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Preface

These notes are the slightly revised lecture notes from lectures given at
the Tata Institute during Winter 1980. The purpose of the lectures was
to describe a factorial correspondence between the theory of admissible
representations for a complex semisimple Lie group and the theory of
highest weight modules for a semisimple Lie algebra. A detailed de-
scription of the main results of this correspondence is given in section
one.

A first draft of these notes was prepared by Vyjayanthi Sunder. I am
grateful to her for her careful work. It is also a pleasure to thank my col-
leagues at the Tata Institute for their hospitality to my wife and me dur-
ing our stay at the institute. Finally, I wish to acknowledgethe support
of the National Science Foundation and the Alfred P. Sloan Foundation.
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Chapter 1

Introduction and summary
of results

Within the theory of representations of Lie groups, the caseof compact 2

groups is distinguished by the simplicity and completenessof the theory.
The fundamental results here are classical and go back to thework of H.
Cartan and H. Weyl. For the noncompact case, the representation theory
is far from complete although in this case an elaborate theory does exist.
The foundations of this theory were developed by Harish-Chandra and
the contributions to this field during the last twenty-five years have been
extensive. The subcase of the noncompact case of complex Liegroups is
of interest due to the special simplicity of the theory for these groups and
the unusual parallels which exist between this theory and the theory for
the compact case. The representation theory of complex semisimple Lie
groups has a long history beginning in 1950 with the fundamental work
of Gel’fand and Naimark [20]. Aspects of this history are described in
the introduction to the expository article [9] by Duflo and also the survey
article [37] by Zelobenko.

Let G be a connected complex semisimple Lie group. One of the
fundamental questions of representation theory is the description of
ε(G), the infinitesimal equivalence classes of irreducible representations
of G. Although the parametrization ofε(G) is essentially the same
as in the compact case the proof of this fact lies much deeper in this

1



2 1. Introduction and summary of results

case. The first result on the parametrization ofε(G) was established by
Parthasarathy, Ranga Rao and Varadarajan [30] for the subset of ε(G) of
spherical classes. Zelobenko [36] in 1969 gave the first parametrization
of ε(G) and in 1973 Langlands [27] described a program for generalG
which in this case specialized to the Zelobenko classification.

There are four questions related to any complete description of ε(G)3

which naturally arise.

Question A: For any elementπ ∈ ε(G), what is the formula for the
(distribution) character of the classπ ?

Question B:For any elementπ ∈ ε(G), the restriction ofπ to a maximal
compact subgroup ofG splits into the direct sum of irreducible finite di-
mensional representations. What are the components and multiplicities
of this direct sum ?

Question C: For compact groups all indecomposable representations
are irreducible; for complex groups this is not so. What is the category
of all representations ofG ?

Question D:What is the subset ofε(G) of unitarizable classes ?
Although ε(G) has been determined by Zelobenko, his description

does not give a solution to any of these questions. In these notes we give
an alternate description ofε(G) which will at the same time answer the
above questions in terms of data associated with highest weight mod-
ules. The method applied will be to use functor introduced in[15] to
relate irreducible highest weight modules to elements ofε(G).

We now describe the results of these notes in some detail. In section
two the definition and basic properties of the completion functors are
summarized. The application of completion functors is the fundamental
technique used here to construct modules for a Lie algebra. In section
three invariant pairings and forms are introduced. The mainresult in
this section is a splitting theorem which we now describe. Let L be
a Lie algebra with subalgebrat and letC be a category ofL-modules.4

The categoryC is calledt-semisimple if every short exact sequence of
L-modules splits as at-module sequence. Letm be a semisimple Lie
algebra overC, the complex numbers, and leth be a Cartan subalgebra
(CSA) andb a Borel subalgebra ofm with h ⊂ b. For any Lie algebra
g, let U(g) denote the universal enveloping algebra. By the categoryO



1. Introduction and summary of results 3

for m we mean the full subcategory ofm-modules which are (i) finitely
generated, (ii) weight modules forh and (iii) U(b)-locally finite. This
category was introduced by Bernstein, Gel’fand and Gel’fand [2] in their
study of irreducible highest weight modules and Verma modules. Leth∗

denote the algebraic dual ofh and forλ ∈ h∗, let Cλ denote the one
dimensionalb-module whereh acts byλ. Let δ denote half the sum
of the roots ofb and letM(λ) denote the Verma module with highest
weight λ − δ; i.e., M(λ) ≃ U(m)

⊗

U(b)
Cλ−δ. Following the notation in

Dixmier [8], let L(λ) denote the unique irreducible quotient ofM(λ).
Now fix an irreducible Vermam-moduleM, and letO ⊗ M denote the
category ofm×m-modules of the formA⊗ M, whereA is an object in
O. Using the theory of invariant forms we obtain: Proposition3.9: If t
denotes the diagonal subalgebra ofm×m, thenO ⊗M is at-semisimple
category ofm×m-modules. This proposition will play a central role in
the remaining sections of these notes.

In section four, the definitions of a lattice of modules and the functor
τ are recalled from [15], and their basic properties are summarized. Sec-
tion five includes a description of the Zuckerman functors which allow
the translation from modules with one infinitesimal character to modules
with another.

Section six begins the study of modules for a complex semisimple 5

Lie algebra. We now introduce the notation necessary to complete the
description of the main results.

Let g0 be a complex semisimple Lie algebra with CSAh0, roots∆0

and positive system of rootsP0. Let w0 denote the Weyl group of∆0

and letn0 (resp.n−0) denote the nilpotent Lie subalgebra spanned by the
positive (resp. negative) root spaces ofg0. The subalgebrab0 = h0 ⊕ n0

is a Borel subalgebra ofg0. Let 〈·, ·〉 denote the Killing form onh∗0 and
for λ ∈ h∗, α ∈ ∆0, let λα = 2〈λ, α〉/〈α, α〉. Let Z denote the integers
and∆λ = {α ∈ ∆0 | λα ∈ Z}. ∆λ is a root system andPλ = P0 ∩ ∆λ is
a positive system or roots for∆λ. Letwλ be the Weyl group for∆λ. Let
δ0 equal half the sum of the rootsP0. If λα ≥ 0 for all α ∈ P0, we callλ
P0-dominant.

By deleting the subscript 0, we denote the product of the algebra
with itself; i.e.,g = g0 × g0, h = h0 × h0, etc. Nowh∗ andh∗0 × h

∗
0 are
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identified by the formula: (λ, λ′)(H,H′) = λ(H) + λ′(H′), ∀λ, λ′ ∈ h∗0.
H,H′ ∈ h0. ThenP = (P0×0)∪ (0×P0) is a positive system of roots for
∆ = (∆0 × 0)∪ (0×∆0). The Weyl groupw of ∆ is the productw0×w0.
LetL denote the subset ofh∗ of elements (λ, λ′) with λ+λ′ integral (i.e.,
λα + λ

′
α ∈ Z for all α ∈ P0). Let δ = (δ0, δ0).

Let t denote the diagonal subalgebra ofg and for any subalgebra of
g, let a subscriptt denote the intersection witht; e.g.ht = h∩t, nt = n∩t.
For convenience we also writet = ht. Let∆t equal the roots of (t, t) and
let Pt = {(α, 0) |t | α ∈ P0} (here|t denotes the restriction tot). One
checks easily thatPt is a positive system of roots for∆t. Letwt denote6

the diagonal subgroup ofw. wt acts ont∗ and can be identified with the
Weyl group of∆t. The subsetL of h∗ is stable underwt; and so, for
(λ, λ′) ∈ h∗ we let [λ, λ′] denote thewt-orbit of (λ, λ′). We writeL/wt
for the set ofwt-orbits inL.

A g-moduleM will be called an admissible (g, t)-module of (i) M
is finitely generated, (ii)M is U(t)-locally finite, and (iii) for eacht-
moduleE, Homt(E,M) is finite dimensional. IfG is the complex con-
nected and simply connected Lie group with Lie algebrag0, then the
theory of representations forG is equivalent to the theory of admissi-
ble (g, t) modules. For irreducible representations this equivalence is
implied by Harish-Chandra’s subquotient theorem. Refinements of this
theorem have established the equivalence for all (quasi-simple) repre-
sentations ofG (cf. [29]). With this equivalence in mind, we offer so-
lutions to the questions above rephrased in the category of admissible
(g, t)-modules. We begin with a description of the irreducible admissi-
ble (g, t)-modules.

Let τ denote the lattice functor for the algebrat determined by the
positive systemPt (cf. § 4). Forλ = (λ, λ′) ∈ L, we sayλ satisfies (6.5)
if (i) λ′ is -Pλ-dominant and (ii) ifα ∈ Pλ andλ′α = 0 thenλα ∈ −N
(N = {0, 1, 2, . . .}). Each orbit [λ, λ′] contains one or more elements
which satisfy (6.5). Now forλ ∈ L satisfying (6.5) define ag-module
Z(λ) to be the image underτ of the irreducible highest weight module
L(λ); i.e.,Z(λ) = τL(λ). The basic result of these notes is:

Theorem 10.8.The mapλ 7→ Z(λ) induces a bijection ofL/wt onto the7

equivalence classes of irreducible admissible(g, t)-modules.
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The starting point for both the proof of Theorem 10.8 as well as a de-
tailed description of the modulesZ(λ) is the connection between Verma
modules and principal series modules ofg. Let Q = (P0×0)∪ (0×−P0).
ThenQ is a positive system for∆. LetδQ equal half the sum of the roots
in Q and letM̄(λ) denote theg-Verma module withQ-highest weight
λ − δQ, λ ∈ h∗. For λ ∈ h∗, let X(λ) denote the submodule ofU(t)-
locally finite vectors in the algebraic dual of̄M(−λ). The g-modules
X(λ), λ ∈ L, are called the principal series modules ofg. These mod-
ules are isomorphic to theg-modules ofK-finite vectors of the principal
series ofG (hereK is the analytic subgroup ofG with complexified Lie
algebrat). Section eight includes the definition and basic properties of
the principal series modules. The correspondence between Verma mod-
ules and principal series modules is given as:

Theorem 9.1. Let λ = (λ, λ′) ∈ L and assume M(λ′) is an irreducible
Verma module. ThenτM(λ) and X(λ) are isomorphicg-modules.

By our remarks above regarding Proposition 3.9,O ⊗ M(λ′) is a t-
semisimple category ofg-modules; and so,τ is exact on this category.
This exactness and Theorem 9.1 give character formulae for the modules
Z(λ). Let ch Adenote the formal character of theg0-moduleA in O and
let E(µ) denote the distribution character of the principal seriesmodule
X(µ), µ ∈ L, andΘ(µ) the distribution character ofZ(µ).

Proposition 9.15.Let λ = (λ, λ′) ∈ L and assumeλ satisfies (6.5). Fix 8

integers m(sλ), s∈ wλ, such that chL(λ) =
∑

sλ∈wλ·λ
m(sλ) chM(sλ). Then

Θ(λ) =
∑

sλ∈wλ·λ
m(sλ)E(sλ, λ′).

This is the solution to QuestionA given in terms of data associated
with the categoryO. Using this result and the knownt-module structure
of the principal series modules (cf. (8.3)), Proposition 9.15 also gives an
answer to Question B. However, we will obtain an answer to Question
B by specializing a somewhat stronger result.

In the classical case of compact semisimple Lie groups, the weight
space structure of the irreducible representations can be obtained di-
rectly from the Bernstein, Gel’fand and Gel’fand resolution of finite
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dimensional modules by sums of Verma modules [1]. We approach the
t-structure ofZ(λ) from a similar point of view. A resolution ofZ(λ) is
given in terms of the modules in the lattice aboveL(λ).

The simple reflections generate the Weyl groupwt. An expression
of s as a product of simple reflections is called reduced if the number
of simple reflections is a minimum. This minimum number is called
the length ofs and is denotedℓ(s). If d = cardPt and s ∈ wt, then
0 ≤ ℓ(s) ≤ d. Moreover,ℓ(s) = 0 impliess= 1 andℓ(s) = d impliess is
the unique element withsPt = −Pt. The resolution ofZ(λ) is included
as a special case of the general result:

Proposition 7.1. Let λ ∈ h∗0 and assume theg0-Verma moduleM(λ) is9

irreducible. LetB be ag-module inO ⊗ M(λ) with integral t-weights.
Let Bs, s ∈ wt, be a lattice of modules aboveB and for 0≤ i ≤ d, put
Bi =

∑

ℓ(s)=i
Bs. Then there is a resolution

0→ Bd → . . .→ B0→ τB→ 0.

From this resolution and standard properties of lattices weobtain a
t-multiplicity formula for the modulesZ(λ). Let µ ∈ h∗0 beP0-dominant
integral and putµ1 = (µ, 0) |t. Let F denote the irreducible finite dimen-
sionalt-module with extreme weightµ1. For anyν ∈ h∗0, let a subscript
ν denote the weight space of weightν. By specializing Corollary 7.12
we have:

Corollary. Letλ = (λ, λ′) ∈ L and assumeλ satisfies (6.5). Then

dim Homt(F,Z(λ)) =
∑

s∈w0

(−1)d−ℓ(s) dimL(λ)s(µ+δ0)−λ′ .

So far our theme has been the reduction of questions for admissible
(g, t)-modules to related questions for highest weight modules.In sec-
tion eleven we invert this theme and use the correspondence between
highest weight and admissible (g, t)-modules to obtain certain skew-
symmetry properties for characters of irreducible highestweight mod-
ules. Fixλ ∈ h∗0 and writech L(λ) =

∑

m(sλ)chM(sλ) with the sum
over thewλ orbit of λ (wλ is the Weyl group of∆λ). In Proposition 11.2
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we assert the following skew-symmetry property: Letα a simple root of10

Pλ and assumeλα ∈ N∗ (positive integers). Thenm(sαsλ) +m(sλ) = 0
for all sλ. This skew-symmetry property follows easily from a deter-
mination of thoseλ ∈ L for which τL(λ) equals zero (cf. Proposition
10.6).

Section twelve contains a review of some standard concepts from
homological algebra, as well as, a somewhat special definition of certain
derived functors. LetOt denote the categoryO for the data (t, t,Pt) and
let n denote the category ofg-modules whose underlyingt-modules lie
in Ot. Fix a setψ ⊆ t∗ of dominant integral elements. For anyt-module
L, putL′ equal to the span of thent-invariants of weightµ, µ ∈ ψ. Then,
a complex

. . .Ai → . . .→ A0→ A→ 0

in the categoryn is called aψ-resolution if (i)Ai is projective,i ∈ N (ii)
Ai is generated as ag-module byA′i , i ∈ N, and (iii) 0→ A′i → . . . →
A′0 → A′ → 0 is exact. Forµ ∈ t∗ andPt-dominant integral, letM(µ)
denote thet-Verma module. Ifr ∈ wt is the element of maximal length,
thenM(rµ) ⊆ M(µ); and moreover, this subspace is unique. Forν ∈ t∗,
put U(ν) = U(g)

⊗

U(t)
M(ν). The inclusionM(rµ) ⊆ M(µ) induces the

inclusionU(rµ) ⊆ U(µ), µ ∈ ψ. The task of section twelve is to give a
definition of an additive covariant functorσ0 on n having the property
that, for µ ∈ ψ, σ0U(µ) = U(rµ). Next with projective resolutions
replaced withψ-projective resolutions, we definite the additive covariant
functorsσi, i ∈ N, as the derived functors ofσ0. The setting of this 11

section is quite general witht a reductive Lie algebra andg an arbitrary
Lie algebra.

In section thirteen we return to the setting of complex Lie algebras
and attempt to compute the values ofσi on the subcategory ofn of
admissible (g, t)-modules. Fixλ = (λ, λ′) ∈ L and assume Reλ′α << 0,
α ∈ P0. Let∧t denote the exterior algebra oft and letr be the element of
wt of maximal length. Putψ = {r(sλ, λ′) |t +ξ|s ∈ w0 andξ is a weight
of ∧t}. Let σi be the derived functors associated withψ as in section
twelve. Letχ denote theZ(g) character parametrized by thew-orbit
of λ and letU denote the category of admissible (g, t)-modules having
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generalized infinitesimal characterχ (i.e., z− χ(z) is locally nilpotent
for all z ∈ Z(g)). Let B denote the full subcategory of the category
of g-modules with objects which are finitely generated, have precisely
L(sλ, λ′), s ∈ w0, as irreducible objects, and are weight modules fort.
The basic result in this section is:

Proposition 13.13. AssumeReλ′α << 0, α ∈ P0. Then the lattice
functorτ gives a natural equivalence of categories;τ : B

∼−→ U. When
restricted toU, σi is exact for i∈ N; andσi ≡ 0 for i ∈ N∗. Moreover,
σ0 : U

∼−→ B and is a natural inverse toτ.
Using translation functors we obtain:

Theorem 13.2. Let λ = (λ, λ′) ∈ L and assume(λ′) is irreducible and
λ′ is regular. Then the lattice functorτ gives a natural equivalence;

τ : B
∼−→ U.

The mapB 7→ B/(0, n−0 ) · B induces a natural equivalence ofB onto12

the category of finitely generatedg0-modules which areU(b0)-locally
finite, have generalizedZ(g0)-character with orbitw0 ·λ and have gener-
alizedg0-weightsν with ν + λ′ integral. Therefore Theorem 13.2 gives
an equivalence of the categoryU and a category of highest weightg0-
modules. The reader may wish to compare this with a similar equiva-
lence of categories established by Bernstein, Gel’fand andGel’fand in
[3]. The category studied in [3] is the subcategory ofU of objects which
have 1⊗Z(g0) characters instead of generalized characters and the results
in [3] hold without the restriction thatλ′ is regular.

In section fourteen we begin a study of the question of unitarizability
of the modulesZ(λ), λ ∈ L. The main result of this section gives a
necessary and sufficient condition forZ(λ) to be unitarizable in terms of
certain invariant Hermitian pairings of highest weight modules.

In the last two sections we summarize several additional results on
complex groups as well as another point of view in analyzing the admis-
sible (g, t)-modules. Section fifteen includes a number of partial results
on the question of unitarizability obtained by a variety of techniques.
The main results here are the description of the unitarizable represen-
tations with regular integral infinitesimal character as unitarily induced
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representations of the group and the resulting descriptionof the repre-
sentations with relative Lie algebra cohomology. In section sixteen, we
describe a technique of constructing admissible (g, t)-modules by de-
rived functors introduced by G. Zuckerman. We then describehow the 13

first part of the program followed by these notes could equally well have
been completed with the lattice functorτ replaced by the derived func-
tor in the “middle” dimension. The section ends with an example which
shows the lattice functor and the “middle” dimension functor are not
equivalent.

As mentioned earlier, the first description of the irreducible admis-
sible (g, t)-modules was given by Zelobenko. We now describe the
Zelobenko classification, compare it with ours and match theparame-
ters. Letλ ∈ L and putµ = λ |t. By Frobenius reciprocity the irre-
ducible t-module with extreme weightµ occurs with multiplicity one
in X(λ) (cf. §8); and so, we letX(λ) denote the (g-module) subquo-
tient of X(λ) which contains thist-module. Theseg-modules were first
studied by Parthasarathy, Ranga Rao and Varadarajan [30] for the case
µ = 0 (the spherical case). The classification of Zelobenko [36]can be
expressed as follows:

Theorem .The mapλ 7→ X̂(λ) induces a bijection ofL/wt onto the
equivalence classes of irreducible admissible(g, t)-modules.

The connection with our parameters is given as:

Proposition 10.5. Let λ ∈ L and assumeλ satisfies (6.5). Then Z(λ)
andX̂(λ) are isomorphic.

There has been some recent work on the subject of these notes.The
Bernstein Gel’fand article [3] offers a different and especially beautiful
approach to Questions A, B and C. Their results for complex groups are 14

essentially the same as those described here. The question of the decom-
position of the principal series modules can be interpretedas a question
of primitive ideals in the enveloping algebra. From this point of view,
A. Joseph [25] has obtained results for Questions A and B which are
essentially the same as those described above. The conjectures of Kazh-
dan and Lustig [26] offer a precise formula for the integersm(sλ) given
in the character formulae above. A positive resolution of this conjec-
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ture would offer a very satisfying description of the character theory of
complex semisimple Lie groups.

Lastly we list a few conventions which will remain in force through-
out the notes. We denote the integers (resp. nonnegative integers, posi-
tive integers) byZ (resp.N,N∗). The symbol⇔ will be used in place of
the term if and only if. For a Lie algebrag, let U(g) denote the universal
enveloping algebra ofg and letZ(g) denote the center ofU(g).



Chapter 2

The completion functors

In this section we collect the definitions and the main results on com- 15

pletion functors. For omitted proofs consult§3 of [15] or [33].
Let a denote the Lie algebrasl(2,C). Choose a basisH, X, Y of a

with [H,X] = 2X, [H,Y] = −2Y and [X,Y] = H. Such a basis ofa is
called a standard basis. Puth = C ·H andb = h⊕C ·X. Thenh is a CSA
of a andb is a Borel subalgebra.

We now define Verma modules fora. Forλ ∈ h∗, letCλ denote the
one dimensionalb-module whereX acts by zero andH acts by multi-
plication byλ(H). PutVλ = U(a)

⊗

U(b)
Cλ · Vλ is the Verma with highest

weightλ. It will be convenient to identifyh∗ andC by λ⇄ λ(H).

2.1 Proposition. (i) For λ ∈ C, Vλ is irreducible unlessλ ∈ N.
(ii) For n ∈ N, we have an inclusion V−n−2 ֒→ Vn · Fn = Vn/V−n−2 is the
irreducible finite dimensional module with highest weight n.

2.2 Definition. Let I = I (a) denote the category ofa-modules A
which satisfy: (i) H acts semisimply on A with integral eigenvalues; i.e.,
A =
⊕

n∈Z
An with An = {a ∈ A|H · a = na}, (ii) X acts locally nilpotently

on A and (iii) as a module over U(C · Y), A is torsion free.

SinceU(C · Y) is a p.i.d., if A ∈ I is finitely generated thenA is a 16

free module overU(C ·Y). For anyA ∈ I , let AX equal the subspace of

11



12 2. The completion functors

A annihilated byX, An equal the subspace whereH acts by eigenvalue
n andAX

n = AX ∩ An.

2.3 Definition. For A ∈ I , we say A is complete if for all n∈ N and
all a-module mapsϕ : V−n−2 → A there exists a uniquea-module map
ϕ̄ : Vn→ A such that the following diagram is commutative:

Vn
ϕ̄

""EE
EE

EE
EE

E

A

V−n−2

ϕ

<<yyyyyyyy?�

OO

We leave as an exercise the verification that (2.3) is equivalent to the
alternate definition:

2.4 Definition. For A ∈ I , A is complete if for all n∈ N, Yn+1: AX
n
∼−→

AX
−n−2 is an isomorphism.

2.5 Definition. For A, B ∈ I , B is called the completion of A if (i)
B is complete, (ii) there is an injection i: A ֒→ B with B/iA locally
U(a)-finite.

2.6 Proposition. For A ∈ I , A admits a unique completion which we
denote by C(A). Moreover, for any finite dimensionala-module F, F⊗
C(A) ≃ C(F ⊗ A).

2.7 Theorem. The assignment A7→ C(A) is a covariant functor onI .17

We let C(·) denote the functor given by (2.7) and we call this the
completion functor associated with the standard basisH,X,Y of a.

Next we consider the case of an ambient Lie algebra. Letg be a Lie
algebra witha ⊆ g.

2.8 Definition. LetIg = Ig(a) denote the category ofg-modules whose
underlyinga-modules lie inI .

For anyg-moduleA, let Aa denote the underlyinga-module.
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2.9 Proposition. For A ∈ Ig, C(Aa) admits uniqueg-module structure
such that A֒→ C(Aa) is an inclusion ofg-modules.

For A ∈ Ig, let C(A) denote the uniqueg-module given by (2.9).
Then (2.7) generalizes to:

2.10 Theorem. The assignment A→ C(A) is a covariant functor on
Ig.





Chapter 3

Invariant pairings and forms

In this section invariant pairings and forms are introduced. The main 18

result derived is the result on splitting discussed in the introduction,
Proposition 3.9. For omitted proofs consult [15,§ 6].

Let m be a reductive Lie algebra with CSAh, set of roots∆ and
positive system of rootsQ. Fix an involutive antiautomorphismσ of m
such thatσ equals the identity onh. Letσ also denote the extension of
σ to an antiautomorphism ofU(m), the universal enveloping algebra of
m.

3.1 Definition. For m-modules A and B, a bilinear mapϕ : A× B→ C
will be called an invariant pairing ifϕ(xa, b) = ϕ(a, xσb), x ∈ U(m), a ∈
A, b ∈ B. Let Invm(A, B) denote the vector space of invariant pairings
of A and B. When A= B, we write Invm(A) in place of Invm(A,A) and
call elements of Invm(A) invariant forms on A.

Let B(m) denote the category ofm-modules which are weight mod-
ules for h with finite dimensional weight spaces. ForA ∈ B(m), let
Aσ denote theU(h)-locally finite vectors in the algebraic dual toA. For
x ∈ U(m), a ∈ A anda′ ∈ Aσ, define (xa′)(a) = a′(xσa). With this
action,Aσ becomes anm-module.

3.2 Lemma. For A ∈ B(m), (i) Aσ ∈ B(m); in fact, A and Aσ are
isomorphic ash-modules, (ii) A≃ (Aσ)σ and (iii) A is irreducible⇔ Aσ

is irreducible.

15
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3.3 Lemma. For A ∈ B(m), A admits a nondegenerate invariant form19

if and only if A≃ Aσ.

3.4 Proposition. For A ∈ B(m), if A has a Jordan-Hölder series of
length r thendim Invm(A) ≤ r2.

Recall now our notation for Verma modules and their irreducible
quotients, i.e.,M(λ) andL(λ), λ ∈ h∗.

3.5 Proposition. For λ ∈ h∗, dim Invm(M(λ)) = dim Invm(L(λ)) = 1.
Moreover, the forms on M(λ) are the pull backs of the nondegenerate
forms on L(λ).

Forα ∈ ∆, let a subscriptα denote the root space. Now fix a Borel
subalgebrab = h ⊕

∑

α∈Q
mα of m and putn− =

∑

−α∈Q
mα. LetJ = J(b)

denote the category of finite dimensionalb-modules which are weight
modules forh. For anyL ∈ J, put U(L) = U(m)

⊗

U(b)
L. We now can

state the very useful technical result:

3.6 Proposition. For any L ∈ J, let res denote the restrict map from
U(L) to 1 ⊗ L. Then, for L, L′ ∈ J, res induces a natural vector space
isomorphism

res : Invm(U(L),U(L′))
∼−→ Invh(L, L

′).

The critical role played by (3.6) involves the splitting of certain short
exact sequences. Several of the following results are examples of this
type result.

3.7 Lemma. Let 0 → A → B → C → 0 be a short exact sequence20

in J. Assume U(A) and U(C) admit nondegenerate invariant forms.
Then U(B) also admits a nondegenerate invariant form and the induced
sequence0→ U(A)→ U(B)→ U(C)→ 0 is split exact.

Proof. Let ϕA andϕC denote nondegenerate invariant forms onU(A)
andU(C) respectively. Every short exact sequence inJ splits. So we
write B = A ⊕ A′, A′ an h-submodule ofB. Clearly A′ ≃ C; and so,
Invh(A′) ≃ Invh(C). Let ϕ1 be the element inInvh(A′) corresponding
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to resϕC. Putϕ ∈ Invh(B) equal to the orthogonal sum of resϕA and
ϕ1; and letϕB ∈ Invm(U(B)) be determined by resϕB = ϕ. Now ϕB

restricted toU(A) equalsϕA; and so, the restriction is non-degenerate
and we have the orthogonal decompositionU(B) = U(A)⊕U(A)⊥. Then
U(A)⊥ ≃ U(C) and so the induced short exact sequence splits. But then
U(B) admits a nondegenerate invariant form, the orthogonal sumof ϕA

andϕC. This completes the proof. �

3.8 Definition. LetL be a Lie algebra with subalgebrat and letC be a
category ofL-modules. The categoryC is calledt-semisimple if every
short exact sequence inC splits as a sequence oft-modules.

Note . If t , L then objects in at-semisimple category ofL-modules
need not be isomorphic to direct sums of irreduciblet-modules.

Let O denote the BGG categoryO for m. Fix anm-moduleM and
let t (resp.bt, n−

t
) denote the diagonal subalgebra inm×m (resp.b × b,

n− ×n−). LetO ⊗M denote the category ofm×m-modules with objects
of the formA⊗ M, A ∈ O.

3.9 Proposition. For any irreducible Verma module M,O ⊗ M is a t- 21

semisimple category of m×m-modules. Moreover, each object inO ⊗M
admits a nondegeneratet-invariant form.

To prove (3.9) we need the following lemmas.

3.10 Lemma. Let λ ∈ h∗ and assume M(λ) is irreducible. Let A∈ O.
Then there exists a natural isomorphism oft-modules

A⊗ M(λ)
∼−→ U = U(t)

⊗

U(bt)

(A⊗ Cλ−δ).

Proof. The injectionA ⊗ Cλ−δ ֒→ A ⊗ M(λ) is a bt-module map and
so induces a uniquet-module mapi : U → A ⊗ M(λ). Both U and
A⊗ M(λ) are freeU(n−

t
)-modules with basisA⊗ Cλ−δ; and thus,i is an

isomorphism. �

3.11 Lemma. Let A be an absolutely simple m-module. Then the map
B 7→ B⊗ A gives an isomorphism of the categoryO of m-modules with
the categoryO × A of m×m-modules.
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Proof. Let C be a submodule ofB⊗ A. Forc ∈ C, write c =
∑

bi ⊗ ai ,
ai linearly independent. SinceA is absolutely simple chooseui ∈ U(m)
such thatuia j = δi j a j . Thenbi ⊗ ai = (1⊗ ui) c ∈ C. This provesC has
the formB′ ⊗ A for some submoduleB′ of B. The lemma follows easily
from this fact. �

Proof of 3.9. Let 0→ A→ B→ C→ 0 be a short exact sequence inO

and putM = M(λ). Then

0→ A⊗ M → B⊗ M → C ⊗ M → 0 (3.12)

is a short exact sequence inO ⊗ M and all such are of this form. We22

now proceed by induction on the length of a Jordan-Hölder series forB.
If this length is one then eitherA or C is zero and the sequence splits.
Also thenB ⊗ M is an irreducible object inO ⊗ M; and so, by (3.5)
B ⊗ M admits a nondegeneratem× m (hencet)-invariant form. Now
assume the length is greater than one and bothA andC are nonzero. By
the induction hypothesis bothA⊗M andC⊗M admit nondegeneratet-
invariant forms. Using (3.10) and (3.7), we conclude thatB⊗M admits a
nondegeneratet-invariant form and that the sequence (3.12) splits. This
completes the proof.

3.13 Corollary. Let M be an irreducible Verma module. Then the map
B→ B⊗ M gives an isomorphism of categoriesO andO ⊗ M.

We complete this section by describing the main results on the trans-
fer of an invariant pairing from a pair of modulesA, B to their comple-
tionsC(A), C(B). Let a ≃ sl(2,C) be a subalgebra ofm andassumethe
standard basisH,X,Y is given withσ(H) = H, σX = Y, σY = X.

3.14 Theorem. Let A, B ∈ Im(a) andϕ ∈ Inv(A, B). Then there exists
a unique m-invariant pairing C(ϕ) of C(A) and C(B) such that

(i) C(ϕ) is zero on A×C(B) and C(A) × B.

(ii) for n ∈ N, a ∈ C(A)X
n , b ∈ C(B)X

n we have

C(ϕ)(a, b) =
1

n!(n+ 1)!
ϕ(Yn+1a,Yn+1b).

23



3. Invariant pairings and forms 19

Moreover, if F andF′ are finite dimensionalm-modules andϕ0 is
an invariant pairing ofF andF′, thenC(ϕ0⊗ϕ) = ϕ0⊗C(ϕ), both being
pairings onC(F ⊗ A) ×C(F′ ⊗ B) (cf. 2.6).

For a discussion of the choice of constants
1

n!(n+ 1)!
in (3.14) and

a result on their essential uniqueness the reader may wish toconsult§8
of [15].

3.15 Remark.Let m0 be a real form ofm with m0 ∩ h a real form ofh.
Let σ denote an involutive conjugate linear antiautomorphism ofU(m)
which equals (−1)·identity onm0. Using thisσ, we may define invari-
ant sesquilinear pairings by replacing in (3.1) bilinearϕ by sesquilin-
earϕ. With the obvious modifications, (3.6) and (3.12) remain true for
sesquilinear pairings.

As usual a sesquilinear formϕ on A× A is called a Hermitian form
if ϕ(a, a′) = ϕ(a′, a).





Chapter 4

Lattices and the functor τ

Let m be a reductive Lie algebra with notation as in§ 3. Let w be 24

the Weyl group of (m, h) and let t0 be the unique element ofw with
t0Q = −Q. If ℓ(·) is the length function onw, then ℓ(t0) = cardQ.
Put n± =

∑

α∈Q
m±α. For α ∈ Q, choose a subalgebraa(α) of m with

a(α) ∼ sl(2,C) and having a standard basis̄Hα, Xα, Yα. Let Cα denote
the completion functor defined on the categoryIm(a(α)).

4.1 Definition. Letg be a Lie algebra with m⊆ g. LetIg(m) denote the
category ofg-modules A which satisfy the following conditions:

(i) A is a weight forhwith integral weights (ii) forα ∈ Q and simple,
Xα acts locally nilpotently on A and (iii) as a U(n−)-module, A is torsion
free.

4.2 Lemma. Letα ∈ Q be simple. Then Cα mapsIg(m) into itself.

For a proof of (4.2) and other results given without proof consult
[15, §4].

Remark. It is essential to assumeα simple. Otherwise the assertion of
the lemma is false.

4.3 Definition. Let A ∈ Ig(m). By a lattice above A, we mean a set
of g-modules As, s ∈ w, in Ig(m) such that: (i) A= At0 and (ii) if
s ∈ w andα ∈ Q is simple withℓ(sαs) = ℓ(s) + l, then Asαs ⊂ As and
As ≃ Cα(Asαs).

21
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The fundamental result of this section has been proved indepen-25

dently by Bouaziz [5] and Deodhar [7]. This result is

4.4 Theorem. Let s ∈ w and let s= sβ1 · · · sβr = sγ1 · · · sγr be two
reduced expressions for s. Then the two composite functors Cβ1◦· · ·◦Cβr

and Cγ1 ◦ · · · ◦Cγr are naturally equivalent onIg(m).

This theorem implies the existence of a lattice.

4.5 Corollary. Let A ∈ Ig(m). With notations as above, put Ast0 =

Cβ1◦· · · circCβr (A). Then As, s∈ w, is a lattice above A. Moreover if A′s,
s ∈ w, is another lattice above A then there exist a unique isomorphism
ϕ : A′1

∼−→ A1 which extends the identity map At0 to A′t0. For s ∈ w, ϕ

gives an isomorphismϕ : As
∼−→ A′s.

The proof of (4.4) reduces easily to the case wherem has rank two.
In this case both proofs then relay on an ingenious use of specific iden-
tities in the universal enveloping algebraU(m).

From the corresponding result for completions we have:

4.6 Proposition. Let A ∈ Ig(m) and let F be a finite dimensionalg-
module. If As, s∈ w, is a lattice above A, then F⊗As, s∈ w, is a lattice
above F⊗ A.

4.7 Definition. For A ∈ Ig(m), let As, s ∈ w, be a lattice above A.
Defineτ(A) to be the quotient A1/

∑

s,1
As.

Note thatτ(A) may be the zero module. LetU(g,m) be the category26

of (g,m)-modules; i.e.,g-modules which areU(m)-locally finite.

4.8 Theorem. The map A7→ τ(A) is a covariant additive functor from
the categoryIg(m) into the categoryU(g,m). Alsoτ commutes with the
functor of tensoring by a finite dimensionalg-module.

This theorem is an immediate consequence of (2.7), (4.5) and(4.6).

4.9 Warning: In general, completion functors are left exact but nor right
exact. However, in general, the functorτ is neither right nor left exact.
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We complete this section by describing the transfer of invariant pair-
ings by the functorτ. Letσ be an antiautomorphism ofg with σm= m
andσ equal the identity on the CSAh of m. Invariant pairings and forms
on g-modules andm-modules are defined using thisσ (cf. (3.1)). Let
A, B ∈ Ig(m) andϕ ∈ Invg(A, B). Let t0 = sγ1 · · · sγd be a reduced ex-
pression fort0 and, using (3.14), letϕ1 = Cγ1 ◦ · · · ◦ Cγd(ϕ). Then, if
As, Bs, s∈ w, are lattices aboveA andB respectively,ϕ1 is ag-invariant
pairing of A1 andB1. In [17] it is shown thatϕ1 is independent of the
choice of reduced expression; and so,ϕ1 is zero onA1 ×

∑

s,1
Bs and

∑

s,1
As × B1. Therefore we have:

4.10 Theorem.ϕ1 induces a pairing ofτ(A) andτ(B).

This theorem is proved in [17].
For anyb-moduleL, put U(L) = U(m)

⊗

U(b)
L. The main result of 27

[17] is:

4.11 Proposition. Let L and M be locally finiteb-modules which are
weight modules forhwith integral weights and finite dimensional weight
spaces. Assume that U(L) and U(M) admit nondegenerate M-invariant
forms. Then the mapτ : Invm(U(L),U(M)) → Invm(τU(L), τU(M)) is
surjective. Further-more,τ maps nondegenerate pairings to nondegen-
erate pairings.

Let notation be as in (3.9) and letτ be the functor defined on the
categoryIm×m(t).

4.12 Corollary. Let M be an irreducible Verma m-module. For A, B ob-
jects in the categoryO ⊗ M, τ : Invt(A, B)→ Invt(τA, τB) is surjective.
Also, ifϕ ∈ Invt(A, B) is nondegenerate thenτϕ is nondegenerate.

The corollary follows from (3.10), (3.9) and (4.11).





Chapter 5

Translation functors

In this section we described the Zuckerman functors which allow the 28

translation from modules with one infinitesimal character to modules
with another. Letg0 be a real semisimple Lie algebra with complexifi-
cationg. With our standard notationg has a CSAh, roots∆, positive
systemP and Weyl groupw. Forν ∈ h∗, letχν denote theZ(g) character
which is the infinitesimal character of the Verma moduleM(ν). By the
Chevalley restriction theorem we know that every characterof Z(g) has
the formχν and, forν, ν′ ∈ h∗, χν = χν′ precisely whenν andν′ lie in
the samew-orbit. Forν ∈ h∗ and anyg-moduleA, let PνA be the max-
imal g-submodule ofA where elementsz− χν(z), z ∈ Z(g), are locally
nilpotent.PνA is called the generalized eigen subspace ofA for χν.

Let g = t ⊕ p be the complexification of a Cartan decomposition of
g0 and letU denote the category of admissible (g, t)-modules. LetO
denote the BGG categoryO for g. For A ∈ U (resp.O), A is the direct
sum of its subspacesPνA, v ∈ h∗. For ν ∈ h∗, let Uν (resp. Oν) denote
the full subcategory ofU with all objectsA in U (resp. O), such that
PνA = A.

Fix λ ∈ h∗ and let∆λ, Pλ andwλ be as in§ 1. Let Fµ be the irre-
ducible finite dimensionalg-module with extreme weightµ. Assume,
for α ∈ ∆λ, λαµα ∈ N. Then define functorsϕλ

λ+µ
andψλ+µ

λ
by:

ϕλλ+µA = Pλ+µ(Fµ ⊗ Pλ(A)), ψλ+µ
λ

(A) = Pλ(F
∗
µ ⊗ Pλ+µ(A)). (5.1)

25



26 5. Translation functors

We say thatλ andλ+ µ are equisingular if they have the same stabilizer29

in w. For convenience we writeϕ = ϕλ
λ+µ

andψ = ψλ+µ
λ

.

5.2 Theorem. (i) ϕ is injective on bothUλ andOλ.

(ii) If λ andλ+µ are equisingular, then we have natural equivalences:
ϕ : Uλ

∼−→ Uλ+µ, ϕ : Oλ

∼−→ Oλ+µ. Moreover,ψ is the natural
inverse toϕ in both cases.

(iii) If A ∈ U or O and is irreducible, thenψA is either zero or irre-
ducible.

(iv) If A ∈ Uλ (resp.Oλ) and is irreducible, then there is an irreducible
B ∈ Uλ+µ (resp.Oλ+µ) with ψB ≃ A.

Assertions (i) and (ii) are due to Zuckerman [38]; while (iii) and (iv)
have been established for the categoryO by Jantzen [24] and for the
categoryU by Vogan [34]. For the categoryO, assertions (iii) and (iv)
are implied by the following proposition. For the category of admissible
modules for a complex Lie group, we give a proof of (iii) and (iv) in
(10.9).

Recall the notation for Verma modules and their irreduciblequo-
tients.

5.3 Proposition. With notation as in (5.2), we have:

(i) ψM(λ + µ) = M(λ)

(ii) ψL(λ + µ) = L(λ) or zero

(iii) Let Q= P ∩ {α | λα = 0}. ThenψL(λ + µ) = L(λ) if and only if
λ + µ is −Q-dominant.

(iv) If λ andλ + µ are equisingular, then30

ϕM(λ) = M(λ + µ), ϕL(λ) = L(λ + µ).

Proof. F∗µ ⊗ M(λ + µ) ≃ U(g)
⊗

U(b)
(F∗µ ⊗ Cλ+µ−δ). Let 0 = L0 ⊂ . . . ⊂

Lr = F∗µ ⊗ Cλ+µ−δ be a flag ofb-modules forLr with Li/Li−1 ≃ Cνi−δ,
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1 ≤ i ≤ r. Then by inducing formU(b) to U(g), F∗µ ⊗ M(λ + µ) has
a flag of submodules 0= N0 ⊂ . . . ⊂ Nr with Ni/Ni−1 ≃ M(νi). By
assumption,λ andµ lie in the same Weyl chamber for∆λ; and so, the
only elementνi in thew-orbit of λ is λ itself. This proves (i). �

The functorψ is exact. So by (i),ψL(λ + µ) is a quotient ofM(λ).
However,L(λ + µ) and F∗µ both admit nondegenerate invariant forms
(cf. (3.5)); and so,ψL(λ + µ) admits a nondegenerate invariant form.
Therefore by (3.5),ψL(λ + µ) is either zero orL(λ).

The functorψ is exact; and so, by (i) and (ii), for someL(ξ) oc-
curring in M(λ + µ), ψL(ξ) = L(λ). Chooses ∈ w with ξ = s(λ + µ).
Then, again by exactness ofψ, L(λ) must occur as a quotient ofψM(ξ) =
M(sλ). Thussλ = λ and then ifλ + µ is -Q-dominant,ξ = λ + µ. This
proves half of (iii). Now assumeλ + µ is not -Q-dominant and choose
α ∈ Q with (λ + µ)α ∈ N∗. Putξ = sα(λ + µ). Now M(ξ) ⊂ M(λ + µ)
andψM(ξ) = M(λ) = ψM(λ) = M(λ) = ψM(λ + µ). Butψ is exact; and
so,ψA = 0 for any component ofM(λ + µ)/M(ξ). ThusψL(λ + µ) = 0,
completing the proof of (iii). Statement (iv) follows from (i), (ii) and
(iii) using (5.2) (ii).

5.4 Proposition. Let t ⊂ g be a subalgebra and letτ be the functor
defined onIg(t) as in§ 4. Thenτ commutes with bothϕ andψ.

Proof. By (4.8), τ commutes with tensoring by finite dimensionalg-
modules. Also, completions preserve generalized infinitesimal charac-
ter; so,Pν commutes with completions,ν ∈ h∗. These two facts give
(5.4). �





Chapter 6

Construction of irreducible
admissible(g, t)-modules

In this section we begin the study of the representations of aconnected 31

complex semisimple Lie groupG. The main result is the construction
of irreducible (g, t)-modules. Ifg0 is the Lie algebra ofG then g0 is
a complex Lie algebra. We fix a compact real formt0 of g0 and let
g0 = t0 ⊕ p0 be a Cartan decomposition. At this point, it will be more
useful to think ofg0 as a real Lie algebra admitting a mapJ defined by
multiplication by

√
−1. We haveJ(x) =

√
−1x, x ∈ g0, andJ2

= −1.
Now we fix a CSAt0 of t0 and puta0 = Jt0. Thenh0 = t0 ⊕ a0 is a CSA
of g0.

Consideringg0 as a real Lie algebra, it is especially useful to have
the following complexification. Letc denote the conjugation ofg0 with
respect to the real formt0. Putg = g0 × g0 and definei : g0 → g by
i(x) = (x, xc) for x ∈ g0. Clearly i is an injection and (g, i) is a com-
plexification ofg0. Letting t equal the diagonal ing, t is naturally the
complexification oft0 and, abstractly,t is isomorphic to the complex Lie
algebrag0. Similarly, puttingp = {(x,−x) | x ∈ g0}, p is the complex-
ification of p0, p0 = Jt0 andg ⊕ p. Let θ denote the Cartan involution
giving this decomposition ofg. Next we puth = h0 × h0, t = t0 × t0,
anda = a0 × a0. Thenh and t are CSAs ofg and t respectively. The
algebraa is maximal abelian inp andh = t ⊕ a. Note also that for any

29
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real Lie algebra denoted by a lower case German script letter, deletion
of a subscripted zero gives the complexification of the algebra ing.

6.1 Conventions for roots and Weyl groups

We identifyh∗ with h∗0 × h
∗
0 by the formula:32

(λ, λ′)(H,H′) = λ(H) + λ′(H′), ∀(H,H′) ∈ h.

Let ∆, ∆0 and∆t denote the set of roots of (g, h), (g0, h0) and (t, t)
respectively. One checks that∆ = ∆0×{0}∪{0}×∆0. Let P0 be a positive
system for∆0. ThenP = P0× {0}∪ {0} ×P0 is aθ-stable positive system
for ∆. Also if we putPt = {(α, 0) |t| α ∈ P0}, thenPt is a positive system
for ∆t. For ν ∈ h∗0 let ∆ν = {α ∈ ∆ | να ∈ Z}. Then∆ν is a root system
and we letPν = P0 ∩ ∆ν.

Let w, w0 andwt be the Weyl groups of∆, ∆0 and∆t respectively.
Thenw = w0 × w0 andwt is the diagonal inw.

6.2 Conventions for highest weight modules

Let n±, n±0 , b andb0 denote the nilpotent and Borel subalgebras ofg and
g0 respectively associated with the positive systemsP andP0. We have:
n± = n±0 ×n±0 , b = b0×b0. Moreover, if we putn±

t
= n±∩ t andbt = b∩ t,

thenn±
t

andbt are the nilpotent and Borel subalgebras oft associated
with Pt. Let δ, δ0 andδt denote half the sum of the elements ofP, P0

andPt respectively. Ifµ ∈ h∗ (resp.h∗0, t∗) thenM(µ) denotes the Verma
module withP (resp.P0, Pt)-highest weightµ − δ (resp.µ − δ0, µ − δt)
andL(µ) denotes the unique irreducible quotient ofM(µ).

6.3 Convention on product actions

Let L0 be a Lie algebra,A and B two L0-modules. PutL = L0 × L0.33

Then A ⊗ B becomes anL-module under the action: (X,Y)(a ⊗ b) =
Xa⊗ b + a ⊗ Y · b, for X,Y ∈ L0, a ∈ A, b ∈ B. Furthermore,A andB
are both irreducible if and only ifA⊗ B is an irreducibleL-module.
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6.4 Lemma. For λ, λ′ ∈ h∗0, there exist natural isomorphisms

M(λ, λ′)
∼−→ M(λ) ⊗ M(λ′), L(λ, λ′)

∼−→ L(λ) ⊗ L(λ′).

Proof. The first isomorphism is induced by the natural isomorphism
U(g)

∼−→ U(g0) ⊗ U(g0) while the second follows from the first and
(6.3). �

We next define a set of representations ofg which will be the center
of our study. PutL = {(λ, λ′) ∈ h∗ | λ + λ′ is ∆0 − integral}. Let L′

denote the regular elements ofL is stable under the action ofwt and we
let [λ, λ′] denote thewt-orbit of (λ, λ′) ∈ L. Let L/wt denote the set of
wt-orbits.

6.5 Convention for [λ, λ′]

Each orbit [λ, λ′] in L contains an element (possibly several) (µ, µ′) sat-
isfying the following two conditions. Letα ∈ P0.

(i) µ′ is -Pµ-dominant

(ii) if µ′0 = 0 thenµα ∈ −N.

We assume for conveniencethat for any orbit [λ, λ′], (λ, λ′) itself
satisfies (6.5). Note that (i) is equivalent to sayingM(λ′) is irreducible.

6.6 Definition. For λ ∈ L satisfying (6.5) andτ the lattice functor de- 34

fined on the categoryIg(t), define Z(λ) = τ(L(λ)).

Lemma 3.10 shows, among other things, thatL(λ) is an object of
Ig(t); and so,Z(λ) is well defined.

6.7 Definition. Let A be a module and A= Ad ⊃ Ad−1 ⊃ . . . ⊃ A1 ⊃
A0 = 0 be a flag of submodules. The flag of submodules{Ai} is called
a Jordan-Hölder series for A if Ai/Ai−1 is irreducible,1 ≤ i ≤ d. The
flag is said to be reducible to a Jordan-Hölder series for A ifAi/Ai−1 is
either zero or irreducible,1 ≤ i ≤ n.

6.8 Proposition. Letλ = (λ, λ′) ∈ L and assume M(λ′) is irreducible.
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(i) If λ′ is regular thenτ maps a Jordan-Hölder series for M(λ) to a
Jordan-Hölder series for M(λ).

(ii) In general,τ maps a Jordan-Hölder series for M(λ) to a flag of
submodules reducible to a Jordan-Hölder series forτM(λ).

Moreover, if Mr ⊃ . . . ⊃ M0 = 0 is a Jordan-Hölder series for M(λ),
then

τ(Mi/Mi−1) ≃ τMi/τMi−1. (∗)

Proof. The categoryO ⊗M(λ′) is t-semisimple by Proposition 3.9; and
so,τ is exact on this subcategory ofIt(t). This proves (∗). Using the
translation functors (cf. Proposition 5.3) it is sufficient to prove (i) as-
suming

λ′α << 0 for all α ∈ P0. (†)

�35

For 1≤ i ≤ r, put Ni = Mi/Mi−1. We need only show thatτ(Ni) is
irreducible 1≤ i ≤ r. We begin with a result from [15], regarding the
image of a Verma module under the functorτ.

6.9 Proposition. Let µ = (λ, λ′) |t and assume (†) holds. Then the
irreducible t-module with extreme weightµ occurs inτM(λ, λ′) with
multiplicity one and isg cyclic.

This result is a formulation of Proposition 10.3 [15] in our notation.
Note that (†) a decompositionNr = L⊕B with B an irreduciblet-Verma
module with highest weightµ − 2δt (µ as in (6.9)).τB is an irreducible
t-module with extreme weightµ; and so, from (6.9) and the exactness
of τ onO ⊗ M(λ′),

6.10

The irreduciblet-module with extreme weightµ occurs inτNr with mul-
tiplicity one and isg-cyclic.

We now show thatτNr is irreducible. By (3.5) and (4.12),τNr ad-
mits a nondegenerateg-invariant form. IfL ⊂ τNr is a proper submod-
ule then by (6.10),L⊥ contains the irreduciblet-module with extreme
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weight µ. This subspace isg-cyclic. SoL⊥ = τNr . But the form is
nondegenerate; and thus,L = 0. This provesτNr is irreducible. Now
we proceed by induction onr − i. Assumel ≤ i < r. There exists
s ∈ w with Ni ≃ L(sλ, λ′) and such thatM(sλ, λ′) has a Jordan-Hölder36

series of length strictly less thanr. By induction (6.8) is true for any
Jordan-Hölder series forM(sλ, λ′). This implies thatτNi is irreducible
and completes the proof of (6.8).

6.11 Corollary. to (6.8). Let λ ∈ L satisfy (6.5). Then Z(λ) is an
irreducible (g, t)-module ifλ′ is regular and is irreducible or zero in
general.





Chapter 7

Resolutions of irreducible
admissible(g, t)-modules and
t-multiplicity formulae

In [1] Bernstein, Gel’fand and Gel’fand have given a resolution of finite 37

dimensional modules in terms of sums of Verma modules. Thesereso-
lutions yield at once the character formulae as well as the weight space
structure of the finite dimensional modules. This section will give the
corresponding results for the irreducible (g, t)-modulesZ(λ) defined in
§ 6.

Recall the categoryO ⊗ M(λ) from §3. Let ℓ(·) denote the length
function on the Weyl groupwt.

7.1 Proposition. Let B be an object inO ⊗M(λ) with integralt-weights
and assume M(λ) is irreducible. Let Bs, s ∈ wt, be a lattice above B
and, for0 ≤ i ≤ d =| Pt |, putβi =

∑

ℓ(s)=i
Bs. Then there is a resolution:

0→ βd → . . .→ β0→ τB→ 0.

To proof will use the lemma:

7.2 Lemma. Let C be any finite dimensionalb-module which is a weight
module forh. Then there existsν ∈ h∗ with να << 0, ∀α ∈ P, a finite
dimensionalg-module F and an injectiveb-module map C֒→ F ⊗ Cν.

35
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This lemma can be found as Lemma 4.7 in [15].

7.3 Theorem. Letµ ∈ t∗ be regular and -Pt-dominant integral. Let Vs,38

s ∈ wt, be the lattice above thet-Verma module M(µ) and putCi =
∑

ℓ(s)=i
Vs. Then there is a resolution

0→ Cd → . . .→ C0τM(µ)→ 0.

Moreover,τM(µ) is the irreducible finite dimensionalt-module with ex-
treme weightµ+δt. Each Vs is a Verma module and the mapsCi → Ci−1,
1 ≤ i ≤ d, are linear combinations of the inclusion maps among Verma
modules.

This theorem is a reformulation of the Bernstein Gel’fand Gel’fand
result [1].

For a characterχ of Z(t), let a superscriptχ denote the generalized
eigensubspace forχ. SinceB is the direct sum of subspacesBχ it is
sufficient to give a resolution:

0→ β
χ

d → . . .→ β
χ

0 (7.4)

By assumption we may writeB = A ⊗ M(λ). Then by (3.10), we
have at-module isomorphismB ≃ U(t)

⊗

U(bt)
(A ⊗ Cλ−δ0). SinceA ∈ O,

there exists a finite dimensionalb-moduleC ⊆ A with Bχ contained in
the submoduleU = U(t)

⊗

U(bt)
(C⊗Cλ−δ0). Now applying (7.2), we obtain

an injectionBχ ֒→ F ⊗ M(ν + λ). By Proposition 3.9,B and henceBχ

admits a nondegeneratet-invariant form. ClearlyBχ = Uχ and soBχ

is a summand ofU. Thus we may extend thet-invariant form onBχ

to U and then by Proposition 3.6 to a form onF ⊗ M(ν + λ). Taking39

the complement ofBχ we find thatBχ is a summand ofF ⊗ M(ν + λ).
Applying (7.3) withµ = ν+λ and tensoring byF, we obtain a resolution:

0→ Dd → . . .→ D0→ τ(F × M(ν + λ))→ 0 (7.5)

where the mapsDi → Di−1 are linear combinations of inclusion maps.
SinceBχ is a summand ofF ⊗M(ν+λ), the resolution (7.5) is the direct
sum of two resolutions with one resolution being the resolution (7.4).
This proves (7.1).
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7.6 Corollary. to (7.1). Letλ ∈ L and assume M(λ′) is irreducible. Let
Bs, s ∈ wt, be a lattice above L(λ) and, for0 ≤ i ≤ d, putβi =

∑

ℓ(s)=i
Bs.

Then there is a resolution

0→ βd → . . .→ β0→ τL(λ)→ 0.

As preparation for at-multiplicity formula, we need:

7.7 Lemma. Let A∈ O and assume that M(λ) is irreducible. Forµ ∈ h∗0,
put µ1 = (µ, 0) |t and B = A ⊗ M(λ). Then we have the following
dimension formula for the weight spaces of thent-invariants in B:

dim Bntµ1
= dim Aµ−λ+δ0.

Proof. SinceB admits a nondegeneratet-invariant form (cf. Proposition
3.9), Lemma (7.7) follows from the decompositionB = A⊗1⊕n−

t
B and

the equivalencesn+
t
v = 0⇔ 〈n+

t
v, B〉 = 0⇔ 〈v, n−

t
B〉 = 0. �

7.8 Proposition. Assume M(λ) is irreducible. Let B= A ⊗ M(λ) ∈ 40

O ⊗ (λ). For µ ∈ h∗0 P0-dominant integral, putµ1 = (µ, 0) |t and let F
be the irreducible finite dimensionalt-module with extreme weightµ1.
Then the multiplicity of F in the(g, t)-moduleτB is given by:

dim Homt(F, τB) =
∑

s∈w0

(−1)d−ℓ(s) dimAs(µ+δ0)−λ.

Proof. By assumptionν is P0-dominant, soµ1 is P1-dominant. Since
M(µ1 + δt) is projective (cf. Lemma 7 [12]) we obtain from (7.1) the
formula

dim Homt(F, τB) =
∑

0≤i≤d

(−1)i dim(βnti )µ1. (7.9)

�

From Proposition 4.11 [15] we have the isomorphisms:

(Bnts )µ1 ∼ (Bnt)t0s−1(µ1+δt)−δt , ∀s ∈ wt, (7.10)
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where t0 is the unique element of maximal length inwt. Combining
(7.9) and (7.10), we have:

dim Homt(F, τB) =
∑

s∈wt
(−1)ℓ(s) dim Bnt

t0s−1(µl+δt)−δt
. (7.11)

Now replacingt0s−1 by sand using (7.7), we reach the final form of
the multiplicity formula, (7.8).

7.12 Corollary. Let λ = (λ, λ′) ∈ L and assume M(λ′) is irreducible.41

Then

dim Homt(F, τL(λ)) =
∑

s∈0

(−1)d−ℓ(s) dim L(λ)s(µ+δ0)−λ′ .

7.13 Corollary. Letα ∈ P0 be simple and assumeλ′α = 0 andλα ∈ N∗.
ThenτL(λ) = 0.

Note: See (9.14) for a sharper result.

Proof. ℓ(sαs) = ℓ(s) ± 1 and the dimensions of weight spaces ofL(λ)
are invariant under multiplication bySα. Therefore by (7.12). Homt(F,
τL(λ)) = 0 for all finite dimensionalt-modulesF. This impliesτL(λ) =
0. �

7.14 Corollary. Let λ = (λ, λ′) ∈ L and assume M(λ′) is irreducible.
Put ν = (λ) |t. Then, for any finite dimensionalt-module F,

dim Homt(F, τM(λ)) = dim Homt(Cν, F).

Proof. We may assumeF is irreducible with -Pt highest weightµ1 =

(µ, 0) |t, µ ∈ h∗0. Using the BGG resolution ofF (7.3), we have:

dim Ft0ν = dim Homt(Ct0ν, F) =
∑

s∈wt
(−1)ℓ(s) dim M(st0(µ1 − δt))t0ν.

(7.15)
�
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Now replacingµ1 by t0µ1 in (7.8), we obtain

dim Homt(F, τM(λ)) =
∑

s∈w0

(−1)ℓ(s) dim M(λ)s(µ−δ0)−λ′ . (7.16)

42

Next define the partition function onh∗0 as follows. LetQ be a
positive system of roots for∆0. If Q = {α1, . . . αr } and ξ ∈ h∗0 de-
fine PQ(ξ) to be the number ofn-tuples (a1, . . . , an) with ai ∈ N and
ξ = a1α1 + · · · + anαn. From the elementary properties of Verma mod-
ules, we have:

dim M(λ)s(µ−δ0)−λ′ =P−P0(s(µ − δ0) − λ′ − λ + δ0)

dim M(st0(µl − δ))t0ν =P−P0(t0(λ + λ′) − st0(µ − δ0) + δ0)

=PP0(λ + λ
′ − t0st0(µ − δ0) − δ0)

sincet0P0 = −P0

=P−P0(t0st0(µ − δ0) − λ − λ′ + δ0).

Sinceℓ(t0st0) = ℓ(s) and dimFν = dim Ft0ν, these formulae yield,
when inserted into (7.15) and (7.16), the equivalence of dimensions
(7.14).

Corollary 7.14 is a reciprocity formula for the (g, t) modulesτM(λ).
In the context of induced representations this same formulais called the
Frobenius Reciprocity Theorem (cf. (8.3)).





Chapter 8

The principal series modules

In this section we give the definition of the principal seriesmodules and 43

list some of their basic properties. Our notation will differ from that in
[8] (cf. § § 9.3, 9.4) by a slight shift in the parameter.

We retain the notation of§ 6. PutQ = P0 × {0} ∪ {0} × (−P0). Then

Q is a positive system for∆ andθQ = −Q. As usual letδQ =
1
2
∑

α∈Q
α. If

n±Q andbQ denote the associated nilpotent and Borel subalgebras, then
n±Q = n±0 × n∓0 andbQ = h ⊕ n+Q. Let nQ,0 be the real subalgebra ofg0
such thati(nq,0) = nQ ∩ i(g0). One may check thatg0 = t0 ⊕ a0 ⊕ nQ,0 is
an Iwasawa decomposition ofg0. Forλ ∈ h∗, let M̄(λ) denote the Verma
module withQ-highest weightλ − δQ.

8.1 Definition. For λ ∈ h∗, define X(λ) to be the submodule of U(t)-
locally finite vectors in the algebraic dual of̄M(−λ). X(λ) is called the
principal series module with parameterλ.

8.2 Remarks. (i) X(λ) is naturally isomorphic to the set ofU(t) - lo-
cally finite vectors in coinducedg-module HomU(bQ)(U(g),
Cλ+δQ).

(ii) X(λ) admits an infinitesimal characterχ : Z(g)→ C parametrized
by thew-orbit of λ.

41



42 8. The principal series modules

8.3 (Frobenius Reciprocity)

Let F be a finite dimensionalt-module. Then, ifν = λ |t
(i) dim Homt(F,X(λ)) = dim Homt(Cν, F).

(ii) X(λ) = 0 if ν is not integral.

8.4 Corollary. If F is irreducible with extreme weightν, then F oc-44

curs in X(λ) with multiplicity one and all othert-modules in X(λ) have
extreme weights with norms strictly greater than the norm ofν.

Recall now the translation functors of§ 5. Letλ = (λ, λ′), µ = (µ, µ′)

be elements ofh∗ with λ integral. Letϕ = ϕ
λ

λ+µ
andψ = ψ

λ+µ

λ
be

the Zuckerman translation functors. From Proposition 5.3 on Verma
modules we obtain by duality:

8.5

(i) ψ(X(λ + µ)) = X(λ)

(ii) if λ andλ + µ are equisingular, thenϕ(X(λ)) = X(λ + µ).

The next two properties of principal series modules are muchdeeper
results from the theory of semisimple Lie algebras. The firstis the fun-
damental result of Harish-Chandra:

8.6 Theorem(The subquotient theorem). Each irreducible admissible
(g, t)-module is isomorphic to a Jordan-Hölder factor of some principal
series module.

8.7 Proposition. Let s∈ w0, (λ, λ′) ∈ h∗. Then X(λ, λ′) and X(sλ, sλ′)
have the same Jordan-Hölder factors occurring with the same multiplic-
ity.

The easiest proof of (8.7) is given by first checking thatX(λ, λ′) is
isomorphic to the set oft-finite vectors for a principal series represen-
tation ofG, sayX̄(λ, λ′), and then showing that̄X(λ, λ′) and X̄(sλ, sλ′)45

have the same distribution character. For more details the reader may
consult [31] or [32]. There is also a Lie algebraic proof of (8.7) given in
[28].



Chapter 9

The character formula for
Z(λ)

In this section we describe the isomorphisms between imagesof Verma 46

modules underτ and the principal series modules. We retain the notation
of § 6 and§ 7.

9.1 Theorem. Let λ = (λ, λ′) ∈ L and assume M(λ′) is irreducible.
ThenτM(λ) and X(λ) are isomorphic.

A weaker result in a more general setting has been given in [14].

Proof. For m ∈ N, put µ = λ′ − mδ0 and recall from§ 5 the functor
ψ = ψ

(λ,µ)
(λ,λ′). By Proposition (5.3) and (8.5), we have:

ψM(λ, µ) ≃ M(λ, λ′), ψX(λ, µ) ≃ X(λ, λ′). (∗)

By (∗) and the fact thatτ commutes withψ, it is sufficient to prove (9.1)
for the parameter (λ, µ). Takingn >> 0, and replacing (λ, λ′) by (λ, µ)
we may assume:

(Reλ′)α << 0, ∀α ∈ P0. (†)

For any positive systemR, setL′(R) = {ξ ∈ L′ | Reξ is R-dominant}.
Let P(ξ) be the proposition thatX(ξ) andτM(ξ) are isomorphic. �

43
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9.2

Let R be a positive system,ξ, µ elements ofL′(R) with ξ − µ integral.
ThenP(ξ) is true⇔P(µ) is true.

Proof. ChooseR-dominant integralσ, γ ∈ h∗ with ξ − µ = σ − γ. Put
ζ = σ + µ = ξ + γ, ψ1 = ψ

ξ+γ

ξ
andψ2 = ψ

σ+µ
σ . Sinceτ commutes with

ψ1 andψ2, we obtain by Proposition (5.3) and (8.5):

P(ξ) is true ⇔P(ζ) is true ⇔P(µ) is true.

�47

9.3

Let R0 be a positive system for∆0 and letβ be a simple root inR0 with
−β ∈ P0. PutR′0 = sβR0, R= R0× {0} ∪ {0} × (−P0) andR′ = (sβ, l)R. If
ξ ∈ L′(R) andµ ∈ L′(R′) with ξ − µ integral, thenP(ξ) true⇒P(µ) is
true.

Write ξ = (ξ, ξ′) andµ = (µ, µ′). By (9.2) we may translateξ andµ
and thenξ′ andµ′ so that we have:

9.4

(i) Reξα >> 0, ∀α ∈ R◦ \ {β}

(ii) Reξβ ≤ 2

(iii) µ − ξ = 4δ0

(iv) µ′ = ξ′

(v) Reξ′α << −|Reξα|, ∀α ∈ P0.

The proof of (9.3) is based on two lemmas which we now describe.
Let F0 be the finite dimensionalg0-module with highest weight 4δ0

and letF be theg-module F0 ⊗ C whereC is the trivial g0-module.
Choose ab-module filtration ofF, F = Fr ⊃ . . . ⊃ F0 = 0, and let
γi ∈ h∗0 be determined by isomorphismsFi/Fi−1 ≃ C(γi ,0), 1 ≤ i ≤ r.
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The (γi , 0) are the weights ofF with multiplicity. This flag ofb-modules
induces ag-module flag.

F ⊗ M(ξ) = B = Br ⊃ . . . ⊃ B0 = {0} with Bi/Bi−1 ≃ M(ξ + (γi , 0))
(9.5)

Note thatB1 ≃ M(µ). For any central characterχ, let a subscriptχ 48

denote the generalized eigen subspace.

9.6 Lemma. Letχ denote the central character of M(µ) and let m equal
the dimension of the F0 weight space for the weight sβµ − ξ. Then there
exists an exact sequence0→ M(µ)→ Bχ → L→ 0 where L is isomor-
phic to a sum of m copies of M(sβ, µ, µ′).

Proof. For 1≤ i ≤ r, if γi + ξ lies in thew0-orbit of µ, then by (9.4) we
conclude that eitherγi = µ − ξ = 4δ0 or γi = sβµ − ξ. In the first caseγi

is the highest weight ofF0; and so,i = 1. This shows that (9.5) induces
a filtration onBχ and gives a short exact sequence as in (9.6) withL
admitting a filtrationLm ⊃ . . . ⊃ L0 = 0 with Li/Li−1 ≃ M(sβ, µ, µ′).
However,L is a freeU(n−)-modules with cyclic highest weight space;
and so,L is a sum ofmcopies ofM(sβ, µ, µ′). This proves (9.6). �

We have an analogous result for principal series modules. Put D =
F ⊗ X(ξ).

9.7 Lemma. Let notation be as in (9.6). Then there exists a short exact
sequence,0→ X(µ) → Dχ → N → 0 where N is isomorphic to a sum
of m copies of X(sβµ, µ′). Moreover, ifν = µ |t, then thet-module with
extreme weightν occurs in Dχ with multiplicity one and is contained in
the image of X(µ).

Proof. Recall thatX(ξ) is the space oft-finite vectors in the algebraic
dual of M̄(ξ). Let F∗ be the algebraic dual ofF. Our filtration of F 49

induces ab-module dual filtrationF∗ = F∗r ⊃ . . . ⊃ F∗0 = {0} with
F∗i /F

∗
i−1 ≃ C(−γr−i+1,0). Now 0 × g0 acts by zero onF; and so, this

filtration is also abQ-module filtration. Inducing frombQ up to g we
obtain the flag

F∗ ⊗ M̄(−ξ) = C = Cr ⊃ . . . ⊃ C0
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= {0} with Ci/Ci−l ≃ M̄(−ξ − γr−i+1,−ξ′). (9.8)

By duality we obtain a flag{Di}0≤i≤r on D, with Di/Di−l ≃ X(ξ + γi , ξ
′).

Now arguing as in the proof of (9.6) but for the generalized eigen sub-
space ofC dual toχ and passing by duality toDχ, we obtain the short
exact sequence in (9.7). Then Frobenious reciprocity (8.3)completes
the proof of (9.7). �

9.9 Corollary. to (9.6). The following sequence is exact.

0→ τM(µ)→ τBχ → τL → 0.

Proof. Bχ is an element of thet-semisimple categoryO ⊗ M(ξ′) (cf.
(3.9)). �

We now complete the proof of (9.3). LetT be an isomorphismT :
τM(ξ)

∼−→ X(ξ) and letS be the isomorphism which is the restriction of

1⊗T to (F⊗τM(ξ))χ. ThenS : τBχ
∼−→ Dχ. Putν = µ |t then by (9.7) and

(6.9),S injects the subspaceτM(µ) into X(µ). But (sβµ, µ′) ∈ L(R) and
by (9.2,P(sβµ, µ′) is true. This implies thatL andN are isomorphic;
and so, by (9.7) and (9.9) the injection ofτM(µ) into X(µ) must be an
isomorphism. This completes the proof of (9.3).

Next we prove the theorem for one chamber.50

If λ ∈ L′(−P), then P(λ) is true. (9.10)

We begin with a preliminary result on minimalt-modules in (g, t)-
modules. For any integralµ ∈ t∗, let Fµ be the irreducible finite dimen-
sionalt-module with extreme weightµ.

9.11 Definition. Let µ ∈ t∗ be integral and let A be a(g, t)-module.
Then Fµ is called a weak minimalt-type of A if (i) there exists T∈
Homt(Fµ,A), T , 0 (ii) for β ∈ Pt, Homt(Fµ−β, p·T(Fµ)) = 0 (g = t⊕p is
the Cartan decomposition) and (iii)dim Hom(Fµ,T(Fµ)+p·T(Fµ)) = 1.

9.12 Theorem. Let A be a(g, t)-module with weak minimalt-type Fµ.
Assumeµβ << 0 for all β ∈ Pt. Then there exists an elementλ ∈ h∗ with
λ |t= µ and a nonzerog-module map S with S: τM(λ)→ A.
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Both (9.11) and (9.12) are formulations in our notations of results
from section six of [13].

We may assumeλ′ satisfies (†). Then by (8.3), (λ, λ′) |t is a weak
minimal t-type of X(λ) and so by (9.12) there existsν = (µ, µ′) and a
nonzerog-module mapT : τM(γ) → X(λ). We claimγ = λ. By (9.12),
ν + ν′ = λ + λ′. Both g-modules must have the sameZ(g)-character,
so λ and γ lie in the samew-orbit. Write (ν, ν′) = (rλ, sλ′). Then
λ + λ′ = ν + ν′ = rλ + sλ′. But by (†), λ + λ′ is -P0-dominant while
rλ+ sλ′ is -sP0-dominant. Therefore,s= 1 andµ′ = λ′. But thenν = λ
andλ = γ. ThusT : τM(λ)→ X(λ). By assumptionM(λ) is irreducible
and so by (6.8),τM(λ) is irreducible. ThereforeT is an injection and, by 51

the multiplicity formulae (7.14) and (8.3),T must be an isomorphism.
This proves (9.10).

9.13

P(λ) is true for allλ ∈ L with M(λ′) irreducible.
By (†), λ ∈ L(S) whereS is a positive root system of the form

S = R× {0} ∪ {0} × −P0, R a positive system of∆0. We proceed by
induction onm = |S ∩ P|. If m = 0 thenP(λ) is true by (9.10). If
m , 0, then there existsβ ∈ R simple withβ ∈ P0. PutS′ = (sβ, 1)S.
Then forn ∈ N, n >> 0, λ + nδS′ ∈ L(S′) and|S′ ∩ P| = |S ∩ P| − 1. So
by inductionP(λ + nδS′) is true. By (9.3),P(λ) is true. This proves
(9.13) and completes the proof of Theorem 9.1.

Using (9.1) we now describe a sharper vanishing theorem than
Corollary 7.13.

9.14 Proposition. Let λ ∈ L and assume M(λ′) is irreducible. Assume
λ does not satisfy (6.5). ThenτL(λ) = 0.

Proof. Let ∆0 be the sub root system of∆0 which stabilizesλ′. Letw0

be the corresponding stabilizer ofλ′ in w0 and putP0
= P0 ∩ ∆0. P0 is

a positive system for∆0. Let µ be the unique element in thew0 orbit of
λ which is -P0-dominant. Then, puttingµ = (µ, λ′), we have the inclu-
sion M(µ) ֒→ M(λ). These modules are elements of thet-semisimple
categoryO ⊗ M(λ′). By (9.1) and (8.7), the inclusionM(µ) ֒→ M(λ)
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induces an isomorphismτM(µ)
∼−→ τM(λ). By the exactness ofτ on

O ⊗ M(λ′), τ(M(λ)/M(µ))′ = 0. L(λ) occurs inM(λ)/M(µ); and so by
exactness ofτ, τL(λ) = 0. �

We complete this section with a character formula forZ(λ). For52

ν ∈ L, let E(ν) be the distribution character of the principal series
representation ofG whoseK-finite vectors areg-isomorphic toX(ν).
Similarly, for λ with M(λ′) irreducible, letΘ(λ) denote the distribution
character of any admissible representation ofG with K-finite vectorsg-
isomorphic toτL(λ). For any moduleA in O, let chAdenote the formal
character ofA (cf. [24]).

9.15 Proposition. Fix integers m(sλ), s ∈ wλ, such that ch L(λ) =
∑

sλ∈wλ·λ
m(sλ)chM(sλ). Then

Θ(λ) =
∑

sλ∈wλ·λ
m(sλ) E(sλ, λ′).

Proof. By Proposition 3.9,τ is exact onO ⊗M(λ′). This exactness ofτ
implies thatτ induces a linear map of Grothendieck groups. So by (9.1),
the formula forchL(λ) becomes under the mapτ(· ⊗M(λ′)) the formula
(9.15). �

An alternate and more general definition of minimalt-type has been
given by Vogan [34]. The reader may wish to compare (9.12) with The-
orem 3.14 in [34].
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Determination of the
irreducible admissible
(g, t)-modules

Here we combine the results of the last four sections to describe the 53

equivalence classes of irreducible admissible (g, t)-modules. In turn this
will give a classification of the infinitesimal equivalence classes of topo-
logically completely irreducible representations ofG.

10.1 Lemma. Letλ, ν, µ ∈ h∗0. AssumeReν is -Pν-dominant, thatλ + ν
andµ + ν are integral, and thatµ lies belowλ in the Bruhat ordering.
Let S be the stabilizer ofν in w0. Then||µ + ν|| ≥ ||λ + ν|| and equality
holds if and only ifµ andλ lie in the same S -orbit.

Proof. By assumption choosed ∈ N and elementsα0, . . . , αd−1 ∈ P0

with µi+1 = sαiµi, 0 ≤ i ≤ d − 1, andµ = µd < . . . < µ0 = λ. Now
||µi+1 + ν|| = ||µi + ν −mαi || with m = (µi)αi ∈ N∗. Then||µi+1 + ν||2 =
||µi + ν||2 + 〈µi + ν −

1
2

mαi ,−2mαi〉 = ||µi + ν||2 + 〈Reν,−2mαi〉. Since

µi + ν is integral,ναi ∈ N and we may replace Reν by ν. Also since Reν
is -Pν-dominant,||µi+l + ν|| ≥ ||µi + ν||. Moreover, equality holds if and
only if sαi ∈ S. So,||µ+ ν|| ≥ ||λ+ ν|| andλ andµ lie in the sameS-orbit
if and only if equality holds. �
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10.2 Corollary. Letλ = (λ, λ′) ∈ L and assumeλ satisfies (6.5). Assume
µ lies belowλ in the Bruhat ordering. Then||µ + λ′|| > ||λ + λ′||.

Proof. By (6.5), if Q = P0 ∩ {α | λ′α = 0} thenλ is -Q-dominant.S is
generated by thesα, α ∈ Q, and so, with notation as in the proof of (6.1)54

with λ′ = ν, λα0 ∈ N∗ impliesα0 < Q. Then ||µ + λ′|| ≥ ||µ1 + λ
′|| >

||λ + λ′||. This proves (10.2). �

10.3 Definition. For λ ∈ L, let X̂(λ) denote the unique subquotient of
X(λ) which contains the unique irreduciblet-submodule with extreme
weightλ|t.

Note that forλ = (λ, λ′), the norm ofλ |t is equal to||λ + λ′||.

10.4 Lemma. For all s ∈ w, X̂(λ) andX̂(sλ) are isomorphic.

Proof. By (8.7), X(λ) andX(sλ) have the same Jordan-Hölder factors.
�

10.5 Proposition. Assumeλ ∈ L and satisfies (6.5). Then Z(λ) andX̂(λ)
are isomorphic. Moreover, ifλ andµ lie in the samewt-orbit and both
satisfy (6.5), then Z(λ) and Z(λ) are isomorphic.

Proof. The second assertion follows from the first by (10.4). Using
Theorem 9.1 we now prove the first assertion by induction on the length
of a Jordan-Hölder series forM(λ). If M(λ) is irreducible then by (9.1),
X̂(λ) = X(λ) and the proof is complete. AssumeM(λ) is reducible.
By (9.1), Z(λ) occurs as a Jordan-Hölder factor ofX(λ); and so, we
need only show thatZ(λ) contains thet-submodule with extreme weight
λ |t. �

Any Jordan-Hölder factor ofX(λ) has by (9.1) the formτL(µ, λ′)
whereL(µ) is a factor ofM(λ). If µ , λ, then by (10.2),||µ + λ′|| >
||λ + λ′||. Since||µ + λ′|| is the smallest norm of an extreme weight of
any t-submodule ofX(µ, λ′) (cf. (8.4)), thet-submodule with extreme
weightλ |t does not occur inτM(µ, λ′) or in τL(µ, λ′). Therefore, this55

t-submodule occurs inZ(λ) and the proof is complete.
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10.6 Proposition.Letλ = (λ, λ′) and assume M(λ′) is irreducible. Then
τL(λ) is irreducible or zero according asλ satisfies (6.5) or not.

Proof. If λ satisfies (6.5), then by (10.5),τL(λ) is irreducible. Ifλ does
not satisfy (6.5) then by (9.14),τL(λ) is zero. �

10.7 Proposition. Every irreducible admissible(g, t)-module is isomor-
phic to some Z(λ) whereλ ∈ L andλ satisfies (6.5).

Proof. By the subquotient theorem (8.6) combined with (8.7) and (9.1),
if A is an irreducible admissible (g, t)-module thenA is isomorphic to
τL(λ) for someλ with M(λ′) irreducible. Lemma (10.6) implies thatλ
satisfies (6.5). �

Recall Definition (6.6).

10.8 Theorem. The mapλ 7→ Z(λ) induces a bijection ofwt-orbits
in L and the set of equivalence classes of irreducible admissible (g, t)-
modules.

Proof. By convention (cf.§ 6) we choose any element of thewt-orbit
of λ which satisfies (6.5). Then by (10.5), the equivalence classof Z(λ)
is independent of this choice. Moreover, by (10.7), the induced map in
the theorem is surjective. We now prove injectivity of the map.

Let µ, λ ∈ L both satisfying (6.5) and assumeZ(λ) and Z(µ) are 56

isomorphic. They must have the same infinitesimal characterso there
aret, s ∈ w0 with µ = tλ andµ′ = sλ′. Let L1 = {α ∈ ∆0 | Reλ′α < 0},
L0 = {α ∈ ∆0 | Reλ′α = 0}. ThenL = L1 ∪ L0 is the set of roots of
a parabolic subalgebra and any positive root systemL+0 of L0 gives a
positive systemL1 ∪ L+0 of ∆0. Using this, letR be any positive system
of ∆0 with α ∈ R ⇒ Reλ′α ≤ 0, andλ′α = 0 ⇒ Im λ′α ≤ 0. Let
N0 = {α ∈ ∆0 | λ′α = 0} andN1 = {α ∈ R | α < N0}. ThenN = N1 ∪ N0

is the set of roots of another parabolic subalgebra ofg0 and any positive
root systemN+0 of N0 gives a positive systemN1 ∪ N+0 of ∆0. Let B
denote the set of simple roots ofRand writeB = B′∪B∼ whereB′ is the
set of simple roots ofR∩ N0. Let B∼ = {α1, . . . , αt} and let{γ1, . . . , γt}
be the set of dual roots toB∼ orthogonal toB′; i.e., 〈γi , α j〉 = δi j , 1 ≤ i,
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j ≤ t, and〈γi , B′〉 = 0. Putλ∼ = λ′ − a
∑

1≤i≤t
γi, a ∈ N, a >> 0. Sinceλ′

andλ∼ have the same stabilizer inw0, the Zuckerman functors applied
to Z(λ) andZ(µ) give the isomorphismZ(λ, λ∼) ≃ Z(µ, sλ∼).

Let T be the positive system−N1 ∪ (N0 ∩ −P0). Then by (6.5) and
the choice ofλ∼, λ+λ∼ is T-dominant. Also, by (6.5),µ is (sN0∩−P0)-
dominant; and so, ifT′ = −N1 ∪ (N0 ∩ −s−1P0) then s−1µ + λ∼ is
T′-dominant. However, bothλ + λ∼ andµ + sλ∼ are extreme weights
of the minimalt-submodule ofZ(λ, λ∼). Therefore, they lie in the same
w0-orbit; i.e.,λ+λ∼ = r(µ+ sλ∼). Thus we haveλ+λ∼ = rs(s−1µ+λ∼).
HoweverT andT′ are positive system contained in−N andλ + λ∼ is
T-dominant whiles−1µ + λ∼ is T′-dominant. Thereforers must be an
element of the Weyl group ofN0. Thusrsλ′ = λ′; and so,λ+λ′ = rµ+λ′.
Thenλ = rµ and, from above,µ = tλ. Sor−1λ = tλ andr−1λ′ = sλ′.57

This provesλ and µ lie in the samewt-orbit; and this completes the
proof. �

For our special case of (g, t)-modules, we can now give a proof
of Theorem 5.2 (iii) and (iv) for this categoryU of admissible (g, t)-
modules. Let notation be as in (5.2) except that we shall replaceλ by λ,
µ by µ and writeλ = (λ, λ′), µ = (µ, µ′).

10.9 Proposition. Assumeλ + µ satisfies (6.5). The conditions

(i) λ satisfies (6.5)

(ii) If Q = {α ∈ P0 | λα = 0} thenλ + µ is -Q-dominant

are necessary and sufficient for Z(λ) to be nonzero and to haveψZ(λ +
µ) = Z(λ). If either condition does not hold thenψZ(λ + µ) = 0.

Proof. PutA = ψZ(λ+µ). If (ii) does not hold then by (5.3),ψL(λ+µ) =
0. Sinceψ andτ commute,A = τ(0) = 0. If (ii) holds but (i) does not
then, by (5.3),A ≃ τL(λ) and by (9.14) (whose proof does not rely on
(5.2) (iii) or (iv)), ψL(λ) = 0. This showsA = 0 unless both conditions
hold. �

Now assume both conditions. ThenA ≃ τL(λ), by (5.3). To com-
plete the proof we shall show thatτL(λ) contains with multiplicity one
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thet-submodule with extreme weightλ |t. We knowτM(λ) = X(λ) and
by (8.4), X(λ) contains thist-module with multiplicity one. Using the
exactness ofτ onO⊗M(λ′), for someξ below or equal toλ in the Bruhat
ordering,τL(ξ) contains thist-module. ButτL(ξ) is a quotient ofX(ξ);
and so, by (8.4),||ξ + ξ′|| ≤ ||λ + λ′||, whereξ = (ξ, ξ′). Sinceλ satisfies
(6.5) andξ is below or equal toλ, ξ′ = λ′. Then applying (10.2), we
haveξ = λ. This provesτL(λ) is not zero and completes the proof.

10.10 Proposition. (i) For irreducible A∈ U, ψA is either irreduci- 58

ble or zero.

(ii) If A ∈ Uλ is irreducible then there exists B∈ Uλ+µ irreducible
with ψB = A.

Proof. To avoid a circular argument we shall make use of the preceding
results only for regular parameter. First, we assumeλ + µ is regular.
We may assume thatλ + µ satisfies (6.5) and also, by (10.7), thatA ≃
Z(λ + µ). Now by the proof of (10.9),ψA is either zero or contains a
t-submodule with multiplicity one. From the Zuckerman article [38],
ψA is primary and thusψA is irreducible. ForB ∈ Uλ and irreducible,
by [38], ψϕB is primary with irreducible factors isomorphic toB. ψ

is exact so choose any Jordan-Hölder factorA of ϕB such thatψA ,
0. Then by (i),ψA ≃ B. This completes the proof forλ + µ regular.
This case ofλ + µ regular is sufficient for all applications of (10.10) in
the previous sections of these notes. Now, forλ + µ general, we may
apply (10.7) in the above argument. This argument now proves(10.10)
without restriction onλ + µ. �

10.11 Remark.By combining (10.8) and (10.9) we have actually stre-
ngthened the results asserted in (5.2). For all parametersλ andλ + λ,
(10.9) describes the imageψ(A) with A irreducible.





Chapter 11

An application to highest
weight modules

Our main purpose in these notes is to describe the category ofadmissi- 59

ble (g, t)-modules by defining a correspondence between highest weight
modules and admissible (g, t)-modules. The working hypothesis here
is that the category of highest weight modules is more tractable than
the category of admissible (g, t)-modules. Usually, we expect results
for highest weight modules to give new results for admissible (g, t)-
modules. The present section is an exception to this rule. Here we
use the vanishing theoremτL(λ) = 0 for certainλ to conclude vari-
ous skew-symmetry properties for coefficients of the character ofL(λ),
λ = (λ, λ′).

For any moduleA ∈ O, let chAdenote the formal character ofA (cf.
[24]). Fix λ ∈ h∗0 and write

ch L(λ) =
∑

m(sλ)ch M(sλ) (11.1)

with the sum taken over thewλ orbit of λ.

11.2 Proposition. Letα be a simple root of Pλ. Assumeλα ∈ N∗. Then
m(sαsλ) +m(sλ) = 0.

The reader should compare (11.2) with Satz 2.12 in [24] which
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gives for regularλ and which an additional hypothesis onα, the identity
m(ssαλ) +m(sλ) = 0.

Proof. Chooseλ′ with λ + λ′ integral,λ′ -Pλ-dominant and such that
λ′
β
= 0, β ∈ P0 ⇒ β = α. Setλ = (λ, λ′) and note thatPλ′ = Pλ. For

ν ∈ L, let E(ν) denote the global distribution character ofG for the prin-
cipal series representation withg-module ofK-finite vectors isomorphic60

to X(ν). Let Θ(λ) denote the distribution character of any admissible
representation ofG with subspace ofK-finite vectorsg-isomorphic to
τL(λ). Since the categoryO ⊗ M(λ′) is t-semisimple (Proposition 3.9),
τ is exact onO ⊗M(λ′). This exactness ofτ implies thatτ induces a lin-
ear map of Grothendieck groups. So the formula (11.1) becomes under
τ:

Θ(λ) =
∑

m(sλ)E(sλ, λ′) (11.3)

By our choice ofλ′, {±α} is the set of roots orthogonal toλ′; and so,
E(sαsλ, λ′) = E(sλ, λ′), ∀s ∈ wλ. Moreover, these identities generate
all the linear relations among theE(sλ, λ′). By assumptionλ′α ∈ N∗;
and so,λ does not satisfy (6.5). This implies by (10.6),Θ(λ) = 0; and
thus,m(sαsλ) +m(sλ) = 0. �

Let Bλ denote the simple roots ofPα. Choose a subsetB0
λ
⊂ Bλ, be

the positive system generated byB0
λ

and letw0
λ

be the Weyl group ofB0
λ
.

11.4 Proposition. Let λ, µ, ν ∈ h∗0. Assumeµ is -P0
λ
-dominant and as-

sumeλ = wµ for some w∈ w0
λ
. If ν is -P0

λ
-dominant, then L(ν) does not

occur as a subquotient of M(λ)/M(µ).

Proof. Chooseλ′ with λ + λ′ integral,λ′ -Pλ-dominant and withB0
λ
=

{α ∈ Bλ | λ′α = 0}. Putλ = (λ, λ′) andµ = (µ, λ′). Now, by assumption
on λ, λ andµ lie in the samew-orbit; and so,τM(λ) ≃ τM(λ). By the
exactness ofτ on O ⊗ M(λ′), τ(M(λ)) = 0 and, for any subquotientA
of M(λ)/M(µ), τA = 0. If L(ν) occurs as a subquotient ofM(λ)\M(µ),61

thenτL(ν, λ′) = 0. By (10.6), (ν, λ′) must not satisfy (6.5); and so,ν is
not -P0

λ
-dominant.

The reader should consult section 4.5 in [3] as well as Satz 2.12 in
[24] for identities relating multiplicities of irreducible highest weight
modules in Verma modules. �



Chapter 12

Concepts from homological
algebra

In this section, letO denote the categoryO for the data (t, t,Pt). Let 62

n denote the category ofg-modules whose underlyingt-modules lie in
O. Using standard concepts from homological algebra we will define
a collection of left derived functors onn. In the next section, we will
relate these to an inverse for the lattice functorτ.

12.1 Lemma. If P is a projective object inO, then U(g)
⊗

U(t)
P is projec-

tive inn.

The proof of (12.1) is elementary.
For µ ∈ t∗, let M(µ) be thet-Verma module with highest weight

µ − δt and putU(µ) = U(g)
⊗

U(t)
M(µ).

12.2 Corollary. If µ ∈ t∗ is dominant, then U(µ) is projective inn.

Proof. U(µ) = U(g)
⊗

U(t)
M(µ) and, sinceµ is dominant,M(µ) is projec-

tive (cf. Lemma 7 [12]). �

Fix a setψ ⊆ t∗ of dominant integral elements. For anyt-moduleL,
put L′ =

∑

Lnt
µ with the sum overµ in ψ.
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12.3 Definition. (a) A complex in the categoryn, . . .Ai → . . . →
A0 → A → 0, is called aψ-resolution of A if (i) Ai is projective,
i ∈ N, (ii) for i ∈ N, Ai is generated over U(g) by the subspace A′i
and (iii) . . .A′i → . . .→ A′0→ A′ → 0 is exact.

(b) Aψ-resolution is called special if each Ai is the formal direct sum63

of g-modules isomorphic to U(µ) for µ ∈ ψ.

12.4 Lemma. Every object A inn admits a specialψ-resolution.

Proof. Let A0 = U(g)
⊗

U(bt)
A′ and letd0 be the uniqueg-module map of

A0 to A which extends the inclusionA′ ֒→ A. Assumedi : Ai → Ai−1

has been defined (hereA−1 = A). Let Ki = kernaldi and putAi+1 =

U(g)
⊗

U(bt)
K′i . As above letdi+1 be the uniqueg-module map ofAi+1 to

Ai which extends the inclusionKi ֒→ Ai. Thendi+1 : Ai+1 → Ki and
A′i+1 → K′i → 0 is exact. By induction we have constructed a special
ψ-resolution ofA. �

Let A, B be g-modules inn andϕ : A → B a g-module map. Let
A∗ → A andB∗ → B beψ-resolutions ofA andB respectively. For any
g-module letC∼ be theg-submodule ofC generated byC′. Note that
ϕA∼ ⊆ B∼. We now show thatϕ induces a mapϕ∗.

12.5

ϕ induces a mapϕ∗ : A∗ → B∗ which commutes with the boundary
maps.

The mapB0 → B∼ is surjective and sinceA0 is projective there is a
mapϕ0 which makes the following diagram commutative.

B0 // B∼ // 0

A0 //

ϕ0

OO

A∼

ϕ

OO (12.6)

Let Li equal the kernel ofdi : Bi → Bi−1 andKi equal the kernel64

di : Ai → Ai−1. Note that by (12.6),ϕ0K0 ⊆ L0. Assume fori ∈ N∗, ϕi
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has been defined whereϕi : Ai → Bi andϕiKi ⊆ Li. The mapBi+1→ L∼i
is surjective by (12.3) (iii); and so, by projectivity ofAi+1, there exists a
mapϕi+1 which makes the following diagram commutative.

Bi+1 // L∼i // 0

Ai+1 //

ϕi+1

OO

K∼i

ϕi

OO
(12.7)

Note that (12.7) impliesϕi+1 : Ki+1 → Li+1. By induction we obtain
the mapϕ∗ of complexes,ϕ∗ : A∗ → B∗. This proves (12.5).

We next recall the standard notion of homotopy. A map of com-
plexes,Σ∗ : A∗ → B∗, is said to be of degreej if Σi : Ai → Bi+ j, i ∈ N.
Unless stated otherwise a chain map will be a mapϕ∗ of complexes of
degree zero. For two chain mapsϕ∗ andψ∗, we say these maps are
homotopic if there exists a degree one chain mapΣ∗ : A∗ → B∗ with
ϕi − ψi = di+1 ◦ Σi − Σi−1 ◦ di , i ∈ N. The degree one mapΣ∗ is called
the homotopy.

12.8 Lemma. Let A and B beg-modules inn, ϕ a mapϕ : A→ B and
let A∗ → A, B∗ → B beψ-resolutions. Letϕ∗ andψ∗ be any two chain
maps induced byϕ. Thenϕ∗ andψ∗ are homotopic.

For projective resolutions, (12.8) is a standard result. Inour case
of ψ-resolutions, the standard proof works (cf. Theorem 4.1 [23]) with
modulesC replaced by submodulesC∼ as in the construction ofϕ∗ given 65

above.
Let U be a category of modules with enough projectives. LetT be

an additive functor defined on the full subcategoryP whose objects are
the projective objects inU. We now define a set of functorsTi , i ∈ N, on
U called the left derived functors of the functorT onP. For an objectA
in U, let A∗ → A be a projective resolution ofA. ThenTA∗ is a complex
and we defineTiA to be theith homology group of the complex; i.e.,
TiA = kernelTdi/imageTdi+1. Since any two projective resolutions are
homotopic and sinceT is additive, the moduleTiA is independent of the
choice of the projective resolution. Fori ∈ N, Ti is a covariant functor
onU.
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We would like to apply this technique to our setting. To do this we
begin by defining a functorσ on a special full subcategory ofn. Let
S be the full subcategory ofn whose objects are formal direct sums
of modulesU(µ), µ ∈ ψ. Let t0 denote the maximal element ofwt.
Then, forµ ∈ ψ, M(t0µ) is the unique irreducible submodule of thet-
Verma moduleM(µ). LetσU(µ) be the submodule ofU(µ) given by the
inclusionU(g)

⊗

U(t)
M(t0µ) ֒→ U(g)

⊗

U(t)
M(µ) = U(µ). Extendσ linearly

to a map on objects inS . Next we prove:

σ is an additive functor onS . (12.9)

Proof. For objectsA andB in S and forϕ ∈ Hom(A, B), we defineσϕ
to be the restriction ofϕ to the submoduleσA ⊂ A. Assumeϕ(σA) ⊂
σB. Then clearlyσ takes the identity map to the identity map and also
σ commutes with compositions. Thus to prove (12.9) we need only
checkϕ(σA) ⊂ σB. From the definition ofS we need only check, for66

µ, ν ∈ ψ.

if ϕ : U(µ)→ U(ν) thenϕ(σU(µ)) ⊂ σU(ν). (12.10)

�

For s ∈ wt, put Us = U(g)
⊗

U(t)
M(sµ), Vs = U(g)

⊗

U(t)
M(sν). Now

ϕ : U1 → V1. Assumeϕ : Us → Vs and assumeα is a simple root
in Pt with (sµ)α ∈ N∗. Put tα equal to the reductive subalgebra oft,
tα = t⊕ tα⊕ t−α. The moduleM(sν)/M(sαsν) is locallyU(tα)-finite; and
so, Vs/Vsαs is also. The cyclic vector forUsαs generates underU(tα)
an irreducible Vermatα-module. Therefore the induced mapUsαs →
Vs/Vsαs must be zero. This impliesϕ : Usαs → Vsαs. By induction we
haveϕ : Ur → Vr for all r ∈ wt. For r = t0, we have proved (12.10)
which completes the proof of (12.9).

For convenience, we list a corollary to the proof of (12.10):

12.11 Corollary. Let As and Bs, s ∈ wt, be lattices ofg-modules and
ϕ : A1→ B1 a g-module map. Then, for each s∈ wt, ϕAs ⊆ Bs.
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12.12 Definition. Let A be an object inn and by (12.4) let A∗ → A be a
specialψ-resolution of A. DefineσiA to be the ith homology group of the
complexσA∗. By (12.9),σ is an additive functor onS ; and so, each
σi is a covariant functor onn. Also, using (12.8),σiA is independent of
the choice ofψ-resolution A∗ of A. We call the covariant functorσi the
ith left derived functor ofσ.

We conclude this section by showing that theσi , i ∈ N, preserve 67

central character.

12.13 Proposition. Let A∈ n and letχ be a character of Z(g). Assume
for some n∈ N∗, a(z) = (1− χ(z))n annihilates A for z∈ Z(g). Then, for
i ∈ N and z∈ Z(g), a(z) annihilatesσi(A).

Proof. Let A∗ → A be a specialψ-resolution ofA. Then multiplication
by a(z) and by zero onA∗ are homotopic. ForT ∈ Hom(A∗,A∗), σT
is restriction toσA∗. Therefore,σ(a(z)) = a(z); and so, multiplication
by a(z) and by zero are homotopic onσA∗. Thus, they induce the same
maps on homology groups. This proves (12.13). �





Chapter 13

The category of admissible
(g, t)-modules

The results of this section are an application of the functors defined in 68

§ 12 in the setting of semisimple complex Lie groups. Here we analyze
several cases where the functorσ0 defined in§ 12 is a natural inverse to
the lattice functorτ.

We will use the notation set up in§ 6 - § 10. Fix λ ∈ L, λ =
(λ, λ′) and letU denote the category of all admissible (g, t)-modules with
generalizedZ(g)-character parametrized by thew-orbit of λ. Assumeλ
satisfies (6.5) and letB denote the category ofg-modules which are
finitely generated, haveL(sλ, λ′), s∈ w0, as irreducible objects, and are
semisimplet-modules.

13.1

The reader can check that the map,B 7→ B/(0, n−0)B, induces a natu-
ral equivalence ofB onto the category of finitely generatedg0-modules
which areU(b0)-locally finite, have generalizedZ(g0)-character with or-
bit w0 · λ and have generalizedh0-weightsν with ν + λ′ integral.

13.2 Theorem.Letλ = (λ, λ′) ∈ L with M(λ′) irreducible andλ′ regu-

lar. Then the functorτ gives a natural equivalence;τ : B
∼−→ U.
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Using translation functors (cf. Proposition 5.2), we may translate
the parameterλ′ and thus assume

Reλ′α << 0 for all α ∈ P0. (13.3)

We establish several preliminary results before proving (13.2).
Let ∧t denote the exterior algebra oft and putψ0 = {(sλ, λ′)} |t69

−2δt + ξ | s ∈ w0, ξ a weight of∧t }. With t the maximal element of
wt and witht′ denoting the affine shift t′µ = t(µ + δt) − δt, µ ∈ t∗, we
putψ = t′ψ0. By (13.3), the elements ofψ arePt-dominant; and so, we
have a set of covariant functorsσi, i ∈ N, defined by this choice ofψ.
Recall the categoryn of § 12 and noteU ⊆ n.

13.4 Proposition. Assumeµ = (sλ, λ′) for some s∈ w0. Then

σiX(µ) =















M(µ) if i = 0

0 if i ≥ 1.

Proof. For 0≦ j ≦ d = dim(b/bt) andν = µ |t −2δt, putL j = ∧ j(b/bt)⊗
Cν andE j = U(g)

⊗

U(bt)
L j. Proposition 5.9 of [15] gives a resolution

0→ Ed → . . .→ E0→ M(µ)→ 0. (13.5)

Write M = M(µ) and letMs, s ∈ wt, andE j,s, s ∈ wt, be lattices above
M andE j respectively. By applying completion functors we obtain from
(13.5), fors∈ wt,

0→ Ed,s→ . . .→ E0,s→ Ms→ 0. (13.6)

Theorem 5.7 of [13] asserts that (13.6) is exact. Fors = l, (13.6) is a
ψ-resolution ofM1. �

By (13.3) eachg-moduleEi is isomorphic to a module of the form
U(g)

⊗

U(t)
Di with Di a sum of irreducible Vermat-modules with highest

weights inψ0. In turn eachEi,1 is isomorphic to a sum of modules of70
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type U(ξ), ξ ∈ ψ (cf. § 12); and so, we haveσEi,1 = Ei , 0 ≤ i ≤ d.
Since (13.6) fors= 1 is aψ-resolution ofM1, we obtain:

σ0M1 = M(µ), σi M1 = 0, i ≥ 1. (13.7)

We now claim:

σi Ms = 0, i ∈ N, s, 1. (13.8)

From (13.3) and Proposition 4.13 of [15],Ms does not have any
nt-invariants of weightν, ν ∈ ψ; and so, 0→ Ms → 0 is a special
ψ-resolution ofMs. Clearly (13.8) follows from this.

Using (7.1), we have a resolution:

0→ md → . . .→ m0→ X(µ)→ 0

wheremi =
∑

ℓ(s)=i
Ms. By (13.7) and (13.8) we have computedσim j ,

j, i ∈ N. Sinceσim j = 0 for i ∈ N, j ≥ 1, we obtainσim0 ≃ σiX(µ),
i ∈ N. Now formulae (13.7) proves (13.4).

For anyg-module A, put A′ (resp. A∼) equal to the subspace of
nt-invariants of weightν, ν ∈ ψ (resp.ν ∈ ψ0).

13.9 Lemma. For A ∈ B, let As be a lattice above A. Then the surjec-
tion A1→ τ(A) induces a bijection A′1

∼−→ τ(A)′.

Proof. By (13.3), fors , 1, A′s = 0. Since elements ofψ are dominant
A′1 → τ(A)′ is surjective. This implies the induced map is a bijection.

�

13.10 Lemma.Assume (13.3). Let B∈ B and let Bs be a lattice above 71

B and let E∗ → B1 be a specialψ-resolution of B1. ThenσE∗ → B is a
complex andσE∼0 → B∼ is surjective.

Proof. By (12.11),σE∗ → B is a complex. By definition ofψ-resolution
E′0 → B′1 is surjective. By Proposition 4.13 [15], this impliesσE∼0 →
B∼ is surjective. �

13.11 Lemma. Let A, B ∈ B (resp. U) and ϕ : A → B. Thenϕ is
injective (resp. surjective) if and only if the restrictionϕ : A∼ → B∼

(resp.ϕ : A′ → B′) is injective (resp. surjective).
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Proof. By (3.9), bothU andB aret-semisimple categories. So, forC ∈
U, D ∈ B, C , 0, D , 0 impliesC′ , 0, D∼ , 0. This implies the
assertions of (13.11). �

13.12 Lemma.Let A, B ∈ U and E∗ → A be a specialψ-resolution. If
ϕ is a g-module mapϕ : E0 → B with ϕ Im E1 = 0, thenϕ induces a
mapϕ′ with the following commutative diagram:

E0
ϕ //

��

B

A
ϕ′

>>~~~~~~~~

Proof. E0 is isomorphic to a sum of modulesU(µ), µ ∈ ψ, and so,E0

admits a unique maximalU(t)-locally finite quotient. LetD denote the
maximal U(t)-locally finite quotient ofE0/ Im E1. SinceA ∈ U, the
mapE0 → A → 0 induces a mapD → A. Clearly the map gives an
isomorphismD′

∼−→ A′; and so, by (13.11) the map is an isomorphism
D
∼−→ A. SinceB ∈ U, ϕ induces a map ofD to B and, withD ≃ A, we72

obtain a mapϕ′ : A→ B with the commutative diagram (13.12). �

13.13 Proposition. Assume (13.13). Thenτ : B → U is a natural
equivalence of categories andσ0 : U → B is the natural inverse ofτ.
When restricted toU, σi is exact, for i∈ N, andσi = 0 for i ∈ N∗.

Proof. For i ∈ N, putγi = σi ◦τ andνi = τ◦σi . We first check that: �

13.14

γ0 is naturally equivalent to the identity functor onB.
Let B ∈ B and letE∗ → τ(B) be a specialψ-resolution ofτ(B).

Using (13.9), and lettingBs be a lattice aboveB, E∗ also gives a special
ψ-resolution ofB1. Now apply (12.11) to obtain the complexσE∗ → B.
This map induces a maptB : γ0B→ B. One may easily check that the
correspondenceB 7→ tB is natural; i.e., forB,C ∈ B, ϕ : B → C then



13. The category of admissible(g, t)-modules 67

the following diagram is commutative:

B
ϕ // C

γ0B
γ0ϕ

//

tB

OO

γ0C

tC

OO

To prove (13.14) we must check thattB is an isomorphism for each
B ∈ B. First we check thatγi B ∈ B. Clearlyγi B is a semisimplet-
module by construction and so it is sufficient to check this for irreducible
B, sayB = L(sµ, λ′) with µ -Pλ′-dominant. We proceed by induction on
ℓ(s).

For s= 1, (13.4) gives the result. Ifℓ(s) > 0 then putM = M(sλ, λ′) 73

and let 0→ J → M → B→ 0 be the short exact sequence induced by
the natural map ofM onto B. Sinceτ is exact, we obtain the long exact
sequence.

→ γi J→ γi M → γiB→ γi−1J→ . . .→ γ0M → γ0B→ 0.

By the induction hypothesisγi J ∈ Bwhile (13.4) givesγi M ∈ B. There-
foreγiB ∈ B; and so,γi mapsB intoB for all i.

For anyB ∈ Bwe have an isomorphism ofU(g)t-modules,B∼ ≃ B′1;
and so, we have

B∼ ≃ E′0/ Im E′1 ≃ σE∼0/ Im E∼1 . (13.15)

Combining (13.15) and (13.10),γ0B∼ andB∼ are isomorphic bytB;
and then, by (13.11),tB is an isomorphism. This completes the proof of
(13.14).

Since the identity functor is exact,γ0 is exact. This fact and (13.4)
now easily imply thatγi = 0 for i ≥ 1. In turn this shows that for each
irreducible objectA in U, σiA = 0, i ∈ N∗. Soσi = 0 onU, i ∈ N∗, and
thus,σ0 is exact. Next we claim:

13.16

ν0 is naturally equivalent to the identity onU.
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For A ∈ U, let E∗ → A be a specialψ-resolution ofA. Then we 74

have the exact sequenceσE1 → σE0 → σ0A → 0. Let Cs, s ∈ wt,
be the lattice aboveσ0A. By applying completion functors to the exact
sequence we obtain the complex:E1 → E0 → C1. Let ϕ denote the
composition of the mapE0 → C1 with the quotient mapC1 → ν0A →
0. Then by (13.12),ϕ induces a mapϕ′ of A to ν0A. Put sA = ϕ′.
To prove (13.16) we must thatsA is an isomorphism for allA ∈ U.
For A isomorphic to a principal seriesX(µ) with µ = (µ, λ′), we may
choose the specialψ-resolution (13.6) fors = 1. Since (13.5) splits
as at-module sequence (cf. Theorem 6.17 [15]), we find thatsA gives
an isomorphism ofA′ onto ν0A′. Then (13.11) implies thatsA is an
isomorphism. Using the exactness ofν0 and the five lemma we conclude
that sA is an isomorphism for irreducibleA and then for allA in U. This
proves (13.16) and completes the proof of (13.13).

Proof of Theorem (13.2). The remark before (13.3) and Proposition
(13.13) combine to prove (13.2).



Chapter 14

Preunitary pairings

Let σ denote the conjugate linear antiautomorphism ofU(g) which 75

equals (−1)· identity on the real formi(g0) of g. Recall remark (3.13)
and note that all invariant sesquilinear pairings and formswill be given
with respect to this choice ofσ. In this section we begin the study of
which irreducible admissible (g, t)-modules admit invariant Hermitian
forms with definite signature.

14.1 Definition. An irreducible admissible(g, t)-module A will be called
unitarizable if A admits a nonzero invariant Hermitian formwhich is
positive definite.

T′ definition is suggested by the fact: A satisfies (14.1) if and only
if A is isomorphic to the set ofK-finite vectors in an irreducible unitary
representation ofG.

From the definition ofσ, σ equals the identity ont ∩ hR and (−1)
identity onp∩ hR. Let − denote conjugation onh (resp.h∗) with respect
to the real formhR (resp.h∗

R
). Then

(H,H′)σ = (H′,H), (λ, λ′)σ = (λ′, λ), H,H′ ∈ h0, λ, λ′ ∈ h∗0. (14.2)

From (14.2), we have:
σ(n±) = n∓. (14.3)

For an admissible (g, t)-moduleA, let Aσ denote theh-locally finite
subspace of the algebraic dual ofA. Give Aσ the conjugate complex

69
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structure and define the action ofg on Aσ by:

(x · ϕ)(a) = ϕ(xσ · a), x ∈ g, ϕ ∈ Aσ, a ∈ A. (14.4)

76

ThenAσ is ag-module and is called the conjugate dual toA.

14.5 Lemma. Let λ, µ ∈ h∗. Then L(λ) and L(µ) admit a nonzero
invariant sesquilinear pairing if and only ifµ = λσ. Moreover, ifµ = λσ

then the space of invariant sesquilinear pairings is one dimensional.

Proof. By (14.2),Cλ andCµ admit anh-invariant pairing if and only if
µ = λσ. By Proposition (3.6), we obtain (14.5) for modulesM(λ) and
M(µ). However by cyclicity of the highest weight space it follows that
every pairing ofM(λ) andM(λ) is the pull back of a pairing ofL(λ) and
L(µ). This proves (14.5). �

14.6 Lemma. Let A be an irreducible(g, t)-module and let I(A) be the
vector space of invariant sesquilinear forms on A. ThendimC I (A) ≤ 1.
Also, if this dimension is one then there exists a Hermitian formϕ on A.

Proof. Let B be an irreducible admissible (g, t)-module and letBσ de-
note theg-module ofU(t)-locally finite vectors in the algebraic dual of
B. GiveBσ the conjugate complex structure and action (14.4). ThenBσ

is an irreducibleg-module and any pairingϕ of A andB corresponds to
a g-module map ¯ϕ : A 7→ Bσ whereϕ̄(a)(b) = ϕ(a, b), a ∈ A, b ∈ B.
Now the first part of (14.6) follows by Schur’s lemma.

For any invariant formϕ, putϕ1(a, b) = ϕ(a, b) + ϕ(b, a), ϕ2(a, b) =
ϕ(a, b) − ϕ(b, a) a, b ∈ A. Thenϕ1 andϕ2 are also invariant. Moreover,
ϕ1 and

√
−1ϕ2 are Hermitian. This completes the proof of (14.6).�

We now give a necessary and sufficient condition for an irreducible77

admissible (g, t)-module to admit an invariant Hermitian form.

14.7 Proposition. Let λ ∈ L and assumeλ satisfies (6.5). Then Z(λ)
admits an invariant Hermitian form if and only ifλ and λσ lie in the
samewt-orbit.
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Proof. Let (6.5)′ denote the condition (6.5) with the roles ofµ andµ′

interchanged. Note that ifλ satisfies (6.5) thenλσ satisfies (6.5)′. The
proof of (10.5) applies equally well under the hypothesis (6.5)′ in place
of (6.5). Therefore,

τL(λσ) is isomorphic toX̂(λσ). (14.8)

By (14.3), letϕ be a nonzero invariant sesquilinear pairing ofL(λ)
andL(λσ). Applying τ, τϕ is an invariant sesquilinear pairing ofZ(λ)
andX̂(λσ). Both of these modules are irreducible; and so,Z(λ) admits
an invariant sesquilinear form⇔ Z(λ) and X̂(λσ) are isomorphic⇔ λ

andλσ lie in the samewt -orbit (cf. (10.4), (10.5), (10.8)). Lemma
(14.6) completes the proof. �

The question of positive definiteness of Hermitian forms is much
deeper than that resolved by (14.7). In the remaining portion of this sec-
tion we relate the question of definiteness of invariant forms on modules
Z(λ) to a property of pairing ofL(λ) andL(λσ).

For µ ∈ t∗, let U(µ) = U(g)
⊗

U(t)
M(µ). If µ, ν ∈ t∗ andM(ν) is a sub

Verma module ofM(µ) then the inclusionM(ν) ֒→ M(µ) induces an
inclusionU(ν) ֒→ U(µ).

14.9 Definition. Let A and B beg-modules and assume thatϕ is an 78

invariant sesquilinear pairing of A and B. We callϕ a preunitary pairing
of A and B if the following properties hold:

(i) there existsµ ∈ t∗ which is -Pt-dominant integral and regular and
maps S: U(µ)→ A, T : U(µ)→ B.

(ii) if ϕ̄ is the “pull back” form on U(µ) given byϕ̄ = (S( ),T( )), then
φ̄ has a nonzero positive semidefinite restriction to the span of the
subspaces of nt-invariants of weightξ with ξ + 2δt -Pt-dominant.

14.10 Proposition. Let λ ∈ L and assumeλ satisfies (6.5) and Z(λ)
admits an invariant Hermitian form. Then Z(λ) is unitarizable if and
only if L(λ) and L(λσ) admit a preunitary pairing.
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Proof. For any t-moduleA, let A′ (resp. A∼) denote the span of the
subspaces ofnt-invariants of weightξ with ξ Pt-dominant integral (resp.
ξ + 2δt -Pt dominant integral). Letg = t ⊕ p be a Cartan decomposition
for g and letS(p) denote the symmetric tensor algebra ofp. Then for
µ ∈ t∗, S(p)⊗M(µ) andU(µ) are isomorphic ast-modules. Lett0 be the
element ofwt of maximal length and letµ ∈ t∗ bePt-dominant integral.
Then from Proposition 4.13 [15], there is an isomorphism:

U(µ)′
∼−→ U(t0µ)∼. (14.11)

Moreover, ifψ is any invariant sesquilinear form onU(t0µ) then by suc-
cessive completions we obtain a formψ1 on U(µ). From (14.11) and
(3.14) we find that: �

14.12

ψ restricted toU(t0µ)∼ is positive semidefinite (positive definite) if and79

only if ψ1 restricted toU(µ)′ is positive semidefinite (positive definite).
First assumeZ(λ) is unitarizable. Then by (14.7),λ andλσ lie in the

samewt-orbit. Letϕ be a nonzero invariant sesquilinear pairing ofL(λ)
andL(λσ) given by (14.5). Thenτϕ is an invariant sesquilinear pairing
of Z(λ) andτL(λσ). By (14.8) and (14.7), these modules are isomorphic;
and so,τϕ is an invariant sesquilinear form onZ(λ). By (14.6), we may
assume thatτϕ is Hermitian and positive definite sinceZ(λ) is unitariz-
able. LetLs (resp.Lσs ), s∈ wt, be a lattice aboveL(λ) (resp.L(λσ)). Let
z be any nonzerot-highest weight vector inZ(λ). SinceZ(λ) is an ad-
missible (g, t)-module the weightµ−δt of z is dominant integral. Choose
mapsS : U(µ) → L1, T : U(µ) → Lσ1 which when composed with the
projections ontoZ(λ), map the canonical cyclic vector of weightµ onto
z. We now claim:

S : U(t0µ)→ L(λ), T : U(t0µ)→ L(λσ). (14.13)

Let Us, s∈ wt, be a lattice aboveU(t0µ). ThenU1 = U(µ). We now
proveS : Us → Ls for all s ∈ wt by induction on the length ofs. For
s = 1, this is (14.13). Assumes , 1 and chooseα ∈ Pt simple with
ℓ(sαs) = ℓ(s) − 1. Then by the induction hypothesis,S : Usαs → Lsαs.



14. Preunitary pairings 73

Consider the induced map ofUs into Lsαs/Ls. The former module is
generated by an irreducible infinite dimensional Vermaa(α)-module (cf.
§ 4) while the latter module isU(aα)-locally finite. This implies that the
induced map is zero; and so,S : Us→ Ls. This proves the first part of
(14.13). The same argument applies to prove the second.

Let ψ denote the pull back ofϕ to a form onU(t0µ); i.e., ψ = 80

ϕ(S( ),T( )). By (14.13),ψ is defined. Moreover, ifψ1 is the pull back of
τϕ to U(µ) then one checks easily thatψ1 can be defined by successive
completions beginning withψ. SinceZ(λ) is unitarizable,τϕ is positive
definite and thusψ1 is positive semidefinite and nonzero when restricted
to U(µ). Then (14.12) states thatψ is positive semidefinite and nonzero
when restricted toU(t0µ)∼. This means thatϕ is a preunitary pairing of
L(λ) andL(λσ).

We now prove the converse. Assumeϕ is a perunitary pairing of
L(λ) and L(λσ). From (14.9) we letµ ∈ t∗ be Pt-dominant integral
and regular and letS : U(t0µ) → L(λ), T : U(t0µ) → L(λσ) be given
by (14.9). To conform with the notation above we letS and T also
denote the extensions ofS and T to the lattice aboveU(t0) obtained
by applying completion functors. Ifψ is the pull back ofϕ to U(t0µ)
and ifψ1 is the pull back ofτϕ to U(µ), thenψ1 is obtained fromψ by
successive completions. So by (14.12),ψ1 is positive semidefinite and
nonzero when restricted toU(µ)′. But thenτϕ is nonzero and positive
semidefinite; and sinceZ(λ) is irreducible,τϕ must be positive definite.
ThereforeZ(λ) is unitarizable.





Chapter 15

Unitary representations and
relative Lie algebra
cohomology

Although in the preceding section the question of unitarizability of Z(λ) 81

is reduced to a question of pairings for highest weight modules, the de-
termination of the unitarizable irreducible admissible (g, t)-module re-
mains an open question. However, with certain restrictionson either the
group or the class of representations, solutions do exist. In this section
we summarize without proof these partial results.

In the first such result we restrict the infinitesimal character of the
module.

15.1 Theorem.Let Z be an irreducible admissible(g, t)-module having
regular integral infinitesimal character. Then Z is unitarizable if and
only if there exists a parabolic subgroup Q of G and a one dimensional
unitary representationσ of Q with Z equivalent to theg-module of K-
finite vectors in the representation of G unitarily induced fromσ and Q
to G.

It is somewhat surprising that the proof of (15.1) follows byonly a
computation inh∗ and application of the Dirac operator inequality. A
proof of (15.1) is given in [18]. We have two corollaries to (15.1). The
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first involves the relative Lie algebra cohomology groups for the pair
(g, t). If F is an irreducible finite dimensionalg-module andZ is an
irreducible admissible (g, t)-module then we letH∗(g, t; F ⊗ Z) denote
the relative Lie algebra cohomology groups with coefficients inF ⊗ Z
as defined in [4]. Chapter I. A version of Shapiro’s lemma due to P.
Delorme (cf. [4] III 3.3) gives a formula for computing the relative
cohomology groups with coefficients in induced representations. By82

combining this formula and (15.1), we obtain the following vanishing
theorem:

15.2 Theorem.Assume G is simple and Z is unitarizable and nontrivial.
Then Hr(g, t; F⊗Z) = 0 for all integers r< rG where rG is given in Table
1 below.

Table 1.

Type of G rG Type of G rG

Aℓ ℓ E6 16

Bℓ 2ℓ − 1 E7 27

Cℓ 2ℓ − 1 E8 57

Dℓ 2ℓ − 2 F4 15

G2 5

As corollaries to (15.2) we obtain results for a co-compact discrete
subgroupΓ of G. For any representation ofΓ on A, let H∗(Γ,A) denote
the cohomology groups ofΓ with values inA.

15.3 Corollary. For any finite dimensionalg-module F and integer r<
rG, there is a natural isomorphism

Hr(g, t; F)
∼−→ Hr(Γ, F).

LetC denote the trivial representation ofg.

15.4 Corollary. AssumeΓ has no elements of finite order different from
the identity: Let Xu be the simply connected compact symmetric space
dual to G/K. For integers p, 0 ≤ p < rG, the pth Betti numbers of
Γ\G/K and Xu are equal and equal todimHp(g, t;C).
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For a more detailed discussion of the results above the reader should83

consult [18] and [4].
The vanishing theorem (15.2) has been proved in the general setting

of a real semisimple Lie group [4], [39]. In the general setting the con-
stantrG is replaced by the split rank ofG. For a type of generalization of
(15.1) to a general real semisimple Lie group the reader should consult
the recent article of Vogan and Zuckerman [35].

As a second corollary to (15.1) we note that ifZ satisfies the hy-
potheses of (15.1) then the distribution character ofZ is completely de-
termined. It is the character of a representation induced from a one
dimensional representation of a parabolic subgroup.

Lastly we consider general results for special cases. For the cases
where the rank ofg0 is one or two org0 ≃ sℓ(4) or sℓ(5), Duflo [10],
[11], has determined the unitarizable admissible irreducible (g, t) - mod-
ules. This work forsℓ(n), n = 2, 3, 4, 5, suggests a generalization of
(15.1). If g0 is of typeAℓ then we might expect that every unitarizable
irreducible admissible (g, t)-module is equivalent to a representation in-
duced from a quasi character of a parabolic subgroup ofG. For the other
types the description in [10] already shows that the picturewill be more
complicated. There are unitary representations which are not induced.





Chapter 16

Connections with the derived
functors introduced by
Zuckerman

We begin this section with a description of certain right derived functors 84

introduced by Zuckerman [40]. Following this we consider connections
between these derived functors and the lattice functorτ.

Let g be a finite dimensional Lie algebra overC and lett and t be
subalgebras ofg with g ⊃ t ⊃ t. Also assume botht and t are reduc-
tive in g. For any Lie algebrasa, b with a ⊂ b, let C(b, a) denote the
category ofb-modules which areU(a)-locally finite and semisimple as
a-modules. LetS be the additive covariant functor defined onC(g, t) by
letting S(X) be the maximal subspace ofU(t)-locally finite vectors in
X, X ∈ C(g, t). The categoriesC(t, t) andC(g, t) admit sufficiently many
injective objects to insure that any object has an injectiveresolution. We
may thus define the right derived functors ofS. Let X ∈ C(t, t) and
let 0 → X → X0 → X1 → . . . be an injective resolution ofX. Then
0 → S X0 → S X1 → . . . is a complex and we defineRiS(X) to be the
ith cohomology group of this complex. IfX ∈ C(g, t) then by taking
an injective resolution inC(g, t) and applyingS, we obtain another set
of right derived functors which we denote byRi

gS. From Lemma 3.1
[19], we find that each injective object inC(g, t) remains injective when
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considered as an object ofC(t, t). From this we have

16.1 Lemma. For X ∈ C(g, t), let Xt denote thet-module underlying
X. Then, for i∈ N, the t-module underlying RigS(X) is isomorphic to
RiS(Xt). This lemma shows that the functors RiS may be employed to85

determine thet-module structure of theg-modules RigS(X), X ∈ C(g, t).
The next step is then the determination of RiS(M) for a Vermat-module
M. Assume t is a CSA fort and Pt is a positive system of roots. Letδt
equal half the sum of positive roots and letwt denote the Weyl group.
For µ ∈ t∗, let M(µ) be the Vermat-module with highest weightµ − δt
and ifµ is integral, let Fµ be the irreducible finite dimensionalt-module

with extreme weightµ. Put d=
1
2

dim t/t = cardPt.

16.2 Proposition. Letµ ∈ t∗ be antidominant and let s∈ wt. Then

RiS(M(sµ)) =



























Fµ+δt if µ is regular and

i = d + ℓ(s)

0 otherwise

An elementary proof of (16.2) is given in [19] (cf. Proposition 6.3 and
Theorem 4.3 in [19]) where it is also shown that (16.2) is equivalent to
the Bott-Borel-Weil Theorem.

We now specialize to the setting of these notes. Letg, t andt be as
in § 6. Using (16.1) and (16.2), the arguments in [15] as well as those
in § 5 through§ 10 in these notes can be carried out when the lattice
functor τ is replaced by the “middle dimension” derived functorRd

gS,

d =
1
2

dim t/t. For example, recalling the principal series modules, the

precise analogue of Theorem 9.1 is:

16.3 Theorem. Let λ = (λ, λ′) ∈ L and assume M(λ′) is irreducible.86

Then

Ri
gS(M(λ)) =















X(λ) if i = d

0 if i , d.

Assume M(λ′) is irreducible. The categoryO ⊗ M(λ′) is t-semisimple
by (3.9); and so, by (16.1) each Ri

gS is an exact functor onO ⊗ M(λ′).
This fact, (16.3) and the arguments of section ten combine toprove:
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16.4 Theorem. (a) For i ∈ N, i , d, the functor RigS is zero onO ⊗
M(λ′).

(b) Rd
gS is an exact functor onO ⊗ M(λ′).

(c) For λ ∈ L satisfying (6.5),

Rd
gS(L(λ)) ≃ Z(λ) = τL(λ).

From these results one might guess that the results of section thirteen
also remain true withτ replaced byRd

gS. However, if true a different
proof must be supplied. A related question is whether or notτ andRd

gS
are naturally equivalent on some special category ofg-modules. The
results of these notes suggest that the category should containO⊗M(λ′)
for M(λ′) irreducible.

Lastly we give a rank two example to show that the category referred
to above cannot be too large. For this example, letg = t = sℓ(3,C). Fix
µ dominant integral and regular and letα andβ be the simple roots of
the positive systemPt. PutM = M(sαµ), L = L(sαµ), M′ = M(sαsβsαµ)
and note thatM′ is an irreducible Verma module.

16.5 Lemma. There exists a nontrivial extension of M′ by M. 87

Proof. Let Ext∗ denote the right derived functors of Hom on the cate-
gory O. Consider the short exact sequence 0→ J → M → L → 0 and
apply Ext∗(M′, ·). We obtain the long exact sequence.

· · · → Hom(M′, L)→ Ext1(M′, J)→ Ext1(M′,M)→ · · · .

Clearly Hom(M′, L) = 0; and so, to prove the lemma it is sufficient
to check that Ext1(M′, J) , 0. Now consider the short exact sequence
0 → M′ → J → B → 0 whereB = L(sαsβµ) ⊕ L(sβsαµ). Applying
Ext∗(M′, ·) to this short exact sequence we obtain:

· · · → Ext1(M′, J)→ Ext1(M′, B)→ Ext2(M′,M′)→ · · · .

However, Delorme has shown that Extj(M(sµ), L(rµ)) = 0 if j >
ℓ(s) − ℓ(r). Therefore, Ext2(M′,M′) = 0; and so, to see that Ext1(M′,
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J) , 0 it is sufficient to check Ext1(M′, B) , 0. But the algebraic dual of
M(sαsβµ) ⊕ L(sβsαµ) gives a nonzero extension ofM′ by B (cf. section
three). This shows Ext1(M′, B) , 0. So, as noted above, Ext1(M′,M) ,
0 and this completes the proof. �

16.6 Proposition. Let E be ta nontrivial extension of M′ by M as above.
Then

τE = 0 RiS(E) =















Fµ−δ if i = 3 or 5

0 otherwise.

Proof. SinceE is a nontrivial extension, the dimensions of the spaces88

of nt-invariants of weightsαsβsαµ − δ andsαµ − δ are both one. Then,
by Proposition 4.13 [15],τE = 0. �

From the short exact sequence forE we obtain the long exact se-
quence

· · · → RiS(M)→ RiS(E)→ RiS(M′)→ Ri+1S(M)→ · · · .

Now (16.6) follows from the formulae (16.2).
In this exampled = 3; and so,τE , RdS(E).
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ples complexes de rang deux, Bull. Soc. Math. Fracnce, 107
(1979). 55-96.

[11] M. Duflo, Representations unitaires des groupes semi-simple com-
plexes, preprint.

[12] T. J. Enright and V. S. Varadarajan, On an infinitesimal characteri-
zation of the discrete series, Ann. of Math. 102 (1975), 1-15.

[13] T. J. Enright and N. R. Wallach, The fundamental series or rep-
resentations of a real semisimple Lie algebra, Acta Math. 140
(1978), 1-32.

[14] T. J. Enright and N. R. Wallach, The fundamental series of
semisimple Lie algebras and semisimple Lie groups, manuscript.

[15] T. J. Enright, On the fundamental series of a real semisimple Lie90

algebra: their irreducibility, resolutions and multiplicity formulae,
Ann. of Math., 110 (1979), 1-82.

[16] T. J. Enright, On the construction and classification ofirreducible
Harish-Chandra modules, Proc, Natl. Acad. Sci. 75 (1978), 1063-
1065.

[17] T. J. Enright and R. Parthasarathy, The transfer of invariant pair-
ings to lattices, to appear in Pac. J. of of Math.

[18] T. J. Enright, Relative Lie algebra cohomology andunitary repre-
sentations of complex Lie groups, Duke Math. J. 46 (1979), 513-
525.

[19] T. J. Enright and N. R. Wallach, Notes on homological algebra and
representations of Lie algebras, Duke Math. J. 47 (1980), 1-15.

[20] I. M. Gel’fand and M. A. Naimark, Unitary Representations of the
Classical Groups, Trudy Mat. Inst. Steklov. 36 (1950).



BIBLIOGRAPHY 85

[21] Harish-Chandra, Representations of a semisimple Lie group II, III,
Trans. Amer. Math. Soc. 76 (1954), 26-65, 234-253.

[22] Harish-Chandra, The characters of semisimple Lie groups, Trans.
Amer. Math. Soc., 83 (1956), 98-163.

[23] P. J. Hilton and U. Stammbach, A Course in Homological Algebra,
Springer-Verlag, 1970.

[24] J. C. Jantzen, Moduln mit einen höchsten Gewicht, Lectures Notes
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