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1. Introduction

Morse theory studies smooth manifolds from a smooth real valued
function on it. In this notes we plan to study this theory till the
point it gives a handlebody decomposition (and CW -complex structure
up to homotopy) on the manifold and then we study lower K-theory
and its relation with manifold topology. See my other notes ([19]) for
some more details on this subject. Finally, we prove the s-cobordism

17.06.2013, Updated version of these notes with more materials will be available
at http://www.math.tifr.res.in/˜ roushon/notes-slides.html.
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2 S.K. ROUSHON

theorem. The last part of this notes needs some amount of isotopy
theory from differential topology apart from basic algebraic topology.
Also one needs to know some basic Riemannian geometry. We will,
although, recall some definitions and basic results whenever necessary.

2. Morse Theory: Handlebody decomposition

2.1. Motivation. We consider smooth manifolds and maps between
two manifolds will be assumed to be smooth (that is infinite times
differentiable).
In this section we obtain handlebody decomposition of manifolds

using Morse theory. This decomposition will be the primary tool for
the proof of the s-cobordism theorem.
We begin with an easy pictorial description. It is the sphere in the

Euclidean 3-space touching the xy-plane at the origin and h is the
function measuring the height of a point on the sphere from the xy-
plane.
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A sphere of radius 1 and the 
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It can be shown that near the south (S) and the north (N) pole there
are local coordinate systems {(u, v)} with respect to which the height
function takes the form h(u, v) = u2+v2 and h(u, v) = h(N)−u2−v2 =
2− u2 − v2 respectively.
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We find an explicit local coordinate system at the south pole. Let
D be the open lower hemisphere. Let (x, y, z) ∈ D and let θ be the
angle between the vector (x, y) and X-axis on the XY -plane measured
anticlockwise starting from the X-axis. Define α : D → D2 as follows.

α(x, y, z) = (
√
zcosθ,

√
zsinθ).

Then, with respect to the coordinate system

(u, v) = (
√
zcosθ,

√
zsinθ)

the height function takes the above form. Inverting this procedure will
give a coordinate system around N with the above property.
Therefore, both the partial derivatives of the function h vanish at

these two points and nowhere else. Furthermore, observe that the
topology of h−1[0,+ǫ) does not change for any positive ǫ, 0 < ǫ <
2. But the moment ǫ crosses 2 the topology of h−1[0,+ǫ) changes.
Similarly, if we consider h−1[−ǫ, α) for α > 0, the topology of h−1[−ǫ, α)
changes when ǫ crosses 0. See the picture below. The main reason for
this phenomena is that the two partial derivatives of h vanish at the
points N and S and they are called the (non-degenerate) critical points
of h. In fact, in this particular case these are the only two critical points
of h.
The goal is to show that the above example is not an isolated one,

rather it is same for all smooth manifolds. That is, one can always find
a smooth real valued function on a smooth manifold which behaves like
the height function above.
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height function h
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Decomposition induced by the 

−1
  

−1

=h   ([0,1/2])

=h   ([1/2,1])

=h   ([1,2])

We now take the next example which is little more difficult. See the
following picture for the behavior of the height function for the torus
case. Let h(S) = s, h(A) = a, h(B) = b and h(N) = n. Then, as before
we see that the topology of Tα := h−1([−ǫ, α]), for ǫ, α > 0 and ǫ < α
changes only when α crosses the points s, a, b and n.
Similarly one can show that the function h takes the following forms

(with respect to some suitable local coordinate system) around the
points S,A,B and N , h(x, y) = x2 + y2, a + x2 − y2, b − x2 + y2 and
n−x2−y2 respectively. In particular, at these four points ∂h

∂x
= ∂h

∂y
= 0.

Note that, when we cross the point S the manifold Tα becomes a 2-
disc and remain a disc till the point A. When it crosses A it takes the
shape of a cylinder and remain the same till the point B. At crossing
B, Tα is the torus minus an open disc around the north pole.
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The torus obtained by handle attachments

This process, up to homotopy, is nothing but attaching cells of dif-
ferent dimensions. See the picture above.
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The first step is a 2-disc which is homotopic to a point, that is a 0-cell.
This is called attaching a 0-cell, that is a disjoint disc of dimension equal
to the dimension of the manifold. The next step, that is crossing the
point A, is obtained by attaching an 1-cell and then taking a thickening
(that is, a tubular neighborhood in the whole manifold) of this 1-cell.
One gets the cylinder. The next step is also attaching a 1-cell. Finally
attaching a 2-disc to get back the torus. The dimensions of the cell
attached is the number of the negative signs appeared in the forms of
the height function mentioned above. Furthermore, we will see that
the number of negative signs (also called the index) is the number of
the negative eigenvalues of the Hessian of the function at the critical
point.

2.2. Morse Lemma. In this section we generalize the phenomena we
discussed in the last section to any smooth manifold.
Let M be a smooth manifold of dimension n and let f : M → R be

a smooth function.

Definition 2.1. A point p ∈M is called a critical point of f if there is
a coordinate chart (x1, x2, . . . , xn) in a neighborhood of the point p so
that ∂f

∂xi
(p) = 0 for all i = 1, 2, . . . , n. In other words, p is a critical point

of f if dfp : TMp → TRf(p) is the zero map. In this case f(p) is called
a critical value of f . A critical point p of f is called non-degenerate
if with respect to some local coordinate system (x1, x2, . . . , xn) in a

neighborhood of p, the (symmetric) matrix ( ∂2f
∂xi∂xj

(p)) (also called the

Hessian of f at p) is non-singular. The number of negative eigenvalues
of this matrix is called the index of the critical point p. Finally, f is
called a Morse function if all its critical points are non-degenerate.

It is easily checked that none of the definitions above depend on the
local coordinates we chose.

Lemma 2.1. (Morse Lemma) Let f : M → R be a smooth func-
tion and p be a non-degenerate critical point of f . Then, there is a
local coordinate system (x1, x2, . . . , xn) in a neighborhood of p with the
following properties.
• xi(p) = 0 for i = 1, 2, . . . , n;

• f(x1, x2, . . . , xn) = f(p) − (
∑i=λ

i=1 x
2
i ) +

∑i=n
i=λ+1 x

2
i , where λ is the

index of f at the critical point p.

Proof. First, note that if the function f has such a form in some local
coordinate system then the index of the critical point will be λ. This

is easily seen because the matrix ( ∂2f
∂xi∂xj

(p)) takes the following shape

which has λ negative eigenvalues.
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We can think of a local coordinate neighborhood U of p as a convex
open subset of Rn and the origin is p and f(p) = 0. Then f takes the
following form

f(x1, x2, . . . , xn) =

j=n∑

j=1

xjgj(x1, x2, . . . , xn)

where gj are smooth functions on U . This is easily checked as follows.
Note the following integral calculation

f(x1, x2, . . . , xn) =

∫ 1

0

df(tx1, tx2, . . . , txn)

dt
dt =

∫ 1

0

n∑

i=1

∂f

∂xi
(tx1, tx2, . . . , txn).xidt.

Then, set gj(x1, x2, . . . , xn) =
∫ 1

0
∂f
∂xj

(tx1, tx2, . . . , txn)dt.

Since gj(0) = ∂f
∂xj

(0) = 0, we can further apply the above integral

calculation to gj (that is replace f by gj). We get the following.

f(x1, x2, . . . , xn) =
n∑

i,j=1

xixjhij(x1, x2, . . . , xn).

Here we can easily assume that hij’s are symmetric by replacing hij
by h̄ij :=

1
2
(hij + hji). Also it is clear that the matrix (h̄ij(p)) is equal

to 1
2

∂2f
∂xi∂xj

(0). By assumption ∂2f
∂xi∂xj

(0) is non-singular and hence so is

(h̄ij(p)).
Our next task is to use this non-singularity to construct a local coor-

dinate system in a smaller neighborhood to get the desired form of the
function f . We do this by induction on n. So, assume that for some r
we have proved the following in some local neighborhood U1 of p.
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f(u1, u2, . . . , un) =
r−1∑

i=1

±u2i +
n∑

i,j≥r

uiujUij(u1, u2, . . . , un),

where (Uij) is symmetric and non-singular. After a linear change of
coordinates on the last n−r+1 coordinates we may assume Urr(p) 6= 0.

Then g(u1, u2, . . . , un) := |Urr(u1, u2, . . . , un)|
1

2 is a smooth nowhere
vanishing function in a smaller neighborhood U2 ⊂ U1 of p. We now
define a new local coordinates by the following formula.

vi = ui for i 6= r;

vr(u1, u2, . . . , un) = g(u1, u2, . . . , un)[ur +
∑

i>r

uiUir(u1, u2, . . . , un)

Urr(u1, u2, . . . , un)
].

The matrix ( ∂vi
∂uj

(p)) is easily checked to be invertible and therefore,

by the Inverse Function Theorem, it follows that (v1, v2, . . . , vn) form
a local coordinate system in some smaller neighborhood U3 ⊂ U2 of p.
Finally, we see that

f(v1, v2, . . . , vn) =
∑

i≤r

±(vi)
2 +

∑

i,j>r

vivjU
′
ij(v1, v2, . . . , vn)

holds in U3. This completes the proof of the Morse Lemma. �

An immediate consequence of the Morse Lemma is that the non-
degenerate critical points are isolated. Therefore, a Morse function on
a compact manifold has finitely many critical points and on a noncom-
pact manifold a Morse function has a discrete set of critical points.
Next, we talk about existence of Morse function on a manifold. We

are particularly interested in Morse functions on compact manifold with
boundary.

Definition 2.2. Let M be a compact manifold with boundary ∂M . A
smooth function f : M → [0, 1] is called an admissible Morse function
on M if the following are satisfied.
• f−1({0, 1}) = ∂M ;
• f has no critical points near some neighborhood of ∂M and all

critical points (in the interior of M) are non-degenerate.

We will assume the following important theorem now, whose proof
will be given later.

Theorem 2.1. LetM be a compact manifold with boundary ∂W . Then
M admits an admissible Morse function.
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2.3. Handlebody decomposition. We now see how a Morse func-
tion on a manifold gives rise to a decomposition called handlebody de-
composition on the manifold. This result gives, up to homotopy, a
CW -complex structure on any manifold and more importantly will be
the main pillar for the proof of the s-cobordism theorem.
Let M be a smooth manifold with a Riemannian metric g. Let f :

M → R be a smooth function. The gradient of f , denoted grad(f) is a
vector field on M defined by the following formula. Let (x1, x2, . . . , xn)
be a local coordinate system on a neighborhood U of p, then the j-th
coordinate of the vector field grad(f) at the point q ∈ U is given by

(grad(f)(q))j =
n∑

i=1

gij
∂f

∂xj
(q)

∂

∂xi
.

It is characterized by the following equation for any vector field X on
M .

< grad(f), X >= X(f).

Where < . , . > denotes the inner product of the Riemannian metric
and X(f) denotes the directional derivative of the function f along the
direction X. Note that grad(f) vanishes exactly at the critical points
of f .

Definition 2.3. Let M be a smooth manifold. A 1-parameter group
of diffeomorphisms of M is a smooth map φ : M × R → M satisfying
the following conditions.
• For each t ∈ R, the induced map φt := φ(−, t) : M → M is a

diffeomorphism;
• For t, s ∈ R, φt+s = φt ◦ φs.

Let φ be a 1-parameter group of diffeomorphism of M . Then we
define a vector field X on M by the following formula.

Xp(f) := lim
h→0

fφh(q)− f(q)

h
for every real valued function f on M .

Definition 2.4. The vector field X as defined above is said to generate
the 1-parameter group of diffeomorphism φ.

Given a smooth a curve c : R → M we define the velocity vector at
c(t) by the following formula

dc

dt
(f) := lim

h→0

fc(t+ h)− fc(t)

h
.

The following useful lemma gives a necessary condition for existence
of a 1-parameter group of diffeomorphism.
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Lemma 2.2. Let M be a smooth manifold and X be a smooth vector
field on M so that X is supported on a compact subset C of M , that
is, X vanishes on M − C. Then X generates a 1-parameter group of
diffeomorphisms of M .

Proof. The existence of such a 1-parameter group depends on the ex-
istence of local solution of some ordinary differential equation. We
explain in detail below.
Suppose we have got a 1-parameter group φ generated by the vector

field. Consider the curve t → φ(q, t) = φt(q) for some fixed q ∈ M .
Let p = φt(q). Then this curve satisfies the following equation with the
initial condition φ0(q) = q.

dφt(q)

dt
(f) = lim

h→0

f(φt+h(q))− f(φt(q))

h

= lim
h→0

f(φh(p)− f(p)

h
= Xp(f).

It is now well known that such a differential equation has a unique
solution in a small neighborhood U about q and for |t| < ǫ for some
ǫ > 0.
Therefore, we get finitely many such open sets U covering C and an

ǫ0 which is smallest of the ǫ associated with the above open sets U .
Define φt(q) = q for all q 6= C. Therefore, we get that the above

differential equation has a unique solution φt(q) for all |t| < ǫ0 and for
all q ∈M . This solution is smooth with respect to both the variables.
From uniqueness one gets φs+t = φs ◦ φt as long as |s|, |t|, |s + t| < ǫ0.
Thus each such φt is a diffeomorphism.
To define φt(q) for |t| ≥ ǫ0 we do the following trick. Write any real

number t as t = k( ǫ0
2
) + r with |r| < ǫ0

2
.

Now define φt as follows.

φt = φ ǫ0
2
◦ φ ǫ0

2
◦ · · ·φ ǫ0

2
◦ φr if k ≥ 0.

φt = φ−
ǫ0
2
◦ φ−

ǫ0
2
◦ · · ·φ−

ǫ0
2
◦ φr if k < 0.

Above the diffeomorphism φ ǫ0
2
is iterated k number of times. This

way we complete the definition of φt for all t. It can easily be checked
that each φt is well-defined and smooth and satisfies φs+t = φs ◦ φt for
all s and t. �

The compact support condition for the vector field is necessary. As
can be seen for the open unit interval (0, 1) and the vector field d

dt
.

Theorem 2.2. Let M be a manifold and f : M → R be a smooth
function. Let a < b be two real numbers such that f−1([a, b]) is com-
pact and further assume that f does not have any critical point in
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f−1([a, b]). Then Ma := f−1(−∞, a]) and M b := f−1(−∞, b]) are
diffeomorphic and moreover, Ma is a deformation retract of M b. Fur-
thermore, f−1([a, b]) is diffeomorphic to f−1({a}) × [a, b] relative to
f−1({a}).
Proof. Let ρ : M → R be a smooth function which is defined by the
following rules
• ρ = 1

<grad(f),grad(f)>
on f−1([a, b]);

• ρ is equal to 0 out side of a compact neighborhood of f−1([a, b]).
Define a new vector field X on M by the following formula.

Xq = ρ(q)grad(f)q.

Note that the vector field X is supported on a compact subset of M
and therefore defines a one-parameter group of diffeomorphisms φ :
M × R → M . For q ∈ M , consider the path t → φ(q, t) in M . Note
the following equality when φ(q, t) ∈ f−1([a, b]).

df(φ(q, t))

dt
=<

dφt(q)

dt
, grad(f) >=< X, grad(f) >= 1.

Therefore, the map t → f(φ(q, t)) is linear and has derivative +1
whenever φ(q, t) ∈ f−1([a, b]).
It is now easily checked that φ(− , b − a) : M → M takes M b

diffeomorphically onto Ma.
To show that Ma is a deformation retract of M b we just define the

following retraction.

R :M b × [0, 1] →M b

by

R(q, t) =

{
q if f(q) ≤ a,

φ((q, t(a− f(q))) if a ≤ f(q) ≤ b.

Therefore,Ma is a deformation retract ofM b. To check that f−1([a, b])
is diffeomorphic to f−1({a})× [a, b] define

F : f−1({a})× [a, b] → f−1([a, b])

by
F (q, t) = φ|f−1({a})×[a,b].

The inverse of this map is easily seen to be x→ (φ(x, a), f(x)). �

Theorem 2.3. Let M be a manifold and f : M → R be a smooth
function. Let p ∈M be a non-degenerate critical point of index λ of f
and ǫ > 0 be a real number so that f−1([c − ǫ, c + ǫ]) is compact and
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contains no critical points other than p, where c = f(p). Then M c+ǫ is
obtained, up to homotopy, from M c−ǫ after attaching a λ-cell.

Proof. Observe the following elementary case of the theorem.

P

lambda cell

M
c−epsilon

M
c+epsilon

Cell attachement while crossing a 
critical point

The dark area is M c−ǫ, the mid line in the white area is the λ-
cell attached. The white area is a product neighborhood H (called the
handle) of the cell and it is seen thatM c+ǫ is diffeomorphic toM c−ǫ∩H,
which will follow (in the general case) from the above theorem once
we modify the function f to another function F with the following
properties.
• F−1((−∞, c− ǫ]) =M c−ǫ ∩H;
• F and f have the same critical point in the neighborhood H of p;
• F coincides with f outside H and F < f in H.
This will also show in the terminology of the next lecture that M c+ǫ

is obtained from M c−ǫ after attaching the handle H.
Now, we begin the proof in the general case.
Let (x1, x2, . . . , xn) be a local coordinate systems in a suitable neigh-

borhood of p and let ǫ > 0 satisfying the following properties.
• xi(p) = 0 for i = 1, 2, . . . , n;

• f(q) = c− (
∑λ

i=1 x
2
i ) +

∑n
i=λ+1 x

2
i ;
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• f−1([c− ǫ, c+ ǫ]) is compact and contains no critical points except
p;
• The image of U in Rn contains the closed ball B of radius 2ǫ

centered at 0.
With this setup we can see an obvious λ-cell, namely, the cell eλ

defined by the following.

λ∑

i=1

x2i ≤ ǫ and
n∑

i=λ+1

x2i = 0.

We describe the situation in the following picture.

1
2

la
m

b
d
a

(x
  

,x
  

,.
..

,x
  

  
  

  
  

 )

f=cf=c

f=
c
+
e
p
s
il

o
n

f=
c
+
e
p
s
il

o
n

f=c−epsilon

lambda+1 n(x  ,           ,...,x  )

lambda cell

P

The cell of index lambda 

f=
c
−
e
p
s
il

o
n

It is easy to see that eλ ∩M c−ǫ is exactly the boundary eλ of eλ as
needed. Therefore, the cell eλ is attached to the manifold M c−ǫ. We
need to prove that eλ ∪M c−ǫ is a deformation retract of M c+ǫ.
Now, we define the function F :M → R we talked about before. Let

µ : R → R be a smooth function satisfying the following

µ(r)

{
> ǫ for r = 0

= 0 for r ≥ 2ǫ

and
−1 < µ′(r) ≤ 0 for all r,

where µ′(r) = dµ
dr
. Define

F =

{
f on M − U

f − µ(
∑λ

i=1 x
2
i + 2(

∑n
i=λ+1 x

2
i )) on U
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F is verified to be a smooth function.
Now, to simplify calculation we make some abbreviation of notations

as follows. Define ξ, η : U → R by

ξ =
λ∑

i=1

x2i

η =
n∑

i=λ+1

x2i .

Then f = c− ξ + η and F (q) = c− ξ(q) + η(q)− µ(ξ(q) + 2η(q)) for
all q ∈ U .
We will now establish four claims to complete the proof of the theo-

rem.
Claim 1. F−1((−∞, c+ ǫ]) coincides with M c+ǫ = f−1((−∞, c+ ǫ]).
Proof of claim 1. Let us first divide M is two different parts. First,
outside the ellipsoid ξ + 2η ≤ 2ǫ, both the function f and F coincide.
And inside this ellipsoid we get

F ≤ f = c− ξ + η ≤ c+
1

2
ξ + η ≤ c+ ξ.

This completes the proof of Claim 1.
Claim 2. The critical points of F are the same as those of f .
Proof of Claim 2. Note that outside of U , F and f agree and hence
we only have to check within U . Observe the following.

∂F

∂ξ
= −1− µ′(ξ + 2η) < 0;

∂F

∂η
= 1− 2µ′(ξ + 2η) ≥ 1.

Since dF = ∂F
∂ξ
dξ + ∂F

∂η
dη where the covectors dξ and dη are zero at

the same time only at the origin, we get that F has no critical points
in U other than the origin.
Claim 3. F−1((−∞, c − ǫ]) is a deformation retract of M c+ǫ, in fact
they are diffeomorphic.
Proof of Claim 3. Since F ≤ f and by Claim 1 F−1((−∞, c+ ǫ]) =
M c+ǫ = f−1((−∞, c+ ǫ]) we get the following

F−1([c− ǫ, c+ ǫ]) ⊂ f−1([c− ǫ, c+ ǫ]).

Therefore, F−1([c− ǫ, c+ ǫ]) is compact and furthermore, this region
contains no critical point of F since the only possibility is p, but

F (p) = c− µ(0) < c− ǫ.

Now using the previous Theorem we complete the proof of the Claim.
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Claim 4. M c−ǫ ∪ eλ is a deformation retract of F−1((−∞, c− ǫ]).
Proof of Claim 4. A pictorial proof of this claim is given in the
following figure. The arrows provide a deformation retract.

 2Case  2Case

Case 3
Case 1

U

Case 0

M−U

Handle attachment

More details of a deformation retract r : F−1((−∞, c− ǫ])× [0, 1] →
F−1((−∞, c− ǫ]) is given in four steps after dividing F−1((−∞, c− ǫ])
in four different parts as indicated in the figure.
Case 0. On the outside of U define r(x, t) = x for all x ∈M − U .
Case 1. On the region ξ ≤ ǫ define the retraction as follows.

r((x1, x2, . . . , xn), t) = (x1, x2, . . . , xλ, txλ+1, . . . , txn).

Note that r(−, 1) is the identity. We need to check that

(x1, x2, . . . , xλ, txλ+1, . . . , txn) ∈ F−1((−∞, c− ǫ]).

But this follows from the fact that ∂F
∂η

> 0. Furthermore it is obvious

that r(−, 0) maps the whole region into the λ-cell eλ.
Case 2. Next we consider the region

ǫ ≤ ξ ≤ η + ǫ.
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Define

r((x1, x2, . . . , xn), t) = (x1, x2, . . . , xλ, stxλ+1, . . . , stxn).

where st ∈ [0, 1] is defined by

st = t+ (1− t)(
ξ − ǫ

η
)
1

2 .

It is easy to see that r(−, 1) is identity and this definition of r coincides
with the previous definition when ξ = ǫ.
Case 3. Finally for the region η+ǫ ≤ ξ define r(−, t) to be the identity
and it now follows that it is compatible with the previous definition.
This completes the proof that M c−ǫ ∪ eλ is a deformation retract of

F−1((−∞, c− ǫ]). �

Remark 2.1. Consider the space H = F−1((−∞, c− ǫ])−M c−ǫ. It
follows that it is a closed neighborhood of the cell eλ of the form eλ ×
Dn−λ. It is also called a handle attachment which will be explored in the
next lecture. Here we conclude that for a Morse function every critical
point will be now thought of as attachment of some handle. Also one
can prove from these facts that every smooth manifold is homotopy
equivalent to a CW -complex.

2.4. Existence of Morse function. The section will be written later.
Interested reader may look at Theorem 2.5 in [12].

3. Simple homotopy equivalence and the Whitehead group

This section gives a quick introduction to simple homotopy equiva-
lence and the Whitehead group. The reference we follow is [3].

Definition 3.1. Let K and K ′ be two finite CW -complexes. A homo-
topy equivalence f : K → K ′ is called a simple homotopy equivalence
provided f is homotopic to a composition of maps of the following
kind: K = K0 → K1 → · · · → Ks = K ′ where the arrows are either
an elementary expansion or collapse. A pair of CW -complexes (K,L)
is called an elementary collapse (and we say K collapses to L or L
expands to K) if the followings are satisfied:

• K = L ∪ en−1 ∪ en where en−1 and en are not in L (ei denotes
an i-cell),

• there exist a ball pair (Dn,Dn−1) and a map φ : Dn → K such
that
(a) φ is a characteristic map for en

(b) φ|Dn−1 is a characteristic map for en−1

(c) φ(P n−1) ⊂ Ln−1, where P n−1 = ∂Dn − Dn−1.
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From the following figure the definition of an expansion (or collapse)
will be clear.

en

L
K

collapse

expansion

en-1

Given any homotopy equivalence f : K → K ′, there is an obstruc-
tion τ(f) which lies in an abelian group Wh(π1(K

′)) (defined below)
detecting if f is a simple homotopy equivalence. That is, f is homotopic
to a simple homotopy equivalence if and only if τ(f) = 0.
Let R be a ring with unity. Let GLn(R) be the invertible n × n

matrices with entries in R and En(R) be the subgroup of elementary
matrices. By definition an elementary matrix, denoted Eij(a), has 1
on the diagonal entry, a ∈ R − {0} at the (i, j)-th position and the
remaining entries are 0. Define GL(R) = limn→∞GLn(R), E(R) =
limn→∞En(R). Here the limit is taken over the following maps:

GLn(R) → GLn+1(R)

(
A

)
7→

(
A 0
0 1

)
.

The following lemma shows that E(R) is also the commutator sub-
group of GL(R).

Lemma 3.1. (Whitehead’s lemma) Let R be a ring. Then the com-
mutator subgroup of GL(R) and of E(R) is E(R).

Proof. At first note the following easy to prove identities.

Eij(a)Eij(b) = Eij(a+ b); (1)
Eij(a)Ekl(b) = Ekl(b)Eij(a), j 6= k and i 6= l; (2)
Eij(a)Ejk(b)Eij(a)

−1Ejk(b)
−1 = Eik(ab), i, j, k distinct; (3)

Eij(a)Eki(b)Eij(a)
−1Eki(b)

−1 = Ekj(−ba), i, j, k distinct. (4)

Also note that any upper triangular or lower triangular matrix with
1 on the diagonal belongs to E(R).
Since E(R) ⊂ GL(R) we have [E(R), E(R)] ⊂ [GL(R), GL(R)].

Using (3) we find that Eij(a) = [Eik(a), Ekj(1)] provided i, j and k are
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distinct. Hence any generator of E(R) is a commutator of two other
generators of E(R). Hence E(R) = [E(R), E(R)]. We only need to
check that [GL(R), GL(R)] ⊂ E(R). So let A,B ∈ GLn(R). Then
note the following identity.

(
ABA−1B−1 0

0 1

)
=

(
AB 0
0 B−1A−1

)(
A−1 0
0 A

)(
B−1 0
0 B

)
.

Now we check that all the factors on the right hand side belong to
E2n(R). This follows from the following. Let A ∈ GLn(R). Then the
following equality is easy to check.

(
A 0
0 A−1

)
=

(
1 A
0 1

)(
1 0

−A−1 1

)(
1 A
0 1

)(
0 −1
1 0

)
.

Again note the following.

(
0 −1
1 0

)
=

(
1 −1
0 1

)(
1 0
1 1

)(
1 −1
0 1

)
.

Now recall our earlier remark that any upper triangular or lower
triangular matrix with 1 on the diagonal belong to E(R).
This completes the proof of the Whitehead Lemma. �

Define K1(Z[π]) = GL(Z[π])
E(Z[π])

. The Whitehead group Wh(π) of π is

by definition K1(Z[π])
σ(<π,−π>)

. Here σ :< π,−π >→ K1(Z[π]) is defined by

sending ±g to the 1× 1 matrix (±g) for all g ∈ π.
Note that multiplying a matrix A by an elementary matrix from left

(or right) makes an elementary row (or column) operation in A. Now
applying elementary row and column operations one can transform an
invertible integral matrix to I or −I. This shows that Wh((1)) =
0. (Though the matrix multiplication induces the group operation in
Wh(.) we write it additively since Wh(.) is abelian.)
We recall below a geometric definition of the Whitehead group which

is naturally isomorphic to the above one. The proof of this isomorphism
is very long and can be found in [3]. But we will give the map from
this geometric definition to the algebraic definition above as we will
need this information in the proof of the s-cobordism theorem. For
computational purpose the algebraic definition is more useful as we
will see later.
Let K be a fixed finite CW -complex. Let W(K) be the collection

of all pairs of finite complexes (L,K) so that K is a strong deforma-
tion retract of L. For any two objects (L1, K), (L2, K) ∈ W define
(L1, K) ≡ (L2, K) if and only if L1 and L2 are simple homotopically
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equivalent relative to the subcomplex K. Here by a relative simple
homotopy equivalence we mean that in the definition of simple homo-
topy equivalence we do not collapse (or expand) any cells contained in
K. Let Wh(K) = W/ ≡. Let [L1, K] and [L2, K] be two classes in
Wh(K). Define [L1, K] ⊕ [L2, K] = [L1 ∪K L2, K]. Here L1 ∪K L2 is
the disjoint union of L1 and L2 identified along the common subcom-
plex K. This defines an abelian group structure on Wh(K) called the
Whitehead group of K.
Now let (L,K) be an element in W . Consider the universal cover

(L̃, K̃). It can be checked that the inclusion K̃ ⊂ L̃ is a homotopy

equivalence. Equip (L̃, K̃) with the CW -complex structure lifted from

the CW -structure of (L,K). Let C∗(L̃, K̃) be the cellular chain com-

plex of (L̃, K̃). The covering action of π1(L) on (L̃, K̃) induces an

action on C∗(L̃, K̃) and makes it a chain complex of Z[π1(L)]−module.
In fact it is a finitely generated free acyclic chain complex of Z[π1(L)]
module. Let d be the boundary map. One can find a contraction map δ

of degree +1 of C∗(L̃, K̃) so that dδ+δd = id and δ2 = 0. Consider the

module homomorphism d + δ :
⊕∞

i=0C2i+1(L̃, K̃) →
⊕∞

i=0C2i(L̃, K̃).
It turns out that this homomorphism is an isomorphism of Z[π1(L)]-
modules. The image and range of this homomorphism are finitely
generated free module with a preferred basis coming from the CW -

structure on (L̃, K̃). We consider the matrix of this homomorphism
d + δ which is an invertible matrix with entries in Z[π1(L)] and hence
lies in GLn(Z[π1(L)]) for some n. We take the image of this matrix in
Wh(π1(L)). The proof that this map (say τ) sending (L,K) to this
image in Wh(π1(L)) is an isomorphism is given in [3].
Now consider a homotopy equivalence f : K → K ′ between two

finite CW -complexes. Let Mf be the mapping cylinder of the map f .
Consider the pair (Mf , K). As f is a homotopy equivalence it is easy
to check that (Mf , K) ∈ W . Now we recall that f is homotopic to
a simple homotopy equivalence if and only if τ([Mf , K]) is the trivial
element in Wh(π1(K)).
There is another very important obstruction group, called the reduced

projective class (denoted K̃0(.)), which contains solution to many prob-
lems in manifold topology. See my other notes [19] for information on
this.

3.1. Computing K̃0(.) and Wh(.). Now we recall some basic well

known computation of the two obstruction groups K̃0(.) and Wh(.).

There is an open conjecture which asks if Wh(G) and K̃0(G) vanish
for any torsion free group G. So far this has been checked for several
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classes of groups: for free abelian groups in [2]; for free nonabelian
groups in [23]; for the fundamental group of any complete nonpositively
curved Riemannian manifold in [4]; for the fundamental group of finite
CAT (0) complexes in [8]; more generally, for any CAT (0) of hyperbolic
groups in [1]); for Artin braid groups in [6]; for the fundamental group
of any Haken 3-manifold in [28]; more generally, for torsion free 3-
manifold groups in [16], [17] and [18]. For more information see [19].
Some results like the Whitehead group of finite groups are also

known: Wh(F ) = 0, when F is a finite cyclic group of order 1, 2, 3, 4
and 6 and Wh(F ) is infinite when F is any other finite cyclic group.
Also Wh(Sn) = 0, here Sn is the symmetric group on n letters. Below
we show by a little calculation that there is an element of infinite or-
der in Wh(Z5). In fact this group is infinite cyclic, but that needs a
difficult proof and we do not talk about it here.

Lemma 3.2. There exist an element of infinite order in Wh(Z5).

Proof. Let t be the generator of Z5. Let a = 1− t− t−1. Then

(1− t− t−1)(1− t2 − t3) = 1− t− t−1 − t2 + t3 + t− t3 + t−1 + t2 = 1.

Hence a is a unit in Z[Z5]. Define α : Z[Z5] → C by sending t
to e2πi/5. Then α sends {±g : g ∈ G} to the roots of unity in C.
Hence x 7→ |α(x)| defines a homomorphism from Wh(Z5) into R

∗
+, the

nonzero positive real numbers. Next note the following.

|α(a)| = |1− e2πi/5 − e−2πi/5| = |1− 2cos
2π

5
| ≈ 0.4.

This proves that α defines an element of infinite order inWh(Z5). �

For the Whitehead groups of general finite groups see [13].
We have already seen that the Whitehead group of the trivial group

is trivial. Next simplest question is what is Wh(C)? Where C is the
infinite cyclic group. This was already computed by G. Higman in 1940
even before the Whitehead group was defined.

Theorem 3.1. ([7]) The Whitehead group of the infinite cyclic group
is trivial.

One can ask generalization of this result in two possible directions;
that is what is Wh(Fr) or Wh(Cn)? Where Fr is the non-abelian free
group on r generators and Cn is the abelian free group on n generators.
This question has been answered completely.

Theorem 3.2. ([23]) Let G1 and G2 be two groups and let G1 ∗ G2

denotes their free product. Then Wh(G1 ∗G2) ≃ Wh(G1)⊕Wh(G2).
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Using Higman’s result we get the following important corollary.

Corollary 3.1. Wh(Fr) = 0.

Theorem 3.3. ([2]) Wh(Cn) = 0.

We have already mentioned before the following result.

Theorem 3.4. ([16], [17], [18]) Let M be an aspherical 3-manifold.

Then Wh(π1(M)) = K̃0(Z[π1(M)]) = 0.

An important result relating the Whitehead group and the reduced
projective class group is the Bass-Heller-Swan formula.

Theorem 3.5. ([2]) Let G be a finitely generated group. Then

Wh(G× C) ≃ Wh(G)⊕ K̃0(Z[G])⊕N ⊕N.

Where N is some Nil-group.

Theorem 3.3 is in fact a corollary of the above formula.
As we are mostly interested in showing the vanishing of the White-

head group we do not recall the definition of the group N . For details
see [15].

Corollary 3.2. K̃0(Z[C
n]) = 0, where Cn is the free abelian group on

n generators.

The most fundamental breakthrough in calculating the Whitehead
group is the following theorem by Farrell and Jones.
Let us first recall that a nonpositively curved manifold is a smooth

complete Riemannian manifold with all the sectional curvature ≤ 0.

Theorem 3.6. ([4]) Let M be a closed nonpositively curved manifold.

Then Wh(π1(M)) = K̃0(Z[π1(M)]) = 0.

There is further generalization of this result and its method of proof
to CAT (0) and hyperbolic groups in [1]. For some more updates and
recent development on computing the reduced projection class group
and the Whitehead group see the other notes [19].

4. The s-cobordism theorem

In this lecture all manifolds are assumed to be smooth and oriented.
We plan to prove the following theorem.

Theorem 4.1. (s-cobordism theorem) (Barden, Mazur, Stallings)
Let M0 and M1 be two closed connected manifolds of dimension ≥
5. Let W be another compact connected manifold with two boundary
components ∂0W and ∂1W diffeomorphic to M0 and M1 respectively.
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Assume that both the inclusions ∂iW → W , i = 1, 2 are homotopy
equivalences. If the Whitehead torsion τ([W, ∂0W ]) of the inclusion
map ∂0W ⊂ W is trivial in Wh(π1(∂0W )) then W is diffeomorphic to
∂0W × I relative to ∂0W . In particular, M0 and M1 are diffeomorphic.

Remark 4.1. The above statement still holds in the piecewise linear
and in the topological categories. That is, the conclusion then becomes
that M0 and M2 are homeomorphic or piecewise linear homeomorphic
if the manifolds are topological or piecewise linear respectively. The
proof in this case is due to Kirby and Siebenmann. See [9]. But in this
article we work in the smooth category.

Theorem 4.2. (h-cobordism theorem)([23]) Let W be a cobordism
as in the statement of the s-cobordism theorem. Assume that ∂0W (and
hence ∂1W and W ) is simply connected. Then, W is diffeomorphic to
∂0W × I relative to ∂0W . Hence, ∂0W and ∂1W are diffeomorphic.

Remark 4.2. The s-cobordism theorem was first proved in the partic-
ular case when the manifolds are simply connected, and is known as the
h-cobordism theorem. It was proved by Smale (see [20], [21]). An im-
portant consequence is the generalized Poincaré conjecture. Note that,
in the case of the h-cobordism theorem, the Whitehead group does not
appear as we know the Whitehead group vanishes for the trivial group.
But the basic structure of the proof remains the same. We, therefore,
give the proof in the general situation, that is the s-cobordism theorem,
and then deduce the simply connected case as a consequence.

Theorem 4.3. (Poincaré conjecture) Let M be a closed manifold
homotopically equivalent to the n-sphere Sn. Assume n ≥ 6. Then, M
is homeomorphic to Sn.

Remark 4.3. Note that the statement still holds, using Hurewicz and
Whitehead’s theorems, under the weaker assumption thatM be simply
connected and the integral homology Hk(M) ofM is isomorphic to the
integral homology Hk(S

n) of Sn, for all k.

Proof of the Poincaré conjecture. First, remove the interiors of two dis-
joint embedded discs D0 and D1 in M . What we get is a compact
oriented manifold W with two boundary components ∂0W = ∂D0 and
∂1W = ∂D1. It follows that W is simply connected and the inclusions
∂0W ⊂ W and ∂1W ⊂ W are homotopy equivalences. Using the h-
cobordism theorem we get, W is diffeomorphic to ∂0W × [0, 1] by a
diffeomorphism f relative to ∂0W . That is, f |∂0W = (id∂0W , 0) and an
unknown diffeomorphism f |∂1W (:= g) : ∂1W → ∂0W × {1} = ∂0W .
Now, using Alexander trick we extend the map g to a homeomor-
phism g̃ on the whole of D1 onto D0. In fact, define g̃(tx) = tg(x)
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for t ∈ [0, 1], x ∈ Sn−1. Now it follows easily a homeomorphism
M = W ∪ D0 ∪ D1 → (∂0W × I) ∪ D0 ∪ D0, where the first D0 is
identified along ∂0W with ∂0W × {0}, and the second D0 is identi-
fied along ∂0W with ∂0W × {1}. The homeomorphism is given by
f ∪ idD0

∪ g̃. �

Remark 4.4. Note here that in the proof of the Poincaré conjecture we
do not get diffeomorphism in general. The reason is that the Alexander
trick does not give a diffeomorphism. That is, even if f : Sn → Sn is

a diffeomorphism, the constructed extension f̃ : Dn+1 → Dn need not
be a diffeomorphism. The problem is only at the center where the ex-
tended map is not smooth in general. This problem gave rise to another
important subject in manifold topology. This was studied by Milnor in
his work of exotic spheres, that is spheres with many different smooth
structures but with the same underlying topological structure. For
example the topological sphere S7 has 28 different smooth structures.

Remark 4.5. The Poincaré conjecture also holds in dimension 5. But
in this dimension, one has to use the fact that there is a compact
contractible 6-dimensional manifold W with one boundary component
∂W diffeomorphic toM . And then, remove the interior of a small open
embedded disc which is disjoint from ∂W . Finally, an application of the
h-cobordism theorem completes the proof. Note that, here we get M
diffeomorphic to S5. The reason is that S5 has only one differentiable
structure, namely, the standard one.

Now, we give an outline of the proof of the s-cobordism theorem. We
have a compact oriented manifold W with two boundary components
∂0W and ∂1W , so that both the inclusions ∂iW ⊂ W are homotopy
equivalences, for i = 0, 1.
• There is a Morse function f : W → [0, 1] with the following prop-

erties. (1) f−1(i) = ∂iW , for i = 0, 1. (2) All the critical points of f
are away from ∂0W and ∂1W , that is, they lie in the interior of W .
• By Morse theory, there is a handlebody decomposition of the man-

ifold W . That is, there are finitely many handles which are attached
to ∂0W × [0, 1] along ∂0W ×{1} one by one corresponding to the non-
degenerate critical points of f .
• Rearrange the handles without changing the diffeomorphism type

of W , in such a fashion that a handle with bigger index is attached
later. That is, if there are two handles H1 and H2 of indices k1 and k2
respectively, and k2 > k1 then one can first attach H1 and then H2.
• One can get rid of the handles of indices 0 and 1 and then using

duality, the handles of indices n and n− 1 also. Here we need the fact
that W is an h-cobordism.
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• Cancelling handles of index q using a handle of index q + 1 in the
cost of introducing a new handle of index q + 2. When this method
is applied from both sides, then for any fixed q, 2 ≤ q ≤ n − 2, W
has a handlebody decomposition using only handles of indices q and
q + 1. Using a homology argument (since W is an h-cobordism), one
gets that the number of q handles then become equal to the number of
q + 1 handles.
• Next, the handles of index q are cancelled by the handles of index

q+ 1 using the fact that either the manifold W is simply connected or
that the Whitehead torsion of the inclusion ∂0W ⊂ W is trivial.
• Finally, as there are no handles in the manifold, we get W is

diffeomorphic to ∂0W × [0, 1].
There is a proof of the s-cobordism theorem (following ideas of M.

Morse) in the same line, but instead of using handles one uses the exis-
tence of a gradient like vector field corresponding to a Morse function.
See [12]. The proof of Lemma 5.2 in this notes uses the gradient like
vector field argument from [12].

5. Handlebody decomposition and some lemmas

The main references for this section are [12] and [10].

Definition 5.1. Let W be a compact manifold with two boundary
components ∂0W and ∂1W . Let M0 and M1 be two closed (compact
with empty boundary) manifolds with orientation preserving diffeomor-
phisms f0 : ∂0W →M0 and f1 : ∂1W →M1. Then, (W ; ∂0W, f0; ∂1W, f1)
is called a cobordism between M0 and M1. It is called an h-cobordism
if the two inclusions ∂iW → W , for i = 0, 1, are homotopy equivalences.
Two cobordisms (W ; ∂0W, f0; ∂1W, f1) and (W ′; ∂0W

′, f ′
0; ∂1W

′, f ′
1) over

M0 are called equivalent, if there exists a diffeomorphism f : W → W ′

which sends ∂0W to ∂0W
′ and ∂1W to ∂1W

′, so that the following
diagram is commutative for i = 0, 1.

∂iW
f |∂iW

//

fi ""
DD

DD
DD

DD
∂iW

′

f ′

i||yy
yy

yy
yy

Mi

The trivial cobordism is (M0× [0, 1];M0, id;M0, id) and an arbitrary
cobordism (W ; ∂0W, f0; ∂1W, f1) is called trivial if it is equivalent to the
trivial cobordism (M0 × [0, 1];M0, id;M1, id).
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Next, we describe a method of constructing a new cobordism from
two cobordisms and also find a criterion to show when a cobordism is
trivial.
We start with the following lemma.

Lemma 5.1. Let W be a compact manifold with boundary components
∂0W and ∂1W . Then, there is a smooth function f : W → [0, 1] so
that f−1(i) = ∂iW , for i = 0, 1, and there is no critical point of f in a
neighborhood of ∂0W ∪ ∂1W .

Proof. See Lemma 2.6 in [12]. �

In fact one can find a Morse function from W to [0, 1] with the
above property. Henceforth, by a Morse function on a cobordism we
will always mean a function of this type. See Theorem 2.5 in [12] for
the proof on existence of such a Morse function.
We prove the following lemma which gives a criterion for a cobordism

to be equivalent to the trivial cobordism.

Lemma 5.2. Let W be a cobordism between two manifolds ∂0W and
∂1W , and suppose that there is a Morse function on W which has no
critical point. Then, W is equivalent to the trivial cobordism.

Proof. Let f : W → [0, 1] be a Morse function with no critical point.
First, we find a vector field ξ on W with the following property.
• ξ(f) is positive everywhere.
First, note that since there is no critical point of f , by implicit func-

tion theorem, there is a finite covering of W by coordinate neighbor-
hoods {Ui} of points pi with coordinates xi1, x

i
2, . . . , x

i
n satisfying the

following.
f(q) = f(pi) + xi1 for all q ∈ Ui

. Now, to construct the vector field ξ, choose the vector field ∂
∂xi

1

on each

open set Ui, and patch them using some partition of unity subordinate
to the covering {Ui}. This will clearly give the desired vector field.
Now, we use this vector field to construct a diffeomorphism from

(W ; ∂0W, ∂1W ) to (∂0W × [0, 1]; ∂0W × {0}, ∂1W × {1}).
Multiplying ξ by 1/ξ(f) at each point we may assume that ξ(f) = 1

everywhere.
We need to find integral curves for the vector field ξ at every point.

Therefore, we need the fundamental existence and uniqueness theorem
for ordinary differential equation at every point of W . The problem
point are on the boundary of W . But in a neighborhood U of a bound-
ary point of p ∈ W there is coordinate system x1, x2, . . . , xn, xn ≥ 0,
and the function as well as the vector field can be extended to an open
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set in Rn containing p. Therefore, we have integral curves for ξ at every
point.
Let φ : [a, b] → W be an integral curve for the vector field ξ. We

have
d

dt
(f ◦ φ) = ξ(f) ≡ 1.

Now we make a change of variable to the solution

f(φ(t)) = t+ constant

of the above differential equation and get an integral curve ψ which
satisfies

f(ψ(s)) = s.

Recall that each integral curve can be extended uniquely to a maxi-
mal interval, and hence, since W is compact, it must be [0, 1]. There-
fore, through every point x ofW there exists a unique maximal integral
curve

ψx : [0, 1] → W

and satisfies

f(ψ(s)) = s.

Furthermore, ψx(s) is smooth on both the variable s and x.
Define

F : ∂0W × [0, 1] → W

by

F (x0, s) = ψx0
(s).

Note that the inverse of F is F−1(x) = (ψx(0), f(x)).
Therefore, F is a diffeomorphism. �

Next, we prove the following gluing theorem which says that if we are
given two cobordisms (W ; ∂0W, f0; ∂1W, f1) and (W ′; ∂1W

′, f ′
1;V2, f2)

where f ′
1 : ∂1W

′ → M1 is a diffeomorphism, then gluing these two
cobordisms by the map g := (f ′

1)
−1 ◦ f1 along ∂1W and ∂1W

′ will
produce the new cobordism (W ∪g W

′; ∂0W, f0;V2, f2).

Theorem 5.1. Let M1 and M2 be two compact manifolds with bound-
aries ∂M1 and ∂M2 respectively. Let f : ∂M1 → ∂M2 be a diffeomor-
phism. Then, the manifold M =M1∪fM2 obtained by gluing along the
boundaries by the diffeomorphism f has a unique differential structure,
so that the inclusion Mi →M are diffeomorphisms onto its image, for
i = 1, 2.
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The proof of the theorem depends on several lemmas. The idea is to
first prove that the boundary ∂ of a (compact) manifold has a collar
neighborhood diffeomorphic to the product manifold ∂ × [0, 1]. And
then, prove a similar result about the existence of a product neigh-
borhood of a codimension 1 submanifold. Here we will be using the
orientability of both the manifold and the submanifold, otherwise we
need some two-sidedness assumption.

Lemma 5.3. Let M be a compact manifold with boundary ∂M . Then
there exists a neighborhood of ∂M , called a collar neighborhood, diffeo-
morphic to the product ∂M × [0, 1).

Proof. The lemma is a consequence of the existence of an admissible
Morse function (Theorem 2.1) and the Lemma 5.2 above. �

The proof of the Theorem 5.1 will be added here later.

5.1. Statements and the proofs of the lemmas. Recall from the
first lecture that a Morse function on a manifold gives rise to a handle-
body decomposition of the manifold ([11]). This decomposition and the
existence of an admissible Morse function on a cobordism (see Theo-
rem 2.1) is the backbone of the proof of the s-cobordism theorem. The
proof is due to Barden, Mazur and Stallings. The earlier version of
the theorem was for simply connected manifolds, and was proven by
Smale which also led to the proof of the higher dimensional Poincaré
conjecture as we mentioned in the last section.
If there is no confusion, a cobordism (W ; ∂0W, f0; ∂1W, f1) will be

denoted by the single letter W .

Theorem 5.2. (s-cobordism theorem) Let W be an h-cobordism
of dimension ≥ 6. Consider the pair (W, ∂0W ) and its Whitehead
torsion τ(W, ∂0W ) which is defined since the inclusion ∂0W → W is a
homotopy equivalence. Then W is the trivial cobordism if and only if
τ(W, ∂0W ) is 0 in Wh(π1(∂0W )).

Since the Whitehead group of the trivial group is 0, the h-cobordism
theorem is a clear consequence of the s-cobordism theorem.
We recall some more definitions before going further in this direction

to prove the s-cobordism theorem.

Definition 5.2. An n-dimensional handle of index q is by definition
the manifold Dq × Dn−q. This is also called a q-handle. Dq × {0} and
{0} × Dn−q are respectively called the core and cocore of the handle.
And the boundaries of the core and the cocore are respectively called
the left sphere and the right sphere of the handle. See the following
figure.
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Definition 5.3. Let W be an n-dimensional manifold with boundary
∂W and φq : Sq−1 × Dn−q → ∂W be an embedding. Construct the
topological manifold W + (φq) := W ∪φq

(Dq × Dn−q). The manifold
W + (φq) has a smooth structure after smoothing the corners of the
handle at the point of attachments, extending the smooth structure of
W . See Theorem 1.9, Chapter 8 in [7]. W +(φq) is called the manifold
obtained by attaching a q-handle to W .



NOTES ON MORSE THEORY AND s-COBORDISM THEOREM 29

1−handle

W

V
0

Attaching 1−handle

V1

Figure 4
We now prove that attachments of isotopically embedded handles

does not change the diffeomorphism type of the final manifold. We
make these precise in the following lemmas.

Lemma 5.4. (Isotopy Lemma) Let W be an n-dimensional compact
manifold with a boundary component ∂W . Let φi

q : S
q−1×Dn−q → ∂W ,

for i = 1, 2, be two isotopic embeddings. Then, the two manifolds
W + (φ1

q) and W + (φ2
q) are diffeomorphic.

Proof. Let F : Sq−1×Dn−q× [0, 1] → ∂W be an isotopy between φ1
q and

φ2
q. Then by Theorem 1.3, Chapter 8 in [7] there is a diffeotopy G : W×

[0, 1] → W such that G|W×{0} = idW and G◦(φ1
q×id[0,1]) = F . Thus we

get a diffeomorphism G1 := G|W×{1} of W with the property that G1 ◦
φ1
q = φ2

q. Hence after attaching the q-handle we get a diffeomorphism

between W + (φ1
q) and W + (φ2

q). �

Remark 5.1. If the manifold W has another boundary component V ,
then we can make sure that the diffeomorphism G1 is identity when
restricted to V . This can be achieved by extending φ1

q, φ
2
q and F to

the disjoint union (Sq−1 × Dn−q) ∪ V by identity.

Now, state we a lemma which will be used frequently in this notes.
The proof is obvious.

Lemma 5.5. (Diffeomorphism Lemma) LetW andW ′ be two com-
pact manifold of dimension n. Let φq : S

q−1 × Dn−q → ∂W be an em-
bedding. If there is a diffeomorphism f : W → W ′ then there is an
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appropriate embedding ξq : Sq−1 × Dn−q → ∂W ′ so that W + (φq) is
diffeomorphic to W + (ξq).

Remark 5.2. If there is another boundary component V of W . Then,
the diffeomorphism between W + (φq) and W + (ξq) is equal to f |V
when restricted to V .

If we attach a handle φr to W + (φq) then we denote the resulting
manifold by W + (φq) + (φr), but we note here that this operation of
attaching is commutative only under certain condition, in the sense
that if we first attach φr and later φq, then in some situation the dif-
feomorphism type of the final manifold does not change.

Lemma 5.6. (Commutativity Lemma) Let W be a compact n-
dimensional manifold with a boundary component ∂W . Consider W +
(φq)+(ξr). If r < q then there is a suitable embedding ξ′r : S

r−1×Dn−r →
∂W so that W +(ξ′r)+ (φq) and W +(φq)+ (ξr) are diffeomorphic by a
diffeomorphism which is identity when restricted to any other boundary
component of W .

Proof. First, note that the dimension of the left sphere of ξr is r −
1 and the dimension of the right sphere of φq is n − q − 1. Thus,
since (r − 1) + (n − q − 1) < n − 1, we can isotope the embedding
ξr|Sr−1×{0}S

r−1 × {0} → ∂(W + (φq)) and make it disjoint from the
right sphere of φq. Next, we extend this isotopy into a diffeotopy of
∂(W + (φq)) and therefore, we can make sure that the embedding ξr :
Sr−1 × Dn−r → ∂(W + (φq)) is such that it is restriction to its left
sphere does not intersect the right sphere of φq. Further, shrinking the
embedding ξr, we can find a closed neighborhood C of the right sphere
of φq so that the handle ξr does not meet C. Now, it is easy to find
an diffeotopy of ∂(W + (φq)) which is identity on the right sphere of
φq but move any point of (φq)− U outside of the handle (φq). See the
following picture of this process.
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This diffeotopy transforms the handle (ξr) to another embedding
ξ′r : Sr−1 × Dn−r → ∂(W + (φq)) whose image is disjoint from the
handle φq. Therefore, obviously the two manifolds W +(φq)+ (ξ′r) and
W + (ξ′r) + (φq) are same. Hence, by the Isotopy Lemma there is a
diffeomorphism between W + (φq) + (ξr) and W + (ξ′r) + (φq) relative
to any other boundary component of W . �

Next, we come to the result which will be used to cancel handles in
an h-cobordism.
From now on, we always denote a cobordism by W and assume it

has two boundary components ∂0W and ∂1W and we always attach
handles to the boundary component ∂1W without making any change
near ∂0W . Because of the above lemma we can write any cobordism
W in the following form up to diffeomorphism.

∂0W × [0, 1] +

i=p0∑

i=1

(φi
0) +

i=p1∑

i=1

(φi
1) + · · ·+

i=pn∑

i=1

(φi
n).

Lemma 5.7. (Cancellation Lemma) Let W be a compact manifold
of dimension n with ∂0W and ∂1W two boundary components. Let φq

be a q-handle attached to W along ∂1W and, ξq+1 be another handle
attached to ∂1(W + (φq)). Assume that the left sphere of of the handle
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ξq+1 is transversal to the right sphere of φq and they meet exactly at
one point. Then, there is a diffeomorphism between W and W +(φq)+
(ξq+1).

Proof. A pictorial proof of this lemma is given in the following figure.

W

V
0

2−handle

V1

1−handle

Killing 1−handle by a 2−handle

Now, we come to the rigorous proof. First, we construct an example
which is a general version of the picture above. And then reduce the
proof of the lemma to this particular example.
We denote the upper and the lower hemisphere of the sphere Sq−1

by Sq−1
u and S

q−1
l respectively.

1
Su

S1
l

An example of cancelling a handle

Consider an embedding

f : Sq−1 × Dn−q ∪Sq−1×S
n−1−q
u

Dq × Sn−q−1
u → ∂1W
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of the disc

Dn−1 = Sq−1 × Dn−q ∪Sq−1×S
n−1−q
u

Dq × Sn−q−1
u .

In the picture above it is the area with the ‘bars’.
Let φq be the restriction of f to Sq−1 × Dn−q. In the picture it is

the disjoint union of the two 2-discs (restricting to the case q = 1 and
n = 3).
We attach a q-handle along φq (the top cylindrical portion of the

picture). Now, we are going to construct an embedding of Sq ×Dn−q−1

in ∂1(W + (φq)) to attach a (q+1)-handle. Consider the following two
embeddings.

ξuq+1 : S
q
u × Sn−q−1

u → ∂1(W + (φq))

and

ξlq+1 : S
q
l × Sn−q−1

u → ∂1(W + (φq))

where the first embedding is given by the following

Sq
u × Sn−q−1

u = Dq × Sn−q−1
u ⊂ Dq × Sn−q−1 = ∂(φ).

and the second one is the restriction of f to S
q
l ×Sn−q−1

u = Dq×Sn−q−1
u .

The two embeddings ξuq+1 and ξlq+1 together define an embedding
ξq+1 of

Sq × Dn−q−1 = Sq−1 × Sn−q
u ∪Sq−1×S

n−1−q
u

Sq
u × Sn−q−1

u

in ∂1(W + (φq)).
It follows easily now that the manifold W + (φq) + (ξq+1) is diffeo-

morphic to W relative to ∂0W . In fact, W + (φq) + (ξq+1) is obtained
from W by attaching an n-disc Dn to W along ∂1W by the map f .
This completes the prototype example.
Next, consider the more general situation of two handles φq and ξq+1

attached to W under the hypothesis, that is, the right sphere of (φq) is
transverse to the left sphere of ξq+1 and they intersect exactly at one
point. Let C ⊂ ∂(φ) be a neighborhood of the right sphere of φ. There
is a diffeotopy on ∂1(W + (φq)) which is identity on the right sphere
of (φq) and moves any point on (φq) − C out of the handle. Thus we
get that the map ξq+1 maps the lower hemisphere S

q
l × {0} out of the

handle φq and on the upper hemisphere Sq
u × {0} it is nothing but the

inclusion Dq × {x} → Dq × Dn−q = (φq) for some x ∈ Sn−q−1, where
Sq
u × {0} is obviously identified with Dq × {x}. It now follows easily

that we are reduced to the situation of the above example.
This completes the proof of the Cancellation Lemma. �

Remark 5.3. Here we remark that cancelling a handle is always done
using another handle. This has an algebraic interpretation. We will
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see that handles will generate the integral homology of the manifold
and hence, since the Euler characteristic is an invariant, we will not be
able to get rid of one handle on its own.

Definition 5.4. An embedding f : Sq × Dn−q → M , for q < n,
where n =dimM , is called a trivial embedding if there is an embed-
ding g : Dn → M so that f = g ◦ h for a fixed standard embedding
h : Sq × Dn−q → Dn. An embedding Sq → M , q < n, is called a trivial
embedding if it can extended to a trivial embedding Sq × Dn−q →M .

We have an easy consequence of the proof of the Cancellation Lemma.

Lemma 5.8. Let φq : Sq−1 × Dn−q → ∂1W be a trivial embedding,
where W is a cobordism between ∂0W and ∂1W . Then, there exists an
embedding ξq+1 : S

q×Dn−q−1 → ∂1(W+(φq)) such thatW+(φq)+(ξq+1)
is diffeomorphic to W relative to ∂0W .

Recall the first simplified form of a cobordism.

∂0W × [0, 1] +

i=p0∑

i=1

(φi
0) +

i=p1∑

i=1

(φi
1) + · · ·+

i=pn∑

i=1

(φi
n).

Our aim is to prove the following Normal Form Lemma.

Lemma 5.9. (Normal Form Lemma) Let W be an oriented h-
cobordism of dimension n ≥ 6. Let q be an integer with 2 ≤ q ≤ n− 3.
Then, there is a handlebody decomposition of W consisting of handles
of index q and q + 1 only. That is, W has the following form.

∂0W × [0, 1] +

i=pq∑

i=1

(φi
q) +

i=pq+1∑

i=1

(φi
q+1).

We need some preparation to eliminate the other handles of indices
6= q, q + 1 in the handlebody decomposition. We first show that we
can get rid of handles of indices 0, 1, n, n − 1 and then we eliminate a
handle of index q ≥ 1 in the cost of introducing a new handle of index
q + 2.
We need some notations. Let −1 ≤ q ≤ n.

W−1 := ∂0W × [0, 1];

∂1Wq := ∂0W × [0, 1] +

i=p0∑

i=1

(φi
0) +

i=p1∑

i=1

(φi
1) + · · ·+

i=pq∑

i=1

(φi
q);
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∂1Wq := ∂Wq − ∂0W × {0};

∂◦1Wq := ∂1Wq −
pq+1∐

i=1

φi
q+1(S

q × int(Dn−q−1)).

Obviously ∂◦1Wq ⊂ ∂1Wq+1.

Lemma 5.10. (Elimination Lemma) Let q be a fixed integer such
that 1 ≤ q ≤ n − 3. Assume that pi = 0 for i < q, that is, W has the
following form.

∂0W × [0, 1] +

i=pq∑

i=1

(φi
q) +

i=pq+1∑

i=1

(φi
q+1) + · · ·+

i=pn∑

i=1

(φi
n).

Fix an integer k so that 1 ≤ k ≤ pq. Let ξq+1 : S
q ×Dn−q−1 → ∂◦1Wq

be an embedding with the following properties.
• ξq+1|Sq×{0} is isotopic in ∂1Wq to an embedding ξ′q+1 : S

q × {0} →
∂1Wq whose image meets the right sphere of φk

q exactly at one point and
is disjoint from the right spheres of the other q-handles;
• ξq+1|Sq×{0} is isotopic in ∂1Wq+1 to a trivial embedding ξ′′q+1 : S

q ×
{0} → ∂1Wq+1.
Then there is a handlebody decomposition of W of the following type.

∂0W × [0, 1] +

i=pq∑

i=1,i 6=k

(φ̄i
q) + (ξq+2) +

i=pq+1∑

i=1

(φ̄i
q+1) + · · ·+

i=pn∑

i=1

(φ̄i
n).

Proof. The proof is an application of the Isotopy Lemma, Diffeomor-
phism Lemma, Cancellation Lemma and Lemma 5.8.
First, note that since ξ′q+1 and ξ′′q+1 both are isotopic to ξq+1|Sq×{0},

which has extension to Sq×Dn−q−1, ξ′′q+1 and ξ
′′
q+1 both can be extended

to Sq × Dn−q−1 to the respective spaces satisfying the same properties
as those of ξ′′q+1 and ξ′′q+1. The remaining parts of the proof is straight
forward using the Isotopy Lemma, Diffeomorphism Lemma, Cancella-
tion Lemma and the Lemma 5.8. We leave this as an exercise to the
reader. �

Now, we are in a position to eliminate the handles of indices 0 and
1 in the handlebody decomposition of the manifold W .

Lemma 5.11. Let W be an h-cobordism of dimension ≥ 6 with two
boundary components ∂0W and ∂1W . Then, W has a handlebody de-
composition without any 0 or 1-handles. That is, it takes the following
form.
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∂0W × [0, 1] +

i=p2∑

i=1

(φi
2) +

i=p3∑

i=1

(φi
3) + · · ·+

i=pn∑

i=1

(φi
n).

Proof. Let us first get rid of the handles of index 0. Note that a handle
of index 0 is nothing but a disjoint n-disc. By hypothesis (h-cobordism)
the inclusion ∂1W → W is a homotopy equivalence and hence the
inclusion ∂1W → W1 induces bijection on path components. Therefore,
given a 0-handle φk

0 there must exist an 1-handle φl
1 such that the core

of the handle φl
1 connects a point on ∂0W × {1} with a point on φk

0.
It now easily follows using the Cancellation and the Diffeomorphism
Lemmas that φl

1 and φk
0 cancels each other. See the following picture.

W

V
0

Eliminating 0−handle

0−handle

1−handle

V1

That is, we get the following.

W = ∂0W × [0, 1] +

i=p0∑

i=1,i 6=k

(φi
0) +

i=p1∑

i=1,i 6=l

(φi
1) + · · ·+

i=pn∑

i=1

(φi
n).

Next, we get rid of the 1-handles. The idea is to use the Elimination
Lemma. That is, we need to find an embedding ξ2 : S

1×Dn−2 → ∂◦1W1

which satisfies the two conditions of the Elimination Lemma. Consider
the first 1-handle (φ1

1) = D1 × Dn−1, choose a point x ∈ ∂Dn−1 and let
ξu2 be the embedding S1

u = D1 = D1×{x} ⊂ (φ1
1). Now note that ∂◦1W0

is obtained from ∂1W0 after removing the interiors of finitely many
(n − 1)-discs, and hence the inclusion ∂◦1W0 ⊂ ∂1W0 = ∂0W × [0, 1]
induces an isomorphism on the fundamental group and therefore, the
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same is true for the inclusion ∂◦1W0 ⊂ W (since W is an h-cobordism).
Therefore, we can find an embedding ξl2 : S

1
l → ∂◦1W0 with ξ

u
2 |S0 = ξl2|S0

such that the embedding ξ′2 := ξu2 ∪ ξl2 : S1 → ∂1W1 is nullhomotopic
in W . Next, we isotopy all the other 2-handle and make them disjoint
from the image of ξ′2 which can be done since the sum of the dimension
of the domain of ξ′2 and the core of the handle φi

2 is less than the
dimension of ∂1W1 and then one can shrink the 2-handles. Thus using
the Diffeomorphism Lemma and the Isotopy Lemma we get that the
image of ξ′2 lies inside ∂◦1W1. Now, since the inclusion π1W2 ⊂ W
induces isomorphism on the fundamental group level, the map ξ′2 is
nullhomotopic in ∂1W2 and therefore the map ξ′2 can be extended to
the whole of the disc D2. Now, since 2·dim(D2) <dim(∂1W2), we can
choose this extension of ξ′2 to be an embedding of the disc D2 bounding
ξ′2. Furthermore, since the disc is contractible, its normal bundle and
hence the normal bundle of the image of ξ′2 is trivial. Therefore we
have an embedding of ξ2 of S1 ×Dn−1 into ∂◦1W1 which is isotopic to a
trivial embedding in ∂1W2 and meets the right sphere of φ1

1 transversally
exactly at one point and does not meet the transverse spheres of the
other 1-handles. Hence, we can apply the Elimination Lemma to get
rid of the 1-handles. �

We have now reduced the situation to the following form.

W = ∂0W × [0, 1] +

i=p2∑

i=1

(φi
2) + · · ·+

i=pn∑

i=1

(φi
n).

Next we get rid of the n- and (n− 1)-handles using something called
dual handlebody decomposition, we describe below. This shows that
if there is a q-handle then there is a (n − q)-handle as well. Thus,
the number of q-handles and the number of (n− q)-handles are equal.
Similarity can be seen with the implication of Poincaré duality on Betti
numbers of an orientable manifold.
In the below picture we describe a dual handle.
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W

1−handle

V
1

Dual handlebody

The main idea is the following. Let φq be a q-handle attached to
∂0W × [0, 1] to get W = ∂0W × [0, 1] + (φq). We would like to look at
W turning it over, that is making ∂1W as the base of the cobordism.
In the above picture q = 1. It is easy to see that if we attach a 2-handle
φ2 along S

1×D1 which is diffeomorphic to D1×S1 = ∂(φ1), then clearly
∂1(∂1W × [0, 1] + (φ2)) is diffeomorphic to ∂0W . This attachment is
shown in the picture as the dark spots. Therefore, one easily sees
that W = ∂0W × [0, 1] + (φ1) is diffeomorphic to ∂1W × [0, 1] + (φ2)
relative to ∂1W . That is, attaching a q-handle is equivalent to adding a
(n−q)- handle, and therefore number of q-handles in some handlebody
decomposition is same as the number of (n− q)-handles.
Now, we give the argument in the general situation.
Let M be the manifold obtained from ∂0W after removing the inte-

rior of φq(S
q−1 × Dn−q). Then, ∂M = Sq−1 × Dn−q−1.

W ≃ ∂0W × [0, 1] ∪Sq−1×Dn−q Dq × Dn−q

=M × [0, 1]∪Sq−1×Sn−q−2×[0,1]

(Sq−1×Dn−q−1×[0, 1]∪Sq−1×Dn−q×{1}D
q×Dn−q)

Now, note that Sq−1 × Dn−q−1 × [0, 1] ∪Sq−1×Dn−q×{1} D
q × Dn−q has

the following two submanifolds.

A := Sq−1 × 1/2 · Dn−q−1 × [0, 1] ∪Sq−1×1/2·Dn−q×{1} D
q × 1/2 · Dn−q;

B := Sq−1 × 1/2 · Sn−q−1 × [0, 1] ∪Sq−1×1/2·Sn−q×{1} D
q × 1/2 · Sn−q.

(A,B) ≃ (Dq ×Dn−q,Dq × Sn−q−1) = (Dn−q ×Dq, Sn−q−1 ×Dq), that
is, this is a (n− q)-handle, called the dual handle.
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Let C := W − A◦, then W is obtained from C after attaching an
(n − q)-handle. One checks that C is diffeomorphic to ∂1W × [0, 1]
relative to ∂1W × {1}.
Therefore, we can conclude that the handlebody decomposition

∂0W × [0, 1] +

i=p0∑

i=1

(φi
0) +

i=p1∑

i=1

(φi
1) + · · ·+

i=pn∑

i=1

(φi
n).

is diffeomorphic to the following (dual) handlebody decomposition
relative to ∂1W .

∂1W × [0, 1] +

i=pn∑

i=1

(φ̄i
0) +

i=pn−1∑

i=1

(φ̄i
1) + · · ·+

i=p0∑

i=1

(φ̄i
n).

Therefore, we have proved the following lemma.

Lemma 5.12. Let W be an h-cobordism of dimension ≥ 6 with two
boundary components ∂0W and ∂1W . Then, W has a handlebody de-
composition without any 0, 1, (n− 1) and n-handles. That is, it takes
the following form.

∂0W × [0, 1] +

i=p2∑

i=1

(φi
2) +

i=p3∑

i=1

(φi
3) + · · ·+

i=pn−2∑

i=1

(φi
n−2).

We need couple of more lemmas to complete the proof of the Normal
Form Lemma. In these two lemmas we see, for the first time, the inter-
play between the homology groups of the cobordism and the geometry
of its handlebody decomposition. Also we will see a very important
restriction coming from the dimension of the manifold. This dimen-
sion restriction reveals the main differences between the treatment of
manifolds of dimension ≤ 5 and high dimensional manifolds.
Before we come to the statement of the lemmas we need to recall

some well known facts about cellular homology. To begin with re-
call from the first lecture that Morse theory gives, up to homotopy, a
CW -complex structure on a smooth manifold. Each k-handle gives a
k-dimensional cell, represented by the core of the handle, in this struc-
ture. We describe this CW -structure in some more details. At first let
W be a cobordism as before. Using a Morse function for this cobor-
dism we get a relative CW -structure on it. Let A = ∂0W , then define
X0 as A disjoint union of p0 points. It is obvious that X0 is homotopy
equivalent to W0 relative to A. By an induction argument we define
a CW -complex A ⊂ X0 ⊂ X1 ⊂ · · · ⊂ Xn := X. The number of q-
cells in Xn is equal to the number of q-handles in W and the attaching
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maps of the cells are restriction of the attaching maps of the handles.
Thus, we get (Xq, Xq−1) is homotopy equivalent to (Wq,Wq−1) for all
q = 0, 1, · · · , n. The cellular chain complex C∗(W, ∂0W ) of (W, ∂0W )
is given by Cq(W, ∂0W ) = Hq(Wq,Wq−1;Z) and it is the free abelian
group generated by the q-handles. Explicitly, the generator correspond-
ing to a q-handle is obtained by taking the image of some generator of
Z ≃ Hq(D

q, Sq−1;Z) under the following composite homomorphism

Z ≃ Hq(D
q, Sq−1;Z) ≃

≃ Hq(D
q × Dn−q, Sq−1 × Dn−q;Z) → Hq(Wq,Wq−1;Z),

where the last homomorphism is induced by the inclusion of the q-
handle. Corresponding to a q-handle φi

q we denote this generator by

[φi
q]. The q-th differential map dq : Cq(W, ∂0W ) → Cq−1(W, ∂0W ) is

the composite of the connecting homomorphisms

Hq(Wq,Wq−1;Z) → Hq−1(Wq−1;Z)

and the inclusion induced homomorphism

Hq−1(Wq−1;Z) → Hq−1(Wq−1,Wq−2;Z).

Now consider the universal cover π : W̃ → W of W and let W̃q =

π−1(Wq). Then, W̃ gets a CW -structure, up to homotopy, after lifting
the handles under the covering projection π. Consequently, the q-th

cellular chain group is Cq(W̃ , ∂̃0W ) and it is generated by the liftings
of the generators of Cq(W, ∂0W ) as defined above. Furthermore, the

fundamental group π1(W ) acts on the universal cover W̃ as the group
of covering transformations and the induced action makes the group

Cq(W̃ , ∂̃0W ) a free Z[π1(W )]-module with a free set of generators in
bijection with the q-handles ofW . These generators are well-defined up
to a sign and group elements of π1(W ). The sign comes from the choice
we made in selecting the generator of Z above and the choice of group
elements from the way we lift a generator of Cq(W, ∂0W ) by a group
element. We make a choice and denote the generator corresponding to

φi
q by [φ̃i

q].

Lemma 5.13. (Homology Lemma) As before assume n ≥ 6 and W
an oriented cobordism between the manifolds ∂0W and ∂1W . Assume
further that there is no handle of index 0, 1, n − 1 or n. Let f : Sq →
∂1Wq be an embedding, then the following are equivalent.
1. f is isotopic to an embedding g : Sq → ∂1Wq with the following

property: g does not meet the right spheres of the handles φi
q for i 6= i0

and meets the right sphere of φi0
q transversally and exactly at one point.
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2. Consider the following composition.

πq(W̃q) → πq(W̃q, W̃q−1) → Hq(W̃q, W̃q−1) = Cq(W̃ , ∂̃0W ).

Let f̃ be a lift of f under the covering projection π : W̃ → W and [f̃ ]

be the class in Cq(W̃ , ∂̃0W ) under the above composition. Then there
is a α ∈ π1(W ) with the property

[f̃ ] = ±α · [φ̃i0
p ].

Proof. We can make sure, after an isotopy, that f |Squ : Sq
u → ∂1Wq is

equal to the embedding Sq
u = Dq × {x} ⊂ Dq × Sn−q−1 = ∂(φi0

q ) for

some x ∈ Sn−q−1 and that f(Sq
l ) does not meet any of the handles (φi

q)

for i = 1, 2, . . . pq. It now easily follows that [φi0
q ] and [f ] represents the

same element in Cq(W, ∂0W ) = Hq(Wq,Wq−1;Z) up to a sign. Here [f ]
is the class defined in the following composition.

πq(Wq) → πq(Wq,Wq−1) → Hq(Wq,Wq−1) = Cq(W, ∂0W ).

Note that [f̃ ] is the lifting of [f ] corresponding to the lift of f . Now

recall that [φ̃i0
q ] was defined after choosing a fixed lift of [φi0

q ] with
respect to some element in π1(W ), say α. This proves that (1) implies
(2).
We now come to the proof that (2) implies (1).
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First, we isotope f so that it is transversal to the right sphere of
all the q-handles. Now, since the sum of the dimension of Sq and the
right spheres of the handles is equal to n, f intersects the right spheres
of the q-handles at finitely many points. Let xi,1, xi,2, · · · , xi,ri be the
points of intersections of f and the handles φi

q for all i = 1, 2, · · · , pq.
See the above figure for this and for the later part of the proof. As in
the figure y ∈ Sq and let z = f(y). ωi is a path from a point on the
right sphere of the handle φi

q to z. ui,j is a path on Sq from y so that
f(ui,j) = xi,j for 1 ≤ i ≤ ri and 1 ≤ i ≤ pq. vi,j is a path on the right
sphere of φi

q from xi,j to ωi(0). Therefore, the composite f(ui,j)∗vi,j ∗ωi

is a loop in W based at the point z, and hence represents an element,
say γi,j in the fundamental group π1(W, z). Note that this element γi,j
is independent of the choices ui,j and vi,j, since the right spheres of
the q handles are simply connected (recall that q ≥ 2). Next, at each
intersection point of f and the q-handles we associate the intersection
numbers ǫi,j = {±1}. This depends on whether the crossing at xi,j are
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orientation reversing or not. Therefore we have the following.

[f̃ ] =

pq∑

i=1

ri∑

j=1

ǫi,j · γi,j · [φ̃i
q]

where [φ̃i
q] is the class we defined before, but note that it depends on

the choice of the path ωi. Thus, we get the following.

±γ · [φ̃i0
q ] =

pq∑

i=1

ri∑

j=1

ǫi,j · γi,j · [φ̃i
q]

Our aim is to isotope f so that it intersects the right sphere of the
q-handle φi0

q exactly at one point transversally and does not intersect
the right spheres of any other q-handle. That is, we should be able to
decrease the number

∑pq
i=1 ri by one whenever it is bigger than one.

Since {[φ̃i
q]}

pq
i=1 form a Z[π1(W )]-basis of Hq(Wq,Wq−1), we can find

an index i ∈ {1, 2, . . . , pq} and two distinct indices j1, j2 ∈ {1, 2, . . . , ri},
such that the loop

f(ui,j1) ∗ vi,j1 ∗ ωi ∗ ω−1
i ∗ v−1

i,j2
∗ f(u−1

i,j2
) = f(ui,j1) ∗ vi,j1 ∗ v−1

i,j2
∗ f(u−1

i,j2
)

is nullhomotopic in W and therefore in ∂1Wq also. Furthermore, ǫi,j1 =
−ǫi,j2 . Since n − 1 ≥ 5 we are in the setup of the Whitney trick (the
statement of the this theorem is recalled below in its simplest form
suitable for our purpose), and therefore we can isotope f so that the
two intersection points xi,j1 and xi,j2 disappear and no further intersec-
tion points are introduced. This completes the proof of the Homology
Lemma. �

Theorem 5.3. (Whitney trick) Let V m+n be an oriented manifold of
dimension m+n and Mm and Nn are two oriented closed submanifolds
of complementary dimensions of V intersecting transversally with each
other. Assume m+ n ≥ 5 and if m = 1 or 2 then further assume that
π1(V − N) → π1(V ) is injective. Let x, y ∈ M ∩ N and assume that
the intersection numbers at these two points are of opposite signs. Let
C be a path in M and C ′ be a path in N joining x and y so that C ∪C ′

does not meet M ∩M ′ in any other point except x and y. Assume that
the loop C ∪ C ′ is contractible in V .
Then, there is an isotopy ft : V → V with the following properties.
• f0 = idV .
• f1(M) ∩N =M ∩N − {x, y}.
• The isotopy is constant in a neighborhood of M ∩N − {x, y} and

outside an open ball containing C ∪ C ′.

We need one more lemma for the proof of the Normal Form Lemma.
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Lemma 5.14. (Modification Lemma) Let f : Sq → ∂◦1Wq be an
embedding and let xi ∈ Z[π1(W )] for i = 1, 2, . . . , pq+1. Then there is
an embedding g : Sq → ∂◦1Wq with the following properties.
1. f and g are isotopic in ∂1Wq+1.

2. Given a lift f̃ : Sq → W̃q of f there is a lift g̃ : Sq → W̃q of g so
that the following equation is satisfied.

[g̃] = [f̃ ] +

pq+1∑

i=1

xi · dq+1[φ̃i
q+1].

Proof. Since any element of Z[π1(W )] has the form
∑i=k

i=1;γi∈π1(W )±γi it
is enough to consider an element γ ∈ π1(W ), fix a j ∈ {1, 2, . . . , pq+1}
and ǫ ∈ {±}. For a given lift f̃ of f we have to find a lift g̃ satisfying

[g̃] = [f̃ ] + ǫ · γ · dq+1[φ̃
j
q+1].

The construction of the embedding g is described in the following
figure. Let ω : [0, 1] → ∂◦1Wq be an embedded path joining a point of f

and gj : S
q × {x} ⊂ Sq × Sn−2−q ⊂ ∂(φj

q+1), for some x ∈ Sn−2−q, as in
the picture below. Consider a product neighborhood w([0, 1]) × Dn−2

of w in ∂◦1Wq as shown in the picture. Next, consider the connected
sum of f and gj as follows

g := (f(Sq)− int(w({0})× Dn−2)) ∪ (w([0, 1]× ∂(Dn−2)))

∪(gj(Sq)− int(w({1})× Dn−2))
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Note that, since gj is a trivial embedding in ∂1Wq+1, f and g are
isotopic in ∂1Wq+1.

Now, given the lift f̃ of f we choose the unique lift g̃ of g so that

f̃ and g̃ agree at the points where f and g do. This gives rise to an
element γ′ ∈ π1(W ) with the following equation satisfied.

[g̃] = [f̃ ] + γ′ · dq+1[φ
i
q+1].

Recall that the choice of ω was arbitrary, hence we can take a dif-
ferent ω composed with the loop γγ−1 and then homotope it to an
embedding. Hence, we obtain the following.

[g̃] = [f̃ ] + γ · dq+1[φ
i
q+1].

To get the minus sign before γ we can precompose gj with a degree
−1 diffeomorphism of the sphere Sq. This completes the proof of the
lemma. �

Proof of the Normal Form Lemma. First note that we have already got
rid of the handles of indices 0, 1, n, n − 1. The handles of indices n
and n− 1 were eliminated using a duality argument using dual handle
body decomposition. Therefore, it is enough to prove that if there are
no handles of index ≤ q − 1 then we can get rid of the q-handles also
(in the cost of introducing handles of index q + 2 by the Elimination
Lemma).
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We consider the first q-handle φ1
q. Since W is a h-cobordism, the in-

clusion ∂0W ⊂ W is a homotopy equivalence and therefore, the chain

complex C∗(W̃ , ∂̃0W ) is acyclic. Since, there are no (q−1)-handles, we

have Cq−1(W̃ , ∂̃0W ) = Hq−1(Wq−1,Wq−2) = 0. Therefore the differen-

tial dq+1 : Cq+1(W̃ , ∂̃0W ) → Cq(W̃ , ∂̃0W ) is surjective. Hence for some
choices xi ∈ π1(W ) for i ∈ {1, 2, . . . , pq+1} we get the following.

[φ̃1
q] =

pq+1∑

i=1

xi · dq+1([φ̃i
q+1]).

Next, fix a trivial embedding ξ′q+1 : Sq × Dn−q−1 → ∂◦1Wq. Let
f := ξ′q+1|Sq×{0}, then applying the Modification Lemma we find an
embedding g : Sq → ∂◦1Wq which is isotopic to f in ∂1Wq+1 and satisfies
the following equation.

[g̃] = [f̃ ] +

pq+1∑

i=1

xi · dq+1([φ̃i
q+1]) = [f̃ ] + [φ̃1

q].

Now, since ξ′q+1 is a trivial embedding [g̃] = 0 in Hq(Wq,Wq−1). There-

fore, we get [f̃ ] = −[φ̃1
q]. We are now in the set up of the Homology

Lemma. That is, we get that f does not meet the right spheres of φi
q

for i 6= 1 and meets the right sphere of φ1
q transversally and exactly at

one point. Finally we apply the Elimination Lemma to complete the
proof of the Normal Form Lemma. �

5.2. Proof of the s-cobordism theorem. Let W be an oriented h-
cobordism of dimension ≥ 6. Then by the Normal Form Lemma we
have the following for some q, 2 ≤ q ≤ n− 2.

W = ∂0W × [0, 1] +

i=pq∑

i=1

(φi
q) +

i=pq+1∑

i=1

(φi
q+1).

That is,W has only handles of indices q and q+1. Therefore, the only

two nontrivial terms in the cellular chain complex of W̃ are Cq(X̃, ∂̃0W )

and Cq+1(X̃, ∂̃0W ). Also since ∂0W ⊂ W is a homotopy equivalence,
and hence the complex is acyclic, we get that the (q + 1)-differential

dq+1 : Cq+1(X̃, ∂̃0W ) → Cq(X̃, ∂̃0W )

is an isomorphism. That is, in the handlebody decomposition of the h-
cobordism the number of (q + 1)-handles and the number of q-handles
are equal, in other words pq = pq+1. Furthermore, recall that both

these groups Cq+1(X̃, ∂̃0W ) and Cq(X̃, ∂̃0W ) come with a preferred
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basis, namely the handles induced basis [φi
q+1] and [φi

q] respectively.
With respect to these bases we consider the matrix (with entries in
Z[π1(W )]) of the isomorphism dq+1 and denote it by A. Now, recall
from Section 3 the definition of the Whitehead group of a group and
the definition of the Whitehead torsion of a inclusion K ⊂ L of finite
complexes which is a homotopy equivalence. In the present situation
of h-cobordism the inclusion ∂0W ⊂ W has the Whitehead torsion the
class [A] of the matrix A in Wh(π1(W )). Therefore, to complete the
proof of the s-cobordism theorem we only have to check the following
lemma.

Lemma 5.15. Let W be an oriented h-cobordism of dimension ≥ 6.
Then W is equivalent to the trivial cobordism if and only if the class
[A] in Wh(π1(W )) of the matrix A defined above is trivial.

Proof. The forward implication is trivial. So we prove the implication
that if [A] is trivial then W is equivalent to the trivial cobordism.
Let us now recall that two matrices A and B from GL(Z[π1(W )])

represent the same element in Wh(π1(W ) if and only if A can be ob-
tained from B by applying the following operations. For proofs of these
facts see Section 3.
1. Exchanging two rows (or two columns) with each other.
2. Multiplying a row with an element of Z[π1(W )] and adding it to

another row.
3. Multiplying any row by ±γ for some element γ of π1(W ).
4. Adding an extra row and an extra column with all entries 0 except

the last entry 1, that is, A is sent to

(
A 0
0 1

)

To complete the proof of the lemma we only need to show that if A
can be obtained from B by the above operations then there is a normal
form of a handlebody decomposition of the h-cobordism W relative to
∂0W of which B is the matrix in the same way as we defined A above.
First, note that if (1) is applied then it is equivalent to renumbering

the handles of of indices q and q + 1.
Now, we see what happens when we apply 2. Let x ∈ Z[π1(W )].

Consider the (q + 1)-handle φl
q+1 for some l, 1 ≤ l ≤ pq+1. Let

W ′ = ∂0W × [0, 1] +

i=pq∑

i=1

(φi
q) +

i=pq+1∑

i=1,i 6=l

(φi
q+1).

Note that we get back W after re-attaching the handle φl
q+1 to W ′.

Then by the Modification Lemma there is an embedding φ̄l
q+1 : S

q ×
Dn−q−1 → π1W

′
q with the following properties.
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• φl
q+1 and φ̄l

q+1 are isotopic in ∂1W
′.

• [ ˜φ̄l
q+1|Sq×{0}] = [ ˜φl

q+1|Sq×{0}] + x · dq+1([φ̃k
q+1])

Therefore, by the Isotopy Lemma we get that W and W ′ + (φ̄l
q+1)

are diffeomorphic relative to ∂0W . And that the matrix of W ′+(φ̄l
q+1)

is obtained from the matrix of W using the operation (2).
The operation (3) can be achieved by replacing the attaching map

of a handle with its composition with a degree −1 map Sp → Sp and

choosing the generators [φ̃i
q] multiplied by γ. Recall that the classes [φ̃i

q]

were chosen with respect to some lifting of φi
q to the universal cover

W̃ → W . Multiplying by γ is nothing but taking suitable different
lifting.
The operation (4) is treated using the Cancellation Lemma and the

Homology Lemma. �

6. Exercises

Exercise 1. Show that a 3-dimensional h-cobordism between two
closed surfaces is a product. (Perelman needed in the non-irreducible
case).
Exercise 2. Any two closed orientable 2-manifold are cobordant.
Exercise 3. Let W be an h-cobordism between ∂0W and ∂1W . Find
the relation between τ(W, ∂0W ) and τ(W, ∂1W ).
Exercise 4. Let W be an h-cobordism between M0 and M1 and let
W ′ be an h-cobordism between M1 and M2. Express the Whitehead
torsion τ(W ∪M1

W ′) in terms of τ(W ) and τ(W ′).
Exercise 5. Show that Wh(Z2) = 0.
Exercise 6. Give an example of a finite simplicial complex which is
homotopic to the point but does not have a free face.
Exercise 7.
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