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Introduction

Three di erent subjects are treated in these lectures. 1

1. In the rst part, an exposition of certain recent work df.JLions
on the transmutations of singular dirential operators of the second
order in the real case, is given. (J.L. Lions- Bulletin socatM de
France, 84(1956)pp. 995)

2. The second part contains the rst exposition of several results on
the theory of mean periodic functiofs of two real variables, that
are solutions of two convolution equations; F = T, F = 0,
in the case of countable and simple spectrum. These fuisctian
be, at least formally, expanded in a series of mean-perieximo-
nentials, corresponding to dérent points of the spectrum. Having
determined the coecients of this development, we prove its unique-
ness and convergence wh&nandT, are su ciently simple. The
result is obtained by using an interpolation formulaCh which is
analogous to the Mittag-Leer expansion, iCt.

The exposition and the proofs given here can probably lagesim-
pli ed, improved, and perhaps generalized. They shoulddfuze be
considered as a preliminary account only.

3. Finally, in the third part, | state and prove the two-radibeorem,
which is the converse of Gauss's classical theorem on theriggth 2
mean for harmonic functions. The proof is the same as thanikc
published, (Comm. Math. Helvetici, 1959) in collaborati@ith J.L.
Lions; it uses the theory of transmutations of singularedéential
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operators of the second order, and the fundamental thedreraan-
periodic functions irR™.

J. Delsarte
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Chapter 1
Riemann's Method

1 Riemann's Method for the Cauchy problem

De nition. A function is said to be(;r) on a subset oA of R"if all its 3
partial derivatives upto the ordeexists and are continuous M

Let D be a region (open connected set)Rfy the (x;y) plane. Let
a; b; ¢ be three functions which ar€{1) in D andu a function C; 2) in
D and letL denote the dierential operator

Letv be a function which is; 2) in D andL be a di erential operator
of the same type ds.

@v

-6 Q. 8
Lv= @@ @(av) @(bv)+cv

then

(1)

combinations @fv and 4

vL(u) uL (v) = % +

Q8

5

whereM andN are C; 1) in D and are certai
their partial derivatives.

@v @ @

vL(u) = v——= + av— + bv— + cuv

@@ @ @
3



4 1. Riemann's Method

= cuv+ @@(auv) @(b V) + —@ %
@ Q@
U@(&V) U@(bV) @@
=u % @@(av) @@(bv); cv ) ,
@ @ @ @
+ @ auv+ v@ @ u@ buv
vL(u) uL (v) = % + % where
M = auv+ V%; N = buv ug:

The right hand member of (1) does not change if we repldday

1 @ 1. @ @
auv+ E(V@ u@) andN by buv+ E(V@ u@). We prefer to have
1@ .
M = E@(uv) uP(v) @
_l@ )
N = E@(uv) uQ(v) (i)
where @ @
P(v) = @ av;Q(v) = @ bv.

Let C be a closed curve lying entirely in the regibn
By Green's formula,

Z Z Z
( M+ N)ds= @+@ dxdy
c

A& @
where , denote the direction cosines of the interior normaCtand
A denotes the region enclosed Gy
In view of equation (1),
Z Z Z

( M+ N)ds= (vL(u) uL (v))dxdy (2)
c A



1. Riemann's Method for the Cauchy problem 5

We shall consider this equation in the case wletonsists of two
straight linesAX, AY parallel to the axes of coordinates and a curye
monotonic in the sense dﬁ( andAY, joining X alng. SUFonse that

L) =0andL () = Othen (( M+ N)ds=Oie. A Ndx . Mdy=

YX( M + N)dssubstituting forM andN from (i) and (ii) respectively,

ZX ZX
Ndx= %[(uv)x (uv)al uQ(v)dx
“Z . Y Za
and Mdy = > [(uVy (uVa] + uP(v)dy.
Y Y

If the functionsu; v satisfy
Lu=0;L v=0;P(Vv) = 0 onAY andQ(v) = 0 onAX 3)

then we obtain the Riemann's Resolution formula:
1 Z x
(uva = > [(UYx + (UYy]+ ( M+ N)ds
Y

Let A be (xo; Yo). Thenv = g(X;y; Xo; Yo) satisfying the conditions (3) is
the Riemann's function for the equatidufu) = 0.
In the situation

L(u) = f(xy);L v=0;P(v) = 0 onAY, Q(vV) = 0 onAX;



6 1. Riemann's Method

exactly similar computation gives the formula:
1 Z y ZZ
Wa =S ux+ vl + ( M+ N)ds+ vi(x y)dxdy
Y A

An important property of the Riemann's function.

Let now consider of two straight lineXB; Y Bparallel to the axes
of coordinates. Then

z X Z X z B
( M+ N)ds= Mdy Ndx
Y B Y
We can write M= :—ZL@@(UV) + VP (u)
N = :—ZL@@(UV) +vQ (u)
whereP (u) = %+ au; Q (u) = %(+ bu.
Z 1 Z
Mdy= =[(uvx (uvg]+ VP (u)dx
B 2 B
Zg 1 Z g
Ndx= > [(u)s (U] vQ (u)dx
Y 2 Y

Thus in this case Riemann's resolution formula becomes
1 1
(uva = > [(Uv)x + (Uv)v] > [(ux (uv)g]
+ VP (Wdx+ = [(uvys (UV)y] vQ (wdx
B 2 Y
z B z X
i.e., UVa = (uvg vQ (u)dx+ VP (u)dx
\% B

If u=h(xy; x1;y1); (x1; y1) being the poinB, is such that

Lu=0;P (uy=00onBX Q (u =0onBY



2. Proof for the Riemann's method 7

we get uVa = (UV)E:

Choosing constant multipliers far = h(x;y; x1;y1) andv = g
(X;¥; Xo; Yo) in such a way thatl = 1 atB andv = 1 atA, we have

h(Xo; Yo; X1; Y1) = 9(X1; Y1; Xo; Yo) (4)
This shows that the Riemann's functignconsidered as a function
of (Xo; Yo) satis es the di erential equatioriu = O.
2 Proof for the Riemann's method
We have obtained (4) under the hypothesis that there existdibns

u = h(x;y; x1;y1) andv = g(x; y; Xo; Yo) which are C; 2) in D and which
satisfy

Lu=%+ag+b%+cu=0
P(u):%+au:OonBX
Q(u):g+bu:OonBYand

Lv:@%+ag+b%+cv:0where

a= ab = bc = g %+c

P(v) = %+a (v) = 0onAY
Q(v) = g+b (V) =0 onAX

By change of notation and translation of the origin, the probfor 9
the existence of the Riemann's functiern= g(x;y) in D for the point
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(X0;Yo) 2 D for the di erential equatior.u = 0 reduces to the solution
of the problem 1.:

Qu @ @ _
@—@+a@+b@+cu—0
with the conditions
uoyy) = (y)
ux,0)= (I
0= 0=1

wherea;b;c are C;1) in D and ; are C;1) functions of one real
variable. The solution of the more general problem 2:

@ = a@ + b@ + cu
@@ @ Q@
with the conditiond will give for = 1 the solution of the problem (1).

We shall now prove the existence of the unique solution fertoblem
2 by using Piccard's method of successive approximationsnsider

the series
U(xY)+ u(xy)+ + "un(xy)+ (5)
10  whereu;(x;y) are de ned by the following recurrence formula:
@uo

GG 0w(0;y) = (¥);U(x%0)= (X

@Un_ @nl+b@nl

@@ - @& @

+ Clh 1;Un(X;0) = up(0;y) = 0 forn 1:
R, R

ltsu ces to takeup(x;y) = () + () 1andun(xy) = , o
n1(; )d d where
@n 1 @n 1
=a +b +cC
ni & @ U 1

We shall now prove the convergence of the series (5) by theepm
of majorisation which is classical. Suppose thgb; c are C;0) in D
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and ; are €;1) of one real variable. LeK be a compact subsé&t

containing the rectangle with sides parallel to the axes(@n@d) and

(x;y) as opposite corners. Then there existavirA such tha () +
() 1 Mm

@

2O+ Oy om
and jg(()+ O M

for (; )in K, andjaj;jbj;jc; Ain K. Thenj o(x;y)] 3 AM.Bythe 11
recurrence formula fon = 1,
VANVAN

jui(xy)j oo o(; )d dj 3AMjxjyj

@1 . @ y : @ @
—_— 3AMjyj and, — 3AMjx. Hencejui(X;y)j; — ; — are
@ 1yi ) %] jui (X Y)i & @
each 3AM(1+jx)(1+jyj).
Computing 1(Xx;y), we have immediately,
s P
in(cy) oazm T 1T

2! 2!I
@Zg;y) 9AZM(L + JXJ)I JVJ
SLD onw # 1+ 1)
In general
iUn(X V)i @n . @n . M[BAL+ )+ iy)]"

@ @' n!

Comparing with the exponential series, this majorizatimvps that
the series (3) as also the series obtained from (3) bgrdntiating each
term once and twice are all convergent uniformly on each @ahgub-
set of D and absolutely iD, so that (3) converges to a functiog; @) in
D. This functionu(x;y) is evidently the solution of problem 2 and the
proof for the existence of Riemann's functions is complete.
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Remark. From the recurrence formula it is clear that the functigxiy) 12
satis es

z,z2," #
@, @
uixy) = + (X)) 1+ a—+b—=+cud d
xy)= M+ (¥ . . &Py
X=
=
This integral equation is equivalent to the drential equation of prob-
lem 2 with conditiond. Whena;b;c are C;0) and; are C;1), the
solutionu(x; y) of the integral equation may not b€;R). But then it is

a solution of problem 2 in the sense of distributions.



Chapter 2

Transmutation of DI erential
Operators

Let L; andL, denote two dierential operators on the real likkand 13
E™M(x a) denote the space of functiomstimes continuously dier-
entiable in f; 1 ) furnished with the usual topology of uniform conver-
gence of functions together with their derivatives upto ehder m on
each compact subset af;fL ). Let E be a subspace of the topological
vector spac&™(x  a).

De nition. A transmutation of the dierential operatot ; into the dif-
ferential operatot_, in E is a topological isomorphisnX of the topo-
logical vector spac& onto itself (i.e. a linear, continuous, one-to-one,
onto map), such that

XL = LoX

X is said to transmute the operatby into the operatolL, in E and
L, = XL1X tonE.

Transmutation in the regular case. Let L; = D2 q(X);L, = D?
whereq satis es certain conditions of regularity. The constrantiof
the transmutation operator in this case depends on thedsoation of
certain partial di erential equation.

Problem 1.To determine (x;y)inx a;y asatisfying xx vy

11
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q(x) = 0 with the boundary conditions
xa)=0= (@y); y(xa=1f(x
This mixed problem is equivalent to the Cauchy problem if ee s

uxy) = (xy) for x a
= (2a xyforx a

We set without proof the following proposition.

Proposition 1. (a) Ifg 2 E (R);f 2 E (x a) with f(a) = 0, then
problem 1 possesses a unique solution whi¢l®jd)inx a;y a
and satis es the dierential equation in the sense of distributions.

(b) Ifq2 EYR) and if f 2 E2(x &) with f(a) = 0, the solution of
problemlis (C;2)in x ay a. Intheregiony x(orx vy),
the solution igC; 3).

(c) Ifq2 E2(R)with @) = 0and f2 E3(x a) with f(a) = f%{a) =
0, then the solution u of the problem(;4)iny a. [Refer to E.
Picard, "Lecons sur quelques types simples d' equation atixcks
partielles', Paris, Gauthier-Vlllars, 1927.]

With the help of this proposition we prove
Proposition 2. If g 2 E?(R) with (@) = 0 and f 2 E4(x  a) with
f(a) = f°Qa) = 0then D’Af = ALf where L= D? = g and A is de ned
by
@
Afly) = =[ (aV);
v) @[ @& y)]
(x;y) being the solution of problem 1.
Let (xy) = Ll (xy)] = %2 q(x) andg(X) = Lxf(x). As
is (C;4) by Proposition 1d), andf 2 E*(x a); (xy) is (C;2) and
g 2 E%(x a) with g(@ = 0. Replacingf by g in proposition 1 b),

problem 1 possesses a unique solution. We verify below himtihique
solution is (X;y).

Lx Di = Lix Djly = Lilx D ]1=0;
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(xa) = L[ (x;a)] = L«[0] = O;

@@ (xy) = DyLx (xy) = LxDy (x;y) so that
y(x;a) = LyDy (x;a@) = Lyxf(X) = g(x);
(&y)=DJ[ (ay)] =0

Now by de nition of A, AL[f(Yy)] = Aig= @@ &y)

x(%y) = DyLy = DJ[ «(xY)] gives
x(@y) = DI[ x(xy)] = D7Af(y). Hence we have proved that
AL = DZA.
Computation of the solution(x;y);y  a of problem 1 by using 16
Riemann's function.

Y

.
.
l’ ’
a,a A
9 ’ 4
7
7 7
’ ‘ ’
’ ’

X =(a—yo +xo,a)
Y:(a‘i‘mo +y07a)

Let K(X;y; Xo; Yo) be the Riemann's function de ned in the shaded

s & amk=0

part of the satisfying the conditio

withg (X)=qg(x)if x a
=g(2a x)if x<a
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andK onMm; = KonMmp =

In this case Riemann's method gives

Z Xotyo a

u(Xo; Yo) = f (X)K(X; a; Xo; Yo)dx
a Yot+Xo

where f(X)="1f(x) ifx a
= f(za x) ifx a

NI

Hence

@
Alf(yo)l = @U(a; Yo)
Z
) 2 12K (xaayo)d
= X)—K(x; a; a; X
Yo R @ Yo
Problem 2. To determine the function (x;y) in x a;y asatisfying
the conditions yx w dX) = 0; (&y) =0; x(&y) = gwhere
g2 E*y a)withg(@ = 0, and (x;a) = 0. Problem 2, is the
same as Problem 1 if in the boundary conditions the linesa;y = a
are interchanged. If is the solution of Problem 2, we de neg{x) =

@

— (xa).

a (xa)

Proposition 3. If ¢ 2 EX(R) and f 2 E%(x &) with f(a) = 0, then
aAf= Aaf=f.

Let be the solution of Problem 1 and tgly) = Af(y) = @ @&y).
By Proposition 11§);gis (c;2) iny aandg(a) = 0. Hence is the
solution of Problem 2 and g(x) = @ (x;a) = f(x). This shows that

aAf = f. Similarly Aaf = f.

Proposition 3 together with Proposition 2 shows thaj 2 E(R)
with g%(a) 5,0 the mapA, which is obviously liear is one-to-one of the
spaceE = f=f 2E%(x a);f(a) = f°a) = 0 onto itself and veri es
ALf = D?Af. Further in view of the formula foAf on page 13 in
items of Riemann's functionsA is continuous orkE with the topology
induced byE#(x a). As E is a closed subspace of the Frechet space



15

E4(x a);Ais a topological isomorphism. Thus we have proved the
existence of the transmutation operafoin E transmutingD?  ¢(x)
into D? whengis su ciently regular.

We now consider the problem of transmuting more generadrdin- 18
tial operatord ; = D? + ri(X)D + s(X) (i = 1;2) into each other when
ands are regular (e. oi; s1 2 E(R)).

Proposition 4. There exists an isomorphism A, of E which satis es
ALl = LA L,:

The proposition will be proved if we prove the existence ahsmu-
tation X of the operatot_; into the operatoD? q;. For then the same
method will give a transmutation &f into L, = D? @, and each of the
operatorsD? (i = 1;2) can be transmutated into the operdbdrso
that nally we obtain the required transmutatioAs, , by composing
several transmygations.

Let Ri(x) = axrl( )d then the veri cation of the following equa-
tions is straight forward:

Ly e R0f(x) = e RO [f]:

1
_Rl(x) 2
Hence we havX f(x) = e 2 f(x):L, = D a1 where

qu(X) = %rf(X) + :—2Lr1(x) si(x) 2 E:

Application of transmutation to the Mixed Problems of di er-
ential equations.

If is an elliptic operator iR" (independent of the variabtavhich 19
corresponds to time) we consider the problem of nding a fiomc
u(x;t) (x 2 R"; t time) which satis es the dierential equation

!
@ @

(X 1) + @ + r(t)@+ s(t). uxt)=0
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with the Cauchy data in a bounded domain R" for t = 0 and also

on the hemicylinder [t O]where denotes the frontier of. In
this problem the variabl& which corresponds to space and the variable
t which corresponds to time are strictly separated. Suppguse?! is

@

a transmutation in the variabtewhich transmutes—= + r(t)@ + S(t)

@
into @ and letV(x;t) = Awu(x;t) whenu(x;t) is the solution of the
di erential equation. Then applying to the left hand member of the
eguation we have

A xuOGt) + At(g + r(t)g + SOUOGH = 0
i.e., V(X 1) + @\g; ) =0

andVv(x; t) satis es Cauchy's data i.e., by means of the transmutation
consideration of the gives equation is reduced to the cerein of
the wave equation.



Chapter 3

Transmutation in the
Irreqular Case

Introduction. Our aim in this chapter is to obtain a transmutation opo
erator for a di erential operator with regular coeients. In order to
reduce the mixed problem relative to the operator

@ 2p+1@

— + ———; preal or complex

@ @ p p
where = ( being the Laplacian in the variables; : : : ;x,) to the
mixed problem relative to the operator

@

+ —

@

we shall construct an operator will transmute the operator

2p+1
|_p:D2+pT

D
into the operatoD?. The di culty in this case arises due to the pres-

1 . :
ence of the coecient— which has a singularity at = 0. If we seek the

X
solution of the problem irx  a, wherea > 0, the method of the pre-
ceding chapter is perfectly valid without any change. Batithportant
case is precisely the one in whieh= 0.

17
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18 3. Transmutation in the Irregular Case

We shall determine isomorphisni,; B p(of certain space which21
will be precisely speci es in the sequel ) which satisfy

2 — . 2 _ .
D?B, = ByLp; B pD? = LB p:

NI =

1
The operatoBp, for 1< Rep< > and the operatds j, for Rep>

are classicalB p is the Poisson's operator amy is the derivative of t
Sonine operator.

.

e

1
1 The operator B , for Rep> 5

It can be forseen that the operafy, is de ned in terms of the solution
for y > 0 of the partial di erential equation

+2p+1
X

x=0

XX yy

with the conditions (0;y) = g (y) being an even functiog (y) = g(y)
fory>0andg (y) = g( y)fory< 0, and 4(0;y) = 0 Now we de ne
B pla(¥)] = (x0).

Chang&glg the variables@ to the variables g t) be means of the

formulaes 2 = y+ xandt 2=y X we see by simple computa-

. s t s+t . . S .
tion thatu(s;t) = ; —— is a solution of the partial dierential
eqguation

2 2

with the conditionsu(s; s) = g (spi)

(Us U)st=0
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1 _ :
For =p+ > Poisson's solution has the form

Z

@) g s+ 91°2@ )t
0

[ ()2

u(s;t) =
. 1
valid for Re > 0 (or Rep> 5). Then

I IR
Bg(¥] = (x0) U(ﬁ—z,ﬁ—z)

Zl
:[f% Toba 2ja ) bt

settingl 2 =r,

Z
) 1 7t
B pla(¥)] = TORZ 2, 1 r? ‘g (rxdr
20D T 20 et
-pm o (1 t9)P 2g(tx)dt:
1y2 1
(Using (2)= 222 E

Note thatB p[g(0)] = 1.

Propgsition 1. The mapping f! ; B ,f is a linear continuous map of23
F2= f=f 2 E%(x 0); fY0)= 0 into itself and satis es
B ,D?f = LB ,f for any f2 F%
As forRep> % di erentiati(zn under s'bgn of integration is permissible,
Bof 2 E}(x 0). Further &B ol f1 = fY0)k (k being some
=0
constant), §
=0

HenceB ,f 2 F2. EvidentlyB , is linear. In order to prove continuity,
since P has a metrizable topology induced by thattsf(x  0), it is
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su cient to show that if a sequendé.gn = 1;2;:::;f, 2 F2. con-
verges to0 in F?, thenB o fn converges to zero in¥ Butf,! 0in
F2implies f,! 0 uniformly on each compact set, in particular on the
compact sef0; 1] from which it follows thaB ,f, ! 0. It remains to

verify thatB , satis es the given condition. Writing, = 19%
y
n 0 1
L LB of B ,D?f = 2 rn op iy
p p 0
+(2p—;1)t(1 2P 31900 (1 )P %) dt
2p + 1Z 1 Z 1
=P i P Hdt (1 )RR Qx)dt:
X g0 0 9
_2p+13 1§(1 t2)P*+2 0 ? 1 @ ez t2)I°+1 0 2
" x B2 +1 e 0 ((tx)dtg
z 1

(1 t2)P*2f%Qtx)dt (integrating the rst integral by parts)
0
=0
Remark. Let Jy(X) denote the classical Bessel function and let

Jp(¥) =2 (p+ 1)x PIp(x)

2
jp(x) is in F2 and is the unique solution of the dirential equatio%%+
2p+1 dy dy >

o’ s’y = 0 with the conditionsy)=o = 1 and Ix - = 0.

Now cossx 2 F2. LetB p(cossX) = g(x). UsingL,B, = B pD we
get
Lp[g(X)] = B ,D?(cossX

$°B plcossq =  SPg(X):

LpB plcoss¥

ie. Lpg+ g =0

Furtherg(0) = cos 0= 1 andg¥0) = 0 sinceg 2 F2. This shows
that
B p(cossX® = g(X)jp(sX:
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Hence we obtain the classical formula,
Z
2 (p+1) “ 1

Je(X = _(p+%) 0

(1 t3)P 2 cosEtidt

The operatoB , was considered by Poisson in this particular question
of the transformation of the consine into the functigyn The operator

1
Bpfor 1< Rep< >
For f 2E%x 0), the de nition of By is

Z X
Bolf()] =bpx (@ YT y2Pli(y)dy
Zy
=b, P %) P Ff(tx)dt
0 |
1 1
where Ho, = Ep: (p+1) p 5

" 1 . .
Proposition 2. For 1 < Rep< > and f2 F%f ! Bpfisalinear 26
continuous map of Finto itself satisfying

2 — .
D?B,f = BpL,f:

The proof of the fact thaBy, is a linear continuous map &? into
itself is analogous to the one we have given in PropositioklVé. ver-

ify that By, satis es the given condition, again as in Proposition 1, by
integration by parts

in 2p © _212p+1 2 p 32
b Ble DBy T = ¥ 1)
( )
fO((tx)+%f°(tx) 2%ty dt
z 1

2p+1 z
0

1
2Pl t?) P 32)%tx)dt
0

Z
1 1fO(tx)d
— 2pl] 12 plfo o
L )Py o — =g
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dt=0:

Z
B Rt e 1w
o o x o @

. — 1
27 The Sonine operatorB, for 1< Rep< >

Bp is de ned for everyf 2 E%(x  0)by

_ _ Z 1 t2p+l
Bpf = xbp
B Z
bp  YPOZ ¥A) P if(y)dy
0
p—

—— f(tx)dt
0 (1 )Pz (9
X

where bp =

(p+1) (p+d)

The integral converges if1 < Rep< % and we can dierentiate under
the sign fo integration

dﬂXE?p[(f(x))] = By f(¥)] for every f 2 EO(x  0)

Relation betweenB , and B,

When 1 < Rep< % bothB and I§p are de ned and it is easy to
prove by direct computation Abel's functional equation
Z X
BpB p[ f(X)] = . f(y)dy.

In fact
_ Z Z y
BB plf(0]=bp  YPIO¢ )PPy QW AP tdz
0z , Zy 0
=bpp dy Y& YY) P Ef(@dz
Z° V4

=Dp p . [f(2 , 0@ ) Pi2 AP zydydz
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28 Settingx?si® + Zcog = y?, we have

XX V= A)cog;y ZP=(0¢ B)sit
ydy=2(x* Z)sin cos d

Z X
02 Y) Py )P zydy

z Z |
2 1 1 1

= 2 siPP d =ZB p+=;pt=
. cos “P si 5B prsipts
p+3 p+3

(1)

HenceBpB o[ f(x)] = R;X f(2)dzso thatDByB p[ f(¥)] = f(X).

1
NI -

2 Continuation of the operator By
Foranyf 2E(x 0)=E!'(x 0), wedene

Ta[f(t; X)] = De[tf(tx)];
To[ f(t; X)] = Dt3T1f F(t; X)g:
In general Tal f(t; X)] = DTy 1[F(t; )19

Lemma 1. T,[f(t;X)] = t2" ?gn(t; X) where g(t; ) is an inde nitely 29
di erentiable function if0;1] [0;1).

The proof of the lemma is trivial and is based on indicatiomon
Forn = 1, we have only to saj (t; X) = D[t f(tx)]. Assume that the
lemma is true fon 1 so that

Tn a[f(t; %] =t *gn 1(t; X):
De ne

On(t;X) = 3gh 1(;X) + (2n 4)gn 1)(t; X) + tDy On 1(t; X):
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By de nition

Tal f(&X)] = 3t*Tq 1[f(t; )] + t3D¢Tn 1[f(t; X)]
n (0]
=3t Agn 1) + 2 (20 A" Pgy 1(X) + 2" *Degn 1t X)

= 2" Zgn(t; 9):
§2n 3%
pt+ 2

Corollary. The mtegral Li2p 20 31 ?) Tnf(x; t)dt con-

1
verges for 1< Rep<n >

30 The corollary is immediate since the integral can be writen
2n 3

R "
S ) "2 g,

Proposition 1. For 1< Rep< :_2L and for f2 E(x 0),

(1%
Byl f(X)] = o
(2p+1)2p 1) (2p 2n 3)
1 t2p (2n 3)
—T f(t; x)dt
ow mp Y
The proof is based on induction on n and the following fornwitéch is
obvious:
dg t° _(2p ) ! "
dt (1 )P 2 (1 t3)p =21
z 1
for any Bolf(X] =bp  t2PH(1 %) P 32f(txdt
0
Let n=1.If +§— -+1, ie =1

t2p _ 1 dé t2p+l é
- — d_ (

1 )= (2p+1)dt t2)P*3



2. Continuation of the operat@, 25

éatzp—lé f(09at

2p+1 0 dt t2)p+

bp 1 t2p+l
= T, f ;X dt
2p+1l (1 t2)p+3_2L 1 ( )

so that

Bp[f(X)]

(integrating by parts, the integrated part being zero smem% <0 31
and 2Rep 2 > 0). Thus the formula to be proved holds for= 1.
Assuming it forn 1, we establish it fon

B, f = (A" "oy
T = o e - (2 2+9)
t2p (2n 5)
——————=Tn 1[f(t; X)]dt
o (1 P T
. . 2n 5 . .
Using (1) withp —5 =p §+1|.e., =2n 3, theintegral

on the right hand side equals

1 Z 1 d t2p 2n+3

2p 2n+3 o dt g oh 73 it 3T, 1[ F(t; X)]dt

Lol
= t; X
2p n+37 g gy 22N R

7 9
1 2p 23 2
Tn f(t;X) dig

0 (1 t2)p 2n3
1 1 t2p 2n+3
= T, f(t; X) dt;
2p 2n+3 o (1 tz)pzn—z3 n F6X)

. . . 1 .
the integrated part being zero sincé < Rep< > We write 32

z 1 t2p (2n 3)

BN f(x) = b Tn f(t; ) dt )

2n3

0 (1 t3yp
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bp
(p+1)(2p 1)(2p 3) (2p 2n+3)

where b’ = ( 1)" (3)

. : 1
The integral is convergent forl < Rep< n = so that under

this condition, we can dierentiate under the sign of integration and
Bpf 2 E. We obtain for eachm a function which assigns to eaghin

1< Rep<n > a mapB} of E into itself which coincides wittBy, if

1 . . . L
1< Rep< > Itis easy to see thd} is a linear map ok into itself.
In order to show that it is continuous, Bsis metrizable, it is enough to

0in E. We have

z 1 t2p (2n 3)

DIBD fi(x)  bSM(r;x; j) mzdt

0 (Jh t2)P 7
i
where M(r; x; j) = sup DiTn fj(t; )
1t1

Now T, f¢(t;x) is a polynomial int; x with coe cients which are
derivatives of order n of f; and f; together with all its derivatives
converge to zero on each compact subset. Hévi¢ex;j) ! 0 as
j!'1 uniformly for x on each compact subse¢. Byf; ! 0inE.

. . 1 .
Thus we obtain a functiop ! Bjon 1< Rep< - with values

in L (E;E), the space of linear continuous mapskointo itself. We
intend to prove that this function is analytic and can be iooieid in the
whole complex plane into a function which ia analytic in ttefiplane
Rep > 1 and meromorphic in Reg 1 with a sequence of poles
lying on the real axis. Before proving this continuationdt@m we give
rst the de nition of a vector valued analytic function andmme of its
properties which follow immediately from the de nition.

De nition. Let 0 be an open subset of the complex plane&adocally
convex vector space. A function: 0! E is called analytic if for every
€’ in the topological duak® of E (i:e. the space of linear continuous
forms onE) the functionz ! < f(2);€” > is analytic in 0 where<; >
denotes the scalar product betwéeandE°,
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Lemma 2. If E is locally convex vector space in which closed convex
envelope of a compact set is compact, a functio®f E is analytic if

f is continuous and for every @ a total set Mof E®, z! < f(2);€°>

is analytic in0.

Let C be any simple closed curve lying entirely in 0, enclosing re4
gion ( open connected set ) containedgn 0. &b MO the function
z < f(2);e° > is galytic in 0, so that, < f(2;e°>dz=01. e.
< . f(9dz e">=0. . f(2dzis the integral of the continuous-valued
function f over the compact s€ and is an element d sinceE has the
property that the closed convex envelope of any compacesifsom-
pact. ( Forintegration of a vector valued function, refeNtgBourbaki,
Elements de Mathematiqug2 Integration, Cﬁapter I1). leend (2)dz =
0 sinceMCis total, so thak _ f(dz €”>= < f(2);e°>dz= 0 for
everye® 2 EO. Also asf is continuous it follows that ! < f(2); €® >
is continuous. This proves that! < f(2);€® > is analytic for every
€” 2 E%since the choice df was arbitrary.

. 1
Proposition 2. Suppose that1l < Rep<n > Then
a) Bof 2E(x 0)forevery f2E(x 0)

b) The mapping # Bpf is linear continuous ok into itself.

. . 1 .

c) The function p! Bfonthe strip 1 < Rep< n > with val-
ues inL ¢(E;E) is analytic wherel ¢(E;E) is the space of linear
continuous maps dt into E endowed with the topology of simple
convergence.

We have to prove onlycf. We rst observe that any linear contin-
uous form onL ¢(E; F) is given by nite linear combination of forms3s
of the typeu ! < ue f% > with e 2 E and f° 2 FC The theorem
will be proved if we show that the map! < BRf;T > is analytic in

1 :
1< Rep<n = wherefisanyelement oE andT any element of

E®%i.e. for xed f we have to show that the map! Bpf is analytic
with values inE. Now E ia a Hausdor complete locally convex vector
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space and therefore closed convex envelope of each comypasztof

E is compact ( refer tN. Bourbaki, Espaces Vectoriels Topologiques,
Ch.Il, 84, Prop.2). Further itis easy to see that Bjf is continuous
and that the set » , o, where  is the Dirac measure with support>at

is total inEC. Applying the lemma, we see that in order to prove analyt-
icity of the functionp !  Bjjf we have only to prove that the function
p! < Bpf; x >ie. the functionp ! Byf(x) (for f andx xed) is

- 1
analyticin 1< Rep<n >

p—
, 2 , , . .
Observing thaby, = 1" S an entire function with
P+ (P 3)
113
- . . - oz n ;
zeros atp 1, 2, 3;:::andp 51550 :we see thabj in (3)

is an entire function. The integral in (2) on the other hanaveoges for
1 , . .
1< Rep<n > and therefore is analytic in the same region, Hence

. . . 1
p! Bpf(X)is analytic in the strip 1< Rep< n >

Corollary. The functions B and B where m and n are two distinct
positive integers are identical in the intersection of théomains of
de nition.

We have in fact two analytic functionB}' and B which coincide

: : 1 : ,
with B, in 1 < Rep < = which is common to their domains of

de nitions and therefore the two functions coincide evemare in the
domain which is the intersection of their domains of de aitidue to
analyticity. It follows from the corollary that we have a goe analytic
function B, de ned for Rep> 1.

Remark. We haveB 1 = identity.

Forn=1,

b, Z1

2p+1 o (1 t2)p+%§[

t2p+1 d

Bo(f) = tf(tx) dt
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b
and ifp = 1 P -1and

2’ 2p+1
Zld
B f(¥ = ; g (0 dt=F(x:

L 1
Continuation of B, for Rep< >

We de ne

Up f(X) =Dy (1 DZF(X)
U f(t;X) =D (1 D)% f(tx) :

Ingeneral U, f(t;x) =Dy (1 t9)32U, 1f(tx) . 37

Lemma 3. For every f inE(x 0) = E we have
Un f(6X) = (@ B%2DWUn 1f(6X 3t B)2Un 1 FEX) (@)
and Up f(X) = (1 13T ha(tx) (5)
where R(t; X) is inde nitely di erentiable in0;1  0;1 .

Relation (4) is evident. (5) can be proved by inductionront is
true forn = 1 if we set

hit;x) = tftx) +x(1  t2)fYt; x):
Assuming it forn 1, it is easy to verify that (5) holds forif

ha(t;X) = nthy 1(tX) + (1 t9)Dihy 1(t; X)

t2p+n+1

R
Corollary. The integral 01 U, f(xt) dt converges for 1

1 )P

n 1
5 < Rep< 5.

i 1
Proposition 3. If 1< Rep< >
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(1)"bp
Bp f(X) =
(2p+2)(2p+3) (2ptn+1)
Z 1 t2p+n+l
—— Uy f(t; x) dt
0 (1 t2)p+&21 n ( )
The proof of this proposition is analogous to that of Progiosi 1. 38

We prove it by induction om and by using formula (1).
For 1< Rep< %
Z
By F(9 =By 211 £2) P 3 f(tx)dt
Using (1) with2p+ 1= 2p li.e. = 2,we have,
{2p+1 1 d t2pr2
@ ©p2  Zpradi@ @pL

so that
bp z 1 d t2p+2 o1
Bp f(X) = 5+ 2 dt(m)(l t%)2 f(tx)dt
b 1 t2p+2
= P Uy f(t;X) dt;

(2p+2) o (1 t3pH

. : , 1 .
the integrated part being zero sincé < Rep < > The formula is
proved forn = 1. We assume itfon 1

_ ( 1)n lbp
Bp f(x) = 2p+2)2p+3) (2p+n)
z 1 t2p+n
o @ @y Un LTt
Using (1) with 20+ n=2p Lie = (m+1)weget

é t2p+n+l é 2p+n+2
nt+l (2p tn+ 1) +n+3

2)p+ 1 Z)D
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so that

( 1)n 1bp z 1

(2p+2) (2p+n+1) o 1 )%

t2p+n+1
Bp f(X) =

D (1 133U, of(tx) dt

we shall now set

2p+tn+l
s, 1) = (Mo, —Up (5 dt (6)
1 t)rt7
1)
(s, = (L7 @)

(2p+2)(2p+3) (2p+n+1)

(Mp, is a meromorphic function ofp, with poles at the points

_ 3. 5.
- 2 y 2 PEEEEEET)
Proposition 4. Suppose that p satis es
n 1
1 - <Rep< = 8
> <Rep< ®)
and does not assume any of the values
3 5
5 9
Then 40

a) "Bpf 2 E foreachf 2 E
b) The mappingf ! "Byf is linear continuous fronk into E.

c) The functionp ! "B, is meromorphic in the strip de ned by (8)
with poles situated at the points given by (9).

We omit the proof ofa) andb) since it is exactly similar to that of
Proposition 2. The proof of) reduces as in Proposition 2, to showing

that the function

Z 1 t2p+n+l

p— b, Un f(t;x) dt

0o (1 ©)PT
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is meromorphic in the strip (8) with poles at the points (9iah is
obvious since the integral converges in (8) and is theredoadytic in
(8) andny,, is meromorphic in (8) with poles given by (9).

Corollary. If m;n are two distinct positive integers, the two functions
mg,, N, coincide in the common part of their domains of de nition.

This corollary is immediate like the corollary of Propositi2. Con-

sequently we have a unique functiBg de ned for Rep< }

Propositions (2) and (4) give nally the continuation theor for the
operatorBy,.

, L 1
Theorem. The function p B, de ned initiallyin 1< Rep< = with

values inL (E;E) endowed with the topology of simple convergence

can be continued in the whole plane into a meromorphic fonctiThe
7

S
Remark. The notion of an analytic function with values in a locally
convex vector spack depends only on the system of bounded subsets
of E. E being complete it is easy to see (in view of Theorem 1, page 21,
Ch.lIl, Espaces vectorieles TopologiqueshbyBourbaki) that the space

L (E;E) when furnished with the topology of simple convergence has
the same system of bounded sets as when furnished with thgyp

of uniform convergence on the system of bounded seEs. dflence in

the theorem we can replace the topology of simple conveggbypche
topology of uniform convergence on bounded subsetg @i by any
other locally convex topology which lies between these taaotogies.

. . , . 3.5
poles of this function are situated at the pom:z-s; -

LetE andD be subspaces &x o) de ned by

E
D

n (o}
fif 2E(x 0); f2"Y0)=0forn 0
fif 2(x 0); f"(0)=0forn 0

1
When 1< Rep< > we have
D'B, f() =b, P11 1?) P 2 (txdt
0
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so that
Der f(0) = bp;rfr(O) (10)
where
P p+ r +1
byr = 2
a.r r+1
= (p+1)

This shows that whem is even,p ! by, is an entire function
of p and whenr is odd it is a meromorphic function with poles at
73; 75; .11 (10) is therefore true for alp not equal to the exceptional

values—2; ;1. ThenBy[f]isin E orinD according as is in E

. S 3
andp ! Bpis meromorphic with poles g = 7; .. Actually the
following stronger result holds.

Theorem. The function @ By is an entire analytic function with val-
uesinL (* ;" ) (alsoin(Dy;Dy)).

We have seen more than once, that in order to investigatentee a
lyticity of the functionp ! By, it is su cient to do the same for the
functionp ! Bp[f(X)], wheref 2 E andx O are arbitrarily cho-
sen and are xed. In this case we study the behaviour of thetiimm 43

p Bplf(X)]wheref 2E andx O, in the neighbourhood of the point

2m+1 . . .
Po = > (a supposed singularity of the function).

By Taylor's formula,

o\ XN xN+1 Z
f = —f"0)+
RN IOLE

ft )N xd ;

N being an arbitrary integer.
1
Suppose rstthat 1 < Rep< > Then

P— X p+5+1

(P+1) ,  o+1n

Bplf(¥)] = x" £7(0)



44

34 3. Transmutation in the Irregular Case

4 4
yN+1 4 1 1

e )P idt (¢ )NEVY( xd:
- (o] (o]

+bp

The right hand side of this formula is well de ned whenk% <
Rep< % and depends analytically gmand therefore coincides with

. . . : N+3
the continuation oB already obtained. Choosigjsuch that <
Po, the integral on the right is analytic at the pom Hence we have

: . . n
only to consider the nite sum at,. The function (p+ > +1) has poles

: n L
at the pointsp such thatp + > +1= ; apositive integer. It has a
, 1.
pole atpy if g = 1 pp=m > ie.n=2(m ) 1.Butwhen
nis odd, f"(0) = O sincef 2 E. The nite sum is therefore analytic
2m+1

at pp andBy[ f(x)] has false singularity at
theorem is complete.

and the proof of the

Theorem. The formula
D?Byf = Byl f holds for every 2 E

and for every complex number p,yLisinE if f 2 E so that L, 2

L (E;E)anditis easy to verify that p L, is an entire function with

value isL (E ;E). The two entire functions p BpL, and p! DZBp
e " . 1

coincide by Proposition 2, 81 in1 < Rep < > and are therefore

identical in the whole plane.

Remark. It is necessary to suppose ta2 E . If fisonly inE;L,f is
not inE (always).

3 Continuation of B

We now consider the extension of the operdqy initially de ned for
1
Rep> > by
z 1
Bolf¥W]= p» (1 tA)P 3ftxdt 0)

(o]
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where
2 (p+1)

(p+3)
Changing the variable= sin 45
Z @
2
Bolf(¥]= p f(xsin )cosP d:

o

Let MI[f(x; )] = f(xsin )

p=

( )

1 d sin di[sin f(xsin )]

Tep+ D+ 2)d

and

Trero v 1 d_ . .
Np[f(x )] = md—fsm f(xsin )g

We determine by induction, the functions

1 d
§p+2nd_

MBLT(x )] = My (% )]+
(

. . 1 d
sin = sin ND (% ]

* (ZP +2n 1)(2p+2n)d

q )
sin d—[sin Mp (% )

and

n

0
L dg sin Mp {f(x )]

NDLF(x )] = Np [f(x )]+ 2o+ 1

" 1
Proposition 1. For Rep> E; f 2E(x 0)and forany n,

Z .
Bolf(W= p  co?”2 MIf(x )d
) z
f o, Ozcoszwn+1 NDf(x )d (1)
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The proof of this proposition is elementary and is based dodtion 46
on n and the process of integration by parts.
z 2
Bpf(X)= p  f(xsin )cogP? d
0
Z 2
+ p  f(xsin )si® cogP? d:

[o]

Butas sin cos? = i(ﬂ) integrating by parts the second
Td (prry MOANIBYP
integral, we get,
z 2
Bpf(= p  f(xsin )cosP*? d
(0]
Z 5 d
= (si i p+1
+ ) . Iprid (sin f(xsin ))cogP*! d
Now the second integral in this equation equals
Z _
i d (sin f(xsin $P3 ¢
i 2p+1zd—(s (xsin ))co
2 d
. prid (sin f(xsin ))cos?”*! sir? d
2 1 d
— M e . p+3
) . Tprid (sin f(xsin ))cosP*3 d
’ 1 co22 L sin Lisin f(xsin )) d
o 2p+1)(@2p+2) d d
47  so that
z 2
Bpf()= p cogP? f(xsin )
0
1 d . d . .
+ @+ 1)(2p+%)d—(sm d—(sm f(xsin ))) d
2 d
p+3 -~ . .
+ ) i cog 5p71d (sin f(xsin ))d
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Hence formula (1) holds fan = 1. Assuming it fom 1, it can be
veri ed for n by integration by parts.
We de ne for every integen > 0,

Z _
Bpf(X= p Ozcos2p+2n Mpf(x )d +
z 2
P cosPam L NDf(x; )d

. 1
The two integrals converge for Rep > n.

Proposition 2. If p satis es 48
Rep> I (2
2
and
p, 1 2 3 ©)
Then

a) Forf 2E(x 0)=E;Bf 2E.
b) The mappingf ! B ;f is linear continuous ok into itself.

¢) The functionp ! B [ is meromorphic in the half plane de ned by
(2) with values inL (E;E) the poles being situated at the points
(3). We shall give only the outline of the proof since it is Ena

g : 2 (p+1)

gous to that of Proposition (2), 82. The functiop = 51
— ny L

. (p+3)

is a meromorphic function gb which vanishes at =; 5; cand

poles at 1; 2; 3;:::and forx; xed, Mpf(x; ), andNpf(x; )
are meromorphic function with poles al; 1; —3; 2:::. Hence
for p xedand, 1; 2;:::jthefunction & )! pMp(x )and
(x )!'  pNpf(x ) areinde nitely di erentiable in [01) (O; 5)
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so that @) is true. The proof forlf) is similar to that of b) of propo-
sition 2, 82. Forf;xand xed, Myf(x; ) andNgf(x; ) are mero-
morphic functions with poles atl; 2;:::sothatp! B pf(X)is
meromorphic Rep :_2L nwith poles at (3). Further singe! B,
is continuous in the region given by (2) and (3)), follows.

Corollary. If m;n are two distinct positive integers, the functidds
andB p’“ coincide in the intersection of their domains of de nitions

In fact the two meromorphic functions coincide wBh, in the half

i . . . o
plane Rep> > which is common to their domains of de nitions and

hence they coincide everywhere in the intersection of ttiemains of
de nition.
We have proved the following

Theorem. The function d B de ned inRep> % by (1) with values

in L (E;E) can be continued analytically into a function meromorphic
in the whole plane with poles atl; 2; 3;::.

Remark 1.B identity.

1
2

1
Remark 2. For Rep> > we have

Z, !
D'Bpf(x= p t'(1 t?) 2f(txdt
and DB pf(X]x0= prf'(0) (4)
|
r+1
(p+1) 5
where oy = is a meromorphic function op with
) p— r
> +p+1l

poles at 1; 2;:::. By analytic continuation, the equatioh) folds for
p, L1 2::. Theniff 2 E (resp Do), Bpf 2 E (resp Do) and
p! B pis meromorphic with values in (E ;E )(resp L (Do; Do)).
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Theorem.Forany p, 1; 2;:::we have
B pD?f = D?B ,f; f 2E :
. . . 1
By Proposition 1, 81, the given equation holds for Rep > and
hence forallp, 1; 2;:::by analytic continuation.

Theorem.For any complex p 1, 2;:::the operators BandB
are isomorphisms d& (respD,) onto itself which are inverses of each
other.

= . . 1 1
We have seen thddB,B , = I(identity) for - < Rep< . Also

2 2
. L= 1 1
for pin the same regioDB, = By so thatB,B , = | for - < Rep< >
and the same holds for afi , 1, 2; 3, by analytic continuation.

Similarly B By =1 forp, 1, 2;::.






Chapter 4

Transmutation In the
Irregular Case

!
+ M(X)D + N(X)

2p+3
Case of the general operator D? + px

1

Let M andN be two inde nitely di erentiable functionsM odd (i.e., 51
M@V(0) = 0 for everyn  0) andN even (i.e.N2"*1(0) = O for every
n O0ie,N2E).

We consider the two following problems.

Problem 1.To nd u(x;y), inde nitely di erentiable even ix andy
which is a solution of

@u 2p+1
@@’ Tx_

@ @u
+M(X) —+NXu — =0 1
() & () @ 1)
with
u0;y) = g(y)ig2E 2
Problem 2.To nd v(x;y) inde nitely di erentiable, even ix andy,
solution of the same equation (1) with

41
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v(x;0)=f(x); f 2E 3)
We intend to prove the following

Theorem 1. For p, 1; 2;::: each of the two problems stated above
admits a unique solution, which depends continuously om ¢)(o

52 Once we prove this theorem, we can de @gerators X and X.
De nition 1. Forg2 E,andp, 1; 2;:::
Xp[9(¥)] = u(x; 0);
whereu is the solution of the Problem 1.
Denition 2. Forf 2E,andp, 1, 2;:::
Xpl f(Y)] = V(0;y)

wherev is the solution of the second problem. Assuming Theorem 1,
de nitions (1) and (2) give immediately

Theorem 2. For p, 1, 2;:::;XpandXparein L(E ;E).
We now prove

Theorem 3. Forp, 1, 2;:::; wehave

D?Xp=Xp p (4)
XpD? = pXp (5)
op+1
where o= D2+ pTD + M(X)D + N(X) 6)

Applying the operator@Q; to the two sides of
Gv, 2p+1
@? X

!
+ M(X) g+ N(X)v @= 0

@2
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and setting% =V, we have
V
( p)xV @ =0

@72
and (x;0) = %(x; 0) = ( p)x(\(x0)) = p[f(X)]; and by the de ni-

tion of X,; V(0;y) = Xp  p[ F(X)].

But we have alse@—\zl(o; y) = Df,[xpf(y)]. Thus (4) is proved. Sim-
ilarly (5) can be proved. But (5) follows from (4) and the

Theorem 4. For p , 1, 2;:::;the operators ¥, X, are isomor-
phisms o onto itself and XX, = XpXp = the identity.

Letg 2 E andu be the solution of Problem 1. Thax{x;0) =
Xpla(¥)]- In order to nd X Xp[g(X)] it is su cient to determine the
solutionv(x; y) of

@ + (
@Z
with v(x; 0) = Xp[g(X)] = u(x; 0).

Then, in view of Theorem 1y(x;y) = v(x;y). HenceX Xp[g(y)] =
u(0;y) = g(y) similarly XyX, = the identity. 54
The Theorem 1. We now proceed to solve Problem 1. Ldjx
[u(x;y)] = w(x;y) where Bp)x denotes the operatds, relative to the
variablex. Applying (Bp)x to the two sides of equation (1), i. e., of

(Lo)lu(y)] + M(x)g inpgu oo

@

+ M(X))%( + N(X)v @ =0

@2

2p+1

and usingdD?By, = ByLp, we obtain

@w @w
@ &
and we have alsw(0;y) = g(y) = u(0;y) sinceB,f(0) = f(0).
We intend to put this equation which is equivalent to equefid in
a proper form, We rst prove

+ (Bp)x[lvl(x)g +NOJU = 0
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.y RX

Proposition 1. BpAB pf(x) = A(X) f(x) + x " Tp[Al(X y) f(y)dy where

A(x) and f(x) 2 E and T, is a map de ned inE with values in the

space of even inde nitely derentiable functions of the variables x and

y.

1
For 1< Rep< >

Z X
Bpf()=by (& ) P 2y f(y)dy
P
where bp = 1 ,Bpf(0)=0;DBp = Bp
(p+1) ( p+3)
and for Rep> };
7 2

X

Bpg(x) = px 2P 0(x2 )P 2 f(y)dy
__2(+1

where P= D

T
+ =

. (p 21)

Hence for o Rep< 5 we compute

Z X
BoAB o f()=by , (@ 2) P 127AQR)
o n Z , #
z2% (2 V)P if(y)dy dz
zZ z 3
= 6p p f(y) & A°F %(22 y2)P %A(z)zdzdy
0 y

SettingZ2 = X?sin?  + y?cog , we get
Z
BpAB pf(x) =bp p  p(6))f(y)dy
z )

where  p(xy) = “Si?? cos?® A x2si? +y2cof d
(0]




. 1
which converges for 5 < Rep< 3. It follows that

z

DBpAB pf(X) = bp p p(}X)f(X) +bp p
0

X

p(xy) f(y)dy

Dl

But we have 56
!

W60 =AKZ (P+3) P+

so that bp p p(XX) = AX):

R
HenceBpAB pf(X) = AX)f(X) + OX @@ o(x y) f(y)dy where

2 .
(p+3) (p+d)

p=

R5 A9
Now—@ p(Xy) = 02 SirtP*2  cos 2P gxd so that if we give

@

De nition 3. Forf 2 E
Z 2
Tolfl(xy)= p  siP™? cos?? f1(2)d
0

%z _h, ) i —
where f1(2) = — iz X sif +y?cog ?; , = by p, then we
can write
Z X
BpAB f(x) = AQ)f(x) +x  Tp[AI(X ) f(y)dy (7)
(o]
(7) is valid forjRepj < % andf 2 E.
1 3 .
Remark. We have , = 0 for p = 5; E;:::SO thatT 1= 0. Again 57

for p = %;Bp = B = the identity. Hence (7) is valid fop =
%. Now w(x;y) = (Bp)xu(x;y) so thatu(x;y) = (B p)xw(x;y) and
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(Bp)XM(x)@ = (Bp)xM(X)Dx(B )xw(X;y). We shall denote by(x), the

functionw(x; y) considered as a function &flet (B p)xw(x;y) =B p =
. ThenB, = ; BMDB, = ByMD = By(D(M ))By(M® ) =

Bo[D(XM )] Bp(M® ) whereM (x) = @ 2 E andBp[MD | =
Bo[xXDM ]+ By[(M M9 ]. Butfor 1< Rep< %
Z 1
Bp[XDF] = bpx  t2P*2(1  t?) P 32F%tx)dt = xD(B[F])
(0]

HenceB,(MD ) = xDByM + By[(M M) ]

Now by (7),
( Z, )
Bp[MD ]=xD M +x  Tp[M](xy) (y)dy
(o] Z «
+(M MY +x  TM  MI(xy) (Y)dy:
Z o

X

= XTpM106%) (9+x  SpIMI(xy) (Ndy+ M) Ux)

58  whereSp[M](xy) = Tp[2M  M](xy) + x@@Tp[M 1(x;y)

As
0, 2L

M () Esin2p+2 cos?? d
X o |

_ . L
= p 2|

Tp[M 1(x;x) = p

M (¥,
v E

BpMDB p[ ] = M(x) (¥ + p+% MU M (] (¥
Z X
+x  Sp[MI(xy) (v)dy

(o]

RX
Also Bp[N(X) 1=BpNB p, =N(X) (¥)+x  Tp[N](xy) (y)dy
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Hence the dierential equation imv has the form
!
& Hnw2 5 ° 2N M (w
Xn (o}
+ N(X)w + X Sp[M](x; )+ Tp[N](x; ) w(;y)d =0

o}
| |

Let Qu() = NI+ 3 M) X 2 andRy(x ) =
SpIM](x; ) + Tp[N](x; ). We see that Problem 1 is equivalent to the

determination of the inde nitely dierentiable solution even irandy
the integro di erentiable equation

Z X
& %VZVM( 9g QWX R D yd =0
with the conditionw(0;y) = g(y).

It is easy and classical to transform this problem to a purdggral 59
eqguation of Valterra type and the solution is obtained byntie¢hod of
successive approximation. It can be veri ed that all theditions of
w are veried . A process completely analogous gives the gmiubf
Problem 2.

3 Continuation of T,

For f 2 E xed we de ne by induction the functiongn(x;y; ) as fol-
lows

£9 q
(XY, )= q(2 = ()wherez— x2si® +y2cog

h i
sit? cos qu(xy; )= @@ sitP* go(xy; )
In general

S #12 cos gn(xy; ) = g Sirt? 27 gn 4(xy; )
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e, q(xy; )=@p+ Dh@+ (¢ Y)sin® f(2
X2
where fa(2) = - 2E:

In fact we can prove immediately by induction oithe following

coe cients which are polynomials inx? and sin® where £(2) =
%fn (2 2E.

Corollary. The functions gx;y; ) are inde nitely di erentiable in xy,
and even in xand y faix;y) 2 R?and 2 [0; E]'

De nition.

(1, Z
2p D@Ep 3) (@p 2n+1) o
cos 2P*2N P 22 g (x:y: )d

TV y) =

2n+1

. 2n 3
The integral converges fo—— < Rep < and Tg’) 2

L (E;E) whereE is the space of inde nitely dierentiable functions
of two variablesx; y which are also even irandy with the usual topol-
ogy of uniform convergence on every compact subs&laif functions
together with their derivatives. It can be veried that! T is an
analytic function forp in the strip in view of the fact that

p! 0

. ire f ion.
(2p 1) (2p N+ 1) IS an entire function

. 2n
Lemma 2. In each strip
M- 70 1
T =Tp

2n 1
< Rep < — . we have

( l)n 1 p
(2p Zl)(2p 3X2p 2n+3)

2
cos 2pt2n 2 Sian 2nt4 On l(X; Y, )d
0

5 PIflxy) =



3. Continuation off , 49

61 The integral can be written as

zZ
2 cos 2p+2n 2 sin Sir]2p 2n+3 On 1(X;y; )d
° Z
= ! 2 coprn 1 @M iop o \0
T (2p 2n+1) 4 cos sin On 1(xy; ) d
, , . . 3
(integrating by parts, the integrated part being zerogﬂai— < Rep<
2n 1

). The lemma is now evident by the recurrence formulagior
Thus we have

i . 3 1 :
Proposition. The function pl T, de ned for > < Rep< > admits

. . L 3 . .
an analytic continuation in the half plane Rep - with values in

L (" ;E). The explicit de nition of T, is given by the formula for g‘)
for suitable n.

: . . . 3. .
Analytic continuation ofT, in the half plane Reg > is obtained
by exactly similar process. We introduce functions

ho(xy: ) = fi(2:z= (@i +y?cod )3,

2 sin hy(xy; )= g cos® 1 hy(xy; )

cos 2P
and by induction,
cos  * sin hn(xy; ) = g cos X hy 4(xy; )

It is easy to see by induction amthat h,(X;y; ) is a linear com- 62

x%;y%;cog  so that the functiond,(x;y; ) are inde nitely di eren-
tiable inx;y; and are even ix andy. If we set

(D"
2p+3)2p+5 (@p+2n+1)

(MTpf(xy) =
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Z32
SIn?P*2™2 cos 2P 2 hy(xy; )d

0

3 1
forn 1, then®T, 2 L (" ;E) for n 5 <Rep< n+ 3 and
p! ™ T, is analytic in this strip with values ib (" ;E) and that for

1 1 ,
n S <Rep< n+ E;(” DT, =M T,,. Finally we have the

. _ 3 1
Theorem. The function p! T, initially de ned for ~ < Rep< >
admits an analytic continuation into an entire function witalues in

L (" ;E) and we have the explicit formula for this continuation.
In particular, we have, by analytic continuatior[ f](x; x) = (p +

%) f1(X) for any p.

Corollary. Forp, 1; 2;:::;the formula
Z X
BpAB pf(x) = AT +x  TH[AI(xY)f(y)dy

[0}
is valid.
The rst memberBpAB f(X) is de ned and is analytic except for
p= 1, 2;::. The second member is an entire functionppind the

.1
two members are equal fiRep < > so that the corollary follows.

Remark. If A(X) is a constant, we have,[A](x;y) = 0 and the formula
of the corollary is equivalent tB,B , = the identity.
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Chapter 1

Expansion of a
Mean-periodic Function In
Series

Introduction.

There is no connection between Part | and Part Il of this tecte4
course. But both these parts are essential for the twogatieorem
which will be proved in the last part.

The theory of Mean periodic functions was founded in 193%(re
to “Functions Moyenne-periodiques” by J. Delsarte in Jaude Math-
ematique pures et appliques, Vol. 14, 1935). A mean perigliction
was then de ned as the solutidnof the integral equation

Zy
K()f(x+ )d =0 1)
a

whereK is “ density " given by a continuous functiok(x), given on
a bounded intervalg b]. It was obvious that the study of an ordinary
di erential equation with constant coeients or of periodic functions
with periodb awas a problem exactly of the same type as the study of
equation (1). It was proved in the paper mentioned aboveifthéaisat-
is ed certain conditions and if were a solution of (1) i.ef were mean
periodic with respect t& then f is developable in a series of exponen-
tial functions which converges towardsuniformly on each interval on 65

53
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54 1. Expansion of a Mean-periodic Function in Series

which f is continuous. Equation (1) in modern notation is essdwntial
convolution equation

if we replacef by f(f(x) = f( X)).

L.Schwartz in 1947 applied the theory of distributions te the-
ory of Mean periodic functions. He calls a mean periodic fiomca
continuous functiorf which is a solution of

f=0

where is measure with compact support. More generally a contisuou
function f is mean periodic with respect to the distributidrwith com-
pact support iff  f = 0. He has also given a new de nition of mean
periodic function which is important from the topologicalipt of view
and the theory developed in his paper (Annals of Mathemati@47)
is complete in the case of one variable. J.P. Kahane has gigpacial
and delicate development of the theory which gives conoedietween
Mean periodicity and almost periodicity. The extensionhe tase of
several variables is certainly dcult and the rst known result ilR" is
due to B. Malgrange.

Forx 2 Rl; 2 C we have,

T (€¥=e *M()

whereM( ) = hT;e i is the Fourier - Laplace transform of the distri-
butionT. WhenT is a densityK or a measure,,

Zy Zy

M()= K()e d or M( )= e d()
a a

respectively and for periodic function of peri@ we haveM( ) =
e¢® 1. Inthe case of the derential operator with constant coe
cients,M( ) is the characteristic polynomial of the operator. In atigt
casesM( ) is an entire function of , of exponential type and behaves
like a polynomial if Re is bounded and the (simple) zeros of this func-
tion give the exponential functions (or the exponentialypomials in
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the case of multiple zeros) which are mean periodic witheesfo the
distributionT. It is clear that any linear combination of mean periodic
exponentials is also mean periodic and the rst problem get@rmine,
for any mean - periodic functiofy, the coe cients of the mean periodic
exponentials in the expansion of the function.

1 Determination of the coe cients in the formal se-
ries

Let T be a distribution with compact support amdi( ) its Fourier-
Laplace transform. The set of zerosMf{ ) will be called thespectrum
of M( ) and will be denoted by ().

For the sake of simplicity we suppose that these zeros anglesins7
Let F be a function su ciently regular for the validity of the scalar
product Z,

H; e ™ JF()d
(0]

If T is a measure with compact suppdttneed be only an integrable
function and ifT is a distribution with compact support and oraer~
can be anyrq 1) times continuously dierentiable function.

Let F(x) = e *where 2Cis xed

Z

X eX eX
e e d =

Z X o
sothat H; e®Je di=

(o]

MO MO- () ()

is an integral function of exponential type and for 2 ( ),

()=01if
=My ) if =:
Lett()=ﬁ ()sothatt ()= zéi‘i}:’

Thent () is an entire function of exponential type and therefore by
the theorem of Paley-Wiener, there exists a distributiomith compact 68
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support whose Fourier-Laplace transform is

t()ie.hr;eXi=t ().

Thus we see that the system of distributidfisg ¢ y and the func-
tions fe *g o y form a biorthogonal system relative to the distribution
T.

If

X
F(x) = c e *thenc =HT ;Fi
2()
1 )
= hr;, e JF()di:
MA) " o

For anyF which satis es suitable regularity conditions (statednat t

beginning) we consider the formal expansion

X
F(X) ce”
2(
1 2. x )
where c = ——Hr; e X JE())d i
M), )

and we have immediately two problems.

Problem 1.1f F is mean periodic relatively to a distributioh i.e. if
T F P 0 and if we compute the coecients € ) and construct the

series ceX
2()

Then what is the signi cance of this series? If the seriesveages
(in some sense) what is the connection between the sum okthes s
and the given functior=? In particular does there exist a one-to-one
correspondence between the mean periodic fundti@md the system
of coe cients € ) » ?

Problem 2.If F is given one the smallest closed interval which contains
the support off it is possible to compute the by the formula. In this
case is it possible to exteridinto a mean periodic function dR®?
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2 Examples

Example 1.We consider a periodic functioR(x) with [0; 1] as the in-
terval of periodicity. Inthiscasé = 1 ¢( abeing the Direct measure
ata)andT F =F(Xx+1) F(X =0andM( )=e 1 sothatthe
spectrum () is given by= 2k i;k an integer,MY ) = e ;MY ) =1
forevery 2 ( ). We have
Z X
c =H ;Fi=Hr; e® JF()d
° z 1 Z 1
= e®IF()d = e F()d:
[} o
This is the classical formula for the coeients of the Fourier series
for F(x) on the interval [01] and the answers to Problem 1 and Problem
2 are classical.

Example 2.Let T be a distribution irR! with compact support which
has the property

4
T F=FXx+1) kF(X lK( )F(x+ )d (2
0

wherek is a constant 0 andK(X) is continuously dierentiable and 70
T Fisafunction de ned by

T F(X)=Hhr ;F(x+ )i =T :F(x+ ):

We shall study in this case the spectrum and the formal dpredot
in series of exponentials for a functidghmean periodic with respect to
T.

a) LetK be continuous in [AL].

The de nition T e X = €" XM( ) gives

Z,
M()=e Kk K()e d 3
ZO
1
or e M() 1= ke K()e( Yd

(o]
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andif = o+i 1,
Z
e M() 1 ke °+ K()e°l d
o
The second member of this inequallty 0 when ¢! +1 so that
the real parts of the zeros M( ) are qgunded above.

71 Similarly from M( )+k e°+ 01 K()e®d , we see that the
real parts of the zeros are bounded below. Thus the speciegnnla
vertical band of complex numbers with real parts bounded.

b) LetK be once continuously derentiable in [01]. Integrating
by parts the integral in (3),

M+EZIKO()ed:e K Ml()

(o]

M()=e k

where M4( ) is an entire function of exponential type which remains
bounded when the real parg of remains bounded. The zerosMf{ )
are therefore asymptotic with the zerosof ki.e. with +2 ih, where

is a determination of log andh=0; 1; 2;::. Let pbe the zero of

: B 1
M( )near +2 ih. Thenthe convergence of the series ————
=1 ] +2 ihj?

implies the convergence o? J%
h=1 | h
c) LetF be C;2)in [0;1] andK be (C;1). We consider the ex-
pansion ofF(X) in terms of the exponentiale " _q ;. 5..( h 2 ( )),
mean periodic with respect .

X1
F(X) Ane ™ (4)
h
L P * )
where Ap =————NT; e "% JE()d 5
MO 1) . () (5)
Rl
72 We have MY)=e _K()ed
sinceM( ) =0,
z 1

eh=k+ K()e"d (6)

(o]
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Z
and MY ) = k+ l(1 )K()e"d

o

Integrating by parts integral and observing tK&¢ ) is bounded in
[0; 1] since it is continuous, it is clear thd?( 1) = k + M where

h
Ma( n) is bounded wheRe 1, is bounded. Also fromd), we know that
ifjhj'1 ;j pj!'l withjRe njbounded. Hence

Bh 1 -
=——— —B, as jhj!'1l 7
An MY ) KO ZJ j )
X
where Bn = HT;Gh(X)i;Gh(X) = e JF()d
(0] Z 1
hT;Gn(X)i = T Gn(0) = Gn(1) KGx(0) K( )Gn( )d
Z, z,z °
Bi= e JF()d K()e" JF()dd
(0] (0] (o]
Now
z 1 z 1
er@ IE(yg = FDLEFO 17w Ey g
0 h h h o
1 1 0
= = F@1) e"F(0) = FY1) e"FY0)
h h
141
+= e IR )d
and K()e" JF()d d
z, °° Z,
-1 K( )F( )d FO T K( )d
h 1OZ 1Z h o]
— e JK()FY)d d
z,°° Z,

ih K()F( )d iho) e" K()d

o (o]
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Z Z
v KOFY ) FO(ZO) "o K()d
1“ z,z h °
= e JK()FU )d d
h o o
74  whence
1( Z, yl
Bh=— F@Q)+e"FO)+ K()F()d F@O) e"K()d
h o
( z1
— Fo1)+e"FY0)+ er® IFO )d
h
Z 1 OZ 1
+  KOFY) FY) erK()d
o] 7 1Z o] )
et JK(HFY )d d

substituting fore " from (@ the rst brackﬁ above becomes

F(L)  kF(0)+ F(0) JK()erd + K()F()d

F(0) Ole nK()d = (T F)0)=0 singF is assumed to be
2

o 1 :
mean periodic with respect fb. HenceBy, = o éprowded Foand

h
F%are bounded in [A]. AsjRe nj remains bounded whehj ! 1
o . . . 1
from (7) it is immediate that the series (4) is comparabldwit —
h=1
and therefore converges uniformly and absolutely on eantpect sub-
set of R! to a continuous functiofry(X)H(X) = F(x) F1(X) is mean
periodic with respect td and the coe cientsc ,( h 2 ) inthe expan-
sion for H(x) in mean periodic exponentials are all zero. Hekce 0

by the uniqueness of development. (Problem 1).



Chapter 2

Mean Periodic Function In
R2

We shall study function of two variables mean periodic widspect 75
to two distributions, and discuss problems 1 and 2 statechiap@r 1
(page 56). The general case being dult we shall give solutions of the
problems in some special cases when the distributions gpartitular
type with the spectrum satisfying certain conditions.

De nition. A continuous functiorF on R? is said to be mean periodic
with respect taT1; T 2 "Y(R?) if it veri es simultaneously the convolu-
tion equations

T, F=0,T, F=0
The Fourier- Laplace transforms
Mi( ) = hTj; e i
wherex = (x;; X)) R%, = ( 1; 2)2C%< ; Xx>= 1X1+ 2% 0f Ti(i =
1;2) are entire functions of1; » of exponential type. Thespectrum
( )isde ned byM;( ) = 0;i = 1;2;. In all that follows we shall restrict
ourselves to the case when i))(is countable and (ii) () is simple i.e.

2 ( ) is asimple zero oM4( ) andM;( ) and the Jacobian 76
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L an
@1 @2
D()= does not vanish at any2 ( ): We de ne
ar; @
@1 @2
L) = 1 J(M; M)
D)1 (2 2 3G )
where
IM; M) _ Mi( 15 2) Ma( 15 2) Mi( 15 2) Ma( 1; 2)

J .
Go) Mo( 15 2) Mao( 15 2) Mo 1; 2) Mao( 15 2)
is the determinant of Jacobi. It is clear that

t()=0 for ; 2();
=1 for ; 2() =

For »( ),t () is an entire function of of exponential type and by
Paley-Wiener theoren, ( ) is the Fourier Laplace transform of a distri-
Rution, T 2 EXR?). fT gz() together with the exponentials
e X 20) mean periodic with respect tb;; T> form a biorthogonal
system, I. e.

HT ;e i =0for; 2(); ,

HT ;e *i=1 for 2()

77 If Fis mean periodic with respect I ; T, and if we suppose the exis-

tence of an expansion &f in a series of mean periodic exponentials

(1)

X .
F(X) c e* (2)
2()
we have formally
c =Hhr ;Fi 3)
1 J(M; M)
Lets = — so that
O= 50736

s()=(1 (2 2t()
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For xedin( ), s () is an entire function of of exponential type.
Let S be the distribution inEYR?) whose Fourier-Laplace image is

s (). Denotingg by Di(i = i; 2), we have
|
D1+ 1)(D2+ 2)T ;e%i =(DiD2+ 1D2+ D1+ 1 2)T ;e
=Hr ;(D1D2 1Dz 2D1+ 1 e’

(by the de nition of the derivative of a distributiolrDPT, i = ( 1)° 78
HT; DP i, refer to “theory des distributions' by L. Schwartz)

=H (1 )2 2e%i=(1 (2 2t()

Hence
S =(D1+ 1)(D2+ )T (4)
(4) is equivalent to
e" ¥DiD, €T =S (5)
For
- R _ hosi s
ke X DD, € ¥T ; i =HT ;& ¥ DiDye" ¥ i

(by the de nition of the multiplicative product of a distiiltion by a
function and the derivative of a distribution; refer to "By des distri-
butions")

=Hr;( 12 2D1  1D2+DiDy) i
=hD1+ 1)(D2+ 2)T; >=<S; i

Let G(X) be any solution of the partial derential equation

_ h
¥ p;D, e" ?X'G(x)' = F(X) (6)
or DG=F (69
@ @

whereD =

1— »— + 1 sis adi erential operator 79
@@ @ @ P
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with constant coe cients. ForF 2 E, we can choos& 2 E. We can
actually takeG to be
Z,Zy
G(x1; %p) = e 1 D* 200 2Ap( - ) qd (7)
ar ag
whereay; ap are arbitrary.
Thus we obtain from

. h
HT ;Fi = Hr ;X DlrI]DZ e NG(x) i
. o
=e" ¥D;D, NT :Gi =18 ;Gi;

the formula
Z

X1 X2
c =<S: e 10 )+ 20k 2)|:( 1, 2)d 1d 5> (8)

ar ag
which is a natural generalization of the formula know in tase ofR”.

Remark. The distributionsS are completely explicit. We have

1
S()= li( 1, 2Ma( 15 2) Mo 1; 2)M1( 1 2)
1 P P ) .
andS = T1 > To 1 whereT; andT, are the given dis-

D(
tributions andb)Z for instance is a distribution in the variabke deter-
mined by its Fourier-Laplace imadés( 1; »2).

Theorem. The mean periodic exponentiaks™ >, form a free sys-
tem of functions irfe.

In fact they form a biorthogonal system with the distriboso
fT gy in E®and it js clegr from (1) that ne" * is in the closed

subspace generated B ' > ().

Remark. It is possible to choose the solutidn(f) = G of (6) such that

for F 2 E, the function ! | (F) from C?to E is an entire function.
In factit su ces to takés as in (7). In this case
X .
c N =I5l (F)

D( )
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I 'S is an entire function of with values inE%and ! | (F)is an
entire function of with values inE. Hence
o Xi . H
F (x ):eh s ;1 (F)i
Ma( )M2( )

is a meromorphic function of in which the “local residues' in the sense
of Poincare are precisely e%9:*.

The Problem is now as follows.

If Fis giveninE mgan periodic with respect T, andT, then isF
then sum of the seriesz( )e e

If for x xed, the integrals of (x; ) over a system of varieties {&?
tending to in nity have for limitF(x) and if the global Cauchy theorem
were true inC?, then the answer to this guestion would be irrmative.
In this manner, the problem is equivalent to the global Cgubborem
in C2 and the answer is completely unknown.






Chapter 3
The Heuristic Method

1

We consider the problem of continuation of a function givarasubset 82
of Rt into a function de ned on the whole of the real line, mean peid
with respect to a distribution with compact support (PrabR page 56)

T 2 EQRY) has its support contained in a nite closed interval say [0,
1]. Then the distribution§T g for of T have their supports contained
in [0, 1]. LetF be a function given in [(l] so that the computation of
the coe cientsc = HI ;Fi is possible. The heuristic point of view
is the following. We suppose that problem 2 is completelyweolfor
the distributionT and for the functior i.e. any functionF given on
the minimal set [01] admits of an extensiok in the whole ofR! as a
function mean periodic with respecto F is not necessarily in nitely

di erentiable, even iF may be in [Q1] but it is probably su ciently
r%gular piecewise. We havé F = 0 and in a certain sendé =

c e *. In particular, forx 2 (0; 1) we have
2()
. X
F(x) = F(X) = c e 1)
2()

Now we suppose the possibility of the change of the distiobut, 83
with its compact support keeping in a xed interval, J and we shall
obtain several representationsFoin series of mean periodic exponen-
tials (relative to several distributions). For instance suppose that

67
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depends on a parametewhich tends to zero, but that the supporflof
is contained in [Q1]. In such a situation, the spectrum)(and therefore
each term in the right hand member of (1) depends whereas the left

hand member is xed whatevér Thus we have

X
d c e*#=0x2(0;1)
2()

where the dierentiald is related to the variation of the distributidn

Formal computation gives
X X
dic ]Je *+ xe*cd =0
2() 2()

But applying our heuristic concept to the distributibrand the function

xe X we obtain

X
xe X = k e forx2(0;1);
2()
which gives
X ( X )cx
dc + ck d =0
2() 2()
so that X
dc + c k d =0
2()
But

¢ =HT :Fi where
M( )

S I O)
As supporfT  [0;1];c =HhT ;Ri

so that
dc =HT ;Fi



sinceF is independent df and (2) becomes
X
T + k Td;Fi=0 (3)
2()

3) holdlg for any arbitrarily choseR on [0; 1] and for the distribution

dT + k T d with support contained in [d] whenever the
2() n

scalar product is meaningfulvhenevei ios su ciently regularin [01]

in order theg the scalar product be de nedHence 85

dT + k T d =0(inthe sense of distributions)
2()
Taking Fourier-Laplace image,
X
dT ( )+ k T()d =0
2()

Now 1 z,
— . x ) ;
k——Mo()hT,Oe e di
But
Z Zx
Ny o e o &)
e . € d ( ) e 0( )d
:xex eX eX
(¢ )
_ 1 1 cuax M) M()
and k _MO()(( )hT,xel —() 2
_ 1 T MY) M) M()
MY ) ( )?
Hence 86
_ 1 MY
k _——MO();{ ,
_1MY)
and k _EMO()
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We have also

_ g MO)
dM( )] dT(z_)d( MOu0
_dM M M 0
T T )t T et !
and
dIMY )] = MY )] = + MR )d
This gives
1IM9)  M() X M( ) _
WO v T om0 T, T 0 om0 7P
or
dMO)] MOEMYOD
COMT) (. JIMTOP )
LU M) MM )
vy M) T MO
1MY)  M() M() _
TrawO om0 T, T 0 om” P
After simpli cation we nally obtain the formula
aM()] @Mp- L' 1 1R
MO M) 2 MY )
d + ———d =0:::::: (F)
)

2

The formula F ) is obtained by a purely heuristic process and the fol-

lowing example will serve as a partial veri cation of the cputation.
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Suppose thaM( ) is a polynomial. (In this cas€ is a di erential
operator with constant coecients)

M():Sl( i). Let ;, ijfi, i

aMm() X 1

- ——d

M( ) i1 j
MX)= (D 2::(9 i )

and
X
@MY ==, = ( pm(d prd i
!i;k «
( ndxk (i D9 e Wd
=i
But 88
MY D=MY)=(i o d (i n)
@vay- _ X 1 oM 1 i
MY ) ki 1k “ L I

MO(()z(X D i d o kg
sothat MU )=2 (i (@ Did Wi )

K i
0 X

and M(():Z ! :
M) ik

Thus we can write
dame) . X 1

MO
@vO)- _ % 1 1MR),
MY ) 2 MY )
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and 89
dM( )] @MY ) - 1 MOQ )d
M() xMO( ) XZ MY )
- 0 L gsT Ly Ly
= 4 oy
X
= Ld d

This is exactly the formulaH ).

Remark. It is important to note that in this case, the support @ only
fOg

3 The general formula in R? by the heuristic process

Let T1; T 2 EAR?) with their spectrum () simple. Suppose thét is
a function given on a subs&tof R?, which depends on the supports of
T1 andT; so that the computation of =< T ;F >, 2( )is possible
(page 64). We can write formally
X
F c e
2()

suppose that the distributions vary in certain family whigpends on a
parameter their supports xed. Thelf = 0 gives

X X xR .
dc e * + c xdie*=0 =(1; 2
2() 2()i=1
But X
x e X = k e * onE;

2()



and so

X X

dc + k dic =0
2()i=1

The coe cientsc are given by = hT i and

X X

dT + k , Td;=0
2()i=1

Taking Fourier-Laplace transform,

X X
dit () + k  t()i=0
2()i=1
- " #
_ h i
Now k i=h><ie<”";Ti=@@<T;e<?X> _ = —@t() and
i - i -
the general formula is
X X @
dit ( )]+ t()=t() di=0 ©)
2()i=1 !
n o
where t () 2 )8is a biorthogonalising system of functions on th&

spectrumt () = 5(1) i

4

We now again consider the formulg ( and give another interpretation
of the formula by making precise the variationTof Let U"EYR!) be a
distribution with support contained in;[@] and" a parameter in nitely
small. The distributioir "U has Fourier-Laplace transforivi( )

"A( ) whereA( ) is the Fourier-Laplace transform &f and support
(T "U) [0;1]. If f gis the spectrum of ;f +d gis the spectrum
of T "U.M( +d ) "A( +d )=0give

M( )+d MY )+ 2f A()+d A )+ g=0
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usingM( ) = 0 and neglecting terms of higher order, we have

MY )d 2 A()=0so thad :%())
substituting inF ) ford ,
|
AO_ A % 1 1A
MCO) € OMA) L, M)
amHag | 1lamyy -
2 M2 to2 MY
92 ButMY )+ dM% )= M°% "AY )andd[MY )] = "AY ) so that
nally
X !
AO A, 1.1 A
MO T C M), M)
C1MROA) , AY)
2wy Y
|
. P 17 A>) _ .
Remark. The serles"( ) + MY ) =0for = ,andit
is easy to prove that '
" #
A() A() _AY) 1 MOOA()

lim

OM() (MY ) MY ) 2 [MY( )2

We have in fact, in the neighbourhood of

AC)=AC)+( IAY )+

MO)=( M)+ 50 PMQ )+
A L1 _AOH(C M)+
MO T T M) T I M)+




4. 75
(

WO Ty T T RO R0 )
)
1 M%) A()
= A A S )
MY ) 2 )
M), AO
( M) )MO( )
S MO 1AoMR)
M) 2 [MY( )2
_AY) 1AOMR) oo
v 2 o )
which gives the required result. 93
Remark 2. The formula F ) is exactly a formula of Mittag-Le er; the
principal part of% in the neighbourhood of the simple poleis
%; the term% is a corrective term which gives the

P P, 1
convergence of the series, by reason of the convergence ij7

(which itself is a consequence of the fact tha€ ) is of exponential

type) only if A( ) is bounded on (). We can also write

MOAO X 1, 1 M()

C oML, T T M)

Al)= A()

and we consider this formula as an interpolation formula&or), with 94
the interpolation function

M()
( IMY)

Now we see that the computation of 81 is in a certain sense the
converse of the theorem of the Mean periodic functions, vinean

t()=
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periodic function admits of an expansion in mean periodipogen-
tials (the spectrum being simple otherwise mean periodimeantial-
monomials) (Problem 1). Mittag-Leer's theorem is used in the proof
of this theorem. Conversely problem (2) if solved gives thitdd-
Le er'stheorem.

5

We shall now consider the formul&}, in the case oR? andC?. For
convenience we shall rst x the following notation.
Let S denote the function fron? into C? given by (1; »)
(S1( 1; 2):S2( 1; 2)). Sis an entire analytic function o062 into

itself sinceS; andS, are so. For; ; " C?let] 1=(1 (2 2
and
[ I=C12 (2 2
Let
@12 @& o
@1 @n
and JSA) _ Si(1; 20 Al 15 2)

I ) So( 12 A1)

whereS andA are two entire functions @2 into itself and; are two
points ofC2. If S = Athen

JSA _ Si(15 2) Sl 1 2)
J; ) So( 1 2) So 1 2)

The point is a zero of the functior® if and only if Si( 1; »2) =
0=Sy( 1; 2)ie.,if" () and

. 1 JS;S)
= — 7
PO=Im 30
The set () is countable and the zerds( ) are simple (i.eD( ),

Ofor " ().
We shall now compute
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a) di(i=12),

b)

c)

—@?(t()):,

d[t ( )] which occur in G).

a) Let" be a small parameter which has 0 for limit. We substitute for

b)

the functionS, a neighbouring functio® "A whereA = (A1; A2)
is another entire analytic function @R into itself and we compute
the variations of the spectrum .

Si( 1+d 15 2+4d 2) 2 Ag( 1+d q; 2+4d 2)=0
So(1+d q; 24d 2) 2 Ay 1+d q; 2+4d 2)=0

But () is a simple zero of the functionS. Hence neglecting the
terms of the second order Tnwe have,

@1 @2

—d 1+ — =2 Aq( 1
2.0 ' @, 1( 1, 2)
@ @
—d 1+ ——=d 2=2Ax( 1;
2." 1T @, o( 15 2)
and by the Cramer's rule,
C2IA8) . 2 IEA
FTDO) 3G )T 7T DO) G )
As is a zero of the the functio8, it is obvious that, for , ,the 97

@

terms of @t () which are di erent from zero arise from the

di erentiation ofS; andS, and we have immediately,

@, . 1 I&s
o' _Toor 1G)

substituting ford , we obtain

=12
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" DODO ]

I&siAng L 8538
;) 3G ) 3G ) 3G )
The curly bracket equals

#
@@151( 1 2)S2( 15 2) @@152( 1 2)S1( 15 2)

e Z)@%SZ( 52 Ao a 2)@@231( 5 2)

#

#
+ @@231( 1; 2)S2( 1; 2) @@232( 1; 2)S1( 15 2)
—@31( 1 2)MA( 1; 2) @@Sz( 1, 2)A1( 1; 2)
1 1

= @@151( 1 2)@@252( 1, 2A1( 15 2)S2( 15 2)

@@151( 1 2)@@252( 1, 22 15 2)S1( 15 2)

+ @@281( 1 2)@@232( 1; 2)MA2( 1; 2)Si( 1 2)

@@251( 1 2)@@251( 1, 2MA1( 15 2)S2( 15 2)
o)
98 Finally,
x2
@
t() —=t()d;
- @
_ 1 JSS) 2 o )2A)
D()I 13(C; ) D)D) ] J(; )
2 1 J(S:S) J(A:S)

“DODO ] IG)IG )
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0
_ 1 J(S;S)
tO= 50y ORI )
PP SR C 1O 1 J(S:S)

DO ) 3G ) D( X ) JG)
The di erential of

is;s)  Si12) Sy 2

3G ) Sao( 15 2) Sa( 15 2)

is the sum of two determinants, one of which is obtained froedif-
ferentiation of the rst column and the second by thealientiation of
the second column. The rst determinant givesifi ( )gthe term

2 J(A;S)
DO ) JIG )

and this term is, in a certain sense, a principal term, becHus com-
posed of variationg\; andA, of S; andS, respectively, in the generic
sense, that is which depend on the two independent variables,. In
the second determinant, the second column has elements

dSi( 1; 2)]andd[Sz( 1; 2)]

which are equal to

2 Ad 1 2)+@—@zsl(; )d 1

and "Ao( 1; 2)+ @2Si(; 2)d 1respectively, in whlcrb— ( @2)
has to be substituted for ; and 5~ (J& has to be substituted for
d ,. Other terms ig[t ( )] artlst from the denominatob( )[ ]

in which again we have to substitute fdr; andd ,. For us, it is
su cient to write the principal term and to wriR for the others which
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are, in fact, of irregular formation, depend on only, niteriumber and
containA; and A, (variations ofS; andSy) in a non-generic manner.
Then the formula is reduced to

JAs) % [ 1 Xsi9IAS)

;) bOx I 136G )36 )
()

(R) (G)

in which the terms iR are i) nite in number, ii) non-generic i, iii)
101 depend only on and . Itis good to note that in dimension 1, formula
G, becomes

X
A()=

DO (o A0

2()
where the terms not written are exactly
SOAC) |, S( )AY ) 1S()HA()DY)
DO ) D() 2 D)

That is the formulaK 1) of 84 which is analogous tG;.
It is natural to say thaG, is a generalisation, i2, and for the
function S of the formula of Mittag-Le er inC™.

6

We now proceed to give an example in which the preceding teesul
which are purely formal at present, are correct.

LetT1; T2 in EO(RZ) be nite linear combinations of Dirac measures,
situated atational points

Their Fourier-Laplace transforms will be of the form

X ;

Si(1i 2= apqexp T2 ®
X ;

S 1 2= bpgexp A2 @

102 whereN is a xed integer, and wher@; q are also integers and the to



summations are nite.
When ( 1; 2) is in spectrum, the point{y; X5) with X; = expﬁl;
Xo = expﬁz, have to satisfy the two algebraic equations

X
apgXPX3 =0 3)
and bpgXPX3 =0 (4)
The two algebraic curves represented by (3) and (4) inteisex

nite number, sayM, of points. We suppose that all these points (2)
are simple andhite.

Let 1= expﬁl; 2 = exp+¢. The spectrum () is de ned by
1= 1+2hni; = ,+2kni
whereh andk are integers and the general solutions of
T, F=0=T, F

can be formally expressed as
X
Fixisx2) = exp( o+ 2x)f | ,(x15 %)

where theM functions f | ,(x1; X2) are periodic inx; and x with pe- 103

.1 : : . .
riod —. The developments of thé, ,(x1; X2) in Fourier series give

immediately the development &fin mean periodic exponentials of the
spectrum () and the computation of the coeients by the use of the
distributionsT is perfectly correct in this case.

Let the convex envelope of the support§efandT, be the rectangle

0 xx a;0 x b

and letTq; T, have Fourier-Laplace transforms

X
Si(1; 2)= Apg EXP

pa 1 + gb > (1)°
m n
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!
pa 1 + qb 2 (2)0
m n

X
So( 1, 2)=  bpgexp

respectively, wheren; n are positive integers ang} q are integers satis-
fying
O p mO g n

setting exp% = X1 ; exp% = Xp, we obtain (3) and (4).
If the coe cientsa; b are generic, the equations (3), (4) have degree
104 nin Xy, the coe cients relatively taX, being the polynomial irX; of
degreem. We eliminateX; by Sylvester's resultant

Ao A1 A, 0 O 0

0 Ao Avi A O 0

0 O A A A, =0
Bo Bi1 B O 0

0 BO Bn 1 Bn 0

0O O B Bn

tween the B equations
A" L+ ALXSN 2+ AXE =0
AXP 2+ +AX32=0

AXS+AXD T+ +A=0
BoX5" 1+ +BuX3 =0
BoXJ+ +Bn=0

105 in which theA; and theB; are polynomials irX; of degreem so that the
determinant of Sylvestor is a polynomial ¥a of degree thnand the
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numberM of common points of (3) and (4) i1 Any point ( 1; 2)
is given by ; = expa—ml; 0 = expT2 and the spectrum () consists

2hm i 2kn i
of (1; 2)where 1 = 1+ ml;2= >+ nIandF(x;y)=

exp( 1x1 + 2x2)f , ,(X1; x2) with f . ,(x1; X2) periodic inx; of
1, 2

periodE and inx; of periodE.
We know that for" (),

Z,7Z,
c =I5 e 10 I+ 2% 2)|:( 1 2)d 1d i
P Q
P P .
whereS = ﬁle » To  ,gandif
X
Hry; Fi = iF(a; bi)
X
hlo, Fi = iF(cj; d;) then
j
P P
1, o are de ned by 106
h1Fi= iie?F(a;0)
hFi= | je?%iF(c;0)
so that
X
B Fi= i je*dF@+cib) e®F(a+cjd)

i
As the points &; bj) and €;j; d;) are in the rectangle 0 x;, a; 0
Xo Db, itis clear that in the computation af ;. ,, the values of the
functionF in the rectangle

0 x4 2a;0 x b ®)
are used. This rectangle can be dividedvin- 2mnsmall rectangles

ap a(p+1) bq b(q+ 1)
— X = X2 ——
m m n n
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for p=0;1;2:::;2m 1) q=0;1,2;:::5(n 1)

setting 107
!

ap bg
X, %) =F —+ X, —+X
pa(X1; X2) X=X

p=0;1:::;2m 1
g=0;L:::;n 1;
where 0 x; E;0 Xo Eweobtain
m n
X

pa(X1; X2) = exp
(152

|
alp+b2q
n

exp( 1x1+ 2%2) f, ,(Xiix)  (6)
p=0;1:::;2m 1;9=0;1:::;(n 1)

(sincef ;. , R4+ x; Mt = f . ,(x;%)).
The numbers of equations is (6) is equal to the number of umkeo
exp( 1xt+ 2x%)f 4 ,(X1; X2)
and the solution of the linear system gives periodic fumdtim the rect-
a b
angle 0 X E; 0 x o Thus we see that
i) The continuation of in all the plane is completely known.

i) The coe cients of the mean periodic exponentials in the develop-
ment of F are determined by the process of the Jacobi determinant.

i) The expansion converges as the Fourier series of thetitum
f o, (% %)

For instance ifF(xg; X2) is given and continuous in the rectangle
(5) together with their derivatives of order 1, 2, 3, 4, wedawiform
convergence in any compact set contained in the interidreoféctangle

(5).
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The heuristic computation has given us the following imanottre-
sult:

The formula of the type of Mittag-Leer in C?, is valid if S; and
S, are two linear combinations of exponentials

X
pai  qgb>
. - +
Si( 1; 2) y apg exp( m n

pai1 qbo
S ; = b + —=
2( 15 2) pg EXP(; — - )

p=0;1;:::;m 1

q=0;13;:::;n 1

where the coe cientsapg, bpq are generic 109

7 The formula (F ) for a polynomial

We shall now give the formulg in the case of a polynomial. Itis possi-
ble to establish the formula for more than one variable beiptioof and
computation will be very long and therefore for the sake ofgicity
we consider only the case of one variable.

LetM( ) be apolynomialire . M( ) = P(X) = ag+a1 X+ +a,X"

spectrum () is in this case composed of arithmetical progressions

j(h) = j+2hiwhereei = Aj;j =12 :::;n;han integer. In the
formulaF :
" #
dM() dIMY)] - L1 1MY) q
M( ) MY ) 1 2 I\/lo(x)
d =0

. P . . . .
the summation can be divided intan summations with respect tg

corresponding to arithmetic progressions which constitute)( Let
= j, be xed. We rst consider the summation for(h) =  +



86 3. The Heuristic Method

2hi; k, jie.,
X1 1
- - 1
e O B 5 A .
110 The well known classical formula (Mittag-Laer) give
!
1 101 ™t 1 1
— = Z+Z+ -+ —
et 1 2 u u 2hi 2hi
h=1
settingu = kandu= k In this, we have
!
1 1 1 X 1 1
= Z+ + _ + _
e « 1 2 K h k 2hi 2hi
1 - 1 1 P 1 1
and ———= 3+ AN
By subtraction,
1 1 _ j
e « 1 ei 1 ( W
x ( 1 1 )
+ . .
Kk 21 j K 2h i
T !
P w2« 2h)
Hence
X
+1 - 1 -
w1 C ok 20Ch j 2hi)
n # m #
_ 1 1 1ot A Ax
( j) e x lei « i X A A A
AX  Ajl

T )X AA A

111 Butd y(h) =d isindependent dfiand the part of the summation
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P_d
C ) )

which is under consideration is

(X AAC

X AJA A
For the part of the summation corresponding to the arithoakti
progression j(h) = j+ 2hgi;h , O, it is necessary to compute

P . )
h ( i 2hi)2hi settingz = j» we have,

n #
X 1 X 1,1

L@ 2niehi) z oz 2hi 2hi
|
1 1 1
+_ I —_
Z 1 z
_ 1 Aj 1 1

= +
( ) XA A )

z
1
2z

Hence the second part of the summation in gives
Adj dj .dj
X A i 2

For anyh;dA« = e kd ¢ = Axd «. (T ) now becomes 112

dM() @MX) =, 1M )
MO MX)  2my)

da X (X AdA
XA X ANAC A)

=0 (1)

d
+ — +
2
Now M( ) = P(X)
MY ) = XPYX); MO ) = X2POYX) + XPYX):

We have

d[APYA)] = ([AIXPUX)]) x=a; + [A]PTA) + PYA)IdA;
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and also, d[A;PYA))] = dA; PYA)) + A d[PY(A))]
= dA; PYA)) + Aj(d PAX))x=n; + Aj PUA))dA;

Hence
(AXPPXOD) x=a; = AjA[PYX)]) x=A,;
also (@M)) = ; _ @XPIX)]Dx=p; _ (d PAX))x=n,
MY ) Aj PYA)) PYA))
d 1M ) 1PRA) . 1dA
an 2MY)  2PYA) YT 2A
_ 1PRA) 1
- 2PYA) aA 5 d:

From (1) we obtain,

d P(X) dPO(X)x:A,-+" 1 1A°‘(Aj)#
P(X) PYA) X A 2PYA)
+X (X Aj)dA

o X AJAC A

dA,

=0
which is the formulaf ) for the polynomialP(X).

8

We have seen that the formula} holds for the Fourier - Laplace trans-
forms of distributions which are nite linear combinatioogDirac mea-
sures placed at rational points in a rectangl&®3rsuch that the convex
envelops of the supports of these distributions (i.e. theokeational
points) is precisely the rectangle. We shall now prove tka} bolds
for Fourier - Laplace transforms of two distributiofig and T, in "(R?)
which di er slightly (in fact by a measure de ned by a density) from a
nite linear combination of Dirac measures. L& andT, be de ned

by

Ti F=aF(xy) + biF(x+ Ly) + cF(xy+ 1)+ diF(x+ Ly + 1)



Z171
+ ki(; )F(x+ ;y+ )d d
0O O
To F=aF(xy) +bF(X+ 1y)+ F(xy+ 1)+ dhF(X+ 1Ly+ 1)
Z171
+ Ko(; )F(x+ ;y+ )d d
0O O
where 114

) a;bi;ci;di (i = 1;2) are all not zero

i) k(i = 1;2) are continuous.

Let FL T; = M;(; ) be Fourier - Laplace transforms of
Ti(i = 1;2)
X
Mi(; )=au+bie +cpe +die™ +  k(; )e ™ d d
X

Ma(; )=ax+bre +coe +dhe” +  k(; )e ™ d d

Let ( ) denote the spectrum.
Properties of the spectrum( ) of T; and T».

We have
Mi(; )e d; = aze +b1ex+c1e
+  ky(; )et D" Ddd
Let 115
(G )20 ) = oti 5 = oti jMi(; )e thj jaje ° °
7171
tioge °+jcje © jla(; et Dol Vd d
O O

For (; ) 2 (), the left hand member isd; and as o, o both
tend to+1 , the right hand member tends to 0. This cannot happen as
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di, 0. Hencefor( )2( ); o; obothcannottendtel . Similarly
thepairs (o; o);( o) o)and( o, o)cannoteach tend to positive
in nity. We have only to consider for = 1, 2,

171
Mi(; )e bi=ae +de + k(; et D" d d
o o
Mi(; )e c=ae +hbe +de
7171
+ k(; e "¢ Pd d
O O
7171
Mi(; )e di=hbe +ce +de’ + k(; )e ¥ d d:
(o]

Proposition 1. If each of bd; bidy;cidr cpdp;cia; aici;biar brag
is distinct from zero, then the spectrym) of Ty; T, is contained in a

116 vertical band in € (i.e. the projection( o; o) of(; )2 ( )inthe real
plane remains bounded).

In view of the observations made in the preceding paragraph w
have only to showthaty( )2 ( ); = o+i 1, = o+i 1,0neof
o, o cannot tend to in nity while the other remains bounded. Elim
natinge from the equation

Mi(; )e d=ae +bie +ce
7171
+ ki(; Je¢ V(g d
0O O

Mo(; e db=ae +hhe +ce
7171
* ko(; Jet V¥ Dd d
0O O

we have



boMa(; e biMo(; e bydy + bydy
= (s ba)e  + (e, bicy)e
7171
+ [boki(; ) bako(; )]e Y* € g d

Hence

jooM1(; e biMa(; e bodh + bydyj
j b biagje ° °+jbc bicje °
Z171
+ jooka(; ) bika(; djeet Vel g d

o o

For(; )2 ( );Mi(; )= 0sothat passing to the limitag ! 117
+1 on( ) while ,remains bounded, we obtdind; bid, = 0 which
is supposed to be not true.
Similarly we can show that
o! +1 with 4remaining bounded implies theid, c,d; = O;
o! 1 with o remaining bounded implies theta, cya; = O;
and ;! 1 with remaining bounded implies thath, ayb; = 0.

Remark. For the hyperbolas
a + b1X +c Y+ d1XY =0 (Hl)

and
a+bX+cY+d,XY=0 (H2)

The conditiora) bod;  bid, = 0 expresses thaHg) and Hy) have
the same horizontal asymptdsecod; cido = 0 implies that H;) and
(H») have the same vertical asymptot@,c,a; cia = 0 implies that
(H1) and H,) have a common point omY; d) bra; bjay, = 0 implies
that H1) and H>) have a common point amX.

We assume that the conditioa) b); ¢); d) are not valid. Besides we
suppose that the hyperbolas,;) and H-) are not tangent to each other.
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Proposition 2. If ki(i = 1;2) are twice continuously derentiable in 118
0 x 1,0 vy 1, then the spectrung ) is asymptotic td; )
where

9
= 1+2h E
= 1+2k I;B
= ,+2h0
and 0 :
= L,+2k’i
where hk:h% k% are integers and i; ) withei = j;ei = ;(i;12)

are the distinct common points of {Hand (H)

71
My(; )= 1+ 186 + 18 + 17 +i
71 .
@ h L,
ki(; )=—
0 1(; )@@e d d
setting Hx;y) = e ** ¥ and applying Green's formula,
Y
c B
o A X
171
@ ., @
ka(; )@H(, ) H(; )@kl(: ) d d
0O O Z
_oh @ @
- QH(, )@d-'-kl(! )6‘1
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where Q denotes the perimeter of the squére x 1,0 y 1
in the sensg OABC. The integral over the vertical sides{Bwill be
denoted by, and it equals

Jk)gd = kdhi= diaH) o Hdk
z @
= H @1 d +(kiH)ay (kiH)ao

(kiH):1) + (k1H)(0,0)
Finally 119
Mi(; )=a+be +cie +die”

h
s P @net  kLoe k(0 le +ki(o;0)

Z " # 21721
et Gy Gy, e*—@dd
o @ @ @ @
0O o
and we have a similar expression fdp(; )i.e.
M (-
Mi(; )=ar+be +cie +die” +L
Ma( )

Ma(; )= ax+boe +ce +de™ +

where the functiondl1(; )andMy(; ) are entire functions of expo-
nential type which remains bounded when () lie in a vertical band

Mq(; ). . . .
of C? so thatJLJ I 0.as; !1 ina vertical band and in
particular when {( ) 2 () by proposition 1. Thus the spectrum)(is
asymptotic with the solutions of 120
1(; )=ar+be +cie +dhe” =0
2(; )=ap+he +ce +de’ =0
Settinge = Xande =Y we obtain H;) and H) and the required
result follows.
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Corollary. jD(; )j;D(; ) being the Jacobian of M; );Ma(; )
possesses a positive lower bound (o). D(; ) it asymptotic with
the Jacobian of 1(; )and »(; )whichis

(; ) e +de* e +de?

When(; )2 ( );(e;e)=(i; i)i=212/(i; ;) beingthe com-
mon points of Hy) and Hy). Then

Cé(ll;I 2) _ bie +die™ ce +die”

h@ 1; )i h i
@ ) o )T i (b1coy bocy)+(bid2 bodp) j+(dic daCy) |
fori=1;2.

But the expression in the square bracket is precisely thebikat
of (Hy) and Hy) at the common pointX; ;) which is distinct from
zero since the two hyperbolas do not touch each other. In ofethe
conditions of proposition 1 and the remarks following thegasition

i i, 0. ThusiD(; )jfor(; )2( )isasymptotic with two nonzero
values. Further by the usual hypothesis that the spectrgns (simple'
ie.D(; ), Oforany (; )2 ( )itfollows thatjD(; )jpossesses a
positive (strictly) lower bound.

Let A; and A; be Fourier- Laplace transforms of two densiti¢s

andU, with supports in the square 0x 1,0 y 1
X

U, F= Ui(; )F(x+ ;y+ )d d
X

U, F= Us(; )F(x+ ;y+ )d d

We wish to prove the following

Theorem. The formula
JAam _ X [ 1 MM IAM)
;) b I 136 ) 3G )
2()
holds if My and M, are Fourier- Laplace transforms of distributiong T
and T, given by

R




Ti F=aF(xy)+biF(x+ l:)y) +GF(xy+1)
+diF(x+Ly+ 1)+ k(; )F(x+ ;,y+ )d i=12
(provided the functionsjk; ) and the coe cients & bj;ci;di;i = 1,2, 122

satisfy the required conditions in order that the spectrgm should
have the desirable properties; cf. propositions provedvado

If T1;To;Ug;Us be replaced byl ( );Té”);Ugn);Ug‘) respectively
where

T' F=aF(xy) +bF(x+1Ly) +cGF(xy+1)+dF(x+ Ly+1)

X 1
1 :
+ —ki P9k x+ £);y+9 i=12, and
' n'n n n
pi=0
X1
Uln F= il—p;ng+B;y+9,
_n? n n n
Pa=0

then we know that the theorem holds tdf'; MZ; AT; A (with the obvi-
ous notation:FL T = M]  etc). Hence the rst step in the proof
is to study the spectrum () of T{ and TJ and its relation to () as
ntl

Proposition 3. ( ") is contained in a vertical band which is independent
of n.

The proof of the proposition is analogous to that of Propasil. 123
and we shall give only a partial veri cation. For instance preve that
if(; )2( Mand = g+i; = g+i 1,theni) o o cannot
both tend tot+1 ; ii) , cannot tend tor1 when ! 1 , iii) when
j oj<m<1,then 4cannottendtel.

i) For(; )2 ("), wehaveM'(; )=20;i=12 If !
+1; o,!1 ,we write

X

= 1.p4d . P*+d
d; = g€ +be +cie +e n2k1 e exp -
171
jdij jaje © °+jbje °+jcje °+e ° °Ly ecteodd
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where Li= sup ki(; )
0 1
0o 1
since ky) ! e °** o¥isanincreasing function ok(y) when o; o> 0

which may be assumed to be the case singe, both tend to+1 .
Or

)

(O]

jdij jaje ° °+jbje °jcije °+e °
I 0as o o! +1:

124 This contradicts the hypothesis tltht, 0.
i) If o! +1; ¢! 1 ,wewrite
X X 1
bi=ae +ce +de +e —Zkl(—p;g)exp
n n'n
P q
X1X1 4 P q

T R P, o _.__.Lp
jbij jauje °+jcijec °+jdhjec+e k(s )iexp—

P+ 9
n

p=00=0
since expd 1
Z171
ie., jbij jaje °+jcije° °+jdijjec+e °L; ecdd
o o
ec 1

(o]

=jaje °+jcje° °+jdjec+e °Ly

I Oas o! +1 and ! 1  whichis not possible sindg; , 0.
iii) Suppose that oj<m and o! +1.We write

X1KX1 +
O=ye +bie +c+die +e h-&gemyg—j
nn n
p=0 g=0
X1K1 +
O=ae +hbe +c+de +e b-%%(ypl%rﬂ

p=0¢g=0



125 Eliminatinge from these we get

jeridz  codij japdy apdije °+jbidy  bodij
7171
e° °+e °L, e°cdd

o o

whereL, depends upon the supremumjadyfko(x;y)  doky(X; y)je oX for
1

0 x 1,0 y 1. i.e.thelasttermis majorisedlgy ° L,

Hence right hand side of the above inequalityO whenj oj < n?and
o! +1 . Butthis contradicts the assumption ticad, cpd;, O.

Summation of the seriesS,(; ).

X [ J(M™; M"Y J(A"; M)

n n n n . n n- n +Rn
o n DOl L 7 3G M AT

Sn(; n) =

(whereR" can be got fromR by replacingM; A by M"; A" respec-
tively), where = ( 1; ») denotes a point irC2. The functions
MI( ); M2( ), AT( ), AJ( ) are periodic in 1; > with periods 2ni. The
same statement holds for the Jacobizyf ) of the functionsM"( ) as
also the two determinants of Jacobi:

JM™ M) J(AM; M)
and
G ) I )
considered as functions of couples of pointsG3(; )and (; ), 126

D 2 C2. These are therefore periodic functions of the four com-
plex variables with the same perioch 2. Moreover MY, and MJ are

polynomials in expﬁ;exp;2 so that the zeros, in the spectrum (")

can be arranged i classes, each of these classes being situated in a
plane parallel to the purely imaginary plane®f and forming in this
plane a network of squares of sides2 By virtue of this remark, the
seriesSy(; M), which is absolutely convergent can be broken uprif 2
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partial sums corresponding to2classes in which the spectrum™) is
divided. In each of these partial sums the factors

1 J(MM; M) J(AY; MM
Dn( ™ 3G ™ ™M

has the same value for all the terms of the partial sym'are xed)
due to the periodicity of the functions,; M7; MZJ; AT, MJ. We shall
then choose a representativkin each class which will be xed (for the
class; ", we choose " itself as its representative). It is necessary to
calculate, for each class

1 ¥l
Xl X 12

iy (1 D 2h(f+2ohi D)

n
2 2

(2 0 2nki)(h+2nki D)

if " does not belong to the class considered and

Ko Mo

n n
1 1 2 2

1 ey (101 2R i@ihi)(1 7 2nki)(@nk i)

if " belongs to the class considered.D OFO denotes that that value
h = 0;k = 0 is excluded in the summation). The calculation of these
two sums is classical and gives

1 1 1 1 1

n n

n2 . N T 2 3 2 2
exp —* 1 exp—— 1%exp ——2 1 exp4H= 1

in the rst case and

1 1 n

) n n
"Pexp 221 1 1 1 exp-2

JIEEEEDOND
=
N S
N
=}
+
NI =
(€30 OV)

NS

is the second.
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J(A™; MM
M
can now be put in the form of a nite sum (witn2 1 terms) each
of these terms corresponding to classes in which the speqtrd) is
divided. Denoting the classes by capital letters,

As = 0since "2 ¢ M), we see that the seri&,(; ")

a, = classof ";B,= classof ";

the representatives”; " being xed in their class, we can write 128
1 X 1 1
Sn(’ n) = n_ n n n
2gnaexp —2 1 exp 121 1

n

1 1

2n n n
exp —2 1 exp %2 1

1 J(M™ MM J(AT; M")
Da(™ JG; ™M ™M

(1)

Behaviour of Sy(; ") for nlarge.

Applying Taylor's formula for the functionﬁ which is holo-
morphic in the neighbourhood of the origin, we have

z dz

0Z(z X)(e&& 1)

X
e 1

X X
=1 —+ —
2 21
whereC is the circumference of a circle with centre origin and radiu
2 (2 isthe radius of convergence of the Taylor's series of thetion
about the origin). Lek = - with j j < nsothatxj < . Dividing by
, we have
1 1
ne= 1)

z dz

2% 2 @ 1)

’

1
+ — =
2

similarly forj j< n, 129
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1 1,1 z dz o
ne=n 1) 2n 2 in2C Az )& 1)
subtracting,
! " #
1 1 11 _ 1 z A a
ne=" 1) n(e=" 1) 2 in zZ - z =
Z c n n
dz dz
Z(e 1) 2in2 c 2R Z & 1)
The length ofC is < 4 2;jﬁj < andjﬁj < . Hencejz ﬁj
;jz ﬁj ;letM denotejz?ggxez 1];(R< 2 ). Then
|
1 1 1L L0
ne=" 1) n(e=" 1) ° m
: 2M . - o :
withCo = — andj j< n;j j n. Changing into ; J; into

n n H
7 Tor into

2

into 5 5, we have the majorisation

o o]
nexplTE 1 (1 1)(1 )
n2j 1 9]
R
nexpzTg 1 (2 n)(n 2)
Co. :
FJ 2 2]
130 provided that 9
i1 % wmiz2 J nE
; veoomee 2y ()
J1 1) nil 2 2l n
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[Notethati 1 ijandj o »jare independent of;; » and therefore
xed in the summation (1) ].

Using the majorisation (2), we shall study (1) and compavéth a
nite sum

1X§ 1 1 i
G )=? .

exp =+ 1 exp 1

1 1 1 J(M; M) J(A: M)
exp 22 1 exp22 1°D() JG ) G )

n

JFEEEDIN

The summation in is made for 2 ( ) which are “near” to those" 131
which are the chosen representatives of the 21 classe$ ,,, an. It
is necessary for this to compare the functidhand M"; A andA"; ( )
and (").

Comparison of M with M" and of A with A".

9

Ml( ):a1+b1e1+cle2+d1e1+ 2+ N]_( )5

Ma( )= ax+byet+coe2+dret” 2+ Ny )’B

MI()=a+bet+cie?+diet 2+ NJ( )Z

MI( )= ap+ boe 1+ coe 2 + dhe 1* 2+ NJ( )7
Hence it is su cient to compardN andN". The calculation will be

similar for AandA".

We shall now suppose (for simplifying the proof) that thedtions

ki;ko;a1; @ in R? are inde nitely di erentiable with compact support.32
contained in the square 0 x; 1,0 X, 1. Then the functions

A( );N( ) decrease rapidly whenrecedes to in nity keeping itself in
a vertical plane. Hence the functions such as

1 .y 1+ 22
ki =;= exp ———==
> n'n P n

are inde nitely di erentiable with compact support contained in the
square0 y1 M0 vy, n andxwe can write for example

NI()= Kl(p0)
[SX¢]

@)

(4)

= Kl(y1;y2)
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where the summation is made over all the couples of integerg.(In
order to evaluate this sum it sices to apply Poisson's formula. The
Fourier transform oK(y1;y2) is ( 1; 2 being real):

X
FIKI= Kiyuy2)expl 2 i( 1+ 2y2)ldy: dy
1% .
:)r(? Ka(y1; y2) exp[Fl 2 11+ Fz 21 2 yoldyidy,

=  k((uwexpgh 2 i nuidu=Ny( 21in)

Hence by Poisson's formula,
X 9
N'()= N(; 2ihn; , 2 ikn)§
XX % (5)

A()=  A(1 2ihn 5 2 ikn)

h:k
X0 9
N'() N()=  N(1 2 2 2 ikn)= M) M()§
Na S (6)
A() A()=  A(1 2ihm 5 2 ikn) %
h;k !

133 where the accent indicates that in the summation the céupl6; k = 0
is excluded.

Majorisation of the di erenceN" Nand A" A
As N decreases rapidly in the vertical bound, we have

_Cl(f)

iN( 15 2)j :
INC 15 2) o7

in a vertical band wherneis a positive integer, arbitrarily large and where
c1(r) is a constant which depends pand the functiork; (x1; x2). Hence

X0 1
2 inhfj 2 2 inkf

MIC) M) a(n)
i | 1
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(for 1 and 5 di erent from the multiples of 2n; this restriction is
arti cial).
Majorising the second member for 3, it is easy to verify that

N . Cz(r)

IO M) 7)
if

jima4  njimy n (8)

and we have analogous inequalities for the functivhsAq; A under 134
the same conditions (8). We can always denoteclfy) the positive
constant guring in the numerator of the second member ob{ltaking

the same constant for the functions.

The volumeV,; zeros of M( ) in the interior of V,.

We know that () and ( ") are in a xed vertical band indepen-
dent ofn. We shall intersect the vertical band by a horizontal band in
C? de ned by (8). Its section by a vertical plane is a square ¢é< n.
Such a square contains one and only one point of each ofitheésses
in which ( ") is decomposed, since each of thesédasses form, in its
plane, which is vertical, a network of squares of sida.dt follows that
the volumeV,, in C? contains exactly @ points of the spectrum (V).
We wish to nd the points of () which are also inv,. We rst recall a
classical result due to Kronecker.

Let f; g; h be three functions continuously direntiable in a region
in R3. LetV be a volume contained in the region with bound&ryThen

X
m= 4i (Acos + Bcos + Ccos )dS
n S #

where A= ¢2@h  DbMif) . D(f;g) 1

D(y;2 “D(y;2  D(y;2) [f2+ g2+ h?]3=2

B; C being analogously de ned and cgscos ; cos are the direction 135
cosines of the interior normal ® andm equals the dierence between
the number of solutions lying iV of the systemd = g = h = 0 for
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which bifigh > 0 and the number of solutions for whi%i(f; g.n) <
D0xy:2) (xy:2
0. We shall use the analogue of this propositioiRir= C? i.e.,
If f1; fo; fa; f4 are four functions which areZ{ 1) in a region ofR?,

then

y

m (A1cos 1+ Aycos o+ Az + AqCos 4)dS

_ 1
= 5
, D(f2; f3; f4)§ 1
with A =§)< u H
! D Xsi %) p 72

f1 2
fi
1=1

and Az; As; A4 similarly de ned, wherem is de ned as abov_e_fqr the
system of equation§; = f, = f3 = f4 = 0 and the Jacobia ((2222))
The integral on the right hand side will be called the Krorezaktegral.

We consider the following analytic transformation@f into itself,

(152! (Mi( 15 2);M2o( 15 2)

136  This can be considered as a transformatiofRbinto itself. Instead of
the four variables which are the real and imaginary partsotfi by; »,
we take 1; 1; 2; 2. Then

(@Y @
dMy= —=d 1+ —=d s and
Te Y@ ?
@, @,
dMy, = —=d 1+ —=d 5;
"@, '@ ?

asMz; M, are analytic. The volume elements which correspond to each
other by this transformation are proportional to

di~d~dord anddMg A dM A dM, A dM,

Now
— @ - @ —
dM; = —=d ;+ —=d , and
1 @_1 1 @_2 2
dM, = %d_1+ %d )
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Hence
dM; A dM; A dMp A dM,

_§en0L0n0k @1.8henL0k L0 a%
@ @1 @ @2 @ @ @ @1 @2 @1 @
@, N @1, @1, @1, @/,

@, @ @ @1 @:

_ D(My; M2) D(My; My) -

= d,~"d,~dond
D(1 2) D(1;, 2 ! 2 2

Thus the Jacobian of the transformation under considerddial- 137
ways real and 0. Taking real and imaginary parts bf; and M, the
systemM; = 0; M, = 0 is equivalent to the four equatiorfs= 0i =

. . . 1
1;2; 3;4. The Kronecker integral which can be brie y denoted bg—z

K(Mz1; M2)dS in this case givesn exactly equal to the number of
solutions of the systerfy = 0 in the volumeV enclosed bys (since the
Jacobian does not change sign) i.e., the number of elemgftgioV.

dirdi”h 27do

Proposition 4. The volume Ycontains2n? points of fornsu ciently
large.

We know thatV,, contains 22 points of ( "). Using Kronecker's

result it follows that
Z

2 = K(M; MJ)dS
where @\, denotes the boundary &f, whose measure is of the form
c3n?, wherecs is a xed constant (viz. the product of 4 by the length
of the parameter of the right section of the vertical b&y and the
proposition will be proved if we know that
z

2n® = K(Mq; M2)dS 0)
Consider the dierenceK(Mz; M2)  K(MJ; MJ) in @/,. Let 1 = 138
X1+iXo, 2= Xz+iXg; M1 = fi+ifo; My = fa+ify; T = ff+|f2n, |\/|r21 =



139

106 3. The Heuristic Method

fé‘ +if jf where thef% are real valued functions of the four real variables

. . cor) .
X1; X2; X3; Xa. FOr ((1; 2) 2 Vp; M Mi”J (22(n§f| = 1;2. Hence
3 n--CZ(r)-_....
ifi £ 2y i=1;2:3: 4
- N O
Similarlyj@ gj 2(!) for ( 1; 2) 2 Vp, since the partial deriva-

_ @ @' (2ny
tives of thef; with respect tok; are exactly of the same form as the

We consider the dierenceK(Mg; M2)  K(MJ; M) on @y. In
K(M1; My) the f; and % may be regarded as a nite set of variables

j

Ug; Ug; - -andK(MY; M) is the same function with the variablésand

. _n
% replaced byf" anda' respectively or the variablas;u,;:::re-

j ]
placed byu}; Uj; : . : respectively. Hence applying mean value theorem
of di erential calculus,

ca(r)
(2 ny

JK(M1; M2)  K(MZ; M2)j L on @ (ii)
where L depends on the maximum modulus of the derivatives of
with respect toup; Up; ::: over a region which containsif;up;::?) as
also (f;ul; ;1) while (1, 2) = (X1;X2; X3; Xg) varies in@,. Since

: . 1 . :
ju o ulj = O(F) in V,, and therefore o@,,, forn  Nj, and since

@ are continuous functions ofi{; up; : : ) in estimatingL it is enough
i

to consider the maximum modulus % when (1; 2) 2 @, Now

the numerator oK (ug;up;::) is a homolgeneous polynomial in all the
u's of total degree 4 with coecients which are functions of;; » with
maximum moduls 1 and the denominator is 2(uf + u3 + u3 + u3)

or 2 ?[jM1( )j? + jMo( )?]. Both the numerator and denominator as
also their partial derivatives with respect apare uniformly bounded
on @, since they are uniformly bounded & andV, is a closed sub-
set of B . HencelL can be found to be a xed positive number which
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does not depend on if we prove that the denominator df i. e.
2 [jM1( )j? + jM2( )j?] is bounded below uniformly for (; 2) 2 @/,
by a xed number> 0 which does not depend an

First we consider two vertical parts @, denoted by @&,)1 i. e.
parts contained i€ . On @ real parts of 1; » are constant and the
imaginary parts vary fronll to+1 . We can suppose that the principal
parts

(1 2)=a+ber+ce?+de 2and
o1, 2)=ax+thelt+ce?+del’ 2

of M1( ) andMy( ) respectively do not vanish a@ (we have only to 140
chooseB suitably) and have their moduli bounded belowry > 0
if(1; 2 2@ andjlm 4j andjlm jj . But 1 and , are
periodic in ; and » with periods 2i so thatj 1j > m; andj »j > my
on @ . Now given% > 0, we can nd a compact s&; such that

Mi( 1; 2) (1 2 < %;i = 1;2for ( 1; ») < Ky by Proposition

. . mp .
2. Hence for (1; 2) 2 (@1 and (1 2) <KujMi( 11 2)j > =i =
1;2. AsM3; M5 do not vanish or@ and therefore on@’n)% K1;jMqj
andjM,j > mp > 0 on @)1\ K; so that ifm = Min(71;m2) >

0;2 2(jM1( )% + jMo( )Y > 2 2m? > 0 on @,)1. On the horizontal
part (@), of @, i. e. whergjlm 1j = ,andjlm 5 = , since the
a’;b% etc are generic, we may suppose thatind » do not vanish
on (@), sothat ; and » have a lower bound®> 0 on (@,,). (since
(@n)n is compact) anmoisgndependent afi because of the periodicity141

. m : . .
of 1and ,. Now glvenE, there exists a compact set outside which
0
iM; ij < %;i = 1;2. Also forn > Ny; (@) lies out side this
P

compact set so th@ivl,j andjMj > >0o0n @h)forn Ny Thus
. P . _ mt?
(M1( )P +iM2( )i Min(m?; = > 0)on@p forn Ny,

Thus the moduli of the denominator and numeratoK @iy ; up; : : )
as also their partial derivatives are bounded above unifoom@,, and
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the modulus of the denominator is bounded below by a striplyi-

tive number on@, for n N,, so thatj%j is bounded above by a
xed number on@, independent oh N2.I Hence for alln N3 =

Max(N1; Np) there exists a xed positivé. satisfying (ii) independent
ofnZ Ns. Hence

. . ca(r) 2
K(Mq; M»)dS K(Mn, Mg)dS @2 ny Lcan
@ @hn
= (;t—(rz) forn Ng; and(r?;—(rz) <lforn Ng:

But each of the integrals equals an intgger and theiemdince gas

to be zero fom N = MaxfN3; Nsg and @ K(Mq; Mp)dS =
" @
K(MY; MB)dS = 2n?,
Proposition 5. For n su ciently large (n  ny xed), there exists a
one-to-one correspondence between 2h& points of( ) and of( ")
contained in the volume \such that the distance between the(c)orre—
Os(r
r=2

where g(r) > 0 depends only on the maximum modulus of the real and
imaginary parts of M and M, as also their partial derivatives with re-
spect to real coordinates.

sponding points of ) and of( ") is uniformly majorised in Yby

As MM converges tdVl uniformly on each compact subset ©f,
it is easy to see using Kronecker's integral that in any eabyt neigh-
bourhood of a point of (), there exists a point of (") for nsu ciently
large. Also by Proposition 4, far su ciently large, both () and ( ")
have the same number @n?) of points inV,.. Now we show that if we

describe a sphere of radil%(_%) about each of ther# points of ( ) in

Vy, then there exists in the interior of each of these spherasira pf
( M lyingin V.
Let S(; 2) denote the sphere of centreand radius'. The points
of () are asymptotic with (®) which consist of points
(12; 1= §+2nhi 1= 9+2n0i

and
2= 9+ 2k 2= 9+ 2K i
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(by Proposition 2). It follows therefore that férsu ciently smallgthe
sphereS( ;" ) does not contain any other point of )(so that 143

@(;")
K(Mg; M2)dS = 18 " () gWe shall establish the proposition by com-

paring this integral with K(M7; M2)dS.
@)
The denominator ok (M1; M) which is 2 2[jM1( )j?+jMa( )j?]%is
in nitely small of fourth order in" on@( ;" ). We have =( 1; 2) =
(X1; X2; X3; X4) = xand

My( ) = f1(x) + if2(x); M2( ) = f3(X) + ifa(X):
As x= is azero of each ofj,

XXa&@wﬂ<m&ka§@j
G " B 1C IR

wherex?is some point o5(;" )

f09 ="

M1+ Mo )2 = 12+ £2+ £2+ 12

=" % A IO 0]
=1 i @1

For" ( )andx'S(;" );j (x; )jis bounded above byl say, uniformly
for " () since thef; as also their partial derivatives are uniformly
bounded in the vertical barigl. As is a simple zerd;( ) andMz( ),

‘2

P PX X f ° " . ; ;
P ———— is positive de nite for x'@(;" ) and has a 144

i :
strictly positive minimumA( ) depending . We know that at a great
distance inB ; My and M, behave as their principal parts and ; re-
spectively and the same is true for their corresponding ardlimagi-
nary parts as also their rst partial derivatives with resp® 7gtzeal coor-

: P PX X g
dinates. We observe that fat@% %"), ; % 9

i i
g; are the real and imaginary parts afand » and other obvious nota-

tion) is a positive de nite quadratic form with strictly pitige minimum

(where
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B( 9. Butg are periodic ik and x4 as also their partial derivatives
and thereforeB( 9 has a lower bound® > 0 independent of *'( 9.
Let ; “denote points of () and ( 9 respectively which are very near
to each other (at a great distanceBir). We have

X : .
AC)=min éugf

DR @

X Xi X @
b( )= min éx — Jo%

xX'@y %9 P @
Let gx %
, X X @FE
B( )= min §< . '—% :
v ) 2 P @ ,§

Theg?s are periodic functions afz andx4 and hence are uniformly

continuous inB ; so are—. HenceB( 9 is a uniformly continuous

@
function of 'B; i.e. given%0 > 0, there exists a > 0 such that
j Y< impliesthaiB( ) B( 9j< %0. Now given , there exists
a compact se; such thaj Y< for <Kjand given%o, there
exists a compact sél, such thafA( ) B( )j< %ofor < K>. Hence

for <Ki[ Ky,

A()>B(9 iB() B( 9 iA() B()i
0 0 0
o M M_M_,
Mg 3o
Also K1 [ Ky contain only a nite number of" () lying in V.

HenceA( ) > M%> 0 for " Ki[ Ku; " V,. From §),.

ML +iiiMa( )7 > my"2 "3 M where
om?
my = min - m
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Choosing' small enough’3M < 2% so thaiM( )j? + jMa( )}?

has a strictly positive lower bour"? for "@S( ;" ) which does not
depend on" ( ). R
In order to compare the integrals K(Mq; M2)dS and
@(:")
K(M7; M)dS for " Vy,, we adopt the procedure in proposition
@(;")
4 in which integrand is treated as a function of; up; : : : which aref;
andg and apply the mean value theorem for eliential calculus to
j
the di erenceK(ug;uz;::7)  K(uf;ud;::) = K(Mg; M2) - K(M7; M).
We suppose thab(;" ) V,for " V, which is possible if' is su -
ciently small.
X @&
K(M3; M) K(M{sMD) = (u u)—=;
| @
sinceju;  u'j=0 R
)
(2 ny

JK(M1; Mp)  K(M7; M2)j < L

whereL depends on the maximum modules% where (1; 2) =

X'@(;" ). The derivatives of the numerator Kfalre uniformly boun-
ded inB and therefoljie orgB(;" ). In tqesderivatives of the denomi-
nator appears the terriM( )j* + jMo( )j* ~, partially compensated in
the numerator by terms which involve derivativeghdf( )j? + jMo( )j?

or U + U3 + U3 + u3. These letter term are uniformly majorised\iy 147
and on@( ;" ) by quantities which are of the rst order ih Thus the
term in the denominator are uniformly boundedvnand therefore on
@(;" ) by a quantity of ordet ° since [My( )j* + jMo( )j?] is uni-
formly bounded below on al®( ;" ); " Vi, by m'2 with m > 0. The
measure o@( ;" ) being proportional t§3, we have for all the spheres

S(;") situated inVp,
z z

K(Mg; Mz)ds K(M7; M3)ds <
@(;") S(;")

)

llznr
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"' _ o)

If" = —— andn > ng in order that be suciently
n’ nr—2

small we shall have the right hand side of the above inequalit and
hence equal to zero as it is an integer and
z z
K(MT; M3)dS = K(Mg; Mp)ds= 1:

@(") @(")

The passage to the limit.
We now compare the series
X . .
C o= [ 1] J(M; M) J(A; M)
SCO= 0T 113G 3G )

148 with

X [ n] J(An’ MH)J(AH’ Mn)
n o Dn( "I et 3G MIC M
nu( n)

using the nite form ofS,(; ") given by (1). We rst remark that the
preceding properties permit on e to establish a sequenceesfosone
correspondences
and "$

among the set ofr# classes of zeros dfl", the set ofM" which are in
V,, and the set of zeros &l which are in the same volume, the distance
between the two zeros &l andM" being estimated in Proposition 5.

Let W, be the volume which consists of pointsBfsatisfying

P

jima  n&jimg  n

being xed, we can suppose th¥i, contains the point for nsu -
ciently large (since one can always suppose that faed, B contains
). We choose,; ; "suchthat; "™W,. Then

j1 a2 i T2 b
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149 are majorised by:en?lt:jD( )j is bounded away from zero fot ( ) and
thereforgD( ")j by proposition 5 for "V, and thereforgD,( ")j for n
su ciently large and ™" V,. Also A"; M"; A; M as also their derivatives
are uniformly bounded so that by (7) and (8),

1 J(M"; M) J(AY; M™) 1 J(M; M) JAM) 1!
Do(™ JG; ™ J(™ ™M D(MHIG MI M

for ; "V,
Similarly by Proposition 4 and 5, it is clear that

1 IMY MM JATG MY 1 I(M; M) J(A; M)

DM IG M A A IG ) G ) O
with
jaj < 0. (10)

The constant,(r) being the same for all the terms of (1).

T'he second factor

15 1
n2 1 ]

exp—— 1 exp—; 17 exp—; 1 exp=4 1
(11)
of the general term in (1) can be written as (because of (2))
1] 2 3
+B +C (12)
(¢ D7 D " (2 5 oHo
with % c 150
Bi 51 Wi iz 3 (13)
In (12), the term
L3 may be replaced by t 1
(¢ DO D {1 (1
= 1 + 1 (14)
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But when describes (),

1 1 2 2, 1 1, 2 2

have a strictly positive minimum. Hence (11) can be written a
n #ll #

t 1 + By + B 22 +C,+C% (15
(1 (1 D " " (2 A2 o (19)
with the conditions (13) and
o SN o Co(r)
BRj < nr_=2’JCgJ Sz

We shall now put the second member of (9) as also (15) in place o
(112) in the general term of (1). Then the principle term iglewitly

X1 MM IAM) [ ]
J() I ) 3G Il ]

"’Vn

where the summation is extended t#2 1 points of contained inv,
(and distinct from ). The corrective terms are of dérent kinds. There
are two terms of type

x U sy sawy) c )
oy, (1)1 1) DOYICw 1) 3G ) "
The second bracket is uniformly boundeddinand
. . Cp. N . Cy
CCa 0l Bl iz A 5
Now we prove that
X 1
= 0(n) (16

oy, (1 )0 1)
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such that (16) will have the majorisatiegl%—oé);ﬁ—) wherecyo(; ) de-

pends upon the shortest distance pfrom the set of ; and the shortest
152 distance of ; from the setof 1, _ 1. Letn = m*. The number of terms
of (16 in W, = Vyhis 2% = 2" n. LetU, = V.. Letd denote the

minimum if the shortest distances offrom and of , from
Then
X 1 1,
. Un( 1 (1 1) d@
There are 8 2n points of () in V, Uy andj | f) pﬁ for
"Vh Upn Alsoj jj < cent™;j 1j<gn*™givesj 1 1j> ' n cgn*™

andj 1 1> ' n cgnt™ sothat

1 1
(1 (1 D ("N cgm=)( 'n cent)
1 1
or =0 - for"V, U
(1 (1 1) n " "
Hence
]

1
— (o2 1.
o (1 D01 D (en” 200 5 =0l

and
X 1 X 1

oy, (1 1)( 1)_..Un(1 (1 1)
: : X .

+

v o, (1 D01 )
= 0(n):
The terms of the type 153

11 1 J(M; M) J(A M)

(o (17)

(2 (2 oDC) I ) I )
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o c11(;
have majorisation of the formﬂgr—) and the terms such as

n e
1 J(M; M) J(A; M)
D() I ) 3G )
1 J(M; M) J(A; M)
D() I ) 3G )
1 J(M; M) J(A; M)
D() I ) 3G )
have respectively the evident majorisation

Cr2 . C13(r) . C14(r)

n7=21 n%.{.% ! nl’

B2C? (18)

B.C? (19)

B2C? (20)

[ ]

constantc;s depends ort and contains in the derqozminator the short-
est distance of;; , from the set of 1; , respectively and the shortest
distance of 1; >fromthesetof1, 1; 2, 2respectively.

Similarly the terms

cis(r; 5 )

Then term An is majorised by—-——— where the

101 . 11 0
(1 (1 1)AnCn,(1 (1 1)Ancn

AnBrCn; AnBnCP: AnBRCH
give by summation, the majorisation of the form

Cis(r; ;). Cue(rs 5 ). Cl?(r)_C18(r):

sl ==
nz= n 2 nz nz
Conclusion. Forr su ciently large, and for,  xed, we have

9

8
L § o XL J(M;M)J(A;M)%_
i =00 T 1) g’

YVn :

Now the same summation, extended texterior to the volumé&/, is

majorised byclg(; ) (this is obvious if we consider the asymptotic

behaviour of described by Proposition 2).
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Hence for; xed andr su ciently large

Xoon 1 (M M) (A M)

L . -—
sGO= s T 16
v
ButSy(; M = % R " which tends to% R as 155
n!'l for; xed. Hence ’
Iam _ X D I (VYO R GV

) bOx I 136G ) 36 )
()

and we have proved the formul@&( for the distributionsT, andT»,.

9 The fundamental theorem of Mean periodic func-
tions in the case of two variables

The fundamental theorem for Mean periodic functions, Vigoaasion
of a mean periodic function in term of mean periodic expoiasin
the case of one variable is well-known. But its analogu®ris not
know. We shall prove it over for a function mean periodic tie&ato
two special kinds of distributions iR2. Even as in the case &, the
theorem is proved by making use of Mittag-Ler theorem inCt, the
proof given here depends upon the formuBa)(which may be consid-
ered as an analogue of Mittage-Ler theorem irC2.
Let T1; To"EYR?) be de ned as in the preceding article by

Ti F=aF(xy) +biF(x+ Ly) + cF(xy+ 1)+ diF(x+ Ly+1)

RR
+ ki(; )F(x+ ;y+ )d d;i=1;2, with supports in the rect-
00
angleR;: 0 x 1;0 y 1 where the densitieg(x;y) and the 156
coe cientsa;;by;:::(i = 1;2) satisfy all the necessary conditions in or-
der that all the results of 88 should hold. LLgtu," D (R 1) (the space of
inde nitely di erentiable functions with compact support) so that their
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Fourier-Laplace transform&;( 1; 2); Ax( 1; »2) are functions of expo-
nential type which decrease more rapidly than any pow

o . . Ja+i 2
asj 1j;j 2j'1 inany vertical band; then we have

Jas) % [ 1 XS9IAS
JAD) . DO T 13G )G

+R 1)

whereS;( ) = FL T;;i = 1;2, and () is the spectrum. The series (1)
converges uniformly on each compact set. LeY)"D ( )FL isa
function rapidly decreasing in any vertical band.

SettingAi( ) = ()A():Si() = ()S( )i = 1,2, we obtain,
(after multiplying both sides of (1) by ( )),

IAS) X [ ] JS;S)IAS)
3G). POl T JIHi )R @

The series (2), like (1), converges uniformly on each cornpeic More-
over we can prove the following

Proposition 1. The series (2) converges in the sense@RE) in every
plane of & for which the real parts of 1; , are xed (i.e. for( 1; »)
in a vertical plane).

As Ai( ); Az( ) decrease rapidly anfli( ); S2( ) are bounded in a
vertical band and () is contained in one such band,

J(A;S) <

Gy S U

J(S;9)

where () decreases rapidly iti ( ). Similarly 0 i<cj ()

wherec; > 0 is a constant which depends only on two vertical bands,
one containing () and the other containing. Further by the corollary
of proposition 2, 88jD( )j k> 0on( ). Hence

1 J(S;S) J(A;S)
D() I ) IG )

<% OF O
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We now consider the factor

[ ] 1 1

[ I 1 (1 (1 2)+(1 )2 2
1 1

+ +
(2 201 12 (12 02 2

For ( 1; 2) xed, we investigate the term of (2) in the four cases 158

®)

i1 4d Ljz2 2 1
i) j1 1d<Lj2 2<1
i) j1 <Ljz2 2 1
V) J1 o Lj2 o<1
For " () verifying (i),

j—[ ]j1+.1.+.1+ 1

[ I ] J1 d J2 2 1 di2 2

The general term of the series (2) corresponding to sucisana-
jorised by

o 1 1 N
Cl(1+j1 11)(l+j2 2j) R

Summing for since () decrease rapidly on (, this part of the
series is majorised in modulus loy( )j ( )j. (ii):- For xed, there
are only a nite number of terms verifying this condition.

Now 159

J(S1;S) _ Si( 15 2) Si( 1 2:Si( 1 2) Si( 1 2)
Ji; ) Sao( 1 2) So( 1 2:S2( 1 2) So( 13 2)

and
Z1

S s ) Su1 9= @@1[8‘1(  old

1
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Then
— Z172
J(S1;S) _ @=,6 | @ _
) @31( 1; 2)@32( 1, 2)
@@13_2( . 2)@@281( G2 dad o

Let () denote the maximum modulus of the functiog@gl( 1, 2),
1

@@S_z( 1; 2)when(1; 2)issuchthaf 1 1j<1;j 2 2j<1. Then

1

() is a rapidly decreasing function in a vertical band, and
J(S1;S o , :
5(;1 )) o (Jir iz o

and the terms of (2) for which (ii) holds are majoriseddy ) 1( )
160 where 1( ) is arapidly decreasing function in a vertical band.

(iii) : - Writing ‘3((8 S)) is the form
Z( )
o515 2511 ) oSl 1 S5 2) A

1

[ ]

where ,( ) decreases rapidly in a vertical band and the sum of the
series of this part is majorised lf ) 3( ) wherec( ) is a constant
which depends on and 3( ) decreases rapidly in a vertical band and
we have similar majorisation in cas&), Thus the sum of (2) being
majorised by a rapidly decreasing function oin a vertical plane, the
series converges in the sensd_6fR?) in a vertical plane.

In view of Proposition 1, we can apply the inverse of Fouriaplace
transformation to both sides of (2) and we obtain

X IAS) .,
= 3)S @

we have in this case the terms of (2) majoriseccby( ) 2( )

<l
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where FLu= ﬁ )
FLs = [ ] 1S9 -5 (),

DO I 133G )

F L R= ~and the series converges uniformly on each compact sté-
set ofR?. Then for any continuous functidf on R

___ X JAS)

u F 3 )§ F+  F (5)
2()
Using (3), we write L1 59 P S ! () where
’ [ I 196G ) =
-, . 1 J(S;9)
SO0 2 2 G
__— 1 JS:S)
STOSE0G G 9 G
. 1 JS:S)
STOB0G a0 0 G
_— 1 JS:9)
STOE00 0 239G )
LetF Ls! =S ()j=1234. Then 162
X4
s F= s!F
=1
=s1()= : ()S1( 13 2Sa( 15 2)
D()1 (2 2 ’ ’

So( 15 2)Si( 15 2)

= ()t ()

LetF LT =t().Thens® F=' T F

(12 ()= % Si( 15 2)82( L ZZ 822( L 2)
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Si(1 2) Si( 15 2)

So( 15 2) —
So( 1 2) So( 13 2).S1( 15 2) Si( 15 2)
2 2 ’ 2 2

are entire functions of , of exponential type and are Fourier Laplace
transforms of distributions; ands; in the variablex, with support com-
pact in which 1 appears as a parameter. Then

1
(2 t()=FL mTl (xx ) T2 (x )
where ,, is the Dirac measure in the spacexgf SettingT F = G,
we have
@ 1
@ 1G=mT1(xl ) F T2 (x, s1) F =0
Similarly

(2 ()= g0 Sl ptrid Sad
Sa( 15 2) So 1 2)#

Si( 17 2) (3.1)
163 gives
@
— G=0
@
Hence

G =kexp< ; x>

Forx=0;G(0)=T F(0)= Hhr ;Fi so that

T F=HT ;Fiexph; xi and
s F= T FH;Fi exph;x
= ()hT ;Fiexph; xi

1

2 _
ST 500G ar 9
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Si( 1 2S2( 13 2) Sa( 1 2Si( 1 2)

Su 1 2) and Sal 4i 2) are entire functions of exponential type and

2 2 2 2
the distributionsS; andS, with compact support in the variabie have
these functions as Fourier Laplace transforms

1
sz Ti (x %) To (x Si1)
and F=0.
Similarly $ F =0;8* F = 0and we obtain nally,
X .
u F= ()J(A_"S)hT;Fiexm; xi+ F
20 J(; )

= HT ;Fiexph; xi+ F
2()

We shall now verifythat " F = 0. FL =R = ( )RwhereR 164
contains only a nite number of terms of “irregular type' imet formula
G, (refer to page 80). The termsihcome from

1 J(S;S)
DO 1T 3G )

Si(1 2 A1 )t @S 1 2)d g
b) the determlnantsz( L) Ao 1 o)+ @181( = oo o

multiplied byD( )[ | ]inwhichford ; apndd , we have to substi-
J A;@ J @;A

i Q. and i E
bO) 3G ) PO 3G
the formK [ ]ﬁ
tion in the ideal generated B§,( 1; 2) andSy( 1; »2) in the ring of
multiplied by

ayb() 1 and

:(b) gives inR a term of

tute

wherek depends only in and this func-

entire functions. Similarly ind) the term

DO ]
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D()[ ]:]]((S S)) gives a function in the same ideal. The other termas
in (a) viz.

D( I ]:]]((S S)) D(d[)[ ]]2 equals

— Jo: dda+(z 2d INow

JES) 1 and IS S) = belong to the ideal. This

Ji: ) 1 1 J: ) 2 2

can be seen as in the study $f ( ) and 8_3( ). ThusR lies in the
ideal so that

F=0
We have
X A
0 F = ‘](A_" S)hT :Fi exph; xi (6)
2y 3G )
in which the series converges uniformly on compacRéfand where
FLo= JAS)
CJG )

We shall now prove that the continuous functiBnmean periodic
with respect tol; and T, a uniquely determined by the system of co-
e cientsc = HT ;Fi corresponding to the mean periodic exponentials
(e5°*)- by establishing the following
Representation theorertf F is mean periodic with respect 1a andT,
and" D(R?) andu 2 D (R}) then

X
u F= ()<T;F>e* (7)
2()

where () =FL u and the series converges uniformly in every
compact subset d%°.

For " D(R?) andug;;w"D(Ry) we hadF L u = A( 1; 2)i =
1;2 and

J(A;S)
J; )

= A 1 2S2( 1, 2) Ao 1 2)Si( 1) 2)
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Let w F=G;; uy F =G, GareinE(R? and are mean
periodic with respect td1; To. LetF L j = Mi( 1; 2). Then

JAS)
, 3G )

Setting in this equation rsti; = u"D (R1); up = 0 and theru; = 0,

U, = u,andwriting u F =G we obtain
X .
1 G= ()S1( 1; HT ;FighX (8)

X .
> G= ()Sa( 1; HT ;FiehX 9
2

2 G1 1 Gp= HT :Figh X

Let H denote the sum of the series on the right hand side of (7). This
series converges uniform;y on every compact set sirfcgis a rapidly
decreasing function in any vertical band and (s contained in such 167
a band. Hence convolution witH is obtained by convoling with each
term of the series then summing. But H and , H so obtained are
nothing but the series (8) and (9) respectively. Thereferés = ; and

2 G = , H. HenceG = H if we show that the two homogeneous
equations; L=0= 5, L =0 havelL = 0 for the unigue solution in
E(R?).

Now 1= x, S& 2= 4 2 wheres! ands? are distributions
in the variablex, having for Fourier Laplace transforngs( 1; 2) and
So( 1; 2)respectively in which 1 is a parameter. HenddX; xo) con-
sidered as a function of for x; xed is means periodic with respect to
siz and sﬁz. The spectrum ( ,) in C for the variable , de ned by the
equationsSy( 1; 2) = Sao( 1; 2); 0

L(x1; %) = c ,(x)e 2
22 1
where | is the set of , such that (1; 2)"( ) by the fundamental

theorem of mean periodic functions .
Taking =( 1; 2)"( )sumthat 1, ;we obtain again
X

L(Xq; X2) = d ,(x)e 2%

22 1
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The spectrum () is therefore decomposed into a countable union 18
subset each subset consisting of'al{ ) with the same rst co-ordinate
1 and corresponding to each such subset we have the exparfsion o

L(x1; X2) in mean periodic exponentials i3 with coe cients in which
the xed co-ordinatex; occurs as a parameter. But all these expansions
have to be the same and therefore there will be at leat er®mmon
toall ;i.e isdecomposed in countable subset of elements with the
same rst co-ordinate and we can choose one element fromafdlcbse
such that the second co-ordinates of all these chosen elermaenthe
same. But this is impossible for J. For ( ) is inde nitely near to ( )
which is the set of common zeros of the principal partSf 1; ») and
So( 1; ») f refer to §8gand the above type of decomposition of) is
not possible for the following reason.

SettingX; = e in these principal parts @&, andSy; ( 9) is given
in terms of the points of intersection of two rectangular éngolas

g+ b X+ Xo+di X1 X=0
A+ boXi+ )Xo+ do X1 Xo=0

These have two distinct points of intersectioff;(X9) and (Y2 Y3)
letX?=e1;X9=e 2, Y0=eiYd=e2. Then ( %) is de ned by

( 2+ 2h i+2k i)and (9+2n0i; o+ 2k0 i)

whereh: k; h% k° very in the set of rational intege. If the situation
described for () exists in the case of () then for all distinct rst co-
ordinates

9+2hi; 9+200 i h;h*Z

there will exist a single 2d co-ordinate such that the points formed will
lie in ( g)i:ethere exist integerk; k° such that
2+ 2ki= +2K0i

This givesYg = Yg. But it is clear that the two points of intersection (of
the two coines ) which are assumed to be distinct (see §8)otdnane
the same ordinates.
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Thus we have proved that the only solution for the con-votuti
equation(8)1 L= , L=0isL 0 and the theorem is proved.

The Uniqueness Theorem.

If all the coe cientsc = hT ;Fi are zero therr = 0. 170
c =0implythat u F = 08" D(R%;8u"'D(Ry). Letting
I the Dirac measura F = 08u"D(R1). Lettingu tend towards
the Dirac at a poink in the interior of the rectangIR 1, we have

Fix+xX)=0ieF=0:






Part Il

The Two-Radius Theorem

129






Chapter 1

1

The subject of this part is the two-radius theorem, whichésdonverse 171
of the classical theorem of Gauss on the spherical mean ditmeonic
functions inR" p p

Let k, denote the areg of the spherg ; of radius 1 inR"(" , 1 =
fx=x = (Xg; %500 %) R, xi2 = 1). Let f(X) be a function which is
(C;2) in R". The spherical mean df(x) on the surface of the sphere
with centerx and radiug is by de nition

Z

M(X; r) = knrn 1 SP 1(x)

f()d (1)

whereS! 1(x) is the sphere of centerand radiug in R"; is the generic
point of the sphere and the element of area of the sphere. We have
also . 7
M) == ,  f(x+1u)d @)
kn nl
: P . :

whered! is the element of the sphere, 1F,'an('j u is the unit vector at 172
the origin, whose other extremity describes ;.

Proposition 1 (Poisson) The function Mr; X) is a solution of the partial
di erential equation

@M, n % 3)

4X M(X,r) = E"'T

131
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As 4 is a convolution operator iR", we have
Z

4y M(XT) = 4 f()d

ko™ 1 sp g
From 2,

@ [
— f(x+1u)d
@ )
d
— — f()d
knr” 1 sh l(x) d ( )
where is the exterior normal t&! 1 at the point . By Green's
formula, we also have,

@ _
6_ rn 1

=)
Zn1

Z Z

1
rn lJ

4 f()dvs=

R R
173  whereJ = % 4 f( ) dV where the integral is taken over the vol-

ume of the solid sphere iR" with S!' 1(x) as boundary. Then

@M_ (n 1., 1@

@2: Zn J+rnl@
@ 1
B — == 4 [f()]d
ut SR
sincedV =d dr.
Thus
Z
@M n 1@ _ 1
@ T @ kMt 4 [f()]d
spl
=4, M(Xr) :

Remark. Forr = 0, obviously

M(x; 0) = f(X):

: 1 R
And % r=0 — I|mr:0 W sp 14 f( ) av
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The integral in this expression is of ord@r

" #

@ _
6r=0_O

Hence the solutioM(x;r) of (3), veri es the Cauchy conditions 174
Mo = 100 P =
(X10)_ f(X)! @M(X1 r) r=0 — 0

2 Study of certain Cauchy-Problems

Let E denote the vector space efenfunctions inde nitely di eren-
tiable inR with the usual topology (that induced B). Let

L= D2 + q(X)D
X
. , _ 1
be a di erential operator wher® = %;q"E (with g(0) , _n; ‘n

integer 1). Then (by the results obtained in p&jtthere exists an
isomorphismB of E onto itself the property

D?B= BLandBy f( ) = f(0)

Problem 1.To nd a function F(x;y) which is twice di erentiable irR?
and which is a solution of the Cauchy-problem

G, a0 @ _GF @
@ x @ @ Yy @
with F(x;0),= fQ(); f2E
and @ =0
@ y=0
Suppose that there exists a solutfefx; y) which is an even function 175

of x for y xed and also an even function gffor x xed.
Let

G(xy) = BxBy[F( vl
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where By operates on andBy on . G(x;y) is an element irfE as a
function ofy for x xed and of x fory xed. We have

ac D2B By[F( 1; )] = ByDZB [F( 1; )]

@
= ByBxL [F( 1; )] = ByBxL [F(; 1)]
= BxByL [F(; 1) = BxD{B [F(; 1)]
@c
= D{BB [F(; 1)]= @
Also
G(x;0) = BxBo[F(; )] = BXLF(; )1 = B[ ()] = 9(x):
@Y  _g
@ y=0

Hence Problem 1 is reduced to the problem of nding a solutbn

176
the following Cauchy problem
@G _ @G
@ @
G(x0) = o(x) 2
@
— =0
@ y:()

It is wellknown that this problem has the unique solution

GOxY) =3 akx+ ) +ox Y) @

Then there exists a unigue solution of Problem (1), de ned by

1
FOy) = 5BxBylg( + )+g( )] ®)
whereB = B lis an isomorphism o .
Remark. As g is even,G(x;y) is symmetric inx andy. ThenF(x;y) is
also symmetric irx andy.
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De nition 1. For anyf 2 E let, My, f( ) denotes the solution of
problem (1):

1 n 0
Myl f( )]:EBxBy B+ [fl+B [f] (6)

Problem 2.To determineF(x;y);(r 2 R:;r  0) which satis es the 177
di erential equation

AJLF(C; N1 = Le[F(x I

whereA is an elliptic di erential operator ifR" with inde nitely di er-
entiable coe cients, and the Cauchy conditions
" #
&
F(x;0)= f(x); — =0
@ r=0
The existence and uniqueness of the solution of Problem Befe
the operatoM, by
M [f()] = F(xr):

Remark. By Poisson's theorem, whelh= andq(r) = n 1, then the
solution of Problem 2 is given by the spherical mean.

Proposition 2. The operatoiM commutes with A.

Let
G(x;r) = AJF(; 1] = AM[f()]:

We have

AdG(; )] = AA[F( 1;1)]
= ALJIF(G 1= LAJF(G ) =L G(x )

Moreover,
- G(x;0) = AdF(; 0] = AL f()]
and % = 0 sinceG(x;r) 2 E , as a function of for x xed. 178
=0
Henc[a

G(x;r) = MA [f( 1)]
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and the proposition is proved.
Iteration of the operator

For f 2 E(RY), let F(x;r) = M[f( )] be the solution of Problem 2.
By iteration we consider the Cauchy problem,

AdF (5 9] = L[F (x )]
with

F II(;O%; F(xr)

= =0
@ s=0
in with r is a positive parameter. The solutibn is a function ofx;r; s,
F(§r;s) =Ms F(; 9 =MsM[f( )] (7
Proposition 3. For x xed in R"; F (xjr; s) is a solution of Problem, i.
e.
Le F(§; 9 =Ls[F (xr; )]
and E (xr.0) = F(x;r)
#
g = 0
@ s=0
179 We compute

Lr F(X; 9 :MsnLr F(; )
n o]
=Mg A F( ;1) =AM{F(; ]
(by Proposition 2)
=Acx F (s = Ls[F (4§r; )]:

By De nition 1, we have

F (Xr;s) = Mrg[F(x )]:
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Hence we obtain the formula
MsM; = M Ms = M;.{[Mq] (8)
We now consider the solution
FOGr) = M [f()]

of Problem 2 and suppose that the it satis esdor 0 xed the condi- 180
tion
F(xa) = f(x) )

for any x.

Condition (9) expresses the fact for= a xed, the valueF(x; a)
reproduces the initial valué(x) of the function forr = 0 in the space
R".
n 1

Remark. If A= ,andL = D%+ - D thenF(x;r) = M(x;r) and the
condition (9) is 'Gauss's condition' for the xed radius a.

In view of (9) and (7) we have
F (a9 =F(x9

wherex andsare arbitrary.
By de nition (1),

Mas[F(x )] = F(X; ) (10)

where the left-hand side the operakbioperates on the variabld Equa-
tion (10) thus gives a 'transposition' from" to RY). Using (6), (10)
becomes,

2F(x;99=BaBsfB + F(x; )+B [F(x )lg
which gives
2Bg[F(x;, )]=BafB +sF(x; )+B sF(x )g

sinceB is the inverse oB . 181
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Setting
K(x;s) = BJF(x; )I:

we have
2K(x;9) =B afK(x;, +9+K(x;, 99 (11)

in which ais xed.
SinceK(x; 9) is even ins, (11) can be written as

2K(x;9) = BafK(x, +9+K(xs )g (110

so that the functioK (x; s) is mean periodic irs as the equation (14}s
clearly an equation of convolution m

Remark. In order to obtain the spectrum, we have to substituten
place ofK(x; s) in (11 which leads to

1= B 4[cosh ]

3 The generalized two-radius theorem
Leta;b2 R a;b;>0:a, b

De nition 2. A function f(x) which is C;2) in R" possesses the two
radius property with respect to the elliptic operafoand the singular
operatorL, if

F(x;a) = F(x;b) = f(X) (12)

for x 2 R", where
F(xr) = M([f()]
is the solution of Problem 2.

n 1 . .
Remark. If A= andL = D%+ D. Condition (12) is the 'Gauss's

condition' for two xed radii a andb.

Now in place of (11ywe have two equations

2K(x9) = B afK(x;s+ )+ K(xS )g
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2K(x;9) = BpfK(x;s+ )+ K(Xx;s )g

so thatK(x; s) is mean periodic irs with respect to two distribution,
and by the classical result of the theory of mean periodicitiR®, the
elements in the spectrum (a; b) have to satisfy two equations

9
1=Bcosh &

1= Bp[cosh ],S (13)

Now we show that = 0 is a double solution of (13).

By de nition D?B = BL. 183

If Bg[1] ="' (9); D' (9)] = 0sinceLs(1) = 0. As' (s)is even, ()
has to be a constant equal t). But' (0) = Bg[1] = 1sothat (s) 1.
SinceB is the inverse 0B, andBg[1] = 1, we haveB ([1] 1.

As B g[cosh ]is an even function of , (13) possesses the double
solution = 0.

We shall hereafter restrict ourselves to the following Hipsis
HypothesigH)- The equations

1=Bcosh ]=Byp[cosh ]

have the only double solution= 0. In this cas&K(X; s) is hecessarily
of the form
K(x 9) = ki(X) + ske(X) (14)

by the fundamental theorem of the mean periodic functiorRtinBut
K(x; s) is even insso thatky(x) 0 in R" and we have

K(x 9 = ki(X) (15)
By inversion,K(x; s) = B[F(x; )] gives
F(X's) = kai(X)B §[1] = k(x)
and fors= 0; F(x; s) = f(X). Hence 184

F(x;9) = f(X) (16)
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for x2 R"ands> 0.
But F(x; s) is a solution of

Ax F(i9) = Ls[F(x )]
andF(x; s) = f(X) gives necessarily
A f() =0 17)
Thus we have in conclusion the
Theorem. The hypothesiéH) and the condition
F(x @) = F(x;b) = F(x);

gives
F(x;9 = f(x)foranys O
and
A f() =0

Corollary. A'is the Laplacian , then f is a harmonic function.

4 Discussion of the hypothesis#i
In general, the hypothesisi] is satis ed because the equations
1=Bg,[cosh ]=Byp[cosh ]

are a system of two equations with only one unknowBut it is heces-
sary to investigate certain exceptional values;df(a, b;a> 0;b > 0)
for which the two-radius Theorem is false. The question @texce of
such exceptional couples;) is di cult in the general case but in the

case ofA= of RRandL = D%+ FD; (n = 3), we can assert that there

do not exists any such exceptional couples and the twosgaslialways
true inR2.
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Remark. This discussion is completely independent of the function
and consequently the couples of exceptional valags) @re also inde-
pendent off ().

Results of the discussion in the cas& =

. . . . n 2
In this caseB = B p in the notation of part | witlp = ——.

We know thatB [cosh X] = jp( iX) where j,(2) = 2P (p+ 1)
z PJy(2). The function which assumes the value 14e¥ 0. In this case
the equations under consideration are

je( i@) = jp( ib) =1 (18)
Thus it is su cient to consider iIC!, the equation

i@=1 (19)

and to examine whether there exists two roots of (19) withsidime 186
argument.

It is easy to see that the set of pointé C! which are roots of (19)
have for axes of symmetry the two axesdhd 0 if z= +i . This
set is countable and contains the origin = 0). By an intricate
discussion based on the asymptotic expansion of the Bessaldns, it
is even possible to prove that for a givprti.e. for a given dimension
of the space) the number of couples of roots of (19) which iavsame
argument is necessarilgite . Hence for any dimensiomthe number of

. .a. . .
exceptlonal ratlo% IS necessarlly nite.

) 1
Inthe casen= 3i.e.p= >

ip(@ = =

(for any oddn, jp(2) has an expression which depends algebraically
onz, sinzand cog).
Thus sire = z gives

sin cosh =
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cos sinh = :

Eliminating the hyperbolic functions and the circular ftions, we
obtain respectively

2 2
s co@
2 2
and + =1
cosif  sintf
so that
s
= cot 1 > (A)
and
"sinhz "
= coth > 1 (B)
187 The equations de ne two real curves in the plane §, and the roots
z= +i of (19) are a subset of the set points of intersection of two
curves.

As 0; 0 are the axes symmetry of the two curves it is sient to
examine the situation for 0; 0 (A) can be written as

= f1( ) f2( ) (B9
1
mn . #_
wheref,( )= coth , fo )= S'”rj 12,
We have,
1
£9 ) = coth = sinh cosh
() sink? sink?
1
= sinh2 2 >0
2 sintf
and

#
(9 ) = 1 sinh cosh  sink? "sinh cosh anh > 0
2 fa( ) 2 3 3fa( ) '
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188 Thusfy( ) andfy( ) are increasing functions of> 0 and so is their
productfy( )fa( ).

d _ sinh cosh 1
g = ful )—3f2( ) ( tanh )+ fx( )ZsinkF

and = = coth f( ).
Hence

d 1 . sinh2 2
d— = mSlnh cosh ( tanh )+ SIHT

But fo()2=sin®  2and nally

(sinh2 2)

tanh
sink? 2 sinh cosh

=— 1=sinh cosh

QlQ

3+ sintt  sint® cosh
sinh cosh (sink? 2)

As di( sinh  cosh )= cosh > 0; sinh cosh and there-

foreF( )= 3+sint® ( sinh  cosh )is anincreasing function of. 189
But F(0) = O so that( ) > O for > 0. Hence

g—>—oanor >0 >0

from which it is clear that there does not exist any point { on B,
> 0; > 0, the tangent at which passes through the origin. Then any
chord through the origin can cut the curve only in one poiniciliis not
the origin. But the roots of sinz z lie on the curve and it is impossible
to nd out distinct roots other than zero which have the sangei@ent.

. . .a :
Finally, for n = 3 there are no exceptional ratl%sand the two-radius
theorem is completely proved R?.
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