THE LEVEL OF FIELDS, RINGS AND TOPOLOGICAL SPACES

ANAND P. SAWANT

AsstrAcT. An important invariant of a (nonreal) field is its level, whiis defined to be
the least positive integersuch that-1 is a sum oh squares in that field. Using Pfister’'s
theory of multiplicative quadratic forms, we prove that teeel of a field must be a power
of 2 and present a construction of fields of any prescibed BueThe definition of level
applies for any nonzero ring with unity and it is proved thaeg any positive integen,
there exists a ring with level. This is deeply connected to a level-theory for topological
spaces with involution started by Dai and Lam.

1. INTRODUCTION

In a fundamental paper of Artin and Schreier [1], it was sholat the algebraic inves-
tigation of fields requires us to distinguish between fotynedal (that is, fields in which
—1 cannot be written as a sum of squares) and nonreal (thaelds fin which-1 is a
sum of squares) fields. Artin and Schreier characterizedddly real fields to be the fields
possessing at least one linear ordering. In order to studyeabfields, one has to study
invariants of them. A most natural invariant of a nonrealdfiisl its level the leasn such
that—1 is a sum ofn squares in that field. The first interesting result is the faat the
level of a field is a power of 2, which was proved by Pfister in3.86ing a special kind
of multiplicative quadratic forms, after it had remainedusnsolved problem for more than
thirty years. Pfister also constructed fields of a given filetel 2", using certain results in
function fields by himself and Cassels. Pfister's fundametsaovery revolutionized the
theory of quadratic forms and became a powerful tool in tkeaech in this area.

The definition of level can also be carried to rings. The gseaprise however was the
discovery of commutative rings, in fact, integral domaw#th prescribed finite level by
Dai, Lam and Peng in 1980. This is deeply connected to a kineslry for topological
spaces with involution started by Dai and Lam in 1984 by farrttheveloping the consider-
ations in the proof of their result about the level of ringeey proved that the topological
level of a spac& with an involution equals the algebraic level of thalgebra ofC-valued
functions onX respecting involutions. This article is aimed to give ancant of these re-
sults regarding the level of fields, rings and topologicalcgs.

2. PRELIMINARIES

Generalities on Quadratic Forms. !

Throughout the article, a field will mean a field of charast#ei+ 2, unless mentioned
otherwise.

IWe only give an outline of results and refer the reader togspfdetailed exposition.
1
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Definition 2.1. An (n-ary) quadratic form over a field F is a homogeneous pafyial of
degree2 in n variables over F.

A quadratic form ovefF has the general form

A0 X) = D &% € Flxa,..., Xl
1<i,j<n

gjj +aji

Since we have chd # 2, we can replace the ctieientsa; by === without changing
the form. In this wayq uniquely determines a symmetric matik, = (a;) and in matrix
notations, we have

A(X1, - - -5 %) = X' MgX,
wherex stands for Xy, .. ., X,), viewed as a column vector.

Definition 2.2. Two n-ary quadratic forms q and gre said to be equivalent if there exists
a nonsingular linear transformation A GL,(F) such that ¢x) = q(AX) for all x € F"; in
such a case, we writeg .

Equivalence of two quadratic forms is clearly an equivaderalation. Note that two
quadratic formsgj andq’ are equivalent if and only iy = A'MgA, for someA € GL,(F).

Every quadratic forng determines a symmetric matrM,, which in turn, determines a
symmetric bilinear fornB, on theF-vector spac&". In terms ofq, B, can be given by

By(xY) = 3La0x-+Y) ~ 400 ~ Al

In caseM, is a diagonal matrix with diagonad, ..., a,), we abbreviate the formg by
(@, .. .,an).

Definition 2.3. Let g be an n-ary quadratic form over a field F. Then the deteami of g
is defined to be the determinant of the matrix&hd is denoted bgtetq. A quadratic form
is said to be regular itletq # O.

Note that if twon-ary quadratic forms andq’ are equivalent, theMy = A'"M,A for
some nonsingular matri&. Hence, detf = detMy = detM, - (detA)? = detq - (detA)?.
This shows that an equivalence claglsdf quadratic forms uniquely determines an element
of F/F2. If qis regular, thend] determines a unique elementef/F*2.

There are two basic operations on quadratic formg.idfann-ary quadratic form and’
anm-ary quadratic form, then we define theithogonal direct sum g q’ to be i+ m)-ary
guadratic form associated with the symmetric matrix

Mg O
Maeq ::( 0 Mq,)'
The tensor productof g andq’ is defined to be the thenfn)-ary quadratic formg ®
associated with the symmetric matrix

a]_]_Mq/ aleq/ --+  dAin Mq/
azj_Mq/ azqu/ <++ Ao Mq/
Mg i=| . : . , whereMq = (&;).
. . . q/
a{]qu/ a{]z Mq/ . a{]an/

Thus, Mgy is just theKronecker producbf matricesMy andMy. In particular, we have
(@) ® (by = (aby and(l,a) ® (1,b) = (1,a,b,ab) foralla,b e F.
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Definition 2.4. An n-ary quadratic form g over F is said to be isotropic if thexists a
nonzero element & F" such that ¢x) = 0. g is called anisotropic if it is not isotropic. A
quadratic form of typél, -1) & - - - & (1, —1) is called hyperbolic.

It is not difficult to verify that the operatiors and® are preserved under equivalence of
guadratic forms. This makes the set of equivalence clagspsadratic forms into a com-
mutative semiring. Th&rothendieck completioaf this semiring, obtained by including
additive inverses of elements to the semirfogmally is a ring, called thé&rothendieck-
Witt ring of F and denoted byV(F). The quotient ring ofNV(F) by the hyperbolic forms
is a ring with the form1, —1) serving as the zero and the foxid) as the unity, called the
Witt ring of F.

Theorem 2.5.Let F be afield and g be an n-ary quadratic form over F. Then qjis\&a-
lent to a diagonal formp(x) = Y[, ax?, for some @,...,a, € F.

Proof. We use induction on. If g(x) = O for all x, thenM, = 0 with respect to any basis.
Assumeq(x;) = a # 0 for somex; € F" and consider the subspace

V = (Fx)* = [y € F" | By(y. x1) = O).

g(x.) # O implies that dinV = n—1, so we havd-" = (Fx;) ® V andq = q; @ g, with
01 = Jlrx, = (&) anddg, = q|y. By induction,q, = (ay, ..., a,) for somea,...,a, € F,
and the proof follows.

Note. In the casey # 0 in the above proof, we can take fay any nonzero element &f
represented by.

Corollary 2.6. Let F be afield and & € F*. If the quadratic forma, b) over F represents
c e F*, then
(a,b) = (c,abo).

Proof. By the above note, we haya, b) = (c, d) for somed € F. Comparing determinants,
we conclude thaabcde F*?, whence(d) = (abo), finishing the proof. O

Pfister Forms. Let F be a field of characteristi¢ 2. LetXy,..., X VY1,...,Y, be alge-
braically independent indetermiantes o¥er We let x andy stand for &, ..., x,) and
(Y1,...,Yn) respectively. We shall denote the rational function fiefdy, ..., X,) and
F(X1,...» % Y1, ..., Yn) by F(X) andF(x, y) respectively.

Definition 2.7. Lety be an n-ary quadratic form over a field kp.is said to be multiplica-
tive over F if there existiz. . ., z, € F(x,y) such that

e(X)e(y) = ¢(2),

where z= (z,...,z,). ¢ is said to be strictly multiplicative over F if z can be chogen
depend linearly on y, that is, if there exists a matrixelGL,(F (X)) such that

o(X)p(y) = o(Txy).
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In other words,p is strictly multiplicative if and only ifo(X)¢ = ¢ over F(x). Fur-
ther, observe that the nonzero elements iepresented by a multiplicative quadratic form
constitute a group under multiplication.

Pfister considered the forfd, a;) ® - - - ® (1, a,), givenn elementsa,, ..., a, € F*. He
proved in [6] that this form is multiplicative and used it toope that the level of any field
is a power of 2. Such a form is now called m#fiold Pfister formin Pfister’s honour.

Theorem 2.8(Pfister, Witt) Let F be afield and 3. .., a, € F*. Then the n-fold Pfister
form(1,a;) ® - - - ® (1, a,) is strictly multiplicative.

Proof. We prove this by induction on. If n = 1, then the theorem clearly holds as can be
seen from the identity

(S + at)) (X + ay?) = (sx— aty)? + a(sy+ tx)?

Assumen > 1 and writep = ¥ ® (1, a), wherea = a,. Theny = y @ ay. By inductiony
is strictly multiplicative and hence, we hayéx)¢ = ¢ overF(x). Using this, we conclude
that

p=yoay
= y(X)y © ay(y)y
= @ (Y(X), ay(y)),

where the equivalence is ovE(X, y). Now, observe thap(x,y) = ¥(X) + ay(y) is nonzero
in F(x,y) and is represented by the for@w(x), ax(y)). Therefore, by Corollary 2.6, we
have

W(x), ap(y)) = (X Y), e(% V) (Xay(y)) = o(x YL, ap(X)y(y)),
whence it follows that

¢ =Y @ W(X), ap(y))
= Y ® (X, yX1, ap(X)y(y))
= o(x, Yy & (L ay(Xy(y)]
= o(X, Y)Y © ay(X)y(y)/]
= p(x Yy e ay]
= (X, Y)e,
overF(x,y). Thereforey is strictly multiplicative, and the theorem is proved. O

3. THE LEVEL OF A FIELD

A field is said to beformally real if —1 is not a (finite) sum of squares in that field;
otherwise, it is calledhonreal

Definition 3.1. The level of a nonreal field F is defined to be the least posititager n
such that-1is a sum of n squares in F:

SF):={neN|-1=x2+...+x2 for some xe F}.
The level of a formally real field is defined to &e

The letters stems from the German wosdufefor level.
Examples 3.2. (1) s(R) = oo; ands(C) = 1 sincei®? = -1 inC.
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(2) If F is field of characteristic 2, therl = 1inF, sos(F) = 1.
(3) If F, denotes the finite field witp elements, then

1 if p=1(mod 4)

S(Fp) =
2 if p=3(mod 4)

Theorem 3.3(Pfister) Let F be afield. If &) < oo, then ¢F) = 2" for some non-negative
integer n.

Proof. Assumes(F) = nand let 2" be the highest power of 2 less than or equal.tbet ¢
denote the Pfister form
Lo ---0(11).
m

By hypothesis, there exist elemens. . ., X, € F such that-1 = X + - - - + 2. Suppose, if
possible, that2 < n. Then

2 2 2 2
XT+ 4+ Xom = =1(1+ Xom,q + -+ + X5).

Putd = 1+ X3,,, + -~ + X2. Sinces(F) = n, d cannot be 0, so we have
X1)® (ﬁ)z
(@) =G

d, being a sum of not more that'3quares is clearly representedgdgnd so is(%)z +oe

1
—1:a(x§+---+x§m):d

2
(%m) . Sinceyp is multiplicative (Theorem 2.8), we have

R

for somey, € F, a contradiction to our assumption trsF) = n. Hence, we must have
S(F) =n=2" O

4. HEeLDS WITH PRESCRIBED LEVELS

Lemma 4.1. Let F be afield, @ ...,ax» € F and puta= a2 + - - - + a3,. Then there exists
a 2" x 2" matrix A over F with first roway, . . ., ax) such that AA= A'A = alom, where bm
denotes th@" x 2" identitiy matrix.

Proof. We shall prove this by induction am The result trivially holds fon = 0. Assume
n>0. Writea=b+c, whereb=al+---+a ,andc=a5, ,  +--+a5. By induction,
there exist 21 x 2"~ matricesB andC overF such that the first row dB is (@i, . .., ay-1),
the first row ofC is (ay-1,1,...,ax») and

BB' = B'B = by,

CC' = C'C = Clpn.
If b # 0, an easy computation shows that the matrix

B C
A= (—b-lBtctB Bt)’
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solves the problem. b = 0 butc # 0, then we set

B C
A= (ct _cic! B‘C)’

and ifb = ¢ = 0, then the matrix
B C
A=(6 o

has the desired properties.

O

In particular, the above lemma tells us that any unimodwaar(g,, . . ., ax) overF (that
is, a2 + - -+ + a5, = 1) can be completed to give an orthogonal matrix dver

Lemma 4.2. Let F be a field, m= 2", and a,...,awb,...,bn € F. Then there exist
Cy,...,Cn € F such that

m 2
(a§+---+a,2n)(b§+---+bﬁq):(Za;bi] +C+ -+ C

i=1

Proof. Puta = a2+---+aZ andb = b?+- - - +b2. By Lemma 4.1, there existx mmatrices
A andB overF with first rows @y, ...,ay) and @, . . ., by) respectively such that

AA = A'A = al,,
and

BB' = B'B = bln.
Let C = AB. Denote the first row o€ by (cy,...,cy) and observe that, = 37, ajby.
Then

CC' = AB'BA' = abl,

which immediately givesb = (&2 + --- + aZ)(b2 + --- + b2) = ¢Z + ¢3 + - - - + cZ, where
¢ = X" ab;, as required. O

Note. This is another proof of the fact that a product of sums'o§@uares is again a
sum of 2 squares, due to Knebusch and Scharlau.

We are now ready to prove the main theorem of the section. \Ak rglguire a lemma,
proof of which will not be given here to avoid a lengthy intgstion of the exposition.

Lemma 4.3. Let F be afield such thdd, ..., 1) is anisotropic over F (that is, a nontrivial
N——

n
sum of squares is never zero in F). Thér-t - - + t2 cannot be written as a sum of-nl
squares in the rational function field(f, . . ., t,).

Proof. The Lemma follows from the Cassels-Pfister theorem and tesdlmrepresentation
theorem; we refer the reader to [7], Chapter 1 for a proof. O

Theorem 4.4(Pfister) Let m> 0 and choose & N such thal™ < n < 2™, Let x,..., X,
be indeterminates ovét and put d= Xf + --- + X2 in k := R(Xy, ..., X,). Then the field

F := k(V-d) has leveR™,
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Proof. Since

) ] -

—d —d

in F, we haves(F) < n. By Theorem 3.3 above, we must has{) < 2™. Putt = 2™
and suppose, if possible, that= s(F) < t. Then we can findr,,...,as € F such that
a2 +---+a%=-1. Putas,s = 1 andas,, = --- = a; = 0. Then

2 2 _
al+"'+at —O.

Write o; = & + b; V-d, wherea,, b, € k. Now, we must hav@}=l b? # 0. For, otherwise

we would haveb, = --- = by = 0, k being formally real; which inlturn, would imply that

a; = --- = & = 0, a contradiction. Sinckis formally real and- is not, V-d ¢ k. Thus,

t t t
Pt ta?=0 = Zq.z_de?:OandZaibi:o.
i=1 i=1 i=1

By Lemma 4.2, there exis}, . .., ¢ € k such that

t 2
o )= Yab) e end

Therefore, putting = b2 + - - - + b? and using the above two equations, we see that

:é[iaibi) S TR

(% (@],

a sum oft — 1 squares ik, contradicting Lemma 4.3. This proves the theorem.

5. Tue LeveL oF A COMMUTATIVE RING

The level of a commutative ring is defined in the same way ateted of a field.

Definition 5.1. The level of a commutative ring A is defined to be the smallestipe
integer n such that1 is a sum of n squares of elements of A; we denote the level of A by

S(A).
Theorem 5.2(Dai, Lam, Peng) Given any positive integer n, there exists a commutative
ring R, such that €R,) = n.

Proof. A natural chioce foR, iSR[Xy, . .., X,] /(1 +X3+- - -+ x2) 2 Clearly,s(R,) < n, since
—-1=x2+---+x2in R,. Suppose, if possible, thafR,) < n. Then there exist polynomials
f1(X), ..., fio1(X), p(X) € R[X], wherex stands forx,, ..., X, such that

ZNote thaRR, is, in fact, an integral domain 3¢+ - -+xZ being an irreducible polynomial iR[x;., . . ., Xnl.
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(%) —1= )%+ + fr1 (2 + YA + X + - + X2)

iNR[X,...,X]. We replace the variableg by ix (i = V-1) and write
fk(ix) = g(X) + ihk(X),
for all k, wheregk(x), hk(X) € R[X, ..., X,] and

p(ix) = a(x) +ir (x),

whereq(x), r(x) € R[Xy, ..., X,]. Note that we havéy(—x) = —h(x) for all k. Puttingix
for x in (x) and comparing real parts of the resulting equation, we get

~1=(G(0% = N ()?) + -+ + (Gr-1(% = hn-1(x)?) + 9L = X§ = -+ = %),

The polynomialdh(x) for 1 < k < n together define a functiop : R” — R"™! given by
o(X) = (h(X),...,h,1(X)). Restricty to S™! < R". We now apply the Borsuk-Ulam
theorem of topology to get a poigit= (y1,...,Yn) € S™? such thatp(y) = ¢(-y). But we
also havep(y) = —¢(-y), which impliesy(y) = 0. Thereforehi(y) = O for all k and we get
an obvious contradiction

~1=gui(¥)%+ - + gn-1(X)?,
sincey? + - - + y2 = 1 asy lies on the spher8™, proving the theorem.

Note. Observe that the proof of Theorem 5.2 uses a topological farhely the Borsuk-
Ulam theorem, which says that for any continuous mapS" — R", there existx € S"
such thaip(X) = ¢(—x). An equivalent formulation is the following: kn < n, then there
exists no mag : S" — S™ such thatf (—x) = —(f(X)).

6. THE LEVEL OF A TOPOLOGICAL SPACE WITH |INVOLUTION

We shall consider pairs{(ix), whereX is a topological space angdis an involution on
X, that is, a continuous madp : X — X such thai% = idx. By a morphism (or anap for
brevity) between pairsX,ix) and (Y, iy), we mean a continuous functidn: X — Y which
is equivariantwith respect to involutions oX andY : f oix =iy o f. Every topological
spaceX can be considered as a paX; (x), whereiyx = idyx, and maps between such pairs
are just the continuous functions between topologicalepa@n the language of category
theory, the category of topological spaces can be consldese full subcategory of the
category of topological spaces with involution.) But we di oonsider such pairs as we
shall see in a moment that the only paixsif) of interest are the ones where the involution
is fixed point-fregthat is,ix(x) # x for all x € X.

Examples 6.1. (1) X =R or S™! andiyx(x) = —x.
(2) X=C"andix(z,...,z) = (Z, . . ., Z,), whereZ; denotes the complex conjugate of
z;. Note that the set of fixed points ofis preciselyR" — C".
(3) Letl € R[Xy,..., %] be anideal. LeX = V(I) € C" be the &ine algebraic set
defined byl:

X={(z,...,2,) € C"| f(z,...,z) = 0forall f e},
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with the subspace topology induced froffl. Note that the complex conjugation
mapicn takesX to X; letiy denote the restriction af- to X. Then (X, ix) is topolog-
ical space with involutioniy is fixed point-free if and only it has no real zeroes
(for example) = (1 + X2 + - - + X2)).

(4) Odd-dimensional real projective spa@R?™! admit fixed point free involutions.
Consider the map fror@™ \ {0} to itself given by multiplication by the imaginary
uniti: (zu,...,Zm) = (iz1,...,izy). This induces a map fro®?™ \ {0} to itself
given by &i,Y1,. .., Xm, Ym) — (=Y1, X1, - . -, =Ym, Xm)- This, in turn, induces a map
i from RP?™! to itself, which is an involution, sincé¥{z, ..., z)] = [-2 = [
in RP?™1, On the other hand, it can be seen from algebraic topologgdusuler
characteristic) that the even-dimensional projectivesgRP>™ do not admit fixed
point-free involutions.

(5) The Stiefel manifold/, , of orthogonaim-frames inR", m < n, comes with a fixed
point-free involution

(Vla oo aVI‘aVI‘+1a oo ,Vm) = (Vla oo aVI" _VI‘+1’ ey _Vm),

wherer < mis fixed.

Notation. (S"?,-) will denote then-dimensional sphere with the antipodal involution
isn—l(X) = =X

Definition 6.2. The level of a topological space with involuti@q ix) is defined to be the
smallest positive integer n such that there exists a f¥ap) — (S"1, -) of pairs. If no
such n exists, then we define the level tedoaNe denote the level @K, ix) by X, ix).

s(X,ix) = inf {n € N | there exists a map of pairs:f(X,ix) — (S"*, -)}.

Remark. The levels(X,ix) depends also on the involution. For example, the Stiefel
manifoldV,,, has two basic fixed-point free involutions:

6:(Vi,...sVm) = (=Vi, ..., —Vin),

€:(Ve,....Vm) = (V1, ..., Vin-1, —Vim)-
Dai and Lam in [3] have proved that
S(Vh2,6) =n, foralln> 2,
whereas
n-1 ifn=2438,
S(Vn,2, 6) =

n otherwise

Examples 6.3. (1) If ix has afixed poink € X, thens(X, ix) = 0. For, otherwise there
would existn € N and a mapf : (X, ix) — (S"?, -) of pairs. But thenf (x) € S™*
would be fixed by the antipodal map, a contradiction.

(2) If there exists a map of pais: (X,ix) — (Y.iy), thens(X,ix) < (Y, iy); for, any
map of pairsf : (Y,iy) — (S"1, -) gives a map of pair§ o g : (X,ix) — (S"1, -).
In particular, if there exist maps of pairX,(x) — (Y.iy) and {¥,iy) — (X, ix), then

S(X,ix) = (Y, iy).

Proposition 6.4. Let (X, ix) be a topological space with involution, where the involatip
is fixed point-free.

(1) If X is a topological subspace @&, then ¢X) < n.
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(2) If X is a topological subspace @f* and ix is the restriction of the complex conju-
gation onC" to X, then §X) < n.

Proof. (1) This follows by definingf : (X,ix) — (8", -) by
X —ix(X)
[IX = ix(X)II
(2) This follows by definingf : (X, ix) — (S"1, =) by

e ).

wherez; = x; +iy; andd = Jy? +--- + 2.

f(x) = for all x € X.

O

Do there exist topological spaces with any prescribed ®evidie answer isfarmative
and examples are provided by spheres with antipodal ineolutThis is the most vital
result in the theory of topological level.

Theorem 6.5.5(S"%,-) = nforallne N.

Proof. This is just a disguised version of the Borsuk-Ulam theorertopology: there is
no mapf : S™1 — S™1 with f(-x) = —(f(x)) for m < n. Clearly,ids: is a map of pairs
(S"1,-) — (S"1, -). Hence,s(S™%,-) = nforallne N. O

Relation between Level of Topological Spaces with Involutin and Level of Rings.
The topological level of pairsX,ix) and the algebraic level of rings are intimately related.
We can associate dtralgebra of complex-valued functions to any topologicacgwith
involution (X, ix) as follows:. We define

Axiy =1{f | f: (X ix) = (C,.)is amap of pairs,

where. denotes the involution — zonC. Ay, clearly contains the constant real-valued
functions onX. Further, for anyf, g € Ax;,), their pointwise additiorf + g and pointwise
multiplication f - g are inAx;,). It is easy to check thax;,) has anR-algebra structure
with the homomorphisi® — Ax;,) given by

a+— the constant function on X.

Letg: (X ix) — (Y,iy) be a map between two topological spaces with involutiorenTh
g induces arR-algebra homomorphisgr : Ay;,) = Axiy) given by
g(f)="fog,
forall f € Ay, (note thatg*(1y) = 1y o g = 1x). in the language of category theory, we
can express this fact by saying that

(X ix) ~ Axi

gw g
gives a contravariant functor from the category of topatagspaces with involution to the
category of commutativR-algebras.

We are now ready to prove the main theorem of the section.
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Theorem 6.6(Dai, Lam) The level of any topological space with involutidf ix) equals
the level of A;,) as a commutative ring.

S(X,ix) = S(Axix)-

Proof. We break down the proof in three steps
Step 1. Let A:= Agr1_y; then gA,) < n.

LetX = (X, ..., %) € S™; thenx? + --- + x2 = 1. Consider the function§(x) := ix;,
for j = 1,...,nonS™, wherei = V-1. Clearly,f; € A, and (2 +--- + f3)(x) =
10 + -+ + X2) = -1, SOS(A,) < n.

Step 2. For any paI(X’ iX)! dA(X,ix)) < S(X’ IX)

We may assume thafX, ix) = nis finite; for, thee is nothing to prove whe(X, iy) = oo.
Then there exists a map of paigs: (X,ix) — (S™%,-). Letg' : A, — Axiy, be the
homomorphism induced by, From Step 1 we havé? + - - - + f2 = -1 in A,. Applying g*
we see that

g(f)’+ - +g(f)>=-1
in Axiy), which implies thas(Ax,)) < n= (X, ix).

Step 3. 6X,ix) < S(Axiy))-

Again, we may assume thatAx;,)) = nis finite. Then there exist,, ..., f, € Axiy

with
f24+...+f2=-1
Putf; = p;+iq; for j = 1,...,n, wherep;, g; are real-valued continuous functions Xnif
g;'s have a common zemoe X, thenp;(X)?+- - -+ pn(X)? = —1inR, a contradiction. Hence,
q;'s do not vanish simultaneously o6 We can thus define a continuous ntepX — S"*
by
1

h(x) = se o5 0n(X))
() = s (0. 0Y)

In Axy), We have

fi(ix(x)) = f;(x) = p;(x) —iq;(x),
whenceq;(ix(x)) = —q;(x) for all j. This shows thal is a map of pairsX,ix) — (S™*, -).
Therefore s(X, ix) < n = s(Ax,y)), completing the proof.

Remark. In particular, we have(A,) = n.
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