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Abstract

Zariski’s main theorem is a theorem proved by Zariski (1943, 1949) which implies that
fibers over normal points of birational projective morphisms of varieties are connected. The the-
orem can be stated in several ways which at first sight seem to be quite different. In particular,
the name “Zariski’s main theorem” is also used for a closely related theorem of Grothendieck
that describes the structure of quasi-finite morphisms of schemes, which implies Zariski’s orig-
inal main theorem. In this article, we give an account of different versions of Zariski’s main
theorem and give an algebraic proof of Grothendieck’s version of Zariski’s main theorem.

1 Introduction

Throughout the article, by a variety we mean an irreducible affine algebraic set over an algebraically
closed field k. Recall that if X and Y are varieties, a rational map ¢ : X — Y is an equivalence class
of pairs (U, ¢y) , where U is a nonempty open set of X and ¢y is a morphism from U to Y, and
where (U, ) and (V, ¢y ) are equivalent if ¢y = ¢y on U N V. ¢ is said to be dominant if for some
open set U in X, ¢y(U) is dense in Y. Note that a rational map is not in general a map of the set
X to Y. Also note that dominant rational maps can be composed and hence, we can consider the
category of varieties with morphisms as dominant rational maps. Isomorphisms in this category are
called birational maps.

Definition 1.1. Let X and Y be varieties. A birational map ¢ : X — Y is a rational map which
admits an inverse, that is, a rational map ¢ : ¥ — X such that ¢y o ¢ = idy and ¢ oy = idy as rational
maps.

If there is a birational map from X to Y, we say that X and Y are birationally equivalent, or
simply birational. We recall that to give a birational morphism ¢ from X to Y is to give an open set
U C X and a morphism f : U — Y which induces an isomorphism of function fields &(Y) = k(X).
If we have another open set V € X and another morphism g : V — Y representing ¢, then f and g
agree on U NV, so we can glue them to obtain a morphism U U V — Y. In this way, we obtain a
largest open set U € X on which ¢ is represented by a morphism U — Y. We say that ¢ is defined
at the points of U and tht the points of X\U are fundamental points of .

If ¢ : X — Y is abirational transformation defined on U, represented by a morphism f : U — Y,
letI'g € U XY be the graph of f, and letI" € X X Y be its closure. I" is called the graph of ¢. For any



subset Z C X, we define ¢(Z) := py(p)‘(1 (2)), where px : I' = X, py : I’ — Y are the projections.
©(Z) is called the toral transform of Z. If ¢ is defined at a point P € X, then ¢(P) is just the point
©(P). Butif P is a fundamental point of ¢, then its total transform will consist of more than one
point in general.

2 Zariski’s Main Theorem - Smooth Case

In this section, we prove Zariski’s main theorem in case of the fibre of a smooth point. We shall use
a result about the dimension of intersection of an affine variety with an algebraic set, proof of which
follows directly from Krull’s principal ideal theorem.

Theorem 2.1. If X is an r-dimensional affine variety and fi, ..., fi are polynomial functions on X,
then every irreducible component of X N V(f1, ..., fx) has dimension > r — k.

Theorem 2.2 (Zariski’s Main Theorem - smooth case). Let ¢ : X — Y be a birational regular map
of r-dimensional affine varieties. Let x1,...,x, and yi,. ..,y denote the affine coordinates on X
and Y respectively. Let p € X and q = ¢(p) € Y be a smooth point. Then either
(i) ¢~! is a regular correspondence at q; more precisely, there exists a polynomial d(y1,...,ym)
such that d(q) # 0 and an inverse  : Y = {y € Y| d(y) # 0} — X to ¢, which is given by
ai(ylv o 9ym)
Xj=———"—=
d(yh e ym) -
(ii) there exists a subvariety E C X of dimension r — 1 such that dim @(E) < r — 2.(Such an E is
called an exceptional divisor. In particular, the fibre ¢~ (q) has a positive-dimensional component
through p.)

, for some polynomials a;, or

Proof. Since ¢ is birational, it induces an isomorphism ¢* : k(¥Y) — k(X) on the function fields.
Hence, each function x; on X equals b;(y1,...,ym)/ci(V1,-..,Ym) © ¢, for some polynomials b;, c;
such that ¢; # 0 on Y (for simplicity, we are not specifying the open sets on which the representatives
are defined). Since ¢ € Y is a smooth point, the local ring &,y is regular local, and consequently,
a UFD. We can therefore write x; = b;(y1,...,Ym)/ci(V1,...,Ym) © ¢, Where b; and c; are relatively
prime in 0, y. We now have two possibilities: either c;(g) # 0 for all i, or ¢;(g) = 0 for some i. In

n
the former case, take d = []c¢; and define ¢ : Y/ — X, where Y’ = {y € Y| d(y) # 0}, by
i=1

ai(y) an(y))

U1,y Ym) ::(d(y)"“’ 40)

where a;(y) = b [1c;).

J#I

In the latter case, let us assume that c¢;(g) = 0. Let y;(y) be a polynomial that represents an
irreducible factor of ci(y) in &,y such that y;(q) = 0. Let E be an irreducible component of
X N V(y1 o ¢) passing through p. By Theorem 2.1, dim E = r — 1. Butif ¢; = ¢} - 1, then on X, we
have by 0 ¢ = x1 - (¢} 0 @) - (1 © ¢); whence b; o ¢ = 0 on E. Therefore, by and y; vanish on o(E).
Now, y1, being irreducible, generates a prime ideal of &, y. Therefore, the ideal

I:={f€k[Y]lfey Oy}
is a prime ideal of k[Y]. Observe that b ¢ I, since by and c; are relatively prime. (Reason: If b; € I,
then by = yq - A in 0,y with g(q) # 0. Thus, we have gb; = fy;. Now, y; cannot divide g since
g(g) # 0,50y éc)livides b1.) Hence, b; # 0 on V(I). Therefore, we see that
Y 2 V() 2 p(E),



which implies that dim ¢(E) < r — 2. O

The stronger version of the Zariski main theorem assumes only that the local ring &,y is in-
tegrally closed in k(Y). Then either ¢! is a regular correspondence at g, or ¢~'(¢) has a positive
dimensional component through p. We give an algebraic proof of this stronger version of the Zariski
main theorem in the last section.

3 Various Versions of Zariski’s Main Theorem

Zariski, in [7], first stated and proved his main theorem. In modern language, the statement takes
the following forms:

Version 1 (Original form - I). Let 7 : X — Y be a birational transformation of projective varieties
over k, and assume that X is normal. If P is a fundamental point of 7', then the total transform 7'(P)
is connected and of dimension > 1.

Version 2 (Original form - II). Let X be a normal variety over k and let f : X’ — X be a birational
morphism with finite fibres from a variety X’. Then f is an isomorphism of X’ with an open subset
UcX.

Zariski also gave a version which could be deduced from pure local algebra and power series
techniques.

Version 3 (Power series form). Let X be a normal variety over k and let x € X be a normal point
(not necessarily closed), that is, the local ring &, is normal. Then the completion O is an integral
domain which is normal.

Grothendieck (1966) observed that Zariski’s main theorem could easily be deduced from a more
general theorem about the structure of quasi-finite morphisms (that is, morphisms having finite
fibres), and “Zariski’s main theorem” is sometimes used to refer to this generalization. It is well
known that open immersions and finite morphisms are quasi-finite. Zariski’s main theorem for
quasifinite morphisms, which is much harder than these facts is a kind of converse statement.

Version 4 (Grothendieck’s form). Let f : X’ — X be a morphism of varieties over k with finite
fibres. Then there exists a diagram
XY

WA

X

where Y is a variety, X’ is an open set in Y and g is a finite morphism.

Observe that Version 4 immediately implies Version 2. A direct appliction of Version 4 with the
hypotheses of Version 2 gives a variety Y such that X’ is a dense open set in Y. Then it follows that
g is a birational finite morphism. Since X is normal, it must be an isomorphism. This proves that X’
is an open subset of X, as desired.

Version 5 (Connectedness theorem - I). Let X be a variety over &, normal at a closed point x € X.
Let f : X’ — X be a birational proper morphism. Then the fibre f~!(x) is connected (in the Zariski

topology).



Version 6 (Connectedness theorem - II). Let f : X’ — X be a birational projective morphism of
noetherian integral schemes. Assume that X is normal. Then the fibre f~!(x) is connected (in the
Zariski topology).

The most powerful approach to Zariski’s main theorem is via Version 3. Zariski proved Version
3 and deduced the original Versions 1 and 2 from it. Versions 4, 5 and 6 are very deep. Version
5 is a very global statement, since properness of f is involved. There are cohomological proofs of
Versions 5 and 6 due to Grothendieck and proofs using projective techniques and completions due
to Zariski. There is a proof of Version 4 heavily depending upon Version 3 due to Grothendieck.
Zariski, in [8], reformulated his main theorem in terms of commutative algebra. Algebraic version
of Grothendieck’s generalization (1961) of Zariski’s formulation, which will be proved in the next
section, is as follows:

Version 7 (Algebraic form). Let B be a finitely generated A-algebra. If q is a prime ideal of B
isolated over p = q N A, then there exists a finite A-algebra R contained in B and an element
s € R\qg, where qg = g N R, such that R; = B;.

4 Zariski’s Main Theorem - Grothendieck’s Version

The aim of this section is to give an algebraic proof of Grothendieck’s version of Zariski’s main
theorem. We need a result in the proof below, which is a consequence of the following version of
Hilbert’s Nullstellensatz:

Theorem 4.1 (Nullstellensatz). Let k be a field and A be a finite type k-algebra. If m is a maximal
ideal in A, then A/m is a finite extension of k.

The corollary of Theorem 4.1 which will be used in the proof of Grothendieck’s stronger version
of Zariski’s main theorem is the following.

Corollary 4.2. Let R € S C T be commutative rings such that T is integral over a finite type R-
algebra. If a prime ideal qar of T is maximal in its fibre above qr := qr N R, then qs5 := qr N S is
maximal in its fibre over qp.

Proof. First, we may assume that R is local by localizing at qz. By going modulo g7, we may
assume that R, S, T are integral domains, that g7 = 0, and that R is a field. Since q7 is isolated
over the maximal ideal gg of R, it is itself maximal. This makes T a field. Let T’ be a finite type
sub-R-algebra of T such that T is integral over 7”. Since T is a field, the lying-over theorem implies
that 77 must be field. By Theorem 4.1, 7’ must finite algebraic over R, which implies that T is
algebraic over R. Therefore, S has to be a field, since RC S € 7. O

Let f : A — B be a homomorphism of commutative rings. f induces a map f* : Spec B —
Spec A, which is given by @) = fN(q), for all prime ideals q of B. Let p be a prime ideal of
A. The prime ideals of B in the fibre of f¥ over p are in one to one correspondence with the prime
ideals of the ring B ®4 «(p), where k(p) denotes the residue field of p (x(p) = A,/pA,).

Definition 4.3. Let f : A — B be a homomorphism of rings. A prime ideal q of B is said to be
isolated in its fibre if q is maximal as well as minimal (with respect to inclusion) in f~!(p), where
p=AnNaq.



Before going on to prove the main theorem, we first prove a couple of lemmas which will be
required. In what follows, all the rings are assumed to be commutative with unity and noetherian.

Lemma 4.4. Let A C B be integral domains such that A is local with maximal ideal p and that A is
integrally closed in B. Suppose that there exists t € B, which is transcendental over A, such that B
is integral over A[t]. Then no prime g of B is isolated in its fibre over p = q N A.

Proof. Let us first assume that A is integrally closed. Then A[¢] is also integrally closed. Let q be a
prime ideal of B and set p = gNA, v = qNA[f]. We claim that r is not isolated over p = gNA = rNA.
Indeed, since A[¢] is a polynomial ring over A, the prime ideal pA[¢f] lying over p is not maximal;
also, the maximal ideal of A[f] containing pA[f] also lies over p. From this it follows that 1 is not
isolated in its fibre over p. By applying the going-up or the going-down theorem, depending on
whether r is minimal or maximal among the prime ideals in the fibre over p, it can be seen that q is
not isolated in its fibre over p.

If A is not integrally closed, let A’ and B’ denote the integral closures of A and B respectively.
Clearly, ¢ is transcendental over A’ and B’ is integral over A’[t], B being integral over A[t]. If ¢’ is
a prime ideal of B’ such that ¢’ N B = g, then it is not isolated over p" = ¢’ N A’, by the special
case proved above. Therefore, there exists a prime ideal g} in B” such that ¢} N A” = p" and either
q & g orq; & q'. We shall work out the case q" & qi; the other case follows similarly. If
qd ¢ q;, then if set q; = q] N B, we have q & qi, in view of the going-up theorem. We thus have
qaNA=aqgNBNA=qNA'NA=9NA"NA=q NBNA = p. Therefore, q cannot be isolated
in its fibre over p = g N A. This completes the proof. O

Define the conductor from B to A[¢] to be
I:={veAlr]|vB C Alt]}.
Note that / is an ideal of B.

Lemma 4.5. Let A C B be integral domains with the same quotient field such that A is integrally
closed in B. Suppose that there exists t € B such that B is integral over A[t]. If the conductor from
B to A[t] contains an element of the form F(t) for a monic polynomial F € A[X], then B = A[t].

Proof. 1If deg(F) = 0, then F(X) = 1 and clearly, B = A[t]. If F(r) = 0O, then ¢ is integral over A.
Since A is integrally closed in B and B is integral over A[r], it follows that A = A[¢] = B. Thus, we
assume that deg(F) > 0 and that F(¢) # 0. Let b € B. There exists G € A[X] such that F(1)b = G(¢).
Using division algorithm, write G = QF + R, where degR < deg F'. Set s = b — Q(#). Then we have

F() - éR(t) =0

in the localization B;. Hence, ¢ is integral over the subring A[%] of B;. But s € B is integral over
A[t] by hypothesis, whence s is also integral over A[%]. Therefore, we can find ¢; € A[%] such that

Ty vqp=0.

"+ a8
Write «; = a;/s"i, where a; € A. Then mutiplying the above equation by a sufficiently high power of
s, we see that s is integral over A, and consequently, in A. Therefore, b = s+ Q(f) € A[t], completing
the proof that B = A[¢].



Grothendieck’s version of Zariski’s main theorem follows from the following theorem.

Theorem 4.6. Let A C B be integral domains with A integrally closed in B such that there exist
t1,...,ty € Bwith Bintegral over Alty,...,t,]. Assume further that A and B have the same quotient
field and that A is local with maximal ideal p. If a prime ideal q of B such that p = qN A is isolated
in its fibre, then A = B.

Proof. The proof is divided into three steps.
Step 1 : Reduction to the case n = 1.

The case n = 0 is obvious. Assume the result for n = 1. The proof in general case is by induction
on n. Let C denote the integral closure of A[zy,...,t,—1] in B. We are given a prime ideal q of B
isolated in its fibre over p = g N A. Set qc = gN C. q¢ is maximal above p by Corollary 4.2. To
see that q¢ is also minimal over p, look at C C CJt,] € B. qis isolated in its fibre over g¢, since it
is so over p. We therefore have C = B. Minimality of q¢ in its fibre is now immediate. Hence, qc is
isolated in its fibre, whence by the induction hypothesis, we obtain A = C.

Thus, it is enough to consider the case where we have A C A[f] C B, with B integral over A[f]
and A integrally closed in B. Let

I={veAlt]|vB C A[t]}
denote the conductor from B to A[f]. We treat separately the cases q 2 / and q 2 1.
Step 2 : The case q 2 1.

We first settle the case when B = A[f]. Set k = k(p) = A/p. Now, Bk = B4 A/p = B/pB =
A[t]/pAl[t] = k[t]. If ¢ is an indeterminate over k, then k[f] = k[X], and it is easy to see that no prime
of the polynomial ring k[X] is isolated. Hence, we assume that ¢ is algebraically dependent over k;
in that case, there exists a polynomial

f(x) = apx* + -+ ajx + ay,

with a; € A, not all in p such that f(r) = 0. We claim that r € A. We prove this by induction on
deg(f) = n. If n = 1, then a;t + ap = 0. If a; is a unit, we are through; otherwise, since a; € p C q,
so apt € q. But this implies that ayp € ¢ N A = p, a contradiction since ag has to be a unit. Assume
the result for all positive integers < n. Observe that

0= aZ_]f(t) = (ap)" + ay_1(an)"™ + - + aoafl_l,

whence a,t is integral over A, and consequently, in A, A being integrally closed in B. If a, is a unit,
we are through; otherwise, we have (a,f + a,— D 4 a, 0" 2 + -+ ag = 0, and the claim follows
from the induction hypothesis. Thus, we have A = B, as desired.

Coming back to the general case, let I denote the conductor from B to A[t]. We have assumed
that g 2 I. Setr = g N A[f]. We have an injection A[t]; <— B,. By assumption, there exists a
v € A[t]\r such that vB C A[f]. This implies that B, = B, and that A[t], = B, = B,. This makes
v isolated in its fibre above p, and by applying the result proved above in the special case, we have
A = A[t]. Now, B is integral over A[f] = A and A is integrally closed in B. Therefore, we have
A =B.

Step 3 : The case q 2 1.



We prove that no prime q of B is isolated in its fibre over p = g N A. Let n be a minimal prime
ideal of B/I, where I denotes the conductor from B to A[f]. We claim that the image of ¢ in B/n
is transcendental over A/m, where m = n N A. Replacing A by A,,, its localization at m, we may
assume that A is local and m is a maximal ideal. The conductor / need not be preserved under
localization, but it is still contained in n. We prove the claim by contradiction. If ¢ is algebraic
over B/n, then there exists a monic polynomial ¥ € A[X] such that F(f) € n. Since 1 is a minimal
prime of I, the ring By,/I, has a single prime ideal, namely n,,. Hence, F(¢) is nilpotent in B, /Iy, so
there exists d € N such that F(r)? € I,. This means that vF(t)? € I, for some v € B\n. Now, we
apply Lemma 4.5, taking A[¢] + vB for B and F? to be the monic polynomial in the conductor from
A[t] + vB to A[t] to obtain A[f] + vB = A[¢], that is, v belongs to the conductor from A[t] + vB to
Alt]. Hence, v € I C 1, a contradiction. This proves the claim.

We now return to the original situation A C A[f] € B with B integrally closed in A[f] and A
integrally closed in B. In view of the above claim, to prove that no prime ideal ¢ of B is isolated in
its fibre, we take a minimal prime n over / contained in g and set m = 1N A. Since the image of ¢ in
B/n is transcendental over A/m, it suffices to prove that no prime of B/n is isolated in its fibre. This
follows immediately from Lemma 4.4, applied to the situation A/m C %[t] C B/n. This finishes the
proof of Step 3 and proves the theorem. O

We are now ready to prove Grothendieck’s version of Zariski’s main theorem.

Theorem 4.7 (Zariski’s Main Theorem - Grothendieck’s version). Let B be a finitely generated A-
algebra. If g is a prime ideal of B isolated over p = q N A, then there exists a finite A-algebra R
contained in B and an element s € R\qg, where qg = q N R, such that Ry, = By.

Proof. Assume that B is generated by xp, ..., x, as an A-algebra. Let C be the integral closure of
A in B. Clearly, x1,..., x, generate B as a C-algebra also. Note that q is isolated over r = g N C.
Set S = C\r. By Theorem 4.6, we conclude that C; = S~1B. Hence, there exist Vis...,Yn € C and
S1,...,8, €S such that x; = y;/s;. Put s = []; s;. It is now clear that R = A[y1, ..., Ys, s] is a finite
A-algebra with s ¢ qg such that By = R;. O
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