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1 Introduction

Let F be a totally real field of degree d ≥ 1. Let f be a Hilbert modular
cusp form defined over F of level N ⊂ OF and parallel weight (k, k, . . . , k) with
k ≥ 2. Assume that f is a normalized newform and a common eigenform of
all the Hecke operators. Such a Hilbert modular form will be called a primitive
form. The purpose of this paper is to investigate the relationship between the
primes of congruence of a primitive form f and the primes dividing a special
value of the adjoint L-function of f .

In [9, Theorem 5] we defined a finite set of bad primes S in a sufficiently
large number field K depending on f and proved the following result.

Theorem 1 Let ℘ be a prime of K with ℘ /∈ S. If

℘
∣∣ W (f) Γ(1,Ad(f)) L(1,Ad(f))

Ω(f, ǫ)Ω(f,−ǫ) (1)

then ℘ is a congruence prime for f .

Here W (f) is the complex constant occurring in the functional equation of
the standard L-function of f , L(s,Ad(f)) is the adjoint L-function of f and
Γ(s,Ad(f)) is an appropriate Γ-factor. Let O(℘) be the valuation ring of K at

℘. Then Ω(f,±ǫ) ∈ C
×/O(℘)

× are Eichler-Shimura periods. It is implicit in
the statement of the theorem that the quotient occurring in (1) is an element
of O(℘).

Theorem 1 is a generalization to the Hilbert modular setting of a well known
result of Hida [10] for elliptic modular forms (the case d = 1), connecting the
special value at s = 1 of the adjoint L-function L(s,Ad(f)) of f and the con-
gruence primes of f . (In the elliptic modular setting the set S may be taken
to consist of the primes of K dividing 6N as well as the primes dividing the
primes of Q smaller than or equal to k − 2. In the general case d ≥ 1 the set S
depends on the weight and level of f , the field F , and the torsion in the bound-
ary cohomology groups of the Borel-Serre compactification of the underlying
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Hilbert-Blumenthal variety, among other things. The exact definition of S will
be recalled shortly in equation (3) below.)

The field K in Theorem 1 is taken to contain the number field generated
by the Fourier coefficients of f . Let us say that a prime ℘ of K of residue
characteristic p is ordinary for f if the Fourier coefficient c(pOF , f) of f is a
℘-adic unit. In [11] Hida established a converse to Theorem 1 for primes ℘
that are ordinary for f in the case F = Q. Soon after Ribet [20] removed the
assumption of ordinarity on ℘ obtaining the following unconditional converse to
Theorem 1.

Theorem 2 ([11], [20]) Let F = Q. Let ℘
∣∣ p be a prime of K, with p > k− 2

and p 6
∣∣ 6N. Then ℘ is a congruence prime for f if and only if

℘
∣∣ W (f) Γ(1,Ad(f)) L(1,Ad(f))

Ω(f, ǫ)Ω(f,−ǫ) .

The purpose of this paper is to prove a similar converse to Theorem 1 for
Hilbert modular forms defined over totally real fields F of degree d ≥ 2. As in
[11] we will restrict our attention to primes ℘ which are ordinary for f .

Our strongest result is for certain Hilbert modular forms defined over real
quadratic fields (the case d = 2). To state it assume that the residue character-
istic p of ℘ is odd, let p∗ = (−1)(p−1)/2p and let F ∗ = F (

√
p∗). Let ρf denote

the ℘-adic Galois representation attached to f and let ρf denote its reduction.
If f is ordinary at ℘ then by a result of Wiles [26] the restrictions of ρf to the
decomposition groups at primes of F lying over p are ‘upper-triangular’. Let
(p− dist) denote the condition that the reductions of the characters appearing
on the diagonal are distinct (cf. Section 3.1). Let Assumption 1 denote the
vanishing assumption on the boundary cohomology groups made in Section 4.5.
Then we prove (cf. Theorem 10):

Theorem 3 Let F be a real quadratic field of strict class number 1. Let f be
a primitive Hilbert modular cusp form of level N = 1 and parallel weight (k, k)
defined over F . Let ℘

∣∣ p be a prime of K such that ℘ /∈ S and assume that

• ℘ is ordinary for f and that (p− dist) holds,

• k 6= 2, p+ 1,

• ρf is absolutely irreducible when restricted to F ∗,

• Assumption 1 holds.

Then ℘ is a congruence prime for f if and only if

℘
∣∣ W (f) Γ(1,Ad(f)) L(1,Ad(f))

Ω(f, ǫ)Ω(f,−ǫ) .
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Here are a few comments about the proof and the hypotheses in Theorem 3.
Let F be a totally real field of arbitrary degree d ≥ 1 again and let f be
a primitive cusp form defined over F (of arbitrary level and weight). In [9,
Theorem 3] we showed that the set of bad primes S is essentially the set of
primes for which duality for the integral parabolic cohomology groups of the
underlying Hilbert-Blumenthal variety may fail. Outside S we used this duality
to establish that the primes dividing the adjoint L-value are exactly the primes
of support of a certain cohomological congruence module. We then showed that
any such prime is actually a congruence prime for f obtaining Theorem 1 above.

Now assume that ℘ is ordinary for f and let Ccoh
ǫ (f) denote the corre-

sponding local cohomological congruence module (see (20) in Section 5 for its
definition). Then ℘ divides the L-value in (1) if and only if ℘ occurs in the sup-
port of Ccoh

ǫ (f). Moreover any such prime is a congruence prime for f . Thus
to establish a converse to Theorem 1 one must prove that if ℘ is an (ordinary)
congruence prime for f then ℘ occurs in the support of Ccoh

ǫ (f).
To prove this last statement it would suffice to know that a suitable local-

ization of the ordinary part of the middle dimensional integral parabolic coho-
mology groups of the underlying Hilbert-Blumenthal variety is free as a module
over a localized Hecke algebra.

In this paper we give conditions under which this freeness holds. The basic
tool that we use is an abstract commutative algebra criterion due to Diamond
[3] and Fujiwara [7] for the freeness of certain modules over complete local
algebras over p-adic rings (see Theorems 5 and 6 in the text). This result can
be traced back to the work of Wiles [27], Taylor and Wiles [25], and Faltings [25,
Appendix]. The main commutative algebra result of Faltings-Taylor-Wiles is an
isomorphism criterion for a morphism between certain complete local rings in
which a freeness assumption is used as a hypothesis. Subsequently Diamond [3]
and Fujiwara [7] showed that it is possible to remove this freeness assumption,
obtaining it instead as a byproduct of the isomorphism criterion.

The freeness criterion is formulated using what is now called a Taylor-Wiles
system. One of the ingredients that go into such a system is a collection of
modules MQ indexed by certain finite sets of primes Q of F . In previous work
(see for instance Diamond [2], Fujiwara [7], Skinner and Wiles [23], and Taylor
[24]) the modules MQ have played mostly a supporting role since the focus
has been on establishing that certain universal deformation rings are Hecke
algebras. Indeed previous authors have mostly used the zero or first dimensional
cohomology groups of certain Shimura curves for the modules MQ.

Since the main objective of the present work is to establish freeness results
for the middle dimensional integral cohomology groups of Hilbert-Blumenthal
varieties, we are naturally led to take the level-Q-augmented versions of such
cohomology groups for the modules MQ in our Taylor-Wiles system. This in-
troduces some new problems in the verification of the axioms of the freeness
criterion. The first three axioms, labelled (TW1), (TW2) and (TW3) in the
text, can be established in the Hilbert modular setting in a more or less rou-
tine manner by extending the Galois cohomological arguments of Wiles in [27].
However we do need to make some simplifying assumptions here: we assume
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that the level N = 1, that the weight k 6= 2, p+ 1 (note that already p > k − 2
since ℘ /∈ S; see (3) below) and that ρf is absolutely irreducible when restricted
to F ∗.

The last two axioms of the freeness criterion, labelled (TW4) and (TW5)
in the text, are more difficult to check. Roughly speaking these axioms require
that the modules MQ are well-controlled as Q varies. In Proposition 4 we show
that if

(∗) the analogues of the modules MQ with divisible coefficients vanish
in all smaller degrees 0 ≤ q < d,

then (TW4) and (TW5) hold, at least under the technical simplifying assump-
tions that F has trivial strict class number, k > 2 and that certain boundary
cohomology groups vanish (Assumption 1).

It is possible to prove (∗) for q = 1 using a result of Serre [21] which says
that the congruence subgroup property holds for SL2/F for totally real fields F
of degree d ≥ 2 (see Theorem 7). Since (∗) for q = 0 is not difficult to show,
we obtain (TW4) and (TW5) in the case d = 2. The desired freeness result
for the middle dimensional integral cohomology group follows, under the above
mentioned assumptions (Theorem 8). With it in hand it is an easy consequence
that the ordinary congruence prime ℘ is captured by the cohomological congru-
ence module Ccoh

ǫ (f) and hence by the adjoint L-value (see Section 5). We thus
obtain Theorem 3 in the case d = 2.

When d > 2 we are only able to prove a conditional analogue of Theorem 3
whose statement we leave to the main body of the paper (see Theorem 10). It
would be interesting to investigate under what further conditions (∗) holds in
general.

We now quickly mention some connections with related results in the liter-
ature.

• M. Dimitrov’s recent thesis [6] treats the case of general totally real fields.
One key difference between our approach and his is that we make crucial
use of the congruence subgroup property to prove (∗) (when d = 2).

• Diamond, Flach and Guo [5] have recently established the Tamagawa num-
ber conjecture for the adjoint motives of elliptic modular forms (d = 1)
outside a finite set of bad primes. This can be viewed as a refined ver-
sion of Theorem 2. The Tamagawa number conjecture is still open in the
Hilbert modular case (d > 1), and would be an interesting topic for future
investigation.

• An alternative approach to the desired freeness result which avoids the
use of Taylor-Wiles systems has been studied by Diamond [4] in the case
d = 2 and trivial coefficients (k = 2). His approach is based on the original
‘q-expansion principle’ method used in the elliptic modular case by Mazur
[16], Ribet, Tilouine, Edixhoven, Wiles, and others, to show that suitably
localized Tate modules of Jacobians are free over localized Hecke algebras.
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• Finally, Taylor-Wiles systems have been used to study the middle dimen-
sional cohomology of other groups. In particular, Mokrane-Tilouine [19]
and Genestier-Tilouine [8] have extensively studied the case of GSp4.

In closing this introduction, we recall that previous arguments involving
Taylor-Wiles systems in the Hilbert modular setting have mostly employed the
zero or first dimensional cohomology groups of Shimura varieties associated to
quaternion algebras over F for the auxiliary modules MQ. The referee has
suggested that it might be possible use such TW-systems to prove an analogue
of, e.g., Theorem 3, but with quaternionic periods involved instead, and as a
consequence, one may be able to obtain new integral period relations between
our Eichler-Shimura periods and quaternionic periods.

2 Preliminaries

2.1 Some notation

Fix a totally real field F of degree d ≥ 2. Let OF denote the ring of integers of
F . Let IF denote the set of embeddings of F into R.

Let G = ResF/QGL2. Then let Gf = G(Af ) denote the finite part of G(A),
where A = Af × R denotes the ring of adeles over Q. Let G∞ = G(R), and let
G∞+ denote the set of those elements in G∞ which have positive determinant
at each place σ ∈ IF . Let G(Q)+ = G(Q) ∩ G∞+.

Let Kf be an open, compact subgroup of G(Af ), let K∞ =
∏

O2(R) denote
the standard maximal compact subgroup of G(R), and let K∞+ =

∏
SO2(R) ⊂

G∞+ denote the connected component of K∞ containing the identity element.
Let K = KfK∞.

Let Z denote the center of G, and let Z∞ denote the center of G∞.

2.2 Hecke algebras

Let ∆ ⊂ G(Af ) be a semigroup, such that ∆ ⊃ Kf . Let Kf\∆/Kf denote
the space of double cosets of Kf in ∆. Define the Hecke algebra h(∆,Kf ) =
Z[Kf\∆/Kf ] to be the free abelian group with basis the set of double cosets of
Kf in ∆. For a double coset KfgKf ∈ Kf\∆/Kf , we denote the corresponding
basis element by [KfgKf ]. The algebra structure on h(∆,Kf ) is given by the
usual convolution product.

Now fix an ideal N of OF . Let

R̂(N) =
{(

a b
c d

)
∈ M2(ÔF )

∣∣∣ dp ∈ O×
F p
, cp ∈ NOF p, for all p

∣∣ N
}
,

and let ∆0(N) = R̂(N)∩G(Af ). Let K0(N) be the level N congruence subgroup
of G(Af ) defined by

K0(N) =
{(

a b
c d

)
∈ GL2(ÔF )

∣∣ c ≡ 0 (mod NÔF )
}
.
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The Hecke algebra h(∆0(N),K0(N)) can be described explicitly as follows. For
each ideal m ⊂ OF let Tm =

∑
g[K0(N)gK0(N)], where the sum is taken over

all g ∈ ∆0(N) with det(g)OF = m. Note that

Tp = K0(N)

(
̟p 0
0 1

)
K0(N).

Also, for each p with p 6
∣∣ N let

Sp = K0(N)

(
̟p 0
0 ̟p

)
K0(N),

Then it is well known that h(∆0(N),K0(N)) is a commutative algebra with 1.
It is generated over Z by the Hecke operators Tp as p varies through all prime
ideals of OF , and by Sp for p 6

∣∣ N.

2.3 Cusp forms

Let n =
∑
σ∈IF

nσ σ ∈ Z[IF ] with each nσ ≥ 0. Let t =
∑
σ∈IF

σ ∈ Z[IF ] and
let k = n+ 2t. The data n and k represent the weights of the cusp forms to be
considered below. As in [9] we will assume in this paper that the weights are
‘parallel’, namely that nσ = nτ (and so kσ = kτ ), for any σ, τ ∈ IF . Thus n
and k will also sometimes be used to denote this common value.

Let AF = A ⊗Q F denote the ring of adeles of F . Identify the center Z(A)
of G(A) with the idele group A

×
F . Similarly identify Z(Q) with F×. Let χ :

F×\A×
F → C

× be a fixed Hecke character whose conductor divides N and whose
infinity type is −n.

Let Sk,J(N, χ) denote the space of Hilbert modular cusp form of weight n,
level N, central character χ, and holomorphy type J ⊂ IF . For a more precise
description of these adelic cusp forms and their relation with (tuples of) classical
cusp forms, see [9, Section 2].

There is a natural integral structure on Sk,J(N, χ) coming from Fourier ex-

pansion. Let χN denote the finite order character of (OF /NOF )× = Ô×
F /(1 +

NÔF ) obtained by restricting χ to Ô×
F =

∏
p OFp . For a subring A of C con-

taining the values of χN, let Sk,J(N, χ,A) be the set of elements of Sk,J(N, χ)
whose Fourier coefficients lie in A.

The Hecke algebra h(∆0(N),K0(N)) acts on the space Sk,J(N, χ,A) of cusp
forms over A. Let hk(N, χ,A) be the subalgebra of EndA(Sk,J(N, χ,A)) gen-
erated by Tp (for all p) and Sp (for p 6

∣∣ N). This algebra is independent of
J . When A is not a subring of C, for instance if A is the completion of (the
ring of integers of) a number field B, then we can still define hk(N, χ,A) as
hk(N, χ,B) ⊗A.

2.4 Cohomology groups

Let

Y (N) = G(Q)\G(A)/K0(N)K∞+Z∞.
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be the Hilbert-Blumenthal variety of level N.
Let K be a sufficiently large number field: one that contains all the con-

jugates of the totally real field F , all the fields of Fourier coefficients of the
normalized simultaneous eigenforms in Sk,IF (N, χ), as well as the values of χN.
We always think of K as a subfield of C. Let OK denote the ring of integers of
K. The symbol ℘ will always denote a prime of K. We write K℘ for the comple-
tion of K and O℘ for the ring of integers of K℘. Finally we write O(℘) = K∩O℘

for the valuation ring of K at ℘. We will write A for any one of OK , O(℘), O℘,
K, K℘ or K℘/O℘.

Let L(n,A) denote the module of all polynomials with coefficients in A in
the variables {Xσ, Yσ | σ ∈ IF }, which are homogeneous of degree nσ = n in
each pair Xσ, Yσ. Suitable variants Li(n, χ,A) of this module come equipped
with a natural action of certain subgroups of G(Q)+ (cf. [9, equation (6)]).
Taking locally constant sections of the resulting covering maps defines in the
usual manner a sheaf L(n, χ,A) on Y (N). See [9, Section 3.1] for details. We
let

Hq
?(Y (N),L(n, χ,A))

denote the usual (? = ∅), compactly supported (? = c), respectively parabolic
(? = p), cohomology groups of degree q of Y (N) with values in the sheaf
L(n, χ,A). Again, we refer the reader to Section 3.1 of [9] for precise defini-
tions of these groups. Note that in particular the above cohomology groups are
well defined for A = O℘ and A = K℘/O℘ if ℘ 6∈ S.

2.5 Ordinary idempotent

Let M be an O℘-module of finite type and let T ∈ End(M). Let

eT = lim
n→∞

Tn! ∈ End(M)

be the idempotent attached to T . Then M = eTM ⊕ (1 − eT )M and T acts
as an isomorphism on the first component and topologically nilpotently on the
second component.

We apply the above construction to the case when M is one of the coho-
mology groups considered above and T = Tp is the Hecke operator at the ideal
pOF . Following Hida we shall call eTp(M) the ordinary part of M . Thus we
have the cohomology groups

Hq
?, ord(Y (N),L(n, χ,A))

for ? = ∅, c,p and A = O℘ or K℘/O℘ with ℘ 6∈ S.
A primitive cusp form f ∈ Sk,IF (N, χ) is said to be ordinary at a prime ℘

of K ⊂ C if the pth Fourier coefficient c(pOF , f) ∈ K of f is a ℘-adic unit.
When p is unramified in F this is equivalent to requiring that c(p, f) is a ℘-adic
unit for each prime ideal p of F lying over p. Eventually we shall assume that
℘ /∈ SF ⊂ S in which case p is unramified in F (see equation (3) below).
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3 Deformations of Galois representations

3.1 Galois representations

Let f ∈ Sk,IF (N, χ) be a primitive eigenform. We recall the following theorem
due to Shimura, Ohta, Carayol, Wiles, Taylor and Blasius-Rogawski.

Theorem 4 There is a Galois representation ρf : Gal(Q/F ) → GL2(K℘) which
is unramified outside Np, with the properties that for each l 6

∣∣ Np, one has

• Tr ρf (Frobl) = c(l, f),

• det ρf (Frobl) = χ(l)NF |Q(l).

Let p denote a prime of F lying above a prime p of Q. Let Dp, respectively
Ip, denote the decomposition group, respectively inertia, subgroup at p|p. It is
a theorem of Wiles [26] that if f is ordinary at ℘ then for each prime p of F
lying over p the representation ρf has the following upper-triangular shape:

ρf |Dp ∼
(
δp ∗
0 ǫp

)

where δp and ǫp are characters of Dp with ǫp an unramified character.
Let F denote the residue field of O℘, the ring of integers of K℘. Let ρf :

Gal(Q/F ) → GL2(F) denote the mod ℘ representation attached to f . It will be
useful to impose two conditions on ρf . To describe the first assume that f is
ordinary at ℘. For the rest of this paper we shall assume that

(p− dist) δp 6= ǫp for each prime p of F lying over p.

If (p− dist) holds we say that f is p-distinguished. This condition is imposed
in order to have solutions to the deformation problems considered below.

We will eventually assume that f has level N = 1. In this case (p− dist) is
automatically satisfied if k is even and p is odd. Indeed if (p− dist) fails then
for some p|p one has det(ρf |Dp) = ǫ2p = ωk−1

p where ωp is the mod p Teichmüller
character. Since ǫp is unramified the order of ωp must divide k−1. But this order
is [F (µp) : F ] and so is even whereas k− 1 is odd, a contradiction. Presumably
there are Hilbert modular forms of level one and odd parallel weight k defined
over totally real fields of degree d > 1 (over Q there are none). So even when
the level is one we will still need to impose the condition (p− dist).

For the second condition on ρf let p∗ = (−1)(p−1)/2p and let F ∗ = F (
√
p∗).

Then from now on we shall assume that

(ai(F ∗)) The restriction of ρf to F ∗ is absolutely irreducible.

3.2 Deformation problems

Let A denote a complete, noetherian, local O℘-algebra with residue field F. A
representation ρ : Gal(Q/F ) → GL2(A) is called a deformation of ρf if ρ ∼ ρf
up to strict equivalence.

8



Let us assume that the prime p does not ramify in F . A deformation ρ :
Gal(Q/F ) → GL2(A) is said to be ordinary at p if for each prime p of F lying
over p there are characters ψp and φp of Dp lifting δp and ǫp, with φp unramified,
such that

ρ|Dp ∼
(
ψp ∗
0 φp

)
.

Let q be a prime of F whose residue characteristic is not p. If the following
condition holds:

(regq) ρf is unramified at q and ρf (Frobq) has two distinct eigenvalues

we say that ρf is regular at q.

Let νp : Gal(Q/F ) → O℘
× be the p-cyclotomic character. Fix a finite set of

primes Q of F such that Q does not meet N and such that ρf satisfies (regq)

for each q ∈ Q. A deformation ρ : Gal(Q/F ) → GL2(A) of ρf is said to be of
type Q if

• det ρ = χνp = det ρf ,

• ρ is ordinary at p, and,

• ρ is unramified outside N ∪ {p|p} ∪Q.

Let RQ denote the universal deformation ring corresponding to deformations of
type Q. When Q = ∅ we simply write R for the universal deformation ring. For
the existence of these universal deformation rings the reader is referred to the
articles of Mazur [17] and [18].

4 Taylor-Wiles systems

In this section we shall use the method of Taylor-Wiles systems to show that
under certain hypotheses a suitably localized middle dimensional integral co-
homology group is free as a module over a localized Hecke algebra. In the
next section (Section 5) we will draw the obvious conclusions concerning the
connection between congruence primes and adjoint L-values.

4.1 Freeness criterion

We start by describing some abstract results in commutative algebra due to
Wiles [27], Taylor and Wiles [25] and Faltings [25, Appendix] incorporating
later simplifications due to Diamond [3] and Fujiwara [7]. In particular we re-
call an important freeness criterion for a certain module over a local complete
noetherian algebra over a p-adic ring. Various expositions of the freeness crite-
rion are now in the literature. Apart from the sources mentioned above see also
[15] and [22].

The statements of the results below follow the formulation of Fujiwara [7].
We start with some notation. Let F denote an arbitrary number field (this
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convention is only for this section). Let OF denote the ring of integers of F .
Fix an odd prime p and let O be the ring of integers in a finite extension of Qp.
Consider the set Q defined via

Q = {q ⊂ OF

∣∣ q prime, NF |Q(q) ≡ 1 (mod p)}. (2)

For each finite subset Q ⊂ Q, let

• ∆Q = the p-Sylow subgroup of
∏

q∈Q(OF /q)
×,

• O[∆Q] = the corresponding group algebra over O, and,

• aQ = the augmentation ideal of O[∆Q].

Definition 1 (Taylor-Wiles system) For each m = 1, 2, . . ., fix a finite sub-
set Qm ⊂ Q. A Taylor-Wiles system consists of a complete, noetherian, local
O-algebra R, and a collection of triples (Rm, Tm,Mm), indexed by m = 1, 2, . . .,
where

• Rm is a complete, noetherian, local O-algebra, with a map Rm ։ R,

• Tm is a complete, noetherian, local O-algebra, with a map Rm ։ Tm,

• Mm is a Tm-module,

satisfying:

• Rm (so also Tm) is an O[∆Qm ]-algebra, and,

• Rm/aQmRm
∼−→R.

Theorem 5 (Freeness Criterion) Let R, (Rm, Tm,Mm) be a Taylor-Wiles
system. Assume that the following conditions hold:

(TW1) If q ∈ Qm then NF |Q(q) ≡ 1 (mod pm),
(TW2) The cardinality of Qm is independent of m, say |Qm| = r for all m,
(TW3) Rm is generated by at most r elements as an O-algebra,
(TW4) As an O[∆Qm ]-module, Mm is free of finite rank s > 0 independent of m,
(TW5) ∃ R-module M : Mm/aQmMm = M , ∀m, as R-modules.

Then M is a free R-module.

Note that a Taylor-Wiles system yields a collection of diagrams

Rm // //

��
��

Tm

��

R End(Mm),
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which modulo the augmentation ideals of the O[∆Qm ] induce the diagrams

Rm/aQmRm // // Tm/aQmTm

��

R
πm

// End(Mm/aQmMm),

where πm is defined so that the above diagram commutes. (TW5) implies
that the kernel of πm : R → EndO(Mm/aQmMm) is independent of m. Let
T = R/ ker(πm) for any m.

Theorem 6 (Isomorphism criterion) Under (TW1-5) R is a complete in-
tersection ring which is free of finite rank over O. Moreover, the natural map

R ։ T

is an isomorphism. In particular M is a free T -module.

Proof. Theorems 5 and 6 were proved independently by Diamond [3] and Fu-
jiwara [7], building on the method of Taylor-Wiles-Faltings [25]. For Fujiwara’s
approach to the proofs of these theorems see [7] and [15]. Here we shall only
indicate how the freeness of M as a T -module follows from a result of Diamond
in [3].

Let A and B be power series rings over F in r variables and let n denote the
maximal ideal of A. Let S be an F-algebra and let H be a non-zero S-module
which is finite dimensional over F. Suppose that for each m = 1, 2, . . ., there
exist F-algebra homomorphisms φm : A→ B and ψm : B → S, a B-module Hm

and a B-linear homomorphism θm : Hm → H such that the following hold

(a) ψm is surjective and ψmφm(n) = 0,

(b) θm induces an isomorphism Hm/nHm → H,

(c) AnnA(Hn) = nm and Hm is free over A/nm.

Then, by Theorem 2.1 of [3], S is a complete intersection of dimension zero and
H is free over S.

To show how the freeness of M as a T -module follows from this result of
Diamond let ℘ be the maximal ideal of O. By (TW2) we get, for each m =
1, 2, . . . , a surjection A ։ F[∆Qm ] which maps n to the augmentation ideal
of F[∆Qm ] and which by (TW1) has kernel contained in nm. Set S = R/℘
and Sm = Rm/℘. Then (TW3) gives a surjection B ։ Sm for each m. Let
ψm : B ։ S be the composition of this map with the map Sm ։ S induced by
Rm ։ R. Define φm : A→ B so that the following diagram commutes

A // //

��

F[∆Qm ]

��

B // // Sm,

11



where the second vertical map is induced from the O[∆Qm ]-algebra structure
on Rm. Finally set H = M/℘ and Hm = Mm/(℘, n

m) and view these as B-
modules. Then (TW5) gives a map θm : Hm → H of B-modules. Now (a)
above holds since n maps to the augmentation ideal of F[∆Qm ] and aQm 7→ 0
under Rm ։ R. Condition (b) follows from (TW5) and (c) follows from (TW4).
By Theorem 2.1 of [3] we deduce that H is free over S. Since M is a torsion
free O-module by (TW5) we see that M is a free R-module. It follows that
R → End(M) is injective and therefore the map R ։ T is an isomorphism.
This shows that M is a free T -module. 2

4.2 Construction of a Taylor-Wiles system

In this section we shall construct a Taylor-Wiles system. We shall keep the
notation used in Sections 2 and 3. In particular F is a totally real field again
of degree d ≥ 2 and f ∈ Sk,IF (N, χ) is a primitive Hilbert modular form over F
of parallel weight (k, k, . . . , k).

Let S denote the finite set of primes of K fixed in [9]. More precisely

S = Sweight ∪ Slevel ∪ Selliptic ∪ SF ∪ S∂ ∪ Sinvariant, (3)

where

• Sweight =
{
℘

∣∣ p : p ≤ n = k − 2
}
,

• Slevel = {℘
∣∣ p : p

∣∣ NF/Q(N)},

• Selliptic = {℘
∣∣ p : Q(µp)

+ ⊂ F}, where Q(µp)
+ is the maximal totally

real subfield of the pth cyclotomic field Q(µp),

• SF = {℘
∣∣ p : p

∣∣DF · hF }, where DF is the discriminant of F and hF is
the class number of F ,

• S∂ is the primes of torsion in the boundary cohomology groups (see [9,
Section 3.3]), and,

• Sinvariant is as in [9, Remark 6] when d is even and n = 0.

Let ℘ be a prime of K outside S. Let p denote the residue characteristic of ℘.
In particular since ℘ /∈ Selliptic we have that p ≥ 5.

Assume that f is ordinary at p and that the mod ℘ representation ρf at-
tached to f satisfies (p− dist) and (ai(F ∗)). Let us take the p-adic ring O fixed
in the previous section to be O = O℘, the ring of integers in K℘. Let R be the
universal deformation ring for deformations of ρf to complete noetherian local
O℘-algebras of type Q = ∅ described in Section 3.2.

Let Q denote the set of primes of F as in (2). Let Q ⊂ Q denote a finite
non-empty subset of Q which does not meet N and such that (regq) holds for
each q ∈ Q. Let RQ denote the universal deformation ring corresponding to

12



deformations of ρf of type Q described in Section 3.2. By the universality of
RQ and the fact that R is a deformation of type Q we obtain a map

RQ → R.

Let q ∈ Q. Let Iq denote the inertia subgroup at q. A theorem of Faltings
(whose proof is analogous to Theorem 3.32 in [15]) says that there is a character
δq : Iq → R×

Q (depending on a choice of an eigenvalue of ρf (Frobq)) such that

the restriction of the universal deformation ρQ : Gal(Q/F ) → GL2(RQ) of type
Q to Iq has the following shape:

ρQ|Iq =

(
δ−1
q 0
0 δq

)
.

Since ρf is unramified at q we have

δq(Iq) ⊂ 1 + mRQ .

On the other hand since 1+mRQ is a pro-p group and ρf |Dq is abelian (see page
124 of [15]) δq factors through the image of Iq in the maximal pro-p quotient
of Dab

q which is isomorphic to ∆q, the p-Sylow subgroup of (OF /q)
×, by local

class field theory. Via the map

∆Q =
∏

q∈Q

∆q

Q

δq−→ R×
Q

RQ is naturally an O℘[∆Q]-module. We now have the following easy proposition
(see page 126 of [15] for the proof):

Proposition 1 The natural map RQ → R induces an isomorphism

RQ/aQRQ
∼−→R.

where aQ is the augmentation ideal of O℘[∆Q].

Let KQ = K0(N)∩K1(Q). Let Sk,IF (N∩Q,χ) denote the set of holomorphic
cusp forms with respect to KQ. Then there is a natural inclusion map

Sk,IF (N, χ) →֒ Sk,IF (N ∩Q,χ). (4)

Let hk(N, χ,O℘) denote the subalgebra of End(Sk,IF (N, χ)) generated by all
the Hecke operators. Similarly let hk(N ∩ Q,χ,O℘) denote the subalgebra of
End(Sk,IF (N ∩ Q,χ)) generated by all the Hecke operators. These algebras
contain the diamond operators outside the level (see page 314 of [12] for the
definition of these operators).

Let F denote the residue field of O℘. The primitive form f considered as a
mod ℘ modular form determines an algebra homomorphism

hk(N, χ,O℘) → F

13



and therefore a maximal ideal m of hk(N, χ,O℘). Let

T = hk(N, χ,O℘)m

denote the localization of hk(N, χ,O℘) at m.
Since the map (4) is not Hecke equivariant at the primes q ∈ Q there is no

natural map hk(N ∩Q,χ,O℘) → hk(N, χ,O℘). However a standard procedure
allows one to choose a maximal ideal mQ of hk(N∩Q,χ,O℘), the choice depend-
ing on that of the eigenvalues in the definition of the δq for q ∈ Q, such that for
a prime ℘′|℘ in a suitable finite extension of K the associated mod ℘′ eigenform
in Sk,IF (N ∩ Q,χ) is congruent to f outside Q. Let TQ be the localization of
hk(N ∩Q,χ,O℘) at mQ:

TQ = hk(N ∩Q,χ,O℘)mQ .

Hida theory combined with the theory of pseudo-deformations shows that TQ
(up to a possible twist to get the determinant right) is a solution to the defor-
mation problem for ρf of type Q described in Section 3.2. By the universality
of the deformation ring RQ we obtain a map

RQ → TQ.

Note that TQ is naturally an O℘[∆Q]-module via the action of the diamond
operators. One may check that the above map is actually a map of O℘[∆Q]-
algebras.

We now define an O℘[∆Q]-module MQ attached to Q. Let C denote the
group of complex conjugations. The group C has cardinality 2d with d = [F : Q]

and has a natural action on cohomology. Let Ĉ denote the group of characters
of C and fix ǫ ∈ Ĉ. When n > 0 or d is odd set

MQ = Hd
p,ord(Y (KQ),L(n, χ,O℘))[χ, ǫ]mQ .

ThusMQ is a suitable localization of the ordinary part of the middle dimensional
parabolic cohomology group of the Hilbert Blumenthal variety of level KQ =
K0(N) ∩ K1(Q). Let us point out a small abuse of notation in the definition of
MQ. Since the Hecke algebra hk(N ∩Q,χ,O℘) does not necessarily act on the
cohomology group used to define MQ we should really localize at a pre-image
m̃Q of mQ in an abstract Hecke algebra. However for notational convenience we
do not do this. This abuse of notation will occur in the sequel frequently (for
instance in the definition of M below). As for the notation in square brackets,
we take the χ-eigenspace under the action of the strict class group of F (note ℘
is prime to the strict class number of F since ℘ /∈ SF ⊂ S and ℘ 6

∣∣ 2). Similarly
we take the direct sum of the ǫ and −ǫ eigenspaces under the action of C (note
℘ 6

∣∣ 2). MQ is well defined since ℘ /∈ Selliptic ⊂ S (cf. Section 3.1 [9]). When
n = 0 and d is even we define MQ as above except that we take the cuspidal
cohomology instead of parabolic cohomology (cf. [9, Remark 6]). We remark
that MQ is naturally a TQ-module and therefore also an O℘[∆Q]-module.

14



Finally if either n > 0 or d is odd set

M = Hd
p,ord(Y (N),L(n, χ,O℘))[χ, ǫ]m.

If n = 0 and d is even we define M as above except that again we take cuspidal
cohomology instead of parabolic cohomology.

For each m ∈ N consider the subset Q(m) ⊂ Q defined by

Q(m) =
{
q ∈ Q

∣∣ NF/Q(q) ≡ 1 mod pm and ρf satisfies (regq)
}
.

Let L be the splitting field of the projective image of ρf . Then Q(m) consists
of those primes q of F such that Frobq ∈ Gal(L(µpm)/F ) fixes F (µpm) and has
order dividing p. The Chebotarev density theorem shows that if ρf satisfies
(ai(F ∗)) then there are infinitely many primes in Q(m). For each m ∈ N choose
a non-empty finite subset Qm ⊂ Q(m). Let Rm, respectively Tm, respectively
Mm denote the objects RQ, respectively TQ, respectively MQ defined above for
Q = Qm. Then R, (Rm, Tm,Mm),m ∈ N is a Taylor-Wiles system in the sense
of Definition 1.

Note that Qm satisfies (TW1) for all m ∈ N. In the next subsection we
shall show that the Qm can be chosen to satisfy (TW2) and (TW3) as well
under certain simplifying assumptions on the weight and level; that is we shall
show that we may choose the sets Qm to have a common cardinality r with the
property that Rm is generated as an O℘-algebra by at most r elements. When
F is a real quadratic field (so d = 2) we will show that this Taylor-Wiles system
satisfies (TW4) and (TW5) as well (under the additional assumption that the
strict class number of F is one and a certain vanishing assumption on boundary
cohomology groups). Theorems 5 and 6 will yield that

R
∼−→ T,

and that M is a free T -module.

4.3 (TW1), (TW2) and (TW3)

In this section we show that (TW1), (TW2) and (TW3) can be made to hold
for the Taylor-Wiles system constructed in Section 4.2 when the level N = 1
and when the weight k 6= 2, p + 1 (see the condition (Sel) below). We borrow
heavily from the original Galois cohomological arguments of Wiles [27] which
continue to apply in the Hilbert modular setting with some minor modifications.
We have also benefited greatly from the exposition of this part of Wiles’ work
in Chapter 3 of Hida [15].

Fix m ∈ N and let Q stand for the subset Qm ⊂ Q(m) chosen at the end of
Section 4.2. Denote by FQ∪{p} the maximal extension of F unramified outside
the primes of F dividing p and the primes in Q. Let GQ = Gal(FQ∪{p}/F ).

Let W = Ad0(ρf ) be the three dimensional GQ-module over F, arising from
the adjoint representation on the 2 by 2 matrices over F of trace 0.
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For each q ∈ Q ∪ {p
∣∣ p} let Bq be an F-subspace of H1(Dq,W ). We define

the Selmer group attached to the GQ-module W and the local conditions Bq,
for q ∈ Q ∪ {p

∣∣ p}, as follows. Set

SelQ(W ) := β−1
Q




∏

q∈Q∪{p|p}

Bq



 ,

where βQ is the natural restriction map:

βQ : H1(GQ,W ) −→
∏

q∈Q∪{p|p}

H1(Dq,W ).

Here Dq is the decomposition group at q inside Gal(F/F ).
Consider the following local conditions in the definition of the Selmer group:

• Bq = H1(Dq,W ), for each q ∈ Q, and,

• Bp is given by

Bp = ker
(
H1(Dp,W ) → H1(Ip,W/W0)

)
,

for each p
∣∣ p, where W0 is the sub-representation of W consisting of ma-

trices of the form ( 0 ⋆
0 0 ) with respect to a basis such that ρf |Dp =

(
δp ∗
0 ǫp

)

for p
∣∣ p.

Lemma 1 Let RQ denote the universal deformation ring corresponding to Q =
Qm. Let tQ = mRQ/(m

2
RQ

+ mO℘RQ) be the cotangent space of RQ. Then with
the choice of local conditions Bq as above, we have

tQ
∼−→ SelQ(W ).

In particular the number of generators of RQ as an O-algebra = dim SelQ(W ),
the dimension of SelQ(W ) over F.

Proof. This is well known (see, for instance, [15], Lemma 3.38). 2

Consider the Selmer group attached to the dual representation of W defined
as follows. Set W ∗ = HomF(W,F) and set W ∗(1) = W ∗ ⊗F µp. (In our case
since W ⊂ M2(F), the non-degenerate pairing (X,Y ) 7→ Tr(XY ) shows that
W ∗ ∼−→W . Thus we have W ∗(1)

∼−→W (1)). Here is the first of the well known
facts in Galois cohomology that we shall need and that we simply state without
proof:

Fact: Local Tate duality. (See [15], Theorem 4.43). There is a natural
duality between

H2−r(Dq,W ) and Hr(Dq,W
∗(1)) = Hr(Dq,W (1)) (5)
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for r = 0, 1, 2.

For an arbitrary subspace Bq ⊂ H1(Dq,W ), for q ∈ Q ∪ {p
∣∣ p}, let B⊥

q ⊂
H1(Dq,W

∗(1)) denote the orthogonal compliment of Bq under the pairing of
(5). Define the Selmer group SelQ(W ∗(1)) with respect to the subspaces B⊥

q as
follows. For the restriction map

β∗
Q : H1(GQ,W

∗(1)) −→
∏

q∈Q∪{p|p}

H1(Dq,W
∗(1)),

let us set

SelQ(W ∗(1)) := β∗
Q
−1




∏

q∈Q∪{p|p}

B⊥
q



 .

Note that for the Bq chosen as above we have B⊥
q = 0 if q ∈ Q. We now

quote the following fact:

Fact: Poitou-Tate exact sequence. (See [15], Theorem 4.50). For each
q ∈ Q ∪ {p

∣∣ p}, let Bq be an arbitrary subspace of H1(Dq,W ). Then, there is
an exact sequence

0 → SelQ(W ) → H1(GQ,W ) →
∏

q∈Q∪{p|p}

H1(Dq,W )

Bq

→ SelQ(W ∗(1))∗

→ H2(GQ,W ) →
∏

q∈Q∪{p|p}

H2(Dq,W ) → H0(GQ,W
∗(1))∗ → 0.

We now claim

H0(GQ,W ) = 0 = H0(GQ,W
∗(1))∗. (6)

To see this suppose that W has a one dimensional subspace on which GQ acts by
a character, say φ. Any non-zero element of this subspace may be viewed as an
endomorphism of V (ρf )

∼
= F

2. This element cannot be a scalar since it has trace
zero and p > 2. By Schur’s lemma we deduce that ρf is not absolutely irreducible
when restricted to ker(φ). Thus either ρf is not absolutely irreducible over F or
φ is a quadratic character. Now if φ is trivial then ρf is not absolutely irreducible
over F , contradicting (ai(F ∗)), and so the first equality in (6) must hold. On
the other hand if φ is the restriction of ω−1

p (the inverse of the Teichmüller
character) to GQ, then the fixed field of ker(φ) is F (µp) so that [F (µp) : F ] = 2.
This forces Q(µp)

+ ⊂ F which is a contradiction since ℘ /∈ Selliptic. Thus the
second equality in (6) also holds.

We now need the following formula:

Fact: Global Euler characteristic formula. (See [15], Theorem 4.53).

dim H0(GQ,W ) − dim H1(GQ,W ) + dim H2(GQ,W ) =
∑

ν|∞

(
dim H0(Gal(F ν/Fν),W ) − dimW

)
. (7)
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Let cν denote a complex conjugation at ν. Since det ρf (cν) = −1, we have

ρf (cν) ∼
(

1 0
0 −1

)
, so that the eigenvalues of cν on W are −1,+1,−1. This means

that the value of the expression on the RHS of (7) is d times 1− 3 = −2, where
d = [F : Q] is the number of infinite places of F .

Now let us assume that we have made the choice of the local conditions at
q ∈ Q ∪ {p

∣∣ p}, as mentioned above. Set

dQ = dim SelQ(W ) − dim SelQ(W ∗(1)).

For p
∣∣ p, let

hp = dim H0(Dp,W
∗(1)) − dim

H1(Dp,W )

Bp

.

and let hp =
∑

p|p hp. By the Poitou-Tate exact sequence, the global Euler

characteristic formula, local Tate duality, and (6), we have:

dQ = hp + 2d+
∑

q∈Q

dim H0(Dq,W
∗(1)). (8)

Since ℘ 6∈ SF ⊂ S the prime p is unramified in F . For each prime p of F
lying over p let fp denote the residue degree of p. We now impose an additional
condition (recall we have already assumed that N = 1 so that the finite order
character associated to χ is trivial):

(Sel) det ρf = νk−1
p with k 6≡ 2 (mod p− 1).

Since ℘ /∈ Sweight = {℘|p : p ≤ k− 2} ⊂ S, the assumption (Sel) is equivalent to
requiring that k 6= 2, p+ 1. We now have the following key proposition:

Proposition 2 Assume that (Sel) holds. We have

1. hp + 2fp ≤ 0, for all p|p.

2. dim H0(Dq,W
∗(1)) = 1, for all q ∈ Q.

Proof. Since cd(Dp) = 2, the exact sequence

0 →W0 →W →W/W0 → 0,

yields the following long exact sequence in cohomology:

0 → image(u) → H1(Dp,W/W0) → H2(Dp,W0) → H2(Dp,W ) → H2(Dp,W/W0) → 0,

where u is the map defined by

u : H1(Dp,W ) → H1(Dp,W/W0).

Thus we have

dim image(u) = dim H1(Dp,W/W0) − dim H2(Dp,W0)

+dim H2(Dp,W ) − dim H2(Dp,W/W0).
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Now consider the following commutative diagram

H1(Dp,W )

u

��

δ

((Q

Q

Q

Q

Q

Q

Q

Q

Q

Q

Q

Q

Q

0 // H1(Dp/Ip, (W/W0)
Ip) // H1(Dp,W/W0) // H1(Ip,W/W0)

Dp // 0,

where the bottom row comes from the inflation-restriction sequence, and the
map δ is defined by the triangle above. By the definition of the Selmer group,

hp = dim H0(Dp,W
∗(1)) − dim image(δ).

In any case we see that

dim image(δ) ≥ dim image(u) − dim H1(Dp/Ip, (W/W0)
Ip).

But

H1(Dp/Ip, (W/W0)
Ip)

∼−→ (W/W0)
Ip/(Frobp − 1)(W/W0)

Ip .

Moreover there is an exact sequence

0 → H0(Dp/Ip, (W/W0)
Ip) → (W/W0)

Ip
Frobp−1

−→ (W/W0)
Ip → H1(Dp/Ip, (W/W0)

Ip) → 0.

This shows that

dim H1(Dp/Ip,W/W0)
Ip = dim H0(Dp/Ip,W/W0)

Ip = dim H0(Dp,W/W0).

Putting things together we get:

dim image(δ) ≥ dim H1(Dp,W/W0) − dim H2(Dp,W0) + dim H2(Dp,W )

−dim H2(Dp,W/W0) − dim H0(Dp,W/W0).

One last formula we need is the following:

Fact: Local Euler characteristic formula. (See [15], Theorem 4.52).

−dim H0(Dp,W/W0) + dim H1(Dp,W/W0) − dim H2(Dp,W/W0)

= dim(W/W0) · fp = 2fp.

Using it we see that:

hp = dim H0(Dp,W
∗(1)) − dim image(δ)

≤ dim H0(Dp,W
∗(1)) − 2fp + dim H2(Dp,W0) − dim H2(Dp,W )

= −2fp + dim H0(Dp,W
∗
0 (1)),

where the last equality follows by local Tate-duality (applied twice: once for W
and once for W0).
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We now claim that the condition (Sel) implies that H0(Dp,W
∗
0 (1)) = 0. Part

1) of the proposition then follows immediately. To see this note that by (Sel)
we may write

ρf |Ip =

(
ωk−1
p ∗
0 1

)
,

where ωp is the Teichmüler character. Since

(
ωk−1
p ∗
0 1

)(
0 ⋆
0 0

)(
ωk−1
p ∗
0 1

)−1

=

(
0 ωk−1

p ⋆
0 0

)

we see that Ip acts on W0 by ωk−1
p , and therefore on W ∗

0 (1) by ω2−k
p . The

condition (Sel) then shows that H0(Dp,W
∗
0 (1)) = 0.

As for part 2) note that q ∈ Q implies that NF |Q(q) ≡ 1 mod p, so W ∗(1) =
W (1) = W . Consequently since the eigenvalues of Frobq on W are ᾱq/β̄q, 1,
and β̄q/ᾱq, and ᾱq 6= β̄q by (regq), we see that dim H0(Dq,W

∗(1)) = 1. 2

Corollary 1

dQ ≤ |Q|.

Proof. By Proposition 2 we have hp =
∑

p|p hp ≤ −2d since
∑

p|p fp = d. The

corollary then follows immediately from equation (8). 2

Let

r := dim Sel∅(W
∗(1))

be the dimension of the Selmer group when Q = ∅. Our next objective is to
show that we may choose Q = Qm ⊂ Q(m) such that |Q| = r and so that
SelQ(W ∗(1)) = 0. Lemma 1 and Corollary 1 will then show that this Q satisfies
(TW1 - 3). Indeed, since SelQ(W ∗(1)) = 0, we see that dQ = dim tQ, and so
RQ is generated by at most r elements as an O℘-algebra.

Proposition 3 There are infinitely many sets Q ⊂ Q(m) such that

1. |Q| = r = dim Sel∅(W
∗(1)), and,

2. SelQ(W ∗(1)) = 0.

Proof. Recall that Q ⊂ Q(m) was an arbitrarily chosen non-empty subset of
Q(m). Since B⊥

q = 0 for all q ∈ Q, we have

SelQ(W ∗(1)) ⊂ kerβ′
Q

where

β
′

Q : H1(GQ,W
∗(1)) −→

∏

q∈Q

H1(Dq,W
∗(1))
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is the map obtained from β∗
Q by ignoring the restriction at all the primes p|p.

Let K0 be the fixed field of ker ρf . Let hQ = Gal(FQ∪{p}/K0(µp)) ⊂ GQ.
When Q = ∅, we write G (respectively h) for GQ (respectively hQ). Let us also
set G = Gal(K0(µp)/F ).

We claim that kerβ′
Q ⊂ kerβ†

Q where

β†
Q : H1(G∅,W

∗(1)) −→
∏

q∈Q

H1(Dq,W
∗(1)).

To see this suppose that f ∈ kerβ′
Q. Then the restriction of f to hQ is a

homomorphism hQ → W ∗(1) which is locally trivial at all q ∈ Q. In particular
this homomorphism factors through h. This shows that f itself is trivial on
Gal(FQ∪p/F p) so that f ∈ kerβ†

Q.

We now show that when the cardinality of |Q| is sufficiently large, β†
Q is

injective. After what we have said above, we see that this will force SelQ(W ∗(1))
to vanish (when |Q| is sufficiently large).

The following lemma is an easy modification of the corresponding lemma in
[27]:

Lemma 2 If ℘ 6∈ Selliptic then

H1(G,W (1)) = 0.

Proof. If p 6
∣∣ |image(ρf )|, then p 6

∣∣ [K0 : F ], and so p 6
∣∣ |G| as well. Since W (1)

is a p-group, the lemma follows in this case.
So let us assume that p

∣∣ |image(ρf )|. The inflation-restriction sequence
yields

0 → H1(Gal(K0/F ),W (1)Gal(K0(µp)/K0)) → H1(G,W (1))

→ H1(Gal(K0(µp)/K0),W (1)) = 0,

where the last group vanishes since K0(µp)/K0 is a prime to p extension. Now
Gal(K0(µp)/K0) fixes W element wise, so if Gal(K0(µp)/K0) 6= 1 we see that
W (1)Gal(K0(µp)/K0) = 0, and the lemma follows again in this case. Thus we may
assume that K0(µp) = K0.

Let Z be the center of G = Gal(K0/F ). Again we have the inflation-
restriction sequence

0 → H1(G/Z,W (1)Z) → H1(G,W (1)) → H1(Z,W (1)) = 0,

where, as before, the last group vanishes since p 6
∣∣ |Z|. Since ρf is absolutely

irreducible we see that Z, considered as a subgroup of GL2(F), consists of scalar
matrices. This means that Z acts trivially on W . If Z acts non-trivially on µp
we have W (1)Z = 0, and we get that H1(G,W (1)) = 0 and again the lemma
follows. So we may assume that Z acts on µp trivially.

In this case we see that Gal(F (µp)/F ) is a quotient of G/Z. Now G/Z
is not contained in a Borel subgroup by the absolute irreducibility hypothesis
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(ai(F ∗)). By a general result about subgroups of PGL2(F) we conclude that
G/Z is isomorphic to PGL2(k) or PSL2(k) for some finite field k ⊂ F (see [15],
page 146). But this is a contradiction, since the latter group is simple since
p ≥ 5, and the former group has only one normal subgroup of index 2, and
[F (µp) : F ] > 2 since ℘ /∈ Selliptic. 2

Let us return to the proof of Proposition 3. By Lemma 2, the inflation-
restriction sequence yields:

0 = H1(G,W (1)) → H1(G,W (1))
ι→ H1(h,W (1))G = HomG(h,W (1)).

Now fix 0 6= x ∈ kerβ†
Q, and let fx : h → W (1) be the image of x under ι.

The image of ρf in PGL2(F) either has cardinality divisible by p, or is dihedral,
or is isomorphic to one of the groups A4, S4 or A5. Suppose momentarily that
this image is not dihedral.

Lemma 3 Suppose that the image of ρf in PGL2(F) is of order divisible by p
or is isomorphic to one of the groups A4, S4 or A5. Then there is an element
σ ∈ G such that

(1) ρf (σ) has order ℓ, where ℓ ≥ 3 is prime to p, and,

(2) σ fixes F (µpm) (so det ρf (σ) = 1).

Proof. This is [27], Lemma 1.10; see also [15], Lemma 3.43. The proof uses
results of Dickson. 2

We claim that we may additionally assume that

(3) fx(σ
ℓ) 6= 0.

To see this let L be the fixed field of the kernel of fx. Then the group X =
Gal(L/K0(µp)) is abelian of exponent p. We have the exact sequence

0 → X → Gal(L/F ) → G→ 0.

Note that G acts on X via conjugation and fx : X → W (1) is an injective
morphism of G-modules. Now let σ′ satisfy the conditions (1) and (2) above.
Then Ad(ρf )(σ

′) has three distinct eigenvalues on W and therefore on X and
one of them is equal to 1. Write

X = X[1] ⊕X ′,

where σ′ = 1 on X[1] and σ′ − 1 is an automorphism of X ′. Arguing as on [27,
page 523] we may assume that fx(X[1]) 6= 0. Thus we may choose an element
τ ∈ X[1] such that fx(τ) 6= 0.

By (6) we see that W (1)G = 0 so that XG = 0. On the other hand G acts
trivially on Gal(K0(µpm)/K0(µp)). Thus the fields L and K0(µpm) are linearly
disjoint over K0(µp). Set

τ ′ := 1 × τ ∈ Gal(K0(µpm)/K0(µp)) × Gal(L/K0(µp)) = Gal(L(µpm)/K0(µp)).
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Since τ ∈ X[1], τ ′ commutes with σ′ in Gal(L(µpm)/F ). Then, noting that

σ′ℓ ∈ X, we have

fx((τ
′σ′)ℓ) = fx(τ

′ℓσ′ℓ) = ℓfx(τ
′) + fx(σ

′ℓ).

Since ℓ is prime to p, ℓfx(τ
′) 6= 0, and so one of τ ′σ′ or σ′ satisfies (1), (2) and

(3) above. This proves the claim.
Now choose a prime q 6∈ Q such that Frobq = σ in Gal(L(µpm)/F ). Then

the fact that fx(Frobℓq) 6= 0 implies that β†
Q∪{q}(x) 6= 0. By (2) we see that

NF |Q(q) ≡ 1 mod pm. Further (1) and (2) imply that the characteristic roots α

and β of ρf (σ) satisfy αβ = 1 and hence are primitive ℓth roots of unity. Since

ℓ ≥ 3 we have α 6= β. This shows that

Q ∪ {q} ⊂ Q(m).

We have shown that for 0 6= x ∈ kerβ†
Q there is a prime q 6∈ Q such that

Q ∪ {q} ⊂ Q(m) and β†
Q∪{q}(x) 6= 0. Iterating this statement we may enlarge

Q sufficiently so that that Q ⊂ Q(m) and β†
Q is injective. We now have

0 = SelQ(W ∗(1)) ⊂ Sel∅(W
∗(1)) ⊂ H1(G∅,W

∗(1))
β†
Q−→

∏

q∈Q

H1(Dq,W
∗(1)).

By the local Euler characteristic formula dim H1(Dq,W
∗(1)) > 0. In fact by

this formula dim H1(Dq,W
∗(1)) = dim H0(Dq,W

∗(1)) + dim H2(Dq,W
∗(1)) =

1 + 1 = 2, where H0 is computed using Proposition 2 and H2 is computed
using the same proposition by first using local Tate duality and the fact that
as a Dq-module W

∼−→W ∗(1). We may now remove primes from Q, one at a

time, preserving the injectivity of β†
Q, until we reach |Q| = r. Thus we can

find a Q as claimed in the statement of Proposition 3. The fact that we can
find infinitely many such Q′s is not needed but it follows from the Chebotarev
density theorem.

(We thank the referee for clarifying the following points which had confused

us. The target of the map β†
Q is slightly different from

∏
q∈Q H1(Dq/Iq,W

∗(1)),
which was the target of the map on [25, page 567, line 15] used in the original
Taylor-Wiles argument. There, the dimension of each term H1(Dq/Iq,W

∗(1))
was 1, and not 2. The first point to note here is that the argument goes through
as long as the target has the form

∏
q∈QAq, with dimAq > 0. The second

point is that the above target is not in fact substantially different from the one
given in [25]. Indeed, since NF |Q(q) ≡ 1 mod p, we see that W ∗(1) = W as a
Dq-module, and then the first part of the inflation-restriction sequence

0 → H1(Dq/Iq,W ) → H1(Dq,W ) → H1(Iq,W )Dq

shows that we are simply working with a slightly larger space. Moreover, the
first cohomology group is isomorphic to W/(Frobq − 1)W , which is indeed one-
dimensional by (regq), and the last cohomology group is just HomDq(Itame

q ,W ),
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easily seen to be W 〈Frobq〉, and so is again one-dimensional by (regq). All of
this matches with our earlier computation showing that the middle cohomology
group is two-dimensional.)

If the image of ρf in PGL2(F) is dihedral then we can still proceed as follows.

Lemma 4 Suppose that ρf satisfies (ai(F ∗)). If the image of ρf in PGL2(F) is

dihedral then for any irreducible Galois stable subspace Y of W ⊗ F̄ there exists
an element σ ∈ G such that

(1) the image of ρf (σ) in PGL2(F) is non-trivial,

(2) σ fixes F (µpm), and,

(3) σ has an eigenvalue 1 on Y .

Proof. This is essentially Lemma 1.12 in [27], due to Taylor. 2

One may now pick σ ∈ G satisfying the first two conditions of the lemma, and
by the third condition of the lemma, we may assume in addition that fx(σ

ℓ) 6= 0
where ℓ is the order of ρf (σ) (note ℓ is prime to p). The argument now proceeds
as before finishing the proof of Proposition 3. 2

4.4 A vanishing theorem

Let F be, as usual, a totally real field of degree d > 1 and OF the ring of integers
of F . Let Γ ⊂ SL2(OF ) be an arithmetic subgroup. In fact we shall assume
that

Γ = Γ0(N) ∩ Γ1(Q)

where Q ⊂ Q is a finite set of primes of F as in previous sections and Γ1(Q)
denotes the obvious congruence subgroup (we are using Q to denote both the
set and the ideal consisting of the product of primes in this set).

The aim of this section is to prove the following vanishing theorem for the
ordinary part of the first degree parabolic cohomology group of Γ with divisible
coefficients. The hypotheses imposed in the theorem are sufficient to treat the
case of level N = 1. The proof uses the congruence subgroup property for Γ
(see [21]) and was partly inspired by Buecker [1] where a similar theorem was
proven in the case of GSp4/Q.

Theorem 7 Let F be a totally real field of degree d > 1 of strict class number
1. Let p > 3 and assume p is unramified in F . Assume that N is square free and
that NQ is prime to 6. When n = 0 assume that p does not divide |(OF /N)×|.
If n > 0 assume that the finite order character χN associated to χ is trivial.
Then

H1
p,ord(Γ, L(n, χ,K℘/O℘)) = 0.
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Proof. First assume that n = 0. Then it suffices to show that

H1(Γ,K℘/O℘) = 0.

Let f : Γ → K℘/O℘ ∈ H1(Γ,K℘/O℘). Then f factors through Γ/Γ′ where Γ′

is the commutator subgroup of Γ. We claim that Γ′ ⊂ Γ1(N)∩Γ(Q) with finite
index divisible only by primes dividing 6. Indeed locally for a place v of F an
elementary computation using matrices shows that the commutator subgroup of
Γ0(v) is Γ1(v) and similarly the commutator subgroup of Γ1(v) is the principal
congruence subgroup Γ(v). It is also well known that SL2(OFv ) is perfect for v
prime to 6 and that for v|6 the index of the commutator subgroup is divisible
at most by primes dividing 6. Using these facts along with the hypothesis
that NQ is square free and prime to 6 the claim follows using the congruence
subgroup property due to Serre [21]. On the other hand [Γ : Γ1(N) ∩ Γ(Q)]
divides [Γ0(N) : Γ1(N)] · [Γ1(Q) : Γ(Q)]. Thus [Γ : Γ′] is prime to p since p is
prime to 6, p does not divide [Γ0(N) : Γ1(N)] = |(OF /N)×| by hypothesis, and
neither does it divide [Γ1(Q) : Γ(Q)] = NF |Q(Q) since NF |Q(q) ≡ 1 mod p for
each q ∈ Q. We conclude that f = 0 proving the theorem in the case n = 0.

Now assume that n > 0. Since the finite order character χN associated to χ
is trivial [14, Theorem 7.2] shows that

H1
p,ord(Γ, L(n, χ,K℘/O℘))

∼
= H1

p,ord(Γ ∩ Γ0(p), L(n, χ,K℘/O℘)).

Here and below we continue to write χ in the Γ-module L(n, χ,K℘/O℘) even
though χN is trivial. Let us change notation and replace N · p ·Q by N. Then
it suffices to show that

H1
p,ord(Γ, L(n, χ,K℘/O℘)) = 0 (9)

where Γ1(N) ⊂ Γ ⊂ Γ0(N) with N divisible by pOF . Note that the hypotheses
made in the theorem imply that we may assume N is square free and prime to
6.

Let π denote a uniformizer for O℘. The exact sequence of Γ-modules

1 → L(n, χ,
1

π
O℘/O℘) → L(n, χ,K℘/O℘)

π−→ L(n, χ,K℘/O℘) → 1

induces the following diagram with exact rows

H1(Γ, L(n, χ, 1

π
O℘/O℘)) //

��

H1(Γ, L(n, χ,K℘/O℘))
π

//

��

H1(Γ, L(n, χ,K℘/O℘))

��

H1
∂(Γ, L(n, χ, 1

π
O℘/O℘)) // H1

∂(Γ, L(n, χ,K℘/O℘))
π

// H1
∂(Γ, L(n, χ,K℘/O℘)).

Here the notation H1
∂ means boundary cohomology group and the vertical maps

are given by restriction. By considering the kernels of the vertical maps and not-
ing that the above diagram is equivariant for the action of the Hecke operators
(for which see [13, pages 288-89]) we obtain the following exact sequence:

H1
p,ord(Γ, L(n, χ,

1

π
O℘/O℘)) → H1

p,ord(Γ, L(n, χ,K℘/O℘))
π

−→ H1
p,ord(Γ, L(n, χ,K℘/O℘)).
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Since every element of H1
p,ord(Γ, L(n, χ,K℘/O℘)) is πs-torsion for some s we see

that to show (9) it suffices to show that

H1
p,ord(Γ, L(n, χ,

1

π
O℘/O℘)) = 0. (10)

Recall that we have assumed that the strict class number of F is 1. Consider
the Hecke operator

Tp =
[
Γ

(
p 0
0 1

)
Γ
]
.

It is well known that one can decompose

Γ
(
p 0
0 1

)
Γ =

⋃

u

αuΓ

where u varies over a set of representatives of OF /p and where

αu = ( p u0 1 ) .

For each γ ∈ Γ there is a unique γu ∈ Γ such that γαu = αvγu where v depends
on u. The action of Tp on a cocycle f : Γ → L is given by the following formula

Tp(f)(γ) =
∑

u

αv · f(γu). (11)

Now consider the exact sequence

1 → Γ1(N) → Γ → Γ/Γ1(N) → 1.

The corresponding inflation-restriction sequence yields the following exact se-
quence in cohomology

0 → H1(Γ/Γ1(N), LΓ1(N)) → H1(Γ, L) → H1(Γ1(N), L) (12)

where we have set L = L(n, χ, 1
πO℘/O℘) = L(n, χ,F) for F the residue field of

O℘. This allows us to break our analysis of the cohomology into two further
parts namely the ‘toral part’ and the ‘unipotent part’. We deal with the ‘toral
part’ first. Below, for a group G, a normal subgroup N and a G-module A we
sometimes identify H1(G/N,AN ) with its image in H1(G,A) under

Inf : H1(G/N,AN ) →֒ H1(G,A).

Lemma 5 We have

H1
ord(Γ/Γ1(N), LΓ1(N)) = 0.

Proof. Let f : Γ/Γ1(N) → LΓ1(N) be a cocycle. Then γu and γ have the same
toral part so that γu ≡ γ mod Γ1(N). In particular f(γu) = f(γ) for all u. So
(11) shows

Tp(f)(γ) =
∑

u

αv · f(γ). (13)
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In particular the restriction of Tp(f) to Γ1(N) is trivial so that the class of
Tp(f) lies in H1(Γ/Γ1(N), LΓ1(N)). Thus Tp preserves this last space and it
makes sense to speak of its ordinary part.

Recall that L consists of polynomials over F in the pairs of variables (Xσ, Yσ)
as σ varies through the embeddings of F into K which are homogeneous of
degree n in each pair (Xσ, Yσ). Further the action of a matrix δ ∈ M2(OF )
on P (Xσ, Yσ) is given by replacing (Xσ, Yσ)

t by (δσ)ι · (Xσ, Yσ)
t where (δσ)ι =

det(δσ) ·(δσ)−1. Since f takes values in the Γ1(N)-invariants, f(γ) = P (Xσ, Yσ)
has no terms that are pure monomials in the Xσ. It follows that αv kills f(γ)
since for each σ, Yσ get replaced by pYσ, which vanishes since we are working
in characteristic p. Thus the formula (13) shows that Tp(f) = 0. 2

It remains to consider the ‘unipotent part’. We have:

Lemma 6

H1
p,ord(Γ1(N), L) = 0.

Proof. Consider the map i : L → F defined by picking out the coefficient
of the monomial which is pure in the Xσ (equivalently by setting all Yσ = 0).
Putting the trivial action of Γ1(N) on F one easily checks that the map i is
Γ1(N)-equivariant. Hence one has an exact sequence

H1
p(Γ1(N), ker(i)) → H1

p(Γ1(N), L) → H1
p(Γ1(N),F)

Clearly ker(i) is spanned by monomials that have at least one Yσ in them. One
sees therefore that the αv preserve ker(i) so that Tp acts on H1(Γ1(N), ker(i)).
In fact an argument identical to that in the proof of Lemma 5 shows that Tp
kills this space. It follows that

H1
p,ord(Γ1(N), L) →֒ H1

p,ord(Γ1(N),F)

and so to prove the lemma it suffices to show that H1
p,ord(Γ1(N),F) = 0.

In fact we show H1
p(Γ1(N),F) = 0. We first claim that the commutator

subgroup of Γ1(N) is contained in the principal congruence subgroup Γ(N) with
index divisible only by primes dividing 6. Indeed as we have already remarked
locally the commutator subgroup of Γ1(v) is the principal congruence subgroup
Γ(v) for each place v|N and SL2(OFv ) is perfect for v prime to 6 and has
commutator subgroup of index divisible only by primes dividing 6 if v|6. Since
N is square free and prime to 6 the claim follows again by the congruence
subgroup property due to Serre [21].

Now each element x in Γ1(N) can be written as a product x = γu where
γ ∈ Γ(N) and u is a unipotent element of the form ( 1 ∗

0 1 ). By what we have said
above there is a positive integer a divisible only by the primes 2 and 3 such that
γa = (xu−1)a is in the commutator subgroup of Γ1(N). Let f : Γ1(N) → F be
a homomorphism in H1

p(Γ1(N),F). Since f(γa) = 0 and a is prime to p > 5 we
see that f(γ) = 0 Since f is ‘parabolic’ f vanishes on unipotent elements and
f(u) = 0. We conclude that f(x) = 0. Thus f = 0 proving the lemma. 2
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Theorem 7 now follows in the case n > 0 from (12) and Lemmas 5 and 6
above. 2

4.5 (TW4) and (TW5)

In this section we reduce (TW4) and (TW5) to the vanishing of certain co-
homology groups under the technical assumptions that n > 0, the strict class
number of F is one, and a vanishing assumption on certain boundary cohomol-
ogy groups. We then use Theorem 7 to verify that (TW4) and (TW5) hold
when F is a real quadratic field under the above technical assumptions.

Fix m and let Q = Qm. Recall that

MQ = Hd
p,ord(Y (KQ),L(n, χ,O℘))[χ, ǫ]mQ

where we take cuspidal cohomology instead of parabolic cohomology when n = 0
and d is even. (The second χ can in fact be dropped from the notation in view of
the assumption that the strict class number of F is 1 but we maintain it). MQ

has a natural action of O℘[∆Q] via the diamond Hecke operators. For (TW4)
we must show that MQ is a free O℘[∆Q]-module of rank independent of m.

To show this freeness we may assume that O℘ contains the values of all
the characters of ∆Q since a finite extension of O℘ is faithfully flat over O℘.
Let ψ : ∆Q → O℘

× be such a character. We also write ψ for the induced
algebra homomorphism ψ : O℘[∆Q] → O℘. Let aQ,ψ denote the ideal of O℘[∆Q]
generated by elements of the form g − ψ(g). Thus aQ,ψ is the kernel of ψ :
O℘[∆Q] → O℘. When ψ = 1 we recover the usual augmentation ideal aQ.

Lemma 7 MQ is O℘[∆Q]-free if and only if MQ ⊗O[∆Q],ψ O℘ = MQ/aQ,ψMQ

is O℘-free for each character ψ : ∆Q → O℘
×.

Proof. One direction is clear. We prove the other. Suppose that

MQ

aQ,ψMQ

∼−→ O℘
sψ ,

for some positive integer sψ. Let n denote the maximal ideal and let F denote
the residue field of the local ring O℘[∆Q]. Going modulo n we get

MQ

nMQ

∼−→ F
sψ .

In particular we see that sψ must be independent of ψ; call the common value
s. By Nakayama’s lemma we have a surjection

O℘[∆Q]s
π

// // MQ.

Tensoring this with O℘[∆Q]/aQ,ψ we get a surjection

O℘
s π⊗1

// // O℘
s
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which must be an isomorphism. Thus ker(π) ⊂ asQ,ψ for each ψ. We claim that
∩ψ aQ,ψ = 0. The claim implies π is injective showing that MQ is O℘[∆Q]-free
of rank s. To see the claim let

∑
agg ∈ ∩ψ aQ,ψ where the sum is over g ∈ ∆Q

and ag ∈ O℘. Then
∑
agψ(g) = 0 for all ψ. One can now check that the only

solution to this system of equations is the trivial solution: ag = 0 for all g ∈ ∆Q.
2

Let us write MQ(ψ) for MQ thought of as a module for O℘[∆Q] with the
action twisted by ψ. Let NQ denote the Pontryagin dual of MQ. We now
make the following assumption. Recall that KQ = K0(N) ∩ K1(Q). Set K0,Q =
K0(N) ∩ K0(Q).

Assumption 1 Let ∂(Y (K)∗) denote the boundary of the Borel-Serre compact-
ification Y (K)∗ of the Hilbert-Blumenthal variety Y (K) attached to a compact
open subgroup K ⊂ GL2(ÔF ). Then the following boundary cohomology groups
vanish:

Hq(∂(Y (KQ)∗),L(n, χ,K℘/O℘))mQ = 0,

Hq(∂(Y (K0,Q)∗),L(n, χ,K℘/O℘)(ψ))mQ = 0

for 0 ≤ q ≤ 2d.

For the definition of the boundary cohomology groups and the Hecke action
on them we refer the reader to [13, pages 288-89]. Assumption 1 may be thought
of as the statement that the boundary cohomology groups are ‘Eisenstein’.

An argument similar to the one used to prove the duality statement [9,
Theorem 3] shows that

NQ = Hd
p,ord(Y (KQ),L(n, χ,K℘/O℘))[χ, ǫ]mQ (14)

at least if n > 0. Indeed if n > 0 the obstruction to the perfectness of the
pairing

MQ ⊗ Hd
p,ord(Y (KQ),L(n, χ,K℘/O℘))[χ, ǫ]mQ −→ K℘/O℘

is the torsion in the first cohomology group (of degree d) in Assumption 1
which vanishes by hypothesis. If n = 0 then we must take cuspidal cohomology
everywhere instead of parabolic cohomology and then the analogue of (14) is
true if we omit an additional finite set of primes ℘ which may depend on Q (this
set of primes is similar to the set Sinvariant that arose in [9, Remark 6]). For this
reason we avoid the case n = 0. Note however that if the ordinary idempotent
kills the invariant forms then the ordinary parts of the cuspidal and parabolic
cohomology groups coincide (cf. [9, Remark 7]) in which case the proof given
here works for n = 0 as well.

Write NQ(ψ) for NQ with ψ-twisted ∆Q-action. Also write Nq
Q(ψ) for the

cohomology group (14) but in degree q. Thus Nd
Q(ψ) = NQ(ψ). For r ≥ 0 let

LrQ(ψ) = Hr
p,ord(Y (K0,Q),L(n, χ,K℘/O℘)(ψ))[χ, ǫ]mQ .
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We now wish to compute using group cohomology. We therefore make the
simplifying assumption that the strict class number of F is one, the main ad-
vantage of this being that all the Hilbert-Blumenthal varieties we consider have
only one connected component. In particular we have

Y (KQ) = Γ0(N) ∩ Γ1(Q)\Z and Y (K0,Q) = Γ0(N) ∩ Γ0(Q)\Z

where Z = Hd is the usual d-fold product of the upper half plane.
We also think of the above congruence subgroups as subgroups of SL2(OF )

rather than PGL2(OF )+. Although this is not strictly correct it is of no matter
since the exact sequence

1 → {±1} → SL2(OF ) → PGL2(OF )+ → O×
F+/(O×

F )2 = (Z/2)d
′ → 1

for some d′ ≤ d shows that the cohomology groups of congruence subgroups of
SL2(OF ) and PGL2(OF )+ are essentially the same when 2 is invertible in the
coefficients.

Now Assumption 1 along with the boundary exact sequence shows that the
cohomology groups

Nq
Q = Hq

?,ord(Y (KQ),L(n, χ,K℘/O℘))[χ, ǫ]mQ ,

LqQ(ψ) = Hq
?,ord(Y (K0,Q),L(n, χ,K℘/O℘)(ψ))[χ, ǫ]mQ ,

are the same for ? = p, c, ∅. In view of this the Hochschild-Serre spectral se-
quence reads:

Epq2 = Hp(∆Q, N
q
Q(ψ)) =⇒ Lp+qQ (ψ). (15)

Proposition 4 Let ℘ be a prime of K with ℘ 6∈ S. Suppose that Assumption 1
holds and that n > 0. Assume also that

Nq
Q(ψ) = 0 (16)

for 0 ≤ q ≤ d − 1 and all characters ψ : ∆Q → O℘. Then (TW4) and (TW5)
hold.

Proof. Since the Pontryagin dual of MQ is NQ, the Pontryagin dual of
MQ/aQ,ψMQ is NQ(ψ)∆Q . By Lemma 7, MQ is O℘[∆Q]-free if and only if
NQ(ψ)∆Q is divisible for each character ψ. Now the spectral sequence (15) and
the assumptions on the E2 term, namely that Nq

Q(ψ) = 0 for 0 ≤ q ≤ d − 1,

imply that NQ(ψ)∆Q = Nd
Q(ψ)∆Q = LdQ(ψ). Thus to show that MQ is O℘[∆Q]-

free it suffices to show that LdQ(ψ) is divisible for each character ψ. Now the
exact sequence

1 → L(n, χ,O℘)(ψ) → L(n, χ,K℘)(ψ) → L(n, χ,K℘/O℘)(ψ) → 1

induces the obvious long exact sequence in cohomology. It follows that to show
LdQ(ψ) is divisible it is enough to show that

Hd+1
p,ord(Y (K0,Q),L(n, χ,O℘)(ψ))[χ, ǫ]mQ
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is torsion-free. The vanishing of the second boundary cohomology group (of
degree d) in Assumption 1 and the fact that n > 0 imply that the Pontryagin
dual of the above module is Ld−1

Q (ψ). This is proved similarly to (14) above.

Now an inspection of the spectral sequence (15) shows that Ld−1
Q (ψ) vanishes

proving that MQ is O℘[∆Q]-free. This proves (TW4) except for the fact that
the rank of MQ as a free O℘[∆Q]-module is a priori dependent on Q. However
once we prove (TW5) below, this rank will in fact be independent of Q.

To get (TW5) it is enough, by taking Pontryagin duals, to show that N
∆Q

Q =
N where N is the Pontryagin dual of M . Let ψ = 1 be the trivial character.
Then the hypotheses of the proposition and the spectral sequence (15) show

that N
∆Q

Q = L where L := LdQ(1). Consider the restriction map

Hd
p,ord(Y (N),L(n, χ,K℘/O℘)(ψ))[χ, ǫ] →֒

Hd
p,ord(Y (K0,Q),L(n, χ,K℘/O℘)(ψ))[χ, ǫ].

This is injective since the index of Γ0(Q) in SL2(OF ) is prime to p, the residue
characteristic of ℘. Recall that m is the maximal ideal of hk(N, χ,O℘) cor-
responding to f mod ℘ and that mQ is a maximal ideal of hk(N ∩ Q,χ,O℘)
corresponding to an eigenform of augmented level Q that is Q-old and which
takes the same Hecke eigenvalues mod ℘ as f outside Q. On localizing the
restriction map above we obtain an isomorphism

Hd
p,ord(Y (N),L(n, χ,K℘/O℘)(ψ))[χ, ǫ]m

∼

−→

Hd
p,ord(Y (K0,Q),L(n, χ,K℘/O℘)(ψ))[χ, ǫ]mQ ,

which in the notation above can be written as L
∼−→N when ψ = 1. This

proves (TW5). As mentioned above the rank of MQ as an O℘[∆Q]-module is
consequently independent of Q. Thus (TW4) holds as well. 2

Checking the vanishing hypotheses of Proposition 4 seems to be a difficult
task; in fact the vanishing may not even be true without further assumptions on
the maximal ideal mQ at which one is localizing. Here we will be content with
checking the vanishing hypothesis in the first non-trivial case d = 2, namely in
the case that F is a real quadratic field. We must show that

N0
Q(ψ) = 0 and N1

Q(ψ) = 0. (17)

The fact that N1
Q(ψ) = 0 follows immediately from Theorem 7 as long as we

assume that N is square free, that NQ is prime to 6 (arranging that Q is prime
to 6 is easy: one just avoids the finitely many prime q ∈ Q lying over 6), that
p is prime to |(OF /N)×| when n = 0 and that χN = 1 when n > 0 (note p 6

∣∣ 6
since ℘ /∈ Selliptic and p is unramified in F since ℘ /∈ SF ). On the other hand
N0
Q(ψ) = 0 follows trivially if either n > 0 or if n = 0 and χN is non-trivial,

since in these cases the action of Γ0(N)∩Γ1(Q) is non-trivial. Even if n = 0 and
χN = 1 we still get that H0

p,ord(Γ0(N)∩Γ1(Q),K℘/O℘)mQ = 0. This is because

when the action is trivial the map from H0 to the boundary cohomology group
in degree 0 is just the diagonal map a 7→ (a, a, . . . , a) for a ∈ K℘/O℘ and so
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is injective. Thus (17) holds. As a result we obtain the following corollary to
Proposition 4.

Corollary 2 Suppose that d = 2 so that F is a real quadratic field (of strict
class number 1). Assume that ℘ /∈ S, that N is square free and prime to 6,
that n > 0, that χN = 1, and that Assumption 1 holds. Then the Taylor-Wiles
system constructed in Section 4.2 satisfies (TW4) and (TW5).

We have now verified the axioms (TW1-5) for the Taylor-Wiles system con-
structed in Section 4.2 in the case d = 2 under the following assumptions: F has
strict class number 1, N = 1, k 6= 2, p+1, and the boundary cohomology groups
are ‘Eisenstein’ (Assumption 1). In the case d > 2 we have verified (TW1-5)
under the additional general vanishing hypotheses (16). We can therefore state
the central theorem of this paper:

Theorem 8 Let F be a totally real field of degree d ≥ 2 and strict class number
1. Let ℘ 6∈ S and suppose that k 6= 2, p + 1 and that N = 1. Let f mod ℘
correspond to the maximal ideal m ⊂ hk(N, χ,O℘). Assume that ρf satisfies
(ai(F ∗)) and that Assumption 1 holds. Assume that ℘ is ordinary for f and
that ρf satisfies (p− dist). Let

M = Hd
p,ord(Y (N),L(n, χ,O℘))[χ, ǫ]m

be the direct sum of the ǫ and −ǫ eigenspaces of the localization at m of the
ordinary part of the middle dimensional parabolic cohomology group of Y (N)
with integral weight n = k − 2 coefficients. If

• d = 2, or,

• d > 2 and the vanishing hypotheses (16) hold,

then M is a free T -module of rank 2 where T = hk(N, χ,O℘)m.

Proof. The freeness is an immediate consequence of Theorems 5 and 6 for the
Taylor-Wiles system constructed in this section. The rank statement follows by
‘tensoring up to C’ and comparing dimensions using the Eichler-Shimura-Harder
isomorphism (for which see Section 4.1 of [9]). 2

5 Application to congruences

In this section we use Theorem 8 to obtain a converse to the main result proved
in [9], namely Theorem 1 of the Introduction. Let us start by recalling this
result. Let F be a totally real field, and let f be a primitive cusp form defined
over F of parallel weight. Let ℘ /∈ S. For each character ǫ ∈ Ĉ there are periods
Ω(f,±ǫ) ∈ C

×/O(℘)
× (cf. [9, Section 4.2.1]) such that the quotient appearing

in the statement of the theorem below is in O(℘).
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Theorem 9 ([9], Theorem 5) Let ℘ be a prime of K with ℘ /∈ S. If

℘
∣∣ W (f) Γ(1,Ad(f)) L(1,Ad(f))

Ω(f, ǫ)Ω(f,−ǫ)

then ℘ is a congruence prime for f .

We now state and prove a converse to Theorem 9. In the case that F is a real
quadratic fields the following result was stated as Theorem 3 in the Introduction.

Theorem 10 Let f be a primitive Hilbert modular cusp form of level one and
parallel weight (k, k, · · · k) defined over a totally real field F of degree d ≥ 2 and
strict class number 1. Assume that

• d = 2, or,

• d > 2 and the vanishing hypotheses (16) hold.

Say that ℘
∣∣ p is a prime of K with ℘ 6∈ S. Assume that k 6= 2, p+ 1. Assume

that ρf satisfies (ai(F ∗)) and that Assumption 1 holds. Let ℘ be an ordinary
prime for f for which ρf satisfies (p− dist). Then ℘ is a congruence prime for
f if and only if

℘
∣∣ W (f) Γ(1,Ad(f))L(1,Ad(f))

Ω(f, ǫ)Ω(f,−ǫ)

for some (every) ǫ ∈ Ĉ.

Proof. Let A be either K and let OA be a valuation ring O(℘) of K; or let
A be a completion K℘ of K with OA = O℘. Then OA is a Dedekind domain

whose quotient field contains K. For ǫ ∈ Ĉ, let Lǫ(OA) denote the image of the
ordinary parabolic cohomology group

Hd
p,ord(Y (N),L(n, χ,OA))[χ, ǫ]m

in the vector space

Vǫ(A) := Hd
p,ord(Y (N),L(n, χ,A))[χ, ǫ]m. (18)

Recall that Vǫ(A) decomposes as

Vǫ(A) = Vǫ(A)[f ] ⊕Wǫ(A), (19)

where Vǫ(A)[f ] is the eigenspace of the action of Hecke algebra corresponding
to f , and W (A) is the orthogonal compliment of V (A)[f ] with respect to the
pairing [ , ] of [9].

Let us define

Lf,ǫ(OA) := Lǫ(OA) ∩ Vǫ(A)[f ], LW,ǫ(OA) := Lǫ(OA) ∩Wǫ(A);

Mf,ǫ(OA) := πVǫ[f ](Lǫ(OA)), MW,ǫ(OA) := πW (Lǫ(OA)),
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where πVǫ[f ] : Vǫ → Vǫ[f ] and πWǫ
: Vǫ → Wǫ are the two projection maps.

Define the cohomological congruence module of f to be

Ccoh
ǫ (f) =

Lǫ
Lf,ǫ ⊕ LW,ǫ

. (20)

Arguments similar to those used in the proof of Theorem 5 of [9] show that

℘
∣∣ Ccoh

ǫ (f) ⇐⇒ ℘
∣∣ W (f)Γ(1,Ad(f))L(1,Ad(f)

Ω(f, ǫ) Ω(f,−ǫ) .

Let T denote the m-localized Hecke algebra acting on the space Lǫ(K℘).

Note that T is independent of ǫ ∈ Ĉ. Let T f respectively TW denote the images
of the Hecke algebra in the two factors corresponding to the decomposition (19)
for A = K℘. Let

C(f) =
T f ⊕ TW

T
.

be the usual congruence module for f . The freeness result (Theorem 8) shows
that Lǫ(O℘) is a free T -module of rank 2. It is an easy consequence that

℘
∣∣ Ccoh

ǫ (f) ⇐⇒ ℘
∣∣ C(f).

Thus ℘ is a congruence prime for f and the theorem follows. 2
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