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Introduction

THESE NOTES ARE the outcome of a series of lectures I gave in the
winter of 1975–76 at the Tata Institute of Fundamental Research, Bom-
bay. The object of the research, we –D. FERRAND, L. GRUSON, C.
PESKINE and I–started in Paris was, roughly speakingto find out the
equations defining a curve in projective 3-space(or in affine 3-space or
of varieties of codimension two in projective n-space.) I took the oppor-
tunity given to me by the Mathematics Department of T.I.F.R,to try to
put coherently the progress made by the four of us since our paper [11].
Even though we are scattered over the earth now, (RENNES, LILLE,
OSLO and BOMBAY:) these notes should be considered as the result of
common of all of us. I have tried in the quick description of the chapters
to obey the “Redde Caesari quae sunt Caesaris.”

Chapter 1 contains certain prerequisites like duality, depth, divisors
etc. and the following two interesting facts:

i) An example of a reduced curve inP3 with no imbeddedsmooth
deformation (an improvement on the counter example “6.4” in
[11] which was shown to me by G. Ellingrud from Oslo who also
informed me that it can be found in M. Noether [10]).

ii) A proof that every locally complete intersection curve in P3 can
be defined by four equations.

Chapter 2 is my personal version of the theory of conductor for a
curve. A long time ago, O. Zariski asked me what my understand-
ing of Gorenstein’s theorem was and this chapter is my answer;
even though it contains no valuations and I wonder if it will be to

v



vi Introduction

the taste of Zariski. In it I first recall classical facts known since
Kodaira, through duality. The three main points are as follows:

If X is a smooth surface, projective over a field k, C, a reduced

irreducible curve onX,X
g
−→ X, a finite composition of dilations,

such that the proper transformC of C on X is smooth, one has:

a) the conductorf is related to dualizing sheaves by

f = g∗ωC ⊗ ω
−1
C

b) Gorenstein’s theorem is a simple consequence ofH1(P2,

OP2) = 0.

c) Regularity of the adjoint system is equivalent toH1(X,
OX(C)) = 0.
We conclude the chapter with a counter-example which is
new in the litterature:

d) A curveC on a surfaceX over a field of characteristicp ≥ 5,
such that

i) OX(C) is ample.
ii) Kodaira vanishing theorem holds i.e.H1(X,OX(−C)) =

0.
iii) Regularity of the adjoint does not hold.

i.e. H1(X,OX(−C)) , 0.

We also give the proof - shown to us by Mumford -
that such a situation cannot occur in zero characteristic;
i.e. H1(X,OX(−C)) ≃ H1(X,OX(−C)) over characteris-
tic zero fields.
Chapter 3 contains two classical theorems by Castel-
nuovo. These theorems have been dug out of the lit-
terature by L. Gruson. My only effort was to write
them down (with Mohan Kumar). The point, in modern
language, is to give bounds for Serre’s vanishing theo-
rems in cohomology, in terms of the degree of the given
curve inP3. The two results are the following:



Introduction vii

If C is a smooth curve inP3, J its sheaf of ideals andd
its degree, then

a) H2(P3, J(n)) = 0 n ≥ d−1
2

b) H1(P3, J(n)) = 0 n ≥ d − 2

The reader who is interested in equations defining a curve canon-
ically embedded may read the version of Saint-Donat [14] of Petri’s
theorem, in which coupling the above results with some geometric ar-
guments, he gets the complete list of equations of such a curve. (In
general they are of degree 2, but here we only get that the degree is less
than or equal to three.)

In Chapter 4 we give an answer to an old question of Kronecker (and
Severi): a local complete intersection curve in affine three space is set
theoretically the intersection of two (algebraic) surfaces. We also give
the projective version of D. Ferrand: a local complete intersection curve
in P3 is set-theoretically the set of zeroes of a section of a rank two vector
bundle. Unfortunately such vector bundles may not be decomposable.
The main idea - which is already in [11], example 2.2 - is that if a curve
C is “liee” to itself by a complete intersection, then the ideal sheaf of
the curveC in OX is - upto a twist - the dualising sheafωC of C ([11],
Remarque 1.5). Starting from that, we construct an extension of OC by
ωC, with square ofωC zero, and then a globalisation of a theorem of R.
Fossum [3] finishes the proof. The globalisation is harder inthe case of
D. Ferrand. It must be said that the final conclusion inA3 has been made
possible by Murthy-Towker [9] (and now Quillen-Suslin [12]) theorem
on triviality of vector bundles onA3. Going back to rank two-vector
bundles onP3 we have now three ways of constructing them:

• Horrock’s

• Ferrand’s

• and by projection of a canonical curve inP3

It will be interesting to know the relations between these families.
We take this opportunity to ask the following question: Can one gener-
alise Gaeta’s theorem (for e.g. [11] Theorem 3.2) in the following way:
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Is every smooth curve inP3 liee by a finite number of “liaisons” to
a scheme of zeroes of a section of a rank two-vector bundle?1

Or as R. Hartshorne has suggested: “What are the equivalenceclasses
of curves inP3, modulo the equivalence relation given by “liaison”. A
start in this direction has been taken by his student. A. Prabhakar Rao
(Liaison among curves in Projective 3-space, Ph.D. Thesis [13]).1

I have news from Oslo, saying that L. Gruson and C. Peskine are
starting to understand the mysterious chapter 3 of Halphen’s paper [5].
I hope they will publish their results soon. These works and the yet
unpublished notes of D. Ferrand on self-liaison would be a good piece
of knowledge on curves in 3-space.

N. Mohan Kumar has written these notes and it is a pleasure for
me to thank him for his efficiency, his remarks and his talent to convert
the “franglais” I used during the course to “good English”. The reader
should consider all the “gallissisms” as mine and the “indianisms” him.
It has been a real pleasure for me to work with him and to drink beer with
him in Bombay - a city which goes far beyond all that I had expected, in
good and in bad. I thank the many people there who gave me the oppor-
tunity of living in India and also made my stay enjoyable - R. Sridharan,
M.S. Narasimhan, R.C. Cowsik, S. Ramanan and surprisingly Okamoto
from Hiroshima University. The typists of the School of Mathematics
have typed these manuscripts with care and I thank them very much. I
also thank Mathieu for correcting the orthographic mistakes and Rosalie
- Lecan for the documentation she helped me with.

1these questions have now been answered by A.P. Rao (the first negatively) in his
paper: “Liaisons among curves inP3” Inventiones Math. 1978.
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Chapter 1

Preliminaries

1

IN THIS CHAPTER, which we offer as an introduction, one will not1
find many proofs. The aim is to state clearly some concepts so that we
can speak rigorously of the different ideals defining a projective embed-
ded variety. We give also the duality theorems and some of their conse-
quences (finiteness, vanishing and Riemann-Roch theorem for curves),
notions which play the role of ‘Completeness of a linear system’ or
‘Specialness of a divisor’. The reader will find complete proofs of two
intersecting facts:

(i) There exists a curve inP3 with no imbedded smooth deformation.

(ii) Every curve inP3 which is locally a complete intersection can be
defined by four equations.

For simplicity we throughout assume that the base field is algebraically
closed.

A graded ring Ais a ring of the form:

A = A0 ⊕ A1 ⊕ A2 ⊕ . . . ,

such thatA0 is a ring,Ai ’s are allA0-modules andAi .A j ⊂ Ai+ j . Any f ∈
Ai for somei is said to be ahomogeneous elementof A. An ideal I of A

1



2 1. Preliminaries

is said to be a graded ideal, ifΣ fi ∈ I , with fi ∈ Ai (i.e. fi homogeneous)
then fi ∈ I .

AssumeA0 is a field and alsoA is generated byA1 over A0. A1

a finite dimensional vector space overA0. We defineX = ProjA as
follows: Set theoreticallyX = {All graded prime ideals of A , A1 ⊕

A2 ⊕ . . .}.
We will give X a scheme structure, by coveringX by affine open

sets: Letf ∈ A1. Then,2

Af = (Af )0[T,T−1], (*)

where (Af )0 =

{
g
f n g ∈ An

}
. (degree 0 elts. inAf .)

(Af )0 is clearly a ring with identity.
(∗) is got by mappingT to f andT−1 to f −1 in Af . Denote byXf the set
{p ∈ X/ f < p}, clearly there is a canonical bijection

Xf ↔ Spec(Af )0.

Transferring the scheme structure toXf and verifying that this struc-
ture is compatible as we varyf ∈ A1, we get a scheme structure onX.

Example. 1. Let A = K[X0,X1 . . .Xn] be polynomial ring inn + 1
variables graded in the natural way:A0 = k.A1 = vector space
of dimensionn + 1 with X0, . . . ,Xn as generators i.e.A1 = set
of all homogeneous linear polynomials inXi ’s. An = set of all
homogeneous polynomials in

Xi ’s of degn.

Then ProjA = Pn, the projective space of dimensionn.

2. Let I be any ideal ofA generated by homogeneous polynomials
{ f1, . . . , fn}. Then A′ = A/I is a graded ringX = ProjA′ and
ProjA = Pn : X is the closed subvariety ofPn defined by equations
( f1, . . . , fn).

M = ⊕
n∈Z

Mn is said to be agraded A-moduleover the graded ring

A = ⊕
i≥0

Ai if M is anA-module andAi .Mn ⊂ Mn+i.
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If M ia a gradedA-modale we can associate a sheafM̃ to M over
X = ProjA as follows: OverXf we define the sheaf to be (M f )0

where (M f )0 is the set of degree zero elements ofM f . It is a 3

module over (Af )0. [Recall thatXf = spec(Af )0]. One can check
that this defines a sheaf overX.

REMARK. Ã = OX.
If M is a graded A-module, we define M(n) to be the graded A-

module given by, M(n)k = Mn+k. We denoteM̃(n) by M̃(n). In particu-
lar.

Ã(n) = Ã(n) = OX(n).

If F is any sheaf on X, we denote by F(n) the sheaf F⊗OX OX(n). If
X = ProjA, then Y= specA is defined to be a cone over X.

et P denote the point in Y corresponding to the special maximal
ideal A1 ⊕ A2 ⊕ . . .P is defined as the vertex of the cone Y over X.

Let I be any graded ideal of A. Then A/I is a graded ring. Denote by
Z, the schemeProjA/I. It can be easily checked that the canonical map
A −→ A/I induces a closed immersion Z→ X = ProjA. Conversely
given a closed subscheme Z of X, we can find a graded ideal I⊂ A, such
that the canonical mapProjA/I −→ X is an isomorphism ofProjA/I
with Z. Then we say that I ideally defines Z in X. But this I is not
completely determined by Z. One can check that if I is any ideal defining
Z, then so does Imn where m corresponds to the special maximal ideal
of A. (i.e. it corresponds to the vertex of the given cone)
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Since we are assuming that A0 = k is a field and A is generated by
A1 over k, where A1 is finite dimensional over k, we have a graded ring
homomorphism,4

R= k[X0,X1, . . .Xn] −→ A,

which is surjective. [Polynomial rings have the canonical grading]. The
kernel is a graded ideal J in R. So we have a closed immersion X=
ProjA ֒→ ProjR= Pn

k.
Thus all the schemes we have considered are closed subschemes in

somePn
k (In particular they are all projective).

REMARK. We have already seen that J need not be unique. But if X is
reduced and if we insist that R/J is also reduced then J is unique. [Take
J = root ideal of any ideal defining X].

If X = ProjR/J, i.e. J is some ideal of R defining X then using (*)
one can verify thatspecR/J−[P] is uniquely determined. In other words
any ideal J which defines X ideally determines the corresponding cone
everywhere except the vertex.

Examples. 1. LetR= k[X0,X1]. So ProjR= P1
k.

Let J1 = (X0) andJ2 = (X2
0,X0X1). Then ProjR/J1 � ProjR/J2.

J1 ⊃
,

J2. Note that (R/J1)P is Cohen-Macaulay (∵ depth(R/J1)P =

1) and depth(R/J2)P = 0, whereP is the vertex.

2. Take the imbedding ofP1 in P3 given by: (x0, x1) −→ (x3
0, x

2
0x1,

x0x2
1, x

3
1). Then an ideal defining the image inP3 is J = (X0X3 −

X1X2,X0X2−X2
1,X1X3−X2

2). We see that the variety is not a com-
plete intersection and the vertex of the cone is also not a complete
intersection. We will show now how properties of the vertex affect5

the variety itself.

PROPOSITION 1.1. Let A = k⊕ A1 ⊕ A2 ⊕ . . . be a graded ring where
A1 is a finitely generated vector space overk generatingA as a graded
k-algebra. LetP be the vertex. Then

i) AP is Ri =⇒ ProjA is Ri

ii) AP is Si =⇒ ProjA is Si
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iii) AP is a complete intersection=⇒ ProjA is locally completely
intersection

iv) AP is aU.F.D =⇒ A is factorial

Proof. Assume thatAP has #. Let # denote any of the properties (i), (ii),
(iii). Since ProjA is covered by open sets of the type SpecA( f )◦ , f ∈ A1,
it suffices to prove that # holds for each one of them.

So letp ∈ SpecA( f )◦ . We want to show that (A( f )◦ p has # But (A( f )◦ p

has #⇐⇒ A( f )◦ [T,T
−1]p[T,T−1] has #.

As we have already seenA( f )◦ [T,T
−1] ≃ Af and thenp[T,T−1] will

correspond to a prime idealqAf , (q ֒→ A a homogeneous prime ideal.)
So it suffices to show that # holds forAf (qAf ). Now q is contained inP,
sinceq is homogeneous andAf (qAf ) ≃ AP(qAP) . The result then follows
from the fact thatAP has # and hence any localization ofAP also has #.
As iv) is easy we leave it to the reader. �

2 Cohomology of Coherent Sheaves:

Let R = k[X0, . . . ,Xn]. Then to any coherent sheafF on Pn, one can 6

associate a gradedR-moduleF of finite type. This correspondence is
not unique. But given a gradedR-moduleF, we can associate to it a
unique sheaf onPn. For the definition of cohomology and results on
cohomology we refer the reader toFAC by J.P. Serre and local coho-
mology by A. Grothendieck. We denote byOPn(1) the line bundle got
by hyperplane inPn.

REMARK. OPn(−1) = Hom(OPn(1),OPn) = (OPn(1))v.

PROPOSITION 2.1. There is an exact sequence for any gradedR-
moduleM

0 −→ H0
P(M) −→ M −→ ⊕

m∈Z
H0(Pn, M̃(m)) −→ H1

P(M) −→ 0,

and Hi+1
P (M) = ⊕

m∈Z
Hi(Pn, M̃(m)) i ≥ 1.
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Proof. This statement is almost the same as Prop. 2.2 in LC. Putting
X = SpecRandP = Y in that result we get

0 −→ H0
P(M) −→ M −→ H0(SpecR− {P}, M̃) −→ H1

P(M) −→ 0,

whereM̃ is the sheaf defined byM on SpecR− P and

Hi+1
P (M) � Hi(SpecR− P, M̃), i > 0.

So we only have to check thatHi(SpecR− P, M̃) � ⊕
m

Hi(Pn,M(m)),

for every i, canonically. We have a map SpecR− P
p
−→ Pn which is a

surjection and an affine map. So

Hi(Pn, p∗M̃) −→ Hi(SpecR− P, M̃).

So we want to show that,

Hi(Pn, p∗M̃) = ⊕
m

Hi(Pn,M(m)), ∀i .

7

But one checks that

p∗M = ⊕
m

M̃(m)

canonically and the result follows. �

Example. M̃ = OC, whereC is a reduced curve inPn.M = R/J.J is an
ideal definingC.

R/J = ⊕H0(Pn,R/J(m)) = ⊕H0(Pn,OC(m))

whereOC(m) = OC(1)⊗m andOC(1) = OPn(1)/C

⊕H0(Pn,OC(m)) = ⊕H0(C,OC(m)).

Claim. The map R/J −→ ⊕H0(C,OC(m)) is injective if J is the biggest
ideal defining C.

From the above exact sequence, we get
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if R/J −→ ⊕H0(C,OC(m)) is injective
then H0

P(R/J) = 0i.e. depthP R/J ≥ 1. (By Theorem 3.8 of
LC.)
then P is not an imbedded component
hence J is the biggest ideal defining C.

Claim. If C is a smooth curve,

R/J −→ ⊕
m

H0(C,OC(m))

is surjective if and only if C is arithmetically normal.
By the above exact sequence

• R/J −→ ⊕H0(C,OC(m)) is injective and surjective 8

• H0
P(R/J) = H1

P(R/J) = 0 depthP R/J ≥ 2 by Th. 3.8 of LC

sinceSpecR/J − [P] is normal we have to check normality only at P.
Since P is of codim 2 inSpecR/J, (R/J)P is normal by Serre’s criterion.

i.e. C is arithmetically normal

3 Vanishing Theorem and Duality

Vanishing Theorem (Serre). Let F be a coherent sheaf onPn Then
for all i > 0,Hi(Pn,F (m)) = 0 andH0(Pn,F (m)) generateF (m) asOPn

module form≫ 0.

Duality Theorem. Let F be a locally free sheaf onPn, of finite type.

ωPn =
n
ΛΩPn/k, whereΩ1

Pn/k is the sheaf of differentials. SoωPn =

OPn(−n − 1). ThenHi(Pn,F ) × Hn−i(Pn,F ⊗ ω) −→ Hn(Pn, ω) ≃ k
is a perfect pairing.

Duality on a Locally Cohen-Macaulay CurveC: Let F be a locally
sheaf of finite rank onC ֒→ Pn. Then,

Hi(C,F )×H1−i(C,F v⊗ωC)
∼
−→ H1(C, ωC) is a perfect pairing, with

ωC = Extn−1
Pn (OC, ωPn).

1. If X is smooth,ωX =
max
Λ Ω1

X/k.
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2. Let X and Y be equidimensional locally Cohen-Macaulay vari-
eties withX ֒→ Y. If c is the codimension ofX in Y, then

ωX = Extc(OX, ωY).

COROLLARY. If X and Y are as above with X a divisor on Y,
then(L ⊗ωY)|X = ωX where L is the line bundle associated to the
divisor X.

3. Let X and Y be equidimensional locally Cohen-Macaulay vari-9

eties with a finite surjective morphismX
f
−→ Y. Then

f∗ωX = HomOY
( f∗OX, ωY).

4. LetY be a locally Cohen-Macaulay variety.Pn
Y = P

n×
k

Y, Pn
Y −→ Y

be the projection. Then

ωPn
Y
= π∗ωY ⊗OPn

Y
(−n− 1).

The above results can be found in either of the following:FAC by
J.P. Serre or Introduction to Grothendieck Duality Theory,A. Altman
and S. Kleiman.

Example 1.If C is a local complete intersectionωC is a line bundle.

Example 2.If C is smoothωC = Ω
1
C/k.

4 Divisors, Line Bundles and Riemann-Roch Theo-
rem.

Let X be a scheme,OX its structures sheaf,KX the sheaf of meromorphic
functions onX,O∗X the sheaf of units ofOX,K∗X the sheaf of units of
KX. We call a collection [fi ,Ui] whereUi ’s are affine open inX and
fi ∈ Γ(Ui ,K∗), Cartier Divisor on X if fi f −1

j ∈ Γ(Ui ∩U j ,O∗X).
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Example. If we take fi = 1, ∀i , then this line bundle is preciselyOX.
For a more detailed description of divisors and line bundlesthe

reader can refer to almost any of the Geometry books; for instance D.
Mumford, “Lectures on Curves on an Algebraic Surface”.

Let C −→ Pn be a locally complete intersection-curve inPn. Let C
be reduced and connected. LetL be a line bundle onC.

χ(L) = dim H0(C, L) − dimH1(C, L).

p = dim H1(C,OC) = dimH0(C, ωC) is called thearithmetic genus.
We define degree of line bundle to be,

d◦L = χ(L) − χ(OC).

10

Riemann-Roch Theorem.d◦L is additive i.e. d◦(L⊗M) = d◦L+ d◦M.
Let D ֒→ C be a closed subschem locally defined by one equation

which is a non-zero divisor. Then D is an effective Cartier divisor. If JD
is its ideal we have the following exact sequence

0 −→ JD −→ OC −→ OD −→ 0.

and JD is a line bundle.

DEFINITION. JD = OC(−D).

d◦OC(1) = d◦(C), if C −→ P3 is a curve.

If C is aproj Curve ofdegd in P2, then,

p =
(d − 1)(d − 2)

2

For a proof of this fact see ‘Elements of the Theory of Algebraic Curves’
by A. Seidenberg, pp. 118. If g is the geometric genus of C, then p≥ g.

Bezout’s Theorem.If X,Y ֒→ Pn proj varieties imbedded inPn dimX =
r, dimY = n − r and dim(X ∩ Y) = 0, degX = d1, degY = d2, then
d◦(X ∩ Y) = d1d2.
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Example.A curve inP3 with no imbedded smooth deformation.

Smmoth deformation. We define a smooth imbedded deformation of
a schemeY

closed
−−−−→ Pn as: S an irreducible parametrizing family,X a

scheme. Such that there exists a commuting diagram,

X
f //

��

S

Pn ×
k

S

==
{

{
{

{
{

{
{

{

where f is flat, X(s◦) ֒→ Pn
k(s◦)

is the given morphismY −→ Pn.11

We know by results of M. Schaps (Asterisque 1973n◦ 7–8 colloque
surles singularities en geometrie analytyque, Cargese 1972) that given
any locally Cohen-Macaulay curve inP3 it has a smooth deformation.
More precisely given a locally Cohen-Macaulay curveC ֒→ P3, there
exists a schemeX, a discrete henselian valuation ringV and a line bun-
dle L on X, such that we have a morphism flatX ֒→ SpecV with the
following properties.

If s◦ ∈ SpecV is the closed point of SpecV, s ∈ SpecV, the generic
point, thenX(s◦) = C,X(s) is smooth andL(s◦) = OC(1). To have an
imbedded smooth deformation we must also haveL(s) very ample. Here
we construct an example such thatL(s) is not very ample for any choice
made.

Let C be a plane smooth curve of deg 4.L a line inP3 not in the
same plane asC and intersectingC exactly at one pointP, transversally.
LetZ = CUL. We claimZ has no smooth deformations inP3.
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Straight line

smooth curve

If one has Flatness ofX −→ SpecV as above thend◦(Z) is constant
on the familyX and for generics, arithmetic genus ofX(s) = arithmetic
genus ofX(s◦) = p andχ(OZ(n)) = nd◦(Z)− p+ 1 byR−R. Moreover
here we haved◦(Z) = 5. There exists an exact sequence 12

0 −→ OZ −→ OC ⊕OL −→ OP −→ 0.

So

0 −→ H0(OZ) −→ H0(OC ⊕OL) −→ H0(OP) −→ H1(OZ) − −−

−→ H1(OC ⊕ (OL) −→ 0.

So dimH1(OZ) = dim H1(OC⊕OL) = p becauseH1(OL) = 0. Since
C is a plane curve of deg 4,

pC = H1(OC) =
(4− 1) (4− 2)

2
= 3,

hencep = 3.
χ(OZ(n)) = 5n− 3+ 1 = 5n− 2.

Now we claim that ifZ′ is a smooth deformation, thenZ′ is a plane
curve. SincedZ′ = 5 andp = 3

p =
(5− 1) (5− 2)

2
= 6 , 3.
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So this will give us the required contradiction. LetJ be the ideal of
ZWe want to,

0 −→ J(1) −→ OP(1) −→ OZ(1) −→ 0.

0 −→ H0(J(1)) −→ H0(OP3(1)) −→ H0(OZ′(1)) dimH0(OP3(1)) = 4.

dim(H0(OZ′(1)))− dim H1(OZ′(1)) = degOZ′(1)− p+ 1

dim(H0(OZ′(1))− dimH1(OZ′(1)) = 5− 3+ 1 = 3.

So if we show thatH1(OZ′(1)) = 0 we are through. ButH1(Z′,13

OZ′(1)) = H0(Z′, ωZ′(−1)), d◦ω,= 2p−2 = 4, d◦(ωZ′(−1) = d◦(ωZ′ )−
d◦(δZ′ (1)) = 4− 5 = −1.H0(C,L) = 0 if L is a line bundle on a smooth
connected curve andd◦L < 0.

PROPOSITION 1.2. Let C ֒→ P3 be an equidimensional curve which
is locally a complete intersecion. Then there existF1, F2, F3, F4 forms
in R = k[X0,X1,X2,X3] such that Proj(R/F) = C whereF = (F1, F2,

F3, F4).R.

Proof. We prove the result by choosingFi ’s successively as follows.

1. ChooseF1 such thatC is a divisor on the surface defined by zeros
of F1.

2. F2 is chosen such that (F1, F2) generate the ideal ofC generically.
So ideal generated by (F1, F2) is equal to the ideal ofC at almost
all points ofC.

3. We chooseF3, such that (F1, F3) generate the ideal ofC at those
finite number of points ofC where (F1, F2) is not equal to the
ideal ofC andV(F1, F2, F3) has no one dimensional components
other than that ofC.

4. F4 is chosen such that it does not pass through the zero dimen-
sional components ofV(F1, F2, F3).

We use the following eassy lemmas:

1. Serre. Let M be a vector bundle of rankr on a varietyX. Let
V ⊂ H0(X,M) be a finite dimensional vector space and assume
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(a) r > dimX

(b) For all closed pointsx ∈ X, the map fromV to M ⊗ k(x) is
surjective.

Then there is an open non empty zariski set of elementss∈ V whose
image in every spaceM ⊗ k(x) is non-zero.
See: Lectures on Curves on an Algebraic surface by D. Mumford
pp. 148. �

II. Lemma of Devissage (i).Let I , Ji , i = 1, . . . n be ideals of a ringA 14

and at most two of theJi ’s are not prime. IfI ⊂ ∪
i=1

Ji then I ⊂ Ji for

some i.

II. Lemma of Devissage (ii). If E is a vector space over a fieldk and
{Ei}i∈I sub-vector spaces ofE with #I < #k, thenE = UEi ⇒ E = Ei

for some i.

1. Existence ofF1. Let I be the ideal sheaf of the curve. ThenI/I2

is a vector bundle of rank 2 overOC by assumption. The exact
sequence

I (n)
ϕ
−→ I/I2(n) −→ 0 gives a map,

H0(P3, I (n))
ϕ
−→ H0(P3), I/I2(n)) = H0(C, I/I2(n)),

for everyn. Since for large enoughn, I/I2(n) is generated by sec-
tions andϕ is surjective we conclude thatℑϕ generatesI/I2(n)
for large enoughn. Since rankI/I2 > dimC, by (I ) we have
F1 ∈ H0(P3, I (n)) such thatϕ(F1) is nowhere vanishing onC. So
C lies on the surfaceY defined byF1 = 0, ϕ(F1) is nowhere van-
ishing onC implies that it can be considered as one of the two
generators ofI at every point ofC. SoI/(F1) which is a sheaf on
Y is locally one-generated and it is clear that the generator is not
a zero divisor at those point. SoC is a divisor onF1.

2. ChooseF2 as the local equation ofC on Y at some point. So in
a neighbourhood of that point (F1, F2) generateI .i.e. (F1, F2) is
generically equal toI .
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3. Let P1,P2 . . .Pm be all the points ofC where (F1, F2)  IPi . Let
V ⊂ H0(Y, I(n)

(F1) ) for large enoughn such thatV generatesI(n)
(F1) . Let

us denote
IPi
F1

by I Pi . Then we have a natural mapV
α
−→

m⊕
i=1

I Pi/mi IPi

wheremi corresponds to the maximal ideal ofOPi . SinceV gen-
erates I

(F1) (n) at every point, the composite maps,

V
α
−→

m⊕

i=1

I Pi/mi I Pi

βi
−→ I Pi/mi IPi

are all surjective. So ker(βi ◦α)  V for every i. By III,
⋃
i=1

ker(βi ◦15

α) $ V. So in the natural Zariski topology onV, there exists a

non-empty open setV −
m⋃

i=1
ker(βi ◦ α) = W such that for any

s ∈W, βi ◦ α(s) , 0, ∀i .

Let us denote byR1,R2, . . .Rt the one dimensional components of
V(F1, F2), other than that ofC.

Again we have the map

V
α′

−−→

t⊕

i=1

ORi/mRi
induced from O −→ ORi

Since image ofV in ORi/mRi
generatesORi/mRi

asORi/mRi
-vector

spaces, we find that as before there exists a non-empty open set A
in V such that for anyu ∈ A, α′(u) has all components non-zero.

SinceA andW are non-empty open subsets ofV, which is irre-
ducible,A∩W , φ. Let s ∈ A∩W. s ∈ H0(Y, I(n)

F1
). Sos comes

from a homogeneous polynomialF3 ∈ I . Sinceβi ◦ α(s) , 0
and I Pi is one generated we see thatβi ◦ α(s) is generated by
βi◦α(s)i.e. (F1, F3)Pi = IPi ∀Pi . Again we see that sinceα′(s) , 0
in every one of theORi/mRi

, (F1, F3)Ri = ORi i.e. Ri ’s are not com-
ponents of this variety. So we have,

(F1, F2, F3)P = IP at every P ∈ C.

The only irreducible components ofV(F1, F2, F3) are compo-
nents ofC and finitely many closed points.
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4. We chooseF4 ∈ I which does not vanish at these zero dimen-
sional components. So one hasF1, F2, F3, F4 which generateI
onP3.

REMARK. There exist smooth curves (in particular, locally complete16

intersection) inP3 which are not ideally defined by three equations. See:
Corollary 7.2, Liaison des varietes algebriques. I, by C. Peskine and L.
Szpiro. Inventiones Math. (26, 1974.
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Chapter 2

The Theory of Adjoint
Systems

THIS CHAPTER DEALS with the conductorf of a reduced irreducible17

curveC with respect to its normalisation̄C. The material is fairly classi-
cal, but we have developed it from the point of view of duality. We will
show that there is a very simple relation between the conductor and the
sheaf of differential (or the dualising sheaf), namely

f = ϕ∗ωC̄ ⊗ ω
−1
C ,

whereϕ is the canonical morphism̄C −→ C.
From this fact and the computation of the dualising sheaf forthe

blowing up of a point on a smooth surface, we get that, adjointcurves
are those, whose equation is in the ‘conductor’. The classical theorem of
Gorenstein (adjoints of degreem−3 cut out onC, the complete canonical
system ofC̄) is an easy consequence of the previous considerations. So
is the local formulan = 2δ. This point of view introduces very naturally
Kodaira’s vanishing theorem. When one tries to have a theorem similar
to Gorenstein’s, for a surface which is notP2. We recommend to the
interested reader, Pathologies III [8] of D. Mumford, whichcontains
a very nice proof of the regularity of the adjoint system for anormal
surface in characteristic zero. In§10 we give an example (charp > 0)

17
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of an ample divisor satisfying Kodaira’s vanishing theorem, but not the
regularity of the adjoint system.

1 Intersection Multiplicities

Let X be a projective, irreducible and non-singular surface. LetL1 and18

L2 be two line bundles onX. Then we define theintersection multiplicity
of L1 andL2 denoted by (L1.L2) as

(L1.L2) = χ(OX) − χ(L−1
1 ) − χ(L−1

2 ) + χ(L−1
1 ⊗ L−1

2 ).

If L2 = OX(D) for some divisorD, then (L1, L2) = deg(L1/D). Let
L1 = OX(D1) andL2 = OX(D2) such thatD1 andD2 have no common
components. Then,

(L1.L2) =
∑

Q∈X

length (OD1∩D2,Q).

The pairing (−· −) is bilinear.

2 Blowing up a Closed Subscheme

Let X be any scheme andY a closed subscheme ofX. Let J be the sheaf
of ideals ofY in OX.

DEFINITION. The blowing up of X with centre Y is the scheme Z=
Proj(OX ⊕ J ⊕ J2 ⊕ . . .).

We have a canonical morphism,f : Z −→ X where f is an isomor-
phism ofZ − f −1(Y) andX − Y. The blowing up has the following uni-
versal property. The imageJ.OZ of f ∗J in OZ is locally defined by one
equation which is a non-zero divisor. IfW is a scheme andg : W −→ X
a morphism such that the image ofg∗J in OW is isomorphic toOW(−D)
for some divisorD, theng factors throughZ, i.e. there exists a unique
morphismh : W −→ Z such that the following diagram is commutative



2. Blowing up a Closed Subscheme 19

W //

h
��

X

Z
f

>>
~

~
~

~
~

~
~

~

and the image ofh∗ (J.OZ) in OW is equal toOW(−D). We recall the
definitions ofg∗ andg∗. 19

Let g : X −→ Y be a morphism of schemes. LetF be any pre-sehaf
on X. We define a pre-sehaf onY called g∗F as follows: g∗F(U) =
F(g−1(U)) for any open set inY. One can check that ifF is a sheaf,g∗F
is also a sheaf.

LetG be a pre-sheaf onY. Consider the functorF −→ Hom(G, g∗F),
from the category of pre-sheaves onX to the category of sets. If this
functor is representable, we call the pre-sheaf,g∗G.

Hom(F, g∗G) = Hom(G, g∗F) for every pre-sheafF on X.

One can verify that in our case ofOX-modules this functor is repre-
sentable by anOX-module “associated to the following pre-sheaf, forU
open inY, g−1(U) = Γ(U,G) ⊗

Γ(U,Oy)
Γ(g−1(U),OX)

DEFINITION. The subscheme of Z defined by the sheaf of ideal(J.OZ)
is called the exceptional divisor on Z under the blowing up. It is equal
to f−1(Y).

Let X be a non-singular, irreducible scheme of dimension 2. LetP
be a closed point onX. Let M denote the sheaf of ideals definingP in
OX. Let X′ be the blown up ofX at P. So

X′ = Proj(OX ⊕ M2 ⊕ . . .)

Let E be the exceptional divisor. So

E = Proj((OX ⊕ M2 ⊕ . . .) ⊗ SpecOX/M)

= Proj(OX/M ⊕ M/M2 ⊕ M2/M3 ⊕ . . .)
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SinceX is non-singular surface andM is a maximal ideal, we see that

E = Proj(k[X,Y] = P1
k.

20

wherek is equal to the residue field ofP. Hence

OX(E)/E is equal to OP1(−1)

and the self intersection (E.E) = −1.

REMARK. X′ is irreducible and non-singular.

3 Canonical Divisor of the Blown up

PROPOSITION. Let X be a non-singular irreducible quasi-projective
variety and P any closed point of X. Let X1 be the blown up of X at P,
and E the exceptional divisor. Let f: X1 −→ X be the blowing up map.
If one denotes byωX(resp. ωX1) the dualising sheaf X(resp. of X1) one
has

ωX1 = f ∗ωX ⊗
OX1

OX1(E).

Proof. Let L denote the line bundleωX1 ⊗
OX1

( f ∗ωX)−1 Since f is an iso-

morphism fromX1 − E to X − P, we see thatL/X1−E ≃ OX1−E. Since
X1 is non-singularL = OX1(D) for some Weil divisorD on X1. Let
D = D1 + αE where D1 does not haveE as a component. Since
OX1(D)/X1−E is the trivial line bundle we see that the divisorD1 re-
stricted toX1−E is principal, i.e. there exists a rational functiong onX1

such that div(g)/X1−E = D1/X1−E. So we see thatD1 − div(g) has onlyE
as component and henceD−div(g) also has onlyE as its component. So
we get thatL = OX1(D) = OX1(D − div(g)) = OX1(nE) for some integer
n. Thus

ωX1 ≃ f ∗ωX ⊗OX1(nE).

Now

OP1(−2) = ωE = ωX1 ⊗
OX1

OX1(E) ⊗
OX1

OE
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= f ∗ωX ⊗
OX1

OX1((1+ n)E) ⊗
OX1

OE.

SinceE = f ∗(P) andωX is trivial on E, we see thatf ∗ωX ⊗
OX1

OE = 21

OE So

OP1(−2) = OX1((1+ n)E) ⊗
OX1

OE = OP1(−1(1+ n)).

Therefore 1+ n = 2 orn = 1, i.e. ωX1 = f ∗ωX ⊗
OX1

OX1(E). �

4 Proper Transform

Let Rbe a regular local ring of dimension 2. Letg be a non-zero element
in the maximal idealM or R. We will calculate the Hilbert-Samuel
function of the ringA = R/(g).

Let us denote the maximal ideal ofA by M. M = M/gR. Let g ∈
Mr − Mr+1. Then

M
n
= (M/gR)n = Mn/gR∩ Mn.

Sinceg ∈ Mn, for n < r,

M
n
= Mn/gR.

So, forn < r,

M
n
/M

n+1
= Mn/gR

/
Mn+1/gR= Mn/Mn+1.

For n > r we claim thatgR∩ Mn = g.Mn−r . Clearly gMn−r ⊂

gR∩ Mn. Let g.h ∈ Mn, with h ∈ Mp − Mp+1 Since the graded ring of
R is a domain, we see thatp+ r ≥ n i.e. p ≥ n− r. Soh ∈ Mn−r So for
n > r, we have

M
n
/M

n+1
= Mn/gMn−r

/
Mn+1/gMn−r+1

We have an exact sequence ofk(= R/M = A/M) vector spaces:

0 −→
gMn−r

gMn−r+1
−→ Mn/Mn+1 −→ Mn/gMn−r

/
Mn+1/gMn−r+1 −→ 0.
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22

Since gMn−r

gMn−r+1 ≃ Mn−r/Mn−r+1 we get,

ℓ(M
n
/M

n+1
) = ℓ(Mn/Mn+1) − ℓ(Mn−r/Mn−r+1)

= (n+ 1)− (n− r + 1) = r.

For n < r, ℓ(M
n
/

M
n+1) = ℓ(Mn/Mn+1) = n+ 1. So, forn < r,

ℓ(A/Mn) =
n(n+ 1)

2

and forn > r

ℓ(A/Mn) =
r(r + 1)

2
+ (n− r).r = rn −

r(r − 1)
2

Thus we see that the Hilbert-Samuel polynomial isP(n) = rn − r(r−1)
2

and,
ℓ(A/Mn) = P(n) for every n > r − 1.

Let A be a local ring of dimensiond. Let the Hilbert-Samuel poly-
nomial ofA be,

P(n) =
r
d!

nd + . . .

DEFINITION. The multiplicity of the local ring A is defined to be the
integer r.

Coming back to our case, let D be an effective divisor on the non-
singular irreducible surface X. Let P be any closed point on Xand let g23

define D in OX,P

DEFINITION. We define multiplicity of D at P denoted by mP(D), as
the multiplicity of the local ring OX,P/(g). We have seen that in this case,

mP(D) = r

where g∈ Mr − Mr+1,M the maximal ideal of OX,P. Let X1
f
−→ X be the

blowing up of X at the point P and E the exceptional divisor, f∗(D) is
the divisor f−1(D) + rE.
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DEFINITION . The divisor D1 = f ∗(D) − mP(D).E is defined as the
proper transform of D under the blowing up f .
D1 is the blown up of D at P. Let M ⊂ OX be the sheaf of ideals
corresponding to the point P. Let mP(D) = r so that OX(−D) ⊂ Mr and
OX(−D) 1 Mr+1. Denote byM, the sheaf of ideals M/OX(−D) in OD.
With this notation we see that,

f ∗(D) = Proj((OX ⊕ M ⊕ M2 ⊕ . . .) ⊗OD)

= Proj(OD ⊕ M/OX(−D)M ⊕ M2/OX(−D)M2 ⊕ . . .)

= Proj(OD ⊕ Mr/OX(−D)Mr ⊕ Mr+1/OX(−D)Mr+1 ⊕ . . .)

= ProjS.

rE = Proj(OX ⊕ M ⊕ M2 ⊕ . . .) ⊗OX/Mr

= Proj(OX/M
r ⊕ M/Mr+1 ⊕ M2/Mr+2 ⊕ . . .)

= Proj(OX/M
r ⊕ Mr/M2r ⊕ Mr+1/M2r+1 ⊕ . . .)

= ProjT.

Blown up of D at P is given by, 24

D = Proj(OD ⊕ M ⊕ M
2
⊕ . . .)

= Proj(OD ⊕ M
r
⊕ M

r+1
⊕ . . .)

= Proj(OX/OX(−D) ⊕ Mr+1/OX(−D) ⊕ Mr+1/OX(−D) ∩ M ⊕ . . .)

= ProjU.

We have surjections S−→ T and S−→ U, both graded ring homo-
morphisms. Also the intersection of the kernels of these is the zero ideal.
This implies that,

f ∗(D) = rE + D.

So D1 = D i.e. D1 is the blown up of D at P.

REMARK. (E,D1) = r. Since(E, f ∗(D)) = 0 we have,

0 = (rE + D1),E) = r(E,E) + (D1,E)
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i.e.

(D1,E) = −r(E,E) = r.

One can easily see that the coordinates of the points of intersections
of E and D1 in P1 = E are the directions of the tangents of D at P.25

Fig 1. Fig 2.

Fig 3. Fig 4.
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5 Conductor

Let ϕ : X → Y be any morphism. We define the conductorf of this 26

morphism as theOY-module,

f = HomOY(ϕ∗OX,OY)

We note that whenϕ is birational,

f = Ann(ϕ∗OX/OX)

In caseωY is a line bundle, we see that,

f = HomOY(ϕ∗OX,OY)

= HomOY(ϕ∗OX, ωY) ⊗
OY

ω−1
Y

= ϕ∗ωX ⊗
OY

ω−1
Y

So going back to our case, letX be a non-singular irreducible surface.
Let D be a reduced and irreducible curve onX. Let P be a point onX
andX1, the blown up ofX at P andϕ : X1 −→ X the canonical map.
Let D1 be the proper transform ofD. We denote restriction ofϕ to D1

also byϕ. Let E be the exceptional divisor andr = mP(D). So we have
ϕ : D1 −→ D is a finite birational map andωD (the dualising sheaf of
D) is a line bundle. Letf be the conductor ofϕ. Then we have

f = ϕ∗ωD1 ⊗OD ω
−1
D

Now, if ωX1, is the dualising sheaf ofX1, ωD1 = OX1(D1) ⊗
OX1

ωX1 ⊗
OX1

OD1

becauseD1 is a divisor onX1. So

ωD1 = OX1(ω
∗D − rE) ⊗

OX1

ϕ∗ωX ⊗
OX1

OX1(E) ⊗
OX1

OD1

= ϕ∗(OX(D)) ⊗
OX1

OX1(−(r − 1)E) ⊗
OX1

ϕ∗ωX ⊗
OX1

OD1

whereωX is the dualising sheaf onX. SinceOD1 = ϕ
∗(OD) ⊗

OX1

OD1 we 27
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have,

ωD1 = ϕ
∗(OX(D) ⊗

OX

ωX) ⊗
OX1

OX1(−(r − 1)E) ⊗
OX1

ϕOD ⊗
OX1

OD1

= ϕ∗(OX(D) ⊗
OX

ωX ⊗OD) ⊗
OX1

OX1(−(r − 1)E) ⊗OD1

= ϕ∗ωD ⊗
OD1

OD1(−(r − 1)E).

ωD1 = ϕ
∗ωD ⊗

OD1

OD1(−(r − 1)E

Claim.
f = ϕ∗(OD1(−(r − 1)E)).

We have a canonical injection,

0 −→ OD1(−(r − 1)E) −→ OD1

This gives two injections of OD-modules,

0 −→ ϕ∗OD1(−(r − 1)E) ⊗
OD

ωD −→ ϕ∗OD1 ⊗
OD

ωD

and

0 −→ ϕ∗(OD1(−(r − 1)E) ⊗
OD1

ϕ∗ωD) −→ ϕ∗ϕ
∗ωD

We have a canonicalOD-module homomorphismωD −→ ϕ∗ϕ
∗ωD28

which in turn gives aϕ∗OD1 homomorphism,

ωD ⊗
OD

ϕ∗OD1 −→ ϕ∗ϕ
∗ωD ⊗

OD

ϕ∗OD1

Sinceϕ∗ϕ∗ωD is aϕ∗OD1-module we have a canonicalϕ∗OD1 - homo-
morphism

ϕ∗ϕ
∗ωD ⊗

OD

ϕ∗OD1 −→ ϕ∗ϕ
∗ωD

The composite gives us a canonical homomorphism,

ωD ⊗
OD

ϕ∗OD1 −→ ϕ∗ϕ
∗ωD.



5. Conductor 27

Sinceϕ is an affine morphism, this is an isomorphism. So we have
a diagram:

0 // ϕ∗OD1(−(r − 1)E) ⊗
OD

ωD //

��

ϕ∗OD1 ⊗
OD

ωD

≀

��
0 // ϕ∗ωD1

// ϕ∗ϕ
∗ωD

Sinceϕ is affine, one sees thatϕ∗OD1(−(r − 1)E) ⊗
OD

ωD andϕ∗ωD1

coincide locally and hence globally. i.e.

ϕ∗OD1(−(r − 1)E) ⊗
OD

ωD = ϕ∗ωD1.

So
f = ϕ∗ωD1 ⊗

OD

ω−1
D , f = ϕ∗OD1(−(r − 1)E).

From this formula we get, 29

ℓ(ϕ∗OD1/ f ) = ℓ(ϕ∗OD1)/ϕ∗OD1(−(r−1)E)).

We have an exact sequence,

0 −→ OD1(−(r − 1)E) −→ OD1 −→ OD1/OD1(−r−1)E) −→ 0.

Sinceϕ is affine,ϕ∗ is an exact functor. So we have,

0 −→ ϕ∗OD1(−(r −1)E) −→ ϕ∗OD1 −→ ϕ∗(OD1/OD1(−(r −1)E)) −→ 0

i.e.

ϕ∗OD1/ϕ∗OD1
(−(r − 1)E) = ϕ∗(OD1/OD1(−(r − 1)E))

ℓ(ϕ∗OD1/ f ) = ℓ(ϕ∗(OD1/OD1(−(r − 1)E))

= dimK H◦(D, ϕ∗(OD1/OD1(−(r − 1)E))

= dimk H◦(D1,OD1/OD1(−(r − 1)E))

= degOD1((r − 1)E)

= (r − 1).d◦OD1(E)
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= r(r − 1).

This gives a cohomology exact sequence

0 −→ H◦(D, ϕ∗ωD1) −→ H◦(D < ωD) −→ H◦(D,OD/ f )

−→ H1(D, ϕ∗ωD1) −→ H1(D, ωD) −→ 0

Sinceϕ is affine,H1(D, ϕ∗ωD1) = H1(D1, ωD1), and by duality,H1(D1,30

ωD1) = H◦(D1,OνD1
) andH1(D, ωD) = H◦(D,OνD). So we get an exact

sequence

0 −→ H◦(D1, ωD1) −→ H◦(D, ωD) −→ H◦(D,OD/ f )

−→ H◦(D1,O
ν
D1

) −→ H◦(D,OνD) −→ 0

SinceD andD1 are reduced and irreducible, the last two terms are one
dimensional overk and hence isomorphic. Therefore we have an exact
sequence,

0 −→ H◦(D1, ωD1) −→ H◦(D, ωD) −→ H◦(D,OD/ f ) −→ 0

5.1 Gorenstein Theorem for the Blowing up

Let the situation be as before.

THEOREM . (local Gorenstein theorem for a blowing up). Let D be
a reduced irreducible divisor on a regular projective surface over an
algebraically closed field. Let D1 be the blowing up of D at a closed
point, then:

2.ℓ(ϕ∗OD1/OD) = 2.ℓ(OD/ f ) = ℓ(ϕ∗OD1/ f ).

Proof. We will prove the first equality. The second equality follows
because

ℓ(ϕ∗OD1/ f ) = ℓ(ϕ∗OD1/OD) + ℓ(OD/ f ).

We have an exact sequence,

0 −→ f −→ OD −→ OD/ f −→ 0,
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which gives after tensoring byϕD, an exact sequence,31

0 −→ f ⊗
OD

ωD −→ ωD −→ OD/ f −→ 0.

Since f ⊗ ω.D = ϕ∗ωD1 we have an exact sequence,

0 −→ ϕ∗ωD1 −→ ωD −→ OD/ f −→ 0.

Therefore

ℓ(OD/ f ) = dim H◦(D, ωD) − dim H◦(D1, ωD1) (A)

Again we have an exact sequence,

0 −→ OD −→ ϕ∗OD1 −→ ϕ∗OD1/OD −→ 0

which gives a cohomology exact sequence,

0 −→ H◦(D,OD) −→ H◦(D1,OD1) −→ H◦(D, ϕ∗OD1/OD)

H◦(D, ωνD) −→ H◦(D1, ω
ν
D1

) −→ 0.

Further the first two terms are one-dimensional and hence isomor-
phic to each other. So we have,

0 −→ H◦(D, ϕ∗OD1/OD) −→ H◦(D, ωνD) −→ H◦(D1, ω
ν
D1

) −→ 0

is exact. Therefore

ℓ(ϕ∗OD1/OD) = dim H◦(D, ωD) − dim H◦(D1, ωD1). (B)

Using (A) and (B) we get 32

ℓ(OD/ f ) = ℓ(ϕ∗OD1/OD).

�

COROLLARY. Let M be the sheaf of ideals of OD defining P. Then

f = M
r−1
.
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Proof. We have a mapϕ∗M
j
−→ OD1 for every j and the image of the

map isOD1(− jE). So we have a mapϕ∗ϕ∗M
r−1
−→ ϕ∗OD1(−(r − 1)E).

But ϕ∗OD1(−(r − 1)E) = f and is an ideal inOD. So we have the map

ϕ∗ϕ
∗M

r−1
−→ f ⊂ OD. The mapM

r−1
⊂ OD is canonical and hence

M
r−1
−→ f is an inclusion. But by the Gorenstein theorem,

ℓ(OD/ f ) =
r(r − 1)

2

and by the computation of the Hilbert-Samuel function,

ℓ(OD/M
r−1) =

r(r − 1)
2
.

This implies thatM
r−1
= f . �

REMARK. By the above corollary, D1 is also the blowing up of f.

6 Resolution of Singularities of a Reduced
Irreducible Curve on a Non-Singular Surface

Let D be a reduced irreducible curve on a non-singular surfaceX andP
be any point onX. Let X1 be the blown up ofX at P andD1, the proper
transform ofD.

ϕ : X1 −→ X

ϕ : D1 −→ D

Claim. The canonical morphism, OD −→ ϕ∗OD1 is an isomorphism if33

and only if either D is non-singular at P or D does not pass through P.

The homomorphismOD −→ ϕ∗OD1 is an isomorphism if and only
if ℓ(ϕ∗OD1/OD) = 0. The conditionℓ(ϕ∗OD1/OD) = 0 is equivalent to
r(r−1)

2 = 0, wherer = mP(D). This is equivalent tor = 0 or r = 1,
i.e. eitherD does not pass throughP or D is non-singular atP.
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Let D be any reduced irreducibel curve on a regular surfaceX. Sup-
pose that the normalisation̄D of D is finite overD. If P is a point onD
whereD is singular, we blow upX at P and letX1 be the blown up ofX
andD1 the proper transform ofD. Again if Q is a singular point onD1

we blow upX1 at Q and letX2 be the blow up ofX1 andD2, the proper
transform ofD1. We can continue this process to get a chain,

Ds
ϕs
−−→ Ds−1 −→ D2

ϕ2
−−→ D1

ϕ1
−−→ D.

Since all these maps are finite and birational, we have a mapD̄ −→
Ds whereD̄ is the normalisation ofD. It is clear that this process stops
because the lengthϕ∗OD̄/ODs decreases and is bounded by the length of
ϕ∗OD/OD

EXAMPLES. (1) Consider the curveC given byYnZ − Xn+1 in P2,
where (X,Y,Z) are the homogeneous coordinates.P = (0, 0, 1) is
the only singular point ofC. If C is the normalisation ofC, one
easily sees that,ℓ(ϕ∗OC/OC) is equal ton(n−1)

2 .mP(C) = nand so if
we blow upC atP to get a curveC1, we getℓ(ϕ∗OC1/OC) = n(n−1)
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SoC1 is isomorphic toC̄i.e. C gets desingularised in one blowing
up. (cf. Fig. 3)

(2) Take a curve with ordinary singularities, i.e. each branch at any
point is non-singular and it has distinct tangents for each branch.
Since in the blowing up the number of points on the exceptional
divisor corresponds to these tangents, the curve is non-singular at
those points. So be blowing up the singular points once we get
the desingularisation (cf. Fig. 2)

Now we will calculate the conductor ofDi over D in terms of the

relative conductors. Letf be the conductor of the mapDi
ϕ1◦...◦ϕi
−−−−−−→ D

and f
j
the conductor of the mapD j −→ D j−1 Then we claim:

f = f
1
.ϕ1∗ f

2
.(ϕ1 ◦ ϕ2)∗ f

3
. . . (ϕ1 ◦ ϕ2 . . . ◦ ϕi−1)∗ f

1
.

There is a canonical inclusion of the ideal sheaf on the righthand
side into the ideal sheaff . So to prove equality one only has to show it
locally.
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So we have a sequence of semilocal rings.A◦ ⊂ A1 ⊂ A2 ⊂ . . . ⊂ Ai

the corresponding morphism of SpecA j ’s are finite and birational. Let
the same letters denote the conductors. We havef

1
. f

2
. . . f

i
⊂ f . f is an

ideal ofA◦. Let a ∈ f . Soa.Ai ⊂ A◦.
Since Ai ’s are semilocal, relative conductors are principal above,

i.e. f
j
= t jA j wheret j. belongs tof

j

We will show thatat−1
1 is an element of the relative conductor of

A1 ⊂ Ai and by induction we will be through. We therefore want to show
thataAi ⊂ t1A1. SinceA1 ⊂ Ai andaAi ⊂ A◦, we see that any element35

of a Ai annihilatesA1/A◦ and henceaAi ⊂ t1A1 = f
1
. i.e. at−1

1 .Ai ⊂ A1.

So by induction we see thatat−1
1 .t
−1
2 . . . t

−1
i−1.Ai ⊂ Ai−1 i.e. at−1

1 t−1
2 . . . t

−1
i−1

belongs tof
i
, which implies

a belongs to f
1
. . . f

1

i.e. f = f
1
. . . f

i
.

REMARK. Di can also be obtained by blowing up D at the conductor
on the map Di −→ D.

DEFINITION . Let D be a reduced irreducible curve. The set of in-
finitely near points of D is equal to the disjoint union of closed points of
curves D which can be obtained from D by a finite sequence of blowing-
ups of closed points.

7 Adjoint Systems

Let X be a non-singular surface,L a line bundle onX. Let D be a
reduced irreducible curve onX. Let D̄ be its normalisation. Letf be the
conductor of the map̄D −→ D. So thatf is an ideal sheaf inOD. Since
there is a surjectionOX −→ OD, there exists a unique ideal sheafF in
OX such thatOX/F = OD/ f . (F is the inverse image off in OX).

DEFINITION . Let L be a line bundle on X. An effective divisor D1

on X is an adjoint of type L with respect to D if OX(D1) = L and the
corresponding element in H◦(X, L) is in the sublinear system H◦(X, F ⊗
L).
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PROPOSITION . Let X be a regular surface and D, a reduced irre-
ducible divisor on X. Suppose that the normalisationD̄ of D is finite
over D. A divisor D′ on X is an adjoint of D of type L if and only if the36

following conditions are satisfied.

i) OX(D′) = L

ii) For any finite chain of blowing-ups of closed points,

Xs −→ Xs−1 −→ . . . −→ X1 −→ X◦ = X,

if we denote by fs, j the morphism from Xs to Xj( j < s) then for any point
Q in Xs,

mQ( f ∗s,◦D
′ + f ∗s,1E1 + · · · + f ∗s,s−1Es−1 + Es) ≥ mQ( f ∗s,◦D) − 1

where(∗) denotes the total transform and Ej , the last exceptional divisor
of Xj.

The proof is simple and is carried out by induction ons.

REMARKS. 1. If D′ satisfies the property that

mQ(D′s) ≥ mQ(Ds) − 1,

where Ds and D′s are proper transforms of D and D′ in Xs, then
D′ is an adjoint of D. This can be easily seen by showing that this
condition is stronger than the condition in the Proposition.

2. If all singularities of D become desingularized at the first blowing
up, then the two conditions are actually equivalent.

EXAMPLE 1. Polar Curves.
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Let D be a projective plane integral curve of characteristic zero. Let37

0 be a point in the plane with homogeneous co-ordinatesa0, a1, a2. If F
is the homogeneous equation ofD the polar curveD′ of D with respect
to 0 is the curve with the equation

∑
ai
∂F
∂Xi

The polar curve is an adjoint
of typeOP2(m− 1) wherem is the degree ofD.

EXAMPLE 2. Suppose thatD has only ordinary double points as sin-
gularities. Then a curveD′ is an adjoint ofD if and only if it passes
through all singular points ofD.

Exercise .(Max Noether theorem:AF + BG). Let F and G be ho-38

mogeneous polynomials defining two curves (F) and (G) in P2. Sup-
pose that (F) is reduced and irreducible and is not a component of
(G). Then a homogeneous polynomialH is of the form AF + BG,
whereA and B are polynomials, if for any infinitely near pointQ of
(F),mQ(F.H) ≥ mQ(F.G).

(Hint:Prove that there exists such aB which defines an adjoint curve
of (F))

8 Gorenstein Theorem

THEOREM. Let C be an integral curve inP2 of degree m. Then the ad-
joint curves of C of type OP2(m−3) cut out on C, the complete canonical
system ofC̄, whereC̄ is the normalisation of C.

Proof. Let f be the conductor of̄C −→ C and F the inverse image
of f under the mapOP2 −→ OC. Then by the previous proposition
we know that the adjoints of typeOP2(m − 3) are zeros of section of
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F(m− 3). So the theorem states that the image ofH◦(P2, F(m− 3)) −→
H◦(C, ωC) under the canonical map is equal to the image ofH◦(C̄, ωC̄)
in H◦(C, ωC).

We have a commuting diagram of exact sequences as follows:

0

��

0

��
OP2(−m)

��

= OP2(−m)

��
0 // F

��

// OP2

��

// OC/ f

‖

// 0

0 // f

��

// OC

��

// OC/ f
// 0

0 0

Tensoring the diagram byOP2(m−3) we get a commutative diagram39

of exact sequences:

0

��

0

��
OP2(−3) =

��

OP2(−3)

��
0 // F(m− 3)

��

// OP2(m− 3)

��

// OC/ f
//

‖

0

0 // f (m− 3)

��

// OC(m− 3)

��

// OC/ f
// 0

0 0
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SinceC is a divisor onP2,

ωC = (OP2(m) ⊗OP2(−3))/OC

= OC(m− 3)

Againϕ∗ωC̄ = ωC ⊗ f = f (m− 3). So we have a diagram:

0

��

0

��
OP2(−3)

��

= OP2(−3)

��
0 // F(m− 3)

��

// OP2(m− 3)

��
0 // ϕ∗ωC̄

��

// OC(m− 3) = ωC

��
0 0

Thus we get a diagram of exact sequences:40

0 // H◦(P2, F(m− 3))

��

// H◦(P2,OP2(m− 3))

��
0 // H◦(C, ϕ∗ωC̄)

��

// H◦(C, ωC)

H1(P2,OP2(−3))

SinceH1(P2,OP2(−3)) = 0, the map

H◦(P2, F(m− 3)) −→ H◦(C, ϕ∗ωC̄) = H◦(C̄, ωC̄)

is a surjection, which proves the theorem. �
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9 Regularity of the Adjoint System

Let C be an integral curve on a smooth projective surfaceX over an
algebraically closed field. Let̄C be the normalisation ofC and f the
conductor. LetF be the inverse image off under the mapOX −→ OC.
So we have a mapF −→ OC. Therefore we have a map,

F ⊗OX(C) ⊗ ωX −→ OC ⊗OX(C) ⊗ ωX = ωC,

which in turn gives a map,

H◦(X, F ⊗ ωX(C)) −→ H◦(C, ωC).

Let V be the image of this map. We denote byq the irregularity of
X:

q = dim H1(X,OX) = dim H1(X, ωX).

DEFINITION. The adjoint system is called regular if

dim H◦(C̄, ωC̄) − dimV = q.

PROPOSITION . If the adjoint system of C is regular then H1(X, 41

OX(−C)) = 0.

Proof. We have commutative diagram of exact sequences

0

��

0

��
OX(−C)

��

= OX(−C)

��
0 // F

��

// OX

��

// OC/ f
// 0

0 // f

��

// OC

��

// OC/ f
// 0

0 0
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which gives a commutative diagram of exact sequences, by tensoring
with ωX(C).

0

��

0

��
ωX

��

= ωX

��
0 // F ⊗ ωX(C)

��

// ωX(C)

��

// OC/ f
// 0

0 // f ⊗ ωC

��

// ωC

��

// OC/ f
// 0

0 0

Taking cohomologies we have the following diagram of exact sequen-
ces:
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0

��

0

��
H◦(X, ωX)

��

= H◦(X, ωX)

��
0 H◦(F ⊗ ωX(C))

��

// H◦(X, ωX(C))

��
0 H◦(C̄, ωC̄)

��

// H◦(C, ωC)

��
H1(X, ωX) = H1(X, ωX)

��
H1(X, ωX(C))

��
H1(C, ωC)

��
H2(X, ωX))

��
H2(X, ωX(C))

��
0

42

First H2(X, ωX(C)) = H◦(X,OX(−C)) = 0. Again H1(C, ωνC) =
H◦(C,OC) = k and H2(X, ωνX) = H◦(X,OX) = k, and since the map
H1(C, ωC) −→ H2(X, ωX) is a surjection it must be an isomorphism. So
the mapH1(X, ωX) −→ H1(X, ωX(C)) is surjection.

The regularity of the adjoint system implies that the mapH◦(C̄,
ωC̄) −→ H1(X, ωX) is surjective. So we see that the mapH◦(C, ωC) −→



40 2. The Theory of Adjoint Systems

,H1(X, ωX) is surjective. The exactness of the sequence implies that
H1(X, ωX(C)) = 0, i.e.

H1(X,OX(−C)) = 0.

There are much stronger results in this direction in characteristic43

zero by Kodaira [2] and others. �

THEOREM. (Kodaira). Let X be a Kählarian variety, L an ample line
bundle on X. Then Hi(X; L−1) = 0 for i = 0, 1, . . . dimX − 1.

The reader can find similar results and an introduction to theabove
theorem in D. Mumford [3]. There are several results in this direction,
for e.g. see [1], [4], [5], [6] and [7]. But note that all theseresults are
for characteristic zero.

10 A Difference Between Characteristic Zero and
Characteristic p

In this section, as before,X is a smooth connected surface, projective
over a fieldk, C a reduced irreducible curve onX, C̄, the normalisation
of C and X̄, the surface obtained after a finite number of dilations of
points fromX, such that the proper transform ofC on X is C̄. We will
denote byF, the sheaf of adjoint curves toC.

PROPOSITION. Let X′ −→ X be the blowing up of a closed point P
of X,C′, the proper transform of C, F′, the sheaf of adjoint curves to C.
There is a canonical isomorphism,

H1(X′, F′ ⊗ ωX(C′)) −→ H1(X, F ⊗ ωX(C)).

In other words, H1(X, F ⊗ .ωX(C)) is a birational invariant (equal
to H1(X̄, ωX̄(C̄)) ≃ H1(X̄,OX̄(−C)).

Proof. Let M be the sheaf of ideals definingP in X and r, the multi-
plicity of C at P. By the Leray spectral sequence for the morphism,
g : X′ −→ X, it will be enough to prove that44
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g∗(F
′ ⊗ ωX′(C

′)) = F ⊗ ωX(C) (i)

and

R1g∗(F
′ ⊗ ωX′(C

′)) = 0 (ii)

We know that,ωX′ = g∗ωX ⊗ OX′(E), whereE is the exceptional
divisor.

OX′(C
′) = g∗OX(C) ⊗OX′(−rE).

So to prove (ii), it is enough to have

R1g∗(F
′ ⊗OX′(−(r − 1)E)) = 0 (ii)

If f ′ is the conductor ofC′, one has the exact sequence,

0 −→ OX′(−C′) −→ F′ −→ f ′ −→ 0

Tensoring this byOX′(−(r − 1)E), one gets

0 −→ OX′(−C′ − (r − 1)E) −→ F′ ⊗OX′(−(r − 1)E)

−→ f ′ ⊗OX′(−(r − 1)E) −→ 0 (*)

to be exact. Since the morphismC′ −→ C is affine, from the long exact
sequence for derived functors, we see that it is sufficient to prove,

R1g∗(OX′(−C′ − (r − 1)E)) = 0 (iii)

But R1g∗ commutes with base change, since it is the last non-zero coho-
mology functor. So it will be enough to prove that,

OX′(−C′ − (r − 1)E)/E ≃ OP1(−1).

This is evident, becauseC′/E is equal tor points counted with mul-
tiplicity and henceOX′(−C′)/E = OP1(−r) and OX′(−(r − 1)E)/E =
OP1(r − 1).

It remains to prove (i). By the adjunction formula, it is enough to 45

prove,
g∗(F

′ ⊗Ox′(−(r − 1)E)) = F.
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By (*), it is sufficient to prove that,

g∗( f ′ ⊗OX′(−(r − 1)E)) = f (iv)

and

g∗(OX′(−C′ − (r − 1)E)) = OX(−C) (v)

Let ḡ : X̄ −→ X′ be the composite of dilations and leth = g ◦ ḡ one
has,

f = h∗ωC̄ ⊗ ω
−1
C = g∗(ḡ∗ωC̄) ⊗ ω−1

C

= g∗( f ′ ⊗ ωC ⊗ g∗ω−1
C ).

We have seen in§ 5, thatωC′ = g∗ωC ⊗OC′(−(r − 1)E) which when
substituted in the above expression gives (iv).

To prove (v), consider the exact sequence,

0 −→ OX′(−C′−(r−1)E) −→ OX′(−(r−1)E) −→ OC′(−(r−1)E) −→ 0.

Applying g∗ and sinceR1g∗(OX′(−C′ − (r − 1)E) = 0, we see that,
0 −→ g∗OX′(−C′ − (r − 1)E) −→ g∗OX′(−(r − 1)E) −→ g∗OC′(−(r −
1)E) −→ 0 is exact.

If we denote byM̄, the ideal sheaf ofP in C, this sequence is same
as

0 −→ g∗OX′(−C′ − (r − 1)E) −→ Mr−1 −→ M̄r−1 −→ 0.

and the map we have fromMr−1 to M̄r−1 is the canonical map. There-46

fore, sinceOX(−C) ֒→ Mr−1, one has,g∗(OX′(C′−(r−1)E)) = OX(−C),
proving (v), and thus proving the Proposition.

The next proposition proves thatH1(X, ωX(C)) is a birational invari-
ant in characteristic zero. �

PROPOSITION. Assume, in addition to the notations in the beginning
of this section, that char k= 0. Let X′ −→ X be a dilation with centre P
and C′ the proper transform of C. Then the canonical map,

H1(X′, ωX′(C
′))→ H1(X, ωX(C)) is an isomorphism.
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Proof. By duality, we need only prove that the canonical map,

H1(X,OX(−C)) −→ H1(X′,OX′(−C′))

is an isomorphism.
BecauseC andC′ are connected, we have exact sequences,

0 −→ H1(X,OX(−C)) −→ H1(X,OX) −→ H1(C,OC)

and

0 −→ H1(X′,OX′(−C′) −→ H1(X′,OX′) −→ H1(C′,OC′).

SoH1(X,OX(−C)) (resp. H1(X′,OX′(−C′)) is the tangent space at iden-
tity of the connected component of the kernel of the mapα : Pic◦(X) −→
Pic◦(C)(resp. α : Pic◦(X′) −→ .Pic◦(C′)). Call K(resp. K′) the Kernel
of α(resp. α). We have a commutative diagram of exact sequences

0 // K

��

// Pic◦(X) //

‖

Pic◦(C)

��
0 // K′ // Pic◦(X′) // Pic◦(C′)

The mapK −→ K′ is an inclusion and Pic◦(C) −→ Pic◦(C′) is a 47

surjection. ThusK′/K = Ker(Pic◦C −→ Pic◦C′). Bur we know that
Pic◦C is an extension of Pic◦C′ by an affine group, andK′/K is an
abelian variety. ThusK′/K is discrete.

Thus the tangent map at identity of the connected componentsof K
andK′ is an isomorphism, since we are in characteristic zero, i.e.H1(X,
OX(−C)) −→ H1(X′,OX′(−C′)) is an isomorphism.

Now we show that the above proposition is not valid in characteristic
p > 0. �

A counter example in characteristic p > 0. For this counter example
we make use of a surface constructed by J.P. Serre in his Mexico Lecture
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[15] Let k be a field of characteristicp > 5, andG the group generated
by the 4× 4 matrix,

σ =



1 1 0 0
0 1 1 0
0 0 1 1
0 0 0 1



Order ofσ is p, andG acts onP3
k. G has only one fixed point. So take

a smooth invariant hypersurfaceY in P3, which does not pass through
this fixed point. The surfaceX = YG is then smooth, andr : Y −→ X
is an etale cover of degreep. This cover corresponds to a non-trivial
elementα ∈ H1(X,OX) which is fixed by the Frobenius. (In fact Serre
proves in the quoted paper, thatα generatesH1(X,OX) as ak-vector
space.)

SinceY is invariant underG, the natural isomorphism,48

H◦(P3,OP(1)) −→ H◦(Y,OY(1))

is aG-morphism SinceG does not fix a general hyper-plane, it is easy
to see that a generic curveD cut out by a hyper-plane onY is smooth,

irreducible andσ(D) , D. TakeE =
p−1⋃
n=0
σn(D) ThenE is connected,

sinceD is ample. LetC = EG. ThenC is an irreducible curve onX,
birationally isomorphic toD. We claim that

i) C is singular

ii) H1(X,OX(−C)) = 0.

iii) H1(X,OX̄(−C̄)) , 0, where as usual̄X is obtained fromX by
successive blowing ups of points andC, the proper transform of
C̄ on X is non-singular.

Proof. i) Every point of intersection ofσi(D)’s gives a singular
point ofC.

ii) H1(X,OX(−C)) is the kernel of the mapH1(X,OX) −→ H1(C,
OC). But sinceα ∈ H1(X,OX) generatesH1(X,OX) and since the
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image ofα in H1(C,OC) corresponds to the coverE −→ C, which
is non-trivial,H1(X,OX(−C)) = 0.

iii) First note that blowing up a pointP on X is equivalent to the
following: blow up Y at all point ofπ−1(P). ThenG still acts
on this surface and so take the quotient. So we could blow up
Y at all points of intersection ofσi(D)’s sufficiently many times 49

to obtain a surfaceY, so thatĒ the proper transform ofE has
become a disjoint union of non-singular irreducible curveson Y.
Let X = YG. Then it is easy to see that̄EG = C̄ whereC̄ is the
smooth model ofC. Now the coverȲ −→ X̄ is still etale and
hence gives a non-trivial elementβ ∈ H1(X,OX). But then image
of β in H1(C,OC) is trivial since the corresponding cover̄E −→ C̄
is trivial. Thusβ ∈ H1(X̄,OX̄(−C̄)) and henceH1(X̄,OX̄(−C̄)) ,
0. This proves our claim.

�

REMARK. 1. OX̄(C̄) is not ample because a non-zero element of
H1(X̄, ŌX) which is stable under Frobenius and belongs to H1(X,
ŌX̄(−C̄)) gives a non-zero element in H1(X̄,OX̄(−pnC̄)) for any
n ∈ N. So H1(X̄,OX̄(−mC̄)) is not zero for m≫ 0, which contra-
dict Zariski-Enriques-Severi lemma.

2. In a way similar to the counter example above, one can construct
another class of counter-examples.

Let Y be any abelian surface withp-rank positive. Then there exists
a subgroupG of order p in Y. Let X = YG As before a general ample
curveD on Y can be shown to be smooth, irreducible and not fixed by
G. Let C be the image of such a curve inX. Then all the arguments we
had before can be carried out for the surfaceX and the curveC, to give
another example.
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Chapter 3

Castelnuovo’s Theorems

1

IN THIS CHAPTER we will be proving two theorems of Castelnuovo. 50

In the proof we will use a theorem of Bertini which we will not prove
(cf. for example Hartshorne’s book).

THEOREM. (Bertini) Let C be a smooth curve embedded inPr , r ≥ 3.
Also assume that C is not contained in any hyperplane inPr . Then for
generic hyperplane H ofPr ,H ∩C is reduced and any r points of H∩C
generate H as a linear space.

REMARK. If C is contained inP3, where C is a smooth integral curve,
Bertini’s theorem implies that, there exists a point inP3, such that the
projection of C from this point onto a curve C′ in P2 is a birational
isomorphism and C′ has only ordinary double points as singularities.

We will now prove a lemma, which will be the lemma for our proofs
of Castelnuovo’s theorems.

LEMMA 1. Let S be a set of(r − 1)k + 1 points inPr−1 such that
any r points of S generatePr−1. Then, the canonical map H◦(Pr−1,

OPr−1(k)) −→ H◦(S,OS(k) is surjective.

Proof. The statement of the lemma is equivalent to proving that for any
P in S, there exists a homogeneous polynomialF of degreek (in the r

47
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variables corresponding to the homogeneous co-ordinates of Pr−1) such
thatF vanishes at every point ofS other thanP andF(P) is not equal to
zero. By the hypothesis, the subspace generated by any (r−1) points inS
is a hyperplane. We partitionS−P into k parts consisting of (r−1) points51

each. So there exists homogeneous linear polynomials (Fi)1 ≤ i ≤ k,
which define thesek hyperplanes. SoFi(P) , 0 for every i and for
any Q ∈ S − {P}, there exists someF j such thatF j(Q) = 0. Taking

F =
k∏

i=1
Fi, we see that our requirements are met. �

COROLLARY 1. If S′ ⊂ S,S as above, then the canonical map
H◦(Pr−1,OPr−1(k)) −→ H◦(S′,OS′) is surjective.

COROLLARY 2. Let C be a smooth curve of degree d embedded inPr

and H a hyperplane as in Bertini’s theorem (i.e. H∩C is a finite set of
reduced points and any r points of H∩C generate H). Define

tn = rank(H◦(Pr ,OPr (n)) −→ H◦(C ∩ H,OC∩H(n)).

Then tn ≥ inf(d, (r − 1)n+ 1).

Proof. If d ≤ (r − 1)n + 1, we take thed points ofH ∩ C and choose
((r−1)n+1−d) points onH such that anyr points from these ((r−1)n+1)
points generateH. (This is always possible, since thed points ofH ∩C
have this property.) Denote this set by S.S satisfies the conditions of the
lemma. SinceC ∩ H ⊂ S, by Corollary 1, we gettn ≥ d.

If d > (r − 1)n + 1 and if S is a subset ofC ∩ H, consisting of
((r −1)n+1) points, the image ofH◦(Pr ,OPr (n)) in H◦(C∩H,OC∩H(n))
contains the subspaceH◦(S,OS(n)) and hencetn ≥ (r − 1)n+ 1. �

2
52

a) First Theorem of Castelnuovo

THEOREM 1. Let C be a smooth curve embedded inPr , r ≥ 3,
and let degree of C be d. Assume that C is not contained in any
hyperplane. Defineχ as the largest integer such that,

(r − 1)χ + 1 < d.
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Then H1(C,OC(n)) = 0 for every n≥ χ.

Proof. ChooseH, a hyperplane ofPr , as in Bertini’s theorem. So
H ∩ C is reduced and anyr points inH ∩ C generateH. So by
lemmaH◦(H,OH(m)) −→ H◦(C∩H,OC∩H(m)) −→ 0 is exact for
everym> χ.

We have a commutative diagram of exact sequences:

H◦(Pr ,OPr (m))

��

// H◦(H,OH(m))

��

// 0

H◦(C,OC(m))
ϕ // H◦(C ∩ H,OC∩H(m))

��
0

for m > χ. So we see thatϕ is surjective form > χ. SinceH is a
hyperplane, we have an exact sequence, 0−→ (−1) −→−→H−→

0, which tensoring byOC gives an exact sequence,

0 −→ OC(−1) −→ OC −→ OC∩H −→ 0.

(The sequence is exact at the left becauseC is integral andC is
not contained inH). So for anym in Z we get an exact sequence

0 −→ OC(m− 1) −→ OC(m) −→ OC∩H(m) −→ 0.

The corresponding exact sequence of cohomologies is,

0 −→ H◦(OC(m− 1)) −→ H◦(OC(m))
ϕ
−→ H◦(OC∩H(m))

−→ H1(OC(m− 1))H1(OC(m)) −→ 0.

53

Sinceϕ is surjective form > χ, we see thatH1(OC(m− 1)
∼
−→

H1(OC(m)) for m > χ. SinceH1(OC(n)) = 0 for largen, we see
that,H1OC(m)) = 0 for everym> χ. Q.E.D

Definedn = dim H1(Pr , J(n)) whereJ is the sheaf of ideals of the
curveC (as above) inPr . �
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LEMMA 2. If n ≥ χ, then dn ≥ dn+1.

Proof. Let H be a hyperplane as before. We have an exact se-
quence,

0 −→ O(−1) −→ O −→ OH −→ 0.

Tensoring byJ which is a torsion free 0-module, we get an exact
sequence,

0 −→ J(−1) −→ J −→ JH −→ 0.

So for any integern we have the exact sequence,

0 −→ J(n) −→ J(n+ 1) −→ JH(n+ 1) −→ 0,

which in turn gives an exact sequence of cohomologies,

H1(Pr , J(n))
ϕn
−−→ H1(Pr , J(n+ 1)) −→ H1(Pr , JH(n+ 1)) (*)

So cokernel ofϕn is contained inH1(Pr , JH(n+ 1)) for everyn.

Tensoring the exact sequence 0−→ J −→ O −→ OC −→ 0 by H,
we get the sequence, 0−→ JH −→ OH −→ OC∩H −→ 0, to be
exact becauseJ is a prime ideal. so we get an exact sequence of
cohomologies,

H◦(Pr ,OH(n+1)) −→ H◦(Pr ,OC∩H(n+1)) −→ H1(Pr , JH(n+1)

H1(Pr ,OH(n+ 1)) −→ 0, for every n ∈ Z.

H1(Pr ,OH(n+ 1) = 0 for n ≥ 0. Also by lemma 1,54

H◦(Pr ,OH(n+ 1)) −→ H◦(Pr ,OC∩H(n+ 1))

is surjective forn ≥ χ. ThusH1(Pr , JH(n+ 1)) = 0 for n ≥ χ. So
from (*), we see thatϕn is surjective forn ≥ χ. i.e. dn ≥ dn+1 for
n ≥ χ. �

b) COROLLARY (M. Noether). Let C be a smooth curve of genus
greater than or equal to 3 and non-hyperelliptic (i.e.ωC is very
ample.) Then the canonical embedding is arithmeticaly normal.
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Proof. Since dimH◦(C, ωC) = g = genus of C, the canonical em-
bedding isC −→ Pg−1 and degree ofC = 2g− 2. If g = 3, thenC ֒→ P2

and henceC is a complete intersection and in particular arithmetically
normal. So we can assumeg is greater than 3. Arithmetic normality is
equivalent toOC(n) being complete for everyn ≥ 0.OC(1) is complete
by hypothesis. Now we will calculateχ for this curve

(g− 2)χ + 1 < 2g− 2

i.e. χ <
2g− 3
g− 2

= 2+
1

g− 2

and soχ = 2. By lemma 2, we know thatdn ≥ dn+1 for n ≥ 2. So if we
show thatd2 = 0, thenOC(n) is complete for everyn ≥ 0.

ChoosingH as before, we have an exact sequence, 0−→ O(−1) −→
O −→ OH −→ 0 Therefore, 0−→ OC(1) −→ OC(2) −→ OC∩H(2) −→
0 is exact. Thus we get a commutative diagram of exact sequences:

0

0 // H◦(C,OC(1))
i //

OO

H◦(C,OC(2))
π // H◦(C ∩ H,OC∩H (2))

0 // H◦(Pr ,OPr (1)) //

f

OO

H◦(Pr ,OPr (2))

ḡ

OO

h

66l
l

l
l

l
l

l

rank ofh = t2. By Corollary 2 of lemma 1, we have,t2 ≥ inf(2g−2, (g− 55

2).2+1) = 2g−3. Sincef is surjective, Image ofi is contained in Image
of ḡ. Dimension of Image ofi = g. dim H◦(C,OC(2)) = 4g− 4− g+ 1 =
3g− 3 by Riemann-Roch theorem. Thus

rank ofh = rank of ḡ− dim(Im i) = (rank of ḡ) − g.

Hence (rank of ¯g) = t2+g ≥ 2g−3+g = 3g−3. Thusḡ is surjective
andd2 = 0. �

LEMMA 3. Letχ and dn be as before. If n≥ χ + 1 then, dn > dn+1 or
dn = 0.
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Proof. 1. ChooseH as before. Now choose another hyperplaneH1
such thatH∩H1∩C = φ∅. Let f = 0 andg = 0 be their respective
equations. LetJ be the sheaf of ideals ofC in Pr and consider the
Koszul complex with respect to (f , g):

0

��

0

��

0

��
0 // J(n− 1)

��

// J(n) ⊕ J(n)

��

// J(n+ 1)

��
0 // OP(n− 1)

��

// OP(n) ⊕OP(n)

��

// OP(n+ 1)

��
0 // OC(n− 1)

��

// OC(n) ⊕OC(n)

��

// OC(n+ 1)

��

// 0

0 0 0

The bottom sequence is exact because,f andg have no common
zeros onC. So we see that the mapping cone,
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0 // J(n− 1) // OP(n− 1)⊕ J(n) ⊕ J(n) //

((RRRRRRRRRRRRR
OP(n) ⊕ OP(n) ⊕ J(n+ 1) // OP(n+ 1) // 0

M(n+ 1)

66lllllllllllll

))RRRRRRRRRRRRRRRR

0

66lllllllllllllll
0
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is exact. From this we get a complex,56

H1(J(n− 1)) −→ H1(OP(n− 1)⊕ J(n) ⊕ J(n))

−→ H1(OP(n) ⊕OP(n) ⊕ J(n+ 1)).

Denote the homology at the middle byWn+1.

2. CLAIM . Wn+1 = Coker(H◦(J(n+ 1)⊕OP(n)
α
−→ H◦(OP(n+ 1)).

We have exact sequences as follows forn ≥ χ + 1.

0

0 // Wn+1 // H1(M(n+ 1)) //

OO

H1(J(n+ 1)) // 0

H1(J(n) + J(n))

OO

H1(J(n− 1)

OO

β is surjective because Cokerβ is contained in,H2(J(n − 1)) =
H1(C,OC(n− 1)) = 0 by Castelnuovo’s theorem, sincen ≥ χ + 1.

We obtain the result by using the following lemma: �

LEMMA 3 ′. If n > χ, dn = dn+1 implies Wn+1 = 0 and dn+1 = dn+2. It
is clear that lemma 3′ implies lemma 3.

Proof. It is clear from the commutative diagrams we have considered
that,H1(J(n)⊕ J(n)) −→ H1(J(n+1)) is surjective and (imageH1(J(n−
1)) −→ H1(J(n) ⊕ J(n))) is at leastdn-dimensional forn > χ. We have

the exact sequence,H1(J(n−1))
ϕ
−→ H1(J(n)⊕J(n)) −→ H1(J(n+1)) −→

0 if n > χ. dim(Imϕ) ≥ dn, dim(kerΨ) = 2dn − dn+1. If dn = dn+1, then57

dim kerΨ = dn ≥ dim(Imϕ) ≥ dn. Hence kerΨ = Imϕ. Therefore
Wn+1 = 0. So we get,H◦(J(n + 1)) ⊕ O2

P
(n)) −→ H◦(OP(n + 1)) is
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surjective, and hence a commutative diagram of exact sequence:

H
◦
(J

(n
+

1)
⊕

O
P
(n

))
⊗

H
◦
(P
,O

P
(1

))

��

α
⊗

Id
// H
◦
(O

P
(n
+

1)
)⊗

H
◦
(P
,O

P
(1

))
//

��

0

H
◦
(J

(n
+

2)
⊕

O
2 P
(n
+

1)
)

α
′

// H
◦
(O

P
(n
+

2)
)

�� 0

Thereforeα′ is surjective and henceWn+2 = 0. As before we get a
complex,

H1(J(n))
ϕ
−→ H1(J(n+ 1)⊕ J(n+ 1)) −→ H1(J(n+ 2)) −→ 0

and sinceWn+2 = 0, this is exact. dim(Imϕ) = dn+1. But dimH1(J(n)) =
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dn = dn+1. Therefore dim Imϕ = dn+1 and henceϕ is injective. So
dn+1 = 2dn+1 − dn+2 i.e. dn+1 = dn+2. �

3

THEOREM 2. (Castelnuovo). Let C be a smooth irreducible curve
embedded inPr , r ≥ 3 and let J be the ideal sheaf of C. Then H1(Pr ,

J(n)) = 0 for n ≥ d− 2 where d is the degree of C [i.e. for such n,OC(n)
is a complete linear system on C.]

Proof. First we will show that it is sufficient to do this whenr = 3. Any
smooth curve inPr can be projected from a point toPr−1 isomorphically
if r > 3. Let π : Pr − (P) −→ Pr−1 be the projection map, so that
C −→ π(C) is an isomorphism. Because this is a projection from a
point and sinceP can be chosen such thatd◦C = d◦π(C)[d◦ denotes
the degree of the curve]. This can be easily checked if we go through58

the construction ofπ and using Bertini. SinceC ≃ π(C), we see that

OC
π
−→
∼

Oπ(C) and for these different embeddings ofC and π(C), we

still haveOC(n)
π
−→
∼

Oπ(C)(n). So we have the following commutative

diagram,r > 3,

H◦(Pr ,OPr (n)) = H◦(Pr − (P),OPr (n))

−→ H◦(C,OC(n)) −→ H1(Pr , JC(n)) −→ 0

H◦(Pr−1,OPr−1(n)) −→ H◦(π(C),Oπ(C)(n))

−→ H1(Pr−1, Jπ(C)(n)) −→ 0

If we have proved the result inPr−1, then H◦(Pr−1,OPr−1(n)) −→
H◦(π(C),Oπ(C)(n)) is surjective and by commutativity,H◦(Pr − (P),
OPr (n)) −→ H◦(C,OC(n)) is surjective. SoH1(Pr , JC(n)) = 0. Thus
it is sufficient to prove the result inP3

So assumeC −→ P3. If C is already a plane curve we have nothing
to prove, since thenC is complete intersection. If that is not the case,
sinceC is not contained in any hyperplane, we can project from a ponit
in P3, so that the image curve is birational toC and has only ordinary
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double points as singularities. (Remark after Bertini’s theorem.) LetC′

denote the image ofC in P2. Consider cones overC andC′. They are
graded rings overk. Cone overC = A = k[x0, x1, x2, x3], xi ’s so chosen
that, cone overC′ = B = k[x0, x1, x2]. SinceC′ has only ordinary
double points we see thatx3 satisfies a degree 2 equation overB.

We have maps,Bn + x3Bn−1 −→ An, which gives a gradedB - ho-
momorphism,B+ x3B −→ A.

ProjB = C′ and ProjA = C.

This in turn gives a morphism ofOC′-sheavesOC′⊕OC′(−1) −→ OC.
If Q ∈ C′ is a non-singular point, thenOC′,Q −→ OC,π − 1(Q) is an 59

isomorphism and hence the above map is surjective. IfQ is a singular
point, we have a sequence,

0 −→ OC′,Q −→ OC,π − 1(Q) −→ OC,π − 1(Q)/OC′ ,Q
−→ 0

But sinceℓ(OC,π−1(Q)/OC′ ,Q
) = 1(C′ has only ordinary double points

as singularities) and image ofOC′,Q(−1) is not contained in the image of
OC′,Q under the given map, we see that the above map is surjective.�

Claim. We have an exact sequence of OC′-sheaves,

0 −→ f (−1) −→ OC′ ⊕OC′(−1) −→ OC −→ 0 (*)

where f⊂ OC′ ⊂ OC is the conductor sheaf.

This map at graded ring level is as follows: IfF denotes the graded
ideal corresponding tof ,

Fn−1
ϕ
−→ Bn + Bn−1 −→ An

α −→ (−x3α, α)[x3α ∈ Bn becauseα is in the conductor.] andϕ(α, β) =
α+ x3β. So it is clear that the sequence (*) is a complex. Also it is clear
thatϕ is an injection. So we have only to check exactness at the middle.
We have the complex locally,

0 −→ f (−1)Q −→ OC′,Q ⊕OC′,Q(−1) −→ OC,π−1(Q) −→ 0.
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Let (α, β) −→ 0 i.e.

α + x3β = 0 =⇒ α = −x3β =⇒ x3β ∈ C′,Q.

Sincex3 generatesOC,π−1(Q) overOC′,Q andx3 is integral of degree 2
overOC′,Q, we see that this implies,β ∈ f (−1)Q. i.e. (α, β) = (−x3β, β)60

with β ∈ f (−1)Q. This proves the claim.

ωC′ = OC′(d − 3)

ωC = HomOC′
(0C, ωC′)

= HomOC′
(OC′ ,OC′) ⊗ ωC′ = f ⊗OC′

ωC′ = f ⊗OC′
(d − 3).

Thereforef (−1) = ωC ⊗OC′
OC′(2− d).

Tensoring (*) byOC′(d − 2) and noting thatπ∗(OC′(r)) = OC(r), we see
that,

0 −→ ωC −→ OC′(d − 2)⊕OC′(d − 3) −→ OC(d − 2) −→ 0

is exact, asOC′-modules.
So we have an exact sequence,

0 −→ H◦(C, ωC) −→ H◦(C,OC′(d − 2))⊕ H◦(C′,OC′(d − 3))

−→ H◦(C,OC(d − 2))
α
−→ H1(C, ωC)

β
−→ H1(C′,OC′(d − 2))⊕ H1(C′,OC′(d − 3)) −→ 0

H1(C,OC(d − 2)) = 0 by Castelnuovo’s first theorem: sinced ≥ 3,
becauseC is not a complete intersection, andOC′(d − 3) = ωC′ , we see
that H1(C′,OC′(d − 3)) , 0 andH1(C, ωC) ≃ k, becauseC is smooth
andωC is the canonical line bundle. Soβ surjective implies thatβ is an
isomorphism and henceα is the zero map. So we have a commutative
diagram of exact sequences:
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0

0 // H◦(C, ωC) // H◦(C′,OC′(d − 2))⊕ H◦(C′,OC′(d − 3))

OO

// H◦(C,OC(d − 2) // 0

H◦(P2,OP2(d − 2))⊕ H◦(P2,OP2(d − 3)

OO

// H◦(P3,OP3(d − 2))

OO
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So it follows that,H◦(P3,OP3(d − 2)) −→ H◦(C,OC(d − 2)) is sur-61

jective. i.e.H1(P3, J(d − 2)) = 0.
Thus by lemma 2, we see that

H1(P3, J(n)) = 0 for n ≥ d − 2.



Chapter 4

On Curves which are the
Schemes of Zeros of a Section
of a rank Two Vector Bundle

1

Let X be a scheme andE a vector bundle onX. Suppose we are given62

a section ofE. i.e. an injectionOX
s
−→ E. Then taking duals we get

a morphism,Ě −→ OX. The cokernel of this map defines a closed
subschemeY of X, which we call thescheme of zeroes of the section of
E. So we have an exact sequence,

Ě −→ OX −→ OY −→ 0

61
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-section

section

Scheme of zeroes of the section

Fig. 1

Now we prove a proposition by Serre, which gives a sufficient con-
dition for a closed sub-scheme of codimension two to be the scheme of
zeroes of a section of a rank two vector bundle.

PROPOSITION. (J-P. Serre): Let Y be a regular, connected scheme63

with dualising sheafωY. Let X be a closed sub-scheme of Y, equidimen-
sional, Cohen-Macaulay and of codimension two. Assume the following
conditions are satisfied:

a) There exists a line bundle L on Y such that,

ωX = L/X

b) H2(Y, L−1 ⊗ ωY) = 0.
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Then X is the scheme of zeroes of a section of a rank two vector

bundle E such that
2∧

E ⊗ ωY = L.

Proof. Let J be the sheaf of ideals ofX in Y. If a vector bundleE
exists with the above properties, then we have the Koszul complex 0−→
2∧

Ě −→ Ě −→ OY −→ OX −→ 0 with is exact. So the sequence

0 −→
2∧

Ě −→ E −→ J −→ 0 is exact. But we want
2∧

Ě to be equal to
L−1 ⊗ ωY.

Thus we see that the problem is to find an extension ofJ by L−1⊗ωY,
which is a vector bundle i.e. we want an element of Ext1(J, L−1 ⊗ ωY),
which gives a locally free extension.

The spectral sequence for Ext’s gives an exact sequence,

Ext1(J, L−1 ⊗ ωY) −→ H◦(Y,Ext1(J, L−1 ⊗ ωY)) (A)

−→ H2(Y,Hom(J, L−1 ⊗ ωY)).

From the exact sequence,

0 −→ J −→ OY −→ OX −→ 0

applying the functor Hom(·, L−1⊗ωY) and noting that Exti(OX, L−1⊗ωY)
is zero if i , 2 (becauseX is Cohen-Macaulay of codimension 2 in a64

regular scheme), we see that

L−1 ⊗ ωY ≃ Hom(J, L−1 ⊗ ωY)

and

Ext1(J, L−1 ⊗ ωY) ≃ Ext2(OX, L
−1 ⊗ ωY).

We know that Ext2(O′XL−1⊗ωY) = L−1⊗ωX and by the assumption
a) in the proposition,L−1⊗ωX = OX. Thus we see that Ext1(J, L−1⊗ωY)
is a monogenicOY-Module. This generator corresponds to a sectionη
of Ext1(J, L−1⊗ωY) and generates Ext1(J, L−1⊗ωY) at every point ofY.

SinceH2(Y,Hom(J, L−1 ⊗ ωY)) is isomorphic toH2(Y, L−1 ⊗ ωY)
which is zero by assumption b) from (A) we get that,

Ext1(J, L−1 ⊗ ωY) −→ H◦(Y,Ext1(J, L−1 ⊗ ωY))
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is surjective. So there is an element of Ext1(J, L−1 ⊗ ωY) which maps
ontoη. Let Ě be the extension corresponding to this element. We will
show thatĚ is locally free.

We prove the following: Letη be a section of Ext1(J, L−1 ⊗ ωY)
coming from Ext1(J, L−1 ⊗ ωY). The corresponding extensionG is free
at a pointy in Y if and only if the image ofη in Ext1OY,y

(Jy(L−1 ⊗ ωY)y)

generates it as anOY,y-module. This will prove our assertion thatĚ is
locally free. AssumeG is free aty. So we have an exact sequence,

0 −→ (L−1 ⊗ ωY) = OY,y −→ Gy = OY,y ⊕OY,y −→ Jy −→ 0,

which gives rise to an exact sequence,

OY,y = HomOY,y(OY,y,OY,y) −→ Ext1OY,y
(Jy,OY,y) −→ 0.

65

Since image ofη corresponds to image of the identity ofOY,y in
Ext1OY,y

(Jy,OY,y) we see that image ofη generates it. Conversely let im-

age ofη generate Ext1
OY,y

(Jy,OY,y) and letGy be the corresponding ex-
tension.

From the exact sequence,

0 −→ OY,y −→ Gy −→ Jy −→ 0

we see that the assumption implies, Ext1(Gy,OY,y) = 0. SinceY is reg-
ular andX is Cohen-Macaulay of codimension 2, we see that, (Projec-
tive dimension ofGy) ≤ 1. So for anyOY,y-moduleN,Ext1(Gy,N) =
Ext1(Gy,OY,y) ⊗ N = 0 i.e. Gy is projective and hence free.

ThusĚ is locally free. From the exact sequence, 0−→ L−1⊗ωY −→

Ě −→ J −→ 0, one sees by additivity of ranks, that rankĚ is 2. We have
an exact sequence,

0 −→ L−1 ⊗ ωY −→ Ě −→ OY −→ OX −→ 0.

The fact that the Koszul complex

0 −→
2∧

Ě −→ Ě −→ OY −→ OX −→ 0.
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is also exact implies that
2∧

Ě ≃ L−1 ⊗ωY. SoX is the scheme of zeroes66

of a section of the rank two vector bundleE with
2∧

E⊗ωY/X = ωX. �

REMARK. Conversely if X and Y are as in the proposition and if X is
the scheme of zeroes of a section of a rank two vector bundle E,then

one can see that a) is satisfied i.e.
2∧

E ⊗ ωY/X = ωX. But b) may not be
satisfied.

COROLLARY. Let Y= SpecR where R is a regular ring. If X and Y
satisfy the conditions in the proposition (note that H2(Y, · ) = 0, since
Y is affine.) then X is a local complete intersection. In addition, if
projectives are free over R, then X is a complete intersection.

As an interesting corollary to Serre’s proposition, we willprove the
following:

THEOREM . (G. Horrocks) . Give any pair of integers C1 and C2,
there exists an indecomposable rank two vector bundle E onP3

k(k infi-
nite) such that C1(E) = C1 and C2(E) = C2 (where Ci(E) denote the ith

Chern number of E) if and only if C1C2 = 0 mod 2
We recall some definitions and properties of Chern numbers: Let E

be a vector bundle onP3 of rank 2. Let X be a scheme of zeroes of a
section of E.

ThenωX = OX(C1(E) − 4) and C2(E) = d◦X.
We also note that,

C1(E(n)) = C1(E) + 2n

C2(E(n)) = C2(E) + nC1(E) + n2,

and C1(Ě) = −C1(E). 67

Proof. (of the theorem). First we will show thatC1C2 = 0( mod 2) is
a necessary condition for any vector bundle of rank two onP3. Let E
be any vector bundle of rank 2 onP3. SinceC1(E)C2(E) − C1(E(n)).
C2(E(n)) = 0( mod 2) for anyn, it is sufficient to show for largen.
Hence we can assume thatE has a smooth section, sayX. Then

Ω1
X = ωX = OX(C1(E) − 4).
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By Riemann-Roch, degΩ1
X = 2g− 2, and degωX = C2(E)(C1(E) −

4). SoC1(E).C2(E) = 0( mod 2).
We will now construct indecomposable vector bundles of rank2

with given Chern numbers.

I Let a > 0 be any integer andm1,m2 . . .mr be integers such that
0 < mi < a. Then there exists a vector bundleE of rank 2. Such

thatC1(E) = a andC2(E) =
r∑

i=1
mi(a−mi) and an exact sequence,

0 −→ OP3(−a) −→ E −→ OP3 −→ OX −→ 0

i.e. X is the scheme of zeroes of a section ofE. We will prove68

this by induction onr. If r = 1, we takeE = O(mi) +O(a −mi).
Assume we have proved this upto (r − 1)th stages so we have a
vector bundleE such that

C1(E) = a,C2(E) =
r−1∑

i=1

mi(a−mi)

and anX which is the scheme of zeroes of a section ofE.

SoωX = OX(C1(E) − 4) = OX(a− 4) and

d◦(X) = C2(E).

One can easily see that the zeroes of a generic section ofO(mr ) ⊕
O(a − mr) does not meetX. So letX1 be such a scheme. Then
ωX1 = OX1(a − 4) andd◦X1 = mr(a −mr). From this we see that
X ∪ X1 is locally a complete intersection andωX∪X1 = OX∪X1(a−

4), d◦(X ∪ X1) = C2(E) + mr(a − mr) =
r∑

i=1
mi(a − mi). Serre’s

proposition assures thatX∪X1 is the scheme of zeroes of a section
of a rank two vector bundle, sayF. ThenC1(F) = a andC2(F) =
r∑

i=1
mi(a−mi) and we have a section as required.

II By the above construction, ifr ≥ 2, then the corresponding vector
bundleE is indecomposable. Ifr ≥ 2, then by construction, there
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exists a section, the scheme of zeroesX of which has more than
one connected component. LetX be the scheme of zeroes of any
section. Then one verifies from the exact sequence corresponding
to the section that

dim H1(P3, Ě) = dimH◦(X,OX) − 1.

If X has more than one connected component we see that
dim H1(P3, Ě) ≥ 1. i.e. H1(P3, Ě) , 0. If E is decomposable,
then so isĚ and thenH1(P3, Ě) = 0. So if r ≥ 2, we see thatE is
indecomposable.

We denote by∆(E), then number,C1(E)2 − 4C2(E). Note that 69

∆(E(n)) = ∆(E). If C1 andC2 are two integers withC1C2 ≡ 0
mod 2, we see that,C2

1− 4C2 ≡ 0( mod 4) ifC1 is even and≡ 1(
mod 8) ifC1 is odd.

�

LEMMA. Let n be a positive integer≡ 0( mod 4)or ≡ 1( mod 8).
Then there exists positive integers a,m1 and m2 such that,0 < mi < a

and n= a2 − 4.
2∑

i=1
mi(a−mi).

Proof. Because of the conditions onn there exists a positive integerN
such thatN2 = n+ 8m1m2 wheremi ’s are some positive integers. Then
takea = 2(m1 +m2) + N.

III Let C1 andC2 be any two integers such thatC1C2 = 0 mod 2.
Now we will construct an indecomposable vector bundle of rank
2, whose chern numbers areC1 andC2.

By the above lemma, we have an expression,C2
1 − 4C2 = a2. −

4
r∑

i=1
mi(a−mi). With 0 < m1 < a andr ≥ 2. So by our construc-

tion we have a vector bundleE of rank two such thatC1(E) = a

andC2(E) =
r∑

i=1
mi(a − mi). Sincer ≥ 2E is indecomposable.

C1 − a = 2m for somem. Now C1(E(m)) = a+C1 − a = C1 and
∆(E(m)) = ∆(E) = C2

1−4C2. ThereforeC2(E(m)) = C2 andE(m)
is indecomposable.
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�

2 Thickening in a Normal Direction

Let Y be any regular scheme andX a closed subscheme ofY which is
a local complete intersection. So the conormal bundleNX is a vector
bundle overX.

Let L be any line bundle overX and letNX −→ L be any surjection.
Then we have a diagram,

0 // NX

��

// OX

L

��
0

whereOX−1 = OY/I2, I , the ideal sheaf ofX. Let OZ be the push out.70

So OZ is the structure sheaf of a schemeZ which is closed inY and
topologically isomorphic toX. So we have commutative diagram,

0 // NX

��

// OX1

��

// OX

‖

// 0

0 // L

��

// OZ

��

// OX
// 0

0 0

DEFINITION . Z is defined as the thickening of X in the direction of
the quotient L.
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Fig. 2

3 Curves which are Zeros of Sections of Rank Two
Vector Bundels in 3-Space

In this section we will prove that curves in a smooth quasiprojective 71

scheme of dimension 3, which are local complete intersection are
schemes of zeroes of a section of a rank two vector bundle.

We start with a proposition due to R. Fossum:

PROPOSITION. Let A be a local ring which is Cohen-Macaulay. Let
ωA be its dualising sheaf. Let B be any algebra extension of A byωA

with square ofωA zero. Then B is Gorenstein.

Proof. We have an exact sequence ofB-modules,

0 −→ ωA −→ B −→ A −→ 0.

Let B be the quotient of a regular local ringR. One can assume
without loss of generality thatB is complete. ThenA is also a quotient
of R, in a natural way. Codimension ofB andA in R are equal, sayr.
Let dimR= n. Then ExtiR(A,R) = 0 for i , n− r

= ωA i = n− r.

SinceωA is the dualising sheaf ofA, we see that,

ExtiR(ωA,R) = 0 for i , n− r
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= A for i = n− r.

Thus applying the functor HomR(.,R) to the above exact sequence,
we see that,

ExtiR(B,R) = 0, for i , n− r.

ThereforeB is Cohen-Macaulay. Hence Extn−r
R (B,R) = ωB, the du-

alising sheaf ofB. So we get an exact sequence,

0 −→ Extn−r
R (A,R) −→ Extn−r

R (B,R) −→ Extn−r
R (ωA,R) −→ 0

i.e. 0−→ ωA −→ ωB −→ A −→ 0 is exact.72

If x in R is a non-zero divisor inA, then it is also a non-zero divisor in
ωA. Hence it is also a non-zero divisor inB andωB. Going modulo such
an x, we get an exact sequence.

0 −→ ωA/xωA −→ ωB/xωB −→ A/xA −→ 0.

But sinceωA/xωA = ωA/xA andωB/xωB = ωB/xB we have

0 −→ ωA/xA −→ ωB/xB −→ A/xA −→ 0

is exact. Continuing this process we can reduce the case toA and B
artinian. SinceB is Gorenstein if and only ifB/(x1...xi )B is Gorenstein
for sequencexi , . . . , xi of B, it is sufficient to show thatB is Gorenstein
in the artinian case. So assumeA is an artinian local ring andB an
extension as before withω2

A = 0.
Let MA and MB be the respective maximal ideals. Since HomA(k,

ωA) = ωk = k, we have an exact sequence,

0 −→ k −→ HomB(k, B) −→ HomA(k,A) −→

We want to show that HomB(k, B) = k, which will prove thatB is Goren-
stein. So letf : k −→ B; be anyB-module homomorphism. i.e. There
existsλ in B such that Annλ = MB. If λ̄, the image ofλ in A is not zero,
then λ̄.ωA = 0 sinceωA ֒→ MB. But AnnAωA = (0), which implies
that λ̄ = 0 i.e. λ belongs toωA. Thus the map,k −→ HomB(k, B) is an
isomorphism. This proves our assertion.

Now we will state and prove the main theorem. �
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THEOREM . Let Y be any smooth quasi-projective scheme of dimen-73

sion 3 over an infinite field. Let X be a closed subscheme of Y, locally
a complete intersection and codimension two in Y. Then X is set the-
oretically the scheme of zeroes of a rank two vector bundle onY, with
multiplicity two.

Proof. Let L be an ample line bundle onY. LetωY andωX denote the
dualising sheaves ofY and X respectively. LetN denote the normal
bundle of X in Y. We choose an integern large enough so that the
following are satisfied.

1. N ⊗ ωX ⊗ Ln is generated by sections.

2. H1(X, ωX ⊗ Ln) = 0

3. H2(Y, ωY ⊗ Ln) = 0.

From now on we will callLn as L. The idea of the proof is that
we thickenX along the quotientωX ⊗ L (first showing thatωX ⊗ L is a
quotient ofN) and then show that the dualising sheaf of the thickened
scheme is actually restriction of a line bundle onY. Then by Serre’s
proposition we are through.

SinceX is a local complete intersection of codimension two inY,N⊗
ωX ⊗ L is a vector bundle of rank two overX and it is generated by
sections. So by a lemma of Serre, (since basefield is infinite.) it has a
nowhere vanishing section,OX −→ N ⊗ ωX ⊗ L. This implies by taking
duals,

Ň ⊗ ω−1
X ⊗ L−1 −→ X

is a surjection i.e. , there exists a surjection,

Ň −→ ωX ⊗ L.

So as in section 2 we thickenX along this quotient. LetZ be the
thickened scheme, andX1 denote the scheme defined byI2 in Y, where
I is the sheaf of ideals definingX. So we have a commutative diagram,74
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0 // Ň

��

// OX1

��

// OX

‖

// 0

0 // ωX ⊗ L

��

// OZ

��

// OX
// 0

0 0

By Fossum’s theorem, we see thatZ is locally Gorenstein. By corol-
lary of Serre’s proposition we see thatZ is locally a complete intersec-
tion in Y.

By applying Hom(., ωY) to the bottom exact sequence in the diagram
above we get an exact sequence,

0 −→ Ext2OY
(OX, ωY) −→ Ext2OY

(OZ, ωY) −→ Ext2OY
(ωX ⊗ L, ωY) −→ 0

i.e. 0−→ ωX −→ ωZ −→ OX ⊗ L−1 −→ 0.

This gives an exact sequence,

0 −→ ωX ⊗ L −→ ωZ ⊗ L −→ OX −→ 0.

SinceH1(X, ωX ⊗ L) = 0, we see that the section ‘1’ ofOX comes
from a section ofωZ ⊗ L. i.e. there exists a homomorphism,OZ −→

ωZ ⊗ L such that the composite.OZ −→ OX is the canonical surjection.
So we have a commutative diagram,

0 // ωX ⊗ L //

‖

OZ

��

// OX

‖

// 0

0 // ωX ⊗ L // ωZ ⊗ L // OX
// 0

We will show that this morphism is an isomorphism. It is sufficient to
show locally. So we have a commutative diagram,

0 // ωA = A // B //

��

A //

‖

0

0 // A = ωA
// B // A // 0
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Since the compositeB −→ B −→ A is the canonical surjection, the map75

B −→ B must be of the form 1−→ 1 + r wherer comes fromωA. But
sinceωA is nilpotent inB, we see that 1+ r is a unit inB and hence the
map is an isomorphism. So

ωZ ≃ L−1/Z.

SinceH2(Y, L ⊗ ωY) = 0, by Serre’s proposition we see thatZ is the
scheme of zeros of a rank two vector bundle onY. Also since the ideal
sheaf ofZ containsI2, we see it is of ‘multiplicity 2’. This prove the
theorem. �

NOTE . In the affine case (i.e. Y = SpecR), we do not need the base
field to be infinite.

THEOREM 2. (Ferrand, Szpiro) . If Y = A3, the affine 3-space, then
curves which are local complete intersections are set theoretic complete
intersection with multiplicity 2.

Proof. Note that vector bundles are free overA3. So combining the
result with theorem 1, we get the result. �

THEOREM 3. (Ferrand) . If X is a locally complete intersection curve
in P3 (over an infinite field) then it is set theoretically the scheme of
zeroes of a section of a rank two vector bundle with multiplicity 2.

EXAMPLE. The twisted cubic inP3, which is defined by the equations,
X◦X3 − X1X2 = 0,X◦X2 − X2

1 = 0 andX1X3 − X2
2 = 0 is set theoretically

defined byX1X3 − X2
2 andX◦(X◦X3 − X1X2) − X1(X◦X2 − X2

1).

REMARK. S.S. Abhyankar has proved that if a prime ideal P⊂ k[X, 76

Y,Z] defines a smooth curve inA3, then P is generated by 3 elements.
(Algebraic Space Curves, S.S. Abhyankar, Montreal Notes.)So P can
be generated by the2× 2 determinants of a3× 2 matrix:



a b
c d
e f
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Theorem 2 says that, after an automorphism ofA3, the above entries
can be chosen so that d= e.

Then the equations of the curve, set theoretically, are

c f − d2 = 0 and a(a f − bd) − b(ad− bc) = 0

If ∆i ’s are the corresponding minors then∆I = 0 and a∆2+b∆3 = 0,
are the corresponding equations. In the language of [11] thecurve is
liee to itself!!



Chapter 5

An Application to Complete
Intersections

AS AN APPLICATION of the results we have proved till now, we prove 77

a result on complete intersecions:

THEOREM. Let X be a smooth closed subscheme ofPn
k of codimension

2. Let us further assume that chark= 0 and n≥ 2d◦(X). Then X is a
complete intersection.

Proof. If n ≤ 5 thend◦X = 1 or 2. So we see immediately thatX is
a complete intersection. So we can assumen ≥ 6. Then by Barth’s
theorem, PicX = Z.OX(1). SinceX is a local complete intersection, (X
is smooth)ωX is a line bundle and henceωX = OX(r) for some integerr.
By Serre’s lemma [Chapter 4]X is the scheme of zeros of a section of a
rank two vector bundle onPn. So we see that the theorem is essentially
a criterion for decomposability of a rank two vector bundle on Pn.

i) We will first prove that the integerr above is negative. By Bertini’s
theorem we can cutX by a linear subspace ofPn of codimension
(n− 3) to get a smooth curveC in P3. Then

ωC = OC(r + n− 3).

75
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SinceH◦(C,OC)v = H1(C, ωC) = H1(C,OC(r + n − 3)), we see
that

H1(C,OC(r + n− 3)) , 0.

By Castelnuovo’s theorem,

r + n− 3 ≤ d − 3.

Sincen ≥ 2d, we see thatr is negative.

ii) Applying Kodaira’s vanishing theorem, we see:

Hi(X,OX(m)) = 0,m< 0, 0 ≤ i < dim X = n− 2.

78

By duality we get,

Hi(X,OX(m)) = Hn−2−i(X,OX(r −m)).

Sincer is negative we see that,

Hi(XOX(m)) = 0

for everym and 0< i < dimX.

iii) Let SpecA be the cone ofX (in the given embedding inPn.) Let

Ā = ⊕
m

H◦(X,OX(m)).

We will show thatĀ is a Gorenstein ring. By (ii) we see that̄A is
Cohen-Macaulay. Since

ωĀ = ⊕
m

H◦(XωX(m)) = ⊕H◦(XOX(m+ r)) = Ā(r),

Ā is Gorenstein.
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iv) Let SpecR = Speck[X◦,X1, . . .Xn] be the cone overPn. So we
have a surjectionR −→ A and Ā is a finiteA-module and hence
a finiteR-module. Lets = minimum number of generators of̄A
overR. SinceĀ is a Cohen-Macaulay module of dimensionn− 1,
we have a resolution,

0 −→ Rm −→ Rt −→ Rs −→ Ā −→ 0.

SinceĀ is Gorenstein,s= m. So the minimal resolution for̄A is,

0 −→ Rs −→ R2s −→ Rs −→ Ā −→ 0.

v) We claim thats≤ d − 2.d = d◦X.

We can chooseXi ’s above in such a manner that̄A is integral over,

R′ = k[X◦, . . . ,Xn−2]

the inclusionR′ −→ Ā is a graded homomorphism. SincēA is 79

Cohen-Macaulay we see that̄A is locally free overR′. But since
Ā is a gradedR′-module it is actually free andrkR′ Ā = d.

SinceX can be assumed to be not contained in any hyperplane, we
see that the images ofXn−1 andXn in Ā form a part of a minimal
set of generators of̄A overR′. So we see that theR′ module got as
the cokernel of,R −→ Ā, is generated by atmostd − 3 elements.
i.e. Ā is generated overRby at mostd − 2 elements. So

s≤ d − 2.

vi) Now we claim thats= 1.

Since outside the closed point (vertex) ofR,A andĀ are isomor-
phic, we have that the (s−1)×(s−1) minors of the matrix defining
the mapR2s −→ Rs, defines the vertex ofR as its set of zeroes.
So the codimension of the scheme defined by the (s− 1)× (s− 1)
minors of thiss×2smatrix inR is n+1. But from general princi-
ples, codimension of the variety defined by thez× zminors of an
r × t matrix is less than or equal to (r − z+ 1)(t − z+ 1). So here,

n+ 1 ≤ (2s− (s− 1)+ 1)(s− (s− 1)+ 1) = (s+ 2).2.
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Sinces≤ d− 2, we see that,n+ 1 ≤ 2d which is a contradication
to our hypothesis. Therefores= 1.

So we see that the composite mapR −→ A −→ Ā is surjective.
i.e. A = Ā. So A is Gorenstein and codimension two inR and
hence a complete intersection.

�
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