingr-rowed,
positive-definite, of determinant 1 and integral with even diagonal
elements. Thus if 8 does not divider, repeated application of (5)′
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eventually yields a primitiveT0 with non-zeroa
((

T0 0
0′ 0

))

, since
f , 0 (andΦ( f ) , 0, as a result). For such aT0, we deduce
from (7) and (8) that detT0 = 1 andr ≡ 0(mod 8), which is a
contradiction. The first assertion of the theorem is thus proved
for s= r + 1 and hence for everys≥ r + 1.

Let us now suppose thatr is a (positive) multiple of 8. For
the given f ∈ {Γr+1, r/2}, we can always find a constantui such
that the Fourier coefficienta

((

Si 0
0′ 0

))

of f is preciselyuiE(Si) for
1 ≤ i ≤ h. Let, for givenr-rowed integral symmetricR, A(Si ,R)
denote the number of integral matricesG for which Si[G] = R. It
is immediate from the choice ofui(1 ≤ i ≤ h) that for detT = 1,

a

((

T 0
0′ 0

))

=

∑

1≤i≤h

uiA(SiT) (10)

Indeed,T is in theZ-equivalence class of exactly one ofS1, . . . ,Sn
and (10) follows from the choice ofui and from the fact that
f (B′WB) = f (W) for integralB of determinant±1. Assume that
(10) has been proved for all integral positive definiteT with even
diagonal elements and detT < t. Then from (5)′, if detT = t,

(1− 1/(detT)1/2)a

((

T 0
0′ 0

))

=
1

(detT)1/2

∑

(d c)
|detd|,1

a

((

T[d−1] 0
0′ 0

))

= (1/(detT)1/2)
∑

(d c)
| detd|,1

uiA(Si ,T[d−1]).

using the hypothesis on (10). But the last expression is just 271

(1− 1/(detT)1/2)
∑

1≤i≤h

uiA(Si ,T)

since
∑

1≤i≤h
uiA(Si ,T) is itself the Fourier coefficient of

∑

1≤i≤h

ui t(W; Si) ∈ {Γr+1, r/2}
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corresponding to
(

T 0
0′ 0

)

and consequently satisfies (5)′. As a re-
sult, we have

a

((

T 0
0′ 0

))

=

∑

1≤i≤h

uiA(Si ,T)

for detT ≥ 1. In other words,

(Φ( f ))(Z) =
∑

1≤i≤h

ui t(Z,Si)

= Φ

















∑

1≤i≤h

ui t(W,Si)

















i.e. f (W) =
∑

1≤i≤h

ui t(W,Si)

which completes the proof of the theorem fors= r + 1.

Acknowledgement. We are grateful to Prof. H.L. Resnikoff for
having sent a preprint entitled ‘Stable spaces of modular forms’.
It may be remarked that relations (3.7) and (3.8) on page 8 of that
preprint do not seem to be correct.

We learned from Prof. H. Klingen in December 1976 that Fre-
itag and Resnikoff have independently proved the assertion: “sin-
gular modular forms are generated by theta series”. Perhaps, their
proof is also on the same lines as above. We received recentlya
preprint of D. M. Cohen and H. Resnikoff entitled “Hermitian
quadratic forms and hermitian modular forms”; this contains a
reference to a preprint of H. L. Resnikoff entitled “The structure
of spaces of singular automorphic forms” the contents of which272

are, however, not known to us.
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Contre-Exemple Au “Vanishing
Theorem” En Caractéristiquep > 0

par M. Raynaud

Soit k un corps algébriquement clos de caractéristiquep > 273

0. Nous allons construire une surfaceX, propre et lisse surk,
et un faisceau inversible ampleI sur X, tel queH1(X,I −1) ,
0. −֒−→Ainsi le théoréme de Kodaira [2] −֒−→, ne s’etend pas en
caractéristiquep > 0. Ce contre-exemple est à rapprocher de
celui obtenu par Mumford avec une surface normale, non lisse
[5].

On va construire la surfaceX comme fibrée sur une courbeC,
avec des fibres integres et une ligne horizontale de “cusps”.Ces
fibres sont les complétions projectives de courbes affines d’équa-
tion y2

= xp
+ a, si p , 2 ety3

= x2
+ a si p = 2.

Je tiens à remercier messieurs Oda et Spiro pour l’aide précie-
use qu’ils m’ont apportée dans l’élaboration de ce travail.

1 Frobenius sur les courbes

On reprend ici une petite partie des résultats de Tango [6].
Soit C une courbe propre et lisse surk, de genreg, de corps

des fractionsK et soitF : C′ → C le k-morphisme radiciel de
degrép, correspondant à la fermeture intégrale deC dansK′ =
K1/p. La différentielle

d : OC′ → Ω
1
C′

319
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donne des suites exactes deOC-modules:

0→ OC → F∗(OC′ )
α
−→ B

1→ 0 (1)

0→ B
1→ F∗(Ω

1
C′ )

c
−→ Ω1

C → 0 (2)

ou c est l’opération de Cartier.
Soit L ⊂ B1 un OC-module inversible etl son degré. Si

E = α−1(L ), on a une suite exacte:

0→ OC → E → L → 0, (3)

d’ou un morphisme deOC-algèbres274

S(E )
β
−→ F∗(OC′ )

(on désigne parS(E ) l’algèbre symètrique deE , par Sn(E ), sa
partie homogène de degrén).

Proposition 1. (i) On a l≤ 2(g−1)/p, avec égalité si et seule-
ment siβ est surjectif.

(ii) Pour qu’il existe un diviseur D sur C avecL ≃ OC(D), il
faut et il suffit qu’il existe f ∈ K avec(d f) ≥ pD, d f , 0.

Démonstration. Les courbesC etC′ ayant même genre, la car-
actéristique d’Euler-Poincaré deB1 est nulle, d’où, par Riemann
Roch:

deg(B1) + (p− 1)(1− g) = 0.

Par ailleurs,β(S(E )) est isomorphe àSp−1(E ), doncα◦β(S(E ))
est un sous-faisceau deB1 qui admet une filtration, a quotients
successifs isomorphes àL ⊗i , 1 ≤ i ≤ (p − 1). On a donc
lp(p − 1)/2 ≤ (p − 1)(g − 1), soit l ≤ 2(g − 1)/p, avec égalité
si et seulement siβ est surjectif, d’ou (i).

Prouvons (ii). On aL ≃ OC(D) ⇔ H0(C,B1(−D)) , 0. En
tensorisant (2) parOC(−D), on trouve la suite exacte:

0→ B
1(−D)→ F∗(Ω

1
C′(−F∗(D))

c(−D)
−−−−→ Ω1

C(−D)→ 0
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Par suite,H0(C,B1(−D)) = {d f ′, f ′ ∈ K′, (d f ′) ≥ F∗(D).}
Par l’élévation à la puissancep, cet ensemble est en bijection
avec

{d f, f ∈ K, (d f) ≥ pD}, d′ou(ii ).

Corollaire. Pour qu’il existeL dansB1, avecL ≃ OC(D) deg
(D) = 2(g − 1)/p, il faut et il suffit qu’il existe f ∈ K, avec
(d f) = pD.

Exemple.Soithun entier> 0 et considérons le revetement d’Artin-
Schreier de la droite affine, d’équation:

Xp − X = Thp−1.

Soit C la complétion projective de ce revetêment, munie de son275

point à l’infini. La différenteD est égale àhp(p−1)∞, la courbeC
est de genreg avec 2(g−1) = p(h(p−1)−2) et (dT) = p(h(p−1)−
2)∞. On peut donc prendreL = OC(D) avecD = (h(p−1)−2)∞.

2 Construction de(X,I )

Désormais, on suppose donnésC de genreg > 1 etL satisfaisant
aux conditions énoncées dans le corollaire, donc de degr´e 1 =
2(g− 1)/p > 0.

Soit P = P(E ) le fibré en droites projectives surC, défini par
E . Notons f : P → C le morphisme structural etOP(1) le fais-
ceau inversible relativement ample canonique. On af∗(OP(n)) =
Sn(E ). Enfin, le faisceau dualisant relatif estωP/C = OP(−2) ⊗
Λ

2(E ) = OP(−2)⊗L .
On a deux diviseurs horizontaux naturels surP. Tout d’abord,

le quotientL de E , définit une section def ; soit E ≃ C son
image. L’élément 1 deOC, vu comme élément deH0(C,E ) =
H0(P,OP(1)), donne une sections deOP(1), qui s’annule surE
et fournit un isomorphisme deOP(1) avecOP(E). Par ailleurs, si
on tensorise (3) avec le morphisme de Frobénius absolu surC, on
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obtient la suite exacte:

0→ OC → E
(p) → Z

⊗p→ 0. (4)

CommeE ⊂ OC′ , l’élévation à la puissancep dansOC′ , permet
de définir un morphismeOC-linéaire surjectifE (p) → OC; son
noyau est isomorphe àL ⊕p et fournit un scindage de (4). On a
donc une droite canoniqueL ⊕p dansE (p) ⊂ Sp(E ) = px(OP(p)).
D’ou une sectiont ∈ H0(P,Op(p) ⊗ L ⊕−p); t s’annule sur une
courbe deP, de degrép surC qui, compte tenu du choix deL ,
estC-isomorphe àC′ (et on la noteC′ dans la suite), donc est
lisse surk. Enfin on aC′ ∩ E = φ.

Examinons d’abord le cas p, 2. On va construire un revête-
mentX de P, de degré 2, ramifié le long deC′ ∪ E. Pour celà,
on choisitN inversible surC, tel queN ⊗2

= L (noter que
l est pair). Pour décrire le morphismeπ : X → P, on doit se
donner un faisceau inversibleM sur P et un isomorphisme de
M ⊗2 avecOP(−E − C′); on a alorsπ∗(OX) = OP ⊕M . On276

prendM = OP(−(p + 1)/2) ⊗ N⊗p et le morphisme deOP dans
M ⊗−2

= OP(p+1)⊗L ⊗−p
= OP(E+C′) défini pars⊗ t. Comme

C′ et E sont lisses surk, et disjointes,X est lisse surk. Les fibres
deg = f ◦ π sont de genre (p− 1)/2; un calcul local montre que
X possede une ligne de cuspsC̃, au-dessus deC′ (C̃ isomorphe à
C′). En dehors dẽC, X est lisse surC. EnfinE se dédouble surX
enπ∗(E) = 2Ẽ.

Lemme . Il existe n > 0 tel queOX(nẼ) soit engendré par ses
sections. Le système linéaire correspondant contracte une seule
courbe: la ligne de cusps̃C.

Evidemment, la sectionl deOX(Ẽ) engendreOX(Ẽ) en dehors
de Ẽ. DoncC̃, qui est contenue dansX − Ẽ, sera nécessairement
contractée. Par ailleurs on aπ∗(OX(Ẽ)) = OP ⊕M (E) et plus
généralement, pourn ≥ 0, on a

π∗OX(2nẼ) = OP(nE) ⊕M (nE) et π∗ OX((2n+ 1)Ẽ)
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= OP(nE) ⊕M ((n⊕ 1)E).

En particulier

g∗(OX(pẼ)) = p∗(OP((p− 1/2)E) ⊕M ((p+ 1)/2 E))

= p∗(OP((p− 1)/2))⊕N
⊗n.

CommeN est de degré> 0,N ⊗pm est engendré par ses sections
pour m ≫ 0. Si alorsσ engendreN⊗pm au-dessus d’un ouvert
affine U de C, il correspond àσ une section deOX(pm Ẽ), qui
engendre ce faisceau au-dessus deU, en dehors dẽC, donc sur
un ouvert affine deX, d’ou le lemme.

Il résulte du lemme que, siQ est un faisceau inversible sur
C, de degré> 0, alorsL = OX(Ẽ) ⊗ g(Q) est ample surX.
Il nous reste à voir que l’on peut choisirQ, de degré> 0, de
facon queH1(X,I −1) soit, 0. Or on aH1(X,OX(−Ẽ) ⊗Q−1) =
H0(C,R1g∗(OX(−Ẽ)) ⊗ Q−1); R1g∗(OX(−Ẽ)) = R1p∗(Op(−E) ⊕
M ) = R1p∗(M ). Vu la dualité de Serre,R1p∗(M ) est dual de 277

p∗(M −1⊗ωP/C) = p∗(OP(p−3)/2)⊗N2−p
= S(p−3)/2(E )⊗N2−p.

Ce dernier a pour quotientL ⊗(p−3)/2 ⊗ N ⊗(2−p)
= N −1, donc

R1g∗(OX(−E))⊗Q−1 contientN ⊗Q−1. Il suffit donc de prendre
Q de degré> 0, tel queH0(C,N ⊗ Q−1) , 0, par exemple
Q = N .

Dans le cas p= 2, on choisitl = g − 1 multiple de 3 et un
faisceau inversibleN surC tel queN ⊗3

= L . On prend pour
M un revêtement cyclique de degré 3 deP, ramifié le long de
E ∪C′, défini par le faisceau inversibleM = OP(−1)⊗N 2 et le
morphisme

OP→M
⊗−3
= OP(3)⊗L

−2
= OP(E +C′)

défini pars⊗ t. La fin de la démonstration est analogue a celle du
casp , 2.

3 Remarques et questions

1. La surfaceX que nous avons construite est un revêtement radi-
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ciel de degrép d’une surface réglée de baseC; en particulier, elle
a pour nombres de Bette,b1 = 2g, b2 = 2. Néanmoins, du point
de vue de la classification d’Enriques, Bombiéri, Mumford [1] et
[4], elle est de type général pourp ≥ 5, quasi-elliptique (avec
χ(OX) < 0) pourp = 2 et 3.

2. CommeE est une section def , ωP/C(E)|E est trivial, done
OP(E)|E est isomorphe àL |C; en particulierE2

= l > 0. Il
en résulte que l’on ãE2

= l/2 pour p , 2 et Ẽ2
= l/3 pour

p = 2. Mumford et Spiro ont remarqué que, des que l’on avait
une surface lisseX, fibrée sur une courbeC, à fibres integres de
genre≥ 1 munie d’une sectionE telle queE2 > 0, on pouvait
trouver surX, un faisceau ampleL tel queH1(X,L −1) , 0.

3. Dans le revêtement d’Artin-schreier cité plus haut prenons,h =
ap− 2 aveca ≥ 1 si p ≥ 5, a ≥ 2 si p = 3 et prenonsh = 8 si
p = 2. On peut alors choisirN = OC(a(p−1/2)−1)p∞) is p ≥ 3
et N = OC(2∞) si p = 2 et prendre pour faisceau ampleI =

OX(Ẽ)⊗N . CommeN est engendré par ses sections surC (car
image réciproque surC d’un faisceau sur la droite projective),
L est alors engendré par ses sections en dehors deẼ. Peut-on278

contre-exempler le théorème de Kodaira avec un faisceau ample,
engendré par ses sections, voir très ample?

4. SoientX une variété propre et lisse surk, L un faisceau am-
ple surX et ω le faisceau dualisant. Supposons queX et L se
relèvent en caractéristique zéro. Il résulte alors du théorème de
Kodaira et des propriétés de spécialisation de la cohomologie que
pout tout entieri ≥ 0, on a:

χi(X,L ⊗ ω) = dim Hi(X,L ⊗ ω) − dimHi+1(X,L ⊗ ω) + ·

≥ 0.

Ces propriétés restent-elles varies sans hypothèses derelèvement?
Notons qu’un tel résultat; bien que nettement plus faible que le
théorème de Kodaira, suffirait pour étendre à la caractéristiquep,
le théorème de finitude de Matsuaka [3].
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The Tricanonical Map of a Surface with
K2
= 2, Pg = 0

By E. Bombieri and F. Catanese

1 Introduction
279

In this paper we prove the following result.

Theorem 1. Let S be a minimal surface of general type with K2
=

2, pg = 0, over an algebraically closed field k,char(k) = 0. Then
the tricanonial mapΦ3K of S is a birational morphism.

If we combine Theorem 1 with the results of Bombieri ([1]
referred in the sequel as [CM]) and Miyaoka [4] we deduce

Theorem 2. If S is a minimal surface of general type over an
algebraically closed field k,char(k) = 0 and m≥ 3, thenΦmK is
a birational map with exactly the following exceptions:

(a) m= 3, K2
= 1 and pg = 2, K2

= 2 and pg = 3

(b) m= 4, K2
= 1 and pg = 2.

We refer to Horikawa [3] for a detailed and exhaustive study
of the surfaces in (a) and (b).†

Our notation is as follows:
S a minimal surface of general type, withK2

= 2, pg = 0
(non-singular),

†Added in Proof. The result of Theorem 2 has been independently obtained
by X. Benveniste, with a similar method.

327



328 E. Bombieri and F. Catanese

K a canonical divisor onS,
ωD the dualizing sheaf of a divisorD > 0 onS, hence

ωD � OD(D + K),

O the structure sheaf ofS,
F (−C − a1x1 − · · ·ar xr ) the sheaf of germs of sections ofF

vanishing onC and onxi with multiplicity ai ,

FC(−a1x1 − · · · − ar xr) = F/F (−C − a1x1 − · · · − ar xr ),

|D −C − a1x1 − · · · − ar xr |

= Proj H0(O(D −C − a1x1 − · · · − ar xr)) ⊆ |D|p(D)

p(D) =
1
2

(D2
+ KD) + 1

the arithmetic genus ofD; Pm the plurigenera ofS.280

2 Two auxiliary results

The first result of this section gives a necessary condition for an
invertible sheaf on a curveC on a surfaceX to have a section.
The technique of proof is one invented by C.P. Ramanujam in the
study of numerically connected divisors.

Proposition A. Let C > 0 be a divisor on a smooth surface X
and letL be an invertible sheaf on C with H0(C,L ) , (0).

Then either

(i) degC L ≧ 0,

or

(ii) we have C= C1 +C2, Ci > 0 with

C1C2 ≦ degC2
(L ⊗ OC2).

Moreover,(ii) holds whenever there is a section s ofL vanishing
on C1 but not on any C′ with C1 < C′ < C.
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Proof. Let s ∈ H0(C,L ) and suppose that the restriction ofs
to any irreducible component ofC is never identically 0. Let
C =
∑

niΓi, Γi irreducible, so that

degC L =

∑
ni deg

Γi
(L ⊗ OΓi ).

If degC L < 0, we would get deg
Γi

(L ⊗ OΓi ) < 0 for some
i, henceL ⊗ OΓi would have only the 0-section sinceΓi is irre-
ducible. This however contradicts our initial assumption that the
restriction ofs to Γi is not identically 0, i.e. thats is not in the
kernel of the restriction map

H0(C,L )
res
−−→ H0(Γi ,L ⊗ OΓi ).

It follows that if conclusion (i) does not hold then there isC1,
with 0 < C1 < C such thats is in the kernel of the restriction map

H0(C,L )
res
−−→ H0(C1,L ⊗ OC1).

281

According to Ramanujam’s idea, we take amaximal C1 and
verify two exact sequences of sheaves

0→ OC2

s
−→ L → L /sOC → 0

0→ F → L /sOC → L ⊗ OC1 → 0

whereC1+C2 = C and where the sheafF is supported at finitely
many points. Now we take the total Chern class onX of the above
sequences and find

c(L ) = c(OC2)c(L /sOC) = c(OC2)c(L ⊗ OC1)c(F )

whence the equation

1+C + (C2 − degC L )

= (1+C2 +C2
2)(1− lengthF )(1+C1 +C2

1 − degC1
L )
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in the Chow ring ofX. The equation in degree 2 is simply

C1C2 + length F = degC2
L

and our result is prove. (QED) �

Our next result, the fact that the canonical system of an irre-
ducible curve has no base points is very classical, but sincewe
could not find an adequate reference we give a proof here.

Proposition B. If Γ is an irreducible Gorenstein curve and|ωΓ| ,
∅, then|ωΓ| has no base points. More generally, a reduced point
p on a reducible curve C on a smooth surface is not a base point
of |ωC| if either

(i) p is simple on C and belongs to a componentΓ with p(Γ) ≧
1 or

(ii) p is singular and for every decomposition C= C1+C2 one
has

C1C2 > (C1 ·C2)p,

where(C1 ·C2)p is the intersection multiplicity of C1, C2 at
p.

We begin by proving

Lemma B′. Let p be a singular point of a curve C lying on a282

smooth surface S , let mp be the maximal ideal of p and letπ :
C̃ → C be a normalization of C at p. ThenHom(mp,OC,p), can
be embedded in the ring A of regular functions onπ−⊥(p), i.e.
A = ⊕π(p′)=pOC̃,p′ .

Proof. Let ϕ ∈ Hom(mp,OC,p) and letx, y be local parameters
for S at p. We denote byf a local equation forC at p and for
u ∈ Op we denote by [u] its image inOC,p = Op/( f ). We may
and shall assume that [x] and [y] are not 0-divisors inOC,p. The
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homomorphismϕ is determined by the knowledge ofϕ([x]) and
ϕ([y]); let ξ andη be such that

[ξ] = ϕ([x]), [η] = ϕ([y]).

We haveϕ([xy]) = [x][η] = [ξ][y] thus [η] = [ξ][y]/[x] in the ring
of quotients ofOC,p. It follows that we have a bijection between
ϕ’s and classes [ξ] such that

[ξ][y]/[x] ∈ OC,p,

since for every [z] ∈ mp we may set

ϕ([z]) = [z][ξ]/[x].

Let p′ ∈ π−1(p) and lett be a local parameter oñC at p′. Then
we claim that

ordt π
∗([ξ]/[x]) ≧ 0.

In fact, suppose that ordt π
∗[ξ] < ordt π

∗[x] ≦ ordt π
∗[y]; then we

cannot haveξ ∈ mp, hence [ξ] is a unit and [y] = [x][η]/[ξ], which
shows that the maximal ideal ofOC,p is generated by [x], i.e. p
is a regular point ofC. If instead ordt π∗[y] < ordt π

∗[x], there
is the same reasoning withη andy instead ofξ and x, because
[η]/[y] = [ξ]/[x]. Q.E.D. �

Now we can prove Proposition B.
If p is a base point of|ωC| the exact sequence

0→ ωCmp→ ωC → kp→ 0

yields

0→ k→ H1(C, ωCmp)→ H1(C, ωC)→ 0.

By Grothendieck’s Deuality we obtain 283

0← k← Hom(mp,OC)← H0(C,OC)← 0
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and
dim Hom(mp,OC) ≧ 2.

In Case (i), Hom(mp,OC) � H0(C,OC(p)) hence dim.H0(Γ,
OC(p)) ≥ 2 andp(Γ) = 0, that isΓ is rational non-singular.

In Case (ii), by Lemma B′, Hom(mp,OC) embeds into
H0(C̃,OC̃), and the condition of (ii) implies that̃C is numerically
connected on a smooth surface, thus dimH0(C̃,OC̃) = 1 by a re-
sult of C.P. Ramanujam [6]; this contradicts dim Hom(mp,OC) =
2. Q.E.D.

3 The linear system

|2K−x−y|. It is clear, sinceP2 = 3, that for any two pointsx, y ∈ S
the linear system|2K − x− y| is non-empty. We denote byΦ the
tricanonical mapΦ3K andassume thatΦ is not birational.Hence
let xbe a general point ofS and letybe such thatΦ(x) = Φ(y). We
denote byC a divisor in|2K−x−y| and, in case dim|2K−x−y| = 1,
we also chooseC as a general element.

Lemma 1. We have h1(OC(3K − x− y)) = 2.

Proof. SinceΦ(x) = Φ(y) the cohomology sequences of

0→ O(3K − x− y)→ O(3K)→ kx ⊕ ky→ 0

0→ O(3K −C)→ O(3K − x− y)→ OC(3K − x− y)→ 0

yield

h1(OC(3K − x− y)) = h1(O(3K − x− y)) + h2(O(3K −C))

= 1+ h2(O(K)) = 2,

becauseh1(O(3K −C)) = h1(O(K)) = 0. Q.E.D. �

The curveC may be reducible and we shall denote byΓ an
irreducible component containingx or y. We then have thatKΓ ≧
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2, becauseKΓ ≦ 1 would implyΓ2 < 0 by the Index Theorem,
while there are only finitely many such curves onS ([CM], page
176). SinceKC = 4 we deduce that eitherx andy lie on only one
componentΓ of C or that they belong to exactly two components.284

Thus we distinguish two cases:

(A) C = Γ1 + Γ2 + M, whereKΓi = 2, Γ2
i ≧ 0, KM = 0 and

x ∈ Γ1, y ∈ Γ2 (possiblyΓ1 = Γ2);

(B) C = Γ + M wherex, y ∈ Γ andx, y < M.

Lemma 2. If case(A) holds then C= C1+C2 with C1 ∼ C2 ∼ K,
Γ1 ≦ C1, Γ2 ≦ C2 and either

(a) C1 , C2, in which caseΓ1 and Γ2 intersect transversally
exactly at x and y, or

(b) C1 = C2.

Proof. We shall prove Lemma 2 in several steps.

Step 1. x andy belong to bothΓ1 andΓ2.

In order to prove this, we shall assume thatx < Γ2 and derive
a contradiction.

First of all, we have

h0(O(3K − Γ2 − M − x)) = h0(O(3K − Γ2 − M)) − 1.

In fact, sincex < Γ2+M, if the above assertion were not true then
we would have

h0(O(K + Γ1 − x)) = h0(O(K + Γ1))

i.e., x would be a base point of|K +Γ1|. Sincepg = 0, the restric-
tion map gives an isomorphism

H0(O(K + Γ1))
∼
−→ H0(ωΓ1)
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and noting that|K + Γ1| is non-empty (p(Γ1) > 0) and thatΓ1

is never a component of elements of|K + Γ1| (sincepg = 0) we
deduce thatx is a base point ofH0(ωΓ1); this however contradicts
Proposition B.

Next, we note that

hi(O(3K − Γ2 − M)) = 0

for i = 1, 2, because

hi(O(3K − Γ2 − M)) = hi(O(K + Γ1)) = h2−i (O(−Γ1)) = 0

for i = 1, 2 (in fact, Γ1 is connected andS has irregularity 0;285

then use ([CM], page 177). It now follows from the cohomology
sequence of

0→ O(3K − Γ2 − M − x)→ O(3K − Γ2 − M)→ kx → 0

that
hi(O(3K − Γ2 − M − x)) = 0 for i = 1, 2.

Using this result and the cohomology sequence of

0→ O(3K−Γ2−M− x)→ O(3K− x−y)→ OΓ2+M(3K−y)→ 0

we deduce that

h1(OΓ2+M(3K − y)) = h1(O(3K − x− y)) = 1,

the latter equality becauseΦ(x) = Φ(y) ([CM], p. 187).
By Grothendieck’s duality we get

dim Hom(OΓ2+M(Γ1) ·my,OΓ2+M) = 1.

If π : S̃ → S gives an embedded resolution of singularities of
Γ2 + M at y and if Γ̃2 + M is the corresponding curve oñS then
denoting byL the sheaf

L =


O
Γ̃2+M(−π∗Γ1) if y is singular

O
Γ̃2+M(−Γ1 + y) if y is simple
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we obtainH0(̃Γ2+M,L ) , (0), as one can see using Lamme B′.
Since degL ≦ 1− Γ1(Γ2+ M) < 0 (note thatΓ1+ Γ2 +M ∈ |2K|
is 2-connected, [CM], p. 181) we can apply Proposition A and
obtain a decomposition

Γ̃2 + M = A+ B

where

AB≦ degB(L ⊗ OB)

≦ 1− Bπ∗Γ1.

This leads to a contradiction: in fact, letπ∗Γ2 = Γ̃2+H; if Γ̃2 ⊂ B 286

we get (B+ H)(A + π∗Γ1) ≤ 1, while if Γ̃2 ⊂ A, thenB(A+ H +
π∗Γ1) ≦ 1 and in both cases one violates the 2-connectedness of
Γ1 + Γ2 + M ([CM], p. 81).

Step 2. The cohomology sequence of

0→ O(3K−Γ2−M)→ O(3K−x−y)→ OΓ2+M(3K−x−y)→ 0

together with

hi(O(3K − Γ2 − M)) = hi(O(K + Γ1)) = h2−i(O(−Γ1)) = 0

for i = 1, 2 gives

h1(OΓ2+M(3K − x− y)) = 1.

By Grothendieck’s duality one deduces

dim Hom(OΓ2+M(Γ1)mxmy,OΓ2+M) = 1

and, again by Lemma B′, we find that if π : S̃ → S is an
embedded resolution of singularities ofΓ2 + M st x andy then
H0(̃Γ2 + M,L ) , (0) whereL is the sheaf

L = O
Γ̃2+M(−π∗Γ1 + ax+ by)
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wherea, b = 1 or 0 according as whetherx, y are simple or
singular onΓ2. SinceΓ1 + Γ2 + M is 2-connected we have

degL ≦ a+ b− 2.

Two cases can occur:

(A) degL = 0.

Thena = b = 1 andx, y are simple onΓ2 andΓ1(Γ2+M) =
2; by Lemma 2 of [CM], p. 181 this implies

Γ2 ∼ Γ1 + M ∼ K.

Moreover in this caseΓ1Γ2 = 2 hence ifΓ1 , Γ2 the two
curvesΓ1, Γ2 intersect transversally exactly atx andy.

(B) degL < 0.

Now we apply Proposition A and deduce that there is a decom-
position

Γ̃2 + M = A+ B

where287

AB≦ degB(L ⊗ OB)

≦ −Bπ∗Γ2 + a+ b.

This however implies, exactly as at the end of Step 1, thata =
b = 1 and

(A+ Γ2)B = 2,

whence by Lemma 2 of [CM], p. 181 one finds again thatx, y are
simple points ofΓ2 and

A+ Γ2 ∼ B ∼ K.

SinceKB = 2 this implies thatΓ1 is a component ofB, x, y are
simple onΓ1 andΓ1Γ2 = 2. Finally, if Γ1 = Γ2 and if B = B′ + Γ1

thenA+ Γ2 ∼ B′ + Γ1, henceA ∼ B′ andA = B′ ([CM], p. 175).
Q.E.D. �
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Lemma 3. Case(A) does not hold.

Proof. Let x, y andC = C1+C2 ∈ |2K − x− y| be as in Lemma 2.
Recall thatx, y was a general pair of points withΦ3K(x) = Φ3K(y)
andC a general element withC ∈ |2K − x − y|. By Lemma 2,
there is a torsion classτ such thatC1 ∈ |K + τ|; since the number
of torsion classes is finite, and sincex can be taken as a general
point of the surfaceS we conclude that

dim |K ± τ| ≧ 1.

Now |K + τ| + |K − τ| ⊆ |2K| and dim|2K| = P2 − 1 = 2, thus we
deduce that|2K| is composite of a pencil and|K + τ| = |K − τ|, i.e.
τ is a 2-torsion class. We have shown thatC1, C2 ∈ |K + τ|, since
x, y ∈ C1 by Lemma 2, we see that ifC′2 is a general element
of |K + τ| thenC1 + C′2 is a general element in|2K − x − y|. By
Lemma 2 again, we obtain thatx, y ∈ C′2, i.e. x, y are base points
of |K + τ|. This is plainly impossible becausex was a general
point onS. �

Lemma 4. The points x, y are simple points of C.

Proof. By Lemma 1,h1(OC(3K − x− y)) = 2 and Grothendieck’s 288

duality yields
dim Hom(mxmy,OC) = 2.

Denoting byπ : S̃ → S an embedded resolution of singularities
of C at x andy, by Lemma B′ we see thatx, y cannot both be
singular, otherwise we would haveh0(OC̃) = 2, while C̃ is con-
nected exactly asC (and now use Ramanujam’s result in [CM],
p. 177).

If, say, x is simple andy singular we geth0(OC̃(x)) = 2 and
this implies thatΓ, the component ofC with x ∈ Γ, is a ratio-
nal curve. This also is impossible, becauseS is of general type.
Q.E.D. �

From now onwards we shall suppose thatC ∈ |2K − x − y|
satisfies the requirements of Lemma 3 and Lemma 4, and write
hC = OC(x+ y) for the hyperelliptic sheaf ofC.
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Lemma 5. We haveωC � h⊗6
C .

Proof. Obvious, becauseC is hyperelliptic. �

4 Proof of Theorem 1

As P3 = 7 we haveΦ = Φ|3K| : S → IP6. We writeV = Φ(S).
d = degV, m= degΦ and note that, since|3K| has no base points
([5]Th. A; see also [2]Th. 5.1) we have

dm= (3K)2
= 18.

Also d ≧ 5 becauseV is not contained in any hyperplane andV
is not a curve, the latter because otherwise the general element of
|3K| would be decomposable ind components, while the curves
D on S with KD ≦ 1 cannot move. This leads to the two cases
degΦ = 2 and degΦ = 3.

Case I. degΦ = 2.

NowΦ determines an involutionσ onS, which is everywhere
regular becauseS is of general type. We have

σ∗O(K) � O(K)

(this clearly holds for every surface of general type) and were-289

mark that,C being as in Section III, we also have

σ(C) = C.

In fact,σ identifies pairs of pointsx, y such thatΦ(x) = Φ(y);
hence the above remark.

Lemma 6. We haveOC(K) � h⊗2
C .

Proof. By Lemma 5 we haveOC(3K) = ωC � h⊗6
C therefore it is

sufficient to prove thatOC(8K) � h⊗16
C . In fact, since|4K| is free
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from base points, we can find a sections∈ H0(S,O(4K)) with 16
zerosa1, . . . , a16 on C. Thenσ∗s has 16 zerosσ(a1), . . . , σ(a16)
on C and the sections. σ∗s of O(8K) has the zerosai , σ(ai) on
C. It follows that the sectionsσ∗s|C of OC(8K) has divisor

div(s · σ∗s|C) =
16∑

i=1

(ai + σ(ai)).

Since eachai + σ(ai) is the divisor of a section ofhC, the result
follows. Q.E.D. �

By Lemma 6, we have an exact sequence

0→ O(−K)→ O(K)→ h⊗2
C → 0

which impliespg = 3, a contradiction. This settles Case I.

Case II. degΦ = 3.

Let A be a general point onC and let

a+ a ∈ |hC|.

ThenΦ(a) = Φ(a) and, ifa′ is the third point withΦ(a) = Φ(a) =
Φ(a′) then a′ < C, as one immediately sees by consideringa′

in case thata′ ∈ C. ConsiderΦ(C) = N. Now Φ−1(N) has a
componentN′ = locus (a′); Φ|N′ : N′ → N is a birational map.
However, points inN′ = locus (a′) are parametrized by|hC| � P1,
becausea+ a determinesa′ uniquely; henceN′ is rational andS
contains a continuous family of rational curves, which is absurd.
This settles Case II and completes the proof of Theorem 1.
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Geometry of Hecke Cycles - I

By M.S. Narasimhan and S. Ramanan

1 Introduction
291

In the course of our study of vector bundles over a smooth projec-
tive curve we considered [5] a correspondence between the space
vector bundles of rankn and degreed on the one hand and that
of vector bundles of rankn and degree (1− d) on the other. This
is the geometric analogue of the Hecke Correspondence whichis
defined in the case of a curve defined over a finite field. Letξ be
a line bundle on the curveX andU(n, ξ) (resp.U(n, ξ−1X)) be the
moduli space of vector bundles onX of rankn with determinant
isomorphic toξ (resp. isomorphic toξ−1 ⊗ Lx, x ∈ X), n ≥ 2.
For a general vector bundleE ∈ U(n, ξ), the subscheme corre-
sponding toE in U(n, ξ−1X) under this correspondence is isomor-
phic to the projective bundleP(E∗). We call these subschemes of
U(n, ξ−1X) good Hecke cycles. This identifies a suitable open
subset ofU(n, ξ) with an open subset of the Hilbert scheme of
U(n, ξ−1X). Results of this type were announced in [5§ 8] and are
proved here in § 5, which can be read independently of the restof
the paper.

In the casen = 2, andξ is trivial we prove that the irreducible
component (which we shall call for convenience the Hecke com-
ponent) of the Hilbert scheme ofU(2,X) containing the good
Hecke cycles is smooth and provides a non-singular model for
U(2, ξ). This is the main result of the paper (Theorem 8.14).

Now the Kummer variety associated to the JacobianJ of X
is the set of non-stable (and even singular if the genusg ≥ 3)

341
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points ofU(2, ξ). The possible elements of the Hecke component
corresponding to points of the Kummer variety can be listed (§ 7)
and they all turn out to be conic bundles overX. The fibre in
the non-singular model over a non-nodal pointk of the Kummer
variety is isomorphic toPH1(X, j2) × PH1(X, j−2), where j ∈ J
lies abovek, and the corresponding subschemes inU(2,X) can
be described as the union of two projective line bundles onX
corresponding to non-trivial extensions

0→ j−1→ E→ j → 0

0→ j → E′ → j−1→ 0

identified along the sections given byj−1 and j respectively. Over292

a node of the Kummer variety, the elements are trivial conic bun-
dles contained inX×P(H1(X,O))t (imbedded inU(2,X)), where
P(H1(X,O))t is the thickening ofPH1(X,O) corresponding to the
universal quotient bundleQ of PH1(X,O). (See 4.4 iii). Thus we
get here not only conics contained inPH1(X,O) but also lines
in it which are thickened within thisQ∗-thickening. (The latter
will be referred to as ‘outside thickenings’). It is proved that the
Hilbert scheme is itself smooth at all these points except at1) a
pair of intersecting lines inPH1(X,O), 2) double lines contained
schematically inPH1(X,O) (§ 8). At points of the above type
another component of the Hilbert scheme hits the Hecke compo-
nent. We show that there is a natural morphism of the union of
these two components into the Jacobian ofX, which is constant
on the Hecke component. (This morphism should be thought of
as playing the role of the Weil morphism into the intermediary
Jacobian). By studying the differential of this morphism we show
that the Hecke component is smooth also at these points. (See
Lemmas 8.10, 8.11).

The conics contained schematically inPH1(X,O) is aP5 bun-
dle over the Grassmannian of planes inPH1(X,O). It will be
shown in a later paper that the non-singular model considered
above can be blown down along these fibrations (one for each
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node) to another non-singular model.
It turns out that all the subschemes described above consist

of bundles which are non-trivial extensions of line bundlesof a
particular kind. Such (triangular) bundles are parametrised by a
projective bundle overX × J. We have a morphism from this
space intoU(2,X), which may also be looked upon as a fam-
ily {P(D j)} j∈J of smooth subvarieties ofU(2,X) parametrised by
J, where eachP(D j) is a projective bundle overX of dimension
(g−1). One of the essential points in the proof is to study the first
and second order differentials of this morphism and in particular
to compute its Hessian at the critical points (§ 6). The necessary 293

preliminaries for this are discussed in § 2. This study is neces-
sary to prove the non-singularity of the Hilbert scheme at a point
given by an ‘outside thickening’. For this we need information
about the conormal sheaf of the thickeningX × PH1(X,O)t of
X × PH1(XO) in U(2,X). Now this thickening is a special case
of thickenings which arise in the study of a family of smooth sub-
varieties (in our case, the familyj 7→ P(D j) mentioned above).
In this situation the conormal sheaf of the thickened schemecan
be described in terms of the Hessian (see Lemma 3.7 and Remark
3.9).

A different approach for the desingularisation ofU(2, ξ) has
been found by C.S. Seshadri [10].

Notation. All schemes will be of finite type over an algebraically
closed fieldk of characteristic, 2. From § 5 on,X will denote a
smooth projective curve of genusg ≥ 2. If S is a subscheme of
PicX, U(n,S) will denote the subscheme of the moduli scheme
U(n, d) of S-equivalence classes of semistable vector bundles of
rankn of degreed obtained as the inverse image ofS by the mor-
phism det :U(n, d) → Pic. The Jacobian ofX will be denotedJ.
If E is a family of semistable vector bundles overX, then there is
a canonical morphismsθE of the parameter space into the moduli
space.

If X is a subscheme ofY, we denote byŇX,Y the conormal
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sheaf ofX in Y. In good cases, e.g. whenX is regularly imbedded
in Y, the sheaf̌NX,Y is locally free and its dual is the normal bundle
denotedNX,Y so that in that case,̌NX,Y = N∗X,Y. If π : X → Y is a
smooth morphism, we denote byTπ, the tangent bundle along the
fibres ofπ. Its dual is sometimes denoted byΩ1

π as well. If x is a
(closed) point ofX, the tangent space atx is denotedTx.

If D is a Cartier divisor in a schemeX, thenLD will denote
the line bundle defined by it. IfL is a line bundle generically
generated by sections, then the quotient sheaf ofH0(X, L)∗X by the
subsheafL∗ will be called the quotient sheaf of the linear system
defined byL. If F is a coherent sheaf on a closed subscheme
i : Y→ X, the sheafi∗(F) will be denoted bỹF.

If π : X→ Y is a projective morphism with a relatively ample294

sheaf then Hilb(X,Y,P) will denote the relative Hilbert scheme
overY with Hilbert polynomialP. If Y = Speck, we simply write
Hilb(X,P).

The projections fromX × Y × Z to the component schemes
will be denotedp1, p2, p3, p12, p23, p1,3. When we are dealing
with closed subschemes or closed imbeddings we usually omit
the word “closed”.

2 Deformations of Principal bundles

We wish to recall certain facts concerning deformations of locally
trivial principal G-bundles, whereG is an algebraic group, and in
particular study the second order infinitesimal deformations of
such bundles.

Definition 2.1. Let P be a principal G-bundle on X and(S, s0) a
pointed scheme. A deformation of P parametrised by S is a prin-
cipal G-bundle Q over X×S , and an ismorphismΨ of Q|X × s0

with P. Two deformations Q1, Q2 are said to be equivalent if for
every s∈ S , there exists a neighbourhood U and an isomorphism
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f : Q1|X × U → Q2|X × U such that the diagram

Q1
Ψ1 //

f |X×s0

��

P

Q2

Ψ2

??�������������

commutes if s0 ∈ U′.

Remark 2.2. (i) If the only automorphisms ofP are given by
morphisms ofX into the centre ofG, then it is clear that the
equivalence class of a deformationQ of P is independent
of Ψ.

(ii) If P is a principalG-bundle onX, then we have obviously
the deformation functorδP on the category of Artinian lo-
cal algebras which associates toA, the equivalence class
deformations ofP parametrised byA. This functor can be
seen to satisfy the conditionsH1 and H2 of Schlessinger
[7, Theorem 2.11]. IfX is properk, it satisfiesH3 as well.
Moreover, ifP is such thatH0(X,ZX)→ H0(X,Ad P) is an
isomorphism, whereZ denotes the centre of the Lie alge-
bra of G, thenδP also satisfiesH4 and hence is prorepre-
sentable. We proceed to describe this functor a little more
explicitly.

Proposition 2.3. Let S be an Artinian local algebra, and s0 its 295

closed point. ThenδP(S) is canonically bijective with the set
H1(X,N) where N is the sheaf associated to the group scheme
N = kerp∗p∗G(P) → G(P), where this map is given by restric-
tion to X× s0, G(P) is the group schemeAut P and p: X×S→ X
is the projection.

Proof. The set of principalG-bundles onX × S are in (1, 1) cor-
respondence with the setH1(X ×S, p∗G(P)) ≃ H1(X, p∗p∗G(P)).
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Thus any deformation ofPgives rise to an element inH1(X, p∗p∗G(P))
which is in the ‘kernel’ ofH1(X, p∗p∗G(P)) → H1(X,G(P)). But
the prescription ofΨ allows one to describe the deformation as
a 1-cocycle forp∗p∗G(P) and a 0-cochain forG(P) of which its
image inG(P) is the coboundary. This proves the assertion.�

Proposition 2.4. Let (A,m) be an Artinian local algebra with
m2
= 0 (resp. m3

= 0). Then the group scheme N of2.3 is
isomorphic to the vector bundleAd P⊗m (resp. the group scheme
Ad P⊗m, the group structure being defined by(X,Y)→ X+Y+
1
2[X,Y]).

Proof. The exponential map yields a bijection of AdP × m onto
N, and the transfer of the group structure onN to AdP ⊗ m is
as given above, by virtue of the Campbell-Hausdorff formula [9,
SGA 3, Expose VII, 3.1]. �

Remark 2.5. If the fieldk is of characteristic 0, we have an obvi-
ous generalisation of 2.4 to all Artinian local algebras using the
Campbell-Hausdorff formula.

Example 2.6.Let Abe the algebrak[ǫ1, ǫ2]/(ǫ2
1 , ǫ

2
2). ThenH1(X,Ad P⊗

m) can be described with respect to a suitable open covering (Ui)
of X as follows. Any 1-cochain can be described byfi j ǫ1+gi j ǫ2+

hi j ǫ1ǫ2 wherefi j , gi j , hi j belong toH0(Ui∩U j ,Ad P). The cocycle
condition with respect to the above group structure on AdP⊗ m
is that, for everyi, j, k, we have

fikǫ1 + gikǫ2 + hikǫ1ǫ2 = ( fi j ǫ1 + gi jǫ2 + hi jǫ1ǫ2)( f jkǫ1 + g jkǫ2 + h jkǫ1ǫ2)

= ( fi j + f jk)ǫ1 + (gi j + g jk)ǫ2 + {
1
2

([ fi j , g jk] + [gi j , f jk]) + hi j + h jk}ǫ1ǫ2

or, what is the same,fi j , gi j are 1-cocycles of AdP, andhi j sat-
isfies

hi j + h jk = hik −
1
2

([ fi j , g jk] + [gi j , f jk]). (2.7)

On the other hand, two cocycles (fi j , gi j , hi j ) and (f ′i j , g
′
i j , h

′
i j ) are296
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cohomologous if and only if there exist sections (ai , bi , ci) overUi

of adP with

( f ji ǫ1 + gi j ǫ2 + hi j ǫ1ǫ2)(a jǫ1 + b jǫ2 + c jǫ1ǫ2)

= (aiǫ1 + biǫ2 + ciǫ1ǫ2) × ×( f ′i j ǫ1 + g′i j ǫ2 + h′i j ǫ1ǫ2);

namely, f ′i j − fi j is the coboundary of (ai) in Ad P, g′i j − gi j is the
coboundary of (bi), and

h′i j −hi j = c j −ci +
1
2

([ fi j , b j]+ [gi j , a j ]− [bi , f ′i j ]− [ai , g
′
i j ]) (2.8)

2.9 Hessian.

Let f be a morphism of a smooth schemeX into a schemeY and
d f : Tx → Ty, y = f (x) be its differential. Then theHessian h( f )
of f is defined to be a map kerd f ⊗ Tx → cokerd f . It is more
convenient to define the dual mapȟ( f ) : ker(ď f )⊗Tx → cokerď f .
Let (Ox,mx), (Oy,my) be the local rings atx, y. If a ∈ my, with
a◦ f ∈ m2

x andt ∈ Tx, then we get an element ofTy, by contracting
with t the element inS2(mx/m2

x) = m2
x/m

3
x given rise to bya◦ f .

Its image in cokerd f depends only on the class ofa modulom2
y

and is defined to běh( f )(a, t).

2.10 Functorial Description of Hessian.

In terms ofA-valued points, the Hessian can be described as fol-
lows. Consider the ring

A = k[ǫ1, ǫ2]/(ǫ2
1 , ǫ

2
2)

and the quotient ringsB1, B2 andC given by the ideals (ǫ2), (ǫ1)
and (ǫ1ǫ2). Giving vectorsa, t in kerd f andTx respectively is
the same as giving aC-valued pointp of X at x such that the
correspondingB1-valued point is mapped byf on the 0-vector
at y. Let q be anA-valued point extendingp; there exists one
such sinceX is smooth. By assumption, the imagef (q) actually
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yields a (k + kǫ2 + kǫ1ǫ2)-valued point aty ∈ Y. By restriction
to Spec(k + kǫ1ǫ2), we get a vector aty. Its image modulo Image
(d f) is independent of the extensionq of p and givesh( f )(a, t).

Remark 2.11.The above definition of Hessian in terms ofA-
valued points enables one to define the Hessian of a morphism
of a smooth, prorepresentable functor on the category of Artinian
local algebras into another prorepresentable functor. In particular,
if P is a principalG-bundle withH2(X,Ad P) = 0, then it is easy297

to check that the functorδP defined in 2.2, (ii) is smooth. Hence
if P satisfies in addition the conditions of 2.2, (ii), then for any
homomorphism ofG into another algebraic groupH, the notion
of Hessian of the morphismδP → δQ makes sense, whereQ is
the principalH-bundle associated toP. We proceed to compute
this in the case whenG ⊂ H.

Proposition 2.12. (i) Let P be a principal G-bundle on a
scheme X, proper over k. For any homomorphism G→ H,
the induced morphism eG,H : δP → δQ of the deformation
functors has as differential, the natural map H1(X,Ad P)→
H1(X,Ad Q), where Q is the principal H-bundle associated
to P.

(ii) If H2(X,Ad P) = 0 and G⊂ H, then the cokernel of deG,H

is canonically isomorphic to H1(X,E) where E is the vector
bundle associated to P for the linear isotropy action of G
on the tangent space at e of H/G.

(iii) Assume that Q (and hence P) satisfies the condition in 2.2,
(ii) . Under the identification in(ii) , the Hessian of eG,H
can be described as follows. Let t1 ∈ kerdeG,H and t2 ∈
H1(X,Ad P). Then t1 is in the image under the boundary
homomorphism of an element s1 ∈ H0(X,E) associated to
the exact sequence

0→ Ad P→ Ad Q→ E→ 0.
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Then h(t1, t2) = [s1, t2], where the bracket is the cup product
associated to the natural action ofAd P on E.

Proof. (i) is obvious from 2.4.

(ii) is a trivial consequence of (i) and the cohomology sequence
of 0→ Ad P→ Ad Q→ E→ 0.

(iii) We will use the notation of 2.10. By the description of
the Hessian given there and of the functorsδP, δQ given
in 2.4, h(t1, t2) is obtained as follows. The vectorst1, t2
give an element ofH1(X,Ad P⊗m/(ǫ1, ǫ2)) wherem is the
maximal ideal ofA. This is the image of an element in
H1(X,Ad P ⊗ m), the group structure in AdP ⊗ m being
given in 2.4. Its image inH1(X,Ad Q⊗ m) goes to zero in 298

H1(X,Ad Q⊗m/(ǫ2)) and hence comes from an element in
H1(X,Ad Q⊗ (ǫ2)). The image of this element inH1(X,E⊗
(ǫ2)/(kǫ2)) is h(t1, t2). In terms of cocycles for a suitable
covering (Ui) of X (as in 2.6) this means the following. Let
fi j , gi j be cocycles representingt1, t2, in H1(X,Ad P). Then
there existshi j ∈ H0(Ui ∩ U j ,Ad P) such that (fi j , gi j , hi j )
satisfy 2.7. Reading these as sections overUi∩U j of Ad Q,
we get a corresponding element ofH1(X,Ad Q ⊗ m). We
are given thatfi j is a coboundary for AdQ, namely, there
exist λi ∈ H0(Ui ,Ad Q) with fi j = λ j − λi . Then the co-
cycle (fi j , gi j , hi j ) is cohomologous by 2.8 to (0, gi j , hi j +
1
2([λi , gi j ]− [gi j , λ j ]), taking (ai , bi , ci) = (λi , 0, 0). Thus the
element inH1(X,Ad Q⊗ (kǫ2+kǫ1ǫ2)) is given by the cocy-
clegi j ǫ2+h ji +

1
2([λ1gi j ]−[gi j , λ j])ǫ1ǫ2. Finally, the Hessian

h(t1, t2) is given by the cocycle12([λigi j ] − [gi j , λ j)]) of E,
sincehi j is a section of AdP. Notice that sinceλi − λ j is
a section of AdP, λi = λ j as sections ofE on Ui ∩ U j and
hence (λi) determines a sectionλ of E. Clearlyλ maps on
( fi j ) under the boundary homomorphism and the cocycle
1
2([λ, gi j ] − [gi j , λ]) = [λ, gi j ] represents the cup product of
λ and the class ofgi j as was to be proved.
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�

Remarks 2.13. (i) We will apply Proposition 2.12 to the case
whenG is 2×2 triangular (Borel) subgroup ofH = GL(2, k),
andP is a principal bundle over the curveX. ThenP is de-
scribed by an exact sequence

0→ L1→W→ L2→ 0,

whereL1 andL2 are line bundles. IfW is simple, then the
conditions in Prop. 2.12 are satisfied. The bundle AdP is
the bundle∆(W) of endomorphisms ofW leaving L1 in-
variant, AdQ = EndW, and the vector bundleE can be
identified with Hom(L1, L2). Moreover, the bundle AdP
consisting of endomorphisms of trace 0 is isomorphic to
Hom(L2,W). In particular, we have a mapη of Ad P onto
the sheafOX, obtained by composing with the mapW →
L2. With these identifications, the action of AdP on E
is simply multiplication by its image inO. Thus if t1 ∈
kerH1(X,Ad P) → H1(X,Ad Q), and t2 ∈ H1(X,Ad P),
thenh(t1, t2) ∈ H1(X,E) is the cup product ofηt2 ∈ H1(X,O)
and the elements1 ∈ H0(X,Hom(L1, L2)) of which t1 is299

the image. In other words,h(t1, t2) is simply the image of
ηt2 ∈ H1(X,O) in H1(X,Hom(L1, L2)) by the mapO →
Hom(L1, L2) given byt1.

(ii) If global fine moduli schemes for principalG andH bun-
dles exist, then clearly Proposition 2.12 enables one to com-
pute the Hessian of the morphismeG,H induced on the mod-
uli schemes by extension of structure group.

3 Thickenings

Let X be a scheme andF a coherent sheaf ofO-Modules on
X. Let ϕ : F → Ω1

X be a surjectiveOX-homomorphism ofOX-
Modules. Then one can define a ring structure on the subsheaf of
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O ⊕F consisting of{( f , x) : d f = ϕx}. This is a subsheafOϕ of
rings if we considerO ⊕F as anO-Algebra withF 2

= 0.

Lemma 3.1. (X,Oϕ) is a scheme.

Proof. If X = SpecA is affine, then (X,Oϕ) ≃ Spec(M + ϕΩ
1)

whereM̃ = F . This shows in general that (X,Oϕ) is a prescheme
and since (X,Oϕ)red = (X,O)red is a scheme, the lemma is proved.

�

If I = kerϕ, then we have an exact sequence ofOϕ-Modules
(I being considered as anOϕ-Module)

0→ I → Oϕ → O → 0.

Lemma 3.2. Let X be a smooth irreducible scheme. The scheme
Xϕ = (X,Oϕ) is Cohen-Macaulay if and only if I is a locally free
OX-Module. In this case, the dualising sheaf of Xϕ restricts to X
as Hom(I , ωX). Moreover, Xϕ is a local complete intersection if
and only if I is locally free of rank1 or 0.

Proof. The problem being local, we may assume thatX = SpecA
and Xϕ = SpecAϕ, and sinceΩ1

X is locally free, we may also
assume thatAϕ = A ⊕ I , with I2

= 0. In the local case, anA-
sequence is anAϕ-sequence if and only if it is anI -sequence as
well. Hence the first assertion. Now, ifI is free, thenAϕ = A ⊗
(k ⊕ V) with V2

= 0, whereV is a finite dimensionalk-vector
space. Thus, our assertion on the dualising sheaf needs onlyto be
proved whenXϕ = Spec(k ⊗ V). In this case, the dualising sheaf
is seen to be actuallyk ⊕ V∗, in which V operates trivially onk
and by duality onV∗. To prove the last assertion, we note that if300

Aϕ is a complete intersection, then so isk ⊕ V, and hencek ⊕ V∗

is free overk ⊕ V. This clearly implies that dimV ≤ 1, while,
on the other hand, it is obvious that dimV = 1 impliesk ⊕ V is a
complete intersection. �
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Remark 3.3.Let X be a smooth subscheme of a schemeY. Then
we have an exact sequence

0→ ŇX,Y → Ω
1
Y|X → Ω

1
X → 0.

If ŇX,Y → I is anOX-homomorphism into anOX-Module I , then
by the push-out construction, we obtain a sheafF and a surjec-
tive homomorphismϕ : F → Ω1

X. In particular, this gives rise to
the schemeXϕ. Moreover, there is a natural morphismXϕ → Y
making the diagram

Xϕ

��		
		
		
		
		

��5
55

55
55

55
5

X // Y

commutative. It is easy to see that this morphismXϕ → Y is a
closed immersion if and only if̌NX,Y → I is surjective. (In this
case, the thickened subschemeXϕ of Y will be denoted byXI ).
In other words, all the thickenings ofX ‘inside’ Y are given by
Quot ŇX,Y. In the case whenY = ZΨ, with Z smooth andψ a
surjective homomorphismF → Ω1

Z, thenŇX,Y is the kernel of
the mapF |X → Ω1

X, obtained as the composite ofψ|X and the
mapΩ1

Z|X→ Ω
1
X.

Lemma 3.4. Let X be a smooth subscheme of a smooth scheme
Z, and let Q be a locally free quotient of N∗X,Z. If η : N∗X,Z → Q
is the canonical map, then the restriction of NXQ,Z to X is locally
free and fits in the exact sequence

0→ S2(Q)→ NXQ,Z|X→ kerη→ 0.

Proof. Let I (resp.J) be the ideal sheaf ofX (resp.XQ) in Z. We
may choose local parameters (x1, . . . , xl , y1, . . . , ym, z1, . . . , zn) at
a point ofX so that

I = {x1, . . . , xl , y1, . . . , ym} and J = {xi x j , y1, . . . , yn}, i, j,= 1, . . . l.
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From this it is clear thatI2/IJ is locally free and the natural map301

S2(Q) = S2(I/J) → I2/IJ is an isomorphism. On the other hand
NXQ,Z|X � J|IJ fits in the exact sequence

0→ I2/IJ → J|IJ → J/I2→ 0.

Now N∗X,Z � I/I2 and the mapη is the natural projectionI/I2 →

I/J and hence kerη = J|I2, proving the lemma. �

The following functorial remark on the extension 3.4 is an
immediate consequence of the definition.

Lemma 3.5. If X is a smooth subscheme of a smooth scheme Z
and η1 : N∗X,Z → Q1, ζ : Q1 → Q2 are surjections, then the
extensions 3.4 corresponding to XQ1 and XQ2 fit in a commutative
diagram

0 // S2(Q1)

��

// NXQ1,Z
|X

��

// kerη1

��

// 0

0 // S2(Q2) // ŇXQ2,Z
|X // kerζ ◦ η1 // 0

Remark 3.6.We will not determine the extension involved in 3.4
in the following situation. Letϕ : Y → Z be a morphism of
smooth schemes andX a smooth subscheme ofY on whichϕ is
an imbedding. Then the Hessian (see §2.9) of the mapϕ along
X goes down to a mapK ⊗ NX,Y → Cokerdϕ whereK = kerdϕ.
Now dϕ induces a mapNX,Y→ NX,Z and letQ be the image of its
transpose. We wish to consider the thickening ofX in Z given by
η : N∗X,Z → Q. It is easily seen that this thickening is in fact the
schematic image (byϕ) of the total normal thickening ofX in Y.

Lemma 3.7. In the situation of 3.6, we further assume that K=
kerdϕ has rank1 at all points of X. Then the extension in Lemma
3.4 is the pull back by means of the transpose of the Hessian :
kerη→ K∗ ⊗ N∗X,Y of the exact sequence

0→ S2(Q)→ S2(N∗X,Y)→ K∗ ⊗ N∗X,Y → 0
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obtained by symmetrising the exact sequence

0→ Q→ N∗X,Y→ K∗ → 0.

Proof. We use the notation of 3.4. LetI ′ be the ideal ofX in Y.
Then notice thatf ∈ I ⇒ f ◦ ϕ ∈ I ′ and f ∈ J ⇒ f ◦ ϕ ∈ I ′2.
Hence we have a mapJ/IJ → I ′2/I ′3 = S2(N∗X,Y) induced byϕ.302

The resulting mapJ/I ′2 = (N/Q)∗ → K∗ ⊗ N∗X,Y is easily seen to
be the transpose of the Hessian. �

Putting together Lemmas 3.5 and 3.7, we obtain

Proposition 3.8. In the situation of 3.7, let L be a locally free
quotient of Q. Then the pullback of the extension 3.4 for XL by the
inclusionkerη→ ker(N∗X,Z → L) is isomorphic to the pullback of
the sequence

0→ S2(L)→ S2(E)→ K∗ ⊗ E→ 0

by the map K∗ ⊗ N∗X,Y → K∗ ⊗ E, where this latter extension is
obtained by symmetrising the sequence

0→ L→ E→ K∗ → 0,

E being the push-out N∗X,Y∐QL.

Proof. From Lemma 3.5, we obtain the commutative diagram

0 // S2(L) // ŇXL,Z|X // ker(N∗X,Z → L) // 0

0 // S2(Q)

OO

// ŇXQ,Z|X //

OO

kerη //

OO

0

This shows that the required pullback is the push-out of the se-
quence

0→ S2(Q)→ ŇXQ,Z|X→ kerη→ 0
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by the mapS2(Q) → S2(L). Now the proposition follows from
the description of this sequence in Lemma 3.7 and the obvious
commutative diagram

0 // S2(L) // S2(E) // K∗ ⊗ E // 0

0 // S2(Q) //

OO

S2(N∗X,Y) //

OO

K∗ ⊗ N∗X,Y
//

OO

0

�

Remark 3.9. In our applications, we will be only considering the
special case of (3.6), where we haveψ : Y → T is a proper
smooth morphism andϕ realises the fibres{X} of ψ as a family of
smooth subschemes ofZ.

4 Conics

Definition 4.1. A scheme C together with a very amply line bun-
dle h is said to be a conic if its Hilbert polynomial is(2m+ 1). A 303

scheme C over T is said to be aconic overT if with respect to a
line bundle on C its fibres are conics and the morphism C→ T is
faithfully flat.

We will show in 4.2 and 4.3 that this coincides with the usual
notion of a conic.

Lemma 4.2. If C is a reduced scheme and h a very ample line
bundle on C with Hilbert polynomial of the form2m+ δ, δ ≤ 1,
thenδ = 1, C is isomorphic to a (reduced) conic inP2, and h is
the restriction to C of the hyperplane bundle onP2.

Proof. It is obvious that we may assume without loss of gener-
ality thatC is pure 1-dimensional. Clearly then, eitherC is irre-
ducible, orC has two componentsC1, C2 with Hilbert polyno-
mialsm+ d1, m+ d2 with d1 + d2 − l = δ, wherel is the length
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of the intersectionC1 ∩C2. In the former case the normalisation
of C has to be rational; for, otherwise, a linear system of degree
2 is at most one dimensional and cannot imbedC. Moreover, if
C is not normal, the linear system ofh on C will have dimenion
≤ 1, which cannot imbedC. Thus ifC is irreducible, it must be
isomorphic toP1 and the bundleh is the square of the hyperplane
bundle onP1. In the case whenC has two componentsC1 and
C2, we conclude as above thatC1, C2 are both isomorphic toP1

andh restricts to each of these as the hyperplane bundle. Thus we
haved1 = d2 = 1. From the nature of the Hilbert polynomial, it
is clear thatC1 andC2 intersect. But dimH0(C, h) = 4 − 1 ≥ 3
sinceh is very ample. Hencel = 1, i.e. C is a pair of intersection
lines inP2. �

Lemma 4.3. Let C be a nonreduced scheme and h an ample bun-
dle on C with Hilbert polynomial of the form2m + δ, δ ≤ 1.
If h|Cred is very ample, then C contains a unique subscheme C′

which is obtained by thickeningP1 by a line bundle L of degree
≤ −1. If degree L= −1, then L must be the dual of the hyperplane
bundle and C= C′. In otherwords, C is isomorphic to the total
thickening of a line inP2. In particular, a nonreduced conic (in
the sense of 4.1) is such a thickened line.

Proof. Clearly, we may assumeC has no zero-dimensional com-304

ponents. Consider the exact sequence

0→ I → O → Ored→ 0

onC, whereI is the ideal of nilpotents inO. If I has finite support,
the Hilbert polynomial ofOred is of the same form and hence by
4.2, must be 2m + 1. This shows thatO = Ored, contrary to
assumption. Thus the support ofI is 1-dimensional. It follows
that the Hilbert polynomials ofI andOred are of the formm+ d1,
m+ d2. Sinceh|Cred is very ample, we conclude as in 4.2 that
Cred is isomorphic toP1, andh restricts toP1 as the hyperplane
bundle. Now consider the filtration

O ⊃ I ⊃ I2 . . . ⊃ In
= (0).
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Since the Hilbert polynomialm+ d1 of I is the sum of the Hilbert
polynomials of the sheavesIk/Ik+1 onP1, it follows thatrk I/I2

=

1 and Ik/Ik+1 are all torsion sheaves fork ≥ 2. If L is the line
bundle onP1 obtained as the free quotient ofI/I2, we get anL-
thickeningC′ of P1 as a subscheme ofC. Since now the Hilbert
polynomial ofOred is m+1, the Hilbert polynomial ofI is m+δ−1
and hence that ofL is m+ d, with d ≤ 0. In particular, the degree
of L ≥ −1. If now degL = −1, thenL is the dual of the hyperplane
bundle onP1 whose Hilbert polynomial ism, and hence that of
C′ is 2m+ 1. This proves thatδ = 1 andC = C′. It is clear
that theL-thickening ofP1 is the normal thickening of a line in
P2. Finally, if h is already very ample onC, then from the exact
sequence

0→ L→ OC′ → Ored→ 0

tensored withh, we obtain

0→ H0(P1, L ⊗ h)→ H0(C′, h)→ H0(P1, h).

Sinceh is very ample onC′, we have dimH0(C′, h) ≥ 3, and
H0(P1, h) being 2-dimensional, it follows thatH0(P1, L ⊗ h) , 0,
i.e. deg(L ⊗ h) ≥ 0, proving that degL ≥ −1. �

Remarks 4.4. (i) From what we have seen above, it is clear305

that if (C, h) is a conic as in 4.1, then the linear system of
h in C is 2-dimensional and imbedsC as a conic inP2. In
particular, ifC is a subscheme ofPn andC is a conic with
respect to the restriction of the hyperplance bundle, thenC
is contained in a unique plane inPn as a conic.

(ii) Also, if C is a subscheme of the one-point union of two
projective spaces, andC is a conic with respect to the re-
striction of the natural very ample (hyperplane) bundle on
this union, thenC is either a conic in one of the projective
spaces, or is a pair of lines, one in each of these spaces
passing through their point of intersection.
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(iii) Let Y be the thickening of a projective spaceZ by a sur-
jectionϕ : G → Ω1, with kerϕ isomorphic to the dual of
the universal quotient bundleQ on Z. In this case, the hy-
perplane bundle onZ extends uniquely to a line bundleh
on Y which is very ample. IfC is a conic subscheme (with
respect toh) of Y, then either (a)C is a subscheme ofZ or
(b)Cred is a linel in Z andC is obtained as aτ−1-thickening
of this line inY. By 3.3, the latter is obtained as a quotient
of N∗l,Z which is isomorphic toτ−1. Consider the diagram
on l:

0

��

0

��
0 // Q // G ′ //

��

τ−1 ⊗ trivial //

��

0

0 // Q // G //

��

Ω
1
Z

//

��

0

Ω
1
l

��

Ω
1
l

��
0 0

Now H0(l,Hom(Q, τ−1)) is 1-dimensional, sinceQ|l ≃ τ−1
+

trivial. Hence any mapG ′ → τ−1 when restricted toQ
must coincide (upto a scalar factor) with the natural map
Q|l → τ−1. If this map is zero, then the mapG ′ → τ−1

factors through (τ−1 ⊗ trivial) and in this case,C is actu-
ally contained inZ itself. All otherτ−1 thickenings inY are
parametrised by an affine space of dim= codim of l in Z.

(iv) If C is a conic overT, by [9, SGA 6, VII], the morphism306

π : C→ T is a complete intersection. Letω be the relative
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dualising sheaf overT. Then clearlyC is imbedded as aT-
scheme in the projective plane bundleS overT associated
to E = R1(π)∗ω2. Moreover, if C is imbedded as aT-
scheme in a projective bundleP overT such that the fibres
of π are imbedded as conics, then the inclusionC ֒→ P
factors through an imbeddingS ⊂ P, linear on fibres. On
E, there is on everywhere nontrivial quadratic form with
values in a line bundleL such thatC is the associated conic
bundle overT.

5 Good Hecke Cycles

If E is a vector bundle (, 0) onX andk ∈ Z, we denote byµk(E)
the rational number (degE + k)/rk E.

Definition 5.1. A vector bundle E on X is said to be(k, l)-stable
(resp.(k, l)-semistable) if, for every proper subbundle F of E, we
have

µk(F) < µ−l(E/F)(resp.µk(F) ≤ µ−l(E/F)).

Remark 5.2. (i) The condition 5.1 is equivalent toµk(F) <

µk−l(E) or µk−l(E) < µ−l(E/F).

(ii) If E is (k, l)-stable andL any line bundle, thenE⊗ L is also
(k, l)-stable.

(iii) If E is (k, l)-stable, thenE∗ is (l, k)-stable.

(iv) A vector bundle of degree 0 is stable if and only if it is
(0, 1)-stable.

(v) A vector bundles of degree 1 is stable if and only if it is
(0, 1)-semi-stable.

Proposition 5.3. In any family E of vector bundles on X, para-
metrised by T, the set of(k, l)-stable points is open in T.
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Proof. Consider the Quot-scheme ofE over T. The set of non-
(k, l)-stable points is characterised as the union of the images of
the components of the Quot scheme whose Hilbert polynomials
satisfy an inequality which constrain them to vary over a finite
set. Now our assertion follows from the properness of the Hilbert
scheme overT, with a fixed Hilbert polynomial. �

Proposition 5.4. (i) Except when g= 2, n = 2 and d odd,307

there always exist(0, 1)-stable (and(1, 0)-stable) bundles
of rank n and degree d.

(ii) There exist(1, 1)-stable bundles of rank n and degree d,
except in the following cases.

(a) g = 3, and d both even

(b) g = 2, d ≡ 0, ±1(modn)

(c) g = 2, n = 4, d ≡ 2(mod 4).

Proof. It is enough to estimate the dimension of the subvariety of
U(n, d), consisting of non-(0, 1)-stable (resp. non-(1, 1)-stable)
points and prove that it is a proper subvariety. Clearly any such
bundleE contains a subbundleF satisfying the inequality

degF
rk F

≥
degE − 1

rk E

(resp.)
degF + 1

rk F
≥

degE
rk E

By using [5, Proposition 2.6] as in [5, Lemma 6.7] we may as well
assume thatF andE/F are stable and compute the dimension of
such bundlesE. The dimension of a component corresponding to
a fixed rankr and degreeδ of F, is majorised by dimU(r, δ) +
dimU(n− r, d− δ)+ dim H1(X,Hom(E/F, F)) − 1 = (g− 1)(n2 −

nr + r2) + 1+ (dr − δn). In order to show this is< dimU(n, d) =
n2(g− 1)+ 1 we have only to verify that (g− 1)r(n− r) > dr − δn.
But this is a simple consequence of the inequalitydr − δn ≤ r in
the first case and≤ n in the second case, taking into account the
exceptions mentioned in the proposition. �
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Lemma 5.5. Let x∈ X and0→ E′ → E→ OX → 0 be an exact
sequence of sheaves with E, E′ locally free. If E is(k, l)-stable
then E′ is (k, l − 1) stable. In particular, if E is(0, 1)-stable then
E′ is stable. Similar statements are valid when stable is replaced
by semistable.

Proof. Let F be a subbundle onE′ and F′ the subbundle ofE
generated by the mapF → E. ThenF → F′ is of maximal rank
and hence degF′ ≥ degF. Now µk(F) ≤ µk(F′) < µk−l(E) = 308

µk−l+1(E′) as degE = degE′ + 1. This proves thatE′ is (k, l − 1)
stable. �

Lemma 5.6. (i) Let E be a(0, 1)-stable vector bundle of rank
n and E′ a stable vector bundle of rank n and determinant
isomorphic todetE ⊗ L−1

x . If f : E′ → E is a non-zero
homomorphism, we have an exact sequence

0→ E′ → E→ Ox→ 0.

(ii) MoreoverdimH0(X,Hom(E′,E)) ≤ 1.

Proof. The mapf is of maximal rank. For, otherwise, let

E′ // G′

��

// 0

E Goo 0oo

be the canonical factorisation off , whererk G′ < n andG′ → G
is of maximal rank. We then haveµ(G) ≥ µ(G′) > µ(E′) =
µ−1(E) which contradicts the (0, 1)-stability of E. Now the in-

duced map
n
∧ f :

n
∧E′ →

n
∧E is non-zero and can vanish only at

x (with multiplicity 1). Thus f is of maximal rank at all points
exceptx and is of rank (n− 1) at x. This proves the first part.

If f andgare two linearly independent homomorphismsE′ →
E, then fory , x, we can find a suitable (nontrivial) linear combi-
nation of f andg which is singular aty, see [4, Lemma 7.1]. This
contradicts i) and completes the proof of Lemma 5.6. �
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Let nowW→ X×S be a family of (0, 1)-stable vector bundles
on X, with fixed determinantξ, parametrised byS. Then we may
construct a familyH(W) of vector bundles onX, parametrised by
the associated projective bundleπ : P(W∗) → X × S as follows.
It is easy to construct as in [5§ 4] a canonical surjection of the
bundlep∗2π

∗W on X × P(W∗) onto p∗2τ ⊗ OP(W)∗, whereP(W)∗ is
considered a divisor inX × P(W∗), by the inclusion (p1 ◦ π, Id).
The kernel of this homomorphism is the vector bundleH(W). Let
K(W) be its dual.

Remark 5.7.This construction is the same as that in [5], except
that here we have allowedx also to vary on the curve. From this
point of view, the families constructed in [5] may properly be309

denotedHx(V), Kx(V), etc.

By Lemma 5.5,K(W) is a family of stable vector bundles on
X with determinant of the formξ−1 ⊗ Lx, x ∈ X. More precisely,
we have a morphismθK(W) : P(W∗) → U(n, ξ−1X) with a com-
mutative diagram

P(W∗)

��

(θK(W),p2◦π)
// U(n, ξ−1X) × S

(α,Id)
��

X × S Id // X × S

(5.8)

whereα : U(n, ξ−1X) → X is given byLα(E) = (detE) ⊗ ξ−1 for
E ∈ U(n, ξ−1X).

Lemma 5.9. The morphism(θK(W), p2 ◦ π) of P(W)∗ in (5.8) is a
closed immersion.

To prove this we will need the following

Lemma 5.10. Let X be a scheme proper/k and F a coherent
sheaf ofOX-Modules. Let S be a scheme and

0→H → p∗1F → G → 0
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be an exact sequence of coherent sheaves over X× S withG flat
over S . ThenH is a flat family ofOX-Modules parametrised by
S and its infinitesimal deformation map at s0 ∈ S , is the negative
of the composite of the natural map Ts0 → H0(X,Hom(H0,G0))
(the differential of the morphism S→ Quot) and the boundary
homomorphism H0(X,Hom(H0,G0)) → Ext1(X,H0,H0) asso-
ciated to the sequence0→ H0 → F → G0 → 0. HereH0, G0

denote the restrictions ofH , G to X× s0.

Proof. It is clearly sufficient to consider the caseS = Speck[ǫ].
To give a sheafL on X × S flat overS which extends a given
sheafL0 on X × s0, is the same as giving an extension

0→ ǫL0 → L → L0→ 0

on X, whereǫL0 is another copy ofL0. This identifies the space
of infinitesimal deformations ofL0 with Ext1(X,L0,L0). In par-
ticular, p∗1F is given byǫF ⊕F . Now the mapp∗1F → G gives 310

rise to a mapH0→ F → ǫF ⊕F → G . This map goes intoǫG0

and hence induces an elementt of H0(X,Hom(H0,G0)) and thus
identifies this space with the fibre of QuotF (k[ǫ]) → QuotF (k)
over G0. We have a mapH → ǫF obtained by composing
H → p∗1F with the projectionp∗1F → ǫF . This fits in a
commutative diagram

0 // ǫH0

��

// H

��

// H0

��

// 0

0 // ǫH0
// ǫF // ǫG0

// 0

The last vertical map in the diagram is easily checked to be−t.
Hence the element of Ext1(X,H0,H0) giving the extensionH is
the image of−t under the connecting homomorphism

Hom(X,H0,G0)→ Ext1(X,H0,H0).

�
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Remark 5.11.Proposition 3.3 of [5] is a particular case of 5.10,
whereF andG are locally free, in which case Ext1(X,H0,H0)
is the same asH1(X,EndH0).

Proof of Lemma 5.9.In view of the diagram 5.8, we may assume
that T is a point. Thus we have a bundleW on X and the exact
sequence

0→ H(W)→ p∗1W→ p∗2τ ⊗ OP(W∗) → 0

on X × P(W∗). Now it is easy to see thatP(W∗) is a component
of QuotE and hence its tangent bundle can be identified as in
Lemma 5.10, with

(p2)∗(Hom(H(W), τ ⊗ OP(W∗)) = Hom(H(W)|P(W∗), τ).

Moreover, by Lemma 5.10, the infinitesimal deformation map for
the familyH(W) of bundles onX is given, upto sign, by the con-
necting homomorphism

Hom(H(W)|P(W∗), τ)→ R1(p2)∗ EndH(W).

But this fits in the exact sequence

0→(p2)∗(EndH(W))→ (p2)∗(Hom(H(W), p∗1W))→

Hom(H(W)|P(W∗), τ)→ R1(p2)∗ EndH(W).

Now sinceH(W) is a family of stable bundles,

(p2)∗(End(H(W)) ≃ OP(W∗)

and by Lemma 5.6, (ii), the same is true of

(p2)∗(Hom(H(W), p∗2(W)).

This proves that the differential of the mapθK(E) : P(W∗) →311

U(n, ξ−1X) is injective. On the other hand,θK(E) is itself injective
by Lemma 5.6, (ii), thus proving Lemma 5.9.
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Now, for each family of (0, 1)-stable bundles we have a mor-
phism of the parameter space intoU(n, ξ−1X), by Lemma 5.9.
Since these morphisms are clearly functorial we get a morphism
Φ on the open subscheme ofU(n, ξ) consisting of (0, 1)-stable
points into the Hilbert scheme Hilb(U(n, ξ−1X)).

Definition 5.12. The cycles in U(n, ξ−1X) corresponding to(0, 1)-
stable points of U(n, ξ) will be called good Hecke cycles. Any
subscheme in the same irreducible component of the Hilbert
scheme will be called aHecke cycle.

Theorem 5.13. Let ξ be a line bundle on X. The open sub-
scheme of U(n, ξ) consisting of(0, 1)-stable points is isomorphic
(by means of the map associating to a bundle W the correspond-
ing good Hecke cycleΦ(W)) to an open subscheme of the Hilbert
scheme of U(n, ξ−1X).

Proof. To prove the injectivity, we will check the stronger asser-
tion that forW, W′ ∈ U(n, ξ), both (0, 1)-stable,θKx(W)(P(W∗x)) =
θKx(W′)(P(W′∗x)) if and only if W andW′ are isomorphic. Indeed,
by [6, Lemma 2.5], such an assumption would yield an isomor-
phismϕ : P(W∗x) → P(W′∗x) such thatϕ♯Kx(W′) ≃ Kx(W) ⊗ p∗2L
on X × P(W∗x), for some line bundleL on P(W∗x). Now by [5, Re-
mark 4.7], we see, on restricting this isomorphism toP(W∗x)× (y),
y , x, that L is trivial. But then, by [5, Lemma 4.3] we have
(p1)∗ϕ♯Kx(W′)∗ ≃ (p1)∗Kx(W′)∗ ≃ L−1

x ⊗W′ on the one hand, and
(p1)∗Kx(W′)∗ ≃ L−1

x ⊗W on the other. This proves thatW ≃W′.
Next we proceed to show that, ifW ∈ U(n, ξ) is (0, 1)-stable,

the infinitesimal deformation map atW of the family of good
Hecke cycles fromTW ≃ H1(X,Ad W) to H0(P(W∗),N) is an iso-
morphism, whereN is the normal bundle ofP(W∗) in U(n, ξ−1X).
This would prove that the Hilbert scheme is smooth atΦ(W) and
thatΦ is an isomorphism onto to an open subset, as claimed. To
complete the proof of the theorem we need two lemmas.

Lemma 5.14.Letπ1 : P1→ U(n, ξ)×X be the dual of the projec-312

tive Poincaré bundle on U(n, ξ)×X. Letπ2 : P2→ U(n, ξ−1X) be



366 M.S. Narasimhan and S. Ramanan

the restriction of the dual projective Poincaré bundle on U(n, ξ−1X)×
X to the divisor U(n, ξ−1X). LetΩ1 ⊂ P1 andΩ2 ⊂ P2 be the open
subsets of points at which the families K are stable. We then have
an isomorphism̃θ : Ω1→ Ω2 such thatπ2 ◦ θ̃ = θ.

Proof. A point p of Ω1 is described by a (0, 1)-stable vector bun-
dle in U(n, ξ), a point x ∈ X and an element ofP(E∗)x. Now
this can be looked upon as a mapE → Ox with kernelF, where
F∗ belongs toU(n, ξ−1X). By looking at the mapFx → Ex of
the fibres atx, we can define a mapΩ1 → P2 by associating the
kerFx to p. It is easy to see that this lift ofθ mapsΩ1 isomorphi-
cally ontoΩ2. In fact this map is induced by the sectionσ [5, p.
402]. �

Lemma 5.15. Let W ∈ U(n, ξ) be (0, 1)-stable. Then the normal
bundle N= NP(W∗),U(n,ξ−1X) of P(W∗) in U(n, ξ−1X) fits into an
exact sequence

0→ p∗XTX ⊗ T∗π → P(W∗) × TW → N→ 0.

Proof. SinceW is (0, 1)-stable,P(W∗) = (p2 ◦ π1)−1W is con-
tained inΩ1 andNP(W∗),Ω1 ≃ P(W∗) × TW. MoreoverNP(W∗),Ω1 ≃

Nθ̃P(W∗),Ω2
. Sinceπ2◦θ̃ = θ, andθ|P(W∗) is an imbedding (Lemma

5.9), we see that̃θ(P(W∗)) is transversal to the fibres ofπ2. Hence
we have an exact sequence (onP(W∗))

0→ θ̃∗Tπ2 → Nθ̃(P(W∗)),Ω2
→ N(θ(P(W∗))),U(n,ξ−1X) → 0.

But by Proposition 4.12 in [5], we havẽθ∗Tπ2 ≃ (p2◦π1)∗TX⊗T∗π .
This proves the Lemma. �

Completion of the Proof of Theorem 5.13. Taking the direct
image of the exact sequence in Lemma 5.15, and noting that,
H0(X,TX) = 0, we see that the natural mapTW → H0(P(W∗),N)
is an isomorphism. But this is clearly the differential ofΦ atW.

�
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Taking determinants in the exact sequence 5.15, we obtain

Corollary 5.16. Let P(W∗) be a good Hecke cycle in U(n, ξ−1X).
Then the line bundle Kdet on UX restricts to P(W∗) asπ∗K−(n−1)

X ⊗

K2
π .

Remarks 5.17. (i) Although the Hilbert scheme in Theorem313

5.11 is smooth,H1(P(W∗),N) , 0 unlike the case dis-
cussed below.

(ii) Let us now fix x ∈ X. The open subsetΩ0 of points in the
projective dual Poincaré bundle overU(n, ξ) × (x), corre-
sponding to the familyKx, is isomorphic to a similar open
subset of the projective Poincaré bundle overU(n, η) × (x)
whereξ ⊗ η = Lx. Thus we have two maps

Ω0
π1

����
��
��
�

π2

��?
??

??
??

U(n, ξ) U(n, η)

which are projective fibrations over the open subsets of
(0, 1)-stable poins ofU(n, ξ), U(n, η) respectively. Now the
content of [5, Proposition 4.12] is thatT∗π1

≃ Tπ2. (See also
[8a, Ch 5, § 1]). IfW is a (0, 1)-stable point ofU(n, ξ),
thenπ−1

1 (W) is imbedded byπ2, thus giving a family of cy-
cles inU(n, η) parametrised by the (0, 1)-stable points of
U(n, ξ−1X). For the normal bundleN of the cycleΦ(W)
corresponding toW we have the exact sequence

0→ Ω1
P(W∗x) → H1(X Ad W)P(W∗) → N→ 0.

This shows thatH1(Φ(W),N) = 0 for i ≥ 1 and

dimH0(Φ(W),N) = dim H1(X,Ad W) + 1.

As in Theorem 5.13 we see that the open subset of (0, 1)-
stable points ofU(n, ξ−1X) can be identified with an open
subset of a component of the Hilbert scheme ofU(n, ξ).
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(iii) If W is a (1, 1)-stable bundle inU(n, ξ), the corresponding
cycleΦ(W) in U(n, ξ−1X) which is isomorphic toP(W∗), is
contained entirely in the set of (0, 1)-stable points (Lemma
5.5 and Remark 5.2, (iii)). By the reverse construction in
(ii), P(W∗) is contained in the Hilbert scheme ofU(n, ξ)
consisting of good Hecke cycles (this time, isomorphic to
a projective space) passing throughW. ThusP(W∗) can be
identified with this subscheme of the Hilbert scheme. From
this one may conclude that any continuous group of auto-
morphism ofU(n, ξ) lifts to the projective Poincaré bundle
over some open subset ofU(n, ξ) consisting of (1, 1) stable
points. Thus, if (1, 1)-stable points exist, then the auto-314

morphism group ofU(n, ξ) is finite. This was our original
approach to the Theorems 1, 2 of [5].

6 Triangular bundles

We will deal with the case of rank 2 bundles in the rest of the
paper. We will denoteU(2, ξ) (resp.U(2, Lx)) by Uξ (resp.Ux).
Whenξ is trivial we writeUξ = U0.

We wish to study the limits of good Hecke cycles, i.e., points
in the component of the Hilbert scheme, containing good Hecke
cycles. It will turn out (§ 7) that these cycles consist of bundles
which are extensions of line bundles of a particular kind. These
bundles have been studied in [6] and [8] and the computations
made in this article result from a closer analysis of the situation.

Let R be a Poincaré bundle onX × J, whereJ is the Jacobian
of X, Consider onX×X×J the bundlep∗13R

2⊗ p∗12L−1
∆

, where∆ is
the diagonal inX×X. Then the first direct imageR1(p23)∗(p∗13R

2⊗

p∗12L−1
∆

) on X× J is clearly a vector bundleD. For eachj ∈ J, the
restriction ofD to X × j gives rise to a bundleD j on X.

Lemma 6.1. If j2
, 1, then the bundle Dj fits in an exact se-

quence
0→ j2→ D j → H1(X, j2)X → 0
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given by the identity element of H1(X Hom(H1(X, j2)X, j2)). If
j2 = 1, then Dj is isomorphic, upto tensorisation by a line bundle,
to H1(X,O)X. In particular, Dj is a semistable vector bundle
of degree0 and any nonzero subbundle of Dj of degree0 is the
inverse image of a trivial subbundle of H1(X, j2)X.

Proof. By the base change theorem, the bundleD j is isomorphic
to R1(p2)∗(p∗1 j2⊗ L−1

∆
), wherep1, p2 are the projectionsX×X→

X. Hence it is dual to (p2)∗(p∗1(K ⊗ j−2)⊗ L∆). Consider onX×X
the exact sequence

0→ p∗1(K ⊗ j−2)→ p∗1(K ⊗ j−2) ⊗ L∆ → j̃−2→ 0, (6.2)

where the sheaf̃L denotes the extension of a line bundleL on∆ to
X × X and we have used the fact thatL∆|∆ ≃ K−1

X . We will show
that by applying (p2)∗ to this sequence and dualising, we get the315

canonical extension in 6.1. Now the pullback byp∗2 j−2 → j̃−2

of this sequence yields an extension ofp∗2 j−2 by p∗1(K ⊗ j−2).
The corresponding element inH1(X × X, p∗2 j2 ⊗ p∗1(K ⊗ j−2)) =
H0(X,K⊗ j−2)⊗H1(X, j2) (since j2 , 1) is the canonical element
given by the duality theorem. Thus it is clear that this pulled-
back extension is also the push-out by the evaluation mapH0(K⊗
j−2)X×X → p∗1(K ⊗ j−2) of the extension

0→ H0(X,K ⊗ j−2)X×X → . . .→ p∗2 j−2→ 0

given by the canonical element ofH1(X×X, p∗2 j2⊗H0(X,K⊗ j−2)).
Hence the exact sequence obtained by taking direct image byp2,
namely,

0→ H0(X,K ⊗ j−2)→ . . .→ j−2→ 0

is again given by the canonical element. But this is also obtained
by taking the direct image of the sequence (6.2), thus proving the
first part of Lemma 6.1. Ifj2 = 1, thenD j = R1(p2)∗(L−1

∆
) ≃

H1(X,O)X as is seen from the exact sequence

0→ L−1
∆
→ O → Õ → 0.
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If F is a subbundle of degree 0, thenF ∩ j2 = 0 or F ⊃ j2. In
either case, the image ofF in H1(X, j2)X is a subbundle of degree
0 and hence trivial. IfF ∩ j2 = 0, this would imply that the
extension 0→ j2 → D j → H1(X, j2)X → 0 splits over a trivial
subbundle ofH1(X, j2)X which is seen to be not possible, in view
of our description of this extension. �

Lemma 6.3. Let C= {(x, j) ∈ X × J : j−2 ⊗ Lx ∈ X}. Then

(i) the bundle P(D) is trivial on C.

(ii) X × j ⊂ C if and only if j is an element of order2.

Proof. (i) On X × C, the bundle (p13)∗R2 ⊗ (p12)∗L−1
∆

is iso-
morpic to p∗Cζ ⊗ (1 × α)∗L−1

∆
whereζ is some line bundle

onC andα : C → X is the map defined byLα(x, j) = j−2 ⊗

Lx. HenceD|C is isomorphic (by base change theorem) to
ζ ⊗ α∗(R1(p2)∗L−1

∆
). But clearlyR1(p2)∗L−∆ ≃ H1(X,O)X.

(ii) If j is an element of order 2, clearlyX× j ⊂ C. On the other
hand, if X × j ⊂ C, thenD j = D|X× j ≃ (ζ |X × j)⊗ trivial
bundle, and hence by Lemma 6.1, this is possible only ifj316

is an element of order 2.
We now have a familyE of (triangular) vector bundles on

X × P(D) given by [6, Lemma 2,4]:

0→ (1×π)∗p∗13R⊗p∗2τ→ E→ (1×π)∗p∗13R
−1⊗(1×π)∗p∗12L∆ → 0

(6.4)
whereπ : P(D) → X × J is the projective fibration associated to
D.

The bundleE onX×P(D) is a family of stable vector bundles
[3, Lemma 10.1 (i)] onX of rank 2 and determinants of the form
Lx, x ∈ X. Thus there is an induced classifying morphismθE :
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P(D)→ UX fitting in an obvious commutative diagram

P(D)

p1◦π

��

θE // UX

det

��
X Id // X

(6.5)

We now wish to study the morphismθE and, in particular, its
differential. ClearlyE is a family of bundles with the triangu-
lar group as structure group. As such, there is an infinitesimal
deformation mapTP(D) → R1(p2)∗(∆(E)) where∆(E) is the bun-
dle of endomorphisms ofE preserving the exact sequence (6.4).
This is because the associated bundle with the Lie algebra ofthe
triangular group as fibre is∆(E). (Remark 2, 13, i). �

Lemma 6.6. The above infinitesimal deformation map induces
an isomorphism of Tp1◦π with the kernel of R1(p2)∗(∆(E)) →
R1(p2)∗(O) given by the trace map∆(E) → O and hence with
R1(p2)∗(S∆(E)), where S∆(E) is the subbundle of∆(E) consist-
ing of endomorphisms of trace0.

Proof. In view of the diagram 6.5 it is clear thatTp1◦π is mapped
into the kernel. From the diagram of exact rows (onP(D)),

0 // Tπ
//

��

Tp1◦π
//

��

π∗p∗2TJ
//

��

0

0 // R1(p2)∗(E ⊗ (1× π)∗(p∗13R⊗ p∗12L
−1
∆

)) // R1(p2)∗(∆(E)) // H1(X,O)P(D)
// 0

we see that it is enough to show that the infinitesimal deformation 317

map mapsTπ isomorphically onR1(p2)∗(E ⊗R⊗ L−1
∆

), since it is
obvious that the last vertical map is an isomorphism. Indeed, we
have �

Lemma 6.7. Let V, W be two simple vector bundles on X. Let
P = PH1(X,Hom(W,V)), and

0→ p∗1V ⊗ p∗2τ→ E→ p∗1W→ 0
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be the universal exact sequence on X× P (see [6, Lemma 2.3]).
Then the infinitesimal deformation map of the family E of bundles
with the evident parabolic group as structure group, maps TP iso-
morphically onto the kernel of R1(p2)∗(E⊗p∗1W∗)→ R1(p2)∗(End W).

Proof. From the definition of the universal extension, it follows
that the mapOP = (p2)∗(W ⊗ W∗) → R1(p2)∗(V ⊗ τ ⊗ W∗) =
H1(X,V ⊗ W∗) ⊗ τ is the natural inclusion. Hence its cokernel
is isomorphic to the tangent bundleTP of P. From the cohomol-
ogy exact sequence obtained from the given sequence tensored
with W∗, we obtain an isomorphism ofTP with the kernel of
R1(p2)∗(E ⊗ p∗1W∗) → R1(p2)∗(EndW). We have to check that
this identification is the infinitesimal deformation map. This veri-
fication can be done by choosing splittings for the given sequence
overUi × P where (Ui) is an open covering ofX and expressing
the infinitesimal deformation map in terms ofČech cocycles with
respect to this covering. �

Proposition 6.8. Recall that C= {(x, j) ∈ X × J : j−2 ⊗ Lx ∈ X}.
The differential dθE is injective outsideπ−1(C) and kerdθE is a
line bundle onπ−1(C).

Proof. Consider the exact sequence obtained from 6.4:

0→ S∆(E)→ Ad E→ (1× π)∗(p∗13R
−2 ⊗ p∗12L∆) ⊗ p∗2τ

−1→ 0.
(6.9)

Take the direct image onP(D). The (zeroth) direct image of
the bundle on the right is zero since it is clearly torsion free and
zero outsideπ−1(C). Thus we get a short exact sequence (using
Lemma 6.6)

0→ Tp1◦π → R1(p2)∗(Ad E)→ R1(p2)∗(R
−2 ⊗ L∆) ⊗ τ

−1→ 0.

From [6, Lemma 2.6], we haveR1(p2)∗(Ad E) = θ∗ETdet and it is
easy to see that the first map isdθE. Moreover, outsideπ−1(C),
the last term in this sequence is clearly locally free of rank(g−2)
while its restriction toπ−1(C) is also locally free of rank (g− 1).318

This proves the proposition. �
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Identifying π−1(C) with C × P whereP = PH1(X,O), the
restriction ofE to X ×C × P can be described as follows.

Lemma 6.10. (i) There is a natural isomorphism H1(X×C×
P, p∗3τ ⊗ p∗12(1× α)∗L−1

∆
) with H1(X,O) ⊗ H1(X,O)∗.

(ii) The family E⊗ p∗13R
−1 resticts to X×C×P as an extension

0→ p∗3τ→ E ⊗ p∗13R
−1→ p∗12(1× α)∗L∆ → 0

given by the canonical element in H1(X,O) ⊗ H1(X,O)∗,
using the isomorphism in(i).

Proof. Note thatH1(X × C, (1 × α)∗L−1
∆

) ≃ H0(C,R1(p2)∗(1 ×
α)∗L−1

∆
) ≃ H0(C, α∗R1(p2)∗L−1

∆
) ≃ H0(C, α∗R1(p2)∗OX×X) ≃ H1(X,O)C.

This proves (i). That the canonical element gives the required
extension follows from the definition ofE and the base change
theorem. �

Proposition 6.11. Let0→ p∗2τ→ F′ → O → 0 be the universal
extension ofO by τ on X× PH1(X,O). Then the restriction of
Tp1◦π to π−1(C) = C × P is isomorphic to the quotient of F′ ⊗
H1(X,O) by the trivial subbundle contained in p∗2τ ⊗ H1(X,O).

Proof. We will apply Lemma 6.6, and use the description ofE|X×
C × P given in Lemma 6.10. Thus we have the extension

0→ p∗3τ ⊗ p∗12(1× α)∗L−1
∆
→ S∆(E) → O → 0.
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This may be embedded in the commutative diagram

0

��

0

��
0 // p∗3τ ⊗ (1× α)∗L−1

∆

��

// S∆(E)

��

// O // 0

0 // p∗3τ

��

// F′′

��

// O // 0

p∗3τ ⊗ OGraphα =

��

p∗3τ ⊗ OGraphα

��
0 0

(6.12)
where the middle line is obtained from the top line as the push-
out by means of the mapp∗3τ ⊗ (1 × α)∗L−1

∆
→ p∗3τ. By Lemma

6.6,Tp1◦π|C × P is isomorphic to the first direct image onC × P319

of S∆(E). The middle vertical line of the above diagram yields
an isomorphism of this with the first direct image ofF′′. For,
R1(p23)∗(p∗3τ⊗OGraphα) is clearly 0. Since (p23)∗(p∗3τ)→ (p23)∗(τ⊗
OGraphα) is clearly an isomorphism, it follows that (p23)∗F′′ →
(p23)∗(p∗3τ ⊗ OGraphα) is surjective, proving our assertion above.
It remains to computeR1(p23)∗(F′′). From the description of the
extension in Lemma 6.10 and hence that in the top horizontal line
of the diagram 6.12, it can be checked that the element inH1(X×
C×P, p∗3τ) = H1(X,O)⊗H1(X,O)∗⊕H1(C,O)⊗H1(X,O)∗ given
by the extensionF′′ is the element (Id,−α∗(Id)). Indeed, this fol-
lows on remarking that the mapH1(X,O) ≃ H1(X × X, L−1

∆
∆) →

H1(X×X,O)→ H1(X,O)⊕H1(X,O) is given by (Id,−Id). Now
our assertion follows from �

Lemma 6.13. Consider on X× X × P, the exact sequence

0→ p∗3τ→ F0→ O → 0

given by the element(Id,−Id) in H1(X × X,O) ⊗ H0(P, τ) ≃ V ⊗
V∗ ⊕ V ⊗ V∗, with V = H1(X,O). The direct image on X× P by
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p23 of this sequence fits in a commutative diagram

0 // p∗2TP
// R1(p23)∗F0

// H1(X,O)X×P
// 0

0 // p∗2τ ⊗ H1(X,O) //

OO

F′ ⊗ H1(X,O) //

OO

H1(X,O)X×P
//

OO

0

where0 → p∗2τ → F′ → O → 0 is the universal extension on
X × P and the first vertical map is induced by the natural map
τ ⊗ H1(X,O)→ TP on P.

Proof. In the following Lemma, takeL = KX, L′ = O, T = X×P,
and apply duality to prove the Lemma. �

Lemma 6.14. Let

0→ p∗1L → M → p∗1L ⊗ p∗2L′ → 0

be an exact sequence of vector bundles on the variety X× T. As-
sume thatdim H0(X×t,M) is independent of t. Then the extension

0→ H0(X, L)T → (pT)∗M → kerδ→ 0,

whereδ is the connecting homomorphism 320

H0(X, L) ⊗ L′ → H1(X, L),

is given by the image under the natural map

H1(T, L′−1)→ H1(T, (kerδ)∗ ⊗ H0(X, L))

of the Künneth component in H1(T, L′−1) of the element of H1(X×
T,Hom(L, L) ⊗ L′−1) determined by the extension M.

Proof. Let x1, . . . , xN be points ofX such that the evaluation map
H0(X, L) →

∑
⊕

Lxi is an isomorphism. This fits in a commutative

diagram

0 // H0(X, L)T

��

// (pT)∗M

��

// kerδ

��

// 0

0 // ∑ Lxi
// ∑Mxi×T

// L′ ⊗
∑

Lxi
// 0



376 M.S. Narasimhan and S. Ramanan

The latter sequence is clearly defined by the required element in
H1(T, L′−1). �

Proposition 6.15. The differential dθE onπ−1C = C×P fits in an
exact sequence

0→ τ−1→ Tp1◦π|π
−1C

dΘE
−−−→ θ∗ETdet→ τ−1 ⊗ π∗α∗F → 0

where F is the vector bundle on X defined by the exact sequence

0→ TX → H1(X,O)→ F → 0

corresponding to the canonical linear system andα : C → X is
the map defined by j−2 ⊗ Lx = Lα( j,x).

Proof. Note that if∆ denotes the diagonal divisor inX × X, then
(p2)∗(L∆)
≃ OX andR1(p2)∗(L∆) ≃ F. In fact, the first of these isomor-
phisms is obvious and the second follows from the exact sequence
(on X × X)

0→ OX×X → L∆ → T̃X → 0

whereT̃X is the sheaf onX × X supported on∆ and inducingTX

on it. Restricting 6.9 toX ×C × P, we get the sequence

0→ S∆(E)→ Ad E→ p∗3τ
−1 ⊗ p∗12(1× α)∗L∆ → 0.

The direct image of this sequence, using base change forα, yields
the lemma, in view of Lemma 6.6.

�

We will now compute the Hessian of the mapθE restricted to321

π−1C = C × P. By Proposition 6.8,π−1C is the critical set forθE.
Moreover, kerdθE on C × P is isomorphic toτ−1 by Proposition
6.15. The Hessian is thus a mapτ−1⊗NC×P,P(D) → cokerdθE|C×
P. (See Remark 3.6). NowNC×P,P(D) ≃ π

∗NC,X×J ≃ π
∗α∗NX,J1 ≃

π∗α∗F whereF is the bundle defined in Proposition 6.15. On the
other hand, by Proposition 6.15, cokerdθE|C×P is isomorphic to
τ−1 ⊗ π∗α∗F. With these identifications we have
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Proposition 6.16. The Hessian onπ−1C = C × P of the mapθE

considered as a mapτ−1 ⊗ π∗α∗F → τ−1 ⊗ π∗α∗F is the identity
map.

Proof. By Lemma 6.6, the computation of the required Hessian
may be made using Remark 2.13, i). From the description of the
family E over X × π−1C given in Lemma 6.10, we see that the
Hessian ofθE is simply the map

(p23)∗(τ−1⊗α∗L∆)⊗R1(p23)∗(α∗L−1
∆
⊗E⊗R−1)→ R1(p23)∗(τ−1⊗α∗L∆)

given by the cup product for the natural map

(τ−1⊗α∗L∆)⊗ (α∗L−1
∆
⊗E⊗R−1)→ τ−1⊗E⊗R−1→ τ−1⊗α∗L∆.

From this it is clear that this map is the identity onτ−1 tensored
with the induced map

(p23)∗(α
∗L∆) ⊗ R1(p23)∗(O)→ R1(p23)∗(α

∗L∆).

Now since (p23)∗(α∗L∆) is canonically trivial, this is simply the
inverse image byα ◦ p1 of the mapH1(X,O)X → R1(p2)∗(L∆).
This is clearly the natural mapH1(X,O)X → F, proving our as-
sertion. �

Remark 6.17.From Proposition 6.16, we see thatπ−1C is a ‘non-
degenerate’ critical manifold forθE.

Proposition 6.18.For every j∈ J, the mapθE : π−1(X× j)→ UX

is an imbedding.

Proof. We first remark that in view of 6.5, it is enough to prove
that θE : π−1(x, j) → UX is an imbedding, for everyx ∈ X and
j ∈ J. Secondly, from [3, Lemma 10.1], it follows that this map
is injective. Moreover, if (x, j) ∈ C, then by Proposition 6.8,
θE : π−1(x, j) → Ux is an imbedding. Finally, let (x, j) ∈ C. In 322
order to show thatdθE|Tπ is injective, it is enough to prove that the
composite of the inclusionτ1 → Tp1◦π|C×P with the differential
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dπ : Tp1◦π → π∗Tp1 = H1(X,O)C×P is injective. Consider the
commutative diagram (onπ−1C)

0 // S∆(E)

��

// ∆(E)

��

// (1× π)∗(p∗13R
−2 ⊗ p∗12L∆) ⊗ p∗2τ

−1 // 0

0 // O // E ⊗ (1× π)∗p∗13R
−1 ⊗ p∗2τ

−1 // ′′ // 0

From this we conclude that this composite is given by the bound-
ary homomorphism of the lower sequence. Now our assertion
follows from the definition of the extensionE. �

The nonsingular subvarietiesθE(π−1(X × j)) ⊂ UX will also
be denotedP(D j).

Proposition 6.19. If j1 , j2 or j−1
2 , then P(D j1) intersects P(D j2)

in only finitely many poins. If j2
, 1, then P(D j) and P(D j−1)

intersect transversally along the sections given by the exact se-
quence in Lemma 6.1.

Proof. Let j1 , j2, j−1
2 andW ∈ P(D j1) ∩ P(D j2). ThenW is

given by an extension

0→ j1→W→ j−1
1 ⊗ Lx→ 0.

andW contains j2 also. The existence of a nonzero homomor-
phism j2 → j−1

1 ⊗ Lx implies that j1 ⊗ j2 = Lx ⊗ L−1
y for some

y ∈ X. This proves that there are (if at all) only finitely many
solutions forx andy. If (x, y) is one such, thenE has to be in the
kernel of the mapH1( j21 ⊗ L−1

x ) → H1( j21 ⊗ L−1
x ⊗ Ly) which is

at most 1-dimensional. ThusW is uniquely determined by such a
choice ofx andy. This proves our first assertion.

Now let W ∈ P(D j) ∩ P(D j−1), j2 , 1. As above, we see
that W is the unique bundle given by the kernel ofH1(X, j2 ⊗
L−1

x ) → H1(X, j2). Clearly, this is the kernel defined in Lemma
6.1. It remains to prove the transversality of the intersection of
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P(D j) andP(D j−1). Now W is given simultaneously by two exact
sequences

0→ j →W→ j−1 ⊗ Lx→ 0

and 0→ j−1→W→ j ⊗ Lx→ 0.

Consider the mapj ⊕ j−1 → W. Since j , j−1, this map is a 323

generic isomorphism and hence fits in an exact sequence

0→ j ⊕ j−1→W→ Ox → 0.

Let M ⊂ Ad W be the bundle of endomorphisms (with trace 0) of
W taking j into j−1. Then we have the exact sequence

0→ M → Ad W→ Lx→ 0. (6.20)

On the other hand, both Hom(j−1⊗Lx, j) = j2⊗L−1
x and Hom(j⊗

Lx, j−1) = j−2 ⊗ L−1
x are clearly subbundles ofM. At any y ,

x, we haveWy = jy ⊕ j−1
y and these two subspaces ofMy may

be represented in matrix form by
(

0 0
∗ 0

)
and
(

0 ∗
0 0

)
and hence are

linearly independent. In other words, the mapj2 ⊗ L−1
x ⊕ j−2 ⊗

L−1
x → M fails to be of maximal rank only atx. Since detM =

L−1
x , we have the exact sequence

0→ j2 ⊗ L−1
x ⊕ j−2 ⊗ L−1

x → M → Ox→ 0.

In particular, the natural mapH1( j2 ⊗ L−1
x ) ⊕ H1( j−2 ⊗ L−1

x ) →
H1(M) is surjective. From (6.20), we conclude that the map
H1(M) → H1(Ad W) has as cokernelH1(X, Lx) which is of di-
mension (g− 1). Thus the images ofH1( j2⊗ L−1

x ), H1( j−2⊗ L−1
x )

in H1(Ad W) by the natural inclusions have sum of dimension
(2g − 2). But the image ofH1( j2 ⊗ L−1

x ) in H1(Ad W) is the
tangent space atW to the cycleP(W∗x) in Ux. This proves the
transversality, since dimUx = 3g− 3. �
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Lemma 6.21. Let j ∈ J with j2 , 1. Then identifying X with the
intersection of P(D j) and P(D j−1), we have the exact sequence

0→ Tπ j ⊕ Tπ j−1 → Tdet|X→ F → 0

where Tπ j is the restriction to X of the tangent bundle along the
fibres of P(D j) and F is the quotient bundle associated to the
canonical linear system on X.

Proof. The exact sequence 6.20 whenx is also varied, yields a
sequence onX × X

0→ M → Ad W→ L∆ → 0.

Taking direct image onX, we get324

R1(p1)∗M → Tdet|X→ F → 0.

On the other hand, the mapR1(p1)∗( j2 ⊗ L−1
∆

) ⊕ R1(p1)∗( j−2 ⊗

L−1
∆

)→ R1(p1)∗M has been proved to be surjective. As in Propo-
sition 6.19, we see that the image ofR1(p1)∗( j2 ⊗ L−1

∆
) is Tπ j ,

proving our assertion. �

Lemma 6.22. (i) If j2
, 1, then we have the exact sequence

on P(D j) :

0→ H1(X,O)P(D j ) → NP(D j),UX → τ−1 ⊗ π∗F( j)→ 0

where F( j) is the quotient sheaf defined by the linear system
K ⊗ j2.

(ii) If j2
= 1, then we have the exact sequence on P(D j) = X×P

with P= PH1(X,O)

0→ Im dθE|P(D j)→ Tdet|P(D j)→ τ−1 ⊗ π∗F → 0
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where F is the quotient bundle on X defined by the canon-
ical linear system. Moreover, we have a commutative dia-
gram on P(D j):

0 // τ ⊗ H1(X,O)

��

// F′ ⊗ H1(X,O)

��

// H1(X,O)

��

// 0

0 // p∗2TP
// Im dθE

// τ−1 ⊗ p∗2Tp
// 0

where the extreme vertical maps are the natural ones and
the first extension is obtained by tensoring the universal
extension on X× P with H1(X,O).

Proof. (i) This follows from the sequence (6.9) and its direct
image sequence noting that sinceX × j 1 C by Lemma 6.3
ii) and Proposition 6.8, the mapTp1◦π → TUX restricted to
P(D j) is still (sheaf theoretically) injective. The cokernel is
clearly the tensor product ofτ−1 and the sheafR1(p1)∗(p∗2 j−2⊗

L∆). From the exact sequence associated to

0→ p∗2 j−2→ p∗2 j−2 ⊗ L∆ → j−2⊗̃K∗X → 0

we identify this sheaf withF( j).

(ii) This is an immediate consequence of Propositions 6.15 and
6.11.

�

Corollary 6.23. For any j∈ J, we have 325

K∗det|P(D j) ≃ τ
2 ⊗ π∗( j4 ⊗ K).

Proof. From the exact sequence

0→ K∗ ⊗ j−2→ H1(X, j−2)X → F( j)→ 0

we see that detF( j) = K ⊗ j2 and now from Lemma 6.22, i) we
get detTdet|P(D j) = τ−(g−2) ⊗ detF( j) ⊗ detTπ = τ−(g−2) ⊗ K ⊗
j2 ⊗ τg ⊗ j2 = τ2 ⊗ j4 ⊗ K, as claimed. The casej2 = 1 follows
similarly from 6.22, ii). �
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7 Limits of good Hecke cycles

In this article, we study the limis of good Hecke cycles and their
normal bundles inUX. We first wish to fix an ample line bundle
O(1) onUX.

Lemma 7.1. If Kdet denotes the canonical line bundle along the
fibres of the fibrationdet :UX → X, then the line bundleO(1) =
K∗det⊗ (det)∗KX is an ample bundle on UX.

Proof. Fix α ∈ J1. Consider the mapf : J → J1 given by
f ( j) = j2 ⊗ α. Then we have a commutative diagram

f ∗U(2, 1)

��

// U(2, 1)

��
J

f // J1

Now f ∗(U(2, 1))→ J is isomorphic to the productU(2, α)× J→
J. This gives in turn a commutative diagram

U(2, α) × X̃

��

f̃ // UX

��
X̃ = f −1(X)

f // X

Since f is étale surjective,X is nonsingular andf ∗KX = KX. On
the other hand,f ∗Kdet ≃ p∗1KUα, so that our assertion follows
from [2, Proposition 4.4] and the ampleness ofK∗ onUα (See [6,
Theorem 1]) and ofK on X. �

Lemma 7.2. Let Z be a good Hecke cycle. Then the polynomial326

P(m, n) = χ(Z,K−m
det ⊗ dp∗Kn

X) is given by(4m+ 1)(2m+ 2n− 1)×
(g − 1). In particular, the Hilbert polynomial of a good Hecke
cycle (with respect toO(1)) is P(n) = (4n+ 1)(4n− 1)(g− 1).
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Proof. If W is the vector bundle to which the Hecke cycleZ cor-
responds, then by 5.16, we have (K−m

det ⊗ det∗ Kn
X)|Z ≃ K−2m

π ⊗

π∗Km+n
X . Now

π∗(K
−2m
π ⊗ π∗Km+n

X ) ≃ (detW)2m⊗ S4m(W∗) ⊗ Km+n
X .

Since the higher direct images are zero form≥ 0, we have

P(m, n) = χ(X, (detW)2m⊗ S4m(W∗) ⊗ Km+n
X )

and the latter is computed to be as claimed, using the Riemann-
Roch theorem. �

Let p : H → UX be the restriction of the dual Poincaré bundle
on X ×UX to UX considered as a divisor by the map (det, Id). By
5.2, v) and Lemma 5.5, we obtain a maph : H → U0 which is
a projective fibration over the set of stable points ofU0 by 5.2,
iv) and Lemma 5.14. The morphismθE : P(D) → UX (in the
notation of § 6) lifts to a map̃θE : P(D)→ H sinceθ∗EH ≃ P(E)∗

andE∗ has a natural line subbundle by construction. LetK be
the variety of nonstable points ofU0, namely the Kummer variety
K = J/i, wherei is the involution j 7→ j−1.

Lemma 7.3. We have a commutative diagram

P(D)

p2◦π

��

θE // h−1(K ) ⊂ H

h

��
J // K

Moreover̃θE is onto h−1(K ).

Proof. A point of P(D) is represented by an exact sequence

0→ j → E→ j−1 ⊗ Lx→ 0
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Its image inH is given by the elementE ∈ UX and the one- 327

dimensional space of linear forms onEx vanishing onjx. Now
the constructionK onH which defines the morphismh associates
to it the bundleF obtained by

0→ F → E→ Ox → 0

given by the above linear form. It is obviousj is a subbundle of
F and henceF is S-equivalent toj ⊕ j−1 proving the commuta-
tivity of the diagram. Now a point ofh−1(K ) is given by a stable
bundleE ∈ Ux, for somex ∈ X, and a linear form onEx such that
the bundleF defined by the sequence

0→ F → E→ Ox → 0

is non-stable. Letj ⊂ F. Clearly thenj is also contained inE,
for otherwise some line bundle of the formj ⊗ LD, D > 0 will be
contained inE contradicting its stability. ThusE can be written
as an extension

0→ j → E→ j−1 ⊗ Lx→ 0

proving the lemma. �

Lemma 7.4. (i) If k ∈ K is not a node, then the reduced fibre
of h over k is the push-out of P(D j) and P(D j−1) along the
natural section X, where j, j−1 are points in J over k.

(ii) If k ∈ K is the image of an element j∈ J of order2, then
the reduced fibre of h over k is X×P where P= PH1(X,O).
Moreover the schematic fibre of h contains as a subscheme
X × Pt where Pt is the thickening of P by0→ Q∗ → F →

Ω
1
P→ 0, where Q is the universal, quotient bundle of P.

Proof. (i) follows from diagram 7.3 and the fact that images
by θ̃E of (P(D j)) andP(D j−1) intersect transversally along
X since transversatility is true ofθE (Lemma 6.19).
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(ii) Clearly the total thickeningZ of P(D j) in P(D) is in the
fibre overk of the morphismh ◦ θ̃E. Thus we have only to
check thatθE induces an epimorphism ofZ ontoX×Pt and
that the latter is a subscheme ofH. But this follows from
Remark 3.6.

�

Remark 7.5.The reduced scheme defined in 7.4, (i) will be de-328

notedFk, if k is not the image of an element of order 2. If it is,
thenFk will denote the subschemeX × PH1(X,O)t of UX. These
are contained in the fibres ofH → U0. Probably, these are pre-
cisely the schematic fibres, and some of the technical difficulties
in this article can be obviated if one could prove this directly.

Lemma 7.6. The natural morphism of the relative Hilbert scheme
Hilb(H,U0,P(n)) into Hilb(UX,P(n)) is injective.

Proof. SinceP(n) is of degree 2 inn, any element of Hilb(UX,P(n))
represents a subscheme ofUX of dimension 2. Hence our asser-
tion follows from Proposition 6.19. �

Let Hilb(H,U0,P(m, n)) be the relative Hilbert scheme of the
map H → U0 of cyclesZ satisfyingχ(Z, p∗(K−m

det ⊗ det∗ Kn
X) =

P(m, n). If H2 is the image of Hilb(H,U0,P(m, n)) in Hilb(UX,P(n))
then H2 contains good Hecke cycles. Now ifZ ∈ H2 is not a
good Hecke cycle, thenZred ⊂ Fk for a uniquek ∈ K . For a
fixed k ∈ K the set of elements ofH2 which are contained set
theoretically inFk is denotedH2,k.

7.7 Definition of The VarietiesQ j , Qk, Rk.

Now we will define fork not a node, three subvarietiesQ j, Q j−1

andRk (with j, j−1 ∈ J lying overk) of H2,k. Consider the Grass-
mannian of lines inPH1(X, j2); the symmetric product of the pro-
jective line bundle over it will be denotedQ j . Also, we denote by
Rk the product ofPH1(X, j2) andP(H1(X, j−2)) for j lying over
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k ∈ K . Now points ofQ j, Q j−1 and Rk can be considered as
subschemes ofFk. In fact, consider the exact sequences

0→ j2→ D j → H1(X, j2)X → 0

0→ j−2→ D j−1 → H1(X, j−2)X → 0.

Any line in PH1(X, j2) gives rise to a plane subbundle ofP(D j)
over X. A point of Q j gives rise a pair of projective line sub-
bundles (possibly identical) of this plane bundle. Thus we obtain
a subscheme ofFk. Similarly a point ofRk gives rise to pro-
jective line subbundles ofP(D j), P(D j−1) containing the sections
of P(D j), P(D j−1) given by j2 and j−2 respectively. To compute329

the Hilbert polynomials of these schemes, we may assume with-
out loss of generality that the scheme is obtained by gluing two
projective line bundlesP(F1), P(F2) on X whereF1 andF2 are
of degree zero and contain eitherj2 or j−2 as line subbundles,
along the sections given by these subbundles. Now, from Corol-
lary 6.22, it follows thatO(1) restricts toP(D j) asK2

X ⊗ j4 ⊗ τ2.
Its restriction to the section ofP(D j) is therefore seen to beK2

X.
Hence the Hilbert polynomial of the subschemes corresponding
to points ofQ j , Rk is, on using the Mayer-Vietoris sequence,

2χ(X,Km+n
X ⊗S2m(F∗))−χ(X,Km+n

X ) = (4m+1)(2m+2n−1)(g−1).

Thus, we have identified the setsQ j, Q j−1, Rk with subsets ofH2,k.
If k is a node,Qk is defined to be the variety of subschemes

of the formX × C, whereC is a conic inP = PH1(X,O), while
Rk denotes those of the formX × C whereC is a line thickened
by τ−1 contained inPt but not inP. As aboveQk, Rk are checked
to be subsets ofH2,k.

Proposition 7.8. If k is not a node ofK , and j, j−1 ∈ J are
points over k, then H2,k = Q j ∪ Q j−1 ∪ Rk. If k is a node ofK ,
then H2,k = Qk ∪ Rk.

The rest of this section will be devoted to the proof of Propo-
sition 7.8.
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Lemma 7.9. If Z ∈ H2, then the map p: Z → X is surjective
and for generic x∈ X, the fibre Zx has (2m+ 1) as the Hilbert
polynomial with respect to the ample generator h ofPicUx.

Proof. Since the polynomialP(m, n) is not independent ofn, it
follows that the mapp : Z → X is surjective. For largem, we
have

P(m, n) = χ(X, p∗(K
−m
det) ⊗ Kn

X).

In other words,P(m, n) is the Hilbert polynomial ofp∗(K−m
det) with

respect to the ample line bundleKX on X. Hence the rank of the

sheafp∗(K−m
det) is

1
degK

(the coefficient ofn in P(m, n)), namely

1
2g− 2

(8m + 2)(g − 1) = 4m + 1. But K∗det restricts toUx as

K∗Ux
, which is twice the ample generator of PicUx. Hence the

lemma. �

Lemma 7.10. Let S be a subscheme of Ux having 2m + 1 as 330

Hilbert polynomial. If Sred ⊂ (Fk)red, for some k∈ K , then S is
a conic contained schematically in Fk.

Remark 7.11.The proof of Lemma 7.10 given below can be sim-
plified if one knew a priori thath|S is very ample. This would
follow for instance if we could show thath itself is very ample
which is very likely to be true and indeed so at least ifX is hyper-
elliptic [1, 5.10, II]. However, since the irreducible components
of (Fk)red∩ Ux are projective spaces, the restriction ofh to these
is very ample, as ample bundles on a projective space are very
ample. From this it is easy to see thath|(Fk)red∩ Ux is very am-
ple and henceh|Sred is very ample. This fact will be used in the
proof.

Proof of Lemma 7.10. LetS be a subscheme ofUx having 2m+1
as Hilbert polynomial. IfS is reduced, our assertion follows from
Lemma 4.2 and Remark 4.4. IfS is not reduced, we shall use
Lemma 4.3. LetS′ be the thickening ofSred = P1 by the line
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bundleL mentioned in that lemma. We first show that degL ≥ −1.
SinceS′ is a subscheme ofUx, the bundleL is a quotient of the
conormal bundle ofSred in Ux. Now we have the exact sequences
(Lemma 6.21)

0→ τ ⊗ trivial → N∗P(D)( j,x),Ux
→ trivial → 0

and
0→ τ ⊗ trivial → N∗P(D)( j,x),Ux

→ τ ⊗Ω1→ 0

according asj2 , 1 or j2 = 1. On the other hand, we have the
exact sequence

0→ N∗P(D)( j,x),Ux
→ N∗P1,Ux

→ τ−1 ⊗ trivial → 0.

Sinceτ ⊗ Ω1 restricts toP1 asτ−1⊕ trivial, it follows that any
quotient line bundle ofN∗

P1,Ux
is of deg≥ −1. Now if j2 , 1,

any quotient ofN∗
P1,Ux

isomorphic toτ−1 is actually a quotient of

N∗
P1,P(D)( j,x)

so thatS ⊂ P(D)( j,x). If j2 = 1, we similarly conclude

thatS ⊂ Fk = PH1(X,O)t. This proves the lemma.

Lemma 7.12. If Z ∈ H2,k, then the morphism p: Z→ X is flat.

Proof. Using generic flatness, we see that on an open subset of331

X, p itself defines a section of a suitable relative Hilbert scheme
for the morphismZ → X. This extends to a section over the
whole ofX and thus gives a closed subschemeZ′ of Z flat overX.
Now from Lemma 7.9, it follows thatall the fibresZ′x of Z′ have
Hilbert polynomial 2m+1 with respect toh. Now by Lemma 7.10,
it follows thatZ′x ⊂ Fk for eachx ∈ X. Since tha mapp : Z′ → X
is flat, it follows thatZ′ ⊂ Fk. Now suppose we show thatKm

det|Fk

has a direct imageV on X of the formK4m
X ⊗ (a semistable vector

bundle of degree 0), at least for largem. Then we would have
p∗(Km

det|Z
′) is a quotient ofV for largem and hence would be a

vector bundle of rank 4m+ 1 and degree≥ 2m(g − 1)(4m+ 1).
Hence

χ(Z′,Km
det⊗ p∗Kn

X) = χ(X, p∗(Km
det) ⊗ Kn

X)
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≥ (4m+ 1)(2m+ 2n− 1)(g− 1) = P(m, n)

by Riemann-Roch theorem. On the other hand, ifI is the sheaf of
ideals definingZ′ in Z, then from the exact sequence

0→ I → OZ → OZ′ → 0,

we conclude thatχ(Z,O(n)) ≥ χ(Z′,O(n)) for largen, and that
equality holds only ifZ = Z′. It remains to prove �

Lemma 7.13. The direct image of Kmdet|FK on X is of the form
Km

X⊗ (a semistable vector bundle of degree0).

Proof. First assume thatk is not a node. ThenFk = P(D) j ∪

P(D) j−1 with P(D) j ∩ (PD) j−1 = X. The restriction ofKdet to
P(D) j (resp.X) is isomorphic toKX ⊗ j4⊗ τ2

D j
(resp.KX) (Corol-

lary 6.22). Now the direct image ofj4 ⊗ τ2
D j

is isomorphic to

j4⊗S2(D∗j ), and the restriction map to the direct image ofj4⊗τ2
D j

on X (namely, the trivial bundle) is induced by the natural map
S2(D∗) → j−4, given by the inclusionj2 → D j . Hence, by
the Mayer-Vietoris sequence, we see thatp∗(Km

det|Fk) is the ten-
sor product ofKm

X and the fibre product ofj4m ⊗ S2m(D∗j ) and

j−4m ⊗ S2m(D∗j ) over the trivial bundle. SinceS2m(D∗j ) is obtain-
able (6.1) as successive extension of line bundles of degree0, it is
semistable of degree 0. Hence so is the fibre product mentioned
above proving Lemma 7.13 in this case.

Now let k be a node. Then we have Pic(X × PH1(X,O)t) → 332

Pic(X × PH1(X,O)) is an isomorphism. In particular from 6.22,
we see that the restriction ofKm

det to X×PH1(X,O)t is of the form
Km

X⊗ a line bundle coming fromPH1(X,O)t. Hence its direct
image is of the formKm

X⊗ a trivial bundle, completing the proof
of Lemma 7.13.

�

Proof of Proposition 7.9. Let Z ∈ H2,k. By lemma 7.12, the
map p : Z → X is flat, and by Lemma 7.10,Z is schematically
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contained inFk and all the fibres are conics. Let us first consider
the case whenZ is a subscheme ofP(D) j for some j overk. By
(4.4, iv) there exists a vector subbundleE of D j of rank 3, such
thatZ ⊂ P(E). Now Z defines a divisor inP(E) with LZ ≃ τ

2
E ⊗ L

for some line bundleL on X. We have the exact sequence

0→ τ−2
E ⊗L∗⊗K−m

det |P(E)⊗Kn
X → K−m

det |P(E)⊗Kn
X → K−m

det |Z⊗Kn
X → 0.

SubstitutingK∗det|P(E) ≃ τ
2
E ⊗ KX ⊗ j4, and taking direct image on

X, we obtain

χ(Z,K−m
det⊗Kn

X) = χ(X,Km+n
X ⊗S2m(E∗))−χ(X, L∗⊗Km+n

X ⊗S2m−2(E∗)).

The right side can be computed in terms of the degrees ofL and
E by the Riemann-Roch theorem. But the left side is given to be
P(m, n) = (4m+ 1)(2m+ 2n− 1)(g− 1). Equating coefficients of
these two polynomials, we check that degL = 0 and degE = 0.
In other words, whenZ ⊂ P(D) j , we have shown thatZ is a
divisor in P(E) given by a nonzero quadratic formE → E∗ ⊗ L,
whereL is of degree 0 andE a subbundle ofD j , also of degree
0. Now, if k is a node, clearlyE is also trivial sinceD j is trivial
in this case. Moreover the quadratic form is a nonzero section of
S2(D∗j )⊗L, with degL = 0, and hence it follows (a) thatL is trivial
and (b) that the quadratic form is a constant. Thus ifZ ⊂ P(D) j

with j2 = 1, thenZ ∈ Rk. On the other hand, ifk is not a node,
by § 6.1,E is the inverse image of a trivial vector subbundle of
H1(X, j2)X of rank 2. Notice first that the mapE→ E∗⊗L cannot
be an isomorphism sinceE∗ ⊗ L contains a direct sum of two
line bundles of degree 0 whileE does not. Moreover the kernel
of E → E∗ ⊗ L is a proper subbundle of degree 0 and, again
by § 6.1, it must containj2. Thus the quadratic form onE is333

induced by anL-valued quadratic form on the trivial subbundle
E/ j2 ⊂ H1(X, j2)X viz. a nonzero section ofS2((E/ j2)∗ ⊗ L. As
before, sinceL is of degree 0, it follows (a) thatL is trivial, and
(b) that the section ofS2(E/ j2)∗ is constant. This proves that ifZ
is contained inP(D) j thenZ ∈ Q j.
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It remains to consider the case whenZ 1 P(D) j for any j
over k. Clearly if k is not a node,Z consists of two irreducible
componentsZ1 andZ2 with Z1 ⊂ P(D) j , Z2 ⊂ P(D) j−1. Moreover,
Z1 (resp.Z2) defines a subbundleE1 (resp.E2) of D j (resp.D j−1)
of rank 2, containingj2 (resp. j−2). Let their degrees bed1, d2.
By the Mayer-Vietoris sequence, we see as before,

P(m, n) = χ(Z,K−m
det ⊗ Kn

X) = χ(X,S2m(E∗1) ⊗ Km+n
X ⊗ j4m)

+ χ(X,S2m(E∗2) ⊗ Km+n
X ⊗ j−4m)

− χ(X,Km+n
X ).

Computing the right side by the Riemann-Roch theorem, and sub-
stituting forP(m, n), we obtaind1 = d2 = 0. ThusE1, E2 are in-
verse images of line subbundle of the trivial bundlesH1(X, j2)X,
H1(X, j−2)X and since these subbundles are of degree 0, they must
themselves be trivial. In other words,Z ∈ Rk.

Finally letk be a node andZ ∈ H2,k, Z 1 P(D) j = (Fk)red. By
7.10,Z ⊂ Fk. In this case,Zred is projective bundle associated to
a rank 2 vector subbundleE of D j = H1(X,O)X. MoreoverZ is
given by thickening withinX × Fk by a line bundle of the form
τ−1

E ⊗ L, whereL is a line bundle onX. From the exact sequence

0→ τ−1
E ⊗ L→ OZ → OZred→ 0

and the fact thatKdet|X × PH1(X,O) ≃ τ2 ⊗ KX we obtain

χ(Z,K−m
det ⊗ Kn

X) = χ(X,S2m(E∗) ⊗ Km+n
X )

+ χ(X,S2m−1(E∗) ⊗ Km+n
X ⊗ L).

Equating this expression withP(m, n), we obtain degE = 0,
degL = 0. SinceE is contained in the trivial bundleH1(X,O)X,
E itself is trivial. Now we claim that ifL is nontrivial, Hom(τE ⊗ 334

L−1,NX×P(E),UX) = 0. This follows from sequence

0→ NX×P(E),X×P→ NX×P(E),UX → NX×P,UX|X×P(E) → 0

and the sequences in 6.21, ii), since



392 M.S. Narasimhan and S. Ramanan

(a) H0(Hom(τE ⊗ L−1,NX×P(E),X×P)) = H0(Hom(τE ⊗ L−1, τ ⊗

trivial )) = 0.

(b) H0(Hom(τE ⊗ L−1, τ−1 ⊗ F)) = 0.

(c) H0(Hom(τE ⊗ L−1, τ−1 ⊗ TP)) = 0, and

(d) H0(Hom(τE ⊗ L−1,TP)) = 0.

It follows that L is trivial, sinceτ−1 ⊗ L ⊂ NX×P(E),UX. Thus
the schemeZ is of the formX ×C, whereC is a conic contained
in Pt, and henceZ ∈ Rk. This completes the proof of Proposition
7.9.

8 Nonsingularity of the Hecke component

We will now prove thatH0, the irreducible component of Hilb(UX)
containing Hecke cycles, is nonsingular. SinceH0 is a variety
of dimension 3g − 3, it is enough to show that the Zariski tan-
gent space at any point ofH0 is of dimension 3g − 3. This is
done in Propositions 8.1, 8.5, 8.9 and 8.12. From the descrip-
tion in § 7 of the nature of the subschemes ofUX occurring in
H2 (and henceH0), it follows that all these schemes are local
complete intersections and hence the Zariski tangent spaceat any
Z ∈ H0 to the Hilbert scheme itself is given byH0(Z,NZ,UX) [9a].
Thus the nonsingularity ofH0 at someZ ∈ H0 would follow if
dim H0(Z,NZ,UX) ≤ 3g − 3. However, it turns out that there are
points inH0 at which the Hilbert scheme itself is not smooth. We
will first computeH0(Z,NZ,UX) for Z ∈ H0.

We have to discuss several cases.

Proposition 8.1. Let Z ∈ Rk, k not a node and Z1 P(D) j, for
any j over k. Then the Hilbert scheme is smooth at Z.

The proof is completed in 8.4.
By the definition ofRk, there exist pointsp, p′ in

PH1(X, j2), P(H1(X, j−2))
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such that ifE, E′ are the inverse images inD j, D j−1 of the trivial
line bundles corresponding to these two points, thenZ = P(E) ∩ 335

P(E′). Recall also thatP(E) ∩ P(E′) = X imbedded inP(D j),
P(D j−1) by means of the subbundlesj2, j−2 of D j, D j−1 respec-
tively.

Lemma 8.2. Let U be a nonsingular variety and l1, l2 be nonsin-
gular subvarieties intersecting (schematically) in a nonsingular
subvariety X which is a divisor in both l1 and l2.

(i) Then the reduced scheme l= l1 ∪ l2 is a local complete
intersection.

(ii) Moreover, we have the exact sequence

0→ N∗l,U → Ñ1 ⊕ Ñ2→ N∗l,U |X→ 0

where N1, N2 are the restrictions of N∗l,U to l1, l2 respec-
tively.

(iii) N1 fits in an exact sequence

0→ N1→ N∗l1,U → N∗X,l2 → 0, while

(iv) Nl,U |X fits in the sequence

0→ NX,U/NX,l1⊕NX,l2 → Nl,U |X→ NX,l1 ⊗ NX,l2 → 0.

Proof. At any point of l, we can choose a regular system of pa-
rameters (x1, . . . , xr , y1, y2, z1, . . . , zs) for OU with (x1, . . . , xr , y1) =
I1 and (x1, . . . , xr , y2) = I2 being the ideals definingl1, l2 respec-
tively. Since l is then defined byI1 ∩ I2 = (x1, . . . , xr , y1, y2),
it follows that l is a complete intersection. The sequence (ii) is
obtained by tensoring withN∗l,U the basic exact sequence

0→ Ol → Õl1 ⊕ Õl2 → ÕX → 0.
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We have now the isomorphismNl = I1∩I2/(I1∩I2)2 ≃ I1∩I2/I1(I1∩I2)

and an exact sequence

0→ I1 ∩ I2/I1(I1∩I2) → I1/I2
1
→ I1/I2

1+I1∩I2
→ 0.

But

I1/I2
1+I1∩I2

≃
I1/I1∩I2

(I1/I1 ∩ I2)2
≃

I1 + I2/I2

(I1 + I2/I2)2
≃ N∗X,l2

proving (iii).
Finally, restrict (iii) toX to get the four term sequence

0→ Tor1l1(N
∗
X,l2
,OX)→ N∗l,U |X→ N∗l1,U |X→ N∗X,l2 → 0.

From the resolution

0→ L−1
X → Ol1 → OX → 0

and the isomorphismL−1
X |X ≃ N∗X,l1, we evaluate the Tor-term to336

beN∗X,l2 ⊗N∗X,l1. On the other hand, it is clear thatN∗l1,U |X→ N∗X,l2
has kernel≃ (NX,U/NX,l1⊗NX,l2)

∗. Dualising, we obtain (iv). �

We will apply 8.2 to the caseU = UX, l1 = P(E), l2 = P(E′)
andX = l1 ∩ l2. In this case we haveNX,l2 ≃ Hom(j−2,O) = j2

from the exact sequence

0→ j−2→ E′ → O → 0.

From the definition ofN1, we get

detN1 ≃ detN∗l1,UX
⊗ (detÑ∗X,l2)

−1.

But detÑ∗X,l2 ≃ LX, whereLX is the line bundle onl1 associated

to the divisorX, as is seen from the fact that the bundlej−2 on X
extends tol1 and from the resolution

0→ L−1
X → Ol1 → OX → 0
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for the sheafOX on l1. But LX is easily seen to beτE. Thus if
ωl is the dualishing sheaf onl, we getωl |l1 ≃ ωUX ⊗ detN∗1 ≃
ωUX ⊗ detNl1,UX ⊗ (detN∗X,l2) ≃ ωl1 ⊗ τE. But ωl1 ≃ KX ⊗ Kπ,
whereKπ is the canonical bundle along the fibres ofP(E) → X
and hence≃ τ−2

E ⊗ detE∗ ≃ τ−2
E ⊗ j−2. This proves

Lemma 8.3. The dualising sheafωl of l = l1∪ l2 restricts to l1 as
τ−1

E ⊗ j2 ⊗ KX. In particular,ωl |X ≃ KX.

Proof of Proposition 8.1. We wish to computeH2(l, ωl ⊗ N∗l,UX
)

which is dual to the spaceH0(l,Nl,UX) required. To this end we
first computeH2(l1, ωl⊗Nl). From the exact sequence 0→ N1→

N∗l1,UX
→ j̃−2→ 0, we obtainH2(l1ωl ⊗N1) ≃ H2(l1, ωl ⊗N∗l1,UX

)

sinceHi(X,KX ⊗ j−2) = 0 for i = 1, 2. But H2(l1, ωl ⊗ N∗l1,UX
) =

H2(l1, ωl1 ⊗ τ ⊗ N∗l1,UX
) by Lemma 8.3, which in turn is dual to

H2(l1, τ−1 ⊗ Nl1,UX). To compute this, we use the exact sequence

0→ Nl1,P(D j) → Nl1,UX → NP(D j),UX |l1 → 0

and observe thatNl1,P(D j) ≃ τ ⊗ V′, whereV′ is a vector space
of rank (g − 2). Hence dimH0(l1, τ−1 ⊗ Nl1,P(D j)) = g − 2. To
computeH0(l1, τ−1 ⊗ NP(D j),UX), we appeal to Lemma 6.22, 1).
SinceH0(l1, τ−1 ⊗ H1(X,O)) = 0 andH0(l1, τ−2 ⊗ π∗F( j)) is also
seen to be zero, we getH0(l1, τ−1 ⊗ NP(D j),UX) = 0 and hence 337

dim H2(l1, ωl ⊗ N1) = g − 2. Now Proposition 8.1 will follow
from the exact sequence in 8.2 tensored withωl, if we prove

Lemma 8.4. dim H1(X,N∗l,UX
⊗ ωl) ≤ g+ 1.

Proof. Sinceωl |X ≃ KX by Lemma 8.3, we have only to show
by duality, that dimH0(X,Nl,UX) ≤ g + 1. For this, we will use
Lemma 8.2, (iv). In fact,NX,l1 ≃ j−2 andNX,l2 ≃ j2 and hence
H0(X,NX,l2 ⊗ NX,l2) is of dimension 1. To compute

H0(X,NX,UX/NX,l1 ⊕ NX,l2),

we use the exact sequence in 6.21, namely

0→ NX,P(D j) ⊕ NX,P(D j−1) → NX,UX → F → 0.
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Thus we get

0→ (Nl1,P(D j) ⊕ Nl2,P(D j−1))|X→ NX,UX/NX,l1⊕NX,l2 → F → 0.

But Nl1,P(D j)|X ≃ τ ⊗ (D j/l1)|X ≃ j−2⊗ trivial. HenceH0 of the
first term above is zero whileH0(X, F) is clearly of dimension
g. This proves Lemma 8.4, and hence completes the proof of
Proposition 8.1. �

Proposition 8.5. Let Z ∈ Qk, k a node. Assume that Z= X ×C,
where C is a conic in P= PH1(X,O). ThendimH0(Z,NZ,UX) ≤
3g − 3, 3g − 2 or 3g − 1 according as C is nondegenerate, is a
pair of intersecting lines, or is a double line. In particular, if C is
nondegenerate, the Hilbert scheme is smooth at Z.

Proof. We first recall [9, SGA 6, VII, Proposition 1.7] that ifX1 ⊂

X2 ⊂ X3 with X2, X3 smooth andX1 a local complete intersection,
then by pushing out the restriction toX1 of the exact sequence

0→ TX2 → TX3|X2→ NX2,X3 → 0

by means of the mapTX2|X1 → NX1,X2, we obtain the exact se-
quence

0→ NX1,X2 → XX1,X3 → NX2,X3|X1→ 0.

We wish to apply this to the caseX1 = Z, X2 = X×P andX3 = UX,
and use the description ofTUX |X × P given in 6.22, (ii). Then we
see thatNZ,UX fits in exact sequence

0→ N′ → NZ,UX → τ−1 ⊗ F |Z→ 0 (8.6)

whereN′ is obtained as the push-out of the sequence338

0→ TP|Z→ Im dθE|Z→ τ−1 ⊗ TP|Z→ 0

by means of the mapTP|Z → NZ,X×P = NC,P. Since the direct
image ofτ−1 ⊗ F |Z on X is zero, it follows thatH0(Z, τ−1 ⊗ F) =
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0 and hence thatH0(Z,N′) → H0(Z,NZ,UX) is an isomorphism.
Again by 6.22, (ii), we have the commutative diagram (onZ)

0 // τ ⊗ H1(X,O) //

��

F′ ⊗ H1(X,O) //

��

H1(X,O)Z
//

��

0

0 // NC,P
// N′ // τ−1 ⊗ TP

// 0
(8.7)

where the top sequence is obtained by tensoring the universal ex-
tensionF′ on X×P with H1(X,O). Now H0(NC,P) is easily com-
puted to be 3g− 4, for instance by imbeddingC as a divisor in a
plane̟ and proving dimH0(C,NC,ω̃) = 5 and dimH0(C,Nω̃P) =
3(g− 3). It remains therefore to compute the kernel of the bound-
ary homomorphismH0(X×C, τ−1⊗TP)→ H1(X×C,NC,P). But
now it is easy to see thatH0(P, τ−1 ⊗ TP) → H0(C, τ−1 ⊗ TP) is
surjective by checkingH0(P, τ−1 ⊗ TP) → H0(̟, τ−1 ⊗ TP) and
H0(̟, τ−1 ⊗ TP) → H0(C, τ−1 ⊗ TP) are both surjective. Thus
from (8.7), we see that the required boundary homomorphism is
the composite of that of the top sequenceH1(X,O) → H1(X ×
P,H1(X,O) ⊗ τ) and the natural mapH1(X × P,H1(X,O) ⊗ τ)→
H1(C,NC,P). Again we have the diagram (onZ).

0 // τ ⊗ H1(X,O) //

��

F′ ⊗ H1(X,O) //

��

H1(X,O)Z
//

��

''PP
PPP

PP
0

τ−1 ⊗ TP

wwooo
ooo

o

0 // NC,P
// F′ ⊗ τ−1 ⊗ NC,P

// τ−1 ⊗ NC,P
// 0

(8.8)

where the lower sequence is obtained as the tensor product on
X × C of the universal extensionF′ by τ−1 ⊗ NC,P. From (8.8)
we conclude that the required map is the composite of the natu-
ral mapH0(C, τ−1 ⊗ TP) → H0(C, τ−1 ⊗ NC,P) and the boundary
homomorphismH0(C, τ−1 ⊗ NC,P)→ H1(X ×C,NC,P). From the
definition of the universal extension, we conclude that the latter 339

map is injective. Thus finally we have

dim H0(X ×C,NZ,UX) = dimH0(X ×C,N′)
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= 3g− 4+ dim kerH0(C, τ−1 ⊗ TP)→ H0(C, τ−1 ⊗ NC,P)

so that Proposition 8.5 would follow from �

Lemma 8.9. If C is a conic in a projective space P, then

kerH0(C, τ−1 ⊗ TP)→ H0(C, τ−1 ⊗ NC,P)

is of dimension1, 2, or 3 according as C is nondegenerate, is a
pair of lines, or is a double line.

Proof. By duality, and noting thatτ−1|C is the dualising sheaf, we
have to compute the dimension of the cokernel ofH1(C,N∗C,P)→
H1(C,Ω1

P). From the exact sequence

N∗C,P→ Ω
1
P|C → Ω

1
C → 0

we see that this cokernel is isomorphic toH1(C,Ω1
C) since

H2(C,F ) = 0 for any coherent sheafF on C. For a nonde-
generate conic, its dimension is clearly 1. On the other hand, if
C is a pair of linesl1, l2, we have a surjectionΩ1

C → Ω̃
1
l1
⊕ Ω̃1

l2
with the kernel sheaf supported at the point of interesection of l1
and l2. Hence dimH1(Ω1

C) = 2. If C is theτ−1-thickening of the
projective linel, then we also have a projectionp : C → l. From
this we get the exact sequence

0→ p∗Ω1
l → Ω

1
C → Ω

1
p→ 0.

NowΩ1
p is easily seen to bei∗(τ−1) wherei : l → C is the inclu-

sion, and henceHi(C,Ω1
p) = 0 for all i. On the other hand,

H1(C, p∗Ω1
l ) ≃ H1(l,Ω1

l ) ⊕ H1(l, τ−1 ⊗Ω1
l )

is of dimension 3. This proves Lemma 8.9.
�
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We will in fact see that ifZ ∈ H2,k corresponds to a degenerate
conicC ⊂ P = PH1(X,O), then Hilb(P(n)) is not smooth atZ.

To show thatH0 is nonsingular at such aZ, we proceed as fol-
lows. LetZ̃ ⊂ H2 × UX be the universal subscheme representing
H2. Then the map̃Z→ H2×X given by (pH2, det) is flat. Since the
fibres are conics, it follows that this is a morphism of complete in-
tersection [9, SGA 6, VII]. Moreover, the direct image onH2×X
of the dual of the relative dualising sheaf is locally free ofrank 3.
The determinant of this direct image is a line bundle and hence 340

induces a mapϕ : H2 → PicX. If Z = P(E), is a good Hecke
cycle, its image underϕ is given as follows: Ifπ : P(E) → X
is the projective fibration,ϕ(Z) = detπ∗(Tπ) ≃ det AdE is the
trivial bundle. Henceϕ is a constant onH0. On the other hand, if
Z ∈ Q j is given by (rank 2) subbundlesF1, F2 of D j containing
j2 with F1/ j2, F2/ j2 trivial, thenω∗π ≃ τE ⊗ (F1 ∩ F2)|Z where
E = F1 + F2. Now from the exact sequence (onP(E))

0→ τ−1
E ⊗ F1 ∩ F2→ τE ⊗ F1 ∩ F2→ ω∗π → 0

we get, on taking direct images onX,

ϕ(Z) = detπ∗(τE ⊗ F1 ∩ F2) = det(E∗ ⊗ F1 ∩ F2)

= (F1 ∩ F2)3 ⊗ detE∗ = j4.

sinceF1 ∩ F2 = j2 and detE = j2. Thus we have

Lemma 8.10. If Z ∈ H0, thenϕ(Z) is trivial, while if Z ∈ Q j is
given by two subbundles F1, F2 of D j containing j2, thenϕ(Z) =
j4.

Now in order to prove thatH0 is smooth at pointsZ ∈ Qk, k a
node, we will show

Lemma 8.11. Im(dϕ)Z has dimension≥ 1 (resp. . ≥ 2) if Z is
represented by a pair of lines (resp. a double line).

Assume the Lemma for the moment. Sinceϕ is a constant on
H0, it follows that (dϕ)Z is zero onTZ(H0). But by Proposition



400 M.S. Narasimhan and S. Ramanan

8.5, dimTZ(H2) ≤ 3g − 2 (resp. 3g − 1) in these cases. Now the
map (dϕ)Z : TZ(H2)/TZ(H0) → Tϕ(Z)(J) has image of dimension
≥ 1 (resp.≥ 2). Hence dimTZ(H0) ≤ (3g−3) in both these cases,
provingH0 is nonsingular at these points.

Proof of Lemma 8.11. Let P be a Poincaré bundle onJ × X.
The sheafF = R1(p j)∗(P2) on J is locally free, outside elements
of order 2, of rank (g − 1). It is easily seen that Grassg−1(F ) is
isomorphic to the blow upπ : J̃ → J at all elements of order 2.
Hence onJ̃ we have a surjectionπ∗F → Q→ 0 whereQ is the
tautological quotient bundle or rank (g−1). On the other hand, on
X× J we have a surjection of the vector bundleD ontop∗JF . This341

gives rise to a surjection (1×π)∗D→ p∗
J̃
Q (onX× J̃) where nowQ

is also locally free. Thus we get a family of subschemes ofP(D),
parametrised byP(Q). These subschemes are projective bundles
associated to subbundles ofD j of rank 2 containing the kernel
of D j → Q j given by the surjection above. ThusP(Q) ×J̃ P(Q)
parametrises two families of projective line subbundles. It is easy
to see that there is a flat family of schemes overP(Q) ×J̃ P(Q)
which is obtained as the union of these two schemes and that this
family is a family of subschemes ofUX with Hilbert polynomial
P(n). Thus we have a morphismP(Q)×J̃ P(Q)→ H2. By Lemma
8.10, we have the commutative diagram

P(Q) ×J̃ P(Q)

��

// H2

��

J̃

��
J

4J // J

where 4J is the mapj 7→ j4 of J. If Z ∈ H2 is represented byX×
a pair of lines inPH1(X,O), then it is the image of some point
in P(Q) ×J̃ P(Q) over an element of order 2 ofJ. Since the map
J̃ → J has nonzero differential at any point, and sinceP(Q) ×J̃
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P(Q) → J̃ is a fibration, it follows that Im(dϕ)Z has dimension
≥ 1. If Z is represented byX× a double line inPH1(X,O), then
Z can be obtained as the image of two points ofP(Q) ×J̃ P(Q)
whose imagesx, x′ in J̃ are two different points over the given
node. In fact,x andx′ could be taken as any point on the line in
PH1(X,O), to whichZ corresponds. Hence

dim Im(dϕ)Z ≥ dim(Im(dπ)x + Im(dπ)x) ≥ 2.

This completes the proof of 8.11 and hence the nonsingularity of
H0 at Z ∈ Qk, k a node.

It remains to consider the caseZ ∈ Rk, k a node.

Proposition 8.12.Let Z∈ Rk, k a node. Thendim H0(Z,NZ,UX) ≤ 342

3g− 3.

Proof. Let Z = X × lL, wherel is a projective line inPH1(X,O)
andL is a subbundle ofN = NX×l,UX isomorphic to the hyperplane
bundle onl. Then we have the exact sequence

0→ L−1 ⊗ NZ,UX |X × l → NZ,UX → NZ,UX |X × l → 0.

Now Proposition 8.12 follows from �

Lemma 8.13. (i) dim H0(X × l,NZ,UX) ≤ 2g− 1.

(ii) dim H0(X × l, L−1 ⊗ NZ,UX) ≤ g− 2.

Proof of (i). By § 3.4 we have the exact sequence

0→ N/L→ NZ,UX |X×l → L2→ 0. (8.14)

Since H0(X × l, L2) ≃ H0(l, τ2) is of dimension 3, (i) will be
proved if we show that dimH0(X × l,N/L) ≤ 2(g − 2). Now for
this computation, we need the exact sequences (Lemma 6.22. (ii))

0→ τ ⊗ V/W→ N′/L → V/W→ 0 (8.15)

0→ N′/L→ N/L→ τ−1 ⊗ F → 0 (8.16)
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whereV = H1(X,O), W is the two dimensional subspace ofV
corresponding tol, andN′ is the kernel of the surjectionN →
τ−1⊗F. From (8.15), we conclude thatH0(X× l,N′/L) ≃ H0(X×
l,N/L), sinceH0(X× l, τ−1⊗F) = 0. To computeH0(X× l,N′/L),
we note that dimH0(X × l, τ ⊗ V/W) = 2(g − 2) and hence i),
Lemma 8.13 will be proved if we can show that the boundary
homomorphismH0(V/W) → H1(τ ⊗ V/W) is injective. From
6.22 (ii), we have the commutative diagram

V/W ≃ H0(V/W) // H1(τ ⊗ V/W) ≃ V ⊗ V∗ ⊗ V/W

V ≃ H0(V)

OO

// H1(τ ⊗ V) ≃ V ⊗ V∗ ⊗ V

OO

where the lower map is the boundary homomorphism given by the
universal extensionF′, and hence is the mapv 7→ IdV ⊗v. From
this it is easy to conclude that the top horizontal map is injective.
This proves (i).

Proof of (ii). We proceed as in (i). By tensoring 8.14 withL−1,343

we are reduced to computing a)H0(X × l, L−1 ⊗ N/L) and b) the
boundary homomorphismH0(X × l, L) → H1(X × l, L−1 ⊗ N/L).
As for a), we have from 8.16,H0(L−1 ⊗ N/L) ≃ H0(L−1 ⊗ N′/L)
and from 8.15,H0(L−1⊗N′/L) ≃ H0(V/W) which has dimension
g − 2. Now (ii) will be proved if we can show that the boundary
homomorphism b) is injective. To prove this, we need a descrip-
tion of the extension 8.14 (which is the dual of the extension3.4
for lL). In other words, forNX×P,UX we have the exact sequence
(6.22. (ii))

0→ τ−1 ⊗ TP→ NX×P,UX → τ−1 ⊗ F → 0.

Now L = τ−1 × Tl ⊂ τ−1 ⊗ TP|X × l. Any line subbundle of
NX×l,UX mapping isomorphically onL gives rise to a thickening
X × lL. From Proposition 3.8, we get the following informa-
tion about 8.14. The mapdθE|X × l induces a mapNX×P,P(D) =
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H1(X,O)X×P → τ−1 ⊗ TP. Let W be the inverse image ofL =
τ−1 ⊗ Tl so that we have the exact sequence (onX × l)

0→ τ−1→W→ τ−1 ⊗ Tl = L → 0.

Of course,W is actually the trivial bundle with fibre= the sub-
space ofP corresponding tol. Symmetrising this, we get the
sequence

0→ τ−1 ⊗W→ S2(W)→ L2→ 0. (8.17)

Taking into account the description of the Hessian ofθE|X×P, we
see that the push-out of (8.14) by the mapN/L→ NX×P,UX/τ

−1⊗

TP = τ
−1⊗F is isomorphic to the push-out of (8.17) by the natural

mapτ−1 ⊗W→ τ−1 ⊗ H1(X,O) → τ−1 ⊗ F. In view of this, we
have a commutative diagram

H0(X × l, L) //

��

H1(X × l, L−1 ⊗ τ−1 ⊗W)// H1(X × l, L−1 ⊗ τ−1 ⊗ H1(X,O))

��
H1(X × l, L−1 ⊗ N/L) // H1(X × l, L−1 ⊗ τ−1 ⊗ F)

We have to show that the left vertical map is injective. The sec-
ond top horizontal map is clearly injective, while the rightvertical
map is even an isomorphism. Thus our assertion will be proved
if the map

H0(l, L)→ H1(l, L−1 ⊗ τ−1 ⊗W),

associated to (8.17) tensored withL−1, is injective. But this is 344

clear sinceH0(l, L−1 ⊗ S2(W)) = 0, thus proving Lemma 8.13
and hence Proposition 8.12.

We now have

Theorem 8.14. There is a natural morphism of the Hecke com-
ponent H0 into the moduli space U0 giving a non-singular model
of U0, which is an isomorphism over the set of stable points. The
reduced fibre over a non-nodal point of the Kummer variety is
isomorphic toPg−2×Pg−2 while that over the node is isomorphic
to the union of aP5 bundle over the Grassmannian of planes in
Pg−1 and aPg−2 bundle over the Grassmannian of lines inPg−1.
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Proof. The morphismπ : Hilb(H,U0,P(m, n)) → U0 is an iso-
morphism over the open setU of stable points. Moreover the re-
striction of the morphism Hilb(H,U0,P(m, n))→ Hilb(UX,P(n))
to the (schematic) closure ofp−1(U) is an injective (Lemma 7.6)
and birational (Theorem 5.13) morphism ontoH0. SinceH0 is
smooth, this morphism is an isomorphism ontoH0. This proves
the first part of the theorem.

The fibre over a non-nodal point ofK corresponding toj ∈
J, j2 , 1, is isomorphic toPH1(X, j2) × PH1(X, j2) (Proposi-
tion 7.8). The fibre over a node is isomorphic to the union of the
space of conics which are schematically contained inPH1(X,O)
and the space ofτ−1-thickenings of lines inPH1(X,O) which are
contained in the thickeningPH1(X,O)t (Proposition 7.8). The
first variety is aP5-bundle over the Grassmannian of planes in
PH1(X,O) while the second is aPg−2 bundle over the Grassman-
nian of lines inPH1(X,O) (See Remark 4.4. iii). �
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On a Minkowski-Type Inequality for
Multiplicities-II

By B. Teissier

Introduction. In the note [M.I.], to which this paper is a sequel,347

I proved the following Minkowski-type inequality, for multiplicities of
primary ideals in a local noetherian Cohen-Macaulay algebra over an
algebraically closed field; settingd = dimO, we have:

e(n1 · n2)1/d
6 e(n1)1/d

+ e(n2)1/d (*)

for any two primary idealsn1, n2 in O, wheree(n) denotes the multiplic-
ity.

In this paper I will prove:

Theorem 1. LetO be a Cohen-Macaulay normal complex analytic al-
gebra. Then, given two idealsn1, n2 of O which are primary for the
maximal ideal, we have the equality

e(n1 · n2)1/d
= e(n1)1/d

+ e(n2)1/d

if and only if there exist positive integers a, b such that

n
a
1 = n

b
2

(where the bar means the integral closure of ideals, for the properties of
which see[C.E.W.] and [L.T.] ).

As will be clear from the proof, the conjunction of this result and
(*) constitutes a generalization to arbitrary dimension ofthe classical
result asserting the negative definiteness of the intersection matrix of the

407
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components of the exceptional divisor of a resolution of singularities of
a germ of a normal surface (see [DV], [M], [Li]).

This paper also contains two rather different applications of the above
result. The first is a lightning proof of a special case of a theorem of
Rees ([Re]) according to which, given two primary idealsn1, n2 in an
equidimensional ringO such thatn1 ⊂ n2 ande(n1) = e(n2), we have
n1 = n2.

This result now plays a rather important role in the study of the348

geometry of singularities (cf. [C.E.W.] and [H.L.]) and is also used in
the proof of the author’s “principle of specialization of integral depen-
dence” (cf. [D.C.N.] App. I) which is at the source of severalresults in
the theory of equisingularity. The other application is a numerical char-
acterization of those germs of real-analytic mapsf : (R2, 0)→ (R2, 0)
which are isotopic (in a strong sense) to a germ of a holomorphic map
(C, 0)→ (C, 0): they are exactly those maps such that their local topo-
logical degree is equal to the square root of the degree of their complex-
ification (= dimRO f −1(0),0). This result, which is apparently new, makes
use of the algebraic description of the local topological degree, given by
Eisenbud and Levine in [E.L.].

Remarks. (1) The equivalence relation:n1 ∼ n2 if and only if there

exist a, b ∈ N such thatna
1 = n

b
2 has been studied by Samuel

in [Sa1], from a different viewpoint, under the name “projective
equivalence”.

(2) The proof of Theorem 1 above uses only the Cohen-Macaulay
property ofO, and the possiblity of resolving singularities of 2-
dimensional quotients ofO. Indeed it seems to be valid under
some mere “excellence” assumption onO, (see [Li]) and the as-
sumption thatO is Cohen-Macaulay and normal. However, I have
in this redaction once again sacrificed generality to geometry, and
restricted the presentation to complex analytic geometry to be able
to present the ideas in their naivety. In any case, the absence of a
base field would indeed make the proofs a lot more cumbersome.
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1 A geometric result

The essential technical ingredient of the proof of Theorem 1is the fol-
lowing result, in itself rather useful (see [T]).

Proposition. LetO be a reduced Cohen-Macaulay complex analytic al-
gebra andn an ideal ofO primary for the maximal ideal. Set d= dimO
and let as usualn[i] denote an idealO generated by i “sufficiently gen-
eral” linear combinations of the elements of a fixed system ofgenerators
of n. Then we have:

(1) n[d] = n

(2) Given f ∈ O, f ∈ n if and only if 349

f · O/n[d−1] ⊂ n · O/n[d−1]

with the necessary precision that the meaning of “sufficiently gen-
eral” in the notationn[d−1] occurring in (2) depends on f , in other
words, we have (2) for a Zariski-open dense subset Uf of the
space of coefficients of d− 1 linear combinations of generators
of n, and Uf depends on f .

Proof. (1), which is due to Samuel [Sa2], is a consequence of Noether’s
normalization theorem.

Let us prove (2): let (W, 0) be a representative of the germ of com-
plex space corresponding toO, and such thatf andn are the germs of
a globally defined function and ideal onW. Let π : Z → W be the
normalized blowing up ofn in W. It follows from (1) and the results
in ([H1] Lecture 7, [L.T.]) thatπ is also the normalized blowing up of
an n[d]

= ( f1, . . . , fd) ⊂ n. Let π0 : Z → W be the blowing up of
this n[d]. SinceO is Cohen-Macaulay, (f1, . . . , fd) is a regular sequence
and hence (Lemma 1.9 of [H2]) we can describeπ0 as the restriction
of the first projection to the subspace ofW × Pd−1 defined by the ideal
( fiT j − f jTi)(1 6 i < j 6 d), where (T1 : . . . : Td) is a system of homo-



410 B. Teissier

geneous coordinates onPd−1. Let us consider the following diagram:

Z

n

��

π

��>
>

>

>

>

>

>

>

>

>

W× Pd−1

pr2
##G

G

G

G

G

G

G

G

G

G

G

Z? _oo
π0

//

G

��

W

Pd−1

σ

GG

wherendenotes the normalization map andσ is the section ofG = pr2|Z350

defined byσ(Pd−1) = {0} × Pd−1, which is in Z sincen[d] ⊂ m, the
maximal ideal ofO.

Now we considerZ
σ
x

−−→
G

Pd−1 as a family of germs of curves, which

like any family of curves admits a simultaneous normalization ([D.C.N.])
over an open-analytic (i.e. complement of a closed analyticsubset)
dense subset of its parameter space hence, here, over a Zariski open
dense subsetU ⊂ Pd−1. This means that forp ∈ U, the composed
mapG : Z → Z → Pd−1 is flat in a neighbourhood of the finite set

n−1(σ(p)), and the multi-germ ((Z)p, n−1(σ(p))) where (Z)p = G
−1

(p),
is the union of a finite set of germs of non-singular curves, each being
the normalization of an irreducible component of the curve (Zp, σ(p)),
whereZp = G−1(p). Furthermore since clearlyZp is “transversal” to
{0}×Pd−1 which is set-theoretically the exceptional divisor ofπ0, (Zp, zi)
will be a germ of a non-singular curve transversal to the exceptional di-
visor D of π, for zi ∈ n−1(σ(p)). The idea is, that these germs of curves
can be used to compute multiplicities along the exceptionaldivisor D of
π. Indeed, sincen is a finite morphism, each irreducible componentDi

of D, which is purely of codimension 1 inZ by the hauptidealsatz, is
mapped surjectively onto{0} × Pd−1 by n. Let us consider the decom-

position D =
l
⋃

i=1
Di of D in its irreducible components. Then by the

properties of normal spaces, for each givenf ∈ O we can find a dense
open analytic subsetUi ⊂ Di such that at each pointz ∈ Ui we have:
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(1) (Dz)red is non-singular and coincides with (Di,z)red.

(2) Z is non-singular atz.

(3) f · OZ,z defines a subspace having a reduced associated subspace
which coincides with (Di,z)red, in other words: the strict transform
by π of f = 0 is empty nearz.

By diminishingU if necessary, in a way which depends uponf , since
theUi do, we can assume:

Di ∩ n−1(σ(U)) ⊂ U j (1 6 i 6 l).

Now for z ∈ Di ∩ n−1(σ(U)) we have by (1), (2), (3): 351

(i) n · OZ,z ≃ vvi
1 · OZ,z, where

(ii) OZ,z ≃ C{vi , . . . , vd} by (2).

(iii) f · OZ,z ≃ vµi1 · OZ,z,

whereνi, (resp.µi) is the order with whichn · OZ (resp. f ◦ π) vanishes
alongDi. This order being locally constant is constant onUi sinceDi is
irreducible.

Settingp = G(n(z)), certainly one of the components of the curve
(Zp, σ(p)) has a normalization ((Z)p, z) which goes throughz and is
transversal toDi at z. Therefore, since the algebraO(Z)p,z

is isomor-

phic toC{t}, andv1 · O(Z̄)p,z = a1t + a2t2 + . . . with ai ∈ C, a1 , 0, we
have, denoting byv the order int of elements ofC{t}, i.e. the natural
valuation onO(Z)p,z

, that















vi = v(n · O(Z)p,z
) (p = G(n(z)), z ∈ Ui)

µi = v( f · O(Zp,z)
).

Since the polar locus of a meromorphic function in a normal space
is either of codimension 1 or empty, and since by ([H1], [L.T.]) f ∈ n
if and only if f · OZ,z ⊂ n, OZ,z for all z ∈ π−1(0), we see thatf ∈ n̄ if
and only ifµi > vi ((1 6 i 6 l)) and this isequivalentto the fact that for
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somep ∈ U, and any irreducible componentZp,i of Zp = G−1(p), we
have f · OZp,i ,σ(p) ⊂ n · OZp,i ,σ(p) for all i, that is: f · OZp,σ(p) ⊂ n · OZp,σ(p)

(by the valuative criterion for integral dependance, see [H1], [L.T.]).
But now it is clear thatZp, p ∈ U is isomorphic to the curve in (W, 0)

defined by thed− 1 equations
f1
t1
= . . . =

fd
td

where (t1 : . . . : td) are the

coordinates ofp, i.e. the equationsfi ti+1− fi+1ti = 0(16 i 6 d− 1), and
this means that (Zp, σ(p)) is the curve defined by an[d] according to our
conventions. This ends the proof of Proposition 1. �

Note. The following diagram may perhaps help the reader.
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352

Remark . There is not necessarily a bijection between the irreducible 353

components ofZp, p ∈ U and those ofD. What counts is that each
(µi , vi) appears at least once as the valuation of (n, f ) given by an irre-
ducible component ofZp and that all these valuations occur in this way.
This fact is important in the construction of invariants; see ([T], proof
of Theorem 2).

2 Proof of Theorem 1

The assertion is obvious whend = 0, 1 sinceO is thenC, C{t}. We
therefore assumed > 2. Let us recall from [M.I.] that given two primary
idealsn1 andn2 of O, we set

ei = e
(

n
[i]
1 + n

[d−i]
2

)

and showed that (*) was a consequence of inequalities

ed
i 6 ei

d · e
d−i
0 (1 6 i 6 d) [I.2]

themselves consequences of:

ei

ei−1
>

ei−1

ei−2
(2 6 i 6 d) [I.3]

All this in view of the equality

e(n1 · n2) =
d

∑

i=0

(

d
i

)

ei [E.1]

of ([C.E.W., Chap. I § 2]).
The idea being that by induction ond it is enough to prove

ed

ed−1
>

ed−1

ed−2

and that this is in fact a result on surfaces: settingO = O/n[d−2]
1 , ñi =

n · Õ, i = 1, 2 we saw, thanks to the Cohen-Macaulay property ofO, that
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ed = ẽd, ed−1 = ẽ1, ed−2 = ẽ0 whereẽi = e(ñ[i]
1 + ñ

[2−i]
2 ). We considered a

well-chosen resolution of singularities of the germ of surfaceS0 corre-
sponding toÕ, sayr : S→ S0 such that in particular̃n[2]

1 , ñ[1]
1 + ñ

[1]
2 , ñ[2]

2
and the maximal idealm of Õ all become invertible onS,mOS defining
a divisor with normal crossings. Then, denoting byuk (resp.vk) the or-
der of vanishing of̃n1 · OS (resp.ñ2 · OS) along thek-th componentEk354

of r−1(0), we had, using a result of C. P. Ramanujam in [R]

ẽ2 = −
∑

k,k′
〈Ek,Ek′〉ukuk′

ẽ1 = −
∑

k,k′
〈Ek,Ek′〉ukvk′

ẽ0 = −
∑

k,k′
〈Ek,Ek′〉vkvk′

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(1)

where〈, 〉 denotes the intersection multiplicities of divisors onS sup-
ported in r−1(0), which is easy to define (see [R]).

Now let us remark that, in view of the inequalities mentionedabove,
if equality holds in (*) then necessarily we have

ed

ed−1
= . . . =

e1

e0
.

Let
a
b

denote the common value of these ratios. It follows easily from

the results in ([C.E.W.] Chap. I §2) that if we replacen1 by na
1 andn2

by nb
2, ei is replaced byaibd−iei . After this substitution we see that the

proof of Theorem 1 is reduced to proving that ifed = ed−1 = . . . = e0,
thenn1 = n2.

Now by the theorem of Bertini for normality (see [F]) we have that
O/n

[d−2]
1 is a normal analytic algebra ifO is so, and then by the classical

result ([DV], [Li], [M]) the matrix of the 〈Ek,Ek′〉 is negative definite,
from which follows immediately in view of (1) that if ˜e2 = ẽ1 = ẽ0 we
haveuk = vk for all k, hencẽn1·OS = ñ2·OS (sinceñ1·OS andñ2·OS are
invertible onS) and from this followsñ1 = ñ2 in O/n[d−2]

1 . Let us now
show thatn1 ⊂ n2 in O: given f ∈ n1, to show thatf ∈ n2 it is sufficient,

in view of Proposition 1, to show thatf · O/n[d−1]
1 ⊂ n2 · O/n

[d−1]
1 , but
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certainly aO/n[d−1]
1 is a quotient of aO/n[d−2]

1 as above, and sincẽn1 =

ñ2 we have

f · O/n[d−2]
1 ⊂ n2 · O/n

[d−2]
1

hencea fortiori 355

f · O/n[d−1]
1 ⊂ n2 · O/n

[d−1]
1 .

This shows that for anyf ∈ n1, f ∈ n2, i.e., n1 ⊂ n2 whencen1 = n2

by symmetry. This proves that ife(n1 · n2)1/d
= e(n1)1/d

+ e(n2)1/d we

havena
1 = n

b
2. The converse is an immediate consequence of the fact

that e(n) = e(n) ([C.E.W.] Chap. 0) and the remark made about the
behaviour of theei under the operationn → na. This ends the proof of
Theorem 1.

Remark . We have seen in the course of the proof that, thanks to (1),
whend = 2, Theorem 1 and (*) together follow from the negative defi-
niteness of (〈Ek,Ek′〉).

3 Applications

3.1 First application: the Theorem of Rees (in a special case).

Theorem (Rees). LetO be a Cohen-Macaulay normal analytic algebra,
n1 andn2 two ideals ofO primary for the maximal ideal and such that
n1 ⊆ n2 and e(n1) = e(n2). Then we haven1 = n2.

Proof. It is easy to see that for any positive integera, we haven1 =

n2 ⇔ n
a
1 = n

a
2 (e.g., use the valuative criterion for integral dependence,

[H1], [L.T.]). Now let us sete(n1) = e(n2) = e. Since for any two
primary ideals,n ⊆ n′ impliese(n) > e(n′), n1 ⊆ n2 impliese(n1 · n2) >
e(n2

2) = 2de. Using (*) now we see that

2 · e1/d
6 e(n1 · n2)1/d

6 e1/d
+ e1/d

= 2 · e1/d,

hence we have equality, and by Theorem 1 there exista, b ∈ N such

that na
1 = n

b
2. But we saw thate(na) = ade(n) ande(n) = e(n). Since

e(n1) = e(n2), the above equality therefore impliesa = b, from which
the theorem follows. �
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3.2 Second Application Letf : (Rn, 0) → (Rn, 0) be a germ of a real
analytic mapping, described byf1, . . . , fn in R{x} = R{x1, . . . , xn} and
such thatQ( f ) = O f−1(0),0 = R{x}/( f1, . . . , fn) is a finite dimensional356

vector space overR. Setq = dimR Q( f ); q is also the topological degree
of the complexified mapf C : (Cn, 0)→ (Cn, 0). It was proved in [E.L.]
that the topological degree degf of f satisfies

|deg f | 6 q1−1/n

and this inequality was proved as follows: first one proved that |deg f | 6
e(n[n−1]

+m
[1]) wheren is the ideal generated by (f1, . . . , fn) in C{x} and

m is the maximal ideal, then one used the inequality [1.2] from[M.I.]
quoted above to show that

e(n[n−1]
+m

[1]) 6 e(n)1−1/n
= q1−1/n.

Let us consider the special casen = 2. We have|deg f | 6 q1/2 and
there is at least one case where we have equality: letf be a holomorphic
map (C, 0)→ (C, 0) given byz 7→ zk. Settingz = x1 + ix2 we see that
the components off , f1(x1, x2) and f2(x1, x2) are homogeneous poly-
nomials of degreek. From the additivity of intersection multiplicities
follows that in this caseq = k2. By writing z = ρ · eiθ we see that all
the zeroes off1 and f2 are real, and thek lines inR2 where f1 vanishes
alternatewith thek lines wheref2 vanishes, being obtained from them
by a rotation ofπ/2k. Furthermore each of the sets of lines dividesR2

in 2k sectors. One readily checks that Rezk
= t, Im zk

= 0 is a regular
fibre of f , at each point of whichf preserves the orientation, and which
containsk points, since Rezk

= t defines a curve in every second sec-
tor among those defined by Rezk

= 0, which is asymptotic to the walls
of this sector and meets the lines Imzk

= 0 transversally. We remark
that the fact thatf is orientation preserving comes from the following
property of f2 = Im zk, f1 = Rezk:

(OR) In each sector wheref1 > 0, the sign off2 changes from− to+ as
we cross the linef2 = 0 circulating in the trigonometric direction
(counterclockwise).
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Having seen this, we have no difficulty in proving

Lemma 1. Let f : (R2, 0) → (R2, 0) be given by two homogeneous
polynomials f1, f2 of the same degree k. Then we havedeg f = k if, and
only if, f1 and f2 both have all their roots real, these roots alternate and357

the condition (OR) is satisfied.

Indeed, if they do not both have all their roots real, we can find a
regular fibre with less thank points, hence|deg f | < k. If they do not
alternate, then we can find two points in a fibre withk points, where
the orientation is not the same, hence again|deg f | < k and finally if
the first two conditions are satisfied we have degf = ±k, and condition
(OR) implies degf − k (and conversely). We now prove:

Lemma 2. Let f = ( f1, f2) and f′ = ( f ′1, f
′
2) be two mapping satisfying

the condition of Lemma 1. Then there is a 1-parameter family( ft)t∈[0,1]

of mappings, all satisfying the condition of Lemma 1, such that f0 ≃ f
and f1 ≃ f ′.

Proof. After a suitable choice of coordinates, we can write (up to the
isomorphism corresponding to a constant factor)

f1 =
k

∏

i=1

(x1 − αi x2) f2 =
k

∏

i=1

(x1 − βi x2) αi , βi ∈ R

with α1 < β1 < α2 < . . . < αk < βk, and similarly

f ′1 =
k

∏

s=1

(x1 − α
′
i x2), f ′2 =

k
∏

i=1

(x1 − β
′
i x2)

with α′1, < β
′
1 < α

′
2 < . . . < α

′
k < β

′
k.

Then the family given by

ft,1 =
k

∏

i=1

(x1 − (tα′i + (1− t)αi)x2)

ft,2 =
k

∏

i=1

(x1 − (tβ′i + (1− t)βi)x2)

for 0 6 t 6 1, obviously gives the answer. �
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Theorem 2. Let f : (R2, 0) → (R2, 0) be a germ of a real-analytic
mapping with algebraic degree q(q = dimRO f−1(0),0). Then f can be
continuously deformed, with degree and algebraic degree both constant,
to a holomorphic mapping(C, 0)→ (C, 0) if and only ifdeg f = q1/2.

Proof. The condition is obviously necessary, after what we have just358

seen. Let us prove it sufficient. From what we saw above, the equality
deg f = q1/2 implies e(n[1]

+ m
[1]) = e(n)1/2 which, sincee(m) = 1,

and in view of the equality (E. 1) quoted in §2, givese(n · m)1/2
=

e(n)1/2
+e(m)1/2. From Theorem 1 we deduce the existence of integersa,

b such thatna = mb and from the properties of multiplicities we deduce
that in fact we must haven = mk in C{x1, x2}, wherek = q1/2

= deg f .
We are going to show that this implies that the componentsf1, f2 of f
can be taken (up to isotopy) to be homogeneous polynomials ofdegree
k. Let n′ be the ideal inC{x1, x2} generated by those among (f1, f2)
which are inmk − mk+1: we haven′ ⊂ n ⊂ n′ + mk+1 hence, since
n = m

k, we haven′ +m ·mk = mk which by the integral Nakayama
Lemma ([C.E.W.] Chap. 11, 2.4) impliesn′ = mk, which in turn implies
thatn′ is generated by at least two elements, whencen′ = n. Now we
know fi ∈ mk −mk+1, i = 1, 2. We can set

f1 = Pk + Pk+1 + . . .

f2 = Qk + Qk+1 + . . .

wherePi (or Qi) is an homogeneous polynomial of degreei in x1 andx2.
We know furthermore that sincen′ = (Pk,Qk) has at its integral closure
m

k, dimR R{x1, x2}/(Pk,Qk) = dimR R{x1, x2}/( f1, f2) = q. Consider
the family of functions

f1,t = Pk + tPk+1 + . . . + tlPk+l + . . .

f2,t = Qk + tQk+1 + . . . + tlQk+l + . . .

the family of idealsFt = ( f1,t, f2,t) · R{x1, x2} and the family of al-
gebrasQt = R{x1, x2}/Ft. For anyt , 0, Qt is isomorphic toQ( f )
as anR-algebra (changexi to txi in f , and divide bytk), and Q0 =

R{x1, x2}/(Pk,Qk).



On a Minkowski-Type Inequality for Multiplicities-II 419

We now use the main result of [E.L.]: all theQt are isomorphic as
vector spaces; choosing a linear forml : Q0 → R such thatl(J0) > 0,
where J0 is the Jacobian determinant of (Pk,Qk), we can extendl to
Qt and denoting byJt the Jacobian determinant of (f1,t, f2,t), we get
l(Jt) > 0 for t sufficiently small. According to Theorem 1.2 of [E.L.],359

we have:

(1) the bilinear form onQt defined by〈p, q〉 = l(p · q) is non-singular
for all sufficiently smallt, therefore its signature is independent
of t neart = 0.

(2) This signature is equal to degf for t , 0 and to the degree of the
map f0 : (R2, 0)→ (R2, 0) defined by (Pk,Qk) for t = 0.

Hence degf0 = k = q1/2 and Theorem 2 now follows easily from
Lemmas 1 and 2. �

Remarks.

(1) The key point is to check that the assumption degf = q1/2 implies
that the tangent cones at 0 off1 = 0 and f2 = 0 have the same degree,
and no common component. This is what Theorem 1 does for us in the
above proof.

(2) Theorem 2 above is valid also forC∞ maps f : (R2, 0) → (R2, 0)
such that dimE2/( f1, f2) < ∞ whereE2 is the ring of germs ofC∞

function on (R2, 0), since the finiteness assumption implies that in those
problems we have finite determinacy (see [E.L.]).

(3) It is an interesting problem to find invariants of algebras of the form
R{x1, . . . , xn}/( f1, . . . , fn) of finite dimension overR which allow one
to determine when two such algebras (or the corresponding germs of
mappings (Rn, 0) → (Rn, 0)) can be continuously deformed into one
another with constant dimension of the algebras (i.e. algebraic degree)
and degree.
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