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Preface

These lectures contain an exposition of fundamental concepts and re-
sults of the theory of birational transformations and minimal models for
schemes of dimension two. In the case of surfaces over an algebraically
closed field of characteristic zero, these results were obtained by old
Italian geometers. In the case of fields of arbitrary characteristic, they
are due to Zariski (cf. his book on minimal models). Later Neron ob-
served the importance of obtaining such results in the case of schemes
of dimension 2; for certain questions of number theory. In particular, he
proved the existence of absolute minimal models for two dimensional
schemes over rings of integers of global fields in the case where the
genus of the generic fibre is 1.

The first aim of these lectures was to give a proof of the correspond-
ing result in the case of arbitrary genusg ≥ 1. This proof is quite short
and is contained in Lecture 7. (Curiously the proof is much simpler
for schemes over a one dimensional base than for surfaces over a field).
However, in the proof, one has to use certain results on the geometry of
two dimensional schemes that were proved only for surfaces.The cor-
rectness of these results in the general situation is more orless obvious
but as the proofs were never written down, I preferred to givean exposi-
tion of the subject in the required generality starting fromthe beginning.
This is why the lectures grew so Long.

For general properties of schemes used in the lectures, the reader is
referred to “Elements” of Grothendieck. Of course, it does not mean that
the knowledge of the whole treatise is assumed. For example,a general
survey given at the beginning of Mumford’s “Lectures on curves on an
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iv 0. Preface

algebraic surface” would be sufficient (with isolated exceptions).
The notes of these lectures were taken and the manuscript waspre-

pared byC.P. Ramanujam. I want to thank him here for the splendid
job he has done. He has not only corrected several mistakes but also
complemented proofs of many results that were only stated inthe oral
exposition. To mention some of them, he has written the proofs of the
Castelnuovo theorem in lecture 6, of the “chain condition” in lecture 7,
the example of Nagata of a non-projective surface in lecture6, the proof
of Zariski’s theorem in lecture 6.

I also thank A. Bialynicki-Birual and J. Manin who have read the
manuscript and made many useful remarks.

I.R. Shafarevich
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Lecture 1

Minimal models

Summary of results. The subject of these lectures is the theory of bi-1

rational transformations of two dimensional algebraic varieties, or more
generally two dimensional reduced schemes over a base, scheme. We
first recall the definition of a birational map. LetX and Y be two
preschemes over a base schemeB and f andg B-morphisms of open
dense setsU andV respectively ofX into Y. We shall say thatf and
g are equivalent if they coincide, as morphisms ofB- preschemes, on
an open dense subsetW of U ∩ V. This is clearly an equivalence re-
lation, and equivalence classes are calledB-rational maps(or rational
maps over B) of X/B into Y/B. A rational map ofX/B into Y/B is called
birational if it admits a representative which is aB-isomorphism of an
open dense subset ofX on to an open dense subset ofY, andX andY
are then said to be birationally equivalent overB.

For obvious reasons, it is in general not possible to ‘compose’ two
rational maps, and consequently, we cannot from a category whose mor-
phisms are rational maps. However, ifX andY are irreducibleB-pre-
schems andϕ a rational map ofX/B into Y/B such that the image of
some representative ofϕ is dense inY andψ a rational map ofY/B into
a third B-preschemeZ/B, it is possible to define uniquely the ‘compos-
ite map’ψ ◦ ϕ. Thus, whenX andY are irreducible, a rational mapϕ of 2

X/B into Y/B birational if and only if there is a rational mapψ of Y/B
into X/B such thatψ ◦ ϕ is defined and is the identity map ofX/B (that
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2 1. Minimal models

is, contains the identity morphism ofX/B as a member) andϕ ◦ ψ is the
identity map ofY/B.

We are mainly interested in the case when the base schemeB is a
noetherian integral scheme of dimension≤ 1 which is regular. We recall
that a prescheme isregular if the rings of its points are regular. (For the
definitions of the other terms used, see EGA, I). ThusB can be either
(a)B = Speck, k a field, or (b) an irreducible noetherian scheme such
that for every close pointb ∈ B, the local ringOb is a discrete (rank 1)
valuation ring.

First consider the case whenX is an irreducible and reducedB-
scheme of finite type and of dimension 1. LetR(B) andR(X) denote
the fields of rational functions (that is rational maps into SpecZ[T]) of
B andX respectively. When we are in the case (a) whereB-Speck, it
is well-known [EGA II, 7.4] that there is an irreducible, regular, proper
(and even projective)k-schemeX′ and a birational mapϕ of X′ into X
overk. Further, ifψ is a rational map ofX into ak-proper schemeY/k,
ψ ◦ ϕ extends to (or has as a representative) amorphismof X′ into Y
over k. [EGA II, 7.4]: In particular, ifX is itself k-proper,ϕ is a mor-
phism of X′ into X. It follows that X′ is uniquely determined upto a
k-isomorphism, by the conditions that it be regular,k- proper and bira-
tional with X. The local rings of the closed points ofX′ can be canon-3

ically identified with the discrete valuation rings inR(X) containingk
and havingR(X) for quotient field. When we are in case (b), it can hap-
pen that the image ofX under the structural morphism is a single point
bo of B. In this case, sinceX is reduced, we can factor this morphism as
X → Speck(bo) → B wherek(bo) is the field of residues atbo and the
second morphism is the canonical morphism of Speck(bo) into B. Thus
we are essentially in case (a). However, if the image ofX in B does not
reduce to a single point, sinceX is irreducible andB is one-dimensional,
the image ofX must be dense inB. By composition therefore, we get
a monomorphism ofR(B) into R(X), andR(X) may be considered as a
finite algebraic extension ofR(B). Let us assume that for any affine open
subsetB′ of B, the integral closure of its ringΓ(B′,OB) (considered as
a subring ofR(B)) in the fieldR(X) is a finiteΓ(B′,OB)-module. (This
is a mild assumption, and is fulfilled, for example, ifR(X) is separable



1. Minimal models 3

overR(B) or if B is an algebraic scheme). LetX′ be the normalisation
of B in the fieldR is an fieldR(X) (EGA, II, 6.3). ThenX′ is irreducible,
regular, and proper overB and there is a birational mapϕ of X′/B into
X/B. As in the earlier case, for any rational mapψ of X/B into a scheme
Y properB, ψ ◦ ϕ extends to aB-morphism ofX′ into Y, ϕ is itself a
morphism if X/B is proper, andX′ is uniquely determined upto aB-
isomorphism by the conditions that it be irreducible, regular, B-proper 4

and birationally equivalency toX/B. The local rings of closed points
of X′ are precisely the discrete valuation rings havingR(X) for quotient
field and dominating the local ring of some closed point ofB.

Thus, when dimX = 1 (andX andB satisfy the conditions above),
the picture is very simple. Among theB-schemes birationally equivalent
to X/B, there is a unique one (upto aB-isomorphism)-X′/B which is
regular andB-proper. If furtherX/B is proper, we have a birational
morphismX′ → X over B. The local rings of closed points ofX′ are
discrete valuation rings with quotient fieldR(X) which dominate the
local ring of some closed point ofB.

The situation is far from being this simple, even when dimX = 2,
as is shown by the following two examples. We use the usual language
of algebraic varieties.

Example 1.Let X = P2(k) be the two dimensional projective space over
k with homogeneous co-ordinates (x0, x1, x2). ThenX is regular andk-
proper. Consider the rational map (x)→ (y) of X. into itself determined
by the equations

y0 = x1x2, y1 = x0x2, y2 = x0x1

and defined on the open subset ofX which is the complement of the
three points (1, 0, 0), (0, 1, 0) and (0, 0, 1). One verifies by substitution
that the square of this rational map is the identity map ofX onto itself,
so that in particular, this map is birational.

It is in fact a biregular isomorphism of the complement of thelines 5

x0 = 0, x1 = 0 andx2 = 0 onto itself. But the entire linex0 = 0 is
mapped onto the single point (1, 0, 0) and similarly the linesx1 = 0 and
x2 = 0 are mapped onto the points (0, 1, 0) and (0, 0, 1) respectively.
Thus, this rational map cannot extend to an automorphism ofX.
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Example 2.Assumek algebraically closed, and LetF2 be a non - de-
generate quadratic surface inP3. ThenF2 is regular andk-proper.

We set up a birational correspondence betweenF2 and the projective
planeP2 by a method familiar under the name of stereographic projec-
tion in function theory. Let 0 be any (closed) point onF2 andH2 a plane
in P3 not containing 0. For any pointx ∈ F2 − {0}, define f (x) to be the
point ofH2 where the line 0x meetsH2. (fig. 1) f is then a morphism of
F2 − {0} intoH2.

f cannot be extended to a morphism ofF2 intoH2, as is shown by a
simple calculation. (f (x) tends to different limits asx approaches 0 from
different directions inF2, whenk is the filedC of complex numbers).
LetL2 be the tangent plane toF2 at 0, so thatL2 intersectsF2 along two6

straight linesL
′

1 andL′2 of F2. Then f mapsL
′

i onto the pointsLi ∩ H2,
and f is an isomorphism of the open subsetF2 − (L

′

1 ∪ L
′

2) of F2 onto
the open subsetH2 − (H2 ∩ L2) of H2. In particular, f gives a birational
equivalence ofF2 andH2 ≃ P2.

In this example not only isf not biregular, but there isno biregular
isomorphism ofF2 andP2. Whenk = C, this follows from the fact that
the second Betti-number ofP2 is 1, while that ofF2 is 2.

Our chief concern in these lectures is with the case when dimX = 2.
For this preliminary discussion, we assume for the sake of simplicity that
B = Spec k where k is algebraically closed.We assume thatX is regular
andk-proper. With the one dimensional case in mind, we may ask if we
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can pick out from among thek-schemes which are proper overk and bi-
rationally equivalent toX a unique ‘model’ which has some ‘nice’ prop-
erties. The above examples show that, unlike the one dimensional case,
being regular,k-proper and birational withX does not ensure unique-
ness. Again in analogy with the one dimensional case, we may look for
anX′ which is maximal in the birationality class ofX, in the sense that if
Y is any other irreduciblek-proper scheme birationally equivalent toX

andY
f
→ X′ is a birationalk- morphism,f is an isomorphism. However,

such a maximal model does not exits, because of a process of construc-
tion, known as dilatation or ‘blowing up a point’. We shall prove its
existence later, but we shall now describe its essential features. 7

Let X be an irreducible 2 dimensional regular algebraick-scheme,
andx a closed point ofX. The dilatation ofX at x is then an irreducible
regulark-schemeY together with a proper morphismf : Y→ X which
is birational, f induces an isomorphism ofY − f −1(x) into X − {x}. The
fibre f −1(x) is an irreducible curveC in Y. These properties suffice to
fix Y uniquely (upto anX-isomorphism) in terms ofX and x. One can
deduce thatC must be isomorphic with the projective lineP′. Let D be
a regular curve onX throughx. The inverse off on X − {x}, defines by
restriction a morphismg of D−{x} into Y, and sinceY is X-proper andD
is regular atx, g extends to a morphism ofD into Y. (In the case whenk
is the complex fieldC, g(x) must be the limit ofg(y) asy tends tox from
D−{x}). It can be shown thatg(x) depends only on the tangent line toD
at x. Thus to every ‘direction’ atx (that is, a one-dimensional subspace
of the tangent space toX at x), we obtain a point of the fibref −1(x) = C.
This correspondence can be shown to be bijective, and since the set of
directions atx can be identified withP′, we have a further heuristic
confirmation of the fact thatC ≃ P′,

The possibility of building such a dilatation associated toany regu-
lar algebraick-scheme and any closed on it shows that we cannot find a
“maximal model” in the birationality class ofX, in the sense described
in the previous paragraph. And for the same reason, we see that there is 8

no model whose local whose rings at closed points are all the regular lo-
cal rings of dimension 2 of the fieldR(X) containingk and havingR(X)
for quotient field. One might ask if it is not possible to form some of
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projective limit of all regulark-proper models ofR(X), the maps of this
projective system being the birational morphisms. This could be done,
and has also proved to be useful (cf. [26]§17 and [17]), but unfortu-
nately the resulting set does not carry a structure of scheme.

Is this process of dilatation reversible? In other words, given Y ir-
reducible, two dimensional, regular, andk-proper, and an irreducible
curveC on Y, does there exist anX and a pointx ∈ X such thatY is
obtained by dilating (or blowing up)x on X andC is the fibre f −1(x)?
If this is possible, we also say thatC on Y can be contracted or blown
down to a point. Clearly, a necessary condition is thatC be isomorphic
to P′, Further, letU be an affine open neighbourhood ofx on X, andV
the inverse image ofU in Y. If C′ is any irreducible closed curve onY
contained inV, the image ofC′ in X is proper, affine and irreducible, and
hence must be a point. Since the morphism is one- one onY−C,C′must
coincide withC. Thus, any irreducible closed curve onY which is ‘suf-
ficiently near’ toC must coincide withC. This shows that such curves
on any surface are quite exceptional, and we see for instancethat on a
complete homogeneous surface of any algebraic group, no curve can be
contracted to a point. A more precise criterion for the contractibility of9

C on Y is given by a theorem of Castelnuovo, which states that under
the above assumptions onY andC, C is contractible to a point if and
only if C is isomorphic toP′ and the intersection number (C). (C) is−1.

These considerations suggest that givenX/k which is regular, proper
and two dimensional, we should look for anX′. having the same prop-
erties, birationally equivalent toX andminimal for these properties, in
the sense that any birationalmorphism X′ → Y, whereY is again regular
andk-proper, is an isomorphism. AnX′ satisfying the above properties
is called arelatively minimal modelin the birationality class ofX or for
the function fieldR(X)/k. If such a relatively minimal model forR(X)/k
is unique upto ak-isomorphism, it is called aminimalmodel.

We are now in a position to be able to state the principal theorems
that we shall prove.

We shall show that there always exist relatively minimal models (for
given X/k or equivalently,) given extensionK/k of finite type and tran-
scendence degree two.) But these are not always unique, as shown by
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example 2 above. (BothP2 andF2 are homogeneous spaces, and homo-
geneous surfaces can be shown to be relatively minimal). However, it
was discovered by Enriques that this is one of a very few examples in
which uniqueness fails to hold. He found that if all relatively minimal
models models are not isomorphic, or in other word, if a minimal model
fails to exist,X must be birationally equivalent to a productC×P′ where 10

C is a complete curve overk. In this case, the relatively minimal models
are precisely the algebraic fibre spaces overC with the projective lineP′

as fibre. These are the so called ruled surfaces. (We mention that when
C = P′, there is one exceptionalP′ bundle onC which is not relatively
minimal, but there is a line on this bundle can which be contracted, and
we obtain the projective planeP2 which is relatively minimal). The
above theorem of Enriques is our second principal theorem.

Our first principal theorem says that any birational transformation
of two dimensional, irreducible, regular and properk-schemes can be
decomposed into birational transformations of the simplest kind namely
dilatations. More precisely, it states that given two irreducible regular
proper surfacesX,Y over k and a birational transformations ofX into
Y, there exists aZ having the same properties and birationalmorphisms

Z
f
→ X andZ

g
→ Y such that (i)g◦ f −1 is the given birational equivalence

of X andY, (ii ) f andg can respectively be factored as

Z = Xn
fn−1→ Xn−1→ . . .

fo→ Xo = X,Z = Ym
gm−1→ Ym−1→ . . .

. . .
go→ Yo = Y, f = foo f1o . . . o fm−1, g = go. . . ogm−1

where eachfi : Xi → Xi−1 andg j : Yj → Yj−1 is a dilatation.
Analogues of these theorems also hold in the ‘arithmetical case’

where B is of dimension 1 (case (b) above). We mention, however,11

that whereas the problem of classifying ruled surfaces overa curveC
(or equivalently, the classification of vector bundles of rank two onC)
has been treated by many authors, the analogous problem of classifying
the relatively minimal models over spaceZ for example, has not been
considered.

Our principal tool will be the intersection theory of divisors on a
two-dimensional scheme. However, we meet here a difficulty. Namely,
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in the case of a regular surfaceX, we can define an intersection number.
(C1.C2) of two divisors in such a way that (C.( f )) = 0 if f is a function,
only of X is complete. IfX is a scheme of dimension 2, proper over Spec
O, whereO is a Dedekind domain, the situation is different because spec
O itself is not, in any sense, complete.

Fortunately, the fibres ofX → SpecO are complete and we can de-
fine (C1.C2) with good properties whenC1 is contained in a fibre andC2

is an arbitrary divisor. This incomplete intersection theory is sufficient
for our purposes. Still it would be very interesting to find a general def-
inition. This seems possible in the case where is the ring of integers in
a number field. The intersection function should naturally involve the
infinite primes ofO since these serve to “compactify” SpecO. When
the general fibre ofX → SpecO is an elliptic curve, Tate has defined
a function that has all the desired properties of the intersection number
and Neron has proved for this function a product formula which can be
considered as an expression of the global intersection number as a sum
of local ones (SeeS. Lang “Les formes bilineaires de Neron et Tate”,
Seminaire Bourbaki No. 274, 1963/64).



Lecture 2

Blowing up a closed point of
a two dimensional scheme

Let X be an equidimensional, noetherian, two dimensional regular pre- 12

scheme, andxclosed point ofX. We shall then define another prescheme
X′ together with a morphismσ : X′ → X such that (i)σ is proper, (ii)
the fibreσ−1(x), considered as a scheme over the residue fieldk(x) = k
at x, isomorphic to the projective lineP′(k) overk, and (iii)σ induces an
isomorphism ofX′ − σ−1(x) onto X − {x}. The preschemeX′ is said to
be thedilatation of X at x, or is said to be obtained fromX by blowing
up the closed pointx.

First assume thatX = SpecA, whereA is a noetherian, equidimen-
sional, regular domain of dimension 2, and suppose also thatthe maxi-
mal idealMx definingx is generated by two elementsu, v ∈ A. Let R

be the quotient field ofA, w′ =
v
u
∈ R, andB′ = A[w′] the subring of

R generated byw′ overA. We defineY′ to be the scheme SpecB′, and
σ′ : Y′ → X to be the morphism induced by the inclusionA ֒→ B′ of
rings. To studyY′ andσ′, we need the following

Lemma. If f (T) is a polynomial in A[T] such that f(w′) = 0, f (T) =
(uT − v).g(T) with g(T) ∈ A[T].

Proof. This being trivial when deg.f = 0, it is sufficient to prove it
for f of positive degree, assuming it to hold for lower degree polyno-

9



10 2. Blowing up a closed point of a two dimensional scheme

mials. Let f (T) = aoTn + a1Tn−1 + · · · an. Multiplying the equation13

f (w′) = f
(v
u

)

= 0 by un, we see thtu dividesaovn. In the local ring

AM, u is a prime element andv is not a multiple ofu, sinceAM is a
regular local ring and (u, v) form a regular system of parameters. Hence
ao

u
belong toAM. On the other hand, ifY is a prime ideal ofA dis-

tinct fromM either u or v is invertible in AY since (u, v) = M, so

that
a
u
= −

(

a1.
1
v
+ a2.

u

v2
+ · · · + an

un−1

vn

)

belongs toAY also. Since

⋂

Y ∈ Spec A
AY = A, b =

ao

u
∈ A. Thus, f (t) = bTn−1(uT − v) + g(T)

whereg(T) ∈ A[T], degg < deg f andg(w′) = 0. The assertion follows
from the induction hypothesis. �

It follows from the lemma that we can identifyB′ which the residue
ring A[W′]/′(u.W′−v), whereW′ is an indeterminate, such thatW′ corre-
sponds tow′.

We have moreover,

MB′ = uB′ + vB′ = u.B′ + u.w′B′ = uB′,

which shows that the inverse image inY′ of the closed setV(u) of X
defined byu coincides with the inverse image of the pointx = V(M).
Further, the fibreσ′−1(X), considered as a scheme over the residue field
k(x) = k, is given by

σ′−1(X) = Speck ×
X

Y′ = Spec
( A
M ⊗A B′

)

,

and we have the isomorphisms

A
M ⊗A B′ =

B′

MB′
≃ B′

uB′
=

A[W′]
(uW′ − v, u)

=
a[W′]
(u, v)

≃ k[W′],

whereW′ denotes an indeterminate overk, andW′ is the image ifw′ ∈14

B′ under the above isomorphism. In particular,σ′−1(x) is isomorphic to
the affine lineA′(k) = Speck[W′] overk. Now, letXu andY′u denote the
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open subsets ofX andY′ respectively whereu , 0. ThenY′u = σ
′−1(Xu),

and since

Y′u ≃ SpecB′
[

1
u

]

≃ SpecA

[

v
u
,
1
u

]

= SpecA

[

1
u

]

≃ Xu,

σ′ induces an isomorphism ofY′u ontoXu.
We have thus proved thatσ′−1(V(u)) = σ′−1(x) = Speck[W′] ≃

A′(k), whereW′ is the ‘restriction’ ofw′ to the fibreσ′−1(x), andW′ is
transcendental overk; and thatσ′ induces an isomorphism ofσ′−1(Xu) =
Y′u ontoXu.

Interchangingu andv, we see that if we putw′′ =
u
v
∈ R, B′′ =

A[w′′] ⊂ R,Y′′ = SpecB′′ andσ′′ : Y′′ → X is the morphism in-
duced by the inclusionA ֒→ B′′ of rings thenσ′′−1(V(v)) = σ′′−1(x) =
Spec k[W′′] ≃ A′(k), whereW′′, the restriction ofw′′ to σ′′−1(x), is
transcendental overk, andσ′′ induces an isomorphism ofσ′′−1(Xv) =
Y′′v ontoXv.

We shall now obtain the required schemeX′ and the morphism

σ : X′ → X by ’patching up’Y′ andY′′. SinceY′w′ ≃ SpecB′
[

1
w′

]

≃

SpecA

[

w′,
1
w′

]

= SpecA[w′,w′′], and similarlyY′′w′′ ≃ SpecA[w′,w′′],

we have anX-isomorphismχ of Y′w′ onto Y′′w′′ . Therefore there exists
a preschemeX′ covered by two affine open subsetsZ′ andZ′′ and iso-
morphismsτ′ : Z′ → Y′ andτ′′ : Z′′ → Y′′ such thatτ′(Z′ ∩ Z′′) = 15

Y′w′ ⊂ Y′, τ′′(Z′ ∩ Z′′) = Y′′w′′ ⊂ Y′′ and τ′′ ◦ τ′−1 defined onY′w′
is the isomorphismχ of Y′w′ onto Y′′w′′ . Sinceχ is a morphism ofX-
schemes, we obtain a morphismσ of X′ ontoX such thatσ◦σ′−1

= σ′,
σoσ′′−1 = σ′′; X′ is by definition of finite type overX, and X′ is a
scheme, sinceZ′ ∩ Z′′ ≃ SpecA[w′,w′′] is affine and its co-ordinate
ring A[w′,w′′] generated by the restrictions toZ′∩Z′′ of the co-ordinate
ringsA[w′] andA[w′′] of Z′ andZ′′ respectively. (EGA, I, 5.5.6).

Now,σ′−1(x) ∩ Y′w′ is isomorphic to Speck

[

W′,
1

W′

]

since it is the

set of points ofσ′−1(x) ≃ Speck[W′] whereW′ (which is the restriction
toσ′−1(x) of w′) is different from zero, and similarlyσ′′−1(x)∩Y′′w′′ ≃
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Speck

[

W′′,
1

W′′

]

. The restrictionχ1 of χ toσ′−1(x)∩Y′w′ is an isomor-

phism of∼′−1 (x)∩Y′w′ ontoσ′′−1(x)∩Y′′w′′ , which is clearly induced by

the isomorphism ofk-algebrask

[

W′,
1

W′

]

≃ k

[

W′′,
1

W′′

]

determined

by W′ → 1
W′′ . It follows thatσ−1(x), which is obtained by patching up

σ′−1(x) andσ′′−1(x) by the isomorphismχ1, is isomorphic to the pro-
jective lineP′(k) over k. Further,σ is an isomorphism ofX′ − σ−1(x)
onto X − {x}, sinceσ′ andσ′′ are isomorphisms ofY′ − σ′−1(x) and
Y′′ − σ′′−1(x) respectively ontoXu andXv respectively.

We assert thatX′ is a regular scheme. It is clearly sufficient to show
that Y′ andY′′ are regular. Ify′ is a point ofY′ andy = σ′(y′) , x,16

Oy andOy′ are isomorphic, andy′ is a simple point. Hence suppose
y′ is a closed point of the fibreσ′−1(x) = Speck[W′]. Then there is an
irreducible polynomialf̄ (W′) ∈ k[W′] which generates the ideal ofy′ on
σ′−1(x). Let f (w′) be any lift of f̄ (W′) in B′ = A[w′]. Sinceu generates
the idealMB′ defining the fibreσ′−1(x) in B′, the maximal ideal ofB′

which defines the pointy′ on Y′ is generated byu and f (w′). SinceOy

is a two dimensional local ring it follows that it is regular.This proves
our assertion.

To prove thatX′ is uniquely determined upto anX-isomorphism by
X and the closed pointx of X and does not depend on the choice of the
parametersu, v, we adopt a more intrinsic definition of ‘blowing up’ due
to Grothendieck. LetS be the graded subring

S = A+MT +M2T2 + · · ·

of the polynomial ringA[T], and let ProjS be the projectiveX− scheme
determined by S(EGA, II, 2.3). We shall show thatX′ is isomorphic to
Proj S as X- schemes. IfU and V are independent variables overA,
we have a surjective homomorphism of graded algebrasA[U,V] → S
determined byU → uT,V → v.T. It follows from the lemma proved
above that the kernel of this homomorphism is the ideal generated in

A[U,V] by the elementuV − vU, so that
A[U,V]

(uV− vU)
≃ S. Proj S is

therefore covered by two affine open sets isomorphic respectively to17
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Spec
A[U]

(vU − u)
≃ SpecB′′ = Y′′ and Spec

A[V]
(uV − v)

≃ SpecB′ = Y′.

The intersection of these affine open sets corresponds precisely to the
open subsetsY′w′ and Y′′w′′ of Y′ and Y′′ respectively, and the isomor-
phism ofY′w′ andY′′w′′ so obtained is preciselyχ. This shows thatX′ and
ProjS are isomorphic overX. Since ProjS is uniquely determined byX
andx, it follows thatX′ is uniquely determined upto anX-isomorphism
by X and x, and does not depend on the regular system of parameters

used. We also see thatX′
σ→ X is a proper morphism (EGA, II, 5.5.3).

Now consider the general case, whenX is any noetherian (or even
locally noetherian) everywhere two dimensional regular prescheme and
x any closed point ofX. Since the maximal ideal ofx in the local ring
Ox is generated by two elements, we can choose an affine open neigh-
bourhoodXo of x in X such thatXo = SpecAo whereAo is a noetherian
regular domain of dimension 2 and the maximal idealMo definingx in
Ao is generated by two elements. LetX1 be the open setX−{x} of X. Let
{X′o, σo} be the dilatation ofxo with respect tox as defined above, and
put X′1 = X1 andσ1 : X′1 → X1 the identity morphism. By identifying
the open subsetX′o−σ−1

o (x) andσ−1
1 (Xo− {x}) of X′o andX′1 respectively

by means of the composite isomorphism

X′o − σ−1
o (x)

σ−→ Xo − {x}
σ−1

1−−−→ σ−1
1 (Xo − {x}),

we obtain a preschemeX′ and a morphismσ : X′ → X. ThenX′ is again 18

(locally) noetherian, regular and two dimensional,σ is proper (since
being proper is a local property on the second space), and in particular
also separated;σ−1(x) is isomorphic to the projective lineP′(k) on k;
andσ induces an isomorphism ofX′ − σ−1(x) on X − {x}. X′ is called
the dilatation of X at x, and is said to be obtained by blowing up the
point x of X.

We shall now study the inverse images of divisors onX by the
morphismσ : X′ → X. Since bothX and X′ are regular noetherian
preschemes, it makes no difference whether we define a divisor as an el-
ement of the free abelian group generated by irreducible reduced closed
subschemes of codimension one, or as a coherent sheaf of inversible
fractionary ideals and we shall use the latter definition. Let D be a
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positive divisor onX whose support containsx. Then there exists an
irreducible affine open neighbourhoodXo = SpecAo of x such that the
maximal idealMx is generated by two elements (u, v) of Ao andD is
defined by a non-zero elementf ∈ Ao. The unique integerl such that
f ∈ Ml

x, but f <Ml+1
x , is called themultiplicity of D at x, and is clearly

independent of thef chosen to representD at x. (SinceAo is a regular
ring, it is well known that the mapf → l extends uniquely to a discrete
valuation on the quotient fieldR of Ao so that we can define the mul-
tiplicity at x of an arbitrary, not necessarily positive, divisor.) We can
then write

f =
l∑

i=0

aiu
ivl−i + g, ai ∈ Ao, g ∈ Ml+1

x

and not allai belonging toMx Let Y′o = SpecAo[w] be the affine open19

subset ofσ−1(Xo) considered earlier, wherew =
v
u

. In the ringAo[w],

we have

f = ul
l∑

i=0

ai

(v
u

)l−i
+ ul+1h = ul





l∑

i=0

aiw
l−i + uh




, h ∈ Ao[w].

Since
Ao[w]
MxAo[w]

=
Ao[w]
uAo[w]

= k[W] where W, the image ofw in

Ao[w]/MxAo[w], is transcendental overk, we see that
l∑

i=0
aiwl−i + uh <

u.Ao[w] since the image ¯ai in Ao/Mx is different from 0. Thus if we
put L = σ−1(x), the divisorσ∗(D), which is defined inσ−1(Xo) by the
elementf , containsL with multiplicity exactly l.

Let τ be the restriction ofσ to the open subsetX′ − σ−1(x) of X′,
so thatτ is an isomorphism of this open subset ontoX − {x}. SinceX′

is regular, there is a unique divisor onX′ which shall denote byσ′(D),
which does not containL as a component and which restricted toX′ −
σ−1(x) coincides withτ∗(D). One may describeσ′(D) as the closure in
X′ of τ∗(D);σ′(D) is called theproper transformof D by σ. We then
have

σ∗(D) = σ′(D) + l.L

wherel is the multiplicity ofD at x.20
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Now,σ′(D) is defined inσ−1(Xo) by the element
l∑

i=0
aiwi+u.h. Read-

ing this element moduloMxAo[W] = uAo[w], we see that the points of
intersection ofσ′(D) with the fibreσ−1(x) ∩ Y′o = Speck[W] are pre-
cisely the closed points of this fibre corresponding to the irreducible

factors of the polynomial
l∑

o
āiWl−i in k[W]. In particular, if D is a

‘curve’ which is regular atx, l = 1 andD is defined by anf of the
form aov+ a1u+ g, whereao, a1 ∈ Ao, āo , 0 in k, andg ∈ M2

x; and in

this case,σ′(D) = τ−1(D) passes through thek-rational pointW = − ā1

āo
of σ−1(x)∩Y′o This point depends only on the imagēf = āov̄+ ā1ū of f
in thek-vector spaceMx/M2

x
of differentials atx.

Let us say that two irreducible closed one-dimensional regular sub-
schemesD1 and D2 (or, as we shall say more shortly, regular curves)
containingx havecontact of order≥ l at x if there exits elementsf1, f2
of A◦ definingD1 andD2 respectively in a possibly smaller neighbour-
hood of x, such that in the local ringOx of x on X, we havef1 = f2(
modMl+1

x ). We have then proved thatσ′(D1) andσ′(D2) pass through
the same pointy of σ−1(x) if and only if they have contact of order≥ 1.
Suppose now that two curvesD1 andD2 are regular atx and have or-
der of contactl > 0 at x, and let their defining elements be chosen that21

f1 ≡ f2(Ml+1
x ). We may then writef1 = aov + a1u, ai ∈ Ao with say

āo , 0 in k, so that we havef2 = aov + a1ug, g ∈ Ml+1
x . In the ring

Ao[w] of Y′o, the defining elements of the proper transformsσ′(D1) and
σ′(D2) are respectivelyaow + a1 andaow + ulh, whereh ∈ Ao[w]. It
follows thatσ′(D1) andσ′(D2) have order of contactl − 1 at the point

W =
−ā1

āo
of the fibreσ−1(x)∩Y′o ≃ Speck[W]. Thus, the order of con-

tact at a point of the fibreσ−1(x) of the proper transforms of two regular
curves throughx is one less than the order of contact of these curves at
x.





Lecture 3

Generalities on rational
maps-Zariski’s main theorem

Let X be areduced B−prescheme, andY aB-scheme. Letϕ be a rational 22

map ofX/B into Y/B. Then there is a unique pair (U, f ) consisting of
an open dense subpreschemeU of X and aB-morphism f of U into Y
such that (i)(U, f ) representsϕ, and (ii ) if g is aB-morphism of an open
dense subschemeV of X into Y which representsϕ, thenV ⊂ U and
f /U = g (EGA I, 7.2.1). When these assumptions are fulfilled, we call
U the(maximal open) set of definitionof ϕ, and we say thatϕ is defined
or regular at the points ofU. Also, we shall use the same symbolϕ to
mean theB-morphism f defined onU.

Let X be a reducedB-scheme which is either locally noetherian or
irreducible. LetY be aB-proper scheme, andϕ a rational map ofX/B
into Y/B. If x is any ofX such thatOx is a discrete valuation ring,ϕ is
defined atx.

Proof. When X is locally noetherian, sinceOx is an integral domain,
we can find a neighbourhoodX′ of x which is irreducible, and we may
clearly restrict ourselves to this neighbourhood. Thus, itis sufficient to
prove the theorem in the case whenX is irreducible. �

If U is the set of definition ofϕ, and if π1 andπ2 are the first and

17



18 3. Generalities on rational maps-Zariski’s main theorem

second projections ofU×BY, the graph morphismU
Γϕ−−→ U×BY defined

by the conditions thatπ1 ◦ Γϕ = IU , π2 ◦ Γϕ = ϕ, is a closed immersion,23

sinceY is separated overB. Let Γ be the unique reduced subprescheme
of X ×B Y whose support is the closure inX ×B y of Im(Γϕ), and let
g be the restriction toΓ of the projectionX ×B Y → X. ThenΓ is
irreducible,Γ ∩ (U ×B Y) = Im(Γϕ) is an open subprescheme ofΓ and
the restriction ofg to this open subscheme is an isomorphism ontoU.
Henceg is birational. Furtherg is proper, being the composite of the
closed immersionΓ → X ×B Y and the proper morphismX ×B Y→ X.
It follows thatg is surjective.

Let z be a point ofΓ such thatg(z) = x. Choose an affine open
neighbourhoodB′ of the image ofx in B, an affine neighbourhoodΓ′

of x in X which is mapped intoB1, and an affine neighbourhoodΓ′ of
z in in Γ such thatg(Γ′) ⊂ X′. If Γ(B′,OB), Γ(X′,OX) andΓ(Γ,OΓ)
are respectively denoted byP,Q and R,Q and R are P-algebras, and
R is finitely generated overQ. We have the comutative diagram ofP-
algebras

R�
� // Oz

�
� // R(Γ)

Q

g∗

OO

�
� // Ox

OO

�
� // R(X)

≀

OO

Since a discrete valuation ring is a maximal proper subring of its
quotient field,Ox→ Oz is an isomorphism. Leth1, . . . , hn be generators
of R overQ. Then we can find anh ∈ Q which is invertible inOx such

thathi ∈ g ∗
(

Q

[

1
h

])

. It follows thatg∗ induces an isomorphism ofX1
h

ontoΓ1
g∗(h). The composite morphismX1

h

g−1

−−→ Γ → Y clearly represents24

the rational mapϕ so that by the maximality ofU,X1
h ⊂ U andx ∈ U.

This proves the assertion.
In particular, it follows from this proposition that the complete reg-

ular model of a function field of one variable is unique.
We now state that celebrated “Main theorem” of Zariski (Z.M.T for

short) without proof. This has several variants, but we shall base all our
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conclusions on the following formulation:

Theorem Zariski . Let Y be a a locally noetherian prescheme and f:
X→ Y a birational morphism of finite type. Let Y be any (not necessar-
ily closed) point Y, such that

(i) the local ringOy of Y at y is normal(that is, an integrally closed
integral domain), and

(ii) there is a point x∈ f −1(y) which is isolated (that is, open) in
f −1(y).

Then there is an open neighbourhoodU of x in X and an open neigh-
bourhoodV of y in Y such thatf /U is an isomorphism ofU ontoV. If
further f is separated, we haveU = f −1(V).

The geometric meaning of this theorem is: if no subvariety ofX of
positive dimension going throughx is blown down byf , f is regular at
x.

For a proof, we refer the reader to (EGA, III, 4.4).

Some geometric examples of dilatations.

We shall for simplicity consider only (irreducible and reduced) varieties
over an algebraically closed fieldK, and we shall only consider points25

which are rational overK.
Letϕ be a rational map of a varietyX into a projective spacePn (with

homogeneous co-ordinates (y◦, . . . , yn)), and letx be a point ofX where
ϕ is defined. Thenϕ(x) is contained in one of the ‘standard’ affine open
sets ofPn, say iny◦ , 0. Hence there exist rational functionsf1, . . . , fn
on X, all of them regular in a neighbourhood ofx, such thatϕ(x1) =
(1, f1(x1), . . . , fn(x1)) for anyx1 in this neighbourhood. Conversely, any
system (f◦, f1, . . . , fn) of rational functions onX with not all fi ≡ 0,
defines a rational map ofX into Pn which is regular at atleast all points
where the fi are all regular and atleast onefi does not vanish. Two
such systems (f◦, . . . , fn) and (g◦, . . . , gn) define the same rational map
if and only if there is ah ∈ R(X) such thatgi = h fi . The rational map
defined by the system (f◦, . . . , fn) is regular atx if and only if there is an
h ∈ R(X) such thath fi are regular atx and (h fi)(x) , 0 for atleast onei.
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For anyλ = (λ◦, . . . , λn) ∈ Pn, we shall denote byHλ(H = Hyper-

plane) the divisor inPn defined by
n∑

i=0
λiyi = 0. If ϕ is a rational map

of X into Pn determined by a system (f◦, . . . , fn) of functions onX all
regular and not all 0 at a point ofx, the inverse image divisorϕ∗(Hλ) is

defined in a neighbourhood ofx by the equationfλ =
n∑

0
λi fi = 0.

We shall sayϕ is biregular ar x if it is regular at x, and induces
an isomorphism of a neighborhood ofx onto a We shall say thatϕ is
biregular at x if it is regular at x, and induces an isomorphism of a
neighbourhood ofx onto a locally closed subvariety ofPn (i.e.ϕ is a26

local immersion atx, in the sense of EGA. (Ch.I, 4.5.1). We shall now
find conditions for this. Letϕ be described by (f◦, . . . , fn), where the
fi are all regular and at least onefi does not vanish in a neighbourhood
U of x on X. Supposeϕ is an immersion onU. Then firstly,ϕ must
be injective inU, so that givenx1, x2 ∈ U with x1 , x2, there is a
hyperplaneHλ containingx1, but notx2. This may be expressed by the
condition that

(A) for any x1, x2 ∈ U with x1 , x2, there is a λ = (λ◦, . . . , λn) such
that fλ(x1) = 0, fλ(x2) , 0.

Secondly, under the homomorphismOϕ(x),Pn → Ox,X, the image of
the maximal idealMϕ(x) must be the maximal idealMx at x. Since

Mϕ(x) is itself generated overOϕ(x),Pn by the linear functions’
L1(y)
L2(y)

whereL1 andL2 are linear forms withL2(ϕ(x)) , 0,Mx must be
generated by the functionsL1( f (x′)) of x′ ∈ U for L2(ϕ(x′)) are
invertible atx. Thus we have the second condition.

(B) Asλ = (λ◦, . . . , λn) ranges through values such that fλ(x) = 0, the
functions fλ generate the maximal idealMx, or what is the same,

their images d fλ in
Mx

M2
x

span this K-vector space.

Speaking geometrically, (A) says that for distinct pointsx1, x2 of U,
there is a member of ‘linear system’ of divisors div (fλ) which passes27

throughx1 but notx2. WhenX is nonsingular, (B) says that the tangent
spaces atx to those members of the linear system which pass throughx
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and are non-singular atx do not contain any one-dimensional subspace
of the tangent space toX at x in common.

Conversely, ifU is a neighbourhood ofx andϕ is given by functions
( f◦, . . . , fn) which are all regular onU and at least one vanishes nowhere
in U, and if the conditions (A) and (B) above are fulfilled,and if further
the closed subvarietyϕ(U) of Pn is normalatϕ(x), ϕ is biregular atx. In
fact, because of (A), the morphismϕ : U → ϕ(U) must be radical (that
is, R(U) is a purely inseparable finite algebraic extension ofR(ϕ(U))
(EGA I, 3.5)). But (B) is evidently equivalent to saying thatthe mapping
of the Zariski tangent space toU at x int that ofϕ(U) atϕ(x) is injective,
and this implies thatR(U) is separable overR(ϕ(U)). HenceR(U) =
R(ϕ(U)) andϕ is birational. But now, by (A), x is the unique point of the
fibreϕ−1(x) (whereϕ is considered as restricted toU),and sinceϕ(x) is
a normal point ofϕ(U), it follows by Z.M.T. thatϕ is an isomorphism of
a nighbourhood ofx onto a neighbourhood ofϕ(x) in ϕ(U). This proves
the converse assertion.

Suppose now thatX is itself imbedded as a closed subvariety of
a projective spacePm, and letk[x◦, . . . , xm] be its homogeneous co-
ordinate ring. If x ∈ X, a rational function onX regular atx can 28

be written in the form
f
g

, where f , g are homogeneous elements of

K[x◦, . . . , xm], g(x) , 0 and degf = degg. Thus, in this case, a rational
map regular atx can be described by a system of elements (f◦, . . . , fn)
homogeneous of the same degree inK[x◦, . . . , xm] with at least onefi
such that fi(x) , 0. The statement of condition (A) for biregularity
remains unaltered, whereas in the condition (B), one replaces thefλ

(which are not functions onX) by
fλ
g

whereg is anyhomogeneous ele-

ment ofK[x◦, . . . , xm] with g(x) , 0 and deg.g = deg fi. The geometric
statement of these conditions are again the same.

Let X be a non-singular surface, and (f◦, . . . , fn) a system of regular
functions onX, which have a pointx ∈ X for common zero (but no other

common zero). The rational mapX
ϕ
−→ Pn is then not defined atx. But

suppose further that the condition (B) above is fulfilled atx. Let X′
σ−→ X

be the dilatation ofX at x. We shall show thatϕ ◦ σ is regular onX′.
It is clearly sufficient to prove this at any pointz of the fibreσ−1(x).
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Let u = 0 be the defining equation ofσ−1(x) in a neighbourhood ofz
in X′. We have seen that there is a one-one correspondence between
the points ofσ−1(x) and the set of one-dimensional subspaces of the
tangent space toX at x, such that any curve which is non- singular atx29

has for proper transform a curve onX′, which passes through the unique
point of σ−1(x) corresponding to the tangent line of the base curve at
x. Because of condition (B), we can find anfi such thatfi = 0 is non-
singular atx and its proper transform does not pass throughz. Now, the
rational mapϕ ◦ σ : X′ → Pn is defined in a neighbourhood ofz in

X′ by the system of rational functions

(

f◦ ◦ σ
u

,
f1 ◦ σ

u
, . . . ,

fn ◦ σ
u

)

. All

of these are regular atz, and since div

(

fn ◦ σ
u

)

= σ∗(div fi )- div u =

the proper transformσ′(div( fi )), we see thatfi/u does not vanish atz.
Henceϕ ◦ σ is defined atz.

One can similarly deduce conditions forϕ ◦ σ to be biregular at
points ofσ−1(x). Suppose in fact that the condition (A) above is fulfilled
for x2 , x, and assume that
(B)′ for any curve C through x which is non-singular at x, there is a
λ = (λ◦, . . . , λn) such that the divisor fλ = 0 is non-singular at x and
touches C at x, but does not have contact of order 2 with C at x. (This

condition is fulfilled if, the images of thefi in
Mx

M3
x

generate this as a

K-vector space, but is not equivalent to this).
Thenϕ ◦ σ is biregular onX′ if ϕ(X) is normal. In fact, in view of

what we have seen, the proper transforms of two curves which are non-
singular and touch atx touch at a point ofσ−1(x) if and only if the base
curves have order of contact atleast two. By assumption (B′), given any
point ofσ−1(x), we can findλ = (λ◦, . . . , λn) andµ = (µ◦, . . . , µn) such
that the curvesfλ = 0 and fµ = 0 are non- singular and touch atx, but do
not have second order contact atx, and such that their proper transforms30

pass throughz. Henceϕ ◦ σ satisfies the conditions for biregularity.
One has similar results whenX is a projective non-singular surface

and fi are homogeneous elements of the same degree in the homoge-
neous coordinate ring ofX.

The above considerations suggest a method of imbedding the di-
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latation of a non-singular (and hence, by a theorem of Zariski, quasi-
projective) surface in some projective space. One could take (f◦, . . . , fn)
to be a basis of the homogeneous elements of degreem in the homoge-
neous ring ofX which vanish at a given pointx, and hope to prove that
m is large, thefi satisfy the above conditions. This can indeed be done
and it is even sufficient to takem = 2. We shall content ourselves with
examining some particular cases.

i) Let X = Pn, and take (f◦, . . . , fN) to be the set of monomials of
degreem ≥ 1 in the homogeneous co-ordinates (x◦, . . . , xn). The
conditions for an imbedding are trivially fulfilled, and we get an

imbedding ofPn in PN(N = (
m+n
m ) − 1), called theVeroneseimbed-

ding. The hyperplane sections of the image are precisely thehy-
persurfaces inPn of degreem, and this imbedding is useful for pre-
cisely this reason, that problems of intersection with hypersurfaces
are reduced to problems of hyperplane sections in the image.

Since the intersection ofngeneral hyperplanes inPN and the Veron-
esean variety is the intersection ofn hypersurfaces of degreem in
Pn, by the theorem of Bezout, it consists ofmn points, and this is 31

the degree of the imbedded variety.

ii) Let X = P2, andx any point ofP2. By applying a projective trans-
formation, we can assume thatx = (0, 0, 1). Let (f◦, . . . , f4) be the
monomials of degree two which vanish at this point. One checks
easily that these satisfy the conditions for projective imbedding of
the blown up varietyX′ in P4 (A point x′ , x may be brought to
(1,0,0) by a projective transformation which fixes (0,0,1),and this

leaves the vector space
4∑

0
K fi stable. Hence it is sufficient to check

the conditions at (1, 0, 0) and (0, 0, 1)). A general hyperplane sec-
tion of X′ in P4 is the proper transform inX′ of a general conic in
P2 throughx. Hence, the intersection ofX′ and a general linear va-
riety of dimension 2must be the intersection of proper transforms
of two general conics inP2 through x. Since two general conics
throughx are non-tangential atx and meet at three other points of
P2, it follows that degree ofX′ in P4 is 3.
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Suppose we try to get an imbedding ofP2 blown up at two points
in P3, by using the quadratic forms vanishing at these points. We
do get a morphism of the blown up variety onto a quadratic surface
in P3. However, since any conic must intersect a line at almost two
points unless it contains it as a component, the whole of the line
joining the two chosen points is mapped into a single point inP3. It
can be checked directly that the morphismX′ → P3 so obtained is
biregular in the complement of the proper transform of this line, but
contracts the proper transform of this line to a point on the quadric32

surface.

iii) Next we consider imbeddings by cubic forms. The dimension of
the vector space of cubic forms is 10. If we impose the condition
that they vanish atk(≤ 10) points in ‘general position’ we getk ho-
mogeneous linear equations for the coefficients, and the dimension
of the space of solutions is 10− k. Thus, to get an imbedding ofP2

blown up atk points inP9−k, we must have 9−k ≥ 2, k ≤ 7. Further
for k = 7, we cannot get an isomorphism ofX blown up at 7 points
with P2 (blowing up a point increases 2nd betti-number by one, for
instance whenK = C). Thus to get an imbedding ofP2 blown up at
k points by cubic forms, we must havek ≤ 6.

Further, whenk ≥ 3, on three of these points must lie on a line.
For, a cubic curve through 3 points on a line, if it also contains a fourth
point of the line, must contain the entire line as a component, so that the
corresponding rational map will contract the entire line through these
three points to a single point. For, similar reasons, whenk = 6, all the
six points should not lie on a conic.

Suppose then thatk ≤ 3 and a setP1, . . . ,Pk of k points inP2 are
given satisfying the above conditions, Let (f◦, . . . , fn) be a basis of the
vector space of cubic forms vanishing at these points.We shall verify that
condition (A) above is fulfilled by this set of functions andx1 , Pi for
any i. (x1x2 are as in statement of condition (A)). By choosing further
points suitably if necessary, it is sufficient to verify this whenk = 6, the33

‘worst possible’ case. We may also clearly assume thatx2 , Pi for any
i. The dimension of the space of forms vanishing atPi(1 ≤ i ≤ 6) and
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xi is at least 10− 7 = 3. Suppose the linex1x2 does not contain anyPi.
Choose distinct pointsy, z of this line distinct formx1, x2. Then there
is a non-zero cubic formF vanishing at thePi , x1, x2, y andz. Since a
cubic form not vanishing identically on a line can have at most 3 zeros
on this line,F must vanish identically on the linex1x2. Hence,F = 0
must have as its other component a conic through all thePi . But this
is impossible. Next suppose the linex1x2 contains just onePi, sayP1.
Choose ay on this line distinct fromx1, x2 andP1. The space of cubic
forms vanishing at thePi , x1 andy has dimension 2,and all these forms
vanish on the linex1x2. By dividing out by a defining linear form of
this line, we get a vector space of quadratic forms of dimension≥ 2, all
of which vanish at the pointsP2, . . . ,P6. Hence,we can find a quadratic
form of this space which is non-zero and vanishes also atPi. This is a
contradiction. The case when the linex1, x2 contains two points among
thePi is similarly dealt with.

We shall next verify the condition (B) for pointsx distinct from the
Pi. Suppose all the formsF vanishing at thePi andx vanish to the sec-
ond order atx, or suppose all the curvesF = 0 which are non-singular at
x have fixed tangent line atx. In either case we can find a lineL through
x such that the restrictions toL of all these forms vanish to the second
order atx. If L does not pass through any of thePi , choose two points 34

y, z on L distinct from x. The dimension of the space of cubic forms
vanishing at thePi , x, y andz is ≥ 10− 6 − 3 = 1, so that we can find
anF , 0 and vanishing at these points. SinceF vanishes to the second
order atx and also aty andzwhen restricted toL, F vanishes identically
on L. Thus,F = 0 has a component which is a conic passing through
all the Pi. This is a contradiction. One argues similarly whenL passes
through one or two of thePi

Finally, we verify condition (B)′, at the pointP1, say.We need a
simple fact, namely that given four points ofP2, on three of which are
collinear, and given a non-zero vector at one of them, there is a conic
through these points (which may be degenerate) which has thegiven
tangent vector at the specified point. In fact, we may assume after a
projective transformation that the points are (1, 0, 0), (0,1, 0), (0, 0,
1) and (1, 1, 1), and conics through these points are given byf x1x2 +
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gx2x◦ + hx◦x1 = 0, and this has the tangent linehx1 + gx2 = 0 at (1, 0,
0). But this represents an arbitrary line through (1, 0, 0). This proves
the assumption. Now letC be an arbitrary non- singular curve through
P1 andD the conic throughP1,P2,P3 andP4 which is non-singular at
P1 and touchesC at P1. Suppose every cubic throughP1, . . . ,P6 which
is non-singular atP1 and touchesC at P1 has second order contact with
C at P1. In particular, the degenerate cubic consisting ofD and the line
P5P6 has second order contact withC atP1, so that we may assume that
C = D. Now, the space of all cubic forms which vanish atP2,P3,P4,P535

andP6, and whose restriction toD vanishes to the second order atP1 is
of dimension 3. We know thatD does not containingP5 or P6. Choose
a point x on D distinct from thePi, and a pointy not onD or the line
P5P6. Then there is a non-zero cubic formF vanishing atP2, . . . ,P6,
x andy, and whose restriction toD vanishes to the second order atP1.
But this last condition means that the curveF = 0 is non-singular atP1

and touchesD at P1. By assumption, it must therefore have contact of
order 2 withD at P1, or equivalently, its restriction toD vanishes to the
3rd order atP1. SinceF also vanishes at 4 other distinct points ofD, F
must vanish onD. The other component ofF = 0 must therefore be the
line P5P6. But F vanishes also aty, andy does not lie on eitherD or
P5P6, which is a contradiction.

Hence, we have proved that for a set ofk ≤ 6 points ofP2 such that
no three lie on a line (ifk ≥ 3), and not all six lie on a conic (ifk = 6),
the varietyX′ got by blowing upP2 at these points can be imbedded
biregularly inP9−k by means of the cubic forms vanishing at the given
points. Since hyperplane sections onX′ are proper transforms of cubic
curves onP2 through thek points, we see that the degree ofX′ for this
imbedding is 9− k.

The resulting surfaces are called theDel Pezzosurfaces. It has been
shown ([18]§11) that these are the only non-singular surfaces inPn of
degreen which are not contained in a linear subvariety.

In particular, all cubic surfaces inP3 which are non-singular are36

obtained by six blowings up from the planeP2. We shall now derive the
notorious 27 lines on such a cubic surface.

A line in P3 is characterised by the fact that it is a curve which has
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exactly one point of intersection, counting multiplicity,with a general
hyperplane. Since the fibre inX′ over a blown up pointPi has a unique
point of intersection with the proper transform of a generalcubic curve
through theP j(1 ≤ j ≤ 6), each such fibre is a line onX′. Any other line
on X′ is the proper transform of an irreducible curveC on P2. Further,
since a line onX′ can be realised as a (proper) component of a hyper-
plane section ofX′ it follows thatC must be a (proper) component of a
cubic curve through theP j in P2. Hence,C must be either a line or a
non-degenerate conic. Since any point of intersection ofC and a cubic
curve through theP j which is distinct from all theP j corresponds to a
point of intersection of the proper transform ofC in X′ and a hyperplane,
it follows thatC can intersect a general cubic through theP j at most one
point of P2 besides possibly theP j(1 ≤ j ≤ 6), counting multiplicity.
SupposeC is a line onP2. ThenC meets a general cubic through the
P j at 3 points, counting multiplicity. Since the cubic curves through the
P j ‘separate directions’ at theP j as we have shown earlier, a general
cubic through theP j is not tangential toC at any pointP j contained in
C; so that such a pointP joccurs with multiplicity 1 the intersection of37

C and a general cubic through theP j . It follows thatC must contain at
least two points among theP j, since other wise it would have at least
two points of intersection, counting multiplicity, outside theP′j s, which
is impossible.Similarly, ifC is a conic, one sees thatC must contain 5
of the 6 pointsP j. Conversely, we see that any line through two of the
pointsP j or any conic through 5 of the pointsP j has for proper trans-
form in X′ a curve of degree 1 onX′, that is, a line onX′. Thus we get
exactly 6+ 6+ (6

2) = 27 lines on the cubic surfaceX′, and the relations
of incidence in this configuration of straight lines are alsovery clearly
seen by means of this representation.

By means of cubic forms vanishing at 7 points ofP2 in general po-
sition, in the above sense, we get a morphism of the surface obtained by
blowing upP2 at these points ontoP2. This morphism is in fact a (rami-
fied) covering ofP2 of order 2 described on the affine open setx◦ , 0 of
P2 by an equationZ2 = f4(x1, x2), where f4 is a polynomial of degree 4.

The surface obtained by blowing upk ≤ 7 points in general position
onP2 (together with the limiting cases where blowing up certain points
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of the fibres of earlier dilatations are also allowed), have been charac-
terised as the only non-singular surfaces ionPn all of whose hyperplane
sections are of genus 1. ([4]).
The resolution of singularities of a curve on a surface by dilatations.38

Theorem M.Noether.Let X be a noetherian equidimensional regular
prescheme of dimension 2, and C an irreducible, reduced, closed sub-
scheme of dimension one in X. Assume that for any affine open subset
U of C, the integral closure ofΓ(U,OC) in its quotient field is a module
of finite type overΓ(U,OC).

Then the set of singular (i.e., non-regular) points of C is a finite set
of closed points of C. Further, there is a prescheme Yand a morphism
τ : Y→ X satisfying the following conditions:

(i) τ can be factorised as Y= Xn
σn−1−−−→ Xn−1

σn−2−−−→ · · · σ◦−−→ X◦ = X, τ =
σ◦ ◦σ1o . . . ◦σn−1, where eachσi : Xi+1 → Xi is Xi isomorphic to
the dilatation of Xi at a closed point xi of Xi , whose image in X by
σ◦ ◦ . . . ◦ σi−1 is a singular point of C;

(ii) The unique reduced, irreducible closed subscheme C′ of Y such
that τ(C′) = C (which shall be referred to as the proper transform
of C on Y) is non -singular.

Proof. Let U be any affine open set onC, B = Γ(U,OC) and B̄ the in-
tegral closure ofB in its quotient field. Then for any closed pointx
of U defined by the maximal idealMx of B, the integral closure of
Ox,C = BMx is precisely the localisation̄(B)Mx

of B̄ with respect to the
multiplicatively closed subsetB−Mx. Now, a one-dimensional noethe-
rian local domain is regular (i.e., is a discrete valuation ring) if and only39

if it is integrally closed. �

Thus, the set of singular points ofC in U is precisely the set of points
x in U such thatBMx ,

¯(B)Mx
, or equivalently, the set of pointsx such

that ¯(B/B)Mx , 0, that is, the support of theB-module ¯(B/B). SinceB̄
is a finiteB-module by assumption, this set is closed. This proves the
first part of the theorem, sinceX is quasi-compact, and the singular set
is closed and discrete.
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Let us now prove the second part.For anyx ∈ C, let Ox,C denote the
local ring of x on C, andŌx,C its integral closure in the quotient field.
Since by assumption̄Ox,C is anOx,C-module of finite type, and since
there is a non-zero element a∈ Ox,C such that aŌx,C ⊂ Ox,Cit follows
that theOx,C-moduleŌx,C/Ox,C is of finite length. We denote the length
of this module by1Ox,C(Ōx,C/Ox,C ), and we put

N(C,X) =
∑

x=C

lOx,C(Ōx,C/Ox,C )

ThenN(C,X) is a non-negative integer associated toC andX, and
N(C,X) = 0 if and only ifC is regular.

Suppose then thatC is not regular, and letx be a singular point of
C. Let X′ be the dilatation ofX at x, andC′ the proper transform of
C on X′. If we can show thatN(C′,X′) < N(C,X) the theorem clearly
follows by induction on the integerN(C,X).

We thus have to show that for the dilatationX′ of X at a singular 40

point x of C,N(C′,X′) < N(C,X). Let σ : X′ → X be the dilatation
morphism. Sinceσ is an isomorphism ofX′ − σ−1(x) ontoX − {x}, we
have only to show that

∑

σ(y)=x
y∈C′

lOy,C′ (Ōy,C′/Oy,C′ ) < lOx,C(Ōx,C/Ox,C )

Suppose we can prove that there is a ringA , Ox,C integral overOx,c

and contained in its quotient field, such that theOy,C′ for y ∈ σ−1(x)∩C′

are the distinct localisations ofA at its maximal ideals. We would then
have

∑

σ(y)=x
y∈C′

lOy,C′ (Ōy,C′/Oy,C′ ) ≤
∑

σ(y)=x
y∈C′

[k(y) : k(x)]lOy,C′ (Ōy,C′/Oy.C′ )

=
∑

σ(y)=x
y∈C′

lOx,C(Ōy,C′/Oy,C′ ) = lOx,C(Ōx,C/A)

< lOx,C(Ōx,C/Ox,C ),

as required.
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Let τ be the restriction ofσ to C′, considered as a morphism intoC.
Sinceτ is proper with finite fibres, one could appeal to (EGA, III, 4.4.2)
to conclude thatτ is a finite morphism, from which the existence of an
A integral overOx,C such that the localisations ofA at its maximal ideals
are the local ringsOy,C′ of pointsy of τ−1(x), follows. However, we shall41

prove this directly, without appeal to the above mentioned theorem. Let
us putA =

⋂

y∈τ−1(x)
Oy,C′ , the intersection being taken in the quotient

field R(C). Let C̄ be the normalisation ofC in R(C) andπ : C̄ → C
the projection. SinceC′ is C-proper, by the statement proved at the
beginning of the lecture, there is a morphismπ′ : C̄ → C′ such that
τ ◦ π′ = π. It follows that C̄ is the normalisation ofC′ also. Now,A
is a subring of

⋂

π(z)=x
z∈τ

Oz,C̄ = Ōx,C, so thatA is integral overOx,C. It

remains to be shown that eachOy,C′ (y ∈ τ−1(x)) is a localisation ofA.
SinceC̄is the normalisation ofC′, we can find an integern > o such that
⋂

π′(z)=y
Mn

z, C̄ ⊂ My,C′ for all y ∈ τ−1(x). Let y1, . . . , yn be the distinct

points ofτ−1(x). By the theorem of independence of valuations (or by
the Chinese remainder theorem, applied to the co-ordinate ring of an
affine open setτ−1(U) of C̄, whereU is an affine open neighbourhood
of x on C), we can find a rational functionϕ on C̄ such thatϕ ≡ 1(
modMn

z,C̄
for all zwith π′(z) = y1 andϕ ≡ 0( modMn

z,C̄
for all z with

π′(z) = γξ(i > 1). It then follows thatϕ ∈ A andϕ vanishes aty2, . . . , yn

but not aty1. Hence, for anyf ∈ Oy1,C′ , we haveϕm f ∈
n⋂

i=1
Oyi ,C′ = A

for m large. This proves thatOy1,C′ (and similarly alsoOy2,C′ ,etc). is a
localisation ofA.

It only remains to show that (whenx is a singular point)A , Ox,C,42

or equivalently thatτ : C′ → C is not an isomorphism. SupposeC is
defined atx by an elementf , so that we havef ∈ Ml

x,X, f < Ml+1
x,X for

somel > 1. If (u, v) generateMx,X, we can then write

f = a◦u
l + a1ul−1v+ − + alv

l , ai ∈ Ox,X,

and not allai belonging toMx,X. Let āi denote the canonical image of
ai in k(x) = k. Identifying σ−1(x) with P1(k) = proj (k[W′,W′′]) as in
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Lecture 2, we have shown in that lecture that the points of intersection of
C′ andσ−1(x) are the “zeros” (i.e., correspond to the irreducible factors
) of the binary from ¯a◦W′′l + ā1W′′l−1W′ + · · · + ālW′l. If τ were an
isomorphism, there can in particular be only one irreducible factor, and
this factor should further be linear (since otherwise, the residue field
k(y) at y ∈ τ−1(x) would be a non-trivial extension ofk(x)). Hence, by
changing (u, v) if necessary, we may assume thatf = vl + g, g ∈ Ml+1

x,X.

In this case, there is a unique pointy in σ−1(x) ∩ C′, andw′ =
v
u

is

regular and vanishes at this point. Letω′ be the image ofw′ in Oy,C′ so
thatω′ ∈ My,C′ . If τ were an isomorphism, we must haveOx,C = Oy,C′ ,
so that we would havevC = ωuC, wherevC anduC are the images ofv
andu respectively, inOx,C. But then, it would follow that

Mx,C = (uC, vC) = (uC),

so thatx would be a regular point ofC. Contradiction.
The theorem is completely proved. 43

Remarks.1) The assumption made onC, that for any affine open sub-
set U of C, the integral closure ofΓ(U,OC) is of finite type over
Γ(U,OC), is necessary not only for the closeness of the set of singular
points, but is also essential even for the resolution of the singularity
at a single point ofC by dilatations. In fact, it is easily shown (from
what has been established during the course of the above proof) that
if x is a singular point ofC which can be resolved by a finite sequence
of dilatations,Ōx,C must be anOx,C module of finite type.

Incidentally, we may note that for a one-dimensional local domain
A, its integral closureĀ is a finiteA-module if and only if the com-
pletion Â of A has no nilpotent elements.(L.R. Chap. V,§33, Ex.
1).

This assumption is further fulfilled in all ‘good’ cases, forinstance
whenX is of finite type over a field or overZ. More generally,the
suitable assumption to make onX is that it be a“Japanese prescheme”
(EGA, O,§23), in order to ensure the above condition.

2) It is not necessary to assume thatC is irreducible, but only that it
is reduced. Indeed, we may first resolve all the singularities of all
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the components ofC by a finite sequence of dilatations. After this
is done, one has only to separate two components ofC which may
intersect at a pointx of X, by further dilatations. SupposeC1,C2 are44

two components ofC simple atx, and having order of contactl at x.
We know that after a dilatation atx, the proper transformsC′1,C

′
2 of

C1,C2 respectively have contact of orderl − 1 at a point of the fibre
overx. Thus, afterl + 1 dilatations, we see that the proper transform
of C1 andC2 do not intersect at any point lying overx.



Lecture 4

The elimination of
indeterminacies of a rational
map by dilatations

Let X andY be locally noetheiran two dimensional regular preschemes45

and f : X→ Y a morphism. We say thatf is acompositeof dilatations
if there exist a finite set of preschemesYk(0 ≤ k ≤ n) X = Yn,Y =
Yo, and morphismsfk : Yk+1 → Yk(0 ≤ k ≤ n − 1) such thatf =
foo f1o . . . o fn−1 and each (Yk+1, fk) is Yk-isomorphic to the dilatation of
Yk at some closed point of Yk.

We shall prove the following:

Theorem. (Elimination of indeterminacies).Let X be a noetherian, two
dimensional, regular prescheme over an arbitrary base prescheme B,Y
a proper B-scheme andϕ a B-rational map of X into Y. Then there exists
a B-prescheme Z and B-morphisms f: Z→ X andψ : Z→ Y such that
f is a composite of dilatations andϕ ◦ f is represented byψ.

Before we set out to prove this theorem, we shall deduce an im-
mediate corollary. For any reduced, irreducible andB-proper scheme
X, we denote byB(X/B) the class of all couples (Y/B, ϕ) consisting of
a reduced, irreducible andB-proper schemeY and a birational mapϕ
of Y/B into X/B. We introduce a partial ordering in this class by say-

33
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ing that (Y/B, ϕ) dominates(Y′/B, ϕ′)(Y ≥ Y′ in symbols, whenB, ϕ
andϕ′ are understood) if theB-rational mapϕ′−1 ◦ ϕ is represented by
a B-morphismψ of Y onto Y′. ψ is then automatically proper, since

the compositeY
ψ
→ Y′ → B is proper andY′ → B is separated. We

shall show thatB(X/B) is directed for this partial ordering. For (Y/B, ϕ)46

and (Y′/B, ϕ′) belonging to this class, letU be the maximal open set
of definition of ϕ′−1 ◦ ϕ = χ, and iU the inclusion ofU in Y. Let Γ
be the unique reduced closed subscheme ofY ×B Y′ having for support
the closure inY ×B Y′ of the image ofU by means of the immersion

U
(iU ,χ)
−−−−→ Y ×B Y′. If we denote byf and f ′ the restrictions toΓ of

the projections ofY×B Y′ onto the first and second factors respectively,
and if we putψ = ϕ ◦ f = ϕ ◦ f ′, ψ is birational,Γ is an irreducible,
reducedB-proper scheme and (Γ, ψ) dominates both (Y, ϕ) and (Y′, ϕ′).
This proves our assertion. We now have the

Corollary . Let X be an irreducible, noetherian, two dimensional, reg-
ular and B-proper scheme. The members(X′, f ) of B(X/B), where
f : X′ → X is a composite of dilatations, form a cofinal system in
B(X/B), for the partial ordering introduced above. In other words,
given a reduced and B-proper scheme Y and a B-birational mapϕ of Y
into X, there is an(X′, f ) as above and a proper birational B-morphism
ψ : X′ → Y such thatϕ ◦ ψ = f .

Proof. Apply the theorem withϕ replaced byϕ−1. �

It is convenient to prove a slightly more general version of the the-
orem, and for this purpose, we give a definition. LetX be a reduced
B-prescheme andY a B-scheme, and letϕ be a rational map ofX into Y
whose maximal open set of definition isU. Denote byiU the inclusion
of U in X, and letΓ be the reduced closed subscheme ofX ×B Y whose47

support is the closure inX ×B Y of the image ofU by the immersion

U
(iU ,ϕ)
−−−−→ X ×B Y. Let π be the restriction toΓ of the first projection

X ×B Y → X. We say that a pointx ∈ X is apoint of indeterminacyof
ϕ if (i) x ∈ X − U, and (ii) π−1(x) , φ. If we suppose further thatY
is of finite type overB, a pointx ∈ X such thatOx is a discrete valua-
tion ring cannot be an indeterminacy point ofϕ. Indeed, this is what we
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have proved at the beginning of lecture 3. We note further that whenY
is B-proper,π(Γ) = X so that the points of indeterminacy are precisely
the points of the setX − U. In view of this, the above theorem is an
immediate consequence of the following

Theorem.Let X be a noetherian two dimensional regular B-prescheme,
and Y a B-scheme of finite type. Letϕ be a rational map of X/B into
Y/B. Then there is a prescheme Z and a morphism f: Z→ X which is a
composite of dilatations, such thatϕ ◦ f has no points of indeterminacy
on Z.

Proof. We shall denote byU the maximal open set of definition ofϕ,
and byΓ the reduced closed subscheme ofX×BY having for support the

closure inX ×B Y of the image of the immersionU
(iU ,ϕ)
−−−−→ X ×B Y. Let

π1 be the restriction toΓ of X ×B Y→ X.
SinceX is regular, it is the disjoint union of its components which

are finite in number, so that we may assume thatX is further irreducible.
�

We shall first make some simplifications. 48

1) We may assumeB andY to be affine. In fact, sinceX is quasi-
compact, its image inB is covered by a finite number of affine
open setsBi(i = 1, . . . , k), and the inverse image of eachBi in Y is
a-finite union of affine open setsYi j ( j = 1, . . . , ni) of Y. Let Xi be
the inverse image ofBi in X, andXi j = ϕ

−1(Yi j ) ⊂ Xi . If a certain
Xi j is void,Γ∩X×B Yi j is also void, and we leave out thisYi j and
renumber the rest. Then we defineϕi j to be the rational map of
Xi/Bi into Yi j/Bi defined by theBi morphismϕ of Xi j .

Suppose the theorem is true forB andY affine. Then by blowing
up X a finite number of times at points in or lying overX1, we can
eliminate all points of indeterminacy of theB-rational mapϕ11

of X1 into Y11. SupposeX′ is the prescheme obtained fromX in
this way,X′i the inverse images inX′ of theXi andϕ′i j the rational
maps fromX′i into Yi j . Now if n1 > 1, again by blowing upX′

a finite number of times at points overX1 we can eliminate all
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indeterminacies ofϕ′12 for X′1 to Y12. If X′′ is the new prescheme
we get overX andX′′11 the inverse image ofX′1 the rational map

X′′11→ X′1
ϕ′11−→ Y11 does not have any indeterminacies either, since

ϕ′11 does not andX′′11→ X′1 is a morphism. Repeating this for all
(i, j), we obtain anZ/X such that ifZi is the inverse image ofBi,
the rational maps ofZi into theYi j do not have indeterminacies. If
ψ is the morphism ofZ ontoX andΓZ the closed subset ofZ×B Y49

defined with respect toZ; Y andϕ ◦ ψ in the same way asΓ was
defined with respect toX,Y andϕ, then, we have evidentlyΓZ ⊂
⋃

(i, j)
(ZiXBi Yi j ), and this shows thatϕ ◦ ψ has no indeterminacies.

This complete the proof of 1).

2) We may assumeB = SpecZ andY = SpecZ[T] = A′(Z)

Because of 1), we may assume thatB = SpecA, andY = SpecC,
whereC is an A-algebra of finite type. By expressingC as the
quotient of a polynomial ring in a finite number of variables,we
see that we can realiseY as a closed subscheme of a scheme
B ×Z An(Z) = An(A) = Spec A[T1,T2, . . . ,Tn]. Let ϕ′ be the
composite ofϕ with the inclusionY ֒→ An(A), and suppose the
theorem to be true forϕ′. We then get a morphismf : Z → X
which is a composite of dilatations such thatϕ′ ◦ f has no inde-
terminacies. LetV be the set of definition ofϕ′ ◦ f , so that the

morphismV
(iV ,ϕ′◦ f )
−−−−−−→ Z ×A A

n(A) is a closed immersion. The
image of an open (hence dense) subset ofV is contained in the
closed subschemeZ ×A Y, so that the image ofV is itself con-
tained in this closed subscheme. SinceV is reduced, the above
morphism factors asV → Z ×A Y→ Z ×AA

n(A). Composing the
first of these morphisms with the projection ofZ ×A Y ontoY, we
get a morphism ofV into Y which considered as a rational map
of Z into Y has no indeterminacies, sinceV → Z ×A Y is a closed
immersion.

Thus, we are reduced to proving the theorem in the case when50

B = SpecA and Y = An(A) ≃ A ×Z An(Z). But now, for any
B-preschemeZ, B- morphisms (resp.B-rational maps) ofZ into
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An(A) are in canonical one-one correspondence withZ-sections
(resp.Z-rational sections) ofZ ×A A

n(A) ≃ Z ×A (A ×
Z
An(Z))

and the sets of definition of a rational map and the corresponding
rational section coincide. This is by the very definition of the
product. A B-rational map has no indeterminacies if and only if
the correspondingZ-section is a closed immersion. But now, we
have a canonical isomorphism ofZ-schemesZ×A (A×ZAn(Z)) ≃
Z ×
Z
An(Z) and applying the remarks made above withA replaced

by Z we see that it is sufficient to prove the theorem in the case
whenB = SpecZ,Y = An(Z).

Again, letZ be anX-prescheme andχ aZ-rational section ofZ ×
Z

An(Z) ≃ (Z×
Z
A′(Z))×Z(Z×

Z
A′(Z)×Z.. (n times) with maximal open

set of definitionV. Let pi be theith projection ofZ ×
Z
A′(Z)) ×Z

. . . ×Z (Z ×
Z
A′(Z)) and let pi ◦ χ have the maximal open set of

definitionVi. We have then clearly
⋂

i
Vi ⊂ V. If eachpi ◦ χ, as a

Z-morphism ofVi into Z ×
Z
A′(Z) is a closed immersion, so is the

morphism

∩Vi ≃ V1×ZV2×Z× · · · · · ·×ZVn→ (Z×
Z
A′(Z))×Z · · ·×Z(Z×

Z
A′(Z))

This proves that if eachpi ◦ χ were a closed immersion,V = ∩Vi

andχ is a closed immersion ofV.

Hence, it is sufficient to prove the theorem whenB = SpecZ and 51

Y = A1(Z).

3) We are thus reduced to the case whenϕ is a rational function
f ∈ R(X). When f = 0, f is a morphism ofX intoA′(Z) and there
is nothing to prove. Thus we may assume thatf ∈ R(X), f , 0.

We shall make use of the following

Lemma. Write the divisor D of f on X, considered as a cycle of codi-
mension one, as D1−D2 where D1 are positive integral linear combina-
tions of irreducible closed subsets of dimension one, such that D1 and
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D2 have no common components. Denote by|Di | the support of Di on X.
Then the maximal open set of definition of f is X− |D2|, and the points
of indeterminacy are precisely the points of|D1| ∩ |D2|.

Proof. Identifying the local ringOx of a pointx ∈ X with a subring of
R(X), we see from the definitions thatf is defined atx if and only if
f ∈ Ox. Writing A for Ox, A is an integrally closed noetherian domain,
and hence a well-known result,A =

⋂

G
AG whereG runs through the

prime ideals inA of high one. It follows from this and the definition of
D2 that f is regular atx if and only if no component ofD2 containsx,
that is, if and only ifx < |D2|. This proves the first assertion. �

Let 0 be the closed subset ofA′(Z) = SpecZ[T] defined by the

ideal (T), so that 0≃ Spec
Z[T]
(T)

= SpecZ. By the very definition

of D1, |D1| − (|D1| ∩ |D2|) is the inverse image of 0for the morphism52

X− |D2|
f
−→ A′(Z). Since (|D1|−(|D1| ∩ |D2|)) ×

Z
0 ≃ (|D1|−(|D1| ∩ |D2|))×

Z

SpecZ ≃ |D1|−(|D1| ∩ |D2|), the image of|D1|−(|D1|∩ |D2|) for the im-

mersionX−|D2|
(1, f )
−−−→ X×

Z
A′(Z) is the subscheme (|D1|−(|D1| ∩ |D2|))×

Z
0

of X ×
Z
A′(Z). SinceD1 andD2 have no common components,|D1| −

(|D1| ∩ |D2|) is dense in|D1|, and it follows thatΓ (defined at the be-
ginning of the proof of the theorem), being a closed set, mustcontain
|D1| ×

Z
0(≃ |D1|). Hence, every point of|D1| ∩ |D2| is a point of indeter-

minacy.
It only-remains to be shown that no point of|D2| − (|D1| ∩ |D2|)

is a point of indeterminacy off . Applying what we have proved to
1
f

instead off , we see that
1
f

is defined as a morphism fromX − |D1| into

A1(Z), and the inverse image of 0is precisely|D2| − (|D1| ∩ |D2|). Now,
it is easy to deduce from definition that the image of the open dense
subset

Γ ∩ {(X − |D1| − |D2|) ×
Z
A1(Z)} of Γ ∩ {(X − |D1|) ×

Z
A1(Z)}



4. The elimination of indeterminacies of a rational... 39

under the morphism

(X − |D1|) ×
Z
A′(Z)

( 1
f ,1)
−−−−→ A′(Z) ×

Z
A′(Z) = SpecZ[T,T′]

is contained in the closed subsetH ofA′(Z)×ZA′(Z) defined byTT′−1.
Hence, the image ofΓ ∩ {(X − |D1|) ×

Z
A′(Z)} is itself contained in this

closed subset. But the projection ofH onto the first factorA′(Z) of
A′(Z) ×

Z
A′(Z) does not meetthe set 0, since the image ofT under the 53

homomorphismZ[T] → Z[T,T′]/(TT′ − 1) generates (as an ideal) the
second ring. Thus, the projection ofΓ∩ {(X− |D1|)×

Z
A′(Z) into X− |D1|

does not meet|D2| − (|D1| ∩ |D2|).
This completes the proof of the lemma.
We now return to the proof of the theorem under the assumptions

(3). We give the proof here only under the assumption thatX is Japanese.
The proof in the general case will be given in Lecture 6. Because of the
lemma and the assumption thatX is noetherian,f has only a finite num-
ber of indeterminacy points. Because of the theorem of resolution of
singularities of a one-dimensional closed subscheme at a finite number
of points by dilatations, we can find a morphismτ : X′ → X which is
a composite of dilatations, such that with the notations of lemma, the
components of the proper transformsτ′(D1) andτ′(D2) are all regular
at all points ofτ−1(x), wherex is any indeterminacy off on X. But now,
if we write div ( f ◦ τ) = D′1 − D′2 whereD′i are divisors≥ 0 onX′ with
no common components, we have

D′1 − D′2 = div( f ◦ τ) = τ∗(div f) = τ∗(D1) − τ∗(D2)

andτ∗(Di) differ from τ′(Di) only by a linear combination of compo-
nents of fibresτ−1(x) of τ. But the components of the fibresτ−1(x) are
isomorphic toP′(k′), wherek′ is an extension of the fieldk, so that these
are again regular.

Thus, we may assume that all components ofD1 andD2 are regular 54

at the points of indeterminacy. Further, letC1,C2 be two components
of eitherD1 or D2 which meet at a pointx of X, and suppose they are
regular atx and have order of contactl at x. Thus we have seen that the
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order of contact of their proper transformsC′1 andC′2 at any point in the
dilatation ofX at x is l−1 (with the interpretation that whenl = 0,C′1 and
C′2 do not intersect at any point of the fibre overx). Moreover,C′1 and
the fibre overx have order of contact 0 (that is, intersect transversally).
It follows from these observations, that we may actually assume that at
any point of indeterminacyx of f on X, there is exactly one component
of D1 and one component ofD2, that these are both regular atx and that
they have order of contact 0 atx.

Under this assumption, for any point of indeterminacyx of f on X,
let Ci(i = 1, 2) be the unique component ofDi(i = 1, 2) which contains
x,and letr i > 0 be the multiplicities with whichCi occur in Di. Put
n(x, f ) = max(r1, r2). Let σ : X′ → X be the dilatation ofX at x,
andL = σ−1(x). Then the rational functionf ◦ σ on X′ also satisfies
these assumptions. Further, if the only components of div (f ◦σ) which
pass through any point ofσ−1(x) are the proper transformsC′1,C

′
2 of

C1,C2 respectively andL, and these occur with multiplicitiesr1,−r2

andr1 − r2 respectively.C′1 andL intersect at a unique pointx1 of L,C′2
andL intersect at another distinct unique pointx2 of L. If r1 > r2, f ◦ σ55

is regular atx1 andn(x2, f ◦ σ) = max(r2, r1 − r2) < r1 = n(x, f ), and
similarly whenr2 > r1 also,n(x1, f ◦σ) < n(x, f ), andx2 is a polar point
of f . If r1 = r2, f ◦ σ has no indeterminacies at any point ofσ−1(x). It
trivially follows from these there is a morphismτ : Y → X which is a
composite of dilatations, such thatτ is an isomorphism ofY − τ−1(x)
onto X − {x} and f ◦ τ has no indeterminacies onτ−1(x). By repeating
this procedure for each of the finite number of points of indeterminacy,
we arrive at anZ and a morphismf : Z → X having the properties
stated in the theorem.

This completes the proof of the theorem.

Remark. We shall later give a much simpler proof of case 3) (which is
the really difficult case) of the theorem. But the proof given here is more
straightforward.

Our next theorem gives the structure of any proper birational mor-
phism of two dimensional noetherian regular preschemes.

Theorem. (of decomposition).Let X and Y be two dimensional noethe-
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rian regular preschemes, and f: X→ Y a proper birational morphism.
Then f is a composite of dilatations.

Proof. We may clearly assumeX andY to be irreducible. �

Since f is proper, the indeterminacy set off −1 is precisely the com-
plement of the set of definition off −1, and is therefore a closed set.
Since no points ofY such thatOy is a discrete valuation ring can belong
to this set, and sinceY is regular and noetherian, the indeterminacy set56

consists of a finite number of closed points ofY, and if Y′ denotes the
complement,f | f −1(Y′)→ Y′ is an isomorphism.

Thus, to prove the theorem, we may assume further thatX,Y irre-
ducible, and there is a single closed pointy of Y such that f : X −
f −1(y) → Y − {y} is an isomorphism

Letσ : Y′ → Y be the dilatation ofY aty, andg = σ−1◦ f . We shall
show thatg is a morphism. Suppose we have done this. All components
of the fibre f −1(y) cannot be mapped onto single points ofY′ by g, since
g is proper and hence surjective, and the fibreL = σ−1(y) ≃ P′(k(y))
contains an infinity of points. Thus, for any pointy′ ∈ Y′, the number
of components of dimension 1 ofg−1(y′) is strictly less than the number
of components off −1(y). The theorem would then follow by induction,
usingZ.M.T.

Thus, it is sufficient to show thatg is a morphism. SinceX and
Y′ are birationally equivalent overY, there is a unique closed reduced
componentZ of X ×Y Y′ which dominates bothX andY′. Let p1 and
p2 be the restrictions toZ of the projections ofX ×Y Y′ onto its first and
second factors, so thatp1 andp2 are birational proper morphisms. It is
sufficient to show thatp1 is an isomorphism, since it would then follow
thatg = σ−1 ◦ f = p2 o p−1

1 is a morphism, Suppose then thatp1 is not
an isomorphism. It then follows byZ.M.T that there is a closed pointx
of X such that the fibrep−1

1 (x) contains an irreducible one dimensional
componentC. Let z be the generic point ofC, andy′ = p2(z). Then 57

y′ cannot be a closed point ofY′, since if it were, (x) ×Y (y′) would
be a finite set of closed points ofX ×Y Y′ and z would be contained
in this set. Hence,Oy′,Y′ is a discrete valuation ring with is dominated
by the local domainOz,Z and their quotient fields (which areR(Y′) and
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R(Z) respectively) are isomorphic. It follows that the homomorphism
Oy′,Y′ → Oz,Z is an isomorphism. Further, sinceY′ − L andX − f −1(y)
areY-isomorphic, both are isomorphic toZ− p−1

1 ( f −1(y)) = Z− p−1
2 (L).

It follows that y′ must be a point ofL, and sinceOy′,Y′ is a discrete
valuation ring,y′ must be the generic point ofL.

Let u andv be a regular system of parameters ofOy. Then we have
seen that either one ofu ◦ σ or v ◦ σ generates the maximal ideal of
Oy′,Y′ . Hence either one ofu ◦ σ ◦ p2 = u ◦ f ◦ p1 andv ◦ σ ◦ p2 =

v ◦ f ◦ p1 generates the maximal ideal ofOz,Z. Since we have a local
homomorphismOx,X → Oz,Z, it follows that none of the elementsu◦ f ,
v ◦ f of Ox,X can be inM2

x,X. Now the fibre f −1(y) cannot contain
any isolated closed points byZ.M.T, so that there is a componentD of
f −1(y) of dimension 1 which containsx. Let t be the element ofOx,X

which definesD at x. Sinceu ◦ f andv ◦ f vanish onD, u ◦ f = tu′,
v ◦ f = tv′ for someu′, v′ ∈ Ox,X. Sinceu ◦ f andv ◦ f do not belong

toM2
x, u′ andv′ must be invertible inOx,X, so that

u ◦ f
v ◦ f

=
u′

v′
(and

similarly
v ◦ f
u ◦ f

) is defined atx. Let A be the co-ordinate ring of an58

affine neighbourhood ofy in Y such thatAu+ Av is the maximal ideal
of A which definesy. Identifying all the above local rings with subrings
of the fieldR(Y), we have the diagram

Oy′,Y′

  B
BB

BB
BB

BB

B = A
[u
v

]
-



;;wwwwwwwww

� q

##G
GG

GG
GG

GG

Oz,Z

Ox,X

==|||||||||

From the very definition of the dilatation,Oy′,Y′ = Oz,Z is the local-
isation ofB with respect to the prime idealMy′,Y′ ∩ B = Mz,Z ∩ B =
Mx,X ∩ B. Hence,Ox,X containsOz,Z, so thatOx,X andOz,Z coincide
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andOx,X is a discrete valuation ring. This contradicts the fact thatx is a
closed points, sinceX is two dimensional atx.

Thus, the theorem is proved.





Lecture 5

The behaviour of various
groups associated to a
scheme under birational
transformations

Let X be a locally noetherian, everywhere two dimensional, regular 59

prescheme,x a closed point ofX andσ : X′ → X the dilatation of
X at x. Let F be a coherent sheaf ofOX′-modules onX′. For any point
y , x on X, let V be an affine open neighbourhood ofy on X not con-
taining x. Thenσ−1(V) is isomorphic toV, and hence is also affine,
so thatHp(σ−1(V),F ) = 0 for p ≥ 1(EGA III ). This proves that the
higher direct imagesRpσ(F ) for p ≥ 1 are concentrated at the point
x of X. Further, letXo = SpecAo be an affine open neighbourhood of
x in X, such that the maximal idealMo of x in Ao is generated by two
elementsu, v of Ao. Then the open setX′o = σ−1(Xo) of X′ is covered
by two affine open setsY′o = SpecAo[w′] andY′′o = SpecAo[w′′], where

w′ =
v
u

andw′′ =
u
v

. Denoting this affine covering{Y′o,Y′′o } by G , we

have canonical isomorphisms

Hp(X′o,F )←̃Ȟp(G ,F )

45
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whereȞ∗ denotes thěCech cohomology groups of this covering (EGA
III, 1,2). But now, theČech groupsȞp(G ,F ) can be computed by using
the complex of alternating cochains ofG with values inF (EGA III,
1.4.1). SinceG contains just two elements, any alternatingp-cochain
on F is 0 if p ≥ 2. Hence,Hp(X′o,F ) ≃ Ȟp(G ,F ) = 0 for p ≥ 2, and
Rpσ(F ) = 0 for p ≥ 2.

Hence, in this case, the (convergent) spectral sequence of Leray60

Ep,q
2 = Hp(X,Rqσ(F )) =⇒ Hn(X′,F )

degenerates into an exact sequence

0→ H′(X,Roσ(F ))
σ∗1−−→ H1(X′,F )α → Ho(X,R′σ(F ))

→ H2(X,Roσ(F ))
σ∗2−−→ H′(X′,F )→ 0.

Note that here,σ∗1 andσ∗2 are simply the canonical homomorphisms
induced in cohomology by the morphismσ, andα : H′(X′,F ) →
Ho(X,R′σ(F )) is the homomorphism of a presheaf into the sections
of the associated sheaf.

Let us take forF the structure sheafOX′ , of X′. The homomorphism
OX → Roσ(OX′) is clearly an isomorphism outside the pointx. Let sbe
a section ofRoσ(OX′) in a neighbourhoodU of x, so thats is a regular
function in a neighbourhood ofσ−1(x) on X′. But now, s defines a
sections′ of OX in U − {x}. But we have seen earlier that any rational
function on a regular (or even normal) preschemeY, if it is regular at all
pointsy ∈ Y such thatOy is a discrete valuation ring, is regular onY.
Hence,s′ extends to a sections1 of Ox onU. Denoting the image ofs1 in
Roσ(OX′) by s2, s−s2 is a regular function in a neighbourhood ofσ−1(x)
which to 0 outsideσ−1(x), so thats = s2. Thus,OX → Roσ(OX′) is an
isomorphism. We next show thatR′σ(OX′) = 0. With notations as in
the first paragraph, we have to show thatȞ′(G ,OX′) = 0. An alternating
1-cocycle of the coveringG is simply an elementf of Γ(Y′oY′′o ,OX′) =61

Ao[w′,w′′], so that can write

f =
n∑

O

anw′n +
n∑

O

bnw′′n = f ′ − f ′′,
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where f ′ ∈ Γ(Y′o,OX′) and f ′′ ∈ Γ(Y′′o ,OX′). This means that any such
cocycle is a coboundary, and our assertion is proved.

We have thus the results
Roσ(OX′) ⋍ OX

Rpσ(O′X) = 0, p ≥ 1,Hp(X′,O′X) ⋍ Hp(X,Ox), p ≥ 0.
In view of the theorems of domination and composition of the earlier

lecture, we deduce that ifX1 andX2 are two regular, noetherian, proper
B-schemes (B being arbitrary) of dimension two, andϕ a birational map
of X1 into X2, ϕ induces isomorphisms

Hp(X1,OX1) ≃ Hp(X2,OX2), p ≥ 0.

When in particularX is a proper scheme overB = Speck wherek
is a field, thek-vector spacesHi(X,OX) are finite dimensional (EGA,
III 3.2.4), and the integerpa(X) = dimk H′(X,OX) is called thearith-
metic genusof X. We have thus proved the invariance of arithmetic
genus under birational transformations. (Hp(X,O) is invariant under bi-
rational isomorphisms.)

It is not known whether this is true for complete non-singular vari- 62

eties of arbitrary dimension. However, when the base field isthe field
C of complex numbers andX andY are assumed projective, we have
from the theory of Kahler manifolds the equalities dimC Hp(X,OX) =
dimC Ho(X,Ωp

X), dimC Hp(Y,OY) = dimC Ho(Y,Ωp
Y), whereΩp

X andΩp
Y

denote the sheaves of germs of holomorphicp-forms onX and Y re-
spectively ; and by an argument similar to the one used for proving
thatRoσ(OX′) = OX, we see thatRo f (Ωp

X) = Ωp
Y, so thatHo(X,Ωp

X) ⋍
Ho(Y,Ωp

Y). Hence we have in this case the equalities

dimC Hp(X,OX) = dimC Hp(Y,OY), p ≥ 0.

This naturally holds whenX andY are projective non-singular over
any algebraically closed field of characteristic zero.

Again, let X be a regular, proper, two dimensional schemes over
a field K, andσ : X′ → X the dilatation ofX at a closed pointx
of X. Let Ω′X = Ω

′
X/K (resp. Ω′X′/K) be the sheaf ofK-differentials

of X(resp, X′). We have a canonical mapΩ′X → Roσ(Ω′X′) which
is clearly an isomorphism when restricted toX − {x}, and we shall
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show that it is surjective. LetXo = SpecAo be an affine open neigh-
bourhood ofx satisfying the conditions mentioned in the first para-
graph, X′o = σ−1(Xo), and letY′o = specAo[w′], Y′′o = specAo[w′′]
be the usual affine open sets ofX′o coveringX′o. We putB′ = Ao[w′],63

B′′ = Ao[w′′] andC = B′.B′′ = Ao[w′,w′′]. For any commutativeK-
algebra∧, let us denote byDK(∧) the∧- module of differentials of∧
over K. An elementω ∈ Γ(Xo,Roσ(Ω′X)) = Γ(X′o,Ω

′
X′) is represented

by a pair of elementsω′ ∈ DK(B′) andω′′ ∈ DK(B′′) such that the
images ofω′ andω′′ in DK(C) coincide. Now,ω′ can be written as
ω′ =

∑

b′i da′i + f ′(w′)dw′ with f ′ ∈ Ao[X], a′i ∈ Ao, b′i ∈ B′ and similarly
ω′′ =

∑

b′′j da′′j + f ′′(w′′)dw′′ with a′′j ∈ Ao, b′′j ∈ B′′ and f ′′ ∈ Ao[X].

Let us denote bȳf ′ and f̄ ′′ the polynomials overk[X] =
A
M [X] got by

reduction moduloM from f ′ and f ′′. Let l be the algebraic closure of
k, andθ : P′(l)→ P′(k) ⋍ σ−1(x) ֒→ X′ the composite morphism. Then
θ(ω) is a regular differential form onP′(l), and hence is 0, as is well-
known (and trivial to check). Butθ∗(ω) is represented on a standard
affine open set ofP′(ℓ) by f̄ ′(X)dX, so thatf̄ ′ ≡ 0, and similarlyf̄ ′′ ≡ 0.
Thus the coefficients of f ′ and f ′′ belong toM. SinceMB′ = uB′,
we can write f ′(w′)dw′ = g′(w′).udw′ = g′(w′)dv − g′(w′)w′du with
g′ ∈ B′[X]. Thus, we may assume without loss of generality that
ω′ =

∑

b′i da′i , ω
′′ =

∑

b′′j da′′j , a
′
i , a
′′
j ∈ Ao, b′i ∈ B′′b′′j ∈ B′′. Now,

sinceC = Ao[w′,w′−1] andAo[w′] is the quotient of the polynomial ring
Ao[w] by the principal ideal (uW−v), it follows from well - known facts
concerning the behaviour of modules of differentials under passage to
quotient and formation of rings of fractions (EGA, O,§ 20) that64

DK(C) ≃
C ⊗Ao DK(Ao) ⊕C.dw′

C.(w′du+ udw′ − dv)
.

whereC.dw′ denotes a free module of rank 1. It follows that the canon-
ical homomorphismC ⊗Ao DK(Ao) → DK(C) is an injection. Since
σ∗(OX′) = OX, we have an exact sequence ofAo-modules

0→ Ao
ξ
−→ B′ ⊕ B′′

η
−→ C→ 0

whereξ(a) = (a, a) andη(b′, b′′) = b′ − b′′, and tensoring withDK(Ao),
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we obtain the exact sequence

DK(Ao)
ξ⊗1
−−−→ B′ ⊗Ao DK(Ao) ⊕ B′′ ⊗Ao DK(Ao)

η⊗1
−−−→ C ⊗Ao DK(Ao)→ 0

Since by assumption, (ω′, ω′′) belong to the kernal ofη ⊗ 1, it
follows thatω = σ∗(ω1) whereω1 ∈ DK(Ao). In other words, the
canonical homomorphismΩ′X → σ∗(Ω′X′) is surjective. The kernel
of this homomorphism has support at the pointx, or is empty. It fol-
lows from the cohomology exact sequence that we have an isomorphism
H′(X,Ω′X) ≃ H′(X,Roσ(Ω′X′)).

Let us look back at the exact sequence obtained from the Lerayspec-
tral sequence withF replaced by the sheafΩ′X′. We shall show that in
this case, the homomorphismα is non-trivial. LetU = {Uo,U1,U2} be
the covering ofX given byUo = X′−σ−1(x),U1 = Y′o,U2 = Y′′o , and let
ξ be the cohomology class ofH′(X′,Ω′X′) given by the following alter- 65

nating cocycle on the coveringU : ξo1 =
du
u
∈ Γ(Uo ∩ U1,Ω

′
X′), ξo2 =

dv
v
∈ Γ(Uo ∩ U2,Ω

′
X′),

ξ12 =
dw
w
∈ Γ(U1,∩U2,Ω

′
X′)

(This is the element ofH′(X′,Ω′X′) given by the divisorσ−1(x) of
X′). We shall show thatα(ξ) , 0. As we have already remarkedα is ob-
tained by passage to the limit from the restriction maps in cohomology
to neighbourhoods of the fibreσ−1(x). Identifyingσ−1(x) with P′(k) as
usual, we have a homomorphismΩ′X′ → Ω

′
P′(k), and hence a linear map

Ho(X,R′σ(Ω′X′))
β
−→ H′(P′(k),Ω′P′(k))

and it is sufficient to show thatβoα(ξ) , 0. If V1 = Speck[W] and
V2 = Speck[W−1] from the standard affine covering ofP′(k), η = βoα(ξ)
is represented by the alternating 1-cocycle

η12 =
dW
W

,
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which is easily seen not to be a coboundary (represents the divisor class
of degree -1 onP′(k)).

Hence, whenF = Ω′X′, α is not trivial. Thus we obtain that the map
σ∗1 : H′(X,Ro)σ(Ω′X′)) → H′(X′,Ω′X′) is not surjective, and hence the
inequality

dimK H′(X,Ω′X) = dimK H′(X,Roσ(Ω′X′)) < dimK H′(X′,Ω′X′).

This will be useful to us later on.
We remark that more exact information can easily be obtainedby66

an explicit computation ofR′σ(Ω′X′) by using the affine coveringG =
{Y′o′ ,Y′′o } of X′o. We summarise the results,when K is assumed alge-
braically closed, both forΩ′ andΩ2, the sheaf of forms of degree 2.

Roσ(Ω′X′) = Ω
′
X, dimK Ho(X,Ω′X) = dimK Ho(X′,Ω′X′)

Roσ(Ω′X′) ≃ K =
Ox

Mx
at x, dimK H′(X,Ω′X) = dimK H′(X′,Ω′X′) − 1

Roσ(Ω′X′) = 0 for p ≥ 2, dimK H2(X,Ω′X) = dimK H2(X′,Ω′X′)

Roσ(Ω2
X′) = Ω

2
X,

Roσ(Ω2
X′) = 0, p ≥ 1, dimK Hp(X′,Ω2

X) = dimK Hp(X,Ω2
X′), p ≥ 0.

The results forΩ2 also follow from Serre duality, of course ([27]).
We shall next investigate the behaviour of the groupϑ(X) of divi-

sors and the Picard group Pic (X) of classes of inversible sheaves on
a noetherian, two dimensional, regular prescheme under a dilatation
σ : X′ → X. Sinceσ induces an isomorphism ofX′ − σ−1(x) onto
X − {x}, σ∗ : ϑ(X) → ϑ(X′) is clearly injective. Further, any divisor
on X′ is a sum of an element ofσ∗(ϑ(X)) and a multiple of the fibre
σ−1(x), and no multiple ofσ−1(x) belongs toσ∗(ϑ(X)). Thus we have
the isomorphism

ϑ(X′) ≃ σ∗(ϑ(X)) ⊕ Z.σ−1(x) ≃ ϑ(X) ⊕ Z.

Further letϑl(X) denote the subgroup ofϑ(X) consisting of principal67

divisors, so that we have a canonical isomorphism Pic (X) ≃ ϑ(X)
ϑl (X)

.
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Sinceϑl(X′) = σ∗(ϑl (X)), it follows that we have

Pic (X′) ≃ Pic(X) ⊕ Z.

Suppose now thatX is a non-singular surface over an algebraically
closed field. In this case, algebraic equivalence of divisors is defined
([15], p. 55) and ifϑa(X) is the subgroup of divisors ofX which are

algebraically equivalent to 0, the quotient groupS(X) =
ϑ(X)
ϑa(X)

is called

the Neron-Severi groupof X. It is known ([16]) thatS(X) is a finitely
generated abelian group. Now, we shall soon define for a pair of el-

ementsα, β ∈ ϑ(X)
ϑl(X)

an intersection number (α.β) ∈ Z, whenX is a

complete variety. We shall also show that ifL = σ−1(x) and (L) its class
in ϑ(X′)/ϑl(X′), ((L).σ∗(ϑ(X))) = 0 and (L).(L) = −1. But it can be
shown that ((L).ϑa(X′)) = 0 (the intersection number is preserved under
algebraic equivalence on an algebraic variety). It followsthatϑa(X′) ⊂
σ∗(ϑ(X)). Since it can also be shown that ifα ∈ ϑa(X′), the direct im-
ageσ∗(α) ∈ ϑa(X), and since we have forα ∈ σ∗(ϑ(X)), α = σ∗σ∗(α),
we deduce thatϑa(X′) = σ(ϑa(X)). We therefore have the following
relationship between the Neron-Severi groups ofX andX′:

S(X′) ≃ S(X) ⊕ Z.

A diversion
Several questions, especially of number theory, are connected with 68

birational isomorphisms of surfacesX defined over a fieldK which is
not necessarily algebraically closed. The principal problem is to classify
underK-birational isomorphism those surfaces that become birationally
isomorphic when one extends the base field to the algebraic closureK̄
of K. We have constructed above some numbers that are attached to
the surface and are birational invariants e.g. the arithmetic genus. But
such invariants are unaltered by extension of the base field and so are
not useful for our purpose. We have to construct finer invariants for this
problem. The situation is simple in the case of curves, wherebirational
isomorphism essentially coincides with isomorphism of schemes.



52 5. The behaviour of various groups associated to...

Let us consider the simplest possible example, namely that of a
schemeX over a fieldK, such that the schemēX = XXKX̄ over the alge-
braic closureK̄ of K is isomorphic to the projective lineP′(K̄) over K̄.
It is easily shown that such anX is isomorphic as aK-scheme to a conic
Q(Xo,X1,X2) = 0 inP2(K), whereQ is a non-degenerate quadratic form
with coefficients inK. In fact, from the isomorphismXXKK̄ ⋍ P′K̄, it
follows thatX is an integral scheme defined overK, such that its func-
tion field R(K) is a regular extension ofK,R(X̄) = R(X) ⊗K K̄, and
X is absolutely simple. In particular, the sheafΩX̄,K̄ of differentials
of X̄ over K̄ is got by base extension from the sheaf ofK-differentials
of X, that is,ΩX̄,K̄ = ΩX,K ⊗K K̄. Hence we have a canonical iso-
morphismHo(X̄,Ω∗

X̄
) ≃ Ho(X,Ω∗X) ⊗K K̄. Further,Ω∗

X̄
is the unique69

invertible sheaf of degree 2 on̄X ≃ P′(X̄), so that we can choose a ba-
sisσo, σ1, σ2 of Ho(X̄,Ω∗

X̄
) such that ift denotes the identity function

of P′(K̄),
σ1

σo
= t,

σ2

σo
= t2. The rational map ofX̄ → P2(K̄) given

by x 7→ (1,
σ1

σo
(x),

σ2

σo
(x)) is therefore a closed immersion of̄X onto

a non-degenerate conic inP2(K̄) (defined byXoX2 = X2
1). Hence, a

similar assertion also holds for any other choiceσ1
o, σ

1
1, σ

1
2 of basis for

Ho(X̄,Ω∗
X̄
). Now, we can choose such a basisσ′i of Ho(X,Ω∗X) over

K, and its remains a basis ofHo(X̄,Ω∗
X̄
). But for such a choice of′i ,

we have aK-morphism of X/K onto a conic inP2(K) defined overK,
which must of necessity be non-degenerate. This morphism isagain a
closed immersion, since it is so after a base extension. Thisproves that
anyX/K as above is isomorphic to a conic inP2(K) defined overK. We
naturally ask, when such conicsC1 andC2 defined overK in P2(K) are
K-isomorphic. AK-isomorphism ofC1 andC2 induces an isomorphism
of the vector spacesHo(C1,Ω

′∗
C1

) andHo(C2,Ω
′∗
C2

). But by what we have
said above,Ω∗Ci

is simply the restriction of the canonical sheafO(1) of

P2(K) to Ci. This means that the isomorphism in question is actually
induced by a projective transformation overK of P2(K). Thus, the prob-70

lem of classifying allK-schemesX such thatX̄ = XXKX̄ ⋍ P′(K̄) is
equivalent ot the problem of finding all the classes of non-degenerate
quadratic forms overK for the equivalence upto a constant factor de-
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fined by the full linear group overK. This problem has been solved, for
example, whenK is a p-adic field (i.e., a complete inequicharacteristic
discrete valuation ring with finite residue field) or whenK is an algebraic
number field. In either case (and more generally, when the characteris-
tic of K is different from 2), any non-degenerate ternary quadratic form
is equivalent to a formZ2 − aX2 − bY2, a, b ∈ K∗. In the p-adic case,
the formsZ2 − aX2 − bY2 andZ2 − a′X2 − b′Y2 are equivalent if and
only if the Hilbert symbols (a, b)G and (a′, b′)G are equal ([10]). In the
case of an algebraic number field, the forms are equivalent ifand only if
the forms have the same signature at all the real infinite primes (i.e., are
equivalent at the infinite prime spots) and the forms are equivalent in all
theG -adic completions ofK with respect to all the prime divisorsG of
K ([10]).

Finally, we mention that over any fieldK, such anX is isomor-
phic to P′(K) over K if and only if X contains a rational point over
K. The necessity is clear, sinceP′(K) contains at least three rational
points (0, 1), (1, 0) and (1, 1) overK. Suppose then thatx ∈ X is a ra-
tional point, andϑ the inversible sheaf of ideals ofOX which defines
the point x. The inversible sheafϑ−1 ⊗K K̄ on X̄ ⋍ P′(K̄) is then of 71

degree one, and hence admits two independent regular sections. Since
Ho(X̄, ϑ−1⊗K K̄) ⋍ Ho(X, ϑ−1)⊗K K̄, it follows that there is an elementf
of RK(X) which has a simple pole at the pointx of X̄, and hence defines
a K-isomorphism ofX andP′(K). This proves our statement.

We proceed to discuss the analogous question for surfaces. We shall
attach to a surfaceX over K (which is defined and absolutely simple
overK) a group which is ‘manageable’ as we shall show by an example,
and which is not necessarily the same for surfaces which become iso-
morphic over the algebraic closurēK of K. We need some preliminary
definitions.

Let X be scheme of finite type over a fieldK, and letKs andK̄ de-
note respectively the separable and algebraic closures ofK. Let G =
G (KS/K) be the Galois group ofKs over K with the Krull topology.
ThenG also acts as the groups of automorphisms ofK̄ over K. Let
X̄ = XXK K̄ andπ : X̄ → X the first projection. Ifx is any point of
X, k(x) the field of residues atx and ls(x) the largest separable alge-



54 5. The behaviour of various groups associated to...

braic extension ofK in k(x), it follows from EGA, I,(3.4.9), that the
points ofπ−1(x) are canonically in one-one correspondence with theK-
monomorphisms ofls(x) into K̄(or Ks), and in particular, there are pre-
cisely [ls(x) : K] points in the fibreπ−1(x). Points of the same fibre are
said to be conjugate overK. Further, ifY is a an irreducible closed set
of X with generic pointy, the components ofπ−1(Y) are precisely the
closures inX̄ of the points of the fibreπ−1(y), all these components have
the same dimension and are mapped ontoY by π. These components are72

again said to be conjugate overK, so that two irreducible closed sets of
X̄ are conjugate overK if and only if their generic points are conjugate
overK.

If σ is any element ofG , σ induces aK-isomorphism ˜σ : SpecK̄ →
SpecK̄, and hence also aK-isomorphism ˇσ = IX× σ̃ : X̄→ X̄. We have
clearly (στ)̌ = τ̌σ̌, so that we may considerG as acting (as an abstract
group) on the right onX̄. From what we have said above, it follows
thatG acts transitively on the fibresπ−1(x), and hence also on any com-
plete set of conjugate irreducible closed subsets. If ¯x is any point of
π−1(x), to which there corresponds aK-monomorphismθ : ls(x) → Ks,
the subgroup ofG which fixes x̄ is precisely the subgroup which fixes
θ(ls(x)).

Let us now assume further thatX is two dimensional andK-proper
such thatX̄ = XXKK̄ is irreducible and regular (that is,R(K) is a regular
extension ofK, andX is absolutely regular, in particular regular). We
can makeG act on the left on the groupϑ(X̄) of divisors ofX̄ by defining
for σ ∈ G and D ∈ ϑ(X̄), σD = σ̌∗(D). If we provideϑ(X̄) with
the discrete topology, it follows from our earlier remarks that G acts
continuously onϑ(X̄). Further, the subgroupsϑl(X̄) andϑa(X̄) are seen
to be stable for this action. Thus,G acts continuously on the factors
ϑ(X̄)/ϑl(X̄) andS(X̄) = ϑ(X̄)/ϑa(X̄) (both with discrete topology). In
future, we shall denoteS(X̄) simply byS(X). If Y is anotherK-scheme
satisfying the above assumptions andf : X → Y a K-morphism, the

induced homomorphismsϑ(Ȳ) → ϑ(X̄),
ϑ(Ȳ)

ϑl(Ȳ)
→ ϑ(X̄)

ϑl(X̄)
andS(Ȳ)

f ∗
−−→73

S(X̄) areG -homomorphisms.

Now, let K be a perfect field, andX a regular two dimensionalK-
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proper scheme such thatK is algebraically closed inR(K). It follows
automatically thatXXKK̄ is regular and irreducible [EGA III, 4.3.5]. It
is not difficult to show that there is a family{xα, ϕα}α∈I of couples con-
sisting of regularK-proper schemesXα andK-morphismsϕα : Xα → X
which are birational, indexed by a setI , such that ifY is any regular
K-proper scheme andψ : Y → X a birationalK-morphism, there is a
uniqueα ∈ I and an isomorphismψ : Y → Xα such thatϕαoψα = ψ

(one can in fact take theXα to be suitable collections of regular local
rings ofR(X) containingK, that is, schemes in the sense of Chevalley).
Forα, β ∈ I , let us defineα ≥ β if there is aK-morphismϕα

β
: Xα → Xβ

such thatϕβoϕαβ = ϕα. From what we have seen in lecture 4,I is filtered
for this partial ordering. Each̄Xα = XαXK X̄ is irreducible andK-regular
(and it is for this that we assumedK perfect). Since forα ≥ β ≥ γ we
have clearlyϕβγoϕ

α
β
= ϕαγ , if we put

ϕ̄αβ = ϕ
α
βXKK̄ : X̄α → X̄β, andψβα = (ϕ̄αβ )∗ : S(Xβ)→ S(Xα)),

(S(Xα), ψβα) form an inductive system of discreteG modules. We define

γ(X) = lim−−→
α

S(Xα),

so thatγ(X) is a discreteG -module associated toX. This group can 74

be interpreted as the Severi-group of the infinite dimensional object that
was mentioned in lecture 1 (projective limit of all models ofthe filed
R(X)) It is clear thatγ(X) is ‘independent’ of the choice of the fam-
ily {Xα, ϕα}α∈I . Further,γ(X) is a contravariant functor on the cate-
gory of proper,K-regular absolutely irreducible schemes overK. We
shall show thatγ(X) is a K-birational invariant, in the sense that ifY
is again regular andK-proper andψ : Y → X a K-birational map,ψ
induces a canonicalG -isomorphism ofγ(X) andγ(Y). Indeed, by the
theorem of domination, we may assume thatψ is actually a morphism,
so that we may takeY = Xα, ψ = ϕα for someα ∈ I . Since the set
Iα = {β ∈ I |β ≥ α} is cofinal in I , we have canonical isomorphisms
γ(Y) ⋍ lim−−→β∈Iα

S(Xβ) ⋍ lim−−→β∈I
S(Xβ) ⋍ γ(X).

Now, γ(X) itself is ‘much too big’ to be of any use by itself. How-
ever, it was pointed out by Manin that the cohomology groupH′
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(G , γ(X )) (in the sense of cohomology of profinite groups); (see [21])
is of manageable proportions. In fact, we shall show that ifψ : S(X) →
γ(X) is the canonical homomorphism,ψ induces isomorphisms

H′(G ,S(X))→ H′(G , γ(X)).

By an elementary lemma on the cohomology of profinite groups we
have that lim−−→α

H′(G ,S(Xα)) ⋍ H′(G , γ(X)).
Thus, it sufficient to show thatϕα : Xα → X induces an isomorphism75

H′(G ,S(X))→̃H′(G ,S(Xα)). Moreover, by the theorem of decomposi-
tion of birational morphisms,ϕα is a composite of dilatations, so that it
is sufficient to show that ifσ : X′ → X is the dilatation ofX at a closed
point x of X, σ induces an isomorphismH′(G ,S(X))→̃H′(G ,S(X′)).
Let x̄(1), . . . x̄(t) be the complete set of conjugate points ofX̄ lying over
x, so thatt = [k(x) : K]s = [k(x) : K]. SinceX̄ is regular,σ̄ : X̄′ → X̄
induces an isomorphism of̄X′−⋃

i
σ̄−1(x̄(i)) ontoX̄−{x̄(−1), . . . , x̄(t)} and

σ̄−1(x̄(i)) ⋍ σ−1(x)Xk(x)K̄ ⋍ P′(K̄), we see that̄X′ is the dilatation of
X̄ at the points ¯x(1), . . . , x̄(t). Let l be the image of the monomorphism
of residue fieldsk(x) → k(x(1)) = K̄, andG the subgroup ofJ which
fixes l. By our remarks of the previous paragraph, we have a bijection
J /G → {x̄(1), . . . , x̄(t)}, given bygG → gx̄(1), and this is compatible
with the action ofJ on both the sets. Since ¯σ again commutes with the
action ofJ on X̄′ andX̄, we see that the set of divisors{σ̄−1(x̄(1))} of X̄′

is again stable forJ , and identifies itself as aJ -set withJ /G . Now,
we have proved earlier that ¯σ∗ is an injection ofS(X̄) into S(X̄′), and

S(X̄′) decomposes as a direct sumS(X̄′) ≃ σ̄∗(S(X̄))⊕
t∑

i=1
Zσ̄−1(x̄(i)) and

it follows that this is a decomposition ofJ -modules. As aJ -module,
t∑

i=1
Zσ̄−1(x̄(i)) = T is isomorphic to theZ-free moduleFZ(J /G ) over76

J /G considered as a leftJ -module in the natural way. In order words
this module is ‘induced’ from the trivialG - moduleZ. Hence, we have
the isomorphismsHp(J ,T)→̃Hp(G ,Z) ([21]), and sinceH′(G ,Z) =
lim−−→H′(Hα,Z) whereHα are finite quotients of the profinite groupG ,
andH′(Hα,Z) = Hom(Hα,Z) = 0, it follows thatH′(J ,T) = 0. This
proves our assertion thatH′(J ,S(X)) ⋍ H′(J , γ(X)). Now, as we
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have stated already,S(X) is a finitely generated abelian group. Suppose
further thatS(X) is torsion free. There is a normal subgroupJ◦ which
is open and of finite index inJ which fixes the generators ofS(X), and
hence the whole ofS(X) (J◦ can be taken as the subgroup which fixes a
Galois extensionL of K such that all the generators ofS(X) are defined
over L′). SinceS(X) has no torsion by assumptionH′(J◦,S(X)) = 0,
and it follows that

H′(J , γ(X))←̃H′(J ,S(X))←̃H′(J /J◦,S(X)).

In particular,H′(J , γ(X)) is a finite group which is ‘Computable’.
We shall illustrate this by an example.
Let K be a perfect filed of characteristic, 3, and containing a prim-

itive cube root̺ of unity. LetX be the (absolutely irreducible and abso-
lutely simple) projective surfaceX defined by the equation

x3
1 + x3

2 + x3
3 = az3

0, (∗)

wherea , 0. We shall computeH′(G , γ(X)) = H′(G ,S(X)). 77

Consider the set of six points (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 1),
(1, ̺, ̺2), (1, ̺2, ̺) of P2. Keeping in mind the fact that this set of points
is invariant under permutations of co-ordinates, one verifies trivially that
no three of these points lie on a line and all six do not lie on a conic.
The cubic formsU1 = XO(XOX1 − X2

2),U2 = XO(XOX2 − X2
1),U3 =

X1(X1X2 − X2
O),U4 = X1(X1XO − X2

2) are linearly independent and van-
ish at all these points, and hence form a basis for all the cubic forms
vanishing at these points. Further, these satisfy the equation

U1U3(U1 + U3) = U2U4(U2 + U4),

so thatP2 blown up at the above six points is isomorphic to the cubic
surface inP3 (with U1,U2,U3 and U4 as homogeneous co-ordinates)
defined by the above equation. If we putU1 = x1 + x2,U3 = ̺(x1 +

̺x2),U2 =
3
√

a xo − x3,U4 = ̺( 3
√

a xo − ̺x3), the above equation gets
transformed into (∗). Thus, overK( 3

√
a),X becomes birationally isomor-

phic toP2. In particular, if a belongs toK∗3, that is, if a is a cube inK,
X is birationally equivalent toP2 overK.
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Now, choose a lineL in P2(K̄) defined overK. Any divisor ofP2(K̄)
is linearly equivalent to a multiple ofL. On the other hand, since the
self intersection number ofL is +1, no multiple ofL is algebraically
equivalent to 0.

Hence,S(P2(K̄)) ⋍ Z, and the action ofG on S(P2(K̄)) is trivial. It78

follows thatif a ∈ K∗3,

H′(G , γ(X)) = H′(G , γ(P2)) = H′(G ,Z) = 0.

Next, suppose thata < K∗3. The groupS(X̄) is a free group on seven
generators. Six of these generators are the fibers of the blown up points
in P2, and the seventh is the inverse image of a line inP2. But since this
line may be chosen to pass through two of the blown up points, we see
that the classes of the lines lying on̄X generateS(X̄).

The 27 lines onX̄ are easily written down by inspection. They are
given by the equations

xi + ̺
mx j = 0

xk − ̺n 3√ax◦ = 0





(i, j, k) a permutation of (1, 2, 3), 0 ≤ m, n < 3,

where 3
√

a denotes any fixed cube root ofa. All these lines are defined
over the fieldK( 3

√
a) which is Galois overK, and which has for Ga-

lois groupG a cyclic group of order 3 generated by an elementg with
g( 3
√

a) = ̺ 3
√

a. It follows that if l denotes the line defined by the equa-
tions

xi + ̺
mx j = 0, xk − ̺n 3√a xo = 0, thenl + gl + g2l is precisely the

divisor cut out onX̄ by the hyperplanexi + ̺
mx j = 0.

We shall first establish that the groupS(X̄)G of G-invariant elements
of S(X̄) is isomorphic toZ. SinceS(X̄) is torsion free, we have only to79

show thatS(X̄)G is of rank 1. Let us putSQ(X̄) = S(X̄) ⊕Z Q, whereQ
denotes the rational filed, so that we haveSG(X̄) ⊕Z Q ⋍ (SQ(X̄))G. If
we putN = 1 + g + g2 ∈ Z[G], we have clearlySQ(X̄)G = N.SQ(X̄),

since forα ∈ SQ(X̄)G, we haveα =
1
3

Nα. Now, SQ(X̄) is generated

overQ by the canonical images of the above lines. Ifl is a line, we have
shown above thatNl = l + gl + g2l is a hyperplane section. Finally,
the difference of two hyperplane of two hyperplane section is linearly
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equivalent to 0 on̄X (since any two hyperplanes are linearly equivalent
in P3). In consequence of these remarks, it follows that the rank of
S(X̄)G= dimension overQ of SQ(X̄)G ≤ 1. Now, G admits precisely
two irreducible representations over the rational filed, viz., the trivial
one-dimensional representation and the two dimensional representation
in the cyclotomic filedQ(̺). SinceSQ(X̄) is seven dimensional overQ,
it follows that we must necessarily haveSQ(X̄) ⋍ Q ⊕ Q(̺)3 asQ[G]-
modules, because of the complete reducibility ofQ-representations of
G. In particular, we must have dimQ SQ(X̄)G = 1, S(X̄)G = Z.

Now, for any finitely generatedG-module M, the cohomology
groupsHp(G,M)(p ≥ 1) are finite dimensional vector spaces overZ3 =

Z/3Z. Let us putχ(M) = dimZ3 H2(G,M) − dimZ3 H′(G,M). (The ra-
tional number 3χ(M) is usually called the Herband quotient ofM). It is λ 80

then well-known ([21]) that (i) if 0→ M′ → M → M′′ → 0 is an exact
sequence of finitely generatedG-modules,χ(M) = χ(M′) + χ(M′′), and
(ii) χ(M) = 0 if M is finite. It easily follows from (i) and (ii), that if
M1 andM2 are two finitely generatedG-modules such thatM1⊕ZQ and
M2 ⊕Z Q are isomorphicQ[G]- modules,χ(M1) = χ(M2).

Applying this remark toS(X̄), we deduce that

χ(S(X̄)) = χ(Z ⊕ Z[̺]3) = χ(Z) + 3χ(Z[̺]).

Now, the exact sequence ofG-modules 0→ Z.N → Z[G] →
Z[̺] → 0 yields thatχ(Z[̺]) + χ(Z) = χ(Z[G]) = 0. Further, since

H′(G,Z) = 0 andH2(GZ) ⋍
ZG

NZ
≃ Z

G

NZ
≃ Z3, χ(Z) = 1. It follows that

χ(S(X̄)) = dimZ3 H2(G,S(X̄)) − dimX3 H′(G,S(X̄)) = −2,

H′(G , γ(X)) = H′(G,S(X̄)) , 0.

In view of our earlier remarks, it follows that ifa < K∗3 the K-
surfaceX is not birationally equivalent toP2(K) over K. It follows that
if a, b ∈ K∗ with K( 3√a) , K(

3√
b), and if Xa an Xb denoted the corre-

sponding surfaces inP3, Xa andXb are not birationally equivalent even
overK( 3

√
a), and a fortiori not equivalent overK. Now, by Kummer the-

ory, K( 3
√

a) = K(
3√
b) if and only if a andb generate the same subgroup

in K∗/K∗3, that is, if and only if eithera = bc3 or a = c3/b for same
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c ∈ K∗. In the first case,Xa andXb are clearly even projectively isomor-
phic overK. However, we are unable to decide whetherXa andXb are81

birationally equivalent overK or not whena = c3/b with c ∈ K∗.

Let us mention here another problem of geometric interest, where
the difficulties are similar. A varietyX over a filedK is said to bera-
tional if it is birationally equivalent to a projective space overK, and
unirational if there is a dominantk-rational map of a projective space
onto X. Thus, X is rational if and only if its function fieldR(X) is a
purely transcendental extension ofK, andX is unirational if and only if
R(X) is K-isomorphic to a subfield of a pure transcendental extensionof
K. It has been proved by Luroth that any unirational curve is rational.
Castelnuovo ([3]) (in the classical caseK = C) and Zariski ([24], [25])
have proved that whenK is algebraically closed andL an extension of
K contained in pure transcendental extensionK(X,Y) of K such that
K(X,Y) is separable overL, thenL is purely transcendental overK. It
has been generally believed that the analogous statement indimension
three is false. Many examples of unirational three dimensional varieties
which are thought not to be rational have been suggested, themost no-
table being the general cubic hypersurface inP4. But in no case has it
been established that the suggested variety is not rational. The difficulty
in this case is again the lack of suitable invariants which distinguish82

between varieties which are rational and those which are merely unira-
tional, the dimensions of sheaf cohomologies being insufficient for this
purpose. Incidentally, there is a closer connection between the problem
we discussed earlier and the present problem than is apparent. Indeed,
the function filedRof a cubic hypersurface inP4 over a fieldK is of the
form R = K(X,Y,Z,T) with X,Y,Z andT connected by a single cubic
polynomial relationF3(X,Y,Z,T) = 0. Now R may also be considered
as the field of functions of a cubic surface overK(T). But now, since
a general cubic inP3 over an algebraically closed filed is rational, as
we have stated earlier, ifL is the algebraic closure ofK(T), the com-
posite fieldL R is a field of rational functions overL in two variables.
In other words, the field extensionR/K(T), becomes a rational function
filed on extension of base fromK(T) to L. But the nature of the exten-
sion R/K(T) itself is unknown. Of course the real difficulty lies in the
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fact that the subfieldK(T) is not uniquely determined inK(X,Y,Z,T).





Lecture 6

Intersection theory on two
dimensional regular
preschemes

Let X be a noetherian two dimensional regular prescheme. We shallsay 83

that two divisorsD1 andD2 onX intersect properly at a closed point x∈
X if x is an isolated point of the intersection|D1| ∩ |D2| of their supports.
WhenD1 andD2 intersect properly at a closed pointx of X, we shall
associate toD1,D2 andx an integer (D1,D2)x ∈ Z called theintersection
multiplicity of D1 andD2 at x. First assume thatD1 andD2 are effective,
that is, that they are linear combinations of irreducible divisors with non-
negative integral coefficients, or equivalently, that they are defined at any
point of X by functions which are regular atx. SupposeDi is defined at
x by an elementfi of the local ringOx of x at X. Sincex is an isolated
point of |D1| ∩ |D2| by assumption, the ideal (f1, f2) in Ox is primary for
the maximal idealMx of Ox. We then define

(D1.D2)x = lOx(Ox/( f1, f2)) (1)

wherelOx(M) denotes the length overOx of an Artinian moduleM. This
definition is obviously independent of the choice of thefi definingDi,
and we have evidently (D1.D2)x = (D2.D1)x. SupposeD′1 is another
effective divisor intersectingD2 properly atx. and let f ′1 be a defining

63
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element ofD′1 at x. Let B be the local ringOx/ f2.Ox; then f1 and f ′1 are84

not-zero-divisors inB, since f1 and f ′1 do not belong to the prime ideals
associated tof2 in Ox. We have therefore

(D1 + D′1,D2) = lOx(Ox/( f1 f ′1, f2)) = lB(B/ f1 f ′1B)

= lB(B/ f1B) + lB( f1B/ f1 f ′1B)

= lB(B/ f1B) + lB(B/ f ′1B)

= (D1.D2)x + (D′1,D2)x (2)

If now D1 andD2 are arbitrary (not necessarily effective) divisors
intersecting properly atx, we can writeDi = D′i − D′′i whereD′i ,D

′′
i

are effective and either one ofD′1,D
′′
1 intersects either one ofD′2,D

′′
2

properly atx, and we define

(D1.D2)x = (D′1.D
′
2)x + (D′′1 .D

′′
2 )x − (D′1.D

′′
2 )x − (D′′1 .D

′
2)x.

It follows from what we have shown above that this integer is in-
dependent of the representation ofDi asD′i − D′′i . Commutativity and
biadditivity of intersection multiplicity continue to hold for arbitrary di-
visors (which intersect properly).

Now supposeX is a B-scheme of finite typefulfilling the condition
stated at the beginning of the last paragraph, and letϕ : X → B be
the structural morphism. Letb be a point ofB and D a divisor onX
such that|D| ⊂ ϕ−1(b) and|D| considered as a reduced scheme isproper85

over the residue residue field k(b) at b. Since any closed pointx of X
belonging toϕ−1(b) is also a closed point ofϕ−1(b) is a scheme of finite
type overk(b), it follows from Hilbert’s Nulletellensatz thatk(x) is a
finite algebraic extension ofk(b). Let D′ be any divisor onX which does
not have any common component withD, so thatD and D′ intersect
properly at any point of|D| ∩ |D′| and|D| ∩ |D′| is a finite set of closed
points ofX. We definethe intersection number(D.D′) of D andD′ (over
b) as

(D.D′) =
∑

x∈|D|∩|D′ |
[k(x) : k(b)].(D.D′)x (3)

We shall show that ifD′′ is another divisor which is linearly equiv-
alent toD′ and has no common component withD, we have

(D.D′) = (D.D′′) (4)
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We may clearly assumeD to be an irreducible divisor, andX to be
irreducible. We have to show that iff ∈ R(X), f , 0 and div (f ) does
not containD as a component, (D.div( f )) = 0. Let C be the reduced
subscheme ofX with |D| for its underlying set, so thatC is an integral
scheme, proper overk(b) and of dimension one (acurve overk(b), for
short). By assumption, the restrictiong of f to C is defined as a rational
function onC, andg is not identically 0.

We recall the definition of theorder of a non-zero rational function86
g on a curve a fieldk at a closed pointx of C. If g belongs to the local
ring Ox,C of C at x, we define the orderox(g) of g at x to be the integer
lk(Ox/gOx). Since forg, g′ ∈ Ox, both different from 0, we have

Ox(gg′) = lk(Ox/gg′Ox) = lk

(

Ox

gOx

)

+ lk

(

gOx

gg′Ox

)

+ lk

(

Ox

g′Ox

)

= Ox(g) +Ox(g′),

we can extend the definition ofOx uniquely to the multiplicative group
R(C)∗ of non-zero elements ofR(C) such thatOx : R(C)∗ → Z is a
homomorphism. With this definition, it is clear that we have,for D and
f , andg as in the previous paragraph,

(D.div( f )) =
∑

x∈C
Ox(g)

Thus, if we can show that the sum of the orders of a non-zero ele-
mentg of R(C) over all closed points of a complete curveC over a field
k is 0, the proof of (4) would be complete. We shall now prove this
statement. LetC′ be the normalisation ofC in its field R(C) of rational
functions, andπ : C′ → C the associated morphism. We identifyR(C)
andR(C′) by means ofπ. Let x be a closed point ofC andx′1, . . . , x

′
n be

the points of the fibreπ−1(x). We shall show that

Ox(g) =
n∑

i=1

0x′i
(g)

We may assume thatg ∈ Ox, because of the additivity of the order.87

Let Ox be the integral closure ofOx, so thatOx is a semilocal ring and
the local ringsOx′1,C

′ are the localisations ofOx at the distinct maximal
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ideals ofOx. FurtherOx is an Ox -module of finite type. We have
therefore

n∑

i=1

oxl (g) = lk





Ox

gOx



 = lk





Ox

gOx



 − lk





gOx

gOx





= lk





Ox

gOx



 = lk





Ox

Ox



 = lk





Ox

gOx



 = Ox(g).

Since we have
∑

x∈C
Ox(g) =

∑

x∈C

∑

π(x′i )=x
Ox′l

(g) =
∑

x′∈C′
Ox′ (C′), it is suf-

ficient to prove the equation
∑

x∈C
Ox(g) = 0 for a regular complete curve

a fieldk. This is of course well-known, and we shall indeed deduce this
form a more general lemma, which we postpone for the moment inorder
not to break the continuity of the argument.

It follows from (4) (X assumed noetherian, regular, two dimensional,
and separated, and of finite type over a base preschemeB,D a divisor
with |D| ⊂ ϕ−1(b) whereb is a point ofB and|D| proper overk(b)), that
(D.D′) depends only on the divisor class ofD′ (that is, on the image
of D′ in ϑ(X)/ϑl (X)). We shall show that in every divisor class, there
is a divisorD′ which has no common components withD. For this,
one may clearly assumeX to be irreducible. LetD′′ be any divisor
on X, so that we can writeD′′ = D′′1 + D′′2 , where all the components88

of D′′1 are components ofD andD′′2 has no common components with
D. LetC1, . . . ,Cr be the irreducible component ofD, andV1, . . . ,Vr the
corresponding discrete valuations of the functions fieldR(X) of X, Since
X is by assumption separated overB andCi are contained in the same

fibreϕ−1(b), the valuationsVi are all distinct. If we writeD′′1 =
r∑

1
niCi,

it follows from the theorem of independence of valuations ([14]) that
we can find anf ∈ R(X)∗, with Vi( f ) = −ni . Thus, if we putD′ =
D′′ + div( f ), D′ andD′′ are linearly equivalent andD′ has no common

component withD. Thus, we have a unique homomorphism of
ϑ(X)
ϑl(X)

into Z which for a divisor class (D′) takes the value (D,D′) if D′ takes
the value (D.D′) if D′ has no common components withD. We shall
denote the image of a divisor classξ under this homomorphism again
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by the same symbol (D.ξ).

If the baseB is SpecK whereK is a field andX is proper overB,

it follows that we have a symmetric from
ϑ(X)
ϑl(X)

× ϑ(X)
ϑl(X)

→ Z which is

defined by the condition that ifD andD′ are divisors having no com-
mon components, the value ((D).(D′)) of this bilinear form on the pair
((D), (D′)) is the intersection number (D.D′). We shall again call this
integer ((D).(D′)) the intersection number of the divisor classes (D) and
(D′). Assume further thatK is algebraically closed. It can then be
shown that ifD ∈ ϑa(X) (that is, if D is algebraically equivalent to
0), (D.D′) = 0 for anyD′. Thus, the above pairing ‘goes down’ to a

pairing of the Neron-Severi groupS(X) =
ϑ(X)
ϑa(X)

. It has been shown89

that for any elementξ ∈ S(X), (ξ.η) = 0 for all η ∈ S(X) if and only if ξ
is a torsion element ofS(X) ([22]). Thus, if we putSQ(X) = Q⊗ZS(X),
we have a non-degenerate rational symmetric bilinear form on the finite
dimensional vector spaceSQ(X). It is also known that the signature of
this form is (+,−, . . . ,−

︸   ︷︷   ︸

r−1

) wherer is the dimension ofSQ(X). We will

neither prove nor use any of these results mentioned.

Next, suppose the base preschemeB is noetherian, regular and of
dimension one andπ : X→ B is surjective. Any closed pointb ∈ B de-
termines a divisors ofB, which is defined by a generator of the maximal
idealMb of the local ringOb,B atb and by 1 at all other points ofB. We
shall denote the inverse image of this divisor under the structural mor-
phismπ : X→ B also byπ−1(b), and it will always to be clear from the
contest whether we mean byπ−1(b) this divisor or the closed subscheme
of X which is the fibre atb. We now have the following lemma, which
whenX is proper over an algebraically closed field, is a special case of
the invariance of intersection number under algebraic equivalence stated
int the earlier paragraph.

Lemma. Let B noetherian irreducible one-dimensional regular presch-
eme and letπ : X → B be a surjective proper morphism, where X is
two dimensional and regular. If D is a divisor on X and b1, b2 are two
closed points of B such that D intersectsπ−1(bi) properly, we have 90
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(D.π−1(b1)) = (D, π−1(b2)). (5)

Proof. We may clearly suppose thatB−S pec AWhereA is a Dedekind
domain, and also thatD is irreducible. Let us denote the reduced sub-
scheme ofX having |D| for support by the same symbolD, and letπ1

denote the restriction ofπ to D. Sinceπ1(D) is a closed irreducible sub-
set ofB, it must either be a single closed pointb of B or it must be the
whole of B. In the former case, we have necessarilyb , bi , so that
both sides of the above equation (5) become. In the latter case, it is eas-
ily seen that (Since bothD andB are one dimensional andπ1 of finite
type)π−1

1 (b) is finite for any pointbB. Sinceπ1 is also proper, it follows
from a theorem of Chevalley [EGA III, 4.4.2] thatD is isomorphic as a
B− schemeto SpecC, whereC is anA-alegbra which is anA-module of
finite type. SinceD is irreducible and reduced and of dimension one,C
is a domain andC has no.A-torsion. A being a Dedekind domain, this
implies thatC is a projectiveA-module of rankr(=degree of quotient
field of C over that ofA) say. It follows that for any maximal idealM of
A, we have

lA
( C
MC

)

= r.

But lA
( C
MC

)

= r = lA/M

( C
MC

)

= r is clearly the intersection number

(π−1(b). (D)), whereb is the point ofB defined byM. This proves the
lemma. �

We shall deduce that for a regular curveC over a fieldk and for an91

element f ∈ R(C)∗, we have
∑

X∈C
Ox( f ) = 0, as promised earlier. We

takeX = C XkA
′(k) = SpecOC[T] and B = A′(k) = Speck[T] in the

above lemma. LetD be the principal divisor onX defined by the rational
functiong = T f+(1−T) onX. Let 0 and 1 be the points ofA′(k) defined
by the maximal ideals (T). The fibresπ−1(0) andπ−1(1) are canonically
isomorphic withC overk, and the restrictions ofg to π−1(0) andπ−1(1)
go over into the rational functions 1 andf on C respectively by means
of these isomorphisms. It follows that

∑

X∈C
Ox( f ) = (π−1(1).D) = (π−1(0.)D) =

∑

x∈C
Ox(1) = 0,
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which was the assertion to be proved.
Let us return ot the case of a regular two dimensional prescheme

X proper over a regular one dimensional noetherian preschemeB. By
the lemma, for any divisorD on X, the intersection number (D.π−1(b))
is independent of the closed pointb of B. We shall therefore call this
integer the intersection number ofD with a fibre. Suppose nowD it-
self has support|D| contained in the fibreπ−1(b). Then we assert that
(D.π−1(b)) = 0. Infact, let f be a rational function onB which is regular
at b and which generates the maximal idealMb of Ob,B. It is then clear
for the rational functionf ◦ π on X, we have

div ( f ◦ x̄ ) = π−1(b) +C,

where |C| ∩ π−1 = φ.

We have therefore 92

(D.π−1(b)) = (D.π−1(b)) + (D.C)

= (D. div ( f ◦ π)) = 0,

which proves our assertion. Now, letϑb be the subgroup ofϑ(X) con-
sisting of those divisors with support contained inπ−1(b). Thenϑb is
a free abelian group on the irreducible components ofπ−1(b), andϑb

decomposes as a direct sumϑb = ϑ1 ⊕ · · · ⊕ ϑr , where eachϑi consists
of those divisors with support contained in a connected componentFi

of π−1(b). It is then cleat thatϑi andϑ j are orthogonal for the symmetric
bilinear form (, ) for i , j. Let us writeπb = D1 + · · · + Dr whereDi is
an effective divisor inϑi . Sinceπ−1(b) is orthogonal to the whole ofϑb,
it follows that eachDi is orthogonal toϑi . We shall show that for each
C ∈ ϑi ,C < ZDi , (C2) < 0.

This follows immediately from a purely formal result:

Lemma. Let V be a Q-vector space and C1, . . . ,Cn a basis of V. Sup-
pose that in V a bilinear symmetric form(, ) is given such that:

a) (Ci ,C j) ≥ 0 for i , j.

b) There exists m1, . . . ,mn,mi > 0, such that(Ci , ϑ0) = 0, i = 1, 2, . . . ,
n, ϑo =

∑
miCi.
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c) The set
{

C1, . . . ,Cn
}

is connected, that is, it cannot be divided into
two parts in such a way that(Ci ,C j) = 0 if Ci and Cj are in different
parts.

Then (ϑ, ϑ) ≤ 0, for anyϑ ∈ V. Moreover, if (ϑ, ϑ) = 0 then93

ϑ = αϑ◦, α ∈ Q.

Proof. First, we prove by induction onn that (ϑ, ϑ) ≤ 0. The cases
n = 1 andn = 2 are easy to verify.

Suppose the statement true forn− 1 ≥ 2

1) If (A,A) > 0 whereA =
n∑

i=1
αiCi, αi ∈ Q, then the vectorA cannot

have two coordinates equal to zero.

If, for example,αn−1 = αn = 0, then we takeC∗1 = C1,C∗2 =
C2, . . . ,C∗n−2, C∗n−2 = mn−1Cn−1 + mnCn. Let V∗ be the subspace
of V spanned byC∗1, . . . ,C

∗
n−1 and (, )∗ be the restriction of the form

(, ) to v∗. Thena), b), c) are satisfied forV∗ andC∗, . . . ,C∗n−1. Hence
(, )∗ is semi-negative. ButA ∈ V∗. Thus (A,A) ≤ 0. Contradiction.

2) If A = α1C1+ · · ·+αnCn, (A,A) > 0 andαi = 0 for somei then either
all the remaining coordinates are positive or are all negative.

Assume thatαn = 0, α1 > 0, . . . , αi > 0, αi+1 < 0, . . . , αn−1 < 0
where 1< i < n−1. ThenA = A1−A2 for A1 = α1C1+· · ·+αiCi andA2 =

(−αi+1)Ci+1 + · · · + (−αn−1)Cn−1. It follows form a) that (A1,A2) ≥ 0.
But o < (A,A) = (A1,A1)+(A2,A2)−2(A1,A2). Thus either (A1,A1) > 0
or (A2,A2) > 0. SinceA1,A2 have at least two coordinates equal to zero
(for A1 thenth and (n− 1)st; for A2, thenth and 1st; this contradicts 1)

Let (A,A) > 0; we may assume thatαn = 0; otherwise we replaceA94

by A− αn

mn
ϑ◦. Hence, it follows from 2) that we may assume thatα1 >

0, . . . , αn−1 > 0. Since,n−1 ≥ 2, we may choosei , j, 1≤ i < j ≤ n−1

such that
αi

mi
−
α j

mj
≥ 0. Let B = A−

α j

mj
ϑo. Then

(B, B) > 0
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The ith coordinate ofB = αi −
α j

mj
mi ≥ 0, the jth coordinate ofB =

α j − α j/mj mj = 0, thenth coordinate ofB = 0 −
α j

mj
mn < 0. As i , j,

this contradicts 2). Now we can prove the second statement.
Since (ϑ, ϑ◦) = 0 for all ν ∈ V, the rank of the bilinear form (, ) is

≤ n− 1. We have to prove that it equalsn− 1. Let it be≤ n− 2 and let

W =
{

ω ∈ V : (ω, ν) = 0 for all ϑ ∈ V
}

.

Then onV/W we have negative definite form. LetC1, . . . ,Ce be
such that they give a basis inV/W. Then (α1C1 + · · · + αeCe)2 is < 0
except when allαi = 0. PutCe+1 = L + D whereD ∈ W and L is a
linear combination ofC1, . . . ,Ce. Let L = L1 − L2 whereL1 (resp. -L2)
contains allCi that enter inL with positive (resp. negative) coefficients.
Then (Ce+1, Li) ≥ 0 because ofa). On the other hand, (Ce+1, L1) =
(L1, L1) − (L2, L1) ≤ 0. This is possible only when (L1, L1) = 0 and
(L1, L2) = 0. From this it follows thatL1 = 0 and soCe+1 + L2 ∈ W. In
particular, (Ce+1 + L2, ci) is zero for allCi. Since we have assume that95

dim V/W ≤ n− 2, there have to beCi that do not enter inCe+1 + L2 and
because ofa) this gives a division of the setC1, . . . ,Cn, into two parts
with properties contradictingc). �

This proves that the restriction of the symmetric bilinear form ϑi

has the signature (0, ,−,−, . . .−
︸       ︷︷       ︸

si−1

) wheresi is the number of irreducible

components of the connected componentFi . On the groupϑb itself this
form is negative semidefinite, and has null space of dimension equal to
the numberr of connected components of the fibreπ−1(b).

We now consider the case when the base is also of dimension two.
Let X,Y be noetherian integral schemes of dimension two withY reg-
ular, and let f : Y → X be a proper surjective morphism. Letx be
a closed point ofX, and letC1, . . . ,Cs be the irreducible divisors con-
tained in f −1(x). We shall show that the restriction of (, ) to the free
group generated by theCi is negative definite. For this purpose, we fix
a non-zero rational functiong on X which is regular atx and vanishes at
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x such that onY, i f div(g ◦ f ) =
s∑

i
miCi + P whereP does not contain

anyCi as a component, we havemi > 0, P. is effective in a neighbour-
hood of f −1(x) andP has non-empty proper intersection with eachCi.
(This is possible, since we can find for eachi an irreducible divisorDi96

distinct from all theC j and intersectingCi , and we have only to takeg

to be a function regular atx and vanishing onf (
s⋃

i=1
Di). Then (Ci ,C j)

and (Ci ,P) are defined. LetV be a Q-vector space with basisC1, . . . ,Cs,
P. We define the function (, ) on V taking for (Ci ,C j), i , j, and (Ci ,P)
the values already defined. We define (P,P) and (Ci ,Ci) by means of
the relation (Ci ,P+

∑
mjC j) = 0. ThenP+

∑
mjC j is orthogonal to all

the basis elements and we can apply the preceding lemma. Conditions
a), b), c) are satisfied. Hence (, ) is negative definite on the space spanned
by C1, . . .Cs. This shows that the restriction of (, ) to the groupϑx of di-
visors onY having support contained inf −1(x) is negative definite. This
is a theorem due to Mumford. Suppose now thatX is a surface over an
algebraically closed fieldK andx a normal singular point. In this case,
we can find anf : Y→ X such thatf is birational and properY regular
by the Theorem of reduction of singularities of a surface ([1]). Using
the negative definiteness of (, ) on the fibre, Mumford shows ([17]) that
there is a unique inverse image operationf ∗ : ϑ(X) ⊗Z Q→ ϑ(Y) ⊗Z Q
and a unique intersection theory of (properly intersecting) divisorial cy-
cle onX, where the intersection multiplicities are in general fractions,97

such that the ‘projection formula’ is valid. This intersection theory is
independent of the choice ofY, and enjoys all the ‘good’ properties of
intersection theory on a non-singular variety. The denominator of the
intersection multiplicities is det ((Ci ,C j)).

Let X,Y and f be as in the beginning of the last paragraph, and
suppose further thatx is also regular. We define the ‘projection’ homo-
morphism f∗ : ϑ(Y) → ϑ(X) by putting for an irreducible divisorC on
Y,

f∗(C) =






0 if dim f (C) = 0

[k(z) : k( f (z))] f (C), if dim f (C) = 1, where

z is a generic point ofC.
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Let x be a closed point ofX andC a divisor onY with |C| ⊂ f −1(x).
Then for any divisorD on X, we have

(C. f ∗(D)) = 0, for |C| ⊂ f −1(x) (6)

sinceD is defined in a neighbourhood ofx by a rational function. Next,
suppose thatC is any divisor onY such thatC and f ∗(D) intersect prop-
erly at all points of their intersection onf −1(x). Then we have the pro-
jection formula

( f∗(C).D)x =
∑

z∈ f −1(x)

[k(z) : k(x)](C. f ∗(D))z (7)

To prove this, we may assumeX affine,D = div(g) whereg is reg- 98

ular onX,C irreducible and not a component of a fibre overX. By the
theorem of Chevalley mentioned earlier,C andC′ = f (C) are affine one
dimensional schemes andA = Γ(C,OC) is aΓ(C′,O′C) = A′-module of
finite type. Ifg1 denotes the restriction ofg to C′,M′ the maximal ideal
of x in A′ andMi the maximal ideals ofA lying overM′, we have

( f∗(C).D)x = n(C′.D)x = nlA′
(

A′
M′

g1.A′M′

)

, n = [R(C) : R(C′)],

and
∑

z∈ f −1(x)

[k(z) : k(x)](C. f ∗(D))z =
∑

i

[k(zi) : k(x)]lAMi

(

AMi

g.AMi

)

= lA′
M′

(
A⊗A′ A′

M′

gA⊗A′ A′
M′

)

.

If we put B = A ⊗A′ A′
M′ , and if θ ∈ A generatesR(C) overR(C′),

B/A′
M′[θ] is of finite length overA′

M′ andA′
M′ [θ] if free of rank n over

A′
M′ . We have therefore

lA′
M′

(B/gB) = lA′
M′

(B/gA′M′ [θ]) − lA′
M′

(

gB
gA′
M′ [θ]

)

= lA′
M′

(

B
A′
M′ [θ]

)

+ lA′
M′





A′
M′ [θ]

gA′
M′[θ]



 − lA′
M′

(

B
A′
M′ [θ]

)
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= lA′
M′

(
A′
M′

gA′
M′
⊗A′

M′
A′M′ [θ]

)

= nlA′
M′

(
A′
M′

gA′
M′

)

which prove (7). One deduces immediately from (6), and (7) that when 99

X (and hence alsoY) is proper over a field K, we have

( f∗(C).D) = (C. f ∗(D)), (8)

( f ∗(D). f ∗(D′)) = n(D.D′)

for C,C′ ∈ ϑ(Y)/ϑl (Y) andD,D′ ∈ ϑ(X)/ϑl (X), wheren is the degree
of f , that is,n = [k(y) : k( f (y))], y being a generic point ofY.

Let us apply (6) and (7) to the case whenY = X′ is the dilatation
of X at a closed pointx and f = σ is the associated morphism. We put
L = σ−1(x) ≃ P′(k), wherek denotes the residue field atx as usual. If

(u, v) is a system of uniformising parameters atx, so thatAw = A
[v
u

]

is the ring of an affine open setYo on X′ (SpecA being a suitable affine100

neighbourhood ofx on X) and if D = div (v) on X, we haveσ∗(D) =

σ′(D)+L, σ′(D) being defined inY′o by the functionw =
v
u
∈ A[w]. But

now,

(σ′(D).L) = lA

(

A[w]
(w, u)

)

= lA

(

A[w]
(u, v,w)

)

= l
( A
M

)

= 1.

Thus we obtain (6),

0 =(σ∗(D).L) = 1+ (L2), (9)

(L2) = 1

Further, for any divisorD onX of multiplicity l at x, we have proved
in lecture 2 thatσ∗(D) = σ′(D) + l.L. We thus obtain from (6),

0 = (σ∗(D).L) = (σ′(D).L) + l(L2) = (σ′(D).L) − l,

(σ′(D).L) = l = Multiplicity of D at x (10)

SupposeDi(i = 1, 2) are two divisors onX of respective multi-
plicities l i(i = 1, 2), and supposeDi intersect properly atx. Since
σ∗(σ′(D1)) = D1, we have by (7),

(D1.D2)x = l2(σ′(D1).L) +
∑

z∈L
[k(z) : k(x)](σ′(D1).σ′(D2))z,
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so that by (10),
∑

z∈L
[k(z) : k(x)](σ′(D1)).σ′(D2))z= (D1.D2)x − l1l2 (11)

Using this formula (11) we can very easily give a proof of the elim-
ination of indeterminacies of a rational function f onX, without the
hypothesis thatX be a Japanese scheme. (This was promised in Lecture101

4). Suppose in fact that div (f ) = D1−D2 whereDi are effective divisors
without common component. We have shown in Lecture 4 that a closed
point x of X is an indeterminacy point off if and only if x ∈ |D1| ∩ |D2|.
Let us put in this caseν(x, f ) = (D1.D2)x. On the blown up schemeX′,
we have div (f ◦σ) = σ∗(D1)−σ∗(D2) = σ′(D1)−σ′(D2)+ (l1− l2). L,
wherel i is the multiplicity ofDi at x. Suppose for instance thatl1 ≥ l2,
so that div (f ◦σ) = (σ′(D1)+(l1− l2)L)−σ′(D2), andσ′(D1)+(l1− l2)L
andσ′(D2) are effective and have no common components. We have
therefore

∑

z∈σ̄1(x)

ν(z, f ◦ σ)[k(z) : k(x)] =
∑

z∈σ̄1(x)

[k(z) : k(x)](σ′(D1).σ′(D2))z

+ (l1 − l2)(L.σ′(D2))

= (D1.D2)x − l1l2 + (l1 − l2).l2

= ν(x, f ) − l22,

so that in particularν(z, f ◦ σ) < ν(x, f ) for any z ∈ σ−1(x). Since a
decreasing sequence of non-negative integers must terminate, it follows
that after a finite number of blowings up at points lying overx, we must
haveν(∗, f ) = o at all points lying overx, or what is the samef has
no indeterminates at point lying overx. This completes the proof of the102

theorem on elimination of indeterminates in the general case. This proof
is due to Averbouh.

We have proved that whenX is a locally noetherian regular, two
dimensional prescheme,X′ the prescheme obtained by blowing up a
closed pointx of X and L the fibre overx, then L ≃ P′(k(x)) and
(L2) = −[k(x) : k(b)]. The converse of this theorem also holds under
suitable assumptions of projectivity, and this is a celebrated theorem
due to Castelnuovo.
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Theorem (Castelnuovo).Let B be a locality noetherian prescheme and
X′ a projective regular B-scheme with structural morphismπ′ : X′ → B.
Let b be a closed point of B andI an invertible sheaf of ideals ofOX′ ,
such that

(i) the closed subscheme L defined byI (with structure sheaf as the
restriction ofOX′/I ) is contained in the fibreπ′−1(b), and is iso-
morphic to a projective lineP′(K) over an extension K of k(b).
(K is necessarily a finite algebraic extension of k(b), by Hilbert’s
Nullstellensatz);

(ii) the restrictionI ⊗X′ OL = I /I 2|L of I to L is the unique in-
versible sheaf onP′(K) of degree+1.

Then there is a unique (upto isomorphism) projectiveB-schemeX
and a projective.B-morphismσ : X′ → X such thatσ(L) is a closed
point x of X with the local ringOx,X regular, two dimensional, and
residue fieldk(x) = K, andσ induces an isomorphism ofX′ − L onto
X − {x}.

Proof. We may assume thatX′ = Proj (S ′) whereS ′ =
∑

n≥o
S ′

n is a103

quasi - coherent sheaf of gradedOB-algebras of positive degrees such
that S ′

1 is OB-coherent and generatesS ′ overOB. Let OX′(1) be the
fundamental sheaf onX (EGA, II, (3.2.5.1)). Because of the theorem of
Serre (EGA, III, 2.2.1), we may assume, be replacingS ′ by ⊕

n≥o
S nd for

a suitably larged, if necessary, thatR′π′∗(OX′(1)) is zero in a neighbour-
hood ofb. Since the restrictionOL ⊗OX′ OX′(1) of OX′(1) to L is very
ample for the morphismL→ B (EGA, II, (4.4.10)),OX′(1)⊗OX′ OL is an
inversible sheaf ofpositive degreek on L. We denote byL inversible
sheaf

L = OX′(1)⊗OX′ I ⊗(−k).

The direct imageπ′∗( ⊕n≥o
L ⊗n) is a quasi- coherent sheaf of graded

OB-algebras and eachπ′∗(L
⊗n) is OB-coherent (EGA, III, 2.2.1). Let

S be the subsheaf of graded algebras ofπ′∗( ⊕
n≥o

L ⊗n) generated overOB

by π′∗(L ), so thatS is again quasi-coherent and is generated overOB
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by S1′ , which is coherent. We putX = Proj (S ) and denote byπ the
structural morphismX→ B, so thatX is a projectiveB-scheme. �

The inclusionS ֒→ π′∗( ⊕n≥o
L ⊗n) induces a homomorphism

ψ : π
′∗(S )→ ⊕

n≥o
L ⊗n

of gradedOX′-algebras (EGA, 0, 4.4.3), and this in turn induces anX′- 104

morphism
σ1 : G(ψ)→ Pro j(π

′∗
(S ))

of an open subsetG(ψ) of Proj (⊕
n≥o

L ⊗n), which is canonically deter-

mined byψ. Now, L being an inversible sheaf onX′, the structural
morphism Proj (⊕

n≥o
L ⊗n)→ X′ is an isomorphism, (EGA II, (3.1.7) and

(3.1.8), (iii)), and we may identifyG(ψ) with an open subset ofX′. Fur-
ther, we have a canonical isomorphism of Proj (π

′∗(S )) with X′XB Proj
(S ) = X′ ×B X asX′- schemes, and composingσ1 with the projection
Proj (π

′∗(S ))→ X, we get aB-morphism

γL ,ψ = σ : G(ψ)→ X.

We shall show successively that (a) G(ψ) containsX′ − L andσ
restricted toX′ − L is an open immersion; (b) G(ψ) containsL, so that
G(ψ) = X′, andσ(L) is a closed point ofX not belonging toσ(X′ −
L);σ(X′ − L) ∪ σ(L) = X; and (c) Ox,X is a regular (noetherian) local
ring of dimension two with residue fieldk(x) = K.

Since the definitions ofS , X,G(ψ) andσ are compatible with re-
striction to an open subset ofB, we can restrict ourselves to the case
whenB = SpecA is affine with A a noetherian ring. We shall make no
further assumptions in the proof of (a), but for the proof of (b), and (c),
we shall assumeH′(X′,OX′(1)) = 0. It is clearly sufficient to give the 105

proofs in these cases.
Hence, suppose thatB = SpecA whereA is a noetherian ring so that

X′ = Proj (S′), whereS′ is a gradedA-algebra of positive degrees such
thatS′1 is an A-module of finite type which generatesS′ over A. With
L as above, letS be theA-subalgebra of⊕

n≥0
Γ(X′,L ⊗n

) generated over
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A by Γ(X′,L ) so thatX = ProjS. Let i : S → ⊗
n≥0
Γ(X′,L ⊗n

) be the

inclusion homomorphism ofA-algebras. For an elementf ∈ S′d(d > 0),
we denote as usual byD+( f ) the affine open set ofX′ consisting of those
prime ideals in Proj (S) which do not containf . If S′f is the ring of quo-

tients ofS′ with respect to the multiplicatively closed set 1, f , f 2, . . . ,S′f
is a gradedA-algebra, andS′( f ) shall denote theA-algebra of elements of
degree◦ in S′f . We then have a canonical isomorphism of affine schemes
D+( f ) ≃ SpecS′( f ), by the very definition of Proj (S′). Let us denote
by ◦ the restrictions̺ the restriction homomorphism⊕

n≥0
Γ(X′,L ⊗n) →

⊕
n≥0
Γ(D+( f ),L ⊗n). If f is such that the inversible sheafL is trivial on

D+( f ), then

⊕
n≥0
Γ(D+( f ),L ⊗n)

∼→ Γ(D+( f ),OX′)[T] ≃ S′( f )[T]

as gradedA-algebras, so that Proj (⊕
n≥0
Γ(D+( f ),L ⊗n)) is ≃ Proj (S′( f )

[T]) ≃ SpecS′( f ) ≃ D+( f ) (EGA, II, (3.1.7)). The homomorphism̺◦ i :
S → ⊕

n≥0
Γ(D+( f ),L ⊗n) of graded algebras induces a morphism of an106

open set ofD+( f ) into X = Proj S, and by definition, this open set
is preciselyG(ψ) ∩ D+( f ) and the morphism is the restriction ofσ to
G(ψ) ∩ D+( f ).

Supposex, y are two distinct points ofX′ − L. One can then find a
g ∈ S′1 such thatx, y ∈ D+(g) and ah ∈ S′d such thatD+(h) ∩ L = φ and
x, y ∈ D+(h). SinceL is isomorphic toOX′(1) onX′ − L andOX′(1) is
trivial on D+(g), it follows thatL is trivial onD+(gh) andx, y ∈ D+(gh).
Thus, in order to prove (a), it is sufficient to show that for anyf ∈ S′d
such thatD+( f ) ∩ L = φ andL is trivial on D+( f ),G(ψ) > D+( f ) and
σ is an open immersion restricted toD+( f ).

Let τ be the section ofI −1 = Hom OX′ (I ,OX′) corresponding to
the canonical inclusion ofI in OX′ , so that we haveτ(x) , 0 if x <
L. Let θ : ⊕

n≥0
OX′(1) → ⊕

n≥0
L ⊗n be the homomorphism of sheaves of

graded algebras defined byθn(a1 ⊗ · · · ⊗ an) = (a1 ⊗ τk) ⊗ (a2 ⊗ τk) ⊗
· · · ⊗ (an ⊗ τk). Then the restriction ofθ to X′ − L is an isomorphism.

Let α : S′ → ⊕
n,o
Γ(X′,OX′(n)) be the canonical homomorphism
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(EGA, II, (2.6.2.3)). SinceS′ is generated overA by S′1 andS is the
A-subalgebra of⊕

n≥0
Γ(X′,L ⊗n) generated byΓ(X′,L ), it follows that

Γ(θ)oα(S′) ⊂ S. We thus have a commutative diagram 107

S′
α //

γ=Γ(θ).α

��

∑

n≥0
Γ(X′,OX′(n))

Γ(θ)
��

̺′ //
∑

n≥0
Γ(D+( f ),OX′(n))

Γ(D+( f ),θ)
��

S
i //

∑

n≥o
Γ(X′,L ⊗n

) ̺ //
∑

n≥o
Γ(D+( f ),L ⊗n) = C

of A-algebras (̺′ and̺ are restriction maps). Supposef satisfies the
conditions mentioned at the end of the previous paragraph. Sinceθ is an
isomorphism restricted toD+( f ), Γ(D+( f ), θ) is an isomorphism. Iff is
of degreed, Γ(D+( f ),OX′(d)) is generated overΓ(D+( f ),OX′) = S′( f ) by

the element̺ ′ oα( f ). Hence̺ ◦ i(γ( f )) generatesΓ(D+( f ),L ⊗d) over
Γ(D+( f ),OX′). But any homogeneous prime ideal ofC which contains
Cd = Γ(D+( f ),L ⊗d) necessarily containsC+ = ⊕

n≥1
Cn. It follows that

the morphismσ|D+( f ) ∩G(ψ) mapsD+( f ) ∩G(ψ) into the open subset
D+(γ( f )) = SpecS(γ( f )) of X. This induces a commutative diagram

S′( f )

��

// Γ(D+( f ),OX′)

S(γ( f )) // Γ(D+( f ),OX′).

The hupper homomorphism is an isomorphism, by definition of the 108

structure sheafOX′ on Proj (S′) and the definition ofα. The lower ho-
momorphism is injective because of (EGA, I, (9.3.1)). HenceS(γ( f ))

∼→
Γ(D+( f ),OX′) is an isomorphism, which means precisely thatσ when
restricted toD+( f ) is an isomorphism ontoD+(γ( f )) ⊂ X. Thus,σ
restricted toX′ − L is an open immersion, and (a) is proved.

We now prove (b) under the assumption thatH′(X′,OX′(1)) = 0
(and of courseB = SpecA, affine). Because of (EGA, II, (3.7.4)), it is
sufficient to show that there is ans ∈ S1 = Γ(X′,L ) such thats(x) , 0
for any x ∈ L. Now, the inversible sheafL ⊗OX′ OL = OX′(1) ⊗OX′
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I ⊗(−k) ⊗OL OL is of degree 0 onL ≃ P′(K), and hence is isomorphic to
the ‘trivial’ inversible sheafOL on L. Thus,Ho(L,L⊗OX′

OL) , 0 and
any non-zero section of this sheaf onL does not vanish at any point of
L. On the other hand, denoting byτ the ‘canonical’ section ofI −1 as
above we have the exact sequences

0→ OX′(1)⊗OX′ I ⊗(−µ) ⊗τ−−→ OX′(1)⊗OX′ I ⊗ (−µ−1)
−−−−−→ Dk−µ−1 → 0

whereDr denotes the unique inversible onL an degreeγ.
This leads to the cohomology exact sequence

Ho(X′,OX′(1)⊗I ⊗(−µ−1))→ Ho(L,Dk−µ−1)

→ H′(X′,OX′(1)⊗I ⊗(−µ))

→ Ho(X′,OX′(1)⊗I ⊗(−µ−1))

→ H′(L,Dk−µ−1)

Now, for 0 ≤ µ ≤ k − 1 we haveH′(L,Dk−µ−1) = 0 (EGA, III,109

(2.1.12)) and sinceH′(X′,OX′(1)) = 0 by assumption, it follows that
H′(X′,OX′(1)⊗I ⊗(−r)) = 0 for 0≤ r ≤ k and consequentlyHo(X′,OX′ ,

(1)⊗I ⊗(−r))→ Ho(L,Dk−r ) us surjective for 1≤ r ≤ k+1. In particular,
Ho(X′,L ) → Ho(X′,Do) is surjective, which proves thatσ is defined
on L in view of our earlier remark. To show thatσ(L) is a single point,
we have to show that any section onX′ of L ⊗n(n ≥ 1) vanishing at
any point ofL vanishes everywhere onL. But this follows from the fact
thatL , and hence alsoL ⊗n induces the ‘trivial’ invertible sheaf onL.
Now by (EGA II (3.7.5)),σ is dominant, and sinceX′ is proper over
B, σ(X′) is closed so thatσ(X′) = X. Sinceπ ◦ σ = π′ is projective
andπ itself being projective and hence separated,σ is projective. Let
x be any point ofX′ − L, and lets ∈ Γ(X′,OX′(1)) such thats(x) , 0.
Then the sectionθ(s) = s⊗ τk of L vanishes onL but not atx, which
shows thatσ(x) , σ(L). Hence the closed pointσ(L) does not belong
toσ(X′ − L). This proves (b).

We shall now prove (c). The canonical homomorphismγ :
σ∗(OX(1))→ L (EGA II (3.7.9.1) is in our case an isomorphism since
L is generated by its global sections as we have proved above. Fur-
ther, ifα : S1 → Γ(X,OX(1)) is the natural map (EGA II (2.6.2.2.)) the
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compositeΓ(γb)oα : Γ(X′,L ) = S1 → (X′,L ) is the identity, so that
Γ(γb) : Γ(X,Ox(1))→ Γ(X′,L ) is surjective. 110

By means of the given isomorphismL ≃ P′(K), we can identity
Γ(L,OL) with K, and we therefore have a monomorphism of fields
Ox,X

Mx,X
= k(x) ֒→ Γ(L,OL) = K. Let i : MxOX(1) ֒→ OX(1) be the

canonical injection. SinceL is contained in the fibreσ−1(x), the com-

posite mapσ∗(MxOX(1))
σ∗(i)
−−−→ σ∗(OX(1))

Γ(γb)
−−−−→ L → Do is zero, so

that we obtain a homomorphismγ1 : σ∗(MxOX(1)) → I L We have
the commutative diagram

O // Γ(X,MxOX(1))

Γ(γb
1)

��

// Γ(X,OX(1)) //

Γ(γb)

��

Γ(X, k(x) ⊗ OX(1))

ϕ

��
O // Γ(X′,I L ) // Γ(X′,L ) // Γ(L,D◦) // O

where the two rows are exact andΓ(γb) is surjective. Henceϕ is surjec-
tive. Butϕ is a homomorphism of a one-dimensionalk(x) vector space
onto a one-dimensionalK-vector space compatible with the inclusion
k(X) ֒→ K. It follows that k(x) = K andϕ is an isomorphism. Thus
Γ(γb

1) is also surjective.
Now, choose a sectionso ∈ Γ(X,OX(1)) such thatso(x) , 0, so

that so(y) , 0 for y belonging to an affine open neighbourhoodU of
x. Thento = Γ(γb

1)(so) is a section ofL over X′ not vanishing at any

point of σ−1(U). We then have isomorphismsOX

∣
∣
∣
∣U

∼→ OX(1)
∣
∣
∣
∣U and

O′X

∣
∣
∣
∣σ
−1(U)

∼→ L
∣
∣
∣
∣σ
−1(U) which carry the identity sections ofOX

∣
∣
∣
∣U and 111

OX′
∣
∣
∣σ−1(U) into the sectionsso and to of OX(1)

∣
∣
∣
∣U andL

∣
∣
∣
∣
∣
σ−1(U) re-

spectively. By means of these isomorphisms,γb transforms into the nat-

ural isomorphismσ∗U(OX

∣
∣
∣
∣U)

∼→ OX′

∣
∣
∣
∣σ
−1(U), whereσU : σ−1(U) → U

is the restriction ofσ, andγb
1 transforms into the natural homomorphism

σ∗U(MxOX

∣
∣
∣
∣U) → I OX′

∣
∣
∣
∣σ
−1(U). Now, sinceΓ(γb

1) : Γ(X,MxOX(1))→

Γ(X′,I L ) and j : Γ(X′,I L ) → Γ
(

L,
I L

I 2L

)

are both surjective,

so is the compositejoΓ(γb
1) : Γ (X,MxOX(1)) → Γ

(

L,
I L

I 2L

)

surjec-
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tive. A fortiori,the corresponding map when we replaceΓ(X,MxOX(1))
by the ‘bigger’Γ (U,MxOX(1)) is also surjective. Since the image of
Γ
(

U,M2
xO

(1)
X

)

in Γ(L,I /I 2) is zero, we deduce that the ‘characteristic
map’

ψ1 :
Mx

M2
x
→ Γ(L,I /I 2)

is surjective. Now, dimOx,X = dimx X ≥ 2, since the projectionσ(C)
of an irreducible closed subschemeC through a closed pointp of L,
such that dimp C = 1 andp is an isolated point ofC ∩ L, satisfies the
conditions thatx ∈ σ(C), σ(C) is closed irreducible butσ(C) is not
an irreducible component ofX. Further,Γ(L,I /I 2) ≃ Γ(L,D1) is a
two dimensional vector space overK. If we can show thatψ1 is also112

injective, it would follow thatOx,X is a regular local ring of dimension
2.

Now, as a sheaf ofOL− algebras, ⊕
n≥0

I n/I n+1 ≃ ⊕
n≥0

D⊗n
1 since

I

I n+1
≃ I n ⊗OX OL ≃ (I⊗OX

OL)⊗n ≃ D⊗n
1 , Hence theK-algebra

⊕
n≥0
Γ(L,I n/I n+1 isomorphic to⊕

n≥0
Γ(L,D⊗n

1 ), and hence to a polynomial

ring in two variables overK. Now, for everyk ≥ 0, we have aK-
homomorphism

ψk :
Mk

x

Mk+1
x
→ Γ(L,I k/I k+1),

and hence a homomorphismK-algebras

⊕
n≥0

Mn
x

Mn+1
x
→ ⊕

n≥0
Γ

(

L,
I n

I n+1

)

.

Since the second algebra is generated by its first degree elements
andψ1 is surjective,ψ is surjective.

Now, put C = Γ(U,OX),C′ = Γ(U, σU∗(OX′)) = Γ(σ−1(U),OX′),
and letM be the maximal ideal inC definingx. SinceσU∗(OX′) is co-
herent by Serre’s theorem,C′ is a C-module of finite type andσU∗(OX′)

isomorphic to the sheaf
∼
C′ associated toC′. Further, sinceσU is an

isomorphismσ−1(U)−σ−1(x) ontoU − {x}, the natural homomorphism
M2

xOX → σ∗(OX′) is an isomorphism when restricted toX − {x}. It
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clearly follows that theC-moduleC′/Im(M2) is annihilated byMk for
some suitably largek. On the other hand, ifOl, is the idealΓ(σ−1(U),
I l) of C′, we have by (EGA, III, (4.1.7)) that forl sufficiently large, 113

Ol ⊂ MkC′ ⊂ Im(M2). Assuming for the moment thatC → C′ is injec-

tive, we shall show thatψ1 :
M

M2
→ Γ

(

L,
I

I 2

)

≃ O1

O2
is injective. We

shall show by descending induction onk that the kernel ofM → O1

Ok
is

contained inM2 for k ≥ 2. SinceOl ⊂ ImM2 for l sufficiently large, it
is sufficient to show that if this assertion holds forl > 2, then it holds

for l − 1. Now, we shown above thatMl−1 → Ol−1

Ol
= Γ(L,I l−1/I l )

is surjective. If f ∈ M is mapped intoOl−1, we can thus findg ∈ Ml−1

such that (f − g) goes intoOl . But then, we havef = ( f − g) + g ∈
M2+Ml−1 = M2. Thus shows that ker(M→ Ol/Ol−1) ⊂ M2, completing
the induction.

It only remains to show thatC → C′ is injective. SinceOX →
σ∗(OX′) is an isomorphism onU − {x}, the kernel ofC→ C′ is an ideal
O annihilated byMk (k large). Letf by any element ofO. By definition

of proj (S), f can be written as
α

β
with α, β ∈ Sd, β(x) , 0 (β being

considered as a section ofΓ(X,OX(d))) is zero in a neighbourhood of
x. This means that whenα is considered as an element ofΓ(X′,L ) it
vanishes onV − L, whereV is a neighbourhood ofL. Since the local
ringsOy,X′ are regular and hence reduced,α vanishes on the whole ofV.
Now, σ(X′ − V) is a closed subset ofX not containingx, so that find a 114

γ ∈ Sd′ such thatγ(x) , 0 andγ(y) = 0 for y ∈ σ(X−V). It then follows
thatα.γd′′ = 0 in Sd+d′d′′ for d′′ sufficiently large (EGA, I, (9.3.1)). But

this means thatf =
α

β
= 0 in Ox,X, so thatO = (0).

The proof of the theorem is complete.

Remark. 1. WhenX′ is a projective variety over an algebraically
closed field, the proof may be summarised as follows. Choose a
projective imbedding such thatH′(X′,OX′(1)) = 0. If H is the
linear system of hyperplane sections, the complete linear system
|H + kL|, wherek = (H.L), has no base points, and thus defines



84 6. Intersection theory on two dimensional regular preschemes

a morphism ofX′ into a projective space. This morphism is an
immersion restricted toX′ − L and contractsL to a simple point
of the image variety.

It is only because we have not developed the machinery of projec-
tive imbedding by linear systems in sufficient generality in Lec-
ture 3 that we have had to borrow freely the necessary apparatus
from EGA, II.

2. The regularity ofOX,x can be proved as follows. By applying the
fundamental theorem on proper morphisms (EGA, III, (4.1.5)),
one shows first thatσ∗(OX′)x is a regular local ring of dimension

2. Since
Mx

M2
x

ψ
→ Γ(L,I /I 2) is surjective, we see that the image

of Mx in σ∗(OX′)x generates the maximal ideal of this local ring.
By Nakayama’s lemma,Ox → σ∗(OX′)x is surjective. But we
have also shown that it is injective, and this concludes the proof.115

3. The full strength of our assumption (ii ), that I /I 2 is the line
bundle of degree 1 onP′(K) was used only in the proof of the
regularity of OX,x′ . Suppose we only assume thatI /I 2 is of
positivedegreel. If we assume thatR′π′∗(OX′(l)) = 0 in a neigh-
bourhood of the pointb and if we work with the inversible sheaf
L = OX′(l) ⊗I ⊗(−k) wherek is the degree ofOX′(1)⊗OX′ OL on
L, we get exactly as above a B-projective schemeX and a projec-
tive morphismσ : X′ → X such thatσ(L) is a pointx of X and
the restriction ofσ to X′ − L is an isomorphism ontoX − {x}. We
can only say thatx is a normal point of X.

4. Grauert ([5]) has proves that ifX′ is a complex manifold of di-
mension 2 andC1, · · · ,Cn a system of compact, irreducible, one
dimension analytic sets onX′, such that the intersection matrix

(Ci .C j) is negative definite, and
n⋃

i=1
Ci is connected, there is a nor-

mal complex spaceX and a proper holomorphic mapσ : X′ → X

such thatσ(
n⋃

1
Ci) is a pointx andX andσ restricted toX′ −

n⋃

1
Ci

is an isomorphism ontoX − {x}. Thus, for the contractibility of
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a system of curves on a complex 2-manifold, the condition of
Mumford on the negative definiteness of the intersection matrix

is necessary and sufficient. The image pointx of the set
n⋃

1
Ci will

in general be a singular point.

However, ever if we assume thatX′ is a non-singular projective116

surface andC a non-singular curve onX′ with (C2) < 0, if the
genus ofC is ≥ 1, the analytic spaceX need not be algebraic. It
is thus that Grauert constructs an example of a normal compact
complex space of dimension 2 with an isolated singular point,
which is not an algebraic surface but whose field of meromorphic
function has transcendence degree 2 overC. We shall give another
due to Hironaka which is perhaps simpler.

Let C be a non-singular cubic curve onP2, andPi(1 ≤ i ≤ 10) a set
of 10 distinct points onC. Let X′ be the non-singular surface obtained
by blowing up thePi, and letC′ be the proper transform ofC on X′.
Since (C2) = 9, we deduce by (12) that (C′2) = 9 − 10 = −1 (blowing
up a simple point of a curve diminishes self intersection byl as follows
by (12). Hence, by Grauert’s theorem, there is a proper holomorphic
mapσ of X′ onto a normal complex spaceX such thatσ(C′) is a point
of X andσ is an isomorphism ofX′ − C′ onto X − {x}. If X were an
algebraic variety, we can find a curveD on X not passing throughx.
The inverse imageσ−1(D) would then be disjoint withC′. This means
that the projection ofσ−1(D) onP2 can intersectC at most at the points
Pi. Let the intersection multiplicity of the projection with beC at Pi be
ni . Then not allni are zero, and if we regardC as an abelian group in
the usual way with an inflexion point for 0, we must have the relation

10∑

1

niPi = 0.

If the Pi were chosen ‘in general position’, such a relation cannot117

hold, and thusX is not an algebraic surface.
It may be mentioned in this connection that ifX is a compact com-

plex manifold such that there are two algebraically independent mero-
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morphic functions onX overC, thenX is projective algebraic (Theorem
of Chow-Kodaira).

We now deduce some corollaries from the theorem.

Corollary 1. Let X′ be a locally noetherian two dimensional regular
prescheme, L a closed subscheme and U an open neighbourhood of L,
such that

(i) U is quasi-projective over a noetherian ring A.

(ii) there is a closed point b ofSpecA such that L is contained in the
fibre over b, and is isomorphic as k(b)-scheme toP′(K), where K
is an extension of k(b).

(iii) ( L2) = −[K : k(b)].

Then there is a locally noetherian two dimensional regular presch-
emeX, a closed pointx of X and a morphismσ : X′ → X such thatX′

is X-isomorphic to the dilatation ofX at x.

Proof. This results immediately from the theorem, in view of the theo-
rem of decomposition of lecture 4, since a quasi-projectivescheme over
a quasi-compact base admits an open immersion in a projective scheme
over same base (EGA, II, (5.3.3)), and since the ‘contractibility’ of L
depends clearly only on an open neighbourhood ofL. �

Corollary 2 (Zariski). Let X be an algebraic scheme over a field K with118

isolated singular (i.e., non-singular) points. Then X is quasi-projective
over K if and only if the set of singular points of X is contained in an
affine open subset of X.

Proof. Since a finite set of points of a quasi -projectiveK-scheme is
contained in an affine open subset, the condition is clearly necessary.�

Suppose conversely that the condition is fulfilled. Since the set of
singular points ofXred is contained in the singular set ofX, and since
X is quasi-projective overK if Xred is so (EGA, II, (4.5.14)), we may
assume thatX is reduced. Again, by (EGA, II, (5.3.6)), we may assume
X connected. By assumption, there is a projectiveK-schemeY, a dense
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open subsetU of Y, a non-void open neighbourhoodV of the singular
setS of X, and an isomorphismϕ : U → V. By normalisingY′ outside
ϕ−1(S)′, we may assume thatY − ϕ−1(S) is normal (EGA, II, (6.1.11)).
In particular the singular set ofY is again finite. By the theorem of
resolution of singularities of a surface ([1]), we may actually assume that
Y−ϕ−1(S) is regular. SinceU is dense inY, ϕ defines a rational mapψ of
Y−ϕ−1(S) into X. This rational map has no indeterminacies inU, since
ϕ is defined onU. By the theorem of elimination of indeterminacies
of Lecture 4, we may further assume thatψ has no indeterminacies on
Y − ϕ−1(S). (Blowing up is a projective morphism. One needs to blow
up points outside ofU, so that we still have an open subset of the blown
up variety isomorphic toV). But this means that there is an open subset119

U′ of Y and a morphismχ : U′ → X such that (i)χ is proper, (ii) there is
an open subsetU of U′ and an isomorphismχ|U : U → V onto an open
neighbourhoodV of S, and (iii) U′ − (χ−1(S)∩U) is regular. SinceX is
connected, any irreducible component intersectsS if S , φ, and there
is only one irreducible component ifS = φ, so that in any caseV is
dense inX. Henceχ is also surjective. Letξ : V → U be the inverse of
χ/U. The morphismV → U′ ×K V defined byx 7→ (ξ(x), x) is a closed

immersion, being the graph of the composite morphismV
ξ
−→ U ֒→ U′.

Let Γ′ be the closed subscheme ofU′ ×K V which is the image. By
definition ofχ, the graph ofχ in U′X

Kk
X is the closure ofΓ′ in U′XkX.

SinceΓ is already closed inU′XKV, it follows thatχ−1(V) = U, and
henceχ−1(S) ⊂ U. Thus,χ|U′−χ−1(S) is a proper surjective morphism
of U′ −χ−1(S) ontoX−S. By the theorem of decomposition of Lecture
4, it follows thatχ is a composite of dilatations at regular points ofX
and points lying over regular points ofX. But now, by the theorem of
Castelnuovo, ifσ : X′ → X is a dilatation at a regular point ofX andX′

is quasi-projective,X is also quasi -projective. This proves the corollary.
The first example of a variety which is not quasi -projective is due

to Nagata, who exhibits a complete, normal surface with exactly two
singular points which is not projective. We give a construction. The first
remark is the following. IfC is an elliptic curve (over an alg. closed
field K), x a point ofC,X′ the variety obtained fromX = P′ × C by 120

blowing up (0, x) andC′ the proper transform of{0} × C in X′,C′ can



88 6. Intersection theory on two dimensional regular preschemes

be contracted to a pointy of a normal projective varietyY, in the sense
that there is a morphismτ : X′ → Y, such thatτ−1(y) = C′ andτ|X′ −
C′ is an isomorphism ontoY − {y}. To prove this, observe first that
for n large; (n, x) is very ample forC, so that (0)× C + n(P′ × (x)) =
D is very ample forX. (Segre imbedding). By what we have said in
lecture 3, form sufficiently large, the divisors of the complete linear
system.|mD| which contain the point (0, x) give a projective imbedding
of X′, whose hyperplane sections are of the formσ∗(D1) − L, where
σ : X′ → X is the canonical morphism,L = σ−1((0, x)) and D1 ∈
|mD|, x ∈ S uppD1. Thus, ifH is a hyperplane section ofX′, we have the
linear (and not merely numerical) equivalenceH.C′ ∼ (mn−1)x′ where
x′ is the point ofC′ lying over x. ReplacingH by a sufficiently high
multiple, we may assume thatH.C′ = kx′, k > 0 andH′(X′,OX′(1)) = 0.
As in the proof of Castelnuovo theorem, we shall show that thecomplete
linear system|H + kC′| has no base points, and gives a morphismϕ
of X′ into a projective space which is an immersion restricted toX′ −
C′ and which contractsC′ to a point of the image. Now, we have the
linear equivalenceC′2 = −x′ onC′. Hence, ifL is the inversible sheaf
OX′(1)⊗I ⊗−(k), whereI is the defining sheaf of ideals ofC′, L ⊗OX′

OC′ is trivial on C′. This means that any section ofL ⊗OX′ OC′ on
C′ is either everywhere 0 onC′ or does not vanish anywhere onC′. If121

we show thatHo(X′,L ) → Ho(C′,L ⊗OX′ OC′ ) is surjective, it would
follow that ϕ is defined onC′ and contractsC′ to a point. Now, for
any line bundleK of positivedegree on an elliptic curveC′, we have
H′(C′,K) = 0(Ω′ ≃′ OC′ ,H′(C′,K) ≃ Ho(C′,K∗) = 0 by Serre duality).
From the exact sequencesH′(X′,OX ′(1) ⊗ I −ν) → Ho(X′,OX′(1) ⊗
I −µ−1) → H′(C′,OX′(1) ⊗ I − µ − 1

I − µ ) we deduce by induction onµ

that H′(C′,L ⊗ OC′ = 0, so thatHo(X′,L ) → Ho(C′,L ⊗ OC′) is
surjective. Now,ϕ is clearly defined and is an immersion onX′ − C′

(See proof of theorem). By normalising the image variety if necessary,
we obtainτ : X′ → Y having the required properties.

Now, let x, y be two points ofC such thatnx andny are not linearly

equivalent for anyn ∈ Z, n , 0. Let X′′
σ−→ X be the morphism ob-

tained by blowing upto (0, x) and (∞, y), and letC′,C′′ be the proper
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transforms of{0} ×C and{∞} ×C on X′′.
Since the contractibility of a curve to a normal point of anabstract

variety depends only on an open neighbourhood of the curve, we see
from above that there is an abstract normal varietyY′′ and a proper
morphismξ : X′′ → Y′′, such thatξ(C′) = y′ and ξ(C′′) = y′′ are
points ofY′′, andξ restricted toX′′ − C′ − C′′ is an isomorphism onto

Y′′ −
{

y′, y′′
}

. We assert thatY′′ is not projective.

For, if it were, there would be a curveD on Y′′ which intersects 122

x the curvesξ(σ−1(0, x)) andξ(σ−1(∞, y)) but such that neither of the
points y′, y′′ belongs toD. (One can take forD a hyperplane section
not containingy′ or y′′). But then,ξ−1(D) is a curve onX′′ intersecting
bothσ−1(0, x) andσ−1(∞, y), but not intersectingC′ or C′′. Hence the
curveσ(ξ−1(D)) = D′ on X intersects 0×C only at the point (0, x) and
∞ × C only at the point (∞, y). It follows that if D′. (0× C) = m(0, x)
andD′(∞ × C) = n(∞, y),m, n > 0 the divisorsmxandny are linearly
equivalent onC. This is impossible by assumption. Thus,Y′′ is not
projective.





Lecture 7

The existence of relatively
minimal models

We need the following 123

Theorem .Let Y be locally noetherian and f: X → Y a morphism
of finite type; for any x∈ X, put δ(x) = dimx f −1 f (x). Then for any
integer n≥ 0, the set{x ∈ X/δ(x) ≥ n} = En is closed in X. If further
X is irreducible, x is a generic point of X and e= dim f −1( f (x)) =
tr.degk( f (x))

k(x), then Ee = X and f(Ee+1)c contains a non-void open set
of Y.

For the proof, see (EGA, IV, 13.1.1).
We note however that under the assumptions of the theorem, itis

not true that ifX,Y are irreducible andf dominant, dimX = dimY+ e.
This holds however whenX,Y are irreducible algebraic schemes over a
field K and f a K-morphism.

The following lemma is well known. but we add a proof since we
could not find a ready reference. (For varieties over an algebraically
closed filed, see [12]).

Lemma . Let X,Y be irreducible noetherian schemes, and f: X →
Y a morphism of finite type such that if y is a generic point of Y,the
generic fibre f−1(y) is geometrically irreducible. Then there is a non-

91
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void open subset U of Y such that for any z∈ U, f−1(z) is geometrically
irreducible.

Proof. One may clearly assumeX,Y integral, f dominant andY =
SpecA, whereA is a noetherian domain. We first remark ifU is a124

non-void open subset ofX andg the restriction off to U, the lemma
holds for (X,Y, f ) if and only if it holds for (U,Y, g). Indeed, if we put
F = X − U andF1, . . . , Fr are the irreducible components ofF, since
eachFi intersects the generic fibre off in a proper closed subset, it fol-
lows from the above theorem that there is a non-void open subset V of
Y such that for anyy ∈ V, we have

dimx( f −1(y)) = e, for everyx ∈ f −1(y)

dim ( f −1(y) ∩ Fi) < e

It follows therefore that for anyy ∈ V, f −1(y) is geometrically irreducible
if and only if g−1(y) = f −1(y) ∩ U is geometrically irreducible. This
proves our assertion. �

Let T1, . . . ,Tn be a transcendence basis ofR(X) overR(Y), andTn+1

an element ofR(X) satisfying an irreducible separable monic equation
overR(Y) (T1, . . . ,Tn)

Tr
n+1 + f1Tr−1

n+1 + · · · + fr = 0, fi ∈ A[T1, . . . ,Tn],

such thatR(X) is purely inseparable overR(y)(T1, . . . ,Tn+1). It follows
easily from (EGA, I (6.5.1)) that there is an open subsetU of X, an
open subsetU′ of SpecA[T1, . . .Tn+1, ] and aY-morphism ofU onto
U′ which is radical and finite. The fibres inU and U′ of any point
of Y are therefore both geometrically irreducible or both geometrically
reducible. In view of our earlier remarks, it is sufficient to prove the125

theorem in the case whenY = SpecA, whereA is a noetherian domain
andX = SpecC, whereC is theA-algebra

C =
A[T1, . . . ,Tn+1]
ϕA[T1, . . . ,Tn+1]

,
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whereϕ = ϕ(T1, . . . ,Tn+1) is a polynomial inT1, . . . ,Tn+1 which is
irreducible over the quotient fieldR(Y) of A, and considered as a poly-
nomial inTn+1 overR(Y)(T1, . . . ,Tn), is separable. The assumption that
the generic fibre off is geometrically irreducible simply means that
ϕ(T1, . . . ,Tn+1) remains irreducible even over the algebraic closure of
R(Y). If for, any y∈ SpecA we denote byϕy(T1, . . . ,Tn+1) the image of
ϕ by the canonical homomorphism.

A[T1, . . .Tn+1, ] → k(y)[T1, . . .Tn+1, ] we have to show that the set
of y ∈ Y such thatϕy is irreducible over the algebraic closurek(y) of
k(y) contains an open subset ofY. Let d be the degree ofϕ, and for any
integerp > 0, LetN(p) denote the number of monomials of degree≤ p
in (n+ 1) variables. Forp, q ≥ 0 with p+ q = d, we have a morphism

AN(p)(A) ×A A
N(q)
A

Mp,q−−−→ AN(d) (A)

which corresponds to multiplication of polynomials of degreesp and
q. (Here,AN(A)) denotes the ‘affine space’ SpecA[X1, . . .Xn, ] over A.
Now, for y ∈ Y, ϕy over the algebraic closurek(y) of k(y) into factors of
degreesp andq if and only if the point ofAN(d)(k(y)) = AN(d)(A)×Ak(y) 126

corresponding toϕy is in the image of the morphism

AN(p)(k(y)) ×k(y) A
N(q)(k(y))

Mp,q×Ak(y)
−−−−−−−−→ AN(d)(k(y))

Now,ϕ itself defines a morphismY = SpecA
Φ−→ AN(d)(A). Let Zp,q

be the image ofMp,q, and putZ =
⋃

p+q=d
Zp,q. ThenZ is a constructable

subset ofAN(d)(A), by a theorem of Chevalley (EGA, IV, (18.5)). Hence,
Φ−1(Z) is also constructable. Since the generic point ofY does not be-
long toΦ−1(Z), there is an open subset ofY disjoint withΦ−1(Z). This
implies the Lemma.

We now come to the main theorem.

Theorem of existence of relatively minimal models

Let B be a noetherian prescheme, andXi(1 ≤ i < ∞) B-schemes of finite
type which are equi-two dimensional and regular. Suppose given B-
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morphismsϕi : Xi → Xi+1(1 ≤ i < ∞) which are proper and birational.
Then there is an integern such that fori ≥ n, ϕi is an isomorphism.

Proof. Since eachXi has only a finite number of components (these
are disjoint and open inXi), and each component ofXi+1 is the image127

of one and only one component ofXi, we may assume without loss of
generality thatXi are irreducible. Hence, we may also assume thatB is
irreducible and reduced. SinceB is covered by a finite number of affine
open set, we may further restrict ourselves to the case whenB = SpecA,
whereA is a noetherian domain. Since one may also assume that all the
morphismsXi → B are dominant, we have injectionsA → R(Xi) such
that the diagrams �

A

{{xx
xx

xx
xx

x

""D
DD

DD
DD

D

R(Xi+1) ∼ // R(Xi)

are commutative. LetA′ be a finite typeA-algebra contained inR(X1)
such that the quotient field ofA′ is algebraically closed inR(X1). Since
the Xi are regular and hence normal,Γ(Xi ,OXi ) are integrally closed
rings, so that the inverse image ofA′ by the composite isomorphism
R(Xi)→ R(Xi−1) · · · → R(X1) is actually contained inΓ(Xi ,Oxi ). Hence,
we may consider theXi as schemes over SpecA′ andϕi are morphisms
over SpecA′. To sum up, we may assume thatB-SpecA, such that
the image of the quotient field ofA in R(Xi) is algebraically closed in
R(Xi) for every i. Finally, by the theorem of decomposition of lecture
4, we may assume thatϕi is either an isomorphism or (Xi , ϕi) is Xi+1−
isomorphic to a dilatation ofXi+1 at a closed point ofXi+1.

Let r be the dimension of the generic fibre ofX1 over B. Since the128

generic fibre is homeomorphic to a subspace ofX1, we see thatr ≤ 2.

Case (i)r ≤ 1.
Let ψi : Xi → B denote the structural morphism. By the theorem

started at the beginning of this lecture and the next lemma, we can find a
non-void open subsetU of B such that for anyb ∈ U, ψ−1

1 (b) is geomet-
rically irreducible and of dimensionr (Note that the generic fibre ofψ1
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is geometrically irreducible since the quotient field ofA is algebraically

closed inR(X1) by assumption). Sinceψ−1
i (b)

ϕi XBk(b)
−−−−−−→ ψ−1

i+1(b) is sur-
jective, (EGA, I, (3.5.2)) it follows from theorem above that for every
b ∈ U, ψ−1

i (b) is irreducible and of dimensionr. We assert that the re-
striction ofϕi toψ−1

i (U) is an isomorphism ofψ−1
i (U) ontoψ−1

i+1(U). For
otherwise, since (Xi , ϕi) is the dilatation ofXi+1 at a pointx, we must
have

ϕ−1
i (x) ≃ P′(k(x)),

and ϕ−1
i (x) ∩ ψ−1

i (U) , Φ,

so that ϕ−1
i (x) = ψ−1

i (ψi+1(x))

since r ≤ 1 and ψ−1
i (ψi+1(x))

is irreducible of dimensionr. It follows thatr = 1 necessarily, andψ−1
i+1

(ψi+1(x)) = ϕi(ψ−1
i (ψi+1(x))) = x. This is impossible since we must have

dim ψ−1
i+1(ψi+1(x)) = 1. Thus,ϕi induces an isomorphism ofψ−1

i (U)
ontoψ−1

i+1(U). Now, Fi = ψ−1
i (B − U) is a proper closed subset ofXi,

and hence has only a finite numbersi of components (of dimension=
1). Sinceϕi(Fi) = Fi+1, it follows that si ≥ si+1. If further ϕi is not 129

an isomorphism,ϕi must contract an irreducible component ofFi to a
point of Fi to a point ofFi+1, so thatsi > si+1. Since si ≥ 0, the
sequences1, s2, . . . must become stationary, which proves thatϕi , must
be an isomorphism fori large.

Case (ii) r = 2.
In this case, we assert thatψ1(X1) is a single (generic) point ofB.

If not, we can fine ab ∈ B distinct from the generic pointB such that
ψ−1

1 (b) , Φ and, X1 and dimψ−1
1 (b) = 2. Let F2 ⊃ F1 ⊃ F0 be a

sequence of distinct irreducible closed sets ofψ−1
1 (b). ThenF2 ⊃ F1 ⊃

F0, and F̄i+1 , F i. SinceF i+1 ∩ ψ−1
1 (b) = Fi+1 , Fi = F i ∩ ψ−1

1 (b),

andF2 , X sinceF2 is contained inψ−1
1 (b), and{b} , B sinceb is not

generic. Thus we have a strict chainX ⊃ F2 ⊃ F1 ⊃ F0 of irreducible
closed sets, which contradicts the assumption that dimX = 2.

Hence we must haveψ1(X1) = b ∈ B, and consequentlyψi(Xi) = b.
Since theXi are reduced schemes, it follows that eachψi can be factored
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asXi → Speck(b) → B, so that theXi can be considered as algebraic
schemes overk(b). Further, since Speck(b)→ B is a monomorphism in
the category of preschemes, theϕi are actuallyk(b)- morphisms. Thus,
we are reduced to the case whenB = SpecK, K being a field. By
Corollary 2 to the theorem of Castelnuovo, we can find an irreducible
reduced projectivek(b) -scheme which we denote byX1, such thatX1 is
isomorphic to an open subscheme ofX1 (since the proof of this Corol-130

lary uses the reduction of singularities of a surface, we remark that it
is sufficient to have anyX which is k(b) proper and contains an iso-
morphic copy ofX1; and the existence of such anX1 is ensured by the
theorem of Nagata on the embedding of abstract varieties in a com-
plete variety [19]). Now, there is a finite setFi of closed points ofXi

such that if we putχi = ϕi−1 ◦ ϕi−2 ◦ · · · ◦ ϕ1 : X1 → Xi , χi is an iso-
morphism ofX1 − χ−1

i (Fi) onto Xi − Fi . Further,χ−1
i (Fi) is closed in

X1 sinceχ−1
i (Fi) is k-proper. LetXi be the variety obtained by ‘patch-

ing up’ the varietiesXi andX1 − χ−1
i (Fi) by means of the isomorphism

Xi − Fi
χ−1

i−−→ X1 − χ−1
i (Fi). Then eachXi is ak(b)-proper scheme, and

ϕi extends to a morphismϕi : Xi → Xi+1. Further, eachϕi is either an
isomorphism, or is isomorphic to the dilatation ofX̄i+1 at a regular point
of X̄i+1.

Let Ω1 1
Xi

be the sheaf of 1-differentials onX̄i. SinceΩ1 1
Xi

are co-

herentOXi -modules, dimK H1(Xi ,Ω
1
Xi

) < ∞. Further, we have seen in

lecture 5 that ifϕi : χi → Xi+1 is a dilatation at a closed point ofXi+1,

dimK H1(Xi+1,Ω
1 1

Xi+1

) < dimK H1(Xi ,Ω
1 1

Xi

)

(The assumption that the varieties are everywhere regular plays no role
in the of this inequality). It follows that since the sequence of non-131

negative integers

dim H1(X1,Ω
1 1

X1

) ≥ dim H1(X2,Ω
1 1

X2

≥

must become stationaryϕi must be an isomorphism fori large. Conse-
quently,ϕi is also an isomorphism fori large.
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This completes the proof of the theorem.
We shall now state an equivalent formulation of the theorem.For

this, we need the following

Definition . A noetherian, two dimensional, regular scheme X over a
noetherian base scheme B is said to be a relatively minimal model if
for any B-scheme Y which is regular, any proper birational B-morphism
ϕ : X→ Y is an isomorphism.

Corollary . Let B be a noetherian scheme and X a B-scheme of finite
type which is regular and of dimension2. Then there is a relatively
minimal model Y over B and a proper birational B-morphism of Xonto
Y.

Indeed, if this were not true, we can clearly find a sequenceX
ϕo−−→

X1
ϕ1−−→ X2

ϕ2−−→ −−− of regularB-schemesXi and properB-morphismsϕi

such that noϕi is an isomorphism. But this is impossible by the theorem.
In terms of the ‘birationality class’B(X/B) of X introduced in lec-

ture 4, we can restate the Corollary by saying that there is aY in B(X/B)
such thatX ≥ Y, but such thatY ≥ Z for any Z implies thatY = Z.
This is indeed the justification for the terminology ‘relatively minimal 132

model’.

Remark . In the proof of the theorem whenB = SpecK whereK is
an algebraically closed field, after imbedding theXi as open subsets of
projective normal surfacesXi, one could also use the fact that the Neron-
Severi groups ofXi are of finite rank and that this rank is decreased by
one when we blow down a line to a regular point, to show that theϕi

are isomorphisms fori large. WhenK is the complex field, the second
Betti-numbers of theXi would also serve the same purpose.

Minimal Models. Classification of complete, relatively minimal models
over an algebraically closed field when minimal models do notexist.

Let the base scheme be arbitrary noetherian.
Let X be an irreducible, regular, properB-scheme of dimension two,

such that the structural morphismX → B is dominant and hence sur-
jective. We say thatX is a relatively minimal model over Bif any
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B-birational morphismϕ : X → X′ of X onto another regular, proper
B-schemeX′ is an isomorphism. It is said to be aminimal modelif for
any regular,B-proper schemeY, any B-birational mapψ : Y → X is a
B-morphism. In view of the theorem of existence of a minimal model
dominated by any given model we see that a relatively minimalmodel
X/B is a minimal model if and only if a birational mapϕ : X→ X′ of X
onto any other relatively minimal modelX′/B is aB-isomorphism.133

Our intention in this paragraph is to show that whenB = SpecK,
whereK is an algebraically closed field, except in comparatively few
cases (rational and ruled surfaces), a minimal model exists, and to clas-
sify all the relatively minimal models in the exceptional cases.

Before we set out on this, we shall establish two results which ought
to have found their places earlier. We now suppose thatB = SpecK,
whereK is an algebraically closed field.

The first concerns itself with the behaviour of the canonicalclass
when the surface is blow up. LetX be a non-singular surface, andΩ2

the line bundle onX whose sections are exterior 2 forms onX. The
divisor class determined by this line bundle (i.e., divisorclass of the
divisor determined by a non-zero rational section ofΩ2) is calledthe
canonical class Kof X. Let x be any point ofX, andσ : X1 → X
the dilatation ofX at x. As usual, we denote the fibreσ−1(x) by L. We
want the relationship between the canonical classesKX andKX′ of X and
X′ respectively. Letω be a rational 2-form onX which is regular and
non-vanishing atx, andσ∗(ω) its inverse image onX′. Sinceσ induces
an isomorphism ofX′ − L onto X − {x}, the zeros and poles ofω, and
the multiplicities of the components of the zero and polar divisors are
preserved. It only remains to compute the coefficient ofL in the divisor
of σ∗(ω). Let u, v be uniformising parameters atx, regular in an affine134

neighbourhood ofx with co-ordinate ringA. Thenω has an expression
of the form f du∧ dv in this neighbourhood ofx, where f is regular
and non-vanishing atx. In the open subset ofX′ with co-ordinate ring

A[
v
u

], σ∗(ω) takes the form (f ◦ σ)d(u ◦ σ) ∧ d(v ◦ σ). Now, we know

that at points ofL which lie in this neighbourhood,u◦σ andw =
v ◦ σ
u ◦ σ
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are uniformising parameters. In terms of these, we have

σ∗ (ω) = ( f ◦ σ) d(u ◦ σ) ∧ d((u ◦ σ)w)

= ( f ◦ σ). (u ◦ σ) d(u ◦ σ) ∧ dw

Sincef ◦σ is regular and does not vanish alongL and sinceu◦σ vanishes
to the first order onL, we obtain that

div (σ∗(ω)) = σ∗( div (ω)) + L,

and consequently we have between the canonical classes ofX and X′

the relation
KX′ = σ

∗ (KX) + L (1)

The second result that we need is concerned with the arithmetic (or
virtual) genus of a (possibly reducible) curveD on a non-singular com-
plete surface. The arithmetic genus is defined by the formula.

π(D) = 1− χ(OD) = 1− dimK H◦(D,OD) + dimK H1(D,OD)

whereOD = OX/ID andID is the invertible sheaf of ideals inOX defin- 135

ing the effective divisorD. Denoting as always byχ(F) the Euler char-

acteristic
2∑

i=0
(−1)i dimK Hi(X, F) of a coherent sheafF on X, the exact

sequence
O→ ID → OX → OD → O

gives the relationχ(OD) = χ(OX) − χ(ID). By Serre duality,χ(OX) =
χ(Ω2) andχ(ID) = χ(I −1

D ⊗ Ω2). Finally, the exact sequence 0→
Ω2→ Ω2 ⊗I −1

D → Ω2 ⊗I −1
D/Oχ

→ 0 gives the relation

χ(OD) = χ(OX) − χ(ID)

= χ(Ω2) − χ(Ω2 ⊗I −1
D )

= −χ(Ω2 ⊗
I −1

D

OX
)

Now an elementary argument (used in the proof of the Riemann-
Roch theorem for curves) shows thatχ(Ω2 ⊗ I −1

D/OX
) = ((K + D).D) +

χ(OD), and we obtain by substitution that

2χ(OD) = 2− 2π(D) = −((K + D).D)
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π(D) = 1+
1
2

((K + D).D) (2)

As an application of formula (1) and (2) one can find howπ(D)
changes under a single dilatation. Namely, applying formula (10) of
lecture 6 one easily finds that

π(D′) = π(D) − l(l − 1)
2

,

D′ = σ′(D) andl is the multiplicity ofD at the center ofσ. In particular,136

if C is irreducible we can resolve the singularities ofC by means of
dilatations. We obtain a nonsingular curveC with genusg andπ(C) = g.
The above formula gives

π(C) = g+
∑ l i(l i − 1)

2

wherel i is the multiplicity of the image ofC under theith consecutive
dilatation.

We see thatπ(C) ≥ 0 and evenπ(C) ≥ g; if π(C) = g, thenC is
nonsingular.

Let us return to the general case ofX → B. Suppose thatX does
not possess a minimal models. Then there are two relatively minimal
modelsX andY with function fields isomorphic to the given function
field and a birational mapϕ : X→ Y which is not regular either way.

By the theorem of elimination of indeterminacies and the theorem
of decomposition, there existB-proper regular schemesXi(0 ≤ i ≤137

m),Yj(0 ≤ j ≤ n) and morphisms

σi : Xi+1→ Xi(0 ≤ i < m), τ j : Yj+1→ Yj(0 ≤ j < n)

such thatX0 = X,Y0 = Y,Xm+1 = Z = Yn+1, and each (Xi+1, σi) is Xi

isomorphic to the dilatations ofXi at a point and each (Yj+1, τ j) is Yj-
isomorphic to the dilatation ofYj at a point. We choose theXi ,Yj , σi , τ j

in such a way that the integerm+ n is minimal among all such possible
choices. We can supposem > 0, n > 0, because otherwise eitherX
or Y would not be relatively minimal. Let us denote byLm+1 the line
on Z which is contracted to a point onYn by τn. We assert that the
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image ofLm+1 by σ◦ ◦ σ1 ◦ · · · ◦ σm in X = X◦ is not a point ofX
but a curve. For if it were, we obtain a morphismf : Yn → X such
that f ◦ τn = σ◦ ◦ · · · ◦ σm. If we write f ◦ τn as the composite of a
sequence of dilatations, sayf ◦ τn = λo ◦ λ1 ◦ · · · ◦ λp, then p equals
the number of irreducible components of the closed subset ofYn where
f fails to be an isomorphism. From similar interpretation of the integer
m, it follows that p ≤ m. Thus, we have a situation depicted by the138

following diagram:

Y◦ = Y
τ◦

??~~~~~~~

Yn−1

==zzzzzzzz

Yn

τn−1

@@�������

λp ��<
<<

<<
<<

Zp
λp−1

// Zp−1 //
λ◦

// Z◦ = X

But now, we havep + (n − 1) ≤ m+ n − 1, which contradicts the
minimality of (m + n) for all choices ofXi ,Yj , σi , τ j. Thus we have
shown thatLm+1 is not contradicted to a point inX. Let us denote by
Li(0 ≤ i ≤ m+ 1) the curve inXi which is the image ofLm+1 by σ1 ◦
σi+1 ◦ · · · ◦ σm. It is then clear that fori > 0, Li is the proper transform
σ′i−1(Li−1) of the curveLi−1 on Xi−1.

Now Lm+1 is isomorphic toP′(K) and (L2
m+1) = −[K : k(b)], where

K is a finite algebraic extension ofk(b), sinceLm+1 can be blown down
to a point inYn (Lecture 6 (9)), By formula (11) of Lecture 6, if we
denote bysi the multiplicity ofLi at the pointxi of Xi which is blown up
in Xi+1, we have

(Li+1)2 = (Li)
2 − s2

i [k(xi) : k(b)] (i = 0, 1. . . . ,m),
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so that139

−[K : k(b)] = (L2
m+1) = (L2

0) −
m∑

i=0

s2
i [k(xi) : k(b)]

(We putsi = 0 if Xi does not lie onLi). Now, suppose all thesi are 0,
so thatxi does not lie onLi for any i; there is a neighbourhood ofLm+1

which is mapped isomorphically a neighbourhood ofLo byσ◦◦· · ·◦σm.
HenceL◦ can be contracted to a point of a regularB-scheme, which
contradicts over assumption thatXo = X is a relatively minimal model.
Hence, at least onesi > 0. Let i be the largest integer for whichsi > 0.
Then, by (10) of Lecture 6,

(Li+1, σ
−1
i (xi)) = si [k(xi) : k(b)],

and sinceLi+1 ≃ Lm+1 ≃ P′(K) the residue field at every point ofLi+1

containsK, so that the left side is≥ [K : k(b)]
It follows from the above equation for (L2

0) that

(L2
0) ≥ 0,

(L2
0) > 0, i f L0 possess singularities





(3)

Thus, we have proved the following fundamental lemma

Lemma. If X is a proper, regular, irreducible, two dimensional scheme
over B, which is a relatively minimal model but not a minimal model,
then there is a closed, irreducible, one-dimensional subscheme L of X140

such that L is contained in the fibre over a closed point b of B.(L2) ≥ 0
and (L2) > 0 if L is not regular and L is birationally isomorphic to
P1(K), where K is a finite algebraic extension of k(b).

Now, suppose thatB = SpecK, K an algebraically closed field.
Apply formula (2) to the curveLi. Sinceπ(Li) = dimH1(P1,O) = 0 we
have (Ki , Li) = −1, whereKi are the canonical classes ofXi . By (1) we
have

(Ki , Li) = (σ∗(Ki−1) + Li , Li) = (Ki−1, Li−1) + l

by formulae (8) and (10) of lecture 6. So,

(Ki−1, Li−1) = −1− l < 0.
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From (1) it again follows that the same is true forL0. We have thus
the following supplement to the principal lemma:

In the case where X is a surface over an algebraically closed field,
we have(K.L) < 0 where K is the canonical class of X

Upto the end of this lecture, we will consider the caseB = SpecK,K
an algebraically closed field. The case of a one-dimensionalB will be
discussed in the next lecture.

Now, for any complete non-singular surfaceX, the integersPn =

dim H0(X, (Ω2)⊗n)(n1) are called theplurigeneraof X. From the the-
orem of elimination of indeterminacies and the theorem of decomposi-
tion, one deduces by a standard argument (using the fact thata section 141

of a vector bundle in the complement of a closed subset of codimension
≥ 2 extends to a section on the entire surface (see Lecture 5 forP1) that
the integersPn(X) are birational invariants ofX. Further, since any non-
zero sections of (Ω2)⊗n leads to a non-zero sections⊗m of (Ω2)⊗mn for
m≥ 1, we see thatPmn = 0 implies thatPn = 0.

Now let X be as in the fundamental lemma above. We shall then
show thatPn(X) = 0 for all n ≥ 1 (or in mere classical terminology, the
pluri-canonical systems do not exist). For, supposePn(X) ≥ 1 for some
n ≥ 1, so that there is an effective divisorD belonging to the classnK.
If we write D = D1 + r.L wherer ∈ Z and D1 does not haveL as a
component, we have

n(K.L) = (D1.L) + r(L2) ≥ 0

since (D1.L) ≥ 0 and (L2) ≥ 0 by the fundamental lemma. But the above
inequality contradicts the second inequality of the same Lemma. Thus,
Pn = 0 for all n ≥ 1.

We now make the following

Definition . A ruled surfaceis the total space of a locally trivial fibre
bundle with base a complete non-singular curve, typical fibre the pro-
jective lineP1 and structure group the projective group PGL(1)

It is an easy matter to show that for a ruled surface, all the plurigen-
era vanish. Indeed, the bundle of which it is the total space being locally 142

trivial, the surface is birationally equivalent to a product C × P1. If π1
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andπ2 are the projections ofC×P1 onto the first and second factors, we
haveΩ2(C × P1) = π∗1(Ω1

C) ⊗ π∗2(Ω1
P1), so that

(Ω2(C × P′))⊗n ≃ π∗1((Ω′C)⊗n) ⊗ π∗2((Ω′P′)
⊗n)

It follows that H0(C × P′, (Ω2)⊗n) = H0(C, (Ω′C)⊗n)⊗k ⊗K H0(P′,
(Ω′
P′)
⊗n) = 0 since (Ω′

P
)⊗n is a locally free sheaf whose rational sec-

tion have degree−2n. This shows thatPn(C × P′) = 0 for n ≥ 1, and
consequently, because of the birational invariance of thePn,Pn = 0 for
n ≥ 1 for any ruled surface.

It is a theorem of Enriques ([2] Sh. IV) that conversely ifX is a
complete non-singular surface withP4 = P6 = 0 (or P12 alone= 0),
thenX is birationally equivalent toC × P′. The proof of this theorem is
long and we shall not give it. We note however that this yieldsthe result
that anyX as in the fundamental Lemma is birationally a productC×P′.
We shall prove this (and more, namely thatX is actually a ruled surface)
directly below.

From now on till the end of this lecture,X andL will have the same
connotations as in the fundamental Lemma. We consider two cases.

Case (i). The Albanese varietyA of X is non-trivial.143

In this case, choose a pointx0 of L, and denote byψ : X → A the
canonical morphism ofX into the Albanese such thatψ(x◦) = 0. The
imageψ(X) of X in A must be an irreducible variety of dimension 1 or
2, since this image must generateA. Further sinceL is a rational curve,
by a well known result on abelian, sinceL is a rational curve, by a well
known result on abelian varieties ([15] p. 25),ψ(L) = 0. Supposeψ(X)
is of dimension 2. In this case, the restriction of the bilinear form (.)
(intersection number) to the irreducible components of dimension one
of any fibre is negative definite, as proved in lecture 6. But then, since
L ⊂ ψ−1(0), we must have (L2) < 0, which is a contradiction.

Thus, ψ(X) must be a curve inA. Identifying the function field
R(ψ(X)) of ψ(X) with a subfield ofR(X) by means ofψ, let F be the
algebraic closure ofR(ψ(X)) in R(X), and letC be the normalisation of
the curveψ(X) in F, with canonical morphismπ : C → ψ(X). SinceX
is nonsingular (and hence normal), the morphismψ : X → ψ(X) fac-
torisesψ = π ◦ ψ′ whereψ : X → C is a morphism. Since the fibres
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of π are finite, and sinceL is contained in a fibre ofψ, L is also con-
tained in a fibre ofψ′,i.e., a fibre ofψ, L is also contained in a fibre of
ψ′,i.e., ψ′(L) = y ∈ C. Further sinceR(C) is algebraically closed in
R(X), the generic fibre ofψ′ is geometrically irreducible (see Lemma at
the beginning of lecture) and any fibre ofψ′ is geometrically connected144

by the connectedness theorem of Zariski. Further, we have seen in lec-
ture 6 that if the fibres are connected, the restriction of theintersection
number to the free abelian group generated by components of any fi-
bre is negative semi-definite, and the null-space of this bilinear form is
precisely the maximal subgroup of rank one containing the whole fi-
bre(considered as a divisor). Since (L2) ≤ 0 and (L2) ≥ 0 by assumption
(L2) = 0, so thatL is non-singular and is the only irreducible component
of its fibre. Hence the divisor,ψ′−1(y) is of the formnL, wheren is a
positive integer. Our aim is to show thatn = 1. SinceL is isomorphic to
P′, π(L) = 0 and hence (KL) = −2. For anyz ∈ C, we have by what we
have seen in Lecture 6 that

(K.ψ′−1(z)) = (K, ψ′−1(y)) = (K.nL) = −2n,

so that for the arithmetic genus ofψ′−1(z) we have

π(ψ′−1(z)) = 1+
1
2

(ψ′−1(z).(ψ′−1(z) + K)) = 1− n

since (ψ′−1(z)2) = 0.
Now, we have the

Lemma. Let R be a function field in one variable over a perfect field K,
and suppose R is contained and is algebraically closed in a field S is
separable over R.

Proof. SinceR is separably generated overK, if {x} is a separating tran-
scendence basis ofR/K, we have thatR1/p = R(x1/p) We have to show
thatS andR1/p are linearly disjoint overR in order to establish thatS/R 145

is separable. But now,x1/p
< S sinceR is algebraically closed inS, and

sinceX ∈ R ⊂ S, we have [S(x1/p) : S] = p = [R(x1/p) : R], which
proves the assertion. �
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Now, R(C) is algebraically closed inR(X), so thatR(X) is also sepa-
rable overR(C), by the above lemma. But in this case, it can be shown as
in the first lemma of this lecture that there is an open subsetU of C such
that for z ∈ U, ψ′−1(z) is an integral scheme, or equivalently that as a
divisor,ψ′−1(z) has a single component and this component occurs with
multiplicity one. Hence forz∈ U, we haveH0(ψ′−1(z),Oψ′−1(z)) ≃ K, so
that

π(ψ′−1(z)) = 1− dim H0(ψ′−1(z),Oψ′−1(z)) + dimH1(ψ′−1(z),Oψ′−1(z))

= dimH1(ψ′(−1)(z),Oψ′−1(z)) ≥ 0

It follows from our earlier result that 1− n ≥ 0, so thatn = 1.
Thus thedivisor ψ′−1(y) is equal toL, and (K.ψ′−1(z)) = −2 for all
z ∈ C. We now assert thateveryfibre ψ′−1(z) in the schematic sense
is isomorphic toP′. To prove this, first suppose thatψ′−1(z) = n.D
wheren is an integer> 1 andD irreducible. Then we have (D2) = 0
and−0 = (nD.K) = n(D.K), so thatn = 2 and (D.K) = −1. But
this is impossible, since (D2) + (D.K) must be an even integer. Thus
if ψ′−1(z) = nD with D irreducible, thenn = 1 and (D.K) = −2, so

that π(D) = 0. Now suppose thatψ′−1(z) =
r∑

1
niDi, with ni > 0 and146

Di running through the irreducible components ofψ′−1(z), with r ≥ 2.
In this case, we must have (D2

i ) ≤ −1, and (D2
i ) + (Di .K) ≥ −2 for

i = 1, . . . , r. We assert that there exists an i such that (D2
i ) = −1 and

(D2
i ) + (Di .K) = −2. If not, for everyi, either (D2

i ) ≤ −2 or (D2
i ) +

(Di .K) ≥ −1, with (D2
i ) = −1, so that (Di .K) ≥ 0 for all i. But this

is impossible since (ψ′−1(z).K) =
∑

ni(DiK) = −2. Thus, there is an
i for which (D2

i ) = −1 and D2
i + (Di .K) = −2, that is,π(Di) = 0.

But as we have seen in connection with formula (2)π ≥ g, andπ = g
only if the curve is nonsingular. SoDi is nonsingular and of genus 0
and consequently isomorphic toP′. Since (D2

i ) = −1, it follows by the
Theorem of Castelnuovo thatDi can be blown down to a point of a non-
singular surface, thus contradictions the assumption thatX is a relatively
minimal model. Thus we finally deduce that for anyz ∈ C, ψ′−1(z) (in
the schematic sense) is isomorphic toP′.

We shall now deduce thatψ′ : X → C is a locally trivial fibration
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with PGL(1) as structure group andP′ as fibre.
Let x be a generic point ofC andψ′−1(x) the generic fibre. By the

lemma proved earlier, the function fieldR(ψ′−1(x))(≃ R(X)) is a regular
extension ofk(x)(≃ R(C)). Thus, the curveψ′−1(x) defined overk(x) has
genus 0. (EGA III, 79). It is then well-known thatψ′−1(x) is birationally
isomorphicover k(x) to a conicQ(XoX1X2) = 0 in P2 defined overk(x) 147

(see lecture 5). But by a theorem of Tsen, any form inn variable of
degree in a function field of one variable over an algebraically closed
field has a non-trivial (i.e. different from (0)) zero in that field provided
thatn > d. In particularψ′−1(x) carries ak(x)-rational point is a rational
sectionσ : C→ X such thatψ′ ◦σ = IdC. However, sinceC is a normal
curve andX is complete,σ extends to aC-morphism ofC into X. If
we denote byD the curveσ(C) in X, σ(C) intersects every fibreψ′−1(z)
transversally at a unique pointσ(z) for all z∈ C, so that (D.ψ′−1(z)) = 1
for all z ∈ C. LetL(u) denote the invertible sheaf defined by the divisor
u and putF = ψ′−1(z), for some fixedz , y. For anym, we have the
standard exact sequence:

0→ L (D+ (m−1)F)(m−1)F) → L (D+mF)→ LF(D+mF).F → 0

where the last homomorphism is the restriction toF. ObviouslyL ((D+
mF).F) = LF(D.F).

We shall prove that, form large enough the corresponding homo-
morphism

H0(X,L (D +mF))→ H0(F,LF(D.mF))

is surjective. Because of the cohomology exact sequence it is sufficient
to prove that

H1(X,L (D + (m− 1)F)) → H1(X,L (D + (m− 1)F))

is an isomorphic for largem. But asH1(F,L (D.F)) = 0 (note that 148

F ≃ P′ and D.F is a point onF). This homomorphism is a certain
surjective. So the numbers dim.H1(X,L (D + mF)) form a decreasing
sequences of positive integers and thus remain constant forlargem. This
is just what we need. AsD.F is a point onP1, dimH0(F,L (D.F)) = 2.



108 7. The existence of relatively minimal models

Choose two sections0 ands1 of L (D+mF) overX whose images form
a basis forH0(F,L (D.F)).

The linear system

λoso + λ1s1 = 0(λ◦, λ1 ∈ K, (λ◦, λ1) , (0, 0))

has no base points onψ′−1(z), by choice of thesi , so that because of
the properness ofψ′, we may, by choosingU smaller if necessary, as-
sume that this linear system has no base points onψ′−1(U). Thus, we
get a morphismλ : ψ′−1(U) → P′, and restricted toψ′−1(z) is an iso-
morphism ontoP′. Let ψ : ψ′−1(U) → U × P′ denote the morphism
χ = (ψ′|ψ′−1(U), λ). For anyx ∈ ψ′−1(z), χ−1(χ(x) = {x}, and the tan-
gent mappingdχ is injective atx. Sinceχ is also proper, we deduce that
χ is birational, and it follows byz.M.T that χ is an isomorphism of a
neighborhood ofψ′−1(z) onto a neighbourhood ofz× P′ overU. Again
because of the properness ofψ′ and the projectionU×P′ → U, it follows
that there is a neighbourhoodV of zsuch that there is aV-isomorphism

of ψ′−1(V) ontoV × P′. This establishes the local triviality ofX
ψ
→ C. It

can be deduced easily that this is indeed an associated fibre space onC149

to a principle fibre space withPGL(1) as structure group. (We have only
to show that if there are two ‘trivializations’ on an open subset, they are
‘connected’ by projective transformations ‘varying algebraically’ in the
open subset).

Thus, our investigation in case (i) lead to the

Theorem .Let X be a complete non-singular surface which is a rela-
tively minimal model but which is not a minimal model. Assumethat
the Albanese variety of the surface is non-trivial (or in other words, the
surface is irregular). Then X is a ruled surface over a curve of positive
genus.

Thus, the problem of classification of relatively minimal (but not
minimal) models reduced to the classification of (locally trivial) princi-
pal PGL(1) bundled on curves. Now, it is not difficult to show that any
PGL(1) bundle arises from aGL(2)-bundle by ‘extension of structure
group, and twoGL(2)-bundles give rise to the samePGL(1) bundle if
and only if, of the corresponding vector line bundles of rank2, each is
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got from the other by tensoring with a line bundle. Let us fix once and
for all a line bundleL of degree bundles of rank two oneC whose deter-
minantal bundle is the trivial line bundle (resp. is the linebundleL). Let
π be the (finite) group of elements of order two on the Jacobian of the
curve. Then it is clear thatπ acts onSo andS1 (by tensorisation). The
quotient set ofSo ∪ S1 for the action ofπ can be canonically identified150

with the set of relatively minimal models or ruled surfaces on the give
curveC.

We now turn to the case of regular surfaces which are relatively
minimal but not minimal.
Case (ii). X is (as in the fundamental lemma, and) such that the
Albanese variety ofX is trivial.

In this case, by using a criterion due toCastelnuovofor the rational-
ity of a projective surface, we shall show first thatX is rational, and we
shall then state without proof the theorem of classificationof rational
surfaces which are relatively minimal.

It is known thatwhen the first integer P1 (usually called the geomet-
ric genus and denoted by pg) among the plurigeneraPi of a non-singular
surface is0, the irregularity q (equal by definition to the dimension of
the Albanese of the surface) is given by([8], 236, 2.10)

q = −pa

It follows that for our relatively minimal modelX, pa = o. We now
apply the following criterion of rationality ([2], [24], [25]).

Theorem (Castelnuovo).If for a complete non-singular surface we have
pa = p2 = 0, the surface is rational.

Thus we deduce thatX is rational. We want to describe here all
relatively minimal models of a rational surface. First, we recall the def-
inition of the line bundleG(D) over a curveX associated with a divisor
D.

Let X =
⋃

I
Ui be a covering ofX such thatD is defined on eachUi 151

by a functionui . ThenG(D) is covered by open subsetUi × P1 which
are patched up together by means of the transition rule

x× ξ ∼ y× η, x ∈ Ui , y ∈ U j ,
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if x = y ∈ Ui ∩ U j

and η = ξ
ui

u j
(x) (3)

Here we understand that the point at∞ on P1 remains unchanged

on multiplication by
ui

u j
(x). Thus,G(D) has two obvious sections:So =

{x× o} andS∞ = {x×∞}. As is well- knownG(D) ≃ G(D′) if D ∼ D′.
We shall apply this construction toX = P1. Since a divisor class onP1

is determined by its degree, we can takeD = nxand we shall denote the
correspondingG(D) by Fn. One can check readily that

x× ξ −→ x× ξ−1

defines an isomorphism betweenG(D) andG(−D). This explains why
we can restrict ourselves to consideringFµ, n ≥ o.

We shall first compute the group of divisor classes onFn. Note first
that all the fibres ofFn are linearly equivalent. Indeed, letFx and Fy

be fibres overx, y ∈ P1, π : Fn → P1 be the projection and letf be a
function onP1 such that (f ) = (x) − (y); then Fx − Fy = (π∗ f ). We
shall prove that the group of divisor classes onFn has two generators152

-any fibreFo and the sectionSo. Let D be any divisor onFn. Choose
a proper open setU of the baseP′ such that ifπ : Fn → P′ is the
projection,π−1(U) ≃ U × P′. Thenπ−1(U) − (So ∩ U) is isomorphic
to U × K, hence to an open subset ofK2. Thus, the restriction ofD to
π−1(U) is a principal divisor (f ) an π−1(U). The divisorD − ( f ) has
therefore components contained inSo ∪ π−1(P′ − U), that is,D − ( f ) is
a linear combination ofSo and a finite number of fibres. Since all fibre
are linearly equivalent, our assertion follows.

We now derive an important equivalence betweenSo,S∞ and Fo.
Let us look atFn as being of the formG(D),D a divisor of degreen on
P1. Consider the function

f (x× ξ) = ξui(x)

on the open subsetUi × P1. In view of the transition rule, it is obvious
that we get a functionf on the whole ofG(D). The divisor (f ) can be
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easily computed, the answer is

( f ) = π−1(D) + So − S∞

In particular, we have onFn

nFo + So − S∞ ∼ 0 (4)

If we consider the intersections of both sides of (4) withSo andS∞ 153

and use the equalities (So.Fo) = (S∞.Fo) = 1 we obtain

(S2
o) = −n and (S2

∞) = n

From this we can deduce thatSo is (if n > o) the only irreducible
curve onFn with negative self-intersection (while onFo there are none).

Indeed, ifC is another irreducible curve,C ∼ lF◦ + mS◦ and thus
eitherC ∼ lF◦ and (C2) = 0

or m= (C.Fo) > 0

1−mn= (C.So) ≤ 0

and (C2) = m(2l − n) = m(2(l −mn)) + (2m− 1)n) > 0

We see from this that theFn are non-isomorphic not only as fibra-
tions overP1 but also as surfaces. On the other hand all of them except
F1 are relatively minimal models- they have no curvesC with (C2) = −1.
Indeed,F1 has an exceptional curve of the first kind, namelySo. From
the Castelnuovo theorem proved in lecture 6 it follows thatSo onF1 can
be contracted to a point. It is easy to verify directly that the resulting
surfaces is the projective planeP2. Thus, we have obtained a series of
surfaces.

P2, P1 × P1(≃ Fo), Fn(n > 1)

and have also’ shown that all of them are relatively minimal models of
P2 and are non-isomorphic to one another. It can be proved that these are 154

the only relatively minimal models ofP2. The proof however is much
complicated. The reader is referred to Nagata ([18]).





Lecture 8

Minimal Models in the case
of a base scheme of
dimension one

Throughout this section, we assume that the base schemeB is noethe- 155

rian, regular and of dimension one. We shall further assume that for
every closedb of B, the residue fieldk(b) is perfect field.

We wish to investigate the nature of relatively minimal models which
are not minimal in this case also. LetX be a relatively minimal model
overB which is not minimal. WeassumethatR(X) is a separably gener-
ated extension field ofR(B). Further, ifR(B) is not algebraically closed
in R(X), let B̃ be the normalisation ofB in the algebraic closure of
R(B) in R(X). Then the structural morphism ofX onto B factories as
X → B̃→ B, so thatX may be considered as ãB-scheme; and as such,
it continues to be relatively minimal but not minimal. Replacing B by
B̃, we may therefore assume thatR(X) is a regular extension ofR(B).
We shall show in this case that the generic fibre ofX → B is a regular
curve of genus 0. Thus, ifX/B admits a rational section,R(X) would be
a simple transcendental extension ofR(B).

We shall now prove the above assertion. The proof is quite analo-
gous to the proof of the corresponding result in the case of anirregular
surface over an algebraically closed field and we shall only give those

113
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steps which are new to this context.
We have shown, in the fundamental lemma if lecture 7 that there is156

a closed irreducible one dimensional subschemeL of X such that it is
contained in the fibre over a closed pointbo of Band satisfies (i)(L2) ≥ ◦,
and (L2) > ◦ if L is not regular and (ii ) L is birationally isomorphic to
P′(K), whereK is a finite algebraic extension ofk(bo). Now, since the
restriction of the intersection product to the subgroup generated by the
components of the fibre overbo is negative semi-definite, and since its
null space is generated by the entire fibre (see Lecture 6; thefibre is
connected and even geometrically connected, sinceR(B) is algebraically
closed inR(X)) we deduce successively that (L2) = 0 and that the fibre
overbo reduces toL. Since (L2) = 0, L must be regular, and henceL is
isomorphic toP′(K), whereK is a finite extension ofk(b). Sincek(bo) is
perfect by assumption,K is separably algebraic overk(bo). If we putn =
[

K : k(bo)
]

, and if k̄ denotes the algebraic closure ofk(bo), P′(K) ×k(bo)

k̄ is isomorphic to the disjoint union ofn copies ofP′(k̄). SinceL is
geometrically connected overk(bo), it follows that we must haven = 1,
so thatL ≃ P′(k(ho)).

For any pointb ∈ B, let us putFb=Fibreb in X, and

χ(Fb) =
∑

i

(−1)i dimk(b) Hi(Fb,OFb)

Because of (EGA, III 7.9), χ(Fb) is an integer independent ofb.157

We shall evaluateX(Fbo). Let I be the sheaf of ideals defining the
closed subschemeL. Since the sheafI ′ of ideals defining the fibreFbo

is principle (being in a neighbourhood of the fibre by a uniformising
parameter forB at bo) we must haveI ′ = I ′n for some integern >

0. Further, since (L2) = 0, the sheavesI r/I r+1 ≃ I r ⊗ OL are all
inversible and of degree 0 onL ≃ P′(k(b)), and hence are isomorphic to
OL. We deduce from, the exact sequenceo→ I r/I r+1→ OX/I r+1 →
OX/I r → 0 the equation

χ(OX/I r+1) = χ(OX/I r ) + χ(OL) = 1+ χ(OX/I r )

so that χ(Fbo) = X(OX/I n) = n.
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Hence for the generic pointb∗ of B, we have

n = χ(Fb∗) = dimk(b∗) Ho(Fb∗,OF∗b
) − dimk(b∗) H1(F∗b,OFb∗)

SinceF∗b is integral andk(b∗)-proper, and sinceR(B) is algebraically
closed inR(X), we must haveHo(F∗b,O f ∗b

) = k(b∗). It follows therefore
that we must haven = 1 andH1(Fb∗ ,OF∗b

) = o. Thus , Fb∗ must be a
regular curve of genus 0 overk(b∗). This proves our assertion.

It would interesting to examine the different relatively minimal mod-
els in the case where the minimal model does not exist, as we have
already done in the geometric case at the end of the previous lecture.
Suppose for instance thatB = SpecO, O a Dedekind domain. LetFβ

be the generic fibre ofX.
According to our principle theorem, there is a curve of genus0 over 158

k(β) = R(B). One has to consider here two cases.

Case 1.Fβ has a rational point overR(B). Then, as we have seen in
lecture 5,Fβ ≃ P1(R(B)). In this case,A. Bialynicki-Birula has proved
that the relatively minimal models ofX are in a 1− 1 correspondence
with the elements ofCl/Cl2 whereCl is the group of divisor classes of
O (unpublished).

Case 2.Fβ has no rational point overR(B). In this caseFβ is isomorphic
to a quadric overR(B). The structure of relatively minimal models in
this case is unknown.

We now given an example of application of the main theorem.

An example
Let F = O andG = O be two non-singular cubic curves inP2 (over

an algebraically closed fields) which intersect at nine distinct points.
Then necessarily the two curves cannot touch at any one of these points,
since their intersection number would exceed 9. We further assume that
among these nine points, no six lie on a conic and no three on a line. One
sees easily that this latter assumption is equivalent to theassumption that
the pencil

λF + µG = 0 (∗)
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of cubics contains no degenerate members. This incidentally proves the
existence of such a pair of cubics, since the dimension of theprojective
space of cubics is 9, whereas the closed subset of degeneratecubics
is of dimension 2+ 5 = 7, so that a general pencil of cubics, which159

is represented bya line in the space of cubics, contains no degenerate
cubics.

SinceF andG do not touch at any of their points of intersection,
the members of the linear system ((∗)) havea variable tangent line at
their base pointsPo,P1,−,P8. It follows from what was seen in lecture
3 that if X is the surface obtained fromP2 by blowing up these 9 points,
the linear system ((∗)) definesa morphism fof X onto P′ (given by
the rational functionG/F). We considerX asa scheme overP′ by this
morphism f . We denote byLi the fibre overPi in X. Then it is trivially
seen that the restriction off to eachLi is an isomorphism ofLi ontoP′.
Now, the fibres off are proper transforms inX of cubic curves of the
pencil ((∗)). By our assumption on the pencil, no fibre containsa non-
singular rational curve, so thatX is a relatively minimal model overP′.
Since the generic fibre off is a non- singular cubic and hence elliptic
curve,X must actually bea minimal model overP′. Note however that
X is not relatively minimal over the base field, by our very construction
of X.

Now, since f restricted to eachLi is an isomorphism ofLi ontoP′,
we have sectionσi: P′ → X(0 ≤ i ≤ 8) such thatσi(P′) = Li. Let x
be a generic point ofP′, and putσi(x) = yi ∈ f −1(x). Since f −1(x) is
an elliptic curve overk(x) with a rational pointy◦, it is well known that
we can define a group law onf −1(x) which makes of it an abelian group160

variety overk(x) whose zero point isy◦ in a unique way. LetH be the
discrete abelian group generated by the elementsyi(1 ≤ i ≤ 8) for this
group law. Each element of this group is ak(x)-rational point off −1(x),
and hence definesa translation morphismf −1(x) onto itself defined over
k(x). Further, an element ofH different from theO-element acts on
f −1(x) without fixed points (since it is a translation map of a groupby
an element of a group). Now, any automorphism off −1(x) overk(x) can
also be considered as a birational automorphism ofX overP′. SinceX is
a minimal model, these birational automorphisms are actually biregular.
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Thus, we have proved thatH acts as a group of biregular automorphisms
of X over P′, such that forg ∈ H, g , e, g leaves no element of the
generic fibre fixed.

Now, if F andG are ‘general’ cubic forms, it is easily shown that the

groupH generated byy1, · · · , y8 is actually a free abelian group
8∑

1
Zyi.

Indeed, first chooseF as a non singular cubic, and choose 8 general
pointsy1 · · · , y8 of F = 0 such that with respect to an inflexional point
of F = 0 as origin theyi are linearly independent. Then, chooseG as a
member of the pencil of cubic throughy1, · · · y8. If y◦ is the ninth point
of intersection ofF andG, we must have (with the inflexion point of

F = 0 as origin) onF = 0,
8∑

0
yi = 0. If we now takey◦ as the origin

instead of the inflexion point, we see thaty1, . . . , y8 must still be linearly 161

independent with respect to this origin.
It follows that ‘in general’,H is a free abelian group on 8 generators.

SinceH acts as a group of biregular automorphisms ofX, and sinceL0

is an except ional curve onX(i.e., Lo ≃ P′, (L0)2 = −1), the curves
h.L0, h ∈ H are all distinct and are all exceptional curves.

Thus, we have an example of a non-singular surface carrying an
infinity of exceptional curves.

There are many other interesting features in this example.
For instance, considera fibre of f which hasa singularity.
Since the fibre is a non-degenerate cubic, it must either havea node

or a cusp, and no other singularity. In either case, it must bea rational
curve. If the singularity is a node, the complement of this singular point
is isomorphic toK∗, and if it is a cusp, the complement is isomorphic to
K. In either case therefore, the fibre is isomorphic to a group variety. It
can further be shown by simple considerations that the grouplaw of the
generic fibre specialises to the group law on the special fibres also. We
shall try to explain this phenomenon in the next section, where we shall
study general fibrations by elliptic curves of a surface.

Surfaces fibred by elliptic curves.
We shall merely state some of the results of this very interesting

topic without proof.
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We assume throughout that the base schemeB is irreducible, noethe-162

rian, regular and of dimension one. We also assume (though this is not
essential in much of what follows) that for every closed point b ∈ B, the
residue fieldK(b) at b is perfect.

We say that an irreducible regular B-proper schemeX with surjec-
tive structural morphismf : X→ B is afibration by elliptic curves over
B, if ( i) f ∗(R(B)) is algebraically closed inR(X), andR(X) is a separably
generated extension ofR(B), (ii) the generic fibref −1(bo) (whereb◦ is
the generic point ofB) is a non-singular curve of genus 1 onk(b◦) which
admits a rational pointx◦ overk(b◦) (iii) X is a relatively minimal (and
hence minimal) model.

The rational pointx◦ overk(bo) defines a rational sectionσo : B→
X, with σo(bo) = xo which is actually regular onX, sinceX is B-proper
andB is normal of dimension one. Sincef −1(bo) is a non-singular curve
of genus one onk(b◦) with a rational pointx◦, it is well-known that
there is a unique structure of a commutative group variety onf −1(bo)
such thatxo is the zero point. (It follows in particular, by ‘extension of
base’ to the algebraic closure ofk(b◦), that f −1(b◦) is absolutely simple).
Let m : f −1(b◦) ×k(b◦) f −1(b◦) → f −1(b◦) be the multiplication law in
f −1(b◦), so thatm is defined overk(bo). Thenmdefines a unique rational
map M : X ×B X → X whose ‘restriction’ to f −1(b◦) ×k(b◦) f −1(b◦)
coincides withm.

Similarly, if i : f −1(b◦)→ f −1(b◦) is thek(b◦)-morphism off −1(b◦)163

corresponding to the inverse operation of the group,i defines aB-biratio-
nal mapI : X → X, andI is actually a morphism sinceX is a minimal
model. It is clear thatM and I satisfy all the formal laws of multipli-
cation and inverse in a group scheme, withσo as the identity section.
(Note however thatM is only a rational map).

Let U be the set of points inX where the morphismf is simple.
By [S.G.A II, 2.1], f is simple atx if and only if f −1( f (x)) is absolutely
simple atx, sinceOx,X is in any caseO f (x),B flat. In view of our earlier
remark, f −1(b◦) ⊂ U , and since for a closed pointb of B; k(b) is a
perfect field by assumption, iff (x) , b◦ then x ∈ U if and only if
f −1( f (x)) is regular atx.U is an open subset ofX (SGA, II, 1.1).

Further, since for any pointx ∈ σ◦(B), σ◦(b) and f −1( f (x)) inter-
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sect with multiplicity one atx, x is a simple point off −1( f (x)), so that
σ◦(B) ⊂ U .

Now, it can be shown thatM is regular on the open subsetU ×BU of
X×BX, and thatM(U ×BU ) ⊂ U . Since it is clear that alsoI (U ) ⊂ U
(I beinga B-automorphism ofX/B), we see that when restricted toU ,
M, I andσ◦ definea structure of ascheme of groups over BonU .

Suppose in particular thatB = SpecA, whereA is a complete dis-
crete valuation ring with maximal idealM (and perfect residue fieldk). 164

For any integern > 0, we geta group schemeUn = U ×B SpecA/Mn

over SpecA/Mn. Now, Greenberg ([16]) has shown how to associate
canonically with any group scheme over an Artinian local ring an al-
gebraic group over the residue field. Thus, for anyn > 0, we geta
commutative algebraic groupGn overK. The ‘reduction’ morphism

Un+1 = U ×B SpecA/Mn+1← U ×B SpecA/Mn = Un

give rise to rational homomorphismsϕn : Gn+1 → Gn of algebraic
groups defined overk. Let Xn denote the group ofK-rational points
of G, andΨn : Xn+1 → Xn the homomorphism induced byϕn. We thus
obtaina projective system of groups{Xn, ψn}n≥1, whose projective limit
we denote byX. It can then be shown that

X = Group ofK-rational points of generic fibref −1(b◦)

= Group of regular section ofU (or X) overB.

So we can introduce the structure of a proalgebraic group in the
group I of K(bo)-rational points onf −1(bo). This makes it possible to
introduce inI notions that are defined for proalgebraic groups, e.g., con-
nected component, fundamental group and so on. They appear to be
quite useful in the study of elliptic curves over complete fields.

We next turn to another question. Given a fibrationf : X→ B by el-
liptic curves, what do the degenerate fibres (i.e. the fibres which are not
regular curves) look like? Note that by what we have said above, the set
of non-singular points of any fibre (not the fibre as a reduced scheme, 165

but in the schematic sense) form a commutative algebraic group. A
complete classification of all degeneracies has been by Kodaira (in the
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‘classical case’, that is whenB is a curve andX a surface overC) and
Néron (in the general case). We summarise this classification diagram-
matically below. A line —- indicates a projective line, the figuresO,≺,∝
indicate respectively a conic, a cuspidal cubic and a nodal cubic. The
multiplicity with which a component occurs in the fibre is indicated by
an integer written above the corresponding figure. Two components in-
tersect or touch if and only if the corresponding figures do so. We have
also indicated the nature of the groupG of non- singular points in each
case.

Case(bm).

(m=1),
(m components, m
arbitrary 〉 1)

G is an extension ofZ/mZ by the multiplicative group K∗.

Case(C 1).

G is the additive group K.

Case(C 2).

G is an extension ofZ/2Z

by K

Case(C 3).

G is an extension ofZ/3Z

by K



8. Minimal Models in the case of a base scheme... 121

Case(C 4).166

2

G is an extension of the
Klein group Z/2ZxZ/2Z by
K

Case(C 5m).

2

2 2

1

1

1

1

2

2

(m+ 1 components occurring with multiplicity2). G is an extension
of Z/4Z when m is odd (resp. the Klein group when m is even) by K.

Case(C 6).

1
1

2 2

3

2

1

G is an extension ofZ/3Z by
K.

Case(C 7).

11

2 2

3

2

3

4

G is an extension ofZ/2Z by
K.
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Case(C 8).
1

2

2

3

3

4

4

5

6
G is isomorphic to K.

This completes the list.

This description of all degenerate fibres was given by Kodaira in the167

geometric case and by Neron in the caseB = SpecO ,O a valuation ring
with an algebraically closed residue field. Their proofs arequite differ-
ent. Neron starts with a modelX′ of X which is a subscheme ofP2(O)
and which corresponds to the Weierstrass normal for of the generic fibre
of X overR(B). This model is in general not regular.

Resolving the singularities by means of dilatations, Néron arrives at
the minimal model. This procedure is based on a detailed consideration
of many different particular cases.

The proof of Kodaira is much easier. It is based on the consideration
of the intersection multiplicities of the components of degenerate fibres
and on formula (2) of lecture 7. It seems interesting to try toextend this
proof to the general case considered by Neron -especially because such
a proof has to be based on the consideration of some generalisation of
the canonical classK to arbitrary schemes. This is not the only question
for which it seems essential to have some notions corresponding to those
of a canonical class.tangent bundle etc. in the case of arbitrary two di-
mensional schemes. For instance, one has the notion of a tangent plane
at a pointx (if X is regular atx) but can one introduce some structure in
the totality of all such planes? The absence of such notions seems to be
the principal hurdle if one tries to carry over Grauert’s proof (Publica-
tions MathematiquesNo.25, 131− 149)of Manin’s theorem to the case
of a number field.
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