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Abstract. We consider a graph with colored edges and study the alternating
reachability problem. Given an edge colored graph (we allow ≥ 2 colors) a trail
(vertices may repeat but not edges) is called alternating when successive edges
have different colors. Given a set of vertices called terminals, the alternating
reachability problem is to find an alternating trail connecting distinct terminals,
if one exists. By reduction to the classical case of searching for an augmenting
path with respect to a matching we show that either there exists an alternating
trail connecting distinct terminals or there exists an obstacle, called a Tutte set,
to the existence of such trails. We also give a Gallai-Edmonds decomposition of
the set of nonterminals.

1. Introduction

Let G = (V,E) be a graph. A walk in G is a sequence

W = (v0, e1, v1, e2, v2, . . . , em, vm), m ≥ 0,

where vi ∈ V for all i, ej ∈ E for all j, and ej has endpoints vj−1 and vj for all j. We
call e1 the first edge of W and em the last edge of W and we say that v1, v2, . . . , vm−1

are the internal vertices of the walk W . The length of the walk W is m. Note that
since we are allowing repetitions, the vertices v0, vm could also be internal vertices.
The walk W is said to be closed when v0 = vm and is said to be a trail when the
edges e1, . . . , em are distinct.

Now assume that the edges of G are colored with a set C of colors, where #C ≥ 2,
the coloring being given by C : E → C. We say that (G, C) is an edge-colored
graph (or a 2-colored graph when #C = 2). The walk W above is alternating when
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Figure 1. Example of a CAW

Figure 2. Example of a CAT.

C(ej) 6= C(ej+1) for each j = 1, . . . ,m − 1 and if W is closed then C(em) 6= C(e1).
A closed alternating walk (respectively, trail) is abbreviated as CAW (respectively,
CAT). Figure 1 and Figure 2 gives an example of CAW and CAT respectively.

Given an edge-colored graph G = (V,E) and a set S ⊆ V of vertices called terminals,
the alternating reachability problem is to either find an alternating trail connecting
distinct terminals or show that none exists. A special case of this problem is:

(⋆) Let G = (V,E) be a simple graph and let M ⊆ E be a matching. Color the
edges in M red and the edges in E−M blue, and let S be the set of exposed vertices
of M . The alternating reachability problem for these data is equivalent to finding
an augmenting path with respect to M , if one exists.
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We solve the alternating reachability problem by reducing it to the special case
(⋆) above. We show that given an edge-colored graph G = (V,E) and a set of
terminals, either there is an alternating trail connecting distinct terminals, or else
there is a subset of nonterminals, called a Tutte set, that acts as an obstruction to
such alternating trails (for a precise definition of a Tutte set, see Section 3). This
reduction also yields a Gallai-Edmonds decomposition of the nonterminals. Another
application of this reduction is to derive the colored analogs of Kotzig and Seymour-
Giles lemmas. Since this application is elementary and does not involve Tutte sets
we have given it separately in Section 2.

Tutte [T2] studied the alternating reachability problem in a slightly different version
and called the obstructions to alternating trails connecting distinct terminals r-
barriers (there is a very minor error in Tutte’s formulation. See Section 3).

2. Colored Kotzig and Colored Seymour-Giles Lemmas

In this section we show the equivalence of the classical Kotzig’s lemma of matching
theory with three results: colored Kotzig’s lemma, colored Seymour-Giles lemma,
and Seymour-Giles lemma. The colored Seymour-Giles lemma interpolates between
the colored Kotzig and Seymour-Giles lemmas. We begin with a few definitions.

Let G = (V,E) be a graph and let C : E → C be an edge coloring. Suppose we
are given a subset A ⊆ V of vertices, called normal vertices. Vertices in V − A are
called special. A closed A-alternating trail (CAAT) in G is a closed trail

T = (v0, e1, v1, e2, v2, . . . , em, v0), m ≥ 0,

that alternates at the normal vertices, i.e., v0 ∈ A implies C(e1) 6= C(em) and
vi ∈ A, 1 ≤ i ≤ m− 1 implies C(ei) 6= C(ei+1). Now suppose we are given a function
φ : V − A → E that maps every special vertex v ∈ V − A to an edge φ(v) incident
with v. A special closed trail (SCT) is a CAAT T satisfying the following property:
for every special vertex v, the number of edges in T incident with v is 0 or 2 and, in
the case this number is 2, one of these edges is φ(v). Note that when every vertex
is normal a SCT is a CAT and when every vertex is special a SCT is a cycle C
containing the edge φ(u) for every vertex u on C.

Given an edge colored graph G = (V,E), C : E → C, define a graph G′ = (V ′, E ′)
as follows:

V ′ = {eu, ev : e ∈ E and e has endpoints u and v}.

The edges in E ′ and their endpoints are as follows:

• Every e ∈ E is also an edge in E ′. If its endpoints in G are u and v its
endpoints in G′ are eu and ev.

• For every v ∈ V , e, f ∈ ∇G(v)(= set of all edges of G incident at v) with
C(e) 6= C(f), there is an edge (ef)v ∈ E ′ with endpoints ev and fv.
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See Figure 3 Note that the subset M = {e : e ∈ E} of E ′ is a perfect matching in
G′. Also note that there is a 1-1 correspondence between CAT’s in G and alternating
M -cycles in G′.
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Figure 3. Construction of G′ from G

Theorem 2.1. The following four results are equivalent.

(i) (Colored Kotzig’s Lemma) Let G = (V,E) be a bridgeless graph with an edge-
coloring C : E → C. Assume that for each v ∈ V , there are two edges with different
colors incident at v. Then (G, C) has a CAT of positive length.

(ii) (Colored Seymour-Giles Lemma) Let G = (V,E) be a bridgeless graph with an
edge-coloring C : E → C. Assume that we a given a subset A ⊆ V of normal vertices
and a function φ : V − A → E mapping every special vertex v ∈ V − A to an edge
φ(v) incident with v. Assume that for every normal vertex v ∈ A, there are two
edges with different colors incident at v. Then (G, C) has a SCT of positive length.

(iii) (Seymour-Giles Lemma) Let G = (V,E) be a bridgeless graph and let φ : V → E
map each vertex v to an edge incident at v. Then G has a nonempty cycle K such
that for each vertex w of K, φ(w) is an edge of K.

(iv) (Kotzig’s Lemma) Let M be a perfect matching in a bridgeless graph G. Then
G has a nonempty M-alternating cycle.

Proof. ((i) implies (ii)): Choose a color not in the set C and call this color black.
Consider a special vertex v ∈ V − A. Subdivide each edge e ∈ ∇G(v) − {φ(v)}
by introducing a new vertex (in the middle of) e. The two edges created get the
following colors: the edge incident with v gets colored black and the other edge
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retains the color of e. Now do this procedure in turn for every special vertex. The
resulting edge colored graph H is easily seen to satisfy the hypothesis of colored
Kotzig’s lemma. A positive length CAT in H gives rise to the required SCT in G.

((ii) implies (iii)): This is clear.

((iii) implies (iv)): This is clear.

((iv) implies (i)): Construct the graph G′ as above together with the perfect match-
ing M . Let e ∈ E. Since G is bridgeless there is a cycle Ce in G through e. We now
construct a cycle C ′

e through e in G′. Suppose f and g are consecutive edges in Ce

with common endpoint v. If C(f) 6= C(g), we can insert the edge (fg)v between f
and g. If C(f) = C(g), then there exists an edge h incident at v with C(h) 6= C(f).
Insert the edges (fh)v, (hg)v between f and g. Doing this for all consecutive edges
of Ce we get a cycle C ′

e in G′ through e. Applying Kotzig’s lemma to the bridgeless
subgraph of G′ with edgeset ∪e∈EC

′
e (together with the perfect matching M) we get

an alternating M -cycle in G′, which yields a corresponding CAT in G. �

3. Alternating Trails in an Edge-Colored Graph

Let G = (V,E) be a graph and let C : E → C be an edge coloring. In this section
we consider the alternating reachability problem: given a set S of vertices called
terminals, either find an alternating trail connecting distinct terminals or show that
no such trail exists.

Definition 3.1. A subset A ⊆ (V − S) is a Tutte set when

(i) each component of G− A has at most one terminal.
(ii) A can be written as a disjoint union (denoted ∪̇, empty blocks allowed)

A =
⋃̇

c∈C
A(c)

such that conditions (a), (b), and (c) below hold.
A vertex u ∈ A is said to have color c if u ∈ A(c) (there is a unique such c).
An edge e ∈ E is said to be mismatched if e connects a vertex u ∈ A with a
vertex v ∈ V −A and C(e) is different from the color of u, or e connects two
vertices u, v ∈ A and C(e) is different from both the colors of u and of v.
Conditions (a), (b), and (c) are as follows:
(a) if H is a component of G − A containing a terminal, then there is no

mismatched edge with an endpoint in H.
(b) if H is a component of G− A containing no terminals, then there is at

most one mismatched edge with an endpoint in H.
(c) there are no mismatched edges with both endpoints in A.

See Figure4 for an illustration. The next theorem shows that a Tutte set is an
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Figure 4. There is no alternating trail from a to c and A is a Tutte set.

obstruction to the existence of an alternating trail connecting distinct terminals.

Theorem 3.2. Suppose a Tutte set A exists. Let s be a terminal, let H be a
component of G− A containing the vertex t but not s, and assume that there is no
mismatched edge with an endpoint in H. Then there is no alternating s-t trail. In
particular, there is no alternating trail connecting distinct terminals.

Proof. We assert that if an alternating trail T enters A from V −A via an edge that
is not mismatched, then the next time T leaves A, it can only be via a mismatched
edge. Specifically, suppose that

T = (v0, e1, v1, e2, v2, . . . , em, vm)

is an alternating trail with v0 ∈ V − A, v1 ∈ A, and C(e1) = color of v1. Assume
that there exists some j ≥ 2 with vj ∈ V −A, and let i be the least such j. Proving
the assertion amounts to showing C(ei) 6= color of vi−1.

We show by induction that all l = 1, . . . i − 1 satisfy C(el) = color of vl. The base
case l = 1 follows from hypothesis. Now assume that the statement holds for l = t,
where t < i − 1. Thus C(et) = c, where c is the color of vt. Since T is alternating,
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d = C(et+1) 6= c. Since vt+1 ∈ A, it follows from condition (ii)(c) in Definition 3.1
that the color of vt+1 is d.

We have shown that C(ei−1) = color of vi−1. Since T is alternating, C(ei) 6= C(ei−1),
and thus C(ei) 6= color of vi−1, which proves the assertion.

Now suppose that T is an alternating s-t trail. Since s and t are in different compo-
nents of G−A, T must enter A. By (ii)(a) in Definition 3.1, the first time T enters
A, it must be via an edge that is not mismatched. Since t /∈ A, T must leave A. By
the assertion, the first time T leaves A, it is via a mismatched edge. By hypothesis,
the component K of G−A that T enters upon leaving A (for the first time) cannot
be the destination component H containing t, and thus T must leave K and enter
A again. By (ii)(b) in Definition 3.1, this entry must be via an edge that is not
mismatched (since the only mismatched edge has already been used for entering
K). Therefore, by the assertion, when T leaves A for the next time, it must be via
a mismatched edge. Continuing this argument we see that every time T leaves A, it
must be via a mismatched edge. Thus T can never reach the destination component
H containing t, a contradiction. �

Now suppose that there is no alternating trail connecting distinct terminals in S
(this assumption will remain in force till the end of this section). We shall produce
a Tutte set together with a Gallai-Edmonds type decomposition of the vertex set.

Our original proof of this result (see [BPS2]) was a colored generalization of Ed-
monds’ blossom forest algorithm [E]. We constructed a maximal colored blossom
forest and an appropriate set of vertices then yielded a Tutte set. Jácint Szabó
has suggested an alternative simpler approach that consists in applying the original
Edmonds algorithm to an expanded graph. We now present this approach.

First we recall some basic notions connected with Edmond’s algorithm. Our purpose
here is only to set down terminology and we omit all details. Our main reference for
Edmonds’ algorithm is Chapter 9 of Lovász and Plummer [LP] to which we refer for
all unexplained terminology. Consider a graph together with a matching. Edmond’s
algorithm maintains a (rooted) blossom forest with respect to the matching. The
blossom forest contains vertex disjoint factor critical subgraphs called blossoms such
that the given matching contains a near-perfect matching of every blossom and,
upon shrinking every blossom to a single vertex, we obtain an alternating forest
with respect to the image of the matching. Moreover, the images of the blossoms
are outer points of this alternating forest. It follows that every blossom has a unique
vertex which is either unmatched by the matching or matched to a vertex outside the
blossom. This vertex is called the base of the blossom. In case the base is matched to
a vertex outside the blossom we call this matched edge the leading edge into the base.
We classify the vertices of the graph as follows: vertices not in the blossom forest
are called out of forest and the other vertices are in forest. The in forest vertices are
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further classified as inner vertices and blossom vertices (in particular, the exposed
vertices (w.r.t the matching) are blossom vertices). A blossom vertex is trivial if it
is the only vertex in its blossom, otherwise it is nontrivial. Likewise, a blossom is
trivial if it contains only one vertex and is nontrivial if it contains more than one
vertex. Thus, for a matched edge exactly one of the following three possibilities hold:
both endpoints are out of forest or both endpoints belong to the same nontrivial
blossom or one of the endpoints is the base of a blossom and the edge is the leading
edge into this base. The height of a blossom is the distance of the blossom from
the corresponding root blossom in the blossom forest (so the root blossoms, i.e.,
the blossoms containing the exposed vertices have height zero). At any stage of the
algorithm we can perform three operations: growing, shrinking, and augmenting. If
the matching were maximum then we will never perform an augmenting operation
and only apply the other two operations. When even those two operations cannot
be performed we obtain a maximal blossom forest with respect to the maximum
matching.

Define a graph G′ = (V ′, E ′) as follows:

V ′ = S ∪̇ {eu, ev : e ∈ E and e has endpoints u and v}.

The edges in E ′ and their endpoints are as follows:

• Every e ∈ E is also an edge in E ′. If its endpoints in G are u and v its
endpoints in G′ are eu and ev.

• For every v ∈ V , e, f ∈ ∇G(v) with C(e) 6= C(f), there is an edge (ef)v ∈ E ′

with endpoints ev and fv.
• For every s ∈ S and every e ∈ ∇G(s), there is an edge se ∈ E ′ with endpoints
s and es.

Note that the subset M = {e : e ∈ E} of E ′ is a matching in G′. Also note that,
for u, v ∈ V , there is a 1-1 correspondence between alternating u−v trails in G with
first edge e and last edge f and M -alternating eu − fv paths in G′ with first edge e
and last edge f . It follows that, for s, t ∈ S, s 6= t, there is a s− t alternating trail
in G iff there is an s− t M -augmenting path in G′. Thus, by our assumption (of no
alternating trails connecting distinct terminals) M is a maximum matching in G′.

We shall now extract a Tutte set in G from information provided by a maximal
blossom forest F in G′ with respect to the matching M . The terminology out of
forest vertex, blossom vertex etc. will be with respect to F .

Lemma 3.3. (i) Let v ∈ V − S. If there exists e ∈ ∇G(v) such that ev is an in
forest vertex then there exists f ∈ ∇G(v) such that fv is a blossom vertex.

(ii) Let v ∈ V − S. Define ΓG(v) = {e ∈ ∇G(v) : ev is a blossom vertex}. Then
exactly one of the following three possibilities hold:
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(a) All vertices ev, e ∈ ∇G(v) are out of forest (note that, from part (i), this is
equivalent to ΓG(v) being empty).

(b) ΓG(v) is not empty , each ev, e ∈ ΓG(v) is a trivial blossom vertex and all
edges in ΓG(v) have the same color.

(c) #ΓG(v) ≥ 2, each ev, e ∈ ΓG(v) is a nontrivial blossom vertex and all of
them belong to the same nontrivial blossom of F .

Proof. (i) Suppose ev is an inner vertex. Consider the (unique) path P from ev to a
root in F . Since v ∈ V − S, the other endpoint (in V ′) of the edge of P incident to
ev must be a vertex of the form fv, which is a blossom vertex.

(ii) Assume that (a) does not hold, i.e., some ev, e ∈ ∇G(v) is in forest. From
part (i) it follows that ΓG(v) 6= ∅. Now assume that each ev, e ∈ ΓG(v) is a trivial
blossom vertex. If e, f ∈ ΓG(v) have different colors then there will be an edge
(in G′) between the blossom vertices ev and fv, contradicting the fact that F is a
maximal blossom forest. Thus all edges in ΓG(v) have the same color.

Now assume that both (a) and (b) do not hold, i.e., ΓG(v) 6= ∅ and some ev, e ∈
ΓG(v) is a nontrivial blossom vertex. Since v ∈ V − S, it follows that there is a
f ∈ ΓG(v) with C(e) 6= C(f) and such that fv belongs to the same nontrivial blossom
as ev. Thus #ΓG(v) ≥ 2. If hv, h ∈ ΓG(v) were to belong to some other blossom of
F then, since h would have a different color from one of e or f , there would be an
edge (in G′) between vertices in two different blossoms, a contradiction. Thus (c)
holds. �

We now classify the vertices of V − S as follows:

• N(S) = {v ∈ V − S : v satisfies condition (a) in Lemma 3.3(ii)},
• I(S) = {v ∈ V − S : v satisfies condition (b) in Lemma 3.3(ii)},
• T (S) = {v ∈ V − S : v satisfies condition (c) in Lemma 3.3(ii)}.

For c ∈ C, define I(S, c) = {v ∈ I(S) : C(e) = c for some (equivalently, all) e ∈
ΓG(v)}. If v ∈ I(S, c), we say that v has color c. Elements of N(S), I(S), and T (S)
are called achromatic, monochromatic, and bichromatic vertices respectively. This
terminology is justified by the next result which gives a Gallai-Edmonds type de-
composition of V − S. For v ∈ T (S), we denote by Bv the nontrivial blossom of
F containing all the vertices ev, e ∈ ΓG(v). Similarly, for s ∈ S, we let Bs denote
the blossom of F containing the vertex s. Note that Bs either consists of the single
vertex s or is equal to Bv for some v ∈ T (S).

Theorem 3.4. (i) N(S) equals the set of all vertices t ∈ V − S such that, for all
s ∈ S, there is no alternating s-t trail in G.

(ii) T (S) equals the set of all vertices t ∈ V − S such that, for some s ∈ S, there
are two alternating s-t trails in G whose last edges have different colors.
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(iii) I(S, c) equals the set of all vertices t ∈ V − S satisfying the following property:
there are alternating trails starting from S and ending in t, and the last edges of all
such alternating trails have the color c.

Proof. The sets N(S), T (S), and I(S, c), c ∈ C partition V − S and the sets on the
rhs of the three statements above are clearly pairwise disjoint. Thus the result will
follow if we show that each lhs is contained in the corresponding rhs.

Let v ∈ N(S). Suppose that, for some s ∈ S, there is a s− v alternating trail in G
with last edge e ∈ ∇G(v). Then there is a s − ev M -alternating path in G′. Since
ev is out of forest, this contradicts the maximality of F . Thus there is no s − v
alternating trail in G, for any s ∈ S.

Let v ∈ T (S). Choose e ∈ ΓG(v). Like in the proof of part (c) of Lemma 3.3(ii)
above there exists f ∈ ΓG(v) with C(e) 6= C(f). Both fv and ev belong to Bv. Let
s ∈ S be the base of the root blossom of the component of F containing Bv. It
follows that there are M -alternating s− ev and s− fv paths in G′ with last edges e
and f respectively. Thus there are s − v alternating trails in G with last edges of
different colors.

Let v ∈ I(S, c) and let f ∈ ΓG(v). Then C(f) = c. Let s ∈ S be the base of the root
blossom of the component of F containing the trivial blossom vertex fv. Clearly
there is a s− fv M -alternating path in G′ with last edge f and thus there is a s− v
alternating trail in G with last edge f of color c.

Now suppose that, for some s′ ∈ S, there is a s′ − v alternating trail in G with last
edge e. Then there is a s′ − ev M -alternating path in G′ with last edge e. Since F
is maximal it is easy to see that ev is a blossom vertex. Since v ∈ I(S, c), it follows
that C(e) = c. �

We shall now show that the monochromatic vertices form a Tutte set (with coloring
as given above). We begin with the following result, which places restrictions on
the edges connecting the four different types of vertices in G: the terminals and the
achromatic, monochromatic, and bichromatic vertices.

Lemma 3.5. (i) No edge in G connects a vertex of S ∪ T (S) to a vertex of N(S).

(ii) If an edge e in G connects a vertex u in I(S, c) to a vertex in N(S) then C(e) = c.

(iii) If an edge e in G has endpoints u, v ∈ S ∪ T (S) then either Bu = Bv or one of
eu, ev is a base in F and e is the leading edge into this base.

(iv) If an edge e in G has endpoints u ∈ S ∪T (S) and v ∈ I(S, c) and C(e) 6= c then
eu is a base in F and e is the leading edge into eu.

(v) If an edge e in G has endpoints u ∈ I(S, c) and v ∈ I(S, d) then C(e) = c or d.
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Proof. (i) Let e ∈ E with endpoints u ∈ S ∪T (S) and v ∈ N(S). Consider the edge
e ∈ M with endpoints eu, ev. By Lemma 3.3(ii)(a) ev is out of forest and thus so
is eu. If u ∈ S then there is an edge ue ∈ E ′ connecting u to eu, contradicting the
maximality of F . If u ∈ T (S) then it follows (like in Lemma 3.3(ii)(c)) that there
exist f, g ∈ ΓG(u) with C(f) 6= C(g) and such that fu, gu both belong to Bu. One of
f or g has color different from that of e and thus there is an edge in E ′ connecting
a blossom vertex (fu or gu) to an out of forest vertex eu, a contradiction to the
maximality of F .

(ii) Let v ∈ N(S) be the other endpoint of e and consider the edge e ∈ M with
endpoints eu and ev. As in part (i) eu, ev are out of forest. Let f ∈ ΓG(u). Then
C(f) = c. If C(e) 6= c then there is an edge in E ′ connecting the (trivial) blossom
vetex fu to the out of forest vertex eu, a contradiction to the maximality of F . Thus
C(e) = c.

(iii) Consider e ∈ M with endpoints eu, ev. If eu, ev are out of forest then we can get
a contradiction like in part (i). So eu, ev are in forest. Thus, either both endpoints
of e are in the same blossom (in which case this blossom must be Bu = Bv) or one
of eu, ev is a base in F and e is the leading edge into this base.

(iv) Consider e ∈ M with endpoints eu, ev. Like in part (i) we can show that eu, ev
are in forest. If both endpoints of e were in the same blossom it would follow that
v 6∈ I(S). Thus one of eu, ev is a base in F and e is the leading edge into this
base. If ev were the base then, since v ∈ I(S, c), it would follow that C(e) = c, a
contradiction. Thus eu is the base.

(v) Consider e ∈ M with endpoints eu, ev. First suppose that eu, ev are out of forest.
Let f ∈ ΓG(u). Since F is maximal there cannot be an edge in E ′ with endpoints
fu and eu. Thus c = C(f) = C(e). Now suppose that eu, ev are in forest. If both
endpoints of e were in the same blossom it would follow that u, v 6∈ I(S). Thus e is
a leading edge in F connecting the base of a blossom (eu or ev) to an inner vertex
(ev or eu). Thus C(e) = c or d. �

We now identify the connected components of G[S ∪ T (S)] (the induced subgraph
of G on the vertex set S ∪ T (S)). Define a map φ : V ′ → V by φ(s) = s (s ∈ S)
and φ(ev) = v (e ∈ E with v as an endpoint). Consider the blossoms Bu, u ∈
S∪T (S) (note that any two of these blossoms are either identical or vertex disjoint).
Enumerate the distinct blossoms among these as Bu1

, Bu2
, . . . , Buk

. For i = 1, . . . , k
set Vi = φ( vertex set of Bui

). It follows by Lemma 3.3(ii)(c) that the Vi are pairwise
disjoint and S ∪ T (S) = V1 ∪ · · · ∪ Vk. Let Gi = G[Vi], 1 ≤ i ≤ k. It is easy to
see that G1, . . . , Gk are connected but they need not be the connected components
of G[S ∪ T (S)]. There could be edges in G with endpoints in two distinct G′

is. Let
X = {e ∈ E : e has endpoints in Gi and Gj, for some i 6= j}. Thus we obtain
G[S ∪ T (S)] by taking the disjoint union of G1, G2, . . . , Gk and adding the edges
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in X. According to Lemma 3.5(iii) each edge e in X is a leading edge in F (into
the base of one of the blossoms Bu1

, . . . , Buk
). Among the blossoms Bu1

, . . . , Buk

choose one, say Bul
, of maximum height and consider Gl. It follows that there can

be atmost one edge in X incident with Gl. Applying this argument inductively we
see that adding the edges in X to the disjoint union of the Gi’s yields, informally
speaking, a disjoint union of rooted trees on the Gi’s. More precisely, we make the
following observations:

(x) Take a connected component C of G[S ∪ T (S)]. Since each Gi is connected, C
will consist of certain Gi’s together with a certain subset Y ⊆ X of edges in X.
Shrinking each Gi contained in C to a single vertex we get a rooted tree with edge
set Y . Consider the Gl corresponding to the root of this tree. The image under φ
of the base of Bul

will be a vertex in Gl and is called the base of C. Note that here
we are defining a base in V and not all images of the bases of the blossoms Bui

are
bases in V . Also note the following.

(y) If e is a leading edge in F one of whose endpoints in G is in C and the other
not in C then the endpoint in C must be the base of C.

(z) Each s ∈ S is a base in V . In particular, no two vertices in S are in the same
component of G[S ∪ T (S)].

Theorem 3.6. Suppose that G has no alternating trails connecting destinct termi-
nals in S. Then I(S) is a Tutte set with coloring given by I(S) = ∪c∈CI(S, c).

Proof. From Lemma 3.5(i) we see that G− I(S) is the disjoint union of G[S ∪T (S)]
and G[N(S)]. We now check the conditions in Definition 3.1. Condition (i) follows
from observation (z) above and condition (ii)(c) follows from Lemma 3.5(v). We are
left to verify conditions (ii)(a) and (ii)(b).

It follows from Lemma 3.5(ii) that there is no mismatched edge with an endpoint
in one of the components of G[N(S)]. Now consider a mismatched edge e with an
endpoint u in one of the components C of G[S ∪ T (S)]. From Lemma 3.5(iv) and
observations (y),(z) above we see that u is the base of C, e is the leading edge (in
F ) into eu, and C contains no terminal (as there are no leading edges in F into
vertices in S). This shows that there can be atmost one mismatched edge with
an endpoint in C, verifying condition (ii)(b) and that a mismatched edge cannot
have an endpoint in a component of G[S ∪ T (S)] containing a terminal, verifying
condition (ii)(a). �

Remark 3.7. As stated in the introduction the alternating reachability problem
was first considered (in a nonalgorithmic form) by Tutte (in a slightly different
version) who calls the obstructions to the existence of alternating trails r-barriers
[T2, page 331]. There is a very minor error in Tutte’s formulation. If we were to
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apply his definition of r-barrier to the version of alternating reachability considered
in this paper, then condition (c) in Definition 3.1(ii) would read:

(c) If an edge e connects two vertices of A, then these vertices have different colors
and one of them has the color C(e),

Our condition (c) paraphrased reads: if an edge e connects two vertices of A, then
one of them has the color C(e). Thus every r-barrier is a Tutte set but not conversely.
It is easy to find instances of the alternating reachability problem where there are
no alternating trails connecting distinct terminals, but all obstructions are Tutte
sets and not r-barriers.

4. An application of alternating reachability

In this section we state an application of alternating reachability. Let G(V,E) be a
graph and c : E → {R,B} be a map that colours the edges red or blue. Consider the
set of all weights w : E → R≥0 on the edges such that at each vertex the sum of the
edges colored blue is equal to the sum of the weights of the edges coloured red. Set
of all such weights w form a cone and we call it alternating cone. This is analogous
to the cone of circulations for directed graphs. In [BPS1] basic properties of this
cone has been studied. In [BPS1] we also showed how the search for an integral
vector in the alternating cone of a 2-colored graph satisfying given lower and upper
bounds on the edges can be reduced to the alternating reachability problem in a
2-colored graph.
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