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1 Introduction

Let G be a locally compact second countable group. We denote by P (G) the
space of all probability measures on G equipped with the weak∗-topology
with respect to bounded continuous functions, viz. a sequence {µi} in P (G)
converges to µ in P (G), and we write µi → µ, if

∫
ϕdµi → ϕdµ for all

bounded continuous functions ϕ. On P (G) we have the convolution product
∗ of measures making it a topological semigroup; namely (λ, µ) 7→ λ ∗ µ is a
continuous map of P (G)× P (G) into P (G).

For g ∈ G let δg denote that point mass concentrated at g, namely the
probability measure such that δg(E) = 1 for a Borel subset E of G if and
only if g ∈ E. It can be seen that {δg | g ∈ G} is a closed subset of P (G) and
the map g 7→ δg gives an embedding of G as a closed subset of P (G), which
is also a homomorphism of the semigroup G into the semigroup P (G).

Notation 1.1. In the sequel we suppress the notation ∗ (as is common in
the area) and write the product λ ∗ µ of λ, µ ∈ P (G) as λµ, and similarly
for n ≥ 2 the n-fold product of µ ∈ P (G) by µn. Also, for any g ∈ G and
µ ∈ P (G) we shall write gµ for δg ∗µ and similarly µ∗δg by µg. In view of the
observations above this change in notation is unambiguous. For λ ∈ P (G)
we denote by suppλ the support of λ, namely the smallest closed subset with
measure 1. For any closed subgroup H of G we shall also denote by P (H) the
subspace of P (G) consisting of all λ ∈ P (G) such that suppλ is contained in
H.
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With regard to the definitions and the discussion in the sequel it would
be convenient to bear in mind the following connection between probability
measures and “random walks” on G. To each µ ∈ P (G) there corresponds
a random walk on G with µ as its transition probability, namely the Markov
process such that for any a ∈ G and any measurable subset E of G the
probability of starting at a ∈ G and landing in aE (in one step) equals µ(E).

Definition 1.2. Let µ ∈ P (G).

i) A probability measure λ ∈ P (G) is called a nth root of µ if λn = µ.

ii) A probability measure σ ∈ P (G) is called a factor of µ if there exists
ρ ∈ P (G) such that ρσ = σρ = µ.

It may be noted that a factor in the above sense is a “two sided factor” in
the semigroup structure of P (G). We will not have an occasion to consider
one-sided factors in the usual sense, and the term factor will consistently
mean a two-sided factor.

Remark 1.3. i) Every root of µ is a factor of µ. On the other hand in general
factors form a much larger class of measures, even for point measures.

ii) Given g ∈ G, µ ∈ P (G) is a factor of δg only if µ = δh for some h ∈ G
which commutes with g; if furthermore µ is a root of δg then the element h
is a root of g in G.

Remark 1.4. If λ is a n th root of µ, n ≥ 2, then the random walk corre-
sponding to µ is the n-step iterate of the random walk corresponding to the
n th root λ. Similarly factorisation of µ corresponds to factorisation of the
corresponding random walks.

The main aim of this article is to discuss results about the sets of roots
and factors of probability measures. Much of the study of these was inspired
by the so called embedding problem, which I will now recall.

Definition 1.5. A probability measure µ is said to be infinitely divisible if
it has nth roots for all natural numbers n.

In the (algebraic) study of semigroups an element is said to be “divisible”
if it has roots of all orders, and the term “infinitely” as above is redundant,
but in probability theory it has been a tradition, since the early years of
classical probability to use the phrase “infinitely divisible”.
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Definition 1.6. A family {µt}t>0 of probability measures on G is called a
one-parameter convolution semigroup if µs+t = µsµt for all s, t > 0, and it
is said to be a continuous one-parameter convolution semigroup if the map
t 7→ µt, t > 0, is continuous.

A probability measure µ is said to be embeddable if there exists a contin-
uous one-parameter convolution semigroup {µt} such that µ = µ1.

Every embeddable measure is infinitely divisible, since given µ = µ1 in a
one-parameter convolution semigroup {µt}t>0, for any n ≥ 2, µ1/n is a n th
root of µ.

There is a rich analytic theory for embeddable measures obtaining in
particular a Lévy-Khintchine representation theorem is obtained for these
measures. Such a theory was developed by G.A. Hunt in the case of connected
Lie groups, and has been extended to locally compact groups by Heyer, Hazod
and Siebert (see [9]).

In the light of Hunt’s theory, K.R. Parthasarathy [13] raised the ques-
tion whether one can embed a given infinitely divisible probability measure
in a one-parameter convolution semigroup, in particular to obtain a Lévy-
Khintchine representation for it; this would of course involve some extra
condition on G, since infinite divisibility does not always imply embeddabil-
ity; e.g. if G is the group of rational numbers with the discrete topology then
δ1 is infinitely divisible, but it can not be embeddable. On the other hand for
the classical groups Rd, d ≥ 1, every infinitely divisible probability measure
is embeddable. A locally compact group G is said to have the embedding
property if every infinitely divisible probability measure on G is embeddable.
It was shown in [13] that compact groups have the embedding property; an
analogous result was also proved for measures on symmetric spaces of non-
compact space, but we shall not be concerned with it here. Parthasarathy’s
work inspired a folklore conjecture that every connected Lie group has the
embedding property. This conjecture is not yet fully settled, though it is now
known to be true for a large class of Lie groups. I will discuss the details in
this respect in the last section.

I will conclude this section by recalling a result which illustrates how the
study of the set of roots plays a role in the embedding problem.

Definition 1.7. A probability measure µ is said to be strongly root compact
if the set {λk | λn = µ for some n ∈ N, 1 ≤ k ≤ n}, has compact closure in
P (G).
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Theorem 1.8. Let G be a Lie group. If µ ∈ P (G) is infinitely divisible and
strongly root compact then it is embeddable.

Such a result is known, in place of Lie groups, also for a larger class of
locall compact groups; see [12], Corollary 3.7.

In view of Theorem 1.8 to prove that a Lie group G has the embedding
property it suffices to show the following: given µ ∈ P (G) infinitely divisible
there exists a closed subgroup H of G and a root ν of µ such that supp ν
is contained in H and viewed as a probability measure on H it is infinitely
divisible and strongly root compact. Proving existence of such H and ν has
been the one of the strategies for proving the embedding theorem.

2 Some basic properties of factors and roots

Let G be a locally compact second countable group and µ ∈ P (G). We
begin by introducing some notation associated with µ. We denote by G(µ)
the smallest closed subgroup containing suppµ, or equivalently the smallest
closed subgroup whose complement has measure 0. Let N(µ) denote the
normaliser of G(µ) in G, namely

N(µ) = {g ∈ G | gxg−1 ∈ G(µ) for all x ∈ G(µ)}.

Then N(µ) is a closed subgroup of G.

The following is an interesting simple lemma.

Lemma 2.1. Let µ ∈ P (G) and λ be a factor of µ. Then suppλ is contained
in N(µ).

Proof. Let ν ∈ P (G) be such that µ = λν = νλ. Then we have suppµ =
(suppλ)(supp ν) = (supp ν)(suppλ). Let g ∈ suppλ and consider any
x ∈ (supp ν)(suppλ), say x = yz with y ∈ supp ν and z ∈ suppλ. Then
gxg−1 = gyzg−1. Picking any w ∈ supp ν we can therefore write gxg−1

as (gy)(zw)(gw)−1. As gy, zw and gw are contained in (suppλ)(supp ν) ⊆
suppµ this shows that gxg−1 ∈ G(µ). As this holds for all x ∈ (supp ν)(suppλ)
and the latter set is dense in suppµ it follows that gxg−1 is contained in G(µ)
for all x ∈ suppµ, and in turn for all x ∈ G(µ). Hence suppλ is contained
in N(µ).
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Note that G(µ) is a closed normal subgroup of N(µ) and we may form
the quotient group N(µ)/G(µ). Let p : N(µ) → N(µ)/G(µ) be the quotient
homomorphism. Consider the image p(µ) of µ in N(µ)/G(µ). It is the point
mass at the identity element in N(µ)/G(µ). Let λ be any factor of µ. Then
p(λ) is a factor of p(µ), and since the latter is a point mass so is p(λ). Hence
there exists g ∈ N(µ) such that suppλ is contained in gG(µ) = G(µ)g. If
furthermore λ is a root of µ, say λn = µ, then p(λ)n = p(µ) and in this case g
as above is such that p(g)n is the identity, so gn ∈ G(µ). These observations
can be reformulated as follows:

Lemma 2.2. If λ is a factor of µ then there exist g ∈ N(µ) and a σ ∈
P (G(µ)) such that λ = σg. If furthermore λn = µ for some n ∈ N then
gn ∈ G(µ).

Let λ be a root of µ, say λn = µ with n ∈ N. Let g ∈ N(µ) and
σ ∈ P (G(µ)), as obtained above, such that gn ∈ G(µ) and λ = σg. Then we
have

µ = λn = (σg)n = σ(gσg−1)(g2σg−2) · · · (g(n−1)σg−(n−1))gn.

Let Θg : G(µ) → G(µ) be the automorphism defined by Θg(x) = gxg−1 for
all x ∈ G(µ); note that α 7→ Θg(α), α ∈ P (G(µ), defines a homomorphism
of the P (G(µ)). From the identity we see that

Lemma 2.3. λ is a n th root of µ if and only if it is of the form σg with
σ ∈ P (G(µ) and g ∈ N(µ) such that σΘg(σ) · · ·Θn−1

g (σ)gn = µ.

The point about this characterisation is that the relation in the conclusion
is entirely within G(µ) on which the measure µ lives. The measure σ may be
viewed as an “affine n th root” of µ in G(µ), depending on the automorphism
Θg and the translating element gn from G(µ). It is more convenient when
the translating element gn is the identity element. The notion of affine n th
root in this sense is studied in [7] (the results there have some consequences
to the embedding problem, which however are beyond scope of the present
article). In general it may not be possible to choose the element g (in its
G(µ) coset in N(µ)) to be such that gn is the identity element. However
there are many natural situations in which this is possible.

We denote by F (µ) the set of all factors of µ in P (G). The next result is
about sequences in F (µ), and in particular shows that F (µ) is a closed set.
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It may be noted here that for a given n ∈ N the set of all n th roots can be
readily seen to be a closed set. On the other hand the set of all roots of µ
is in general not closed, as can be seen, for example, from the fact that the
roots of unity form a dense subset of the circle group.

Proposition 2.4. Let {λi} be a sequence in F (µ), and let {νi} in P (G) be
such that λiνi = νiλi = µ for all i. Then there exists a sequence {xi} in
N(µ) such that the following holds: the sequences {xiλi}, {λixi}, {x−1

i νi}
and {νix

−1
i } have compact closures in P (G); in turn the sequences {xiµx

−1
i }

and {x−1
i µxi} are contained in a compact subset of P (G).

The first part of the assertion may be seen from the proof of Proposi-
tion 1.2 in [2]; (the statement of the Proposition there is not in this form,
but the proof incorporates this assertion along the way); see also [1], Proposi-
tion 4.2 for another presentation of the proof. The assertion about {xiµx

−1
i }

and {x−1
i µxi} follows immediately from the first statement, and the rela-

tion between the measures: indeed, xiµx
−1
i = (xiλi)(νix

−1
i ), and x−1

i µxi =
(x−1

i νi)(νix
−1
i ), yields the desired assertion.

Corollary 2.5. F (µ) is a closed subset of P (G).

Proof. Let {λi} be a sequence in F (µ) converging to λ ∈ P (G), and {νi}
be such that λiνi = νiλi = µ for all i. Let {xi} be a sequence in N(µ) as
in Proposition 2.4. Since {λi} and {λixi} have compact closures, it follows
that {xi} has compact closure in N(µ). In turn, together with the fact that
{νix

−1
i } has compact closure implies that {νi} has compact closure. Passing

to a subsequence we may assume that it converges, to say ν ∈ P (G). Then
λν = νλ = µ, and hence λ ∈ F (µ), which shows that F (µ) is closed.

3 Factor sets

Let G be a locally compact group and µ ∈ P (G). In this section we will
discuss the factor set of µ, under certain conditions on G. As before we
denote the set of factors of µ by F (µ). Let

Z(µ) = {g ∈ G | gx = xg for all x ∈ suppµ},

the centraliser of suppµ (or equivalently of G(µ)) in G. Also let

T (µ) = {g ∈ G | gµ = µg}.
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Then Z(µ) and T (µ) are closed subgroups and Z(µ) is contained in T (µ). We
note that if λ is a factor of µ then for any x ∈ T (µ), xλ is also a factor of µ; if ν
is such that µ = λν = νλ then (xλ)(νx−1) = xµx−1 = µ = νλ = (νx−1)(xλ).

Thus T (µ) (and also Z(µ)) act on the space F (µ) (viewed with the sub-
space topology from P (G)). The key question is how large are the quotient
spaces F (µ)/T (µ), F (µ)/Z(µ), and specifically whether there exist compact
sets of representatives for the actions.

In the light of Proposition 2.4 the question is related to understanding
sequences {xi} in G such that {xiµx

−1
i } and {x−1

i µxi} are contained in com-
pact sets. Consider the action of G on P (G), with the action of g ∈ G, which
we shall denote by Φg, given by λ 7→ gλg−1. Then {Φxi

(µ)} and {Φx−1
i

(µ)}
are contained in compact sets, and we want to know whether this implies
that {xiZ(µ)} is relatively compact in G/Z(µ), or {xiT (µ)} is relatively
compact in G/T (µ). A general scheme for studying asymptotic behaviour of
measures under the action of a sequence of automorphisms of the group is
discussed in [1], where a variety of applications are indicated, including to
the study of the factor sets of measures. Questions involving orbit behaviour
typically have better accessibility in the framework algebraic groups, and in
the present instance also the known results are based on techniques from the
area. I will now briefly recall the set up, in a relatively simpler form, and
then the results.

Let G be a subgroup of GL(d,R), d ≥ 2. Then G is said to be algebraic if
there exists a polynomial P (xij) in d2 variables xij, i, j = 1, . . . , d, such that
G = {(gij) | P (gij) = 0}; (normally, over a general field, one takes a set of
polynomials, but over the field of real numbers one polynomial suffices). Also,
it is said to be almost algebraic if it is an open subgroup of an algebraic sub-
group. Almost algebraic subgroups form a rich class of Lie groups. To that
end I may mention that given a connected Lie subgroup G of SL(d,R) the
smallest almost algebraic subgroup G̃ containing G is such that G is a normal
subgroup of G̃, G̃/G is isomorphic to Rk for some k, and [G̃, G̃] = [G,G]; in
particular if G1 and G2 are two connected Lie subgroups of GL(d,R) whose
commutator subgroups are different then the corresponding almost algebraic
subgroups are distinct. In the sequel we will suppress the inclusion of the
groups G in GL(d,R) as above, and think of them independently as “almost
algebraic groups”, the GL(d,R) being in the background.

A connected Lie group is said to be W-algebraic if i) AdG is an almost
algebraic subgroup of GL(G), where G is the Lie algebra of G and ii) for any
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compact subgroup C contained in the centre of G and x ∈ G, {g ∈ C | g =
xyx−1y−1 for some y ∈ G} is finite.

The following result was proved in [6]

Theorem 3.1. Let G be a W-algebraic group and µ ∈ P (G). Then F (µ)/Z(µ)
is compact. In particular, F (µ)/T (µ) and T (µ)/Z(µ) are compact.

For the case of almost algebraic groups (which in particular W-algebraic)
a proof of the theorem may be found in [4]. The question was also studied
earlier in [3] and the same conclusion was upheld under a condition termed
as “weakly algebraic”, but the method there is more involved.

There are examples to show that if either of the conditions in Theorem 3.1
do not hold then the conclusion F (µ)/Z(µ) is compact need not hold; see
[3]. Let me only recall here the example pertaining to the second condition
(in a slightly modified form than in [3]).

Example 3.2. Let H be the Heisenberg group consisting of 3 × 3 upper
triangular unipotent matrices. Let Z be the (one-dimensional) centre of H
and D be a nonzero cyclic subgroup of Z. Let G = H/D. Then T = Z/D
is a compact subgroup forming the center of G, and G/T is topologically
isomorphic to R2. On G we can have a probability measure µ which is
invariant under the action of T by translations, and such that G(µ) = G.
Then for any g ∈ G the T -invariant probability measure supported on gT is
a factor of µ. On the other hand, since G(µ) = G, Z(µ) = T . It follows that
F (µ)/Z(µ) can not be compact.

In all the known examples where F (µ)/Z(µ) is not compact for a prob-
ability measure µ on connected Lie group G, the construction involves in
fact that T (µ)/Z(µ) is noncompact. It is not known whether there exists a
connected Lie group G and a µ ∈ P (G) such that F (µ)/T (µ) is noncompact.

Remark 3.3. Conditions under which {xiµx
−1
i } can be relatively compact

for a probability measure µ and a sequence {xi} in the group are not well
understood. When this holds for a µ for a seqeunce {xi} not contained in a
compact subset µ is said to be collapsible. Some partial results were obtained
on this question in [8], and were applied in the study of decay of concentration
functions of convolution powers of probability measures.
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4 Compactness

Let G be a locally compact second countable group, and let µ ∈ P (G). The
set R(µ) = {λk | λn = µ for some n ∈ N, 1 ≤ k ≤ n} is called the root
set of µ. Recall that µ is said to be strongly root compact if the root set is
relatively compact and by Theorem 1.8, when this holds infinitely divisibility
of µ implies embeddability. Clearly R(µ) is contained in the factor set F (µ),
so µ is strongly root compact when F (µ) is compact. In the light of the
results of the previous section we have the following.

Corollary 4.1. Let G be a W -algebraic group and let µ be such that Z(µ) is
compact. Then µ is strongly root compact. In particular, if G is an almost
algebraic group with compact center then any µ ∈ P (G) such that G(µ) = G
(namely such that suppµ is not contained in any proper closed subgroup), is
strongly root compact.

The following proposition enables extending the class of measures for
which strong root compactness holds (see [11], Proposition 8).

Proposition 4.2. Let G and H be locally compact second countable groups
and suppose there is a continuous surjective homomorphism ψ : H → G such
that the kernel of ψ is a compactly generated subgroup contained in the center
of H. Let ν ∈ P (H) and X be a subset of R(ν) such that ψ(X) is relatively
compact in P (G). Then X is a relatively compact subset of P (G)).

Corollary 4.3. Let G be a connected Lie group and suppose that there exists
a closed subgroup Z contained in the center such that G/Z is topologically
isomorphic to a W -algebraic group. Let η : G→ G/Z be the quotient homo-
morphism. If µ ∈ P (G) is such that η(µ) is strongly root compact then µ is
strongly root compact.

We note in this respect that every closed subgroup contained in the center
of a connected Lie subgroup is compactly generated (see [10]), so Proposi-
tion 4.2 applies.

By an inductive argument using the above corollary one can prove the
following.

Corollary 4.4. i) If G is a connected nilpotent Lie group then every µ ∈
P (G) is strongly root compact.
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ii) If G is an almost algebraic group and µ ∈ P (G) is such that suppµ is
not contained in any proper almost algebraic subgroup of G then µ is strongly
root compact.

I may mention that there is also a group theoretic condition called Böge
strong root compactness which implies strong root compactness of every
measure on the group. Various groups including compact groups, connected
nilpotent Lie groups and also connected solvable groups G for which all eigen-
values of Adg, g ∈ G, are real (in this case G is said to have real roots) are
known to satisfy the Böge strong root compactness condition. The reader is
referred to [9], Chapter III for details; see also [12].

5 Roots

Let G be a locally compact group and let µ ∈ P (G). We now discuss the
set of roots of µ. For n ∈ N we denote by Rn(µ) the set of n th roots of µ,
namely λ ∈ P (G) such that λn = µ.

Let Z(µ) and T (µ) be the subgroups as before. We note that if λ ∈ Rn(µ)
and g ∈ T (µ) then gλg−1 ∈ Rn(µ), since (gλg−1)n = gλng−1 = gµg−1 = µ;
(note that a translate of a root by an element of T (µ) or Z(µ) need not be
a root). Thus we have an action of T (µ) on each Rn(µ), with the action of
g ∈ T (µ) given by λ 7→ gλg−1 for all λ ∈ Rn(µ). The object in this case will
be to understand the quotient space of Rn(µ) under this action.

Let me first discuss a special case. Let G = SL(d,C) and µ = δI , where I
is the identity matrix. Then for n ∈ N, Rn(µ) consists of {δx | x ∈ G, xn = I}.
Every x in this is diagonalisable, viz. has the form gdg−1, for some g ∈ G
and d = diag (σ1, . . . , σd), with each σi a nth root of unity; there are only
finitely many of these diagonal matrices. Since µ = δI , we have Z(µ) = G, so
the diagonal matrices as above form a set of representatives for the quotient
space of Rn(µ) under the action defined above. In particular the quotient
space is finite. Analogous assertion holds for any point mass over an algebraic
group.

The following theorem is a generalisation of this picture in the special
case, to more general probability measures, over a class of Lie groups G. In
the general case the quotient is shown to be a compact set (in place of being
finite in the special case). The condition that we need on G is described in
the following Proposition (see [5], Proposition 2.5).
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Proposition 5.1. Let G be a connected Lie group. Then the following con-
ditions are equivalent.

i) there exists a representation ρ : G → GL(d,R) for some d ∈ N such
that the kernel of ρ is discrete.

ii) if R is the radical of G then [R,R] is a closed simply connected nilpotent
Lie subgroup.

A connected Lie group satisfying either of the equivalent conditions is
said to be of class C. Groups of class C include all linear groups, all simply
connected Lie groups (by Ado’s theorem), and all semisimple Lie groups
(through the adjoint representation), and thus form a large class.

Remark 5.2. We note however that not all connected Lie groups are of
class C. An example of this may be given as follows. Let H and D be
an in Example 3.2 and let N = H/D. Then N is not of class C; in fact
it can be shown that for any finite-dimensional representation of N , the
one-dimensional center T = Z/D of N is contained in the kernel of the
representation. An example of a non-nilpotent Lie group which is not of class
C may be constructed from this as follows. Note that N/T is isomorphic to
R2. The group of rotations of R2 extends, over the quotient homomorphism
of N onto N/T , to a group of automorphisms of N , say C. Let G = C ·N ,
the semidirect product. Then G is not of class C. Similarly SL(2, R), viewed
as a group of automorphisms of R2 extends to a group of automorphisms of
N and the corresponding semidirect product is a non-solvable Lie group that
is not of class C.

For any λ ∈ P (G) we denote by Z0(λ) the connected component of the
identity in Z(λ).

Theorem 5.3. Let G be a connected Lie group of class C and let µ ∈ P (G).
Let n ∈ N and {λi} be a sequence in Rn(µ). Then there exists a sequence {zi}
in Z0(µ) such that {ziλiz

−1
i } is relatively compact. Moreover, the sequence

{zi} has also the property that if m ∈ N and {νi} is a sequence in Rmn(µ)
such that νm

i = λi and Z0(νi) = Z0(λi) for all i, then {ziνiz
−1
i } is relatively

compact.

Let n ∈ N and let ∼ denote the equivalence relation on Rn(µ) defined by
λ ∼ λ′, for λ, λ′ ∈ Rn(µ) if there exists a g ∈ Z0(µ) such that λ′ = gλg−1.
Then the first assertion in the theorem shows in particular that the quotient
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space Rn(µ)/∼ is compact. The point in second statement is that the same
zi’s work for n th as well as mn th roots, and this can be seen to be useful
in taking “inverse limits”. Such limits appear in the proof of the embedding
theorem in [5].

I will now sketch a part of the proof of the theorem, recalling some
key ingredients, which could be of independent interest. For simplicity
we shall assume that G an almost algebraic group. Let n ∈ N and a se-
quence {λi} in Rn(µ) be given. By Theorem 3.1 there exists a sequence
{xi} in Z(µ) such that {λixi} is relatively compact. Thus we have a se-
quence of translates by elements of Z(µ) forming a relatively compact set.
Our aim would be to find a sequence of conjugates contained in a com-
pact set. To achieve this we proceed as follows. As {λixi} is relatively
compact, so is {(λixi)

n}. Recall that each λi can be written as σiyi, with
σ ∈ P (G(µ)) and yi ∈ N(µ). Then for any i, (λixi)

n = (σiyixi)
n =

(σiyixi)(σiyixi) · · · (σiyixi), and a straightforward computation using that x ∈
Z(µ) shows that (σiyixi)

n equals (σiyi)
n(αi(xi)α

2
i (xi) · · ·αn

i (xi)) where αi is
the automorphism of Z(µ) defined by αi(z) = yizy

−1
i for all z ∈ Z(µ). There-

fore (λixi)
n = λn

i (αi(xi)α
2
i (xi) · · ·αn

i (xi)) = µ(αi(xi)α
2
i (xi) · · ·αn

i (xi)). As
{λixi} has compact closure in P (G) it follows that {(αi(xi)α

2
i (xi) · · ·αn

i (xi))}
is relatively compact in Z(µ).

Let me at this point recall an interesting property of nilpotent Lie groups
which we call “affine root rigidity”.

Theorem 5.4. Let N be a connected nilpotent Lie group. Let n ∈ N and
{αi} be a sequence of automorphisms of N such that αn

i = I, the identity
automorphism of N , for all i ∈ N. Let {xi} be a sequence in N such that
{(αi(xi)α

2
i (xi) · · ·αn

i (xi))} is relatively compact. Then there exists a sequence
{ξi} in N such that {ξ−1

i xi} is relatively compact and αi(ξi)α
2
i (ξi) · · ·αn

i (ξi) =
e, the identity element of N .

While a priori the subgroup Z(µ) need not be nilpotent it turns out that
using some structure theory of almost algebraic groups one can reduce to
the case when the sequence {xi} as above is contained in the nilradical of
Z0(µ), so this theorem can be applied to the above context. Following the
computation backwards one can now see that {λiξi} is relatively compact
and moreover (λiξi)

n = µ, namely the translates λiξi are roots of µ.

This brings me to another interesting fact, again involving nilpotent Lie
groups:
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Theorem 5.5. Let G be a locally compact second countable group and let
µ ∈ P (G). Let N be a subgroup of Z(µ) which is isomorphic to a simply
connected nilpotent Lie group, and normalized by N(µ). Let n ∈ N, λ ∈
P (G), and z ∈ N be such that (λξ)n = λn = µ. Then there exists ζ ∈ N
such that λξ = ζρζ−1.

This shows that the translates we had are also conjugates by another
sequence from the same subgroup. This proves the first assertion in the
theorem. The second part involves keeping track of how the conjugations
operate when we go to higher roots, using again certain properties of nilpotent
Lie groups.

6 One-parameter semigroups

In this section we discuss one-parameter semigroups and embeddings. One
may think of “one-parameter semigroups” parametrised either by positive
reals, or just by positive rationals (parametrisation by other subsemigroups
of positive reals may also be considered, but we shall not go into that here).
Via the study of the factor sets of measures the following was proved in [3]

Theorem 6.1. Let G be a connected Lie group. Then any homomorphism ϕ
of the semigroup Q+ (positive rationals) into P (G) extends to a homomor-
phism of R+ (positive reals) to P (G).

This reduces the embedding problem for infinitely divisible measures to
finding a rational embedding. (Actually our proof of the embedding result
in [5] does not make serious use this, but it helps to see the problem in per-
spective). It may also be noted that the task of finding a rational embedding
of µ ∈ P (G) is equivalent to finding a sequence λk in P (G) such that λk!

k = µ
and λk

k = λk−1 for all k; this produces a homomorphism from Q+ to P (G)

given by p
q
7→ λ

p(q−1)!
q . While by infinite divisibility µ admits k! th roots for

all k, we need to have them matching as above; an arbitrarily picked k! th
root may a priori not have any nontrivial roots at all.

Let me now come to the embedding problem, i.e. embedding a given
infinitely divisible probability measure µ, on a Lie group, in a continuous
one-parameter semigroup. Recall that by Theorem 1.8 if µ is strongly root
compact then µ is embeddable, and in particular the conclusion holds for the
strongly root compact measures as noted in § 4. In particular it was known
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by the 1970’s that all nilpotent Lie groups and solvable Lie groups with real
roots have the embedding property. The reader is referred to [9] for details.
In [4] it was shown that all connected Lie groups of class C (see § 5) have the
embedding property. A simpler and more transparent proof of the result was
given in [5] using Theorem 5.3.

Theorem 6.2. Let G be a Lie group of class C. Let µ ∈ P (G) be infinitely
divisible and let r : N → P (G) be a map such that r(m)m = µ for all m ∈ N.
Then there exist sequences {mi} in N and {zi} in Z0(µ), and n ∈ N such
that n divides mi for all i and the sequence {zir(mi)

mi/nz−1
i } (consisting of

n th roots of µ) converges to a n th root ν of µ which is infinitely divisible and
strongly root compact on the subgroup Z(Z0(ν)), the centraliser of Z0(ν) in
G. Hence µ is embeddable.

An overall idea of the proof is as follows. A subset M of N is said to
be infinitely divisible if for every k ∈ N there exists m ∈ M such that k
divides m. Let M = {mi} be an infinitely divisible set and n ∈ N. By
infinite divisibility of µ we can find a sequence ρi in P (G) such that for all
i, ρi is a min th root of µ. Then for ρmi

i is a n th root of µ for all i. By
Theorem 5.3 there exists a sequence {zi} in Z0(µ) such that {ziρ

mi
i z−1

i } is
relatively compact. Note that any limit point of the sequence is a n th root
of µ which is infinitely divisible in G. We need the limit to be such that it
is simultaneously infinitely divisible and strongly root compact in a suitable
subgroup of H. For this we need to pick the set M as above and n suitably,
which involves in particular analysing how Z0(λ) changes over the roots λ,
of higher and higher order. For full details the reader is referred to the proof
in original [5].

I will conclude with some miscellaneous comments concerning the status
of the embedding problem.

i) For a general connected Lie group G, not necessarily of class C, we get a
“weak embedding theorem”:

Theorem 6.3. Let G be a connected Lie group and µ ∈ P (G) be infinitely
divisible. Let T the maximal compact subgroup of [R,R], where R is the
solvable radical of G. Let p : G → G/T the quotient homomorphism, and
let M = p−1(Z0(p(µ))). Then there exists a sequence {ζi} in M such that
ζiµζ

−1
i converges to an embeddable measure.
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This can be deduced from Theorem 6.2, using the fact that G/T as above
is of class C (see [5].

ii) The embedding problem has been studied also for various other classes
of groups: discrete subgroups of GL(d,R) (Dani and McCrudden), Finitely
generated subgroups of GL(n,A), where A is the field of algebraic numbers
(Dani and R. Shah), p-adic groups (Riddhi Shah, McCrudden - Walker);
see [12] for some details and references.
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