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Introduction

1

The potential theory has been studied very much, especiallyafter the 1

researches of Gauss in 1840, where he studied important problems and
methods which gave yet remained partly as basic ideas of modern re-
searchs in this field. For about thirty years many refinementsof the
classical theory were given; later the axiomatic treatments starting from
different particular aspects of the classical theory. About half a dozen
of such axiomatic approaches to potential theory, parts of which are not
yet published with details, exist. It would be necessary to compare these
different approaches and to study the equivalence or otherwise of them.

In the following we shall develop some results of such axiomatic the-
ories principally some convergence theorems; they may be used as fun-
damental tools and applied to classical case as we shall indicate some-
times. We do not presuppose anything of even classical theory.

A survey of the different developments of the potential theory has
been given byM. Brelot (Annales de 1’Institut Fourier t4, 1952-54)
with a historical view point and with a rather large bibliography. We
shall complete it with indication one some recent developments of the
theory.

We shall begin with some topological preliminaries that areneces- 2

sary for our development

3
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2

Lemma 1. Let E be a connected topological space. f be a lower semi-
continuous function on E such that f cannot have a minimum (respec-
tively a minimum< 0) at any point of E without being a constant in
some neighbourhood of that point. Then if f attains its lowerbound
(resp. , supposed to be< 0), then f= constant.

Proof. Consider the set of the points ofE where f attains its lower
bound and the set of points at which the function is different from its
lower bound. These two are disjoint open sets ofE where union isE.
The former set is non-empty by hypothesis.E being connected this is
the whole ofE. Hencef is a constant. �

Lemma 2. Let E be a connected compact topological space, andω an
open set different from E. Let f be a real valued lower semi-continuous
function defined onω and further satisfy the condition that it cannot
have a minimum< 0 at any point without being a constant in some
neighbourhood of the point. If at every point of the boundary∂ω of
ω, lim . inf . f ≥ 0, then f≥ 0.

Proof. Define a new functionF which is equal tof onω and zero in the
complement ofω. The functionF is lower semi-continuous, and cannot
have a minimum< 0 in E without being constant in some neighbour-
hood of that point. Assume thatF < 0 at some point ofE. Then the
lower bound ofF in E is less than zero and is attained inE. Hence by3

Lemma 1,F is a constant; this is a contradiction. �

ThereforeF ≥ 0. It may be observed that in the course of the proof
only the sequential compactness ofE has been made use of.

3

Lemma 3(Choquet). Let E be a topological space satisfying the second
axiom of countability (i.e. possessing a countable base of open sets).



3. 5

Let ( fi)i∈I be a family of real valued (finite or not ) functions onE.
Denote

fI (x) = inf
i∈I
. fi(x)

It is possible to extract a countable subsetIo of I such that ifg is any
lower semi-continuous function onE with g ≤ fIo, theng ≤ fI .

Proof. It is sufficient to consider functions with values in [−1, 1]. (The
general case may be deduced from this one with the aid of a transforma-

tion of the form
x

1+ |x|
on the real line). �

Let ω1, ω2, . . . . . . be a sequence of open sets, forming a base for
open sets ofE, with the condition the eachω appears in the sequence
infinitely many times. By this arrangement, it is possible tochoose same
ω with arbitrarily large index. For everyn choosein satisfying the fol-
lowing inequality

Inf . fin(y) − Inf . fI (y) <
1
n

(1)

y ∈ ωn y ∈ ωn

We have a sequenceIo = (in) a subset ofI . We shall prove that this4

choice ofIo fulfills the required conditions.
Supposeg is a lower semi-continuous function onE with g ≤ fin for

every in, we want to show thatg ≤ fI . For anyx ∈ E andε > 0, there
exists an open neighbourhoodN of x such that for everyy belonging to
N, g(y) > g(x) − ε/2. There exists aωp containingx, at every point of
which the above inequality holds good, this choice being made in such
a way that 1/p < ε/2. Hence,

inf
y∈ωp

.g(y) ≥ g(x) − ε/2

i.e., g(x) − inf
y∈ωp

.g(y) ≤ ε/2 (2)

Further we have the inequality

inf
y∈ωp

.g(y) − inf
y∈ωp

. fip(y) ≤ 0 (3)
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With this choice ofp the inequality (1) takes the form

inf
y∈ωp

. fi p(y) − inf
y∈ωp

. fI (y) <
1
p
< ε/2 (1′)

We get on adding (1′), (2) and (3)

g(x) − inf
y∈ωp

. fI (y) ≤ ε

ε being arbitrary, it follows thatg(x) ≤ fI (x) i.e. the lemma.5

Remark. We shall denote the lim. inf .ϕ for a functionϕ at every point
by ϕ̂ (called its lower semi-continuous regularisation). Making use of
this notation Lemma 3 can be put in the form:

If fI is the inf
i∈I
. fi at each point of a topological space (with countable

base for open sets) of a family of real valued functions (finite or not)
{ fi}i∈I , then it is possible to choose a countable subsetIo ⊂ I such that
f̂Io = f̂I .



Part II

General Capacities of
Choquet and Capacitability
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Chapter 1

Capacitability

1 True capacity and capacitability

Let us give some notions and results of the theory of capacity, developed 6

farther and under somewhat more general conditions byG. Choquet. It
was inspired by classical capacity but is is now a general basis tool in
analysis. We introduce here some new terms characterizing notions that
will be used often. LetE be a Hausdorff space.

Definition 1. A real valued set functionϕ (finite or not ) defined on the
class of all subsets of E will be called a true capacity if it satisfies the
following conditions:

(i) ϕ is an increasing function.

(ii) For any increasing sequence{An} of subsets of E

ϕ(∪An) or ϕ( lim
n→∞

An) = lim
n→∞

ϕ(An) or supϕ(An)

(iii) For any decreasing sequence{Kn} of compact subsets of E

ϕ(∩Kn) or ϕ( lim
n→∞

Kn) = lim
n→∞

ϕ(Kn) or inf ϕ(Kn)

A first example of true capacity would be an outer measure induced

9



10 1. Capacitability

by a positive1 measure on a locally compact Hausdorff space. (See
any book on measure theory).

As for the notations we shall follow G. Choquet. Consequently

K−set will stand for compact set,Kσδ- set for a set which is count-7

able union ofK-sets andKσδ - sets for a set which is countable intersec-
tion of Kσ-sets.

Definition 2. A K-analytic set of E is one which is the continuous image
of a Kσδ set contained in a compact Hausdorff space.

Any class of subsets ofE, closed under countable unions and inter-
sections is called a Borelian field. In particular the smallest Borelian
field containing the compact sets ofE is called theK- Borelian field,
the elements of this family being termedK-Borel sets. It is noted that a
K-Borelian set is aK-analytic set and that in a complete separable met-
ric space any borelian set (in the ordinary sense) is homeomorphic to a
K-Borelian set, therefore is aK-analytic set.

Definition 3. Any set A of E is said to beϕ- capacitable if

ϕ(A) = sup{ϕ(K) : for compact sets K⊂ A}.

In order to prove thatK-analytic sets contained in compact sets are
capacitable with respect to any true capacity, we need some steps; we
first examine how an inverse image transforms a true capacity.

Lemma 1. Let f be a continuous map of a Hausdorff space F into
another Hausdorff space E. Letϕ be a true capacity on E. The set
functionχ defined on F byχ(A) = ϕ[ f (A)] is a true capacity on F; and
the image f(A) of aχ-capacitable set A of F isϕ- capacitable.

Proof. χ is an increasing set function. If{An} is an increasing sequence8

of sets ofF, f (An) is increasing, therefore

χ(∪An) = ϕ[ f (∪An)] = ϕ[∪ f (An)]

1positive measure (or set function) will mean measure (or setfunction) ≥ 0. We
understand positive in the sense≥ 0, but in order to avoid any trouble, we shall write
the symbol≥ 0 instead of the word.



1. True capacity and capacitability 11

= lim
n→∞

ϕ[ f (An)]

= lim
n→∞

χ(An)

�

Finally if Kn is any decreasing sequence of compact sets ofF with
elementary topological considerationsf (∩Kn) = ∩ f (Kn) and therefore

χ(∩Kn) = ϕ[ f (∩Kn)] = ϕ[∩ f (Kn)] = inf .ϕ( f (Kn)) = inf .χ(Kn).

In order to complete the lemma we have to show that the image of
a χ-capacitable set byf is ϕ-capacitable. LetA be aχ- capacitable set
and supposeχ(A) > −∞. For anyλ < χ(A), there exists a compact set
K ⊂ A such thatχ(K) > λ. Then f (K) ⊂ f (A) and furtherϕ[ f (K)] > λ

whereasλ < ϕ[ f (A)]. This being true for everyλ < ϕ( f (A)) it follows
that f (A) is ϕ- capacitable.

Lemma 2. Every Kσδ set of E is capacitable for any true capacityϕ on
E.

Proof. Let A be aKσδ set ofE. By definition

A =
∞
⋂

i=1

∞
⋃

j=1

Ai
j

where Ai
j are compact sets ofE. Without loss of generality we can9

assume thatAi
j are increasing withj for every indexi. Now forλ < ϕ(A)

(if ϕ(A) > −∞) we are in search of a compact setK contained inA such
thatϕ(K) > λ. Then the theorem will be a consequence of the increasing
property ofϕ. �

To this end consider the increasing sequenceA1
n ∩ A whose limit is

A. By the condition (ii) of the definition ofϕ,

ϕ(A) = lim
n→∞

ϕ(A1
n ∩ A)

Hence there exists an integerp1 such thatϕ(A1
n ∩ A) > λ. Next

consider the increasing sequenceA1
p1∩A2

n∩A which increases toA1
p1∩A.
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The same argument enables us to find an integerp2 such thatϕ(A1
p1 ∩

A2
p2 ∩ A) > λ. It is easy to see that proceeding on the same lines, we get

by induction a sequence{p j} of integers satisfying for everyj,

ϕ(A1
p1 ∩ . . . . . . ∩ A j

p j ∩ A) > λ

PutBi = A1
p1 ∩ . . . . . .∩ Ai

p. The setsBi are compact, decreasing and
∩Bi ⊂ A.

ϕ(∩i Bi) = lim
i
ϕ(Bi) ≥ λ. Hence the lemma is proved.

Theorem 1. In a Hausdorff space E any K-analytic set A contained in10

some compact set of E is capacitable for every true capacityϕ on E.

Proof. We may assume for simplicity that the spaceE itself is compact.
By definition there exists aKσδ setB in a compact spaceF and a mapf
ontoA defined and continuous onB.

Let Γ be graph off . We shall prove first thatΓ is aKσδ set ofF ×E.
Since f is continuous andE is Hausdorff, it is known thatΓ is a closed
subset ofB× E. Γ is the intersection of a closedC of F × E with B× E.
On the other handB being aKσδ set ofF, B×E is aKσδ set ofF ×E, as
E is compact. HenceΓ is itself aKσδ set. For anyH ⊂ F×E, ϕ(projEH)
defines a true capacityχ onF×E (Lemma 1);Γ isχ-capacitable (Lemma
2); therefore its projectionA on E is ϕ-capacitable (Lemma 1). �

Remark. The theorem is true whenA is supposed to be contained just
in a Kσ set, say∪Kn. It is enough to remark thatA∩ Kn ⊂ Kn, therefore
capacitable andA∩ Kn→ A.



Chapter 2

Weak and Strong Capacity

2 Weak capacity

In many applications it is not easy to verify the three conditions of a 11

true capacity, especially the second condition concerningthe limit of an
increasing sequence of sets. We shall hence examine generalcases with
stronger conditions which are more easily seen to be fulfilled, and also
other useful “capacities” which are not true ones. We chieflyconsider
positive set functions which are the most useful and the onlyones we
shall need later.

Definition 4. A real (finite or not ) set functionϕ ≥ 0 defined on the
family of all compact subsets of a Hausdorff space is said to be a weak
capacity if

(1) ϕ(K) is increasing with K

(2) For any two compact sets K1 and K2

ϕ(K1 ∪ K2) ≤ ϕ(K1) + ϕ(K2)

(3) ϕ is continuous on the right for any compact set K withϕ(K) < +∞,
that is to say for anyε > 0, there exists an open setω ⊃ K, such that
for any compact set K′ ⊂ ω but containing K, ϕ(K′) ≤ ϕ(K) + ε.

13



14 2. Weak and Strong Capacity

Without using the condition (2), we shall derive the following no-
tions of “inner and outerϕ-capacities” respectively in the manner anal-
ogous to the derivation of the inner and outer measures from content.

We define the inner capacityϕ∗ and outer capacityϕ∗ of any setA12

as

ϕ∗(A) = sup.{ϕ(K) : Compact setsK ⊂ A}

ϕ∗(A) = inf .{ϕ∗(ω) : Open setsω ⊃ A}.

When they are equal, the common value may be called capacity and
denotedϕ(A). Note that for open setsϕ∗ andϕ∗ are equal.

Moreover it is true even of any compact set. For,ϕ∗(K) = ϕ(K)
and it is enough to show thatϕ(K) ≥ ϕ∗(K). For anyε > 0, the right
continuity ofϕ implies the existence of an open setω1 ⊃ K such that
for any compact setK′ ⊂ ω1 but containingK, the inequalityϕ(K′) ≤
ϕ(K) + ε/2. Henceϕ∗(ω1) ≤ ϕ(K) + ε/2 andϕ∗(K) ≤ ϕ∗(ω1) ≤ ϕ(K) +
ε/2. This being true of arbitraryε > 0, ϕ∗(K) ≤ ϕ(K).

Let us observe that the right continuity implies the condition (3) of
the definition of the true capacity. This comes from the fact that if {Kn}

is a decreasing sequence of compact sets (∩Kn = K) andω any open
set containingK,Kn is contained inω for n large enough. Further the
two conditions [right continuity and (3) of Def.1] are equivalent if the
underlying space is a locally compact metric one.

3 Properties of Inner and Outer capacities

Proposition 1. For a weak capacityϕ, ϕ∗(ω) is an increasing function13

ofω and for any increasing sequence of open setsωn

ϕ∗

(

lim
n→∞

ωn

)

= lim
n→∞

ϕ∗(ωn)

Proof. The increasing natureϕ∗ is a consequence of the same property
of ϕ. If a < ϕ∗(∪ωn), there exists a compact setK contained in∪ωn such
thatϕ(K) > a. We can find a positive integerno such thatK ⊂ ωn for
n ≥ no. Henceϕ∗(ωn) >a for n ≥ no. Hence it follows thatϕ∗(∪ωn) =
lim ϕ∗(ωn). �
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Proposition 2. ϕ∗ is countably subadditive on open sets.

Proof. First let us prove thatϕ∗ is subadditive on open sets. Letω1 and
ω2 be any two open sets. For anyλ < ϕ∗(ω1∪ω2) we can find a compact
setK ⊂ ω1 ∪ ω2 such thatϕ(K) > λ. Now K ∩ Cω1 andK ∩ Cω2 do
not intersect. They are contained in disjoint open subsets of K. The
complements relative toK of these two open sets give two open sets
give two compact setsK1 andK2,K1 ⊂ ω1K2 ⊂ ω2 andK1 ∪ K2 = K.

ϕ(K1 ∪ K2) > λ

ϕ(K1) + ϕ(K2) > λ by subadditivity ofϕ

A fortiori ϕ∗(ω1) + ϕ∗(ω2)λ
This being true of anyλ < ϕ∗(ω1 ∪ ω2) we have 14

ϕ∗(ω1) + ϕ∗(ω2) ≥ ϕ∗(ω1 ∪ ω2).

Induction onn and repeated application of the same inequality gives
finite subadditivity. The countable subadditivity is then aconsequence
of Proposition 1. �

Proposition 3. The outer capacityϕ∗ is countably subadditive.

Proof. Let An be any sequence of sets. Ifϕ∗(An) = +∞ for any n the
proposition is immediate. We assumeϕ∗(An) < +∞ for everyn. Given
ǫ > 0, we can find open setsωn ⊃ An such that for everyn

ϕ∗(ωn) ≤ ϕ∗(An) +
ε

2n .

ϕ∗















∞
⋃

1

An















≤ ϕ∗















∞
⋃

1

ωn















≤

∞
∑

1

ϕ∗(An) + ε.

ε arbitrary, the proposition follows. �

4 Strong Subadditivity

In order to get a true capacity we shall introduce further restrictions and
first study the following notion of strong subadditivity.
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Definition 5. Areal valued (+∞ being a possible value ) set function
ϕ > −∞ defined on a class Phi of subsets of any fixed set, closed under
finite unions and intersections, is said to be strongly subadditive if for
any two A and B inΦ

ϕ(A∪ B) + ϕ(A∩ B) ≤ ϕ(A) + ϕ(B).

Proposition 4. For a set functionϕ > −∞ the increasing property and15

the strong subadditivity are together equivalent to eitherof the following
inequalities:

(i) For three sets A1,A2 and X inΦ,

ϕ(X) + ϕ(X ∪ A1 ∪ A2) ≤ ϕ(X ∪ A1) + ϕ(X ∪ A2).

(ii) For three sets a,A and K inΦ, such that a⊂ A,

ϕ(A∪ K) + ϕ(a) ≤ ϕ(a∪ K) + ϕ(A).

In fact, the strong subadditivity for the setsX∪ A1 andX∪ A2 gives
the inequality

ϕ(X ∪ A1 ∪ A2) + ϕ[X ∪ (A1 ∩ A2)] ≤ ϕ(X ∪ A1) + ϕ(X ∪ A2)

But ϕ(X)ϕ[X ∪ (A1 ∩ A2)] by increasing property ofϕ so that (i)
follows.

Conversely, the substitution in (i) : X = A∩B,A1 = A,A2 = B gives
the strong subadditivity.

The conditions (i) implies (ii) by taking in (i)X = a A1 = A,A2 = K
and the converse is seen by substitutinga = X,K = A2 andA = A1 ∪ X
in the inequality (ii).

Remark. Letψ be any finite real valued set function defined on the class
Φ we have considered.

Define16

V1(X,A1) = ψ(X) − ψ(X ∪ A1)
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V2(X; A1,A2) = V1(X,A1) − V1(X ∪ A2; A1)

· · · · · · · · · · · · · · · · · ·

Vn+1(X; A1,A2, . . .An+1) = Vn(X; A1, . . . ,An) − Vn(X ∪ An+1, . . . ,An),

one may prove thatVn ≤ 0 impliesVp ≤ 0 for any p ≤ n and that the
assumption thatχ is increasing and strongly subadditive is equivalent to
V2 ≤ 0. The cases whereVn ≤ 0 for anyn or for anyn ≤ N are discussed
by Choquet.

Proposition 5. If {Ai} and {ai} are two finite families of sets ofΦ with
ai ⊂ Ai for every i, then for any real valued set functionϕ > −∞ defined
on the classΦ, increasing and strongly sub- additive,

ϕ(∪Ai) +
∑

ϕ(ai) ≤ ϕ(∪ai ) +
∑

ϕ(Ai)

Proof. According to the proposition 4, (ii ) :

ϕ(A1 ∪ A2) + ϕ(a1) ≤ ϕ(a1 ∪ A2) + ϕ(A1)

and ϕ(a1 ∪ A2) + ϕ(a2) ≤ ϕ(a1 ∪ a2) + ϕ(A2)

hence we get required inequality when the families consist of two ele-
ments each. [It is true even whenϕ(a1 ∪ A2) = +∞]. The general case17

follows by induction. �

5 Strong capacity

Definition 6. A weak capacity which is strongly subadditive on compact
sets is called a strong capacity.

Proposition 6. If ϕ is a strong capacity thenϕ∗ is strongly subadditive
on open sets andϕ∗ is strongly subadditive.

Proof. Let ω1 andω2 be two open sets ;α and β two real numbers,
α < ϕ∗(ω1 ∪ ω2) andβ < ϕ∗(ω1 ∩ ω2). We may find a compact setK
contained inω1 ∪ ω2 with decomposition into compact setsK1 andK2

such thatK = K1∪K2,K1 ⊂ ω1,K2 ⊂ ω2, ϕ(K) > α andϕ(K1∩K2) > β.
In fact we start with a compact setK′ contained inω1 ∪ω2 and first get
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the decompositionK
′

1 andK
′

2 as in (3). We enlargeK
′

1 andK
′

2 by union
with a compact setC contained inω1 ∩ ω2 such thatϕ(C) > β. Now
K
′

1 ∪C,K
′

2 ∪C and their union fulfill our requirement. From

ϕ(K) + ϕ(K1 ∩ K2) ≤ ϕ(K′1) + ϕ(K2)

we deduce
α + β ≤ ϕ∗(ω1) + ϕ∗(ω2)

and ϕ∗(ω1 ∪ ω2) + ϕ∗(ω1 ∩ ω2) ≤ ϕ∗(ω1) + ϕ∗(ω2). �

Now let A1 and A2 be any two sets. Ifϕ∗(A1) andϕ∗(A2) finite,18

let us take arbitraryλi > ϕ∗(Ai). We can find open setsω1 such that
ϕ∗(ωi) < λi (i = 1, 2), ωi ⊃ Ai

ϕ∗(A1 ∪ A2) + ϕ∗(A1 ∩ A2) ≤ ϕ∗(ω1 ∪ ω2) + ϕ∗(ω1 ∩ ω2)

≤ ϕ∗(ω1) + ϕ∗(ω2)

≤ λ1 + λ2

Now the proposition follows.
From the Proposition 5, we deduce

Corollary. If {Ai} and{ai} for i = 1 to n be two finite family of sets such
that ai ⊂ Ai for every i, then any strong capacity satisfies:

ϕ∗















n
⋃

i=1

Ai















+

n
∑

i=1

ϕ∗(ai) ≤ ϕ
∗















n
⋃

i=1

ai















+

n
∑

i=1

ϕ∗(Ai)

6 Fundamental Theorem

Theorem 2. If ϕ is a strong capacity on E, ϕ∗ is a true capacity; and a
set isϕ∗- capacitable if and only if the inner and outer capacities ofthe
set are equal.

Proof. The latter assertion is obvious. We have only to prove thatϕ∗ is
a true capacity. �
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The properties (i) and (iii) of the true capacity have already been19

seen forϕ∗. Hence it remains to prove that for any increasing sequence
of setsAn, lim .ϕ∗(An) = ϕ∗(∪An). We know the property in the case
of open sets. (Proposition 1). Let us now consider the general case. If
ϕ∗(An) in +∞ for any n the result is obvious. We assumeϕ(An) to be
finite for everyn. Forε > 0, we introduce open setsωn ⊃ An such that

ϕ∗(ωn) ≤ ϕ∗(An) +
ε

2n

for everyn. We have, by the Proposition 5:

ϕ∗















n
⋃

i=1















+

n
∑

i=1

ϕ∗(Ai) ≤















n
⋃

i=1

Ai















+

n
∑

i=1

ϕ∗(ωi)

ϕ∗(An) ≥ ϕ∗














n
⋃

i=1

ωi















−

n
∑

i=1

[

ϕ∗(ωi) − ϕ
∗(Ai)

]

≥ ϕ∗















n
⋃

i=1

ωi















−

n
∑

i=1

ε

2n .

Hence,

lim
n→∞

ϕ∗(An) ≥ ϕ∗














∞
⋃

i=1

ωi















− ε

≥∗















∞
⋃

i=1

Ai















− ε.

This inequality is true for any arbitraryε > 0, we get lim
n→∞

ϕ∗(An) ≥

ϕ∗
(

∞
⋃

i=1
Ai

)

. The other way inequality being always true we get the re-20

quired result.

Remark. If we suppose thatϕ is just> −∞ (instead of≥ 0) and increas-
ing, continuous to the right and strongly subadditive, we may define as
well inner and outer capacities, and the previous fundamental theorem
holds good. The same proofs carry over.
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Part III
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Convergence Theorems
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Chapter 1

Preliminaries on Measures,
Kernels and Potentiels

1 Radon Measures

Let us recall some definitions and properties of Radon measures on a 21

locally compact Hausdorff spaceE. For the proofs we refer to N. Bour-
baki (Integration).

LetK(E) be the real vector space of real valued (finite) continuous
functions onE with compact support (closure of the set where the func-
tion is, 0). K(E,K) stands for the subspace ofK(E) the elements of
which have support in the compact setK. The spaceK(E,K) is pro-
vided with the topology of uniform convergence onK.

We shall consider (unless the contrary is mentioned ) onlypositive
measurescalled briefly measures; we recall their definition.

Definition 1. A positive Radon Measures on E is a positive linear func-
tional onK(E).

A linear combination of measuresαµ1 + βµ2 is the functionalαµ1

( f ) + βµ2( f ). The order of two measures is defined byµ1 ≤ µ2 ⇐⇒

µ2 = µ1+ positive measure.
For any f in K(E), the valueµ( f ) of the functional is called the in-

tegral of f and is also denoted by
∫

f dµ. This positive linear functional 22

25
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is obviously continuous on everyK(E,K).
The setm+ of the positive Radon Measures isprovided with the

coarsest topology such that, for every functionf in K(E), the mapping
µ →

∫

f dµ is continuous. This topology is called the “topology of
vague convergence ” or simply “vague topology”. This may otherwise
be described as the topology of simple convergence onm

+.

Proposition 1. The set E1 of unit measures (or Dirac measures)εx at
the points x in E is a subset ofm+ which is homeomorphic to E.

Proposition 2 (Compactness). A set ofµi ∈ m
+ such that for any f≥ 0

belonging toK(E),
∫

f dµi , is bounded, is relatively compact inm+ for
vague topology.

Proposition 3. The function
∫

f dµ is continuous onK(E,K)×m+ with
the product topology.

Consider an element (fo, µo) in the product space. Letϕ be inK(E)
such thatϕ = 1 onK. Then,

∣

∣

∣

∣

∣

∫

fodµo −

∫

f dµ
∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

∫

fodµo −

∫

fodµ
∣

∣

∣

∣

∣

+

∫

fodµ −
∫

f dµ
∣

∣

∣

∣

∣

Givenε > 0, there exists a neighbourhoodV of fo inK(E,K) where
| f− fo| <

′

εϕ and a neighbourhoodW of µonm+ where
∫

ϕdµ ≤
∫

ϕdµo+

ε and |
∫

fodµo −
∫

fodµ| < ε. Hencef ∈ V, µ ∈ W implies |
∫

fodµo −
∫

f dµ| < ε. The proposition is an immediate consequence.

2 Radon Integrals of functions (for positive mea-
sures)

Let ψ ≥ 0 be a lower semi-continuous function defined on.E The inte-23

gral ofχ with respect to the Radon measureµ is by definition

∫

χdµ = sup
∫

f dµ ( f ∈ K(E), f ≤ ψ)
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An important property is for any increasing directed set of suchψ

sup
∫

ψidµ =
∫

supψidµ

For any finite upper semi-continuous functionϕ ≥ 0, with ϕ = 0
outside a compact set, the integral is defined to be

∫

ϕdµ = Inf .
∫

f dµ ( f ∈ K(E), f ≥ ϕ)

We now define for any valued functiong ≥ 0 on E the upper and
lower integrals denoted respectively bȳ

∫

g
dµ and

∫

gdµ
¯∫ gdµ = inf

∫

χ
dµ (ψ lower semi-continuous, ψ ≥ g)

∫

gdµ = sup
∫

ϕdµ (ϕfinite upper semi-continuous, 0 ≤ ϕ ≤

g, ϕ = 0 outside a compact set)

It is easily seen that
∫

gdµ ≤ ¯∫ gdµ

Recall the fundamental property for a sequencegn ≥ 0

¯∫
lim inf gndµ ≤ lim inf

¯∫
gndµ (Fatou’s Lemma)

Definition 2. A function g≥ 0 is said to beµ− integrable (resp. in the 24

large sense) if the upper and the lowerµ− integrals of g are equal and
finite (resp. only equal); the common value is written as

∫

gdµ and it is
by definition theµ integral of g (finite or not).

For any function g, utilizing the classical decomposition g= g+−g−,
we define

∫

gdµ =
∫

g+dµ −
∫

g−dµ whenever the difference and its
terms have meaning(g is said to beµ - integrable).

Permutation of Integration . We shall use the particular case of a lower
semi-continuous functionψ(x, y) ≥ 0 onE × E for which

∫

dν(y)
∫

ψ(x, y)dµ(x) =
∫

µ(x)
∫

ψ(x, y)dν(y)

Inner and Outer measure - measurablility. The inner and outer mea-
sures of a setα are defined to be the lower and upper integrals (re-
spectively) of the characteristic functionϕα of ϕ. If the two integrals
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are equal and finite,α is said to beµ- integrable, of measureµ(α), the
common value. Then the intersection with any compact set is also µ−
integrable andµ(α) = sup.µ(K) for all compact setsK contained inα.
Note that an open set of measure zero is more directly characterised by
the property that

∫

f dµ = 0 for any f ∈ K(E) with support inω. The
supportSµ of a measureµ is defined to be the closed set complement of
the largest open set whose measure is zero. We say also that a measure
µ is supported by a setα (which may not be closed) if the outer measure
of Cα is zero.

A setα is µ−measurable ifα∩K is µ− integrable for every compact25

setK. A set,µ− measurable for everyµ is defined to be a measurable
set [Examples : closed and open sets].

A real valued functionf may be defined asµ measurable if the sets
where f ≥ α, f ≤ α areµ− measurable. [Examples : semi - continuous
functions ]. A µ measurable function isµ− integrable if and only if
¯∫
| f |dµ < +∞.

We recall the Lusin’s property ofµ -measurable functions (taken as
definition by Bourbaki, Integration Ch.IV) : for any compact setK and
anyε > 0, there exists a compact setK1 ⊂ K such thatµ(K − K1) ≤ ε
and that the restriction off on K1 is continuous.
Restriction of Measure. The restriction of a measureµ on aµ− mea-
surable setα may be defined as the measureµα determined by the
functional

∫

fϕαdµ [ f ∈ K(E), ϕα] being the characteristic function of
α. fϕα is µ− integrable]. For anyµ− integrable functionf it is seen that
fϕα is µ− integrable, thatf is µα integrable and that

∫

fϕαdµ denoted
also by

∫

α
f dµ is equal to

∫

f dµα. Note that whenµ(Cα) = 0, µα ≤ µ.
Suppose now thatα is a compact set andµ a measure with support

contained inα. We may associate a measureµ′ on the subspaceα such
that if f is finite and continuous onα, andF its continuation by zero,
µ′( f ) =

∫

Fdµ. Conversely, for any measureµ′ on α, there exists a
unique measureµ on E such thatµ(Cα) = 0 and its associated measure
(by the above method) isµ′ onα.
For suchµ and µ′ and any functionf on α (continued arbitrarily to26

E) both dµ and dµ′ integrals exist and are equal. Hence we do not
distinguish betweenµ andµ′ and refer to them as measure onα.
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3 Kernels and Potentials

A real valued functionG(x, y) ≥ 0 onE × E, integrable iny in the large
sense for everyx as regards and Radon measure≥ 0 on E is called a
kernel onE.

Definition 3. The potential of a measureµ in m+ with respect to the
kernel G(x, y) is defined as Gµ(x) =

∫

G(x, y)dµ(y).

In order to develop a large theory of potentials, it is easierto assume
that the functionGµ(x) on E is lower semi-continuous for everyµ. We
shall even suppose more.

Theorem 1. The potential Gµ(x) is lower semi-continuous on E×m+ if
and only if the kernel G(x, y) is lower semi-continuous on E× E.

Proof. E is homeomorphic to the subsetE1 of m+ formed by the Dirac
measures at the points ofE. The potential for the Dirac measureεy at y
in E is G(x, y). Hence the necessary part follows. �

Conversely, the lower semi-continuous functionG(x, y) is the upper
envelope of an increasing directed (filtrante) family{Gi(x, y)}i∈I of finite
continuous function onE×E with compact supports. Nowy→ Gi(x, y)
is an element of someK(E,K) which is a continuous function ofx.
Hence by Proposition 3,

∫

Gi(x, y)dµ(y) is a finite continuous function
on E ×m+.

The limit
∫

G(x, y)dµ(y) according to the directed set is also the up-27

per envelop which is lower semi-continuous inE ×m+.
We shall only use from now lower semi-continuous kernels.
Let us introduce a fundamental tool in our theory of potentials.

Lemma 1. Let G(x, y) be a lower semi-continuous kernel on E. Letµ

be a Radon Measures with compact support K in E and Gµ(x) finite on
K. Then for anyε > 0, there exists a compact set K′ ⊂ K such that the
restrictionµ′ of µ to K′ satisfies:

(i)
∫

dµ −
∫

dµ′ < ε

and (ii) the restriction of Gµ′(x) to K′ is continuous.
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Proof. Gµ(x) being lower semi - continuous, the application of Lusin’s
property (§2) provides a compact setK′ contained inK such that ifµ′ is
the restriction ofµ to K′ then 0≤

∫

dµ−
∫

dµ′ < ε andGµ(x) restricted
to K′ is continuous. Nowµ′′ = µ − µ′ being a positive Radon measure,
Gµ′′(x) is lower semi-continuous onE and further,

Gµ(x) = Gµ′(x) +Gµ′′(x).

The above being a decomposition of the continuous functionGµ(x)
into sum of two lower semi-continuous functions, the individual mem-
bers of the right hand side are themselves continuous. This completes
the proof. �

The above lemma will be useful in the development of the conver-
gence theorems. This lemma enables us to discard a set of small µ−28

measure, and consider continuous functions in the complement, instead
of lower semi-continuous functions. Here we shall prefer this approach
to the other ones of taking limits of continuous potentials.



Chapter 2

Negligible Sets and Regular
Kernels

4 Definitions and Fundamental Lemmas

In the convergence that we are going to discuss, we shall meetwith 29

exceptional set of points which may be ignored in some sense,such as
a set of measure zero in measure theory. We wish to introduce anotion
of smallness to describe these sets, without any appeal to the capacity
theory at the first instance. We remind that the kernelG(x, y) is always
supposed to be lower semi-continuous≥ 0.

Definition 4. A compact set K in E is said to be G-negligible if for any
Radon measureµ , 0 on K, the potential Gµ(x) is unbounded on K.

It is obvious that finite union ofG-negligible compact sets isG-
negligible (whereas it may not be true of the intersection).Compact
subsets ofG-negligible sets are not necessarilyG-negligible. In order
to avoid such a disturbing possibility we shall introduce a restriction on
the kernel.

Definition 5. A kernel G(x, y) is said to be ‘ regular ’ (Choquet) if it
satisfies that following continuity principle : for any measure µ ∈ m+

with compact support K, if the restriction to K of Gµ(x) is finite and
continuous, then Gµ(x) is finite and continuous on the whole space.

31
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Immediately follows from Lemma 1 the

Lemma 2. If G is regular, for any non-zero measureµ ∈ m+ with com-
pact support K such that Gµ(x) is finite on K, there exists a non-zero
measureµ′ ≤ µ with compact support in a subset of K, such that Gµ′(x)30

is finite and continuous on the whole space.

Consequently for regular kernels, any compact subset of aG-negli-
gible compact set is alsoG-negligible. This enables us to give a consis-
tent definition of generalG-negligible sets.

Definition 6. For a regular kernel G, a set A is defined to be G-negligible
if every compact set contained in A is negligible.

An equivalent definition for the G-negligibility in the caseof a rel-
atively compact setA is that for any non-zero measure supported by
A (i.e. for which complement ofA has outer measure zero),Gµ(x) is
unbounded onA.
Fundamental Lemma (3). If G is regular, on every compact setK
which is notG-negligible, there exists a positive measureµ , 0, such
thatGµ(x) is finite and continuous onE.1

Proposition 4. G being regular, given a (positive) measureµ on a com-
pact set K such that Gµ(x) is finite on K, there exists an increasing
sequenceµn of measures on K with the following properties:

(i) µn ≤ µ for all n

(ii) (µn − µ)(E)→ 0 asn→ ∞. This impliesGµn→ Gµ.

(iii) Gµn is finite continuous onE.31

Proof. Let {εn} be a decreasing sequence of positive numbers tending to
zero. There exists a measureν1 ≤ µ,

∫

dµ −
∫

1

dν1 < ε1 andGν1 finite

1In the classical case, it is a generally ignored result of de la Vallee Poussin (Le
Potentiel Logarithmique : Paris et Louvain’ 49): a consequence of already developed
theory. By means of the Lusin property, Choquet introduced this and Lemmas 1 and 2
at the beginning, as powerful tools.
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to continuous onE. Let µ = ν1 + µ
′
1. A similar argument applied toµ′1

gives a measureν2 ≤ µ
′
1 and such that

∫

dµ′1−
∫

dν2 < ε2 andGν2 finite
and continuous onE. Then induction assumption onn and a similar
argument for the passage fromnth to (n+ 1)th stage provide a sequence

of measures{νi}. The sequence{µn} of measures defined byµn =
n
∑

i=1
νi

answers to our call. The first two result from the choice ofµ′n s and
imply µn → µ vaguely. Because of lower semi- continuity ofGµ(x) in
E × m+ : lim .n inf .Gµn(x) ≥ G(µ)(x) for x in E. But Gµn ≥ Gµ. Hence
Gµn(x)→ Gµ(x). �

5 Associated kernel and Energy (Choquet)

Definition 7. The associated kernel G∗ of a kernel G on E is defined to
be G∗(x, y) = G(y, x).

Definition 8. Energy The G- energy of a measureµ is the integral
∫

Gµ(x)dµ(x).
It is noted immediately that G-energy and G∗-energy of a measure

are equal.
An immediate consequence of this remark is the

Proposition 5. If K is a compact set which is not G-negligible, there
exists a measureµ , 0 on K for which G-energy is finite. 32

Proposition 6. If G is a regular kernel on E andµ , 0 on K with finite
G-energy then K is not a G-negligible set.

Proof. Since the energy is finite,Gµ(x) is finite valued almost every-
where (relative to the measureµ) onK. It is possible to find (See lemma
1) a compact setK′ ⊂ K for which the restriction ofµ′ of µ is , 0
and the restriction ofGµ′ finite and continuous ;K′ is notG-negligible.
Now, K is notG-negligible follows becauseG is regular. �

Corollary . For regular kernels G and G∗, the negligible sets are the
same.
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6 Examples of Regular kernels

A. Newtonian kernel . Let us consider for simplicity the spaceR3 and

the kernelG(x, y) =
1
|x− y|

. Let µ ≥ 0 be a measure on a compact setK

in R3. We shall prove that if the functionGµ(x) restricted toK is finite
continuous at a pointx◦ in K, thenGµ(x) is itself continuous atx◦ as a
point of the whole space (property of Evans Vasilesco). Since Gµ(x) is
finite and continuous inCK, the regularity follows.

In fact for every pointx and a projectiony on K(|x − y|min .) we
have for anyz∈ K,.

∣

∣

∣y− z
∣

∣

∣ ≤
∣

∣

∣x− y
∣

∣

∣ +
∣

∣

∣x− z
∣

∣

∣ ≤ 2
∣

∣

∣x− z
∣

∣

∣

Hence for any measureν on K,
∫

dν(z)
|x− z|

≤ 2
∫

dν(z)
∣

∣

∣y− z
∣

∣

∣

Let V be a spherical domain of centrex◦, µV andµCV be the restric-33

tions ofµ to V∩K andCV∩K. SinceGµ(x◦) is finite there is no mass at
x◦, andCµV(x◦) < ε if V is sufficiently small. Because of the hypothesis
of continuity and because of the obvious continuity inV◦ of GµCV, the
restriction ofGµV to K is continuous atx◦ and smaller than 2ε is another
smaller spherical domainV1. HenceGµV < 4ε in V1.

∣

∣

∣Gµ(x) −Gµ(x◦)
∣

∣

∣ ≤
∣

∣

∣GµCV(x) −GµCV(x◦)
∣

∣

∣ +
∣

∣

∣GµV(x)
∣

∣

∣

−
∣

∣

∣GµV(x◦)
∣

∣

∣ (x ∈ V1)

≤
∣

∣

∣GµCV(x) −GµCV(x◦)
∣

∣

∣ + 5 ∈

≤ 6 ∈ for
∣

∣

∣x− x◦
∣

∣

∣ sufficiently small.

This completes the proof.
Such a proof can be immediately extended inRn (n ≥ 3) with the

kernel
∣

∣

∣x− y
∣

∣

∣

2−n
; and to a bounded regionA of the plane with the kernel

log
D
|x− y|

(D > diameter ofA). It is even obvious to make extension in

metric space and much more general kernels, for example|x− y|−α(α >
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0) . In fact many such examples are particular cases of the following
one.

B. General example of regular kernel

Definition 9. Maximum principle A kernel G is said to satisfy the max-
imum principle if for every measureµ ≥ 0 with compact support K,
Gµ(x) sup

y∈K
. Gµ(y) for every x∈ E

That the Newtonian and more general kernels in the Euclideanspare 34

or in a metric space satisfy the maximum principle was provedby Maria
and Frostman. In what follows we shall use a Weaker condition.

Definition 10. A Kernel G is said to satisfy aweak maximum principle
if there exists aλ > 0 such that for every measureµ ≥ 0 with compact
support Sµ,Gµ(x) ≤ .λ sup

y∈S
Gµ(y) for every x∈ E.

Theorem 2 (Similar to a Choquet’s theorem). Let G be a continuous
kernel, finite for x, y. If G satisfies the weak maximum principle in E
or only locally ( that is to say in an open neighbourhood of each point),
then G is regula.

Proof. We suppose that, the restriction ofG to the supportK (compact
) of µ is finite continuous atx◦ in K, and we shall prove thatGµ is
continuous atx◦. It is enough to considerx◦ on the boundary ofK. �

Suppose firstG(x◦, x◦) = +∞ , then the mass ofx◦. If V is an open
neighbourhood ofx◦, let us introduce the restrictionµV andµCV of the
measureµ to V andCV respectively.GµCV is finite and continuous inV
because of the finiteness and continuity ofG in the complement of the
diagonal. ThusGµV has a restriction toV∩K which is continuous atx◦.
If V is small enough,GµV(x◦) < ε andGµV(x) < 2ε for x ∈ V1∩K where
V1 is a compact neighbourhood ( small enough ) ofx◦,⊂ V. Therefore 35

GµV1 < 2ǫ onV1 ∩ K. Applying the weak principle toV, we getGµV <

2ελ in V.
Now

|Gµ(x) −Gµ(x◦)| = |GµCV1(x0) −GµCV1(x)| + |GµV1
(x)| + |GµV1(x◦)|.
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On the right the third term is less thanε, the second is less then 2λε
in V. For a neighbourhoodV◦ of x◦ we know aλ which remains valid
for anyV ⊂ V◦. Then for anyε we determineV in V◦, then a compact
V1 so that the second member will be arbitrarily small if|x− x◦| is small
enough. Suppose nowG(x◦, x◦) , ∞; µ. has a massm at x◦ whose
potential is finite continuous. The potential due to the other masses is
finite continuous atx◦ as in the previous case. Hence the same property
for Gµ.



Chapter 3

Convergence theorems (with
exceptional G∗-negligible
sets)1

7 Case of a compact space

We shall study now some convergence theorems for potentialswith gen- 36

eral kernels, first on a compact spaceE, and then on a locally compact
space. We shall see that the limits of potentials are functions which dif-
fer from potentials only on sets, rare enough according to the previous
notion of negligibility or to a certain capacity zero that weshall intro-
duce for a second group of theorems.

Definition 11. If G is a regular kernel, a property P is said to hold
nearly G-everywhere if the set of points of E at which P does not hold is
a G-negligible set.

Theorem 3. Let E be a compact space. G a lower semi - continuous
kernel≥ 0, with G1 regular on E. Ifµn is a sequence of measures inM+

converging vaguely toµ then

lim
n
. inf

n→∞
.Gµn = Cµ nearly G∗ − everywhere

1This Chapter improves and develops the paper [6] of the bibliography

37
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Proof. The lower semi-continuity of the kernel gives

lim
n
. inf

n→∞
.Gµ ≥ Gµ

Let K be a compact set in the set of pointsA of E at which strict in-37

equality holds good. We assert thatK is G∗- negligible. Otherwise due
to regularity ofG∗, there exists a positive measuresν , 0 onK for which
theG∗-potential is finite and continuous onE (lemma 3). Sinceµn tends
to µ in the vague topology,

∫

G∗νdµn→

∫

G∗νdµ =
∫

Gµdν.

On the other hand by Fatou’s lemma,

∫

lim
n
. inf .Gµndν ≤ . lim

n
inf

∫

Gµn.dv

= lim
n
. inf .

∫

Gµn.dν = lim
n
. inf .

∫

G∗νdµn

therefore
∫

lim
n
. inf µndν =

∫

Gµdν

This contradicts the assumption that limn . inf .Gµn for points ofK.
HenceA is aG∗-negligible set. The proof is complete. �

Theorem 4. Let E be a compact space and G a kernel with G∗ regular. If
{µn} is a sequence of measures inM+ withµn(E) bounded further Gµn(x)
converges to a function f(x) then there exists a measureµ ≥ 0 (limits of
a subsequence ofµ′ns) such that Gµn(x) = f (x) nearly G∗-everywhere.

Proof. Sinceµn(E) are bounded the set{µn} is relatively compact for
the vague topology inM+. Hence we can choose a subsequence{µαn} of
{µn} which converges vaguely to a measureµ ∈ M+. An application of
theorem 1 above shows thatGµ(x) = f (x) nearlyG∗-everywhere. �38

Theorem 5. We again assume E to be compact and G∗ regular. If {µi}i∈I

is a family of measures inM+ with total massµi(E) bounded for i∈ I
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such that the family{Gµ}i∈I is a directed set for the increasing order,
then the upper envelopeϕ of {Gµi}i∈I is equal nearly G∗-everywhere
to the potential of a measure (limits ofµi according to a filter on I finer
than the filterF of sections with the order induced by the ordered family
{Gµi}i∈I .

Proof. For any measureν
∫

Gµidν =
∫

G∗νdµi

The first integral tends for
∫

ϕdµ according to the filterF . �

Let us introduce a filter finer than this filter for which{µi} converge
to a measureµ ≥ 0. (This is possible because of the relative compactness
of the set{µi}i∈I for which µi(E) are bounded). Then ifG∗ν is finite
continuous the second integral tends to

∫

G∗νdµ, or what is the same to
∫

Gµdν.
Suppose thatϕ , Gµ on a nonG∗- negligible set and therefore on a

nonG∗-negligible compact setK. We may choose forν, a measure on
K,, 0 such thatG∗ν is everywhere finite continuous. Then our equality

∫

ϕdν =
∫

Gµdν gives a contradiction.

Theorem 6. Let the compact space E possess a countable space and G39

be a kernel with G∗ regular. If {µi}i∈I is any family of measures≥ 0 on E
such that{Gµi}i∈I is bounded for all i∈ I, then the lower envelopeinf

i
.

Gµi is equal to a potential of a measureµ ≤ 0, nearly G∗-everywhere.

More precisely there exists a sequenceµαn → µ such that{Gµαn} is
decreasing andGµ ≤ inf

i
. Gµi ≤ inf

αn
, these three functions being equal

G∗-nearly everywhere.

Proof. In virtue of Lemma 1 (1.3), there exists a sequence{Gµαn}

{αn} being a countable subset ofI ) of the family of such that for any
lower semi continuous functiong on E such thatg ≤ inf

αn
. Gµαn im-

pliesg ≤ inf i∈I Gµi, we can choose in the family a decreasing sequence
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{

Gµα′n
}

Gµα′n ≤ Gµαn therefore with the same property. Asµ′αn
(E) is

bounded for everyα′n there exists a subsequence{βn} such that{µβn}

converges to a measureµ ≥ 0. By Theorem 3, the potentialGµ =
limβn . inf .Gµβn G∗- nearly everywhere. The fact that{Gµα′n} has been
choosen to be decreasing gives

Gµ = inf
n
.Gµαn nearlyG∗ - everywhere

But Gµ ≤ inf i Gµi; therefore the three functions of the inequality
Gµ ≤ inf i .Gµi

1 ≤ infn .Gµαn are equalG∗- nearly everywhere. �

8 Extension of the converge theorems for locally
compact space

The previous convergence theorems allow extension to the locally com-40

pact spaces with slightly more restrictions on the measures. In the se-
quence of theorems that followsE denotea locally compact space, G a
lower-semi continuous kernel with the associated kernelG∗ regular on
E.

We shall say that a family{µi}i∈I is G∗-admissible if for any measure
ν ≥ 0 whose support is compact and such thatG∗ν is finite continuous,
∫

Ck
G∗νdµi → 0 uniformly with respect toi ∈ I , whenK → E according

to the directed family of the compact setsK of E.

General extension
The theorems 3, 4, 5 and 6 of (3 §7) are valid with (µi) or (µn) on E

and with the supplementary conditions that

1) the family (µi) or (µn) is G∗-admissible

2) in theorems 4, 5 and 6{µi(K)} or {µn(K)} are supposed to be bounded
for every compact setK.

It will be sufficient to given in detail the extension of Theorem 3.
Theorem 3′. G∗ being regular. Let (µn) be a sequence ofG∗-admissible
measure≥ 0 converging vaguely to the measureµ ≥ 0. Then
limm . inf /Gµn = Gµ,G∗- nearly everywhere.
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Proof. As in the case of compact space we assume that lim
n
. inf .Gµn >

Gµ on a compact setK1 which is notG∗ - negligible ; we will arrive at a
contradiction as follows. � 41

There exists onK1 a positive measureν , 0 such thatG∗ν is finite
and continuous on the whole space. We shall prove that

∫

G∗νdµn →
∫

G∗νdν, and a contradiction follows exactly as in the proof of theorem
3. But in generalG∗ν does not have compact support. We may intro-
duce for every compact setK a functionϕK which is finite continuous,
zero outside a compact set, satisfying 0≥ ϕK ≥ G∗ν everywhere and
ϕK = G∗ν on K. The existence of such a functionϕK results from the
normality of the space.

Let us first observe that
∫

G∗νdµn is bounded: For any compact set
K′ it is equal to the sum

∫

C′K
.G∗νdµn +

∫

K′
G∗νdνn. The first integral is

less thanε(> 0) for a suitableK′ ; the second is bounded becauseµn(K′)
is bounded. If

∫

G∗νdµn ≤ λ, then
∫

ϕKdµn ≤ λ and the limit
∫

ϕKdµ

is also≤ λ. Therefore
∫

G∗dµ ( the upper bound of the integrals of all
suchϕK ) is ≤ λ.

Now

∣

∣

∣

∫

G∗νdµn −

∫

G∗νdµ
∣

∣

∣ ≤
∣

∣

∣

∫

(G∗ν − ϕK)dµn

∣

∣

∣

+
∣

∣

∣

∫

ϕKdµn −

∫

ϕKdµ
∣

∣

∣ +
∣

∣

∣

∫

(G∗ν − ϕK)dµ
∣

∣

∣

The first integral on the right, is≤
∫

CK
G∗µn which is smaller than

ε/3 for all n anda suitableK1 (say K◦); the third one is≥
∫

CK
G∗νdµ

which is < ǫ/3 for a suitableK1 say K1
◦ , because

∫

G∗ν.dµ is finite. 42

Taking for K the unionK◦ ∪ K1
◦ , we maintain these inequalities, with

such a fixedK the second integral on the right is< ε/3 for N sufficiently
large; therefore the left member is smaller thanε for n > N. Hence as
n → ∞,

∫

G∗ν, dµn → G∗.dµ. Hence we get a contradiction as in the
case of the compact spaceE.
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Remark. It would be interesting to have suitable criteria forG∗- admis-
sibility. Let us indicate two important ones.

(i) Supports ofµn’s are contained in a fixed compact set;

(ii) G∗(x, y) → 0 uniformly in y on any compact set, when extends to
the Alexndroff point of E.



Chapter 4

G-capacity1

9 G-capacity andG-capacity measures

For any lower semi-continuous kernelG ≥ 0 on a locally compact Haus-43

dorff spaceE, we shall defineG andG∗1 -capacities which will be used
to characterise exceptional sets in other and similar convergence theo-
rems.

Definition 12. The G- capacity of any compact set K is defined by G-
cap(K) = sup.{µ(K) : Sµ ⊂ K,Gµ ≤ 1 on E}.

Lemma 4. Let us consider measuresµi(i ∈ I ) on a compact set K,
such thatµi(K) is bounded, andµi converges (in vague topology) toµ
according to a filter on I and satisfy Gµi ≤ 1. Thenµi(K) → µ(K) and
Gµ ≤ 1.

For if f ∈ K (E),
∫

f dµi →
∫

f dµ and if 0 ≤ f (y) ≤ G(x, y) for
a fixed x,

∫

f dµ1 ≤ 1 ⇒
∫

f dµ ≤ 1. Hence follows the inequality
∫

G(x, y)dµ(y) ≤ 1.

Proposition 7. If for a compact set K, G - cap.(K) is finite, there
exists measuresµ, called G-capacitary measures, such that Gµ ≤ 1 and
µ(K) = G− cap.(K).

1In the chapter 4 and 5 we develop some of the ideas of Choquet [8, 9]. This chapter
also contains some new results like theorems 8, 10 and proposition 12.

43
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Proof. It is possible to find a sequence of measuresµn on K such that
Gµn ≤ 1 andµn(K) → G-cap (K). Sinceµn(K) is bounded, there exists
a subsequenceµnp which converges to a measuresµ on K. The previous44

lemma asserts that thisµ satisfies the required conditions. �

Remark. The set ofG-capacity measures ofK is a convex and compact
set.

Theorem 7. The function G-cap. is a weak capacity on the compact
sets of E.

Proof. TheG-cap. is obviously an increasing function. It is subadditive.
Let K1 andK2 be a compact sets,µ any measure onK1 ∪ K2 such that
Gµ ≤ 1; then

µ(K1 ∪ K2) ≤ µ(K1) + µ(K2) ≤ G− cap.(K1) +G− cap.(K2)

and G− cap.(K1 ∪ K2) ≤ G− cap.(K1) +G− cap.(K2)

Finally let us prove thatG- cap. is continuous to the right on com-
pact sets. Assuming that the contrary is true, we start from acompact
setK with G-cap. (K) < +∞ and we can find, for a suitableε > 0 and
any open setω containingK, a compact setKω such that

K ⊂ Kω ⊂ ω andG− cap.(Kω) > G− cap.(K) + ε.

There exists onKω a measureµω such thatµω(Kω) = G−cap(Kω)+ε
andGµω(x) ≤ 1. We may restrict ourselves to open setsω contained in
a compact neighbourhoodK1 of K. The family of such open sets is
directed for decreasing order. We take a filter, finer than thefilter of45

sections, according to whichµω converges vaguely to a measure onK1.
Using a functionsf ∈ K (E) whose supportS f is in CK, we see that
∫

f dµω = 0 whenω ∩ S f = φ therefore
∫

f dµ = 0, that isSµ ⊂ K.
By lemma 4,µ(K) = G − cap(K) + ε, alsoGµ ≤ 1, and henceµ(K) ≤
G− cap.(K). This is contradiction. The proof is complete. �

Proposition 8. Letα be the set where a potential Gµ ≥ λ > 0. Then the

inner G∗-capacity ofα is
µ(E)
λ

.
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Let us introduce a compact setK ⊂ α and a measureν on K such
thatG∗ν ≤ 1

ν(K) ≤
∫

Gµ
λ
=

1
λ

∫

G∗νdµ ≤
µ(E)
λ

ThereforeG∗-cap (K) ≤ µ(E)
λ

and innerG∗-cap (α) ≤
µ(E)
λ

Proposition 9. The inner capacityϕ∗ induced by the weak capacity
ϕ(K) = G− cap(K) on E is subadditive on measurable subsets of E.

Proof. Let A and B be two measurable sets. LetK be a compact set
contained inA∪Bsuch thatϕ(K) > a for a choicea < ϕ∗(A∪B). Letµ be
a measure onK such thatµ(K) > a andGµ ≤ 1. Forǫ > 0, we can find
compact setsK,K′′, respectively contained inK∩A andK∩B and such
thatµ(K∩A) ≤ µ(K′)+ε/2 andµ(K∩B) ≤ µ(K′′)+ε/2. By considering
the restriction ofµ to K′ and K′′ we obtainµ(K′) ≤ ϕ∗(K ∩ A) and
µ(K′′) ≤ ϕ∗(K ∩ B). Now we have

a < µ(K) ≤ (K ∩ A) + µ(K ∩ B)

≤ µ(K′) + µ(K′′) + ε

≤ ϕ∗(K ∩ A) + ϕ∗(K ∩ B) + ε

≤ ϕ∗(A) + ϕ∗(B) + ε

ε > 0 being arbitrary anda being any number< ϕ∗(A∪ B) the subaddi- 46

tivity follows. �

10 G-capacity andG-negligible sets

A G-negligible compact set hasG-capacity zero as can be easily seen.
The converse is trueG satisfies the weak maximum principle or ifE is
compact andG is regular. For if a compact setK of capacity zero is
not G-negligible, we may find ( Lemma 1) a measureµ , 0 onK such
that the restriction toSµ of Gµ is finite and continuous. The hypothesis
implies thatGµ is bounded in the whole space and henceG−cap(K) , 0,
which is a contradiction. Hence we deduce:
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Proposition 10. For a regular kernel G on E, G-negligible sets and sets
of inner G-capacity zero are the same if either E is compact or G in
addition satisfies weak maximum principle.

11 G-capacity and strong sub-additivity

In order to make theG−capacity strongly subadditive we need some
more conditions on the kernel. This leads us to define two new princi-
ples.

Definition 13. Principle of equilibrium ( for open sets ) -G-satisfiesthis
principle if for any relatively compact open setω, there exists a measure
µ on ω̄ such that Gµ ≤ 1 on E and Gµ = 1 onω. Without the conditions
Sµω̄ and Gµ ≤ 1 everywhere we shall speak of the “ weak principle of
equilibrium”.

Definition 14. Weak Domination Principle-G satisfies this principle if47

for any two measuresµ andν, with compact supports and bounded G-
potentials, the condition Gν ≥ Gµ on Sµ implies Gν ≥ Gµ everywhere.

Proposition 11. Letµ1 andµ2 be two measures with compact supports.
Let G∗ satisfy the the weak principle of equilibrium. Then Gµ1 ≥ Gµ2

impliesµ1(E) ≥ µ2(E).

Proof. Let us introduce a relatively compact open setω containing
Sµ1 ∪ Sµ2. There exists a measureν such thatG∗ν = 1 onω. Now,

∫

Gµ1dν ≥
∫

Gµ2dν

Therefore
∫

G∗νdν1 ≥

∫

G∗νdµ2

and hence the result. �

Theorem 8. ( of strong subadditivity ).

LetG satisfy the principle of equilibrium and weak domination prin-
ciple, further letG∗ have the weak principle of equilibrium. Then the
G-cap. is strongly subadditive.
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Proof. Let ϕ be theG-capacity. For any two compact setsK1 andK2 on
has to verify the condition,

ϕ(K1 ∪ K2) + ϕ(K1 ∩ K2) ≤ ϕ(K1) + ϕ(K2).

�

Sinceϕ is continuous to the right, we may introduce relatively com-48

pact open setsωi(i = 1, 2) such thatKi ⊂ ωi andϕ(ω̄i) ≤ ϕ(Ki) + ε.
By the equilibrium principle, there exists on ¯ωi measureµi such that
Gµi ≤ 1 everywhere andGµi = 1 onω; henceµi(ω̄i) ≤ ϕ(ω̄i). Let ν1

and ν2 be two measures onK1 ∪ K2 and K1 ∩ K2 respectively such
that Gνi ≤ 1. Now, Gµi = 1 on Ki thereforeGµ1 ≥ Gν1 on K1

andGµ2 ≥ Gν2 on K2. As G satisfies the weak domination principle,
Gµ2 ≥ Gν2 everywhere. Hence onK1,Gµ1 + Gµ2 ≥ Gν1 + Gν2. The
same inequality holds good onK2 by a similar argument. Now applying
the weak domination principle ofG once again, the last inequality is
true everywhere as it holds onK1 ∪ K2. This in turn gives, (Prop.11),

µ1(E) + µ2(E) ≥ ν1(E) + ν2(E)

Hence

ϕ(K1) + ϕ(K2) + 2ϕ ≥ ϕ(K1 ∪ K2) + ε(K1 ∩ K2).

This inequality being true for any arbitraryε > 0, the strong subadditiv-
ity follows.

12 G-polar sets

Definition 15. A relatively compact setα of E is called a G-polar set
(with respect to the kernel G) if there exists a measureµ (called associ-
ated measure) with compact support such that Gµ = +∞ onα.

Any set is calledG-polar, if its intersection with every compact set49

is G-polar.
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Theorem 9. A relatively compact G-polar set has outer G∗-capacity
zero.

Letα be such a set andµ an associated measure. Letωn =
{

x : Gµ >

n
}

. By proposition 8, we know that the innerG∗-cap. (ωn) ≤
1
n
µ(E). It

follows that outerG∗-cap. (α) is zero.
The converse of this theorem is not true without some additional

hypothesis.

Definition 16. A kernel G satisfiescomplete equilibrium principleif for
every relatively compact open setω, there exists a measureµ ≥ 0, on
the boundary∂ω with the property Gµ ≤ 1 everywhere, Gµ = 1 onω.

Proposition 12. Let G be a kernel satisfying complete equilibrium prin-
ciple and further G(x, y) be a continuous function in y, for every x, in the
complement of the set

{

x
}

. Then for any relatively compact open setω,
there exists on∂ω a measureµ satisfying Gµ ≤ 1 everywhere, Gµ = 1
onω andµ(∂ω) ≤ inner G-cap.(ω). Moreover, if G satisfies the ( weak
) domination principle and G∗ the weak equilibrium principle we may
replace the latter inequality by the equality.

Let us consider open setsω ⊂
i
ω̄ ⊂

i
ω and µi on ∂ωi such that

Gµi ≤ 1, Gµi = 1 onωi . The set of suchωi is directed for increasing
order and by taking a suitable filter finer than the filter of sections,we
get a vague limitµ of µi . As µi(E) ≤ G-cap (ω̄i) ≤ innerG-cap (ω), we
deduce from Lemma 4,µ(E) ≤ inner G-cap. (ω), Gµ ≤ 1. Moreover,
by arguments similar to the one we have used before,Sµ ⊂ ∂ω and if50

x ∈ ω,
∫

G(x, y)dµi(y) →
∫

G(x, y)dµ(y), thereforeGµ = 1 onω. If λ <
innerG-cap, (ω), we can find a compact setK ⊂ ω and a measureν on
K such thatGµ ≤ 1 andν(E) ≥ λ. If ωi ⊃ K thenGµ1 ≥ Gν on K and
therefore (by domination principle ofG) everywhere. Now follows by
Prop.11,µ1(E) ≥ ν(E) ≥ λ, and the final assertion.

Theorem 10. Let G be a kernel satisfying the complete equilibrium
principle and G(x, y) for any x a continuous function of y outside

{

x
}

.
Then a relatively compact setα with outer G-cap.(α) = 0 is a G-polar
set.
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Let
{

ωn
}

be a decreasing sequence of relatively compact open sets

containingα, such that innerG-cap. (ωn) <
1
n2

. There exists on the

boundary∂ωn a measureµn such thatGµn = 1 onωn andµn(E) ≤
1

n2
.

Now
∑

µn defines a measure [ by the condition (
∑

µn)( f ) =
∑

µn( f ) for
any f in K (E)]. It is easily seen that

∑

µn has compact support which
is contained in ¯ω1 and that

∑

Gµn = G(
∑

µn). Hence theG-potential of
this measure equals+∞ onα

Corollary. If the kernel G is finite and continuous with respect to each
variable when x, y, and if G and G∗ satisfy complete principle of
equilibrium, then the G and G∗ polar sets and the sets of outer G and
G∗-capacity zero are all the same.





Chapter 5

Second Group of
Convergence Theorems

13

We start with a general kernelG on a locally compact spaceE. We shall 51

introduce more restrictions than in Chapter 3 to get better precision.

Reduction Method of Choquet
We shall prove an analogue of Lusin’s property. The device involved

is an important one. This concerns in throwing out an open setof small
capacity, in the complement of which the restriction of the potential due
to a measure is finite and continuous.
Decomposition lemma (5).Let E be a locally compact space,µ a posi-
tive measure on a compact setK andG a regular kernel finite and contin-
uous in the complement of the diagonal inE×E. Then for any numbers
ε > 0 andη > 0, µ can be expressed as the sum of two measuresπ ≥ 0
andν ≥ 0 such that

(i) π(E) < η

(ii) there exists an open setω such that the innerG∗-cap (ω) < ε and

that the restriction ofCν to Cω is continuous and≤
µ(E)
ε

.

51
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Proof. Letω be the set of pointsx whereGµ(x) >
µ(E)
ε

; G∗-cap(ω) ≤ ε

(Prop 8). There exists a compact setK1 ⊂ ω ∩ K such thatµ(ω) −
µ(K1) < η/2. On the other hand sinceGµ is bounded onCω there exists52

a measureµ′ ≤ µ, with compact supportK2 contained inCω such that
Gµ′ is finite and continuous every where andµ(E) − µ′(E) < η/2. �

Now ν = µ′ + µK1 ≤ µ andπ = µ . . . ν fulfill the requirements of the
lemma.
Fundamental lemma (6).The hypothesis being the same onE, G and
µ (as in the previous lemma) for anya > 0, it is possible to find an open
setω of G∗− cap. < a and such thatGµ restricted toCω is bounded and
continuous.

Proof. Let εn > 0, andηn > 0 be two sequences of numbers such that
∑

εn < a, ηn → 0 and
∑ ηn−1

εn
< +∞. Applying the decomposition

lemma toµ we get two measuresπ1 andν1 and open setω1 such that
π1(E) < η1, µ = ν1 + π1,G∗-cap. (ω1) < ε1 and the restriction ofGν1 to
Cω1 is less thanµ(E)/ε1 and continuous. Taking the decomposition of
π1, we getν2, π2, ω2 satisfyingπ1 = ν2 + π2π2(E) < η2,G∗ − cap(ω2) <
ε2. Repetition of the process gives at thenth stage

πn = νn+1 + πn+1πn+1(E) < ηn+1,G
∗ − cap.(ωn+1) < ηn+1

andGνn+1 restricted toCωn+1 is continuous and<
πn(E)
εn+1

<
ηn

εn+1
we

assert thatω =
⋃

ωi answers to our need. Firstly

G∗ − cap.
(
⋃

ωi

)

≤
∑

G∗ − cap.(ωi) <
∑

εn < a.

�

And
n
∑

1
νp → µ in the strong sense

[

(µ −
n
∑

1
νp)(E) → 0

]

, hence53

as in proposition 4,G
∑

νn → Gµ. Finally, becauseGµn ≤
ηn

εn+1
on

Cωn ⊃ Cω;
n
∑

1
Gνp converges uniformly and is bounded onCω; the sum

is bounded and continuous onCω.
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14 Convergence Theorems

Definition 17. A property is said to hold G-quasi everywhere if the ex-
ceptional set where in the property does not hold good is of outer G-cap.
zero.

Theorem 11. Let E be a locally compact space, G a kernel finite con-
tinuous in the complement of the diagonal in E× E and further G and
G∗ be regular. Letµn be a sequence of positive measures on a compact
set K tending to a measureµ vaguely. Thenlim inf .Gµn = Gµ, G∗-quasi
everywhere.

Proof. We may, find for any real numbera > 0, open setsω,ωn such

thatG∗-cap. (ω) <
a
2
,G∗−-cap. (ωn) <

a

2n+1
and the potentialsGµ,Gµn

are finite and continuous respectively onCω,Cωn. If Ω =
⋃

n
ωn∪ω, we

haveG∗-cap. (ω) < a,Gµn,Gµ are finite and continuous onCΩ �

Because of the hypothesis of the continuity ofG, at any point of
CK,Gµn → Gµ. Moreover, the lower semi-continuity implies
lim .n inf .Gµn ≥ Gµ everywhere. The points where the strict inequality
(limn . inf Gµn > Gµ) holds good are characterised by the property that

there exists integersp andq such thatGµn ≥ Gµ+
1
q

for n ≥ p. In other 54

words the set of “exceptional points” is

{

x : lim
n
. inf .Gµn(x) > Gµ(x)

}

=
⋃

p,q∈Z+

{

x : Gµn(x) ≥ Gµ(x) +
1
q

for n ≥ p

}

.

Let Ap,q =
{

x : Gµn(x) ≥ Gµ(x) +
1
q

for n ≥ p
}

∩ CΩ. The sets

Ap,q being closed and contained inK is compact. We assertG∗-cap.
(Ap,q) = 0. If not, there exist a non-zero measureν onAp,q such thatG∗ν
is finite and continuous. This follows becauseG∗ is regular (Lemma 2).
Now

∫

Gµndν =
∫

G∗νdµn
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and the right hand side tends to
∫

G∗νdµ =
∫

Gµdν asn tends to infinity.
By the nature of definition ofAp,q

∫

Gµndν ≥
∫

Gµdν +
1
q
ν(E).

Hence
∫

Gµdν ≤
∫

Gµdν +
1
q
ν(E).

This is impossible becauseν(E) , 0. HenceG∗-cap. (Ap,q) = 0 for
all p, q in Z+. Hence it follows that inCΩ the set of exceptional points
has outerG∗-capacity zero. The above procedure is valid for arbitrary
a > 0 and the theΩ got from it. Now it is immediately verified that
lim . inf .Gµn = Gµ on E G∗-quasi everywhere.

The following two theorems follow on a line similar to the oneused
in Chapter 3 in an analogous situation.

Theorem 12. E and G satisfy the same conditions as in Theorem 11.55

Let
{

µn
}

be a sequence of positive measures on a compact set K such
that

{

µn(E)
}

is a bounded sequence and Gµn(x) tends toϕ(x) pointwise,
G∗-quasi-everywhere. Thenϕ is equal G∗-quasi -everywhere to the po-
tential of a measureµ which is the vague limit of a subsequence of the
given sequenceµ.

Theorem 13. G being the same as int Theorem 11, in addition let E
satisfy the second axiom of countability. Suppose

{

µi
}

i∈I is any family
of measures≥ 0, on a compact set K, such that

{

µi(E)
}

is a bounded
family and Gµi is directed for the natural decreasing order. Then the
lower envelope of Gµi is equal to the potential of a measure on K,G∗-
quasi-everywhere (this latter measure is the vague limit ofa suitable
subsequence from the given family ).

Remark . The proof of the above convergence theorems (of Chapters
3 and 5), are similar to those introduced in [6], but simpler;this being
rendered possible by the lemmas based on Lusin’s property (or a similar
one with capacity). There is another way of using continuouspoten-
tials to get analogous convergence theorems with the aid of functional
analysis (see [1], [2]).



Chapter 6

An Application to The
Balayage Principle1

15

Definition 18. Letα be any subset of a locally compact space E. Let G56

be a kernel on E and Gµ a potential. For any functionϕ onα such that
0 ≤ ϕ ≤ Gµ, let Rαϕ denote the lower envelope in E of all potentials Gµi

which majoriseϕ onα.

It is immediate thatRαGµ ≤ Gµ everywhere andRαGµ = Gµ onα.

Definition 19. G is said to satisfy the principle of lower envelope if the
infimum of two arbitrary potentials is also a potential.

Theorem 14. Suppose

(i) E is a compact space with a countable base for open sets.

(ii) G satisfies principle of lower envelope

(iii) G∗ is regular

1Similar but perhaps more interesting developments were given later in a note “Re-
marks sur le balayage”. Bull. Soc. royale des. Sc. Liege, 30e ame. 1961,p.210.
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(iv) there exists a G∗-potential> 0 and bounded (for instance, this is
satisfied if G∗ > 0 and E is not G∗-negligible.) then

a) Rαϕ
[

α, ϕ, µ as in Def. 18
]

and

b) if in addition G is regular and finite and continuous in the com-
plement of the diagonal in E×E, then Rαϕ is equal to a potential57

(which is again≤ Rαϕ) G∗-quasi-everywhere.

Proof. Consider the family
{

µi
}

of measures such thatGµi ≥ ϕ on α;
this family is non-empty by hypothesis. The lower envelope of Gµi is
not changed by keeping only thoseµi such thatGµi ≤ Gµ ( µ is in the
family ) and that we shall suppose now. �

The Gµi form a directed set for the natural decreasing order (by
principle of lower envelope ). LetG∗ν be a potential satisfying 0<
G∗ν < L (L finite). From the inequalityGµi ≤ Gµ we get

∫

G∗νdµi ≤
∫

G∗νdµ and therefore

(inf .G∗ν)µi(E) ≤ Lµ(E).

This shows that
{

µi(E)
}

is bounded. Applying the convergence theorems
5 (13), we deduce immediately (a) [resp. (b)]

16

With some more restriction on the kernel. we shall deduce a strong
principle of balayage (sweeping out process) from a weaker one.

Definition 20. If for two measuresµ1 and µ2, Gµ1 = Gµ2 G∗-quasi
everywhere impliesµ1 = µ2,G is said to satisfy theprinciple of unique-
ness.

If G satisfies principles of uniqueness and lower envelope then
“Gµ1 ≤ Gµ2 G∗-quasi everywhere “implies”Gµ1 ≤ Gµ2 everywhere.

Definition 21. (Weak Principle of balayage). It is the hypothesis that
there exists a base

{

ωi
}

of open sets with the following property: for any58

measureµ on may compact set K⊂ ωi , there exists another measureµ′

such thatµ′(ωi) = 0,Gµ′ ≤ Gµ everywhere and Gµ′ = Gµ on Cωi.
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Theorem 15. In addition to the hypotheses of Theorem 14 (b) let G
satisfy the principle of uniqueness. Given any setα and a measureµ
there is auniquemeasureµ0 such that RαGµ = Gµ0G∗-quasi everywhere.
This measureµ0 is such that Gµ0 ≤ Gµ everywhere and Gµ0 = Gµ
onα G∗-quasi everywhere; and further if G satisfies the weak balayage
principle thenµ0(Cᾱ) = 0 (i.e. support ofµ0 ⊂ ᾱ).

Proof. We start with measuresµi such thatGµi ≤ Gµ,Gµi = Gµ on α
and arrive at a measureµ0 such thatGµ0 = RαRµG

∗-quasi everywhere;
and this last property determines the measureµ0 uniquely. �

Now assume thatG satisfies the weak balayage principle. In order
to prove that the support ofµ0 is contained in ¯α we shall realiseµ0 as
the vague limit of a sequence of measures whose supports are outside
some neighbourhood of (arbitrary) pointx ∈ Cᾱ. Let Vx be a neigh-
bourhood ofx disjoint from an open set containing ¯α. There existsW
of the given base (of open sets) withx ∈ W ⊂ Vx. Let K be a com-
pact neighbourhood ofx contained inW. Now µi = (µi)K + (µi)CK. By
the weak balayage principle, there exists a measureµ′i onCW such that
Gµ′i ≤ G(µi)K everywhere with equality holding onCW̄. This shows the
measures of the formµ′′i = µ′i + (µi)CK is a subfamily of

{

µi
}

and inf.
Gµ′′ = inf .Gµi = RαGµ.

Considerµ′′i1 andµ′′i2. inf(Gµ′′i1,Gµ
′′
i2

) is a potentialGµi3. By taking 59

the correspondingµ′′i3, we see thatGµ′′i3 ≤ inf .(Gµ′′i2,Gµ
′′
i2

). We conclude
(by Theorem 13) that the lower envelopeRαGµ of the familyGµ′′i is equal
G∗-quasi everywhere to a potentialGµ1 whereµ1 is the vague limit of

a suitable sequence fromµ′′i . If
◦

K is the interior ofK, sinceµ′′i (
◦

K) = 0

for every i, µ1(
◦

K) = 0. NowGµ1 = Gµ0 G∗-quasi everywhere. Now it
is immediately seen that the support ofµ0 is contained in ¯α.

Remark . With various restrictions onα, µ,G we could study the case
of a locally compact space. It would be interesting to find conditions to
give exceptional sets as polar ones.

We mention that all the principles that we studied in this part are
satisfied in the classical case. (Green’s kernel in Green’s space, for ex-
ample in a bounded euclidean domain: see [5]. The relations between
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such principles are now being discussed [14] ); a good base isthe com-
plete study of a space containing a finite number of points [10].
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Chapter 1

Generalised Harmonic
Functions

1 The Fundamental axioms

The following theory of harmonic and superharmonic functions derives 61

its inspiration from the earlier axiomatic theories of Tauts [5] and mainly
from Doob’s theory [3]. Doob wished to include the study of certain
differential equations, not only of elliptic type but also of parabolic type
and his principal scope was the interpretation of the behaviour of the
solutions at the boundary by means of the notions of probability the-
ory. With other, partly weaker partly stronger hypothesis we want to
follow more closely but much farther the classical potential theory, first
as far as a kernel may be avoided. We do not examine the probabilistic
interpretations.

Fundamental space. We shall consider a connected locally compact
(but not compact) Hausdorff spaceΩ. We introduce an Alexandroff
point to get the compactification̄Ω.

Harmonic Functions. To each open setω of Ω is assigned a real vector
space of real valued continuous functions, called the harmonic functions
in ω, defined onω. The vector space satisfy the following local axioms:

63
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Axiom 1. (i) If ω0 is an open subset ofω, the restriction toω0 of any
harmonic function inω is harmonic inω0.

(ii) If u is a function defined in an open setω, and harmonic in an open62

neighbourhood of every point ofω, u harmonic inω.

In order to state the second axiom we need the following Definition
of regularity of an open set.

Definition 1. An open setω in Ω is called regular if (i) it is relatively
compact inΩ (i.e., its closure in the topology of̄Ω is in Ω) (ii) for any
finite continuous function f on the boundary∂ω of ω there exists an
unique harmonic function Hωf (briefly Hf ) onω such that Hf tends to f
at each point of the boundary and(iii ) for such a function f≥ 0,H f ≥ 0.

Axiom 2. The second axiom states that there exists a base of regular
domains for the open sets of the topology ofΩ.

The axiom 2 implies that the space is locally connected. Notethat if
an open setω is regular, any connected componentδ of ω is also regular
andHω

f = Hδ
f in δ. That is the result of the possible finite continuous

extension inΩ of a finite continuous function on the boundary ofδ.

Definition 2. Harmonic measure: Letω be any regular open set. For
any point x ofω,Hω

f (x) is a positive linear functional on the space of
finite continuous functions defined on∂ω. In other words, Hωf defines
a positive Radon measure on∂ω, denoted byρωx or d ρωx , called the
harmonic measure relative toω and x; so that we may write Hωf (x) =
∫

f d ρωx .

If δ is the component ofω containingx ∈ ω, d ρωx andd ρδx consid-
ered as measure onΩ (see Part III) are identical.

Axiom 3. Any family of harmonic functions defined on a domainω and63

directed for natural increasing order (ordered increasingdirected family)
has an upper envelope (or a pointwise limit following the corresponding
filter) which is+∞ everywhere inω or harmonic inω.



2. Examples 65

In case the spaceΩ satisfies second axiom of countability1 Axiom 3
is equivalent to a similar one with increasing sequences replacing any ar-
bitrary family. It is an immediate consequence of the topological lemma
of Choquet [Part I, Lemma 3].

2 Examples

(a) The classical harmonic functions on an open set ofR
n satisfy the

three axioms: Axiom 1 is satisfied because of the local character of
the Laplacian operator. Axioms 2 and 3 follow as consequences of
the properties of Poisson’s integral.

(b) More generally in any euclidean domainΩ, we shall consider the
functions with continuous second order derivatives (partial) which
satisfy the elliptic equation

∑

aik
∂2u
∂xi∂xk

+
∑

bi
∂u
∂xi
+Cu= 0

where
∑

aik Xi Xk is a positive definite quadratic form. All the coef-
ficients and their first derivatives are supposed to be continuous and
to satisfy the condition of Lipshitz locally;C ≤ 0 2

Axiom 1 is satisfied because of the local character of integrals. Ax-
ioms 2 and 3 result from a local integral representation similar to the
Poisson integral.

Various generalisations are possible, for instance, usingvarieties in- 64

stead ofRn. Other examples would be desirable, particularly in connec-
tion with the general potential theory with kernels.

3 First consequences

Proposition 1. (Form A). Any function u≥ 0, harmonic in a domain is
everywhere greater than zero or everywhere equal to zero inω.

1Unnecessary restriction (Constantinescu-Cornea: See Add. Chapter)
2This condition onC is not necessary (See Herve Thesis; add. chap.)
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For, the sequence{nu} has a limit which is everywhere+∞ or har-
monic inω. Therefore ifu = 0 at some pointu = 0 everywhere.

This property is equivalent to
(A′) a harmonic functionu cannot have a minimum zero at a point with-
out being zero in some neighbourhood of it.

Note that (A) is a consequence of axiom 3 alone, even restricted to
sequences.

We have immediately from (A),

Corollary 1. On any regular open setω there exists a harmonic function
greater than k> 0, for instance

∫

d ρωx .

Corollary 2. Consider the regular open setsω containing a point x0 in
E ordered by inclusion. From this directed family we shall use the filter
F of sections. Then

∫

d ρωxo
−−→
F

1 and
∫

d ρωx0
−−→
F

to the unit mass at

xo vaguely.

For if h is harmonic> 0 in the neighbourhood
∫

h(y)dρωxo
(y) = h(xo)

then
∫

dρωxo
−→
F

1.

Theorem 1. If axioms 1 and 2 are satisfied, Axiom 3 is equivalent to the65

following property of the harmonic measure: for any regulardomainω
(or only for these of a base) the summability relative to dρωx independent
of x inω and for such a summable of on∂ω

∫

f dωx is finite continuous
in ω and harmonic.

Let us assume axioms 1, 2 and 3. Letω be a regular domain andψ a
lower bounded and lower semi continuous function on∂ω:

∫

ψ d ρωx for
x ∈ ω is the supremum of

∫

θ d ρωx asθ ranges through the continuous
functions on∂ω such thatθ ≤ ψ; therefore

∫

ψd ρωx is either harmonic
or +∞.

Let now f be any function on∂ω, introducing the functionsψ which
are lower bounded and lower semi continuous and which are such that
ψ ≥ f . We know that¯

∫

f d ρωx is defined and is equal to inf.
∫

ψ d ρωx for

theseψ. Hence¯∫ f d ρωx : is either harmonic or identically+∞ or −∞.

Similar conclusions can be derived as regards
∫

f dρωx , which is≤ ¯∫ f dρωx
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: now with the aid of the property (A) we deduce the given properties of
d ρωx (the summability -d ρωx signifies that¯

∫

andunderline
∫

are equal
and finite).

Conversely let us assume the properties ofd ρωx and the first and
second axioms. Suppose{ f j}i∈I is any family of harmonic functions on
a domainδ, directed for increasing order, then we want to prove that the
(pointwise) supremum of this family is+∞ everywhere or a harmonic
function. By consideringfi − fio, we may suppose for the proof that all66

fi ≥ 0.
Letω be a regular domain of the baseB such that ¯ω ⊂ δ. Then,

fi(x) =
∫

fi(y) d ρωx (y) for everyx in ω.

Taking the limits of both the sides following the corresponding filter,
(i.e.the supremum), we get

lim . fi(x) =
∫

lim . fi(y) d ρωx (y)

If the right handside is+∞ for somex in ω, then it is+∞ for everyx
in ω; if it is finite for somex in ω, it is finite everywhere inω. It follows
immediately that the set of points ofδ at which lim fi(x) takes the value
+∞ and the set of points at which the limit is finite are two disjoint open
sets ofδ and consequently one of then is empty. If limitfi(x) is finite on
δ, it is dρωx summable and

∫

lim fi(y)d ρωx (y) is finite and continuous in
any regular domainω of δ such thatω ⊂ ω̄ ⊂ δ. Therefore limit fi(x) is
continuous everywhere inδ; then

∫

lim fi(y) d ρωx (y) being harmonic in
anyω, lim fi(x) is harmonic inδ itself.

Corollary. On ∂ω, the sets of harmonic measure zero are independent
of x inω.

This is an immediate consequence of (A) and of the harmonicity of
¯∫ ϕe d ρωx , ϕe being the characteristic function of the sete contained in
∂ω.

Proposition 2. Letω be a regular domain. Any neighbourhood of any67

point on the boundary∂ω has non-zero measure as regards dρωx .
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Suppose the contrary is true of a neighbourhoodN of xo in ∂ω.
There exists a finite continuous functionf on ∂ω which is equal to 1
at xo and zero outsideN. Now the harmonic functionH f =

∫

f d ρωx is
zero inω and must tend to 1 atxo. This is clearly an impossibility.

Proposition 3. Let f be a function on the boundary∂ω of a regular
open setω. If f is bounded above, the function̄

∫

f d ρωx satisfies for
any xo in ∂ω

Λ = lim . sup
x∈ω,x→xo

∫

f d ρωx ≤ lim . sup. f (y)
y∈∂ω,y→xo

= λ

Proof. If λ < +∞, let us chooseλ1 > λ, there exists then a neighbour-
hoodU of xo in which f (y) < λ1; since f is bounded above, we can find
a finite continuous functionF ≥ f , such thatF ≤ λ1 in a neighbourhood
of xo. Then

¯∫
f d ρωx =

∫

F d ρωx = Hω
F (x)

and the last integral tends toF(xo) as x → xo(x ∈ ω). We conclude
thereforeΛ ≤ λ1 and henceΛ ≤ λ. �

We have immediately a corresponding result for lim. inf .
∫

.

4 The case where the constants are harmonic

Proposition 4. In this case
∫

d ρωx = 1. Now for any harmonic function68

u in an open setω, u ≥ in f [ lim . inf u at the boundary points].

If this were not true,uwould attain its minimumk (finite and smaller
than the right hand side) at a pointyo ∈ ω. In the connected component
δ of ω containing the pointyo, u− k would be zero;u would be equal to
k on δ although the lim. inf at any boundary point ofδ is > K. This is a
contradiction.

We have therefore a minimum principle and a similar maximum
principle.

An important case where the constants are harmonic is the following
one.
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5 h-harmonic functions

Definition 3. Let us observe that if h is a finite and continuous func-
tion > 0 in Ω then the quotients u/h of all harmonic functions u inΩ
satisfy the three axioms with the same regular open sets. Moreover if
h is harmonic, the new family of functions contains constants. These
new functions are called h-harmonic functions. The new harmonic mea-
sure dρ′ωx is such that the h-harmonic function inω taking continuous
boundary values f(x) is

∫

f (y) d ρ′ωx (y) but also

1
h(x)

∫

h(y) f (y) d ρωx (y);

that is dρ′ωx (y) =
h(y)
h(x)

d ρωx (y).





Chapter 2

Superharmonic and
Hyperharmonic Functions

6

Definition 4. Let the spaceΩ satisfy the fundamental axioms. A func-69

tion v defined on an open setωo of Ω is a hyperharmonic function if it
satisfies

(i) v is lower semi continuous

(ii) v > −∞

(iii) for any regular open set (or domain)ω ⊂ ω̄ ⊂ ωo,

v(x) ≥
∫

vd ρωx for every x inω.

A function u such that−u is hyperharmonic, is called hyperhar-
monic.

First properties. On any open setωo ofΩ, the hyperharmonic func-
tions satisfy:

(1) If v1 andv2 are hyperharmonic functions thenλ1v1, λ2 v2 andλ1 v1+

λ2 v2 are again hyperharmonic functions for any finiteλ1 > 0, λ2 >

0. The same is true of inf(v1, v2).

71
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(2) If (vi)i∈I is any family of hyperharmonic functions directed for in-
creasing order, then the upper envelope of this family is again hyper-
harmonic. (This is a consequence of the possibility of interchanging
the operations of taking supremum and integration ford ρωx ).

(3)

Theorem 2. Any hyperharmonic function on a domainω, taking70

the value+∞ on any open subset ofω is identically+∞ in ω.

Consider the set of pointsA of ω in whose neighbourhoodv = +∞.
A is a non-empty open subset ofω. Suppose this is not the whole ofω.
There exists a non empty connected componentA1 of A and a boundary
point xo of A1 in ω. For any regular domainω1 ⊂ ω̄1 ⊂ ω containing
the pointxo,

v(xo) ≥
∫

v d ρωx

We may choose one suchω1, not containingA1; then there exists a
point of the boundary ofω1 in A1 and sov = +∞ in a neighbourhood of
that point. Any non-empty open set of the boundary ofω1 has non-zero
d ρ

ω1
xo - measure. It follows thatv(xo) = +∞. Further the summability

being independent of any particular point ofω1, v(x) = +∞ for every
x ∈ ω1. Hencexo is in A. This is a contradiction. Thereforev = +∞
everywhere inω.

This leads us to the following definition:

Definition 5. Superharmonic functions:
A hyperharmonic function on an open setωo, which takes finite val-

ues at least at one point of each of the components ofωo is called a
superharmonic function. A function u such that−u is superharmonic is
called subharmonic.

A superharmonic function isd ρω1
x - summable for everyxbelonging71

to a regular open setω1 contained inωo with ω̄1 ⊂ ωo.

Definition 6. Hyper and super h-harmonic functions.If h is a finite
continuous function> 0 onΩ, we can consider the hyper h-harmonic
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functions and the corresponding condition is,

v(x) ≥
∫

v d ρ′ωx =
∫

v(y)
h(y)
h(x)

d ρωx

We see that the new functions are the quotients byh(x) of the hyper
and superharmonic functions.

8 Minimum principle

Theorem 3 (i). If v is a hyperharmonic function≥ 0 in a domain, then
v = 0 everywhere or v> 0 everywhere. An equivalent form is the
following:

If a hyperharmonic function on an open set has minimum zero ata
point x then it is zero in some neighbourhood of x.

Let us prove first form. Suppose v> 0 at a point: then v> 0 in a
neighbourhood of the point. Then nv tends to a hyperharmonicfunction
which is+∞ in an open set and hence everywhere. Therefore v> 0
everywhere in the domain.

Theorem 3 (ii) . Suppose in an open set there exists a harmonic1 func- 72

tion h > ε > 0 (as it is the case with regular open sets). Any hyperhar-
monic function v inω which has at every point on the boundary a limits
inferior ≥ 0 is itself≥ 0 everywhere onω.

Proof. It is enough to consider a domainω.
v
h

continued by zero on the

boundary points ofω is > −∞ and lower semi continuous on closure of

ω. If v were not≥ 0 in ω, let k < 0 be the infimum of
v
h

in ω̄. k is

attained at some pointxo in ω. Now, inω
v
h
−k is hyper-h-harmonic≥ 0

and equal to zero atxo. Consequently
v
h
− k = 0 or v = kh in ω, which

contradicts the fact that lim infv ≥ 0 at any boundary point. �

In case, the constants are harmonic, the hyperharmonic function v
satisfies:

v ≥ inf[lim . inf v at any boundary point ].

1or even only superharmonic (constantinescu-Cornea-Loeb.see add.chapter)
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We have already proved that this property holds for harmonicfunc-
tions (cl.Ch.I .3).

9 Local criterion

Theorem 4. The condition(iii ) of the definition of hyperharmonicity of
a function v on an open setωo can be replaced by a weaker (locally)
one viz: for any xo in ωo there exists for every v a base regular neigh-
bourhoodsω′ such thatω̄ ⊂ ωo and v(xo) ≥

∫

v d ρω
′

xo
.73

We shall name the functions characterised by the condition of the
above theorem [besides (i) and (ii) of Def. 4] asN - functions onω◦.
These functions have properties similar to those of hyperharmonic func-
tions; some of which we shall see before proving the theorem.

1) If v is aN -function≥ 0 in an open setω, nv and lim nvare alsoN -
functions inω.

2) If a N-functions is+∞ in a domainω ⊂ ω◦ it is +∞ at every bound-
ary point ofω in ω.

These two properties follow with arguments similar to thosein §6.

3) If v ≥ 0 in a domainω, v > 0 orv = 0 everywhere inω.

Infact the setδ wherev > 0 is open. Suppose it is a non-empty set
different fromω. There exists a connected componentδ1 of δ which
is non-empty; lim.nv is a N-function and is+∞ on δ1. Therefore
on ∂δ1 ∩ ω (non-empty); that impliesv > 0 on this set.2 This is a
contradiction.

4) Letω be an open set such that there exists a harmonic functionh >

ε > 0 onω. If v is a N -function onω,
v
h

is an analogous function but

with the measured ρ′ωx instead ofd ρωx , as in Theorem 3(ii) it follows
that, lim, inf .v ≥ 0 at all the boundary points ofωo impliesv ≥ 0 in74

ω.
2In a shorter way, ifxo ∈ ∂δ1 ∩ ω, the hypothesis imply directly, for a suitable

ω′v(xo) ≥
∫

vd ρω
′

xo
> 0.
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Remark . The property 4) can be proved in this way also. We may
supposeωo to be the whole spaceΩ and constants to be harmonic. We
have to prove that, ifw satisfies axioms for an N - function the condition
lim . inf .w ≥ 0 at the Alexandroff point O of Ω impliesw ≥ 0. If inf .w
were equal tok < 0, we introducew1 = w − k ≥ 0 which is equal to
zero at a pointxo in Ω. For anyx1 wherew1 = 0 there exists a regular
neighbourhoodω such that

∫

w1 d ρωx1
≤ 0; this impliesw1 = 0 on∂ω.

Let us consider the familyΦ of open neighbourhoodsδi of xo in Ω such
that lim. inf .

x∈δi

w1(x) = 0 at any boundary point. There is a largest one,

the unionδo (because in̄Ω, ∂δo ⊂ ∪i∂δi). The pointO is not obviously
in ∂δo. There exists a pointz ∈ ∂δo different fromO andxo. Now there
is a regular neighbourhoodδ′ of z, such thatw1 = 0 on∂δ′ andδ′ ∪ δo

belongs towΦ; this contradicts the maximality ofδ◦. Hence the result.

Proof of the theorem. Given a regular open setω ⊂ ω̄ ⊂ ωo, let us
considerV = v−

∫

θ d ρωx whereθ is any finite continuous function such
that θ ≤ v on the boundary∂ω of ω. V satisfies all the three axioms
of N -functions inω and lim. inf .V ≥ 0 at all boundary points ofω.
ThereforeV ≥ 0. We conclude thatv(x) ≥

∫

v d ρωx .

10 Elementary case of “balayage”

Theorem 5. If v is a hyperharmonic function inωo and ifω is a regular 75

open set withω ⊂ ω̄ ⊂ ωo, the function Eωv which is equal to v outside
ω and to

∫

v d ρωx in ω is hyperharmonic inωo. [Similar result holds
by replacing “hyperharmonic” by “superharmonic”].

The local conditions are fulfilled. The lower semi-continuity of the
new function follows from the proposition 3 (no.3) applied to

∫

(−v)d ρωx .
To any x, let us associate the regular neighbourhoodsδ (with δ̄ ⊂ ωo)
such that̄δ ⊂ Cω̄ if x ∈ Cω̄ or δ̄ ⊂ ω of x ∈ ω. They will be used in the
condition (iii ) andEω

v satisfies the conditions of the local criterion.
Another proof (without using the local criterion). Consider anyω′

regular (ω̄′ ⊂ ωo) and any finite continuous functionθ on∂ω′ satisfying
θ ≤ Eω

v ≤ v.
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First
∫

θ d ρω
′

x ≤
∫

v d ρω
′

x ≤ v
Using prop.3, we see that inω ∩ω′,

∫

θ d ρω
′

x −
∫

v d ρωx has at any
boundary point a lim. sup≤ 0, therefore is≤ 0. Hence we have inω′

∫

θ d ρω
′

x ≤ Eω
v

therefore
∫

Eω
v d ρω

′

x ≤ Eω
v .
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Definition 7. Let B be a fixed base of regular domains ofΩ. A real 76

functions v is said to be aB- nearly hyperharmonic function or a SB-
function if

(i) v is locally bounded below

(ii) for everyω ∈ B, v(x) ≥ ¯∫ v d ρωx (for every x∈ ω)

When B is the family of all regular domains, we say thatv is a
nearly hyper-harmonicfunction, or aS - function.

Note that aSB-function is not generally a nearly hyperharmonic
function (as it is true when the function is lower semi- continuous, be-
cause it is in this case hyperharmonic according to Theorem 4). For
instance let us start from the classical harmonic functionsin R2 and
consider the function equal to zero except on the boundary ofa discω
where it is equal to 1. This function is aSB-function for any baseB of

77
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discs which does not containω, but is obviously not aSB1 function for
B1 = B ∪ {ω}, it is not a nearly hyperharmonic function.

The notion depends onB, has no local character; there is no local
criterion as in Theorem 4.

We define naturally theSB-functions in any open set ofΩ asSB in77

any component considered as a space. The importance of this notion is
seen from the following two theorems. The first one is immediate.

Theorem 6. The lower envelope of any set of SB- functions that are
locally uniformly bounded below is a SB - function.

The second theorem needs the following remark. Ifω1 andω2 are
two regular domains of the given base such that ¯ω1 ⊂ ω2 then the func-
tion w(x) = ¯∫ v d ρω2 (x ∈ ω2) is equal inω1 to

∫

wd ρω1
x which is

≤
¯∫ v d ρω1

x .

Theorem 7. If v is an SB - function, the regularised function̂v(x) de-
fined at every point x aslim . inf

y→x
v(y) is hyperharmonic and

v̂(x) = sup
ω∋x
ω∈B

¯∫
v d ρωx = lim

F
.

¯∫
v d ρωx

(Limit according to the filterF of sections of the directed decreas-
ing family ofω ∈ B andω containingx, ordered by inclusion.)

Proof. By the definition of the function ˆv(x), it is lower semicontinuous
and−∞ < v̂(x) ≤ v(x). Now ¯∫ v d ρωx is continuous ofx in ω, v̂(x) ≥
¯∫ v d ρωx ≥

¯∫ v̂ d ρωx . Therefore ˆv(x) is hyperharmonic and also ˆv(x) ≥

sup
ω∈B
ω∋x

¯∫ v d ρωx . �

On the other hand, givenε > 0, in a neighbourhoodδ of xo,78

v(x) > v̂(xo) − ε

Therefore¯∫ v d ρωx ≥ (v̂(xo) − ε)
∫

d ρωx for ω ∈ B, ω ⊂ δ, x ∈ ω.
But we know that

∫

d ρωx →
F

1. Hence the theorem.



12. 79

12

Properties. Some of the properties of the hyperharmonic functions ex-
tend themselves toSB- functions.

a) If V1 andV2 areSB- functions thenλ1 V1, λ1 V1 + λ2 V2 (for λ1 >

0, λ2 > 0) and Inf.(V1,V2) areSB- functions.

b) If Vn is an increasing sequence ofSB-functions then lim.vn is an
SB- function.

c) If v is aSB- function in a domainω and+∞ in the neighbourhood
of a point,v = +∞ everywhere inω, (because ˆv = +∞).

If a SB - functions is not equal to+∞ everywhere, we say that it is
B - nearly superharmonic or aS∗

B
- function. We have immediately

the notion of nearly superharmonic orS∗- functions.

d) If there exists a harmonic functionh > ε > 0 on an open setωo

the condition on theSB-function v that lim. inf .v ≥ 0 at all the
boundary points ofωo impliesv ≥ 0. [ Follows by considering ˆv.]

e) If v is aSB - function inΩ andω ∈ B, the functionEω
v equal tov 79

onCω and to¯∫ v dρωx onω is aSB - function.

We have to prove that ifω′ ∈ B,Eω
v ≥

¯∫ Eω
v d ρωx for everyx in ω′.

As Eω
v ≤ v everywhere andEω

v = v on Cω, the required inequality is
true onω′∩Cω. Let us introduce on∂ω functions fn with the following
properties.

α) fn ≥ v, lower semi-continuous,{ fn} decreasing and such that
∫

fn d ρωx →
¯∫ v d ρωx for any x ∈ ω.

Again a sequence of functionsgn on∂ω′ satisfying,
β) gn a decreasing sequence of lower semi-continuous functions≥

Ev and
∫

gn d ρω
′

x →
¯∫ Eω

v d ρω
′

x for any x ∈ ω′.
On∂ω′ ∩ ω̄, replacegn by inf .(gn, fn or

∫

fn d ρωx ) and thereby get
another sequenceg′n satisfying the conditions (β). On∂ω ∩ ω′ replace
fn by sup.( fn,

∫

g′n d ρω
′

x ) and get on∂ω functions f ′n fulfilling (α).



80 3. Nearly Hyper or Superharmonic Functions...

Now for any finite continuous functionsθ ≤ g′n on ∂ω′,
∫

θ d ρω
′

x −
∫

f ′n d ρωx ≤ 0 onω∩ω′ because at any boundary point the lim. sup. ≤
0.

Hence
∫

g′n d ρωx ≤
∫

f ′n d ρωx in ω ∩ ω′

then
¯∫

Ev d ρω
′

x ≤
¯∫

v d ρωx = Eω
x in ω ∩ ω′.

This completes the proof.1

Definition 8. We call any set - negligible (resp. negligible) in (or in
any open setωo) if its intersection with the boundary of anyω ∈ B80

(resp. any regular domain) (̄ω ⊂ ωo in the general case) has a dρωx -
measure zero. (Then the complimentary set is dense inωo).

We may useB- nearly everywhere (nearly everywhere) in the sense
“except on aB-negligible (negligible) set”.

Remark.

1. If two hyperharmonic functions are equalB-nearly everywhere
they are equal everywhere. Any superharmonic function is finite
nearly everywhere.

2. If a hyperharmonic (resp. superharmonic) function is majorised
on aB-negligible set we getB- nearly (resp. superharmonic)
hyperharmonic function. It would be interesting to compareany
B-nearly hyperharmonic functionv with v̂ which is the greatest
hyperharmonic minorant.

13 Applications

Introduction of the reduced function.

1For another proof see remarkno 15 and Seminar on potential theory II
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Definition 9. Let E be a subset ofΩ andϕ any function≥ 0 on E. We
denote by REϕ the lower envelope of all hyperharmonic functions w≥ 0
onΩ which majoriseϕ on E. It is a nearly hyperharmonic function.

In the case whenϕ is the trace of a superharmonic functionv onΩ,
we call RE

v the reduced function ofv relative toE and the regularised
function R̂E

v is called the balayaged function ofv relative toE (or ex-
tremised function relative toCE).

Immediate Properties: 81

(i) RE
λϕ
= λRE

ϕ (λ > 0);RE
ϕ increases withϕ andE.

RE
ϕ1+ϕ2

+ ϕ2 ≤ RE
ϕ1
+ RE

ϕ2
; RE

ϕ ≤ RE1
ϕ + RE2

ϕ (E1 ∪ E2 = E)

The same properties hold good forR̂E
ϕ .

(ii) RE
ϕ ≥ ϕ on E. If E1 ⊃ E,RE1

ψ
= RE

ϕ whereψ = RE
ϕ .

(iii) The most interesting case comes up whenϕ is the trace of a super-
harmonic functionv ≥ 0 inΩ.

0 ≤ R̂E
ϕ ≤ RE

v ≤ v everywhere.RE
v = v on E andR̂E

v = v on E.
In particular ifω is a regular open setRCω

v =
∫

v d ρωx on ω and
RCω

v = R̂Cω
v everywhere. For we know thatEω

v ≥ RCω
v . Conversely letω

be superharmonic≥ 0 in Ω and majorisev on Cω. If θ is a continuous
function on∂ω, θ ≤ v, the superharmonic functionw−

∫

θ d ρωx in ω is
≥ 0 because of its behaviour on the boundary. HenceRCω

v ≥
∫

v d ρωx
in ω.

Remark 1. We may as well replace the hyperharmonic functions (mo-
torisingϕ on E) by SB - functions and study the lower envelope. But
this new function is of little use when it is not identical with the first
envelope.

Definition 10. We define immediately(RE
ϕ )ωo for a domainωo ⊂ Ω and 82

E ⊂ ωo by consideringωo in the place ofΩ. For an open setωo, we
define(RE

ϕ )ωo equal in every componentωi to (RE∩ωi
ϕ )ωi .





Chapter 4

Sets of Harmonic and
Superharmonic Functions
Lattices and Potentials

14 Saturated set of hyperharmonic functions

Definition 11. A setU of hyperharmonic functions defined on an open83

setω0 ⊂ Ω is said to be saturated if it satisfies the following conditions:

(i) if u1, u2 ∈ O then inf (u1, u2) belongs toO

(ii) for any u∈ O and any regular domainω ⊂ ω̄ ⊂ ω0, the functions
Eω

u , (equal to u outsideω and to
∫

udρωx in ω), again belongs to
O.

The intersection of any set of saturated sets of hyperharmonic func-
tions is again saturated. Hence there exists a least saturated set contain-
ing any given setS of hyperharmonic functions; it is called the saturated
extensionS∗ of S.

We have a similar definition and property for the saturated set of
hyperharmonic functions.

Theorem 8. The lower envelope of any saturated setO of hyperhar-
monic functions on a domainδ is +∞,−∞ or harmonic.

83
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Proof. Let ω be any regular domain with ¯ω ⊂ δ. Eω
u ≤ u for every

u ∈ O and inf
u∈O

Eω
u ≤ inf

u∈O
u. But inω, Eω

u form a directed set for decreas-84

ing order, of functions which are equal to+∞ or harmonic. Hence the
infimum (lower envelope) is either+∞ or −∞ or harmonic inΩ. We
see that the sets where the envelope in question is+∞, −∞ or finite are
disjoint open set ofδ. It follows that the lower envelope is+∞, −∞ or
finite (and therefore harmonic in this case) in the domainδ. �

A similar theorem holds good in the case of hyperharmonic func-
tions.

15 Examples

a) GiveE ⊂ Ω and a functionϕ ≥ 0 onE, then the set of all hyperhar-
monic functions≥ 0 which are≥ ϕ on E form a saturated set onCĒ.
HenceRE is equal in every component ofCĒ to +∞ or a harmonic
function.

b) Letω be an open set⊂ Ω and f any real (finite or not) valued function
on the boundary∂ω of ω in the topology ofΩ̄ (compactified space).

Definition 12. H̄ω
f is the lower envelope inω of all hyperharmonic func-

tions onω satisfyinglim . inf .v ≥>−∞ f at all points of∂ω.

Proposition 4. In any connected componentωi of ω H̄ωi
f = H̄ω

f = +∞,
−∞ or a harmonic function.

Theorem 9. If ω is a regular open set̄Hω
f (x) =

∫

f dρωx .

Proof. If f is a finite continuous functionθ on ∂ω, the behaviour of85
∫

θdρωx at the boundary implies
∫

θρωx ≥ H̄ω
θ

(X). On the other hand, for
anyv satisfying the boundary condition corresponding toθ, v−

∫

θdρωx
has a lim.inf.≥ 0 at the boundary. Thereforev ≥

∫

θdρωx and
∫

θdρωx ≥
H̄ω(x) �

Supposef is a lower semi-continuous function (lower bounded )ψ.
At the boundary lim. inf .

∫

ψdρωx ≥ ψ, therefore
∫

ψdρωx ≥ H̄ω
ψ

(x). We
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see that for continuousθ ≤ ψ, H̄ω
θ

(x) =
∫

θdρωx ≤ H̄ω
ψ (x); this is true of

all θ ≤ ψ. Hence
∫

ψdρωx ≥ H̄ω
ψ

(x).
Now for any functionf , introduce thev whose envelope is̄Hω

f and

ψ(y) = lim . inf. V at the boundary pointsy, v ≥ H̄ω
ψ
≥ H̄ω

f . There-

fore H̄ω
f is the lower envelope of̄Hω

fi
for all fi which are lower semi-

continuous, lower bounded and≥ f . But
∫

f dρωx = inf
i

.
∫

fidρωx . Hence

the theorem.

Proposition 5. Suppose that for any hyperharmonic function v onω,
the conditionlim. inf . v ≥ 0 implies v≥ 0. Then ifv̄ is equal to v on
∂ω∩Ω and to zero at the Alexandroff point ofΩ. ThenH̄ω

v = RCω
v onω.

Let w be any hyperharmonic function inω satisfying lim. inf.w ≥ v̄
or the boundary. Inf. (w,v) continued byv is hyperharmonic≥ 0 in ω
and majorisesRCω

v . Conversely any hyperharmonic functionw ≥ 0 in
Ω, majorisingv on∂ω∩Ω satisfies inΩ lim. inf. w ≥ v̄ at any boundary
point, therefore is≥ H̄v.

Theorem 10. Letω′ be an open set⊂ ω, f a function on∂ω (in Ω̄), F 86

equal to f on∂ω and toH̄ω
f onΩ. ThenH̄ω

f = H̄ω
F onω′.

We may supposeω, ω′ connected. First̄Hω
f H̄ω′

F . Now if H̄ω
f = −∞,

the theorem is obvious.
If H̄ω

f = +∞, any hyperharmonic function onω′, whose lim. inf.
at the boundary isF>−∞ forms with the continuation+∞, a hyperhar-
monic function inω satisfying lim inf≥ f at the≥ f>−∞ at the boundary.
HenceH̄ω′

F = +∞. Now supposeH̄ω
f finite. Let v be a hyperharmonic

function onω′ satisfying the boundary condition lim. inf.v1 ≥ F; the
function inf. (v1, H̄ω

f ) in ω′, continued byH̄ω
f is a hyperharmonic func-

tion V in ω. Now letv be any hyperharmonic function inω satisfying the
boundary condition lim. infv ≥ f . Let us study at the boundary ofω the
functionU = V+v−H̄ω

f ; by considering the sets whereV = v′(onω) and

whereV = H̄ω
f (onω), we conclude lim. inf.U ≥ f thereforeU ≥ H̄ω

f .

HenceV ≥ H̄ω
f , v′ ≥ H̄ω

f and finallyH̄ω′

f ≥ H̄ω
f .

Remark. Form this general theorem we may deduce, a shorter proof of
property (e)n012.
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16 Harmonic minorants and majorants

Let U , H be any two set of hypoharmonic and hyperharmonic func-
tions respectively on an open setω ⊂ Ω such that for anyu ∈ U and
v ∈ H , we haveu ≤ v. From this we deduce that for anyu ∈ U ∗ and
anyv ∈H ∗, u ≤ v or sup

u∈U
.u∗ inf

v∈H
.v∗

For the set ofu ∈ U ∗ which are≤ one fixedv ∈H form a saturated87

set containingU and is therefore identical toU ∗. Now the functions of
H ∗ which are≥ one fixedu ∈ U ∗ form a saturated set identical toH ∗

(by the same argument).
Particular case.GivenH , Let U be the set of all hypoharmonic func-
tions which are≤ everyv ∈H , then

a) U = U ∗ and does not change whenH is replaced byH ∗

b) V = inf
v∈H ∗

.v is equal to+∞, −∞ or harmonic in any connected com-

ponent ofω.

If V < +∞, it is the greatest hypoharmonic minorant ofH orH ∗.
V is finite if and only if there exists a superharmonic functionin H and
a subharmonic minorant ofH ; theV is the greatest harmonic minorant
of H oro fH ∗.

Remark. If v is superharmonic, andu subharmonic, the conditionu ≤ v
implies that the greatest harmonic minorant ofv majorises the smallest
harmonic majorant ofu.

17 Lattice on harmonic functions

Theorem 11. The set of harmonic functions≥ 0 on an open setω is a
lattice for the natural order(and even a complete lattice).

(A partially ordered set will be called a upper semi lattice (moreover
complete) if the set of two elements (resp. . in addition any nonvoid
upper bounded set) has a smallest majorant; and a complete lower semi
lattice if the set of two elements and any nonvoid lower bounded set has88
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a greatest minorant. A lattice satisfying both the conditions is called a
complete lattice).

We have only to note that ifu1, u2 are harmonic functions≥ 0,u1+u2

and 0 are harmonic majorant and minorant ofu1 andu2 respectively.

Corollary. The vector space of functions onω which can be expressed
as differences of two harmonic functions≥ 0 is for the natural order, a
Riesz space and further a complete lattice. (See Bourbaki Integration,
Chap. II).

18 Lattice on superharmonic functions

Proposition 6. The set of superharmonic functions≥ 0 onω is an upper
semi-lattice for the natural order (and further a complete lattice).

Give two superharmonic functionsv1 ≥ 0, v2 ≥ 0 thenv1 + v2 is a
superharmonic majorant. Given a setH of superharmonic functionsv,
suppose that the setW of superharmonic majorantsw is non-empty. The
lower envelope ofW is nearly superharmonic functionsw0. We deduce
now thatŵ0 ≥ v from the inequalityw0 ≥ anyv ∈ H . Thenw0 is the
smallest superharmonic majorant ofH . The passage to lattice-property
is well known.

Definition 13. Specific order: Let us call specific order for super har-
monic functions onω, the order< in which v1 < v2 signifies v2 = v1+

(superharmonic functions≥ 0); this implies the natural order.

Theorem 12. The set of superharmonic functions≥ 0, onω is an upper 89

semi-lattice for the specific order (and further a complete lattice).

If v1, v2 are superharmonic functions≥ 0, thenv1 + v2 (respectively
0) is a specific majorant (minorant). We have to prove that if somevi

are superharmonic and have a common specific majorant (we consider
all the specific majorantsw) there is a smallest one.

Let W = inf
w

. w (infimum in the natural sense). Ifw = vi + ω
′
i ( ω′i

superharmonic≥ 0), then letWi = inf
w
ω′i ≥ 0.
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ThenW = vi +W′i ; W andW′i are nearly superharmonic functions
andŴ = vi + Ŵi > vi . ThereforeŴ is a specific majorant of thewi :
Ŵ =W.

We have to see that any fixed specific majorantw0 is > W. Let us
follow R.M. Herve and prove first that the functionsU, equal tow0−W
where it is defined and equal to+∞ wherew0 = W = +∞, is a nearly
superharmonic functions≥ 0. For any regular domainω, we have to see
that

U(x) ≥
¯∫

Udρωx (x ∈ ω) or w0(x) −
¯∫

Udρωx ≥W(x)

Let us consider on∂ω any functionψ, which is dpωx summable,
lower bounded, lower semi continuous and≥ −U. Note that inω,
f (x) =

∫

ψdρωx has a lim. inf at the boundary which is≥ −U. It will be90

enough to prove thatw0 + f ≥ W. Observe thatw0 + f in ω has a limit
inferior ≥ W at the boundary; therefore the functionαε (ε > o) equal
to inf. (w0 + f + εw0, W) in ω and continued byW is superharmonic.
By a similar argument the functionβε equal to ((w0)i + f + εw0, w′i )
and continued byW′i is superharmonic. Moreoverβε ≥ 0 (see Theorem
3(ii)).

But αε = vi + βε, thereforeαε > vi , αε ≥ W, w0 + f + εw0 ≥ W in
ω, then alsowo + f ≥W.

Now U is a nearly superharmonic function;w0 = W + U nearly
everywherew0 = W+ Û, w0 > W.

19 Vector space of differences of superharmonic
function ≥ 0

Let us consider now the pairs (u, v) of superharmonic functions≥ 0 on
ω. We define an equivalence relation, in the set of pairs (u, v), denoted
by (u1, v1) ∼ (u2, v2) by the condition

u1 + v2 = u2 + v1 which is equivalent to say thatu1 − v1 = u2 − v2

nearly everywhere; every difference being defined nearly everywhere.
We denote the equivalence class containing (u, v) by [u, v] and we

say the functionu− v, defined nearly everywhere, is associated to [u, v].
These equivalence classes form a vector spaceS over the real number
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field, if we introduce the obvious operations correspondingto the usual
operations for associated functions, nearly everywhere.

More precisely, 91

λ[u, v] = [λu, λv] if λ is real and≥ 0 (0.∞ being 0)

λ[u, v] = [−λu,−λv] if λ is real and< 0

[u1, v1] + [u2, v2] = [u1 + u2, v1 + v2]

(A) The natural order onS, denoted [u1, v1] ≥ [u2, v2], is defined
by u1 + v2 ≥ u2 + v1 or u1 − v1 ≥ u2 − v2 nearly everywhere.

The corresponding “positive cone” is the set of [u, v] such thatu−v ≥
0 nearly everywhere; it is not the set of the [u, 0].

Let us observe that, in the ordinary sense, nearly everywhere

sup(u1 − v1, u2 − v2) = u1 + u2 − inf(u2 + v1, u1 + v2).

Therefore, there is for the natural order inS a sup ([u1, v1], [u2, v2])
and an associated function is sup (u1 − v1, u2 − v2 ) nearly everywhere.
(Note that ifv1 = v2 = 0, it is different form the supremum which exists
in the subset of the [u, 0]).

Similar result hold for the infimums. In general we see, with this
natural order that ifX, Y ∈ S andX′, Y′ are any associated functions
then,X′+, X′−, |X′|, sup (X′, Y′), inf (X′, Y′) (lofineun nearly everywhere
in the ordinary sense ) are associated toX+, X−, |X|, sup (X, Y ), and inf
(X, Y) respectively. Hence

Proposition 7. The vector space S with the natural order is a Riesz92

space.
(B) More important is thespecific order (>) defined by [u1, v1] >

[ u2, v2 ] if and only if [ u1, v1 ] - [ u 2, v2 ] = [w, 0] for some w≥ 0
(superharmonic ). or equivalently,

u1 − v1 = u2 − v2 + w nearly everywhere.

This is the order corresponding to the choice of the “positive cone” S+

of the [u,0].
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From the general theory of order vector spaces [Bourbaki Integra-
tion Ch, II], we obtain the,

Theorem 13. The vector space S with the specific order is a Riesz
space, (and actually a complete lattice, i.e. is “complement reticule”).

Note that the correspondence [u, 0]↔ u is an isomorphism which
allows the identification of these notations. For the sake ofshortness we
may use [u, v] andu− v equivalently.

20 Potentials

Any superharmonic function which has a harmonic minorant possesses
a greatest harmonic minorant as well.

Proposition 8. If v is a superharmonic function≥ 0, RCE
v , RC

0
E

v tend to
the greatest harmonic minorant of v, following the filter of sections of
the increasing directed family of the relatively compact sets E ofΩ93

In fact RCE
v is harmonic in

◦

E and tends to a harmonic minorant of
v. If there exist harmonic minorants> 0, for any such functionu, we

haveu ≤ RC
◦

E
v on

◦

E (since any superharmonic function inΩ which is

≥ v outside
◦

E must be≥ u in
◦

E because of the behaviour ofv− u at the

boundary of
0
E and by Theorem 3(ii)).

Remark . If v1 = v2 outside a compact set, the harmonic minorants of
v1 andv2 in Ω are the same.

Definition 14. A superharmonic function v≥ 0 in Ω is called a positive
potential, briefly a potential, if its greatest harmonic minorant is zero.

Same definition for a potential in an open setω ⊂ Ω.
Immediate Properties.

If v is a potential,λv(λ > 0) is also a potential. Any superharmonic
functionw such that 0≤ w ≤ v is a potential. The infimum and the sum
of two potentialsv1 andv2 are also potentials (the latter follows because
of RCE

v1+v2
≥ RCE

v1
+ RCE

v2
).
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Proposition 9. Suppose v is hyperharmonic in an open setω ⊂ Ω, and
satisfies

(i) at any point ofΩ ∩ ∂ω, lim. inf . v ≥ 0.

(ii) There exists a potential V inΩ such that v≥ −V inΩ. Then v≥ 0.

For, inf. (v, 0) continued by 0 is a superharmonic functionv1 in
Ω and v1 ≥ −V in Ω. Thereforev1 majorises the smallest harmonic94

majorant of−V.
Difference of Potentials.If X′ andY′ are equal nearly everywhere to
different of potentials (in other words ifX′, Y′ ∈ S) it is the same for
X′+, X′−, X′, sup (X′, Y′) and inf (X′, Y′).

In the spaceS, the subset consisting of [u, v] with potentialsu, v,
is a subspaceS′ and is closed for the operations sup and inf (of two
elements),| ∗ |, (∗)+ and (∗)−; and is hence a Riesz space for both the
orders. Similar results hold if we consider only the finite continuous
functions.

21 Existence of a Potentials> 0: Consequences

The case where there exists no such potential in a domain is rather triv-
ial; it is easy to prove, in this case, that the superharmonicfunctions≥ 0
are all harmonic and proportional.

Suppose there exists a potential V> 0 (i.e. there exist non-harmonic
superharmonic functions> 0 onΩ)

(i) On any relatively compact open setω ⊂ Ω there exists a harmonic
function> ε > 0 : R̂Cω

v > 0 is one

(ii) Proposition 10. If E is a relatively compact set, for any superhar-
monic functions v≥ 0, R̂E

v is a potential.

It is obvious if v is bounded onĒ, because for a suitableλ > 0,
λV > v on E and

λV ≥ RE
λV ≥ RE

v ≥ R̂E
v .
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In the general case,v = w (potential )+h (harmonic≥ 0).

R̂E
v ≤ R̂E

h + R̂E
w.

WhereR̂E
h is a potential according to particular case andR̂E

w is a95

potential because it is≤ w.

As a complement, we take a regular domainω, andE ⊂ Ē ⊂ ω;
then (R̂E

v )ω → 0 at the boundary.

Let us introduce an open setω1 such thatĒ ⊂ ω1 ⊂ ω̄1 ⊂ ω(R̂ω1
v )−

∫

(R̂ω1
v )dρωx is inω a superharmonic functionw ≥ 0 tending to zero

at the boundary ofω; thereforeλw, for a suitableλ > 0, is≥ v on
Ē. Henceλw ≤ (RE

v )ω.

(iii) Proposition 11. There exists a finite continuous potential V0 > 0.

We first construct a locally bounded potential> 0; we introduce
two open setsω′,ω′′ such that ¯ω′ ⊂ ω′′ ⊂ ω̄′′ ⊂ ΩV′′ = R̂Cω′′

V is a
potential> 0 harmonic inω′′V′ = R̄ωV′′ is a potential> 0, harmonic
in Cω′ and bounded on any compact set ofΩ. We use a finite
covering ofω̄′ with regular domainsωi and replaceV′ by

∫

V′dρω1
x

in ω1 to getV′1. Successively replacingV′i by
∫

V′i dρ
i+1
x in ωi+1

(and this process is finite) we finally get a continuous potential
V0 > 0.

(iv) Proposition 12. Give any domainω, there exists a finite continu-
ous potential> 0 which is not harmonic inω.

Letα be an open set such thatα : ᾱ ⊂ ω̄. The potentialR̂α0 is equal
to V0 in α and hence> 0 in ω. By considering a covering of ¯α

by means of regular domainsδi we deduce as in Prop.11 a finite
continuous potentialw ≤ V0 such thatw = R̂αV0

outside∩δi . Hence
w > 0 and harmonic outside∪δi . Moreoverw is not harmonic in96

ω, for otherwisew would be harmonic inΩ(≤ V) and therefore
identically zero.

Extension.Give a countable union of disjoint domainsωi , there exists
a finite continuous potential w> 0, which is not harmonic in allωi.
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If Vi is a potential corresponding toωi (for each i) got by the previ-
ous argument,

∑

λiVi whereλi > 0 and
∑

λi < +∞ serves the purpose.

Theorem 14(Continuation Theorem). Suppose there exists a potential
V > 0 in Ω. Let V be a superharmonic function, v≥ 0 in a regular
domainδ. For any open setω ⊂ ω̄ ⊂ δ, there exists a potential inΩ
which is equal to v inω, upto a harmonic function inω.

Proof. We know that (̂Rωv )δ is superharmonic≥ 0, harmonic inδ − ω̄
equal tov in ω and tends to zero at the boundary ofδ. �

Let us introduce and open setω1 such thatω ⊂ ω1 ⊂ ω̄1 ⊂ δ and
a finite continuous potentialV0 > 0 in ω which is not harmonic inδ.
V0 − Hδ

V0
is superharmonic> 0 in Ω and tends to zero at the boundary.

For a suitableλ > 0, λ(V0 − Hδ
V0

) ≥ (R̂ωv )δ on∂ω1. Hence the inequality
holds onδ − ω̄1.

We deduce that the function equal toλV0 in Cδ and toλHδV0 + (R̂ωv )δ
in δ is a potential and meets the requirements of the theorem.

Extension.R.M. Herve has proved this theorem independently for any
open setω by a different method. An adaptation of the previous proof97

(using Theorem 9) may also be given.

Theorem 15(Approximation Theorem (R.M. Herve)). If there exists a
potential V0, any finite continuous function f on a compact set K can be
uniformly approximated on K by the difference of two finite continuous
potentials onω.

Proof. Consider all such differencesX. If V0 is a fixed finite continuous
potentialV0 0, the quotientsX/V0 form a real vector space of finite
continuous functions. Moreover this vector space containsconstants and
X/V0 as well. �

In order to apply the theorem of Stone on approximation and obtain
the approximation off /V0 by means of someX/V0 on K(and then the
approximation off by X) we should verify thatX/V0 separate points
of K. Let x0 , y0 in K and a regular domainx0 andy0. Let W be a

finite continuous potential non harmonic in ; if
W(x0)
V0(x0)

=
W(y0)
V0(y0)

we
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replaceW by W1 = Wdx in. We get a finite continuous potential such

that
W1(x0)
V(x0)

,
W1(y0)
V(y0)

.



Chapter 5

General Dirichlet Problem

22 Fundamental envelopes

The Perron - Wiener method, introduced in 1924 to solve and general- 98

ize the classical Dirichlet problem was further deeply studied and then
systematically extended to various ideal boundaries but, using chiefly
the classical harmonic functions. With the axiomatisationof these func-
tions, we have to develop the method in the general set-up.

Definition 15. A saturated set
∑

if hyperharmonic functions onΩ will
be calledadditively, (resp.completely) saturated, if sum of any two ele-
ments of

∑

belongs to
∑

, (resp. any linear combination with coefficients
> 0) and every hyperharmonic majorant of an element of

∑

belongs to
∑

.

Definition 16. LetL be a set of filtersF onΩ such that one of them has
any adherent point inΩ. L and a set

∑

0 of hyperharmonic functions in
Ω are said to beassociated, if for any v∈

∑

0, the condition

lim inf
F

.v ≥ 0 for everyF ∈ L , impliesv≥ 0

Examples. The set
∑

1 of all hyperharmonic functions is completely
saturated. Again the set

∑

2 of all hyperharmonic functions such that
each is bounded below is completely saturated.

95
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1) If Ω0 is a relatively compact domain in the fundamental spaceΩ, the 99

intersection ofΩ0 with the neighbourhoods of the boundary points of
Ω0 forms a set of filters which is associated to

∑

1 or
∑

2 considered in
the spaceΩ0 if there exists a harmonic functionh onΩ0, h > ε > 0.
This is satisfied, for instance, whenΩ0 is a regular domain or if there
exists a potential> 0 onΩ. (See Theorem 3(ii )).

2) In a bounded euclidean domain (more generally in a “Green space”)
let us consider the Green lines (gradient curves of the Greenfunc-
tionsGx0(y) issued from the polex0. The sets on a regular line (where
inf. Gx0 = 0) whereGx0 < ε forms for allε > 0 a base of a filter. All
such filters form a set associated to

∑

2. See [2].

Theorem 16. Let f be a real valued function (finite or not) on the set
L of filtersF associated to an additively saturated set

∑

of hyperhar-
monic functions. The function v of

∑

satisfying,

lim inf
F

.v≥ f (F )
>−∞

for everyF ∈ L , form a saturated set whose lower envelopēH f is
+∞, −∞ or harmonic. DefineH f = −H̄− f , thenH f ≤ H̄ f .

Proof. Any Eω
v (seen010 ) for a regular domainω has the same lim inf

F

asv. Therefore the set ofv under consideration is a saturated one and100

we may apply the Theorem 8. It remains to see the inequality. �

Let v andw be any two functions in
∑

satisfying respectively the
conditions lim inf

F
v≥ f (F )

>−∞
, lim . inf .w≥ f (F )

>−∞

Now

lim inf
F

(v+ w) ≥ lim inf
F

v+ lim inf
F

.w ≥ 0

As v+ w ∈
∑

, v+ w ≥ 0.
As v and w are> −∞, v ≥ −w, inf

v
. v ≥ sup

w
(−w) = − inf

w
or

H̄ f ≥ −H̄− f .
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23 Properties ofH̄ f

From now we suppose essentiallȳH f is defined by means of a com-
pletely saturated set

∑

and of an associated setL .

Proposition 13. (i) H̄ f is an increasing positively homogeneous fun-
ction of f

(ii) If H̄ f + H̄g has a meaning (at a point and hence every where),
then it is≥ H̄ f+g where f+ g is arbitrarily chosen when ever it is
not defined.

(Basic property) Theorem 17. Let fn be an increasing sequence of
real functions onL converging to f and furtherH̄ fn > −∞ for every n.
ThenH̄ fn → H̄ f .

The theorem is obviously true if limH̄ fn = +∞. Hence we assume
lim. H̄ fn < +∞; and it is enough to show thatlim

n
H̄ fn ≥ H̄ f . Let x0 101

be any point ofΩ. For an arbitraryε > 0 chooseεn such that
∑

εn = ε

Let vn be a hyperharmonic function such that lim inf
F

.vn ≥ f (F )
−∞

and

vn(x0) ≤ H̄ fn+εn for everyn. DefineW = lim H̄ fn+
∞
∑

n=1
(vn−H̄ fn). This

hyperharmonic function majorises anyvn, therefore belongs to
∑

and
satisfies lim inf

F
.W ≥ fn(F ) then lim inf

F
.W≥ f (F )

>−∞
we concludeW ≥

H̄ f andW(x0) ≤ lim H̄ fn(x0) + ε. ThereforeH̄ f (x0) ≤ lim
n
.H̄ fn(x0).

Negligible sets: Definition 17.A subsetα ⊂ L is said to be negligible
if H̄ϕα = 0 for the characteristic functionϕα. Subsets of negligible
sets are negligible and any countable union of negligible sets is again
negligible. The term “almost everywhere onL ” is used as equivalence
of “except on a negligible set”.

Applications

(i) If f = 0 almost everywhere, thenH̄ f = 0 (consider first theorem
where f is +∞ on a negligible set and zero else where).

(ii) If H̄ f andH f ar finite, the set wheref is±∞ is negligible. (Con-
sider f + (− f ) and use Prop. 13(ii )).
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(iii) If f1 = f2 almost everywhere, thenH̄ f1 = H̄ f2.

(Consider firstf1 = +∞ on a negligible set and= f2 elsewhere, use
prop. 13(ii )).

24 Resolutivity

Definition 18. If H̄ f andH f are equal at a point, they are equal ev-102

erywhere. In case they are equal finite, therefore harmonic,f is said
to be resolutive and the common envelopeH f is called thegeneralised
solution.

First Properties

1) If f is resolutive for any constantλ , 0, λ f is resolutive andHλ f =

λH f .

2) If fn is an increasing sequence of resolutive functions, lim. fn = f is
resolutive ifH fn(x0) is bounded at some pointx0. ForH fn ≤H f ≤

H̄ f andH̄ fn → H̄ f .

3) If fn are finite valued resolutive functions converging uniformly to f
and if H̄1 is finite, thenf is resolutive. For anyε > 0,

fn − ε ≤ f ≤ fn + ε for n ≥ N(ε).

Then

H fn
+H −ε ≤H f ≤ H̄ f ≤ H̄ fn + H̄ε.

or H fn
− εH̄1 ≤H f ≤ H̄ f ≤ H̄ fn + εH1.

4) If f is resolutive andf = f1 almost everywhere, thenf1 is resolutive
andH f1 = H f . For, if f is resolutive the set wheref is infinite is
negligible. The property follows as a consequence of (ii) and (iii) of
§23.
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Equivalence classes of resolutive functions.103

It is desirable to have the resolutive functionsf andH f as summable
functions and the corresponding integral in some suitable sense.

We shall say that two resolutive functionsf1 and f2 are equivalent
( f1 ∼ f2) if f1 = f2 almost everywhere. Let̄f denote the class containing
f .

The setΓ of equivalence classes of resolutive functions is a real vec-
tor space with obvious addition and scalar multiplication.H f is the
same for every functions in the same class. Hence every pointof Ω de-
fines a linear functional onΓ, namely, the value ofH f (x0) for the respec-
tive classes. We may also introduce a natural order inΓ; an equivalence
class f̄ is ≥ another class ¯g if any function in f̄ is almost everywhere
greater than or equal to any function in ¯g. In order to see whether sup
( f , g) ∈ Γ, we have to study sup (f , g). We only prove:

Basic Lemma 1.If f andg are resolutive,H sup.( f ,g) = H̄sup.( f ,g) (both
the sides are= +∞ or harmonic and equal). AssumeH sup(f ,g) <

+∞, otherwise the Lemma is obvious. Observe that sup(H f , Hg) ≤
H sup.( f ,g). There exists a least harmonic majoranth0 for sup(H f , Hg),
henceh0 ≤ H sup.( f ,g). For anyǫ > 0 and a pointx0 ∈ Ω make the
choice ofv andw such that for everyF ,

(i) lim inf
F

.v ≥ f (F )
>−∞

(ii) lim inf
F

.w ≥ f g(F )
>−∞

v(x0) ≤H f (x0) +
∈

2
w(x0) ≤Hg(x0) +

∈

2
.

Thenw1 = h0 + (v−H f ) + (w−Hg) is hyperharmonic≥ v andw, 104

is in
∑

and
lim inf

F
.w1 ≥ sup

>−∞
( f (F ), g(F ))

Thereforew1 ≥ H̄sup.( f ,g) ε + h0(x0) ≥ H̄sup.( f ,g)(x0) thenh0(x0) ≥
H̄sup(f ,g)(x0) and

H sup.( f ,g)(x0) ≥ H̄sup(f ,g)x0

Consequence. Proposition 14.From the proof we see that ifH f and
Hg have a common superharmonic majorant, this function majorises
H̄sup.( f ,g).
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Corollaries. If f andg are resolutive, then sup.( f , g) is resolutive if and
only if H f ,Hg have a common superharmonic majorant.

Example.1) if f is resolutive, thenf + is resolutive if and only ifH f

has a superharmonic majorant≥ 0.

2) If f , g are resolutive and≥ 0 sup. (f , g) and inf. (f , g) are resolutive.105

Therefore the set of the resolutive functions≥ 0, the set of their
equivalence classes are lattices for the natural order.

If we want a subspace ofΓ which would contain the class of the
ordinary sup. of two functions or only which would be a Riesz space for
the natural order, andf belonging to such a class would be majorised
by a resolutive function≥ 0; thereforef + would be resolutive. Hence
any subspace under consideration would be contained in the subspace
of the equivalence classes of the absolutely resolutive functions defined
as follows.

25 Absolute Resolutivity

Definition 19. A real function f onL is said to be absolutely resolutive
if f + and f− are both resolutive. It is equivalent to say that f equals the
difference of two resolutive functions≥ 0 almost everywhere or at every
point where the difference has sense.

Now the finite absolutely resolutive functions and the equivalence
classes of absolutely resolutive functions contain resp. the ordinary sup.
of two functions and the corresponding classes; and anyone of these
classes contains finite absolutely resolutive functions.

We have the largest subspace ofΓ we wished to have. More over,
we give the following interpretation as a Daniell Integral of H f for an
absolutely resolutive functionsf .

Starting with the Riesz space of the finite absolutely resolutive func-
tionsα and the increasing linear functionalHα(x0), we see that they sat-106

isfy the Daniell condition, viz :αn decreasing to zero impliesHαn(x0)
→ 0 (x0 fixed in Ω). We define the corresponding Daniell integral
by continuation of the functional as follows: (for fixedx0 ∈ Ω) if
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ψ = lim .αn (αn increasing), (we see that lim.Hαn(x0) is the same for all
sequencesαn with limit ψ, and we denoteI (ψ) = lim. Hαn(x0). In the
same way ifϕ = lim .αn (αn decreasing) we denoteI (ϕ) = lim .Hαn(x0).
We have immediatelyI (ψ) = H̄ψ(x0), I (ϕ) = H ϕ(x◦). Now for any
function f (F ), the superior and the inferior Daniell integrals are de-
fined as

Ī ( f ) = Inf
ψ≥ f , I (ψ), I( f ) = sup

ϕ≤ f .I (ϕ)

It is obvious that I( f ) ≤ H f (x0) ≤ H̄ f (x0) ≤ Ī ( f ). f is said to be
I -summable if I( f ) = Ī ( f ) (finite); in this case, it is well known thatf +

and f̄ are alsoI - summable and therefore resolutive.
Then f is absolutely resolutive andI ( f ) =H f (x0).
Conversely, supposef is resolutive and≥ 0. Define fn as a function

equal tof where f is finite and ton where f is infinite; fn is resolutive,
i. e. a function of typeα, therefore anI -summable function andI ( fn) =
H fn(x0). As fn is increasing we get

I ( fn) =H fn(x0)→H f (x0) ( finite ).

But the limit of I - summable functionsfn with I ( fn) bounded is 107

againI -summable andI ( f ) = lim .I ( fn) =H f (x0).
We may now consider any absolutely resolutive functionf and con-

clude,

Theorem 18. For any x0 ∈ Ω, the absolutely resolutive functions f(F )
are the summable functions for a certain Daniell integral I (positive
linear functional) (or a certain abstract positive measure) on L and
I ( f ) =H f (x0).

Corollary. For a set e∈ L and the characteristic functionϕe the con-
dition Ī (ϕe) = 0 is equivalent toH̄ϕe = 0, which does not depend on
x0.

Proposition 15. Any resolutive function is absolutely resolutive in the
following cases

(i)
∑

is the set of all hyperharmonic functions such that every element
has a harmonic minorant≤ 0.
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(ii)
∑

is the set of all lower bounded hyperharmonic functions and
moreoverH̄1 is finite.

In fact in both the cases, for any resolutive functionf , H f has a
superharmonic majorant≥ 0.

Remark 1. For any Daniell integral (positive linear functional) let us
start from all finite summable functions and apply the Daniell continu-
ation with the same values for the integrals. We get same superior and
inferior integrals and the set of summable functions remains unchanged.108

Therefore a Daniell integral is completely defined by the class of the
summable functions or of the finite summable functions and the value
of the corresponding integrals. On the other hand if we startwith some
Riesz-space of finite summable functions the new summable functions
are summable in the old sense but the converse is not true.

As for the I -integral of Theorem 18, it is therefore interesting to
note that we may start with all boundedI -summable functions (i. e.
absolutely resolutive functions) and then get all summablefunctions by
means of the Daniell continuation, if we suppose that there exists a res-
olutive functionϕ which is bounded and> 0.

In fact if f ≥ 0 is resolutive,ψn = inf .( f , nϕ) is bounded resolutive
andHψn ≤ H f . Hence the limit ofψn, i.e., f is summable in the sense
of the integral we obtain by continuation.

Remark 2. The case where constants are resolutive is important, be-
cause in this case anyI -summable function isI -measurable.

A particular case is the one where the constants are harmonicin Ω.
Therefore, if there exists in some theory, a harmonic function h > 0, it
seems better to use theh-harmonic andh-super-harmonic functions and
to study the Dirichlet problems for these functions.
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Some Examples of Dirichlet
Problem

26

Some well known Dirichlet problems are particular cases of the follow- 109

ing one:
LetΩ be dense in a spaceε , Ω. L1 be the sets of the intersections

with Ω of the neighbourhoods of the points of the boundaryB = ε − Ω.
(We may also consider a subsetL ′

1 corresponding to s subsetB′ of B).
A function onL1 (or L ′

1) is considered as well a function onB (or B′),
because of the obvious one-one correspondence. Let

∑

1 be the set of all
hyperharmonic functions onΩ (we may also consider a subset

∑

2 as in
n◦22). Let us suppose

∑

1 (or
∑

2) andL1 (or L ′
1) are associated. Then

Theorem 18 holds but we have to study further in every case theresolu-
tive and absolutely resolutive functions, the integral representation (for
which it is for instance interesting to find sets of resolutive functions
from which the Daniell continuation gives the general integral) and fi-
nally the behaviour at the boundary of the generalised solution.
First example(with regular domainω)

Proposition 16. ω is considered as the fundamental space.ω̄ = ε.

The envelopeH̄ f corresponding to the previousL1 and
∑

1 (obvi-

103
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ously associated) has been already introduced (n015) denoted byH̄ω f110

and seen to be equal tō
∫

f dρωx . Therefore the resolutive functions are
thedρωx - summable functions (hence absolutely resolutive) and forthese
function H f (x) =

∫

f dρωx . The Daniell integral of Theorem 18 is the
Radon integral for the harmonic measuresdρωx .

27 Second Example (with any relatively compact
domainω)

Theorem 19. We suppose the existence of a potential> 0 (besides ax-
ioms 1, 2& 3). We consider̄ω as the spaceε and the correspondingL1

and
∑

1 that are associated. The corresponding envelopeH f has been
studied and denoted bȳHω

f and we may write also Hf , Hω
f instead of

H f andH f . (We suppress indexω for simplicity).

Now the finite continuous functionsθ onω are resolutive1 (hence
absolutely) andHθ(x) for such aθ defines a Radon integral that we
denote

∫

θdµx.dµx is called the harmonic measure (identical todρωx if
ω is regular). Thedµx summability and the sets ofdµx-measure are
independent ofx ∈ ω. Any resolutive function is absolutely resolutive.
¯∫ f dµx ≤ H̄ω

f (x) and hence resolutive functionsf are summable and

Hω
f (x) =

∫

f dρωx .

Moreover ifΩ has a countable base for open sets,¯∫ f dµωx = H̄ω
f (x)

and thedµx-summable function are resolutive (the Daniell integral of111

Theorem 18 is thedµx- integral).
Let V1 be a finite continuous potential> 0 inΩ. As H̄ω

V1
≤ V1, lim sup

x→y .
H̄ω

V1
(x) at any boundary pointy is ≤ V1(y), thereforeH̄ω

V1
≤ Hω

V1
onω ;

hence the equality. The same holds good for the difference of suchV1.
Now any finite continuous functionf on ∂ω can be approximated by
differencesω of such potentials (Theorem 15)

w− ε ≤ f ≤ w+ ε

Then Hw − εH̄1 ≤ H f ≤ H̄ f ≤ Hw + εH̄1.

1Result and proof due to R.M.Herve.
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Hence the resolutivity off .
The properties concerning thedµx-summability, thedµx measure

zero are immediate consequences of the definitions of the Radon integral
( ¯∫ and

∫

) and of axiom 3. The resolutivity implies absolute resolutivity,

because of the fact that the envelopesH̄ f and Hf remain the same by
changing

∑

1 into
∑

2. (See Prop. 15 (iii)).
For any f on ∂ω, we remark finally (see the proof of Theorem 9)

that if v is any superharmonic function satisfyingψ′ = lim. inf .v ≥ f
>−∞

,

at every boundary point,̄Hω
f ≤ H̄ω

ψ
≤ v, thereforeH̄ f = Inf H̄ψ for all

ψ lower semi-continuous≥ f and> −∞. On the other hand ifθ is a
continuous function≤ such aψ,Hθ =

∫

θdµx ≤ Hψ.

Hence¯∫ f dµx ≤
∫

ψdµx ≤ Hψ, therefore¯∫ f dµx ≤ H̄ f . 112

Suppose nowΩ has a countable base for open sets, therefore is
metrizable, or only that on the subspace∂ω any open set is aKσ set.
Then any lower semi-continuous functionψ > −∞, is the limit of an in-
creasing sequence of finite continuous functionsθn,Hθn → H̄ψ. Hence
∫

θndµx →
∫

ψdµx thereforeH̄ψ =
∫

ψdµx and using a previous remark

H̄ f (x) = ¯∫ f dµx.
In the last hypothesis, the Daniell continuation fromHθ for finite

continuous functionsθ gives the general representation of Theorem 18.

28 Extension to a relatively compact open setω

Hypothesis regardingΩ is assumed to be the same as inn027.
We consider for anyf on ∂ω, the envelopeH̄ω

f already introduced

and the other one equal to−H̄ω
− f . We recall that for any connected com-

ponentωi of ω, H̄ωi
f = H̄ω

f onωi . (We may suppress the indicesω, ωi

when there is on ambiguity.) The resolutivity and absolute resolutiv-
ity are defined by the same condition for allωi, and the corresponding
generalised solution is denoted byHω

f .
For a finite continuous functionθ on∂ω and any fixedx ∈ ω, Hθ(x)

is a Radon integral
∫

θdµωx . The measuredµωx , when considered inΩ is
identical to the corresponding one on the component containing x. For
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any f on∂ω, ¯∫ f dµωx ≤ H̄ω
f (x) and the equality holds good at least when113

Ω has a countable base for open sets.
Negligible setse on ∂ω are defined by the condition̄Hω

ϕe
= 0 onω.

The existence of a superharmonic function≥ 0 which tends to+∞ at
every point ofe < ∂ω, implies thate is negligible; the converse is true
whenω is a countable union of domains.

A weaker condition is Hωϕe
= 0. This implies that a bounded har-

monic function which tends to zero at any boundary point outside such
ane is identically zero.

Proposition 17(Variation ofω). Let F be a continuous function on∂ω.
Givenε > 0 and a compact set K⊂ ω, there exists a compact set K1

satisfying K⊂ K1 ⊂ ω and such that for any open setω1,K1 ⊂ ω1 ⊂ ω

the inequality
∣

∣

∣

∣

∣

Hω
F − Hω1

F

∣

∣

∣

∣

∣

< ε holds on K.

In fact, givenε′ > 0 we may choose a superharmonic functionv and
a subharmonic functionu (onω), satisfying

lim . inf .v ≥ F at all points of∂ω, v− Hω
F < ε′ on K

and lim. sup.u ≤ F at all points of∂ω,Hω
F − u < ε′ on K.

Let h be a harmonic function> 0 on an open set containing ¯ω.
Let v1 andu1 be respectively the continuations ofv andu by their

lim . inf and lim. sup. ∂ω. On ω̄, the inequalityv1 − F + ε′h > 0 on
∂ω implies the same inequality in an open set containing∂ω. We have114

a similar property foru. Hence there exists inω a compact setK1 con-
tainingK such that onω − K1,

v− F + ε′h > 0, u− F − ε′h < 0.

Therefore the conditionK1 ⊂ ω1 ⊂ ω implies onω1,

v ≥ Hω1
F−ε′h
= Hω1

F − ε
′h andu ≤ Hω1

F+ε′h = Hω1
F + ε

′h

i.e.,
∣

∣

∣

∣

∣

Hω
F − Hω1

F

∣

∣

∣

∣

∣

≤ ε′h+ ε′

on K and hence the proposition.
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Corollary. For any increasing directed set S of open setsω1 ⊂ ω (or-
dered by inclusion) such that any compact set K⊂ ω is contained in
some set of S, dµω1

x (for a fixed x∈ ω) converges vaguely to dµωx accord-
ing to the corresponding filter.

29 Behaviour of the generalised solution at the
boundary Regular boundary points1

Definition 20. A point x0 ∈ ∂ω (for the open setω ⊂ ω̄ ⊂ Ω) is said to
be regular, if for every finite continuous functionθ on∂ω,

Hω
θ (x)→ θ(x0).(x ∈ ω, x→ x0).

Proposition 18. ω is regular if and only if all boundary points are reg-
ular. 115

Proposition 19. If f is an upper bounded function on∂ω, x0 a regular
boundary point then,

lim
x∈ω,

. sup
x→x0

.H̄ω
f (x) ≤ lim

y∈∂ω,
. sup. f

y→x0

(y).

Proof. If the right hand sideλ is < +∞, let λ′ > λ andθ a finite con-
tinuous function on∂ω, such thatθ(x0) < λ′, θ(y) ≥ f (y) on ∂ω. Then
H̄ f ≤ Hθ, lim . sup

x→x0

.H̄ f ≤ θ(x0) ≤ λ′. �

Hence the proposition.
Corollaries

(i) for any bounded and resolutive functionf which is continuous at
a regular boundary pointx0,H f (x)→ f (x0).

(ii) For any superharmonic functionV ≥ 0, R̂CW
V (x0) if x0 is a regular

point.

1In the note [2] the question was studied as an application of thin sets. A part of the
study, as it is developed here, needs only a weaker hypothesis.
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In fact H̄ω
V = RCW

V in ω (no. 15) and limx∈ω . inf x→x0 .HV(x) ≥
V(x0) ( Prop. 19)

There fore

lim
x→

. inf
x0
.RCω

V ≥ V(x0),

R̂Cω
V ≥ V(x0).

As R̂Cω
V ≤ V the result is true.

Criteria of Regularity (we assume axioms 1, 2, 3 onΩ and the exis-
tence of a potential> 0 onΩ).116

Theorem 20. x0 ∈ ∂ω is a regular point if and only if for every finite
continuous potential V, R̂Cω

V (x0) ≥ V(x0).

Proof. The necessary part has already been proved. Conversely the in-
equality implies in particular,

lim . inf .RCω
V

x→x0,x∈ω
≥ V(x0)

As V ≥ RCω
V = Hω

V in ω, we deduceHV(x) → V(x0) and because of the
approximation theorem (15) we concludeHθ(x) → θ(x0) for any finite
continuous functionθ on∂ω. �

Corollary . If ω1 ⊂ ω2 ⊂ ω̄2 ⊂ Ω, x0 ∈ ∂ω1 ∩ ∂ω2 the regularity of
x0 ∈ ∂ω2 implies the regularity forω1 (for R̂Cω1

V ≥ R̂Cω2
V )

Proposition 20(Local character of Regularity). If x0 ∈ ∂ω is regular for
ω, it is regular forω∩δ for any open neighbourhoodδ of x0; conversely
if x0 is regular for one suchω ∩ δ, it is regular forω.

The first part follows from the last corollary.
As regards the converse we consider the functionV′ defined inω̄ as

equal toV in ∂ω and toHω
V in ω. V′ on ∂ω′(ω′ = ω ∩ δ) is resolutive

[Th. 10, Ch. IV and and analogous result]. NowHω
V = Hω′

V′ onω′ and
now it follows [from Cor. 1, Prop. 19] thatHω′

V′ → V′ at x0 ∈ ∂ω,
therefore,Hω

V → V at x0 ∈ ∂ω i.e., the pointx0 is regular on∂ω.117
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Theorem 21. Let V0 be a potential> 0, finite and continuous at a point
x0 ∈ ∂ω. For x0 to be regular point ofω it is necessary and sufficient
that for every neighbourhoodσ of x0, R̂σ∩Cω

V0
(x0) = V0(x0).

Proof. We can supposeσ to be compact. �

Supposex0 is a regular point. Letσ be a compact neighbourhood
of x0 andΩ1 a relatively compact open set such that (σ ∩ ω̄) ⊂ Ω1. Let
Ω′1 = Ω1 − (σ ∩Cω) andg the function equal toV on ∂(σ ∩Cω1) and

zero on∂Ω1. ObviouslyRσ∩Cω
V0

≥ H̄
Ω′1
g ≥ H

Ω′1
g in Ω′1. Sincex0 is also a

regular point ofΩ′1, lim . inf .H
Ω′1
g (x) ≥ V0(x0).

x ∈ Ω′1, x→ x0

Hence R̂σ∩Cω
V0

(x0) ≥ V0(x0).

Conversely, if possible letx0 be irregular. Then there exists a finite
continuous potentialV > 0 such thatR̂Cω

V (x0) < V(x0). We may choose
λ > 0 such thatR̂Cω

V (x0) < λV0(x0) < V(x0). For a suitable compact
neighbourhoodσ of x0, λV0 < V onσ.

Therefore,R̂σ∩Cω
λV0

≤ R̂σ∩C′ω
V (x0) < λV0(x0). HenceR̂σ∩Cω

V0
V0(x0).

This is clearly a contradiction. The Theorem is proved.

Theorem 22. Suppose there exists onω, or only onω ∩ δ0 for an open 118

neighbourhoodδ0 of x0 ∈ δω, a superharmonic function w> 0, which
tends to zero when x→ x0. Then x0 is regular forω. Then converse is
true whenω is a countable union of domains (for instance whenΩ has
a countable base for open sets).

Proof. Let θ be any finite continuous function on∂ω, we have to prove
thatHθ(x) → θ(x0) (x ∈ ω). We may supposeθ ≥ 0 and actuallyθ = 0
in a neighbourhood ofx0, for, the general case can be deduced from this
one. �

Let us introduce a regular domainδ containingx0, and such that
δ̄ ⊂ δ0 and θ = 0 on ∂ω ∩ δ̄. Let θ0 be the continuation ofθ by the
functionHω

θ
defined onω and we remarkHω

θ
= H̄ω∩δ

θ
(Theorem 10).
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We may choose a compact setσ on∂δ∩ω such thatσ′ = (∂δ∩ω)−σ
satisfies

∫

σ′
dρδx0

< ε (for a ε > 0). With a suitableλ > 0, the function

w1 = λw + (sup.θ0)
∫

σ′
dρδx is in ω ∩ δ a superharmonic function> 0

whose lim. inf. at the boundary is≥ θ0. Hencew1 ≥ H̄ω∩δ
θ0

.
On the other hand, lim. sup.(w1) ≤ ε(sup.θ0). The same holds for

H̄ω∩δ
θ0

or Hω
θ

. As ε is arbitrary,Hω
θ

(x)→ 0 (x ∈ ω, x→ x0).
The converse with the additional hypothesis is an application of119

prop. 12 (extended) because the set of componentsωi is countable. If
V is a finite continuous potential> 0, which is not harmonic in every
ωi ,V − Hω

V > 0 inω and tends to zero whenx ∈ ω tends tox0.

Corollary. If x0 ∈ ∂ω is regular forω, it is exterior or regular to every
componentωi ofω; the converse is true

{

ωi
}

is countable.2

The first part is an immediate consequence of the definition ofreg-
ularity. As regards the converse we introduce superharmonic functions
wi > 0 (wi ≤ a fixed finite continuous potential> 0) such that, in case

wherex0 ∈ ∂ωi ,wi → 0 (x ∈ ωi , x → x0). Then
∑ 1

n2
wi is superhar-

monic> 0 inω, and tends to zero (x ∈ ω, x→ x0).
We shall study later the set of irregular points as an application of a

theory which needs a further axiom.

30 Third Example of Dirichlet Problem

The argument of Theorem 19 can be generalised as follows: We have

(i) a compact and metric spaceε (instead of the latter condition we
may assume that any open set inε −Ω is aKσ-set.

(ii) for any superharmonic functionv on Ω, the condition for every
y ∈ ε −Ω, lim . inf .

x→y
v(x) ≥ 0 (x ∈ Ω) impliesv ≥ Ω.

(This condition is satisfied for instance when there exists aharmonic120

2This restriction is unnecessary.
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functionh > ε > 0 onΩ).
We essentially takeL1 and

∑

1 we suppose further that the finite
continuous functions onε −Ω are resolutive.

Proposition 21. Under the above conditions, for any finite continuous
functionθ onε−Ω, Hθ(x) defines a Radon integral

∫

θdµx; thenH̄ f (x)

=
¯∫ f dµx. The set of resolutive functions is identical with that of dµx-

summable functions (which is independent of x∈ Ω); hence resolutive
functions are absolutely resolutive and for such functionsf ,H f (x) =
∫

f dµx. The Daniell continuation ofHθ(x) gives the general Daniell
integral of Theorem 18, which is here identical to the previous Radon
integral.





Chapter 7

Reduced Functions and
Polar Sets

31

We suppose only the axioms 1, 2 & 3, and go to complete first the prop- 121

erties of the reduced functions,RE
v forΩ or (RE

v )ω for an open setω ⊂ Ω,
relative to the setE and the superharmonic functionv ≥ 0 (onΩ orω).

Lemma 1. (RE∩ω
v )ω ≤ RE∩ω

v ≤ RE
v ≤ RE∪Cω

v and the difference between
the extreme terms is majorised by RCω

v in ω.

The only non-trivial part is the last result. It is obvious ifω = Ω.
If not, let x0 be any point inω. Then for anyλ > (RE∩ω

v )ω(x0) and
λ1 > RCω

v (x0), there exist superharmonic functionsw ≥ 0 andw1 ≥ 0
respectively inω andΩ such that,

w ≥ v on E ∩ ω and w(x0) ≤ λ

w1 ≥ v onCω and w1(x0) ≤ λ1.

Let us definew′ equal tov on Cω and to inf.(w1 + w, v) onω.This
is a superharmonic function≥ 0, onΩ and thisw′ ≥ v on E ∩ Cω;
thereforew′ ≥ RE∪Cω

v . HenceRE∪Cω
v (x0) ≤ w′(xo) ≤ w′(x0) ≤ λ + λ1.

This being true of anyλ > (RE∩ω
v )ω(x0) andλ1 > RCω

v (x0), we get

RE∪Cω
v (x0) ≤ (RE∩ω

v )ω(x0) + RCω
v (x0)

113
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Now it is obvious that the inequality is true at all pointsx0 ∈ ω.122

Corollary. If v is a potential,(RE∩ω
v )ω → RE

v at any point, according to
the directed setω ⊂ ω̄ ⊂ Ω.

In fact,RCω
v tends to the greatest harmonic minorant ofv, i.e. zero.

Theorem 23. Let V > 0 be a finite continuous superharmonic function
in Ω and x0 ∈ Ω. Then RE

v (x0) defines on compact sets E a strong
capacity such that for any set E, the corresponding outer capacity is
RE

v (x0).

Proof. The case in which there exists no potential> 0 is obvious. Hence
we assume the existence of a finite continuous potentialV0 > 0.

Let us first prove thatRE
V(x0) = inf .RωV(x0) for all open setsω con-

taining E. Let v be a superharmonic function≥ 0 such thatv ≥ V on
E andRE

V(x0) + ε ≥ v(x0), (for some choice ofε > 0). The inequality

v ≥ V(1− ε) holds in an open setω ⊃ E, therefore
v

1− ε
≥ RωV. Then

(1− ε)RωV(x0) ≤ v(x0) ≤ RE
V(x0) + ε

i.e., RωV(x0) − RE
V(xo) ≤ ε(1+ V(x0))

Hence theRE
V(x0) = inf .RωV(x0) as required. �

Now, supposeE is a compact set.RE
V(x0). is an increasing function

of E. The above property shows that this function is continuous on the
right. We shall show that this set function is strongly subadditive, i.e.,123

RE1∪E2
V + RE1∩E2

V ≤ RE1
V + RE2

V

We may suppose thatV is a potential by taking inf. (V, λVo) instead
of V, whereλ is so chosen thatλVo ≥ V on E1 ∪ E2. (The in-equality
will be unaltered.) The inequality is first of all true for allpoints of
E1 ∪ E2; for instance ifxo ∈ E,

RE1∪E2
V = V = RE1

V , RE1∩E2
V ≤ RE2

V .
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If we take two superharmonic functionsv1 ≥ 0 andv2 ≥ 0 such that
v1 ≥ V on E1, v2 ≥ V on E2 then it is enough to prove that

RE1∪E2
V + RE1∩E2

V ≤ v1 + v2.

Hence consider inC(E1 ∪ E2) the function

D = v1 + v2 −
(

RE1∪E2
V + RE1∩E2

V

)

.

The reduced functions being everywhere upper semi-continuous, we
have forx ∈ C(E1 ∪ E2) andx→ y ∈ ∂(E1 ∪ E2)

lim . sup.RE1∪E2
V + RE1∩E2

V ≤ RE1∪E2
V (y) + RE1∩E2

V (y) ≤ RE2
V (y) + RE2

V (y)

and hence, lim. inf .D ≥ 0.
Now in C(E1 ∪ E2),D ≥ −2V, hence by Prop. 9(ii)n◦.20),D ≥ 0.

This proves the strong subadditivity.
We shall see that for any open setω ⊂ Ω, 124

RωV = sup
K⊂ω

.RK
V (K compact),

which implies thatRωV(xo) is the corresponding inner capacity ofω ., and
finally thatRE

V(xo) is the outer capacity for any setE.
In fact, R̂K

V ≤ V; R̂K
V tends, according to the directed set ofK ⊂ ω,

to a superharmonic function≥ 0, which is equal toV on ω, therefore
majorisesRωV. We conclude,

sup
K⊂ω

.RK
V = sup

K⊂ω
.R̂K

V̄ = RωV = R̂ωV.

32 Polar sets

Definition 21. A set E is said to be polar in the open setω◦ ⊂ Ω, if
there exists inω◦ a superharmonic function v≥ 0 (or equivalently a
potential), called associated to E, equal to+∞ at least on E∩ ωo.
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The term “quasi-everywhere inω◦” “will mean except for a set polar
in ω◦”.

The property of a set being polar inω◦ is equivalent to its being
polar in every component ofω◦.

A set will be said to be polar from inside if every compact subset is
polar.

First Properties of Polar sets inΩ:125

(i) For any open setω, relatively compact, a polar setE on∂ω is neg-
ligible for ω, becauseH̄ω

ϕE
is majorised by any function associated

to E.

CE is therefore dense (for a polar setE); any hyperharmonic func-
tion is determined by its values outside a polar setE (at x ∈ E,
v(x) lim

∫

vdρωx according to the filterFx of section of the decreas-
ing directed set of all regular domains containingx).

A function will be said to quasi-hyperharmonic or quasi super-
harmonic if it is quasi-everywhere equal to a hyper (resp. super)
harmonic function; in both the cases the latter function is unique.

(ii) Any countable union of polar sets is polar.

We choose eachEn an associated functionvn such that
∫

vndρωo
xo
=

1

n2
(ωo regular,xo ∈ ωo), then

∑

vn is associated to∪En.

(iii) If E is a closed set polar inΩ, thenCE is connected.

If not, CE = ω1ω2, ω1 , φ, ω2 , φ, ω1 ∩ ω2 = φ andω1 andω2

open sets. Letw be an associated function (toE). By changing
the value ofw into +∞ onω2 we get a hyper harmonic function
w′(w′ satisfies the local criterion).w′ = +∞ on ω2 and it is not
identically+∞, this is a contradiction.

(iv) Let E be a closed polar set inΩ. A superharmonic functionv in
Ω − E, supposed to be lower bounded on every compact subset of
Ω, can be uniquely continued onE to a superharmonic function.
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Let w be associated toE. Define the sequencevn of superharmonic126

functions as :vn = +∞ on E andvn = v + (1/n)w in CE uniformly
lower bounded on every compact set. Then inf.vn is a nearly superhar-
monic functionV, andV = v at any point wherew is finite. We deduce,
∫

Vdρωx =
∫

vdρωx for anyω regular,ω̄ ⊂ C(E). HenceV̂ = v on E, v is
the continuation needed.
Consequence. If h is harmonic inΩ−E and bounded on every compact
set ofΩ, there exists a unique harmonic continuation ofh onΩ.

33 Criterion

Theorem 24. If E is a polar set inΩ, and w a superharmonic function
> 0 in Ω, thenR̂E

w = 0 everywhere and REw = 0 q.e. Conversely, if for
one superharmonic function w> 0, R̂E

w=0 every where, or if there exists
xo ∈ Ω such thatR̂E

w(xo) = 0 then E is a polar set.

SupposeE is a polar set,v an associated function andxo such that
v(xo) < +∞. Thenλv ≥ w on E for anyλ > 0, thereforeRE

w(xo) = 0.
HenceRE

w = 0 q.e., therefore on a dense set. It followsR̂E
w = 0.

Conversely, supposeRE
w(xo) = 0. There exists superharmonic func-

tion vn > 0 such thatvn ≥ w on E and vn(xo) <
1

n2
. Then

∑

vn is

superharmonic> 0 and= +∞ on E.
If we suppose onlyR̂E

w = 0 at a point, therefore everywhere,RE
w 127

is a nearly superharmonic function whose regularised function is zero.
Therefore¯∫ RE

wdρωx = 0 for any regular domainωwe deduce thatRE
w = 0

nearly everywhere, therefore at least at one point.

Corollary . For any set F and a polar set E, and any superharmonic
function v≥ 0, R̂E∪F

V = R̂F
v .

Theorem 25(Local character Theorem). Suppose there exists a poten-
tial > 0 in Ω. Let E be a set which is locally polar (i.e. for some
neighbourhoodδ of every point E∩ δ is polar in δ). Then E is a polar
set inΩ.

Proof. Let us suppose thatVo is a continuous potential> 0.
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a) Suppose firstE ⊂ Ē ⊂ δ whereδ is a regular domain, andE polar
in δ. If v is a superharmonic function inδ, associated toE, we know
(Theorem 14) that there exists inΩ a potential which is equal tov on
an open set containinḡE upto a harmonic function. This showsE is
polar inΩ.

b) Let us suppose thatE is relatively compact. To everyx ∈ Ω, we
associate a neighbourhoodδ such thatE ∩ δ is polar inδ. Let us
introduce an open setδ′′ and a regular domainδ′ such thatδ′′ ⊂
δ̄′′ ⊂ δ′ ⊂ δ. E ∩ δ′′ is polar inδ′ therefore inΩ. We coverĒ by a
finite union of suchδ′′ that we callδ′′i . The setsδ′′i ∩ E are polar in
Ω, and so also isE.

c) (general case) We considerE as the union of two setsE1 and E2

whose exteriors are not empty. Supposexo < Ē1. For any relatively
compact setω ∋ xo,E∩ω̄ is polar inΩ[(b)], thereforeE1∩ω is polar128

in ω andR̂E1∩ω
Vo

= 0; RE1∩ω
Vo

(xo) = 0. AsRE1∩ω
Vo

→ RE1
Vo

according to
the directed family of the considered setsω (lemma 1, cor. 1) we
concludeRE

Vo
(xo) = 0. Now the theorem follows immediately.

�

Proposition 22. A K-analytic set Eo (in the sense of Choquet) which is
polar from inside is polar.

SupposeEo non-empty andVo > 0 a continuous potential inΩ. For
any compact setK,Eo ∩ K is a K-analytic set, the capacityRE

Vo
(xo) is

equal to zero for any compact setE ⊂ Eo ∩ K(xo < Eo ∩ K) therefore
also forEo ∩ K; asEo ∩ K is polar for anyK,Eo is polar.



Chapter 8

Convergence Theorems

34 Domination Principle

We suppose only the axioms 1, 2 and 3 on the spaceΩ. 129

Definition 22. Let v≥ 0 be a superharmonic function inΩ.

(a) the support ofv is the complement of the largest open set in which
v is harmonic;

(b) the best harmonic minorant ofv in an open setω ⊂ Ω is RCω
v or H̄ω

v .

We shall now introduce a new axiom and prove some equivalent
forms of the same.
Axiom D(form α) : If v is a potential inΩ, which is locally bounded in
Ω and harmonic in a domainδ ⊂ δ̄ ⊂ Ω; any other potential which is
≥ v onCδ is ≥ v onδ as well.
(Equivalent forms) (β): For any relatively compact open setω ⊂ Ω, and
any superharmonic function≥ 0 which is locally bounded inΩ, the best
harmonic minorant inω is equal to the greatest one.

(α) (Domination Principle): Ifv is any locally bounded potential
≥ 0, for any superharmonic functionw ≥ 0, the fact thatw ≥ v on the
support ofv, impliesw ≥ v everywhere.

Let us assume the existence of a potential> 0 (otherwiseα, β andγ
are trivial). Let us prove the equivalences. First of allβ andγ imply α.

119
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Let us suppose (α) and prove (β). We may assume in the hypothesis130

of (β) that v is a potential. Let us introduce a relatively compact open
setωo in Ω such that ¯ω ⊂ ωo and observe that̂Rωo

v is a potential with
the same harmonic majorant asv in ω. We may also supposeω to be a
domain because of the properties of the minorants involved.

We observe that the greatest harmonic minorant ofv in ω is inf. RCδ
v

for all δ ⊂ δ̄ ⊂ ω, and its continuation byv is a nearly superharmonic
function V ≤ v. Let w be any superharmonic function≥ 0 in Ω, and
w ≥ v onCω. Thenw1 = inf(v,w) is superharmonic≥ 0 and≤ v. w1 is
a potential≥ V̂ onCω, thereforeRCω

v ≥ V̂ onω. HenceRCω
v = V onω.

Let us supposeα) andβ) and proveγ ). Let v be a locally bounded
potential> 0 with supportS andw a superharmonic function≥ 0 and
w ≥ v on S. Consider any superharmonic functionw1 ≥ 0 with w1 ≥ v
on Cω whereω ⊂ ω̄ ⊂ Ω. Thenw + inf .(w1, v) ≥ v on S ∪ Cω;
thereforew + inf .(w1, v) ≥ RS∪Cω

v andw + Rcω
v ≥ RS∪Cω

v . By β), the
second member= v in ω∩CS. Now RCω

v → 0 according to the directed
set ofω ⊂ ω̄ ⊂ Ω. Hencew ≥ v.

Remark 1. If we suppress inα), β), γ) the hypothesis thatv is locally
bounded, these properties still remain equivalent with thesame argu-
ments, but they are no longer true in the classical case.

Remark 2. When the constant 1 is superharmonic,D) implies that for
any locally bounded potentialv, v ≤ sup.v on S (the support ofv).131

(Maximum principle).

Local Character of (D). Using the continuation theorem (14,no 21)
we see that whenever there exists a potential> 0 onΩ, axiom D for
Ω, (in the formβ) implies the same property for any regular subspace
or even any subspace and therefore for a neighbourhood of each point.
The converse seems true. We know the proof only in the case when Ω
has a countable base for open sets. This converse has been proved as a
consequence of a further study by R.M. Herve.
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35 First application of axiom D

Theorem 26. Let v be a superharmonic function inΩ, ≥ 0, locally
bounded and with support S . We suppose the axioms 1, 2, 3 and D on
Ω. For any point y on the boundary of S ,

lim . sup.v(x) = lim . sup.v(x)

x ∈ CS, x→ y x∈ ∂S, x→ y.

Thereforev is continuous inΩ at y, if the restriction ofv to S is
continuous aty.

Proof. We shall use the following remark (that is true independent of
D). �

Let v be a superharmonic functionv(xo) finite (at the pointxo). Con-
sider the regular domainsω containingxo, and the sete ⊂ ∂ω where
v > v(xo) + ε. Then

∫

ϕedρωxo
→ 0 according to the filter corresponding

to the directed set of theseω (ϕe being the characteristic function ofe).
This is an immediate consequence of

∫

vdρωxo
→ v(xo). 132

Observe now that in Theorem 26, the inequality

lim . supv(x) ≥ lim . sup.v(x)

x ∈ CS, x→ y x ∈ ∂S, x→ y

is obvious. Suppose strict inequality holds good, introduce a numberλ
in between the numbers. Letδ be the open set ofCS wherev > λ, and
δ′ the intersection ofδ with a regular domainω ∋ y. In δ′, v = H̄δ′

v
according toD(β). Let us decomposev asv = ϕ1 + ϕ2 whereϕ1 = v on
Cδ, 0 on δ andϕ2 = 0 or Cδ andv andδ. Now, v = H̄δ′

v ≤ H̄δ′

ϕ1
+ H̄δ′

ϕ2

andϕ1 ≤ λ on ∂δ′ for ω small enough. Givenλ′ > λ, H̄δ′

ϕ1
≤ λ′ when

ω is small enough (because this envelope is majorised by a harmonic
function which would be defined in the neighbourhood ofy and equal to
λ + λ′

2
aty). On the other hand, we have inδ′

H̄δ′

ϕ2
≤ H̄ω

ϕ2
=

∫

ϕ2dρωx
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This integral forx = y tends to 0 according to the considered di-
rected set of theω. Therefore lim. sup.

x∈δ′x→y
H̄δ′

ϕ2
x) is arbitrarily small for a

suitableω. We conclude that lim. sup.
x∈CS,x→y

.v(x) ≤ λ′ therefore≤ λ. This is

a contradictional. Hence the theorem.

Remark 1. As a particular case, ifS = {y}, v is continuous aty.133

Remark 2. We want to emphasize that only with the axioms 1, 2, 3 and,
the axiomD implies that any locally bounded potential whose restriction
on the support is continuous, is itself continuous onΩ. It is remarkable
that whenΩ satisfies the second axiom of countability the converse is
true (due to R.M. Herve).

36 Convergence theorems

Theorem 27(convergence of sequences). We suppose 1, 2, 3 and D and
a countable base for open sets onΩ. Let vn be fa decreasing sequence
of superharmonic functions≥ 0. The limit v which is nearly superhar-
monic is different form the regularised function̂v on a polar set (i.e., v
is quasi-superharmonic).

Proof. We may suppose the existence of a finite continuous potential
Vo > 0 (otherwise, it is trivial). Let us suppose firstv1 to be upper
bounded andǫ > 0. Letα be the set of pointsx wherev(x) − v̂(x) > ε.
It is enough to prove thatα is polar, for, that will imply{x : v(x) > v̂(x)}
is polar. Asα is a borelian set in the compact metrizable spaceΩ̄, α is a
K-analytic set, and we have only to see that every compact subsetK of
α is polar (cf. Prop. 22). �

We introduce an open setω such thatK ⊂ ω ⊂ ω̄ ⊂ Ω then,
vn(x) ≥ Hω−K

vn
(x) ≥ Hω−K

v (x) in ω − K. Hencev(x) ≥ Hω−k
v (x); v(x) ≥

Hω−K
v (x) H−K

v (x) in ω − K. According to axiomD (form), Hω−K
v̂ is134

the greatest harmonic minorant of ˆv in ω − K, therefore (by the above
inequality) equal toHω−K

v . HenceHω−K
v−v̂ = 0.
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Now v − v̂ > ε on K. Let us chooseλ > 0 such thatλVo < ε on K
and defineϕ on ∂(ω − K) such thatϕ = 0 on ∂ω andϕ = λVo on K.
Then

(RK
λVo

)ω = Hω−K
ϕ ≤ Hω−K

v−v̂ onω − K.

Hence (RK
Vo

)ω = 0 onω − K; K is polar inω, therefore inΩ.
In the general case, for every positive integerp, we introducevp

n =

inf .(vn, pVo) which is locally bounded and decreases asn increases.
Form the particular case we deduce,wp = ŵp quasi everywhere, if
wp = lim

n→∞
.vp

n, for everyp. Now v = lim
n→∞

.vn = lim
n→∞

.wp.

Therefore quasi-everywhere inΩ, v = lim
p→∞

.ŵp; the limit on the right

hand side is superharmonic (≤ v1).

Corollary. With the same hypothesis, let vn ≥ 0 be a sequence of hyper-
harmonic functions inΩ. Theninf .vn, lim

n→∞
. inf .vn are quasi-superhar-

monic or equal everywhere to+∞ (and nearly hyperharmonic).

In fact the functionwp
n == in f .(vn, vn+1, . . . , vn+p) is hyperharmonic,

decreasing asp increases, and the limit asp→ ∞ is a functionwn which
is nearly hyperharmonic, and quasi-superharmonic or equalto+∞. Now
we observe thatwn is increasing and the corollary follows.

Theorem 28(General Lower Envelope). With the same hypothesis on135

Ω (Axioms 1, 2, 3 and D and second axiom of countability) let us con-
sider a family of superharmonic functions vi ≥ 0. The lower envelope
v = inf

i
.vi , which is a nearly superharmonic function, equalsv̂ quasi-

everywhere inΩ.

Proof. We know by the topological lemma of Choquet that there exists
a sequencevαn in the family such that, the lower regularised functions
of inf .vαn and inf.vi are the same. Then

inf .̂vαn = inf .̂ inf .vi ≤ inf .vαn.

�

Hence the theorem.
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37 Application to reduced functions

Remark . The axioms 1, 2 and 3 the first axiom of countability forΩ
(there exists at each point a countable base of neighbourhoods ) imply
for any polar setE and a pointxo ∈ CE, an associated function finite at
xo.

For, if Un is a countable base of neighbourhoods ofxo, there is for

E ∩CUn an associated functionvn such thatvn <
1

n2
,
∑

vn satisfies the

required condition.

Proposition 23 (Properties of the reduced function). LetΩ satisfy the
axioms 1, 2, 3 and D and second axiom of countability. Let E⊂ Ω and
ϕ ≥ 0, a function on E majorised by a superharmonic function V≥ 0 in
Ω.

(i) R̂E
ϕ = RE

ϕ quasi-everywhere

(ii) on CE,RE
ϕ = R̂E

ϕ136

(iii) R̂E
ϕ is the smallest superharmonic function≥ 0 which is≥ ϕ quasi-

everywhere onE. R̂E
V = Vq.eon E.

In fact if a superharmonic functionv ≥ 0 in Ω satisfiesv ≥ ϕ on
E except on a polar setα. Let us introducew associated toα. Then
v + εw ≥ ϕ on E, therefore≥ RE

ϕ everywhere. Now if we take asv the
function R̂E

ϕE
and choosew finite at a pointxo ∈ CE, we haveR̂E

ϕ (xo) ≥
RE
ϕ (xo), hence the property (ii ).

On the other hand for anyv, v ≥ RE
ϕ at any point wherew is finite,

i.e. quasi-everywhere. Hencev ≥ R̂E
ϕ quasi-everywhere.



Chapter 9

Thins Sets - Some
Applications1

38

To start with we suppose the axioms 1, 2 and 3 and the existenceof a 137

potentialV > 0 onΩ. Without the last condition the following definition
would not allow the existence of thinsets.

Definition 23. A set E⊂ Ω is said to be thin at a point x◦ < E, if x◦ < Ē
or if x◦ ∈ Ē and if there exists a superharmonic function v≥ 0 on Ω
such that lim inf

x∈E,x→x◦
v(x) > v(x◦).(v is said to be associated to E and x◦.)

A setE ⊂ Ω is said to be thin atx◦ ∈ E, if {x◦} is polar andE − {x◦}
is thin atx◦.

It is therefore obvious that for any superharmonic functionfunction
v ≥ 0 inΩ, if a setE is not thin atx◦, thenx◦ ∈ Ē and lim, inf ,

x∈E,x→x◦
vv(x◦). A

finite union of thin sets atx◦ is thin atx◦.

Proposition 24 (Local character Proposition). A set E is thin at x◦ if
and only if for every domainω containing x◦,E ∩ ω is thin at x◦ in the
subspaceω.

1This Chapter develops partly, with some improvements, a note published in collab-
oration with R.M. Herve [2].

125
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This is an immediate consequence of the continuation theorem (14)
and Theorem 25.

Theorem 29(General ciriterion). Let v be a superharmonic1 function
> 0 in Ω, finite and continuous at the point x◦ ∈ Ω. In order that a138

set E= x◦ is thin at x◦, it is necessary and sufficient that there exists a
neighbourhoodσ of x◦ such that RE∩σv (x◦) < v(x◦).

Proof. If E is thin, the property is obvious whenx◦ < Ē; if x◦ ∈ Ē, then
there exists a superharmonic functionw > 0 such that

lim . inf .w(x) > w(x◦)

x ∈ E, x→ x◦

Chooseλ > 0 such thatλv(x◦) lies strictly in between the two mem-
bers of the above inequality; then a neighbourhoodσ of x◦ such that on

E∩σ,w(x) > λv(x). We deducew ≥ RE∩σ
v . HenceRE∩σ

v (x◦) ≤
w(x◦)
λ

<

v(x◦). �

Conversely, supposeRE∩σ
v (x◦) for a neighbourhoodσ. Then there

exists a superharmonic functionw > 0 such thatw ≥ v on E ∩ σ, and
w(x◦) < v(x◦). Therefore ifx◦ ∈ Ē,

lim . inf .w(x) ≥ v(x◦) > w(x◦).

x ∈ E, x→ x◦

Proposition 25(Application Proposition). For an open setω ⊂ ω̄ ⊂ Ω,
if Cω is thin at a boundary point x◦ ∈ σω, then x◦ is irregular forω.

Proof. {x◦} is polar andCω−{x◦} = E is thin atx◦; for any functionv of
Theorem 29, and a neighbourhoodσ of x◦, we haveR̂Cω∩σ−{x◦}

v < v(x◦).
By Theorem 24 (corollary),̂RCω∩σ−{x◦} = R̂Cω∩σ

v ; thereforeR̂ω∩σv (x◦) <
v(x◦). Now from Theorem 21, it follows thatx◦ is not a regular point for139

ω. �

1Superharmonic is unnecessary. Same proof.
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39 Fine topology

Theorem 30. The complements of the sets E= x◦ that are thin at x◦,
form for all x◦ ∈ Ω the filter of neighbourhoods for a topology onΩ.
This topology is called the ‘fine topology’ onΩ. Among the topologies
on the setΩ which are finer (in the large sense) than the topology of the
given spaceΩ,Φ be the coarsest for which all superharmonic functions
v ≥ 0 are continuous. ThenΦ and the fine topology are identical.

Proof. If V is aΦ-neighbourhood of a pointx◦ in Ω, it contains an open
set (of the initial topology) or is the intersection of such an open set with
some sets of typeα =

{

x : v < β
}

wherev is a superharmonic function
≥ 0 with v(x◦) < β. OnCα, v ≥ β; hence the setsCα and their union are
thin atx◦, therefore alsoCV. �

ConverselyV be a set such thatx◦ ∈ V,CV is thin at x◦. If x◦ is
in the interior (in the initial sense) ofV,V is also aΦ-neighbourhood
of x◦ if x◦ is not in the interior (in the initial sense) ofV, there exists a
superharmonic functionv ≥ 0 such that

v(x◦) < β < lim . inf .
vx→x◦ ,x∈CV.

For a suitable ordinary neighbourhoodδ of x◦, v ≥ β on CV ∩ δ. 140

Therefore,δ ∩
{

x : v < β
}

∩ V and V is aΦ -neighbourhood ofx◦.
The various topological notions that are associated withΦ- topology
are called ‘fine’ : fine closure, fine limit, etc.; (the name wasgiven by
Cartan in the classical case).

Proposition 26. Let E be a closed set thin at x◦ ∈ ∂E andω an open
neighbourhood of x◦. For any superharmonic function v≥ 0 in δ′ =

ω ∩CE there exists a fine limit at x◦.

Proof. {x◦} is polar and the proposition is obvious ifx◦ is isolated onE
(seen◦. 32 iv). �

If not choose a superharmonic functionw ≥ 0 onΩ (associated toE
andx◦), such that

lim . inf .w− w(x◦) = d > 0
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x ∈ E − {x◦}

x→ x◦

On a fine neighbourhoodV of x◦,w ≤ w(x◦) + ε (0 < ε < d).
If v(x) → +∞ (x ∈ V ∩ δ′, x→ x◦), v onω′ has the fine limit+∞ at

x◦. If not, letλ = lim . inf .
x→x◦ ,x∈V∩δ′

v(x) < +∞.

Let us compare

lim . inf .
y∈δE−x◦

y→x◦

(lim . inf .(v+kw))
x→y,x∈δ′ ≥ kw(x◦) + d = k1

lim . inf .(v+kw)
x∈δ′,x→x◦

≤
lim . inf .(v+kw)

x∈δ′∩V
x→x◦

≤ λ + k(w(x◦) + ε) = k2

We shall choosek1 andk2 such thatk1 > k2, then a finite continuous141

potentialV◦ such thatk1 > V◦(x◦) > k2.
Now the function equal to inf.(v+kw,V◦) onδ′, and toV◦ onE−{x◦}

is superharmonic in a suitable open neighbourhoodδ1 ⊂ δ of x◦, outside
x◦. This functionV1 may be therefore continued atx◦ in order to become
superharmonic inδ1. Therefore onδ1 − {x◦},V1 has a finite limit (at
x◦), equal to lim. inf .

x,x◦ ,x→x◦
V1 < V◦(x◦). We deduce thatv + kw on δ′ has

the same fine limit atx◦. As w has a fine limit, the same holds forv.
This theory may be developed further, as in the classical case, using
first only a countable base of open sets inΩ (thanks to some results of
R.M.Herve). We will only give the following important theorem, with
more restrictions, using the convergence theorem.

40 Further development

with axioms 1, 2, 3D a countable base inΩ and a potential> 0.

Theorem 31. The subset of a set E where E is thin is a polar set.

Let V◦ be a finite continuous potential> 0 and{ωi} a countable base
of Ω. If E is thin atx◦ ∈ E, {x◦} is polar,E− {x◦} is thin and there exists
anωi ∋ x◦ such that

R̂E∩ωi
V◦

(x◦) = R̂E∩ωi−{x◦}
V◦

(x◦) = RE∩ωi−{x◦}
V◦

(x◦) < V◦(x◦)
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Hencex◦ ∈
{

x : R̂E∩ωi
V◦

}

the intersection of this set withE ∩ ωi is142

polar (no.37). Therefore the set of allx◦ is polar.

Corollary . A polar set is characterized as a set e which is thin at any
point ofΩ or at every point of e.

Application to the Dirichlet problem for ω ⊂ ω̄ ⊂ Ω

Theorem 32. With the previous hypothesis, the regularity of a point
x◦ ∈ ∂ω is equivalent to the non-thinness of Cω at x◦. Then follow:
(i) the set of the irregular boundary points is polar2, (ii) any bounded
harmonic function onω, which tends to 0 at every regular boundary
point, is equal to zero, (iii) there exists for any finite continuous function
θ on∂ω, a unique bounded harmonic function onω which tends toθ(x)
at every regular boundary point x (it is Hω

θ
).

Proof. If {x◦} is not polar,Cω is not thin atx◦, further we have by using
a finite continuous superharmonic functionV > 0, for every neighbour-
hoodσ of x◦,

R̂Cω∩σ
V (x◦) = Rσ∩Cω

v (x◦) = V(x◦)

Thereforex◦ is regular (Theorem 21).
If {x◦} is polar,

R̂cω∩σ
V (x◦) = R̂cσ∩ω−{x◦}

V (x◦) = R̂cσ∩ω−{x◦}
V

�

The equality of these members withV(x◦) for everyσ implies (The-
orems 21 and 29) both the regularity ofx◦ and the non-thinness ofCω
at x◦.

Remark . Theorem 32 gives therefore, a criterion of non-thinness of a143

closed setE at a pointx◦ ∈ ∂E. It is interesting to prove it directly. (See
bibliography)

2whenω is connected, the hypothesis of a countable base of open setsis unnecessary
(quite different proof by R. willin, see add. bibliography).
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We recall now that a subseteof the boundary ofω is defined to be a
negligible set ifH̄ω

ϕe
= 0. (ϕε characteristic function ofe), or as a set of

dµωx - measure zero for anyx ∈ ω.

Lemma . If for an open setδ, δ ∩ ω = δ ∩ ω1 (ω and ω1 being two
relatively compact open sets) the negligible sets of∂ω∩δ or ∂ω1∩δ are
the same relative toω or ω1.

Consider the non-trivial case,ω ⊂ ω1 ande⊂ ∂ω ∩ δ negligible for
ω. ThenH̄ω1

ϕe
= H̄ω

ψ
onω for a suitableψ equal toϕe on ∂ω ∩ δ. Now

if we changeψ into zero one, H̄ω
ψ

does not change. We deduce that
H̄ωi
ϕe

tends to zero at every regular point of the boundary ofω1. Hence
H̄ω1
ϕe
= 0.

Theorem 33. With the same hypothesis, the boundary points ofω ⊂

ω̄ ⊂ Ω whereω is thin form a negligible set (forω).

Proof. Let us use a finite continuous superharmonic functionV > 0. �

If ω is thin atx◦, there exists an open neighbourhoodσ containing
x◦, such that the potentialV1 defined byR̂ω∩σV or Rω∩σV is smaller than
V(x◦) at the pointx◦. Now onω ∩ σV and V1 are equal, have the
same greatest harmonic minorant therefore (by axiomD) the same best
harmonic minorant, i.e.,

Hω∩σ
V = Hω∩σ

V1
or Hω∩σ

V−V1
= 0

Hence the set
{

x ∈ ∂ω ∩ σ : V1(x) < V(x)
}

is negligible forω ∩ σ,144

and therefore forω. Now we can cover∂ω by finite number of suchσ,
hence we deduce that the subset of∂ω whereω is thin is negligible for
ω.



Chapter 10

Generalisation of the Riesz
-Martin Integral
Representation

41

We shall give only a brief survey without detailed proofs. 145

For the developments see [1] SeminaireII .
Choquet’s theorem on extremal elements

On a vector spaceL , a pointx of a convex subsetA is said to be an
extremal element ofA, if there exists no open segment containingx on
A, defined byλx1 + µx2, x1, x2 ∈ A, 0 < λ < 1 andλ + µ = 1 for all λ
andµ. Let ∗A denote the extremal elements ofA.

If L is locally convex Hausdorff andA is a convex compact subset,
the centre of gravity of a positive Radon measureµ onA may be defined
as follows: whenµ is defined by a finite systemS of point masses≥
0 (mi at zi ; with

∑

mi = 1), the centre of gravityGS is the point
∑

mizi .
For anyµ with µ(A) = 1, there exists an ultra-filter on the sets of the
previousS, such that it converges vaguely toµ. ThenGS converges to
a pointG in A; this pointG is independent of the filter and is called the
centre of gravity ofµ. This is a consequence of the fact that for any
continuous linear real functionalf (z),G satisfiesf (G) =

∫

f (z)dµ(z).

131
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Theorem 34(Choquet). On a real, ordered, locally convex vector space
L consider the convex coneC of positive elements. We supposeC has
a compact base B (intersection of all rays ofC with an affine manifold146

which does not pass through the origin).

(i) SupposeC is a lattice; then given any point x∈ B, there exists at
most one unitary measureµ ≥ 0 on B, (µ(B) = 1) supported by∗B
and whose centre of gravity is x.

(ii) Suppose B is metrizable; then there exists at least one suchµ. In-
tegral representation of the harmonic functions≥ 0 (generalised
Martin representation).

Lemma. For the set H+x◦ of the harmonic functions u≥ 0 onΩ. satis-
fying u(x◦) = 1 (for fixed x◦ ∈ Ω), the property of compactness for the
topology of the uniform convergence on every compact subsetis equiv-
alent to the following “Harnack axiom”.

For everyx1 ∈ Ω,
u(x)
u(x1)

→ 1(x→ x1) uniformly for all functions of

the setH
′+ of the harmonic functions> 0 onΩ. (equivalent form : the

functions ofH+x1
are equicontinuous atx1 for everyx1 ∈ Ω).

Theorem 35. Suppose H
′+ (if non-empty) satisfies the Harnack axiom.

Let H be the vector space of difference of harmonic functions≥ 0 with
the topology of uniform convergence on compact set ofΩ.

(i) Given any functionu of H+ (the set of harmonic functions≥ 0 on
Ω) on the compact setH+x◦ , there exists at most one Radon measure
µ ≥ 0, supported by∗H+x◦ (set of extremal elements ofH+x◦ ⊂ H)
such that

u(x) =
∫

w(x)dµ(w) (x ∈ Ω; w variable on the baseH+x◦ of the cone147

H+).

(ii) If Ω is a countable union of compact sets, there exists one such
measure. Moreover, for anyµ ≥ 0 onH+x◦ ,

∫

w(x)dµ(w) ∈ H+.
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Obviously H is locally convex,H+ is convex and furtherH+ is
known to be a lattice for the natural order; with the hypothesis H+x◦ is
metrizable. We may therefore use the centre of gravity and the linear
functionalu(x) of u (for fixed x).

If we want such a representation for every domain ofΩ, we have to
suppose Harnack axiom for every domain. We emphasize that ifaxioms
1 and 2 are assumed, the axiom 3 together with the Harnack axiom for
all domains ofΩ is equivalent to the

Axiom 3′ 1 There exists a base of domains ofΩ, such that for each one
of them the set of harmonic functions> 0 is non-empty and further each
satisfies the Harnack axiom (see another form in SemII ).

42 Integral representation of the superharmonic
functions ≥ 0

Let us use the locally convex vector spaceS(no.19) of the equivalence
classes corresponding to the differences of superharmonic functions≥ 0,
the specific order and the positive coneS+ (whose elements may be
identified with superharmonic functions≥ 0). We know thatS+ is a
lattice.

We introduce the setS+x◦ ,ω◦ of the superharmonic functions ofS+

satisfying the condition
∫

vdρω◦x◦ = 1 for a regular domainω◦ andx◦ ∈
ω◦. It is a base of the convex coneS+.

In order to apply Choquet’s Theorem, we need a topology inS for 148

which S+x◦,ω◦ becomes compact and metrizable.

Proposition 27. For the elements [u, v] of S ,
∣

∣

∣

∫

udρωx −
∫

vdρωx
∣

∣

∣ for a
fixed regular domainω and a fixed point x∈ ω is a seminorm. All these
semi-norms define on S a topologyC which is locally convex, Hausdorff
and compatible with the specific order.

We remark that when (3′) is satisfied,C on H+ is identical with the
topology of uniform convergence on compact sets.

1Actually the Harnack axiom is a consequence of axiom 1, 2, 3 and 1,2, 3 1,2, 3
(Mokobodski - Loeb-B/Walsh; see add. Chapter).
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Definition. A regular open set is said to be completely de terminating if
for two superharmonic functions, v1 and v2 ≥ 0 onΩ, harmonic onω,
the condition v1 = v2 on Cω implies v1 = v2 onω.

We shall introduce a new axiom.

Axiom 4. There exists onΩ a base of completely determinating (reg-
ular) domains. In caseΩ has a countable base, axiom 4 implies the
existence of a countable base of completely determinating regular do-
mains.

It does not seem impossible that axiom 4 which is satisfied (even
for all regular domains) and used in some proofs of classicaltheory, is a
consequence of axioms 1, 2 and 3′.

Proposition 28. Suppose axioms 1, 2 and3′ and 4 and a countable
base for open sets onΩ. For the topologyC (introduced above ) the
base S+x◦,ω◦ of the cone S+ is metrizable and compact.

Now with the set∗S+x◦ ,ω◦ of the extremal points ofS+x◦ ,ω◦ , we may use
Choquet’s theorem, the linear functional

∫

vdρωx of v and the property149

v
∫

dρωx −→
F

v(x) (fixed v ∈ S+; fixed x;ω variable according to filterF

of Theorem 7.)

Theorem 36. With the same hypothesis onΩ (as in Prop. 28) and
with the topologyC , there exists for every v∈ S+ an unique Radon
measureµ ≥ 0 on S+x0,ω0

, supported by∗S+x0,ω0
and such that v(x) =

∫

w(x)dµ(w) (w ∈ S+x0,ω0
).

Note also that for anyµ onS+x0,ω0
,
∫

w(x)dµ(w) ∈ S+.
Decomposition of this representation.

Let P+ denote the set of potentials onΩ.P+x0,ω0
the subset inS+x0,ω0

and∗P+x0,ω0
the set of external elements ofP+x0,ω0

. ThenH+x0
∩P+x0,ω0

= φ.
S+x0,ω0

=∗ H+x0,ω0
∪∗ P+x0,ω0

=∗ S+x0,ω0
∩ P+x0,ω0

. WhenP+ is not empty,
S+ = P̄+,S+x0,ω0

= P̄+x0,ω0
,∗ S+x0,ω0

⊂∗ P̄+x0,ω0
. The sets considered with

starts areGδ-sets inS+x0,ω0
.
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Theorem 37. With hypothesis as in Theorem 36, for any v∈ S+,

v(x) =
∫

w(x)dµ1(w) +
∫

w(x)dµ2(w)

whereµ1 andµ2 are unique Radon measures≥ 0 on S+x0,ω0
, with sup- 150

ports∗H+x0,ω0
and∗P+x0,ω0

respectively.

The first integral is the greatest harmonic minorant ofv and the sec-
ond one is a potential.

Classical case:In the case of Green space, for instance a bounded the
domain of the Euclidean space, the extreme potentials appears easily as

the normalised Green function;gy(x) =
Gy(x)

∫

Gy(x)d
ω0
ρ (x)

(Green function

Gy(x) with poley). The correspondencey→ gy(x) defines a homomor-
phism betweenΩ and∗P+x0,ω0

(this set having topologyC )
The measureµ2 of Theorem 37 may be therefore considered as a

measure onΩ and
∫

w(x)dµ2(w) is equal to
∫

Gy(x)dν(y) with another
measureν ≥ 0 onΩ. So we get the classical Riesz representation of
potentials.

On the other hand∗H+x0
is a subset of the compactH+x0

∩ ¯∗P+x0,ω0

which is subset ofS+x0,ω0
and is a definition of the classical Martin

boundary2 ∆ (upto some homeomorphism). It is measure on the com-
pact set∆, supported by the set of the minimal points and

∫

w(x)dµ1(w)
gives the Martin representation of the greatest harmonic minorant ofv.

43 Further Theory-Kernel

R.M. Herve has succeeded in avoiding axiom 4 in the integral represen-
tation with the help of a different topology onS. On the other hand, she151

remarked that (with 1, 2, 3′ countable base, pot> 0), the extreme po-
tentials have a point support and the importance of the “caseof propor-
tionality” where all potentials with same point support areproportional.
Such a proportionality allows the use of a Green-type function. This is

2 R.S. Martin Trans. Am. Martin. Soc. Vol. 42(194).
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a kernel and the study becomes a particular case of the theoryinitiated
in Part III.
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Chapter 11

Additional Chapter and
Bibliography for Part IV (2 nd

edition)

After the publication of these lectures, very many researches were made 153

on the field of PartIV and are mostly developed or mentioned in 2
courses (Brelot, Montreal [21], Bauer, Hamburg [4]) and in asummary
of Constantinescu [27]. Let us give a short survey with mention of the
latest results.

Mokobodski proved (see [21]) that 1, 2, 3⇒ 3′ with a restriction of
countable base open sets, that was cancelled by Loeb-Walsh [55]. 1 He
proved also, even in large conditions that the points where proportional-
ity does not hold form a polar set. [still unpublished]. Mrs.Herve [46]
brought toIV many complements: first a topology on the spaceS+−S+,
which allows only with axioms 1, 2, 3, countable base,pot > 0, to find
a compact metrizable base ofS+ and whose introduction was simplified
by Mokobodski [62]; she discussed a balayage theory and equivalences
of D, and by adding proportionality and a new axiom developed a the-
ory of adjoint harmonic functions which axiomatizes the adjoint elliptic
equations; she studied the linear elliptic equation of second order, even

1See improved hypothesis in Constantinescu [31]
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later [49] with discontinuous coefficients, showing that the solution in a
suitable sense considered by specialists like Stampacchiea satisfies the
axioms of Part IV. Boboc-Constantinescu-Cornea [7→ 12, 25→ 34]
brought also many improvements or complements, even in moregen-
eral conditions we shall mention later: axiom 3 expressed equivalently154

with sequences [32], the existence of a superharmonic function > 0 im-
plies (with 1, 2, 3) thatΩ is a countable union of compact sets [34];
weaker hypothesis for the properties ofRe

v; example where countable
base, proportionality, axiomD are not satisfied. Similar complements
or improvements (for instance, cancellation of a countablebase or ofD)
were often given in paper like [24], [51] or in further developments or
larger axiomatice we shall review now.

Gowrisankaran [40], [43] introduced and used an extension of clas-
sical Naim’s “thinness at boundary”, first in a general abstract setting.
The harmonic function which are extreme points on some base of S+

are called minimal and form on some fixed baseβ of S+ a set∆1 (min-
imal boundary). A sete is said to be thin atX ∈ ∆1, if Re

X , X and
the complementary sets of thin sets atX form a filterFX according to
which limits are called “fine”. Only with 1, 2, 3, countable base and pot

> 0, Gowrisankaran proved that
u
v

(quotient of two superharmonic func-

tion > 0) have a finite fine limit at all points of∆1, except on a set of
µv measure zero (measure corresponding tov in the integral represen-
tation) (Extension of a Doob’s result in classical case). Note that, by
adding the “proportionality” Brolet [still unpublished] proved that there
is a unique topology onΩ ∪ ∆1, giving the fine topology onΩ, and for
everyX ∈ ∆1, neighbourhoods interestingΩ according toFX; this topol-
ogy induces on∆1 the discrete topology and may be called fine topology

onΩ∪∆1 denoted
v
Ω. Still with “proportionality”‘, Gowrisankaran con-155

sidered on the baseβ of S+, the set. of minimal potentials; it is homeo-
morphic toΩ and has a compact closure which gives a “Martin space”
Ω̂ whereΩ is dense and a “Martin boundary”∆ = Ω̂ − Ω where∆1 is
the “minimal part”. Dirichlet problems may be studied with adding D

for h-harmonic function with∆ and Ω̂ or ∆1 and
v
Ω (same resolutivity

and same solutions) or withoutD and proportionality, with∆1,FX and
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boundary condition onlyµh a.e. By studying
u
v

, the conditionu > 0

may be weakened [41] as Doob did in in classical case. Gowrisankaran
extended also the Naim’s comparison of all compact boundaries which
may allow a Dirichlet problem (unpublished). In [42], he studied the
doubly harmonic and superharmonic functionsf (x, y) (x andy resp. In
harmonic spaces). The uniform integrability, introduced by Doob in po-
tential theory, was used by Brelot [16], Gowrisankaran, MrsLamer Na
im [58] in order to characterize harmonic functions as solution of vari-
ous Dirichlet problems. Still with axioms 1, 2, 3, countablebase, poten-
tial > 0, and constants harmonic, Mrs Lumer-Naim studied the complex
harmonic functionsf = u+ iv, such that for everyf , theLp

j -norms are
uniformly with respect bounded with respect toj(1 ≤ p ≤ +∞, fixed
p) These norms are relative to the harmonic measuredρ

wj
x0

(relatively
compact open setsw j ∋ x0). These functions have finite fine limitsµ1

a.e on∆1. Similarly study for subharmonic functions. Extension by
changing the norm| f |p in Φ( f ),Φ positive convex increasing. Various
applications extending classical results.

Brelot [17], [13], then Fuglede [37], [38] discussed axiomatically 156

the first idea of thinness.2. Brelot extended [15] the functional Keldych’s
characterization of the ordinary Dirichlet problem and [16] various re-
sults on fine topology; he compared [15], [16] both the inner and mini-
mal thinnesses and studied [20]R̂e

w (w superharmonic> 0) for decreas-
ing setse (that includes the capacities for decreasing set). thanks to the
fine topology; that led to the study ofRΩϕ for decreasing fine upper semi-
continuous functions. Doob, inspired by the fine topology, developed
[35] 3, a general theory of “small” sets such that in large conditions, a
union of open sets in equal to a countable subunion upto a “small” set.
Important applications were given to potential theory and corresponding
probabilistic questions.

Loeb [54] compared two sheaves of harmonic functions on the same

2see a survey of the notions of thinness in Brelot [22] and the courses (Bombay
T IFR1966 ) on topologies and boundaries in potential theory

3In [20] [35] see proof in various condition of a thinness of Getoor [44] originally
given in probability theory and that choquet (annIF ) discussed axiomatically. It says
that for a measure which does not charge polar sets, there exists a fine closed support.
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space and studied the case where 1 is superharmonic. A continuation
was developed by Loeb-Walsh [57] with the use of compactify bound-
aries. Constantinescu-Corna had studied compactifications of Ω and
corresponding Dirichlet problems. They also studied [40] the corre-
spondence of two harmonic spacesΩ,Ω′ (continuous applicationϕ :
Ω → Ω′) such that ifu′ is harmonic inω′ ⊂ Ω′, u′ ◦ ϕ is harmonic
in ϕ−1(ω′). Sibony [66] developed independently the same idea in or-157

der to extend the results of Constantinescu-Cornea-Doob onthe analytic
corresponding between hyperbola Riemann surfaces.

A de la Pradella [53] extended the classical theory of a Dirichlet
problem for compact sets and studied the property of quasi analyticity
(i.e. a harmonic function is zero in a domain when it is zero ina neigh-
bourhood of a point). Using the theory of adjoint harmonic functions,
he proved that the quasi-analyticity of these functions is equivalent to an
approximation property relative to the first sheaf (approximation on the
boundary of any relatively compact domainω of any real finite continu-
ous function by a linear combination of potentials with point support on
a fixed neighbourhood of point ofω.

Let us emphasize two important feature of this axiomatic theory,
first the bridge built by P.Meyer [59] with semi-groups and Markov pro-
cesses, which allows to integrate nearly the theory (with 1, 2, 3, count-
able base, pot> 0) in the Hunt’s frame (see also the recent books of
Meyer [60], [61]) for the general correspondence between potential the-
ory and Markov processes). Secondly the role of nuclear spaces that
Loeb-B Walsh set in evidence [56] and which implies 3′ from 1, 2, 3,
countable base (the harmonic function on any open set form a space
which is provided with the topology of uniform convergence on com-
pact sets and then becomes a Frechet nuclear space). Both these fea-
turing may be extended to more general axiomatics we will consider
now.

In order to include the heat equation and other parabolic equations158

in the application of an axiomatic theory, as already did, Beuer [1, 2, 4]
changed the axioms as follows: Same Hausdorff space connectedness
is not required (trivial extension); if local connectedness and no com-
pactness were not supposed, they would be con-connectedness and no
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compactness were not supposed, they would be con-sequence of the fol-
lowing axioms. Same axiom 1. Same definition of regular open set (but
with non-empty boundary) same axiom 2 (base of regular open sets); ax-
iom 3 becomes weaker; for an increasing directed set of harmonic func-
tion on an open setω, the limit is harmonic whenJ is superbounded
(form K1) when the limit is finite everywhere (formK2) or when it is
finite on a dense set (formKD used by Doob in a metrizable space).
As that does not allow a necessary minimum principle, a non-local sep-
aration axiom is added. Hyperharmonic functions may be introduced
and for a harmonic functionh > 0, alsoh-harmonic and hyperharmonic
functions. Now “axiomT” means that a harmonic functionh > 0 exists
on Ω and that theh-hyperharmonic functions separateΩ. A stronger
form T 4 means the same for positiveh-hyperharmonic functions. A
similar form that Bauer used in his final version [4] is the existence
of an h > 0 and for anyx, y, x , y of two hyperharmonic functions
u1, u2 > 0 such thatu1(x)u2(y) , u1(y)u2(x) (◦.∞ = 0). Bauer used
often and definitively (in [4]) the existence of a countable base of open
sets. In this case and withKD andT∗, there is an equivalent form of this159

axiomatic setting which is more easily comparable to Part IV(see Brelot
[16]). For some questions, the existence of potential whichis> 0 at any
given point is also supposed (and gives the so called strong harmonic
spaces [4]). Note that even without a countable base a countable base,
all these axioms of Bauer are satisfied in the Brelot’s axiomatic (with
1, 2, 3 and existence of 2 non proportional harmonic functions inΩ).
Now applications are possible to the heat equation and also to a large
class of parabolic equations (Guber [45]). Little by little, with more or
less strong hypothesis, more of the results of Brelot-Mrs. Herve’s theory
without D were extended, adapted even completed; the first steps of the
ordinary Dirichlet problems are similar5 and a more general problem
for non-relatively compact open sets was studied later (Bauer [5]); an
integral representation is much more difficult by lacking of a compact
base ofS+, but Mokobodski [still unpublished] succeeded to overcome
the difficulties of using the most refined results of Choquet on extreme

4For a summary of the last changes and improvements of the Bauer’s theory, see [6].
5 See complements in [52]
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elements. A precise convergence theorem for superharmonicfunctions
is not possible withoutD. But one may use a weak general theorem
for any family of real fictionsui in any topology logical space, when
all ui belong to a familyΦ of functions≥ 0 for which a suitable corre-
sponding notion of weak thinness is defined; the exceptionalset where
ˆinfui , inf ui is a countable union of sets which are weakly thin at every

point (Brelot [16]); and in the strongest Bauer’s theory theweak thin-160

ness ofe < x0 is identical to the thinness. Let us emphasize another
feature; i.e. the notion of absorbing set. (even without thelast axiom
of strong harmonicity). Such a closed sete is characterized by the ex-
istence ofv hyperharmonic≥ 0 which is zero exactly on the set; or by
the property of supporting the harmonic measuredρω0

x0 of any regular
openω0 (x0 ∈ e, x0 ∈ ω0). This allows to give a deeper comparison of
both Brelot and Bauer’s axiomatics. Finally, for the strongest Bauer’s
theory the property of nuclearity (even without the last axiom) and the
embedding in a Hunt type have been realized (resp. Bauer [4],Boboc-
Constantinescu-Corna [10]). This nuclearity was essentially used in the
important thesis of Hinrichsen [50] which generalizes the fundamental
Cauchy formula of function theory in the Bauer’s frame.

A slight extension of the Bauer’s theory was made by Boboc Consta-
ninescu-Corna [8], [9] in order to show that weak hyperothesis which
offer some new applications, are sufficient to get various important re-
sults on the specific order (lattice properties and applications), on re-
duce functions and balayage. In differs from Bauer’s theory essentially
by changing the separation axiom (which furnished the minimum prin-
ciple) into a weaker condition (close to this principle): the existence of
a harmonic positive function in a neighbourhood of any fixed point and
the covering property ofΩ by a family of “M.P open sets” for which a
suitable minimum principle holds.

The question arises of determining or characterizing all sheaves sat-161

isfying such systems of axioms. Striking results are already in Bony [14]
α) for a domain ofRn and a sheaf invariant by translation. With axiom
1, 2 and constants harmonic, there existsa) in caseα, an open setΩ0

dense inΩ and a pre-elliptic operator A (quadratic form≥ 0) inΩ0 with
finite continuous coefficients, such thatAu = 0 ⇔ u harmonic locally;
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axiomK1 is even satisfied and the case ofR2 may be depend.b) in case
(β), there exists a pre-elliptic operatorA with constant coefficients and
“Au = o (in the sense of distributions) is equivalent to harmonicity”; as
example of detailed study: “axion 3⇔ A elliptic”. A book on relation
of these axiomatics and operators is under preparation [13].

By deeping these previous axiomatics, Mokobodski andD. Sibony
[63] first considered the converse problem of determining a sheaf of
harmonic functions for which the superharmonic functions form a given
cone. More precisely, they start from a convex coneGammaof lower
semi-continuous bounded functions (on a locally compact space whose
relatively compact open setsω have a non-void boundary) which sep-
arateΩ, and suppose essentially thatΓ is maximal(with respect to the
inclusion order) among similar cones whose functions satisfy the mini-
mum principle (i.e.u ≥ constantλ on∂ω⇒ u ≥ λ onω) (this maximal-
ity is satisfied for the cone of superharmonic functions in large axiomat-
ics where constants are harmonic). Under some conditions, one may
define a sheaf of harmonic functions (i.e. satisfying axioms1, 2 and
evenK1) such that any bounded superharmonic function on an open set162

ω is equal to a function of the cone in anyω′ ⊂ ω̄′ ⊂ ω̄ upto a harmonic
function. In further very important researches [64] after completing the
Choquet theory of “adapted cones” which is an essential tool, they start
from a convex cone of continuous functions≥ 0 (even bounded) and de-
velop a theory generalizing Hunt’s theory and where the given functions
are potentials.

Let us finally mention the extension of the Poison integral tothe
semi-simple Lie Groups by Füztenberg [39] (see a lecture byDelzart
[36]) and essay by Monna [65] of an axiomatic for order elements which
are more general that functions.
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in 2nd edition).
Classical potential theory is being studied further (see for instance

the treatise of Landkoff 1966). Various aspects of, modern potential
theory are to be seen in the “colloque detheorie du potential” Paris-
Orsay (1964) (Anaales T.F 15/2, 1965 ) and in the Seminaire du po-
tential and Sem Choquet. A general bibliography is in the third edition
of the French course : Brelot “Elements de la theorie classique du po-
tential” Paris 1965.

Let us give here only short indications on modern potential theory,
for other directions then those studied in these lectures.

i) Study and use of original Martin’s boundary and similar boundaries

M Parreau Ann I.F. 3 (1951-52)
M Brelot J. of Math. 35 (1956)
L.Naim Ann I.F. 7 (1957)
J.L Doob Ann I.F. 9 (1959)
Brelot and Doob Ann I.F. 13 1963
Dynkin Ann I.F. 15/1, 1965
Constantinescu -Cornea Ideale RAnder Riemannscher

Flacher (Ergeb 32, Springer
1963)

ii) Relations with function theory

Doob J. of Math 5,1961 Anales I.F. 15/2,
1965

Kuramochi J.Fac Sc. Hokkaido Univ., esp 16,17
Constantinescu-Cornea (see i))
Borelot Symposim of Erevan (1965)

168

iii) Essential connections with semi-groups and Markov processes.
Wide filed open chiefly by Doob (see previous bibl). Fundamen-
tal synthesis of Hunt (III J.) of Math. 1 and 2. 1957-58. See further
researches in Meyer (previous bibl) in the treatise of Dynkin, in the
reports of the Berkeley (1965) and Loutraki (1966) colloq.,in Deny
(Ann I.F.12 (1962), 15/1, (1965)) and Lion (Ann T. F 16/2 (1966)).
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iv) Axiomatistion of Dirichlet integral (by Seurling and Deny) and
Dirichlet spaces of Deny.

Beurling -Deny Acta Math 99 (1958)
Beuriling Symposium on Banach Algebras

(Stanford 1958)
Deny Sem.Potential (all volumes); Sem.

Bourbaki 12, 1959-60
Thomas Sem. pot 9 (1964-65)

v) Axiomatic approch to the Dirchlet problem with the “Silovbound-
ary”

H. Bauer Ann. I. F 11 (1961)
Further reserches by
Rogalski C R Ac. Sc. Paris 263 A, p. 664 and

726 and Seminaire Choquet

vi) Bessel potentials by Aronszajn, Smith Ann I. F. 11, 15/1,17/2,18/2.

vii) Relations with harmonic analysis, theory of games,ergodic theory.169

See papers of Carleson, Herz, Fuglede, Meyer (Ann. I.F. 15/1,
1965).

viii) Relations with partial differential equations. See Mrs. Herve’s pa-
pers (additional bibl); on the Martin boundary for such equations
see: S Ito J. Math Soc:, japan 16, 1964

G. Wildenhain Potential -theorie linearer elliptische Differential
gleichungen beliebiger Ordnung (Dentscha Akod. Berlin 1967).
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