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Abstract

Let In = {1; 2; : : : ; n} and x : In �→ R be a map such that
∑

i∈In xi¿ 0. (For any i, its image
is denoted by xi.) Let F = {J ⊂ In : |J | = k, and

∑
j∈J xj¿ 0}. Manickam and Singhi (J.

Combin. Theory Ser. A 48 (1) (1988) 91–103) have conjectured that |F|¿ ( n−1
k−1 ) whenever

n¿ 4k and showed that the conclusion of the conjecture holds when k divides n. For any two
integers r and ‘ let [r]‘ denote the smallest positive integer congruent to r (mod ‘). Bier and
Manickam (Southeast Asian Bull. Math. 11 (1) (1987) 61–67) have shown that if k ¿ 3 and
n¿ k(k− 1)k(k− 2)k + k(k− 1)2(k− 2)+ k[n]k then the conjecture holds. In this note, we give
a short proof to show that the conjecture holds when n¿ 2k+1ekkk+1.
c© 2003 Elsevier B.V. All rights reserved.

Keywords: k-Subsets of {1; 2; : : : ; n}; Weight-functions on {1; 2; : : : ; n}

Let In = {1; 2; : : : ; n} and x : In �→ R be a map such that
∑

i∈In xi¿ 0. (For any i, its
image is denoted by xi.) x is called a weight-function de@ned on In. Let F = {J ⊂
In : |J | = k, and

∑
j∈J xj¿ 0}. For any two integers r and ‘ let [r]‘ denote the

smallest positive integer congruent to r (mod ‘). In [4] Manickam and Singhi while
studying @rst distribution invariants of Johnson association-scheme, have conjectured
that |F|¿ ( n−1

k−1 ) whenever n¿ 4k. In that they also showed that the conclusion of
the conjecture holds when k divides n.
In [2] Bier and Manickam have shown that if k¿ 3 and n=3k+1, then the conclusion

of the conjecture does not hold. The main result of that paper is the following: if k ¿ 3
and n¿ k(k − 1)k(k − 2)k + k(k − 1)2(k − 2) + k[n]k , then the conjecture holds.

Srinivasan [6] has pointed out an important application of this conjecture; he has
shown that the validity of this conjecture settles some special cases of a number-theoretic
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conjecture by Alladi et al. [1] on multiplicative functions. In [5] this conjecture has
been settled for k = 3. If |{i∈ In : xi¿ 0}|6 k6 n=2, then also the conjecture
holds [3].
In this note we give a short proof to show that the conjecture holds when n is

suDciently large; the bound given in this note is smaller than that found in [2].

Theorem 1. Let In, x and F be de3ned as above. Then |F|¿( n−1
k−1 ), if n¿2k+1ekkk+1.

Proof. Case (1): k divides n. We show that if a k-subset J of In is picked at
random with uniform probability then Pr(

∑
j∈J xj¿ 0) is at least k=n. This implies

|F|¿ ( n−1
k−1 ), since

|F|
( nk )

= Pr

(∑
i∈J
xi¿ 0

)
¿
k
n
:

To pick a random k-subset of In with uniform probability, consider the following
process. Pick a random permutation � of the elements of In with uniform probability.
Then randomly select an index �∈{1; 2; : : : ; n} with uniform probability and pick the
set

J� = {�([�]n); �([�+ 1]n); : : : ; �([�+ k − 1]n)}:
We note that for any permutation, n distinct k-subsets can be picked.
Let C� = {Fi;j = {�([i+ jk]n); �([i+ jk +1]n); : : : ; �([i+ jk + k − 1]n)}: i∈{0; 1; : : : ;

k−1}; j∈{0; 1; : : : ; n=k−1}} be the set of all possible k-subsets which can be selected
for any given �. Note that Pi={Fi;0; Fi;1; : : : ; Fi;n=k−1} forms a partition of In and C�=⋃k−1
i=0 Pi. Hence sum of the images of at least one of the k-sets in Pi is nonnegative.

Thus for any � there are at least k elements of C�, sum of whose images is nonnegative.
This implies Pr(

∑
i∈Ji xi¿ 0)¿ k=n.

Case (2): k does not divide n. Let ‘ = 	n=k
 and A= {i∈ In | xi¿ 0} and p= |A|.
When p¿ n=2k we observe that (pk )¿ ( n−1

k−1 ) by the following calculation:

n¿ 2k+1ekkk+1

⇒
( n
2k2

)k
¿ 2

(n
k

)k−1
ek

⇒
(p
k

)k
¿ 2e

(n
k

)k−1
ek−1

⇒
(p
k

)k
¿

(
n− 1
k − 1

e
)k−1

since 2e
(n
k

)k−1
¿

(
n− 1
k − 1

)k−1

⇒
(
p

k

)
¿

(
n− 1

k − 1

)
:

(Here we use the fact that for any a; b∈N, (a=b)b6 ( ab)6 (ae=b)b if b¡a=2).
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So we can assume p¡ �n=2k. Then every permutation � must have an index i∈ In
such that x�([i+j]n)¡ 0, for j∈{0; 1; : : : ; 2k − 1}. Let

Fa;b = {�([i + k + a+ bk]n); �([i + k + a+ bk + 1]n); : : : ;

�([i + 2k + a+ bk − 1]n)};
where a∈{0; 1; : : : ; k − 1} and b∈{0; 1; : : : ; ‘ − 1}.
Let Ca = {Fa;0; Fa;1; : : : ; Fa;‘−1}. Since

‘−1∑
j=0

∑
i∈Fa; j

xi ¿ 0;

there exists at least one k-subset L of In, such that
∑

i∈L xi¿ 0. But for distinct
i; j∈{0; 1; : : : ; k − 1}, Ci ∩ Cj = ∅. Thus in every permutation � there are at least k
values for the index i such that

∑k−1
j=0 x�([i+j]n)¿ 0. This completes this case and hence

the proof.

The author is thankful to the referee who pointed out the errors in the @rst version
of this paper. He would also like to thank N.M. Singhi and G.R. Vijayakumar for the
useful discussions he had with them while writing this paper.
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