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Foreward

THE FOLLOWING lecture notes are based on my lectures at the Tata
Institute of Fundamental Research from the middle of January to early
March of 1978. My objective was not to give a systematic exposition of
the theory of forms of higher degree but only to introduce young math-
ematicians to a new approach to this area. It is my view that although
this theory is still at an early stage, it has all the featuresof becoming an
important branch of Mathematics. If the reader finds these lecture notes
intelligible, then it is largely due to the painstaking efforts of Professor
Raghavan. I would like to thank him for his excellent collaboration to
bring the notes into this final form.

9 March 1978 Jun-Ichi Igusa
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Introduction

ONE OF THE principal objectives of modern number theory mustbe 1

to develop the theory of forms of degree more than two,to the same sat-
isfactory level in which the theory of quadratic forms is found today
as the cumulative work of several eminent mathematicians and espe-
cially of C.L. Siegel. The importance of forms of higher degree as a
serious number-theoretic object was pointed out already byGauss([11],
§ 266) as follows: “. . . il suffira d’avoir recommendéce champ vaste
á l’attention des gèométres, oú ils pourront trouver untrés-beau sujet
d’ exercer leurs forces, et les moyens de donner á l’Arithmetique tran-
scendent de trés-beaux développements”. It is unbelievable and highly
remarkable how remarkable how young Gauss was able to predict the
existence of a full-fledged theory of quadratic forms as it obtains today.

With a view to give some idea as to what may constitute such a the-
ory of forms of higher degree, we shall describe two problems. Before
we state the first one, let as fix the notation. Letf (x) = f (x1, x2, . . . , xn)
be a form i.e, a homogeneous polynomial degreem ≥ 2 in n vari-
ablesx1, . . . , xn with coefficients in the ringZ of integers. Letp be
a fixed prime,e a non-negative integer andu an integer such that the
g.c.d.(u, pe) is l. Let us define the generalized Gaussian sum

F∗(u/pe) =
1

pne

∑

ξ mod pe

((u/pe) f (ξ))

whereξ ∈ Zn and e( ) = exp(2π
√
−1). The first problem is to de-

velop a theory of such exponential sums associated withf andp. In this
direction, we have the followinggeneral theorem:

1



2 Contents

there exists an integer eo ≥ 0 such that for every e≥ eo,2

F⋆(u/pe) = a fixed linear combination of expression of the form

X(u)(pe)−λ(log pe) j

with X equal to a Dirichlet character having a power of p as its
conductor,0 ≤ j < n andRe(λ) being a positive rational number.

If now we arrange Re(λ) for lambdaoccurring above in ascending
order as

0 < λ1 < λ2 < · · ·

(whereλ1, λ2, . . . are invariants of the affine hypersurface determined by
the zeros off ), then for anyǫ > 0, we have, for everye≥ 0,

F⋆(u/pe) ≤ c(pe)−λ1+ǫ

wherec is a constant independent ofeandu.
A conjecturein this connection states that except for a finite number

of primesp depending onf andǫ, we can replace the constantc above
by 1, if λ1 > 1.

In all the cases whereF⋆(u/pe) can be closely examined or calcu-
lated, this conjecture has been verified. Indeed, in the particular case of
interest when the projective hypersurfaceS defined byf (x) = 0 is non-
singular, the conjecture is valid withλ1 = n/m (and further 0 instead of
ǫ). The proof of the conjecture in this case depends on Deligne’s solu-
tion of the Riemann-Weil hypothesis for zeta functions associated with
non-singular projective varieties defined over finite fields.

In order to deal with the conjecture whenS may not be non-singular,
one approach may be to isolate the relevant part of Deligne’swork used
to prove the conjecture and examine whether the assumption of S being3

non-singular may be dropped.
We now state the second problem we referred to earlier in the con-

text of a theory of forms of higher degree. It is the followingwell-known
conjecture:
if m = 3, then f(x) = 0 has a non-trivial integral solution provided that
n > 9.
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Davenport ([8]) has proved a similar statement withn > 15 in place
of the conditionn > 9. To bring down 15 to 9 by improving Daven-
port’s method seems to be almost impossible. We have recently found a
new approach to this conjecture in the non-singular case; this is a direct
generalization of the method used by Weil to establish the Minkowski-
Hasse theorem for quadratic forms connecting the global representabil-
ity with local representability. Weil’s method depends on acertain pois-
son formula and the use of the “metaplectic group” (which is acovering
of S L2). We have indeed a generalization of such a poisson formula to
forms of higher degree. If our approach does really settle the conjecture
for forms of higher degree, then we shall be rewarded with a general-
ization of the beautiful relation between quadratic forms and modular
functions. We believe in the existence of a new satisfactorytheory of
forms of higher degree and hope that the solution of the conjectures
above will occupy important positions in such a theory.





Chapter 1

A Theory of Mellin
Transformations

IN THIS CHAPTER, we develop a theory of Mellin transformation for 4

the multiplicative group of an arbitrary local field, Although that is the
only case in which we shall be interested, we shall start by recalling the
definition of the Mellin transformation in the general case.

We shall assume results in the theory of locally compact abelian
groups and Fourier transforms.

1 Generalities

1.1

Let G be a locally compact abelian group andG∗, the Pontrjagin dual
of G consisting of the group Hom(G,C×1) of all continuous homomor-
phisms of G into the groupC×1) of complex numbers of absolute value
1. Forg ∈ G andg∗ ∈ G∗, we write〈g, g∗〉 = g∗(g).

Let dg be the Haar measure onG (unique upto a positive scalar
factor) andL1(G) the space of complex-valued functions which are in-
tegrable onG. ForF in L1(G), the Fourier transformF∗ is defined by

F∗(g∗) =
∫

G

F(g) 〈g, g∗〉 dg for g∗ ∈ G∗;

5



6 1. A Theory of Mellin Transformations

thenF∗ belongs to the spaceL∞(G∗), which is the completion relative to
the uniform norm of the space of complex-valued continuous functions
onG∗ with compact support.

Let Λ(G) be the space of continuous functionsF in L1(G) whose
Fourier transformF∗ is in L1(G∗); thenF 7→ F∗ is a bijection ofΛ(G)
on Λ(G∗). The Haar measuredg∗ on G∗ can be normalized so that(
F∗

)∗(g) = F(−g) for every F ∈ Λ(G) and g ∈ G. This is just the
Fourier inversion theorem and the measuredg∗ is said to be thedual of5

dg.

1.2

Let Ω(G) = Hom(G,C×), the group of continuous homomorphisms of
G into the groupC× of non-zero complex numbers. An elementω of
Ω(G) is called aquasicharacterof G. The fact thatC× = R×+ × C×1
(direct product) induces a corresponding decomposition for any ω in
Ω(G). Indeed, letr(g) = |ω(g)| for anyg ∈ G and theng 7→ ω(g)/r(g) is
in G∗ so that for everyg in G we have

ω(g) = r(g)〈g, g∗〉 (1)

for a uniqueg∗ in G∗.
For any complex-valued functionF onG and anyω in Ω(G), let us

define

Z(ω) =
∫

G

F(g) ω(g) dg (2)

where, for the moment, we say nothing about the existence of the inte-
gral and merely remark that we have a functionZ defined on a certain
subset ofΩ(G). We call the mapM : F → Z theMellin transformation.

Substituting (1) in (2), we have

Z(ω) =
∫

G

F(g) r(g) 〈g, g∗〉 dg

and the Fourier inversion theorem yields the following
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Theorem 1.2. If dg∗ is the dual of the measure dg on a locally compact
abelian group G,ω ∈ Ω(G) and F : G → C are given, then under
the assumption that the function g7→ F(g)r(g) is in Ω(G), the Mellin
transform is defined and further

F(g)r(g) =
∫

G∗

Z(ω) 〈g,−g∗〉 dg,

i.e. 6

F(g) =
∫

G∗

Z(ω) ω(g)−1 dg.

1.3

If we takeG = R×+, thenΩ(G) consists ofω(x) = xs with s = σ + it
(i =

√
−1), s and t being real. Nowr(x) = xσ and 〈x, t〉 = xit = eity

with y = log x (or equivalentlyx = ey). The mapx 7→ y = log x gives a
bijectionR×+→R. Now

Z(s) =

∞∫

0

F(x) xs d log x =

∞∫

−∞

F(ey) eσy
e(

1
2π

yt) dy.

The Lebesgue measuredy on R is its own dual, relative to (y, y′) 7→
e(yy′). Thus Fourier’s inversion theorem gives, under the assumption
thatF(x)xσ ∈ Ω(R×+) (or equivalently thatF(ey)eσy ∈ Ω(R))

F(y)eσy =

∞∫

−∞

Z(s) e(− 1
2π

yt)
1
2π

dt

i.e.

F(x) =
1
2π

∞∫

−∞

Z(s) x−σ−it dt =
1

2πi

σ+∞i∫

σ−∞i

Z(s) x−s ds

which is just the assertion of the Theorem above forG = R×+.
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1.4

In the special caseG = R×+ discussed above, the fact thatΩ(R×+) ≃ C
plays an important role; we are thereby in a position to use the theory of
functions of one complex variable. We would like to know if wehave, in
a general situation,G∗ ⊂ Ω(G) with G∗ being a real Lie group (possibly
without separability) andΩ(G), its complexification. This is, in fact,
true if and only ifG is compactly generated (i.e. generated by a compact
neighbourhood of 0). From the structure of locally compact abelian
groups, we know thatG is compactly generated if and only if there exists
a unique maximal compact subgroupC with G ≃ C×Rm×Zn. But then
G∗ ≃ C∗ × Rm × (C×1)n whereC∗ is discrete andΩ(G) ≃ C∗ × Cm ×
(C×)n. In this situation, one can expect to find a good theory of Mellin
transforms. As a matter of fact, we shall takeG to be the groupK× of
non-zero elements of a local fieldK, where, by alocal field, we mean7

R or C or a finite extension of Hensel’s fieldQp of p-adic numbers or
the field of quotients of the ring of formal power-series witha finite
coefficient field. In the case ofR-fields K (i.e. K = R or C), we have
K× ≃ K×1 × R where K×1 is the compact group of elements ofK of
absolute value 1. In the last two cases which we refer to asp-fields,
K× ≃ K×1 × Z whereK×1 is a similarly defined compact group inK; here
K is not always compactly generated whileK× is compactly generated.

2 Asymptotic Expansions

Keeping in view some applications, later on, like the determination of
the asymptotic behaviour of certain integrals naturally associated over
fields with forms of higher degree and of the nature of the so-called “lo-
cal singular series” for such forms, we now introduce a general notion
of asymptotic expansions.

Let Y be a topological space andx∞, a point of the closureX of
a sub-spaceX of Y such thatX is separable atx∞ (i.e. the system of
neighbourhoods atx∞ has a countable base). Letφ0, φ1, φ2, . . . be a
given sequence of complex-valued functions on X such that for every
k ≥ 0, we have
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(i) φk(x) , 0 for all x in X which are different fromx∞ and suffi-
ciently close tox∞ and

(ii) φk+1(x) = O(φk(x)) asx tends tox∞ i.e., for givenǫ > 0, |φk+1(x)| ≤
ǫ|φk(x)| for x in X close enough tox∞. We then say that a complex
valued functionf on x has anasymptotic expansion as x(in X)
tends to x∞, if there exists a sequence{an}n≥0 of complex numbers
such that for everyk ≥ 0 and allx in X close tox∞,

f (x) =
k∑

i=0

aiφi(x) +O(φk+1(x)) (3)

i.e: | f (x) −∑k
i=0 aiφi(x)| ≤ C|φk+1(x)| for a constantC > 0 independent 8

of x. In symbols we denote this by

f (x) ≈
∞∑

k=0

akφk(x) asx→ x∞ (4)

The symbolO and o are in the sense of Hardy-Littlewood. For
the given sequence{φn}, condition (i) clearly implies the uniqueness
of a0, a1, a2, . . . and therefore an asymptotic expansion forf is unique,
if it exists. Further, it is sufficient to assume that (3) holds for a cofinal
set of natural numbersk1 < k2 < . . .

Let Y = Rn and X, an open set inRn. Taking x1, . . . , xn as co-
ordinates inRn, let for α = (α1, . . . , αn) with non-negative integers

α1, . . . , αn, Dα denote the differential operator
∂α1+...+αn

∂xα1
1 . . . ∂xαn

n
. If, in the

foregoing, f , φ0, φ1, φ2, . . . are infinitely differentiable and if, further, for
everyα,

(Dα f )(x) ≈
∞∑

k=kα

ak(D
αφk)(x) as x→ x∞

where we assume thatDαφk vanish for 0≤ k ≤ kα and for x close
enough tox∞, then we say that theasymptotic expansionof f asx tends
to x∞ is termwise differentiable.

Remarks. It may happen that thea′ks in (4) depend on a parameter. Then
we can talk of theuniformity of the asymptotic expansionrelative to such
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a parameter and similarly of thetermwise differentiability including the
differentiation with regard to the parameter.

Let us illustrate the notion of asymptotic expansion forf , with some
examples.

Example 1.TakeX = Y = R, x∞ = 0, f ∈ C∞(R) andφk(x) = xk for9

k = 0, 1, 2, , . . . Then the Maclaurin expansion forf at x = 0 gives just
an asymptotic expansion forf asx tends to 0, namely

f (x) ≈
∞∑

k=0

f k(0)
k!

xk as x→ 0

(Note that≈ does not, in general, imply equality). Further, the asymp-
totic expansion is termwise differentiable, as is obvious.

This example is quite simple but all the important features of an
asymptotic expansion are incorporated here. We now give a slightly
more complicated example.

Example 2.Let 0 ≤ λ0 < λ1 < λ2 < . . . be a monotonic increasing se-
quence of non-negative real numbers with no finite accumulation point
and letm0,m1,m2, . . . be a sequence of natural numbers. TakeY = R,
X = R×+, x∞ = 0 and

xλ0(log x)m0−1, . . . , xλ0, xλ1(log x)m1−1, . . . , xλ1, . . .

asφ0(x), φ1(x), . . . It is easy to check that condition (i) and (ii) are ful-
filled. We can thus talk of the following asymptotic expansion for a
function f asx tends to 0 , namely

f (x) ≈
mk∑

k=0

mk∑

m=1

ak,mxλk(log x)m−1 as x→ 0

If we set

Rk(x) = f (x) −
k∑

i=0

mi∑

m=1

ai,mxλi (log x)m−1
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then (3) can be replaced forthis sequence{φn} by

Rk(x) = o(xρ) as x→ 0 for every ρ < λk+1 (3′)

and for everyk ≥ 0. This is quite easy to verify. In fact, (3)⇒ (3)′10

since x−ρRk(x) = xλk+1−ρO((log x)mk+1−1) = o(1) in view of λk+1 − ρ
being strictly positive. On the other hand, (3)′ ⇒ (3) sinceRk(x) −
Rk+1(x) =

mk+1∑
m=1

ak+1,mxλk+1(log x)m−1 = O(xλk+1(log x)mk+1−1) as x → 0

while Rk+1(x) = o(xρ) for λk+1 < ρ < λk+2 implying that Rk(x) =
O(xλk+1(log x)mk+1−1) + o(xρ) = O(xλk+1(log x)mk+1−1).

3 The Classical Case

3.1 The Statement of a Theorem

We are interested in explicitly defined function spaces on which the
Mellin transformation is an isomorphism. We begin with the classical
case whereG is the multiplication groupR×+ of positive real numbers.

Let 0 ≤ λ0 < λ1 < . . . be a strictly increasing sequence of non-
negative real numbers with no finite limit point and letm0,m1,m2, . . .

be a sequence of natural numbers. We introduce two function spaces
F andZ as follows. The spaceF is defined as the set of all complex-
valued functionsF on R×+ such that (i)F ∈ C∞(R×+), (ii) F(x) behaves
like a Schwartz function asx tends to∞ i.e., F(n) = o(x−ρ) as x → ∞
for everyρ and everyn ≥ 0 and (iii)F(x) ≈

∞∑
k=0

mk∑
m=1

ak,mxλk(log x)m−1 as

x→ 0 (with constantsak,m) and this asymptotic expansion is termwise
differentiable.F is clearly nonempty, since the functionF = 0 is in
F . If λn = n for everyn ≥ 0, thenF(x) = e−x (for x ≥ 0) is in the
correspondingF . The spaceZ consists of all meromorphic functions
Z(s) of the complex variables for which

1. Z(s) has poles at most at the points−λ0,−λ1,−λ2, . . . ,

2. Z(s) −
mk∑

m=1

bk,m

(s+λk)m for suitable constantsbk,m is holomorphic in a 11

neighbourhood of the points= −λk and
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3. for every polynomialP(s) in s, the functionP(s)Z(s) is bounded
in every vertical stripBσ1,σ2 = {s= σ + ti ∈ C | σ1 ≤ σ ≤ σ2} for
−∞ < σ1 < σ2 < ∞ after deleting small neighbourhoods of−λk

for everyk from Bσ1,σ2. Under the correspondenceM between
F andZ in Theorem 3.1 below, Euler’s gamma functionΓ(s)
corresponds inZ to the functionF(x) = e−x(x ≥ 0) in F when
λn = n for everyn ≥ 0.

We shall now state and prove a theorem which has many good applica-
tions.

Theorem 3.1. We have M: F ∼−→ Z. More precisely, for any F inF ,

(MF)(S) =

∞∫

0

F(x)xs d log x

defines a holomorphic function onC+ = {s= σ + ti ∈ C | σ > 0} and its
meromorphic continuation belongs toZ. Conversely, if Z is inZ, then

(M−1Z)(x) =
1

2πi

σ+∞i∫

σ−∞i

Z(s)x−s ds

gives rise to a function inF independently ofσ for σ > 0. Moreover

bk,m = (−1)m−1(m− 1)! ak,m (5)

for every k and m.

3.2

Before we commence the proof of Theorem 3.1, let us make a comment
on its statement but, what is more important, namely, also a few remarks
to simplify later arguments for the proof of the theorem.

For a moment, denoteM−1Z in the statement of Theorem 3.1 byNZ
instead. As soon as we know thatM(F ) ⊂ Z andN(Z) ⊂ F , thenNM
is identity onF andMN is identity onZ. This follows from Fourier’s
inversion theorem. Therefore we can writeN = M−1.12
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Let D =
t∑

k=0
pk(x) dk

dxk be a differential operator with coefficients

pk(x) which are polynomials inx having complex coefficients. We say
that D is homothety-invariantif, for every f ∈ C∞(R×+) andλ > 0, we
haveD( f (λx)) = (D f )(λx) for all x. ClearlyD is such an operator, if and
only if pk(x) = ckxk for everyk. The space of such homothety-invariant
differential operators is spanned overC by xk dk

dxk (k = 0, 1, 2, . . .). On
the other hand,we have

(
x

d
dx

)2
defn
=

(
x

d
dx

(
x

d
dx

))
= x

d
dx
+ x2 d2

dx2

and generally, if

(
x

d
dx

)n

=

n∑

i=1

cn,i xi di

dxi
,

then

(
x

d
dx

)n+1

=

n+1∑

i=1

cn+1,i xi di

dxi

wherecn+1,i = icn,i + cn,i−1. Thus the space of the homothety-invariant
differential operators above is just theC-span of the differential opera-
tors 1, x d

dx, (x
d
dx)2, . . .

We now remark thatF is stable under homothety-invariant differ-
ential operators (with polynomial coefficients). For this, it suffices to
prove, in view of the foregoing, thatF is invariant underx x

dx and in turn
to verify condition (iii) for xF′ wheneverF ∈ F . Now

F(x) ≈
∞∑

k=0

mk∑

i=1

ak, j x
λk(log x) j−1

for F ∈ F asx→ 0 implies that

F′(x) ≈
∞∑

k=0

mk∑

j=1

a′k, j x
λk−1(log x) j−1
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wherea′k, j = λkak, j + jak, j+1 for 1 ≤ j ≤ mk − 1 anda′k,mk
= λkak,mk.

Thus, for everyF ∈ F ,

xF′(x) ≈
∞∑

k=0

mK∑

j=1

a′k, j x
λk(log x) j−1 asx→ 0

and soxF′ ∈ F .
ForZ, we have a corresponding property, namely thatZ is stable13

under multiplication by polynomials ins. This is quite obvious, since
for z ∈ Z, multiplication by polynomials only serves to improve the
situation with regard to conditions (1) and (2), while thereis nothing
new to be verified regarding condition (3).

We assert further that forF ∈ F ,

M(xkF(k)(x))(s) = (−1)k(s+ k− 1) . . . s(MF)(s) (6)

for everys∈ C+andk ≥ 1. Fork = 1, the formula is clear since

M(xF′(x))(s) =

∞∫

0

xF′(x)xs d log x

= F(x)xs]∞
0 − s

∞∫

0

F(x)xs d log x

= −s(MF)(S), since the first term is 0.

Assuming (6) withk − 1 in place ofk (≥ 2), we have again, from inte-
gration by parts,

M(xKF(k)(x))(s) = F(k−1)(x)xs+k−1]∞
0 − (s+ k− 1)M(xk−1F(k−1)(x))(s)

= 0+ (−1)k(s+ k− 1) . . . s(MF)(s).

For the sake of completeness, we include the following well-known
lemma on the interchange of differentiation and integration.

Lemma 3.2. Let X be a locally compact measure space with dx, a Borel
measure on X and let, for an interval I= (a, b) ⊂ R, f (x, t) be a contin-
uous function on X× I satisfying the conditions:14
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f (x, t) ∈ L1(X, dx) for every t∈ I ,

∂

∂t
f (x, t) is continuous and

∣∣∣∣
∂

∂t
f (x, t)

∣∣∣∣ ≤ φ(x) for a φ ∈ L1(X, dx) for every t∈ I .

Then
d
dt

∫

X

f (x, t)dx=
∫

X

∂

∂t
f (x, t)dx.

Proof. The hypotheses imply the existence of the integrals (φ(t)
def
= )∫

X

f (x, t)dx and (ψ(t)
def
= )

∫

X

∂
∂t f (x, t)dx. On the other hand, for everyt, t′

in I, we have f (x, t′) = f (x, t) + (t′ − t) ∂∂t f (x, τ) for someτ betweent
andt′. Therefore

∣∣∣(φ(t′) − φ(t))/(t′ − t) − ψ(t)
∣∣∣ ≤

∫

X

∣∣∣ ∂
∂t

f (x, τ) − ∂

∂t
f (x, t)

∣∣∣ dx

and the lemma follows from Lebesgue’s theorem. �

3.3 Proof of Theorem 3.1

(i) First we show that for everyF ∈ F ,Z = MF is inZ.
Let s = σ + ti ∈ C+ and 0< σ1 ≤ σ ≤ σ2 < ∞. Takingǫ, n with

0 < ǫ < σ1 andn > σ2, define

φ(x) =



xσ1−ǫ max
0<x≤1

(xǫ |F(x)|), 0 < x ≤ 1

xσ2−nmax
x≤1

(xn|F(x)|), x > 1

Then it is easy to verify thatφ ∈ L1(R×+, d log x) and furtherφ domi-
natesF(x)xs. Therefore the integral definingZ(s) converges absolutely
and the integrand being holomorphic, it follows, in view of the arbi-
trary nature ofσ1 andσ2, that Z(s) is holomorphic inC+. Since for
everyσ,σ2 with σ ≤ σ2 < ∞, F(x)xs is dominated by a function in
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L1((1,∞), d log x), say the restriction of the functionφ above to (1,∞),

it follows similarly that
∞∫

1

F(x)xs d(log x) is indeed an entire function of

s. Now for everyk andρ < λk+1,

Rk = F(x) −
k∑

i=0

mi∑

j=1

ai, j xλi (log x) j−1

= o(xρ) by condition(3)′ (7)

Therefore in (0, 1], Rk(x)xs is dominated by the function15

ψ(x)
de f
= xσ1+ρ max

0<x≤1
x−ρ|Rk(x)|

which clearly belongs toL1((0, 1], d(log x)) for everyσ1 with −λk+1 <

σ1 ≤ σ and−σ1 < ρ < λk+1. Thus, for similar reasons as above,
1∫

o
Rk(x)xs d(log x) is holomorphic ins(= σ + ti) for σ > −λk+1. Finally,

for anyλ ≥ 0 andσ > 0,we have

1∫

0

xs+λd(log x) =
1

s+ λ
.

Differentiating the integralj − 1 times with respect tos for j ≥ 1, we
get (in view of Lemma 3.2) that

1∫

0

xs+1(log x) j−1d(log x) =
(−1) j−1( j − 1)!

(s+ λ) j
(8)

Putting together all the facts above and using (7) and (8), wehave

Z(s) =



1∫

0

+

∞∫

1

F(x)xsd(log x)



=

k∑

i=0

mi∑

j=1

bi, j

(s+ λi) j
+

1∫

0

Rk(x)xsd(log x) +

∞∫

0

F(x)xsd(log x) (9)
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with bi j = (−1) j−1( j − 1)!ai j where the second term in (9) represents a
holomorphic function ofs(= σ + ti) for σ > −λk+1 and the third term
is an entire function ofs. Sincek is arbitrary, we have thus verified
conditions (1) and (2) forZ to belong toZ. The existence of a function
in L1([1,∞)) dominating the integrand shows that the third term in (9)
is bounded fors in any vertical stripBσ1,σ2; for a similar reason, the16

second term is also bounded inBσ1,σ2 (with k chosen correspondingly)
while the first term is bounded, if we delete therefrom neighbourhoods
of the points−λ0,−λ1,−λ2, . . .. Thus condition (3) forZ to be inZ is
fulfilled with P(s) ≡ 1. To verify condition (3) for arbitraryP(s) we
may assume, without loss of generality, that

P(s) =
n∑

i=0

(−1)iai s(s+ 1) . . . (s+ i − 1)

with ai in C. Then working with
n∑

i=0
ai xiF(i)(x) in place ofF above,

as is legitimate, we may, in view of the remarks in §3.2, conclude that
P(s)Z(s) is bounded in every vertical stripBσ1,σ2.

(ii) Let us now prove the converse that for everyZ ∈ Z, F = M−1Z ∈
F .

Let, for 0 < σ1 < σ2, L denote the boundary (traversed anticlock-
wise) of the rectangle in thes-plane with vertices atσ2 + t0i, σ1 + t0i,
σ1 − t0i, σ2 − t0i (for t0 > 0). Let x > 0; then by Cauchy’s theorem,∫

L

Z(s)x−s ds= 0, since the integrand is holomorphic inC+. But, in view

of the growth condition satisfied byZ in vertical strips, the integral taken
over the horizontal sides ofL tends to 0 ast0 tends to infinity. Thus

σ1+∞i∫

σ1−∞i

Z(s)x−s ds=

σ2+∞i∫

σ2−∞i

Z(s)x−s ds

enabling us to conclude that, forx > 0,

F(x) =
1

2πi

σ+∞i∫

σ−∞i

Z(s)x−s ds (10)
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is defined independently ofσ(> 0). The growth condition (3) satisfied
by Z ensures the absolute convergence of the integrals involvedabove.
Using Lemma 3.2, we obtain fork ≥ 1, that

xkF(k)(x) =
1

2πi

σ+∞i∫

σ−∞i

(−1)ks(s+ 1) . . . (s+ k− 1)Z(s)x−s ds (11)

Condition (3) forZ again guarantees the absolute convergence of the17

integral and we conclude thatF ∈ C∞(R×+) and furtherF behaves at
infinity like a Schwartz function, since 11 implies that

∣∣∣xσ+kF(k)(x)
∣∣∣ ≤ 1

2π

∞∫

−∞

∣∣∣s(s+ 1) . . . (s+ k− 1)Z(s)
∣∣∣ dt < ∞.

We are left with proving condition (iii) for F to be inF . Choose
ρ such thatλk < ρ < λk+1 and let, fort0 > 0, the contoursL1 andL2

be defined respectively as the boundary of the rectangle withvertices at
σ + t0i, −ρ + t0i, −ρ − t0i, σ − t0i and the union of the line segments
{σ − ti | t0 ≤ t < ∞}, {u − t0i | − ρ ≤ u ≤ ρ}, {−ρ + ti | − t0 ≤ t ≤ t0},
{u+ t0i | − ρ ≤ u ≤ σ} and{σ+ ti | t0 ≤ t < ∞}. While the contourL1 is
traversed in the counter-clock-wise direction, the contour L2 is covered
clockwise fromσ − i∞. From (10), we have

F(x) =
1

2πi

(∫

L1

+

∫

L2

)
Z(s)x−s ds.

The integration overL1 gives, by Cauchy’s theorem, the sum of the
residues of the integrand at the poles insideL1. Condition (3) forZ
implies that the contribution to the integral overL2 from the horizontal
segments tends to 0 ast0 tends to∞. Making t0 tend to∞, we obtain for
F(x) the expression

1
2πi

σ+∞i∫

σ−∞i

Z(s)x−sds=
1

2πi

−ρ+∞i∫

−ρ−∞i

Z(s)x−sds+ S (12)
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whereS is the sum of the residues ofZ(s)x−s at the pointss= −λ0,−λ1,
−λ2, . . . The residue ats = −λi is just the coefficient of (s+ λi)−1in the
power-series expansion at−λi of the function

xλi e−(s+λi ) log x
mi∑

m=1

bi,m(s+ λi)
−m

and is seen to be equal to
mi∑

m=1
xλi (log x)m−1ai,m with ai,m precisely as 18

given by (5). In view of this, the integral on the right hand side of (12)
is just Rk(x) introduced earlier. However, the integral can be directly

majorised by 1
2π xρ

∞∫

−∞
|Z(−ρ + ti)|dt; we thus see for everyk ≥ 1, that

Rk(x) = O(xρ) whereρ is arbitrary but subject to the condition that
λk < ρ < λk+1. Consequently,Rk(x) = o(xρ) for everyρ < λk+1 and for
everyk ≥ 1.

We have finally to prove the termwise differentiability of the asymp-
totic expansion ofF asx→ 0. By (11) withk = 1 and our remarks in
§3.2,−sZ(s) is given inZ and condition (2) is fulfilled for it with

b′k,m =


λkbk,m − bk,m+1 for 1 ≤ m≤ mk − 1

λkbk,m for m= mk

in place ofbk,m. This follows from the fact that

−sZ(s) = (λk − (s+ λk))Z(s)

= (λk − (s+ λk))
mk∑

m=1

bk,m
(s+ λk)

m

+ a function holomorphic at− λK .

Applying the arguments above to−sZ(s) in place ofZ(s), we obtain, as
indicated, the functionxF′(x) in place ofF(x) and further

xF′(x) ≈
∞∑

k=0

mk∑

m=1

ãk,mxλk(log x)m−1

where ãk,m = (−1)m−1b′k,m/(m − 1)!. But using (5), we see that̃ak,m

is the same asa′k,m defined in §3.2. From our remarks in §3.2, this
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means precisely that the asymptotic expansion ofF(x) as x → 0 can
be differentiated termwise once. Iteration of this procedure (using (6)),
gives us that termwise differentiation is valid any number of times and
Theorem 3.1 is completely proved.

4 The Case ofR-fields

4.1

In this section, we shall prove the analogues of Theorem 3.1 for the19

cases whenG is multiplicative groupK∗(= K \ {0}) of anR-field K, i.e,
for K = R or C.

We first fix some notation applicable to any local fieldK. Fora ∈ K,
we define the modulus|a|K of a by

|a|K =



the rate of change of the measure inK underx→ ax
for x ∈ K anda , 0

0, for a = 0.

It is well-known that|a|R = |a| and |a|C = |a|2 where| | denotes the
usual absolute value inR orC.

We had introduced in §1.2 the groupΩ(K×) of quasicharacters of
K as the group (with the compact open topology) of continuous ho-
momorphisms ofK× into C×. ThenΩ(K×)0, the connected compo-
nent of the identity, consists ofωs for s(= σ + ti) ∈ C defined by
ωs(x) = |x|sK for every x ∈ K×. Forω ∈ Ω(K∗), the associated qua-

sicharacter|ω(x)| is given by|x|σ(ω)
K = ωσ(ω)(x), σ(ω) being inR. We

also setΩ+(K×) = {ω ∈ Ω(K∗) | σ(ω) > 0} and for anR-field K, in-
troduce the angular component ac(x) for x ∈ K× by ac(x) = x/|x|. For
x ∈ R×, we have ac(x) = sgn(x), the usual sign-function onR.

4.2 The CaseK = R

Let us assume, as before, that 0≤ λ0 < λ1 < . . . is a given strictly
increasing sequence of non-negative real numbers with no finite accu-
mulation point and{mk}k≥0 a given sequence of natural numbers. Cor-
respondingly we define forK = R (or G = R×) the function-spacesF
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andZ as follows. The spaceF (= F (R×)) is defined as the set of all
complex-valued functionsF such that

(i) F ∈ C∞(R×), 20

(ii) F behaves like a Schwartz function ofx as|x| tends to infinity i.e.
F(n) = o(|x|−ρ) as|x| → ∞ for everyρ and everyn ≥ 0, and

(iii) F(x) ≈
∞∑

k=0

mk∑
m=1

ak,m(sgnx)|x|λk(log |x|)m−1 as|x| → 0 and this asymp-

totic expansion is termwise differentiable. We write

ak,m(u) = ak,m,o + uak,m,1 (13)

for u = +1 or −1; this may be regarded as the (trivial) Fourier
expansion of functions on the group{1,−1}.

The groupΩ(R×) = {ωs(sgn)p; s ∈ C, p = 0, 1} consists of two
copies ofC indexed byp = 0 or 1.

The spaceZ (= Z(Ω(R×))) is defined as the set of all complex-
valued functionsZ onΩ(R×) such that

(1) Z(ωs(sgn)p) is meromorphic onΩ(R×) with poles at most fors=
−λ0,−λ1,−λ2, . . .,

(2) Z(ωs(sgn)p) −
mk∑

m=1

bk,m,p

(s+λk)m is holomorphic fors close to−λk, for

everyk ≥ 0 and

(3) for every polynomialP ∈ C[s] and everyσ1, σ2, the function
p(s)Z(ωs(sgn)p) is bounded fors in a vertical stripBσ1,σ2, with
neighbourhoods of the points−λ0, −λ1, . . . removed therefrom.

The following theorem is an immediate consequence of Theorem
3.1 and the definitions given above.

Theorem 4.2. We have a bijective correspondence MR (abbreviated as
M) betweenF = F (R×) andZ = Z(Ω(R×)). More precisely, if F∈ Z,
then

(MF)(ω) =
∫

R×

F(x)ω(x) d×x with d×x =
dx

2|x|R
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defines a holomorphic function onΩ+(R×) which has a meromorphic21

continuation belonging toZ. Conversely, for z∈ Z, the integral

(M−1Z)(x) =
∑

p=0,1

( 1
2πi

σ+∞i∫

σ−∞i

Z(ωs(sgn)P)|x|−s
R ds

)
(sgnx)−p

defines a function F inF independently ofσ, for σ > 0. Furthermore

bk,m,p = (−1)m−1(m− 1)! ak,m,p

for every k,m and p.

Proof. By introducing suitable definitions, we shall reduce ourselves to
the situation in §3. For the givenF and forx ∈ R×+, let us define

Fp(x) =
1
2
(
F(x) + (−1)pF(−x)

)
, p = 0, 1. (14)

ThenF(ux) = F0(x)+uF1(x) for u = ±1 and therefore, for everyx ∈ R×,
we have

F(x) = F0(|x|) + (sgnx)F1(|x|). (15)

Similarly, for Z defined onΩ(R×), let us introduce a functionZp on
C for p = 0, 1 by the prescription

Zp(s) = Z(ωs(sgn)p) for s∈ C (16)

Then, in a purely formal fashion, we have

MRF = Z⇔ MFp = Zp for p = 0 and 1.

In fact, letMRF = Z. Then, by the definition ofZp,

Zp(s) =
∫

R×

F(x)|x|sR(sgnx)p dx
2|x|R

=

∞∫

0

1
2

(F(x) + (−1)pF(−x))xsd(log x)
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= (MFp)(s)

for p = 0, 1. Conversely, letMFp = Zp for p = 1, 2, Then, anyω in22

Ω(R×) being of the formωs(sgn)p for p = 0 or 1 ands in C, Z(ω) =
Zp(s) for a uniquep = 0 or 1. ButZp(s) = (MFp)(s) and we have only
to retrace our steps in the foregoing to conclude thatZ(ω) = (MRF)(ω).

Finally, looking at the relations (14) - (16) above betweenF andF0,
F1 and betweenZ andZ0, Z1, we conclude from the definitions of the
various function spaces that

F ∈ F (R×)⇒ F0, F1 ∈ F
⇒ Z0,Z1 ∈ Z by Theorem 3.1

⇒ Z ∈ Z(Ω(R×))

Similarly, we have

Z ∈ Z(Ω(R×))⇒ Z0,Z1 ∈ Z
⇒ F0, F1 ∈ F by Theorem 3.1

⇒ F ∈ F (R×).

From the uniqueness of the coefficients in asymptotic expansions
and the definitions (13) and (14), it follows that forp = 0, 1, the co-
efficientsak,m,p correspond toFp(x) in F (for R×+) in the same way as
ak,m to F ∈ F (R×) for everyk,m. Similarly from (16), the coefficients
bk,m,p feature in the expansion ofZp(s) at s= −λk for p = 0, 1. The last 23

assertion of the theorem now follows from Theorem 3.1 together with
the fact that, forp = 0, 1, the functionFp andZp correspond to each
other (under the correspondenceM in §3.1.) �

4.3 The CaseK = C

We shall now prove an analogue of Theorem 3.1 for the complex case.
Let, as before, 0≤ λ0 ≤ λ1 < λ2 < . . . be a strictly increasing se-

quence of non-negative real numbers with no finite accumulation point
and {mk}k≥0 a sequence of natural numbers. LetF be the associated
space of complex-valued functionsF on C× such that
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(i) F ∈ C∞(C∗), (ii) F(x) behaves like a Schwartz function as|x|C tends
to infinity, namely,

∂a+bF

∂xa∂xb
(x) = o

(|x|−ρ
C

)

as |x|C → ∞, for every ρ and for everya, b,≥ 0 and (iii) F(x) ≈
∞∑

k=0

mk∑
m=1

ak,m(ac(x)).|x|λk
C

(log |x|C)(m−1) as |x| → 0 with akm ∈ C∞(C×1) for

everyk,m, is an asymptotic expansion which is termwise differentiable
and uniformly in ac(x) even after termwise differentiation (in the sense
that for everyk ≥ 0 and for everyρ < λk+1 and for givenǫ > 0, there
existsδ independent of ac(x) such that for|x|C < δ, we have

|Rk(x)| =
∣∣∣∣∣∣∣

k∑

i=0

mi∑

m=1

ai,m(ac(x))|x|λi
C

(log |x|C)m−1

∣∣∣∣∣∣∣
≤ ǫ|x|ρ

C

and further, similar inequalities hold even after the termwise differenti-
ation of the asymptotic expansion).

Since for everyk,m we haveak,m ∈ C∞(C×1), we have the Fourier
expansionak,m(u) =

∑
p∈Z

ak,m,pup.

Putting |x|C = r andu = ac(x) = e(θ) for x ∈ C×, we havex = r
1
2 .u

and24

d×x
def
=

dx
2π|x|C

= d(log r)dθ.

It is easy to check that

r
∂

∂r
=

1
2
(
x
∂

∂x
+ x

∂

∂x
)

and
∂

∂θ
= 2πi

(
x
∂

∂x
− x

∂

∂x
)

(17)

SupposeD is a differential operator of the form

∑

0≤a,b≤n

pa,b(x, x)
∂a+b

∂xa∂xb

with polynomialsPa,b in x, xhaving coefficients inC. We callD homothety-
invariant, if for everyF ∈ C∞(C×) and t ∈ C×, we have (DF) (tx) =
D(F(tx)) identically in x. The space of such homothety-invariant dif-
ferential operators is easily seen to be spanned overC by differential
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operators of the form (x ∂
∂x)a(x ∂

∂x)b for a, b ≥ 0 in Z and hence, in view

of (17), the differential operatorsDa,b =
1

(2πi)b ra ∂a+b

∂ra∂θb for a, b,≥ 0 in Z
also generate the above space overC.

For F ∈ C∞(C×) and for fixedr = |x|C, we have the (absolutely
convergent) Fourier expansion

F(x) =
∑

pǫZ

Fp(r)up. (18)

We shall characteriseF being inF (C×) in terms of an alternative set
of conditions involving Fourier coefficientsFp in (18) as follows:

(I) F ∈ C∞(C×) ⇔ Fp ∈ C∞(R×+) for every p ∈ Z and further, for
everya, b,≥ 0 in Z andr1, r2 with 0 < r1 < r2 < ∞, we have

sup
p∈Z,r1≤r≤r2

∣∣∣pbF(a)
p (r)

∣∣∣ < ∞ (19)

Moreover, when these equivalent conditions hold, the Fourier ex-
pansion (18) is termwise differentiable, i.e.

r−aDa,bF(x) =
1

(2πi)b

∂a+b

∂ra∂θb
F(x) =

∑

pǫZ

pbF(a)
p (r)up

for everya, b ≥ 0 in Z (20)

(II) F ∈ C∞(C×) andF(x) behaves like a Schwartz function asr → 25

∞ ⇔ {Fp}pǫZ is as in I above and further, for everya, b,≥ 0 and
everyσ, we have

sup
pǫZ,r≥1

|rσpbF(a)
p (r)| < ∞ (21)

(III) F ∈ C∞(C×) and the asymptotic expansionF(x) ≈
∞∑

k=0

∞∑
m=1

ak,m(u)

rλk(log r)m−1 asr → 0 is termwise differentiable uniformly foru
in C×1 ⇔ {Fp}p ∈ Z is as in I above; for everyp, there exists an

asymptotic expansionFp(x) ≈
∞∑

k=0

mk∑
m=1

ak,m,prλk(log r)m−1 asr →
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0 which is termwise differentiable and further, for everyk ≥ 0,
a, b ≥ 0 in Z andσ > −λk+1, we have

sup
p∈Z,0<r≤1

∣∣∣rσ+apbR(a)
k,p(r)

∣∣∣ < ∞ (22)

where, forx ∈ C×,

Rk(x)
de f
= F(x) −

k∑

i=0

mi∑

m=1

ai,m(u)rλi (log r)m−1 =
∑

p∈Z
Rk,p(r)uP

with

Rk,p(r) = Fp(r) −
k∑

i=0

mi∑

m=1

ai,m,prλi (log r)m−1.

In (21), we may replacerσpbF(a)
p (r)by rσ(Da,bF)p(r) and similarly,

in (22), rσ+apbR(a)
k,p(r) by rσ(Da,bRk)p(r).

We now give the proof of assertions, I, II, III above.

Proof of I. We shall use Lemma 3.2 in the following special form:
namely if, for everyp ∈ Z, fp(t), f

′
p(t) are continuous onI = (a, b) ⊂ R

such that26
∑

p∈Z
| fp(t)| < ∞, | f ′p(t)| ≤ cp,

∑

p∈Z
cP < ∞ for every t ∈ I , then

d
dt


∑

p∈Z
fp(t)

 =
∑

p∈Z
f ′p(t) (23)

If F ∈ C∞(C×), then, forr−aDa,bF, we have corresponding to (18),
the Fourier expansion

(r−aDa,bF)(x)
(
=

1

(2πi)b

∂a+bF

∂ra∂θb
(x)

)
=

∑

p∈Z
F̃p(r)uP (24)

converging absolutely (and hence uniformly foru in C×1), for every
a, b,≥ 0 in Z. Therefore, for everyp ∈ Z we have

F̃p(r) =

1∫

0

r−aDa,bF(x)e(−pθ)dθ by definition of F̃p
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= pb

1∫

0

∂a

∂ra F(x)e(−pθ)dθ, on integrating by partsb times,

= pb da

dra



1∫

0

F(x)e(−pθ)dθ

 , using (23)

= pbF(a)
p (r)

Thus, for the expression on the left hand side of (19), we havethe bound
sup

r1≤|x|C≤r2

|r−aDa,bF(x)|which is certainly finite. We have therefore proved

(19) and (20).
To prove the reverse implication in I, we use (19) withb+2 in place

of b and the fact that sup
r1≤r≤r2

|F(a)
0 (r)| ≤ c < ∞ for everya, b ≥ 0 in Z.

Then, for a constantc′ which may be taken to satisfyc′ ≥ c, we have

∑

p∈Z

∣∣∣pbF(a)(r)
∣∣∣ ≤ c′

(
1+ 2

∞∑

p=1

p−2) < ∞ for r1 ≤ r ≤ r2.

Applying (23) a sufficient number of times, we get (r−aDa,bF)(x) =∑
p∈Z

pbF(a)
p (r)up.

Proof of II. It is easy to check that anyF in C∞(C×) behaves like a 27

Schwartz function as|x|C → ∞ if and only if, for everyσ and every
a, b,≥ 0 in Z, we have

sup
r≥1

∣∣∣∣∣∣r
σ ∂

a+bF

∂ra∂θb
(x)

∣∣∣∣∣∣ < ∞

However, the last condition implies (21) for everyσ and everya, b ≥ 0
in Z in view of (20). Conversely, in can be deduced by assuming (21)
with (b+ 2) in place ofb, just as above.

Proof of III. A given F in C∞(C×) has an asymptotic expansion asr →
0 which is termwise differentiable uniformly inu, if and only if, for
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everya, b, k ≥ 0 in Z and everyσ > −λk+1,

sup
0<|x|C≤1

∣∣∣∣∣∣r
σ 1

(2πi)b
ra∂

a+bRk

∂ra∂θb
(x)

∣∣∣∣∣∣ < ∞.

But proceeding exactly as above (in the proof of I) the last condition is
seen to be equivalent to (22) being valid for everya, b, k ≥ 0 in Z and
everyσ > −λk+1.

Finally, let us remark thatF (C×) is stable under homothety-invari-
ant differential operators, as is clear from the foregoing.

We may now proceed to define the function-spaceZ(Ω(C×)). First,
we observe thatΩ(C×) = {ωs(ac)p; s∈ C, p ∈ Z} consists of a countable
number of copies ofC indexed byp in Z. The spaceZ(Ω(C×)) is defined
as the set of all complex-valued functionsZ such that

1. Z is meromorphic onΩ(C×) with poles at most whens = −λ0,
−λ1,−λ2, . . .,

2. Z(ωs(ac)p)−
mk∑

m=1

bk,m,p

(s+λk)m is holomorphic forsclose enough to−λk,

wherebk,m,p are constants andk ≥ 0 is arbitrary inZ; and

3. for any p ∈ Z and s belonging to any vertical stripBσ1,σ2 with28

neighbourhoods of the points−λ0,−λ1,−λ2, . . .. removed there-
from and for every polynomialP(s, p) in sandp with coefficients
in C we have

|P(s, p)Z(ωs(ac)p)| ≤ c′′ (25)

for a constantc′′ depending onP,Z, σ1, σ2 and the neighbour-
hoods of−λ0,−λ1, λ2, . . . removed but neither onsnor onp.

For Z ∈ Z(Ω(C×)), let us define the functionsZp by Zp(s) = Z(ωs

(ac)p) for s ∈ C and p ∈ Z. We may thus look uponZ as a collection
of functionsZp for p ∈ Z. It is clear thatZ(Ω(C×)) is stable under
Zp 7→ QZp whereQ is an arbitrary polynomial inp and s, for every
p ∈ Z. We are now in a position to state and prove
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Theorem 4.3. We have a bijective correspondence MC betweenF (C×)
andZ(Ω(C×)). More precisely, for any F inF (C×),

(MCF)(ω) =
∫

C×

F(x)ω(x)d×x with d×x =
dx

2π|x|C
(26)

defines a holomorphic function onΩ+(C×) and its meromorphic contin-
uation is inZ(Ω(C×)). Conversely, for any Z∈ Z(Ω(C×)) and x∈ C×

(M−1
C Z)(X) =

∑

p∈Z


1

2πi

σ−∞i∫

σ−∞i

Z(ωs(ac)p)|x|C−sds

ac(x)−p

defines a function inF (C×) independently ofσ for σ > 0. Moreover,
for every k≤ 0,m≤ 1 and p inZ, we have

bk,m,p = (−1)m−1(m− 1)!ak,m−p.

Proof. As in the case ofR×, we do fall back on Theorem 3.1 for the
proof of this theorem; however, an additional complicationis caused
here by the maximal compact subgroupC×1 of C× being infinite, unlike
the case ofR× and forces us to seek, every time, estimates which are29

uniform with regard top.
From I, II, III above, we know, forF ∈ F (C×), that Fp ∈ F (for

R×+) for every p ∈ Z and further,Da,bF ∈ F (C×) for everya, b ≥ 0
in Z. Substituting (18) into (26). withd×x = d(log r)dθ), we have (on
integrating first with respect toθ), (MCF)p = M(F−p). On the other

hand, let us define, forZP, the functionZ♯P by

Z♯p(s) = (−1)a+b(s+ a− 1) . . . s.pbZp(s) (27)

for a, b ≥ 0 in Z and letD = Da,b. Again, substituting now (24) into
(26) with DF ∈ F (C×) in place ofF, we have similarly,

((MC(DF))P)(s) = (M(raF̃−p))(s)

= (M((−p)braF(a)
p (r)))(s) by (20)

= (−p)b(−1)a(s+ a− 1) . . . s(M(Fp))(s) by (6)
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= (−1)a+bpb(s+ a− 1) . . . s(M(F−p))(s).

Thus, ifZ = MCF, then

Z♯p = (MC(DF))p. (28)

Let us assume now thatF ∈ F (C×) and show thatMCF gives a
function inZ(Ω(C×)). From above,Fp ∈ F (for R×+) for every p ∈ Z
and therefore (MCF)p = M(F−p) ∈ Z for R×+ by Theorem 3.1. On the
other hand, forσ > −λk+1, we have from (9),

(MFp)(s) =
k∑

i=0

mi∑

m=1

(−1)m−1(m− 1)!ai,m,p

(s+ λi)m

+

1∫

0

Rk,p(r)rsd(log r) +

∞∫

1

FP(r)rsd(log r).

Now ai,m(u) =
∑
p∈Z

ai,m,pup for u ∈ C×1 and therefore,|ai,m,p| ≤ ||ai,m||∞
(the supremum norm), for everyp. Thus30

∣∣∣∣∣∣∣

k∑

i=0

mi∑

m=1

(−1)m−1(m− 1)!aa,m,p

(s+ λi)m|

∣∣∣∣∣∣∣

≤
k∑

i=0

mi∑

m=1

(m− 1)!||ai,m||∞ǫ−m for s+ λi ≥ ǫ > 0.

Further, by (22),|Rk,p(r)rs| ≤ c1rσ1−σ0 with c1 = sup
0<r≤1,p∈Z

|rσ0Rk,p(r)| for

−λk+1 < σo < σ1 ≤ σ and we have consequently
∣∣∣∣∣∣∣∣∣

1∫

0

Rk,p(r)rsd(log r)

∣∣∣∣∣∣∣∣∣
≤ c1

σ1 − σ0

Again, using (21), we have
∣∣∣Fp(r)rs

∣∣∣ ≤ sup
r≥1,p∈Z

∣∣∣rn.Fp(r)
∣∣∣ .rσ2−n = c2.r

σ−n
2 , say
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leading to
∣∣∣∣∣∣∣∣∣

∞∫

1

fp(r)rsd(log r)

∣∣∣∣∣∣∣∣∣
≤ c2

n− σ2
, for σ ≤ σ2 < n.

Putting these together, we conclude that for everyp in Z, ((MCF)p))(s) is
bounded fors in vertical stripsBσ1,σ2 with neighbourhoods of−λ0,−λ1,
−λ2, . . . removed therefrom and for−λk+1 < σ1 < σ < ∞ and allk ≥ 0.
To prove the corresponding assertion forP(s, p)((MCF)p)(s) with arbi-
trary polynomialsP(s, p), we may assume, without loss of generality,
that P(s, p) = (−1)a+bpb(s+ a − b) . . . s for somea, b ≥ 0 in Z. Now
we can work withDa,bF instead ofF and the required assertion follows
in view of (28). The verification forMCF to belong toZ is nothing but
checking the conditions 1), 2), 3) for (MCF)p which are all satisfied as
seen above.

Conversely, let us assume thatZ is inZ. Then, for everyp in Z, we

haveZp ∈ Z (for R×+) and by Theorem 3.1,Fp
def
=M−1(Zp) is in F (for

R×+). Therefore, forσ > 0, 31

2πrσFp(r) =

∞∫

−∞

Z−p(σ + ti)r−tidt.

On the other hand, there exists a constantc3 > 0 depending onσ
such that, for everyt ∈ R andp ∈ Z,

max(1, |t|2)|Zp(σ + ti)| ≤ c3,

and hence we have

2πrσ|Fp(r)| ≤
∞∫

−∞

|Zp(σ + ti)|dt ≤ 4c3.

ReplacingZ by Z♯ for which (Z♯)p = Z♯p given by (27) from everyp ∈ Z,
we obtain forσ > 0 and everyDa,bthat

sup
p∈Z,r>0

|rσ(Da,bF)p(r)| < ∞.
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But if we chooseσ with −λk+1 < σ < −λk then we have, by our argu-
ments concerning (12) in §3.3, that

2πrσRk,p(r) =

∞∫

−∞

Z−p(σ + ti)dt.

On the other hand, there exists a constantc4 depending onσ such that

max
(
1, |t|2) |Z−p(σ + ti)| ≤ c4

for everyt ∈ R and everyp ∈ Z. This gives first

2πrσ|Rk,p(r)| ≤ 4c4,

and, as before, on replacingZ by Z♯, we get

sup
p∈Z,r≥0

|rσ(Da,bRk)p(r)| < ∞

for everyDa,b with a, b ≥ 0 in Z and everyσ with −λk+1 < σ < −λk.
This implies (22) and putting all these together, we conclude from I, II,
III that M−1

C
Z ∈ F (C×).

The last assertion of Theorem 4.3 follows from the fact that (MCF)p32

= M(F−p) for every p ∈ Z and from the corresponding assertion of
Theorem 3.1.

Our theorem is now completely proved. �

REMARK. The above theory is essentially one-dimensional, since
Ω(K×) for K = R,C (or even ap-field) is a one-dimensional complex
Lie group and we have used function theory only in the case of one
complex variable. To generalise our results to general compactly gen-
erated abelian groups, there seems to be another problem, namely, that
of guessing the right kind of asymptotic expansions to be employed,
for which perhaps one needs the powerful intuition of a good applied
mathematician!
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5 The Case ofp-fields

5.1

We deal now with a bijective correspondence between function spaces
F andZ associated, in a similar manner, withp-fields which, as we
recall, are just finite algebraic extensions of Hensel’s fieldQp of p-adic
numbers or fieldsF((t)) of Laurent series in one variablet with coeffi-
cients in a finite fieldF.

We first recall certain well-known facts aboutp-fields.
Let K be a p-field, R = {x ∈ K; |x|k ≤ 1}, the maximal compact

subring ofK andP = {x ∈ K; |x|k < 1} the (unique) maximal ideal ofR.
Then the residue fieldR/P is a finite fieldFq consisting ofq elements
(with q equal to some power ofp in the former case and equal to the
cardinality ofF in latter case). In fact, ifK = F((t)), thenR= F[[ t]], the
ring of power-series int overF,P = tF[[ t]], and furtherF andR/P are
isomorphic and have the same cardinality, sayq, so that we can writeFq 33

instead ofF in this case.
We takedx to be a Haar measure onK which is so normalised as to

make the measurem(R) of Requal to 1. NowR= ∐
a
(P+ a), the disjoint

union of finitely many cosetsP+ a of RmoduloP andm(P+ a) = m(P)
for everya. Therefore we have

1 = m(R) =
∑

a mod P

m(P+ a) = [R : P]m(P)

i.e, m(P) = q−1.

More generally, for anye ∈ Z, we have

m(Pe) =


1/[R : pe] = 1/([R : P][P : P2] . . . [Pe−1 : Pe]) for e≥ 0

[Pe : R] = [Pe : Pe+1] . . . [P−1 : R] for e< 0

= q−e

For a ∈ K×, we define theorder ord(a) of a byaR= Pord(a). Then
|a|K introduced in §4 as the rate of change of measure inK underx 7→
ax, is just m(aR)

m(R) = m(Pord(a)), i.e, |a|k = q−ord(a).
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The groupR× of units inR is preciselyR\P = {x ∈ K; |x|K = 1} and
m(R×) = m(R) −m(P) = 1− q−1.

We defined×x as the Haar measure onK, with the obvious normal-
isation, namely, the one that makes the measure ofR× to be 1. It is now
easy to see that

d×x =
1

1− q−1

dx
|x|K

From the definition of ord(a) for a ∈ K× above, it is clear that we
have an exact sequence

{1} → R×
j
−→ K×

“ord′′−−−−→ Z→ {0}

where j is the inclusion map and “ord” is the mapa 7→ ord(a). For34

any e in Z the complete inverse image inK∗ under the “ord” map i.e.,
{a ∈ K; |a|k = q−e} = pe

8pe+1 is a compact open subset ofK and called
theeth wall (around 0).

We choose a cross-section for the map “ord”:K× → Z above, by
selecting an elementπ in K× with ord π = 1, It is to be noted thatπ is
not unique but once chosen, it is fixed once for all.

For everyx ∈ K×, we define the angular component ac(x) asxπ−ord(x)

in R× and again the definition is not intrinsic in view of the ambiguity
about the choice ofπ.

The mapx 7→ (ord(x), ac(x)) gives, from above, an isomorphism
K× ⋍ Z × R×. ThusΩ(K×) ⋍ C× × (R×)∗ under the isomorphismω ⇔
(z,X) where, fore ∈ Z andu ∈ R×, we haveω(πeu) = zeX(u). We could
have written instead, for anyx = πeu ∈ K×, ω(x) = |x|skX(ac(x))(= q−es

X(u)). But |x|K for x ∈ K× always belongs to the set{qe; e ∈ Z} and we
have therefore to takes only modulo 2πi/ logq. As a result, the right
parameter to be taken is actuallyz = q−s andnot s. As stated above,
Ω(K×) consists of countably many copies ofC× indexed by (R×)∗, the
discrete dual ofR× (which now corresponds to the indexing setZ in the
case ofK = C). For any functionZ onΩ(K×) and forω ∈ Ω(K×) with
ω(πeu) = zeX(u) as mentioned above, we writeZX(ω) for Z(ω). Let
Ω+(K×) = {ω ∈ Ω(K×);σ(ω) > 0}.

We now proceed to define the spacesF (K×) andZ(Ω(K×)) for p-
fields K. While doing so, we guided by the existence of accepted ana-
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logues, forp-fields, ofC∞ functions behaving like Schwartz functions35

onR-fields and also by the subsequent applications we have in mind.

5.2

LetΛ = {λ ∈ C; λ modulo 2πi/ logq; Reλ ≥ 0} be a given finite set and
{mk; k ∈ ∧} be a given set of natural numbers. LetF (K×) be the space
of complex-valued functionsF on K× such that

(i) F is locally constanti.e, for anyx ∈ K×, there exists a natural
numbern depending onx such thatF(x) = F(y) for all y with
y− x ∈ xPn,

(ii) F(x) = 0 for |x|k ≫ 1 (i.e, for all sufficiently large|x|K), and

(iii) for |x|K ≪ 1 (i.e, for all sufficiently small|x|K), we have

F(x) =
∑

λ∈Λ

mλ∑

m=1

aλ,m(ac(x))|x|λK(log |x|k)m−1 (29)

with locally constant functionsaλ,m onR×.

Sinceaλ,m(u) are locally constant onR×, we may write

aλ,m(u) =
∑

X∈(R×)∗
aλ,m,XX(u) (30)

as a finite Fourier series, with constant coefficientsaλ,m,X.
For anyF ∈ F (K×), we know that its restriction to theeth wall

pe \ pe+1 is locally constant and therefore we have, foru ∈ R×, the finite
Fourier series

F(πeu) =
∑

X∈(R×)∗
ce,XX(u) (31)

with constant coefficientsce,X. The set{X ∈ (R×)∗; ce,X , 0 for somee
in Z} is finite. Indeed, for alle< 0inZwith |e| large, we haveF(πeu) = 0
for all u and thereforece,X = 0 for all suche. From (29) and (30) we
have, for all sufficiently largee, 36
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ce,x =
∑

λ∈∧

Mλ∑

m=1

aλ,m,X q−λe(−elogq)m−1 (32)

and the number ofaλ,m involved and hence from (30), the number ofX
with aλ,m,X , 0 is finite. For the remaining finitely manye again, the
number ofXwith ce,X , 0 is finite, since (31) is a finite sum. The space
Z(Ω(K×)) is defined as the set of complex-valued functionsZ onΩ(K×)
for which

(1) for everyX ∈ (R×)∗, there exist constantsbλ,m,X such that

ZX(z) −
∑

λ∈∧

mλ∑

m=1

bλ,m,X
(1− q−λz)m

is a polynomial inzandz−1with complex co-efficients, and

(2) for almost allX, ZX(z) is identically zero.

Let, for everym ≥ 1, the numbersem,1, . . . , em,m be defined by the
following identity in t:

tm−1 =

m∑

j=1

em, j
(t + j − 1)(t + j − 2) . . . (t + 1)

( j − 1)!
(33)

Actually em, j are integers and further, form= 1, 2 . . .

em,m = (m− 1)!; ei, j = 0 for i < j, (34)

5.3

We may now state and prove

Theorem 5.3. We have an isomorphism Mk (or briefly, M) between the
spacesF (K×) andZ(Ω(K×)) for any p-field K. More precisely, for any
F ∈ F (K×).

(MKF)(ω) =
∫

K×

F(x)ω(x)d×x
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defines a function onΩ+(K×) and its meromorphic continuation is in
Z(Ω(K×)). Conversely, if Z is inZ(Ω(K×)), then(M−1

K Z)(x) is given by
∑

X∈(R×)∗
(Residuez=0(ZX(z)z−ord(x)−1))X(ac(x))−1 (35)

and defines a function inF (K×). Moreover, we have 37

bλ,m,X =
mλ∑

j=m

ej,m(− logq) j−1aλ, j,X−1 (36)

for everyλ,m andX, where ej,m are given by (33).

Proof. First, letF be given inF (K×) andω ∈ Ω+(K×), so thatω(πeu) =
zeX(u) and|z| = q−σ(ω) < 1. Now

(MKF)X(z) =
∫

K×

F(x)ω(x)d×x

=
∑

e∈Z

∫

R×

F(πeu)zeX(u)d×u (37)

=
∑

e∈Z
ce,X−1ze (38)

on substituting (31) and using the orthogonality relations
∫

R×
X′(u)X(u) d×u

is 1 or 0 according asX′ = X−1 or not. All the steps used above are jus-
tified, recalling that|z| < 1.

As remarked earlier, the number ofX in (R×)∗ with the property that
ce,X , 0 for somee (depending onX) in Z finite. Hence, expect for
finitely manyX, we have (MKF)X = 0. In view of (37) (38), (31) and
(32), we have

(MkF)X(z) =
′∑

e

ce,X−1ze+

∞∑

e=e0


∑

λ∈∧

mλ∑

m=1

aλ,m,X−1q−λe(−elogq)m−1

 ze

where
′∑
e

is a finite summation ande0 ≥ 0 inZ depends onF. Therefore,

writing ≡ to imply equality moduloC[z, z−1], we have 38
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(MkF)X(z) ≡
∞∑

e=0


∞∑

λ∈Λ

mλ∑

m=1

aλ,m,X−1q−λe(−elogq)m−1

 ze

=

∞∑

e=0


∑

λ∈Λ

mλ∑

m=1

aλ,m,X−1q−λe(− logq)m−1
m∑

j=1

em, j

(
e+ j − 1

j − 1

) ze,

using 33,

=
∑

λ∈Λ

mλ∑

j=1


mλ∑

m= j

em, j(− logq)m−1aλ,m,X−1


∞∑

e=0

(
e+ j − 1

j − 1

)
(q−λz)e,

on reversing the order of the summations overj andm in the preceding
line and then interchanging them with the summation overe. We remark
that this is justified|z| < 1 and the summations overm, j andλ are al
finite, using (36) to definebλ,mX and the fact that|qλz| ≤ |z| < 1,we have,
finally,

(MKF)X(z) ≡
∑

λ∈Λ

mλ∑

j=1

bλ, j, χ
(1− q−λz) j

and thereforeMkF is indeed inZ(Ω(K×)).
Conversely, letZ be given inZ(Ω(K×)), so that, for everyX ∈ (R×)∗,

we haveZX(z) =
∑
e∈Z

dχ,eze. where 0< |z| < 1 and further, in view of

conditions (1) and (2) satisfied byZ, we have the following:
{X ∈ (R×)∗; dX,e , 0 for somee in Z

}
is a finite set,dX,e = 0 for

e< 0 inZ with |e| large anddX,e =
∑
λ∈Λ

mλ∑
m=1

bλ,m,X

(
e+m− 1

m− 1

)
q−λe

for all largee> 0 in Z. (39)

From (31) and (38), by reversing the process, we get, fore ∈ Z and
u ∈ R× that

(M−1
K Z)(πeu) =

∑

X
dX,eX(u)−1

=
∑

X∈(R×)∗
(Residuez=0(ZX(z)z−e−1))X(u)−1. (40)

It is now clear thatM−1
K Z satisfies conditions (i) and (ii) definingF (K×).39



5. The Case ofp-fields 39

Also, for any givenX andλ, equations (36) for 1≤ m≤ mλ considered
as a set of equations in themλ unknownsaλ, j,X−1 (1 ≤ j ≤ mλ) are
solvable, in view of (34). From (40) and (38), we have, for alllarge
e> 0 in Z.

(M−1
K Z)(πeu) =

∑

X


∑

λ∈Λ

mλ∑

m=1

bλ,m,X

(
e+m− 1

m− 1

)
q−λ,e

X(u)−1

=
∑

X


∑

λ∈Λ

mλ∑

m=1



mλ∑

j=m

ej,m(− logq) j−1aλ, j,X−1


(
e+m− 1

m− 1

)
q−λe

]
X(u)−1,

using the solvability of equations (36) with 1≤ m ≤ mλ for aλ, j,X−1.
Again, reversing the order of the summations overj and m and then
using (30) and (33), we have, for all largee> 0 in Z,

(M−1
K Z)(πeu) =

∑

λ∈Λ

mλ∑

j=1

aλ, j(u)−λe



j∑

m=1

ej,m

(
e+m− 1

m− 1

) (− logq) j−1

=
∑

λ∈Λ

mλ∑

m=1

aλ,m(ac(x))|x|λk(log |x|k)m−1, with x = πeu.

Thus, condition (29) is proved forM−1
k Z with |x|K ≪ 1, implying that

M−1
K Z is in F (K×). �

Remark 1. In (29), we haveassumed(while definingF (K×)) that the
functionsaλ,m on R× are locally constant. However, we shall now show
that this is actually aconsequenceof F being locally constant onK×.
For this, is suffices to prove that the functions

|x|λk(log |x|K)m−1 for λ ∈ Λ and 1≤ m≤ mλ

on
{|x|k = q−e; esufficiently large inZ

}
are linearly independent overC,

If possible, letaλ,m,1 be complex constants such that 40

∑

λ∈Λ

mλ∑

m=1

aλ,m,1|x|λK(log |x|K)m−1 = 0 (41)
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for all |x|k ≪ 1. Then, proceeding exactly as in the proof of the first half
of Theorem 5.3, we obtainbλ,m,1 related toaλ,m,1 as in (36) withX = 1
such that

∑

λ∈Λ

mλ∑

m=1

bλ,m,1
(1− q−λz)m

≡ 0 (modC[z, z−1]). (42)

Since, on the left side, (1− q−λz)−m has a poleqλ and the pointsqλ

for λ ∈ Λ are all distinct, (42) necessarily implies thatbλ,m,1 are all 0.
Therefore, in view of (36) withX = 1, the constantsaλ,m,1 in (41) are
all 0.

Remark 2. Formula (35) for the inverse transformM−1
K looks, on the

face of it, quite different from its counterpart in the case ofR-fields. But
the analogy will be obvious, if we rewrite it, forσ > 0, as

(M−1
K Z)(x) =

∑

X∈(R×)∗


logq
2πi

σ+ πi
logq∫

σ− πi
logq

ZX(q−s)|x|−s
k ds


X(ac(x))−1

where nowπ = 3.14. . . (the length of the circumference of a circle of
unit diameter!). In fact, this is immediate from (35), sinceZX(z)−e−1 is
holomorphic in 0< |z| < 1 and forσ > 0, we have

Residuez=0(ZX(z)z−e−1) =
1

2πi

∮

|z|=q−σ

ZX(z)z−ed(logz)

=
logq
2πi

σ+ πi
logq∫

σ− πi
logq

ZX(q−s)|x|−s
k ds

(on settingz= q−s).
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APPENDIX

POISSON FORMULA OF HECKE TYPE

This appendix is based on a preprint entitled “On a generalization of 41

the Fourier transformation” by T. Yamazaki [55], where the special case
corresponding tox = 1− 1

m for m= 2, 4, 6, . . . below has been discussed.
The Poisson formula that we shall derive here goes back, in its simplest
form, to Hecke [14]. Our generalisation, besides being of interest on its
own, may be expected to provide, together with a suitable enlargement
of this theory so as to cover all the local fields, the ‘metaplectic group’
to be associated with diagonal forms ofm ≥ 2. In this connection,
we should also refer to a series of papers byT. Kubota where he has
generalised the Fourier transformation and proved a poisson formula for
his transformation (See [30]).

1 The Unitary Operator W

We recall Theorem 3.1 on the bijective correspondence between the
spacesF andZ associated withR×+.

Choosingλk = k,m= 1 for k = 0, 1, 2 . . ., let us remark the space for
R×+ can be characterised also as the space ofF ∈ C∞(R×+) such thatF(x)
behaves like a Schwartz function asx→ ∞ and furtherF ∈ C∞([0,∞))
by definingF(0) = lim

x→0
F(x). The last condition is seen to be equivalent

to F in C∞(R×+) having a termwise differentiable asymptotic expansion
F(x) ≈ ∑∞

n=0 anxn as x → 0; one has merely to defineF(0) = ao, in
order to show that conditions (iii) forF in F implies “FC∞([0,∞))”.
The spacesF can also be described as the space of complex-valued
functions obtained by restricting toR×+, Schwartz functions onR (i.e,C∞

functionsG(x) onR which behave like Schwartz functions as|x| → ∞); 42

this can be seen by using, for example, a theorem ofH. Whitney [54]
thatC∞ functions on closed subsets ofRn admitC∞ extensions to the
whole ofRn.

The spaceZ for R×+ can be described alternatively as the family of
complex-valued functionsZ(s) onC such thatZ(s)(Γ(s))−1 is an entire
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function of s and further, for every polynomialP ∈ C[s], the function
P(s)Z(s) is bounded in any vertical stripBσ1,σ2 with neighbourhoods of
the points 0,−1,−2, . . . removed therefrom. This is clear, since 1/Γ(s)
is an entire function ofswith simple zeros at 0,−1,−2, . . .

For anya > 0, the functionF(x) = e−ax is clearly inF and further,

M(e−ax)(s) =

∞∫

0

e−axxsd(log x) = a−sΓ(s) (43)

almost by the definition ofΓ(s). More generally, for anyτ in C with
Im(τ) > 0, we get, by the principle of analytic continuation, from (43),
that

M(eiτx(s) = (−iτ)−sΓ(s)

where (−iτ)−s = e−sLog(−iτ) with Log denoting the principal branch of
the logarithm. We also recall the following asymptotic formula for the
gamma-function: namely,

|r(s)| = (2π)
1
2 |t|σ− 1

2 exp
(
−π

2
|t|
)
(1+ o(1)) (44)

for s= σ + ti in any vertical stripBσ1,σ2, as|s| → ∞.
Let us fix, once for all, a real numberx > 0. Then, from (44), it is

immediate that ∣∣∣∣∣
Γ(s)

γ(x − s)

∣∣∣∣∣ = |t|
2σ−x(1+ o(1)) (45)

for s= σ + ti in a vertical stripBσ1,σ2.43

For anyZ in F , we defineZ× by

Z×(s) = Γ(s)
Z(x − s)
Γ(x − s)

Then Z(s)/Γ(s) = z(x − s)/Γ(x − s) therefore, an entire function.
For any polynomialP, we haveP(s)Z(s) bounded in vertical strips with
neighbourhoods of 0,−1,−2, . . . removed therefrom and (45) then im-
plies the same property forZ× instead ofZ. ThusZ× is again inZ and
moreover it is trivial to check that (Z×)×) = Z.
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For anyZ inZ, if we define

||Z||2 = 1
2π

∞∫

−∞

∣∣∣∣∣z
(1
2
x + ti

)∣∣∣∣∣
2

dt

then the growth condition onZ implies ||Z|| < ∞ and it is clear that|| ||
is a norm inZ. Since the left hand side of (45) is 1 fors= 1

2x + ti, it is
easily seen that||Z×|| = ||Z|| for everyZ in Z. We can define, similarly,
for F in F ,

||F ||2 =
∞∫

0

|F(x)|2xxd log x.

The integral is finite sincex > 0 andF behaves like a Schwartz function
at infinity. We have again a norm inF given by || || but, as we shall
see, it is the same as one obtained by transporting toF the norm from
Z underM−1:Z ∽−→ F .

We assert that||F ||2 = ||MF ||2. In fact, if Z = MF, then

Z

(
1
2
x + ti

)
=

∞∫

0

F(x)x
x

2 , xtid log x

is just the Fourier transform ofF(x)xX/2. Since 1
2πdt andd log x are dual 44

measures, the Plancherel theorem gives

(||MF ||2 =)||Z||2 = ||F ||2.

We now define an operatorW : F → F as the composite of the
operatorsM,Z 7→ Z× andM−1; more explicitly, we have, for anyF in
F ,

WF = M−1((MF)×). (46)

From (Z×)×, it is immediate thatW2F = F. Further

||WF|| = ||M−1((MF)×)|| = ||(MF)×|| = ||MF || = ||F ||.

ThusW is a unitary operator of order 2 on the pre-Hilbert spaceF .
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We shall make use of the following formula, later on: namely,for
anyF ∈ F ,

(WF)(0) =
(MF)(X)
Γ(X)

(47)

This is easy to prove; in fact, if (WF)(x) ≈ a′0 + a′1x + . . . as x → 0,

then, by Theorem 3.1, (M(WF))(S) − a′0
s is holomorphic ats= 0 which

implies that lim
s→0

(M((WF))(S)
Γ(s) = a′o = WF(0). But (M(WF))(s)

Γ(s) =
(MF)(X−s)
Γ(X−s)

and taking limits on both sides ass→ 0, we see that (47) is immediate.

Remarks.One can give another proof of (47) by using the relation

(WF)(x) =

∞∫

0

k(xy)F(y)yXd logy

wherek(x) =
∞∑

n=0

(−xn)n

n!Γ(n+X) = x−
1
2 (X−1)JX−1(2x

1
2 ) and JX−1 is the usual

Bessel function of orderX − 1.
It should be stressed thatX is involved in the definition ofW.

2 A Poisson Formula

Consider a triple{λ,X, γ}, whereλ andX are positive real numbers and45

γ is a complex number. Following Hecke, we say that a complex-valued
functionφ onC is a function of signature{λ,X, γ} if

1) (s− X)φ(s) is an entire function ofs and furtherφ is (at most) of
polynomial growth in any vertical stripBσ1,σ2 for everyσ1 < σ2.

2) R(s) = ( λ2π )sΓ(s)φ(s) satisfies the function equationR(s) = γR(X−
s), and

3) for all sufficiently largeσ, φ(s) is represented by an absolutely

convergent Dirichlet series
∞∑

n=1

an
ns .
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Our condition (1) above is a variant of Hecke’s assumption [14]):
1)′ (s−X)φ(s) is an entire function genus. Conditions 1), 2), 3) above are
together equivalent to conditions 1)′, 2), 3). With regard to 3), we should
mention that there exist Dirichlet series e.g,

∑
(−1)n/(

√
n(logn)s) con-

vergent for all values ofs, but never absolutely convergent. If there
exists a functionφ , 0, of signature{λ,X, γ}, then condition (2) above
impliesγ2 = 1, as is obvious on applyings 7→ X − s to the functional
equation.

Theorem.Suppose thatφ , 0, is a functional of signature{λ,X, γ} and
further, let

a0 = γ
(
λ

2π

)X
Γ(X)Residues=Xφ(s).

Then we have, for every F, inF , the Poisson formula

∞∑

n=0

an(WF)

(
2πn
λ

)
= γ

∞∑

n=0

anF

(
2πn
λ

)

Proof. From (46) and the functional equation forR(s), we get

(M(WF))(s)
Γ(s)

R(s) =
(MF)(X − s)
Γ(X − s)

γR(X − s)

i.e. 46

(M(WF))(s)
(
λ

2π

)s

φ(s) = γ(MF)(X − s)
(
λ

2π

)X−s

φ(X − s) (48)

Sinceφ has got at most a simple pole ats (= σ + ti) = X and holomor-
phic everywhere else, we see, in view of Theorem 3.1 applied to WF
(with λk = k,mk = 1 for all k ≥ 0) that the left side of (48) is holomor-
phic if s , X, 0,−1,−2, . . . For similar reasons, the right side of (48) is
holomorphic forX − s,, 0,−1,−2, . . . i.e, for s, 0,X,X + 1,X + 2, . . ..
Thus the function ofs represented by (48) is holomorphic except for
s = 0,X at most. Moreover, from condition (1) satisfied byφ and
an application of Theorem 3.1 toF andWF again, we see that, even
after multiplication by a polynomialP(s), both sides of (48) remain
bounded in any given vertical stripBσ1,σ2 with neighbourhoods of the
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poles above removed therefrom. Thus, we have, in particular, for anyσ
with 0 < σ < X, that

1
2πi

σ−∞i∫

σ−∞i

(M(WF))(s)
(
λ

2π

)s

φ(s) ds=
γ

2πi

σ+∞i∫

σ−∞i

(MF)(X − s)
(
λ

2π

)X−s

φ(X − s) ds, (49)

both integrals converging absolutely. On the left side of (49), we can
shift the line integration fromRe(s) = σ to Re(s) = σ0 for any suffi-
ciently largeσ0 > 0, provided that we take into account the residue of
the integrand ats = X. The nice growth conditions satisfied by the in-
tegrands (in vertical strips) make, as before, the integrals on horizontal
segments of fixed length tend to zero, as the segments recede to infinity
on either side of the real axis. In this manner, we obtain thatthe left
hand side of (49) is equal to

1
2πi

σ0+∞i∫

σ0−∞i

(M(WF))(s)
∞∑

n=1

an

(
λ

2πn

)s

ds−

(M(WF))(X)
(
λ

2π

)X
Residues=Xφ(s)

which is the same as
∞∑

n=1
an(WF)

(
2πn
λ

)
− γaoF(0). We have used here,47

the relation (47) withWF in place ofF, the definition ofao and the
fact thatγ = ±1; further, we have interchanged the integration on the
line Res= σo and the summation overn as justifiable without diffi-
culty and also appealed to Theorem 3.1. By applying entirelysimi-
lar arguments to the right hand side of (49), we see that it is equal to

γ

(
∞∑

n=1
anF

(
2πn
λ

)
− γao(WF)(0)

)
and our theorem is completely proved.

�
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3 Relation with Hecke’s Theory

As we have remarked earlier, the theorem proved above, in a special but
quite typical case, goes back to Hecke whose theory of the correspon-
dence between Dirichlet series with functional equations and modular
forms is well-known. We now make the connection of our theorem with
Hecke’s explicit.

For a complex numberτ with Im(τ) > 0, let us setF(x) = eiτx for
x ∈ R×+. Then we know, from, above, that (MF)(s) = Γ(s)(−iτ)−s and
this gives us 48

(W(eiτx))(x)
de f n
= (M−1(Γ(s)

(M(eiτx))(X − s)
Γ(X − s)

))(x)

= (M−1(Γ(s)(−iτ)−(X−s)))(x)

= (M−1(Γ(s)(−iτ)−X
( i
τ

)−s

))(x)

= (iτ)−Xe−ix/τ.

Thus, takingF(x) = eiτx in the theorem above, we get the relation

∞∑

n=0

ane

(
− n
λτ

)
= γ(−iτ)X

∞∑

n=0

ane

(nτ
λ

)

which becomes more transparent, on being restated as follows. Namely,
under Hecke’s correspondence

φ(s) =
∞∑

n=1

an

ns 7→ f (τ) =
∞∑

n=0

ane

(nτ
λ

)

with ao = γ
(
λ
2π

)X
Γ(X)Residues=Xφ(s), the functional equationR(s) =

γR(X − s) of R(s) =
(
λ
2π

)s
Γ(s)φ(s) corresponds to the transformation-

law f
(
−1
τ

)
= γ(−iτ)X f (τ) which merely says that the functionf (τ) ob-

viously holomorphic inτ for Im (τ) > 0 behaves like a modular form
of weightX under the transformations from the subgroup of (PS L2)(R)
generated byτ 7→ τ + λ andτ 7→ −1/τ. This was indeed the starting
point of Hecke theory ([15]).
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We go back now, to the general case starting from an arbitraryF in 49

F and proceed to give an interpretation of the set-up above as follows.
For anyu in R, let us denote byξ(u), the multiplication byeiux of any
function inF and further defineη(u) on u onF by

η(u)F =Wξ(−u)W F

for any F. Let Mp(R) (respectivelyMp(Z)) denote the subgroup of the
group of unitary automorphisms ofF generated byξ(u) andη(u) asu
varies overR (respectively overZ.λ). Finally, let us fix a functionφ , 0
of signature{λ,X, γ} and define for anyF in F , a functionθF on Mp(R)
by

θF(g) =
∞∑

n=0

an(gF)

(
2πn
λ

)
for g ∈ Mp(R)

Then , for anyg0 in Mp(Z),

θF(gog) = θF(g) for everyg ∈ Mp(R).

Also, it can be proved thatw = e
(
X

4

)
W belongs toMp(R). Moreover, if

(Mp)′(Z) denotes the subgroup ofMp(R) generated byξ(u) for all u is
R andw, then

θ(g′og) = X(g′o)θF(g) (g ∈ Mp(R))

for everyg′o in (M′P)(Z), whereX is a character ofMp(Z). All the asser-
tions above except the one aboutw being in Mp(R), are consequences
of the Poisson formula.

The groupMp(R) is known as the Metaplectic group and our inter-50

pretation above becomes significant in view of the followingfact that
can be proved: namely latµ denote the cyclic subgroup ofC×1 generated
by e(X); thenµ is contained inMp(R) and under the correspondence

ξ(u) 7→
(
1 u
0 1

)
, η(u) 7→

(
1 0
u 1

)

We have
Mp(R)/µ

∼−→ PS L2(R)orS L2(R)

according asX is or is not the quotient of an integer by an integer.
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Remark. By using the same functionk(x) as in the remarks at the end
of §1 above, we have

(η(t)F)(x) = (it)−Xeix/t

∞∫

0

k
( xy

t2

)
eiy/tF(y)yXd logy

for every t , 0 in R and everyF in F ; this integral representation of
(η(t)F)(x) can be used to determine the structure ofMp(R) stated above.





Chapter 2

Dual Asymptotic Expansions

THIS CHAPTER IS essentially concerned with asymptotic expansions 51

which are dual to the asymptotic expansions mentioned in chapter I, in a
certain sense. We shall deal with the following two questions about the
spacesF andZ with the additional assumption thatλo > 0 in the case
of R-fieldsK andRe(λ) > 0 for everyλ ∈ Λ for p-fieldsK; namely,

(i) characterising the space (ω−1F )∗ = {the Fourier transform
(ω−1F)∗F for F ∈ F } and

(ii) giving necessary and sufficient conditions for the functionω−1F
to have its Fourier transform as well inL1, in terms ofω−1F and
Z = MF.

The reasons for our careful discussion of asymptotic expansions in chap-
ters I and II will become evident when we deal, later on, with the local
arithmetic theory of forms of higher degree and a poisson formula of
the Siegel-Weil type for such forms. At this stage, by way of pointing
out just one reason, we shall merely highlight the followingimportant
problem. For locally compact abelian groupsX andG with a continu-
ous mapf : X → G, Weil has defined, for anyφ in the spaceS (X) of
Schwartz-Bruhat functions onX and anyg∗ in the dualG∗ of G,

F∗φ(g
∗) =

∫

X

φ(x)〈 f (x), g∗〉 dx

wheredx is the Haar measure onX and〈 f (x), g∗〉 = g∗( f (x)). It is still 52

51
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a fundamental problem to determine precisely when, for a given f , the
function F∗φ (clearly uniformly continuous onG∗) actually belongs to

L1(G∗) for everyφ in S (X). In his well-known paper [52], Weil calls
this the “condition A“ and clarifies its meaning for quadratic forms f ,
in the case of local fields and adele-spaces. For forms of higher degree,
one can similarly give necessary and sufficient conditions involving an
invariant associated with the surface determined byf , at least in the case
whenG = K.

1 Fourier Transforms of Quasi-characters

We shall quickly recall well-known results concerning Fourier trans-
forms of quasi-characters.

1.1 Notation

Let X be a finite-dimensional vector space over a local fieldK with ψ,
a nontrivial character ofK. Let [x, y] be a symmetric non-degenerate
K-bilinear formX × X, |dx| denote a Haar measure onX and letX be
identified with its dualX∗.

For everyφ in L1(X), we define

φ∗(x) =
∫

X

φ(y)ψ([x, y]) |dy|.

If Λ(X) is the space of continuous functionsφ in L1(X) such thatφ∗ is
also inL1(X), then the measure|dx| can be normalised uniquely in such
a manner that (φ∗)∗(x) = φ(−x) for everyφ belonging toΛ(X). We shall
then call|dx| the self-dual measure relative toψ([x, y]).53

If e( •) = exp(2π
√
−1•), then forψ, we have the standard choice

φ(x) =


e(x) for x ∈ K = R

e(2Re(x)) for x ∈ K = C

In the case ofp-fields K, we take aψ which is 1 onR and non-trivial
on P−1. Further, if [x, y] = xy for x, y ∈ K, then|dx| is the same as the
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measuredx in chapter I, namely

dx=



usual measure forK = R

twice the usual measure forK = C

the measure withM(R) = 1 for p-fieldsK.

1.2 The SpaceS (X) of Schwartz-bruhat Functions onX and
the SpaceS (X)′ of Tempered Distributions on X

The spaceS (Rn) of Schwartz functions onRn consists of allC∞ func-
tions fromRn to C such that for every linear differential operatorD =
∑

aαβxαDβ with xα = xα1
1 , . . . x

αn
n ,D

β =
∂
β1+...βn
1

∂x
β1
1 ...∂xβn

n

, α1, . . . , αn, β1, . . .

βn ≥ 0 in Z, aαβ ∈ C andx = (x1, . . . , xn) ∈ Rn, we have||Dφ||∞ = sup
x∈Rn

|Dφ(x)| < ∞. We topologizeE = S (Rn) with respect to the family
of seminormsφ 7→ ||Dφ||∞, asD varies over all such linear differen-
tial operators with polynomial coefficients. Thus, a sequence{φn}n≥0

in E tends to 0 if (and only if), for everyD as above, the sequence
{||Dφn||∞}n of real numbers tends to 0 asn→ ∞. The same topology can54

also be obtained as follows. Namely, we rearrange{||(xαDβ)(φ)||∞;α =
(α1, . . . , αn), β = (β1, . . . , βn), αi , β j ≥ 0 in Z for all i, j} asc1(φ), c2(φ),
. . . , and define

||φ|| =
∞∑

m=1

1
2m

cm(φ)
1+ cm(φ)

.

Then we have

(i) ||φ|| = || − φ|| ≥ 0 with equality only whenφ = 0;

(ii) ||φ + ψ|| ≤ ||φ|| + ||ψ|| for everyφ, ψ in E; and

(iii) the scalar multiplication (λ, φ) 7→ λφ from C × E to E is continu-
ous.

While (i) and (ii) makeE a metric space with||φ − ψ|| as the distance
betweenφ andψ and|| || being fairly close to a norm, (iii) in addition,
makesE a topological vector space. It is direct verification to check that
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E is complete. The dualE′ consisting of all complex-valuedC-linear
continuous maps ofE is called the space of tempered distributions onX;
sinceE satisfies (i), (ii), (iii) and is complete, by the Banach-Steinhaus
theorem.

We now take up the definition ofS (X), S (X)′ for the case ofp-
fields K. Let G be a locally compact abelian group. We say thatG has
arbitrarily large (respectively arbitrarily small) compact open subgroups
H, if for every compact subsetC of G (respectively neighbourhoodV
of 0) there exists such anH containingC (respectively contained inV).
WheneverG has arbitrarily large and arbitrarily small compact open55

subgroups, we define the Schwartz-Bruhat spaceS (G) as the space of
all complex-valued functionsφ on G which are locally constant (i. e,
constant in some neighbourhood of every point) and which have, in ad-
dition, compact support. If, for any subsetS of G, we denote byϕS

the characteristic function ofS, thenS (G) is just theC-span of the
functionsϕa+H with a varying overG andH over subgroups described
above. We may takeS (G)′ as just the algebraic dual ofS (G), which
consists of allC-linear function onS (G); it is not necessary to topolo-
giesS (G), in order to define the dual spaceS (G)′.

Both in the case ofR-fields andp-fields K, the Fourier transforma-
tion φ 7→ φ∗ gives an automorphism ofS (X) and hence an automor-
phismT 7→ T∗ of the dualS (X)′, if we setT∗(φ) = T(φ∗) for every
φ ∈ S (X).

The following two definitions are needed for our purposes, later on.
Let ϕ ∈ L1

loc(X) i. e, ϕ is a complex-valued locally integrable func-
tion onX which has, in addition, at most polynomial growth (at infinity)
wheneverK is anR-field. We can then define a tempered distribution
Tϕ ∈ S (X)′ by simply setting, for everyφ in S (X),

Tϕ(φ) =
∫

X

φ(x)ϕ(x) |dx| (50)

For the case ofp-fields, only the convergence of the integral needs to
be verified and this is taken care of byφ having compact support and
ϕ being locally integrable. ForR-fields, the convergence of the integral
at infinity is made possible byφ being Schwartz function andϕ being
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at most of polynomial growth there; as for the continuity, itis easy to 56

check thatTϕ(φ)→ 0 asφ→ 0 in S (X).
We remark that under the imbeddingφ → Tφ,S (X) is dense in

S (X)′.
GivenT in S (X)′, U open inX and f ∈ L1

loc(U), we say thatT = f
in U, if

T(φ) =
∫

U

φ(x) f (x) |dx| (51)

for everyφ in S (X) with support ofφ contained inU.

1.3

In the case whenK is a p-filed, we shall have occasion to use the fol-
lowing facts frequently.

We shall assumeψ to be standard i. e,ψ is 1 onR andψ is non-
constant onP−1. For anyX(R×)∗, we denote byeX the smallest natural
numberesuch thatX is 1 on the set 1+ Pe; thus, by definition, we have
alwayseX ≥ 1. We assert that the following formulae are valid:

∫

R×

X(u)(π−eu)du=



1− 1/q for e≤ 0 andX = 1

−1/q for e≤ 1 andX = 1

0 for e> 1 andX = 1

0 for e, eX andX , 1

(52)

Formulae (52) forX = 1 are straightforward. We shall therefore prove
only that integral is 0 forX , 1 ande , eX. First, if e > eX, then the
integral is the same as

∑

a∈R×, mod pe−1

∫

pe−1

X(a(1+ x))ψ(π−ea(1+ x)) dx

=
∑

a∈R×, mod Pe−1

X(a)ψ(π−ea)
∫

Pe−1

ψ(π−ex) dx

The last integral overPe−1 is 0, sincePe−1 ∋ x → ψ(π−ex) is a non- 57
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trivial character. Similarly, ife < eX andeX ≥ 2, then the integral on
the left side of (52) is equal to

=
∑

a∈R×, mod P
eX−1

∫

PeX−1

X(a(1+ x))ψ(π−ea(1+ x)) dx

=
∑

a∈R×, mod PeX−1

X(a)ψ(π−ea)
∫

peX−1

X(1+ x) dx

and the integral overPeX−1 is 0 sincePeX−1 ∋ x → X(1 + x) is a non-
trivial character ofPeX−1 . Finally, if e < eX = 1, the left hand side of
(52) is just

∫

R×
X(u)du= 0, sinceX , 1.

We have the following supplement to (52). For anyX(possibly equal
to 1) in (R×)∗, let us define

gX =
∫

R×

X(u)ψ(π−eXu)du (53)

Then, trivially, we have

gX = X(−1)gX−1 (54)

Moreover, it is clear from (52) that

g1 = −q−1 (55)

If we write u = a+ πeXv and let a run over representatives ofR× modulo
PeX andv overR, then we can rewrite (53) as

gX = q−eX
∑

a∈R× mod peX

X(a)ψ(π−eXa) (56)

ThusqeXgX is a standard Gaussian sum and forX , 1, we know indeed
that

|gX|2 = q−eX (57)
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1.4

We are now in a position to recall the following well-known table of
Fourier transforms of quasicharacters; forK = R, one may refer to M.
J. Lighthill [32] or I. M. Gel’fand and G. E. Shilov ([12]).

For any quasicharacterω in Ω+(K×), i. e, withσ(ω) > 0, the func- 58

tion ωω−1
1 is in L1

loc(k) as may be verified at once from the convergence
of the integral

∫
|x|σ−1

k dx taken over a compact neighbourhood of 0.
ThusTωω−1

1
in the sense of (50) is defined and therefore, also (Tωω−1

1
)×,

although the latter is not, in general, of the formTϕ for someϕ. But if
we restrict it toK×, then

(Tωω−1
1

)× = b(ω)ω−1on K× (58)

for a constantb(ω) explicitly described below: namely, letψ be standard
and letd = 1/2 or 1 according asK = R or C-field K and forω =
ωs(ac)p, we have

b(ω)
de f n
= bp(s) = i |p|(2dπ)d(1−2s) Γ(ds+ |p|/2)

Γ(d(1− s) + |p|/2)

and for ap-field K, we have, forω = ωsX,

b(ω)
de f n
= .bX(s) =


1−q−(1−s)

1−q−s for X = 1

gXqeXs for X , 1
(59)

A transparent proof for the complete table (59) can be found in
Weil’s exposé ([53]) and we shall give a brief outline of hismethod.

The natural action ofK× on K induces the action ofK× on S (K)
given byφ 7→ gφ with (gφ)(x) = φ(g−1x) and hence, by duality, the
action onS (K)′ given byT 7→ gT with

(gT)(φ) = T(g−1φ), i, e.(gT)(φ(x)) = T(φ(gx))

for φ in S (K). It can be immediately verified that forT = Tωω−1
1

(in the 59

sense of (50)) withω ∈ Ω+(K×), we have

(gT)(φ) =
∫

k

φ(gx)(ωω−1
1 )(x)|dx|
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= ω(g)−1
∫

k

φ(x)(ωω−1
1 )(x)|dx| usingx 7→ g−1x (60)

= ω(g)−1T(φ)

for everyg ∈ K× andφ ∈ S (K).
For a givenρ ∈ Ω(K×), suppose△ ∈ S (K)′ satisfies the condition

g△ = ρ(g)−1△ for everyg in K×. Then we shall write△ ∈ P(K,K×; ρ).
Taking the restriction of△ to K× i. e, by requiringφ in △(φ) to have

support contained inK×, we get a distribution onK×, which is relatively
invariant under the action ofK× (i. e, picking up a factorρ(g) under the
multiplication byg in K×). Then, by a method similar to the proof of
the uniqueness of a relatively invariant measure (onK×), we can show
that

△ on k× = c(ρω−1
1 )(x) dx (61)

for a complex constantc which may be 0. For instance, this proof goes
as follows in the case of ap-field K: if we put

△′(φ) = △(ρ−1φ)

for everyφ in S (K) with support ofφ contained inK×, then△′ becomes
even invariant under the action ofK×. Since, for everye≥ 1, we have

ϕ1+pe(x) =
∑

g∈1+pe, mod pe+1

ϕ1+pe+1(g−1x)

we obtain, by the invariance of△′, that60

qe.△′(ϕ1+pe) = qe+1△′(ϕ1+pe+ 1)

= a constantc′, say;

then, for every a inK× ande≥ 1, we have

△′(ϕa(1+pe)) = c′q−e = c′
∫

K×

ϕa(1+pe)(x)
dx
|x| k

Then implies

△′ = c′
dx
|x|k

i.e,△ = c′(ρω−1
1 )(x) dx in K×.
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Coming back to△ ∈ P(K,K×; ρ), we see, from the simple relation
(g−1φ)∗ = ω1(g)−1gφ

∗
for everyφ in S (K), that

△ ∈ P(K,K×; ρ) ⇒ △∗ ∈ (K,K×, ρ−1ω1)

Taking△ = Tωω−1
1

for ω ∈ λ+(K×) andω instead ofρ, we can see, in
view of (60) and (61), that the relation (58) is valid. The function b(ω)
can be determined by evaluating both sides of (58) at a suitable φ. For
example, in the case of ap-field K, we can take forφ, the characteristic
function of 1+ peX and then we get the expression forbX(s) in (59).
We shall give some details in the case of ap-field K: if ϕE denotes the
characteristic function of a compact open subsetE of K, then, for anya,
in K, ande in Z, we have

ϕ∗a+Pe(x) =
∫

a+pe

ψ(xy)dy= ψ(ax)
∫

Pe

ψ(xy)dy

= ψ(ax)

m(Pe) if x ∈ Pe

0 otherwise,



i. e. ϕ∗a+Pe(x) = q−eψ(ax)ϕP−e(x) (62)

If σ(ω) > 0 andX = 1, then forφ = ϕ1+P, we obtain, using (52), that 61

b(ω) =
∫

P−1

ψ(x)|x|s−1
k dx=

∞∑

e=−1

q−es
∫

R×

ψ(πeu)du

= −qs−1 + (1− q−1)
∞∑

e=0

q−es

= −qs−1 +
1− q−1

1− q−s

=
1− qs−1

1− q−s

If, on the other hand,X , 1, then forφ = ϕ1+PeX, we get again, in view
of (52), that

b(ω) =
∫

P−e
X

ψ(x)|x|s−1
K X(ac(x)) dx
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=

∞∑

e=−eX

q−es
∫

R×

ψ(πeu)X(u)du

= qeXsgX

1.5

For a moment, we shall writeX for (ac)p as well and correspondingly
denotebp(s) as bX(s). If Re(s) > 0, thenϕ(x) = X(ac(x))|x|s−1

K (log
|x|K)m−1 is locally integrable onK (and at most of polynomial growth at
infinity for R − fieldsK). Further, for the Fourier transform ofϕ (which
we shall identify with the distributionTϕ), we have the relation

(X(ac(x))|x|s−1
K (log |x|K)m−1)× on K× = (63)

=

m∑

j=1

(−1) j−1
(
m− 1
j − 1

)
dm− jbX(s)

dsm− j
X(ac(x))−1|x|−s

K (log |x|K) j−1

(in the sense of the definition at the end of 1.2). The proof of (63) is as62

follows. If σ(ω) > 0, then

(
dm−1

dsm−1
(ωω−1

1 )

)∗
=

dm−1

dsm−1
(ωω−1

1 )∗ (64)

and moreover, the left hand side of (63) is the same as that of (64); this
is an identity inS (K)′. If now we restrict the right hand side of (64) to
K×, then in view of (58), it becomes equal to

dm−1

dsm−1
(b(ω)ω−1)(x) =

dm−1

dsm−1
(bX(s)X(ac(x))−1|x|−s

K );

on applying the Leibnitz formula, it coincides with the right hand side
of (52).

If we takeX = 1, s = 1, m = 1 in (63), the left hand side becomes
just 1× or the Dirac distributionδ0 with {0} as support while the right
hand side is 0 sinceb1(1) = 0, by (59); thusδ0 = 1 on K×, which is
indeed true!



2. The Space (ω−1
1 F )∗ 61

2 The Space (ω−1
1 F )∗

2.1 Statement of a Theorem

(A) Given a strictly increasing sequence{λk}k≥0 of positive real num-
bers with no finite accumulation point and a sequence{mk}k≥0 of
natural numbers, the space (ω−1

1 F )∗ = {(ω−1
1 G)∗; G ∈ F } in the

case of anR-field K, consists of all complex-valuedC∞ function 63

F# on K, with a termwise differentiable uniform asymptotic ex-
pansion of the form

F#(x) ≈
∞∑

k=0

mk∑

m=1

a#
k,m(ac(x))|x|−λk

K (log |x|K)m−1 (65)

as |x|K → ∞ with a#
k,m denoting aC∞ function onK×1 . Further-

more, if F# is the same as the Fourier transformF∗ of F ∈ ω−1
1 F

which has the termwise differentiable asymptotic expansion

F(x) ≈
∞∑

k=0

mk∑

m=1

ak,m(ac(x))|x|λk−1
K (log |x|K)m−1 (66)

as |x|K → 0, then (65) is the termwise Fourier transform of the
expansion (66).

(B) Given a finite setΛ = {λ mod 2πi/ logq; Re(λ) > 0} and natural
numbersmλ for everyλ in Λ, the space (ω−1

1 F )∗ = {(ω−1
1 G)∗;

G ∈ F } in the case of ap-field K, consists of all complex-valued
locally constant functionsF# on K such that

F#(x) =
∑

λ∈Λ

mλ∑

m=1

a#
λ,mac(x))|x|λk(log |x|K)m−1 (67)

for all sufficiently large|x|K . Further, ifF# is the Fourier trans-
form F∗ of anF in ω−1

1 F for which

F(x) =
∑

λ∈Λ

mλ∑

m=1

aλ,m(ac(x))|x|λ−1
K (log |x|K)m−1 (68)
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for all sufficient small|x|K , then (67) is obtained from (68) by
taking the Fourier transform termwise.

(C) In both the cases (A) and (B), the inverse of the mapF 7→ F∗ from
ω−1

1 F to (ω−1
1 F )∗ is given by

F(x) = lim
r→∞

∫

|y|K≤r

F∗(y)ψ(−xy)dy, for x ∈ K× (69)

REMARKS. For the proof of part (A) of Theorem 2.1 in the casek = R,64

the reader may refer to [32], Chapter 4, §4.2, §4.3, A partialform of (A)
for K = R is the principal result proved by Lighthill who has shown that
for F in ω−1

1 F the Fourier transformF∗ has an asymptotic expansion of
the form (65) as|x| → ∞, without discussing its termwise differentiabil-
ity, however. In this context, we merely remark that the differentiability
of F∗ is immediate and the termwise differentiability of the asymptotic
expansion forF∗(x) as|x|K →∞ follows from the stability ofω−1

1 F and
(ω−1

1 F )∗ under any homothety-invariant differential operator. In fact,
for K = R, we get (DF)∗ = −F∗ − DF∗ with D = x d

dx and therefore,
the asymptotic expansions of−(DF∗)(x) as|x| → ∞ is obtained simply
as the sum, taken termwise, of the asymptotic expansion ofF∗(x) and
(DF)∗(x) as |x| → ∞; we can easily verify that this is the same as the
asymptotic expansion ofF∗(x) as|x| → ∞ being termwise differentiable
once and by repeated applications ofD, the asymptotic expansion of
F∗(x) is seen to be termwise differentiable (i. e, any number of times).
The proof of part (A) for the caseK = C is left as an exercise. We there-
fore give only the proof for (B) and our proof given below for (B) is an
adaptation to the case ofp-fields, of Lighthill’s proof mentioned above;
actually, in the case ofp-fields, we can also give a proof entirely avoid-
ing the concept of distributions and using the properties ofthe integral
considered in (52).

Before we proceed to consider assertions (B) and (C) of Theorem
2.1, let us prove the following lemma.

Lemma 2.1. For arbitrary s inC and eo in Z, let65
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ϕ(x) =


X(ac(x))|x|s−1

K (log |x|K)m−1 for ord (x) < e0

0 for ord(x) ≥ eo

whereX ∈ (R×)∗. Thenϕ× = 0, in K\p−eXeo+1

Proof. If (a + Pe) ∩ P−eX−e0+1
, φ, then ord(a) < −eX − e0 + 1; for

otherwise, ord(a)≥ −eX − e0 + 1 = t, say and (a+ Pe) ∩ Pt = (a+ Pe) ∩
(a+ Pt) = a+ Pmax(e,t)

, φ.
Everyφ in S (K) with support contained inK\P−eX−e0+1 is a linear

combination of functions of the formϕa+Pe with (a+ Pe) ∩ P−eX−e0+1 =

φ. Therefore, in order to prove the lemma, it suffices to show that
T∗ϕ(ϕa+Pe) = 0 for a+ Pe disjoint with P−eX−e0+1. And, indeed we have
then

T∗ϕ(ϕa+Pe)
de f n
= Tϕ(ϕ∗a+Pe)

= q−e
∫

P−e

ϕ(x)ψ(ax) dx, by 62

= q−e
∑

−e≤ j<e0

q− js(− j logq)m−1
∫

R∗

X(u)ψ(aπ ju)du.

�

Since ord(a)< −eX−e0+1 from above, we have ord (aπ j) = ord(a)+
j < −eX − e0 + 1 + e0 − 1 = −eX. Therefore, by (52), each one of the
last mentioned integrals vanishes and the lemma is proved.

Proof of assertions (B) and (C) of Theorem 2.1.

We do not prove assertion (B) in its entirety. We shall only start from
anyF in ω−1

1 F , with the expansion (68) for sufficiently small|x|K , say,
for ord(x) ≥ e0, and show that (67) holds for the Fourier transformF∗ of 66

F is in L1(K) and furtherF has compact support. For any functionf in
L1(K) with compact support, we see trivially thatf ∗ is locally constant;
in fact, for somet ≥ 1, we know thatf vanishes outsideP−t and

f ∗(x+ z) =
∫

P−t

f (y)ψ((x+ z)y)dy =
∫

P−t

f (y)ψ(xy)ψ(zy)dy = f ∗(x)
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for z∈ Pt and everyx ∈ K. ThusF∗ is locally constant onK.
Let us defineϕ0 : K → C by

−ϕ0(x) =


Right hand side of (68) for ord (x) < e0

0 for ord (x) ≥ e0

Thenϕ0 ∈ L1
Loc(K) and by Lemma 2.1,ϕ∗0 vanishes for all sufficiently

large |x|K . If, now, we define the functionφ by settingφ(0) = 0 and for
x ∈ K∗, φ(x) by

F(x) = (right hand side of (68))+ ϕ0(x) + φ(x), (70)

then clearlyφ(x) is again locally constant and furthermore, sinceφ(x) =
F(x) for ord(x) < e0, φ has compact support, os thatφ ∈ S (K). Apply-
ing the Fourier transform to (70), we get, on using (63), that

F∗ =


∑

λ∈Λ

mλ∑

m=1

aλ,m(ac(x))|x|λ−1
k (log |x|K)m−1



∗

+ ϕ∗0 + φ
∗

=
∑

λ∈Λ

mλ∑

m=1

a#
λ,m(ac(x))|x|−λk (log |x|K)m−1

for all sufficiently large|x|K , where

a#
λ,m(u) =

∑

X∈(R∗)∗


mλ∑

j=m

(−1)m−1
(

j − 1
m− 1

)
aλ, j,X

d j−mbX(λ)
dsj−m

X
−1(u) (71)

ThusF∗ has the expansion (67), for all large|x|K , that is obtained from67

(68) by termwise application of Fourier transform. This also proves that
anyF# in (ω−1

1 F )∗ has an expression of the type (67) for all sufficiently
large|x|K .

It now remains for us to prove assertion (C) of Theorem 2.1 again
only partly. We first remark that the integral in (69) exists since F∗ is
C∞ or locally constant, we shall prove (69) only for ap-field K. The
right hand side of (69) is just

lim
e→∞

∫

P−e

ψ(−xy)



∫

K

ψ(yz)F(z)dz

 dy= lim
e→∞

∫

K



∫

P−e

ψ((z− x)y)dy

 F(z)dz
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= lim
e→∞

qe
∫

x+Pe

F(z)dz,

since the inner integral overP−e is qe or 0 according asz− x ∈ Pe or
otherwise. But, forx , 0, F is constant onx+ Pe for sufficiently large
eand therefore the limit above is justF(x).

REMARKS. (1) For anyF in ω−1
1 F as above with the asymptotic ex-

pansion (66) or (68) as|x|K → 0, we have, for the Fourier transform
F∗ a corresponding asymptotic expansion (65) or (67) as|x|K → ∞.
As remarked in (71) for the case ofp-fields, the Fourier coefficients
aλ,m,X, a#

λ,m,X respectively of the coefficientsaλ,m(u), a#
λ,m(u) in the asymp-

totic expansion ofF andF∗, are related as follows: namely, for everyλ
andi ≤ m≤ mλ,

a#
λ,m,X−1 = (−1)m−1

mλ∑

j=m

(
j − 1

m− 1

)
d j−mbX
dsj−m

(λ)aλ, j,X. (71)′

If we fix λ andX in (K∗1)∗ and arrangeaλ, j,X(1 ≤ j ≤ mλ) and (−1)m−1

a#
λ,m,X−1(1 ≤ m≤ mλ asMλ-rowed column vectors, then the coefficient-

matrix corresponding to the relations (71)′ becomes an upper triangu-
lar matrix of mλ rows and columns, with all the diagonal entries to68

bX(λ) and the entries just above the diagonal equal tob′X(λ), 2b′X(λ),
. . . (mλ − 1)b′X(λ). Therefore, ifbX(λ) = 0, then certainlya#

λ,mλ,X−1 is

0 and moreover,aλ,1,X disappears from the expression fora#
λ,m,λ−1 for

1 ≤ m < mλ. Thus the asymptotic expansion ofF∗(x) as |x|K → 0 al-
thoughF is determined byF∗, on K∗ in view of (69). ForF(x) = e−πx2

,
the asymptotic expansion ofF∗(= F)∗ as |x| → ∞ is just F∗(x) ≈ 0

while F(x) ≈
∞∑

n=0
(−π)nx2n/n! as |x| → tends to zero!

For anR-field K andX = (ac)p, we know from (59), thatbX(s) = 0
if and only if s = 1 + |p|2d +

n
d for n = 0, 1, 2 . . .; for suchs, b′X(s) , 0.

Thus the rank of themλ-rowed matrix above ismλ − 1. If K is a p-field,
then again from (59),bX(s) = 0, if and only ifX = 1, qs = q; in this
case,b′X(s) , 0. Hence, at least forp-fields of characteristic 0, the rank
of the above-mentioned matrix ismλ − 1.
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(2) Let us definemK to be 2, 2π or 1− q−1 according asK = R,C or
a p-field so that, in all cases, we get

d∗x (the normalised Haar measure onK) =
dx

mK |x|K
For λ0 > 0 in the case ofR-fields andRe(λ) > 0 for all λ in the case
of p-fields, let for anyF ∈ ω−1

1 F , F∗ be its Fourier transform andZ =
M(mKω1F). If we accept Theorem 2.1, thenF∗ determinesF on K∗

by (69) andF in turn, determinesZ. Similarly, if we start fromZ, then
F, F∗ are determined, Thus any one ofF, F∗,Z can be chosen arbitrarily
in ω−1

1 F , (ω−1
1 F )∗ andZ respectively and the other two are determined.69

But, we shall seldom start fromF∗, so that the lack of a complete proof
of Theorem 2.1 in these lectures will not present any discontinuity.

3 The Space(ω−1
1 F )∗ ∩ L1(K)

3.1

Let 0< λ0 < λ1 <, . . ., Reλ > 0 for λ ∈ Λ andMk be as in §2.1, and let
F ∈ ω−1

1 F andF∗, the Fourier transform ofF. Then althoughF is in
L1(K), F∗may not be inL1(K). We proceed to characterise the subspace
(ω−1

1 F )∗ ∩ L1(K) by the following

Theorem 3.1. For F ∈ ω−1
1 F , the following assertions are equivalent:

(a) F∗ ∈ L1(K) :

(b) F(0)
de f n
= lim
|x|K→0

F(x) exists;

(c) Zp(s)(p , 0), (s+ 1)Z0(s)
Zχ(q−s)(χ , 1), (1− q−(s+1))Z1(q−s) {

are holomorphic
for Re(s) ≥ −1;

(d) F(0) = 1
mK



lim
s→−1

(s+ 1)Z0(s)

lim
s→−1

(
1− q−(s+1)

)
Z1(q−s)

and F∗ ∈ L−1(K).
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To prove the theorem, we will show thata) ⇒ b) ⇒ c) ⇒ d).
We first need to prove a lemma, to take care of the proof in the case of
p-fields,

Lemma 3.1. Let f(z) be meromorphic in|z| ≤ r for r > 0, and let f(z) =∑
n∈Z

snzn be its Laurent expansion around z= 0, Then a= lim
n→∞

rnsn exists 70

and is finite if and only if f(z) − a′

1−z/r is holomorphic in0 < |z| ≤ r for a
constant a′, in which case a′ = a.

Proof. We merely sketch a proof of this lemma which is rather ele-
mentary. Ifg(z) =

∑
n∈Z

tnzn is a Laurent expansion ofg meromorphic

in 0 < |z| ≤ r, theng is holomorphic in 0< |z| ≤ r if and only if
lim
n→∞
|tn|1/n < r−1; if lim

n→∞
|tn|i/n < r−1 then clearly lim

n→∞
rntn = 0. Thus

f (z) − a
1−z/r is holomorphic in 0< |z| ≤ r, thena < ∞ anda′ = a.

Now, if a < ∞, then f is holomorphic in 0< |z| < r. Let us refer
to “a = lim

n→∞
rnsn exists and is finite” as the propertyP of f . If f has

propertyP, then so doesR f, for any polynomialR in C[z]. We now
assert thatf cannot have a pole at anyα , r on |z| = r; for otherwise,

(1 − α−1z)−1 =
∞∑

n=0
α−nzn will have the propertyP, which gives a con-

tradiction. Moreover,f can have at most a simple pole atz = r; for,

otherwise, (1− z/r)−2 =
∞∑

n=0
(n + 1)r−nzn will also have the propertyP,

leading to a contradiction, This proves the lemma. �

Proof of Theorem 3. 1

a)⇒ b). This is straightforward. In fact, ifG,G∗ are dual groups
with dual measuresdg, dg∗, then, forF0 in L−1(G; dg) with its Fourier
transformF∗0 in L−1(G∗; dg∗), we haveF0(g) = (F∗0)∗(−g) at everyg
whereF0 is continuous. Thus , in our situation,F(x) = (F∗)∗(−g) at
everygwhereF0 is continuous. Thus, in our situation,F(x) = (F∗)∗(−x)
for x ∈ K∗ andF(0) = lim

|x|K→0
F(x) exists, since (F∗)∗ is continuous.

b)⇒ c)⇒ d)(for anR-field K). We know thatF has an asymptotic
expansion as in (66) as|x|K → 0 with λ0 > 0; it follows thatF(0) =
lim
|x|K→0

F(x) exists if and only ifλk ≥ 1 for everyk and, in addition, when 71
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λk = 1 for somek, thenmk = 1, ak,1 = ak,1(1). This is equivalent to

saying thatF(x) ≈ F(0)+
∑
λk>1

mk∑
m=1

ak,m(ac(x))|x|λk−1
K (log |x|K)m−1. In view

of Ch. I §4, this is equivalent toZP(s) for everyp , 0 andZ0(s)− mK f (0)
s+1

being holomorphic forRe(s) ≥ −1, where nowZ = MK(mKω1F), since

(mKω1F)(x) ≈ mKF(0)|x|K +mK
∑
λk>1

mk∑
m=1

ak,m(ac(x))|x|λk
K (log |x|K)m−1 as

|x|K → 0 and furtherbk,m,p = (−1)m−1(m− 1)!ak,m,−p. This, in turn,

implies thatF∗(x) ≈ ∑
λk>1

mk∑
m=1

a♯k,m(ac(x))|x|−λk
K (log |x|K)m−1 as|x|K → ∞,

in view of Theorem 2.1 above, (71)′ and the fact thatb0(1) = 0. Such
an asymptotic expansion clearly implies thatF∗ is in L1(K).

b)⇒ c)⇒ d) (for a p-field K) If we write F(πeu) =
∑
X

ce,XX(u) for

e ∈ Z andu ∈ R∗, then (mKω1F)(πeu) = mK
∑
X

(q−ece,X)X(u) and in view

of (38), we haveZX(z) = mK
∑
e∈Z

ce,X−1(q−1z)e. Now b) is equivalent to

“ lim
e→∞

ce,X is equal toF(0) for X = 1and to 0 forX = 1 and to 0 for

X , 1”. This, in turn, is equivalent toZX(z) for everyX , 1 and
Z1(z) − mK F(0)

1−q−1z
being holomorphic in 0< |z| ≤ q, because of Lemma 3.1

This, again, is equivalent to the fact that

F(x) = F(0)+
∑

λ∈Λ
Re(λ)>1

mλ∑

M=1

aλ,m(ac(x))|x|λ−1
K (log |x|K)m−1

for all sufficiently small|x|K . Just as above, this new implies

F∗(x) =
∑

λ∈Λ
Re(λ)>1

mλ∑

m=1

a♯λ,m(ac(x))|x|−λK (log |x|K)m−1

for all large enough|x|K , so that finallyF∗ is in L1(K). This completes72

the proof Theorem 3.1.



Chapter 3

Local Arithmetic Theory of
Forms of Higher Degree

AS INDICATED BY the title, we shall apply the results of the first two 73

chapters to study the arithmetic of formsf of higher degree considered
over local fields. Broadly speaking, many facts that we shalldiscover do
represent generalizations to the case whenf has degree greater than 2,
of earlier results; however, several striking new aspects are thrown up,
which, as is not surprising, could not have been expected forquadratic
forms. These will be recognised clearly, as we proceed further.

1 Three Functions: Fφ, F∗φ, Zφ

We shall use the notation in Chapter II, §1, with the modification that
X = Kn for a local fieldK, [x, y] = x1y1+ · · ·+ xnyn for x = (x1, . . . , xn),
y = (y1, . . . , yn) in X. We shall use the standardψ, so that the self-dual
measure|dx| becomes the product of the usual measure onK. We choose
a non-constant polynomialf (x) = f (x1, . . . , xn) in K[x1, . . . , xn], since
the case whenf is a constant, is trivial.

The following well-known lemma will be useful to establish the con-
tinuity of a function that we shall define by means of an integral.

Lemma. Let (X, dx) be a measure space, T a metric space (or just sepa-
rable at every point) and f(x, t) : X×T → C be such that f is continuous

69



70 3. Local Arithmetic Theory of Forms of Higher Degree

in t for any fixed x and locally integrable in x for any fixed t and, further,
| f (x, t)| ≤ ϕ(x) for a ϕ in L1(X, dx), for every t. Then

∫

X

f (x, t)dx defines74

a continuous function of t.

Proof. is immediate, in view of Lebesgue’s theorem. �

1.1 Definition of Zφ

Forω ∈ Ω+(K×) extended by continuity toK andφ ∈ S (K), the integral

Zφ(ω) =
∫

X

φ(x)ω( f (x))|dx|

defines a holomorphic function onΩ+(K×); in fact, for

0 ≤ σ(ω) ≤ σ2 < ∞, |ω( f (x))| = | f (x)|σ(ω)
K < max(1, | f (x)|K )σ2

andφ(x) max(1, | f (x)|K)σ2 is in L1(X).

1.2 Definition of F∗φ

With f in K[x1, . . . , xn] chosen above, we define, for anyφ in ϕ(X), the
functionF∗φ on K by

F∗φ(i
∗) =

∫

X

φ(x)ψ(i∗ f (x))|dx| for i∗ ∈ K.

Applying the lemma above tof (x, t) = φ(x)ψ(t f (x)) andϕ(x) =
|φ(x)| it follows that F∗φ is continuous onK (and indeed, bounded and
uniformly continuous). The definition ofF∗φ is deceptively simple but it
is a rather difficult function to investigate.

1.3 The Measure|θi |
Thecritical set Cf for f is the set of pointsa in X at which the gradient
grad f of f is 0. If, therefore, we defineU(i) = f −1(i)\C f for i ∈ K,
thena is in U(i) if and only if a ∈ X satisfiesf (a) = i and further at least
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one partial derivative off , say
∂ f
∂xk

, does not vanish ata. Since f (x) = i

onU(i), we have the relation

∂ f
∂x1

dx1 + · · · +
∂ f
∂xn

dxn = 0.

Taking the exterior product of both sides with the (n− 2) - form dx1 75

∧ . . .∧ d̂xj ∧ . . .∧ d̂xk∧ . . .∧dxn (where ˆ indicates that the differentials
dxj , dxk( j < k) have been omitted), we obtain

(−1) j−1 ∂ f
∂x j

dx1 ∧ . . . ∧ d̂xk ∧ . . . ∧ dxn + (−1)k−2

∂ f
∂xk

dx1 ∧ . . . ∧ d̂xj ∧ . . . ∧ dxn = 0

Thusθi(x) = (−1)k−1

(
∂ f
∂xk

)−1

dx1 ∧ . . . ∧ d̂xk ∧ . . . ∧ dxn|U(i) is a well-

defined non-vanishing regular (n−1) - form arounda ∈ U(i) and thereby
giving rise to a global regular and non-vanishing (n− 1) - form onU(i);
this is just “the residue of (f (x) − i)−1dx alongU(i)” and we denote it
still by θi. Now θi induces onU(i) a Borel measure|θi | such that for
every continuous functionϕ on X with compact support disjoint with
C f , we have

∫

X

ϕ(x)|dx| =
∫

K



∫

U(i)

ϕ|θi |

 |di|. (72)

Furthermore, for every suchϕ, the functioni 7→
∫

U(i)

ϕ|θi | is continuous

on K. The proof depends on the implicit function theorem forX. Let
us assume, after re-ordering the subscripts if necessary, that the partial

derivative
∂ f
∂xn

does not vanish at a given pointa = (a1, . . . , an) in U(i).

Since

∂(x1, . . . , xn−1, f (x))
∂(x1, . . . , xn−1, xn)

(a) =
∂ f
∂xn

(a) , 0, we may usex1, . . . , xn−1, f (x)
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as local coordinates ata. If x′ = (x1, . . . , xn−1) anda′ = (a1, . . . , an−1),
then, by the implicit function theorem, there exists a convergent power-
seriesg(x′, t) in x′ − a′, t − i with coefficients inK, such that, around
a, f (x) = t if and only if xn = g(x′, t). Applying a partition of unity, if
necessary, we may suppose thatϕ has its support “neara”. Then for t
close toi, we have, by the very definition of|θi |, that76

∫

U(t)

ϕ|θt | =
∫

Kn−1

ϕ(x′, g(x′, t))
∣∣∣∣∣
∂ f
∂xn

(x′, g(x′, t))
∣∣∣∣∣
−1

K
|dx′|. (73)

The lemma stated at the beginning of §1 ensures that the righthand side
of (73) is continuous int. Also, our assertions are independent of the
manner in which the partition of unity is chosen. Now integration onK
gives

∫

K



∫

U(t)

ϕ|θt|

 |dt| =
∫

Kn

ϕ(x′, g(x′, t))
∣∣∣∣∣
∂(x′, xn)
∂(x′, t)

∣∣∣∣∣
K
|dx′| |dt|

=

∫

X

ϕ(x)|dx|

implying (72).

1.4 Definition of Fφ

For the sake of simplicity, let usassume, in the sequel, thatC f ⊂ f −1(0)
(equivalently,U(i) = f −1(i) for every i ∈ K×). If f (x) is homogeneous
and if the characteristic ofK does not dividem, the degree off , then
this assumption is fulfilled; in fact, fora = (a1, . . . , an) ∈ C f , we have

0 = a1
∂ f
∂x1

(a) + · · · + an
∂ f
∂xn

(a) = m f(a)

which is impossible unlessf (a) = 0. Our assumption is not serious
when the characteristic ofK is 0; for, then, by a theorem of Bertini,C f

is contained in finitely many fibresf −1(i) which can be reduced, after
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applying a suitable partition of unity to the situation where there is only
one fibre and therefore (by translation), we may assume without loss of
generality thatC f ⊂ f −1(0). Fori ∈ K×, we define

Fφ(i) =
∫

U(i)

φ|θi |. (73)

Then if φ has compact support disjoint withC f , then we know from 77

above thatFφ is continuous onK×; if, however,φ has compact support
which is not disjoint withC f , we may apply a partition of unity to isolate
points on our fibre and conclude thatFφ is continuous. Thus, at least
for the case ofp-fields, the continuity ofFφ is clear. However, ifK
is anR-field and if φ in S (X) does not have compact support, even
the convergence of the integral above is not clear, not to speak of the
continuity ofFφ. We therefore take up the typical caseK = R and show
that the integral definingFφ(i) is absolutely convergent for everyφ in
S (Rn) and further, thatFφ is continuous onR×. We may assume after
a translation, thatC f ⊂ f −1(a) for somea , 0 and thati = 0 in (73). In
order to prove the continuity ofFφ at i(= 0), it is enough to show that
for anyǫ > 0, there existsr = r(ǫ) > 0 ensuring that

∫

f −1(b),||x||≥r

|φ| |θb| < ǫ (74)

for everyb with |b| ≤ ρ < |a|, where, forx = (x1, . . . , xn| ∈ X, ||x|| =
(x2

1+ · · ·+ x2
n)1/2; the rest is clear from the case of compact support. We

now appeal to the following lemma due to Hörmander ([17]): for any
polynomialP(x1, . . . , xn) ∈ R[x1, . . . , xn], there exist constantsc, α > 0,
β ≥ 0, such that

|P(x)| ≥ c · dis(x,V(P))α

max(1, ||x||)β for every x = (x1, . . . , xn) ∈ Rn

whereV = V(P) is the variety of the real zeros ofP and dis(x,V) is the
distance ofx from the (closed) setV. The critical setC f is precisely the 78

set of common zeros of
∂ f
∂xi

(1 ≤ i ≤ n) and hence the same asV(P0) for
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P0(x) =
n∑

i=1

(
∂ f
∂xi

)2

. We now assert that

η = inf
x

| f (x)|≤ρ
{max(1, ||x||)γP0(x)1/2} > 0 (75)

for a constantγ ≥ 0. By Hörmander’s inequality, we have

P0(x) ≥ c
dis(x,C f )α

max(1, ||x||)β for every x ∈ X. (76)

We claim that (75) holds forγ = (1/2)((m−1)α+β), mbeing the degree
of f . Otherwise, letS be a sequence of pointsx with | f (x)| ≤ ρ such
that

lim
x∈S

max(1, ||x||)2γP0(x) = 0

implying incidentally that||x|| → ∞. This means, in view of (76), that

lim
x∈S
||x||(m−1)α(dis(x,C f ))

α < c−1 · lim
x∈S
||x||2γP0(x) = 0 (77)

We may, therefore, assume that||x|| ≥ 1 and||x||m−1 dis(x,C f ) ≤ 1 for ev-
ery x in C f . On the other hand, for everyx, there existsy = (y1, . . . , yn) ∈
C f such that||x− y|| = dis(x,C f ) and we have

| f (y) − f (x)| ≤
m∑

k=1

∑

i1,...,ik

1
k!

∣∣∣∣∣∣
∂k f (x)

∂xi1 . . . ∂xik
(yi1 − xi1) . . . (yik − xik)

∣∣∣∣∣∣

≤
m∑

k=1

ck||x||m−k||y− x||k with constantsck

≤ c′||x||m−1||x− y|| for a constantc′

→ 0 by 77.

But this contradicts79

| f (y) − f (x)| ≥ | f (y)| − | f (x)| ≥ |a| − ρ(> 0),

for everyx in S. Thus 75 is valid with the chosenγ and

f −1([−ρ, ρ]) ⊂
n⋃

k=1

Wk
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whereWk = {x ∈ X; max(1, ||x||)γ
∣∣∣∣∣
∂ f
∂xk

(x)
∣∣∣∣∣ ≥ η/

√
n}; in other words, on

f −1([−ρ, ρ]) at least one of the partial derivatives goes to 0 at most like
||x||−γ and not too rapidly. On the other hand, sinceφ ∈ S (Rn), there
exists a constantc′′ > 0 such that for everyx = (x1, . . . , xn) ∈ X and
correspondinglyx′ = (x1, . . . , x̂k, . . . , xn) in Rn−1 with ||x′||2 = ||x||2− x2

k,
we have

max(1, ||x′ ||)n max(1, ||x||)γ+1|φ(x)| < c′′

for 1 ≤ k ≤ n. Therefore, for the left hand side of (74), we have the
upper estimate

n∑

k=1

∫

f −1(b)∩Wk
||x||≥r

|φ(x)| |1/∂ f (x)
∂xk
| |dx′ |

≤
√

n
η

n∑

k=1

∫

f −1(b)∩Wk
||x||≥r

max(1, ||x||)γ |φ(x)| |dx′ |

≤
√

n
η

mnc′′r−1
∫

Rn−1

max(1, ||x′ ||)−n|dx′| = O(r−1), asr → ∞.

This is sufficient to take care of the continuity ofFφ.

1.5 The Relations BetweenFφ, F∗φ and Zφ

If σ(ω) > 0, then, forφ ∈ S (K), we have, by definition,

Zφ(ω) =
∫

X\ f −1(0)

φ(x)ω( f (x))|dx| (78)

=

∫

K×



∫

U(i)

φ|θi |


ω(i)|di|

= MK(mKω1Fφ)(ω), in a formal sense.

For everyi∗ in K, we have, on the other hand, 80
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F∗φ(i
∗) =

∫

X\ f −1(0)

φ(x)ψ(i∗ f (x))|dx|, since f −1(0) has measure 0,

=

∫

K×



∫

U(i)

φ|θi |

ψ(ii ∗)|di|

=

∫

K×

Fφ(i)ψ(ii ∗)|di|

=

∫

K

Fφ(i)ψ(ii ∗)|di|, extending Fφ to K.

i.e. F∗φ is just the Fourier transform (Fφ)∗ of Fφ.
We note that both the integrals considered above are absolutely con-

vergent:
∫

K×

|Fφ(i)ω(i)| |di| ≤
∫

X

|φ(x)| | f (x)|σ(ω)
K |dx| < ∞,

∫

K×

|Fφ(i)ψ(ii ∗)| |di| ≤
∫

X

|φ(x)| |dx| < ∞

1.6 Statement of a Theorem

We now state the first substantial theorem, in our theory, forforms of
higher degree.

Theorem 1.6. Suppose that the characteristic of K is0 and that Cf ⊂81

f −1(0). Then there exists a set ofλ’s with Reλ > 0 such that Zφ is in
Z, Fφ is in ω−1

1 F and F∗φ is in (ω−1
1 F )∗. In particular, Zφ(ω) defined

by (78) has a meromorphic continuation to the whole ofΩ(K×) and
further, Fφ(i) (respectively F∗φ(i

∗)) possesses an asymptotic expansion
as |i|K → 0 (respectively|i∗|K → ∞).

The major part of the proof of this theorem which will be givenin the
next two sections, is to show thatZφ is inZ; once that is proved, it will
follow that Fφ is in ω−1

1 F and henceF∗φ in (ω−1
1 F )∗. Indeed, together
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with the absolute convergence of the integral forZφ(ω) mentioned above
and the continuity ofFφ, the fact thatZφ is inZ will enable us to apply
the Fourier inversion theorem and conclude that

Fφ = m−1
K ω−1

1 M−1(Zφ)

The rest of the assertions of Theorem 1.6 now follows from thetheorems
proved in Chapter I.

REMARKS. 1) The assumption thatC f ⊂ f −1(0) in Theorem 1.6
cannot be dropped. Consider, for example, the case whenn = 2,
f (x) = 1+x1x2 andφ is the characteristic function ofV = Pe1×Pe2

with e1, e2 in Z satisfyinge1 + e2 ≥ 1. ThenC f = {0} ⊂ f −1(1)
and with our former notation,

Zχ(z) =
∫

V

χ(1+ x1x2)|dx|

=
∑

j≥e1

(1− q−1)
∫

1+P j+e2

χ(u)du

= q−max(e1+e2,eχ)

, 0

for everyχ. This violates condition (2) definingZ(Ω(K×)).

2) If K has characteristicp > 0, then the condition “p does not divide 82

the degree off ” is necessary (although not sufficient) to ensure
thatZφ is inZ. Consider now, for example, the case whenn = 1,
f (x) = xp andφ is the characteristic function ofR. Then, for
|z| < q1/p, we can show that

Zχ(z) =


1−q−1

1−q−1zp if χp = 1

0 if χp
, 1.

But the number ofχ in (R∗)∗ with χp = 1 is infinite; in fact, for the
finite groupR/(1+Pp j) with j ≥ 1, the cardinality of the cokernel
of the pth power map isq(p−1) j and therefore, the number ofχ in
(R∗)∗ with χp = 1 andeχ ≤ p j is q(p−1) j . Again condition (2) in
the definition ofZ is violated byZφ.



78 3. Local Arithmetic Theory of Forms of Higher Degree

1.7 Gaussian Sums and Singular Series

For anyp-field K ande ∈ Z, let us denote then-fold productPe× . . .×Pe

of Pe by (Pe)(n) and fore = 0, R(n) by X0. If f (x) ∈ R[x1, . . . , xn] andφ
is the characteristic function ofX0, we simply writeF, F∗, Z instead of
Fφ, F∗φ, Zφ respectively. Then, without any further assumption onf , we
have, fori∗ = π−eu with e≥ 0 in Z andu in R∗, the following relation:

F∗(i∗) = q−ne
∑

ξ modPe

ψ(i∗ f (ξ))

which is immediate on writing anyx ∈ X0 asξ + πey with ξ running
overX0 mod (Pe)(n) andy ∈ X0. The sum overξ modulo (Pe)(n) is usu-
ally called ageneralized Gaussian sum. Although this relation is quite
straightforward, the interesting fact is that, once we accept Theorem 1.6,
then we get

q−ne
∑

ξ modPe

ψ(i∗ f (ξ)) =
∑

λ,m

a♯λ,m(ac(i∗))|i∗|−λK (log |i∗|K)m−1

= a fixed linear combination of functions of the form83

χ(ac(i∗))|i∗ |−λK (log |i∗|K)m−1

for all sufficiently large e= − ord(i∗). Such a “stable behaviour” of a
generalized Gaussian sum is quite remarkable.

We also recall that fori in R,

Ne(i) = the number ofξ modPe with f (ξ) ≡ i (mod Pe),

also plays an important role in the classical theory. Iff is homogeneous
of degreem, i is in R\{0} and the characteristic ofK does not dividem,
then we will see that

q−(n−1)eNe(i) is independent ofe, for e≥ 2 ord(mi) + 1. (79)

Further, fori , 0 in R, we have the relation

F(i) = the above “stable quotient”q−(n−1)eNe(i) (80)
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= lim
e→∞

q−(n−1)eNe(i)

which is known as thesingular seriesassociated withf andi. The proof
of (79) is given in the appendix to this chapter. However, if we assume
that

K has characteristic 0 andC f ⊂ f −1(0)

then (even forf not necessarily homogeneous) we can use Theorem 1.6
to derive, at one stroke, the relations (79) in perhaps a lessprecise form
and (80). The proof is as follows. In fact, the theorem implies thatFφ

and, in particular,F (= Fφ for φ = ϕX0) is in ω−1
1 F and hence, locally

constant onK×. Thus there existse > ord(i) such thatF(t) = F(i) for
all t ∈ i + Pe. If now, we takeϕ to be the characteristic function of the84

compact open setX0 ∩ f −1(i + Pe), the right hand side of (72) is just

∫

K



∫

U(t)

ϕ|θt |


|dt| =

∫

i+Pe



∫

U(t)∩X0

|θt |


|dt|

=

∫

i+Pe

F(t)|dt| by definition 73

= F(i)q−e, sinceF is constant oni + Pe.

But the left hand side of (72) is merely

m(X0 ∩ f −1(i + Pe)) = m({ξ ∈ X0; f (ξ) ≡ i (mod Pe)})
= Ne(i) ·m(πeX0)

= q−neNe(i).

Hence there existse> ord(i) such that

F(i) = Ne(i)/q
(n−1)e

and this relation persists even if we replaceeby a larger integer.
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2 Preparations for the Proof of the “Main Theo-
rem”

2.1

We shall prove the “main theorem” i.e. Theorem 1.6, only forp-fields
K and merely give an outline of the proof whenK is anR-field. First we
explain the concept of a resolution of (the singularities of) the surface
defined byf (x) = 0 in a general set-up.

Let k be an arbitrary field,X an (absolutely) irreducible non-singular
algebraic variety defined overk andD, a positivek-rational divisor of
X. Then ak-resolution85

h : Y→ X

of D is defined by the following three conditions:

(i) h is an everywhere regular birational map of an irreducible non-
singular algebraic varietyY to X, with bothY andh defined over
k, such thath can be written as a product of monoidal transforma-
tions each with an irreducible non-singular centre;

(ii) h−1 is regular and hence biregular, at every simple pointa of D;
and

(iii) for every b in Y, all the irreducible components ofh∗(D) passing
throughb are defined over the fieldk(b) and further are mutually
transversal atb.

Although this may appear to be much too general, we shall dealin
our applications only with the cases whenX is either an affine or a pro-
jective space andD, the divisor defined by a polynomial. Also, that part
of condition (i) which requiresh to be a product of monoidal transfor-
mations may be replaced by the weaker condition thath is “projective”,
if our immediate objective is only to prove Theorem 1.6. However, the
full force of condition (i) will be used only later on. It should also be
remarked that the monoidal transformations cannot, in general, be re-
quired to be defined overk itself.
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We also consider the following situation. SupposeD′ is the sum of
irreducible subvarieties of codimension 1 inX which are defined over
k and further mutually transversal at every point ofX; in our applica-
tions, D′ will be either 0 or irreducible (and non-singular). Moreover,
let condition (iii) above be satisfied withh∗(D + D′) in place ofh∗(D).
Then we say thath is ak-resolution of(D,D′). If h is ak-resolution of
(D,D′), thenh is also aK-resolution of (D,D′) for any extension field 86

K of k. Moreover, for anyk-open subsetU of X, if YU = h−1(U) andDU

(respectivelyD′U) are the restrictions ofD (respectivelyD′) to U, then
h gives rise to ak-resolutionYU → U of (DU ,D′U). These assertions
are quite obvious. But what is important is thata k-resolution of(D,D′)
always exists, if k has characteristic0; and this is indeed a consequence
of Hironaka’s fundamental theorem ([16]).

2.2

If h is a k-resolution of (D,D′), then every irreducible component of
h∗(D+D′) is non-singular. LetE be an irreducible component ofh∗(D);
then we have

h∗(D) =
∑

E

NE · E

where the integerNE is defined as follows. Ifb is any point ofE and
if D is defined locally by the equationg = 0 arounda = h(b), then the
multiplicity of E in g ◦ h = 0 is denoted byNE; this does not depend
on the choice ofb in E. We say that thek-resolutionh is tameif the
characteristic ofk does not divide anyNE.

We need to define another component for our datum. Let us choose
local coordinatesx1, . . . , xn arounda in X and local coordinatesy1, . . .,
yn aroundb in Y. Then the multiplicity ofE in the local divisor defined

by
∂(x1, . . . , xn)
∂(y1, . . . , yn)

= 0 depends only onE and is denoted byνE − 1. We

call the pair (NE, νE) thenumerical datum of h along E.
We observe thatνE ≥ 1 and further, thatνE = 1 if and only if h

is biregular at every point ofE not contained in any other component
of h∗(D). If E1,E2, . . . are the irreducible components ofh∗(D) passing
through any pointb of Y, then the cardinality of the set{Ei} is at most
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equal to the dimensionn of X. If we rewrite the numerical datum ofh87

alongEi as (Ni , νi), then we call{(Ni , νi)}i thenumerical data of h at b.

Suppose thatK is an extension field ofk and h : Y → X is a k-
resolution of (D,D′) as above. For anyK-rational pointb of Y (i.e. for
b ∈ YK), let x1, . . . , xn be local coordinates arounda = h(b) on X which
are defined overk and letD be defined locally around a by the equation
g = 0. Further, let us writedx = dx1 ∧ . . . ∧ dxn. We can then find
local coordinatesy1, . . . , yn aroundb onY which are defined overK and
satisfyy1(b) = . . . = yn(b) = 0, such that we have

g · h = ǫ
∏

i

yNi
i

h∗(dx) = η
∏

i

yνi−1
i · dy (81)

aroundb, with functionsǫ, η onY that are defined overK and invertible
in the local ring ofY at b. If K is a local field, we shall writeX, Y, . . .
etc. forXK, YK, . . ., consistent with our previous notation.

2.3 An Example

Suppose thatk has characteristic 0 andD is an absolutely irreducible
curve containing the origin 0, in ak-open subsetX of the affine plane;
let 0 be the only singular point ofD and further,D absolutely analyt-
ically irreducible at 0. It is well-known that there exists then a unique
minimal k-resolution ofD. Let Ei , i = 1, 2, . . . , I be the exceptional
curve “created” at the stage of theith quadratic transformation. (We re-
mark that such an ordering of the exceptional curves is used only here).
Then the graph of the function88

ϕ(i) = νi/Ni for 1 ≤ i ≤ 1

has been examined in our paper [25]. In the first approximation, the
graph looks as in the following figure.
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The (strict) minimum value ofϕ, sayλ, has a remarkably simple mean-
ing. If f (x) = 0 is a local equation forD around 0 andfm(x) the leading
form in f (x), then after replacingx1 by x1+cx2 for somec in k, if neces-
sary, we may suppose thatfm(0, 1) , 0. Then we can solve the equation
f (x) = 0 by a power-seriesx2 = g(x1) in x1/m

1 . Let xr
1 be the first non-

integral power ofx appearing ing(x1) with non-zero coefficient. Then
the so-called “first characteristic exponent”r satisfiesr > 1 and further,

λ =
1
m

(
1+

1
r

)
.

In particular, for f (x) = xn
1 − xm

2 with m, n coprime and 1< m < n, we

haver = n/m and hence,λ =
1
m
+

1
n

.

2.4

The following lemma will prove useful later, for example, insettling the
rationality ofZφ(ω).

Lemma 2.4. For a p-filed K, letω be inΩ(K×) withω(πiu) = ziχ(u) as
before and further, letν + Nσ(ω) > 0 (or, equivalently|q−νzN| < 1) for
given N,ν in Z. Then, for any c in K and e inZ, we have 89
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∫

c+Pe

ω(t)N|t|ν−1
K |dt| =



(1− q−1)q−νezeN/(1− q−νzN), if χN = 1 andc ∈ Pe

0, if χN
, 1 andc ∈ Pe

χN(cπ−ord(c))q−(ν−1) ord(c)−ezord(c)N, if χN = 1

on 1+ c−1Pe andc < Pe

0, if χN
, 1 on 1+ c−1Pe andc < Pe

(82)

Proof. Let e0 = ord(c) andu0 = cπ−e. Then, forc ∈ Pe, the left hand
side of (82) is clearly the same as

∑

i≥e

(q−νzN)i
∫

R×

χN(u)du =


(1−q−1)(q−νzN)e

(1−q−νzN) , for χN = 1

0, if χN is non-trivial.

If, however,c < Pe, then the left hand side of (82) is obviously equal
to ω(c)N|c|νK

∫

1+c−1Pe

χN(u)du on applyingt 7→ ct and this is then seen to

coincide with the expression on the right hand side. �

2.5

Let m denote a positive integer and let us denote the mapx 7→ xm in K
by [m]. Thus, for any subsetS of K, we haveS[m] = {sm; s ∈ S}. The
following lemma gives a very precise description of the images under
[m] of certain subsets ofR× in a p-field K.

Lemma 2.5. If m is a natural number not divisible by the characteristic
of a p-field K, then, for every integer i> ord(m), we have

(1+ Pi)[m] = 1+mPi .

Proof. Our proof depends on the following simple version of Hensel’s90

lemma. For anyg(x) in R[x1, . . . , xn] anda in X = Kn, let X = X (a)
be defined by

X =X (a) = min

{
ord

(
∂g
∂x1

(a)

)
, . . . , ord

(
∂g
∂xn

(a)

)}
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so thatX (a) = ∞ if and only if a is in C f . If for a in X0\C f , we have
g(a) ≡ 0(modP2X +1), then there exists b in X0 such that

g(b) = 0 and b≡ a (mod g(a)P−X ) (83)

In particular, every simple point amodP on g(x) ≡ 0 (mod P) can be
“lifted” to a point b of the variety given by g(x) = 0, in X0. For the
sake of completeness, we give a quick proof of (83). Ife0 = ord(g(a)),
thene0 ≥ 2X + 1; let us exclude the trivial case whene0 = ∞. We can
construct, as follows, a sequence

a(0) = a, a(1), a(2), . . .

in X0 such that

g(a(i)) ≡ 0 (modPe0+i) anda(i) ≡ a(i−1) (mod Pe0+i−1−X ) (84)

for i ≥ 1. For i = 0, the first condition in (84) is already true while the
second condition is non-existent. Assume (84) to have been proved for
somei ≥ 0 and set

a(i+1) = a(i) + πe0+i−X t

with an unknownt = (t1, . . . , tn) in X0. Then we have

g(a(i+1)) ≡ 0 (modPe0+i+1)⇔
n∑

k=1

π−X
∂g
∂xk

(a)tk

≡ −π−(e0+i)g(a(i)) (mod P)

in view of e0 ≥ 2X + 1, on using the Taylor expansion off . Now the
definition ofX enables us to establish 84 fori + 1 instead ofi and 83
follows from the completeness ofK. �

We proceed to derive Lemma 2.5 from our version of Hensel’s91

lemma. It is clear that, fori ≥ ord(m), we have (1+Pi)[m] ⊂ 1+mPi. In
order to prove the reverse inclusion fori > ord(m), we have only to start
from any element 1+mπia of 1+mPi with a ∈ Rand set

g(x) = (mπi)−1((1+ πi x)m − (1+mπia))

Then g(x) ≡ x − a(modP) and a modP is a simple point ong(x) ≡
0(modP). Therefore, we have, from above, an elementb of R with
g(b) = 0, proving the desired inclusion and the lemma.
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3 Proof of Theorem 1. 6 forp-Fields

3.1 Reformulation of the Theorem for p-Fields

Let K be ap-field and then, by our identification ofX, Y etc. withXK ,
YK etc. ,X is the same asKn. Instead of assuming thatC f ⊂ f −1(0),
let us make the weaker assumption that, for the givenφ in S (X), its
support Supp(φ) satisfies the condition

C f ∩ Suppφ ⊂ f −1(0). (85)

Let us recall thatZφ(ω) =
∫

X

φ(x)ω( f (x))|dx| whereω ∈ Ω+(K×) with

ω(x) = zord(x)χ(xπ− ord(x)) for x ∈ K×. We shall prove that, if a tame
resolutionh : Y→ X for the hypersurfaceD defined byf (x) = 0 exists,
then

Zφ(ω) is a rational function ofz, holomorphic in 0< |z| ≤ 1 (86)

and further, that

Zφ(ω) vanishes identically inz, for almost allχ ∈ (R×)∗ (87)

Moreover, it will turn out thatΛ ⊂ {λ ∈ C; λ mod 2πi/ logq, λNE ≡92

νE(mod2πi/ logq) i.e. qλNE = qνE} andmλ ≤ n for everyλ ∈ Λ. Both
the assumption 85 and the tameness ofh are essential for the validity of
87. (See Remarks 1, 2 Ch. III, §1.6). Moreover, for our proof,we need
to resolve only theK-rational singularities ofD; no further singularities
come into the picture or rather, need to be resolved. As remarked already
in §2.1, the latter part of condition (i) forh is invoked only to ensure that
h is a proper map.

3.2 Reduction of the Proof

For anyb in Y = YK, we get, in view of 81, local coordinatesy1, . . . , yn

on Y defined overK such thaty1(b) = . . . . . . = yn(b) = 0 and

f ◦ h = ǫ
∏

i

yNi
i
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h∗(dx) = η
∏

i

yνi−1
i dy (88)

with invertible K-analytic functionsǫ, η aroundb and the characteristic
of K dividing noNi. We can modify anyyi in 88 by throwing in a factor
such as an invertibleK-analytic function aroundb and a fortiori, a factor
from K×. In 88, if, for example, the product

∏
i yNi

i is empty, it is to be
interpreted as 1, as when no component passes throughb. Let

m0 = max
b

max
i
{ord(Ni)} (89)

where we first take the maximum over the finitely many natural numbers
N1, N2, . . . and then take the maximum over allb in h−1(Supp(φ)); it is
clear thatm0 exists.

If f (a) , 0 for a = h(b), then the assumption 85 enables us to93

include f (x)− f (a) among the coordinate functionsy1, . . . , yn so that, in
this case, we may take

f ◦ h(= ǫ) = ǫ(b)(1 + y1), f (a) = ǫ(b)

h∗(dx) = ηdy
(88)′

instead of 88. In the general case, we have still,

f ◦ h = ǫ
∏

i

yNi
i , ǫ = ǫ(b)

1+
∑

|α|≥1

Aαyα
 , ǫ(b) , 0

h∗(dx) = η
∏

i

yνi−1
i dy, η = η(b)

1+
∑

|α|≥1

Bαyα
 , η(b) , 0

(88)′′

where, forα = (α1, . . . , αn) with αi ≥ 0 in Z, we have writtenyα for
yα1

1 . . . yαn
n , Aα for Aα1,...,αn, Bα for Bα1,...,αn and |α| for α1 + · · · + αn.

Both the power-series above converge in a neighbourhood (Pν0)(n) of
the origin for someν0 ≥ 0 and therefore limAαπν0|α| = lim Bαπν0|α| = 0
as |α| → ∞. Replacing, if necessary, eachyi by πνyi for a suitably
large integerν, we may suppose, without loss of generality, that all the
coefficientsAα, Bα are already inR. Thus, for allc close tob (i.e. with
all yi(c) in P for example), we have, in (88)′′,

|η(c)|K = |η(b)|K . (90)



88 3. Local Arithmetic Theory of Forms of Higher Degree

We now assert that it is possible to choose an open neighbourhood
U of b sufficiently small so as to satisfy the two conditions:

(i) Y ⊃ U ֒→ (Pm0+1)(n) ⊂ K(n), via c 7→ (y1(c), . . . , yn(c)) from U to
K(n)

(ii) φ ◦ h is constant onU.

This is possible sinceφ is locally constant, Supp(φ) is compact andh is94

a proper map. In fact, we can expressφ as a finite linear combination of
characteristic functions of disjoint compact open subsetsW of X which
are of the forma′ + (Pe)(n) andφ ◦ h is constant on each compact open
set h−1(W). We can now cover the compact open seth−1(Suppφ) by
a finite number ofU ’s, sayU1, U2, . . . and by the standard process of
takingU1, U2\U1, U3\(U1 ∪U2), etc. , we may assume thatU1, U2, . . .

are already disjoint and non-empty. After imbedding each ofthese in
Kn and decomposing them into disjoint cosets moduloPe0 for a fixed
e0 ≥ m0 + 1, we call the resulting finitely many compact open sets
V1, V2, . . . where eachVi is of the formb′ + (Pe0)(n) ⊂ (Pm0+1)(n), (for
m0 defined by (89)). In view of (88)′′, (90), we now see thatZφ(ω)
is a finite linear combination of integralsZ(ω) extended overV = V1,
V2, . . . , where

Z(ω) =
∫

V

(φ ◦ h)ω( f ◦ h)|h∗(dx)|

= φ(h(b))ω(ǫ(b))|η(b)|K
∫

V

χ

1+
∑

|α|≥1

Aαyα

∏

i

ω(yi)
Ni |yi |νi−1

K |dy|

(91)

and the factor outside the integral in 91 is evidently a constant multiple
of zord(ǫ(b)).
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3.3

Before we proceed further, we first isolate the case whenf (a) = ( f ◦
h)(b) , 0. We have then, by (88)′′,

∫

V

(φ ◦ h)ω( f ◦ h)|h∗(dx)| = c′q−(n−1)e0

∫

b′1+Pe0

χ(1+ y1)dy1

= c′′
∫

1+Pe0

χ(t)dt since 1+ b′1 ∈ R×

=


c′′′ if eχ ≤ e0

0 if eχ > e0

wherec′, c′′, c′′′ are constants. Thus,upto a constant factor. 95

Z(ω) =


zord(f (a)) if eχ ≤ e0

0 if eχ > e0
(92)

in view of 91, sincef (a) = ǫ(b).

3.4

Suppose nowb is such thatf (a) = ( f ◦ h)(b) = 0 (i.e. there existsi

such thatEi passes throughb). We try to pull outχ

(
1+

∑
|α|≥1

Aαyα
)

from

inside the integral in 91 overV ≃ b′ + (Pe0)(n). We sete = max{e0, eχ}
and decompose (Pe0)(n) into cosets moduloPe; namely, let

(Pe0)(n) =
∐

b′′
b′′ + (Pe)(n)

so that
V ≃

∐

c

c+ (Pe)(n) (93)

with c = b′ + b′′. Now

y ∈ c+ (Pe)(n) ⊂ (Pm0+1)(n) ⇒ y ≡ c (mod Pe)
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⇒ y ≡ c (mod Peχ)

⇒ 1+
∑

|α|≥1

Aαyα ≡ 1+
∑

|α|≥1

Aαcα (mod Peχ)

⇒ χ

1+
∑

|α|≥1

Aαyα
 = χ

1+
∑

|α|≥1

Aαcα


since both the series are≡ 1 (modPm0+1) and, a fortiori,≡ 1(modP).
The integral in 91 is thus a sum of finitely many terms (indexedby
c = (c1, . . . , cn) in 93) which, upto a factorq−er (with r equal to the
number of missing coordinate functionsyi in (88)′′) are of the form

χ

1+
∑

|α|≥1

Aαcα

∏

i

∫

ci+Pe

ω(t)Ni |t|νi−1
K |dt|.

Therefore, by Lemma 2.4, it is the quotient of a polynomial inzandz−196

by
∏
i

(1− q−νi zNi ) for |z| < 1 < minqν/Ni . As a result,Z(ω) is a rational

function ofz, holomorphic in 0< |z| ≤ 1. Putting this together with 92,
our assertion 86 is proved as well as the remark on the composition of
A.

3.5 Proof of Assertion 87

It is sufficient to show that

Zφ(ω) = 0 for eχ > m0 + e0 (94)

since the number ofχ ∈ (R×)∗ with eχ ≤ m0 + e0 is finite. We shall
assume 94 to be false and arrive at a contradiction; note thatf (a) = 0
in view of 92. If e = max(e0, eχ), then clearly,e = eχ. Now since
Zφ(ω) , 0, we must have

∫

ci+Pe

ω(t)Ni |t|νi−1
K |dt| , 0

for somec and somei, at least. By Lemma 2.4 above, we have

χNi = 1 onR× for ci ∈ Pe,



3. Proof of Theorem 1. 6 forp-Fields 91

χNi = 1 on 1+ c−1
i Pe for ci < Pe.

Sinceci ∈ Pm0+1, c−1
i Pe ⊃ P−m0−1Pe, so that 1+ Pe−m0−1 ⊂ 1 + c−1

i Pe

and both are clearly inR×. ThusχNi = 1 on 1+ Pe−m0−1, implying
thatχ = 1 on (1+ Pe−m0−1)[Ni ] which is the same as 1+ NiPe−m0−1 by
Lemma 2.5, provided thate−m0 − 1 > ord(Ni). But the last condition
is indeed fulfilled, sincee− m0 − 1 = eχ − m0 − 1 ≥ 1 + m0 + e0 −
m0 − 1 = e0 ≥ m0 + 1 > ord(Ni) for every i by 94 and 89. Since
ord(Ni) + e− m0 − 1 ≤ m0 + e− m0 − 1 = eχ = 1, we haveχ = 1 97

on 1+ Peχ−1 while eχ > m0 + e0 ≥ 2m0 + 1 ≥ 1, giving the desired
contradiction from the definition ofeχ. We have therefore proved 94 and
indeed, as a result, thatZφ is inZ. Theorem 1.6 is completely proved
for the case ofp-fields, in view of the remarks immediately following
the statement of the theorem.

REMARK. On a close examination of the proof of the rationality of
Zφ(ω) above, it may be seen that neither the tameness of the resolution
nor condition 85 is required to be assumed.

It may be of interest to exhibit the rationality of a related function.
Suppose thatf (x) is an arbitrary polynomial inR[x1, . . . , xn]. Consider
the power-series

P0(z) =
∞∑

e=0

Ne · (q−nz)e = 1+ N1q−nz+ N2q−2nz2 + · · ·

whereNe = Ne(0) is the number ofξ in X0, moduloPe such thatf (ξ) ≡
0(modPe). (See Chapter III, § 1.7). Since, trivially, we haveNe ≤ qne

for every e ≥ 0, it follows that P0(z) is holomorphic in the unit disc
|z| < 1. It has been conjectured in [6] (Page 47, Problem 9), thatP0(z)
represents a rational function ofz. We shall now establish the validity

of this conjecture. Let us decomposeX0 as X0 =

(
∐
e≥0

Ee

)
∐

E∞, the

disjoint union ofEe = X0∩ f −1(πeR×) for e≥ 0 and ofE∞ = X0∩ f −1(0).
Then, onEe, | f |sK is always equal toze and further

m(Ee) = m(X0∩ f −1(Pe))−m(X0∩ f −1(Pe+1)) = Ne·q−ne−Ne+1·q−n(e+1).
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Therefore we get

Z1(z) =
∫

X0\E∞

| f (x)|sK |dx| =
∞∑

e=0

{Ne(q
−nz)e− Ne+1(q−nz)e+1z−1}

= P0(z) − (P0(z) − 1)z−1,

implying that98

P0(z) =
1− zZ1(z)

1− z
which is indeed a rational function ofz from the considerations above.

4 Proof of Theorem 1.6 forR-Fields

4.1 Reformulation of the Theorem forR-Fields

Let X = Kn for anR-field K and for a givenφ in S (X) and the chosen
f , let us assume, as before, that

Supp(φ) ∩C f ⊂ f −1(0).

For ω = ωs(ac)p ∈ Ω(K×) with Re (s) > 0, we recall the definition
Zφ(ω) =

∫

X

φ(x)ω( f (x))|dx|. Using the same kind of resolution as in the

case ofp-fields, we shall prove that

Zφ(ω) has a meromorphic continuation to the entires-plane,
having poles at most at the points−λ = −(νE/NE + r/(2dNE))
for r = 0, 1, 2, . . . and of order at mostn(= dim X), notation
being the same as in §2 above.

(95)

(cf. [2]. [3]). Moreover, we shall prove that, for every polynomial
P0(s, p) and every vertical stripBσ1,σ2.

P0(s, p)Zφ(ω) is uniformly bounded forsbelonging toBσ1,σ2 (96)

with neighbourhoods of the poles ofZφ(ω) removed therefrom, forp in
Z.

Both 95 and 96 will together ensure thatZφ ∈ Z(Ω(K×)) and our99

theorem forR-fields will follow, once again, in view of the remarks
immediately following its statement in § 1.6.
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4.2 Reduction of the Proof

We shall give an outline of the proof of 95 and 96 only for the case when
φ hascompactsupport: the general case will be dealt with later.

Using the same kind ofK-resolutionh : Y→ X for the hypersurface
defined byf (x) = 0 as in the case ofp-fields, we have, for anyb in Y,
local coordinatesy1, . . . , yn centered atb such that

f ◦ h =∈
∏

i

yNi
i , h∗(dx) = η

∏

i

yνi−1
i dy (97)

for invertible ǫ, η K-analytic aroundb. If a = h(b) and f (a) , 0, then
we have, as in (88)′,

f ◦ h = f (a)(1+ y1), h∗(dx) = ηdy. (97)

If f (a) = 0, we have, on replacingy1 by (±ǫ)1/N1y1 for example,

f ◦ h = δ
∏

1≤i≤n

yNi
i , δ =


±1 for K = R

1 for K = C

instead of the first relation in 97. The numerical data of the resolution at
b are given by{Ni , νi}.

Again h−1(Suppφ) is compact and we choose a finite covering by
subsets which are homeomorphic (under the mapping by then coordi-
nate functions) to the polydiscC in Kn defined by|yi | < 1 for 1≤ i ≤ n.
We choose a smooth partition of unity subordinate to the finite covering
and proceeding exactly as in § 3, we see thatZφ(ω) becomes a finite sum100

of expressionsZ(ω) where



ω( f (a))
∫

Kn

ψ(y)ω(1+ y1)dy1 (98)′

Z(ω) =
∫

Kn

ψ(y)
∏

i

ω(yi)
Ni |yi |νi−1

K |dy| (98)′′

depending on the two cases above and furtherψ is aC∞-function with
support contained in the polydiscC. In (98)′′ we may assume thatNi ≥
1 for 1≤ i ≤ n, after reducingn if necessary.



94 3. Local Arithmetic Theory of Forms of Higher Degree

4.3

The integral in (98)′ may be rewritten as
∫

K

ϕ(t)ω(t)dt where nowϕ is

a C∞ function with support contained in the disc|t − 1| < 1 and hence
not containing 0. By the special case of our theory discussedin Chapter
I, §§3-5, we may conclude that, in this case,Z(ω) is actually an entire
function function ofsand further satisfies the growth condition 96.

4.4

We shall prove that the integral in (98)′′ represents a meromorphic func-
tion with poles of order at mostn and all the poles of the form

− 1
Ni

(
νi +

r
2d

)
, r = 0, 1, 2, . . . : 1 ≤ i ≤ n (99)

with d = 1/2 for K = R and 1 forK = C and further, thatZ(ω) is
bounded fors in Bσ1,σ2 from where neighbourhoods of the poles have
been removed. The last assertion will imply (96), in view of the fa-
miliar argument employed in Chapter I, §§ 4-5, in such a context: we
could have well worked withDψ instead ofψ, whereD is a suitable

homothety-invariant differential operator, sayD = yk
1

∂k

∂yk
1

or rk
1

∂k+ℓ

∂rk
1∂θ

ℓ

for y1 =
√

r1 ⊕ (θ1) according asK = Ror C.

4.5

We first prove a simple lemma that will enable us to invoke an induction101

argument. By aC∞ function g(z1, . . . , zn) on Cn, we mean, as usual, a
C∞ function of the 2n variablesz1, z1, . . . , zn, zn (i.e. of Re (z1), Im(z1),
etc.). ForK = R, we writemj(z) for zj and forK = C, j = ( j′, j′′) with
j′, j′′ ≥ 0 in Z, we writemj(z) instead ofzj′zj′′ and| j| for j′ + j′′.

Lemma 4.5. For an R-field, let ψ(z) = ψ(z1, . . . , zn) ∈ C∞(Kn) and
t = (t1, . . . , tn) ∈ Zn with all ti ≥ 0. Then there exist C∞ functions

Ak, j(z) = Ak, j(z1, . . . , ẑk, . . . , zn), B j1,..., jn(z)
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for | jk| = tk, (1 ≤ k ≤ n) such that

ψ(z) =
n∑

k=1

∑

| j|<tk

Ak, j(z1, . . . , ẑk, . . . , zn)mj(zk)+
∑

| jk|=tk
1≤k≤n

B j1,..., jn(z)
n∏

r=1

mjr (zr )

(100)

Proof. If we fix z′ = (z1, . . . , zn−1) in Kn−1 as a parameter and apply
Taylor’s theorem toψ(z), then we get

ψ(z) =
∑

| j|<tn

An, j(z1, . . . , zn−1, ẑn)mj(zn) +
∑

| j|=tn

ψ1, j(z)mj(zn)

whereAn, j ∈ C∞(Kn−1) andψ1, j ∈ C∞(Kn). Next, we ragardz′′ =
(z1, . . . , zn−2, zn) ∈ Kn−1 as a parameter and apply Taylor’s theorem to
eachψ1, j, obtaining

ψ1, j(z) =
∑

| j∗ |<tn−1

A∗n, j, j∗(z
′′)mj∗(zn−1) +

∑

| j∗ |=tn−1

ψ2, j, j∗ (z)mj∗ (zn−1)

with C∞ functionsA∗n, j, j∗ , ψ2, j, j∗ . We now denote
∑
| j|=tn

A∗n, j, j∗(z
′′)mj(zn) 102

asAn−1, j∗(z′′). Iteration of this procedure yields the lemma. �

We take the case whenK = R and substitute, in the integral (98)′′,
the expression given by 100 forψ(y) with t1 = . . . = tn = t large enough
to satisfy the conditions

Niσ1 + νi + t > 0 for 1≤ i ≤ n. (101)

Then we get

Z(ω) =
n∑

k=1

t−1∑

j=0

∫
Ak, j(y1, . . . , ŷk, . . . yn)y j

k

n∏

i=1

ω(yi)
Ni |yi |νi−1|dy|+

+

∫
Bt,...,t(y)

n∏

i=1

yt
iω(yi)

Ni |yi |νi−1|dy| (102)

the integrations being performed only over the compact support of ψ
in the polydiscC. Since the integrand in the second integral in 102 is
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majorised by (sup
y∈C
|Bt,...,t(y)|)

n∏
i=1
|yi |Niσ1+t+ν−1 which is in L1(C) in view

of 101, the second integral in 102 represents a holomorphic function of
sbounded inBσ1,σ2. On the other hand, an easy computation gives

1∫

−1

|yk|Nks+νk+ j−1(sgnyk)
Nkp+ jdyk =

1+ (−1)Nk p+ j

Nks+ νk + j
(103)

and using induction onn, it turns out the first integral in 102 is a mero-
morphic function ofs with a pole of order at mostn, possibly at points
of the form 99 withr = 0, 1, . . . , t and further bounded inBσ1,σ2 from103

which the neighbourhoods of the poles have been removed. Thus our
assertions (95), (96) are verified forZ(ω) instead ofZφ(ω) and therefore
for Zφ(ω) as well.

4.6

In the caseK = C, we use entirely similar arguments choosingt1 = t2 =
. . . = tn = t in Lemma 4.5 (forK = C) large enough so that

Niσ1 + νi + t/2 > 0 for 1≤ i ≤ n.

Now the presence of poles of order at mostn for Z(ω) at the points of
the form (99) is made possible by the contribution from (102)which is
a linear combination of the “principal parts”, namely

∏

1≤ j≤n

(N j s+ ν j + (k′j + k′′j )/2)−1

wherek′j , k′′j are≥ 0 in Z, such that

k′j + k′′j < t, k′j − k′′j + N j p = 0, 1 ≤ j ≤ n. (104)

Incidentally (104) implies that|p| ≤ N j |p| < t and thereforeZφ(ω) is
holomorphic in the right half-planeσ(ω) ≥ σ1, for almost all p. This
remarkable fact seems to be the counterpart in the case ofR-fields of the
assertion (87) in §3.1.
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4.7

We have so far assumed thatφ in S (X) has compact support. In the
general case we compactifyX by imbedding it in a projective spaceX♯ =

X∪H∞ with H∞, a hyperplane at infinity. If (f ♯)0 is the divisor of zeros
of the extensionf ♯ of f to X♯, we use aK-resolution of ((f ♯)0,H∞).
We no longer have the guarantee thatNi are all positive but we have the104

compensating factor thatS (XK) can be identified with the subspace of
C∞ functions onX♯ which are “infinitely divisible by the local equation
of H∞” (i.e. locally representable as a multiple of any given large power
of |g|K whereg = 0 is a local equation forH∞); this makes everything
work perfectly well here and we leave the verification of the details as
an exercise. The proof of Theorem 1. 6 forR-fieldsK is now complete.

5 Strongly Non-Degenerate Forms

We shall now study the implications of the preceding sections in a less
general but perhaps the most important and typical situation to be con-
sidered.

5.1

Let k be an arbitrary field. We call a homogeneous polynomialf of
degreem ≥ 2 in k[x1, . . . , xn] strongly non-degenerateif C f = {0} or
equivalently, if the projective hypersurface defined byf (x) = 0 is non-
singular. If, for some extensionK of k, the set ofK-rational points of
the critical setC f for (homogeneous)f in k[x1, . . . , xn] consists only of
{0}, then we callf strongly non-degenerate over K.

Suppose thatn > 2 and f (x) is strongly non-degenerate: thenf (x)
is absolutely irreducible, as is not hard to see. In this situation, the
quadratic transformation with centre at the origin 0 gives ak-resolution
for the hypersurface defined byf (x) = 0. We now present some details
concerning this well-known fact.

Let x1, . . . , xn be coordinates in an affine n-spaceX over k and let
w1, . . . ,wn be homogeneous coordinates in a projective (n − 1)-space
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W = Pn−1. Let us consider, in the productX × W, the subvarietyY
defined by the equations

xiw j − x jwi = 0 for 1≤ i ≤ j ≤ n.

Then the quadratic transformationh : Y → X with centre 0 is just the105

projectionX ×W→ X restricted toY. If W1 denotes the affine (n− 1)-
space inW, defined byw1 , 0, thenyi = wi/w1 for 1 < i ≤ n form
coordinates inW1. Let Y1 denote the intersection ofY with the affine
(2n− 1)-spaceX×W1 with coordinatesx1, . . . , xn, y2, . . . , yn; thenY1 is
defined by

xi − x1yi = 0 for 1< i ≤ n.

Therefore, if we puty1 = x1, thenY1 becomes an affine n-space with
coordinatesy1, y2, . . . , yn and furtherY is covered byY1 together with
Y2, . . . ,Yn which are defined in a similar manner. In particular,Y is
non-singular and if we put

E = h−1(0) = {0} ×W ⊂ Y,

thenh gives ak-isomorphism i.e. a biregular map ofY\E to X\{0}, de-
fined overk. We observe thath∗(dx) is given inY1 by

h∗(dx) = dy1 ∧ d(y1y2) ∧ . . . ∧ d(y1yn) = yn−1
1 dy.

Moreover, f ◦ h is given inY1 by

f ◦ h = ym
1 f (1, y2, . . . , yn)

and f (1, y2, . . . , yn) = 0 gives a local equation inY1, of an irreducible
non-singular hypersurface inY, sayE′ (this being just the “proper trans-
form” of the hypersurface given byf (x) = 0). We see thatE′ andE are
transversal to each other at every point ofY. Thereforeh gives ak-
resolution of the hypersurface defined byf (x) = 0 and is tame, if the
characteristic ofk does not dividem. The numerical data ofh alongE′106

andE are (1, 1) and (m, n) respectively.
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5.2

Let us apply our theory to the case whenk is a local fieldK, identifying
X with XK etc. , as usual. Then, for ap-field K and everyφ in ϕ(X), we
have

Zφ(ω) =
Pφ,χ(z)

(1− z/q)(1 − zm/qn)

with Pφ,χ(z) in C[z, z−1]. Therefore, if the characteristic ofk does not
divide m and ifn > m, then we get

F∗φ(i
∗) =

∑

λ

a♯λ(ac(i∗))|i∗ |−λK (105)

for all sufficiently large|i∗|K ; here,λ satisfiesqmλ = qn (We steer clear
of the casen = m, just to avoid multiple poles atz = q. See Ch. II,
Theorem 3.1). Now (105) implies, for everyi∗ in K, that

|F∗φ(i∗)| ≤ cmax(1, |i∗ |K)−n/m (106)

with a constantc > 0. (This follows just from the numerical data and
involves no computation). The same estimate can be seen to bevalid for
the case ofR-fields as well, whenφ has compact support; actually, even
for arbitraryφ in S (X) in this case, we can draw the same conclusion,
by using the same quadratic transformation as in §5.1 but extended to
a projective space in which the affine spaceX is imbedded. All this
enables us to assert thatF∗φ is an L1-function onK and henceFφ(0) 107

exists forn > mand the characteristic ofK not dividingm. We shall see
later thatFφ(0) is given by

Fφ(0) =
∫

U(0)

φ|θ0|. (107)

We have thus clarified “Condition (A)” of Weil ([52]) referred to
earlier (see Ch. II), in the case of strongly non-degenerateforms over
local fields. However, if we wish to examine the same relativeto a
global field, we need, at the present moment, to appeal to the theorem
of Deligne ([9]). We shall now explain this point in some detail.
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5.3

Let us start from a strongly non-degenerate formf (x1, . . . , xn) of degree
m(≥ 2) with coefficients in a global fieldk, assuming, as above, that
n > mand thatm is not divisible by the characteristic ofk. Let K denote
a completion ofk with respect to a non-archimedean valuationv onk. If
we exclude a finite number ofv’s depending onf (x), then, for everyi∗

in K, we have
|F∗(i∗)| ≤ max(1, |i∗ |K)−n/m (108)

In (108), we have writtenF∗ for F∗ϕ0
corresponding to the characteristic

functionϕ0 of X0(= R(n)); further the constantc in 106) is replaced by 1
in (108). We give a sketch of the proof of (108) as follows.

Let f (x) be inR[x1, . . . , xn], without loss of generality, and letmR=
R; moreover, let the reductionf (x) of f (x) moduloP be strongly non-
degenerate. Writingi∗ in K× asπ−eu with e ≥ 0 in Z andu in R×, an
elementary argument gives us

F∗(i∗) =


qn[−e/m] , for e. 1 modm;

q−n(1+(e−1)/m) ∑
t mod P

ψ(π−1ut)N1(t), for e≡ 1 modm.

(109)
For the first case in 109), we have immediately108

|F∗(i∗)| ≤ (qe)−n/m = |i∗|−n/m
K .

But, in the second case, such an inequality holds if and only if

|q−n
∑

t mod P

ψ(π−1ut)N1(t)| ≤ q−n/m (110)

On the left side of 110), the expression inside the sign for absolute value
is merely the (generalized) Gaussian sum

q−n
∑

ξ mod P

ψ(π−1u f(ξ))

and both sides of 110 are equal form= 2. In the general case, the prob-
lem is to estimate the number ofFq-rational points onf (x) = 0 or on
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f (x) = txm
0 with t ∈ F×q , both the hypersurfaces being non-singular. We

can indeed apply Deligne’s theorem ([9]) to carry out such anestima-
tion; for the details, we may refer the reader to our paper [21].
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APPENDIX
Generalized Gaussian Sums and Singular

Series (Local Case)

For anyp-field K, we had introduced in §1.7, the functionsF = Fφ,109

F∗ = F∗φ corresponding to the characteristic functionφ of R(n), f (x) ∈
R[x1, . . . , xn] and the standard characterψ on K. If

i∗ = π−eu with e≥ 0 in Z and u ∈ R×

we had the relation

F∗(i∗) = q−ne
∑

ξ modPe

ψ(i∗ f (ξ))

where the right hand side is essentially a generalized Gaussian sum and
on the basis of Theorem 1.6, we had referred to its “stable behaviour”
for all sufficiently largee = − ord(i∗), namely, its being a fixed linear
combination of expressions of the formχ(ac(i∗))|i∗|−λK (log |i∗|K) j .

In the simplest non-trivial case wheref (x) = x2 and 2 ∈ R×, we
have

F∗(i∗) =


|i∗|−1/2

K for even e= − ord(i∗) ≥ 0

q1/2gχχ−1(ac(i∗))|i∗|−1/2
K for odde= − ord(i∗) > 0

(111)

where χ is the non-trivial character of order 2 onR×. Moreover,
(q1/2gχ)2 = χ(−1) = ±1 (cf. Relation [57]).

We shall give a quick sketch of the proof of 111. Firsteχ = 1, in
view of the relation (1+ P)[2] = 1+ P from Lemma 2.5. Now it is easy
to see that

F∗(i∗) =
∑

r≥0

q−r
∫

R×

ψ(π−(e−2r)ac(i∗)u2)|du|.

But, for any continuous functionϕ on R×, we have110
∫

R

ϕ(x2)|dx| =
∫

R×

ϕ(x)(1+ χ(x))|dx|.
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Takingϕ(u) = ψ(π−(e−2r)ac(i∗)u), we now get

F∗(i∗) =



(1− q−1)
∑

r>e/2
q−r − q−(e+1)/2+χ(ac(i∗ ))q−(e−1)/2gχ for eodd

(1− q−1)
∑

r≥e/2
q−r for eeven

on using 52) and this proves 111).
We now give the proof of assertion 79) which is well-known; name-

ly, for homogeneousf (x) of degreem in R[x1, . . . , xn] and i , 0 in R,

q−e(n−1)Ne(i) is independent ofe, for e≥ 1+ 2 ord(mi).

For anya in X, let us defineX = X (a) as min
1≤i≤n

{
ord

(
∂ f
∂xi

(a)

)}
. Then

X is aZ-valued locally constant function onX\C f . Fora in X0 = R(n)

and b in X with b ≡ a(modPX (a)+1), we have
∂ f
∂xi

(b) ≡ ∂ f
∂xi

(a)(mod

PX (a)+1) for every i and thereforeX (a) = X (b). Further, it is imme-
diate, on using the Taylor expansion off , that

a ≡ b (mod Pe−X (a)), e≥ 2X (a)⇒ f (a) ≡ f (b) (mod Pe).

Let us observe that, in view of the foregoing.

E(e,X ) = {a modPe; f (a) ≡ 0(modPe),X (a) =X },
E′(e,X ) = {a modPe−X ; f (a) ≡ 0(modPe),X (a) =X }

are well-defined fore≥X +1 ande≥ 2X +1 respectively. Therefore,
if e≥ 2X + 1, both are well-defined and the canonical map 111

X0/πeX0→ X0/πe−X X0

gives rise to a surjective map fromE(e,X ) to E′(e,X ) such that each
fibre has the cardinality [πe−X X0; πeX0] = qnX independent ofe. Sim-
ilarly, the natural map

X0/πe−X +1X0→ X0/πe−X X0
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inducesa surjective mapE′(e + 1,X ) → E′(e,X ); actually f (a +

πe−X x) ≡ 0( modPe+1) if and only if
∑

1≤i≤n
π−X

∂ f
∂xi

(a)xi ≡ −π−e f (a)( mod

P) and the linear congruence has exactlyqn−1 solutionsx modulo P,

since one of the elementsπ−X
∂ f
∂xi

(a) is in R×. Thus, in this case, each

fibre hasqn−1 elements. As a consequence, we have, fore≥ 2X + 1,

cardE(e+ 1,X ) = qnX cardE′(e+ 1,X )

= qnX cardE′(e,X ) · qn−1

= cardE(e,X )qn−1

where “card” stands for the cardinality. We may therefore conclude that
for e≥ 2X + 1,

q−e(n−1) cardE(e,X ) is independent ofe. (112)

We should perhaps remark that the canonical mapE(e+ 1,X ) →
E(e,X ) is not always surjective.

We now start from a homogeneousf (x) of degreem in R[x1, . . . ,

xn] and for a fixedi in R\{0}, use f (x) − i in place of the polynomial
f (x) referred to in the preceding paragraph. Then we see that, for e ≥112

ord(mi) + 1, the set [ξ modPe; f (ξ) ≡ i (mod Pe)} is the disjoint union
of E(e,X ) for 0 ≤ X ≤ ord(mi); in fact, fore≥ ord(i) + 1 andξ in X0

with f (ξ) ≡ i( modPe), we haveX (ξ) ≤ ord(mi), in view of the relation

n∑

i=1

ξi
∂ f
∂xi

(ξ) = m f(ξ) ≡ mi(modmPe).

We may now conclude from above that

q−e(n−1)Ne(i) =
∑

0≤X ≤ord(mi)

q−e(n−1) card(E(e,X ))

is independent ofe≥ 2 ord(mi) + 1, by 112).
Next we proceed to prove assertion 80) namely, that the abovestable

quotientq−e(n−1)Ne(i) for e≥ 2 ord(mi)+1 which is, therefore, the same
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as lim
e→∞

q−e(n−1)Ne(i), coincides with
∫

X0∩U(i)

|θi |. We first observe that if

{aν,r}r is a complete set of representativesaν,r of E′(e, ν) with f (aν,r ) = i,
thenU(i)0 = X0 ∩ U(i) is the disjoint union ofVν,r = {a ∈ U(i)0; a ≡
aν,r(modPe−ν)} for varying r and forν with 0 ≤ ν ≤ ν0 = ord(mi).

From the implicit function theorem for analytic functions on com-
plete fields, we have the following: namely, for ap-field K and any con-

vergent power-seriesg(x) in R[[ x1, . . . , xn]] with g(0) = 0 and
∂g
∂xn

(0) .

0(modP), there exists a unique convergent power-seriesϕ(x′) in x′ =
(x1, . . . , xn−1) with coefficients inR such thatϕ(0) = 0 and further.

(i) g(x′, ϕ(x′)) = 0 for all x′ sufficiently close to 0; and 113

(ii) wheneverg(a) = 0 for a = (a1, . . . , an) close to 0, thenan = ϕ(a′).

We shall, however, use a refinement of the same, which is not hard to
prove: namely, if, in addition, we haveg(x) =

∑
α

cαxα (with the usual

notation) andcα ≡ 0(modP|α|−1), thenϕ(x′) converges on the whole of
R(n−1) and further satisfies

(i)′ g(x′, ϕ(x′)) = 0 for all x′ ∈ R(n−1); and

(ii) ′ for anya = (a1, . . . , an) ∈ R(n) with g(a) = 0, we havean = ϕ(a′).

Going back to the proof of 80), we shall examine closely the set

V = {x ∈ X0; f (x) = i, x ≡ ξ (mod Pe−ν)}

whereξ is one of theaν,r above. Puttingx = ξ + πe−νy, we see thatV is
defined inX0 by the condition

0 = π−e( f (x) − i) =
n∑

i=1

π−ν
∂ f
∂xi

(a)yi + π
−eQ (113)

whereQ is a polynomial inπe−νy1, . . . , π
e−νyn with coefficients inRand

having no terms of degree≤ 1. Now (113) gives an equation of the form

n∑

i=1

ciyi +
∑

|α|≥2

cαyα = 0
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whereci , cα are all inRand further,cα ∈ P|α|−1 (since|α|(e−ν−1)−e+1 ≥
e−2ν−1 ≥ 0), while at least one ofc1, . . . , cn, saycn, is not inP. By the
above-mentioned refinement of the implicit function theorem (applied
to K andπ−e( f (x) − i) instead ofg(x)), we see thatV is the same as
{(y′, ϕ(y′)); y′ ∈ R(n−1)}. Now, onV,114

θi = (−1)n−1
(
∂ f
∂xn

)−1

dx1 ∧ . . . ∧ dxn−1|V

and therefore
|θi | onV = q−e(n−1)+nν |dy′|

implying that ∫

V

|θi | = q−e(n−1)+nν

We have, finally from above,
∫

U(i)0

|θi | =
∑

0≤ν≤ν0

∑

r

∫

Vν,r

|θi |

=
∑

0≤ν≤ν0

q−e(n−1) card(E′(e, ν))qnν

=
∑

0≤ν≤ν0

q−e(n−1) card(E(e, ν))

= q−e(n−1)Ne(i), for e≥ 2 ord(mi) + 1.



Chapter 4

Poisson Formula of
Siegel-Weil Type

1 Formulation of a Poisson Formula

In this Chapter, we formulate a Poisson formula of general type which 115

corresponds to forms of higher degree in the same manner as the Siegel-
Weil formula ([52]) is related to quadratic forms; the classical Poisson
summation formula is again a special case of such a Poisson formula
and it is well-known ([47]) that in this classical formula lies embedded
a substantial part of the validity of the functional equation of Hecke L-
series. Our Poisson formula, as in the case of Weil, is to be regarded
as an identity between two tempered distributions on adelized vector
spaces arising from global fields. We shall formulate sufficient condi-
tions for the validity of the general Poisson formula. Moreover, we shall
use the so-called “adelic language” ([50]), essentially tosimplify the
presentation.

1.1 Standard Notation

Let k be aglobal fieldi.e. an algebraic number field of finite degree over
the rational number field or an algebraic function field of onevariable
with finite constant field. For any non-trivial absolute value | |v onk, de-
note bykv the completion ofk with respect to the metricd(a, b) = |a−b|v

107
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onk. Let us assume that| |v is normalized, as already described. We call
v archimedeanor non-archimedeanaccording askv is anR-field or ap-
field; archimedean valuations arise only in the case of algebraic number116

fields. We choose exactly one representative (and indeed normalised
as well) in each “equivalence class” of valuationsv. By S, we shall
mean, in this article, a finite set of valuationsv which always includes
the archimedean valuations. For non-archimedeanv, we denote the val-
uation ring byRv or R and its maximal ideal byPv or simplyP.

1.2 Adelization

A subsetU of an affine spaceX of dimensionn is calledlocally k-closed
(or quasi-k-affine) if U = V\W for k-closed subsetsV, W in the affine
space. IfV is defined by the equationsf1(x) = . . . = fr (x) = 0 and
W by g1(x) = . . . = gs(x) = 0 for f1, . . . , fr , g1, . . . , gs in k[x1, . . . , xn],
thena belongs toU if and only if f1(a) = . . . = fr(a) = 0 and further
g j(a) , 0 for at least onej with 1 ≤ j ≤ s. If we defineUv = Ukv =

{x ∈ kn
v; f1(a) = . . . = fr(a) = 0 andg j(a) , 0 for at least onej

with 1 ≤ j ≤ s}, thenUv is clearly locally compact. Further, for non-
archimedeanv, we see thatU0

v = {a ∈ R(n); f1(a) = . . . = fr(a) = 0
and at least oneg j(a) is a unit ofRv for 1 ≤ j ≤ s} is compact. For
anyS described in §1.1 above,

∏
v∈S

Uv is locally compact and
∏
v<S

U0
v is

compact, so that

US
defn.
=

∏

v<S

U0
v ×

∏

v∈S
Uv

is locally compact. For two suchS, S′ with S ⊂ S′, clearlyUS is open
in US′ .

For any locallyk-closedU, we define theadelization UA of U by

UA =
lim−−→
S

US andUS is open inUA for everyS. ThenUA is a locally

compact space and it is not hard to see thatUA depends only onU117

(although the requirement that fora ∈ U0
v , g j(a) is a unit for at least one

j, may look disturbing!). We can show that adelization is a “functor”
and, in particular, for anyk-morphism j : U → U′ of locally k-closed
subsetsU, U′ in affine spaces, we have a unique continuous mapjA :
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UA→ U′A. The setUk of k-rational points onU can be imbedded inUA

through the diagonal imbedding and it is, in fact, discrete in UA.

1.3 Examples

We shall illustrate the foregoing with some examples.

(i) Let X be the affine n-space, so thatXk ≃ kn. We denoteXA, for
n = 1, by kA, the ring ofk-adeles; for anyn, XA ≃ (kA)n and
XA/Xk is compact. Ifn = 1, k = Q ֒→ QA and anyt in QA is of
the form (t∞, tp, . . .) with t∞ ∈ R andtp is in the ringZp of p-adic
integers for almost all (non-archimedean)p. If < tp > denotes the
“fractional part” of tp, then< tp >= 0 for almost allp so thatt′ =
t −∑

p
< tp > in QA has its non-archimedean componentst′p in Zp

for everyp. It is now immediate thatQA/Q ≃ R/Z×
∏

p prime
Zp and

hence, it is compact. The imbedding ofQ as a discrete subgroup
of QA corresponds precisely to the imbeddingZ ֒→ R.

(ii) For f (x) ∈ k[x1, . . . , xn] and i in k, we have introducedU(i) as
f −1(i)\C f ; thus, a belongs toU(i) if and only if f (a) = i and

further,
∂ f
∂x j

(a) , 0 for at least onej. Clearly U(i) is a locally

k-closed subset and henceU(i)A is defined.

1.4 Tamagawa Measure

SupposeU is a non-singular locallyk-closed subset of affine n-space 118

andω, an everywhere regular differential form of the highest degree on
U vanishing nowhere and moreover, defined overk. We shall be dealing
only with situations where such a formω exists; for example ifU = X,
ω(x) = dx1 ∧ . . . ∧ dxn in Example (i) above andω(x) = θi(x) for
U = U(i) in Example (ii).

By a procedure (which may not, however, work always), we can
associate toω, the so-calledTamagawa measure|ω|A on UA as fol-
lows. Let us start from the Borel measure|ω|v on Uv associated with
ω; in particular, on the open setU0

v , we have a measure, saymv. Let
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us assume that the (infinite product) measure
⊗
v<S
|ω|v exists on

∏
v<S

U0
v ;

this, incidentally, happens to exist if and only if the infinite product∏
v<S

mv(U0
v) is absolutely convergent. On the other hand, we always have

the product measure
⊗
v∈S
|ω|v on the (finite) product

∏
v∈S

Uv. Thus, we

can define, for everyS, the measure|ω|A on US =
∏
v<S

U0
v ×

∏
v∈S Uv

by |ω|A = (
⊗
v<S
|ω|v) ⊗ (

⊗
v∈S
|ω|v). However, we have, still, to remove

the ambiguity that arises in our definition of|ω|v above, due to our not
having fixed a Haar measure onkn

v, for n = 1, 2, . . .. For this pur-
pose, let us proceed as follows. Let us choose a non-trivial character
ψ : kA/k → C×1 . ThenkA may be identified with its dual by setting
< a, b >= ψ(ab) for a, b ∈ kA and further,k ≃ (kA/k)∗ via the map119

c 7→ ψ(ct). Let jv : kv → kA be the imbedding which sends anyt in
kv to the adele witht as thev-th component and 0 elsewhere; we set
ψv = ψ ◦ jv. On Xv = kn

v, we take as our measure, then-fold product
|dx|v of the measure onkv which is self-dual relative to (t, t′) 7→ ψv(tt′);
then, this is the same as the measure onXv = kn

v self-dual relative to
((x1, . . . , xn), (y1, . . . , yn)) 7→ ψv(x1y1+ · · ·+ xnyn). Moreover,ψv = 1 on
Rv and nontrivial onP−1

v , for all but finitely manyv; further,m(X0
v) = 1

for suchv. The measure|dx|A always exist onXA and has the charac-
teristic property thatXA/Xk has measure 1; on each open subgroupXS

defined above,|dx|A is just the product of the measures|dx|v, in the usual
sense.

1.5 The Schwartz-Bruhat SpaceS (XA)

If k is an algebraic function field of one variable with finite constant
field, thenXA is a locally compact abelian group with arbitrarily large
and small compact open subgroups in the sense of Chapter II, §1.2.
The Schwartz-Bruhat spaceS (XA) is thus already familiar to us and so
is the dual,S (XA)′ of tempered distributions.

Let, on the other hand,k be an algebraic number field and the degree
[k : Q] of k overQ be finite. If S∞ denotes the set of all archimedean
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valuations onk, we write, for the affine spaceX of dimensionn,

X∞ =
∏

v∈S∞
Xv ≃ Rn[k:Q]

X0(= Xfinite) = lim−−→
S

∏

v∈S\S∞
X0

v .

Let us remark thatX0 is a locally compact abelian group with arbitrarily120

large and small compact open subgroups and therefore the Schwartz-
Bruhat spaceS (X0) is already known to us. Moreover, we are also
quite familiar with the Schwartz-Bruhat spaceS (X∞). We now define
theSchwartz-Bruhat space associated with XA by S (XA) = S (X0) ⊗C
S (X∞); every element of this space is a finite linear combination of
φ0 ⊗ φ∞ with φ0 ∈ S (X0) andφ∞ ∈ S (X∞). We define the “topolog-
ical dual” S (XA)′ of S (XA) as the space of allC-linear functionals on
S (XA) such thatT(φ0⊗φ∞) depends continuously onφ∞ in S (X∞) for
every fixedφ0 in S (X0). Let {Tn}n be a sequence contained inS (XA)′

such that, for everyφ ∈ S (XA), lim
n

Tn(φ) exists; denoting this limit by

T(φ), we see trivially thatT is C-linear. Moreover, for every fixedφ0 in
S (X0) and anyφ∞ ∈ S (X∞), we haveT(φ0 ⊗ φ∞) = lim

n→∞
Tn(φ0 ⊗ φ∞),

by the definition ofT. Now sinceφ∞ 7→ Tn(φ0⊗φ∞) belongs toS (X∞)′

for every fixedφ0 ∈ S (X0), the well-known completeness ofS (X∞)′

entails thatφ∞ 7→ T(φ0⊗φ∞) belongs toS (X∞)′. ThusS (XA)′ is com-
plete. It is called thespace of tempered distributionson XA, as usual.

1.6 Poisson Formula

We are now in a position to formulate the general Poisson formula as-
sociated withf (x) ∈ k[x1, . . . , xn] and withS (XA). We first make the
simple remark that for everyi∗ ∈ k, ψ(i∗ f (x)) ∈ S (XA)′, if we simply
defineψ(i∗ f (x))(φ) =

∫

XA

φ(x)ψ(i∗ f (x))|dx|A, for everyφ in S (XA) and

note that the integral converges absolutely.
Let us formulate a series of assumptions. 121

(PF-1) The infinite sum
∑

i∗∈k
ψ(i∗ f (x)) belongs toS (XA)′, i.e. (equi
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valently) the Eisenstein-Siegelseries
∑

i∗∈k

∫

XA

φ(x)ψ(i∗ f (x))|dx|A as-

sociated withf (x) converges absolutely for everyφ in S (XA).

(PF-2)′ For everyi in k, the measure|θi |A exists onU(i)A.

(PF-2)′′ If j : U(i)A ֒→ XA is induced byU(i) ֒→ X, then for everyi
in k, theglobal singular series j∗(|θi |A) or simply |θi |A associated
with f(x) and i exists inS (XA)′ i.e. (equivalently)

∫

U(i)A

φ|θi |A is

absolutely convergent for everyφ in S (XA).

(PF-3) The infinite sum
∑
i∈k
|θi |A belongs toS (XA)′.

We say that thePoisson formula holds for f(x) (relative tok) if
all the assumptions(PF-1), (PF-2)′, (PF-2)′′, (PF-3)are validand
further

(PF-4) ∑

i∈k
|θi |A =

∑

i∗∈k
ψ(i∗ f (x)) (114)

The simplest example of a Poisson formula is furnished by consid-
ering the case whenn = 1, f (x) = x so thatφ∗(x) =

∫

kA

φ(y)ψ(xy)|dy|A.

Then 114 reads ∑

i∈k
δ(x− i) =

∑

i∗∈k
ψ(i∗x)

since|θi |A is just the Dirac measure supported ati. But the relation above
is the same as saying

∑

i∈k
φ(i) =

∑

i∗∈k
φ∗(i∗) (115)

for everyφ ∈ S (kA). As remarked already, there remains, built into the
simple-looking classical Poisson formula (115), quite a substantial part
of the proof of the functional equation of Hecke’sL-series rephrased in122

adelic language.
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2 Criteria for the Validity of the Poisson Formula
and Applications

2.1

Sufficient conditions for the validity of the Poisson formula stated in the
last section are provided by the following theorem which is the second
substantial theorem in our theory for forms of higher degree.

Theorem 2.1. Let f(x) denote a homogeneous polynomial of degree
m ≥ 2 in n variables x1, . . . , xn with coefficients in a global field k of
characteristic not dividing m and let us assume that a tame k-resolution
of the projective hypersurface defined by f(x) = 0 exists. Then the Pois-
son formula holds for f(x) relative to k if the following two conditions
are satisfied:

(C1) the codimension of Cf in f −1(0) ≥ 2 (i.e. equivalently, codim
(C f ) ≥ 3);

(C2) there existσ > 2 and a finite set S of valuations v of k, such that,
for every i∗ in kv\Rv and v< S ,

|F∗v(i∗)| ≤ |i∗|−σv .

where F∗v(i∗) =
∫

X0
v

ψv(i∗ f (x))|dx|v.

The proof of this theorem will be given later. We merely remark that
there exists a conjecture to replace condition (C2) by a geometric con-
dition; this will be explained later. Condition (C1) is easyto verify and
simply means that the hypersurface defined byf (x) = 0 is irreducible
and normal.

2.2 Applications

We enumerate a series of applications of Theorem (2.1), assuming that
k has characteristic 0, just for the sake of simplicity.
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A.1) Let f (x) be strongly non-degenerate i.e. letf (x) be homogeneous123

with the critical setC f = {0}. Then (C1) is equivalent to the
conditionn ≥ 3, since codimf −1(0)(C f ) = n−1. Further, from 108),
we know that, for all but finitely manyv and for everyi∗ ∈ kv\Rv.

|F∗v(i∗)| ≤ |i∗|−n/m
v (108)′

as a consequence of Deligne’s theorem ([9]); for ord(i∗) divisi-
ble bym, actually equality holds in (108)′. Thus (C2) is equiva-
lent to n > 2m and the Poisson formula holds for strongly non-
degeneratef (x) if n > 2m. In any case, the existence of a tame
resolution is obvious here and even, in the case of function fields
k, the Poisson formula holds, provided thatm is not divisible by
the characteristic ofk.

A.1)′ If f (x) is a non-degenerate quadratic form, we are just in the situ-
ation A.1) above withm= 2. Thus, the Poisson formula holds for
n > 4. Incidentally, condition C2) is easy to verify, since

|F∗v(i∗)|2 =
∫

X0
v×X0

v

ψv(i
∗( f (x) − f (y))|dx∧ dy|v

=



∫

R(2)
v

ψv(i
∗x1y1)|dx1 ∧ dy1|



n

= |i∗|−n
v

for every i∗ in kv\Rv and for all but finitely manyv; we may re-
place f (x) by

∑
i

ui x2
i with ui ∈ R×v , in the computation above.

A.2) If f (x) is just a homogeneous polynomial of degreem in n vari-124

ables with coefficient in k, then by applying the techniques of
Birch and Davenport for forms in many variables ([4]), it canbe
shown that, for anyǫ > 0,

|F∗v(i∗)| ≤ |i∗|−(codim(C f )/2m−1(m−1)[k:Q])+ǫ
v
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for every i∗ in kv\Rv and all but finitely manyv. The condition
(C1) is already fulfilled if we require that

codim(C f ) > 2m(m− 1)[k : Q](≥ 2)

and consequently the Poisson formula holds, subject to thisre-
quirement being satisfied. For further details, we refer to our pa-
per [26].

2.3 Further Applications of the Poisson Formula

A.3) LetG be a “k-form” of S L2m (i.e. an algebraic group defined over
k and isomorphic toS L2m over an algebraic closurek of k) and
let ρ : G→ GL(X) be a “k-form” of the m(2m− 1) - dimensional
fundamental representation ofG, whereX is a certain affine space.
If G is k-isomorphic toS L2m, then we may identifyX with the
vector space of 2m-rowed skew-symmetric matricesx on which
the action ofG via ρ is described byx→ ρ(g)·x = gxtg for g in G.
Upto a factor fromK×, there exists a unique invariant of degreem,
with coefficients ink; this invariant is precisely thePfaffian Pf(x)
with its well-known property that Pf(gxtg) = det(g) Pf(x) for any

g in GL2m. In this case, it is known thatF∗v(i∗) =
m−1∑
i=1

ci |i∗|−(2i+1)
v ,

whereci =
∑

1≤ j≤m
j,i

(1− q−(2 j+1))/(1 − q−2( j−i)). In the general case,125

there exists a unique invariantf (x) which, for all but finitely many
v, coincides with Pf(x) after a non-singular linear transformation
with coefficients inRv. As a result, the above formula forF∗v(i∗)
is valid even in the general case and consequently, we have

|F∗v(i∗)| ≤ |i∗|−3+ǫ
v

for everyi∗ in kv\Rv and for all but finitely manyv. Further

codimf −1(0)(C f ) = 5

and thus the Poisson formula is valid in this case. Complete de-
tails may be found in our paper [19].
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A.4) Let G be ak-form of the connected, simply connected, simple
group of typeE6 and letρ : G → GL(X) be ak-form of the 27-
dimensional fundamental representation ofG. Then there exists
a cubic invariantf (x) known as “det” (in the theory of Jordan
algebras) and unique upto a factor fromk∗, as before ([28]). In
this case, it can be shown that

codimf −1(0)(C f ) = 9 and |F∗v(i∗)| ≤ |i∗|−5+ǫ
v

and hence the Poisson formula holds. The inequality above isa
consequence of the more precise assertion:

F∗v(i∗) =
1− q−9

1− q−4
|i∗|−5

v − q−4 1− q−5

1− q−4
|i∗|−9

v (116)

Formula 116) may be found in [36], § 14.126

A.5) Consider the complete polarization det(a, b, c) of the cubic form
“det” in example A.4) above; the form det(a, b, c) is symmetric
trilinear in a, b, c and det(a, a, a) = 3! det(a). Taking a non-
degenerate symmetric bilinear formQ(a, b) with coefficients in
k, on the same space, definea× b, a♯ by

Q(a× b, c) = det(a, b, c), a♯ = (1/2)(a × a).

Then, for a suitable choice ofQ(a, b), we have

(a♯)♯ = det(a) · a.

Let X be the (2(27+ 1) =)56 - dimensional space consisting of
x = (a, b, α, β) wherea, b are elements of the 27-dimensional
space mentioned in A.4) andα, β are inC. After Freudenthal, we
take the quartic

f (x) = Q(a♯, b♯) + αdet(b) + βdet(a) − (1/4)(Q(a, b) − αβ)2.

The group of automorphisms off (x) has two connected compo-
nents and the connected componentG of the identity is ak-form
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of the connected, simply connected simple group of typeE7 and
corresponds to its “first fundamental representation”. Conversely,
for a k-form of typeE7 with its 56-dimensional fundamental rep-
resentation defined overk, there exists only one invariant, namely
f (x), upto a factor fromK×.

For the quarticf (x) above, we have

codimf −1(0)(C f ) = 10 and |F∗v(i∗)| ≤ |i∗|−5−1/2+ǫ
v

and therefore, the Poisson formula holds in this case. The estimate for 127

F∗v(i∗) follows from the more precise relation:

F∗v(i∗) =
(1− q−14)(1− q−18)

(1− q−4)(1− q−17)
γ(i∗)|i∗|−5−1/2

v

− q−4 (1− q−10)(1− q−14)

(1− q−4)(1− q−9)
γ(i∗)|i∗|−9−1/2

v

+ (q−14 + c(i∗))|i∗ |−14
v ,

where

γ(i∗) =


1, for ord(i∗) even

χ(−π−ord(i∗)i∗)q1/2gχ, for ord(i∗) odd

with χ , 1, χ2 = 1 and

c(i∗) =



q−13(1− q−1)(1+ q−13)(1− q−14)
(1− q−9)(1− q−17)

, for ord(i∗) even

q−17−1/2 (1− q−1)(1+ q−4)(1− q−14)

(1− q−9)(1− q−17)
γ(i∗), for ord(i∗) odd.

For further details, one may refer to [27].

3 The Siegel Formula

In this section, we shall explain the significance of the Poisson formula
in the simplest case and then derive the Siegel formula due toWeil, as a
consequence of the Poisson formula for quadratic forms.
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REMARK. Except for the case A.1) and hence also A.1)′, we have as- 128

sumed thatk has characteristic 0. But actually, G.R. Kempf has explic-
itly constructed, in the fall of 1974,k-resolutions for the hypersurface
defined byf (x) = 0, in the cases A.3), A.4) and A.5), for anarbitrary
field k. Since conditions C1), C2) are valid in the case of function fields
as well, we see, by incorporating the results of Kempf, that the Poisson
formula holds, if the characteristic ofk does not dividem! in the case
A.3) and ifk has characteristic different from 2, 3 in the cases A.4) and
A.5). However, we might mention that, without any restriction on the
characteristic ofk, the Poisson formula is valid in the case A.3).

3.1 Statement of the Siegel Formula

Let k be a global field of characteristic (different from 2),X the affinen-
space and letf (x) be a non-degenerate quadratic form inn ≥ 3 variables
x1, . . . , xn with coefficients ink. Let G be the special orthogonal group
SO(f ) of f , consisting of all linear transformations onx1, . . . , xn which
leave f (x) invariant and have determinant 1. Letdg be an invariant
differential form onG of (maximal) degree1

2n(n − 1), defined overk.
Then, for all but finitely many valuationsv of k, we have

m(G0
v) =

∫

G0
v

|dg|v =



∏
1≤i≤(n−1)/2

(1− q−2i), for n odd

∏
1≤i<n/2

(1− q−2i) · (1− χ(d)q−n/2), for n even

whereχ2 = 1, χ , 1 and thediscriminant dof f (x) is defined to be
(−1)n(n−1)/2 det(ti j ), if f (x, y) = f (x + y) − f (x) − f (y) is written as

n∑
i, j=1

ti j xi x j with ti j = t ji . In particular, (forn ≥ 3) we see, from above,129

that
∏
v<S

m(G0
v) is absolutely convergent, whereS is the finite set of ex-

ceptionalvmentioned above; thus the (adelic) measure|dg|A =
⊗′

v |dg|v
exists. TheSiegel formula (for the special orthogonal groupG) due to
Weil ([52]) states that

(1/2)
∫

GA/Gk


∑

ξ∈Xk

φ(gξ)

 |dg|A = φ(0)+
∑

i∗∈k

∫

XA

φ(x)ψ(i∗ f (x))|dx|A (117)



3. The Siegel Formula 119

for everyφ in S (XA) andn > 4 (with ψ ∈ (kA/k)∗ chosen already).

3.2

In the course of deriving the Siegel formula, we shall freelyuse the
following theorems.

(i) Minkowski-Hasse theorem: U(i)A , φ ⇒ U(i)k , φ for every
i ∈ k (for everyn ≥ 1).

(ii) Witt’s theorem:ξi ∈ U(i)k(, φ) ⇒ Gk · ξi = U(i)k for every i∈ k
and further GA · ξi = U(i)A (if n ≥ 3).

(iii) For n = 3, 4, τk(G)
def
=

∫

GA/Gk

|dg|A = 2.

(iv) For the twisted Fourier transformation̂on XA defined bŷφ(x) =∫

XA

φ(y)ψ( f (x, y))|dy|A, we have

ψ(i∗ f (x))ˆ= ψ(−(i∗)−1 f (x))

for n ≥ 1 and every i∗ ∈ k×, where f(x, y) = f (x+y)− f (x)− f (y).

Among the theorems mentioned above, (i) and (ii) are well-known.
For the proof of (iii), we refer to Theorem 3.7.1 in the lectures [50] of
Weil. For the proof of (iv), we refer to Théorème 2 and Théorème 5
in the paper [51] of Weil and Theorem 3 in our paper on “Harmonic 130

analysis and theta functions”, Acta Math. 120(1968), 187-222.

3.3 Tamagawa Number

We recall that, on any algebraic groupG defined over an arbitrary fieldk,
there exists a leftG-invariant differential formdg, 0, which is of degree
equal to the dimension ofG and further, defined overk; we shall simply
call such a form agauge form on G.A gauge form is automatically
everywhere regular and non-vanishing onG. More generally, suppose
thatU is a non-singular algebraic variety defined overk with ak-rational
point ξ, such thatG acts transitively onU through (g, x) 7→ g · x and
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further, the action ofG is defined overk; then the stabiliserH at ξ is an
algebraic subgroup ofG defined overk. In such a case, we simply write
G/H = U and callU an algebraic homogeneous space defined overk. A
G-invariant differential formθ , 0 onU which is of degree equal to the
dimension ofU and defined overk, is called agauge form on U; such
a form does not exist, in general. But if it exists, then any other gauge
form on U differs fromθ only by a scalar factor fromk×. We observe
that if G is the special orthogonal group SO(f ) of a quadratic formf (x)
overk, thenθi is a gauge form onU(i) for everyi in k.

Let nowk be a global field and letkA, k×A be its adele and idele groups
respectively, as before. For any idelet = (. . . , tv, . . .) ∈ k×A, define its
modulus|t|A as the rate of measure change inkA under the multiplication
by t; then|t|A =

∏
v
|tv|v. For anyc in k× ֒→ k×A, multiplication byc gives

an automorphism of the compact groupkA/k; hence, forc ∈ k×, we
have|c|A = 1. This fact (well-known as the product formula for global
fields) has a far-reaching implication: namely, if a gauge form θ exists131

on U = G/H and if, further, the Tamagawa measure|θ|A also exists on
UA, then, for any other gauge formω onU, |ω|A (exists and) is the same
as |θ|A, sinceω = cθ for c ∈ k× and |ω|A = |cθ|A = |c|A|θ|A = |θ|A.
Thus|θ|A depends only onU andk. Furthermore, ifdg, dhare the gauge
forms onG, H and if GA · ξ = UA, then we will getGA/HA = UA and
|dg|A, |dh|A, |θ|A automatically “match together” in the sense that

∫

GA

ϕ(g)|dg|A =
∫

UA



∫

HA

ϕ(gh)|dh|A


|θ(g · ξ)|A (118)

for any continuous functionϕ on GA with compact support. These are
the excellent properties of the Tamagawa measures.

On the other hand, for anyγ in Gk, we haved(gγ) = c · dg with
c ∈ k× and hence|dg|A is right Gk-invariant. Therefore, an intrinsic
measureτk(G) can be introduced as

τk(G) = m(GA/Gk) =
∫

GA/Gk

|dg|A
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andτk(G) is called theTamagawa numberof G relative tok (usually
under the assumption thatτk(G) < ∞). Theorem (iii) in § 3.2 (that we
have assumed) merely states that, forn = 3 or 4, we haveτk(SO(f )) =
2. Furthermore, ifGa denotes the affine line considered as an additive
algebraic group (defined over the prime field), then we haveτk(Ga) =
m(kA/k) = 1. In order to proceed further, we shall prove the following
elementary lemma.

Lemma 3.2. Suppose that a locally compact group G splits as a semi-
direct product of H by G′ : G = G′ · H. Let dg, dg′, dh denote left-
invariant measures on G, G′, H respectively such that dg= dg′ ⊗ dh. 132

LetΓ, Γ′, ∆ denote discrete subgroups of G, G′, H respectively such that
Γ = Γ′ · ∆. Assume that dg, dg′, dh are also right-invariant underΓ, Γ′,
∆ respectively and further that, for everyγ in Γ′, d(γhγ−1) = dh. Then
we have

∫

G/Γ

ϕ(g)dg=
∫

G′/Γ′



∫

H/∆

ϕ(g′h)dh

 dg′ (119)

for every continuous functionϕ on G/Γ with compact support.

Proof. We can find a continuous functionϕ0 onG with compact support
such that

ϕ(g) =
∑

γ∈Γ
ϕ0(gγ)

for everyg in G. Similarly, if we defineϕ1(g) as
∑
δ∈∆

ϕ0(gδ) then we get

∫

G/Γ

ϕ(g)dg=
∫

G

ϕ0(g)dg=
∫

G′



∫

H

ϕ0(gh)dh

 dg′

=

∫

G′/Γ′


∑

γ′∈Γ′

∫

H/∆

ϕ1(g′γ′h)dh

 dg′.

If we apply to the inner integral the measure-preserving automorphism
h→ γ′−1hγ′ of H/∆, then (119) is immediate. �
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We now go back to our previous notation and denote byG, G′, H
algebraic groups defined over a global field such thatG is the semi-direct
product ofH by G′. Let dg, dg′, dh denote gauge forms onG, G′, H.
Then we can apply Lemma 3.2 toGA, G′A, HA, Gk, G′k, Hk, |dg|A, |dg′|A,
|dh|A instead ofG, G′, H, Γ, Γ′, ∆, ∆′, ∆, dg, dg′, dh respectively. In
fact, all the conditions in the lemma are satisfied. Since we can replace
ϕ in (119) by any non-negative measurable function onG/Γ, we get, on
puttingϕ = 1, the formula

τk(G) = τk(G
′)τk(H) (120)

Sinceτk(Ga) = 1, formula (120) implies thatτk(G) = τk(G′), whenever133

H is k-isomorphic to a direct product ofGa.

3.4 Proof of the Siegel Formula

We proceed to prove the Siegel formula given by 117.
Applying induction onn, let us assume that the Tamagawa number

of the special orthogonal group of any non-degenerate quadratic form
over k in n′ variables with 3≤ n′ < n is 2; in spite of the fact that
n > 4 (as stated after formula (117)), our induction hypothesisis quite
legitimate by virtue of Theorem (iii) assumed in § 3.2.

With the same notation as in Theorem (ii) assumed in § 3.2, we have
clearly

Xk\{0} =
∐

i∈k
U(i)k =

∐

i∈k

′Gk · ξi (121)

where the accent (over the symbol for disjoint union) indicates thati
runs only over the subset ofk which ensuresU(i)k , φ. For any suchi,
we set

Hi = the stabiliser ofG at ξi .

We then assert thatτk(Hi) = 2 for every suchi. The proof runs as
follows. If i , 0, let X′ = {x ∈ X; f (ξi , x) = 0} and f ′ the restriction
of f to X′. Then we have SO(f ′) = Hi and sinceX′ has dimension
n − 1 ≥ 4, we see thatτk(Hi) = 2, by the induction hypothesis. Let
now i = 0. Then choosingη from Xk with f (ξ0, η) = 1 and putting
η0 = − f (η)ξ0+η, we obtainη0 ∈ Xk, f (η0) = 0 and f (ξ0, η0) = 1. Let us
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now takeX′ to be the subspace ofX defined byf (ξ0, x) = f (η0, x) = 0
and f ′ to be the restriction off to X′. Then, as in the previous case,f ′

is non-degenerate andH0 can be verified to be the semidirect product by134

SO(f ′) of the groupH of matrices of the form


1 − f ′(c) −tcT′

0 1 0
0 c 1n−2



wherec is an arbitrary (n − 2)-rowed column,f ′(x′) = 1/2t x′T′x′ for
x′ ∈ X′ and 1n−2 is the (n−2)-rowed identity matrix. SinceH is isomor-
phic to the (n− 2)-fold product ofGa and sincen− 2 ≥ 3, it follows by
applying (120), thatτk(H0) = τk(SO(f ′)) = 2, in view of the induction
hypothesis once again.

For ξi ∈ U(i)k, the mapg 7→ ξi of G to U(i) induces the continu-
ous injectionGA/(Hi)A → U(i)A and Witt’s theorem assumed in § 3.2
guarantees the surjectivity of the latter map. Thus we have ahomeo-
morphism

GA/(Hi)A ≃ U(i)A

(in view of a well-known theorem in the theory of topologicalgroups).
We are now ready to start the proof of the Siegel formula. The left

hand side of (117) is the same as

τk(G)φ(0)+
∫

GA/Gk


∑

ξ∈Xk\{0}
φ(gξ)

 |dg|A,

on pulling out the term corresponding toξ = 0. By (121), we have
∑

ξ∈Xk\{0}
φ(gξ) =

∑

i∈k

∑

ξ∈U(i)k

φ(gξ) =
∑

i∈k

′
∑

ξ∈Gk·ξi

φ(gξ)

=
∑

i∈k

′
∑

γ∈Gk mod (Hi)k

φ(gγξi).

Therefore, integrating overGA/Gk, we get

∫

GA/Gk


∑

ξ∈Xk\{0}
φ(gξ)

 |dg|A =
∑

i∈k

′
∫

GA/(Hi )k

φ(gξi)|dg|A
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=
∑

i∈k

′τk(Hi)
∫

U(i)A

φ|θi |A; (122)

we have used here the fact that integrating overGA/(Hi)k with respect to135

|dg|A is the same as integrating over (Hi)A/(Hi)k relative to|dh|A coming
from a gauge formdhon Hi and then overGA/(Hi)A = U(i)A relative to
|θi |A. We recall now thatτk(Hi) = 2 for everyi in k such thatU(i)k , φ.

In view of the Minkowski-Hasse theorem,U(i)k = φ impliesU(i)A =

φ and hence the integral overU(i)A is 0; hence we may legitimately re-
move the accent over the symbol of summation in (122). In thisway,
we get, forn > 4 andφ in S (XA), that

∫

GA/Gk


∑

ξ∈Xk

φ(gξ)

 |dg|A = τk(G)φ(0)+ 2
∑

i∈k

∫

U(i)A

φ|θi |A

= τk(G)φ(0)+ 2
∑

i∗∈k

∫

XA

φ(x)ψ(i∗ f (x))|dx|A.
(123)

The second step in (123) is a consequence of the Poisson formula 114.
On the other hand, forΨ(x) = φ(gx), we have

Ψ̂(x) =
∫

XA

φ(gy)ψ( f (x, y))|dy|A

=

∫

XA

φ(gy)ψ( f (gx, gy))|dy|A (y→ g−1y)

=

∫

XA

φ(y)ψ( f (gx, y))|dy|A

= φ̂(gx).

The usual Poisson formula implies that136

∑

ξ∈Xk

φ(gξ) =
∑

ξ∈Xk

Ψ(ξ) =
∑

ξ∈Xk

Ψ̂(ξ) =
∑

ξ∈Xk

φ̂(gξ). (124)
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Therefore, the left hand side of (123) is invariant ifφ is replaces bŷφ.
By Theorem (iv) assumed in § 3.2, we have

∫

XA

φ̂(x)ψ(i∗ f (x))|dx|A =
∫

XA

φ(x)ψ(−i∗
−1

f (x))|dx|A (125)

for everyi∗ in k×. The invariance underφ→ φ̂ of the right hand side of
(123) implies, in view of (125), the invariance underφ→ φ̂ of

τk(G)φ(0)+ 2
∫

XA

φ(x)|dx|A = τk(G)φ(0)+ 2φ̂(0).

Henceτk(G) is necessarily equal to 2 and the Siegel formula is
proved.

REMARK. In the course of proving the Siegel formula, we have tacitly
used the fact thatτk(G) < ∞. However, following H. Ariturk ([1]), the
finiteness ofm(GA/Gk) can be established inductively as follows. In
view of Theorem (iii) assumed in § 3.2, the induction hypothesis entails
that the Tamagawa number of the special orthogonal group of anon-
degenerate quadratic form overk in n′ variables with 3≤ n′ < n is not
only finite but, in fact, equal to 2. Now we can certainly findφ , 0 in
S (XA) such thatφ ≥ 0 andφ(0) = 0; it is clear then that̂φ(0) > 0.
Moreover, as is well-known, we can also chooseϕ in S (XA) such that
ϕ ≥ 0 and, further,|φ̂(x)| ≤ ϕ(x) for everyx in XA. By going through the
previous argument for suchφ, we have 137

∫

GA/Gk


∑

ξ∈Xk

φ(gξ)

 |dg|A =
∫

GA/Gk


∑

ξ∈Xk\{0}
φ(gξ)

 |dg|A

=
∑

i∈k
τk(Hi)

∫

U(i)A

φ|θi |A

= 2
∑

i∈k

∫

U(i)A

φ|θi |A (by induction)

< ∞,
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since the Poisson formula holds forf (x) and hence (PF-3) is valid.
On the other hand,

∫

GA/Gk

∣∣∣∣∣∣∣∣

∑

ξ∈Xk\{0}
φ̂(gξ)

∣∣∣∣∣∣∣∣
|dg|A ≤

∫

GA/Gk


∑

ξ∈Xk\{0}
ϕ(gξ)

 |dg|A

= 2
∑

i∈k

∫

U(i)A

ϕ|θi |A

< ∞,

in a similar manner. In other words,
∑
ξ∈Xk

φ(gξ) and
∑

ξ∈Xk\{0}
φ̂(gξ) for the

chosenφ are both inL1(GA/Gk) and hence the same is true of their
difference as well. Thus the constant functionφ̂(0) > 0 is in L1(GA/Gk)
which implies thatm(GA/Gk) < ∞.

4 Other Siegel Formulas

4.1 General Comments

In order that we may be able to carry over the method of proof for the
Siegel formula for orthogonal groups to other cases, we needto have,
besides the Poisson formula 114), suitable generalizations of Theorems138

(i), (ii), (iii) and (iv) assumed in § 3.2. In the situations covered by
A.3), A.4), and A.5) in § 2.3, we have, indeed,U(i)k , φ for every i
in k; therefore, there is no need to look for an analogue of Theorem (i)
assumed in § 3.2. Theorem (ii) assumed in § 3.2 can be replacesby the
following general theorem (stated without proof).

Theorem 4.1. Let U = G/H denote an algebraic homogeneous space
defined over a global field k and assume that both G and H are con-
nected and simply connected. Then Uk decomposes into finitely many
disjoint Gk-orbits Gk·ξα and UA becomes the disjoint union of GA-orbits
GA · ξα for the sameξα, with each GA · ξα open in UA.

We wish to emphasise that in the cases covered by A.3), A.4) and
A.5) in § 2.3, everyG-orbit in X defined overk satisfies the conditions
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in the above theorem. Even in the case of quadratic forms correspond-
ing to A.1)′ of § 2.2, the stabilisers turn out to be connected and simply
connected, if we use Spin(f ) andG instead of SO(f ). A systematic ex-
position (with references) of this subject can be found in [20]. We recall,
in this context, aconjecture of Weilwhich states thatτk(G) = 1 for any
connected simply connected algebraic groupG defined over a global
field k. Since the stabilisers (other thanG) have smaller dimension, we
can hope to verify this conjecture inductively at least in some cases.

We have already explained the nature of the analogue in the general
case of Theorem (iii) of § 3.2. As for Theorem (iv), we remark that a
generalization of the formulaψ(i∗ f (x))̂ = ψ(−(i∗)−1 f (x)) is not known
and may even not exist. (In this connection, we refer to our paper [24]). 139

Therefore, following Mars ([36]), we proceed as follows. Wechoose
a symmetric (or skew-symmetric) non-degenerate bilinear form Q(x, y)
onX×X with coefficients ink, such thatG becomes invariant underg 7→
tg, where, for anyg in GL(X), we define the adjointtg by the relation
Q(gx, y) = Q(x, tgy). Such a choice ofQ(x, y) is always possible; for
example, we may takeQ(x, y) = f (x, y) in A.1)′ of § 2.2. As in that
case, we define the (twisted) Fourier transformationφ→ φ̂ by

φ̂(x) =
∫

XA

φ(x)ψ(Q(x, y))|dy|A for x ∈ XA.

Then, for everyg in GL(X)A, we have
∑

ξ∈Xk

φ(gξ) = |det(g)|−1
A

∑

ξ∈Xk

φ̂(tg−1ξ);

this is just the usual Poisson formula. Since the automorphismg 7→ tg−1

of G gives rise to measure-preserving homeomorphism ofGA/Gk with
itself, we see that

I (φ) =
∫

GA/Gk


∑

ξ∈Xk

φ(gξ)

 |dg|A

satisfies the relation
I (φt) = |t|−n

A I (φ̂t−1) (126)
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wheret ∈ k×A andφt(x) = φ(tx). For t = 1, this relation reduces to the
invariance ofI (φ) under the Fourier transformationφ → φ̂. The idea of
Mars is that, without looking for an analogue of Theorem (iv)or rather
of the invariance underφ→ φ̂ of

∑

i∗∈k×

∫

XA

φ(x)ψ(i∗ f (x))|dx|A,

one may consider, instead, the relation140

lim
|t|A→∞

I (φt) = lim
|t|A→∞

|t|−n
A I (φ̂t−1) (127)

after expressing both sides of (126) by “orbital integrals”and incorpo-
rating the Poisson formula. For instance, if we now go back tothe case
of a quadratic formf (x) in n > 4 variables, then (127) will yield either
the relationτk(G)φ(0) = 2φ(0) or the relationτk(G)φ(0) = φ(0) for ev-
eryφ in S (XA), according asG = SO(f ) or Spin(f ). (In the latter case,
we need, of course, to assume correspondingly, thatτk(Spin(f )) = 1 for
n = 3, 4).

4.2 Other Siegel Formulas

We now indicate, in some detail, how one may obtain a Siegel formula
in the general case; actually in the cases covered by A.3), A.4) of § 2.3
such a generalisation exists. Using Theorem 4.1, we have, for everyφ
in S (XA),

∫

GA/Gk


∑

ξ∈Uk

φ(gξ)

 |dg|A =
∫

UA

∈ φ|θU |A (128)

whereθU is a gauge form on the homogeneous spaceU and further,
ǫ(x) = τk(Hα) if x is in GA · ξα. In all cases, we know thatU(i) is a
G-orbit for everyi in k and further, f −1(0) is a union of finitely many
G-orbits. From (128), we see that

I (φ) = τk(G)φ(0)+
∑

V

∫

VA

∈ φ|θV |A +
∑

i∈k

∫

U(i)A

∈ φ|θi |A (129)



4. Other Siegel Formulas 129

lettingV run over allG-orbits in f −1(0) other thanU(0) and{0}. Further,
we also have the Poisson formula

∑

i∈k

∫

U(i)

φ|θi |A =
∑

i∗∈k

∫

XA

φ(x)ψ(i∗ f (x))|dx|A.

Let us define the “completed Eisenstein-Siegel series”E(φ) for φ in 141

S (XA) by

E(φ) = φ(0)+
∑

V

∫

VA

φ|θV |A +
∑

i∗∈k

∫

XA

φ(x)ψ(i∗ f (x))|dx|A

whereV runs over the sameG-orbits as in (129). Then a (conjectural)
Siegel formulain the general case, is the simple (- looking) relation that,
for everyφ in S (XA),

I (φ) = E(φ). (130)

In the case covered by A.3) of § 2.3, it is known thatτk(G) = ǫ(x) =
1 and therefore, the Siegel formula (130) is indeed valid. Asfor A.4)
and A.5), we apply the method of Mars explained in § 4.1. Then we
do getτk(G) = ǫ(x) = 1 as far as A.4) is concerned and therefore the
Siegel formula (130) is valid here. Similarly, we can upholdthe Siegel
formula also for A.5), provided, however, thatǫ(x) = 1 i.e. if the above-
mentioned conjecture of Weil is verified for the stabilisers.

REMARK. For anyu ∈ kA, φ(x) → ψ(u f(x))φ(x) represents a unitary
operator ofS (XA). The unitary operators ofS (XA) defined by

φ(x)→ Ψ(x) = ψ(u f(x))φ̂(x)→ φ̂(−x)

which are obtained by conjugating unitary operators above with respect
to φ → φ̂, generate, together, with them, what might be called ameta-
plectic groupassociated withf (x). Let us denote this group byMpA 142

and its subgroup obtained by restrictingu to k, by Mpk. ThenI (φ) is in-
variant under the action ofMpk. Therefore, if the Siegel formula (130)
is valid, then the correspondence

MpA ∋ S→ E(Sφ) ∈ C
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defines a continuous function onMpA which is left invariant or “auto-
morphic” underMpk. In the case whenf (x) is a quadratic form and
Q(x, y) = f (x, y), MpA is just themetaplectic group of Weil; the in-
variance ofE(Sφ) underMpk = S L2(k) gives the adelic version of the
automorphic behaviour of the classical Eisenstein series.

4.3 A Final Comment

In the case covered by A.1) of § 2.3 i.e. whenf (x) is a strongly non-
degenerate form of degreem ≥ 2 in n > 2m variables withm not di-
visible by the characteristic ofk, there is no Siegel formula in the strict
sense. In this case, we still take

E(φ) = φ(0)+
∑

i∗∈k

∫

XA

φ(x)ψ(i∗ f (x))|dx|A

as the completed Eisenstein-Siegel series but there is no group over
which we can take the average of

I0(φ) =
∑

ξ∈Xk

φ(ξ).

However, at least a subgroup of what might be called a metaplectic
group is readily available. In fact, we convert the productP = Ga × Gm

into an algebraic group by defining

(u, t)(u′, t′) = (u+ tmu′, tt′).

(HereGm is the multiplicative groupGa\{0}). For (u, t) ∈ PA = kA × k×A,143

andφ in S (XA), we define

((u, t) · φ)(x) = |t|n/2A ψ(u f(x))φ(tx).

Then (I0 − E) ((u, t) · φ) becomes aPk-invariant continuous function on
PA and we can show that it vanishes at every “k-rational boundary point”
of PA in the following sense:

(I0 − E)((u, t) · φ) = O(|t|m−n/2
A ) as |t|A→ ∞
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and moreover,

(I0 − E)((u, t) · φ) = O(|t|n/2−m
A ) as |t|A→ 0

but subject to the restriction that (u+ i∗)t−m remains in a compact subset
of kA for somei∗ in k. If we specialisef to be a quadratic form and
k to beQ, the theorem above gives the well-known behaviour of theta
series as the variable in the complex upper half-plane approaches the
rational points on the real axis. In the general case, the theorem above
suggests that (I0 − E)((u, t) · φ) remains bounded as|t|A tends to 0. We
have observed that this conjecture will have as its consequence a gener-
alisation of the Minkowski-Hasse theorem (namelyU(i)A , φ implying
thatU(i)k , φ). For the details, we refer to our paper [23].

5 Siegel’s Main Theorem for Quadratic Forms

As it is well-known, the main theorem of Siegel in the analytic theory of
quadratic forms is equivalent to the existence of an identity between a
certain weighted average of theta series and an Eisenstein series, when
one considers non-degenerate integral quadratic forms in more than four 144

variables. We shall see in this article how this identity canbe derived
from the Siegel formula for quadratic forms due to Weil, quite explicitly
in the positive-definite case.

5.1 Siegel’s Main Theorem

For any matrixM, we denote its transpose bytM and its determinant
(whenever it makes sense) by detM. If M is a realn-rowed symmetric
non-singular matrix, we say thatM is of signature(p, q) if exactly p
eigenvalues ofM are positive (and consequentlyq = n− p eigenvalues
are negative);M is calledpositive-definiteor indefiniteaccording asq =
0 or pq> 0.

Two n-rowed integral symmetric matricesT, T′ are said to bein
the same(equivalence)class(respectivelynarrow class) if T = tAT′A
for an integral matrixA of determinant±1 (respectively 1). We say that
two non-singularn-rowed integral symmetric matricesT, T′ of the same
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signaturebelong to the same genus, if, for every prime numberp, there
exists a matrixAp with entries in the ringZp of p-adic integers and of
determinant 1, such thatT = tApT′Ap; we remark that this notion of a
genus is the same as that of Siegel, in view of the fact every symmet-
ric matrix M overZp admits anA overZp such thattAMA = M and
detA = −1 (See [40], I, Hilfssatz 19]. Clearly any twoT, T′ as above
which are in the same class, belong to the same genus as well; thus the
genus ofT splits into classes. From the reduction theory of quadratic
forms due to Minkowski, Hermite and Siegel, it is known that the genus
of any non-singular integral symmetric matrixT consists of only a fi-
nite number of classes and therefore, only finitely many narrow classes.
For the narrow classes, we choose a complete set of representatives say
T1(= T), T2, . . . ,Tr . We may further assume that if, for one of these145

Ti , there exists no integral matrixA of determinant−1 with tATiA = Ti ,
then, along withTi , the matrixT∗i =

tDTiD also occurs among ther rep-
resentatives for a fixed integralD of determinant−1; we may take, for
example,D to be a diagonal matrix with−1 as its first diagonal element
and 1 as the remaining diagonal elements. To eachTi , 1 ≤ i ≤ r, we
associate the quadratic formfi(x) = 1/2t xTi x, wherex now denotes the
n-rowed column with elementsx1, . . . , xn; further, we writef (x) instead
of f1(x).

The special orthogonal group SO(f ) of f (x) = 1/2t xT x, consists
of all matricesA with tATA = T and detA = 1. It acts, in a natural
fashion, on the affinen-spaceX. Denoting SO(f ), for the present, byG,
it is known thatG is a semi-simple linear algebraic group (forn > 2)
defined overQ; the adele groupGA has the property thatGA/GQ has
finite measure. We assume that the measureµ on GA is normalized so
that

µ(GA/GQ) = 1. (131)

The Siegel formula for orthogonal groups due to Weil may now be stated
once again: namely, forn > 4 and for anyφ in S (XA), we have

∫

GA/GQ


∑

ξ∈XQ
φ(gξ)

 dµ(g) = φ(0)+
∑

i∗∈Q

∫

XA

φ(x)ψ(i∗ f (x))|dx|A. (132)
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Let T be positive-definite, unless otherwise stated and letT1, . . . ,Tr

be the above-mentioned representatives of the narrow classes in the
genus ofT. Corresponding to eachfi(x) = 1/2t xTi x and a complex
variableτ with Im(τ) > 0, let us define the theta seriesvi by

νi(τ) =
∑

ξ∈Zn

e(τ fi(ξ)).

It is not hard to show that this series converges absolutely,uniformly 146

when Imτ ≥ ǫ > 0. Thusvi(τ) is a holomorphic function ofτ for
Im(τ) > 0 and furthermore,vi(τ) depends only on the class ofTi . ForTi

andT∗i , in particular, we have the sameνi(τ). Letei (respectivelye+i ) de-
note the number of integral matricesA of determinant±1 (respectively
1) such thattATiA = Ti ; thenei is obviously finite and at least equal to 2.
Moreover,ei = δie+i whereδi = 2 or 1 according asTi admits an integral
A with tATiA = Ti , detA = −1 or otherwise. With our understanding
above, only one ofTi or T∗i = Ti[D] occurs among ther representatives
if δi = 2, while both of them occur forδi = 1.

The analytic formulation of the main theorem of Siegel for repre-
sentation of integers byT for n > 4 may now be given: namely,


r∑

i=1

νi(τ)/e
+
i

 /


r∑

i=1

1/e+i



= 1+
e(n/8)
√

detT

∑

c,d

c−n/2


∑

ξ mod c

e

(
−d

c
f (ξ)

) (cτ + d)−n/2 (133)

where, on the right hand side, the summation is over all pairsof coprime
integersc, d with c ≥ 1 and further, withcd f(ξ) ∈ Z for all ξ ∈ Zn. In
view of our remarks above, it is not difficult to check that the left hand
side of (133) is the same as the “analytic genus-invariant” of T in the
sense of Siegel; formula (133) is thus the same as formula (83) in the
above-mentioned fundamental paper ([40], I).

5.2

We wish to prove that the Siegel formula (132) for positive-definite in-
tegral quadratic forms yields the analytic identity (133),if we merely
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specialiseφ in (132) suitably. But first, let us refer to another familiar147

notion of “classes in a genus” associated with an arbitrary linear alge-
braic group over a global field.

Let G be a linear algebraic group defined over a global fieldk of
characteristic 0. The adele groupGA contains only finitely many dis-
tinct double cosets moduloGΩ, Gk whereGΩ is just the open subgroup
denoted earlier byGS∞ :

GA =

r∐

i=1

GΩgiGk (134)

The numberr = rk(G) is known sometimes as the class number ofG.
We shall prove, in § 5.6, that

rQ(S Ln) = 1 (135)

Actually, more generally, evenrk(S Ln) = 1. If G ⊂ GL(V) for a vec-
tor spaceV of dimensionn, thenGA acts in a natural fashion, on the
“lattices” in Vk; the orbit of a “lattice” underGA (respectivelyGk) con-
stitutes thegenus(respectivelyclass) of the “lattice” and the number of
classes in a genus is finite.

Going back to then-rowed integral positive-definite matrixT once
again, we takeG = SO(f ), for the associatedf (x) = 1/2t xT x. From
(134) and (135), we have

(S Ln)A = (S Ln)S∞ · (S Ln)Q. (135)′

Thus anyg in SO(f )A ⊂ (S Ln)A can be written as

g = A ·C−1, A ∈ (S Ln)S∞ , C ∈ (S Ln)Q. (136)

Since tCTC = t(g−1A)Tg−1A = tATA, it follows that tATA is in the148

genus ofT; its class depends only on the double cosetGΩgGQ. Con-
versely, ifT′ is in the genus ofT, then, in (GLn)A, T′ = tATA for some
A in (S Ln)S∞ ; by the Minkowski-Hasse theorem, we know then that
T′ = tCTC for someC in (S Ln)Q and thusT′ corresponds to the double
cosetGΩ(AC−1)GQ. Therefore, for ourr (narrow) class-representatives
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T1, . . . ,Tr above, we may takeTi =
tAiTAi =

tCiTCi, 1 ≤ i ≤ r corre-
sponding togi = AiC−1

i as in (136) and the double coset decomposition
134 for SO(f )A. From (131), (134) and the invariance ofµ, we obtain

1 =
r∑

i=1

µ(GΩ giGQ/GQ)

=

r∑

i=1

µ(g−1
i GΩ giGQ/GQ)

=

r∑

i=1

µ(g−1
i GΩ gi/(GQ ∩ g−1

i GΩ gi))

=

r∑

i=1

µ(GΩ/(giGQg−1
i ∩GΩ))

= µ(GΩ)
r∑

i=1

1/e+i

in view of the fact thatgiGQg−1
i ∩GΩ ≃ A−1

i GΩAi ∩C−1
i GQCi = SO(fi)Z

is of ordere+i . Thus

µ(GΩ) = 1/


r∑

i=1

1/e+i

 . (137)

5.3

For φ ∈ S (XA) in (132), we takeφ = φ0 ⊗ φ∞ in S (X0)
⊗
C

S (X∞),

following the notation of Chapter IV, § 1.51.5, with

φ0 = the characteristic function of
∏

p

X0
p and

φ∞(x∞) = e( f (x∞)τ).

The left hand side of (132) becomes just 149

r∑

i=1

∫

GΩ/(giGQg−1
i ∩GΩ)


∑

ξ∈XQ
φ(ggiξ)

dµ(g) (138)
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using the same arguments that led us to the proof of (137). Theinner-
most series in (138) is the same as

∑
ξ∈XQ

φ(g′Aiξ) with g′ = (g′0, g
′
∞) in

GΩ. If now we use the definition ofφ, then the last-mentioned series is
seen to be precisely

∑

ξ∈Zn

e( f (g′∞Ai,∞ξ)τ) =
∑

ξ∈Zn

e( fi(ξ)τ) = νi(τ).

It is now immediate that (138) is exactlyµ(GΩ)
∑
i=1

vi(τ)/e+i and there-

fore, by (137), the left hand side of (132) is the same as that of (133).

5.4

What remains to be proved then is only that (132) has the same right
hand side as (133), forφ as chosen as above. Sinceφ(0) = 1, we are
reduced to showing that the series on the right hand side of (132) is
identical with the series over (c, d) in (133).

Since (kA/k)∗ ≃ k, the right hand side is independent of the choice
of ψ and therefore we may assume that

ψp : Qp→ Qp/Zp ֒→ R/Z ≃ C×1 and

ψ∞(x∞) = e(−x∞).

Any i∗ in Q may be written as−d/c with coprimec, d in Z and150

furtherc ≥ 1. The integral overXA in 132 becomes



∏

p

∫

X0
p

ψp

(
−d

c
f (x)

)
|dx|p


·
∫

X∞

e( f (x)(τ + d/c))|dx|∞ . (139)

The integral overX0
p above may be rewritten as

∑

ξ mod cZp

∫

cZn
p

ψp

(
−d

c
f (ξ + x)

)
|dx|p. (140)



5. Siegel’s Main Theorem for Quadratic Forms 137

Sinceψp

(
−d

c
f (ξ + x)

)
= ψp

(
−d

c
f (ξ)

)
ψp

(
−d

c
f (x)

)
, the integral over

cZn
p in (140) is (upto the factorψp

(
−d

c
f (ξ)

)
equal to

|c|np
∫

Zn
p

ψp(−cd f(x))|dx|p =

|c|np if cd f(x) is Zp − valued onZn

p

0, otherwise

on noting thatψp(−cd f(x)) is a character ofZn
p. Hence the infinite prod-

uct over primesp in (139) is precisely

c−n
∑

ξ mod c

e

(
−d

c
f (ξ)

)
(141)

assuming, of course, thecd f(x) is Z-valued onZn. On the other hand,
the integral overX∞ in (139) is clearly equal to

∫

Rn

e(1/2t(Mx)(Mx)(τ + d/c))|dx|∞ with tMM = T

= |detM|−1



∫

R

e(1/2(τ + d/c)t2)dt



n

= (detT)−1/2
(√

i/(τ + d/c)
)n

= (detT)−1/2
e(n/8)cn/2(cτ + d)−n/2 (142)

Taking into account (139), (140), (141) and (142), it is clear that our 151

assertion at the beginning of § 5.45.4 is established. With this, the proof
of the fact that the Siegel formula (132) implies (133) is also complete.

5.5

If we consider ann-rowed integral symmetric matrixT of signature
(p, q) with 0 < q = n − p < n, then Siegel’s main theorem takes
the following form. For the special orthogonal groupG = SO(f ) with
f (x) = 1/2t xT x, G∞ is no longer compact;GZ is no more finite. One
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now considers the spaceH of all themajorants Mot T, which are just
n-rowed symmetric positive-definite matrices such thatM−1S M−1S is
equal to then-rowed identity matrix. The groupG∞ acts onH via the
mapsM 7→ tg∞Mg∞ for g∞ ∈ G∞ and indeed transitively; the stabiliser
of any point inH is a maximal compact subgroup ofG∞. Let µ be a
measure onH such thatµ(H /GZ) = 1. The main theorem of Siegel
([42]) now reads: forn > 4,

∫

H /GZ


∑

ξ∈XZ
e( f (ξ)Re (τ) + itξMξ Im(τ))

 dµ(M)

= 1+ |detT |−1/2 ⊕
( p− q

8

)∑

c,d

c−n/2


∑

ξ mod c

⊕
(
−d

c
f (ξ)

)
(cτ + d)−p/2(cτ + d)−q/2



wherec, d run over all pairs of coprime integers withc ≥ 1 andcd f(ξ) ∈
Z for all ξ ∈ Zn. This formula can again be derived from (132), with a
proper choice ofφ; actually we may takeφ = φ0⊗φ∞ whereφ0 is, as be-
fore, the characteristic function of

∏
p

X0
p butφ∞(x∞) = exp(−2πtx∞Mx∞).

5.6

We now give an indirect but hopefully instructive proof of the assertion
(135)′ used in the course of our arguments in § 5.2.

First, we give an outline of the proof of the fact that the Tamagawa152

number

τk(S Ln) =
∫

(S Ln)A/(S Ln)k

|dg|A = 1 (143)

for anyn ≥ 1 and any global fieldk. Since the assertion (143) is clear
for n = 1, assume that it has been proved withr ≤ n−1 in place ofn, for
n > 1. Let us now takeG to beS Ln andX to be the same as the space
Mn,1 of n-rowed vectors. For any fieldK, we have

XK\{0} = GK · e1
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where nowe1 is the unit vector with 1 as its first element and 0 else-
where. The stabiliserH in G of the vectore1 is a semi-direct product of
S Ln−1 and the (n− 1)-fold product of the additive groupGa. Hence the
induction hypothesis yieldsτk(H) = 1. For anyφ in S (XA), it can be
shown that

∫

GA/Gk


∑

ξ∈Xk

φ(gξ)

 |dg|A = τk(G)φ(0)+ τk(H)φ∗(0) (144)

whereφ∗ is the Fourier transform ofφ. The left hand side of (144) can
be seen to be invariant underφ 7→ φ∗, in view of the (classical) Poisson
formula (115). But then the invariance of the right hand sideunder
φ 7→ φ∗ implies thatτk(G) = τk(H) = 1, which establishes (143).

Coming back to the proof of (135)′, we need, in view of (133), only
to show that the measure of

(S Ln)S∞(S Ln)Q/(S Ln)Q =
∏

p

S Ln(Zp) × S Ln(R)/S Ln(Z)

is precisely 1. It is known that 153

µ(S Ln(Zp)) = (1− p−n) . . . (1− p−2)

and therefore

µ


∏

p

S Ln(Zp)

 = 1/
n∏

i=2

ζ(i)

whereζ is the Riemann zeta function. In order to complete the proof of
(135)′, we have only to show that

µ(GR/GZ) = µ(HR/HZ) · ζ(n). (145)

Now, analogous to (144), we also have the relation

∫

GR/GZ


∑

ξ

φ∞(gξ)

 |dg|∞ = µ(HR/HZ)φ
∗
∞(0) (146)
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for φ∞ in S (X∞), whereξ runs over all “primitive vectors” i.e. over
all the elements of the orbitS Ln(Z)e1 of the vectore1 above. We may
assume thatφ∞ ≥ 0, φ∞ , 0, so thatφ∗∞(0) > 0. If we replaceφ∞(x) in
(146) byφ∞(tx) for t > 0, then we obtain, instead,

∫

GR/GZ


∑

ξ

φ∞(gtξ)

 |dg|∞ = µ(HR/HZ)t
−nφ∗∞(0). (147)

Takingt = 1, 2, 3, . . . and summing up both sides of (147) overt, we get

∫

GR/GZ


∑

ξ∈XZ\{0}
φ∞(gξ)

 |dg|∞ = µ(HR/HZ)ζ(n)φ∗∞(0). (148)

Replacingφ∞(x) in (148) byφ∞(t′x) for t′ > 0 and lettingt′ tend to 0,
we have

∫

GR/GZ



∫

XR

φ∞(gx)|dx|∞


|dg|∞ = µ(HR/HZ)ζ(n)φ∗∞(0).

But now the left hand side is the same asµ(GR/GZ)φ∗∞(0) and 145 is154

proved.

6 Proof of the Criterion for the Validity of the Pois-
son Formula

We devote this section to giving an outline of the proof of Theorem 2.1.
Let us recall thatk is a global field,ψ, a non-trivial character of

kA/k, f (x) ∈ k[x1, . . . , xn] a homogeneous polynomial of degreem≥ 2.
We had further assumed thatm is not divisible by the characteristic of
k and that a tamek-resolution of the projective hypersurface defined by
f (x) = 0 exists. Further, the two criteria stated are:

(C1) r = codimf −1(0) C f ≥ 2; and
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(C2) there existσ > 2 and a finite setS of valuationsv of k, such that,
for everyi∗ in kv\Rv andv < S, we have

|F∗v(i∗)| =

∣∣∣∣∣∣∣∣∣∣

∫

X0
v

ψv(i
∗ f (x))|dx|v

∣∣∣∣∣∣∣∣∣∣
≤ |i∗|−σv

We have to show that (C1) and (C2) imply the validity of (PF-1),. . . ,(PF-
3) and (PF-4).

6.1 Geometric Part of the Proof

Let D be a positive divisor on an irreducible non-singular algebraic va-
riety X andh : Y→ X be aK-resolution ofD for any arbitrary fieldK.
Let {(Ni , νi)}i denote the numerical date ofhat a pointb in Y, in the sense
of Chapter III, § 2.2. We say thath has property (P0), atb, if νi ≥ Ni for
everyi and if, further, the equality holds for at most onei. If, moreover, 155

in case such equality holds, sayνi0 = Ni0, we haveνi0 = Ni0 = 1, thenh
is said tohave property(P) at b. It may happen thath has property (P0)
at every point ofYK but does not have property (P) at some point ofYK.
We have, however, the following

Lemma 6.1. If h (is tame and) has property(P0) everywhere, then h has
necessarily property(P) everywhere.

Proof. By restrictingh to a Zariski open neighbourhood ofh−1(h(b)) for
a pointb in Y, we may assume thatX is affine and hence thatD = (g) for
some functiong regular everywhere onX; moreover, we may suppose
that there exists a “gauge form”dxon X, namely an everywhere regular
differential form of degreen = dim(X) on X, vanishing nowhere. �

If the lemma is false, then, for the numerical data{(Ni , νi)}i at some
point in Y, we haveνi > Ni for i , i0 andνi0 = Ni0 ≥ 2; without loss
of generality, leti0 = 1. Thus there exists an irreducible component
E1 of h∗(D) with ν1 = N1 ≥ 2 and N1(= NE1) not divisible by the
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characteristic ofK, sinceh is tame. We shall construct a regular (n− 1)-
form θ , 0 onE1, as follows. At an arbitrary pointb on E1, there exist
local coordinatesy1, . . . , yn of Y centred atb such that

g ◦ h = ǫ
∏

i

yNi
i , h∗(dx) = η

∏

i

yνi−1
i dy1 ∧ . . . ∧ dyn

with ǫ, η regular and non-vanishing aroundb andy1 = 0 being the local
equation forE1. Then, for the (n− 1)-form

Θ =

(
N1ǫ + y1

∂ǫ

∂y1

)−1

η
∏

i>1

yνi−Ni−1
i dy2 ∧ . . . ∧ dyn

on Y regular alongE1, we have

h∗(dx) = d(g ◦ h) ∧ Θ.

Also, locally aroundb, the restrictionθ of Θ to E1, i.e.156

θ = the restriction toE1 of (N1ǫ)
−1η

∏

i>1

yνi−Ni−1
i dy2 ∧ . . . ∧ dyn

is well-defined (i.e. independent of the choice of local coordinates), dif-
ferent from 0 and regular onE1.

We recall thath can be factored into monoidal transformations each
having irreducible non-singular centre andE1 is “created” at one such
stage, sayh′ : Y′ → X′; we have tacitly used the fact thatν1 ≥ 2
and henceh is not biregular alongE1. Let Z denote the centre ofh′

and letE′ = (h′)−1(Z); thenE′ is irreducible and non-singular and the
restriction ofY → Y′ to E1 gives a birational morphismg′ : E1 →
E′. Let θ′ denote the image ofθ underg′. Thenθ′ is different from 0
and everywhere regular onE′; if θ′ is not regular onE′, theng−1(C′),
for any componentC′ of its polar divisor, becomes a component of the
polar divisor ofθ, contradicting the regularity ofθ. If π = h′|E′ , then
π : E′ → Z makesE′ into a fibre bundle with the projective spacePt−1

of dimensiont − 1 as fibre; heret = (codimension ofZ) ≥ 2. Choosing
b′ in E′ at whichθ′ does not vanish and puttinga′ = π(b′), we choose
a local gauge formdz on Z arounda′ and writeθ′ = π∗(dz) ∧ ρ with
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a (t − 1) form ρ on E′ regular alongF = π−1(a′). This is possible and
further, the restrictionρF of ρ to F is well-defined, different from 0 and
regular onF. But F being isomorphic toPt−1, there is no regular form
other than 0. This contradiction proves the lemma.

The following lemma is quite elementary.

Lemma 6.2. Let f(x) be a homogeneous polynomial of degree m in n157

variables x1, . . . , xn with coefficients in (an arbitrary field) k. Let X0
(respectively X) denote the projective (respectively affine) spaces with
(x1, . . . , xn) as its homogeneous (respectively affine) coordinates and X♯,
the projective space with(1, x1, . . . , xn) as its homogeneous coordinates.
Let H∞ = X♯\X and f♯ denote the rational function on X♯ defined by
f (x). Let us assume that a k-resolution h0 : Y0 → X0 of the projective
hypersurface defined by f(x) = 0 exists. Then h0 gives rise to a k-
resolution h♯ : Y♯ → X♯ of (( f ♯)0,H∞) such that the numerical data of
h♯ are the numerical data of h0 at some point of Y0 possibly augmented
by (m, n); here( f ♯) = ( f ♯)0 −mH∞ is the divisor of f♯ on X♯.

Proof. Clearly (1, x1, . . . , xn) 7→ (x1, . . . , xn) gives a rational mapS :
X♯ → X0 over k, regular except at (1, 0, . . . , 0). If g : Z → X♯ is the
quadratic transformation centred at (1, 0, . . . , 0), then,h1 = ϕ ◦ g : Z→
X0 is a k-morphism. If Y♯ is the fibre productY0 ×X0 Z = {(y, z) ∈
Y0 × Z; h0(y) = h1(z)}, defineh♯ : Y♯ → X♯ as the composite ofh0 ×
1 : Y♯ → Z and g : Z → X♯. For X0 (respectivelyY0), we havek-
open coverings byX1, . . . ,Xn (respectivelyY1, . . . ,Yn) whereX1 is the
affine space obtained fromX0 by letting xi = 0 define the hyperplane
at infinity andYi = h−1

0 (Xi) for 1 ≤ i ≤ n. Let Ai (respectivelyP1,i) be
the affine line (respectively projective line) with coordinate ring k[1/xi ]
(respectively homogeneous coordinate ringk[t, txi] with a new variable
t) for 1 ≤ i ≤ n. ThenX, Ai × Xi(1 ≤ i ≤ n) form ak-open covering of
X♯ andP1,i ×Xi(1 ≤ i ≤ n) form ak-open covering ofZ. ForY♯, we have
ak-open covering byP1,i × Yi. �

We show thath♯ has the required property. Leta♯ = h♯(b♯) for a point
b♯ of Y♯. We have only to show that the irreducible components of (h♯)∗

(( f ♯)0 + H∞) are defined overk(b♯) and mutually transversal atb♯ and 158

that the numerical data ofh♯ at b♯ are the same as those ofh0 at a point
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of Y0 except possibly for the addition of (m, n). By changing the indices,
we may assume thatb♯ ∈ P1,1 × Y1; thus we may writeb♯ = (a1, b) with
a1 in the universal field ora1 = ∞ andb in Y1. Let

u2 = x2/x1, . . . , un = xn/x1.

Then there exist local coordinates (v2, . . . , vn) of Y0 centred atb and
defined overk(b) such that

f (1, u2, . . . , un) = ǫ
∏

i>1

vNi
i ,

du2 ∧ . . . ∧ dun = η
∏

i>1

vνi−1
i dv2 ∧ . . . ∧ dvn

whereǫ, η are regular and non-vanishing aroundb. First, leta♯ ∈ H∞
i.e. a1 , ∞. Then we puty1 = x1 − a1, y2 = v2, . . . , yn = vn and
(y1, . . . , yn) form local coordinates ofY♯ centred atb♯ and clearly defined
overk(b♯) such that

f (x1, . . . , xn) = ǫ(y1 + a1)m
∏

i>1

yNi
i

dx= η(y1 + a1)n−1
∏

i>1

yνi−1
i · dy.

Since (x1, . . . , xn) form local coordinates onX♯ arounda♯ and f (x1, . . . ,

xn) = 0 gives a local equation for (f ♯)0, h♯ has the required property
at b♯. On the other hand, leta1 = ∞, then settingy1 = 1/x1, y2 =

v2, . . . , yn = vn, we see that (y1, u2, . . . , un) (respectively (y1, . . . , yn)
form local coordinates onX♯ (respectivelyY♯) arounda♯ (respectively
centred atb♯) and defined overk(b♯). Moreover, f (1, u2, . . . , un) = 0
(respectivelyy1 = 0) gives local equations for (f ♯)0 (respectivelyH∞);159

also we have

f (1, u2, . . . , un) = ǫ
∏

i>1

yNi
i ,

dy1 ∧ du2 ∧ . . . ∧ dun = η
∏

i>1

yνi−1
i · dy
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This finally establishes the required property ofh♯ at b♯.
We remark that the addition of (m, n) to the numerical data results if

and only ifa1 = 0 i.e. if and only ifa♯ = h♯(b♯) has (1, 0, . . . , 0) as its
homogeneous coordinates.

6.2 Key Lemmas

Let f (x) be a polynomial inx1, . . . , xn with coefficients in a global field
k, such thatC f ⊂ f −1(0). DefiningX, X♯ = X ∪ H∞ and f ♯ (the rational
function extendingf to X♯) as in Lemma lem6.2, let us assume that a
tamek-resolutionh♯ : Y♯ → X♯ of (( f ♯)0,H∞) exists. Then the restric-
tion of h♯ to Y = f −1(X) gives a tamek-resolutionh : Y → X of the
hypersurfacef (x) = 0. In the following lemma,D(Xv) stands for the
space of Schwartz-Bruhat functions onXv with compact support; thus
D(Xv) = S (Xv) for non-archimedeanv.

Lemma 6.3. For given b in Yv, chooseφv ≥ 0 in D(Xv) with φv(h(b)) >
0 and (i) assume that existence of Fφv(0) or (ii) make the stronger as-
sumption that

Fφv(0) =
∫

U(0)v

φv|θ0|v. (149)

Then h has property(P0) or property (P) at b depending on(i) or (ii)
above. Conversely, if h has property(P) at every point of Yv, then (149)
holds for everyφv in D(Xv); further, if h♯ has property(P) at every point
of Y♯v, then (149) holds for everyφv in S (Xv).

Proof. Using the notation of Chapter III, § 3.2, there exist, for thekv- 160

resolutionh : Yv → Xv, local coordinatesy1, . . . , yn of Y centred atb
and defined overkv such that

f ◦ h = ǫ
∏

i

yNi
i , h∗(dx) = η

∏

i

yνi−1
i · dy

with ǫ, η regular and non-vanishing aroundb. Now, ǫ, η, y1, . . . , yn give
rise tokv-analytic functions on an open neighbourhood, sayV, of b in Yv.
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By choosingV smaller still, if necessary, we may assume that already
ǫη is non-vanishing onV and also that, for the givenφv.

|ǫ(y)|sv|η(y)|vφv(h(y)) ≥ c > 0

for a suitable constantc independent ofy in V ands with −1 ≤ s ≤ 0.
Then, for all suchs,

Zφv(ωs) ≥ c
∫

V

∏

i

|yi |Ni s+νi−1
v |dy|v (150)

On the other hand, from the existence ofFφv(0), we can conclude, in
view of Chapter II, § 3.1, that the function (s + 1)Zφv(ωs), which is
positive for−1 < s ≤ 0, is also continuous and bounded in this range.
On being multiplied bys+ 1, the right hand side of (150) is asymptotic
to a constant multiple of (s+ 1)/

∏
i

(Ni s+ νi) ass→ −1 from the right.

Therefore,νi ≥ Ni for every i and the equalityνi = Ni can hold for at
most onei. In other words, the existence ofFφv(0) entails thath has
property (P0) at b. �

We shall show next that (149) impliesνi0 = Ni0 = 1. For that pur-
pose, we shall first obtain an expression forFφv(0) without assuming
149. We take an arbitraryb′ from Yv at whichφv(b′) > 0; then what we
have shown forb is applicable tob′. For the sake of simplicity, we shall161

write b again forb′ and use the same notation as above. By changing

indices, we may suppose thati0 = 1. Let ǫ1

(
N1ǫ + y1

∂ǫ

∂y1

)−1

η, locally

aroundb in Yv. Then, for everyi , 0 in k, we have,h∗(θi) = the restric-
tion of ǫ1

∏
j>1 y

ν j−Nj−1
j dy2 ∧ . . . ∧ dyn to ( f ◦ h)−1(i). Furthermore, if

we denoteE1 by E, then the everywhere regular differential formθ on
E (obtained by restriction as in Lemma (6.1) exists. IfEv , φ, thenE
andθ are both defined overkv. Moreover,θ gives rise to a positive Borel
measure|θ|v on Ev, with Ev as its exact support.

We may take the neighbourhoodV of b above small enough so that
ǫ1 , 0 on V. Then for every locally constant orC∞ function ϕ0 on V
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with compact support, we have

lim
i→0

∫

( f◦h)−1(i)

ϕ0|h∗(θi)|v =
∫

E∩V

ϕ0|θ|v.

We know thath is biregular at every point ofh−1(U(0)); if ν1 = N1 = 1
as long as only points ofV are considered, we have

h−1(U(0)) = E\ ∪ Hyperplanes defined byy j = 0 for N j ≥ 1.

Hence we get ∫

E∩V

ϕ0|θ|v =
∫

h−1(U(0))v

ϕ0|h∗(θ0)|v.

We take a finite covering of the preimage, underh, of the support ofφv,
by means of open setsV as above. Choosing a partition of unity (pV)V

subordinate to this covering, we apply the observation above to each
ϕ0 = (φv ◦ h)pV and obtain

Fφv(0) =
∫

U(0)v

φv|θ0|v +
∑

νE≥2

∫

Ev

(φv ◦ h)|θ|v.

But |θ|v hasEv as its exact support and therefore, the validity of (149)162

now implies that noE with νE = NE ≥ 2 can pass through a pointb′

whereφv(b′) > 0. Therefore (149) implies thath has property (P) atb.
Conversely, suppose thath has property (P) at every point ofYv.

Then certainly (149) holds for everyφv in D(Xv). If, further,h has prop-
erty (P) at everyb♯ in Y♯

v, then we choose local coordinatesy1, . . . , yn

on Y♯ centred atb♯ and defined overkv such that, upto a regular and
non-vanishing function aroundb♯, f ♯ ◦ h♯ becomes a product of (possi-
bly negative) powers ofy1, . . . , yn and further, (h♯)∗(dx) is another such
power-product iny1, . . . , yn multiplied by a local gauge form aroundb♯.
Suppose, for example, the exponent ofyi in f ♯ ◦ h♯ is negative. Then
the “infinite divisibility” of φv by a local equation forH∞ implies the
infinite divisibility of φv ◦ h♯ by yi . Thus the component withyi = 0
as a local equation becomes negligible and (149) holds for every φv in
S (Xv).
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In the sequel, we shall assume as in the beginning of § (6), that k is a
global field, f (x) in k[x1, . . . , xn] is homogeneous of degreem(≥ 2 and)
not divisible by the characteristic ofk and further, a tamek-resolution
h0 of the projective hypersurface defined byf (x) = 0 exists. We shall
also use the notation of Lemma (6.2).

Lemma 6.4. If F ∗v is in L1(kv) for all but finitely many valuations v of k,
then h♯ has property(P) everywhere.

Proof. Sinceh0 is tame by assumption, all irreducible components of
the total transform onY0 of the projective hypersurface defined by
f (x) = 0 are defined over the separable closureks of k. In view of
the quasi-compactness of the Zariski topology and the Zariski density
of the set ofks-rational points on any irreducible variety defined over163

ks, we can choose a finite number ofks-rational points ofY0 such that
the set of the numerical data at these points contains the numerical data
at every point ofY0. Let k1 denote the extension field ofk obtained
by adjoining (the coordinates of) all the finitely many points mentioned
above; thenk1 is a finite separable extension ofk and as a result, there
exist infinitely many non-archimedean valuations onk1 with degree 1
relative tok (This is a consequence of the face that the zeta function
ζk(s) of a global field is holomorphic for Re (s) > 1 and has a pole at
s = 1). We can choose one such valuation so that its restriction,sayw,
to k is not one of the finitely many valuations excluded in the hypothe-
sis; then the fieldk1 is contained inkw andF∗w is in L1(kw). We have thus
achieved a situation where the numerical data ofh♯ at any point ofY♯

turn out to be also the numerical data ofh at some point ofYv∩h−1(X0
w).

SinceF∗w is in L1(kw), Fv(0) exists and by Lemma 6.3,h has property
(P0) at every point ofYw ∩ h−1(X0

w). But, then, by the construction,h♯

has property (P0) everywhere and hence, by Lemma 6.1, has property
(P) everywhere and the proof is complete. �

As a consequence, by the last assertion in Lemma 6.3, (149) holds
good, implying thatF∗φv

is in L1(kv) for everyφv in S (Xv) and for every
valuationv of k.
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6.3 Standard Lemmas

For a non-archimedean valuationv of k and the characteristic function
φv of X0

v , we shall denoteFφv simply byFv; thenF∗φv
= F∗v is the Fourier

transform ofFv. Further, ifF∗v is in L1(kv), then

Fv(i) =
∫

kv

F∗v(i∗)ψv(−ii ∗)|di∗ |v,

for everyi in kv. In the following two lemmas, we shall assume thatv is
non-archimedean,ψv = 1 onRv, ψv is non-constant onP−1

v and further 164

f (x) ∈ Rv[x1, . . . , xn]. Anyway, these conditions hold good for all but
finitely manyv.

Lemma 6.5. If there existsσ > 1 such that|F∗v(i∗)| ≤ |i∗|−σv for every i∗

in kv\Rv, then, for every i in Rv, we have

|Fv(i) − 1| ≤ c, q−(σ−1)
v

for a constant c depending only onσ.

Proof. By our assumptions onv above,F∗v = 1 on Rv. SinceX0
v has

measure 1 and sinceF∗v is in L1(kv) in view of the hypothesis, we have

Fv(i) − 1 =
∫

kv\Rv

F∗v(i∗)ψv(−ii ∗)|di∗ |v

for everyi in Rv. Thus

|Fv(i) − 1| ≤
∫

kv\Rv

|i∗|−σv |di∗|v

= (1− q−1
v )(1− q−(σ−1))−1−(σ−1)qv

≤ (1− 2−(σ−1))−1q−(σ−1)
v

and the lemma is proved. �
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For i in Rv, we recall thatU(i)0
v is a compact subset ofU(i)v defined

as follows. Namely, ifi , 0, thenU(i)0
v is justU(i)v ∩ X0

v and fori = 0,
it is the subset ofU(i)v∩X0

v , where, in addition, gradx f . 0( modPv).
We also recall thatr is the codimension ofC f in f −1(0).

Lemma 6.6. Under the same assumptions as in LEMMA 6.5 , we have,165

for every i in Rv,
∣∣∣∣∣∣∣∣∣∣

∫

U(i)0
v

|θi |v − 1

∣∣∣∣∣∣∣∣∣∣
≤ c′(q−(σ−1)

v + q−r
v ) (151)

with a constant c′ independent of i and v.

Proof. Since the left hand side of (151) is at most equal to|Fv(i)| + 1 ≤
c+2 (in view of Lemma 6.5), we may exclude some more finitely many
valuations while proving this lemma. We may, in particular,assume
that m . 0( modPv). If Ne(i) (respectivelyN0

e(i)) is the number ofξ
in X0

v moduloPe
v such thatf (ξ) ≡ i( mod Pe

v) (respectivelyf (ξ) ≡ i(
mod Pe

v) and gradξ f . 0 (modPv)), for e= 0, 1, 2, . . . then

q−(n−1)e
v Ne(i) =

∫

P−e
v

F∗v(i∗)ψv(−ii ∗)|di∗ |v.

As in the proof of Lemma 6.5, we have

|q−(n−1)
v N1(i) − 1| ≤ cq−(σ−1)

v

for a constantc independent ofi andv. But it is elementary to prove
that N1(i) = N0

1(i) for i < Pv and further thatq−(n−1−r)
v (N1(i) − N0

1(i)) is

bounded uniformly fori in Rv and allv ([31]). Also, we haveq−(n−1)
v

N0
1(i) =

∫

U(i)0
v

|θi |v for all but finitely manyv. Putting these together, the

estimate (151) follows. �

Lemma 6.7. Suppose that, for every v in S∞, σv > 0 and further that,
for every i∗ in kv and everyφv in S (Xv), we have

|F∗φv
(i∗)| ≤ c(φv) max(1, |i∗|v)−σv
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with a constant c(φv) > 0. Let us write166

X∞ =
∏

v∈S∞
Xv, |dx|∞ =

⊗

v∈S∞
|dx|v, k∞ =

∏

v∈S∞
kv

and let C∞ denote a compact subset ofS (X∞). Then there exists a
constant c≥ 0 depending on C∞ such that

∣∣∣∣∣∣∣∣∣

∫

X∞


∏

v∈S∞
ψv(i

∗
v f (x))

 φ∞(x)|dx|∞

∣∣∣∣∣∣∣∣∣
≤ c

∏

v∈S∞
max(1, |i∗ |v)−σv (152)

for every i∗ = (i∗v)v in k∞ and everyφ∞ in C∞.

Proof. We first remark that, on the left hand side of 152,φ∞ is not nec-
essarily of the form

⊗
v∈S∞

φv (with φv in S (Xv)); this is just the “raison

d’etre” for this lemma.
If we put

Ti∗(φv) = max(1, |i∗|v)σv · F∗φv
(i∗),

then we get a subset{Ti∗ }i∗ of S (Xv)′ parametrized bykv. The hypoth-
esis means precisely that this subset is “bounded” i.e.|Ti∗ (φv)| ≤ c(φv)
for every i∗ in kv. The proof of the lemma now follows from the two
well-known facts given below:

(i) For any bounded subsetB of S (Rp)′ and any compact subsetC
of S (Rp), we have

sup
T∈B,φ∈C

|T(φ)| < ∞;

(ii) For bounded subsetsB, B′ respectively ofS (Rp)′, S (Rq)′, the 167

set{T ⊗ T′; T ∈ B,T′ ∈ B′} is bounded inS (Rp+q)′

�

Lemma 6.8. Letσv > 1 for all v and further, for all but finitely many v,
letσv ≥ σ > 2. Then

∑

i∗∈k

∏

v

max(1, |i∗ + j∗|v)−σv

is bounded as j∗ varies over kA.
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Proof. SincekA/k is compact, we may restrictj∗ to a compact subset of
kA. If v is non-archimedean and ifj∗v is in Rv, then

max(1, |i∗ + j∗v|v) = max(1, |i∗ |v)

for everyi∗ in kv. We may therefore assumej∗ = 0 in the foregoing. In
the special case, whenk = Q andσv = σ(> 2) for all v, we have

∏

v

max(1|i∗ |v) = max(c, |d|)

for i∗ = d/c with c ≥ 1 and (c, d) = 1. By a simple calculation, it can be
shown that

∑

i∗∈Q

∏

v

max(1, |i∗|v)−σ = ζ(σ)(4ζ(σ − 1)− ζ(σ)) < ∞

whereζ(s) is the Riemann zeta function. For the case of any global field
k, the proof can be found in [19], page 187 and [21], page 226. �

6.4 Proof of Theorem 2.1

We are now ready to prove that the criteria (C1) and (C2) implythe
validity of the Poisson formula.

From (C1), (C2) and Lemma 6.6, we see that (PF-2)′ is valid i.e. the168

restricted product measure|θi |A exists onU(i)A, for everyi in k. Further,
by Lemma 6.5, (PF-2)′′ is valid i.e. the image measure underU(i)A →
XA is tempered. On the other hand, for everyφ in S (XA) and everyi∗

in kA, we set

F∗φ(i
∗) =

∫

XA

φ(x)ψ(i∗ f (x))|dx|A.

We recall thatφ is a finite sum of functions of the formφ0 ⊗ φ∞, in our
earlier notation. We restrictφ∞ to compact subsetC∞ of S (X∞); then
there exists a constantc ≥ 0 depending onφ0 andC∞ such that

∑

i∗∈k
|F∗φ(i∗ + j∗)| ≤ c

∑

i∗∈k

∏

v

max(1, |i∗ + j∗|v)−σ < ∞
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for every j∗ in kA, as a consequence of (C2) and Lemmas 6.3, 6.4, 6.7,
6.8. This establishes the validity of (PF-1) i.e. the absolute convergence
of the Eisenstein-Siegel series. Since

∑
i∗∈k

F∗φ(i
∗ + j∗) represents a contin-

uous periodic function ofj∗, we get the Fourier expansion
∑

i∗∈k
F∗φ(i

∗ + j∗) =
∑

i∈k
cφ(i)ψ(i j ∗) (153)

where

cφ(i) =
∫

kA

F∗φ( j∗)ψ(−i j ∗)|d j∗ |A,

provided that the series on the right hand side of (153) converges abso-
lutely. This is certainly the case if the series is just a finite sum.

If φ is of the form
⊗

v
φv with φv in S (Xv) for everyv and furtherφv

equal to the characteristic function ofX0
v for all but finitely manyv, then

(C2) together with Lemmas 6.3, 6.4, 6.5 implies that 169

cφ(i) =
∫

kA

F∗φ(i
∗)ψ(−ii ∗)|di∗ |A

=
∏

v

∫

kv

F∗φv
(i∗)ψv(−ii ∗)|di∗ |v

=
∏

v

Fφv(i)

=

∫

U(i)A

Ψ|θi |A.

Therefore, this expressioncφ(i) is valid for everyφ in S (XA), by conti-
nuity and linearity. Now puttingj∗ = 0 in 153, we deduce that

∑

i∗∈k
F∗φ(i

∗) =
∑

i∈k

∫

U(i)A

φ|θi |A (154)

provided that (PF-3) holds i.e. the right hand side of (154) is absolutely
convergent. As remarked earlier, this is certainly true, ifthe series is a
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finite sum, as, for example, in the case ofφ having compact support. Let
us now consider the general case ofφ in S (XA), not necessarily having
compact support. For any suchφ, we know that there existsS ≥ 0 in
S (XA) such that|φ(x)| ≤ ϕ(x) for everyx in XA. It is sufficient therefore
to show that the right hand side of (152) converges for everyφ ≥ 0 in
S (XA). Let us therefore assume thatφ ≥ 0 and moreover, takeφ to be
of the formφ0 ⊗ φ∞ whereφ0 is the characteristic function of a large
compact open subset ofX0 andφ∞ ≥ 0 in S (X∞). We can easily find
a monotone increasing sequence{φ∞,n}n of non-negativeC∞ functions
on X∞ with compact support which converges toφ∞ in S (X∞); then
{φ∞,n}n ∪ φ∞ is a compact subset ofS (X∞). We putφn = φ0 ⊗ φ∞,n170

for n = 1, 2, 3, . . .,; then everyφn is in S (XA) and has compact support.
Further the monotone increasing sequence 0≤ φ1 ≤ φ2 ≤ . . . converges
to φ. Therefore, for a constantc ≥ 0, we have, in view of Lemma 6.7,

∑

i∈k

∫

U(i)A

φn|θi |A ≤
∑

i∗∈k
|F∗φn

(i∗)| ≤ c < ∞

for n = 1, 2, 3, . . .. Since the left hand side is the integral ofφn over the
(disjoint) union ofU(i)A for all i in k, we obtain, by Lebesgue’s theorem
on a monotone increasing sequence of non-negative functions, that

∑

i∈k

∫

U(i)A

φ|θi |A = lim
n→∞

∑

i∈k

∫

U(i)A

φn|θi |A ≤ c.

The proof of the validity of the Poisson formula is now complete.

REMARK. We observe that the proof of our theorem becomes much
simpler in the function-field case, since the considerationof X∞ disap-
pears. We might, moreover, mention that we could have applied to the
left hand side of (153), the result of Weil on page 7 of [52] andthereby
avoided the use of the monotone sequence{φn}n.

6.5 A Conjecture

We conclude this series of lectures by stating a conjecture:namely, if,
with the notation of Lemma 6.2, we assume that the resolution
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h♯ : Y♯ → X♯ of (( f ♯)0,H∞) is tame and further thatλ1 = min
νE≥2

(νE/NE) >

1, then for anyσ < λ1, we have

|F∗φv
(i∗)| ≤ c(φv) max(1, |i∗ |v)−σ

for everyφv in S (Xv), all i∗ in kv and allv. It is very likely thatwe can
take c(φv) = 1 for the characteristic functionφv of X0

v , for all but finitely 171

many v. If this conjecture is true, then condition (C2) can be replaced
by the simple geometric conditionλ1 > 2.
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