
BERTINI’S THEOREM ABOUT NONSINGULARITY

ANAND P. SAWANT

A. In this lecture, we prove Bertini’s theorem, which says that a generic hyperplane
section of a smooth projective variety over an algebraically closed fieldk is smooth. As
applications, we shall discuss the existence of nonsingular hypersurfaces of degreed, for
anyd ≥ 1 and that of complete intersections of heightr, for any 1≤ r < n, in Pn

k.

1. I

One of the most beautiful and powerful aspects of algebraic geometry is the tendency
of a family of algebraic varieties to be often parameterized, in a natural way, by another
algebraic variety.1 One class of results reflecting this idea is the Bertini theorems, which say
that under appropriate conditions, agenerichyperplane section of a projective variety has
a certain property of the ambient variety. The aim of this article is to prove the following
version: if X ⊆ Pn

k is a nonsingular projective variety, then a generic hyperplane inPn
k

intersectsX in a nonsingular variety; that means, the set of such hyperplanes is a Zariski-
open dense subset of the parameterizing variety, which itself is ann-dimensional projective
space, as we shall see in due course.

Throughout the article,k will denote an algebraically closed field, unless mentioned
otherwise. We need to first define the notion of nonsingularity of a variety at a point. We
give the intrinsic definition of nonsingularity given by Zariski in terms of local rings at
points.

Recall that for a noetherian local ringA with unique maximal idealm,m/m2 is anA/m-
vector space and we have dimA/mm/m

2 ≥ dimA.

Definition 1.1. Let A be a noetherian local ring with unique maximal idealm. A is said to
be aregular local ring if dimA/mm/m

2
= dimA.

Definition 1.2. A variety X is said to benonsingularat a pointp ∈ X if the local ringOp,X

at p is a regular local ring.X is called anonsingular varietyif it is nonsingular at every
point p ∈ X.

For affine varieties, nonsingularity could be defined using the Jacobian criterion: an
affine varietyX ⊆ An

k of dimensiond is said to be nonsingular atp ∈ X if the Jacobian

matrix at p,
(

∂ fi
∂xj

(p)
)

i, j
, has rankn − d, whereX = V( f1, . . . , fr). It can be proved that this

definition is independent of the choice of generators of the ideal ofX, but the definition
apparently depends on the embedding ofX in the affine space. This definition is equivalent
to the above definition due to Zariski, which is more general as it readily generalizes to
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arbitrary varieties and schemes. One can also prove the Jacobian criterion for projective
varieties: a projective varietyY = V(g1, . . . , gr) is nonsingular at a pointp if and only if the
Jacobian matrix atp,

(

∂gi

∂xj
(p)
)

i, j
, has rankn− d, where dimY = d. The Jacobian criterion is

very useful in giving the defining equations of an affine or projective variety.

We shall require the following results, which we will not prove here to avoid a lengthy
interruption in the exposition.

Theorem 1.3(Main theorem of elimination theory). The second projectionPn × Pm→ Pm

is a closed map, that is, it takes Zariski-closed sets inPn × Pm to Zariski-closed sets inPm.

Proof. See Mumford [3,§2C, Theorem 2.23, page 33]. �

Theorem 1.4(Dimension of fibres). Let X and Y be projective varieties of dimension n
and m respectively, and f: X→ Y be a surjective morphism. Then m≤ n, and

(1) For any y∈ Y, every irreducible component of the fibre f−1(y) has dimension≥ n−m.

(2) There exists a nonempty open set U⊆ Y such thatdim f −1(y) = n−m, for all y∈ U.

Proof. See Shafarevich [4, Chapter I, 6.3, Theorem 7, page 76]. �

2. TM T

We are now ready to prove the main theorem of the article. Any hyperplane inPn
k is

given by the zero-set of a homogeneous linear polynomial
∑n

i=0 ai xi, wherexi ’s are the
coordinates onPn

k, ai ∈ k, and not all theai are zero. Thus, every hyperplane uniquely
determines a point (in this case, [a0 : · · · : an]) in a projective space of dimensionn overk,
called thedual projective spaceto Pn

k; it is denoted by (Pn
k)
∗.

Theorem 2.1(Bertini). Let X be an irreducible, nonsingular closed subvariety ofPn
k, where

k is an algebraically closed field. Then there exists a hyperplane H⊆ Pn
k, not containing X,

such that H∩ X is a nonsingular variety (of dimensiondimX− 1). Furthermore, the set of
hyperplanes with this property forms a dense open subset of the dual projective space(Pn

k)
∗

of hyperplanes inPn
k.

Proof. Let dimX = d. Let p ∈ X be a closed point. Set

Bp := {H ∈ (Pn
k)
∗ | X * H andp is not a regular point ofH ∩ X or X ⊆ H},

the set of “bad” hyperplanes atx. ConsiderB ⊆ X × (Pn
k)
∗ defined as follows:

B := {(x,H) | p ∈ X is a closed point andH ∈ Bp}.
Note thatB is a projective variety; the defining equations ofB are as follows: Suppose that
X = V( f1, . . . , fr). Define fr+1(x) := a0x0+· · ·+anxn. A point p ∈ X lies onH∩X if and only
if p satisfies each of the equationsf1, . . . , fr and fr+1. p is not a regular point ofH∩X if and
only if the Jacobian matrix

(

∂ fi
∂xj

(p)
)

1≤i≤r+1, 0≤ j≤n
has rank< n−dimH∩X = n−d+1, that is,

if and only if determinants of all the (n− d+ 1)× (n− d+ 1) minors of the Jacobian matrix
vanish. All these polynomials together constitute the defining equations forB. We claim
that The first projectionπ1 : B→ X is surjective, and that dimB = n− 1. In order to prove
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these, it suffices to prove that for any closed pointp ∈ X, the fibreπ−1
1 (p) is a projective

space of dimensionn− d− 1; for, then from Theorem 1.4, it follows that dimB = n− 1.

We first characterize the “bad” hyperplanes atp. Let x0, . . . , xn be the coordinates on
Pn

k anda0, . . . , an be the coordinates on the dual projective space (Pn
k)
∗. Let V denote the

k-vector space of all the homogeneous linear polynomials inx0, . . . , xn. Now, there exists
a hyperplane which does not pass throughp = (p0, . . . , pn) (for, otherwise, we would have
p = (0, . . . , 0), which is not possible); so without loss of generality, wemay assume that
the hyperplaneH0 defined byx0 = 0 does not pass throughp. Define ak- linear map
ϕp : V → Op,X/m

2
p by

ϕp :
n
∑

i=0

ai xi 7→
n
∑

i=0

ai
xi

x0
.

Sincek is algebraically closed, the maximal idealmp of Op,X is generated by linear poly-
nomials inx1/x0, . . . , xn/x0. Hence, it follows thatϕp is surjective. SinceX is nonsingular,
dimkmp/m

2
p = dimX = d, whence dimk Op,X/m

2
p = d + 1. Since dimk V = n+ 1, we have

dimk kerϕp = n − d. Note that for f ∈ V, ϕp( f ) = 0 implies thatf vanishes in a neigh-
bourhood ofp in X, and hence, on the whole ofX; thus,X ⊆ H, whereH is the hyperplane
defined byf = 0. Next, observe thatp ∈ H ∩ X if and only if ϕp( f ) ∈ mp. In this case, the
ring Op,X/(ϕp( f )) is regular if and only ifϕp( f ) ∈ mp − m2

p. Therefore, we conclude that
the hyperplanes inBp are exactly the elements of the projectivization of thek-vector space
kerϕp (for, scalar multiples of an elementf ∈ V define the same hyperplane), whence
dim Bp = n− d − 1. The claim now follows by observing thatπ−1

1 (p) is isomorphic toBp.

Having proved the claim, we see from Theorem 1.3 that the image ofB under the second
projectionπ2 : B→ Pn

k is a proper closed subset of (Pn
k)
∗. Let U = (Pn

k)
∗ − π2(B). Then it is

easy to see thatU is a required dense open set in the theorem.

�

3. A  B’ T

Existence of Nonsingular Curves.We now apply Bertini’s theorem to prove the existence
of nonsingular hypersurfaces of degreed, for anyd ≥ 1. We shall first introduce a very
useful and improtant construction called theVeroneseor d-uple embedding, which embeds
Pn

k into PN
k as a projective subvariety, whereN =

(

n+d
d

)

− 1. This morphismρd : Pn
k → PN

k is
given by

ρd : x = [x0 : · · · : xn] 7→ [M0(x) : · · · : MN(x)],

where M0, . . . ,MN are all the monomials of degreed in x0, . . . , xn. The corresponding
homomorphism of coordinate ringsψd : k[y0, . . . , yN] → k[x0, . . . , xn] is given by sending
yi to Mi(x). Now, letn ≥ 2. Note that the image of a nonsingular hypersurface of degree
d under theρd is a hyperplane inPN

k . Taking X = Pn
k insidePN

k and applying Bertini’s
theorem (Theorem 2.1), we see that for a generic hyperplaneH in PN

k , H∩X is nonsingular.
Therefore, for anyd ≥ 1, there exist nonsingular hypersurfaces of degreed in Pn

k; in fact,
they form a dense open set in (PN

k )∗.

Complete Intersections inPn
k. A closed subschemeY of Pn

k is said to be a complete inter-
section if the homogeneous idealI (Y) of Y in S = k[x0, . . . , xn] is generated byr = n−dimY
elements. (A closed subscheme ofPn

k is the Proj ofS/I , for some homogeneous ideal
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I ⊆ S.) Suppose that we are given integesd1, . . . , dr ≥ 1, with r < n. Using Bertini’s
theorem and the argument used in the above subsection repeatedly, we see that there ex-
ist nonsingular hypersurfacesH1, . . . ,Hr in Pn

k, Hi = V( fi) with deg fi = di such that the
schemeY = H1 ∩ . . . ∩ Hr is irreducible and nonsingular of codimensionr in Pn

k. We shall
now prove the following: A closed subscheme of codimensionr in Pn

k is a complete inter-
section if and only if there exist hypersurfacesH1, . . . ,Hr such thatY = H1 ∩ . . . ∩ Hr as
schemes. The “only if” part is easy to see. Before proving the“if” part, we require some
concepts from commutative algebra.2

Given any ideal in a noetherian ringA, a prime idealp of A is said to be anassociated
primeof I if p is the annihilator of some element ofA/I . There are only finitely many such
primes associated to a given idealI . The prime ideals ofA minimal overI occur among
the primes associated toI . An idealQ ⊆ p is said to bep-primary if

√
Q = p and if for

anya, b ∈ A with ab ∈ Q anda < Q, we havebn ∈ Q for somen. Any ideal I of A can be
expressed as the intersection of primary ideals. Since the intersection of ideals primary to
a given primep is againp-primary, I can be expressed as an intersection of ideals that are
primary to distinct primes. If this done so that none of the associated primes ofI are left
out, the expression is called aprimary decompositionof I and the primary ideals involved
are calledprimary components of I. The associated primes ofI are thus the radicals of
the primary components. The primary component ofI corresponding to a given primep
is uniquely determined byI if p is minimal overI . Such primary components are called
isolated componentsand the rest are calledembedded components.

Let A be a commutative local ring with maximal idealm and M be anA-module. Let
a1, . . . , an be a sequence of elements inm. We say thata1, . . . , an is anM-regular sequence
in m if for each 1≤ i ≤ n, ai is not a zerodivisor inM/(a1, . . . , ai−1)M, andM ,

∑

ai M.
If, in addition, A is noetherian, andM is a finitely generatedA-module, everyM-regular
sequence inm can be extended to amaximal M-regular sequence inm. In this setting, any
two maximalM-regular sequence inm have the same length. The length of the maximal
M-regular sequence inm under these assumptions is called thedepthof M and is denoted
by depthA(M). If M = A, we just write depthA for the depth ofA. If M , 0, it can be
proved that depthA ≤ dimA.

Definition 3.1. Let A be a noetherian local ring with maximal idealm. A is said to be a
Cohen-Macaulay local ringif depthA = dimA, or if A = 0. A noetherian ringA is said to
be aCohen-Macaulay ringif Ap is a Cohen-Macaulay local ring, for every prime idealp of
A. This is equivalent to saying thatAm is a Cohen-Macaulay local ring, for every maximal
idealm of A.

Let A be a noetherian ring andI an ideal ofA; let AssA(A/I ) = {p1, . . . , pl}. We say that
I is unmixedif ht(pi) = ht(I ), for all i. Note thatI is unmixed if and only ifA/I has no
embedded primes. We say that theunmixedness theorem holds in Aif the following is true:
every ideal of heightr, which is generated forr elements, is unmixed. It is not hard to see
that the unmixedness theorem holds inA if it holds in Am for every maximal idealm of A.

Theorem 3.2. Let A be a noetherian ring. Then A is Cohen-Macaulay if and only if the
unmixedness theorem holds in A.

Proof. See Matsumura [2, Chapter 6, Theorem 32, page 110]. �

2We only give an outline of results in this section and refer the reader to Matsumura [2] for a detailed
exposition.



BERTINI’S THEOREM ABOUT NONSINGULARITY 5

Theorem 3.3.Let A be a Cohen-Macaulay ring. Then the polynomial ring A[x1, . . . , xn] is
also Cohen-Macaulay.

Proof. See Matsumura [2, Chapter 6, Theorem 33, page 111]. �

We are now set to prove that if there exist hypersurfacesH1, . . . ,Hr with Hi = V( fi) such
thatY = H1 ∩ . . . ∩ Hr as schemes, thenY is a complete intersection. Using Theorems 3.2
and 3.3, we conclude that the unmixedness theorem holds inS = k[x0, . . . , xn]. SinceY =
H1∩ . . .∩Hr as schemes, their ideal sheaves are the same. Therefore, if (f1, . . . , fr) , I (Y),
then we must have (f1, . . . , fr) = I (Y) ∩ J, whereJ is an ideal primary to the irrelevant
maximal ideal (x0, . . . , xn). This is becauseV((x0, . . . , xn)) = ∅. Now sinceH1 ∩ . . . ∩ Hr

has codimensionr, we have ht(f1, . . . , fr) = r, whence it must be unmixed; that is , it has
no primary components of codimension> r. But ht(J) = ht(x0, . . . , xn) = n + 1 > r, a
contradiction. Therefore, we must haveI (Y) = ( f1, . . . , fr), soY is a complete intersection
of codimensionr.

R

[1] Hartshorne, R.,Algebraic Geometry.
[2] Matsumura, H.,Commutative Algebra.
[3] Mumford, D.,Algebraic Geometry I: Complex Projective Varieties.
[4] Shafarevich, I.,Basic Algebraic Geometry I.

S  M, T I  F R, H B R, M 400005,
I.

E-mail address: anands@math.tifr.res.in


