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Abstract. Cost functions in problems concerning the existence of Nash Equi-

libria are traditionally multilinear in the mixed strategies. The main aim of
this paper is to relax the hypothesis of multilinearity. We use basic intersection
theory, Poincaré Duality and the Dold-Thom Theorem to establish existence of

Nash Equilibria under fairly general topological hypotheses. The Dold-Thom
Theorem provides us with a homological version of a selection Theorem, which
may be of independent interest.
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1. Introduction

We shall work in the framework of non-cooperative games with mixed strategies,
where the domain for every player is a finite dimensional simplex. The cost func-
tions (or alternately payoff functions) in traditional problems of Nash Equilibria
are multilinear in the mixed strategies. The main aim of this paper is to relax the
hypothesis that cost functions are multilinear. The original proof of existence of
Nash Equilibria [12] uses fairly simple Algebraic Topology, namely the Brouwer or
Kakutani Fixed Point Theorems. This approach has been refined in various ways
[6, 3, 5] (see also [4] for an effective approach using a minimax technique). Our
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approach in this paper is quite different inasmuch as we use standard but more so-
phisticated tools from Algebraic Topology to establish existence of Nash Equilibria
under considerably more general conditions on cost functions. The tools we use are
basic intersection theory, Poincaré Duality and the Dold-Thom Theorem. We use
the Dold-Thom Theorem to prove the existence of certain relative cycles contained
in graphs of multifunctions. The chains thus constructed may be thought of as
homological versions of selections [8, 9, 10]. This furnishes us with a Homological
Selection Theorem 2.5, which might be of independent interest.

The conditions we use on the cost functions are detailed in Section 1.4. We give a
brief sketch here for a 2-player non-cooperative game to stress the soft topological
nature of the hypotheses used. Consider a game between players 1 and 2 with
mixed strategy spaces A1,A2. We use the notation A−1 = A2 and A−2 = A1.

A cost function ri(x, y) for player i (i = 1, 2) is said to be polynomial-like if
1) the set of local minima of the best response multifunction Ri(y) (for each
y ∈ A−i) of the function ri(x, y) (x ∈ Ai) is finite; and
2) Counted with multiplicity, the set of local minima Ri(y) is continuous on A−i.
A weakly polynomial-like cost function is one whose set of local minima can be
arbitrarily well-approximated by the set of local minima of a polynomial-like func-
tion.

Two kinds of hypotheses will be relevant in this paper.
(A1) For each i, the map Ri is continuous.
(A2) For each i, the map Ri is weakly polynomial-like.

The main Theorem of this paper (Theorem 3.2) proves that assumption (A2)
is sufficient to guarantee the existence of Nash equilibria. In Section 4 we shall
give an example to show that assumption (A1) is not sufficient to guarantee the
existence of Nash equilibria. A word about this counterexample ahead of time. It is
easy to see that the multifunction f(z) = ±√

z from the unit disk ∆ in the complex
plane to itself has no continuous selection. However the graph gr(f)(⊂ ∆ × ∆)
does support a non-zero relative cycle in H2(∆ ×∆, ∂∆ ×∆) and hence admits a
homological selection in our terminology (see Section 2). The counterexample in
Section 4.1, which is a continuous map from D2 to Sub3(D

2), shows that a contin-
uous multifunction need not admit even a homological selection. (Here Sub3(D

2)
denotes the collection of subsets of D2 with at most 3 points equipped with the
Hausdorff metric.) It follows (cf. Section 4.3) that any higher dimensional analog
of weighted branched surfaces in codimension greater than one cannot be a straight-
forward generalization of 2-dimensional weighted branched surfaces in 3-manifolds
(cf. [2]).
Convention: For this paper, we fix the metric on the n−dimensional ball Dn as
d(x, y) = |x− y| = supi(|xi − yi|).
Acknowledgments: The third author would like to thank Sasha Dranishnikov for
telling us the proof idea of Lemma 2.1.

1.1. Nash Equilibria. We refer to [1] for the basics of Game Theory. An N -
person non-cooperative game is determined by 2N objects (A1, . . . ,AN , r1, . . . , rN )

where Ai denotes the strategy space of player i and ri : A
def
= A1 × · · · × AN → R

is the cost function for player i. We shall call A the total strategy space. Each
Ai will, for the purposes of this paper, be the space of probability measures on
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a finite set of cardinality (ni + 1) and hence homeomorphic to Dni . Thus, in
Game Theory terminology each element of Ai is a mixed strategy or equivalently
a probability measure on a finite set. Thus, Ai is the space of mixed strategies
or player i. Vertices of the simplex Ai are also referred to as pure strategies. A
mixed strategy may therefore be regarded as a probability vector with (ni + 1)
components. Each player i independently chooses his strategy ai ∈ Ai. For a
strategy-tuple a = (a1, · · · , aN ), player i pays an immediate cost ri(a).

Goal: Each player wants to minimize his cost.

Notation: We denote A−i
def
= A1 × · · ·Ai−1 × Ai+1 × AN for all i. For any

strategy-tuple (a1, · · · , aN ) ∈ A, a−i
def
= (a1, . . . , ai−1, ai+1, . . . , aN ) ∈ A−i. Also

for convenience of notation we change the order of the variables and assume that
ri : Ai × A−i → R is the i-th cost function.

Definition 1.1. A strategy-tuple a∗ = (a∗1, . . . , a
∗
N ) ∈ A is called a Nash equilibrium

if

r∗i
def
= ri(a

∗) ≤ ri(ai, a
∗
−i), ∀ai ∈ Ai, i = 1, . . . , N,(1)

where,

Given a metric space (X, d), let Hc(X) denote the space of all compact subsets
of X equipped with the Hausdorff metric dH i.e, for all A,B ∈ Hc(X),

(2) dH(A,B)
def
= max{sup

x∈A

inf
y∈B

d(x, y), sup
y∈B

inf
x∈A

d(x, y)}.

Definition 1.2. For any player i, given a strategy-tuple a−i ∈ A−i of the other
players, we define his best-response Ri(a−i) as follows

(3) Ri(a−i)
def
= argminai∈Ai

ri(ai, a−i) ∈ Hc(Ai).

Here argmin denotes the argument of the minima set, i.e. the set of values x ∈ Ai

such that ri(x, a−i) is minimum as a function of x.

Note: It will not affect our arguments at all if we take argmin to denotes the
argument of the local minima set, i.e. the set of values x ∈ Ai such that ri(x, a−i)
is a local minimum as a function of x provided we modify Definition 1.1 appropri-
ately. In such a case, we are looking at local Nash equilibria which are defined by
demanding that the r∗i appearing in Definition 1.1 are local minima rather than
global minima as defined there.

Definition 1.3. For any i, the graph gr(Ri) of Ri is defined as

(4) gr(Ri)
def
= {(a−i, ai) : ai ∈ Ri(a−i), a−i ∈ A−i}.

1.2. Motivational Example: Nash Equilibria for Bi-matrix Games. We
motivate our main Theorem by giving a simplified version of our proof of the exis-
tence of Nash equilibria in the special case of standard 2-person bimatrix games.

Consider a two-player bimatrix game where each player i has strategy space

Ai
def
= {(xi, 1 − xi) : 0 ≤ xi ≤ 1}, for i = 1, 2. The cost function for player i is a

bilinear function of the form ri(x1, x2) = xT
1 Mix2, where M1,M2 are 2×2 matrices

and x1, x2 are probability vectors (mixed strategies) for players 1, 2.
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Then the best response Ri(xj) (i 6= j) of player i when player j chooses xj ∈ [0, 1]
is given by

(5) Ri(xj) = argminxi∈[0,1]ri(xi, xj),

which is a singleton set {x∗
i (xj)} due to the component-wise linearity of the payoff

function. Moreover, the dependence of x∗
i on xj is continuous. Hence gr(Ri) for

i = 1, 2 are continuous paths in [0, 1]× [0, 1] where gr(R1) is a path from the bottom
([0, 1]×{0}) to the top ([0, 1]×{1}) and gr(R2) is a path from the left({0}× [0, 1])
to the right ({1} × [0, 1]). Hence gr(R1) and gr(R2) must intersect (for a formal
proof of this intuitively clear fact, see Lemma 2 of [7] for instance). Hence there
exists (x∗

1, x
∗
2) such that (x∗

1 = R1(x
∗
2), x

∗
2 = R2[x

∗
1]) i.e. a Nash equilibrium.

1.3. Ordered and Unordered Tuples of Points. Let Dd def
= {(x1, . . . , xd) ∈

Rd :
∑d

j=1 x
2
j ≤ 1} denote the d-dimensional disk. Given a set A, let #A denote

its cardinality. For positive integers k and compact metric spaces X we define the
topological space of subsets of cardinality ≤ k,

Subk(X)
def
= {subsets of X of cardinality ≤ k}.

This has a topology induced as a subset of Cc(X). An analogous construction is
the configuration space,

(6) Ck(X)
def
= {(x1, . . . , xk) ∈ Xk}/Σk

where Σk is the symmetric group on k symbols. The elements of Ck(X) can be

written multiplicatively xi1
1 . . . x

ij
j with i1 + . . . + ij = k or as equivalence classes

[x1, . . . , xk]. There is a metric on Ck(X) given by

dk([x1, . . . , xk], [y1, . . . , yk]) = minσ∈Σk
(supi(d(xσ(i), yi))).

We have a map qk : Ck(X) → Subk(X) that maps [x1, . . . , xk] to {x1, . . . , xk}. It is
a surjective continuous map (as dH({x1, . . . , xk}, {y1, . . . yk}) ≤ dk([x1, . . . , xk], [y1, . . . , yk])).

Proposition 1.4. The quotient topology on Subk(X) induced from the map qk is
the same as the topology induced by the metric dH .

Proof. The argument above already shows that if U is an open set in the Hausdorff
metric the inverse image is open and so it is open in the quotient topology. Con-
versely suppose U is such that q−1

k (U) is open. Then we must show that U is open

in the Hausdorff topology. Consider a point p ∈ U . If #(p) = k then q−1
k (p) has

exactly one point which we also write p and because q−1
k (U) is open, an open ball

of B(p, δ) is contained in it.
Let the minimum distance between points of p be λ. We note that if a point

q is of distance less than λ/2 from p then it has the same cardinality as p and
dk(p, q) = dH(p, q). Therefore, if r = min(δ, λ/2), the ball B(p, r) is contained
in q−1

k (U). The ball in the Hausdorff metric of radius r is = qk(B(p, r)) which is
contained in U since r ≤ δ, showing that U contains an open neighborhood of p.

Now we let p have cardinality < k so that there are many points mapped to p
by qk. Suppose these points are p1, p2, . . . , pn. Since q−1

k (U) is open,
(1) It is contains a ǫ neighborhood of each of the pi (we can choose this uniformly

since n is finite), and
(2) 2ǫ is less than the minimum distance of points of p.
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Now suppose there is a point q in the ǫ neighborhood of p. The latter condition
ensures that a point in q is ǫ close to a unique point of p inducing a function
Λ : q → p. Hence, any weighted product of elements of q so that the total weight is
k and each q point has a non zero weight, is ǫ close in the metric dk to the product
obtained by applying Λ pointwise. Since every point in p is ǫ close to at least one
point of q, the element obtained maps to p. Thus, there is one qi ∈ q−1

k (q) which is
ǫ close to pi, implying q ∈ U . Therefore U contains an ǫ neighborhood of p. This
completes the proof. �

1.4. Hypotheses for Existence of Equilibria. The next definition establishes
the generality in which we shall work in this paper. The terminology is motivated
by a continuously parametrized family of complex polynomials of a fixed degree,
where the set of roots counted with multiplicity varies continuously.

Definition 1.5. A cost function ri : Ai ×A−i → R is said to be polynomial-like
if the response function Ri : A−i → Ai can be lifted to a map RM

i : A−i → CM (Ai)
some configuration space CM (Ai).

A cost function ri : Ai ×A−i → R is said to be weakly polynomial-like if for
all ǫ > 0 there exists Ri,ǫ : A−i → Ai such that

(1) Ri,ǫ can be lifted to a map RM
i : A−i → CM (Ai) some configuration space

CM (Ai),
(2) dH(Ri(a−i), R

M
i (a−i)) < ǫ for all a−i ∈ A−i.

Equivalently, a cost function ri is polynomial-like if
1) the set of local minima Ri(a−i) of the function ri(ai, a−i) is finite for each
a−i ∈ A−i; and
2) Counted with multiplicity, the set of local minima Ri(a−i) is continuous on A−i.
Also, a weakly polynomial-like cost function is one whose set of local minima can
be arbitrarily well-approximated by the set of local minima of a polynomial-like
function.

There are two assumptions that will be relevant in this paper.
(A1) For each i, the map Ri is continuous in a−i.
(A2) For each i, the map Ri is weakly polynomial-like in a−i.

Condition (A1) is clearly a consequence of (A2). The main aim of this paper
is to prove the existence of Nash equilibria under assumption (A2). In Section 4
we shall give a counter-example to show that assumption (A1) is not sufficient to
guarantee the existence of Nash equilibria.

2. Homological Selection

In this section we will prove a result about the homology of gr(Ri) under the
assumption (A2). The result will be used to prove the existence of Nash equilibria
in the next section.

For a topological space X with a basepoint ∗, we define the space SP r(X) to
be the quotient of Cr(X) under the relation ∗ = 1 (here we adopt the notational
convention that elements of Cr(X) are written multiplicatively). This space is
called the symmetric product of X. It is n-connected if X is. Using the natural
inclusions of SP r(X) inside SP r+1(X) we can form the union SP∞(X) the infinite
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symmetric product of X. The homotopy groups πn(SP
∞(X)) are the homology

groupsHn(X) ofX by the Dold-Thom theorem ([11] Section 4.K) and the Hurewicz
homomorphism is induced by the inclusion of X = SP 1(X) →֒ SP∞(X). We start
with the following lemma, whose proof-idea is due to A. Dranishnikov.

Lemma 2.1. Suppose that f : Dm → Cr(D
n) is a continuous function that has the

same value (0, . . . , 0) on the boundary ∂Dm = Sm−1, and define gr(f) = {(x, y) ∈
Dm × Dn | y is a factor in f(x)}. Consider the map i : Sm−1 → gr(f) with i(x) =
(x, (0, . . . , 0)). Then

i∗ ⊗Q : Hm−1(S
m−1)⊗Q → Hm−1(gr(f))⊗Q

is zero.

Proof. We will apply the Dold-Thom theorem. Consider β(f) : Dm → SP r(gr(f))
given by the formula

β(f)(x) = (x, y1)
i1 . . . (x, yk)

ik

if f(x) = yi11 . . . yikk . This is a continuous embedding of the disk in the r-fold
symmetric power of the graph. The boundary of this map is the diagonal embedding

er : x 7→ (x, 0)r. It factors as the composite SP 1(Sm−1)
er→ SP r(Sm−1)

SP r(i)→
SP r(gr(f)). We also have an inclusion ir : Sm−1 ≃ SP 1(Sm−1) → SP r(Sm−1)
which is defined as ir(x) = x.∗r−1.

Note that Hm−1(SP
r(Sm−1)) ∼= Z. At the level of homology groups, it is clear

that er∗(1) = r.ir∗(1). The space SP
r(Sm−1) is (m−2)-connected so by Hurewicz’s

theorem we obtain er ≃ r.ir. Therefore we have,

Sm−1 ≃
// SP 1(Sm−1)

i
//

er≃rir

��

er

''P

P

P

P

P

P

SP 1(gr(f))
≃

//

��

gr(f)

SP r(Sm−1) //

��

SP r(gr(f))

��

SP∞(Sm−1) // SP∞(gr(f))

We know that π∗(SP
∞(X) ∼= H∗(X;Z) by the Dold-Thom Theorem. So, i∗ :

Hm−1(S
m−1) → Hm−1(gr(f)) is the same function as πm−1(SP

∞(i)) : πm−1(SP
∞(Sm−1)) →

πm−1(SP
∞(gr(f))). Since β(f) gives a nullhomotopy of er ≃ r.ir, we get that

r.SPm−1(i) ≃ 0

=⇒ r.SP∞(i) ≃ 0

=⇒ r.i∗ = 0

=⇒ i∗ ⊗Q = 0.

�

Remark 2.2. In the case n = 1 of the above lemma, we get an easier proof
which works even for a map Dm → Subr(I). Here sending a subset to its min-
imum is a continuous function from Subr(I) to I. Therefore we have a disk
(x 7→ (x,min(f(x))) in gr(f) whose boundary is Sm−1 = ∂gr(f). This shows
that i∗ = 0 and hence, i∗ ⊗Q = 0.
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Remark 2.3. In the case m = 1 also the above conclusion is correct. The graph
gr(f) is path connected so one can choose a path from the point over -1 to the point
over 1. Removing loops one obtains a 1-cell with boundary ∂gr(f).

Lemma 2.1 has an interesting interpretation in the context of Selection Theorems
(cf. [8, 9, 10]. We make the following definition.

Definition 2.4. Suppose that f : Dm → Hc(D
n) is a continuous function from Dm

into the space of compact subsets of Dn. Let gr(f) = {(x, y) ∈ Dm×Dn | y ∈ f(x)}
and let gr(∂f) = {(x, y) ∈ ∂Dm × Dn | y ∈ f |∂Dm(x)}, where f |∂Dm denotes the
restriction of f to ∂Dm. A non-zero m−dimensional chain cm supported in gr(f)
is said to be a homological selection of f if its boundary ∂mcm is supported in
gr(∂f) and the projection Hm(gr(f), gr(∂f)) → Hm(Dm, ∂Dm) maps cm to a non
zero class. In such a situation we say that f admits a homological selection.

Theorem 2.5 below is now a consequence of Lemma 2.1.

Theorem 2.5. Homological Selection Theorem: Suppose that f : Dm →
Cr(D

n) is a continuous function that has the same value (0, . . . , 0) on the boundary
∂Dm = Sm−1. Then f admits a homological selection.

Proof. We know from Lemma 2.1 that the map

Hm−1(S
m−1)⊗Q ∼= Hm−1(gr(∂f))⊗Q → Hm−1(gr(f))⊗Q

is zero. We consider the commutative square

Hm(gr(f), ∂gr(f))
∂

//

Πi∗

��

Hm−1(gr(∂f))

∼=

��

Hm(Dm, ∂Dm)
∼=

// Hm−1(∂D
m)

It suffices to show that the boundary map fromHm(gr(f), ∂gr(f)) toHm−1(gr(∂f))
is non zero. The latter group is the top homology of the sphere, hence ∼= Z. The
next term in the long exact sequence is Hm−1(gr(f)). Equivalently we must have
the map Hm−1(∂gr(f)) → Hm−1(gr(f)) has non zero kernel, which because the
left group is Z is the same as saying the above map is 0 after tensoring with Q.
Hence by Lemma 2.1 we are done. �

Remark 2.6. The hypothesis that f : Dm → Cr(D
n) has the same value (0, . . . , 0)

on the boundary ∂Dm = Sm−1 can be dropped. Any f : Dm → Cr(D
n) can be

extended by a linear homotopy to such a function f1 by enlarging Dm slightly by
adding an annulus Am. We note that gr(Am) = {(x, y) ∈ Am × Dn | y ∈ f |Am

(x)}
deformation retracts to the outer boundary Sm−1. Therefore,

Hm(gr(f1), gr(∂f1)) ∼= Hm(gr(f1), gr(Am)) ∼= Hm(gr(f), gr(∂f))

the second isomorphism coming from excision. Since f1 admits a homological se-
lection by Theorem 2.5 the same class under the above isomorphisms gives a homo-
logical selection for f .

Given any set A in a metric space (X, d) and any ǫ > 0, we denote the ǫ-
neighborhood of A by Aǫ. Given any ǫ > 0 and for all i, gr(Ri)

ǫ is intrinsically a
manifold with boundary and an open subset of A. Let Πi denote the (continuous)

projection Πi : gr(Ri)
ǫ → A−i. Let dim(A−i) =

∑N
j=1,j 6=i nj ≡ di. Also , let
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d0 =
∑N

j=1 nj so that di = (d0 − ni). As usual, we denote the boundary of a
manifold M by ∂M .

We now state and prove the following crucial proposition.

Proposition 2.7. Suppose that a cost function ri : Ai × A−i → R is weakly
polynomial-like. Let Ri be the response function of ri. Then there exists ǫ0 > 0
such that for all 0 < ǫ < ǫ0 and for all i, the induced homomorphism of Πi in the
relative (co)homology

Π∗
i : Hdi (A−i, ∂A−i) −→ Hdi (gr(Ri)

ǫ, ∂gr(Ri)
ǫ)

or equivalently

Πi∗ : Hdi
(gr(Ri)

ǫ, ∂gr(Ri)
ǫ) −→ Hdi

(A−i, ∂A−i)

is nonzero.

Proof. Suppose that in an ǫ neighborhood of Ri there is a continuous function f
from A−i for which Hdi

(gr(f), ∂gr(f)) → Hdi
(A−i, ∂A−i) is non zero. This non

zero map can be written as the composite

Hdi
(gr(f), ∂gr(f)) → Hdi

(gr(Ri)
ǫ, ∂gr(Ri)

ǫ) −→ Hdi
(A−i, ∂A−i)

which forces the latter map to be non zero. This is the statement we need.
Since ri is weakly polynomial-like, for every ǫ > 0 there exists f such that

a) gr(f) is contained in an ǫ-neighborhood of gr(Ri), and
b)f can be lifted to the space CN (Dn).
Lemma 2.1 now completes the proof. �

3. Existence of Nash Equilibria

In this section, we prove the existence of Nash equilibria under the assumption
(A2).

For any k ∈ N we denote [k] = {1, 2, . . . , k}. We begin with the useful lemma.

Lemma 3.1. Given closed subset sequences {Aji}i∈N, j ∈ [k] of a compact subset S

of X such that
⋂

j Aji 6= ∅, ∀i and dH(Aji, Aj)
i→∞−→ 0 for given non-empty subsets

Aj , j ∈ [k] of S, then
⋂

j Aj 6= ∅.

Proof. Choose any ǫ > 0. Since, for any j ∈ [k], dH(Aji, Aj)
i→∞−→ 0, there exists

i0(j) such that for all i ≥ i0(j), Aji ⊆ Aǫ
j . Let i0 = maxj∈[k]{i0(j)}. Now, since

by assumption
⋂

j Aji 6= ∅, ∀i ≥ i0, for all j, we have
⋂

j A
ǫ
j 6= ∅. Now suppose⋂

j Aj = ∅. Then we can construct a non-empty set

Ξ ≡ {(Λ1,Λ2) ∈ 2[k] × 2[k] : Λ1 ∩ Λ2 = ∅, ∩i∈Λ1
Ai 6= ∅, ∩j∈Λ2

Aj 6= ∅}.

For each tuple (Λ1,Λ2) ∈ Ξ, there exists

ǫΛ1,Λ2
≡ min

i∈Λ1

inf
x∈Ai

inf
y∈∩j∈Λ2

Aj

d(x, y) > 0.
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Choose ǫ0 ≡ 1
3 min(Λ1,Λ2)∈Ξ ǫΛ1,Λ2

. Then, for any 0 < ǫ < ǫ0 and for all
(Λ1,Λ2) ∈ Ξ,

∩i∈Λ1
Aǫ

i

⋂
∩j∈Λ2

Aǫ
j ⊆ ∪i∈Λ1

Aǫ
i

⋂
∩j∈Λ2

Aǫ
j

⊆ (∪i∈Λ1
Ai)

ǫ
⋂

∩j∈Λ2
Aǫ

j

⊆ (∪i∈Λ1
Ai)

ǫ
⋂

(∩j∈Λ2
Aj)

2ǫ

= ∅.
Hence

⋂
j A

ǫ
j = ∅ for 0 < ǫ < ǫ0 which is a contradiction. �

Before we state our main theorem we recall the notion of external cup product,
or cross product of relative cohomology classes ([11] p. 220). Since A = Ai ×
A−i, we have an isomorphism Hni(Ai, ∂Ai) ⊗Hdi(A−i, ∂A−i) → Hn(A, ∂A) ([11]
Theorem 3.20). This isomorphism is implemented by the cross product a × b =
p∗1(a) ∪ p∗2(b), where p1 : (Ai × A−i, ∂Ai × A−i) → (Ai, ∂Ai) and p2 : (A−i ×
Ai, ∂A−i × Ai) → (A−i, ∂A−i) are projections of pairs. Also, since Hni(Ai, ∂Ai) =
Hdi(A−i, ∂A−i) = Hn(A, ∂A) = Z, (relative) Poincaré Duality holds in this set up.

Using Definition 1.3 the existence of Nash equilibria can be stated as follows.

Theorem 3.2. Consider an n−person non-cooperative game with mixed strat-
egy spaces satisfying assumption (A2). Let r1, · · · , rn be the cost functions and

R1, · · · , Rn be the response functions. Then,
⋂N

i=1 gr(Ri) 6= ∅. Equivalently, the
game has at least one Nash equilibrium.

Proof. We continue with the notation of Proposition 2.7, which gives the following:

Πi∗ : Hdi
(gr(Ri)

ǫ, ∂gr(Ri)
ǫ) −→ Hdi

(A−i, ∂A−i)

is nonzero. For each i, choose a relative di−cycle zi ∈ Hdi
(gr(Ri)

ǫ, ∂gr(Ri)
ǫ) (⊂

Hdi
(A−i, ∂A−i)) such that wi = Πi∗(zi) 6= 0.
Let w∗

i ( 6= 0) ∈ Hni(Ai, ∂Ai) be its (relative) Poincaré Dual. Then
⋃

i=1···N w∗
i ∈

Hn(A, ∂A) is a non-zero cohomology class. Hence, by (relative) Poincaré Du-
ality again the intersection of the supports of the chains zi is non-empty, i.e.⋂

i=1···N supp(zi) 6= ∅. One way to see this is to take simplicial approximations
of the chains zi homologous to zi contained in gr(Ri)

ǫ and ensure that their sup-
ports are in general position. Then

⋂
i=1···N supp(zi) is the support of a zero-cycle

(Poincaré) dual to
⋃

i=1···N w∗
i . Hence the intersection of the closures Cl(gr(Ri)

ǫ)
is non-empty, i.e.

⋂
i=1···N Cl(gr(Ri)

ǫ) 6= ∅. Since this is true for all ǫ > 0, it follows
from Lemma 3.1 that

⋂
i=1···N gr(Ri) 6= ∅. �

4. A Counterexample

In this section we give an example where (A2) is not satisfied though (A1) is
satisfied and the conclusion in Proposition 2.7 is not true, thereby affirming the ne-
cessity of the assumption. Proposition 1.4 indicates that the topology on Subn(D

m)
is the quotient topology inherited from Cn(D

m) by forgetting weights/multiplicities.
This shows that there is no trivial counterexample.

The example below will involve a map D2 → Sub3(D
2) (that is, m = n = 2) .

Note that this is the smallest case where such an example can exist: by Remark
2.2 the conclusion in Proposition 2.7 is satisfied if n = 1. By Remark 2.3 we
have the case m = 1, and since Sub2(X) = C2(X) we obtain the result for the
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case D2 → Sub2(D
2). We also use the counterexample to demonstrate that Nash

equilibria might not exist or equivalently that Theorem 3.2 does not hold if we
assume only (A1). However, before we get into the counterexample, a remark is in
order.

Remark 4.1. Let P(Dj) denote the set of probability measures on Dj equipped
with the weak topology. Also let Pn(D

j) be the subspace of probability measures
supported on (at most) n points. Any continuous function f : Dl → Subn(D

j)
can be lifted to Pn(D

j) by Michael’s Selection Theorem [10]. Equivalently any
continuous function f : Dl → Subn(D

j) can be lifted to a continuous weighted
real valued multifunction with total weight constant at each point, where all
weights are non-negative. The following counterexample shows that we cannot
upgrade this to a continuous weighted rational-valued (or equivalently integer-
valued, after normalization) multifunction with constant total weight at each point.

4.1. Counterexample to Proposition 2.7. The idea of the counterexample is
simple in outline. Consider a map g : S1 → Sub3(D

1) given by g(e2πiθ) = {0, 1, θ},
where θ ∈ [0, 1] and D1 is identified with [0, 1]. Any lift g̃ : S1 → SP k(D1) for some
k ≥ 3 assigns non-negative integer weights to each point in g(x) for all x ∈ S1.
Choose a regular point a ∈ S1 (for g), i.e. a point such that #g(a) = 3. Let
g(a) = {a1, a2, a3} (see figure below). Let wi be the weight assigned to ai so that
(w1 + w2 + w3) = k.

By continuity, the weights on the strands containing each of the ai’s is constant
over all regular points. Let b = e2πi be the only non-regular point and let g(b) =
{b1, b2}. Let ui be the weight assigned to bi so that (u1+u2) = k. Then u1 = w1+w2

and u2 = w2 + w3. It follows that w2 = 0, i.e. the weight assigned to a2 is zero.
The main idea behind the counterexample below is to wedge three copies of the

above picture together appropriately. More precisely, wedge three copies S1
1 , S

1
2 , S

1
3

of the circle S1 along a regular point a and permute the multifunction values g(a) =
{a1, a2, a3} over the three copies during the gluing operation such that by the
computation above, each wi is forced to be zero. Equivalently, ai is forced to lie
in the middle strand on g(S1

i ). Next this multifunction g is extended to a wedge
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W of 3 disks D1, D2, D3, where Di is bounded by S1
i , i = 1, 2, 3. Finally embed W

into a disk D and extend the multifunction to all of D.

We now start with a formal description. Fix a path P (t) in D2. Define gP :
D2 → Sub3(D

2) as follows:
On the ray from (0,0) to (1/2,0) define gP (t, 0) = {P (0), P (2t)} so that gP (0, 0) =
{P (0)}. Now define g on the circle of radius t by

gP (tcos2πa, tsin2πa) = {P (0), P (2t), P (2at)}
We extend gP to D2 by using a linear homotopy from the map on the circle of radius
half to the constant function (0, 0), and putting this homotopy as the function on
the outward rays. Then gP is continuous, and there is no lift to SP 3(D2) as any
assignment of weights to the points forces the weight of the points P (at) for a 6= 0
over (tcos2πa, tsin2πa) to be zero (see argument above). Note however that one
can pass to a continuous submultifunction (leaving out the subset of the above form
− the middle strand in the picture) on which weights can be defined and hence the
conclusion of Proposition 2.7 remain true.

The topological space gr(gP ) is homeomorphic to the sphere S2 with the north
pole and south pole identified along with a disk whose boundary is the wedge of
the longitude and the meridian. We now write a CW complex structure of gr(gP ):
There are two 0-cells v, w with v as the pinched point (north pole = south pole =
the point lying over (0, 0)) and w as the point on the boundary lying over the point
(1, 0); There are three 1-cells a1, a2, α, where ai are the two lines lying over the
line joining (0, 0) to (1, 0), and α is the boundary. There are three 2-cells e1, e2, e3,
the three inverse images of the disk minus the line joining (0, 0) to (1, 0). The
boundaries are given by:

∂e1 = α ∪ a1 ∪ (−1)a1,

∂e2 = α ∪ a2 ∪ (−1)a2,

∂e3 = α ∪ a1 ∪ a2

and

∂ai = v ∪ w (i = 1, 2),

∂α = v ∪ v.

We use the above gP to get a counterexample by wedging three similar maps
at a regular point. Formally, we use three arcs of a circle as our paths. Fix a
circle C, define hC : D2 → Sub3(D

2) as follows. Divide C into three arcs I1, I2, I3
by choosing three points A1, A2, A3 in order on it and defining I1 = A2A3, I2 =
A3A1, I3 = A1A2. Define Pi = C−Ii for i = 1, 2, 3. The orientation of Pi is defined
by starting at the end of Ii and ending at the beginning (for example, P1 starts at A3

passes throughA1 and ends at A2). In D2 consider three smaller disksDi (1 ≤ i ≤ 3)
in the interior wedged at the point (0, 0). On the disk Di define hC as the function
gPi

in the half disk (by fixing an orientation preserving homeomorphism between
the half disk and Di in such a way that the point corresponding to (0, 0) is mapped
by gPi

to {A1, A2, A3} ). On the complement of ∪Di we use a linear homotopy to
get the value (0, 0) on the boundary. We prove that the boundary circle is a free
generator for H1(gr(hC);Z) thus violating the conclusion of Proposition 2.7.

The topological space gr(hC) can be obtained from the spaces Gi = gr(gPi
) (all

the three Gi are homeomorphic) by slicing each over a regular point of the disk
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(with three inverse images) and gluing the three together via the three cyclic per-
mutations. Then we can write down a CW complex structure on gr(hC) as follows:
There are six 0-cells vi, wi (i = 1, 2, 3) corresponding to the notation in the case of
Gi; There are nine 1-cells a

i
1, a

i
2 (i = 1, 2, 3) (the same definition as before in the Gi)

and α1,2, α2,3, α3,1 where αi,j joins vi to vj on the boundary; There are still three 2-
cells (since connecting the disks only results in a bigger disk) e1, e2, e3. The bound-
ary maps are given by the following(where the boundary α = α1,2,∪α2,3,∪α3,1):

∂e1 = α ∪ a11 ∪ (−1)a11 ∪ a22 ∪ (−1)a22 ∪ a31 ∪ a32,

∂e2 = α ∪ a11 ∪ a12 ∪ a21 ∪ (−1)a21 ∪ a32 ∪ (−1)a32,

∂e3 = α ∪ a12 ∪ (−1)a12 ∪ a21 ∪ a22 ∪ a31 ∪ (−1)a31
and

∂aij = vi ∪ wi (j = 1, 2, i = 1, 2, 3),

∂αk,l = vk ∪ vl (k = 1, 2, 3, l = 1, 2, 3).

Now we can compute the CW homology of gr(hC). We obtain that H1(gr(hC)) ∼= Z

with generator α which is homologous to each ai1 ∪ ai2. This violates the conclusion
of Proposition 2.7, proving the counterexample. 2

4.2. Counterexample to Theorem 3.2. Theorem 3.2 asserts the existence of
Nash equilibria under the condition (A2). Using the above counter-example, we
construct an example where Nash equilibria do not exist. To do this we realize the
graph of any continuous function f : A−i → SubN (Ai) as the set of minima of a
cost function.

Proposition 4.2. Let f : A−i → SubN (Ai) be a continuous function. Then there
is a function F : A−i × Ai → R such that,

f(x) = {y | y is a localminimumof y 7→ F (x, y)}.
Proof. Consider the graph of f , gr(f). This is a closed subset of the compact set
A−i × Ai and is therefore, compact. We define F to be the distance function to
gr(f) which is greater than zero if (x, y) /∈ gr(f) and 0 if (x, y) ∈ gr(f). Thus, the
set of minima of F are exactly the elements of the set gr(f). �

The above proof also works if we replace local minima by global minima. We
now write down the counterexample to the statement analogous to Theorem 3.2
obtained by replacing assumption (A2) by (A1). For the example below, the
number of players N = 2, A1 and A2 are two dimensional disks. We have to
construct functions f1 : A1 → Subk(A2) and f2 : A2 → Subl(A1) such that gr(f1)
and gr(f2) do not intersect.

Define f1 as the example hC above by using the same formula on the disks
Di (i = 1, 2, 3). Draw a continuous family of linear trajectories joining the boundary
circle to the closest point on ∪∂Di. Extend f1 to A1 such that it is constant on
each of the trajectories. Note that this defines uniquely a continuous function
f1 : A1 → Sub3(A2).

Next, we shall choose f2 judiciously so that gr(f2) does not intersect gr(f1).
Note that Im(f1) is contained in Sub3(C), so that any intersection value must have
second coordinate in the circle C. It is therefore enough to make the judicious
choice over C and take any extension (such extensions are always possible since
the inclusion of the circle C is a neighborhood deformation retract and Sub3(A1)
is contractible).
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Divide the circle C into three arcs α1, α2, α3 where α1 is the arc joining the
mid-point of A3A1 to the mid-point of A1A2 and passing through A1 (and similarly
α2, α3). Define f2 on the circle C to be the single valued function mapping αi to
∂Di such that
a) the map is an orientation preserving homeomorphism,
b) the boundary points of αi are mapped to (0, 0), and
c) the point Ai on αi is mapped to the point diametrically opposite to (0, 0) in ∂Di.
Recall that this point on ∂D1 (resp. ∂D2, ∂D3) is mapped by f1 to {A2, A3}(resp.
{A1, A3}, {A1, A2}). We extend f2 to A2 by the recipe given in the previous
paragraph.

To see that gr(f1)∩gr(f2) = ∅, note that the contrary would imply that there is
an x ∈ A2 with x ∈ f1(f2(x)) because f2 is single valued on C. The point x cannot
belong to the boundary of the αi because then f1(f2(x)) = {A1, A2, A3} and none
of the Ai lie on the boundary.

If x is in the interior of α1 then f1(f2(x)) = {A2, A3, y}. Note that as the point x
traverses from the mid-point of A3A1 to the mid-point of A1A2 the point y starts at
A1 and moves along the arc A1A2. When x is close to A1 the point y is close to A2.
Therefore if x ∈ A3A1 ∩α1, y ∈ A1A2. Similarly, we observe that if x ∈ A1A2 ∩α1,
then y ∈ A3A1. Therefore, x /∈ f1(f2(x)).

The same proof works for x in the interior of α2 and α3. Therefore, f1, f2 as
above give cost functions F1, F2 by Proposition 4.2 such that the game defined by
the cost functions Fi for player i (i = 1, 2) does not have a Nash equilibrium. Thus
Theorem 3.2 does not hold if assumption (A2) is replaced by (A1). This completes
the counterexample. 2

4.3. Generalizations of Branched Surfaces. The theory of train-tracks in di-
mension two [13] and that of branched surfaces in dimension three [2] has been
very fruitful. It is therefore tempting to try to generalize these to higher dimen-
sions. A train-track (resp. branched surface) is a 1-complex (resp. 2-complex) in
a 2-manifold (resp. 3-manifold) with a welldefined C1 tangent space everywhere.
The set of points where a train-track is not a 1-manifold is a discrete collection of
isolated points, i.e. a 0-manifold. However, one dimension higher, the set of points
where a branched surface is not a 2-manifold is only a 1-complex, and is called
the branch locus. The branch locus is not a 1-manifold only at isolated points,
where two lines of the branch locus cross each other transversely. It is important to
note that both train-tracks and branched surfaces are codimension one objects. In
applications, branches of train-tracks and branched surfaces are assigned weights
consistently. The counterexample in Section 4.1 shows that the graph of a multi-
function f : Dn → Subk(D

m) cannot serve as an analog of a non-trivially weighted
branched surface in higher codimensions. On the other hand, Proposition 2.7 indi-
cates that the graph of a multifunction f : Dn → Ck(D

m) does support a non-trivial
relative cycle and could serve as the starting point for a theory of weighted branched
surface in higher codimensions.
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