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Introduction

If p is a selfdual representation of a group G on a vector space V
over C, we will say that p is orthogonal, resp. symplectic, if G leaves a
nondegenerate symmetric, resp. alternating, bilinear form B : V xV —
C invariant. If p is irreducible, exactly one of these possibilities will
occur, and we may define a sign ¢(p) € {£1}, taken to be +1, resp.
—1, in the orthogonal, resp. symplectic, case.

Now let £ be a local field of characteristic 0. The groups of interest
to us will be G = GL,,(D), where D is a division algebra with center
k and index d, and the Weil group Wj.

The local Langlands correspondence ([HT], [Henl]) when used in
conjunction with the Jacquet-Langlands correspondence ([Bdl]), gives
a bijection m — o, satisfying certain natural properties, in particular
the preservation of e-factors of pairs, between the discrete series rep-
resentations of G and the set of irreducible representations o of W}, of
dimension n = md. Here W} denotes W, if k is Archimedean, and the
extended Weil group Wy, x SLy(C) if k is non-Archimedean. One calls
o the Langlands parameter of w. It is immediate from the construction
that 7 is selfdual if and only if ¢ is. However, the local Langlands reci-
procity is not a priori sensitive to the finer question of whether c(m)
equals ¢(o) or —c(0). The main result of this paper is the following.

Theorem A Letn =md, D a division algebra of index d over a local
field k of characteristic zero, G = GL,,(D), and © an irreducible selfd-
ual discrete series representation of G with parameter o an irreducible
representation of Wi, of dimension n. Then we have

(=D)"e(m) = (=1)"c(o)™.

Corollary B Let m be an irreducible, selfdual representation of D>,
for any division algebra D of indexn over a local field k of characteristic
zero, and let o be the Langlands parameter of w. If n is odd, 7 is always
orthogonal, while if n is even,

m orthogonal <= o symplectic.
1
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When n is odd, o is necessarily orthogonal, and so Theorem A im-
plies, for any factorization n = md and G = GL,,(D) with D a division
algebra of index d, that c¢(m) = +1, i.e., w is orthogonal. For m = 1,
we get ¢(m) = (—1)""'¢(o), which implies that an irreducible selfd-
ual representation m of D*, D of even index n, is symplectic if and
only if ¢ is orthogonal. This surprising flip is what we noticed first for
n = 2, spurring our interest in the general case, which is more subtle to
establish. Based on considerations of Poincaré duality on the middle
dimensional cohomology of certain coverings of the Drinfeld upper-half
space, we conjectured in [PR] the assertion of Corollary B, and es-
tablished some positive results in [PR] and [Pra], including the case
of n = 2. In [Pra] it was proved that if n is odd and if the residual
characteristic of k is odd, then D* has no selfdual irreducible represen-
tations of dimension > 1, showing that in this case, the conjecture is
difficult only for the even residual characteristic. A program to prove
Corollary B along the geometric lines, using cohomological methods in-
volving the formal moduli of Lubin-Tate groups, has been announced
in the supercuspidal case by Laurent Fargues; it does not seem, how-
ever, that, without further input, his suggested methods would work
for general discrete series representations, nor for GL,,(D).

Corollary B associates, to each irreducible, symplectic Galois repre-
sentation o of dimension n (even), a new secondary invariant, defined
by whether, or not, the associated orthogonal representation 7 of D*

lifts to the (s)pin group. This aspect was investigated for n = 2 in
[PR].

Our proof of Theorem A for non-Archimedean k proceeds by using
global methods, made possible by the following product formula.

Theorem C Let F be a global field, G = GL,,(D), where D is a
division algebra over F' and Z the center of G. Suppose Il = ®!11, is
an irreducible, selfdual automorphic representation of G(Ag) of central

character w, which occurs with multiplicity one in the discrete part of
L*(G(F)Z(Ar)\G(AF),w). Then we have
H c(Il,) = 1,
veram(D)

where ram(ID) denotes the set of places where D is ramified.

As a consequence, we see that in the case m = 1 and ram(D) =
{u,v}, we have c(Il,) = ¢(IL,), i.e., II, and II, are both orthogonal
or both symplectic. In particular, if we know one, we know the other.

Thanks to this product formula, given an irreducible selfdual repre-
sentation 7 of D*, with D a division algebra over a local field k, our



Self-dual representations of local division algebras 3

strategy becomes one of finding a number field F' with F, = k for a
place v of F, a division algebra D) over F' with ram(D) = {u,v}, and
a selfdual automorphic representation Il of D*(Afg) such that II, = 7
and II, a representation for which Theorem A can be checked. Thanks
to the Jacquet-Langlands correspondence between D* and GL,,, we see
that it suffices to find a selfdual discrete automorphic representation
I of GL, (Ar) with IT/ | resp. II), being associated to IL,, resp. IL,.
The difficulty is not so much in globalizing, but in choosing a global
IT" which is also selfdual. We have been able to address this, when
IT, and II, are both supercuspidal by using various known instances
of Functoriality, culminating in the works of Jiang and Soudry ([JS2],
[Soul]). In section 3 we check Theorem A for representations of D*
trivial on D* (1), which can be used at the place u, allowing foothold
on all representations.

This strategy works with only minor modifications for GL,,(D) too;
when the parameter of the representation on the Galois side is non-
trivial on SLy(C), we use Moeglin-Waldspurger’s description ([MW])
of residual spectrum, on which the general Jacquet-Langlands corre-
spondence has been established by Badulescu [Bdl]).

The statement of Theorem A for n odd is the simplest as it does not
refer to the Langlands parameter at all: ¢(7) = 1 for any irreducible
selfdual discrete series representation of GL,,(D) with n = md odd.
It says in particular that a selfdual irreducible representation of D*
for a division algebra of index n, an odd integer, must be orthogonal.
Since D* /k* is a profinite group, the question is clearly in the realm of
finite group theory. However, our proof uses many recent and nontrivial
results in the theory of Automorphic representations to achieve this.
The recent preprint of Bushnell and Henniart has given a local proof
of this result for D* in [BH].
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1. Results on functoriality which we need

We have the following theorem due to Jiang and Soudry, c¢f. Theorem
6.4 of [JS1], and Theorem 2.1 of [JS2]. We are thankful to David Soudry
for writing one of us ([Sou2]) explaining the completion of their work;
see also [Soul] and [GJR].

Theorem 1.1. Let G be either a symplectic group or a quasi-split
orthogonal group over a mon-Archimedean local field k. Let the L-
group of G come equipped with its natural representation into GL,(C).
Then there exists a natural bijective correspondence between irreducible
generic discrete series representations of G(k) and irreducible generic
representations of GL,(k), with Langlands parameter of the form

g = E g;,

where o; are pairwise inequivalent, irreducible representations of W)
which are all orthogonal except when G is an odd orthogonal group in
which case they are all symplectic; if G is an even orthogonal group,
quasi-split over k, and split over a quadratic extension K of k, then we
assume that det 0 = wg i, where wiy, 1s the quadratic character of k*
associated to K.

The following theorem of Cogdell, Kim, Piatetski-Shapiro, and Shahidi
(cf. [CPSS], [CKPSS]) establishes the weak Langlands functoriality
from the generic cusp forms on G to GL,; the last part of the theorem,
strengthening weak Langlands functoriality to be Langlands functorial
at all places is due to Jiang and Soudry, cf. Theorem E of [JS2] when
G = SO(2m + 1), and [Soul], [Sou2] for the remaining cases; a general
statement is also in [GJR].

Theorem 1.2. Let G be either a symplectic group or a quasi-split
orthogonal group over a number field K. Let A»(G(Ak)) be the set of
irreducible generic cuspidal automorphic representations of G(Ak), and
let A(GL,(Ak)) be the set of irreducible automorphic representations of
GL,(Ag). Then there is a weak functorial transfer from A% (G(Ak))
to A(GL,(Ak)); it is in fact Langlands functorial at every place of K.

An implication for us of these theorems is the following:

Theorem 1.3. Let K be a number field, and v;,1 = 1,--- ,d places of
K. Let K,, be the corresponding local fields. Suppose that the m; are
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irreducible selfdual supercuspidal representations of GL,(K,,) whose
parameters are either orthogonal, or symplectic for all 1. Then there
exists a selfdual cuspidal automorphic representation m on GL,(Ak)
with m; as the local component of w at each of the places v;.

Proof: Since the parameters of the representations m; are all orthogo-
nal or are all symplectic, they can be transported, thanks to Theorem
1.1, to generic supercuspidal representations II; of G(K,,) for a quasi-
split orthogonal or a symplectic group G over a number field K. These
can be globalized into a cuspidal generic automorphic representation
IT on G(Ak), i.e., with II,, ~ II, for all i by a theorem due to Vignéras
[Vig]. The automorphic representation II can then be transferred to
GL,, by Theorem 1.2, such that the lifted automorphic representation
m on GL,(Ag) has the correct local components 7; at all the v; by
Theorem 1.2, proving the theorem. O

Finally, the following form of the Jacquet-Langlands correspondence
between GL(n) and its inner forms, due to Badulescu, cf. [Bad], will
also play crucial role for us in the proof of Theorem A.

Theorem 1.4. (Badulescu-Jacquet-Langlands) Let 11 be an automor-
phic representation of GL,(Ak) appearing in the discrete spectrum.
Suppose B is a central simple algebra over K of dimension n®. Let
S be the finite set of places where B is not split. Assume S has only
non-Archimedean places. Then I can be transferred to an automorphic
representation II' on B*(Ag) if at every place v in S, 11, is either a
discrete series representation or is a generalized Speh representation.
The representations 11, and II. either have the same parameters, or
are related to each other by the Aubert-Zelevinsky involution. Any au-
tomorphic representation of B*(Ak) appears with multiplicity 1 in the
discrete spectrum.

2. Orthogonality and Reality

The following basic Lemma is presumably well known, but for lack
of an appropriate reference outside the realm of compact groups, we
supply a proof.

Lemma 2.1. An irreducible admissible, unitary representation (mw, V)
of a p-adic group G carries a nonzero symmetric bilinear form B :
V xV — C if and only if ™ is defined over R, i.e., there is a G-
wvariant real subspace W of V' such that V =W ®g C.
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Proof : Recall that a complex vector space V is defined over R if and
only if there is a complex conjugation on V, i.e., an involution v — v
on V such that zv = zv.

Let H : V xV — C be a positive definite Hermitian form on V.
We will prove that if V' is defined over R (and therefore has a complex
conjugation: v — v), then V carries a nonzero G-invariant symmetric
bilinear form. Define,

B(v,w) = H(v,w).

Clearly, B(Av, pw) = AuB(v,w) for A\, u € C; further B is a G-invariant
nonzero bilinear form. It remains to check that B is symmetric, which
will follow if we can prove that

H(v,w) = H(v,w),

for v,w e V.
In any case, by the uniqueness (up to a positive real number) of a
positive definite Hermitian form on V', there exists a A > 0 such that

H(v,w) = \H(v,w).

Since ¥ = v, A2 = 1, which means that A\ = 1 as it is positive, proving
that B is symmetric.

Conversely, we show that if there exists a symmetric G-invariant
bilinear form B : V xV — C, then V is defined over R, by constructing
an involution v — ¥ on V' (which is G-invariant, and conjugate linear).

This part of the proof will use the fact that any smooth linear form
on V', meaning a linear form which is left invariant by a compact open
subgroup of G, is of the form v — H(v,w) for a unique w in V. This
allows us to define a map, w — w’ on V by

B(v,w) = H(v,w'"),

for all v,w € V. Clearly, w — w’ is conjugate linear. Using the fact
that B is symmetric, it is easy to see that w — w’ is an involution if
and only if

H(v,w) = H(, w).

However, this is not true in general. In any case, by uniqueness (up to
a positive real number) of positive definite Hermitian forms,

H(v,w) = H (v, w'),

for some A > 0. It is then easy to check that v — o = VA is an
involution, giving rise to a real structure on V', proving the lemma. [
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Corollary 2.2. Let (7, V') be an irreducible unitary representation of a
p-adic group G, and H a closed subgroup of G. Assume that the space
of linear forms ¢ .V — C which are H-invariant is one dimensional.
Then iof m is selfdual, it is orthogonal.

Proof : It suffices to prove that the representation (7, V') of G can be
defined over R. This is equivalent to proving that there is a conjugate
linear automorphism ¢ of ¥V commuting with the G-action with ¢* = 1.
Since V is unitary and selfdual, V is isomorphic to V, and therefore
there is a conjugate linear automorphism ¢ of V' which by Schur’s
lemma has ¢? = p for some p in C*. We will prove that ¢ can be
scaled to achieve p = 1.
Because of the uniqueness of the H-invariant linear form ¢,

((v) = M(6(v)),

for all v € V' (for some A € C*). Applying this identity to ¢(v) instead
of v, and noting that ¢?(v) = u - v, we find that

)=
A (v) = Apb(v).

Therefore p~!' = A\, and changing ¢ to ¢ = ¢, we have p? = 1,
proving the corollary. O

Corollary 2.3. Let m; be an irreducible unitary selfdual representation
of a p-adic group G, H a closed subgroup of G, and o an irreducible
unitary selfdual representation of H such that Hompy(m, ) = C.
Then the parities of w and mo are the same.

Proof : The previous corollary applied to the representation m; X
7y of the group G x H containing the subgroup H x H proves this
assertion. U

3. The Product Formula: Proof of Theorem C

Preserving the notations of Theorem C, define a G(Ap)-invariant
bilinear form B on II by

(f9) — fodp, v f.g€ell
G(F)Z(Ap)\G(Ar)
where dpu is an invariant measure on G(F)Z(Ap)\G(Ar). We check
that this is a non-degenerate bilinear form on II. Note that the space
of functions spanned by f (the complex conjugate of f), as f varies
over II, gives rise to the representation ITV, which is isomorphic to II.
Hence by the multiplicity 1, f € II. Since

B(f.J) = / fFdu # 0,
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the bilinear form B on II is non-degenerate. It is evidently symmetric
too, proving that ¢(Il) = 1.

Now ¢(II,) = 1 for all places v where the division algebra D is
unramified is a consequence of the following result, proving Theorem

C.

Proposition 3.1. Every irreducible admissible selfdual representation
7 of GL, (k) over any local field k is orthogonal.

Proof: First let k£ be non-Archimedean. Let U(k) be the subgroup
of GL,(k) consisting of upper-triangular unipotent matrices. By a
theorem of Zelevinsky ([Zlv], Corollary to Theorem 8.1), for any rep-
resentation 7 of GL,(k), there is a character ¢ : U(k) — C* which
appears in 7 as a quotient with multiplicity 1. We may assume that
7 is non-trivial, which forces 1) to be non-trivial. Since 1 is not selfd-
ual, we cannot directly apply Corollary 2.3, but a small modification
works. Let s be the diagonal element (1,—1,1,---,(—=1)""1). The
2-dimensional representation 7 of H := (s) - U(k) induced from the
character ¥ of U(k) is an irreducible orthogonal representation. So
Corollary 2.3 applies, with m; = 7 and 7y, = 7, to yield the desired
conclusion.

It is left to prove the Proposition when k is Archimedean.

It is a general result due to D.Vogan [Vo] that any irreducible (g, K)-
module has a minimal K-type which occurs with multiplicity 1. For
GL,(R) and GL,(C), the minimal K-type is unique ~the authors owe
this remark to D. Vogan— and therefore a selfdual representation of
these groups has a selfdual minimal K-type. From the following well-
known lemma, every irreducible, selfdual representation of the maximal
compact subgroup O, (R) (resp. U,(R)) carries an invariant symmet-
ric bilinear form, which concludes the proof of this lemma. (Note the
difference between U, (R) and SU,(R); there are already irreducible
symplectic representations of SUs(R), but they do not extend to selfd-
ual representations of Us(R).) O

Lemma 3.2. Every irreducible, selfdual representation of U,(R) is
orthogonal. Every irreducible representation of O,(R) is selfdual and
orthogonal.

Proof : We supply one of the many possible proofs for the convenience
of the reader. For a compact connected Lie group G with maximal torus
T, and wy the longest element in the Weyl group of T' (with respect to
some ordering of positive roots), the dual of a finite dimensional irre-
ducible representation m with highest weight A is 7_,,,(\). For U,(R),
let T be the diagonal torus, and wqg(ty,ta, -+ ,tn) = (tn, - ,t2,t1).
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Therefore highest weights of irreducible selfdual representations are of
the form:

AL > A > e > = > =g

By the well-known branching law from U,(R) to U,_;(R), cf. [ZIb],
section 132, pp. 385-387, we find that an irreducible selfdual repre-
sentation of U,(R) contains an irreducible selfdual representation of
U,,—1(R) with multiplicity one; therefore by induction on n, every irre-
ducible selfdual representation of U,(R) is orthogonal.

For SO,4+1(R), wg = —1, so every irreducible representation is self-
dual. For SOs,(R), the inner conjugation action of O,,(R) takes a
representation of SOs, (R) to its dual, hence every irreducible represen-
tation of Og,(R) is selfdual. By the (multiplicity freeness of) branching
from O, (R) to O,_1(R), cf. [ZIb], section 129, Corollaries of Thms. 2,
3, pp- 378-9, we are done again. 0

This completes the proof of Theorem C.

4. Sign in the Level 1 case

In this section we prove Theorem A about irreducible selfdual rep-
resentations of D*/D*(1). The global proofs in this paper involve a
reduction step using the product formula, and this approach depends
crucially, in most situations, on this local input, which represents the
simplest of the situations for Theorem A.

Various aspects of the representation theory of D*/D*(1) are ana-
lyzed in the work of Silberger and Zink in [SZ]. We begin with some
notation, and recalling the parametrization of the irreducible represen-
tations of D*/D* (1) from [SZ] (called level zero representations there).

As in the rest of the paper, let D be a division algebra with center
a non-Archimedean local field k, and of index n. Let n = ef, and
let k¢ be the unramified extension of k of degree f, contained in D.
Let Dy be the centralizer of k; in D which is a division algebra with
center ks and of index e. A character x of k; will be called reqular
if all its Galois conjugates are distinct. For a character x of k;, let
X be the character of D; obtained by composing x with the reduced
norm mapping Nrd : DJf — k‘? If the character y is tame, i.e., trivial
on k¢ (1), then the character y of D can be extended to a character
of D*(1)D} by declaring it to be trivial on D*(1), which, by abuse
notation, we again denote by Y.

With this notation, it follows from Clifford theory as in [SZ] that
the dimensions of irreducible representations of D*/D*(1) are divisors
of n, and that there is a bijection between irreducible representations
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of D*/D*(1) of dimension f and regular characters of k7 which are
trivial on k7 (1) (modulo the action of the Galois group of k; over k
on the set of such characters) obtained by inducing the character y of
D*(1)D; to D*.

We analyze these representations to see if they are orthogonal or
symplectic in the following general proposition.

Proposition 4.1. Let N be a normal subgroup of a group G of index
f > 1, such that G/N is a cyclic group of order f. Let w be an element
of G whose image in G/N is a generator of the cyclic group G/N. Letw
be an irreducible representation of G of dimension f whose restriction
to N contains a character x : N — C*, so that m = Indgx. Then the
following hold:
(1) If  is selfdual, f is even, say f = 2d.
(2) The representation 7 is selfdual of dimension f = 2d if and
only if x~! = x<%, where x~% (n) = x(winw=4) forn € N.
(3) If m is selfdual, x(w’) = £1, and x(w’) = 1 if and only if 7 is
an orthogonal representation.
(4) If m is selfdual, it is orthogonal if and only if det m(w) = —1.

Proof : Since 7 is irreducible, all the conjugates x<*> of y, defined
by x<*”(n) = x(w'nw™) are distinct for i = 0,1,---,f — 1. The
representation m = Ind%x is selfdual if and only if Ind%x = Ind%xil,
i.e., if and only if y™! = x<* for some 4. This implies that 2i = 0
mod f, which means that f must be even, say f = 2d, and ¢ = d.

As the element @/ commutes with @, Y~ (w/) = x(w’) for all i.
Therefore w/ operates on 7 by a scalar, which, if 7 is selfdual, must
be +1.

Let eg be any vector in the space of m on which N operates via the
character y. Define @’ ey =¢; for 0 <i < f—1. If @/ - ey = —ey,
then

eg N\ eqg+ e /\6d+1 + -+ eqgo1 N eag_1,
is left invariant under both w and N, hence the representation is sym-
plectic. If, however, w' - ey = ey, then the vector

€p€eqgter-eqgp1+ -t eq—1-€2q-1

in S?(m) is left invariant under both @ and N, hence the representation
is orthogonal.

Since we; = e;41 for i € Z/ f, if and only if 7 is orthogonal, it implies
that if 7 is selfdual, it is orthogonal if and only if det 7(w) = —1. O

Continuing now with the representations of D* of dimension f with
ef =n, let w be an element of D* which normalizes k,,, an unramified
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extension of k£ inside D of degree n over k, such that @"” = wy, a
uniformizer in k. The element w of D* projects to a generator of the
cyclic group DX/DX(l)D; >~ 7/fZ, and as w' centralizes ky, it lies
in Dy. Since (w/)® = wy, it follows that the reduced norm of @/ is
(—1)¢"lwg. From the previous proposition, we conclude the following
corollary.

Corollary 4.2. Let x be a regular tame character of k7, and m, the
associated representation of D* of dimension f. Then m, is selfdual
if and only if f is even, say f = 2d, and the character x restricted
to kj is trivial on the index 2 subgroup consisting of norms from k:;
Assuming m, to be selfdual, it is orthogonal if and only if x restricted
to k; is trivial.

Recall that the Weil group Wy, sits in the exact sequence,
1 — ki — Wy, — Gal(ky/k) — 1.

As there is an element @ in Wy, which goes to the generator of the
Galois group of ky over k, and whose f-th power is a uniformizer in k,
we have the following corollary for representations of the Weil group.

Corollary 4.3. For a reqular character i of k;, let o, be the induced
representation of Wy, i, of dimension f. Then o, is selfdual if and only
if fis even, say f = 2d, and the character p restricted to kj is trivial
on the index 2 subgroup consisting of norms from k; Assuming o, to
be selfdual, it is orthogonal if and only if pu restricted to kj is trivial,
or if and only if det o, is nontrivial.

The following result, correcting a mistake in the Remark on page
182 of the paper of Silberger and Zink [SZ], was proposed by us to G.
Henniart, and has since been proved by Bushnell and Henniart; see
their forthcoming paper. This completes the proof of theorem A for
representations of D* which are trivial on D*(1). In this theorem,
and in what follows we will let sp, denote the e-dimensional irreducible
representation of SLy(C).

Theorem 4.4. The Langlands parameter of the representation m, of
dimension f of D is 0,&sp., with o, the f-dimensional representation
of Wy induced by the character

= Xwg(ffl) tki — CF,
where wo is the quadratic unramified character of k;]f

Remark 4.5: In order to be able to make use of representations of
level 1, we must know that there are irreducible orthogonal as well as
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symplectic representations of D*/D*(1) of dimension f for any even
divisor f = 2d of n. By corollary 4.2, this reduces to a question over
finite fields. A character of IFqXQd extended to a tame character of k;
with values £1 on the uniformizer gives rise to an irreducible selfdual
representation of D* of dimension f if and only if it arises from the
group of norm 1 elements of IFqXQd, denoted S*(F,«), through the map

x — /T for x € F;d, but does not factor through a smaller field under
the norm mapping. Since S'(F,q«) is a cyclic group of order (¢*+1), one
can consider characters on it of order (¢% + 1). Such characters of F

will not arise from an intermediate field through the norm mapping as
those have orders divisible by (¢° — 1), where s is a divisor of 2d.

5. Proof of Theorem A
We now prove Theorem A in the following equivalent form.

Theorem 5.1. Let n > 1, n = md, k a non-Archimedean local field,
D a division algebra over k of index d, and ©' an irreducible selfdual
representation of GLy, (D). Then w' is orthogonal if d is odd. If d is
even, and m is odd, then 7' is orthogonal if and only if its parameter
o is symplectic. If both m and d are even, then the representation 7'
1 orthogonal.

Proof. Write the parameter o (of 7') as 7 ® spy, with ab = n and
7 an irreducible, selfdual a-dimensional representation of W. The
proof divides naturally into three cases, according to whether b = 1,
or b > 1 with a is even, or b > 1 with a odd. Denote by 7 the
irreducible selfdual representation of GL, (k) corresponding to «’ by
the local Jacquet-Langlands correspondence.

Case I: b=1: In this case o is trivial on SLy(C), and so 7 is
supercuspidal.

Suppose d is odd. As 7 is selfdual and supercuspidal, we may glob-
alize it, by applying Theorem 1.3, to a selfdual, cuspidal automorphic
representation IT of GL, (Ax) with 7 as its local component at K, = k.
Let E be a cyclic extension of K of degree d such that v splits into d
places. Let IIg denote the base change of I to E. Let B be a central di-
vision algebra over F of dimension d? over E such that B®x K, = D,
and such that B has no other ramification. That there is such a division
algebra B follows from classfield theory.

Let 1% denote the automorphic representation of GL,,(B(Ag)) ob-
tained from Il by the Jacquet-Langlands correspondence ([Bdl]). The
component of 112 at E, := F @k K, ~ k% is isomorphic to 7/ ®d At
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every place u of E not lying over v, the u-component of 1% is a rep-
resentation of GL,(F,). Applying Theorem 3.1, we find that the d-th
power of ¢(n’) is trivial, and therefore 7’ is an orthogonal representation
(as d is odd).

We are left to consider when d is even. Write the index as d = 2r,
and the Brauer invariant of D as 5= € Q/Z with (s,2r) = 1. Let D be a
division algebra over a number field K of index 2mr such that D gives
rise to M,,(D) at one place v, and with Brauer invariants 2_—mlr €Q/zZ
at sm other places, call them uq, ..., us,. We may further take D to
be split at all the remaining places. The existence of such a global
division algebra follows from classfield theory.

Globalize 7 to an automorphic representation Il of GL,(Ak) such
that its local components at the places uq, ..., us, correspond to rep-
resentations of I trivial on D7 (1), and selfdual of the same parity
as 7 (parity to be understood on the Galois side). Transporting this
automorphic representation to D* (A ), and using the product formula
given in Theorem 3.1, we get

c(m) = [=e(o)]"™ = [=c(a)]™,
the last equality due to the fact that s is odd because of the condition

earlier (s,2r) = 1. This is equivalent to the conclusion of the theorem,
therefore proving it when 7 is supercuspidal.

Case II: b #1 and a even:

Let ¥ be a selfdual cuspidal automorphic representation of GL,(Ak)
whose local component at the place v of K with completion k has Lang-
lands parameter 7. We may assume, thanks to Theorem 1.3, that at
some other finite places, say g, ug, - - , Usm, the local components X,
are supercuspidal of level 1, with parameters 7, of the same parity as
7. It is at this stage that we need the restriction that 7 is even dimen-
sional as we are able to construct selfdual representations of D*/D* (1)
with parameter 7 ® spy, only for 7 even dimensional. If the residue char-
acteristic of k is odd, by Proposition 4 of [Pra] any irreducible selfdual
representation of the Galois group of k£ of dimension > 1 is even di-
mensional. Hence 7 must be even dimensional unless it is a character
of order 2.

By the work of Moeglin and Waldspurger ([MW]), ¥ gives rise to a
selfdual representation in the residual spectrum of GL,, (A ) denoted by
Y.[b]. Next, by Theorem 1.4 concerning the global Jacquet-Langlands
correspondence due to Badulescu, the representation X[b] of GL,,(Ak)
can be transported to an automorphic representation >'[b] of D* (Ag),
where D is the division algebra of index n over K constructed earlier.
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Transporting the automorphic representation 3[b] to D*(Ag), and us-
ing the product formula in Theorem 3.1, we get

o(m) = [=c(@)™ = [=c(o)]™,

the last equality due to the fact that s is odd because of the condition
(s,2r) = 1. This is equivalent to the conclusion of the theorem.

Case III: b # 1 and a odd:

If b is also odd, then D has odd index d because ab = n = md, and
the proof given above works again, in which we globalize ¢ to an au-
tomorphic self-dual representation of GL,(Ak), and then use the work
of Moeglin and Waldspurger ([MW]), to construct a selfdual represen-
tation in the residual spectrum of GL,,(Ak) denoted by X[b]. As the
index of D is odd, we are able to prove that c¢(7) = ¢(7)¢ = 1, as before.

It remains to deal with parameters of the form ¢ = 7 ® sp,, n =
ab, with 7 an irreducible, selfdual a-dimensional representation of W,
with a odd and b even. In this case, we need to prove that the
representation 7’ of GL,,(D) is orthogonal. Note that md = n = ab.

We will begin by proving the assertion assuming m = 1, so that 7’ is
a (selfdual) representation of D*, with the Brauer invariant of D being
= € Q/Z with (s,ab) = 1.

As 7 is an irreducible selfdual representation of Wy, it corresponds
to a supercuspidal representation 7., say, of GL, (k). We may globalize
7, (by applying Theorem 1.3) to a selfdual, cuspidal automorphic rep-
resentation I of GL,(Af) with 7, as its local component at two places
v,w of K with completions K, = k = K.

Since m, is supercuspidal with central character of order < 2, its
parameter can be rendered trivial upon restriction to (the Weil group
of) a finite extension of k which is a finite succession of cyclic extensions.
Let E be a global extension of K, which is a finite succession of cyclic
extensions, so that

(i) the place v splits completely in FE;
(ii) the place w remains inert; and
(iii) the parameter of 7, restricted to E,, is the trivial a-dimensional
representation of Wj.

Let IIg be the base change of Il to E (cf. [AC]). Let B be a central
division algebra over E of dimension n? over £ such that the invariant
of B at a places of E above v is that of D, and such that B is ramified
at the places w of I/ with Brauer invariant 3* € Q/Z, and unramified
everywhere else. That there is such a division algebra B follows from
classfield theory.
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By [MW], IIg gives rise to a selfdual representation in the residual
spectrum of GLg,(Ag) denoted by Ilg[b]. Next, by Theorem 1.4 (of
Badulescu), I g[b] of GL,,(Ag) can be transported to an automorphic
representation II' := II%;[b] of B*(Ak), where B is the division algebra
of index n = ab over E just constructed.

By the product formula (Theorem C), ¢(II])* equals the sign associ-
ated to the representation II/, of GL,(D’) obtained by parabolic induc-
tion of the trivial representation of the minimal parabolic of GL,(D’)
(which has parameter (st;)*), where D’ is a division algebra over E,,
with Brauer invariant 3°. The representation II, is clearly unitary,
and defined over R, hence orthogonal by Lemma 2.1. Thus ¢(II)) = 1.

Now let us consider the case m > 1. Let M,,(D) have Brauer invari-
ant 5 with (s,d) = 1. Replacing E, if necessary, by a cyclic extension
of degree sm + 1 in which v splits completely, we may assume that
there are places v = vg, v1, ..., Vs of E with E,, = k such that for a
selfdual, cusp form II on GL,(Ag), II,, ~ 7 for all j < sm. Now we
may, by class field theory, choose a division algebra D ramified only at
these v; such that D, >~ M,,(D) of Brauer invariant s/d, and for every
jeA{l,...,sm}, D, ~ B*, with B a division algebra over E, = k
of Brauer invariant —1/md. Applying Theorem 1.4 again, we have a
discrete automorphic representation II' := IIj; of D(Ag)* whose local
components have parameter o at each of the v;. Since D,, is a division
algebra for each j > 1, we may apply what we proved above for m =1
and conclude that ¢(Il, ) = 1 for all j € {1,...,sm}. Thus, applying
the product formula again, we obtain ¢(II)) = 1, as desired.

To complete the proof in this case, we need to address the issue
that the global Jacquet-Langlands correspondence might produce a
Speh representation on GL,,(D), whereas the assertion of Theorem A
is about a corresponding discrete series representations of GL,,(D). In
other words, the local representation I, of II' may not be the 7" we
started with on GL,,(D) but is related to it by the Aubert-Zelevinsky
involution. Nevertheless, we claim that

c(n') = ¢(IL).

To deduce it we appeal to the following proposition, as well as the fact
that the Aubert-Zelevinsky involution interchanges Speh-modules with
the corresponding generalized Steinberg representations. This involu-
tion m — i(m) (cf. [Bdl], section 2.6, for example) is defined on the
Grothendieck group of smooth representations of a p-adic reductive
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group G as an alternating sum of parabolically induced representa-
tions of the various Jacquet modules of 71, and sends an irreducible to
another irreducible |i(m)| up to sign.

Proposition 5.2. Let G be a reductive algebraic group over a mon-
Archimedean local field k. Then an irreducible representation m is
orthogonal if and only if the corresponding irreducible representation
|i(m)|, associated by the Aubert-Zelevinsky involution i, is orthogonal.

Proof. The assertion follows by combining Proposition 2.1 with the fact
that both induction and the Jacquet functor take real representations
to real representations. O

We are now finished with the proof of Theorem A, and also Corollary
B, which is an immediate consequence.

6. Rationality

The question about whether an irreducible selfdual representation is
orthogonal or symplectic is part of the more general question about field
of definition of a representation. For example, as Lemma 2.1 shows, a
selfdual, unitary representation of a p-adic group is orthogonal if and
only if it is defined over R.

Let G be a group, and 7w an irreducible representation of G over C.

Put

Gr = {0 € Aut(C/Q)|n” = 7}.
If either G is finite, or G is a reductive p-adic group, and 7 is super-
cuspidal with finite order central character, then G, is known to be a
subgroup of finite index of Aut(C/Q), and this defines a finite extension
K of Q. Call K the field of definition of 7. (If 7 is finite dimensional,
it is the field generated by the character values of .)

Assume that 7 is finite dimensional. Then associated to 7, there
is a division algebra D, with center K (an abelian extension of Q)
which measures the obstruction to 7 being defined over K, called Schur
Algebra, thus D, = K if and only if w can be defined over K.

Now let ¢ — 7, be the local Langlands correspondence between ir-
reducible representations of Gal(k/k) of dimension n, and representa-
tions of GL,,(D) where D is a division algebra of index d with dm = n.
Here and in what follows, we normalize the Langlands correspondence
by multiplying by the character x — |z|("~Y/2 where 2 € k*. This
normalized Langlands correspondence, which does not affect rational-
ity (reality!) questions at infinity, is what is Galois equivariant on the
coefficients; see for example, Henniart, [Hen2].
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Question: How are D, and D, related? This time the answer a
priori might depend not just on the index of the division algebra, but
on its class in the Brauer group. However, we propose the following
conjecture, suggesting in particular that this is not the case.

Conjecture 6.1. Let D be a division algebra of index d over a p-adic
local field k, m an irreducible representation of GL,, (D), and o the
associated n-dimensional representation of the Weil-Deligne group of
k for n = md. Let D, and D, be the associated Schur algebras with
center a number field K (which is a cyclotomic field). The algebras D,
and D, are invariant under the action of Gal(K/Q), and the following
holds:

1. If 7 is not selfdual, or if 7 is selfdual with c(o) = c(w), then
D, =D,.

2. If m is selfdual and c(c) = —c(w), then the answer depends on
the degree K over Q which is a certain totally real extension of Q. If
K : Q] is even, then the Brauer invariants of D, and D, are the same
except at the infinite places, where the invariants of D, and D, differ
by 1/2. If [K : Q] is odd, then in particular there are odd number of
places in K over p. The invariants of D, and D, are the same except
at the Archimedean places and the places above p, where the invariants

of Dy and D, differ by 1/2.

One case of the conjecture is especially simple to state. This is when
d, the index of D is odd, and  is a selfdual representation of GL,,(D)
for m odd. In this case, irreducible selfdual representations of the
Galois group of dimension n exist only in even residue characteristic,
cf. [Pra]. We are thus in the tame case (n,p) = 1, and in this case it can
be seen that Galois representations are induced from a character 6 of
L* where L is a degree n extension of k, with 6% = 1, thus 0 takes values
in +1. Therefore in this case the Galois representation is defined over
Q. Our theorem B implies that the selfdual representations of GL,, (D)
are defined over R, and the discussion in this section refines it to ask
the following:

Question 6.2 Let D be a division algebra of odd index over a mnon-
Archimedean local field k, and m > 0 an odd integer. Then, is every
selfdual, irreducible representation of GL,,(D) defined over Q%

Recently, Bushnell and Henniart have answered this question in the
affirmative in [BH] if either m =1 or d = 1.
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7. A CONCLUDING REMARK

One of the reasons the proof of Theorem A is so involved is that we
do not know, as of yet, how to simultaneously globalize to a selfdual
cusp form on GL(n) a finite number of selfdual, square-integrable local
representations (with parameters of the same parity), when one of the
representations is supercuspidal while another is (generalized) Stein-
berg. The reason is that the method of Poincaré series, here applied to
the classical groups to produce a generic cusp form with appropriate
local components, does not apply when a local discrete series represen-
tation is not integrable, as is the case for the Steinberg representation
and its generalizations.

It is known that such a general globalization result will follow from
a stabilization of Arthur’s twisted trace formula for GL(n), which is
being carried out by Arthur in a forthcoming monograph, “Endoscopic
Classification of Representations: Orthogonal and Symplectic groups.”
Some partial results are found in [CC].
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