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Preface

These notes reproduce the contents of lectures given at the Tata Institute
in January and February 1967, with some details added which had not
been given in the lectures. The main result is the Hasse principle for
the one-dimensional Galois cohomology of simply connected classical
groups over number fields. For most groups, this result is closely related
to other types of Hasse principle. Some of these are well known, in
particular those for quadratic forms. Two less well known cases are:

i) Hermitian forms over a division algebra with an involution of the
second kind; here the result is connected with (but not equivalent to) a
theorem of Landherr. The simplified proof of Landherr’s theorem, given
in §5.5, has been obtained independently by T. Springer;

ii) Skew-hermitian forms over a quaternion division algebra; here
a proof by T. Springer, different from the one given in the lectures in
§5.10, is reproduced as an appendix.

I wish to thank the Tata Institute for its hospitality and P. Jothilingam
for taking notes and filling in some of the details.

Martin Kneser
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Chapter 1

Galois Cohomology

In this chapter we shall collect the fundamental facts about Galois Co-1

homology. Proofs are mostly straightforwards and therefore omitted.
Moreover they can be found in the basic reference [19].

1.1 Non-commutative cohomology

Let G be a group operating on a setA; the image of (s,a) under the map
G × A→ A defining the operation ofG on A will be denoted bysa. A
set is called aG-set if G acts on it. If theG-setA has in addition the
structure of group and if the operation ofG respects this structure then
we sayA is aG-group.

Definition of H0(G,A): If A is anyG-set thenH0(G,A) is defined to
be the setAG of elements left fixed by the operation ofG on A, i.e.
H0(G,A) = AG = {a ∈ A|sa = a ∀s ∈ G}.

Definition of H1(G,A): This definition will be given only for aG-group
A. Accordingly letA be aG-group. A mappings→ as of G into A is
said to be a 1-cocycle ofG in A if the relationast = as

sat holds for all
s, t ∈ G. Two 1-cocycles (as) and (bs) are said to be equivalent if for a
suitablec ∈ A the relationbs = c−1as

sc holds for alls ∈ G. This is an
equivalence relation on the set of 1-cocycles ofG in A. H1(G,A) is by
definition the set of equivalence classes of 1-cocycles. IfA is a commu- 2
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2 1. Galois Cohomology

tative group we have the usual definition ofHi(G,A), i = 0,1,2,3, . . .
by means of cocycles and coboundaries. We write it down here only for
i = 2. If A is commutative the definitions ofHi(G,A), i = 0,1 given
above coincide with the usual definition of these groups.

Definition of H2(G,A): Here A is any commutativeG-group. A 2-
cocycle ofG in A is a mapping (s, t) → as,t of G ×G into A satisfying
the relationras,t a−1

rs,t ar,st a−1
r,s = 1 for all r, s, t ∈ G. A 2-coboundary is

a 2-cocycle of the formsct c−1
st cs with cs ∈ A. If the product of two

cocycles (as,t) and (bs,t) is defined as (as,t bs,t) the 2-cocycles will form
a multiplicative group and the 2-coboundaries will form a subgroup; by
definition the quotient group is thenH2(G,A).

Let A be aG-group andB an H-group. Two homomorphismsf :
A→ B, g : H → G are said to be compatible iff (g(s)a) =s ( f (a)) holds
for every s ∈ H, a ∈ A; if H = G andg is identity then f is said to
be aG-homomorphism. Mapping a 1-cocycle (as) of G in A onto the
1-cocycle (bs) of H in B defined bybs = f (ag(s)) induces a mapping
H1(G,A) → H1(H, B); this will be a group homomorphism in caseA
andBare commutative. IfH is a subgroup ofG andg is the inclusion the
mapH1(G,A) → H1(H, B) defined above is called the restriction map.
This definition can be carried over to higher dimensional cohomology
groups whenA andB are commutative.

For non-commutativeG-groupA, the setH1(G,A) is not a group in3

general but it has a distinguished element namely the class of 1-cocycles
of the formb−1sb, with b ∈ A. The existence of this element enables
one to define the kernel of a mapH1(G,A)→ H1(H, B) such as we have
obtained above and also to attach meaning to the term ‘exact sequence
of cohomology sets’.

1.2 Profinite groups

Definition. A topological group G is said to be profinite if it is a projec-
tive limit of finite groups the latter carrying discrete topology.

A profinite group is then compact and totally disconnected, it pos-
sesses a base of neighbourhoods of the identity formed by open normal
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subgroups. Conversely if a compact topological groupG has a base of
neighbourhoods of 1∈ G formed by open normal subgroupsU then the
quotientsG/U are finite andG � lim

←
G/U; henceG is profinite.

Let G be profinite andA any G-group with discrete topology. In
such a case we shall always assume that the action ofG on A is con-
tinuous. This is equivalent to the requirementA =

⋃
U

AU the union

being taken over the set of open normal subgroupsU of G. We shall
modify the definition ofHi(G,A) in this case by requiring the cocy-
cles to be continuous. In the sequel this new definition ofHi(G,A) will
be adhered to whenever we consider profinite groupsG andG-sets. If
U ⊂ V are open normal subgroups ofG then the inclusionAV ֒→ AU 4

and natural projectionG/U → G/V are compatible, hence we get the
induced map̺ V

U : Hi(G/V,AV) → Hi(G/U,AU) called inflation. The
setsHi(G/U,AU) together with the maps̺V

U form an inductive system
andHi(G,A) � lim

→
Hi(G/U,AU).

1.3 Induction

Let G be a profinite group,H an open subgroup ofG and letB be any
H-set. LetĀ denote the set of mappingsa : G → B which maps ∈ G
ontoa(s) ∈ B satisfying the conditiona(ts) = ta(s) for all t ∈ H, s ∈ G.
Ā is made into aG-set by definingra for a ∈ Ā, r ∈ G by the rule
(ra)(s) = a(sr); we then say that̄A is induced fromB; more generally,
we call everyG-setA isomorphic toĀ a G − H induced set; ifB is an
H-group,A is aG-group. SupposeA isG−H induced fromB so that we
can identifyA with Ā. Mappinga ∈ Ā ontoa(1) ∈ B we get a mapping
A � Ā → B which is compatible with the inclusionH ֒→ G; passing
to cohomology we get a mapHi(G,A) → Hi(H, B) wheneverHi(H, B)
(and thereforeHi(G,A)) is defined. We then have the

Lemma 1. The mapping Hi(G,A) → Hi(H, B) defined above is an iso-
morphism.

For commutative A and B, see [19] 1§2.5. For completeness sake,
we give the proof for i= 0,1 in the general case.
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Proof. First let i = 0; if a ∈ ĀG, (ra)(s) = a(s) for every,r, s ∈ G, taking 5

s= 1 we find thata is a constant functionG −→ B. Hence the mapping
H◦(G,A) −→ H◦(H, B) is injective. If c ∈ B the constant function
G −→ B mapping everys ∈ G ontoc is an element of̄AG; this shows
that the mapping in question is also surjective and hence bijective.�

Now let i = 1; suppose two elements (ar ), (br ) of H1(G,A) have
the same image under the mappingH1(G,A) −→ H1(H, B); then for a
suitablec ∈ B we must havear (1) = c−1br (1)rc for all r ∈ H. Now we
find an elementd ∈ Ā with d(1) = c by taking a set of representatives
of gH including 1 and mapping 1 ontoc and the other representatives
onto arbitrarily chosen elements ofB; replacing the cocyclebr by the
equivalent cocycled−1br rd we can assumear (1) = bR(1) for all r ∈ H.
Using the cocycle condition we have for allr, s, t ∈ G

ars(t) = ar (t)ras(t) = ar (t)as(tr)

brs(t) = br (t)rbs(t) = br (t)bs(tr)

Settingr = t−1 in (1) and (2) we getat−1s(t) = at−1(t)as(1) andbt−1s(t) =
bt−1(t)bs(1); sinceas(1) = bs(1) for all s ∈ H we getat−1s(t)bt−1s(t) =
at−1(t)bt−1(t) holding for all s ∈ H; hence if we definec(t) ∈ B for every
t ∈ G by the rulec(t) = bt−1(t)at−1(t) then by what precedes we get for

s ∈ H, c(st) = bt−1s−1(st)at−1s−1(st)−1 = sbt−1s−1(t) sat−1s−1(t)−1 =

= s(bt−1s−1(t)at−1s−1(t)−1) = s(bt−1(t)at−1(t)−1) = sc(t),

and hencec belongs toĀ. Given elementsr andt in G chooses ∈ G6

such thattrs = 1; then we have

ars(t) = at−1(t) = c(t)−1bt−1(t) = c(t)−1brs(t)

andas(tr)
−1 = ar−1t−1(tr)−1 = br−1t−1(tr)−1c(tr) = bs(tr)

−1c(tr).

From equations (1) and (2) together with the foregoing it follows
that ar (t) = ars(t)as(tr)−1 = c(t)−1brs(t)bs(tr)−1c(tr) = c(t)−1br (t)rc(t)
i.e. ar = c−1br rc, hence the cocyclesar andbr are equivalent; this means
that the mappingH1(G,A) → H1(H, B) is injective. Now supposeb =
(bs) ∈ H1(H, B) is given. LetV be a system of right representatives of
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G mod H, v(s) the representative inV of the cosetHs, and therefore
w(s) = sv(s)−1 ∈ H. Defineas : G → Ā by as(t) =w(s) bw(v(t)s). It is
straight forward to verify thatas(t) is indeed an element ofA and that
(as) is a 1-cocycle ofG in Ā whose image is (bs) under the mapping
H1(G,A) → H1(H, B); this proves the surjectivity and so bijectivity of
the mapping in question.

Remark. If B is a H-group andĀ is G − H induced fromB (so thatĀ 7

is aG-group) then the projection̄A→ B induces an isomorphism ofB
with the subgroup of thosea ∈ Ā which are equal to 1 outsideH; if we
identify B with this subgroup, thensB depends only on the cosetHsand
we haveĀ �

∏
s∈H/G

sB. The converse is also true, i.e. we have the lemma

whose proof is straight forward and so omitted.

Lemma 2. A G-group A is G− H induced if and only if there exists an
H-subgroup B of A such that A is the direct product of the subgroups
sB(s ∈ H/G).

1.4 Twisting

In the sequel we shall be considering aG-group A and aG-set E on
which A operates; forx ∈ A anda ∈ E we denote byx.a the result
of operatingx on a. We assume that the action ofA on E satisfies the
conditions(x.a) = sx.sa for s ∈ G, x ∈ A anda ∈ E. If E, F areG-sets
and f : E → F is a map of sets not necessarily ofG-sets we define the
map sf : E → F for s ∈ G by the rule (s f )(a) = s( f (ss−1

a)) so that
(s f )(sa) = s( f (a)); takingF = E this definition makes AutE (the group
of bijections ofE onto itself as a set) into aG-group. Associating to
x ∈ A the automorphism ofE defined by the action ofx onE we get aG-
homomorphismA→ Aut Ewhich induces a mapping of cohomologies

Hi(G,A)→ Hi(G,Aut E).

If f : E → F is a bijection ofG-sets thenas = f −1 ◦ s f is a 1- 8

cocycle ofG in Aut E; changingf through and automorphism ofE we
get an equivalent cocycle. Hence any bijectionf : E → F modulo
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automorphism ofE defines an element ofH1(G,Aut E). Moreover ifE
andF carry additional structures andf preserves these then so doesas.
Conversely starting with aG-groupA, a G-setE on whichA operates
G-compatibly and a 1-cocycle (as) with values inA we can construct a
G-setF and a bijectionf : E → F such that ifbs denotes the image
of as under the mappingA → Aut E thenbs = f −1 ◦ s f . To do this
we takeF to be a copy ofE with a bijection f : E → F namely the
identity and define the operation ofG on F by s( f (x)) = f (as

sx) for
x ∈ E ands ∈ G; with this operationF is aG-set andF together with
the mappingf : E → F solves our problem. We then say thatF is
obtained fromE by twisting with the cocycle (as) and denote it byaE;
replacingas by an equivalent cocycle changesf by an automorphism of
E. If E has in addition algebraic structures andas preserves these then
the twisted setaE will carry the same algebraic structures. In particular
takingE = A and operatingA on itself by inner automorphisms we get
a twisted groupaA; again ifA carries additional algebraic structures and
as preserves these thenaA will carry the same algebraic structures.

Example. ([18] X §2, [19] III §1.1). Let us consider the universal do-
mainΩ in the sense of algebraic geometry and select a ground fieldK;9

let V be aΩ-vector space. We say thatV is defined overK if there is
given aK-subspaceVK of V such thatV � VK ⊗K Ω. As in algebraic
geometry we shall say thatVK is the space ofK-rational points onV.
Let L be a finite Galois extension ofK with Galois groupgL/K ; then
gL/K acts onVL = VK ⊗K L by the rules(a ⊗ x) = a ⊗s x if a ∈ VK ,
x ∈ L ands ∈ gL/K . Let (Aut V)L denote the group ofL-linear automor-
phisms ofVL. Suppose (as) is a 1-cocycle ofgL/K in (Aut V)L. We can
then twist the vector spaceVL by the 1-cocyclea = (as) to get a newL-
vector space, sayV′ with the same underlying set asVL. If now W is the
fixed space ofV′ under the twisted action ofgL/K then it is well known
thatW is a K-space and thatV′ � W ⊗K L. Supposet, t′, . . . are given
tensors in the tensor spaceT(VK) of VK . If these tensors are invariant
under the canonical extensions of all theas to T(VL) � T(VK) ⊗K L,
denoting byi : V → V′ the identity map and its extension toT(V) the
tensorsi(t), i(t′) . . . are then invariant under the twisted action ofgL/K

so that they belong toT(W). This shows for example that if we have a
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hermitian or quadratic form onVL defined overK and that if they are
invariant under all the automorphismsas then the twisted spaceV′ will
also carry a hermitian or quadratic form defined overK. Again if V is
an algebra with involution and if all the automorphismsas preserve the
algebra structure and the involution then the twisted space will be an
algebra with involution.

Let A be aG-group, (as) a 1-cocycle ofG in A. 10

Lemma . There exists a bijection of H1(G,a A) onto H1(G,A) which
maps the class of (1) onto the class(as).

Proof. Identify the setaA with A by means of the bijectionf : A→a A
and map the 1-cocycle (bs) of G in A onto the 1-cocycle (bs,as) of G
in A. This gives a mapping ofH1(G,a A) into H1(G,A) which takes the
distinguished element ofH1(G,a A) onto the cocycle (as). This mapping
has an inverse defined by (cs) → (cs.a−1

s ) wherecs is a 1-cocycle ofG
in A. This proves the lemma. �

This can be seen in another way as follows: LetF be a set with
some structure whose automorphism group isA. The twisted groupaA
acts naturally on the twisted setaF. MoreoveraA will be the auto-
morphism group ofaF. Hence the elements ofH1(G,a A) correspond
bijectively withG-isomorphism classes ofG-setsE (with structure) for
which there is an isomorphismh :a F → E; let g : F →a F be the
bijection corresponding toa. Thenh o g : E→ E will determine an el-
ement ofH1(G,A), the corresponding cocycle will be (hog)−1os(hog) =
g−1oh−1oshosg = g−1obs

sg = f −1(bs) · as where (bs) is the 1-cocycle of
G in aA corresponding toh :a F → F and f is the bijectionf : A→ aA
corresponding to the twisting bya. This process in naturally reversible
and so we get a bijection ofH1(G, aA) ontoH1(G,A). Evidently the dis-
tinguished element (1) ofH1(G, aA) goes onto (as) under this mapping.

Let A, B beG-groups andg : A→ B be a G-homomorphism. If (as) 11

is a 1-cocycle ofG in A definebs = g(as); then (bs) is a 1-cocycle ofG
in B andg induces aG-homomorphism also denoted byg of aA into bB.



8 1. Galois Cohomology

The commutative diagram

A
g //

f

��

B

��
aA g

// bB

gives rise to the following commutative diagram:

H1(G,A) //

��

H1(G, B)

��
H1(G, aA) // H1(G, bB)

1.5 Exact Sequences

In what followsA, B,C will be G-groups and homomorphisms will be
G-homomorphisms

a) Let A → B be a monomorphism ofG-groups. LetB/A be the ho-
mogeneous space of left cosets ofB in A; this is aG-set and one can
defineH0(G, B/A). Given an element inH0(G, B/A) choose a repre-
sentativeb of it in B; defineas = b−1sb; thenas ∈ A and (as) is a
1-cocycle ofG in A; moreover (as) depends only on the element of
Ho(G, B/A) under consideration and not on the particular represen-
tative chosen. In this way we get a mapδ : H0(G, B/A)→ H1(G,A).12
Then the following sequence with maps the natural ones andδ as
defined above, is exact:

1→ Ho(G,A)→ Ho(G, B)→ Ho(G, B/A)
δ→ H1(G,A)→ H1(G, B).

b) Let A be a normal subgroup ofB and letC = B/A; thenC is aG-
group and the exact sequence 1→ A→ B→ C→ 1 gives rise to an
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exact cohomology sequence

1→ Ho(G,A)→ Ho(G, B)→ Ho(G,C)→ H1(G,A)

→ H1(G, B)→ H1(G,C)

here the definition ofδ is the same as before and all other maps are
natural ones.

c) Let A be a subgroup of the centre ofB so thatH2(G,A) is defined.
As in b) we letC = B/A. We can then define a map∂ : H1(G,G) →
H2(G,A) which will make the following sequence exact:

1→ Ho(G,A)→ Ho(G, B)→ Ho(G,C)
δ→ H1(G,A)→ H1(G, B)

→ H1(G,C)
∂→ H2(G,A).

The mapδ is the same as ina) and the maps other thanδ, ∂ are the natural
ones. The definition of∂ is as follows: letc = (cs) ∈ H1(G,C) be given;
lift c to a mappingb : G → B (if G is profinite this lift can be chosen
to be continuous which we assume is done); defineas,t = bs

sbtb−1
st ; then

as,t ∈ A and is a 2-cocycle ofG in A whose class is by definition∂c.
The proofs of the above exact sequences and the propositions below

will be found in [19] I§ 5.
Let B be aG-group andA a G−subgroup ofB; the injection ofA 13

in B gives rise to a mapH1(G,A) → H1(G, B); let (bs) ∈ H1(G, B) be
given. Then we have the following proposition

Proposition 1. In order that(bs) may belong to the image of H1(G,A)
under the above map it is necessary and sufficient that the twisted ho-
mogeneous spaceb(B/A) has an element invariant under G.

SupposeB is a G−group, A a G−subgroup ofB contained in the
center ofB; then we have the exact sequence 1→ A → B → C → 1,
whereC = B/A; let (as) be a 1-cocycle ofG in C. The groupC operates
on B through inner automorphisms by a system of representatives of
B/A. Hence we can twist bothC andB by the cocycle (as); the twisted
groupaA will be A itself sinceA is central. The sequence 1→ A →a

B→a C→ 1 is then exact.
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1.6 Galois Cohomology

Let A be an algebraic variety defined over a fieldK; let L/K be a Galois
extension finite or infinite. IfAL denotes the set of points ofA ratio-
nal overL then the Galois groupgL/K of L/K acts onAL; this action
moreover is continuous, since anyL−rational point ofA generates a fi-
nite extension ofK and soAL = ∪AM, the union being taken over the
set of subfieldsM of L containingK such that [M : K] < ∞. If A is
an algebraic group then since group multiplication is a morphism de-
fined overK, the setAL is a group; we are interested in the study of14

Hi(gL/K ,AL) which is also denoted byHi(L/K,A) or by Hi(K,A) if L is
the separable closureKs of K. We shall be dealing only with fields of
characteristic 0 so thatKs = K̄, the algebraic closure ofK. Obviously
H0(L/K,A) = AK . If A, B,C are algebraic groups defined overK and
if we have morphismsf : A → B, g : B → C defined overK then

we shall say that 1→ A
f
→ B

g
→ C → 1 is an exact sequence if the

following sequence 1→ AK̄ → BK̄ → CK̄ → 1 induced by it is exact
in the usual sense. One should note that this is not a good definition
in the case of characteristic, 0. Suppose 1→ A → B → C → 1
is a sequence of morphisms of algebraic groups and that the induced
sequence 1→ AL → BL → CL → 1 is exact. Then we get an ex-
act sequence 1→ AK → BK → CK → H1(L/K, B) → H1(L/K,C).
In particular if 1→ A → B → C → 1 is exact then the sequence
1→ AK̄ → BK̄ → CK̄ → H1(K,A)→ H1(K, B)→ H1(K,C) is exact.

Let A, B be algebraic varieties defined over̄K and let f : A → B
be an isomorphism defined overL. Then with the usual notationsas =

f −1os f is a 1-cocycle ofG in the group (AutA)L of automorphisms ofA
defined overL. Suppose we fixA. An algebraic varietyB defined over
K and isomorphic toA over L is called aL/K-form of A, or simply a
K-form. We have seen that anyL/K-form of A determines a 1-cocycle
of gL/K in (Aut A)L. If two L/K-forms areK-isomorphic it is easy to15

see that the 1-cocycles defined by them are equivalent. Conversely it
can be proved that ifA is quasi projective (i.e. isomorphic to a locally
closed subvariety of some projective space) then any 1-cocycle ofgL/K
in (AutA)L defines aL/K-form and that equivalent 1-cocycles defineK-
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isomorphic forms. Hence we see thatH1(L/K, Aut A)) is isomorphic
to the set ofK-isomorphic classes ofL/K-forms ofA, in caseA is quasi
projective [S2] III §1.3, [W1].

If A is an algebraic group defined overK, by an L/K-form of A
we mean an algebraic group defined overK and isomorphic toA as an
algebraic group overL. Again letV be a vector space defined overK
and x a certain tensor of type (p.q) defined overK. By an L/K-form
of (V, x) we mean a pair (W, y) formed by aK-vector spaceW, a tensor
y of type (p,q) of W such that there exists anL-linear isomorphism
f : V ⊗K L → W ⊗K L for which f (x) = y; herex, y are considered as
tensors inV⊗K L andW⊗K L respectively through the natural mapsV →
V⊗K L,W→W⊗K L. Here again ifL/K is GaloisH1(L/K, Aut V)L) is
bijective with the set ofK-isomorphism classes ofL/K-forms of (V, x).

Change of Base.Let A be an algebraic group defined overK; let L/K
be a Galois extension andK′ any extension ofK. Let L′ be a Galois
extension ofK′ containing an isomorphic image ofL which we identify
with L. The canonical homomorphismgL′/K′ → gL/K obtained by re-
striction ofK′-automorphisms ofL′ to L is compatible with the injection 16

AL → AL, and so we get an induced mapH1(L/K,A)→ H1(L′/K′A). If
now L is the separable closure ofK, L′ that ofK′ there exists an injec-
tion L→ L′ and againL can be assumed to be contained inL′. By what
precedes we then get a mapH1(K,A) → H1(K′,A); it can be proved
that this mapping is independent of the particular imbedding ofL in L′

chosen [18]X§ 4, [19] II § 1.1.

1.7 Three Examples

Example 1.Let A be a finite dimensionalK-algebra; for any extensionL
of K we denote byaA∗L the group of units of theL-algebraAL = A⊗K L;
if L/K is Galois thengL/K acts onA⊗K L and hence it acts it acts onA∗L.
We claim thatH1(L/K,A∗L) = 1. It is enough to give the proof for finite
Galois extensions, sinceH1(L/K,A∗L) = lim

→
M

H1(M/K,A∗M) the inductive

limit is with respect to inflation mappings andM runs through finite
Galois extensions ofK contained inL. We treatA as a rightA-module
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and consider theL/K forms of A; the L/K forms are rightA-modules
B of finite dimension overK such thatAL � BL this being a rightAL-
module is given by left multiplication by an element ofA∗L we know
from 1.6 thatH1(L/K,A∗L) is bijective with theK-isomorphism classes
of L/K forms of the rightA-moduleA; hence we have only to verify that
any L/K form B is isomorphic toA over K i.e. BK � AK = A. Now17

BL � BK ⊗K L � AL as rightAL-modules. TheAl-isomorphismAL �

BL being also anAK-module isomorphism we get theAK-isomorphism
[L : K]AK �[L : B]BK [L : K] AK stands for the direct sum of [L :
K] copies ofAK). SinceAK and BK are ArtinianAK-modules Krull -
Schmidt theorem applies so thatAK and BK must have isomorphic in
decomposable components. HenceAK � BK asAK-modules.

Example 2.Let K be a field andA = Kn, the direct sum ofn copies
of K considered as aK-algebra; the onlyK̄-algebra automorphisms of
AK̄ correspond to permuting the components so that (AutA)K̄ = γn the
symmetric group onn symbols; the action ofgK̄/K is trivial on (AutA)k̄
so that any 1-cocycle ofgK̄/K in (AutA)k̄ is actually a group homomor-
phism ofgK̄/K into γn. We contend thatH1(K, γn) is bijective with the
isomorphism classes of commutative separableK-algebras of degreen.
Because we noted in 1.6 thatH1(K,AutA) is isomorphic to the set of
K-isomorphism classes ofK-forms of A, we have only to prove that
K-forms of the algebraA = Kn are exactly the commutative separable
K-algebras of degreen, i.e. that a commutativeK-algebraB of degree
n is separable if and only ifB ⊗ K̄ � K̄n; but this is well known ([2]
Chap. 8).

Example 3.LetG be a non-degenerate quadratic form on a finite dimen-
sionalK-vector spaceV; thenG corresponds to a tensor of type (2,0).
In this case for any extensionL of K, (AutV)L i.e. the group ofL-linear18

automorphisms ofV fixing the tensor in the notation of 1.6 is just the or-
thogonal group ofG considered as quadratic form overVL; let us denote
the latter byo(G )L. o(G )L. is an algebraic group defined overK. By
the considerations of 1.6 for any Galois extensionL/K, H1(L/K,O(GL))
is bijective with theK-equivalent classes of quadratic forms which be-
come isometric toG when we extend the scalars toL.Over the alge-
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braic closureK̄ of K any quadratic formQ has the orthogonal splitting
VK̄ = K̄x1 ⊥ K̄x2 ⊥ . . . ⊥ K̄xn with Q(xi) = 1 for all i; this is because
if we take any orthogonal splittingVK̄ = K̄y1 ⊥ K̄y2 + · · · + K̄yn with

Q(yi) = αi then (
y1√
α1
,

y2√
α2
, . . . ,

yn√
αn

) will be an orthogonalK̄-basis

with the desired properties. Hence any two quadratic forms onVK̄ are
equivalent. This shows thatH1(K,O(G )) is just the set ofK-equivalent
classes of quadratic forms. Again any nondegenerate skew-symmetric
bilinear form onV is given by a tensor of type (2,0) and the correspond-
ing algebraic group is the symplectic groupSp; here the dimension of
V must be even since the form is assumed to be non-degenerate; let
dimV = 2n; then it is well known that the matrix of the form can be

brought to the form

(
0 In

−In 0

)
by a change of basis. Hence any two

non-degenerate skew-symmetric bilinear forms onV areK-equivalent.
This implies thatH1(K,S p) = (1) or H1(L/K,S p) = (1) for any Galois
extensionL of K.





Chapter 2

Classical Groups

Throughout the rest of these lectures we shall assume the characteristic19

of the ground fieldK to be zero. In the first three paragraphs of this
chapter we collect the basic facts on semi-simple linear algebraic groups
(basic references [6], [7]). The last three paragraphs contain a survey of
classical groups ([9], [24]).

2.1 Linear algebraic groups

By a linear algebraic groupG overK we mean an affine algebraic variety
G defined overK together withK-morphismsG ×G → G denoted by
(x, y) → x.y andG → G denoted byx → x−1 which satisfy the group
axioms. Whenever we talk of open or closed sets in a variety we shall
always assume that they are so in the Zariski topology. For any field of
definitionL the group of points ofG rational overL will be denoted by
GL.

Example .G = GLn the general linear group; ifΩ is the universal do-
main overK this is the algebraic groupGLn(Ω) of non-singularn × n
matrices with entries inΩ. If x = (xi j ) ∈ GLn(Ω) the mapping (xi j ) →
(x11, x12, . . . , . . . xnn, (detx)−1) gives an imbedding ofG in Ωn2+1 as a
closed subvariety ofΩn2+1, GLn is an algebraic group defined over the
prime field and for any fieldL, (GLn)L = GLn(L).

15
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Next if G is a non-degenerate quadratic form overK its orthogonal20

group 0(G ) is a closed subgroup ofGLn and is an algebraic group de-
fined overK. It is known that any linear algebraic group is isomorphic
(i.e biregular isomorphism) to an algebraic (i.e. closed) subgroup of
GLn for somen. The connected component of the identity of the alge-
braic groupG is denoted byG◦; Go is a closed, normal and connected
subgroup ofG with [G : G◦] < ∞; conversely any closed normal and
connected subgroup ofG of finite index must beG◦. In the example
above the connected component of the identity of 0(G ) is S ◦ (G ) the
special orthogonal group ofG i.e. the subgroup of elements of 0(G )
with determinant 1;S0(G ) is of index two in 0(G ). For any linear al-
gebraic groupG there exists a unique maximal normal, connected and
solvable subgroupG1, called the radical ofG. We make the following

Definition 1. A linear algebraic group G is said to be semi-simple if its
radical G1 = {1}.

Example 2.It is known thatS Ln. the subgroup of elements ofGLn with
determinant 1 is a semi-simple algebraic group.

Example 3.The orthogonal group 0(G ) of a non-degenerate quadratic
form in at least three variables is semi-simple.

Let H be a connected linear algebraic group defined overK. Then
we have the following

Definition 2. A covering of H is a pair(G, f ), where G is a connected21

linear algebraic group and f: G → H is a homomorphism (i.e. ratio-
nal homomorphism) which is surjective and with finite kernel, (for the
definition of surjectivity, exactness etc, see 1.6);

Definition. A linear algebraic group G is said to be simply connected if
it is connected and every covering of it is an isomorphism.

Remark 1. In the case of non-zero characteristicp, this definition is not
reasonable;S Ln would not be simply connected in the above definition
because (xi j ) → (xp

i j ) is surjective with finite kernel but is not an iso-
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morphism. ButS Ln is simply connected in the above definition if the
characteristic is zero.

Remark 2. If (G, f ) is a covering of the connected linear algebraic group
H thenker f ⊂ centerG; for let N = ker f : thenN is a finite group and
so the Zariski topology onN is discrete. For everyn ∈ N consider the
morphismG→ N given byx→ xnx−1n−1; sinceG is connected andN
discrete this must be a constant map; takingx = n, this constant value
must be 1; i.e.xnx−1n−1 = 1∀x ∈ G; sincen ∈ N may be quite arbitrary
N must be in the center ofG.

Definition . A linear algebraic group G is said to be simple if its only
closed normal subgroups are the identity and G itself.

Example .The projective linear groupPGLn which is the quotient of
GLn by its center is a simple group.

2.2 Semi-simple groups

If G is any linear algebraic group the adjoint group̄G is defined to be
the quotient ofG by its centre. It is known that a semi-simple linear22

algebraic group has finite center. IfG is a connected semi-simple linear
algebraic group defined overK there exists a covering̃G → G defined
over K such thatG̃ is simply connected and that̃G is unique uptoK-
isomorphism;G̃ is called the universal covering group ofG.

Example 1.The adjoint group ofS Ln is the projective linear group
PGLn.

Example 2.Let G be a non-degenerate quadratic form on a finite di-
mensionalK-vector spaceV. The proper orthogonal groupS0(G ) is
semi-simple and connected; and it has a two fold covering namely the
Spin group which is constructed using the Clifford algebra ofG ; we
merely state the definition and properties of Clifford algebra and refer
the reader to the standard works [2] Chap. 9 and [4]. A Clifford algebra
of G is a pair (C, f ) whereC is an associativeK-algebra with unity and
f : V → C is a K-linear map with{ f (x)}2 = q(x) · 1 for everyx ∈ V
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and satisfying the following universal property: Whenever a pair (D,g)
is given withD an associativeK-algebra with unity andg : V → D is a
K-linear map such that{g(x)}2 = G (x).1 there exists a uniqueK-algebra
homomorphismh : C→ D making the diagram

V
f //

g
��@

@@
@@

@@
C

h��~~
~~

~~
~

D

commutative. It is known that such an algebraC exists and is unique23

uptoK-isomorphism; evidentlyf (V) must generateC. The algebraC is
called the Clifford algebra ofG and is denoted byC(G ). It turns out that
the mapf is injective, so we can identifyf (V) with V; then ife1, . . . ,en

is a basis ofV, the productsei1 . . .eim(1 ≤ i1 < i2 < . . . < im ≤ n,1 ≤
m≤ n) together with 1 form a basis ofC(G ) so its dimension is 2n. If n
is evenC a simple algebra with centreK; if n is odd the algebraC is a
separable algebra, its centre being of dimension two overK; C is either
simple or the direct sum of two simple algebras. We denote byC+ the
subalgebra ofC generated by products of an even number of vectors of
V; then dimC+ = 2n−1.

In casen = dimV is even andn > 0 it is known thatC+(G ) is
separable its centreZ is of dimension 2 overK; Z is either a quadratic
extension ofK or a direct sum of two copies ofK; in the first case
C+(G ) is a simple algebra while in the second case it is a direct sum of
two simple algebras. Ifn is odd thenC+(G ) is always central simple; if
in additionG has maximal Witt index thenC+(G ) is isomorphic to the

ring Mn− 1
2

(K), of
n− 1

2
× n− 1

2
matrices overK. If L is any extension

of K then the quadratic formG can be extended to a quadratic formGL

of VL in a natural way by passing to the associated bilinear form ofG

and extending it toVL; then the Clifford algebraC(GL) � C(G ) ⊗K L.
Letσ ∈ 0(G ) be given;σ then determines an automorphism ofC(G ) in
the following way; (fGσ(x))2 = G (σ(x)).1 = G (x).1 for everyx ∈ V.24

Hence by the universal property there is aK-algebra homomorphism
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g : C→ C making the diagram below commutative

V
f //

σ

��

C

g

��
V

f
// C

Working withσ−1 we see thatg is an automorphism. Ifσ ∈ S0(G ) it is
known that the corresponding automorphism ofC(G ) is inner automor-
phism by an invertible element ofC+(G ). Conversely ift ∈ C+(G ) is
an invertible element such thattVt−1 = V then the mappingx → txt−1

of V into itself is a proper orthogonal transformation. It is known that
if we define a mapα : C → C by the ruleα(ei1 . . .eir ) = eir eir−1 . . .ei1
on the generatorsei1 . . . eir (1 ≤ i1 < i2 < . . . < ir ≤ n; 1 ≤ r ≤ n)
andα(1) = 1 we get an anti- automorphism ofC of degree 2. We
shall denoteα(t) by t∗. If t is an invertible element ofC+ such that
tVt−1 = V then it is wellknown thattt∗ ∈ K.1. We now define Spin
(G )K̄ =

{
t ∈ C+

K̄
/tVK̄ t−1 = VK̄ , tt

∗ = 1
}
; then for any fieldL, (SpinG )L

will be the set of invertible elementst of C+L such thattVLt−1 = VL and
tt∗ = 1. SpinG defined in this way is clearly a linear algebraic group
over K. It is known that SpinG is simply connected and that for any
t ∈ (SpinG )L the mappingx → txt−1 of VL into itself is an element of
S0(Y )L. This mapping of SpinG intoS0(G ) is aK-homomorphism and 25

is known to be surjective (c.f. Chapter 1 1.6 for the definition). Hence
SpinG → S0(G ) is a covering. The kernel consists of thoset ≤ SpinG

such thattxt−1 = x holds for everyx ∈ V. SinceV generatesC, the inner
automorphism byt must be the identity automorphism ofC; hencetC+

must be an element of the centre ofC and so must be inK; the condition
tt∗ = 1 then impliest = ±1. Hence the kernel of (SpinG )K̄ → S0(G )K̄

is Z2 the cyclic group{±1}. S pinG → S0(G ) is the universal covering
of S0(G ); it is two-fold with kernel{−1,1}.

Definition . Let G be a linear algebraic group defined over K; we say
that G is K-almost simple if it has finite centre and all proper normal K-
almost simple if it has finite centre and all proper normal K-subgroups
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are contained in the centre. In particular if K is algebraically closed we
say that G is almost simple.

LetG be a semi-simple and simply connected linear algebraic group
defined over an algebraically closed fieldK. Then

G = G1 × . . . ×Gr (1)

where theG′i s are absolutely almost simple groups and this decomposi-
tion is unique upto permutation..

Let now K be arbitrary andG be a semisimple simply connected
linear algebraic group defined overK; let (1) be the decomposition ofG
over K̄; the Galois groupgK̄/K acts on either side of (1). Since the left
hand side is unaltered by the action ofg

K̄/K
the strong uniqueness theo-26

rem quoted above implies that the action of any elementg
K̄/K

is simply
a permutation of the componentsGi . Hence ifH1, . . . ,Hs denote the
products of components in the transitive classes modulo the action of
g

K̄/K
theH′i s are defined overK andG = H1 × · · · × Hs. The groupsHi

areK-almost simple. Hence we have shown that any semi-simple sim-
ply connected groups defined overK is the direct product ofK-almost
simple groups.

Let G beK-almost simple and letG = G1 × · · · ×Gr be a decompo-
sition of G over K̄ into the direct product of almost simple groups. Let
L be the fixed field of the subgroup ofg

K̄/K
of elements leavingG1 fixed.

ThenG1 is ag
K̄/L

-subgroup ofG and if s runs through a fixed system of
representatives of right cosets ofg

K̄/K
modulog

K̄/L
we haveG =

∏s
G1

.
This shows thatG is g

K̄/K
-induced fromG1 (cf. Chapter 1 1.3). Lemma

1 of 1.3 then reduces the cohomology ofG over K to that ofG1 over
L. In the proofs later on, we may therefore assume thatG is absolutely
almost simple,i.e. remains almost simple over the algebraic closure.

2.3 Simple groups

Every semisimple linear algebraic group determines a certain graph con-
sisting of points and lines called the Dynkin diagram. Absolutely almost
simple groups correspond to connected graphs and are classified into the
following types:
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Types Dynkin Diagram Chevalley
Groups

An(n ≥ 1) S Ln+1

Bn(n ≥ 3) Spin2n+1

Cn(n ≥ 2) S p2n

Dn(n ≥ 4) Spin2n

E6

E7

E8

F4

G2

27

Two simply connected almost simple groups over an algebraically
closed field are isomorphic if and only if they have isomorphic Dynkin
diagrams. The simply connected groups of typesAn, Bn, Cn, Dn are
given in the last column; for typesBn andDn the corresponding quadra-
tic from must have maximal index. The spin groups of dimensions 3 to
6 andS p2 which are not contained in this list are semisimple too and
have the following Dynkin diagrams:

Spin3

Spin4

Spin5

Spin6

S p2 28
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Looking for isomorphic Dynkin diagrams in our list, we get the fol-
lowing well known isomorphisms which can otherwise also be proved
without using Dynkin diagrams. (cf. [9]):

Spin3 � S p2 � S L2

Spin4 � S p2 × S L2

Spin5 � S p4

Spin6 � S L4.

It is known that over an arbitrary ground field corresponding to any
of the above types there exists a simply connected group defined overK,
having a maximal torus that is defined and split overK, it is unique upto
K-isomorphism and is called the simply connected Chevalley group of
that type (cf. [5], [7]).

The group AutG of automorphisms of a simply connected groupG29

can also be read off from the Dynkin diagram. It contains the normal
subgroup of inner automorphisms which is isomorphic to the adjoint
groupAd G, the quotient being the group Symm (G) of symmetries of
the Dynkin diagram. For Chevalley groupsG the Galois groupg

K̄/K
acts

trivially on Symm (G) and the exact sequence

1 −→ Ad G−→ Aut G−→ S ymm(G) −→ 1 (∗)

splits overK. Hence the corresponding cohomology sequence gives a
surjectionH1(K, Aut G) −→ H1(K,S ymm(G)) −→ 1. Let G′ be any
K-form of a Chevalley groupG belonging to typeXy; it determines an
element ofH1(K,AutG) and taking its image inH1(K,S ymm(G)) under
the map constructed above we get an element ofH1(K,S ymm(G) saya.
Sinceg

K̄/K
acts trivially on Symm (G) a is a homomorphism ofg

K̄/K
into

Symm (G); let L be the fixed field of the kernel of the homomorphism
a : g

K̄/K
−→ S ymm(G). Since Symm (G) is finite [L : K] < ∞. Let

z = [L : K]. We then say thatG′ belongs to the sub typezXY. We are
now in a position to define classical groups.

Definition. An absolutely almost simple simply connected group is side
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to be a classical group if it belongs to one of the types An, Bn, Cn, Dn

but not to the subtypes3D4 and 6D4. A connected semi-simple group
is called a classical group if in the product decomposition described
above of the simply connected covering group [cf. this Chapter 2.2]
only classical groups occur as components.

We then see that the simply connected almost simple classical grou-30

ps defined overK are K-forms of S Ln+1, S p2n and Spinn (except for
someK-forms of Spin8) here Spinn corresponds to the Spin group of a
non-degenerate quadratic form of maximal Witt index.

2.4 Classical Groups

Following Weil [24] we can describe the simply connected almost sim-
ple classical groups overK in terms of algebras with involution,K being
an arbitrary ground field. LetG be aK-form of S Ln+1 belonging to the
subtype1An and let f : S Ln+1 −→ G be the corresponding isomorphism
defined overK̄. Then for anys ∈ g

K̄/K
, as = f −1 ◦ s f ∈ AutGLn+1;

sinceG is of subtype1An the exact sequence (∗) of 2.3 shows that
a3 actually belongs to the adjoint group ofS Ln+1 namely the projec-
tives linear groupPGLn+1 [cf. 2.2 example 1] (as) is a 1-cocycle of
g

K̄/K
in PGLn. Now PGLn is also the automorphism group ofMn+1,

the full matrix ring. Hence (as) ∈ H1(K, Aut (Mn+1)). Twisting Mn+1

by the 1-cocycle (as) we get a central simpleK-algebraA and an iso-
morphismg : Mn+1 ⊗ K̄ −→ A ⊗ K̄ such thatas = g−1 ◦ sg. Let H
be the image ofS Ln+1 underg. H is an algebraic group defined over
K. By the definition of the reduced normN in A, N(g(X)) = detX,

henceHK̄ =

{
x ∈ AK̄

/
NX = 1

}
. HenceH is the algebraic group

{
x ∈ A

/
NX = 1

}
. On the other hand by means ofg, H is obtained from

S Ln+1 by twisting with the 1-cocycle (as) so thatH is isomorphic toG.
Hence theK-forms ofS Ln+1 belonging to subtype1An are the algebraic
groups of elements of reduced norm 1 in central simpleK-algebras.

Next we consider then case when theK-from G of S Ln+1 belongs to 31
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the subtype2An. We can describeG by means of algebras with involu-
tion.

Definition. An antiautomorphism of period 2 of an associative K-alge-
bra is called an involution. An involution is said to be of the first kind if it
fixes every element of the center of the algebra, otherwise it is said to be
of the second kind. An algebra A with involution I is denoted by(A, I ).
In what follows algebras A will be assumed finite dimensional over K.
We shall prove that the K-forms G of S Ln+1 belonging to subtype2An

correspond bijectively with isomorphism classes of simple K-algebras
A with involution I of the second kind such that the center is a quadratic
extension of K; if G corresponds to(A, I ) then G is isomorphic to the

K-group
{
z ∈ A

/
zzI = 1,Nz= 1

}
. Consider the algebra Mn+1 ⊗ Mn+1;

this has an involution I of the second kind given by(X,Y) → (tY, tX) (t
denotes transpose). We shall denote the image of any element z∈ Mn+1⊗
Mn+1 under I by z∗. We shall determine all the automorphisms of Mn+1⊕
Mn+1 which commute with I; now the automorphism group of Mn+1 ⊗
Mn+1 is generated by inner automorphisms and by the automorphism
(X,Y) −→ (Y,X) of which the latter obviously commutes with I. If the
inner automorphism by the element a commutes with I it is easy to check
that aaI must be in the center K⊕ K of Mn+1(K) ⊗ Mn+1(K); since aaI

is invariant under I its components in K⊕ K must be equal so that aaI

is an element of K.1

If K is algebraically closed we can assume we can without loss of32

generality thataaI = 1, the identity element ofK ⊕ K. Hence the group
of automorphisms ofMn+1 ⊕ Mn+1 commuting withI is generated by
automorphisms of the types: 1) the automorphisms (X,Y) −→ (Y,X)
ii ) inner automorphisms by elements of the typeX, tX−1. Now it is
well know [9] that the automorphism group ofS Ln+1 is generated by
inner automorphisms and by the automorphismX −→t X−1 . Hence
the imbeddingS Ln+1 −→ Mn+1 ⊕ Mn+1 given byX −→ (X,t X−1) gives
an isomorphism of the automorphism group ofS Ln+1 with the group
of those automorphisms ofMn+1 ⊕ Mn+1 commuting with the involu-
tion I . We shall denote the latter group by Aut (Mn+1 ⊕ Mn+1, I ). Let
G be aK-form of S Ln+1 of subtype2An. Then there exists an isomor-
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phism f : S Ln+1 −→ G over K̄ and if s ∈ g
K̄/K

, as = f −1 ◦ s f is a 1-
cocycle ofg

K̄/K
in (Aut S Ln+1)K̄ ; but we have seen that (AutS Ln+1)K̄ =

Aut (Mn+1(K̄) ⊕ Mn+1(K̄), I . Hence (as) is a 1-cocycle ofg
K̄/K

in Aut
(Mn+1(K̄)⊕Mn+1(K̄), I so that we can twistMn+1⊕Mn+1 by the cocycle
(as); the twisted algebra A will carry an involutionJ of the second kind;
in this process the centerK ⊕ K of Mn+1 ⊕ Mn+1 will get twisted into
the center ofA; now Symm (S Ln+1) = Z2 and sinceG is of type2An the
homomorphisms −→ λ(as) of gK̄/K into Symm (S Ln+1) = Z2 is non-
trivial whereλ is the homomorphismλ : Aut(S Ln+1) −→ S ymm(S Ln+1)
appearing in the split sequence. 33

1→ Ad(S Ln+1)→ Aut(S Ln+1)→ S ymn(S Ln+1)→ 1

.
Hence by 1.7 example 2 Chapter 1 we conclude that the centreK⊕K

of Mn+1 ⊕ Mn+1 gets twisted into a quadratic extensionL of K. Hence
A is a simpleK-algebra with involutionJ of the second kind with cen-
ter a quadratic extensionL of K. Now the image ofS Ln+1 under the
imbeddingϕ : S Ln+1 −→ Mn+1 ⊕ Mn+1 constructed above is given by{
z ∈ Mn+1 ⊕ Mn+1

/
zzI = 1,Nz = 1

}
; the image of this group under

the isomorphismg : Mn+1 ⊕ Mn+1 −→ A got by the twisting process is{
z ∈ A

/
zzJ = 1,Nz = 1

}
. Hence taking into consideration the various

identifications constructed above we see thatG is isomorphic to the al-

gebraic group
{
z ∈ A

/
zzJ = 1,Nz = 1

}
whereA is a simpleK-algebra

with an involution of the second kind with center a quadratic extension
of K.

Next we shall consider theK-forms of the Chevally group of type

Cn. Hence the Chevalley group is the symplectic groupS p2n =

{
X ∈

M2n

/
XStX = S

}
whereS is a non-degenerate skew-symmetric matrix

over K. We shall show that theK-forms of S p2n are given by
{
x ∈

A
/
xxJ = 1

}
whereA is an algebra with involution of the first kindJ,

simple with centerK and which becomes isomorphic to (M2n, I ) over
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K̄, I being the involutionX −→ StXS−1. The automorphisms ofM2n

are all inner automorphisms and the inner automorphismX −→ uXu−1

commutes withI and only ifuuI ∈ K above, and again over̄K we may
assumeuuI = 1, which means thatu ∈ S p2n.

On the other hand it is known that the only automorphisms ofS p2n34

are inner automorphisms; hence AutS p2n Aut (M2n, I ). We can then
apply the foregoing method to characterise theK-forms of S p2n, the
result being as indicated in the beginning of this paragraph.

Finally we shall consider theK-forms of Chevalley groups of types
B andD. Here the Chevalley group is Spinn(G ); n may be even or odd
n , 1,2,3,4,5,6; andG is a non-degenerate quadratic form of maximal
index. Now any automorphism ofS O(G ) is obtained as transformation
by an element ofO(G ) i.e. there existst ∈ O(G ) such thatx → txt−1

is the automorphism in question; but we have seen that anyt ∈ O(G )
gives an automorphism of the Clifford algebra of (G ) (cf. 2.2) and so
an automorphism of the spin group. All the automorphisms of Spin(G )
are obtained in this way through automorphisms ofS O(G ) except in
caseD4 i.e. Spin8. This is seen as follows: it is clear that the mapping
τ : Aut (S O) → Aut (Spin) constructed above is injective; we have
seen in 2.2 that an inner automorphism of Spin (G ) by an elementt
corresponds to an elementu of SCand by constructionτ(int u) = int t
so thatτ induces an isomorphism ofAd(S O) onto Ad(Spin); the index
of Ad(Spin)in Aut (Spin) is equal to the number of symmetries of the
Dynkin diagram of the Spin group which is equal to 1 if the dimension
is odd; if n is even, 8, the number of symmetries is 2, but also the
index ofAD(S O) in Aut (S O) = Ad(O) is 2 because transformation by
a reflection is not an inner automorphism ofS O. Henceτ is a bijection
in these cases.

This shows that the simply connected almost simple classical groups35

of typeB andD are two fold coverings of theK-forms of the special or-
thogonal group except when the dimension=8 i.e. in the caseD4. For
type D4, every two fold covering of an orthogonal groupS O8 is easily
seen to be of type1D4 or 2D4. Conversely, in the homomorphism of
g

K̄/K
into SymmG obtained from the twisting cocycle of a group of type

D4 has image of order 1 or 2 this image can be transformed by an inner



2.5. Algebras with involution (cf. [1] Chap X) 27

automorphism into the group of automorphisms induced byO(G ), and
therefore theseK-forms are coverings ofK-forms of S O(G ). Hence
classical groups of dimension 8 which areK-forms of Spin8 are two-
fold coverings of theK-forms ofS O8. Hence in all cases we find that
the classical groups which areK-forms of Chevalley groups of typeB
and D are two fold coverings of theK-forms of the special orthogo-
nal group. So we have only to find theK-forms of S O(G ). Let a be
the matrix of the quadratic from (G ) in some basis; onMn define the
involution I by XI = atXa−1, a ∈ Mn. Using the fact that the auto-
morphisms ofMn are all inner we can prove as before that the only
automorphisms ofMn commuting withI are inner automorphisms by
elements of 0(G ). Moreover one knows that the automorphisms ofS O
are given by transformation by elements ofO(G ); hence over̄K we have
an isomorphism AutS O(G ) � Aut (Mn, I ). Carrying out exactly the
same procedure as before it is easily seen that theK-forms ofS O(G ) are

given byG =
{
x ∈ A

/
xxJ = 1,Nx = 1

}
whereA is a simpleK-algebra

with involution J of the first kind which becomes isomorphic overK̄
to (Mn, I ). Hence we have proved that simply connected almost simple36

classical groups of typesB andD are two fold coverings of groupsG
given above.

2.5 Algebras with involution (cf. [1] Chap X)

Let A be a simpleK-algebra with centerL; let I be an involution onA. If
J is another involution onA coinciding withI on L then by the theorem
of Skolem-Noether we can find an invertible elementa ∈ A such that
xJ = axI a−1 holds for everyx ∈ A. Now, x = xJJ = a(axI a−1)I a−1 =

(aa−I ).x(aa−I )−1 for everyx ∈ A, so thataa−1 ∈ L. Let aI = ca where
c ∈ L; applying I to both sides we getccI = 1. If the involution is of
the first kind (See 2.4 for the definition)ccI = 1 impliesc2 = 1 i.e.
c = ±1 so thataI = ±a. Suppose now thatI is of the second kind, letF
be the fixed field ofI in A; then sinceI is of period 2,L is a quadratic
extension ofF and the conditionccI = 1 is equivalent toNL/F(c) = 1.
Hence by Hilbert’s theorem 90, there existsd ∈ L∗ such thatc = dI d−1.
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ThereforeaI = ca= dI d−1a, i.e (d−1a)I = d−1a. Moreover the equation
xJ = axI a−1 is unaltered if we replace a byd−1a sinced ∈ L. Hence if
I is of the second kind we can assume in the equationxJ = axI a−1 that
aI = a.

Examples of algebras with involution: A quaternion algebra with the
standard involutionx → x̄, the conjugate ofx, is a simple algebra and
the standard involution is of the first kind. IfD is any division algebra
over K then Mn(D) has an involution of ther th kind (r = 1,2) if and
only if D has an involution of ther th kind; for if I in an involution of the37

rth kind onD then if we defineXJ for X = (xi j ) ∈ Mn(D) asXJ = (xI
ji )

we get an involution of ther th kind; the converse follows from Theorem
1 below by takingA = Mn(D), B = Mn(K).

Next let A be a simpleK-algebra with an involutionI ; let L be the
center ofA. SupposeB is a givenK-subalgebra ofA containingL and
assume moreover thatB carries an involutionJ coinciding withI on L.
When canJ be extended to an involution onA? Sufficient conditions
under which this is possible are given by the following

Theorem.With the notations as above J can be extended to an involu-
tion on A in the following cases:

i) B is a simple algebra

ii) B is a maximal commutative semi-simple subalgebra of A and I is
of the second kind.

Proof. I o J is an isomorphism of theL-algebraB into the simple alge-
braA with centerL so that in casei) by the theorem of Skolem-Noether
we can find an invertible elementt ∈ A such thatxIoJ = (xJ)I = txt−1 for
everyx ∈ B; this conclusion holds true also whenB is a maximal com-
mutative semi-simple subalgebra ofA [15] Hilfssatz 3.5. LetB′ be the
commutant ofB in A; let L(u) be theK-subalgebra generated byu = t−I t.
If v is any element ofB′ and if we replacet by tv in xJ = (txt−1)I x ∈ B
found above this equality is unaltered; we shall choose a suitablev ∈ B′38

and replacet by tv in the final stage to obtain an involution extending
J; for the moment letu = t−I t with t as given above. Define for every
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x ∈ A, xJ̃ = (txt−1)I ; then by what precedes̃J coincides withJ on B;
moreover ifx ∈ B, xJ̃2

= (txJt−1)I = t−I ·(xJ)I ·tI = t−I (txt−1)·tI = uxu−1;
but xJ̃2

= xJ2
= x sincex ∈ B so thatuxu−1 = x implying thatu ∈ B′

and henceL(u) ⊂ B′. It will turn out the we can choosev ∈ L(u) suit-
ably so that whent is replaced bytv, and J̃ defined as above with this
newt thenJ̃ will be an involution onA, extendingJ on B. The equation
xJ̃2
= uxu−1 shows that if we choosev ∈ B′ to satisfy (tv)−I (tv) = ±1

then withtv in place oft the equationxJ̃2
= x will hold for all x ∈ A and

consequentlỹJ will be an involution on A; evidentlỹJ will then be an
extension ofJ on B. We shall prove thatv ∈ L(u) can be chosen so as to
satisfy (tv)−I (tv) = ±1. Observe that

uJ̃u = (tut−1)I .u = (t−I .uI .tI ).(t−I .t) = t−I uI .t = t−I .tI .t−I .t = 1

henceuJ̃ = u−1. Consider casei) first. If u = −1, then evidently the
choicev = 1 will do, so assumeu , −1. To start with assumeB′ to be a
division algebra; the condition (tv)−I tv = 1, is equivalent tov−J̃uv = 1;
we claim thatv = (1+ u)−1 which is obviously an element ofL(u) will
work; for v−J̃ = 1 + uJ̃ = 1 + u−1 = (1 + u) · u−1 = v−1.u−1 so that
v−J̃uv = 1. Suppose nowB′ is not necessarily a division algebra, we
can writeB′ � D ⊗ Mn whereMn is the full matrix ring of dimension
n2 for somen andD is a division algebra. We can then considerD, Mn 39

as subalgebras ofA; the commutant of the subalgebraBMn is equal to
the commutant ofMn is B′, i.e. toD. Now the involutionJ on B can be
extended toBMN by defining (bX)J′ = bJtX, b ∈ B, X ∈ Mn. Moreover
BMn is a simple algebra beingL-isomorphic toB⊗L Mn which is simple.
Hence by the case already considered the involutionJ′ can be extended
to an involution ofA; this extension clearly coincides withJ on B.

Next consider caseii ). Here again we shall findv ∈ L(u) to satisfy
(tv)−I (tv) = 1 i.e. v−J̃uv = 1. SinceuJ̃ = u−1, J̃ mapsL(u) onto itself;
it is an involution ofL(u) of the second kind. LetF be the fixed field
of J̃ in L. Let C+ be the subalgebra of elements ofL(u) fixed by J̃;
since J̃ is not the identity onL, L(u) � C+ ⊕F L; moreover under this
isomorphism the action of̃J on L(u) goes over into the natural action of
the Galosi groupgL/F of L/F on C + ⊗FL. The elements ofgL/F are 1

and J̃; the correspondence
∼
J → u−1, 1→ 1 defines a 1-cocycle ofgL/F
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in (C+ ⊗F L)∗. By 1.7 Chapter 1 we know thatH1(L/K, (C+)∗) = 1;
hence there existsv ∈ L(u) such thatv−1u−1vJ̃ = 1, i.e. v−J̃uv = 1. But
this is what we wanted. Hence the theorem is completely proved.

If A is a central simple algebra overK and ifA has an involutionI of
the first kind thenA is of order 1 or 2 in the Brauer group ofK; for I gives
an isomorphism ofA with its opposite algebraAo henceA⊗kA � A⊗kA0

splits. But if I is of the second kindA is not necessarily isomorphic over40

the centre to its opposite algebra, so may not have order 2 in the Brauer
group (for an example see§5.1). But let us consider the particular case
whereA is a quaternion algebra with centreL and assume thatI is an
involution of the second kind. LetK be the subfield ofL fixed by I so
that L is a quadratic extension ofK. Let J be the standard involution
on A namely conjugation; this is the only involution onA which fixes
exactly the elements ofL. The involutionIJI−1 fixes the centre so that
IJI−1 = J, i.e. (IJ)2 = identity. LetB be the fixed space ofIJ in A; then
B is aK-subalgebra ofA, andA � B⊗K L sinceIJ is not the identityL.
Hence we have proved the following �

Proposition 1. If A is a quaternion algebra of centre L and has an invo-
lution I of the second kind then A� B⊗K L where B is an algebra over
the fixed field K of I. Moreover I coincides with the standard involution
on B and on L it coincides with the non-trivial K-automorphism.

2.6 Bilinear and hermitian forms; discriminants

Let D be a division algebra; letx → x̄ be an involution; letV be a
n-dimensional left vector space overD. A sesquilinear form onV is
a functionB : V × V → D taking (x, y) to B(x, y) which is linear in
x and anti linear iny (i.e. B(x, αy) = B(x, y)ᾱ for every x, y ∈ V, α ∈
D), B is called hermitian if we haveB(x, y) = B(y, x) for every pair
of vectorsx, y ∈ V; B is called skew hermitian ifB(x, y) = −B(y, x)41

for every pair of vectorsx, y ∈ V. Let h(x) = B(x, x); we shall call
h a hermitian or skew hermitian form according asB is a hermitian or
skew-hermitian sesquilinear form. Ife1, . . . ,en is a D-basis ofV, then
the matrix (B(ei ,ej)) is said to be the matrix ofB relative to this basis.
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Call this matrixM. If e′1, . . . ,e
′
n is any other basis ofV let e′i =

n∑
i=1
α ji ei

and denote the matrix (αi j ) by the letterT; then the matrix ofB in the
basise′1, . . . ,e

′
n is just tT MT̄. We define the radical ofV as the space

of elementsx ∈ V such thatB(x, y) = 0 for everyy ∈ V. B is said to
be non-degenerate if the radical is zero. Any hermitian spaceV has an
orthogonal basis i.e. a basise1, . . . ,en such thatB(ei ,ej) = 0 if i , j;
for e1 one can choose any anisotropic vector i.e such thatB(e1,e1) , 0.
If V,V′ are two hermitian spaces overD withe corresponding hermitian
form B, B′ then aD-linear transformationσ : V → V′ is called an
isometry ifσ is bijective andB(x, y) = B(σx, σy) for everyx, y ∈ V. In
particular ifV = V′ the set of isometries ofV onto itself will be a group
called the unitary group of the hermitian form. We have similar notions
for skew-hermitian forms overD.

Let V be a finite dimensional vector space overK endowed with a
quadratic formG which we assume to be non-degenerate. The determi-
nant of the matrix of (V,G ) with respect to any basis ofV/K is unique
modulo squares ofK∗, i.e. it is a well defined element ofK∗/K∗2. We
call this element ofK∗/K∗2 the discriminant ofV. Quite frequently a 42

representative inK∗ will be called the discriminant ofV; this will not
involve any confusion as the context will make it clear what we have in
mind. LetD be a quaternion division algebra overK with the standard
involution; let V be a finite dimensional left vector space overD. If h
is a hermitian of skew hermitian form onV the discriminant ofh is by
definition the reduced norm of a matrix representingh, modulo squares
of elements ofK∗. We shall state and prove a number of lemmas which
we shall need in the sequel.

Lemma 1. a) Let D be a quaternion algebra over K; let h be a non-
degenerate hermitian or skew hermitian form on a finite dimensional
vector space V of D. Then if D does not split, the special unitary group
S U(h,D) of h coincides with the unitary group U(h,D). More generally
we shall prove the following

Lemma 1. b) Let A be a simple central K-algebra with an involution
I of the first kind. If there exists an element x∈ A satisfying xxI = 1 and
Nx= −1, then A� Mn(K).
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Proof. We look at the eigen values ofx considered as an element of
A ⊗K K̄ � Mn(K̄). Since every involution ofMn(K̄) is transposition
followed by an inner automorphism,x and xI have the same eigenval-
ues. ButxI = x−1, so x and x−1 have the same set of eigenvalues and
with equal multiplicities. This implies that the eigenvalues ofx different
from ±1 occur in pairs (λ, λ−1). Since the product of the eigenvalues is
equal to the reduced norm ofx, −1 must occur as eigenvalue with odd
multiplicity. �

This shows that 0 is an eigen value ofx+e (edenoting the identity ofA)43

of odd multiplicity. Hence if the integerm is sufficiently large the null
space of (x+ e)m is of odd dimension.

Now go back to the ground fieldK. We can writeA � Mk(D). Let
n2 = [A : K]; we then have [D : K] = (n/k)2. The lemma will be proved
if we show that [D : K] = 1. For this we compute the dimension overK
of the K-spaceΛ = {y ∈ Mk(D)|(x + e)m.y = 0}, in two different ways
and compare them.

Let V be aK-dimensional left vector space overD. We can then
interpret (x + e)m, y as linear transformations onV. Theny ∈ Λ if and
only if y mapsV into the kernel of (x+e)m. From this description of the
elements ofΛ it is easy to see that [Λ : D] = k.r, wherer denotes the
dimension overD of the kernel of (x + e)m. Hence [Λ : K] = k.r[D :
K] = k.r(n/k)2 = nr(n/k). On the other hand [Λ : K] = [ΛK̄ : K̄]. Now
ΛK̄ is equal to

{
y ∈ Mn(K̄)/(x+ e)my = 0

}
so that by the same argument

as above withD replaced byK̄ we get [ΛK̄ : K̄] = n(dimK̄ ker(x+ e)m).
But by the first part of the proof dim̄K ker(x + e)m is an odd integer.
Hence [Λ : K] = nx an odd integer. Comparing the two values of
[Λ : K] obtained we getnxoddinteger= n.r(n/k). This impliesn/k is
odd integer. i.e. [D : K] is an odd integer. NowA being an algebra with
involution of the first kind it has order two in the Brauer group. But
one knows that the prime divisors of the order ofA in the Brauer group
and those of [D : K] are the same. The last two conclusions can hold
simultaneously only when [D : K] = 1.

This proves the lemma.

Lemma 2. Let D be a quaternion algebra over K with an involution I,44
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A = Mn(D); for Z = (zi j ) ∈ A denote by Z∗ the element(zI
ji ). Let a∈ A

be a non-singular skew-hermitian matrix, i.e. a∗ = −a. Then if X,Y are
1 × n matrices over D such that XaX∗ = YaY∗ = C is non-singular in
D, there exists a proper a-unitary matrix t∈ A such that Y= Xt.

Proof. If D is a division algebra, this follows immediately from Witt’s
theorem and lemma 1. IfD = M2(K), the action ofI is as follows:
α → StαS−1 where S is some fixed 2× 2 skew-symmetric matrix

in M2(K). Denoting byP the 2n × 2n matrix



S
S.

.S

 we have

X∗ = PtXS−1, Y∗ = ptYS−1 anda∗ = ptap−1. Now sincea∗ = −a,
we haveptap−1 = −a which implies thataP = −Pta =t (ap). This
shows thataP is a symmetric 2n× 2n matrix. The conditionXaX∗ = c
then givesX(aP)tX = cS; similarly the conditionYaY∗ = c gives
Y(aP)tY = cS. The matrixaP gives a 2n × 2n dimensional quadratic
space overK and the above two equations imply that the two dimen-
sional subspaces generated by the two rows ofX andY respectively are
isometric. Hence by Witt’s theorem on quadratic form there exists an
isometryt of the above quadratic space transformingX into Y. If t is
not proper then by multiplyingt on the right by a reflection in a suitable
subspace containing the two rows ofX we can make the product proper.
Hencet can be assumed proper. Thist then defines a proper unitary
transformation changingX into Y. �

Lemma 3. Let D be a quaternion division algebra with standard invo-45

lution; (V,h) and (V′,h′) are two skew hermitian spaces over D. Let
f : (VK̄ ,h) → (V′

K̄
,h′) be an isomorphism over̄K; then the 1-cocycle

as = f −1os f which belongs to H1(K,U) comes from H1(K,S U) if and
only if the discriminants of(V,h) and(V′,h′) are equal; here U denotes
the unitary group and S U denotes the special unitary group of h.

Proof. Consider the exact sequence 1→ S U→ U → Z2 → 1 where
U → Z2 is the norm mapping; this gives rise to an exact sequence
H1(S U) → H′(U) → H1(Z2); but clearly H1(Z2) � K∗/K∗

2
and

H1(U) → K∗/K∗
2

is the map associating with eachK-form (V′,h′) of
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(V,h) the quotient of the discriminants ofh′ andh. This shows that (as)
comes fromH1(S U) if and only if V′ has the same discriminant asV.

Next we shall determine the simply connected absolutely almost
simple classical groups of typesBn, Cn, Dn over fieldsK satisfying the
property that every division of order 2 in the Brauer groupBL for any al-
gebraic extensionL is a quaternion algebra. Examples of such fields are
theP-adic fields and number fields [8]. IfA is a central simple involu-
torial algebra over such a fieldK then since its order in Brauer group is
either 1 or 2 we conclude that eitherA is a matrix algebra overK or a
matrix ring over a quaternion division algebra overK. We make use of
the classification given in 2.4. ConsiderG = {x ∈ A/xxI = 1} whereA
is a central simpleK-algebra with involutionI of the first kind. There46

are two possibilitiesi)A � Mr (K) or ii )A � Ms(C) whereC is a quater-
nion division algebra overK. In the first case there exists an invertible
a ∈ Mr (K) either symmetric of skew-symmetric such thatXI = atXa−1

for everyX ∈ Mr (K). If a is skew-symmetricG is the symplectic group
of the alternating form a and so belongs to typeCn; but if a is sym-
metric we get the orthogonal group which will correspond to typeBn,
Dn by taking two-fold coverings of the special orthogonal group. In
the second case whenA � Ms(C), C being quaternion division algebra
we getxI = ax∗a−1 wherex→ x∗ is the involution onMs(C) given by
(xi j )→ (x̄ ji ), denoting the standard involution onC and where a is either
hermitian or skew hermitian with respect to∗. In the first casexxI = 1
means thatx is in the unitary group of the hermitian form while in the
second case it means thatx is in the unitary group of the skew-hermitian
form a. Consideration of the dimension of the space of symmetric ele-
ments will show that the former corresponds to typeCn while the latter
to typeDn. Hence we have the �

Theorem.The only simply connected absolutely almost simple Classi-
cal groups of types Bn, Cn, Dn over a field with the properties stated
above are
Cn: Symplectic groups and unitary groups of hermitian forms over qua-
ternion division algebras
Bn, Dn: Spin groups of quadratic forms and of skew hermitian forms
over quaternion division algebras.



Chapter 3

Algebraic Tori

3.1 Definitions and examples ([6], [7])
47

Definition of Gm. This is the algebraic group defined over the prime
field of the universal domain such that for any fieldK, the K-rational
points ofGm is K∗.

Notation If G is an algebraic group andL a field of definition we denote
by GL the group ofL-rational points ofG.

Definition. An algebraic group G is said to be a torus if it is isomorphic
to a product of copies of Gm; a field L is said to be a splitting field of G
if this isomorphism is defined over L.

Example.1) Let L/K be a finite separable extension of fields. We de-
fine an algebraic groupL∗ as follows: (L∗)K̄ = units of L ⊗K K̄;
choosing a basis ofL/K we get a basis forL ⊗K K̄ over K̄ and with
respect to this basis multiplication by a unit ofL ⊗K K̄ is an element
of GL(n, K̄) wheren = [L : K]. This makes (L∗)K̄ into a closed sub-
group ofGL(n, K̄). Now L ⊗K K̄=̃K̄ ⊗ · · · ⊗ K̄. (Here we use the fact
thatL/K is separable). HenceL∗

K̄
=̃(K̄∗)n; this shows thatL∗ is an al-

gebraic torus. Any Galois extension ofK containingL is a splitting
field of L∗.

35
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2) LetL/K be as above; define an algebraic groupG by the requirement
GK̄ = {x ∈ (L ⊗K K̄)∗/Nx = 1}; this consists of those elements
(x1, . . . , xn) of (K̄∗)n with x1 · · · xn = 1. HenceG is an algebraic
torus isomorphic toGn−1

m over K̄.

Example 3.S O2 for a non-degenerate quadratic formG is an algebraic48

torus.
Let V be the corresponding quadratic space. Lete1,e2 be an or-

thogonal basis ofV with q(e2) = cq(e1). Then the orthogonal group of

V consists of matrices of the form

(
λ1 λ2

−cλ2 λ1

)
,

(
λ1 λ2

+cλ2 −λ1

)
with λ1,

λ2 ∈ K andλ2
1 + cλ2

2 = 1; hence the special orthogonal group ofV con-

sists of the matrices

(
λ1 λ2

−cλ2 λ1

)
with λ2

1 + cλ2
2 = 1. Such matrices are

isomorphic to the group of elements of norm 1 in the quadratic extension
K[X]/(x2+c) of K; henceS O2 is an algebraic torus.

Another example is the following.

Example 4.If h is a skew hermitian form on the quaternion division
algebraC over K thenS U1(C/K,h), the special unitary group is an al-
gebraic torus.

If T is a torus defined overK then there exists a finite Galois exten-
sion L of K which is a splitting field ofT. This is because the rational
functions defining the isomorphismT=̃Gn

m are finite in number and we
can adjoin the coefficients of these toK to get a fieldL′; the field we re-
quire can be taken to be some finite normal extensionL of K containing
the fieldL′.

Theorem 1. Suppose T is an algebraic torus defined over K; let L be a
splitting field of T ; then if X= Hom(Gm,T) we have TL=̃X ⊗Z L∗.

HereHom(Gm,T) denotes the set of morphisms of Gm into T defined49

over L and which are also group homomorphisms.

Proof. Consider the mapL∗ ⊗Z Hom(Gm,T)→ TL defined byx⊗ f →
f (x). This makes sense sincef is defined overL so that f (x) ∈ TL.
This is an isomorphism. For ifT=̃Gn

m overL, TL=̃Gm(L)n = (L∗)n; also
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L∗ ⊗Z Hom(Gm,T)=̃L∗ ⊗Z Zn=̃(L∗)n; after these identifications the map
defined above becomes the identity map of (L∗)n onto itself. This proves
the theorem. �

Remark. If L/K is a Galois extension thengL/K acts onX = Hom(Gm,

T) so that if f : Gm→ T is an element ofX, s f (sx) = s( f (x)); it there-
fore acts onX⊗ZL∗ too. Then the above isomorphism is an isomorphism
of gL/K-modulesL∗ ⊗Z X andTL.

If T is an algebraic torus and̃T is a connected commutative group
which is a covering ofT, thenT̃ is also an algebraic torus. For if 0 :̃T →
T is the covering an ifx ∈ T̃ is unipotent thenp(x) will be unipotent and
sinceT is a torusp(x) = 1; hencẽTu, the unipotent part ofT is contained
in the kernel ofp which is finite. HencẽTu being connected, it is{1},
and soT̃ consists only of semisimple elements and being commutative
and connected it is an algebraic torus.

3.2 Class Field Theory

In this section we shall list some of the results of class field theory we
require without proofs. For proofs see the referencesS1,Ta

a) Local class field Theory. 50

Let K be any field. We denote byBK the Brauer group ofK; it is
defined to be the inductive limit ofH2(gL/K , L∗) whereL/K runs through
the set of finite Galois extensions and the limit is taken with respect
to the inflation homomorphisms. Alternatively, consider the classℓ of
simple algebras overK with centreK. If A, A′ are two such algebras we
know by Wedderburn’s theorem thatA � Mn(D), A′ � Mn′(D′) where
D, D′ are division algebras. The integern and the isomorphism class of
D characteriseA upto isomorphism; similarlyn′ and the isomorphism
class ofD′ characteriseA′, upto isomorphism; We shall sayA ∼ A′

if D � D′. Let BK = ℓ/ ∼ be the set of equivalence classes;BK is
then made into a group as follows: ifA, B are representatives of two
classes ofBK then the equivalence class ofA ⊗K B depends only on
those ofA andB so that we get a mapBK ×BK → BK . This composition
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makesBK into a group, the identity element being the equivalence class
of K and the inverse of a class with representativeA is the class with
representativeAo, the opposite algebra ofA.

Now let K be ap-adic field, i.e. a field complete under a discrete
valuation, with finite residue class field.

Theorem 2 (cf. [8]). There is a canonical isomorphism BK � Q/Z. If
A is a simple algebra over K with center K then the image of its class
under the above isomorphism is called the Hasse - invariant of A; if we
denote this invariant by invK(A) then for any finite extension L of K. We
have invL(A⊗K L) = [L : K]invK(A). We have further

Theorem 3. If A is a central simple algebra over K then it is split by an51

extension L of K with the property[L : K]2 = [A : K].
Another theorem which we will need is the following theorem of Tate

and Nakayama ([18], IX,§8):

Theorem 4 (Nakayama-Tate). Let G be a finite group, A a G-module,
an (a) an element of H2(G,A). For each prime number P let GP be a
p-Sylow subgroup of G, and suppose that

1) H1(Gp,A) = 0

2) H2(Gp,A) is generated by Res G/Gp(a) and the order of H2(Gp,A)
is equal to that of Gp.

Then, if D is a G-module such that for(A,D) = 0, the cup multipli-
cation by(ag) = ResG/g(a) induces an isomorphism

Ĥn(g,D)→ Ĥn+2(g,A⊗ D)

for every n∈ Z and every subgroup g of G.
In this theorem the Tate cohomology groupsĤ are defined as follows

([18], VIII, §1):

Ĥn(G,A) = Hn(G,A) for n ≥ 1

Ĥo(G,A) = AG/NA where N: A→ A

is the norm homomorphism defined
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by N(a) =
∑

s∈G
sa

Ĥ−1(G,A) = NA/IA

whereNA denotes the kernel of the norm mapping and I is the augmen-
tation ideal of Z(G) generated by the elements1− s with s∈ G.

Ĥ−n−1(G,A) = Hn(G,A), the nth homology group for n≥ 1.
If L/K is a finite Galois extension of the adic field K then H2(gL/K , L∗) is 52

a cyclic group generated by the ‘fundamental class’(a) and is of order
equal to[L : K]. Condition2) of the present theorem for g= gL/K ,
A = L∗ is an easy consequence of the property of Hasse invariant stated
under theorem 2.

Using the theorem we can prove the following

Theorem 5. Let T be an algebraic torus over K split by the finite Galois
extension L; with the notations of theorem 1 we haveĤn+2(gL/K ,T) �
Ĥn(gL/K ,X).

Proof. By theorem 1 we know that̂Hn+2(gL/K ,T) � Ĥn+2(gL/K ,X ⊗Z

L∗). We shall apply theorem 4. Condition 1) is Hilbert’s theorem 90
(cf. §1.7, example 1). We have just seen that conditions 2) is satisfied.
SinceX is a free abelian group Torl(X, L∗) is zero. Hence cup multipli-
cation by the fundamental class ofH2(gL/K , L∗) induces by theorem 3
an isomorphism

Ĥn+2(gL/K ,X ⊗Z L∗) ≃ Ĥn(gL/K ,X)

which proves the result. �

3.3 Global class field Theory.

Let K be a number field andN a finite Galois extension with Galois
groupg; we shall employ the following notations:
I = IN - the idele group ofN
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C = CN - the idele class group ofN, i.e. IN/N∗ whereN∗ is imbedded in
IN by the mapa→ (. . . ,a, . . .).
v̄ - places ofN 53

v - place ofK
∞ - the set of infinite places.

To any given placev of K we choose an extension ¯v of v to N and
keep it fixed; this extension is denoted byh(v); gh(v) is then used to
denote the Galois group of the extensionNh(v)/Kv, which is the decom-
position group ofh(v).
Z - the ring of rational integers
Y - the free abelian group generated by the set of places ofN.
If s ∈ g and v̄ a place ofN then sv̄ denotes the place ofN defined by
|x|sv̄ = |x|v̄; g acts onY by the rules(

∑
nv̄v̄) =

∑
nV̄

s
v̄; W - kernel of the

surjectiveg-homomorphismY→ Z defined by
∑

nv̄.v̄→
∑

nv̄.

With these notations we shall explain a result of Nakayama and Tate
which we shall use in the study of ‘Hasse Principle’ in number fields.

We compare the two exact sequences ofg-modules:

1 −→ N∗ −→ I −→ C −→ 1 (1)

1 −→W −→ Y −→ Z −→ 1 (2)

Tate’s theorem then asserts that we can find elementsα1 ∈ H2(g,
Hom(Z,C)), α2 ∈ H2(g,Hom(Y, I )) andα3 ∈ H2(g,Hom(W,N∗)) such
that cup multiplication by these cohomology classes induce isomor-54

phismsĤi(g,Z) � Ĥi+2(g,C), Ĥi(g,Y) � Ĥi+2(g, I ), Ĥi(g,W) � Ĥi+2

(g,N∗); moreover there exists a commutative diagram with exact rows:

. . . // H̄i+2(g,N∗) // H̄i+2(g, I ) // H̄i+2(g,C) // · · ·

. . . // Ĥi(g,X) //

OO

Ĥi(g,Y)

OO

// Ĥi(g,Z) //

OO

· · ·

(3)

where the vertical maps are the isomorphisms mentioned above.
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Let M be a torsian freeg-module; tensoring (1) and (2) withM we
get exact sequences ofg-modules:

1 −→ M ⊗ N∗ −→ M ⊗ I −→ M ⊗C −→ 1 (1′)

1 −→ M ⊗ N −→ M ⊗ Y −→ M ⊗ Z −→ 1 (2′)

Then Cohomology classes ¯α1 ∈ Ĥ2(g,Hom(M ⊗ Z,M ⊗ C)), ᾱ2 ∈
Ĥ2(g,Hom(M ⊗ Y,M ⊗ I )) andᾱ3 ∈ Ĥ2(g,Hom(M ⊗W,M ⊗ N∗)) are
constructed fromα1, α2 andα3 such that the cup-multiplication by these
cohomology classes give isomorphisms

Ĥi(g,M ⊗ Z) � Ĥi+2(g,M ⊗C)

Ĥi(g,M ⊗ Y) � Ĥi+2(g,M ⊗ I )

andĤi(g,M ⊗W) � Ĥi+2(g,M ⊗ N∗); moreover there exists a commu-
tative diagram with exact rows:

. . . // Ĥ i+2(g,M ⊗ N∗) // Ĥ i+2(g,M ⊗ I ) // Ĥ i+2(g,M ⊗C) // . . .

. . . // Ĥ i(g,M ⊗W) //

OO

Ĥ i(g,M ⊗ Y) //

OO

Ĥ i(g,M ⊗ Z) //

OO

. . .

(3′)

where the vertical maps are the isomorphisms quoted above. 55

Another result which we shall need is the following isomorphisms
also proved in Tate’s paper:

Ĥi(g,M ⊗ Y) � ⊗vĤ
i(gh(v),M ⊗ Z) (4)

Ĥi(g,M ⊗ I ) � ⊗vĤ
i(gh(v),M ⊗ Nh(v)) (5)

With these preliminary discussion we shall go on to prove

Theorem 6(a). Let T/K be an algebraic torus split by the finite Galois
extension N of K; suppose N/K is cyclic or there exists a place w of K
which is such that N⊗K Kw is a field, i.e. there exists a unique extension
of w to N; then for any i the canonical map

Ĥi(g,TN) −→
∏

v

Ĥi(gh(v),TNh(v)) (6)

is injective; here the product on the right hand side is taken over all
places v of K.
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Theorem 6(b). With the notations of theorem 6 a) let S be a finite set of
places of K containing the infinite places. If the decomposition groups
gh(v), v ∈ S are all cyclic then the canonical map

Ĥi(g,TN) · · ·
∏

v∈S
Ĥi(gh(v),TNh(v)) (7)

is surjective.

Corollary. With the above notations the canonical map

H1(K,T) −→
∏

v∈∞
H1(Kv,T)

is surjective.

Proof of theorem 6.a). By theorem 1, we know thatTN � X ⊗ N∗56

whereX = Hom(Gm,T) this being ag-isomorphism; so that̂Hi(g,TN) �
Ĥi(g,X ⊗ N∗). Similarly Ĥi(gh(v),TNh(v)) � Ĥi(gh(v),X ⊗ N∗h(v)). Hence
we have only to prove that the mapping

Ĥi(g,X ⊗ N∗) −→
∏

v

Ĥi(gh(v),X ⊗ N∗h(v))

is injective. By the isomorphism (5) applied toM = X we are reduced
to proving the injectivity of the map

Ĥi(g,X ⊗ N∗) −→ Ĥi(g,X ⊗ I ).

By (3′) this is equivalent to proving the injectivity of

Ĥi−2(g,X ⊗W) −→ Ĥi−2(g,X ⊗ Y);

again by (3′) the latter will follow if we prove that the map

Ĥi−3(g,X ⊗ Y) −→ Ĥi−3(g,X ⊗ Z)

is surjective. We shall prove that the map

Ĥi(g,X ⊗ Y) −→ Ĥi(g,X ⊗ Z)

is surjective for alli and this will establish our result. We know by
Frobenius theorem resp. by assumption there exists a placew with de-
composition groupgh(w) = g; but then in (4) (withM = X one compo-
nent on the right hand side iŝHi(g,X ⊗ Z). This proves the result.
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Proof of theorem 6.b). The right hand side of 7 is contained in⊗v

Ĥi(gh(v),TNh(v)). Using (3′) and (5) we are reduced to proving the fol-
lowing: given elementsαv ∈ Ĥi(gh(v),TNh(v)) for v ∈ S to find elements 57

αv ∈ Ĥi(gh(v),TNh(v)) for v ∈ S such that the image of the element (αv)
of ⊗Ĥi(gh(v),TNh(v)) under the map̂Hi(g,X ⊗ I ) → Ĥi(g,X ⊗C) is zero;
the latter question is equivalent to the following: given finitely many
components corresponding tov ∈ S in ⊕Ĥi−2(gh(v)X ⊗ Z) to find other
components so that the resulting element ofĤi−2(g,X ⊗ Y) will have
image zero under the map

Ĥi−2(g,X ⊗ Y) −→ Ĥi−2(g,X ⊗ Z),

we shall prove that this is possible for everyi.

By a theorem of Frobenius since allgh(v)’s are cyclic forv ∈ S to any
givenv ∈ S we can find a place ¯v of N not dividing any place belonging
to S such thatgv̄ = gh(v); such a choice is possible in infinitely many
ways; letv̄ = h(v̂) wherev̂ is a place ofK. We can moreover assume
that thev̂’s are all different; letS1 be the set of places ˆv obtained in this
way. Suppose we are given elementsβv ∈ Ĥi(gh(v),X) for v ∈ S; define
an element (xv) ∈ ⊗Ĥi(gh(v),X) � Ĥi(g,X ⊗ Y) by the requirements

xv = βv for v ∈ S.

xv̂ = −βv if v̂ is such thath(v̂) = v̄, v ∈ S

xv = 0 if v < S ∪ S′

Then this element has image zero under the mapĤi(g,X ⊗ Y) → Ĥi(g,
X ⊗ Z). This proves the result.

Theorem 7. Let K be a number field and T an algebraic torus defined58

over K and split by the finite Galois extension; suppose there exists a
place v of K for which there exists no non-trivial homomorphism of Gm

into T defined over Kv. Then the canonical map

H2(g,TN) −→
∏

v

H2(gh(v),TNh(v))

is injective.
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Proof. With the notations of theorem 6a) we have only to prove the
surjectivity of the map

Ĥ−1(g,X ⊗ Y) −→ Ĥ−1(g,X ⊗ Z).

By (4) we have

Ĥ−1(g,X ⊗ Y) � ⊕Ĥ−1(gh(v),X ⊗ Z) � NX
v /IvX

whereNv denotes the norm mapping ofgh(v), Iv denotes the augmenta-
tion ideal ofgh(v) andNvX denotes the kernel of the norm mapping. Sim-
ilarly Ĥ−1(g,X⊗Z) � NgX/IgX, Ng denoting the norm mapping ofg and
Ig the augmentation ideal ofg. If ηv denotes the map̂H−1(gh(v),X) →
Ĥ−1(g,X) got by passage to quotients in the natural inclusionNvX →
NgX then the mapĤ−1(g,X ⊗ Y) → Ĥ−1(g,X ⊗ Z) is given after the
above identification by the rule

(xv)→
∑

ηvxv

This shows that the proof of the theorem will be completed if we can
show the existence of a placev for which NvX = NgX holds; we claim59

that the placev given in the statement of the theorem will suffice; for by
assumption (X)gh(v) = (Hom(Gm,T))gh(v) = (1); since imageNv ⊂ (X)gh(v)

we must have imageNv = (1) which implies thatNvX = X but then
NgX = X and so we are through. �



Chapter 4

P-adic group

4.1 Statement of results
60

In this chapter by aP-adic field we mean a discrete valuated complete
field of characteristic zero with finite residue class field. We shall first
state two theorems

Theorem 1. Let G be a linear algebraic group defined over aP-adic
field K and assume G to be semi - simple and simply connected; then
H1(K,G) = {1}

Theorem 2. Let G be a semisimple and connected algebraic group de-
fined over K; letG̃ → G be the simply connected covering with kernel
F. Then the mappingδ : H1(K,G)→ H2(K, F) obtained from the exact
sequence of algebraic groups1→ F → G̃→ G→ 1 is surjective.

Putting these together we can conclude thatδ of theorem 2 is ac-
tually bijective. ForH1(K, G̃) = {1} by theorem 1, so that only the
distinguished element ofH1(K,G) gets mapped into the distinguished
element ofH2(K, F) by δ . Now suppose two elements (as), (bs) of
H1(K,G) get mapped into the element ofH2(K, F) by δ. Twist G by
the cocycle (as) and call the twisted groupaG. SinceG operates onG̃
by inner automorphisms̃G can be twisted by (as); let aG̃ be the twisted
group. The resulting sequence 1→ F → aG̃→ aG→ 1 is again exact;

45
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moreover sinceaG̃ is the simply connected covering of the semisimple
groupaG by the first part of the argument the images of the cohomology
classes (as) and (bs) under the bijective mappingH1(K,G)→ H1(K, aG)61

are both the distinguished element ofH1(K, aG) and so (as) and (bs) are
cohomologous. Henceδ is bijective. This shows that a knowledge of the
cohomology of the finite abelian groupF will enable us to determine the
cohomology ofG.

We shall prove these theorems only for the classical groups, follow-
ing the first part of [16]; the second part of that paper contains a case
by case proof for exceptional groups. More satisfactory is the general
theory of semisimple groups overP-adic fields byF. Bruhat andJ.
Tits [3] of which theorem 1 is a consequence.

We start by classifying theP-adic classical groups. By the results
of chapter 2, this reduces to the classification of simple algebrasA over
K with involution I . Let (A, I ) be a central simple algebra overK with
involution I . If Ao is the opposite algebraI gives an isomorphism ofA
ontoAo so thatinvKA = invKAo, even if I is of the second kind, and so
the isomorphism betweenA andAo is not aK-isomorphism; but since
Ao is the inverse ofA in the Brauer groupBK by §3.2, theorem 2 we

gaveinvKA = −invKAo so thatinvKA = 0 or
1
2

; in the first caseA is a

matrix algebra overK. In the second case letA = D ⊗K MΓ(K) where
D is a division algebra overK. SinceinvK MΓ(K) = 0 and invKA =

invKD + invK M(K) mod 1 we haveinvKD =
1
2

, i.e. D is a quaternion

division algebra so thatA is a matrix ring over the quaternion division
algebraD. This gives the following

Proposition 1. Any central simple K-algebra with involution is either62

a matrix algebra over K or a matrix ring over quaternion division al-
gebra. Using these results we shall prove the following classification
theorem.

Theorem.The only simply connected absolutely almost simple classical
groups over K are the following :

1An -Norm-one group of simple K-algebras
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2An -Special unitary groups of hermitian forms over quadratic exten-
sions of K

Cn-Sympletitic groups and unitary groups of hermitian forms over
quaternion division algebras.

Bn, Dn-Spin groups of quadratic forms, spin groups of skew hermi-
tian forms over quaternion algebras

Proof. For type1An there is nothing to prove anew. For subtype2An we
know the corresponding groups are

{
x ∈ A/xxI = 1;Nx= 1

}
whereA is

a simpleK-algebra with involutionI of the second kind andN stands
for the reduced norm. We know by§2.5 thatA � Mr (L) whereL is a
quadratic extension ofK. If x = (xi j ) ∈ Mr (L) let x∗ = (xI

ji ); thenx→ x∗

is an involution of the second kind onMr (L). Since the restrictions of
I and∗ to L are the same there exists an invertible elementa ∈ A such
that xI = ax∗a−1 for everyx ∈ A. We saw in§2.5 thata can be chosen
to satisfya∗ = a, i.e. hermitian. The conditionxxI = 1 means that
xax∗ = a, i.e x is an element of the unitary group ofa; the condition
Nx = 1 means detx = 1 under the identificationAMr (L). Hencex is 63

actually an element of the special unitary group of the hermitian form
defined bya. Conversely groups defined in this way belong to subtype
2An. The other types are classified in§2.6. �

4.2 Proof of theorem 2

We shall now prove theorem 2. We shall construct a commutative sub-
groupT̃ ⊂ G̃ such thatT̃ ⊃ F and such thatH2(K, T̃) = {1}. Then the
diagram below is commutative with exact rows.

1 // F // G̃ // G // 1

1 // F //

OO

T̃ //

OO

T //

OO

1
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HereT is the quotient ofT̃ by F and the vertical maps are inclusions.
UsingH2(K, T̃) = {1} we then get a commutative diagram

H1(K,G)
δ // H2(K, F)

H1(K,T)
δ //

OO

H2(K, F) //

OO

1

which shows thatδ : H1(K,G) → H2(K, F) is surjective, hence the
theorem will be proved if we can construct such aT̃. For this we have
the following

Lemma 1. G̃ contains an algebraic torus̃T defined over K and con-
taining F such that H2(K, T̃) = {1}.

By the results of§2.2, it suffices to prove lemma 1 for̃G absolutely
almost simple. We know by§3.2, theorem 5 that if̃T is a torus ofG̃ over64

K split by the Galois extension L of finite degree over K then

H2(gL/KT̃) � Ĥo(gL/KXT̃) where X̃T = Hom(Gm, T̃)

is the set of homomorphisms of Gm into T̃ defined over L. Since center
G̃ ⊃ F, if we can construct a torus̃T such that i) T̃ ⊃ centre ofG̃
and ii) there exists no nontrivial rational homomorphism of Gm into T̃
defined over K, then it will follow that̂Ho(gL/KXT̃) = {1} and by what
precedes lemma 1 will be proved after passing to the inductive limit.
Hence lemma 1 is a consequence of the following

Lemma 2. If G is a simply connected absolutely almost simple classical
group over K there exists a torus T/K containing the centre such that
there exists no non-trivial homomorphism of Gm into T over K.

Type 1An: hereG = {x ∈ A/Nx = 1} whereA is a simpleK-algebra.
Let L be a maximal commutative subfield ofA and defineT = {x ∈
L/Nx = 1}; we saw in§3.2 Example 2 thatT is a torus; clearlyT ⊂ G
and contains the center ofG.

We claim thatT satisfies our requirements: letL∗ be the torus de-
fined in§3.1 Example 1 letf : L∗ → Gn+1

m be the isomorphism defined
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over K̄. Let for eachi such that 1≤ i ≤ n+ 1, ui be the homomorphism
ui : Gm → Gn+1

m defined byx → (1, . . . , x · · ·1). Theseui ’s gener-
ate Hom̄K(Gm,Gn+1

m ) this being the set of rational homomorphisms of
Gm into Gn+1

m , defined overK̄. Hence f̄ −1 · ui generate Hom̄K(Gm,T); 65

moreover thesef̄ ′ou′i s are free generators of the free abelian group
HomK̄(Gm,T). The isomorphismf : L∗

K̄
→ (K̄∗)n+1 is defined in the

following way; lets1, . . . , sn+1 be the distinctK-isomorphisms ofL into
K̄; then f is induced by the mapL ⊗K K̄ → K̄ ⊕ · · · ⊕ K̄ given by
x ⊗ y → (s1 x.y, s2 x.y, . . . , sn+1 x.y). Using this it follows that ifF is a fi-
nite Galois extension ofK which splitsT thengF/K acts transitively on
the set off −1ou′i s and that its action is simply to permute them. This
implies if

∏
( f −1oui)r i ∈ HomK(Gm, L∗) thenr i = r for all i. The image

of
∏

( f −1oui)r i will be in T if and only
∑

r i = 0; these two conditions
can be satisfied only when all ther i are zero. Hence there exists no non-
trivial homomorphism ofGm into T defined overK̄. This proves the
lemma for the subtype1An.

Next consider the subtype2An; these are special unitary groups of
hermitian forms over quadratic extensionsL of K. Let G = S U(h)
accordingly; choose an orthogonal basise1,e2, . . . ,en+1 of the corre-
sponding vector space. DefineT = {x ∈ G/xei = λiei} where theλ′i s
are scalars; theλ′i s satisfy the conditions

∏
λi = 1 andNN/Kλi = 1; this

shows thatT is isomorphic to a product of groups of the previous type
considered and we can repeat the argument for each of the components
of this product.

Next consider the typeCn: Here we have to consideri) G = S p2n ii )
G=unitary group of hermitian form over quaternion division algebra.

Case (i). We haveS p2n ⊃ S p2 × · · · × S p2 � S L2 × · · · × S L2; since 66

S L2

n factors n factors

is of type 1An we can construct a torusT1 of dimension one in
S L2 containing the centre ofS L2 for which HomK(Gm,T1) = {1}.
ThenT = T1 × · · · × T1 will be a torus of the desired kind; for

n factors
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HomK(Gm,T) � {HomK(Gm,T1)}n = {1}. The centre ofS p2n is
{±1}which is contained in the centre ofS pn

2; hence centreS p2n ⊂
centreS Ln

2 but Tn
1 ⊃ centre ofS Ln

2; henceT ⊃ centreS p2n: this
proves the result in this case.

Case (ii). The argument is similar; letG = Un(C/K,h) whereC is a
quaternion division algebra overK andh is a non-degenerate her-
mitian form overC. Taking an orthogonal basis for the corres
ponding vector space we see thatUn(C/K,h) contains the prod-
uct of n one-dimensional unitary groups operating onC as a left
vector space over itself withh(x, y) = xayI ; hereI is the standard
involution onC anda ∈ K. Any C-linear automorphism ofC is
of the formx→ xλ with λ ∈ C∗.h(xλ, yλ) = h(x, y)⇐⇒ λλI = 1.

HenceU1(C/K,h) is isomorphic to the group of elements ofC
with norm 1 and soU1 is a group of type1An. Hence by what we
have proved there exists a torusT1 of dimension one defined over
K containing the centre ofU1(C/K,h) and such that HomK(Gm,

T1) = {1}. DefineT = Tn
1; as in the last case consideredT will be

a torus having the requisite properties.

Next consider typesBn, Dn:67

i) G = S O2n(n ≥ 2); we need the following

Lemma 3. Let V be a non-degenerate quadratic space over K of di-
mension2n with n ≥ 2. Then there exists an orthogonal splitting V=
V1 ⊥ V2 ⊥ · · · ⊥ Vn where the V′s are two dimensional anisotropic
subspaces.

We shall assume this lemma for the moment. LetTi be the special
orthogonal group of the quadratic spaceVi ; thenS O2n ⊃ T1 × · · · × Tn;
we have shown in§3.1 Example 3 that theT′i s are algebraic tori; define
T = T1×· · ·×Tn; we claim that this torus satisfies our requirements. The
proof of this is exactly the same as in the case ofS p2n; we have only to
use the fact that the centre ofS O2n is ±1. Consider the spin group now;
let p : Spin2n→ S O2n be the covering homomorphism. IfT is the torus
of S O2n constructed as above then we claim thatT̃ = p−1(T) has the
required properties; firstly sincep|T̃ : T̃ → T is a surjective morphism
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with finite kernel if we prove that̃T is connected it will follow from
§3.1. Remark 2 that̃T is an algebraic torus.

Let V1 be a two dimensional anisotropic quadratic space. Then the
Clifford algebraC(V1) is of dimension 4 andC+(V1) is justK(

√
c) where

c is the discriminant ofV1 and the∗ automorphism is the non-trivialK-
automorphism ofK(

√
c). Hence we have Spin2(V1) = {x ∈ C+/xx∗ =

1} is isomorphic to the group of elements ofK(
√

c)/K with norm 1
which is a torus. In particular Spin2(V1) is connected. Moreover if68

T′i = Spin(Vi) is considered as a subgroup of Spin(V) then p−1(T) =
p−1(T1 × · · · × Tn) = T′1 × · · · × T′n is connected. Hence as said before
T̃ is a torus. EvidentlỹT ⊃ center of Spin2n sinceT ⊃ center ofS O2n.
Next if f : Gm → T̃ is a non-trivial homomorphism defined overK,
f (Gm) is one-dimensional; since the kernel ofp|T̃ : T̃ → T is zero
dimensional the compositep|T̃o f will be a non-trivial homomorphism
of Gm into T defined overK which contradicts the property ofT; hence
HomK(Gm, T̃) = {1} and soT̃ has the required properties. For typeDn

we need the following

Lemma 4. If h is a skew-hermitian form on the quaternion division
algebra C over K then S U1(C,h) is a torus T without non-trivial homo-
morphism of G into T over K.

Proof. If h(x, y) = xayI with aI = −a, thenS U1(C,h) = {x ∈ C/xaxI =

a,Nx = 1} = {x ∈ C/xa = ax,Nx = 1}, i.e. the elements of norm 1 in
the quadratic extensionK(a). �

Since our groups of typeDn are isomorphic to the unitary group of a
skew-hermitian form over a quaternion division algebra sayUn(C/K,h)
we can carry out the procedure adopted forS O2n to construct a torus
with the requisite properties forUn(C/K; h).

Proof of Lemma 3.To start with let the quadratic spaceV be of di-
mension four. There certainly exists a decompositionV = V1 ⊥ V2

with V1, V2 two dimensional andV2 containing an anisotropic vectore2;
let G be the quadratic form associated withV. If both V1 andV2 are 69

anisotropic there is nothing to prove. So supposeV1 is isotropic. Using



52 4. P-adic group

the fact that the quadratic form of an isotropic space represents any non-

zero element ofK we can choosee1 ∈ V1 so thatG (e1,e1) =
−a

G (e2,e2)
wherea is some element ofK∗ which is not a square and not equal to
the discriminant ofV modulo squares, the choice of such an a being al-
ways possible in theP-adic field. Then the two dimensional subspace
V′1 = Ke1 ⊕ Ke2 of V has discriminant equal to−a modulo squares; by
the choice ofa, V′1 is anisotropic; ifV′2 it the orthogonal complement of
V′1 it is also anisotropic since by choicea . −d(V) mod squares.

HenceV = V′1 ⊥ V′2 is the required decomposition. The general case is
proved by induction on the integer 2n. If n = 2 we have just seen that
the lemma is true. So we can assume thatn ≥ 3 and that the lemma is
true for all subspaces ofV of dimension 2m with 2 ≤ m < n. Let U be
a four dimensional non-degenerate subspace ofV. Let V = U ⊥ W be
an orthogonal splitting. ForU we have a decompositionU = V1 ⊥ V2

with V1 andV2 both anisotropic. The subspaceV2 ⊥W is of dimension
2(n− 1) ≥ 4 so induction assumption can be applied.
Hence there exists an orthogonal splittingV2 ⊥ W = V′2 ⊥ V′3 ⊥
· · · ⊥ V′n whereV′2,V

′
3, . . .V

′
n are anisotropic subspaces of dimension

two. HenceV = V1 ⊥ V′2 ⊥ V′3 ⊥ · · · ⊥ V′n is a splitting of the required
kind for V. This proves the lemma.

Now considerS O2n+1 for odd dimension. In this case we can prove
that the corresponding vector space has a decompositionV1 ⊥ · · · ⊥
Vn ⊥ W with V′i s two dimensional anisotropic andW one dimensional.70

As before we can prove thatp : Spin2n+1 → S O2n+1 is the covering
homomorphism andT = S O(V1)× · · · ×S O(Vn) thenp−1(T) will be the
torus with the required properties. This completes the proof of theorem
2.

4.3 Proof of theorem 1

Type 1An: The classical group of this type isG = {x ∈ A/Nx= 1}where
A is a simpleK-algebra. From the exact sequence 1→ G → A∗ →
Gm→ 1 and from the factH1(K,A∗) = {1} proved in 1.7. Example 1 we
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get the following exact sequence of cohomology sets:

A∗K
N→ K∗ → H1(K,G)→ 1.

To show thatH1(K,A∗) = {1} we have only to prove the

Lemma 1. A∗K
N→ K∗ is surjective.

Proof. Let t ∈ K∗ be a prime element i.e. an element of order 1 in
the discrete valuation. The polynomialf (x) = xn+1 + (−1)n+1t is an
Eisenstein’s polynomial overK and consequently irreducible. Hence
K[X]
( f )

is a field extension ofK of degree (n + 1) so that by theorem

3, §3.2. A is split by the extension
K[x]
( f )

. Hence there exists aK-

isomorphism of
K[x]
( f )

onto a subfieldL of A; the reduced norm of an

element ofL is the usual normNL/K ; since the residue class ofx in
K[x]
( f )

has norm overK equal tot we see thatt is the reduced norm of

an element ofA∗. Next if ε be any unit ofK∗ both t and tε are prime
elements and so they are reduced norms of elements ofA∗; consequently
ε is the reduced norm of element ofA∗. Since any element ofK∗ can be 71

written astrε wherer ∈ Z andε is a unit the lemma follows. �

Type 2An. HereG = S Un+1(L/K,h) where [L : K] = 2 andh is a her-
mitian form overL. Since we have seen from the Dynkin diagram that
there is no subtype2A1, S U2(L/K,h) is isomorphic to a group belonging
to type1An · A simple direct proof will be as follows.

Lemma 2. Let A be a quaternion K-algebra with involution I of the
second kind; let L be the centre of A so that[L : K] = 2. Then the
group G1 =

{
x ∈ A/xxI = 1,Nx= 1

}
is isomorphic to the group G2 =

{x ∈ B/Nx= 1} where B is a quaternion algebra of centre K.

Proof. We proved in§2.5 proposition 1 that there exists a quaternion al-
gebraB of centreK such thatA � B⊗K L, thatI induces the standard in-
volution onBand onL the action ofI is the non-trivialK-automorphism.
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Let L = K(
√

d) Then anyx ∈ A can be written asx = x1 ⊗ 1+ x2 ⊗
√

d.
Then �

xxI = (x1⊗1+ x2⊗
√

d)(xI
1⊗1− xI

2⊗
√

d) = (x1xI
1−dx2xI

2)⊗1+ (x2xI
1−

x1xI
2) ⊗

√
d; the conditionxxI = 1 implies (x−1

1 x2)I = x−1
1 x2, hence

x2 = tx1 with t ∈ K. Thenx = x1⊗1+tx1⊗
√

d = x1⊗(1+t
√

d) = x1⊗z,
say wherez ∈ L. Now xxI = 1 is equivalent tox1xI

1 ⊗ zzI = 1; the
conditionNx = 1 is equivalent tox1xI

1 ⊗ z2 = 1 (because inB, x1xI
1 is

the reduced norm; the termz2 accounts for the fact that inA the reduced
norm is taken with respect toL). The last two conditions givez = zI ;
i.e. z ∈ K; hence ifx ∈ G1 we have proved thatx = x1z⊗ 1 i.e. x ∈ B;72

but thenB, xxI = 1 andNx= 1 are equivalent; hence the lemma.
The lemma implies by case1An that H1(K,S U2(h)) = {1}. Let V

be the vector space of (n + 1) dimension overL corresponding to this
hermitian fromh; choose a vectora ∈ V such thath(a,a) , 0. Let H
be the subgroup ofG consisting of those elements which fix the vector
a. ThenH is the unitary groupS Un of dimensionn corresponding to
the orthogonal complement ofa in V. Applying induction onn we have
only to prove the following.

Lemma 3. The map i: H1(K,S Un) → H1(K,S Un+1) induced by the
injection S Un→ S Un+1 is surjective for n≥ 2.

Proof. Let a = (as) ∈ H1(K,S Un+1); (a) is in the image ofi if and
only if the twisted homogeneous spacea(S Un+1/S Un) has aK-rational
point by§1.5. Proposition 1. NowS Un+1/S Un � Un+1/Un. Let T ={
x ∈ V/h(x, x) = c

}
wherec = h(a,a), Un+1 acts transitively onT

and the subgroup ofUn+1 fixing T is Un; henceUn+1/Un � T so that
a(S Un+1/S Un) � aT , �

SinceG is a group ofL-automorphisms ofV and that the hermitian
from h is fixed by all these automorphisms we can twist bothV andh
by the cocycle (as) to get a vector spaceV′ and a hermitian formh′ and
an isomorphismf : V ⊗K K̄ → V′ ⊗K K̄ such thatf −1os f = as. Let

T′ =
{
x ∈ V′/h′(x, x) = c

}
; then f (T) = T′ holds; andf −1os f = as

show thatT′ �a T. We have only to shows thatT′ has aK-rational73
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point. But this follows from the fact that any non-degenerate hermitian
form of dim ≥ 2 is a quadratic form of dimension≥ 4, and so over
a local field represents any non-zero element of the field. Hence the
lemma is proved and consequently theoremI for type2An.
TypeCn i) G = S p2n; we proved in§1.7. Example 3 thatH1(K,S p2n) =
1. ii) G = Un(C/K,h) whereC/K is a quaternion algebra of centreK and
h is a non-degenerate hermitian form overC; let V be the corresponding
n-dimensional vector space. Forn = 1U1(C/K,h) is isomorphic to a
group of type1An so thatH1(K,U1(C/K,h)) = {1} by theorem 1 for
type 1An. Let Un−1(C/K,h) be the subgroup ofUn(C/K,h) fixing an
anisotropic vector ofV; then just as in the discussion of type2An, the
mapH1(K,Un−1(C/K,h)) → H1(K,Un(C/K,h)) is surjective. Here we
have only to use the fact that any hermitian formh with respect to the
standard involution onC represents any non-zero element of the local
field K. Applying induction onn we see the truth of theorem 1 in this
case.
Types Bn and Dn. First considerS On and its universal covering Spin
n; for n ≤ 6 the theorem follows by the isomorphism of Spinn with
group of the previous types considered; for example Spin3 is the norm-
one group of the second Clifford algebra which is a quaternion algebra
(§2.3, [9], [12]) and soH1(K,Spin3) = {1}; we can assumen ≥ 4 and
apply induction; let 0n−1 be the subgroup of 0n fixing an anisotropic vec- 74

tor; then Spinn /Spinn−1 = S On/S On−1 � On/On−1; by Witt’s theorem

On/On−1 =

{
x ∈ V/G (x, x) = G (a,a)

}
haveV is the vector space corre-

sponding to the quadratic formG anda is the anisotropic vector chosen.
Applying the twisting argument and the fact that any quadratic form
over aP-adic fieldK in at least four variables represents any non-zero
element ofK it will follow that the mapH1(K,Spinn−1)→ H1(K,Spinn)
is surjective forn ≥ 4. Induction now works for the proof of theorem 1.

Finally consider the remaining classical groups of typeDn; they are
G = Spinn(C/K,h) whereC is a quaternion algebra overK andh is a
skew hermitian form overC with respect to the standard involution on
C. LetV be the corresponding vector space overC. ThenG is the simply
connected covering ofS Un(C/K,h) the special unitary group. Now for
n = 3 this group is isomorphic overK to a group of typeA3 so that
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its Galois cohomology is trivial. This can be used to apply induction
on n. If Un−1 is the subgroup ofUn fixing an anisotropic vector ofV
then Spinn /Spinn−1

� S Un/S Un−1 � Un/Un−1; in this case alsoUn/Un−1 is
a sphere; by the methods previously employed it is now evident that the
truth of theorem 1 will be guaranteed by the following

Lemma 4. Any skew-hermitian form h′(x, y) over C of dimension at
least three represents any non-zero skew-quaternion of C. For proofs
see [14], [16], [22]. We shall give here one more proof, using the iso-75

morphisms of S U with groups of type A1 × A1, A3.

Proof. Let c ∈ C be the skew quaternion of the theorem. It is sufficient
to consider vector spaces of dimension 3. LetV′ be the vector space

corresponding toh′(x, y); we have to shows that the sphereS′ =
{
x′ ∈

V′/h′(x, x) = c
}

has aK-rational point. Construct a vector spaceV of

dimension 3 overC with a skew-hermitian formh which representsc
K-rationally. V can also be constructed to have discriminant equal to
that ofV. This is assured by the following �

sublemma. Any non-zero element of a quaternion algebraC over any
field K can be written as the product of two skew symmetric elements
of C with respect to the standard involution.

Proof. Let c ∈ C, c , 0 be given; letC̄ denote the space of skew
symmetric elements ofC; the intersectioncC̄∩ C̄ is non-zero since both
C− andcC− are of dimension three whereasC is of dimension 4; hence
there exists two non-zero elementsc1, c2 ∈ C− such thatcc1 = c2; i.e,
c = c−1

1 c2; here bothc−1
1 andc2 are skew symmetric. This proves the

sublemma. �

We know that any non-zero element ofK is the reduced norm of

an element ofC; choosed ∈ C so thatNd =
d(V′)
Nc

; write d = d1d2

whered1 andd2 are skew symmetric; the matrix



c 0 0
0 d1 0
0 0 d2

 is skew
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hermitian and if the vector spaceV is provided with the hermitian form
h corresponding to this matrix thenh representsc and that discriminant 76

of V′. Now (v,h), and (V′,h′) are isomorphic over̄K; let f : VK̄ → V′
K̄

be this isomorphism, thenf −1os f = as ∈ U3(V,h) whereU denotes the
unitary group ofh; since the discriminants ofV andV′ are equal we have
by §2.6 lemma 3 thatas ∈ S U3(V,h); let U2 be the unitary group of the
orthogonal complement of a chosen vector representingc; let S be the

homogeneous spaceS U3/S U2 which is the sphere
{
x ∈ V/h(x, x) = c

}
;

then the sphereS is just the twisted sphereaS. The proof of the theorem
will be achieved once we prove that the cocycle (as) is in the image of
the mapH1(K,S U2) → H1(K,S U3); we shall actually prove that this
map is bijective. The commutative diagram

1 // Z2 // Spin3
// S U3 // 1

1 // Z2 //

OO

Spin2
//

OO

S U2 //

OO

1

with exact rows and whose vertical maps are the natural ones, gives rise
to the commutative diagram

H1(K,S U3)
δ // H2(K,Z2)

H1(K,S U2)
δ //

OO

H2(K,Z2)

identity

OO

By theorems (1) and (2) the rows are isomorphisms; since the righthand
column is an isomorphism the left hand column is also an isomorphism.
This proves the result. Hence theorem 1 is proved completely.





Chapter 5

Number fields

5.1 Statement of results
77

Let G be a semi-simple and simply connected classical group defined
over a number fieldK.

Theorem 1. The canonical map i: H1(K,G)→
∏

V∈∞
H1(Kv,G) is bijec-

tive

Theorem 1 a. The mapping i above is injective

Theorem 1 b. The mapping i above is surjective; this is true even for
connected semisimple groups but not necessarily simply connected.

Theorems 1a and 1b b) together imply theorem 1.
LetG/K be a semisimple and connected classical group; letp : G̃→

G be the universal covering with kernelF. The exact sequence

1 −→ F −→ G̃ −→ G −→ 1

defines a mapδ : H1(K,G)→ H2(K, F).

Theorem 2. The mapδ defined above is surjective.
In theorem 1 we any replace

∏
v∈∞

by
∏
v

, since H1(Kv,G) = 1 for

v < ∞ by theorem 1 of chapter 4. The injectivity of the map H1(K,G)→

59
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∏
v

H1(Kv,G) is known as the Hasse principle for H1 of G. Harder[H]

has proved theorem 1 for any simply connected semi-simple group G/K
not containing any factor of type E∞. If G is semi-simple and connected
and if ¶ : G̃ → G be its simply connected covering with kernel F then
Hasse-Principle for H1 of G is equivalent to the Hasse Principle for H2

of F. The proof of this makes use of a simple lemma in diagram chasing
which we shall state without proof for future reference.

Lemma 1. Let A1, A2, A3, A4, B1, B2, B3, B4 be sets with distinguished78

elements and suppose we have a commutative diagram with exact rows

A1 //

f1
��

A2 //

f2
��

A3 //

f3
��

A4

f4
��

B1 // B2 // B3 // B4

Let f1 be surjective, f2 injective and f4 has trivial kernel then f3 has
trivial kernel.

For the present assume theorem 1, 2; if Hasse-principle forH1 of G
is valid then in the diagram belowβ is injective;

H1(K, G̃) //

α

��

H1(K,G) //

β

��

H2(K, F)

γ

��

// 1

∏
H1(Kv, G̃) // ∏ H1(Kv,G) // ∏ H1(Kv, F)

The top row is exact by theorem 2;α is surjective by theorem 1. Clearly
the bottom row is exact. Hence by lemma 1,γ has trivial kernel;i.e.
Hasse-Principle forH2 of F holds. Conversely suppose Hasse-Principle
for H2 of F holds; the diagram below is commutative with exact rows

H1(K, F) //

α

��

H1(K, G̃) //

β

��

H1(K,G) //

γ

��

H2(K, F)

η

��∏
v∈∞

H1(Kv, F) //
∏
v∈∞

H1(Kv, G̃) // ∏ H1(Kv,G) // ∏ H2(Kv, F)

where∞ denotes the set of archimedean places; in view of theorem 1,79



5.1. Statement of results 61

β is bijective; by assumptionη is injective; alsoα can be shown to be
surjective; hence by lemma 1,γ has trivial kernel, by a twisting argu-
ment which we have used several times it follows thatγ is injective i.e.
Hasse-Principle forH1 of G holds.

The first step in the proof of theorem 1 is reduction to the case
of absolutely almost simple groups which we shall now carry out;G
is a finite product ofK-almost simple groups sayG =

∏
Gi ; since

H1(K,G) � H1(K,Gi), H1(Kv,G) �
∏

H1(Kv,Gi), for the proof of the-
orem 1 it is enough to considerK-almost simple groups. So supposeG

is K-almost simple. By§ 2.2 (1) we know thatG =
r∏

i=1
Hi whereH′i sare

K̄-almost simple groups and thatgK̄/K acts on the set of theH′i sby per-
muting them; moreover this action is transitive; hence ifh denotes the
isotropy group ofH = H1 in g = gK̄/K we haveG =

∏
s∈g/h

sH; let L be the

fixed field ofh and letM be any finite Galois extension ofK containing
L. For anyK-algebraA we denote byGA the set ofA-valued points ofG
i.e. if G = SpecB thenGA = Hom(SpecA,SpecB) = HomK−alg(B,A).
Consider the diagram below

H1(gm/K ,GM)
f1 //

α

��

H1(gM/K ,GM⊗K Kv)

β

��
H1(gM/L,HM) g1

// H1(gM/L,HM⊗K Kv)

whereα, β are the isomorphisms given by lemma 1 of§ 1.3; f1, g1 80

are the natural homomorphisms obtained from the canonical mappings
GM → GM⊗K Kv and HM → HM⊗K Kv; now M ⊗K Kv � ⊕Mv̄ wherev̄
runs through all places ofM extendingv andgM/K permutes the compo-
nentsMv̄ transitively, the isotropy group of one particularMv̄ being its
decomposition groupgMv̄/Kv. By lemma 1 of 1.3,H1(gM/K ,GM⊗Kv) �
H1(gMv̄/Kv,GMv̄ and with this identification,f1 becomes the canonical
map H1(gM/K ,GM) → H1(gMv̄/Kv,GMv̄). Similarly M ⊗ Kv � M ⊗L

(L ⊗K Kv) � ⊕
w/v

M ⊗L Lw � ⊕
w/v
⊕

w̄/w
Mw̄, and so

H1(gM/L,HM⊗K Kv) �
∏

w/v

H1(gM/L,HM⊗LLw) �

∏

w/v

H1(gMw̄/Lw
,HMw̄),
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where for eachw, w̄ is an extension ofw to M. Therefore the Hasse
Principle forH1 of G will follow if we can prove the same forH; hence
for the proof of theorem 1 we can restrict ourselves to absolutely almost
simple and simply connected classical groups.

Before proceeding with the proofs of theorems 1 and 2 we shall
discuss the types of involutory algebras (A, I ) over K. If I is of the
first kind, A � Ao, soA is of order 2 in the Brauer group and therefore
A is either a matrix algebra overK or a matrix ring over a quaternion
division algebra (c f. De ,e.g.). In the case ofP-adic field we saw
(§ 4.1, proposition 1) that the only division algebra with involution of
the second kind and with centreL is the fieldL itself. But in the case
of number fields the situation is different. In fact we shall prove the
following

Proposition 1. There exists a division algebra over K of any given de-81

gree m with an involution of the second kind.

Proof. Choose extensionsL/F and M/K such that i) [L : K] = 2 ii)
M/K is cyclic of degreem iii) L andM are linearly disjoint overK. Such
a choice is always possible. ThenML/L is again a cyclic extension and
if σ is a generator ofgML/L thenσ/M is a generator ofgM/K . We shall
constructA as a crossed productA = (ML/L, σ,a) wherea ∈ L∗ to be
suitably chosen; this is by definition a left free module overML with
basis 1= uo, u1, . . . ,um−1 and the multiplication rules are given by

ux= σx · u for x ∈ ML

ui ,u j = ui+ j if i + j < m,

ui .u j = aui+ j−m if i + j ≥ m.

�

A is a simple algebra with centreL; we then requireaI = a−1 and
defineI : A→ A as follows:I |M is the identity,I |L is the non-trivialK-
automorphism ofL anduI = u−1; if x =

∑
xiui is any element ofA with

xi ∈ ML we definexI =
∑

u−i xI
i ; with this definition for anyx ∈ ML,
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(σx)I = σ(xI ); using this it follows thatI is an involution; clearlyI is of
the second kind. We seek an additional condition on a to makeA into a
division algebra.aI = a−1 is equivalent toNL/Ka = 1 which by Hilbert’s
theorem 90 impliesa = bI/b for someb ∈ L. We have only to choose
b properly. By Frobenius theorem we can choose a prime divisorp in
K with the propertiesi) if p is any prime divisor ofM dividing P then 82

[Mp : KP] = m andMp/KP is unramified; ii)p splits into two distinct
prime divisorsG1 andG2 in L. Next chooseb ∈ L such thatb ∈ G but
b < G 2

1 , b < G2 andb integral atG2. We claim that with this choice ofa,
A is a division algebra. ForML/L is unramified atG2 and forσ one can
take the Frobenius automorphism; we shall calculate theG2-invariant of
(ML/L, σ,a); ordG2a = 1 by the choice ofb in a = bI/b; hence theG2

-invariant will be
1
m

since the local degree ofML/L at G2 is m by our

choice ofP. Hence (ML/L, σ,a) has orderm in the Brauer group. Now
the index of an algebra being a multiple of the exponent the index of
(ML/L, σ,a) is m, so that it is a division algebra.

By §§2.4 and 2.6, the absolutely almost simple simply connected
classical groups are classified as follows:

Type 1An: Norm-one-group of simple algebras “2An: Groups be-

longing to this type areG =
{
x ∈ A/Nx= 1, xxI = 1

}
whereA is simple

K-algebra with involutionI of the second kind, the centreL of A being
a quadratic extension ofK.
TypeCn: Symplectic groups of the special unitary groups of hermitian
forms over quaternion algebras;
TypesBn, Dn: Spin groups of quadratic forms

Spin groups of skew hermitian forms over quaternion algebras.

5.2 Proof of theorem 2

The ideal of the proof can be explained as follows: 83

1. Prove that an element inH2(K, F) is trivial locally at all places
outside a finite setS of places ofK.
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2. Construct a torus̃T ⊂ G̃ containingF such thatH2(Kv, T̃) = {1}
for v ∈ S and such that the Hasse principle forH2 of T̃ holds.

Assuming 1) and 2) have been achieved we have a commutative
diagram with exact rows:

1 // F //

��

T̃ //

��

T //

��

1

1 // F // G̃ // G // 1

T is the quotient ofT̃ by F and the vertical maps are the natural ones.
This gives on passing to cohomology a commutative diagram in which
the top row is exact:

H1(K,T)
δ2 //

F
��

H2(K, F)
h //

identity
��

H2(K, T̃)

H1(K,G)
1

δ1

// H2(K, F)

Given a 2-cohomology classa = (as) ∈ H2(K, F) construct the setS
of places as in 1) and̃T as in 2). By 1) and 2)h(a) is locally trivial at
all places; since the Hesse principle forH2 of T̃ holds by construction
h(a) must be trivial; hencea is in the image ofδ2 and hence ofδ1. This
proves the theorem provided we can ensure steps 1) and 2).

Step 1.Let (as) ∈ H2(K, F) be given; we haveH2(K, F) =
lim−−→
L

H2(gL/K ,84

FL) whereL runs through the set of finite Galois extensions ofK; by
choosingL big enough assume that (as) comes fromH2(gL/K , FL) and
that FL = FK̄ ; this being possible by the finiteness ofF. We define
S to be the set consisting of archimedean places and all those placesv
of K which are ramified inL/K; we shall show that thisS satisfies our
requirements; letv < S and supposew is an extension ofv to L; let l, k
be the residue fields ofLw and Kv respectively; sincev is unramified
in L/K, gℓ/k � gLw/Kv and we have an isomorphismH2(gLw/Kv, Fk̄) �
H2(g1/k, Fk̄). Since the cohomological dimension of the finite fieldk is
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one ([19], II§ 3) we haveH2(gk̄/k, FK̄) = 0; hence there exists a finite
extension sayl′ of k containingl such that the inflation map

H2(gl/k, Fk̄) −→ H2(gl′/k, Fk̄)

is zero. We can find a finite Galois extension sayL′w of Kv containing
Lw and unramified atv with residue field isomorphic tol′; we then have
H2(Gl′/k, F) � H2(gL′w/Kv, F) and the inflation mapH2(gLv′/Kv, F) −→
H1(gL′w/Kv, F) is zero, soa = 0. This completes the proof of step 1).

Step 2.To any givenv ∈ S we construct a maximal torus̃Tv ⊂ G̃ con-
taining F and defined overKv such thatH2(Kv, T̃v) = {1}; by § 4.2,
lemma 1, this is possible for every non-archimedeanv ∈ S; moreover 85

we can assume thatS contains at least one non-archimedean placev and
remark that for thisv by the construction of§ 4.2, lemma 1, there is no
non-trivial homomorphism ofGm into T̃v over Kv. For archimedeanv,
the same lemma 1 holds, but we omit the proof. By an approximation
argument, we can then find a torusT̃ defined overK such thatT̃ � T̃v

over Kv for everyv ∈ S. HenceH2(Kv, T̃) = (1) andT̃ evidently con-
tains F. We have only to establish the Hasse Principle forH2 of T̃.
Suppose (as) ∈ H2(K, T̃) has trivial image inH2(Kv, T̃) for all placesv
of K; givenv we can find a finite Galois extensionL/K which splitsT̃
such that (as) comes from an element ofH2(gL/K ; T̃L) and that the im-
age of (as) under the mapH2(gL/K , T̃L) → H2(gLv̄/Kv, T̃Lv̄) is zero; here
v̄ denotes some extension ofv to L; this follows from the expression of
H2() as inductive limit. Since any cohomology class ofH2(gL/K , T̃) is
trivial locally for all but a finite number of places (this follows from the
results of chapter 3, in particular theorem 1 and the isomorphism (5))
we can assume that the extensionL has been so chosen that the image
of (as) ∈ H2(gL/KT̃) under the mapH2(gL/K , T̃)→ H2(gLv̄/Kv, T̃) is zero
for all v. § 3.2 theorem 7 then implies (as) is trivial.

This proves theorem 2.
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5.3 Proof of theorem 1b

We have to prove that ifG is semi-simple and connected then the map-
ping H1(K,G) →

∏
v

H1(Kv,G) is surjective; on the right hand side

we have only to consider real infinite places since for complex places86

H1(Kv,G) = {1}. Hence assumeKv � R, then by definitionH1(Kv,G) =
H1(Z2,Gc) whereC denotes the field of complex numbers. Let (as) ∈
H1(Z2,GC) be given; ifZ2 = {e, s} we have 1= ae = as2 = as · sas

i.e. sas = a−1
s ; by the general theory of algebraic group we can write

as = a′s.a
′′
s wherea′s is semisimple,a′′s is unipotent anda′s anda′′s com-

mute; moreover this representation is unique. Sincesas = sa′ssa′′s we
havea−1

s =
sa′s.

sa′′s ; but a−1
s = a′−1

s .a′′−1
s so thata′−1

s .a′′−1
s = sa′s.

sa′′s ;
by uniqueness this impliessa′′s = a′′−1

s i.e. a′′s defines a 1-cocycle. The
algebraic subgroup generated bya′′s is isomorphic to the additive group
Ga; but since the additive group is cohomologically trivial, the cocycle
a′′s splits; hence for the proof of the theorem we can assume without
loss of generality thatas is semi-simple; but any semi-simple elements
of G is contained in a maximal torus. So any element in

∏
v∈∞

H1(Kv,G)

is contained in the image of
∏
v∈∞

H1(Kv,Tv) for suitably chosen maximal

tori Tv of G overKv. Now by an approximation argument, we construct
a maximal torusT of G overK which is conjugate toTv by an element
of GKv. ThenH1(Kv,Tv) can be replaced byH1(Kv,T) and theorem 1 b,
follows from the corollary to theorem 6 b),§ 3.3 and the commutativity
of the diagram

H1(K,T) //

��

∏
v∈∞

H1(Kv,T)

��

H1(K,G) //
∏
v∈∞

H1(Kv,G)

5.4 Proof of theorem 1a, for type1An

The classical group of this type isG =
{
u ∈ A

/
Nu = 1

}
whereA is a87
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simple algebra with centreK andN stands for the reduced norm. The
exact sequence of algebraic groups

1→ G→ A∗
N−→ Gm

gives rise to a commutative diagram with exact rows:

A∗K
N //

��

K∗ //

��

H1(K,G) //

��

H1(K,A∗) = {1}

∏
v∈∞

A∗Kv
N //

∏
v∈∞

K∗v //
∏
v∈∞

H1(Kv,G) //
∏
v∈∞

H1(Kv,A∗) = {1}

H1(K,A∗) = {1} andH1(Kv,A∗) = {1} by § 1.7, Example 1. By the usual
twisting argument injectivity ofH1(K,G)→

∏
v∈∞

H1(Kv,G) is equivalent

to kernel being trivial for all twisted groups. By diagram chasing we are
reduced to proving the following.

Proposition. (Norm theorem for simple algebras).If an element x of K∗

is the reduced norm of an element in AKv for all places v of K then it is
the reduced norm of an element in A.

We shall give Eichler’s proof [E1] with slight modifications. First
we shall introduce some terminology; the principal polynomial of an
elementsa in a central simple algebraA is by definition the character-
istic polynomial ofa ⊗ 1 in an isomorphismA ⊗K L � Mn(L) where
L is a splitting field ofA. This polynomial has coefficients inK and is
independent of the splitting of the splitting fieldL and the chosen iso-88

morphismA ⊗K L � Mn(L). An elementa ∈ A is said to be a regular
element if its principle polynomial is separable.

The proof of the proposition depends on the following lemmas:

Lemma a. Let K be an infinite field and A a simple algebra with centre
K. If x ∈ K is the reduced norm of an element z∈ A then one can find a
regular element̄z ∈ A whose reduced norm is x.

Proof. SinceAK̄ is a matrix algebra over̄K we can find a regular di-
agonal matrixy with determinantx. N(zy−1) = 1, which impliesy =
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z[a1,b1] · · · [ar ,br ] where [a1,b1], . . . , [ar ,br ] are certain commutators
in AK̄ ; let e1, . . . ,eM be a basis ofA/K whereM = [A : K] = n2. Let
α

(i)
1 , . . . , α

(i)
M , β( j)

1 , . . . , β
( j)
M , i, j taking the values 1,2, . . . , r independently

be a set of independent variables. Writexi =
M∑

t=1
α

(i)
t et, y j =

M∑
t=1
β

( j)
t et.

Consider the generic elementz[x1, y1]M[xr , yr ] of AK̄ . The discrimi-
nant of its characteristic polynomial is not identically zero since for the
choicexi = ai , y j = b j the above generic element specializes to the reg-
ular elementy. This discriminant can be written asP/Q whereP and
Q are polynomials in the variablesα(i)

t , β( j)
t′ and by what we said above

P,Q are not identically zero. SinceK is infinite we can specializeα(i)
t ,

β
( j)
t′ to elements ofK for which P , 0 andQ , 0; if xi specializes tox′i

andy j to y′j under this specialisation ofα(i)
t , β( j)

t′ thenz[x′1, y
′
1] · · · [x′r , y′r ]

is a regular element ofA with reduced norm equal to that ofz, i.e. its
reduced norm isx. This proves the lemma. �

Lemma b. Let A/K be a simple algebra of degree n2 over its centre K,K89

being any field; then A contains an element with principal polynomial
equal to a given separable polynomial f(X) of degree n if and only if for
every irreducible factor g(X) of f(X) the algebra A⊗K K[X]/g(X) splits.

If f is irreducible, this is standard. The proof for the general case is
similar to the usual one (c f.[K1]).

Lemma c. Let K be a number field and f(X) ∈ K[X] a separable poly-
nomial; let A be a simple algebra with centre K; then A contains an
element with principal polynomial f(X) if and only if AKv contains an
element with principal polynomial equal to f(X) for every place v of K.

Proof. We shall make use of lemma b); letg(X) be an irreducible factor
of f (X) and supposeL = K[X]/g(X); let g(X) = g1(X)g2(X) · · ·gr (X) be
the decomposition ofg into irreducible factors overKv; then we have

(A⊗K L) ⊗K Kv � ⊕A⊗K Kv[X]/gi(X) � ⊕AKv ⊗Kv Kv[X]/gi(X)

By assumption and lemma b),AKv ⊗Kv Kv[X]/gi(X) is a matrix algebra
overKv[X]/gi(X) so that (A⊗K L) ⊗K Kv is a direct sum of matrix alge-
bras. AlsoL⊗K Kv � ⊕w/vLw, the direct sum extended over all the exten-
sions ofv to w; henceA⊗K L⊗K Kv � ⊕w/vA⊗K Lw � ⊕w(A⊗K L)⊗L Lw =



5.5. Proof of theorem 1a for type... 69

⊕wAL ⊗ Lw say whereAL = A⊗K L. From the splitting criterion for sim-
ple algebras over number fields it follows thatA⊗K L is a matrix algebra. 90

Sinceg(X) is any irreducible factor off (X) by lemma b) it follows that
A contains an element with principal polynomial equal tof (X). This
proves the lemma. �

Proof of Proposition 1.By lemma a) we can find regular elementszv of
AKv such thatx = Nzv for every placev of K. Let fv(X) = Xn − · · · +
· · · + (−1)nx be the principal polynomial ofzv. Let T denote the set of
placesv of K for which AKv is not a matrix algebra overKv; thenT is a
finite set. Construct the polynomialf (X) = Xn−· · ·+ · · · (−1)nx with the
constant termx such that its coefficients approximate those offv(X) for
v ∈ T. If the approximation is close enoughf (X) will be separable and
Kv[X]/ f (X) � Kv[X]/ fv(X) for v ∈ T; this can be proved by Newton’s
method of approximating roots of polynomial; here one has to use the
fact that the fv(X)′s are separable polynomials; we therefore assume
Kv[X]/ f (X) � Kv[X]/ fv(X) for v ∈ T. Now sincefv(X) is the principal
polynomial ofz in AKv there is an isomorphism ofKv[X]/ fv(X) into AKv

and fromKv[X]/ f (X) � KV[X]/ fv(X) we conclude that there exists an
isomorphism ofKv[X]/ f (X) into AKv for v ∈ T. Hence there exists
an elements an element inAKv whose principal polynomial is equal to
f (X); this is true fro everyv ∈ T. If v < T then by the definition of
T,AKv is a matrix algebra so that there always exists a matrix inAKv with
characteristic polynomialf (X). Hence the conditions of lemma c) are
satisfied and we conclude thatf (X) is the principal polynomial of some91

elementz of A; but thenNz = x so thatx is needed the reduced norm
of the elementzof A. This proves the proposition and so theorem 1a) is
proved for groups of type1An.

5.5 Proof of theorem 1a for type 2An; reductions
(Landherr’s theorem)

The classical group in this case isG =
{
x ∈ A/xxI = 1,Nx= 1

}
whereA

is a simpleK-algebra with involutionI of the second kind the centreL of
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A being a quadratic extension ofK. Consider the mapη : x→ (xxI ,Nx)
of G into A∗ × L∗, the latter being considered as an algebraic variety
overK as explained in§ 3.1 Example 1y = xxI andz = Nx satisfy the

relationsyI = y andNy= zzI , defineH =
{
(y, z) ∈ A∗ × L∗

/
yI = y,Ny=

zzI
}
; this H is not an algebraic group; but it becomes a homogeneous

space forA∗ under the operation given byx : (y, z) → (xyxI , zNx). The
sequence 1→ G→ A∗ → H → 1 is then an exact sequence and we get
the following commutative diagram:

A∗K
η //

��

HK
δ //

��

H1(K,G) //

h

��

H1(K,A∗) = {1}

∏
A∗Kv

η // ∏ HKv

δ // ∏ H1(Kv,G) // ∏ H1(Kv,A∗) = {1}

The mappingδ′s are surjective since by§ 1.7 Example 1H1(K,A∗) =
{1} andH1(Kv,A∗) = {1} for every placev of K. As in the previous para-
graph we see that the kernel ofh is trivial if and only if every element
b ∈ HK which is inη(A∗Kv

) for all v actually is inη(A∗K). So we have to
prove the

Proposition 1. Let y ∈ A∗K , z ∈ L∗K = L∗ be such that y1 = y and92

Ny = zzI ; suppose the equations y= xxI , z = Nx, x ∈ A∗ are solvable
locally at all places v of K i.e. with x= xv ∈ A∗Kv

; then they can be
solved globally in K, i.e. with x∈ A∗K . For the proof of this proposition
we shall first carry out several reductions.

Reduction 1.Write z = Nxv, xv ∈ A∗Kv
; i) if v extends uniquely to a

placew of L then AKv = A ⊗K Kv � B whereB is a simple algebra
overLw; this is becauseA⊗K Kv is a direct sum of simple algebras and
since its centerL ⊗K Kv is a field, there is only one simple component;
moreover, we haveAKv � A ⊗L Lw. ii) On the other hand ifv extends
to two different placesw1,w2 of L thenAKv � A1 ⊕ A2 whereA1 and
A2 are simple algebras overLw1 andLw2 respectively; this is because in
this caseL ⊗K Kv � Lw1 ⊕ Lw2 and sinceAKv � A⊗L (L ⊗K Kv) we have
AKv � A1 ⊕ A2 whereA1 = A ⊗L Lw1 andA2 = A ⊗L Lw1. In the first
casez is the reduce norm of an element ofA⊗L Lw. while in the second
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casez is a reduced norm from bothA1 andA2. Hencez is local norm
of the algebraA/L at all places ofL; by the norm theorem for simple
algebras (§ 5.4) we conclude thatz = Nt wheret ∈ A∗K . Replace (y, z)
by (t−1yt−I , zNt−1). The componentst−1yt−I andzNt−1 satisfy the same
condition as (y, z); if the proposition is true for the pair (t−1yt−I , zNt−1)
then it is true also for the pair (y, z); now zNt−1 = 1 by the choice oft;
hence we are reduce to proving the proposition in the case whenz= 1.

Reduction 2.To carry out this reduction we need the following.

Lemma 1. If y ∈ A∗K is such that yI = y,Ny= 1 and if the equation y= 93

xxI , x ∈ A∗ is solvable locally at all places then it is solvable globally.
To start with assume this lemma. The element y of proposition 1 after
reduction 1) satisfies all the conditions of lemma 1. Let x∈ A be a
solution of y= xxI assured by lemma 1. Replace(y, z) in the proposition
by (x−1yx−1, zNx−1). This shows that for the proof of the Proposition 1
we can assume without loss of generality that y= 1; but we can no
longer assume z= 1.

We shall now prove lemma 1. Let us start by explaining our notation
to be used in this paragraph. The dimension [A : L] is denoted by the
integern2. If v is any place ofK then two cases occurs i)LKv � Lw1⊕Lw2

if v extends to two different placesw1 andw2 in L. ii) LKv is a field if
v extends uniquely to a placew of L; in this caseLKv � Lw. In case i)
AKv � A1 ⊕ A2 whereA1 � A ⊗L Lw1 andA2 � A ⊗L Lw2; the action
of I is to interchange the component. In case ii)AKv � A ⊗L Lw is
simple algebra with centerLw. If u is an element ofAKv we denote
its components in case i) byu(1) andu(2); in case ii)u considered as
an element ofA⊗

L
Lw is denoted byu(1); the two uses of the symbolu(1)

corresponding to the different cases will be evident from the context and
will not lead to any confusion. In case i)N stands for the reduced norm
of AKv, i.e if u = (u(1),u(2)) ∈ AKv then Nu = (N1u(1),N2u(2)) where
N1, N2 are the reduced norm mapping of the simple algebrasA1 andA2

respectively; in case ii)N shall denote the reduced norm of the simple94

algebraA⊗L Lw. By an order in a simple algebraA/K we mean a subring
of Awhich is finitely generated as a module over the ring of integers ofK
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and such that it generatesA as aK-vector space. The algebraAKv being
finite dimensional over the complete fieldKv it is a normed algebra and
that all its norm inducingv-topology onKv are equivalent; when we talk
of approximation of elements inAKv we mean this in the sense of the
norm topology onAKv. If O is an order inA its completion at the place
v is denote byOv. We shall state without proof two sublemmas which
we shall use; the first one is a special case of a more general theorem of
Hasee:

Sublemma a. (Norm theorem for quadratic extensions). If L/K is a
quadratic extension of the number field K then an element of K is a
norm from L to K if and only if it is locally a norm at all places of K.

Sublemma b. (Strong approximation theorem for simple algebras, cf
[11], [15]). Let G be the norm one group of the simple algebra A with
center K, a number field, andO an order in A; let S⊇ ∞ be a finite
set of places of K. Suppose given a place vo ∈ S such that Avo is not a
division algebra, and element av ∈ GKv; then there exists x∈ GK such
that x� av in the v-topology for v∈ S , v, vo and x∈ Ov for v < S .

Proof of Lemma 1.The idea of the proof can be explained thus: Re-
placey by the elementtJtI wheret ∈ A∗K andNt = 1; chooset in such
a way thatK(tytI ) becomes a separable algebra of maximal degree; and95

then seek a solution oftytI = xxI with x ∈ L(tytI ). If the latter is possible
then clearly the lemma will be proved. The actual construction oft will
be the last step of the proof. In two preliminary steps we shall assume
that K(tytI ) is a separable algebra of maximal degree, and investigate
conditions for solvability oftytI = xxI . In step 1) we show, by means of
the quadratic norm theorem, that solvability is assured, once we know
the solvability withx ∈ L(tytI ) ⊗ Kv for every placev of K. step 2) is
preparatory to step 3) in which we derive several sufficient conditions
for the local solvability atv. In the final step 4) we constructt by means
of the approximation theorem in such a way that for every placev at
least one of these conditions is satisfied. Clearly the proof of the lemma
will then be complete.

As outlined above we shall assume thatK(tytI ) is a separable algebra
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of maximal degree. SinceI is identity onK(tytI ) and not the identity on
L(tytI ), the latter is the direct sum of the spaces of symmetric elements
and antisymmetric elements; ifL = K(

√
d) then K(tytI ) is the space

of symmetric elements while
√

dK(tytI ) is the space of antisymmetric
elements; hence

L(tytI ) � K(tytI ) ⊕
√

dK(tytI ) � (K ⊕
√

dK) ⊗ K(tytI ) � L ⊗ K(tytI ).

SinceK(tytI ) is a commutative separable algebra it is the direct sum of
separable extension fieldsKi(i = 1,2, . . . r) of K. If K1 is one such com-
ponent thenL ⊗K K1 being an algebra of degree two overK1 must be
either a quadratic extension ofK1 or a direct sum of two algebras iso-
morphic toK1; in the former caseI is the nontrivialK1-automorphic 96

of L ⊗ K1 while in the latter caseI interchanges the components of
any element ofK1 ⊕ K1. Accordingly let K1, . . . ,Ks be those field
amongKi(i = 1,2, . . . r) for which L ⊗K K j is a quadratic extension
of K j( j = 1,2, . . . , s). Then we haveL(tytI ) � (L ⊗ K1 ⊕ · · · ⊕ L ⊗ Ks) ⊕
(Ks+1⊕Ks+1)⊕· · ·⊕ (Kr ⊕Kr ). Let x = (x1, . . . , xs, xs+1, x′s+1, . . . , xr , x′r )
be any element ofL(tytI ); xI = (xI

1, . . . , x
I
s, x
′
s+1, xs+1, . . . , x′r , xr ) so that

we havexxI = (Nx1, . . . ,Nxs, xs+1x′s+1, x
′
s+1x′s+1, . . . , xr x′r , xr x1

r ). We
want to solvetytI = xxI with x ∈ L(tytI ); for this assumetytI =
(a1,a2, . . . ,as,as+1,a1

s+1, . . . ,ar ,a′r ); since tytI is symmetric we have
aI

j = a j( j = 1,2, . . . s) anda′l = al(l = s+ 1, . . . , r). From what precedes
we are reduced to solving the following system of equations;
α) Nxj = a j , j = 1,2, . . . s whereai ∈ Ki andN denoted the norm map
of the extension fieldsL ⊗ K j/K j .
β) xl x′l = al , l = s+ 1, . . . ral ∈ Ki

of theseβ) is trivial. For solvingα) by Sublemma a it is enough to know
the local solvability of the equationsα at all places ofK j . Now if v is
any place ofK then
(L ⊗ K j) ⊗ Kv � ⊕

w/v
(L ⊗ K j)w wherew runs through all extensions ofv

to the fieldL ⊗ K j( j = 1,2, . . . s). This impliesL(tytI ) ⊗ Kv
s
⊕
i=1
⊗

w/v
(L ⊗

Ki)w
r
⊕

j=s+1
L⊗K j⊗Kv. This shows that if the equationtytI = xxI is solvable

with x ∈ L(tytI ) ⊗ Kv for all placesv of K then system of equationα) 97
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will be solvable locally at all places ofK j . As observed before this will
imply the global solvability of equationsα). This proves step 1).

Proof of Step 2.Let uv ∈ A∗Kv
be a solution ofuvuI

v = y. We claim that
uv can be so chosen thatNuv = 1. To see this replaceuv by uv.vv; the
conditiony = (uvvv)(uvvv)I then meansvvvI

v = 1 andN(uvvv) = 1 means
Nvv = Nu−1

v = c say. FromNy = 1 we getcvcI
v = 1. Hence our claim

will be achieved if the following problems is solved: givencv ∈ L ⊗ Kv

such thatcvcI
v = 1 and thatcv is norm of A ⊗ Kv to find rv ∈ ⊗Kv

satisfying the conditionsNrv = cv. This we shall do now. In casei),
this is immediate. In caseii ) AKv � A⊗L Lw is an algebra overLw with
an involution of the second kind. Ifv is non-archimedeanAKv must be
a matrix algebra; the same holds for archimedeanv, since thenLw � C;
moreover ifx is a matrix of this algebra sayx = (xi j ) thenxI = ax∗a−1

wherex∗ = (xI
i j ) and a is a hermitian matrix. The conditionrvr I

v = 1
means thatrv is a unitary matrix corresponding toa. Hence we have
to find a unitary matrix of a with given determinantcv; by choosing

an orthogonal basis one can assume that a is diagonal



d1
. . .

dn


;98

sincecvcI
v = NLw/Kv

cv = 1 we can find elementsd1, . . . ,dn of L∗w such
that NLw/Kv

di = didI
i = 1 and thatd1 · · ·dn = cv (for we can arbitrarily

choosed1,d2,dn−1 to satisfyNLw/Kv
(di) = 1 and thendn by the condition

d1 · · ·dn = cv). The matrix



d1 ..
. . .

dn


can then be taken foruv. This

finishes step 2).

Step 3.We shall describe three situations in whichtytI = xxI is solvable
with x ∈ L(tytI ) ⊗ Kv. Situation a)t � u−1

v in AKv in the sense of the
norm topology onAKv. SupposeO is any order inAK ; we can assume
O I = O since otherwise we can replaceO by the orderO ∩ O I which
will satisfy this condition. Situationb) v non archimedean unramified in
L/K andtytI ∈ Ov. Situationc) v decomposes into two places inL. In
situationa) tytI � u−1

v yu−I
v . = 1 so that by the binomial theoremtytI is
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the square of an element ofK(tytI )⊗Kv; hence we can writetytI = xvxI
v

with xv ∈ K(tytI ) ⊗ Kv; this is what we wanted. In situationb) since
tytI ∈ Ov ∩ K(tytI ), the components oftytI in K(tytI ) ⊗ Kv are integers; 99

these components are moreover units as follows fromNtytI = 1. Since
L/K is unramified atv the componentsL⊗Ki(i = 1,2, . . . s) of L(tytI ) are
also unramified atv. Since in an unramified local extension any unit is a
local norm we concludetytI can be written asxvxI

v with xv ∈ L(tytI )⊗Kv.
In situationc), the placev of K decomposes into two distinct places in
each of the componentsL⊗Ki(i = 1,2, . . . , s) of L(tytI ). This shows that
the local degree corresponding tov of the extension fieldL ⊗ Ki/Ki are
all unity and so we can find in this case too elementsxv ∈ L(tytI ) ⊗ Kv

with propertytytI = xvxI
v. This completes the proof of step 3.

Proof of Step 4.Let S be a finite set of places ofK containing allv
which are either archimedean or non-archimedean ramified inL, or non-
archimedean andy < Ov, and two further placesvo, v1 for which AKv is
the direct sum of two matrix algebras overKv. We claim thattv1 ∈
AKv1

can be so chosen thatKv1(tv1ytIv1
)/Kv1 is a separable algebra of

maximal degree and such thatNTv1 = 1. By the choice ofv1 if v1

splits into the placesw1, w2 in L/K we haveAKv � Mn(Lw1) ⊕ Mn(Lw2).
Let y = (y1, y2) and settv1 = (tw1,1); thentv1ytIv1

= (tw1y1, y2tIw1
). We

have to choosetw1 such thatNtw1y1 = 1 and such that the characteristic
polynomial oftw1y1 is separable. With this choice oftw1, the resulting
tv1 will satisfying our requirements. To constructtw1 we have only to
find elementd1, . . . ,dn in Lv1 which are different and such that their100

product is equal to 1; this is clearly possible; we can then taketw1 =

1
y1



d1
. . .

dn


. We have therefore constructedtv1 ∈ AKV1

such that

Ntv1 = 1 and such thatKv1(tv1ytIv1
)/K is a separable algebra of maximal

degree. To complete step 4 we findt ∈ A∗K such that i)Nt = 1 2) t ≈ u−1
v

in thev-topology forv ∈ S, v , v0, v1 andt ≃ tV1 in thev1-topology. 3)
t ∈ Ov for all v < S. Then the principal polynomial oftytI is separable
soK(tytI ) is a separable algebra of maximal degree. For this choice oft
any placev will satisfy one of the conditions a), b) or c) stated in step 3
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and we shall be through. The existence oft follows from sublemma bb)
applied to the simple algebraA with centreL; namely an approximation
condition in thev-topology is equivalent to similar conditions in thew-
topologies for the extensionsw1 of v of L, andt ∈ Ov is equivalent to
t ∈ Ow for the samew′s.

Corollary . Finitely many local solutions of y= xxI can be approx-
imated by a global solution, i.e. if T is a finite set of places and if
y = xvxI

v with xv ∈ AKv, v ∈ T then there is an x∈ AK with xxI = y and
x ≈ xv in the v-topology.

Proof. Let u ∈ A satisfyy = uuI ; the existence of thisu is guaranteed
by lemma 1. Writexv = usv; from uuI = xvxI

v we getsvsI
v = 1. If we can

find s ∈ A∗K such thatssI = 1 ands ≈ sv for v ∈ T then writingx = us
we see thatx ≈ usv and thaty = xxI so that the corollary will be proved;
hence we have only to find such ans. For this we make use of the Cayley
transform: in the representationAKv ≅ MP(D1) ⊕ Mq(D2) or AKv ≅101

MP(D) suppose to start with that the eigenvalues of the components of
sv are all different from−1; then (1+ sv)−1 exists. The relationsvsI

v = 1
then shows that (1− sv)(1+ sv)−1 is skew symmetric; call thispv; then
pI

v = −pv; we can now approximate the skew symmetric elementspv

by a skew symmetric elementp of A since we have only to approximate
the entries. Going back by the inverse transformation we can define

s =
1− p
1+ p

; thenssI = 1 ands ≈ sv for v ∈ T. If the eigen values of the

components ofsv are not all different from−1 then we can writesv as a
product of two elements for which the eigenvalues are all different from
−1 and we can proceed as before, This proves the corollary. �

The lemma just proved is the essential step in providing the follow-
ing more general theorem due to Landherr [L]; a proof of this along the
same lines as the one given here has been found independently by T.
Springer.

Landherr’s theorem (Form I): Let y ∈ A∗K be an element such that
yI = y. Suppose the equationy = xxI is solvable withx ∈ AKv for
every infinite placev; assume moreover that for every non archimedean
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placev there existszv ∈ LKv satisfying the equationNy= zvzI
v. Then the

equationy = xxI is solvable withx ∈ A∗K .

Proof of Landherr’s theorem. Let v be archimedean and letxv ∈ AKv is
such thaty = xvxI

v holds. Taking norms on both sides we getNy= uvuI
v

with uv ∈ LKv. If v is non archimedean we are given thatNy = zvzI
v. 102

These two equations clearly show thatNy is a local norm in the exten-
sion L/K at all placesv of K. Hence by the quadratic norm theorem
(stated in sublemma a) we can findz ∈ L such thatNy = zzI . Now
supposev is an infinite place. WriteNxv = z.uv whereuv ∈ LKv. The
conditionNy = zzI then impliesuvuI

v = 1. Now apply the corollary to
lemma 1 for the set of infinite places and the local solutionsuv of the
equationuuI = 1. Hence ifu ≈ uv, u ∈ LK thenz.u ≈ Nxv which im-
plies thatz.u/Nxv is annth power; this is easily proved by the binomial
theorem. Hencez.u/Nxv is a reduced norm fromAKv, i.e. z.u is a re-
duced norm fromAKv. This is true for every archimedean place. At a
non archimedean placev, z.u is again a local reduced norm as we have
seen in§ 4.3, lemma 1. Hence by the norm theorem for simple algebras
we can findt ∈ A such thatz.u = Nt. We shall prove that the conditions
of lemma 1 are satisfied fort−1yt−I in place ofy. Clearlyt−1ytI is sym-
metric. Ny = (zu).(zu)I implies N(t−1yt−I ) = 1. We have to prove that
t−1yt−I is of the formyvyI

v for every placev of K, with yv ∈ AKv. If v is in-
finite thent−1yt−I = t−1xvxI

vt
−I = (t−1xv)(t−1xv)I and this case is settled.

Let v be non-archimedean. We shall use the notations of the beginning
of the paragraph§ 5.5. Since by§ 4.1 theorem 1 the one dimensional
Galois cohomologyH1(Kv,G) is trivial the mappingAKv −→ HKv is
surjective.The element (t−1yt−I ,1) is clearly an element ofHKv; hence
there existsyv ∈ A∗Kv

such thatt−1yt−I = yvyI
v. This proves that the con-

dition of lemma 1 are satisfied for thist−1yt−I . Hence by that lemma103

there existsx ∈ AK satisfyingt−1yt−I = xxI ; this impliesy = (tx)(tx)I

and so Landherr’s theorem is proved. There is a second formulation of
Landherr’s theorem which runs as follows:

Landherr’s theorem (2nd formulation). Ify ∈ A∗K is I -symmetric and
if y = xxI is solvable withx ∈ AKv for every placev of K then it is
solvable withx ∈ AK .
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Proof. Let y = xvxI
v; then taking norms we haveNy = zvzI

v wherezv =

Nxv ∈ LKv. Hence the assumption of the first formulation are satisfied
and soy = xxI can be solved withx ∈ AK . �

5.6 Proof of Proposition 1 whenn is odd

The proof of lemma 1 concludes the second reduction of proposition 1;
accordingly for providing proposition 1 we can assumey = 1. The
proposition then takes the form

Proposition a. Let z∈ L∗K be such that zzI = 1; if the equations z= Nx
and xxI = 1 are solvable simultaneously with x∈ AKv for all places v of
K then they can be solved simultaneously with x∈ AK . This is proved
by means of mathematical induction on n and the inductive proof makes
use of another

Proposition b. Let z∈ L∗K be I-symmetric; if the equations xI = x and
z = Nx are solvable simultaneously with x∈ AKv for all places v of K
then they can be solved simultaneously with x∈ AK .

We shall prove these propositions now. We first consider the case
when n is odd. The idea of the proof may be explained as follows:

1) Construct a commutative separable L-algebra B of degree n and104

an involution J on B which coincides with I on L such that B=
L(x) and z= NB

l (x), xxJ = 1 (or xJ = x in the case(b)). Here NB
L

denotes the usual algebra norm got by the regular representation.

Involutions which coincide with I on L will be called I- involutions
in future.

2) Imbed B in A, the imbedding being identity on L.

3) Change the imbedding given in 2) by an inner automorphism of A
so as to get an imbedding of algebras with involution. If we grant
1), 2) and 3) then the proofs of propositions a) and b) are simple.
For since B is a separable algebra of dimension n, NB

L (x) is just
the reduced norm of x and by construction z= Nx, xxI = 1 (or
xI = x).
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Step 1(Construction ofB). Here again for any placev we consider the
two cases i) and ii) mentioned in§ 5.5, namelyLKv ≅ Lw1 ⊕ Lw2 or
LKv ≅ Lw; corresponding to these two cases we have eitherAKv ≅ A1⊕A2

whereA1 = A⊗L Lw1, A2 = A⊗L Lw2 or AKv ≅ A⊗L Lw. We claim that the
local solutionsxv of the equationsz= Nx xxI = 1 (resp.xI = x, z= Nx)
can be assumed to be regular. This is done as follows:

Case i. (Corresponding to proposition a).Let z = (z1, z2), xv = (x(1)
v ,

x(2)
v ) then clearly z1 = Nx(1), z2 = Nx(2)

v ; as in the proof of Eichler’s
norm theorem x(1)

v can be replaced by a regular element also denoted by105

x(1)
v of norm z1. The condition xvxI

v = 1 give x(1)
v x(2)

v = 1; so if x(2)
v is

determined by this condition both x(1)
v and x(2)

v will be regular. Hence xv
can be assumed regular.

Case i. (corresponding to proposition b).zI = z implies z1 = z2 and
z = Nx implies z1 = Nx(1)

v ; by the same argument as above x(1)
v can

be assumed to be regular; since xI
v = xv implies x(1)

v = x(2)
v , x(2)

v is also
regular; hence xv can be assumed regular.

Case ii. (corresponding to proposition a).Here AKv ≅ Mn(Lw), a matrix
algebra over Lw; if x = (xi j ) ∈ Mn(Lw) and if x∗ = (xI

ji ) then there is a

hermitian matrix a, i.e. a matrix such that a∗ = a for which xI = ax∗a−1

holds; xxI = 1 implies that x is unitary with respect to a. This case
occurred in the course of the proof of lemma 1 in§ 5.5. As explained in
that place we can find a regular unitary matrix xv with norm equal to z.

Case ii. (corresponding to proposition b).In the notations above a can
be assumed to be diagonal by a choice of orthogonal basis. It is then
easy to find a regular diagonal matrix xv with entries in K and of deter-
minant z; xv will then be I-symmetric and z= Nxv. Hence the claim is
proved and the local solutions xv can be assumed to be all regular.

Remark . It is to be noted that the only essential local condition onz
occurs whenLKv ≅ Lw1 ⊕ Lw2, v real infinite andAKv is a direct sum of
matrix rings over quaternion algebras; at all other places the equations
in question are automatically solvable.

Let the principal polynomialfv(X) of xv over LKv be given by 106



80 5. Number fields

fv(X) = Xn−a(v)
1 Xn−1+· · ·+, where we write the coefficientsa(v)

1 ,a(v)
2 , . . .,

alternatively with positive and negative signs. ApplyingI to fv we will
get the principal polynomial ofxI

v; in the case of Proposition a)xI
v = x−1

v ;

the principal polynomial ofx−1
v is equal toXn − an−1/zXn−1 + · · · − 1

z
;

this must be the same asfv so that we getav
n−i = z(a(v)

i )I . In the case of

Proposition b)sincexI
v = xv we havef I

v = fv so that (a(v)
i )I = a(v)

i . Let S
be the set of placesvwhich are either archimedean or such thatAKv is not
isomorphic to a direct sum of matrix algebras or itself a matrix algebra.
The setS is finite. Approximate thea(v)

i for vǫS by aiǫL with an−i = zaI
i

in the case of Proposition a) andaI
i = ai in the case of Proposition b);

since the equations for theai are linear, this is possible by ordinary ap-
proximation theorem; definef (X) by f (X) = Xn− a1Xn−1+ · · ·+ (−1)nz.
Finally defineB = L[X]/( f (X)). Since thefv(X) are separable (be-
causexv are regular) by taking close approximations we can assume
f (X) to be separable. HenceB is a separable algebra of degreen;
again depending on the closeness of the approximation we can assume
L[X]/( f (X)⊗Kv = Lv[X]/( f (X)) to be isomorphic toLKv[X]/( fv(X)) for
v ∈ S; this can be done as observed in the proof of norm theorem
for simple algebras by using Newton’s method of approximating roots
of polynomials. We then define an involutionJ on B by the require-
ment (X mod f (X))I = X−1 mod f (X) (and resp (X mod f (X))I = X
mod f (X)) andJ restricted toL is I . ThenJ is anI -involution of B. By107

construction ifxdenotes the residue class ofX mod f (X) thenB = L(x)
andz= NB

L (x), xxJ = 1 (resp.xJ = x). This completes the proof of step
1).

Step 2.For v ∈ S let Bv denote the algebraLKv[X]/( fv(X)) = LKv(xv);
we saw in step 1, that there is an isomorphism of algebrasBKv � Bv;
we claim that by taking approximations of step 1 close enough we get
an isomorphism (BKv, J) � (Bv, I ). This is seen as follows. Let ¯x be
the image ofxv under the isomorphismθ−1. To get an isomorphism
af algebras with involution we requireθ(x̄J) = x−1

v . Now sinceBv is
separable it has only finitely many automorphisms; hence the composite
of two involution being an automorphism we conclude thatBv has only
finitely many involution. Sincexv→ θ(x̄J) is an involution ofBv the set
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of imageθ(x̄J) corresponding to the various isomorphismsθBKv � Bvis
finite; clearlyx ≃ x̄ which implies that ¯xJ ≈ x−1; i.e. x̄J ≈ x̄−1; hence
θ(x̄J) approximatesx−1

v . But since the number ofθ(x̄J) that can occur
is finite we see that for a sufficiently good approximationθ(x̄J) = x−1

v
so that we have actually an isomorphism (BKv, j) � (Bv, I ) for v ∈ S.
This shows that (B, J) can be imbedded in (A, I ) locally at all places
v ∈ S. If v < S, AKv splits andBKv can be imbedded inAKv by regular
representation. But this need not respect the involutionsJ andI . In any
case we find thatB is embeddable inA locally at all places ofK. Hence
B can imbedded inA; since the local imbeddings are identity onL, B
can be imbedded inA sucha way that this imbedding is identity onL. 108

This finishes the proof of step 2. corresponding to proposition a). The
same can be done corresponding to proposition b) too.

Proof of Step 3.By step 2 we can assumeB ⊂ A; the involutionJ on
the maximal commutative semisimple subalgebraB can be extended to
A by § 2.5 theorem 1. We denote the extension by the same symbol
J. By Skolem- Noether’s theorem there existstǫA∗K , tI = t such that
xJ = txI t−1 for all xǫB. We shall choosesǫA∗K such thatx → s−1xs
gives an imbedding of (B, J) in (A, I ). In order this is true it is necessary
and sufficient that we haves−1xJs= (s−1xs)I for xǫB. Now xI = t−1xJt
so thatxJ = ssI xI s−I s−1 = (ssI t−1)xJ(ssI t−1)−1.

This means we should thatssI t−1ǫB1, the commutant ofB which is
B itself sinceB is maximal commutative. Hence we requiressI = bt
with bǫB, sǫA∗K . We shall first findb and thens. We showed above that
(B, J) can be imbedded in (A, I ) locally at all placesvǫS, in particular
at the infinite places. Hence the equationssI = bt is satisfied for some
svǫA∗Kv

, bvǫBKv for every infinite placev. Approximate the finitely many
I -symmetric elementsbvt by an I-symmetric elementbot in Bt. Then
ssI = bot is solvable withsǫA∗Kv

for all infinite placesv. By taking norms

c = N(b0t)ǫK is a norm fromL⊗Kv/Kv, and thereforessI = c−1b0t = bt
is solvable withs ∈ A∗Kv

. On the other handN(bt) = N(c−1b0t) =

c1−n = c(1−n)/2(c(1−n)/2)I . So by Langherr’s theoremssI = bt is solvable
globally. Hence the mappingx→ s−1xsgives an imbedding of (B, J) in 109

(A, I ). The same can be done for proposition b) Hence step 3 is complete
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and so proposition a and b are proved whenn is odd.

5.7 Proof of Propositions a), b) whenn is even

The idea is the following

I) Construct anI -invariant quadratic extensionN of L, N ⊂ A and
a primitive elementy of N/L i.e. an element for whichN = L(y)
such that 1)NN

L y = z, yyI = 1 (respyI = y), 2) the equations
y = N̄x, xxI = 1 (resp. xI = x) are solvable locally inN′, the
commutant ofN in A; hereN̄ denotes the reduced norm mapping
of the simple algebraN′ with centreN. Observe that ifM denotes
the fieldM = {a ∈ N/aI = a} thenM is quadratic overK and that
N is the composite ofM andL; the latter shows that the commu-
tant ofN is the intersection of those ofM andL i.e. N′ = M′, M′

being the commutant ofM in A. The proof of the proposition will
be by induction on the power of 2 contained inn as factor. This
is justified as we have proved the propositions for oddn; since

[N1 : N] =
[N′ : L]

2
=

[A : L]
2(N : L)

= (
n
2

)2 and the hypothesis of the

propositions are satisfied forN′ andy in the placeA andz respec-
tively induction applies; by induction we can therefore assume the
truth of the proposition forN′; hence the equations in 2) are solv-
able globally; letx be a global solution; then since reduced norm
of x in A is equal toNN

L y = z we find that thisx gives a global
solution of the equationsNx = z (N denotes reduced norm inA),110

xxI = 1 (resp. xI = x); we have remarked in§ 5.6 that for local
solvability of our problem the only conditions come from those
real infinite places for which the algebra is isomorphic to a direct
sum of two matrix rings over the quaternions. We shall take care
of the local conditions 2) by constructingN in such a way that this
critical case does not occur for any placew of M. Let w be an
extension of the placev of K. If Kv � C, or N ⊗ Kv � C, thenw is
certainly not critical. IfA⊗ Kv is isomorphic to the direct sum of
two matrix rings overKv thenN′⊗M Mw is isomorphic to the direct
sum of two matrix rings overMw. If finally A⊗ Kv is isomorphic



5.7. Proof of Propositions a), b) whenn is even 83

to a direct sum of two matrix rings over the quaternions, then we
shall constructN such thatNw � C, and sow is not critical either.

II) We shall constructN abstractly to start with; we then construct a
commutative separableL-algebraB of maximal degree with anI -
involution J such that i) (N, I ) is imbeddable in (B, J) so thatN can
be identified with a subfield ofB and thenJ/N = I/N ii) B = N(x)
for a suitablex.

III) Imbed B in A; extendJ to A by the theorem on extension of invo-
lutions, and then change the imbedding by an inner automorphism
to get an imbedding of algebras with involution. The construc-
tions outlined in I, II and III will be achieved once we prove the
following lemmas.

Lemma 1. There exists a finite set S of places of K including the archi-111

medean places such that for v< S and any commutative separable
LKv-algebra with I-involution J say Bv of dimension n there exists an
imbedding of(Bv, J) into (AKV , I ).

Lemma 2. For every v∈ S there exists yv, xv in AKv such that

i) Nv = LKv(yv), Bv = Nv(xv) are commutative separable algebras

ii) Nv � LKv[Y]/Y2−λvY+z under the mapping which takes the residue
class of Y onto yv.

iii) such that yvyI
V = 1 (Resp yIV = yv) and

iv) Bv � Nv[X]/

(x

n
2+··· )

under the mapping taking the residue class of

X on to xv, the coefficients of X

n
2 + · · · being in LKv. If AKv is a

direct sum of matrix rings over quaternion algebras then yv can be
so chosen that the field Mv of I-invariance Nv is isomorphic toC.

Lemma 3. After possibly replacing z by zNu−1 with u ∈ AK , uuI =

1 (resp. by zNuNuI with u ∈ A∗K) there exists a place w< S with
LKw a field and a quadratic field extension Nw with an I-involution JNW
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such that Nw = LKw(yw) with yw satisfying the conditions NLKw
(yw) = z,

ywyJ
w = 1 (resp yJw = yw).

Lemma 4. Let K be a number field, L,M two different quadratic ex-
tensions of it; let N be the composite of L and M. Suppose there exists
a place w of K such that NKw is a field; then for a given c∈ K∗, if
the equation(NLK l) = (NM

K m)c is solvable locally then it is solvable
globally. Finitely many local solutions can be approximated. We shall112

assume these lemmas and show how N, B and J can be constructed; first
we make the replacement necessitated by lemma 3. This does not affect
local and global solvability. Now let Y2−λwY+z be the minimal polyno-
mial of yw in Nw/Lw; where Nw is constructed as in lemma 3. Letλ ∈ L
approximate theλ′vs for v ∈ S andλw. Define N= L[Y]/Y2 − λY + z;
since Y2−λwY+z is irreducible so is Y2−λY+z irreducible over L; hence
N is a filed; let y be the residue class of Y modulo(Y2 − λY + z); then
N = L(y). As in the proof of step 2 of Proposition a) and b) of§ 5.6 if the
approximation is good enough then the stipulation J/L = I/L, yJ = y−1

(reap. yJ = y) will define an I-involution J on N; similarly approximat-

ing the coefficients of the polynomial X

n
2 + · · ·+ given for Bv, v ∈ S in

lemma 2 we get a polynomial with coefficients in N and a maximal com-

mutative separable algebra B= N[X]/X

n
2 + · · · with an involution also

denoted by J extending the involution J on N; if our approximations are
good enough we have as in the proof of step of1 of Propositions a) and
b) of§ 5.6 that BKv � Bv for v ∈ S so that BKv is imbeddable in AKv for
v ∈ S ; by lemma 1 this is true even if v< S ; hence B is locally imbed-
dable in A at places v of K. Hence B is imbeddable in A globally. Since
N is imbeddable in B this simultaneously gives an imbedding of N in A
so that we can assume hereafter that L⊂ N ⊂ B ⊂ A. Next we extend
the involution J on B to A by the theorem on extensions of involutions;
we denote the extension also by the same letter J. By Skolem Noether’s
theorem we can find t∈ A, tI = t such that xJ = txI t−1 holds for every
x ∈ A. We want to choose an s∈ A∗ such that x→ s−1xs given an
imbedding of(N, J) into (A, I ); this replaces N by s−1Ns; the necessary113

and sufficient condition for this is that the following equations hold as
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in the proof of the case of odd n: ssI = ut, u∈ N′ and uJ = u. We claim
that these equations are solvable locally with s∈ AKv, u ∈ N′Kv

for all v;

this is seen as follows: if v∈ S we know that NKv � LKv[Y]/(Y2−λvY+z)
in the notations of lemma 2, and this will moreover be an isomorphism
of algebras with involution if the approximations are close enough as
we saw in the case of odd dimension. By lemma 2 then(NKv,J) is imbed-
dable in(AKv, I ) for v ∈ S . If v < S lemma 1 asserts that the algebra
(BKv, J) can be imbedded in(AKv, I ); this then gives an imbedding of
(NKv, J) in (AKv, I ); hence(N, J) is imbeddable locally in(A, I ) so that
the equations ssI = ut, u ∈ N′, uJ = u are solvable locally everywhere;
if (sv,uv) are local solutions at the place v taking reduced norms on
both sides of the equation svsI

v = uvt we get lvl Iv = (NN
L mv). Nt where

lv = Nsv and mv = N̄uv (N̄ denotes the reduced norm of N′ over N).
Since L and M are linearly disjoint over K we have NN

L mv = NM
K mv;

Moreover lvl Iv = NL
K lv; hence NL

K lv = (NM
K mv)(Nt). This shows that the

equations NLK l = (NM
K m)(Nt) are solvable locally everywhere; applying

lemma 4 we can approximate the local solutions(lv,mv) for v at infinity

by a global solution say(l,m); write 1−αv =
m
mv

; if the approximations

is close enough(1−αv)

1
n can be developed by a power series and since

αJ
v = αv applying J to the terms of this power series we get(1 − α)

1
n

is J-invariant; hence
m
mv

is the reduced norm in N′ of a J-invariant el-

ement; since mv = N̄uv with uJ
v = uv we see that the equation m= N̄u 114

is solvable locally at infinity by J-invariant elements; we shall now ap-
ply Proposition b); the local conditions for the solvability of m= N̄u
come only from the infinite places and we have shown that the equation
is solvable locally at infinity. Since the maximum power of2 dividing
[N′ : N] is less than the corresponding number for[A : L] we can apply
the induction hypothesis to N′, m∈ N′ which is J-symmetric; hence we
can find u∈ N′ with m= N̄u and uJ = u.

Next the equationssI = ut will be solved by using Landherr’s theo-
rem first formulation; we have proved that this is solvable locally at the
places inS, in particular at infinity; next by construction ofm we have
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N(ut) = NL
K l = ll I ; moreover (ut)I = tI uI = t.t−1.u j .t = ut. Hence the

conditions of Landherr’s theorem are satisfied and so we can finds ∈ AK

with ssI = ut. This solves the problem of imbedding (N, J) globally in
(A, I ). IdentifyingN with its image we can writeN = L(y); by construc-
tion this N andy have all properties required in 1) of the beginning of
the proof. As for the requirement 2) the local conditions necessary to
ensure the local solvability are void in view of lemma 2.

We shall now go on to the proofs of the lemmas 1 - 4.

Proof of Lemma 1.Let O be an order inA which we assume to be
I -invariant (otherwise takeO ∩O I ). If v is some place ofK andB a sep-
arable algebra overLKv we shall denote the set of integers ofB of O(B).
Let S be the set of these placesv of K which are either archimedean115

or ramified inL/K or such thatOv is not a matrix overO(LKv); the
non-archimedean places which satisfy the property are divisors of the
discriminant ofO and so finite in number; since the places satisfying
either the first or second property are also finite inS is a finite set. We
claim thisS will have the property stated in the lemma: Letv < S.

Case i. LKv � Kv ⊕ Kv; in this case AKv � A1 ⊕ A2 where A1,A2

are matrix rings over Kv and I interchanges the components. Similarly
Bv � B1 ⊕ B2 and J interchanges the components; by the regular repre-
sentation B1 can be imbedded in A1; if f is this imbedding and b∈ B1

then f(bJ) = f (b)I extend this to an imbedding of(Bv, J) into (AKv, I ).

Case ii. LKv is a field; in this case AKv � Mn(LKv) and if x ∈ AKv is
considered as a matrix(xi j ) over LKv then xI = ax∗a−1 where x∗ = (xI

ji )

and a is a fixed hermitian matrix i.e., a∗ = a. SinceO I = O we have
a Ova−1 = Ov; now a is determined up to a scalar matrix over Kv,
multiplying a by a suitable scalar matrix over Kv multiplying a by a
suitable scalar matrix over Kv, since v is unramified in L/K, we can
assume a to be a primitive matrix; the condition aOva−1 = Ov will then
imply that a, a−1 ∈ Ov. Hence the discriminant of the hermitian form
corresponding to a, namely delta is a unit in LKv; but since a∗ = a deta
is invariant under I which implies that deta∈ Kv. Using the fact that
LKv/Kv is unramified we can write det a= λλI with λ ∈ LKv. Now116
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over a p-adic field any hermitian from is determined by its discriminant
and dimension; choosing a matrix u∈ Mn(LKv) with determinantλ the
matrix uuI is hermitian with discriminant equal to det a; hence we have
shown that a can be written as uuI .

Write AKv as End (V), whereV is an-dimensional vector space over
LKv and End (V) means the endomorphism ring. The action ofI on
End (V) can be described as follows; letu, v be two vectors ofV; we
consider them asn-tuples overLKv; let (u, v) = uav∗; take x ∈ End V
then we have (ux, v) = (uxav∗) = ua(vax∗a−1)∗ = (u, vxI ). We have to
construct an embedding of (Bv, J) into the endomorphism ring of such
a vector space with hermitian form. On the spaceBv we introduce the
hermitian form defined by (u, v) = TrBv

LKv
(uvJc) wherec is an invertible

element inBv to be chosen properly to satisfycJ = c and to make the
discriminant of (u, v) a unit. This is a non-degenerate hermitian form
since trace map in a separable algebra in non-trivial. LetO(Bv)∗ = {u ∈
Bv|(u, v) ∈ O(LKv) ∀v ∈ O(Bv)}. The hermitian form is unimodular (i.e.,
discriminant a unit) if and only ifO(Bv) = O(Bv)∗ (a nonzero regular
lattice in a quadratic space is unimodular if and only if it is equal to its
dual). Asv runs through elements ofO(Bv), vJc runs through elements
of O(Bv).c; henceO(Bv)∗c is just the dual ofO(Bv) with respect toTr
and so is equal toϑ−1

Bv/LKv
, the inverse different ofBv.Bv is a direct sum

of local fields andO(Bv) is the direct sum of rings of integers in these
fields each of which is a principal ideal ring and soO(Bv) itself is a 117

principal ideal ring; henceϑ−1
Bv/LKv

can be written asO(Bv)c with c ∈ Bv;

sinceϑ−1
Bv/LKv

is invariant underJ andLKv/Kv is unramified we can take

c to satisfycJ = c. The dimensions of the vector spacesBv andV are
the same and by this choice ofc the hermitian form (u, v) andBv and the
hermitian form coming from the matrixa onV are isomorphic.

Next imbedBv in End (Bv) by regular representation; we then claim
that J goes into the involution∗ with respect to the matrix of (u, v);
for if x ∈ Bv and u, v are vectors ofBv then (ux, v) = Tr(uxvJc) =
Tr(u(xJv)Jc) = (u, xJv). This proves lemma 1.

Lemma 2.
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Case i. v non-archimedean and LKv � Kv ⊕ Kv and consequently AKv �

A1 ⊕ A2 the involution I interchanging the components. The problem
reduces to one concerning A1, i.e., if yv = (y1, y2) we have to construct
y1 so that Kv(y1) will be a separable sub-algebra of A1 and then fix
y2 by the condition yvyI

v = 1 (resp yIv = 1). Let D be the quaternion
division algebra over Kv; if z = (z1, z2) then we know that z1 is the
reduced norm of a regular element of the division algebra D and so
the principal polynomial of z say Y2 − λ1Y + z1 is irreducible over Kv;

let N1 =
Kv[Y]

(Y2 − λ1Y+ z1)
then N1 is a field extension of Kv of degree

2. Since the degree n of A1 is even by local theory of central simple
algebras the field N1, can be imbedded in A1; let y1 be the image of
the residue class of Y; then we can write N1 = Kv(Y1); choosing y2 to
satisfy the condition y2 = y−1

1 (resp y2 = y1) Kv(y1) ⊕ Kv(y2) will be the118

separable algebra Nv sought.

Case ii. v archimedean and LKv � Kv ⊕ Kv. If Kv � R and z= (z1, z2)
with z> 0, essentially the same argument as in case i applies. In partic-
ular by the local solvability condition, this happens if AKv is the direct
sum of two matrix rings over the quaternions, and then by construction
N1 and so the algebra of I-invariant elements in Nv is isomorphic toC.
In all other cases AKv � A1 ⊕ A2 with A1, A2 isomorphic to Mn(Kv) the
n × n matrix ring over Kv. In the construction of case i we may then
use an arbitraryλ1, but now N1 is not necessarily a field, but may be
isomorphic to Kv ⊕ Kv. If so we have to be careful with the embed-
ding of N1 into A1 and we do it by mapping(u, v) ∈ Kv ⊕ Kv = N1

into

( u· ·u
v

v·
·v

)
∈ Mn(Kv) = A1. For X1 we take any regular diagonal

matrix.

Case iii. LKv is a field; here AKv � Mn(LKv) and I has the action xI =
ax∗a−1 where a is a fixed hermitian matrix with the usual notations; by
choosing an orthogonal basis we can assume the hermitian form to be
diagonal; choose c∈ LKv such that ccI = 1 (resp cI = c) and such that
c , z/c; take for yv the matrix

( ooo O
O π/ε

z/c

)}n

n

;
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then yvyI
v = 1 (resp yIv = yv); the principal polynomial of this ma-

trix is (Y − c)(Y − z/c) which is separable; consequently the algebra119
LKv[Y]

(Y− c)(Y− z/c)
is separable and is isomorphic to LKv ⊕ LKv. We can

take this algebra for Nv and any regular diagonal matrix for xv.

Proof of Lemma 3.By algebraic number theory there exists infinitely
many places for whichLKw is a field. Choose such aw < S. In the case
of Proposition a) approximate the local solutionx of z = Nx by u ∈ AK

with u having the propertyuuI = 1; thenz ≈ Nu and soz/Nu can be
assumed to be a squarer2 say wherer ∈ LK ; now zzI = 1 andNuuI

so thatrr I = ±1. Sincer can be taken to approximate 1 we can have
rr I = 1. Replacingz by z/Nu we have only to prove the lemma for this
newz. Let Mw be a quadratic extension ofKw different fromLKw which
exists for theP-adic field Kw. Then if Nw denotes the composite of
Lw andMw, . . .Nw is quadratic overLw and we havez= Nw

Lw
(r); we put

ywN = rs with s in Nw but not inLKw satisfying the conditionsNw
Lw

(s) = 1

and NNw
Mw

(s) = 1; if H resp. J are the non-trivial automorphisms of

Nw over Lw resp. Mw, s =
ttHJ

tHtJ
with suitablet ∈ Nw satisfies these

conditions. Thisyw clearly satisfies all the requirements of the lemma.
In the case of proposition b), ifz is a norm fromLw/Kw, we may first
changez to zNuNuI and so assumez = r2 with r I = r, similar to case
a) and then putNw = LwMw andyw = rs with s in Mw but not inKw,
NMw

Kw
(s) = 1. On the otherhand ifz is not a norm fromLw/Kw choose a

quadratic extensionMw/Kw from whichz is a normz= NMw
Kw

(yw). Then 120

necessarilyLw is different fromMw andyw ∈ Kw so we are through.

We shall now go to the proof of lemma 4 which is the only remaining
thing to be proved for establishing theorem a a) for groups of type2An.
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Consider the diagram below

N

??
??

??
?

}}
}}

}}
}

M

AA
AA

AA
A L

��
��

��
�

K

hereM andL are quadratic extensions ofK andN is the composite of
M andL; we are givenc ∈ K∗ and our assumptions are i) the equation
NL

K l = cNM
K m is solvable locally; i.e. given a placev of K the equation is

solvable withl ∈ L ⊗ Kv andm ∈ M ⊗ Kv; ii) there is at least one place
w of K such thatMKw is a field. We then want to assert the solvability
of NL

K l = cNM
K m globally, i.e. withl ∈ L andm ∈ M. Let Gm be the 1-

dimensional multiplicative group; considerL∗,M∗ as two dimensional
tori overK and letT = L∗ × M∗ be their product which is again a torus.
SinceN is a splitting field for bothL∗ and M∗ it is a splitting fieldT;
consider a mapT → Gm defined by (x, y) → (NL

K x)(NM
K y−1). This map

is defined overN and using the fact thatN splitsT one can see that the
map is surjective; LetT′ be the kernel; thenT′ will be again a torus over
K split by N.

1→ T′ → T → Gm→ 1 · · · . (1)

will be an exact sequence defined overN; the ground field being of121

characteristic zero the homomorphismT → Gm will be separable; hence
taking rational points overN we get an exact sequence

1→ T′N → TN → (Gm)N → 1

The homomorphisms involved in this sequence are g-homomorphi-
sms whereg denotes the Galois group ofN/K. To any given placev
of K we select arbitrarily a placev′ of N extendingv and keep it fixed
throughout; the decomposition group ofv′ depends only onv and not on
the extensionv′ chosen sinceN/K is abelian; hence we can denote it by
gv: thengv will be the Galois group ofNKv′ /Kv. Passing toNv′-rational
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points in (1) we will get a commutative diagram

1 // T′N //

��

TN //

��

(Gm)N //

��

1

1 // TNv′
// TNv′

// (Gm)Nv′
// 1

where the vertical maps are inclusions; here the rows are respectively
g-exact andgv-exact sequences; and the vertical maps are compatible
with the inclusiongv → g; hence passing to cohomology we get the
following commutative diagram:

TK
α //

f

��

K∗
β //

g

��

H1(gN/K ,T′N)

h
��

TKv ᾱ
// K∗v

β̄

// H′(gv,T′Nv
)

Now g(c) is in the image of ¯α by assumption of local solvability of122

NL
K l = cNM

K m; henceβ̄ mapsg(c) into (1) which implies thath maps
β(c) into (1); the lemma is equivalent to proving thatc is in the image
of α, i.e. we have to show thatβ(c) = (1): hence the proof of the lemma
will be achieved if the product mapH1(gN/K ,T1

N) →
∏
v

H(gv,T′N′v) is

injective. But this we have proved in§ 3.2, theorem 6 a).

If finally ( lv,mv) are finitely many local solutions and (l,m) is a
global solution, then (av,bv) = (lvl−1,mvm−1) are local solutions of
NL

Ka = NM
K b. If we can approximate these by a global solution (a,b),

then (al,bm) will be a global solution of our original equation approx-
imating the given local solutions (lv,mv). Now it can be shown that
every solution (av,bv) is of the formav = cvNN

L dv, bv = cvNN
Mdv with

cv ∈ Kv, dv ∈ N ⊗ Kv; so we can puta = cNN
L d, b = cNN

Md with c ∈ K,
d ∈ N approximatingcv, dv. This completes the proof of lemma 4 and
of theorem a a) for groups of type2An

.
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5.8 Proof of theorem 1a for groups of typeCn

By the classification given in§5.1, groups of typeCn are either the sym-
plectic groups or the special unitary groups of hermitian forms over
quaternion algebras. In the case of symplectic group the theorem is
a consequence of§1.7, Example 3. In the second case since the spe-
cial unitary group coincides with the unitary group, we have to consider
G = Un(C/K,h) whereC is a quaternion algebra andh is a hermitian123

form. The proof for this case is given by induction on the integern. For
n = 1,U1(C/K,h) is isomorphic to a group of typeA1 and by our proof
for groups of the latter type theorem a a) holds forU1(C/K,h). Hence
by induction assume theorem a a) is proved for unitary groups in (n−1)
dimension,n ≥ 2. LetV be the vector-space on which the unitary group
Un operates. This spaceV will be of dimension 4n over K. Let xo be
an anisotropic vector ofV. Let h(xo) = c wherec ∈ K∗. Let Un−1 be
the unitary group corresponding to the orthogonal complement ofxo; let
H = Un−1; consider the following commutative diagram:

H1(K,H) //

α

��

H1(K,G)

β

��∏
H1(Kv,H) // ∏ H1(Kv,G)

we have to prove thatβ is injective; let (a) ∈ H1(K,G) be mapped onto
(1) by (β); thenβ(a) is in the image ofψ; hence by proposition 1 of
§ 1.5 the twisted homogeneous spacea(G/H) has aKv-rational point for
everyv ∈ ∞; we shall prove that this impliesa(G/H) has aK-rational
point; we shall also prove thatψ is injective. Granting these we apply
proposition 1 of§ 1.5 again; hence there exists (b) ∈ H1(K,H) such
thatϕ(b) = a; nowψ ◦ α(b) = β ◦ ϕ(b) = (1), so that by the injectivity
of ψ we haveα(b) = (1); but by induction assumptionα is injective
henceb = (1) which impliesa = (1) which is what is required to be
proved; we shall now prove the two assertions made. The groupG op-124

erates transitively on the sphere
{
x ∈ V

/
h(X) = c

}
over K̄ andH is the

isotropy subgroup ofx◦ of this sphere; henceG/H is isomorphic to this
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sphere over̄K; we can twist bothV andh by the cocyclea sinceh is in-
variant under all the automorphismas, s ∈ (K̄/K); let the twisted sphere
be{x ∈ V′/h′(x) = c} which is then isomorphic toa(G/H) overK̄. Since
a(G/H) has aKv-rational point for every placev of K the preceding iso-
morphism implies thath′(X) = c is solvable locally at all completion
Kv of K; now h′ can be considered as a quadratic form overK in 4n
variables; this quadratic form overK represents the nonzeroc locally
at Kv for all placesv of K by assumption; hence Minkowski-Hasse’s
theorem it presentsc globally in K and soa(G/H) has aK-rational
points. Next we shall prove the injectivity ofψ; from the exact sequence
1→ H → G→ (G/H)→ 1 of gK̄v/Kv

-sets we get exact sequence

GKv → (G/H)Kv → H1(Kv,H)→ H1(Kv,G) (1)

Now the mapGKv → (G/H)Kv is defined through the operation of
G on the homogeneous spaceG/H; by lemma 2 of§ 2.6 the opera-
tion of GKv on (G/H)Kv is transitive; hence the mapGKv → (G/H)Kv

is surjective which then implies by the exactness of (1) that the map
h1(Kv,H)→ H1(Kv,G) is injective. Hence the mapψ is injective.

5.9 Quadratic forms

If G = Spinn, n = 3, by considering the Dynkin diagram we get isomor-125

phisms ofG onto groups of typeAm or Cm so that theorem a a) is true
for thesen′s. So assumen ≥ 4; choose a non-isotropic vectorx◦ ∈ V, V
being the vector space on which the quadratic form is given; let 0n−1 be
the orthogonal group of its orthogonal complement; letH be its simply
connected covering; thenH is Spinn−1; for proving theorem a) we use
induction onn; so assume the theorem forn−1; consider the comutative
diagram below.

(G/H)K
ϕ //

f
��

H1(K,H)
ψ //

g
��

H1(K,G)

h
��∏

v∈∞
(G/H)Kv

α //
∏
v∈∞

H1(Kv,H) β //
∏
v∈∞

H1(K,G)

(2)
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Let (a) ∈ H1(K,G) be mapped onto (1) byh; then as in the dis-
cussion ofCn, a(G/H) hasKv-rational point for everyv; now we have
Spin/Spinn−1 � S On/S On−1 � On/On−1 which is isomorphic to the
sphere{x ∈ V/G (x) = c} wherec = G (xo); hence overK̄ a(G/H) �{
x ∈ V′

/
G ′(x) = c

}
where (V′,G ′) is got by twisting (V,G ) by the co-

cyclea; by assumption the quadratic formG ′(x) representsc locally at
infinity. Sincen ≥ 4 the quadratic formG ′(x) representsc locally at
the non-archimedean completion ofK as well; hencec is represented
by G ′(x) locally in all Kv; applying Hasse-Minkowski’s theoremG ′(x)
representc globally; hencea(G/H) has aK-rational point; this implies
the existence ofb ∈ H1(K,H) such thatψ(b) = a; thenβ(g(b)) = (1) so126

that there existsc ∈
∏
v∈∞

which α(c) = g(b)1; we shall prove presently

that c can be so chosen that it is in the image off ; granting this there
existsd ∈ (G/H)K such thatf (d) = c; theng(ϕ(d)) = g(b); by induction
assumptiong is injective so thatb = ϕ(d); but thena = ϕ(b) = ϕoϕ(d) =
(1) and soh will be injective; hence we have only to provec can be
chosen as required above. By the exactness of the bottom row in (2) two
elements of

∏
v∈∞

(G/K)Kv will go into the same element under the map
∏

(G/H)Kv →
∏

H1(kv,H) if and only if there differ by an element of∏
GKv as factor hence the fact thatc can be chosen to lie in the image

of f will follow from the lemma below:

Lemma 1. Given elements xv ∈ (G/H)Kv for archimedean there exist
elements uv ⊂ GKv such that uvxv ∈ (G/H)K and are the same for all v.

Proof. HereG/H is the sphereT =
{
x ∈ V

/
G (x) = c

}
and so (G/H)Kv

is the set of solutions ofG (x) = c rational overKv. By Witt’s theorem
(On)Kv = OKv acts transitively on the sphereT; sincexo ∈ T we can
find tv ∈ OKv such thatxv = tvxo; if tv is improper by multiplyingtv on
the right by a reflection in a plane containingxo we can make product
proper andtvxo is not disturbed by this change; hence without loss of
generality we can assumetv ∈ S OKv; let a be the matrix of the quadratic
form G with respect to some basis; letxI = atxa−1 for x ∈ On; then
xxI = 1 by definition ofOn; approximate thet′vs by a t ∈ S OK and put
x = txo so thatx ∈ (G/H)K andx ≃ xv; we shall now show thatx is in
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GKv xv; the orbit ofxv under the action ofGKv is just (G/H)Kv by Witt’s 127

theorem; now Spinn → S On is surjective and is a local isomorphism
overK̄v since it is a covering; hence (Spinn)K̄v

is local isomorphism; this
homomorphism is compatible with the action of the Galois groupgK̄v/Kv

;
hence forming the group of fixed points under the action ofgK̄v/Kv

in
the above groups we get a local isomorphism (Spinn)Kv → (S On)Kv;
this shows that the latter map is surjective onto a neighbourhood of 1
in (S On)Kv; now by constructiontvt−1 ≈ 1 andtvt−1 ∈ (S On)Kv hence
tvt−1 is the image of some elementu−1

v ∈ (S pinn)Kv under the above
homomorphism; thenx = txo = tt−1

v xv; going back fromT to G/H by
the isomorphismG/H � T we getx = uvxv with uv ∈ GKv; hence the
lemma is proved and consequently theorem a a) is proved for the group
under consideration. �

5.10 Skew hermitian forms over quaternion
division algebras

Write G = Spinn(D/K,h) whereD is a quaternion division algebra and
h is a skew-hermitian form. Ifn = 2 or 3,G is isomorphic to a group of
typeA1 × A1 or A3 and the theorem is proved for these types. Hence we
can assumen ≥ 4. We can then carry out the procedure adopted for spin
groups of quadratic forms almost word for word; for this we need to
know the analogue of Witt’s theorem, i.e. Given two anisotropic vectors
x andy of the same length meaningh(x) = h(y) there exists a proper
unitary matrixt transformingx into y; this we proved in§ 2.6, lemma 2.

We also need to know the Minkowski- Hasse’s theorem for skewher-128

mitian forms. This we shall state and prove as a proposition.

Proposition. Let D be a quaternion division algebra over K; let h be a
skew hermitian form in n≥ 2 variables over D; let c be a nonzero skew
quaternion of D; then is the equation h′(x) = c has a solution locally at
all places v of K then it has a global solution.

Clearly the proof of this proposition will complete the proof of the-
orem a a) forG.
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Proof of the Proposition. We shall first prove the proposition forn = 2
and 3. LetV′ be the vector space on whichh′ is given. We shall con-
struct a vector spaceV with a hermitian formh such that bothV andV′

have the same dimension and discriminants and such thatV = Wl(xo)
with h(xo) = c. This is done as follows; first letn = 2. We shall find a

skew quaternionb such that the reduced norm of

(
b o
o c

)
shall be equal to

the discriminationd of V′; this is equivalent to requiringbbI =
d

ccI
. Ex-

pressingb in terms of a basis ofD/K, bbI becomes a ternary form over

K. Hence we require the formbbI to represent
d

ccI
. By the Minkowski-

Hasse’s theorem for quadratic forms it is enough to check the local solv-

ability of the equationbbI =
d

ccI
. Now supposex′v are the given solution

of h′(x) = c at the placesv of K. If Dvyv denotes the orthogonal com-
plements ofx′v in V′Kv

, thenh(yv)H−1)I = d/ccI . This proves the local
solvability of bbI = d/ccI . Hence as observed above it is also globally129

solvable withb ∈ D. Then

(
b o
o c

)
define a hermitian formh on a 2-

dimensional vector spaceV/D; clearlyh represents the skew quaternion
c. If n ≥ 3 we can carry out a similar procedure using lemma 4 of§ 4.3.
Let Un−1 denote the unitary group of (W,h). By construction (V,h) is
isomorphic to (V′,h′) over K̄. Let f : V → V′ be this isomorphism.
Thenas = f −1 ◦ s f is a 1-cocycle ofgK̄/K with values inUn(V), the
unitary group ofV. The discriminants ofV andV′ being equal by§ 2.6
lemma 3 we know that (as) comes fromH1(K,S Un) so that we can as-

sumeas ∈ S Un. Let T =
{
x ∈ V

/
h(x) = c

}
,T′ =

{
x ∈ V′

/
h′(x) = c

}

be spheres inV,V′ respectively. ClearlyT is got by twisting the sphere
T with the 1-cocycle (as). Our problem is to show thath′(x) = c has
a global solution i.e. the sphereT′ has aK-rational point. Now by
lemma 2 of§ 2.6 T is isomorphic overK̄ to the homogeneous space
S Un/S Un−1. Hence the sphereT′ is isomorphic to the twisted homoge-
neous spacea(S Un/S Un−1). The problem therefore reduces to showing
that the latter has aK-rational point. By§ 1.5 proposition 1, this is
equivalent to proving that the 1-cocycleas comes fromS Un−1. The lo-
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cal solvability ofh′(X) = c implies that locally at all places the cocycle
as comes fromS Un−1. Hence for the proof of the proposition we are re-
duce to proving the following: given (as) ∈ H1(K,S Un) such that its im-
age (bs) in H1(Kv,S Un), is contained in the image ofH1(Kv,S Un−1)→
H1(Kv,S Un) for all placesv of K to show that (as) is in the image of
H1(K,S Un−1) → H1(K,S Un). We shall prove this now. In the diagram130

below we writeH1(S Un) to mean bothH1(K,S Un) andH1(Kv,S Un);
let 1→ Z2 → Spinn → S Un → 1,1→ Z2 → Spinn−1 → S Un−1 → 1
be the covering maps. From these we get a commutative diagram

H1(S Un−1)
g //

δ1

��

H1(S Un)

δ2

��
H1(Z2)

identity // H2(Z2)

By assumptionδ2(as) ∈ Image ofδ1 locally. We first consider the case
n = 2. S U1 is a torus with a quadratic splitting field (See§ 3.1 Exam-
ple 4). Spin1 being a covering ofS U1 is again a torus with a quadratic
splitting field. Clearly Spin1 satisfies the condition of§ 3.2 theorem 6 a),
and so Hasse Principle forH2 of Spin1 is valid. Spin1 being comutative
the diagram above can be supplemented by the sequences

H1(S U1)
δ1−→ H2(Z2)

p
−→ H2(Spin1).

Sinceδ2(as) ∈ image ofδ1 locally we havep(δ2(as)) = {1} lo-
cally at all places ofK. By the Hasse Principle quoted above we have
p(δ(as)) = {1} in H2(K,Spin1). This clearly impliesδ2(as) is in the im-
age ofH1(K,S U1) by the mapδ1. Next if n = 3 the groupS U2 being
semisimple and connected the same conclusion holds by virtue of§ 5.2
theorem 2. Hence in either case we can find (b) ∈ H′(K,S Un−1) such
that δ1(b) = δ2(a). Twisting the whole situation by the cocycleb, we 131

may assumeδ2(a) = 1, i.e. that the cocycle a comes from a cocycle
b of the spin group. NowT′ � a(S Un/S Un−1) �b (Spinn /Spinn−1).
Hence we are reduced to proving the following: given an elementb ∈
H1(K,Spinn) which comes from Spinn−1 locally at all places ofK, to
show thatb comes from Spinn−1. We shall prove this now. We have a
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commutative diagram

H1(K,Spinn−1)
g //

β
��

H1(K,Spinn)

γ

��∏
v∈∞

H1(Kv,Spinn−1) h //
∏
v∈∞

H1(Kv,Spinn)

If n = 2, Spin1 is an algebraic torus so that by§ 3.2 theorem 6 b)
corollary the mapβ is surjective. Ifn = 3, Spin2 being connected and
semisimple by theorem b)β is surjective again. Forn = 2,3, Spinn is
isomorphic to a group of typeAn so that by theorem a) applied to groups
of this type, which we have already proved, we find thatγ is injective.
By assumptionγ(b) = h(c) for somec ∈

∏
v∈∞

h1(Kv,Spinn−1). By the sur-

jectivity of β lift c to 1-cocycled of Spinn−1; thenγ(g(d)) = γ(b). Using
the injectivity ofγ we findg(d) = b, i.e. b comes fromH1(K,Spinn−1).
This is what we wanted to prove. Hence the proposition is established
for the casesn = 2,3.

Next let us consider the casen ≥ 4. Letxv be the given local solution
of h′(x) = c for v ∈ S. Approximate the solutionsxv, v ∈ ∞ by a vector
x ∈ V and letW be a three dimensional regular subspace ofV containing
x. If the approximation is good enough the restrictionh′′ of h′ to W132

representc locally for all v ∈ ∞. BY Lemma 4 of§ 4.3 the same is true
for v < ∞. By the casen = 3, h′′ and thereforeh′ representsc globally.

Another proof of this proposition, due toT. Springer, is given in an
appendix.

5.11 Applications

Classification of quadratic forms
LetG be a non-degenerate form over any fieldK. ThenH1(K,O(G ))

is isomorphic to the set ofK-equivalent classes of quadratic forms over
K. The exact sequence 1→ S O→ O→ Z2 → 1 whereO→ Z2 is the
determinant map gives rise to an exact sequence of cohomology sets

OK → Z2→ H1(K,S O)→ H1(K,O)→ H1(K,Z2)
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SinceOK → Z2 is surjective in view of the existence of reflections
we see that the mapH1(K,S O) → H1(K,O) has trivial kernel. By
a familiar twisting argument we find thatH1(K,S O) → H1(K,O) is
injective.

The mapH1(K,O)→ H1(K,Z2) � K∗/K∗
2
maps a class of quadratic

forms onto the quotient of its discriminant by that ofq (by an argument
similar to the proof of lemma 3 in§ 2.6). SoH1(K,S O) is isomorphic
to the set ofK-classes of quadratic forms of fixed dimensionn and dis-
criminantd. Among these letG be one of maximal index and consider133

the exact sequence

1→ Z2→ Spin→ S O→ 1.

We arrive at an exact sequence of cohomology sets,

SpinK → S OK → H1(K,Z2)→ H1(K,Spin)→ H1(K,S O)→ H2(K,Z2) (2)

The mapS OK → H1(Z2) � K∗/K∗
2

is the spinor norm (c f. [E3]).

Using the exact sequences 1→ Z2Gm
square
−−−−→ Gm → 1 we get 1→

H2(K,Z2)→ BK
multiplication by 2
−−−−−−−−−−−−−→ BK which is an exact sequence. Hence

H2(K,Z2) is isomorphic to the subgroup of elements ofBK which are of
order 2. The mapH1(K,S O)→ H2(K,Z2) is called the Hasse-Witt map
(cf. [sp]). Hence we have found three invariants of a quadratic form
G namelyi) dimension ofG ii ) discriminant ofG iii ) the Hasse-Witt
invariant.

We claim that over aP-adic field K these invariants completely
characterise a givenK-equivalent class of quadratic form. This follows
immediately from the resultH1(K,Spin) = {1} of chapter 4, the exact
sequences (2), and a twisting argument.

Quadratic forms over number fields.

We shall show the connection between theorem 1 and the ordinary Hasse
principle for equivalence of quadratic forms. We shall assume firstn =
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dimG ≥ 3, we have a comutative diagram with exact rows:

H1(K,Z2) //

λ

��

H1(K,Spin)
f //

α

��

H1(K,S O)
f //

β

��

H2(K,Z2)

γ

��∏
v∈∞

H1(Kv,Z2) //
∏
v∈∞

H1(Kv,Spin) //
∏
v

H1(Kv,S O) //
∏
v

H2(Kv,Z2)

We want to know ifβ is injective. By the splitting criterion for134

simple algebras (in fact quaternion algebras) the mapλ is injective. By
theorem a) the mapα is injective. We claim thatλ is surjective; this is
becauseH1(Kv,Z2) � K∗v/K

∗2
v andλ surjective means that we must be

able to find an element ofK with prescribed signs at the real places. This
is clearly possible. Hence by lemma 1 of§5.1 the mapβ is injective.

Next using the exact sequences 1→ S O→ O
det−−→ Z2→ 1 we get a

commutative diagram.

1 //

��

H1(K,S O) //

β̄
��

H1(K,O) //

ᾱ
��

H1(K,Z2)

γ̄
��

1 //
∏
v

H1(Kv,S O) //
∏
v

H1(Kv,O) //
∏
v

H1(Kv,Z2)

By what we showed abovēβ is injective; by algebraic number theory
if an element ofK∗ is a square at all places ofK, then it is a square in
K. This shows that ¯γ is injective. Hence again by lemma 1 of§5.1 we
see that ¯α is injective. This is what we wanted to prove. IfV,V′ are
two quadratic spaces of dimensionn < 3, which are isomorphic locally
everywhere, letW be a (3− n)-dimensional space. Then (V ⊥ W)v �

(V′ ⊥W)v for all placesv. By what we have just provedV ⊥W � V′ ⊥
W, and Witt’s theorem impliesV � V′

Skew-hermitian forms over a quaternion division
algebra

If we try to carry over the above investigations to skew hermitian form
over quaternion division we find some differences. LetD be a quater-135
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nion division algebra overK, either aP-adic field or a number field,h
a skew-hermitian form overD, andU the unitary group ofh. Then the
norm mappingU → Z2 gives rise to the discriminant mapH1(K,U) →
H1(K,Z2). Next the exact sequences 1→ Z2 → Spin→ S U→ 1 gives
rise to the cohomology sequence

SpinK → S UK → H1(K,Z2)→ H1(K,Spin)→ H1(K,S U)→ H2(K,Z2) (4)

We proved in§2.6, lemma 1 a) thatS UK = UK ; using this in the
exact sequence

(S U)K → UK → Z2→ H1(K,S U)→ H1(K,U)→ H1(K,Z2)

we find thatZ2 → H1(K,S U) is injective; now letK be aP-adic field.
Then we saw in§ 4.1 theorem 1 thatH1(K,Spin)= {1}. Using this in (4)
we find that there is an injectionH1(K,S U) → H2(K,Z2). But in this
case we have seenH2(K,Z2) � Z2. Hence we haveH1(K,S U) � Z2.
This shows that in (4) the discriminant mappingH1(K,U) → H1(K,
Z2) � K∗/K∗

2
has trivial kernel; by a twisting argument the discriminant

map is injective. Hence a complete set of invariants are the dimension
and discriminant (c f.[J], [T s]).

In the case of number fields the injectivity of the mapH1(K,S U)→∏
v

H1(Kv,S U) follows as in the case of quadratic forms but if we try to

apply the argument leading to the proof of the Hasse Principle we find
the following diagram

1 // Z2
//

��

H1(K,S U) //

��

H1(K,U) //

��

H1(K,Z2)

1 //
∏
v∈S

Z2 //
∏
v

H1(Kv,S U) //
∏
v

H1(Kv,U) //
∏
v

H1(Kv,Z2)

whereS is the set of placesv at which the quaternion division alge-136

bra D does not split. From this diagram it is not possible to prove the
injectivity of H1(K,U) →

∏
v

H1(Kv,U). In fact Hasse principle for

skew-hermitian form is false. We shall prove this statement now.



102 5. Number fields

Let V be then-dimensional vector space overD on whichh is de-
fined. We want to find the number of (V′,h′), whereV′ is an-dimensio-
nal vector space overD andh′ a skew hermitian from overV′ such that
(V,h) � (V′,h′) locally everywhere but not globally. We need a

Lemma. Let (V,h) � (V′,h′) locally everywhere; let W be any hyper-
plane in V, i.e. a subspace of dimension n− 1; assume W to be non-
degenerate. Then V′ contains a subspace W′ isometric to W.

Proof. We shall apply induction onn; for n = 1 the result is trivial. So
let n > 2; by induction assume the result for all spaces of dimension
≤ n − 1. Let a ∈ W be a vector such thath(a) , 0; consider the
equationh′(x) = h(a). This is solvable locally at all places ofK since
(V,h) � (V′,h′) locally everywhere. By the proposition of§ 5.10 we
know that the equation has a global solution; leta ∈ V′ be such that
h′(a′) = h(a). Write W = Da ⊥ W1,V = Da ⊥ V1 andV′ = Da′ ⊥
V′1; since Da� Da′ by construction andV � V′ locally everywhere137

by assumption, applying Witt’s theorem we find thatV1 � V′1 locally
everywhere. ClearlyW1 ⊂ V1, and is a non- degenerate hyperplane.
Hence by induction assumptionV′1 contains a subspaceW′1 which is
isometric toW1. Then clearlyW′ = Da ⊥ W′1 is a subspace ofV′

isometric toW. This proves the lemma. �

In the notations above writeV = W ⊥ V̄, V′ = W′ ⊥ V̄1. By
constructionW � W′. HenceV � V′ locally everywhere if and only
if V̄ � V̄′ locally everywhere. This reduces the problem of finding the
number of (V1,h1) which are isomorphic to (v,h) locally everywhere
but not globally to the case of 1-dimensional spaces. So let us assume
dimV = 1. Then by§ 3.1 Example 4S U is a torus with a quadratic
splitting field. Hence by§ 3.2 theorem 6a) the Hasse principle is true in
any dimension. We then have a commutative diagram with exact rows:

1 // Z2
//

p

��

H1(K,S U)
g //

q

��

H1(K,U) //

r

��

H1(K,Z2)

��

1 //
∏
v∈S

Z2 //
∏
v

H1(Kv,S U) //
∏
v

H1(Kv,U) //
∏
v

H1(Kv,Zv)
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Consider ker(ψ). Sincep is injective any element of ker(γ) comes
from H1(K,S U). Hence kerγ � ker(γg)/Z2 sinceZ2 ⊂ ker(γg); this
implies kerγ � ker(tq)/Z2 � q−1(u(

∏
v∈S

Z2))/Z2.

Let X = Hom(Gm,S U). SinceS U is a sub torus of the multiplicative138

group ofD, for anyv ∈ S the decomposition groupgLw/Kv acts non-
trivially on X. So we haveH1(Kv,S U) � Ĥ−1(gLw/Kv,X) � Z2 and
u(

∏
v∈S

Z2) =
∏
v∈S

H1(Kv,S U). By § 2.2 we have the commutative diagram

with exact bottom row
Herea andb are surjective sincegL/K is cyclic, andĤ−1(gL/K ,X) �

Z2. So q̄ is injective and the cardinality ofq−1(
∏
v∈S

Ĥ−1(gLw/Kv,X)) is

equal to the cardinality of
∏
v∈S

Ĥ−1(gLw/Kv,X) divided by that of its im-

age underb, i.e. equal to 2s−1 if S containss places. Hence ker(γ)
has 2s−2 elements,i.e. there are exactly 2s−2 classes of skew hermi-
tian quaternionic forms which are locally isomorphic but not globally.
If s > 2 then there are skew hermitian quaternionic forms which are
locally everywhere isomorphic but not globally.
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H1(K,S U) // ⊕H1(Kv,S U)

H1(gL/K ,X ⊗ L∗)

OO

⊕H1(gLw/Kv,X ⊗ L∗w)

OO

⊕Ĥ−2(gLw/Kv,X)
a // Ĥ−2(gL/K ,X) // Ĥ−1(gL/K ,X ⊗W)

q̄ //

OO

⊕vĤ−1(gLw/Kv,X)
b //

OO

Ĥ−1(gL/K ,X)



Appendix by T.A. Springer

Hasse’s theorem for skew-hermitian forms over
quaternion algebras

139
Theorem 5.3.3 below is equivalent to the proposition of§5.10. The
following proof was obtained in 1962. It differs from the proof given in
the lecture notes in that it uses besides algebraic and local results, only
Hasse’s theorem for quadratic forms.

1. Algebraic results
Let k be a field of characteristic not 2. LetD be a quaternion algebra

with centrek. D is either a division algebra or is isomorphic to the matrix
algebraM2(k). We denote byλ → λ̄ the standard involution inD, by
D̄ the set of allλ ∈ D with λ = −λ̄ and by (D∗)− the set of invertible
elements inD−. N is the quadratic norm form inD andN(x, y) = N(x+
y) − N(x) − N(y) the corresponding symmetric bilinear form. LetV be
a left D-module which is free and of finite rankn. Let F be a skew-
hermitian form onV × V with respect to the standard involution inD.
So

F(x, y) = −F(y, x), F(x, x) ∈ D̄ (x, y ∈ V).

Take any basis (vi)1≤i≤n of V and consider the matrixM = (F(vi ,

v j))1≤i, j≤n with entries inD. The reduced norm ofM in the matrix al-
gebraMn(D) is an element ofk, whose class mod (k∗)2 is independent
of the particular basis.F is callednon-degenerateif M is non-singular.
We assume henceforthF to be non-degenerate. Then the element of
k∗/(k∗)2 defined by the reduced norm ofM is called thediscriminantof 140

105
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F and is denoted byδ(F).
An elementx ∈ V is callednon-singularif the submoduleDx of V

is isomorphic toD. This is equivalent to the following: if we express
x in terms of a suitable basis ofV, then one of the components ofx is
invertible inD. We say thatF represents zero non-triviallyif F(x, x) = 0
for some non-singularx. One has the usual results about existence of
orthogonal bases inV etc.

We next describe some algebraic constructions. Letλ ∈ D be such
that K = k(λ) is a quadratic semi-simple subalgebra ofD. Let µ ∈ D∗

be such thatN(λ,1) = N(λ, µ) = 0. Then any elementρ of D may be
written in the formρ = ξ + ηµ with ξ, η ∈ K. We have ¯ρ = ξ̄ − ηµ and
ρη = η̄µ(η ∈ K)

F andV being as before, we can then write

F(x, y) = G(x, y) + H(x, y)µ, (1)

whereG(x, y), H(x, y) ∈ K. It readily follows thatH is a non-degenerate
symmetric bilinear form onV, considered as aK-module and that
G(x, y) = −G(x, y) = −H(x, µy). Define the discriminant classd(H) ∈
K∗/(K∗)2 in the obvious way. Letϕ be the homomorphismk∗/(k∗)2 →
K∗/(K∗)2 induced by the injectionk→ K.

Lemma 5.1.1. d(H) = ϕ(δ(F)).

Proof. Using an orthogonal basis ofV with respect toF it follows that
it suffices to prove this ifV = D, in which case an easy computation
establishes the assertion. �

Suppose now thatD = M2(k). If λ ∈ D we denote byλ1 andλ2 the141

upper and lower row vectors of the matrixλ. IdentifyingV with Dn, we
may writex ∈ V in the formx = (x1

x2), wherexi ∈ k2n. It is easily seen
that if F is any non-degenerate skew-hermitian form onV, we have

F(x, x) =



f (x1, x2) − f (x1, x1)

f (x2, x2) − f (x1, x2)

 , (2)

where f is a symmetric bilinear form onk2n, whose discriminant class
is δ(F), so thatf is non-degenerate.
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Lemma 5.1.2. F represents zero non-trivially if and only if f has Witt-
index≥ 2. If this is so, there exists x in Dn such that F(x, x) = 0 and
that any given component of x is invertible in D.

Proof. The first assertion is readily verified, using the relation (2) be-
tweenF and f , �

Now suppose that the following holds: ifF(x, x) = o, then the first
component ofx ∈ Dn is 0. For f this means that there exists linearly
independent vectorsa,b ∈ k2n such that

f (x1,a) f (x2,b) − f (x1,b) f (x2,a) = 0, (3)

wheneverf (x1, x2) = f (x1, x1) = f (x2, x2) = 0.
If the index of f is at least 2 we can find for any twox1, x2 ∈ k2n

which are isotropic with respect tof , a y ∈ k2n such that f (y, y) = 142

f (x1, y) = f (x2, y) = 0. This implies that (3) holds forall pairs of
isotropic vectorsx1, x2. Since the isotropic vectors off span the whole
of k2n, it follows then that (3) holds for allx1, x2 ∈ k2n, which contradicts
the linear independence ofa andb.

This establishes the second assertion.

2. Local fields
Assume now thatk is a local field, i.e. complete for a non-archime-

dian valuation, with finite residue field. With the same notations as be-
fore, we then have the following result.

Lemma 5.2.1. (a) If rank V> 3, then F represents 0 non-trivially;

(b) If is a division algebra, the equivalence classes of non-degenerate
F are characterised by their rank andδ(F);

(c) There is exactly one equivalence class of anisotropic forms of rank
3.

Proof. For the case of a division algebraD see [22]. IfD is a matrix
algebra, this follows from the known properties of quadratic forms over
local fields, by using the relation (2) betweenF and f . �
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Lemma 5.2.2. If rank F = 2 then there existsα ∈ k∗ with the following
property: any non-singularλ ∈ D− with N(λ) < α(k∗)2 is represented
by F.

Proof. This follows from lemma 5.2.1, (c). �

We now assumeD to be a matrix algebra. Let obe a maximal order
in D.

Lemma 5.2.3. If ξ1, α1ξ̄1 + ξ2α2ξ̄2 is a skew-hermitian form of rank 2143

such thatα1 andα2 are unite in oand that N(α1)N(α2) is a square, then
this form represents any non-singularλ ∈ D−.

Proof. o is isomorphic to the subring ofM2(k) whose entries are in-
tegers ofk. using the corresponding representation (2) of our skew-
hermitian form, we see thatf is now a quadratic form in 4 variables
overk, with integral coefficients, whose discriminant is the square of a
unit of k. Such a form is known to have index 2 (see [12]§9). Lemma 2
implies thatF represents 0 non-trivially. It then represents all elements
of D− (this is proved as in the division algebra case). �

3. Global fields
Now let k be a global field of characteristic not 2, i.e. an algebraic

number field or a field of algebraic functions of dimension 1, with a
finite field of constants. LetD be a quaternion division algebra with
centrek. For any placev of k we denote byDv the algebraD ⊗k kv over
the completionkv. Dv is a division algebra for a finite number of places
v, by the quadratic reciprocity law this number is even.

Let V and F be as in nr. 1. We putVv = V ⊗k kv, this is a free
Dv-module.Fv denotes the skew-hermitian form onVv defined byF.

Lemma 5.3.1. Suppose that rank F= 2 andδ(F) = 1. There exists a
finite set S of places of k such that for any v∈ S and anyλ ∈ D− the
equation Fv(x, x) = λ is solvable with x∈ Vv.

Proof. Let F(x, x) = ξ1α1ξ̄1 + ξ2α2ξ̄2. with respect to some basis ofV.144

Let obe a maximal order inD and take forS the set places consisting of:
all infinite places; the finite places for whichα1, α2 are not units in the
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maximal order ov of kv, defined by o; those for whichDv is a division
algebra .S is finite. By lemma 5.2.3 it satisfies our requirements.�

Proposition 5.3.2. Let λ ∈ (D∗)−. Suppose that for all places v there
exists xv ∈ Vv such that Fv(xv, xv) = λ. Then there exists x∈ V and
α ∈ k∗ such that F(x, x) = αλ.

Proof. We putK = k(λ). Writing F in the form (1), our assumptions
imply that the quadratic formH(x, x) represents 0 non-trivially in all
completions ofK. By Hasse’s theorem for quadratic formsH(x, x) = 0
has a non-trivial solutionx in the K-vector spaceV. This is equivalent
to the assertion. �

We come now to the proof of Hasse’s theorem for skew-hermitian
quaternion forms.

Theorem 5.3.3.Suppose that rank F≥ 3. If Fv represents zero non-
trivially for all places v, then F represents zero non-trivially

Proof. Let n = rankF. We distinguish several cases. �

(i) n = 3. We first assert that under the assumptions of the theorem
there existsλ ∈ D− such thatδ(F) = N(λ)(k∗)2. Such aλ is a solution
of a ternary equationN(λ) = α. By Hasse’s theorem for quadratic forms
it suffices to verify that this equation is everywhere locally solvable.
Solvability for the placesv whereDv is a matrix algebra is clear (since
N is then isotropic onD−v ). If Dv is a division algebra, the assumption145

that Fv represents 0 non-trivially implies thatFv can be written, after
a suitable choice of coordinates, in the formξ1αξ̄1 − ξ2αξ̄2 + ξ3βξ̄3.
It follows that δ(F(k∗v)2 = N(β)(k∗v)2. Sinceβ ∈ D−v , this implies the
solvability for all places.

We fix such aλ ∈ D− and letK = k(λ). Write F in the form (1). Our
assumption imply that the Witt-index of the symmetric bilinear formH
is ≥ 2 at all placesv of K. Hence the index ofH is ≥ 2. by Hasse’s
theorem. Also−λ2 = N(λ) ∈ δ(F). by lemma 5.1.1 it follows that
d(H) = −(K∗)2. This combined with the fact that the index ofH is at
least 2 implies that the index ofH equals 3, i.e.H is of maximal index.
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Consider nowV as a 6-dimensional vector space overK.µ being as
in nr. 1, putT x= µx. This is a semi-similarity ofH (relative to the non-
trivial k-automorphism ofK) andT2x = µ2x. What we have to prove is
that exists a non-trivial solution of

H(x, x) = H(T x, x) = 0. (4)

Take a three-dimensional subspaceW of V, which is totally isotropic
(for H). If TW∩W , (0), any non-zerox in this intersection satisfies
(4). Assume now thatTW∩W = (0). ThenV is the direct sum ofW and
TW. Let H be the hermitian form on the 3-dimensionalK-vector space
W defined by

H1(u, v) = λH(u,Tu).

It then follows that the solvability of (4) is equivalent to the existence146

of u, v ∈W, not both 0, such that

H1(u, v) = H1(u, v) + µ2H1(v, v) = 0. (5)

Let ρ ∈ k∗ be an element in the discriminant classd(H1) of H1. If

H1(w,w) = −ρµ2 (6)

has a solutionw ∈ W, then an orthogonal basisu, v of the orthogonal
complement ofw in W will give a solution of (5).

So it suffices to prove that (6) is solvable. Now the valuesH1(w,w)
are those of a 6-dimensional quadratic formg over k, so that we can
prove the solvability of (6) by using again Hasse’s principle for quadratic
forms. For finite placesv a 6-dimensional form represents everything
(since then the Witt-index is positive), so we have only to consider an
infinite placev (hence we may takek to be a number field). Ifv is
complex there is no problem. Ifv is a real place ofk which splits in
K, gv is easily seen to be an indefinite quadratic form overkv, which
represents everything. So letv be a real place ofK such thatKv = K⊗kkv

is complex. IfH1 is indefinite (6) is solvable. If not, the solvability of (5)
in Wv (which follows from the assumptions) implies thatµ2 is negative
in kv. Then−ρµ2 is positive or negative inkv if H1 is positive or negative
definite, hence can be represented byH1. This settles the casen = 3.

(ii ) n ≥ 4. TakeF in the form
n∑

i=1
ξiαi ξ̄i . We first prove a lemma.147
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Lemma 5.3.4. Let v be a place of k.

(a) There existsδv ∈ D−v such that the equations

ξ1α1ξ̄1 + ξ2α2ξ̄2 = δv (7)
n∑

i=3

ξiαi ξ̄i = −δv

have a solution in(Dv)n.

(b) Theδv ∈ (D∗v)
− for (7) is solvable form an open set in(D∗v)

−.

Proof of the lemma.
(a) is a consequence of lemma 5.2.1 (a). to prove (b) one observes

that solvability of (7) depends only on the coset modulo (k∗)2 of N(δv)
and that (k∗)2 is open ink∗. By proposition 5.3.2 there existsλ ∈ k∗ such
that

n∑

i=2

ξiαi ξ̄i = λα1

is solvable inDn−1. It follows that we may takeα2 = λα1, so that in
particularN(α1)N(α2) is a square.

Now consider the global counterpart of (7)

ξ1α1ξ̄1 + ξ2α2ξ̄2 = δ

n∑

i=3

ξiαi ξ̄i = −δ (8)

We wish to prove that there existsδ ∈ (D∗)− such that (8) is solvable148

in Dn. This will prove the theorem.
Let S be a finite set of places ofk with the property of lemma 5.3.1

for the skew-hermitian formξ1α1ξ̄1 + ξ2α2ξ̄2. For eachv ∈ S we letξv

be as in lemma 5.3.4 (a). We takeξiv ∈ Dv such that

n∑

i=3

ξivαi ξ̄iv = −δv (v ∈ S).
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Approximate theξiv simultaneously byξi ∈ D such that, putting

δ = −
n∑

i=3

ξiαi ξ̄i ,

we haveδ ∈ (D∗)− and that the equations (8) are solvable inDn
v for

v ∈ S. In particular, the first equation (8) is solvable inD2
v for v ∈ S.

But by the choice ofS, this equation in also solvable inD2
v for v ∈ S, so

that by the casen = 3 of the theorem (using the second part of lemma
5.1.2) this equation has a solution inD2. Then we have a solution of (8)
since the second equation (8) is solvable by the construction ofδ.

4. The case n= 2.
For n = 2 Hasse’s principle for skew-hermitian quaternion forms is

no longer true
Representing 0 by a skew-hermitian form rank 2 is tantamount (by

the second part of lemma 5.1.2) to solving an equation forρ ∈ D of the
form

ρλρ̄ = λ′

with λ, λ′ ∈ (D∗)−.149

Using proposition 5.3.2, we see that in investigating Hasse’s princi-
ple we may assume thatλ′ is a scalar multiple ofλ, so that we have to
consider an equation

ρλρ̄ = τλ (9)

with λ ∈ (D∗)−, ∈ k∗. We first investigate such an equation for an
arbitrary D. Put K = k(λ), let µ be as in nr. 1 (9) is then equivalent
to

̺λ ¯̺1 = N(̺)−1τλ,

which implies that either̺ ∈ K, N(̺) = τ, or̺ ∈ Kµ, N(̺) = −N(µ)−1τ.
One concludes from this that (9) is solvable if and only if one of the
following equations is solvable inK

NK/k(̺) = τ

NK/k(̺) = −N(µ)−1τ. (10)
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It is easily seen thatD is a matrix algebra if and only if−N(µ) ∈
NK/k(K∗). This implies that the two equations (10) are both solvable or
not if D is a matrix algebra and are not both solvable ifD is a division
algebra. Ifk is a local field or the field or real numbers andD a division
algebra, the fact thatk∗/NK/k(K∗) has order 2 implies that precisely one
of the equations (10) is solvable.

Form the previous remarks one deduces the following facts about150

the equation (10) for the case thatD is a division algebra over a global
field k. We denote by (α, β)v the quadratic Hilbert symbol. LetS be the
finite set of places such thatDv is a division algebra. Solvability of (9)
in all Dv is equivalent to

(τ, λ2)v = 1 for v < S,

solvability of (9) inD is equivalent to:

either (τ, λ2)v = 1 for all v,

or (τ, µ2λ2)v = 1 for all v.

From this it follows that the 1–dimensional skew-hermitian forms
overD, which are equivalent to a given non-degenerate one at all places
of k, form exactly 2s−2 equivalence classes (s denoting the number of
places inS).
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