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Abstract. Let M be a compact complex manifold of dimension at least three and
Π : M −→ X a positive principal elliptic fibration, where X is a compact Kähler
orbifold. Fix a preferred Hermitian metric on M . In [Ve], the third author proved that
every stable vector bundle on M is of the form L ⊗ Π∗B0, where B0 is a stable vector
bundle on X, and L is a holomorphic line bundle on M . Here we prove that every stable
Higgs bundle on M is of the form (L⊗Π∗B0, Π∗ΦX), where (B0, ΦX) is a stable Higgs
bundle on X and L is a holomorphic line bundle on M .
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1. Introduction

Stable holomorphic vector bundles on compact Kähler manifolds and, more generally,
on compact Hermitian manifolds are extensively studied. On of the basic results in this
topic is that an indecomposable holomorphic vector bundle E on a compact complex
manifold X equipped with a Gauduchon metric gX admits a Hermitian structure hE that
solves the Hermitian–Einstein equation if and only if E is stable [UY], [Do], [LY], [LT1].

A principal elliptic fibration is a holomorphic principal bundle with an elliptic curve
as the structure group. Let (X, ωX) be a compact Kähler orbifold. A principal elliptic
fibration Π : M −→ X is called positive if the differential form Π∗ωX is exact. For
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a positive principal elliptic fibration (M, Π), the complex manifold M is never Kähler.
There is a notion of preferred Hermitian metric on the total space M of a positive principal
elliptic fibration (M, Π) which depends on the Kähler form ωX defined on the base X of
the fibration (the definition of a preferred Hermitian metric is recalled in Section 2.1).

Let (M, Π) be a positive principal elliptic fibration equipped with a preferred Hermitian
metric, such that dimCM ≥ 3. In [Ve], the third author investigated the stable vector
bundles on M . The main result of [Ve] says that every stable vector bundle E on X is of
the form L ⊗ Π∗B0, where L is a line bundle on M and B0 is a stable vector bundle on
(X, ωX).

A very important topic in the study of holomorphic vector bundles is the Higgs bundles.
An indecomposable Higgs bundle (E, θ) is stable if and only if the vector bundle E admits
a Hermitian structure that solves the Yang–Mills equation associated to (E, θ) [Si1], [LT2].

Our aim here is to extend the result of [Ve] mentioned above to the context of Higgs
bundles. Note that for a stable Higgs bundle (E, θ), the underlying vector bundle E need
not be stable. The techniques of [Ve] nevertheless can be adapted to our situation (as we
do in Section 3, see Theorem 3.2) to prove the analogous statement for the holomorphic
vector bundle underlying the Higgs field. It turns out that more is true: the Higgs field
also is a pullback. The following is the main theorem of our paper (see Theorem 4.2):

Theorem 1.1. Let Π : M −→ X be a positive principal elliptic fibration with n =
dimM ≥ 3. Equip M with a preferred Hermitian metric. Let (E, Φ) be a stable Higgs
bundle on M . Then there is stable Higgs bundle (B0, ΦX) on X and a holomorphic line
bundle L over M such that the Higgs bundle (L ⊗ Π∗B0, Π∗ΦX) on M is isomorphic to
(E, Φ).

In [BM], the first two authors had proved an analog of Theorem 1.1 for Sasakian
manifolds where the fibers are real one dimensional instead of complex one-dimensional
as in the situation here. The present paper thus gives a natural context where the ideas
of [Ve] and [BM] come together.

2. Preliminaries

2.1. Positive principal elliptic fibrations. Let T be a complex smooth elliptic curve
with a point 0 ∈ T which is the identity element for the group structure on T . Let
(X, ωX) be a compact Kähler orbifold with dimCX ≥ 2; the Kähler form on X is
denoted by ωX . Take a pair (M, Π), where

• M is a compact complex manifold equipped with a holomorphic action of T on
the right of it, and
•

Π : M −→ X (2.1)

is a holomorphic surjective submersion that commutes with the trivial action of
T on X; moreover, the projection Π and the action of G on M together make M
a holomorphic principal T–bundle over the orbifold X.

Triples (X, M, Π) of the above type are called principal T -fibrations, and when T is not
fixed beforehand, quadruples (T, X, M, Π) of the above type are called principal elliptic
fibrations ; see [Ve, p. 251].
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Note that the action of T on M is free only when the orbifold structure of X trivial
(meaning X is a Kähler manifold). If X is a nontrivial orbifold, then the action of T on
M can have finite isotropies on a closed analytic subspace of M .

We assume that the fibration Π in (2.1) is positive, meaning the (1, 1)-form Π∗ωX on
M is exact (see [Ve, p. 253, Definition 2.1]).

It is known that if the total space of an principal elliptic fibration over a compact Kähler
manifold is Kähler, then the principal elliptic fibration is in fact isotrivial (pullback to
some finite cover of base is a trivial fibration). On the other hand, given a trivial fibration
and a differential form α on the base, if the pullback of α to the total space is exact, then
α is exact. Therefore, the positivity of Π implies that M is not a Kähler manifold.

We note that an important class of positive principal elliptic fibrations is quasi-regular
Vaisman manifolds [Ve, p. 253, Example 2.2], [DrOr], [OV].

Take a positive principal T -fibration (X, M, Π). A Hermitian metric g on M is called
preferred if

• g is preserved by the action of T on M , and
• the map Π from (M, g) to (X, ωX) is a Riemannian submersion, meaning the re-

striction of the differential dΠ : TM −→ TX of Π to the orthogonal complement
kernel(dΠ)⊥ ⊂ TM is an isometry.

(See [Ve, p. 254, Definition 2.6].)

A Hermitian metric on gZ on a complex manifold Z of dimension δ is called Gauduchon
if the corresponding (1, 1)-form ωZ satisfies the equation

∂∂ωδ−1
Z = 0

[Ga].

It is known that a preferred metric on a positive principal T -fibration is Gauduchon
[Ve, p. 257, Proposition 4.1].

2.2. Yang–Mills connections. Let Y be a compact complex manifold of dimension δ.
A Higgs field on a holomorphic vector bundle V over Y is a holomorphic section

Φ ∈ H0(Y, End(V )⊗ Ω1
Y )

such that the section Φ ∧ Φ of End(V ) ⊗ Ω2
Y vanishes identically [Si1], [Si2]. A Higgs

bundle on Y is a holomorphic vector bundle on Y equipped with a Higgs field.

Fix a Gauduchon metric gY on Y ; let ωY be the corresponding (1, 1)-form. The degree
of a sheaf on Y will be defined using ωY . For a torsion-free coherent analytic sheaf F
on Y , the real number degree(F )/rank(F ), which is called the slope of F , is denoted by
µ(F ).

A Higgs bundle (V, Φ) is called stable (respectively, semistable) if for every coherent
analytic subsheaf F ( V such that V/F is torsion-free, and Φ(F ) ⊂ F ⊗ Ω1

Y , the
inequality

µ(F ) < µ(V ) (respectively, µ(F ) ≤ µ(V ))

holds. A Higgs bundle (V, Φ) is called polystable if it is semistable and isomorphic to a
direct sum of stable Higgs bundles.
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Let V be a Hermitian holomorphic vector bundle over Y . The Chern connection on V
will be denoted as ∇. Let

Θ ∈ C∞(Y ; End(V )⊗ Ω1,1
Y )

be the curvature of ∇. Define the operator

Λ : End(V )⊗ Ω1,1
Y −→ End(V )

to be the Hermitian adjoint of the multiplication operator b 7−→ b⊗ω. Let Φ be a Higgs
field on V . The connection ∇ is called Yang-Mills if

Λ(Θ + [Φ, Φ∗]) = c · IdV
for some c ∈ C [Si1], [Si2].

It is known that given a Higgs bundle (V, Φ), the vector bundle V admits a Hermit-
ian structure that satisfies the Yang-Mills equation for (V, Φ), if and only if (V, Φ) is
polystable [LT2], [LT1], [Si1].

3. Vector bundles underlying stable Higgs bundles are pullbacks

As before, (X, ωX) is a compact Kähler orbifold, and T is an elliptic curve with a base
point. Let M be a compact complex manifold of dimension n, with n ≥ 3. Let

Π : M −→ X (3.1)

be a positive principal T -fibration. Let

Tv ⊂ TM (3.2)

be the line subbundle given by the action of T on M . So Tv is the vertical tangent bundle
for the projection Π.

Fix a preferred Hermitian metric g on M . Let ω be the (1, 1)–form on M associated
to g. This form ω is not closed, because g is not Kähler [Ho].

The orthogonal complement T⊥v will be denoted by Th. We have an orthogonal decom-
position

ω = ωv + ωh ,

where ωv vanishes on Th and ωh vanishes on Tv.

For a point y ∈ M , choose an orthonormal basis θ0, θ1, · · · , θn−1 of (T 1,0
y M)∗, such

that θ0 ∈ ωv(y) and θj ∈ ωh(y) for 1 ≤ j ≥ n− 1. Then as in [Ve],

• ω =
√
−1

∑
j≥0 θj ∧ θj, and

• Π∗ωX =
√
−1

∑
j≥1 θj ∧ θj.

Let E be a Hermitian holomorphic vector bundle on M . Let ∇ be the Chern connection
on E; the curvature of ∇ will be denoted by Θ. Note that Θ ∈ C∞(M, Ω1,1

M ⊗ End(E))
such that ∇(Θ) = 0 (Bianchi identity), and Θ∗ = Θ; we recall that (A⊗ α)∗ = A∗ ⊗ α
for any A ∈ End(Ey) and α ∈ Ωp,q(M)y. Therefore, Θ(y) uniquely decomposes as

Θ(y) =
∑
i 6=j

(θi ∧ θj + θj ∧ θi)⊗ bij +
∑
i

(θi ∧ θi)⊗ ai ,

where ai, bij ∈ End(Ey) with a∗i = −ai and b∗ij = −bij.
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Let
Ξ := Tr(Θ ∧Θ) .

Then Ξ is a closed (2, 2) form which can be expressed as
√
−1

n
Ξ ∧ ωn−2 = Tr(−

∑
j≥1

b2
0j + a0

∑
j≥1

aj) .

We recall that a Higgs field on E is a holomorphic section Φ of End(E) ⊗ Ω1,0
M such

that Φ ∧ Φ = 0. A Hermitian structure on E is said to satisfy the Yang-Mills equation
for (E, Φ), if the Chern connection ∇ on E satisfies the equation

Λω(Θ + Φ ∧ Φ) = 0 , (3.3)

where Θ as before denotes the curvature of ∇.

Let Φ be a Higgs field on E equipped with a Hermitian structure that satisfies the Yang-
Mills equation for (E, Φ) in (3.3). As before, the corresponding Chern connection will be
denoted by ∇ and the curvature of ∇ by Θ. Consider the connection ∇Φ = ∇+ Φ + Φ∗

on E. Then the curvature ΘΦ of ∇φ is given by (see Lemmas 3.2 and 3.4 of [Si1] for
instance)

ΘΦ = Θ + Φ ∧ Φ∗ +∇(1,0)Φ +∇(0,1)(Φ∗) . (3.4)

We will denote ∇1,0Φ and ∇0,1(Φ∗) by α and β respectively. Let

ΞΦ := Tr(ΘΦ ∧ΘΦ) .

We note that ΞΦ is cohomologous to the discriminant of the bundle E, that is, the
characteristic class represented by the trace of the square of its curvature, and hence the
cohomology class of ΞΦ vanishes. But

ΞΦ = Ξ + Tr(Φ ∧ Φ∗ ∧ Φ ∧ Φ∗) + 2 · Tr(α ∧ β) ,

and the signs of all three terms on the right agree with each other.

But,
∑

j aj = ΛΘ; hence
∑

j aj + Φ ∧ Φ∗ = ΛΘΦ = 0. Consequently,

inΞΦ ∧ ωn−2 = Tr(−
∑
b2
i − a2

0) PLUS non-negative terms.

Since ∫
M

inΞ ∧ ωn−2 =

∫
M

inΞΦ ∧ ωn−2 = 0 ,

and Tr(−a2
0) is a positive definite form on u(E) (the space of element A of End(E) such

that A∗ = −A), it follows that each bi is zero as is a0.

We now have now the following analog of [Ve, Proposition 4.2].

Proposition 3.1. Let Π : M −→ X be a positive principal elliptic fibration with n =
dimM ≥ 3. Equip M with a preferred Hermitian metric. Let (E, Φ) be a Higgs bundle
with a Hermitian structure that satisfies (3.3). Higgs field Φ and let ΘΦ ∈ Λ1,1(M) ⊗
End(E) be the associated endomorphism-valued (1,1)-form in (3.4). Then

ΘΦ(v,−) = 0

for any vertical tangent vector v ∈ TvM .

Proposition 3.1 furnishes, as in [Ve, Theorem 6.1], the following. Since the proof is a
replica of [Ve, Theorem 6.1], once Proposition 3.1 is in place, we omit it.
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Theorem 3.2. Let Π : M −→ X be a positive principal elliptic fibration with n =
dimM ≥ 3. Equip M with a preferred Hermitian metric. Let E be a holomorphic vector
bundle on M admitting a Higgs field such that the resulting Higgs bundle is stable. Then
E ∼= L ⊗ Π∗B0, where L is a holomorphic line bundle on M , and B0 is a holomorphic
vector bundle on X.

4. Higgs field is a pullback

Consider the set-up of Theorem 3.2. Let T denote the elliptic curve that is acting on
M . Take E as in Theorem 3.2. Since

E ∼= L⊗ Π∗B0 ,

we have

End(E) ∼= Π∗End(B0) .

Fix an isomorphism of End(E) with Π∗End(B0).

The group T has a tautological action on the pullback Π∗End(B0). Using the isomor-
phism of End(E) with Π∗End(B0), this action of T on Π∗End(B0) produces an action
of T on End(E). On the other hand, the action of T on M has a tautological lift to an
action of T on the cotangent bundle Ω1

M . Combining the actions of T on End(E) and
Ω1
M , we get an action of T on H0(M, End(E)⊗ Ω1

M).

Since the group T is compact, it does not have any nontrivial holomorphic homomor-
phism to GL(m,C) for any m ≥ 1. Hence the action of T on H0(M, End(E) ⊗ Ω1

M)
is trivial. In particular, every Higgs field on E is fixed by the above action of T on
H0(M, End(E)⊗ Ω1

M).

Let

η ∈ H0(M, TM) (4.1)

be the holomorphic vector field on M given by a nonzero element of Lie(T ) using the
action of T on M . So η generates the line subbundle Tv in (3.2).

Take a Higgs field Φ on E such that the Higgs bundle (E, Φ) is stable. Since Φ is a
holomorphic section of End(E) ⊗ Ω1

M , it follows that the contraction of Φ by the vector
field η in (4.1) is a holomorphic section

iηΦ ∈ H0(M, End(E)) . (4.2)

Lemma 4.1. The section iηΦ in (4.2) vanishes identically.

Proof. Since Φ
∧

Φ = 0, it follows immediately Φ commutes with iηΦ. (We recall that
the condition Φ

∧
Φ = 0 means that for any point y ∈ M , and any v, w ∈ TyM , the

two elements ivΦ(y) and iwΦ(y) of End(Ey) commute.) Now, the stability condition of
the Higgs bundle (E, Φ) implies that there is a complex number λ such that

iηΦ = λ · IdE .

To prove the lemma it suffices to show that λ = 0.

Consider the holomorphic 1-form

trace(Φ) ∈ H0(M, Ω1
M) .
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Evidently, we have

iη(trace(Φ)) = trace(iηΦ) = n · λ , (4.3)

where n = dimCM .

On the other hand, all holomorphic 1-forms on M are pulled back from X. Indeed, this
follows from the positivity of the principal elliptic fibration Π : M −→ X. Consequently,
for any holomorphic 1-form β on M , we have

iηβ = 0 . (4.4)

Applying (4.4) to trace(Φ), from (4.3) we conclude that λ = 0. �

Now consider Φ as a holomorphic section of End(Π∗B0)⊗Ω1
M using the chosen isomor-

phism of End(E) with Π∗End(B0) = Π∗End(B0). Since Φ is fixed by the action of T ,
from Lemma 4.1 it follows immediately that the section

Φ ∈ H0(M, End(Π∗B0)⊗ Ω1
M) = H0(M, (Π∗End(B0))⊗ Ω1

M)

descends to X, meaning there is a section

ΦX ∈ H0(X, End(B0)⊗ Ω1
X)

such that

Π∗ΦX = Φ .

Since Φ ∧ Φ = 0, and Π is dominant, it follows immediately that ΦX ∧ ΦX = 0. In
other words, (B0, ΦX) is a Higgs bundle on X. It is straight-forward to check that the
Higgs bundle (B0, ΦX) is stable with respect to ωX . Indeed, if a subsheaf F of B0 violates
the stability condition for (B0, ΦX), then the subsheaf L⊗Π∗F of L⊗Π∗B0 = E violates
the stability condition for (E, Φ).

Consequently, we have following generalization of Theorem 3.2:

Theorem 4.2. Let Π : M −→ X be a positive principal elliptic fibration with n =
dimM ≥ 3. Equip M with a preferred Hermitian metric. Let (E, Φ) be a stable Higgs
bundle on M . Then there is stable Higgs bundle (B0, ΦX) on X and a holomorphic line
bundle L over M such that the Higgs bundle (L⊗Π∗B0, Π∗ΦX) is isomorphic to (E, Φ).

Note that Theorem 4.2 justifies the definition of a Higgs bundle on a quasi-regular
Sasakian manifold adopted in [BM].
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