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Preface

This set of lectures is intended to give a somewhat syntheticexposition
for the study of one-parameter bifurcation problems. By this, we mean
the analysis of the structure of their set of solutions through the same
type of general arguments in various situations.

Chapter I includes an introduction to one-parameter bifurcation
problems motivated by the example oflinear eiqenvalue problemsand
step by step generalizations lead to the suitable mathematical form. The
Lyapunov-Schmidt reductionis detailed next and the chapter is com-
pleted by an introduction to the mathematical method of resolution,
based on theImplicit function theoremand theMorse lemmain the sim-
plest cases. The result by Crandall and Rabinowitz [7] aboutbifurcation
from the trivial branch at simple characteristic valuesis given as an
example for application.

Chapter II presents ageneralization of the Morse lemmain its
“weak” form to mappings fromRn+1 into Rn. A slight improvement
of one degree of regularity of the curves as it can be found in the litera-
ture, is proved, which allows one to include the case when theImplicit
function theorem applies and is therefore important for thehomogeneity
of the exposition. The relationship with stronger versionsof the Morse
lemma is given for the sake of completeness but will not be used in the
sequel.

Chapter III shows how to apply the results of Chapter II to thestudy
of one-parameter bifurcation problems. Attention is confined to two
general examples. The first one deals with problems of bifurcation from
the trivial branch at a multiple characteristic value. A direct application

v



vi Preface

may be possible but, for higher non-linearities, a preliminary change
of scaleis necessary. The justification of this change of scale is given
at an intuitive level only, because a detailed mathematicaljustification
involves long and tedious technicalities which do not help much for un-
derstandig the basic phenomena, even if they eventually provide a sat-
isfactory justification for the use of Newton diagrams (which we do not
use however). The conclusions we draw are, with various additional in-
formation, those of McLeod and Sattinger [23]. The second example
is concerned with a problem in whichno particular branch of solutions
is known a priori. It is pointed out that while the case of a simple sin-
gularity is without bifurcation, bifurcation does occur ingeneral when
the singularity is multiple. Also, it is shown how to get further details
on the location of the curves when the results of Chapter II apply after
a suitable change of scale and how this leads at once to the distinction
between “turning points” and “hysteresis points” when the singularity is
simple.

Chapter IV breaks with the traditional exposition of the Lyapunov-
Schmidt method, of little and hazardous practical use, because its as-
sumed data are not known in the applications while the imperfection
sensitivity of the method has not been evaluated (to the bestof our
knowledge at least). Instead, we present a new, more general(and we
believe, more realistic) method, introduced in Rabier-El Hajji [33] and
derived from the “almost” constructive proofs of Chapter II. Optimal
rate of convergence is obtained. For the sake of brevity, thetechnicali-
ties of§ 5 have been skipped but the first four sections fully develop all
the main ideas.

Chapter V introduces a new method in the study of bifurcationprob-
lems in which the nondegeneracy condition of Chapter II is not fulfilled.
Actually, the method is new in that it is applied in this context but simi-
lar techniques are classical in the desingularization of algebraic curves.
We show how to find the local zero set of aC∞ real-valued function
of two variables (though the regularity assumption can be weakened in
most of the cases) verifyingf (0) = 0, D f (0) = 0, D2 f (0) , 0 but
detD2 f (0) = 0 (so that the Morse condition fails). This method is ap-
plied to a problem of bifurcation from the trivial branch at ageometri-
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cally simple characteristic value when the nondegeneracy condition of
Crandall and Rabinowitz isnot fulfilled (i.e. thealgebraic multiplicity
as> 1). The role played by the generalized null space is made clear
and the result complements Krasnoselskii’s bifurcation theorem in the
particular case under consideration.
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Chapter 1

Introduction to
One-Parameter Bifurcation
Problems

1.1 Introduction

In this, section, we introduce one-parameter bifurcation problems 1

through the example of linear eigenvalue problems. In increasing or-
der of generality, they first lead to non-linear eigenvalue problems, next,
to problems of bifurction from the trivial branch and finallyto a large
class of problems for which a general mathematical analysiscan be de-
veloped.

1.1a Linear Eigenvalue Problems

Let X be a real vector space. Given a linear operatorL : X → X, we
consider the problem of finding the pairs (λ, x)ǫR × X that

x = λLx.

For λ = 0, x = 0 is the unique solution. Forλ , 0, and setting
τ = 1/λ, it is equivalent to

τx = Lx.

1



2 1. Introduction to One-Parameter Bifurcation Problems

The valuesτǫR such that there existsx , 0 satisfying the above
equation are calledeigen valuesof L. Whenλ , 0, the corresponding
valueλ = 1/τ is called acharacteristic valueof L.

It may happen that every non-zero real numberλ is a characteristic2

value ofL. For instance, ifX = D ′(R) (distributions overR) andL is
the operatorLx = x′′ǫD(R). Then

x = λx′′ ↔ x(s) = es/
√
λ.

But this is not the case in general. In what follows, we shall assume
thatX is a realBanachspace and thatLǫL (x) is compact.

From thespecial theory of linear operatorsin Banach spaces, it is
known that

(i) The characteristic values ofL form a sequence{λ j} j≥1 with no
cluster point (the sequence is finite if dimX < ∞).

(ii) For everyλǫR, Range (I − λL) is closed and dim Ker(I − λL) =
codim Range (I − λL) < ∞ (and is greater than or equal to 1 if
and only ifλ = λ j for some j).

Let us now set
H(λ, x) = x− λLx

so that the problem consists in finding the pairs (λ, x)ǫR × X such that
H(λ, x) = 0. The set of solutions of this equation (zero setof H) is the
union of the line{(λ, 0);λǫR} (trivial branch) and the set

⋃
j≥1
{λ j} × E j

whereE j denotes the eigenspace associated with the characteristicvalue
λ j .

Now, let us take a look at the local structure of the zero set ofH3

around a given point (λ0, 0), λ0ǫR ; If λ0 is not a characteristic value of
L, it is made up of exactlyonecurve (the trivial branch itself). Ifλ0 = λ j

for some j ≧ 1, the structure changes, since there are solutions of the
form (λ j , x), xǫE j , arbitrarily close to (λ j , 0). The existence ofnontrivial
solutions (i.e. which do not belong to the trivial branch) around a point
(λ j , 0) is referred to as abifurcation phenomenon(here, form the trivial
branch) and the points (λ j , 0) are calledbifurction points. Bifurcation
can be viewed as abreaking of smoothessof the local zero set whereas
data whereasall the data are smooth.
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1.1b Generalization I: Problems of bifurcation from the tri v-
ial branch.

A natural extension is when the linear operatorL is replaced by a map-
pingT : X→ X (nonlinear in general) such thatT(0) = 0. The problem
becomes: Find (λ, x)ǫR × X such that

x = λT(x).

Again, the pairs (λ, 0)λǫR are always solutions of this equation (triv-
ial branch). On the basis of the linear case, a natural question is to know
whether there are“bifurcation points” on the trivial branch, namely so-
lutions (λ◦, 0) around which nontrivial solutions always exist.

Theorem 1.1(Necessary condition). Assume that T is differentiable at 4

the origin and the linear operator DT(0)ǫL (X) is compact. Then a
necessary condition for(λ0, 0) to be a bifurcation point of the equation
x = λT(x) is thatλ0 is a characteristic value of DT(0).

Proof. Write
T(x) = DT(0) · x+ ◦(||x||)

and let (λ(i), x(i)) be a sequence tending to (λ0, 0) with x(i)
, 0 and

x(i) = λ(i)T(x(i)).

Thus,
x(i) = λ(i)DT(0) · x(i) + 0(||x(i) ||)

Dividing by ||x(i) || , 0, we get

x(i)

||x(i)||
= λ(i)DT(0).

x(i)

||x(i) ||
+ 0(1)

The sequence
(

x(i)

||x(i) ||

)
is bounded. Due to the compactness of the

operatorDT(0), we may assume, after considering a subsequence, that
the right hand side tends to a limitv, which is then the limit of the
sequence

(
x(i)

||x(i) ||

)
as well. Of course,v , 0 and makingi tend to+∞, we

find
v = λ0DT(0) · v,

which shows thatλ0 is a characteristic value ofDT(0). �
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Remark 1.1.As T is nonlinear (a very general assumption !) it is im-5

possible, without additional hypotheses to expect more than local results
(in contrast to the linear case where global results are obtained).

Remark 1.2.Even whenλ0 is a characteristic value ofDT(0), bifurca-
tion is not ensured. For instance, takeX = R2 andx = (x1, x2) with

T(x1, x2) =


x1 + x3

2

x2 − x3
1

 .

Here,DT(0) = I , whose unique characteristic value isλ1 = 1. The
equationx = λT(x) becomes

x1 = λx1 + λx3
2,

x2 = λx2 − λx3
1.

Multiplying the first equation byx2 and the second one by−x1 and
adding the two we getλ(x4

1 + x4
2) = 0. Hence forλ around 1, we must

havex = 0 andno bifurcation occurs.

These nonlinear eigenvalue problems are particular cases of a more
general class calledproblems of bifurcation from the trivial branch. By
definition, a problem of bifurcation from the trivial branch is an equation
of the form

x = λLx− φ(λ, x),

whereLǫL (X) andφ is a nonlinear operator fromX to itself satisfying6

φ(λ, 0) = 0 for λǫR, (1.1)

φ(λ, x) = 0(||x||), (1.2)

for xaround the origin,uniformly with respect toλ on bounded intervals.
It is equivalent to saying that a problem of bifurcation fromthe trivial
branch consists in finding the zero set of the mapping

H(λ, x) = x− λLx+ φ(λ, x)

From our assumptions, the pairs (λ, 0), λǫR are all in the zero set of
H (trivial branch). Note, however, that our definition doesnot include
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all mappings having the trivial branch in their zero set. Tworeasons
motivate our definition. First, problems of this type are common in the
literature, for they correspond to many physical examples.Secondly,
from a mathematical stand-point, their properties allow usto make a
general study of their zero set. In particular, whenL is compact, a proof
similar to that of theorem 1.1 shows thatλ0 needs to be characteristic
value ofL for (λ0, 0) to be a bifurcation point. Actually, by writing the
Taylor expansion ofT about the origin

T(x) = DT(0) · x+ R(x),

with R(x) = 0(||x||), it is clear that nonlinear eigenvalue problems are
a particular case of problems of bifurcation from the trivial branch in
which L = DT(0) andφ(λ, x) = −λR(x).

The most famous result about problems of bifurction from thetrivial 7

branch is a partial converse of Theorem 1.1 due to Kranoselskii.

Theorem 1.2 (Krasnoselskii). Assume that L is compact andλ0 is a
characteristic value of L with odd algebraic multiplicity,Then(λ0, 0) is
a bifurcation point (i.e. there are solutions(λ, x)ǫR×X−{0} of H(λ, x) =
0 arbitrarily close to(λ0, 0)).

The proof of Theorem 1.2 is based ontopological degree arguments
and will not be given here (cf. [19], [27]). It is a very general result but
it does not provide any information on thestructureof the zero set ofH
near (λ0, 0), a question we shall be essentially interested in, throughout
these notes.

COMMENT 1.1. (Algebraic and geometric multiplicity of a character-
istic value): LetL be compact. Given a characteristic valueλ0 of L,
it is well-known that the space Ker(I − λ0L) is finite dimensional. Its
dimension is called thegeometric multiplicityof λ0.

The spectral theory of compact operators in Banach spaces (see e.g.
[9]) provides us with additional information; namely, there is an integer
r ≥ 1 such that

(i) dim Ker(I − λ0L)r < ∞,
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(ii) X = Ker(I − λ0L)r ⊕ Range(I − λ0L)r .

In addition,r is characterized by8

Ker(I − λ0L)r ′ = Ker(I − λ0L)r for everyr′ ≥ r.

The dimension of the space Ker(I − λ0L)r is called thealgebraic
multiplicity of λ0. The algebraic multiplicity ofλ0 is always greater
holds if an only ifr = 1. If so, it follows from property (ii) that

X = Ker(I − λ0L) ⊕ Range(I − λ0L).

A typical example of this situation is whenX is a Hilbert space and
L is self-adjoint.

COMMENT 1.2. In particular, Krasnoselskii’s theorem applied when
r = 1 and dim Ker(I − λ0L) = 1. For instance, this happens whenL
is the inverse of asecond orderelliptic linear operator associated with
suitable boundary conditions andλ0 is the “first” characteristic value of
L; this result is strongly related to themaximum principlethrough the
Krein-Rutman theorem. (See e. g. [20, 35]).

COMMENT 1.3. For future use, note that the mappingφ is differen-
tiable with respect to thex variable at the origin with

Dxφ(λ, 0) = 0 for everyλǫR, (1.3)

as it follows from (1.2).

EXAMPLES. The most important examples of problems of bifurcation
from the trivial branch came from nonlinear partial differential equa-
tions. For instance, let us consider the model problem9


−△u+ λu± uk = 0 inΩ,

uǫH1
0(Ω),

whereΩ is a bounded open subset ofRN andk ≥ 2 is an integer.
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Under general assumptions on the boundary∂Ω of Ω, it follows
from theSobolev embedding theoremsthat ukǫH−1(Ω) for k ≤ N+2

N−2 if
N > 2, any 1≤ k < +∞ for N = 1 andN = 2.

Denoting byLǫL (H−1(Ω),H1
0(Ω)) the inverse of the operatoe−△,

the problem becomes equivalent to


u− λLu+ L(uk) = 0,

uǫH1
0(Ω).

Note that the restriction ofL to the spaceH1
0(Ω) is compact and the

mapping
uǫH1

0(Ω)→ LukǫH1
0(Ω)

is of classC∞. In this example, the nonlinearityuk can be replaced
by F(u) (respectivelyF(λ, u)) whereF(u)(x) = f (x, u(x)) (respectively
F(λ, u)(x) = f (λ, x, u(x))) and f is a Carathéodoryfunction satisfying
some suitable growth conditions with respect to the second (respectively
third) variable (see eg. Krasnoselskii [19], Rabier [30]).

Another example with anon-local nonlinearityis given by thevon 10

Karman equationsfor the study of the buckling of thin plates. The prob-
lem reads: Findu such that


u− λLu+C(u) = 0,

uǫH2
0(ω),

whereω is an open bounded subset of the planeR2, LǫL (H2
0(ω)) is

compact andC is a “cubic” nonlinear operator. The operatorL takes
into account the distribution of lateral forces along the boundary∂ω, the
intensity of these forces being proportional to the scalarλ. For “small”
values ofλ, the only solution isu = 0 but, beyond a certain critical value,
nonzero solutions appear: this corresponds to the (physically observed)
fact that the plate jumps out of its for sufficiently “large” λ (see e. g.
Berger [1] Ciarlet-Rabier [6]).

Coming back to the general case, our aim is to give as precise a
description as possible of the sero set ofH around the point (λ0, 0).
AssumingL is compact, we already know the answer whenλ0 is not a
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characteristic value ofL: the zero set coincides with the trivial branch.
In any case, it is convenient to shift the origin and set

λ = λ0 + µ (1.4)

Γ(µ, x) = φ(λ0 + µ, x) (1.5)

so that the problem amounts to finding the zero set around the origin11

(abbreviated aslocal zero set) of the mapping

G(µ, x) = x− (λ0 + µ)Lx+ Γ(µ, x) (1.6)

Note that the mappingΓ verifies the properties

Γ(µ, 0) = 0 for everyµǫR, (1.7)

Γ(µ, x) = 0(||x||), (1.8)

around the origin,uniformly with respect toµ on bounded intervals. In
particular,Γ is differentiable with respect to thex-variable and

DxΓ(µ, 0) = 0 for everyµǫR. (1.9)

1.1c GENERALIZATION II :

Let us consider a problem of bifurcation from the trivial branch with
compact operatorLǫL (X), put under the formG(µ, x) = 0 after fixing
the real numberλ0 as described above. From (1.7)

DµΓ(0) = 0. (1.10)

Together with (1.9), we see that the (global) derivativeDG(0) is the
mapping

(µ, x)ǫR × X→ (I − λ0L)xǫX. (1.11)

Hence

KerDG(0) = R × Ker(I − λ0L), (1.12)

RangeDG(0) = Range(I − λ0L). (1.13)
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As a result, RangeDg(0) is closedand dim KerDG(0) = codim12

RangeDG(0)+ 1 < ∞ (≥ 1, if and only ifλ0 is a characteristic value of
L). In other words,DG(0) is aFredholm operator with index1. Recall
that a linear operatorA from a Banach spacẽX to a Banach spaceY is
said to be aFredholm operatorif

(i) RangeA is closed,

(ii) dim ker A < ∞, codim RangeA < ∞.

In this case, the difference

dim KerA− codimRangeA

is called theindex of A. For the definition and further properties of
Fredholm operators, see Kato [17] or Schecter [36].

Remark 1.3.One should relate the fact that the index ofDG(0) is 1 to
the fact that the parameterµ is one-dimensional.This will be made more
clear in Remark 2.2 later.

Although the parameterµ has often aphysical significance(end
hence must be distinguished from the variablex for physical reasons), it
is not always desirable to let it play a particular role in themathematical
approachof the problem.

The suitable general mathematical framework is as follows:
Let there be given two real Banach spacesX̃ andY and letG : X̃→

Y be a mapping satisfying the conditions 13

G(0) = 0 (1.14)

G is differentiable at the origin, (1.15)

DG(0) is a Fredholm operator with index 1. (1.16)

Naturally, G need not be defined everywhere, but in a neighbour-
hood of the origin only. However, for notational convenience, we shall
repeatedly make such an abuse of notationin the future, without further
mention.
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In our previous example of problems of bifurcation from the trivial
branch, one has̃X = R × X,Y = X andG(µ, 0) = 0 for µǫR. None of
these assumptions is required here. In particular, nothingensures that
the trivial branch is in the local zero set ofG. As a matter of fact,no
branch of solutions(trivial or not) is supposed to be known a priori.

The first step of the study consists in performing theLyapunov-
Schmidt reductionallowing us to reduce the problem to afinite dimen-
sional oneand this will be done in the next section.

1.2 The Lyapunov-Schmidt Reduction

Let X̃ andY be two real Banach spaces andG : X̃ → Y a mapping of
classCm,m≥ 1 verifying (1.14) - (1.16). Let us set

X̃1 = KerDG(0), (2.1)

Y2 = RangeDG(0). (2.2)

14

By hypothesis,Y2 has finite codimensionn ≥ 0 as X̃1 has finite
dimensionn+ 1. Let X̃2 andY1 be two topological complements of̃X1

and Y respectively.

Remark 2.1.(Existence of topological complements) From the Hahn-
Banach theorem, each one-dimensional subspace ofX̃ has a topological
complement. Then, each finite dimensional subspace ofX̃ (direct sum
of a finite number of one-dimensional subspaces) has a topological com-
plement (the intersection of the complements of these one-dimensional
subspaces). In particular,̃X1 has a topological complement. Next, the
existence of a topological complement ofY2 is due to the fact thatY2

is closedwith finite codimension. Any (finite-dimensional) algebraic
complement ofY2 is closed and hence is also a topological complement.
Details are given for instance, in Brezis [4].

Thus we can write

X̃ = X̃1 ⊕ X̃2 (2.3)
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Y = Y1 ⊕ Y2. (2.4)

Let Q1 andQ2 denote the (continuous) projection operators ontoY1

andY2 respectively. On the other hand, for everyx̃ǫX̃, set

x̃ = x̃1 + x̃2, x̃1ǫX̃1, x̃2ǫX̃2.

With this notation, the equationG(x̃) = 0 goes over into the system

Q1G(x̃1 + x̃2) = 0ǫY1, (2.5)

Q2G(x̃1 + x̃2) = 0ǫY2, (2.6)

15

Now, from our assumptions, one has

DG(0)|X̃2
ǫIsom(X̃2,Y2). (2.7)

Indeed,DG(0)|X̃2
is clearly one-to-one, onto (by definition of̃X2 and

Y2) and continuous. AsY2 is closed in Y, it is a Banach space by itself
and the result follows from theopen mapping theorem. Thus equation
(2.6) is solved in a neighbourhood of the origin by

x̃2 = ϕ̃(x̃1)

ϕ̃(0) = 0

where ϕ̃ : X̃1 → X̃2 is a uniquely determinedCm mapping (Implicit
function theorem). After substituting in the first equation, we find the
reduced equation

Q1G(x̃1 + ϕ̃(x̃1)) = 0ǫY1, (2.8)

equivalent to the original equation :̃xǫX̃,G(x̃) = 0, around the origin.
From now on, we drop the index “1” in the notation of the generic ele-
ment of the spacẽX1. The mapping

x̃ǫX1→ f (x̃) = Q1G(x̃+ ϕ̃(x̃))ǫY1, (2.9)
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whose local zero set is made up of the solution of the reduced equation
(2.8) is called thereduced mapping(note of course thatf verifies f (0) =
0).

Therefore, we have reduced the problem of finding the local zero 16

set ofG to finding the local zero set of the reduced mappingf in (2.9),
which is of classCm from a neighbouhood of the origina in the (n+ 1)-
dimensional spcaẽX1 into the n-dimensional spaceY1.

Remark 2.2.More generally, assumeDG(0) is a Fredhlom operator
with index p ≥ 1. The same process works; we end up with a reduced
mappinhy from the spacẽX1((n + p)-dimensional) into the spaceY1(n-
dimensional), so thatp can be thought of as the number of “free” real
variables (cf. Remark 1.3).

Two Simple Properties.
The derivative at the origin of the reduced mapping f(cf. (2.9)) is

immediately found to be

Q1DG(0)(I x̃1 + Dϕ̃(0)).

But Q1DG(0) = 0, by the definition of the spaceY1, so that

D f (0) = 0 (2.10)

Next, from the characterization of the functionϕ̃ and by implict dif-
ferentiation, we get

Q2DG(0)(I X̃1
+ Dϕ̃(0)) = 0.

In other words, sinceQ2DG(0) = DG(0) by a definition of the space
Y2 and sincẽX1 = KerDG(0),

DG(0) · Dϕ̃(0) = −DG(0) · I X̃1
= 0 (2.11)

On the other hand, the functioñϕ takes its values in the space so that17

Dϕ̃(0)ǫL (X̃1, X̃2),
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and the relation (2.11) can be written as

DG(0)|X̃2
· Dϕ̃(0) = 0.

Thus, form (2.7)
Dϕ̃(0) = 0. (2.12)

The Lyapunov-Schmidt reduction in the case of problems of bifur-
cation from the trivial branch.

In our examples later, we shall consider the case of problemsof
bifurcation from the trivial branch. This is the reason why we are going
to examine the form taken by the Lyapunov-Schmidt reductionin this
context. Of course, this is simply a particular case of the general method
previously described.

Let X = Y and consider a problem of bifurcation from the trivial
branch in the formG(µ, x) = 0 after fixing the real numberλ0. As we
observed earlier,

X̃1 = KerDG(0) = R × Ker(I − λ0L), (2.13)

Y2 = RangeDG(0) = Range(I − λ0L). (2.14)

Setting
X1 = Ker(I − λ0L), (2.15)

this becomes 18

X̃1 = R × X1, (2.16)

so that any element̃x1ǫX̃1 can be identified with a pair (µ, x1)ǫR × X1.
Thus given a topological complementX2 of X1 in the space X, we can
make the choice

X̃2 = {0} × X2. (2.17)

Note thatnot every complement of̃X1 in R × X is of the form(2.17).
Nevertheless, such a choice is “standard” in the literaturedevoted to
problems of bifurcation from the trivial branch. Writing each element
xǫX as a sum

x = x1 + x2, xǫX1, x2ǫX2,
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the mapping̃ϕ identifies with a mappingϕ(= ϕ(µ, x1)) with values in
X2, characteried by the relation

Q2(I − (λ0 + µ)L)(x1 + ϕ(µ, x1)) + Q2Γ(µ, x1 + ϕ(µ, x1)) = 0. (2.18)

Remark 2.3. In particular,ϕ(µ, 0) = 0 sinceϕ(µ, 0) is uniquely deter-
minedby the relation (2.18) which is satisfied with the choicex1 =

0, ϕ(µ, 0) = 0.

The reduced mapping thus takes the form

f (µ, x1) = Q1G(µ, x1 + ϕ(µ, x1)), (2.19)

where the mappingG is given by (1.6).
As19

Q1(I − λ0L) = 0, (2.20)

by definition of the spaceY1, we find

Q1G(µ, x) = −µQ1Lx+ Q1Γ(µ, x).

But the relation (2.20) also shows that

Q1L =
1
λ0

Q1 (2.21)

and hence

Q1G(µ, x) = −
µ

λ0
Q1x+ Q1Γ(µ, x).

Therefore, droppping the index “1” in the notation of the generic ele-
ment of the spaceX1, the reduced mapping takes the form

(µ, x)ǫR × X1→ f (µ, x) = − µ
λ0

Q1 × −
µ

λ0
Q1ϕ

(µ, x) + Q1Γ(µ, x+ ϕ(µ, x))ǫY1.

(2.22)
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1.3 Introduction to the Mathematical Method of
Resolution (Implicit Function Theorem and
Morse Lemma).

Sincef (0) = 0, the first natural tool we can think of, for finding the local
zero set off , is theImplict function theorem. But we already saw that
D f (0) = 0. Hence the Implict function theorem can be applied when
Y1 = {0} (i.e., n = 0) only. In other words, one must haveY2 = Y so
that DG(0) is onto. If so, the reduced mappingf vanishes identically
and the problem has actually already been solved while performing the
Lyapunov-Schmidt reduction: the local zero set ofG is given by the
graph of the mapping̃ϕ, that is to say, thecurve

x̃ǫX̃1 → x̃+ ϕ̃(x̃)ǫX̃.

20

The reader would have noticed that sinceDG(0) is onto, the Lya-
punov - Schmidt reduction amounts to applying the Implict function
theorem to the original problem. There is more to say about this ap-
parently obvious situation. Let us come back to the case whenthe pa-
rameterµ is explicitly mentioned in the expression forG (for physical
reasons for instance), namelỹX = R × X andG = G(µ, x). Then, for
every (µ, x)ǫR × X, we have

DG(0) · (µ, x) = µDµG(0)+ DxG(0) · x (3.1)

and there aretwopossibilities forDG(0) to be onto; either

DxG(0) is onto, (3.2)

or

codim RangeDxG(0) = 1 andDµG(0) < RangeDxG(0). (3.3)

We shall
X1 = KerDxG(0).
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When condition (3.2) is fulfilled, there, is an elementξǫX such that

DxG(0) · ξ = −DµG(0).

Hence,DG(0) is the linear mapping

(µ, x)ǫR × X→ DxG(0) · (x− µξ)ǫY

and it follows that21

X̃1 = KerDG(0) = {(µ, x)ǫR × X, x− µξǫX1} =
= {(µ, x)ǫR × X, x = µξ + x1, x1ǫX1} =
= Rµ(1, ξ) ⊕ ({0} × X1),

whereRµ denotes the real line with generic variableµ. As dimX̃1 = 1,
we must haveX1 = {0} (i.e. KerDxG(0) = {0}) andDxG(0) is then an
isomorphism (in particular,ξ is unique). Thus

X̃1 = Rµ(1, ξ),

a relation showing that the local zero set ofG is parametrized byµ (See
Figure 3.1 below)

Figure 3.1: “regular point”

In this case, the origin is referred to as a“regular point” . It is im-
mediately checked that this is what happens in problems of bifurcation



1.3. Introduction to the Mathematical Method...... 17

from the trivial branch whenλ0 is not a characteristic value ofL. To
sum up, in the first case, thephysical parameterµ can also be used as a
mathematical parameterfor the parametrization of the local zero set of22

G. The situtaion is different when (3.3) holds instead of (3.2). We can
write

Y = RDµG(0)⊕ RangeDxG(0),

whereas

X̃1 = KerDG(0) = {0} × KerDxG(0) = {0} × X1.

Since dimX̃1 = 1, we find dimX1 = 1 and the local zero set ofG is
a curve parametrized byx1ǫX1. It has a“vertical” tangent at the origin,
namely{0} × X1. Two typical situations are as follows:

''hysteresis point''''turning point''

Figure 3.2:

Remark 3.1.From a geometric point of view, there is no differences be-
tween a “regular point”, a “turning point” or a “hysteresis point”, since
the last two become “regular” after a change of coordinates.But there
is a difference in the number of solutions of the equationG(µ, x) = 0 as
the parameterµ changes sign.

EXAMPLE. Given an elementy0ǫY, let us consider the equation 23

F(x) = µY0 (3.4)

whereF : X → Y is a mapping of classCm(m ≥ 1) such thatF(0) = 0.
SettingG(µ, x) = F(x)−µy0, we are in the first case (i.e.DxG(0) is onto
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) if DxF(0) is onto and the solutions are given by

x = x(µ), x(0) = 0,

wherex(·) is a mapping of classCm around the origin. Now, if codim
RangeDxF(0) = 1 andy0

< RangeDxF(0), we are in the second case.
The curve of solutions has a vertical tangent at the origin and it is not
parametrized byµ; as it follows from the above, a “natural” parameter
is the one-dimensional variable of the spaceX̃1 = KerDxF(0) ≥ 1 and
y0ǫ RangeDxF(0), no conclusion can be drawn as yet.

We shall now examine the casen = 1. Here the main tool will be
theMorse lemma, of which we shall give two equivalent formulations.

Theorem 3.1. (Morse lemma : “strong” version)1: Let f be a mapping
of class Cm,m ≥ 2 on a neighbourhood of the origin inR2 with values
in R, such that

f (0) = 0.

D f (0) = 0,

24

det D2 f (0) , 0 (Morse condition).

Then, there is an origin-preserving Cm−1 local diffeomorphismφ in R2

with Dφ(0) = I which transforms the local zero set of the quadratic form

ξ̃ǫR2→ D2 f (0).(̃ξ)2ǫR,

into the local zero set of f . Moreover,φ is Cm away from the origin.

Theorem 3.1’.(Morse lemma, “weak” version): Let f be a mapping of
class Cm,m≥ 2 on a neighbourhood of the origina inR2 with values in
R, verifying

f (0) = 0,

D f (0) = 0,

1There is an veen stronger version that we shall, however, notuse here.
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detD2 f (0) , 0(Morse condition).

Then, the local zero set of f reduces to the origin if det D2 f (0) > 0
and is made up of two curves of class Cm−1 if det D2 f (0) < 0. Moreover,
these curves are of class Cm away from the origin and each of them is
tangent to a different one from among the two lines of the zero set of the
quadratic form

ξ̃ǫR2→ D2 f (0) · (̃ξ)2ǫR,

at the origin.

NOTE: We say that the curvesintersect transversallyat the origin. 25

COMMENT 3.1. By detD2 f (0), we mean the determinant of the 2× 2
matrix representing the second derivative off at the origin for a given
basis ofR2. Of course, this determinant depends on the basis (because
the partial derivatives off do) but itssigns does not(the proof of this
assertion is simple and is left to the reader): the assumptions of Theorem
3.1 and 3.1′ areintrinsically linked to f. In short, we shall say that the
quadratic formD2 f (0) · (̃ξ)2 is non-degenerate.

COMMENT 3.2. Theorem 3.1 implies Theorem 3.1′, since the local
zero set of the quadratic form

ξ̃ǫR2→ D2 f (0) · (̃ξ)2ǫR,

reduces to the origin if detD2 f (0) > 0 (the quadratic form is then pos-
itive or negative definite) and is made up of exactly two distinct lines if
det D2 f (0) < 0. If so, the local zero set off is the image of these two
lines through the diffeomorphismφ: it is then made up of two curves
whose tangents at the origin are the images of the two lines inquestion
through the linear isomorphismDφ(0) = I . We shall prove Theorem 3.1′

and that it implies Theorem 3.1′ in the next chapter, in a more general
frame work.
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(i) (ii)

Figure 3.3:

26

COMMENT 3.3. Theorem 3.1 has a generalization to mappings from
Rn+1 → R, n ≥ 1. It is generally stated assumingf ǫCm,m ≥ 3 and the
diffeomorphismφ is shown to be of classCm−2 only (as in Nirenberg
[27]). This improved version is due to Kuiper [21]. Infinite dimensional
versions (cf. [14, 28, 41]) are also available in this direction.

COMMENT 3.4. In contrast, Theorem 3.1′ has a generalization to map-
ping fromRn+1 → Rn, which we shall prove in the next chapter. This
will be a basic tool in Chapter 3 where we study some general one-
parameter problems.

Remark 3.2.There is also a generalization of thestrong versionto map-27

ping fromRn+p→ Rn, p ≥ 1 at the expense of losing some regularity at
the origin (cf. [5]).

Application-first results.Assumen = 1 in the Lyapunov-Schmidt
reduction and letf denote the reduced mapping. Since dim̃X1 = n +
1 = 2, dimY1 = n = 1 and the hypotheses of the Morse lemma are
independent of the system of coordinates, we can identifỹX1 with R2,Y1

with R so thatf becomes a mapping from a neighbourhood of the origin
in R2 with values inR. The conditions ; f (0) = 0,D f (0) = 0 are
automatically fulfilled (cf. (2.10)). If, in addtion, detD2 f (0) , 0 (which
requiresG to be of classC2 at least) the structure of the local zero set of
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f , hence that ofG follows. In particular,bifurcation occurs as soonas
detD2 f (0) = 0.

Remark 3.3.The independence of the hypotheses of the Morse Lemma
on the system of coordinates does not prove that they are independent
of the spacesX2 andY1. However, such a result is true as we shall see
later, in this section.

New formulation of the Morse lemma: We shall prove that the Morse
condition has anequivalent formulationwhich will be basic for further
generalizations.

Lemma 3.1. Let f be as in the Morse lemma. Then the Morse condition
det D2 f (0) , 0 is equivalent to the following property: For everyξ̃ǫR2−
{0} such that D2 f (0).(̃ξ)2 = 0, the linear form D2 f (0) · ξ̃L (R2,R) is 28

onto.

Proof. As f is a mapping fromR2 intoR. its derivativeD f is a mapping
fromR2 into the spaceL (R2,R) ≃ R2. Hence

D2 f (0)ǫL (R2,L (R2,R)) ≃ L (R2,R2)

and saying that detD2 f (0) , 0 means that KerD2 f (0) = {0}, i.e. for
every ξ̃ǫR − {0},D2 f (0) · ξ̃ , 0. But this last condition is certainly
fulfilled by those elements̃ξ such thatD2 f (0) · (̃ξ)2

, 0 (regardless of
the condition detD2 f (0) , 0) and it is then not restrictive to write

det D2 f (0) , 0 ⇔ {D2 f (0) · ξ̃ , 0 for very ξ̃ǫR − {0} such that
D2 f (0) · (̃ξ)2

, 0} .
The result follows from the obvious fact that a linear form isonto if

and only ifi it is not the zero form. �

With the above lemma, we get equivalent version of the “weak”
Morse lemma.

Theorem 3.1′′. Let f be a mapping of class, Cm ≥ 2 on a neighbourhood
of the origin inR2 with values inR, verifying

f (0) = 0,
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D f (0) = 0,

such that the linear form D2 f (0) · ξ̃ ∈ L (R2,R) is onto for everyξ̃ ∈
R2 − {0} with D2 f (0) · (ξ̃)2 = 0. Then the local zero set od the quadratic29

form D2 f (0) · (̃ξ)2 consists of exactly 0 or 2 real lines (depending on the
sign of det D2 f (0)) and the local zero step of f is made up of the same
number of Cm−1 curves through the origin. Moreover, these curves are of
class Cm away from the origin and each of them is tangent to a different
one from among the lines in the zero of the quadractic form D2 f (0)· ξ̃(2)
at the origine.

Application - further details. Assume thatn = 1 in the Lyapunov-
Schmidt reduation and letf denoted the reduced mapping. From the
exposition of Theorem 3.1′′, it does not matter ifR2 andR are replaced
by the spacẽX1 andY1 respectively. Sincef (0) = 0 andD f (0) = 0, it
remains to check whether the Morse condition holds. By definition of f
(cf.(2.9)) we first find, for everỹξǫX̃1, that

D f (x̃) · ξ̃ = Q1DG(x̃+ ϕ̃(x̃)) · (̃ξ + Dϕ̃(x̃) · ξ̃).

Sinceϕ̃(0) = 0 andDϕ̃(0) = 0 (cf. (2.12)), we obtain

D2 f (0) · (̃ξ)2 = Q1D2G(0) · (̃ξ)2 + Q1DG(0) · (D2ϕ̃(0) · (̃ξ)2).

But Q1DG(0) = 0, by the definition ofQ1 and hence

D2 f (0).(̃ξ)2 = Q1D2G(0) · (̃ξ)2.

a particularly simple expression in terms of the mappingG.
We now prove

Theorem 3.2. The validity of the Morse condition for the reduced map-
ping f is independent of the choice of the spacesX̃2 and Y1.30

Proof. Clearly, the mapping

ξ̃ǫX̃1→ Q1D2G(0) · (̃ξ)2ǫY1,
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is independent of the spacẽX2 and it remains to show that the required
property of surjectivity is independent ofY1 as well. Let us then assume
that the property holds and letŶ1 be another complement ofY2. De-
noting byQ̂1 andQ̂2 the associated projection operators, we must show
that the linear formQ̂1D2G(0) · ξ̃ is nonzero for everỹξǫX̃1 − {0} such
thatQ̂1D2G(0) · (̃ξ)2 = 0.

First, note thatQ̂1 is anisomorphismof Y1 to Ŷ1. Indeed, both spaces
have the same dimension and it suffices to prove that the restriction of
Q̂1 to Y1 is one-to-one. IfQ̂1y1 = 0 for somey1ǫY1, we must havey1ǫY2

(since KerQ̂1 − Y2) and hencey1ǫY1 ∩ Y2 = {0}. Next, observe that

Q̂1 = Q̂1Q1. (3.6)

Indeed, one haŝQ1Q1 = Q̂1(I − Q2) = Q̂1 − Q̂1Q2. But Q̂1Q2 = 0
(since KerQ̂1 = Y2 again), which proves (3.6).

Let theñξǫX̃1 − {0} be such thatQ̂1D2G(0) · (̃ξ)2 = 0.
From (3.6), this can be written as

Q̂1Q1D2G(0) · (̃ξ)2 = 0.

As Q̂1ǫ Isom (Y1, Ŷ1), we find

Q1D2G(0) · (̃ξ)2 = 0.

31

But, from our assumptions,Q1D2G(0)·ξ̃ , 0. By the same argument
of isomorphism,Q̂1Q1D2G(0) · ξ̃ , 0 and using (3.6) again we finally
see that

Q̂1D2G(0) · ξ̃ , 0,

which completes the proof. �

Practical Method: Let y0 be any nonzero element of the spaceY−1 and
let y∗ǫY′ (topological dual ofY) be characterized by


〈y∗, y〉 = 1,

〈y∗, y〉 = 0 for everyyǫY2
(3.7)
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(The existence of such an elementy∗ is ensured by the Hahn-Banach
theorem). Then, for everyyǫY.

Q1y = 〈y∗, y〉y0. (3.8)

Remark 3.4.One may object that using the Hahn-Banach theorem is
“practical”. Actually, using the linear formy∗ is only a convenient way
to get explicit formulation of the projection operatorQ1, which is the
important thing to know in practice.

It follows, for everyξ̃ǫX̃1, that

D2 f (0) · (̃ξ)2 = Q1D2G(0) · (̃ξ)2 = 〈y∗,D2G(0) · (̃ξ)2〉y0.

Now let (̃e1, ẽ2) be a basis of̃X1 so that̃ξǫξ̃1 writes32

ξ̃ = ξ1e1 + ξ2e2, ξ1, ξ2ǫR.

Then

Q1D2G(0) · (̃ξ)2 = [ξ2
1〈y
∗,D2G(0) · (̃e1)2〉 + 2ξ1ξ2〈y∗,D2G(0) · (̃e1, ẽ2)〉

+ ξ2
2〈y
∗,D2G(0) · (̃e2)2〉]y0

and the above mapping veriies the Morse condition if and onlyif the
quadratic form

(ξ1, ξ2)ǫR2 →[ξ2
1〈y
∗,D2G(0) · (̃e1)2〉 + 2ξ1ξ2〈y∗,D2G(0) · (̃e1, ẽ2)〉

+ ξ2
2〈y
∗,D2G(0) · (̃e2)2〉]ǫR, (3.9)

is non-degenerate, i.e. the discriminant

〈y∗,D2G(0) · (̃e1, ẽ2)〉2 − 〈y∗,D2G(0) · (̃e1)2〉〈y∗,D2G(0) · (̃e2)2〉 (3.10)

is non zero.

Remark 3.5.Note that thediscriminant(3.10) is just (−1) times of the
determinantof the quadratic form (3.9).
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The example of problems of bifurcation from the trivial branch at a
geometrically simple characteristic value.

Let G(µ, x) = 0 be a problem of bifurcation from the trivial branch
(cf. (1.6)) withcompactoperatorLǫL (X) and nonlinear partΓǫCm with
m≥ 2, the real numberλ0 being a characteristic value ofL (the obvious33

case whenλ0 is not a characteristic value ofL has already been consid-
ered). As we know

X̃1 = R × Ker(I − λ0L) ⊂ R × X,

Y2 = Range(I − λ0L) ⊂ X(= Y),

so thatn = codimY2 = 1 if and only if dim Ker(I − λ0L) = 1 i.e. the
characteristic valueλ0 is geometrically simple.

Since
G(µ, x) = (I − (λ0 + µ)L)x+ Γ(µ, x),

we find, from (1.7) and (1.9), that

D2
µG(0) = 0

DµDxG(0) = −L + DµDxΓ(0) = −L

and
D2

xG(0) = D2
xΓ(0).

As a result, for (µ, x)ǫR × X

D2G(0) · (µ, x)2 = −2µLx+ D2
xΓ(0) · (x)2.

In particular, forxǫX1, one hasLx = (1/λ0)x, so that

Q1D2G(0) · (µ, x)2 = − 2
λ0
µQ1x+ Q1D2

xG(0) · (x)2,

for (µ, x)ǫR × Ker(I − λ0L).
Given anyx0ǫ Ker(I − λ0L) − {0}, the pair ((1, 0), (0, x0)) is a basis

of R ×Ker(I − λ0L). The practical method described before leads to the34

examination of the sign of the determinant of the quadratic polynomial

(µ, t)ǫR2→
−2µt
λ0
〈y∗, x0〉 + t2〈y∗,D2

xΓ(0) · (x0)2〉, (3.11)
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wherey∗ǫX′ is some linear continuous form with null spaceY2. The
discriminant of the polynomial (3.11) is

4

λ2
0

〈y∗, x0〉2 ≥ 0.

It is positive if and only if〈y∗, x0〉 , 0, namelyx0
< Y2. As Ker(I −

λ0L) = Rx0 andY2 = Range(I − λ0L), this means that Ker(I − λ0L) 1
Range(I − λ0L). But, if so, (as codim Range (I − λ0L) = dim Ker(I −
λ0L) = 1, by hypothesis) we deduce that

X = Ker(I − λ0L) ⊕ Range(I − λ0L) (3.12)

which expresses that the characterstic valueλ0 is alsoalgebraically sim-
ple.

To sum up, the Morse lemma applies to problems of bifurcation
from the trivial branch at ageometrically simpleeigenvalueλ0 if and
only if λ0 is alsoalgebraically simple. Then, the local zero set of the
reduced mapping and hence that ofG consists of the union of the trivial
branch and asecond branch(curve of classCm−1 at the origin and of
classCm away from it) bifurcating from the trivial branch at the origin.35

``transcritical'' bifurcation ``supercritical'' bifurcation

Figure 3.4: Local zero set ofG.

Remark 3.6.These conclusions agree with Krasnoselskii’s Theorem
(Theorem 1.2) but provide much more precise information on thestruc-
ture of the local zero set. This result was originally proved by Cran-
dall and Rabinowitz ([7]) in a different way involving the application of
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the Implict function theorem,after a modification of the reduced equa-
tion. This method uses the fact that the trivial branch is in the local
zero set ofG explicitly. Note that the same result holds (with the same
proof) when the more general conditionsΓ(µ, 0) = 0,DxΓ(0) = 0 and
Q1DµDxΓ(0) = 0 replace (1.7)-(1.9).

Remark 3.7.The complementary case Ker(I − λ0L) ⊂ Range(I − λ0L),
namely, when the characteristic valueλ0 is geometrically simplein
which the Morse condition fails (referred to as a“degenerate case”)
will be considered in Chapter 5.





Chapter 2

A generalization of the
Morse Lemma

As We Saw in Chapter 1, the problem is to find the local zero set of 36

the reduced mapping, which is a mapping of classCm(m ≥ 1) in a
neighbourhood of the origin in the (n + 1)-dimensional dspaceX1 =

KerDG(0) into the n-dimensional spaceY1 (a given complement of
Y2 = RangeDG(0)).

We shall develop an approach which is analogous to the one we
used in the casen = 1 (Morse lemma). The first task is to find a suitable
generalization of theMorse condition.

2.1 A Nondegeneracy Condition For Homogeneous
Polynomial Mappings.

Let q : Rn+1 → Rn be a polynomial mapping, homogeneous of degree
k ≥ 1 (i.e. q = (qα)α=1,n whereqα is a polynomial, homogeneous of
degreek in (n+ 1) variables with real coefficients).

Definition 1.1. We shall say that the polynomial mappingq verifies the
condition ofR-nondegeneracy (in short,R-N.D.) if, for every non-zero
solution ξ̃ǫRn+1 of the equationq(̃ξ) = 0, the mappingDq(ξ)ǫL (Rn+1,

Rn) is onto.

29
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As is homogeneous, its zero set inRn+1 is a cone inRn+1 with vertex
at the origin. Actually, we have much more precise information. First,
observe that

q(̃ξ) =
1
k

Dq(̃ξ) · ξ̃, (1.1)

for everyξ̃ǫRn+1 (Euler’s theorem). Indeed, from the homogeneity ofq,37

write
q(t̃ξ) = tkq(̃ξ)

and differentiate both sides with respect tot; then

Dq(t̃ξ) · ξ̃ = ktk−1q(̃ξ).

Settingt = 1, we get the identity (1.1).
Let ξ̃ǫRn+1 − {0} be such thatq(̃ξ) = 0. Then, it follows that

Rξ̃ ⊂ KerDq(̃ξ).

But Dq(̃ξ)ǫL (Rn+1,Rn) is onto by hypothesis. Hence, dim KerDq
(̃ξ) = 1, so that

KerDq(̃ξ) = Rξ̃. (1.2)

Theorem 1.1. Let the polynomial mapping q verify the condition(R −
N.D.). Then, the zero set of q inRn+1 is made up of a finite number v of
lines through the origin.

Proof. Since the zero set ofq is a cone with vertex at the origin, its zero
set is a union of lines. To show that there is a finite number of them, it is
equivalent to showing that their intersection with the unitsphereSn in
Rn+1 consists of a finite number of points. Clearly, the set

{̃ξǫSn; q(̃ξ) = 0},

is closed inSn (continuity of q) and hencecompact. To prove that it38

is finite, it suffices to show that it is alsodiscrete. Let thenξ̃ǫSn such
thatq(̃ξ) = 0. By hypothesis,Dq(̃ξ)ǫL (Rn+1,Rn) is ontoand we know
that KerDq(̃ξ) = Rξ̃ (cf. (1.2)). Then, the restriction ofDq(̃ξ) to any
complement of the spaceRξ̃ is an isomorphism toRn. In particular,
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observe that the points of the sphereSn have the following property: for
everỹζǫSn, the tangent spaceT

ζ̃
Sn of Sn at ζ̃ is nothing but{̃ζ}⊥. hence,

for everyζ̃ǫSn, we can write

R
n+1 = Rζ̃ + T

ζ̃
Sn.

In particular, we deduce

Dq(̃ξ)ǫ Isom (T
ξ̃
Sn,R

n).

As q is regular, the Inverse function theorem shows that there isno
solution other thañξ for the equationq(̃ξ) = 0 near̃ξ onSn. �

COMMENT 1.1. The above theorem doesnot prove that there is any
line in the zero set ofq. Actually, the situation whenν = 0 can perfectly
occur.

COMMENT 1.2. It is tempting to try to get more information about the
numberν of lines in the zero set ofq. Of course, it is not possible to
expect a formula expressingν in terms ofq but one can expect an upper
bound forν. It can be shown (under the condition (R. N.D.)) that the
inequality

ν ≤ kn, (1.3)

always holds. This estimate is an easy application of thegeneralized 39

Bezout’s theorem(see e. g. Mumford [26]). Its statement will not be
given here because it requires preliminary notions of algebraic geometry
that are beyond the scope of these lectures.

We shall give a flavour of the result by examing the simplest case
n = 1. Letq be a homogeneous polynomial of degreek in two variables.
More precisely, given a basis (ẽ1, ẽ2) of R2, write

ξ̃ = ξ1̃e1 + ξ2̃e2, ξ1, ξ2ǫR.

then 
q(̃ξ) =

k∑
s=0

asξ
k−s
1 ξs

2,

asǫR, 0 ≤ s≤ k.
(1.4)
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It is well-known that such a polynomialq can be deduced from a
uniquek-linear symmetric formQ onR2 by

q(̃ξ) = Q(̃ξ, · · · , ξ̃),

where the argument̃ξǫR2 is repeatedk times. In particular,

as =

(
k
s

)
Q(̃e1, · · · , ẽ1, ẽ2, · · · , ẽ2),

where the argument̃e1 (respectivelỹe2) is repeateds times (respectively
k−1 times). Now, the basis (ẽ1, ẽ2) can be chosen so thatak , 0. Indeed

ak = q(̃e2, · · · , ẽ2) = q(̃e2)

andẽ2 can be taken so thatq(̃e2) , 0 (sinceq . 0), ẽ1 being any vector40

in R2, not collinear with̃e2. If so, observe that the local zero set of
q contains no element of the formξ2̃e2, ξ2 , 0, sinceq(ξ2̃e2) = akξ

k
2.

In other words, each nonzero solution of the equationq(̃ξ) = 0 has a
nonzerocomponentξ1. Dividing then (1.4) byξk

1, we find

q(̃ξ) = 0⇔
k∑

s=0

as

(
ξ2

ξ1

)s

= 0.

Settingτ = ξ2
ξ1

and sinceτ is real wheneverξ1 andξ2 are, we see that
τ must be areal root of the polynomial

a(τ) =
k∑

s=0

asτ
s.

Conversely, to each real rootτ of the above polynomial is associated
the line{ξ1̃e1+ τξ1̃e2; ξ1ǫR} of solutions of the equationq(̃ξ) = 0. Here,
the inequalityν ≤ k follwos from thefundamental theorem of algebra.

Remark 1.1.Writing

a(τ) =
k∑

s=0

asτ
s = ak

k∏

s=1

(τ − τs)
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whereτs, 1 ≤ s ≤ k are thek (not necessarily distinct) roots of the
polynomiala(τ) and replacingτ by ξ2|ξ1 with ξ1 , 0, we find

q(̃ξ) = ak

k∏

s=1

(ξ2 − τsξ1),

as relation which remains valid whenξ1 = 0.

COMMENT 1.3. Recall that a continuousoddmapping defined on the41

sphereSm−1 ⊂ Rm with values inRn always vanishes at some point of
Sm−1 whenm > n. Here, withm = n + 1 we deduce thatν ≥ 1 when
k is odd. Whenk is even, it can be shown (cf. Buchner, Marsden and
Schecter [5]) tahtν is even too(possibly 0 however).

Remark 1.2.Any small perturbation ofq (as a homogeneous polyno-
mial mapping of degreek) still verifies the condition (R - N.D.) and its
local zero set id made of thesame number of lines(Hint: let Q denote
the finite dimensional space of homogeneous polynomials of degreek.
Consider the mapping (p, ζ̃)ǫQ×Sn→ p(̃ζ)ǫRn and note that the deriva-
tive at (q, ξ̃) with respect tõζ is an isomorphism whenq(̃ξ) = 0.)

COMMENT 1.4. Condition (R-N.D.) ensures that the zero set ofq in
Rn+1 is made of a finite number of lines through the origin. The converse
is not true1. Actually, the condition (R-N.D.) also shows that each line
in the zero set is “simple” in the way described in Remark 1.2.When
the condition (R.N.D.) does not hold but the zero set ofq is still made up
of a finite number of lines, some of them are “multiple”, namely, split
into several linesor elsedisappearwhen replacingq by a suitable small
perturbation.

2.2 Practical Verification of the Condition (R-N.D.).

The above considerations leave us with two basic questions:

(i) How does one check the condition (R-N.D.) for a given mapping 42

1Incidentlly, we have shown that the zero set ofq is a finite union of lines, when
n = 1, with no assumption other than q. 0.
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q?

(ii) If the condition (R-N.D.) holds, how can we compute (approxi-
mations of) the lines in the zero set ofq?

Here we shall give apartial answerto these questions. We begin
with the casen = 1. As we know, in every system of coordinatesξ̃ =
ξ1̃e1 + ξ2̃e2 of R2 such thatq(̃e2) , 0 (such a system always exists when
q . 0), one has

q(̃ξ) = ak

k∏

s=1

(ξ2 − τsξ1), (2.1)

whereak = q(̃e2) , 0 andτs, 1 ≤ s≤ k are thek roots of the polynomial

a(τ) =
k∑

s=0

asτ
s. (2.2)

If so, each line in the zero set ofq is of the form

{ξ1̃e1 + τsξ1̃e1; ξ1ǫR}, (2.3)

whereτs is a real root ofa(τ). Saying thatq verifies the condition (R-
N.D.) amounts to saying that the derivativeDq(̃ξ)ǫL (R2,R) is onto(i.e.
not equal to zero) at each pointξ̃ǫR2−{0} such thatq(̃ξ) = 0. For̃ξ, ζ̃ǫR2,

Dq(̃ξ) · ζ̃ = ak

k∑

s=1


∏

σ,s

(ξ2 − τσξ1)

 (ζ2 − τsζ1). (2.4)

Sinceq(̃ξ) = 0, there is an indexs0 such thatξ2 − τs0ξ1 = 0. Thus

Dq(̃ξ) · ζ̃ = ak


∏

σ,s0

(τs0ξ1 − τσξ1)

 (ζ2 − τs0ζ1).

Clearly, the linear form̃ζǫR2 → ζ2 − τs0ζ1 is onto (i.e. non-zero).43

Thus,Dq(̃ξ) will be onto if and only if

ak

∏

σ,s0

(τs0 − τσ)ξ1 , 0. (2.5)
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But from the choice of the system of coordinates, we know that
ξ1 , 0. Hence,Dq(̃ξ) will be onto if and only if

τσ , τs0 for σ , s0,

i.e. τs0 is asimple rootof the polynomiala(τ).
To sum up, whenn = 1, the mappingq will verify the condition

(R-N.D.) if and only if given a system of coordinates (ẽ1, ẽ2) in R2 such

thatq(̃e2)(= ak) , 0, each real rootof the polynomiala(τ) =
k∑

s=0
asτ

s is

simple.
In the particular case whenk = 2, a(τ) is a quadratic polynomial.

(i) If its discriminant is< 0, it has no real root (then, each of them is
simple) : (R-N.D.) holds.

(ii) If its discriminant is zero, it has a double real root: (R-N.D.) fails
to hold.

(iii) If its discriminant is> 0, it has two simple real roots: (R-N.D.)
holds.

Note that the above results give a way for finding (approximations
of) the lines in the zero set ofq. It suffices to use an algorithm for the44

computation of the roots of the polynomiala(τ). However, it is not easy
to check whether a given root of a polynomial is simple, by calculating
approximations to it through an algorithm and the first question is not
satisfactorily answered.

Observe that it is of coursesufficient, for the condition (R-N.D.) to
hold , thatevery root (real or complex)of the polynomiala(τ) is simple.

Definition 2.1. If every root (real or comples) ofa(τ) is simple, we shall
say that the polynomialq satisfies the condition ofC-nondegeneracy (in
short,C-N.D.)

Definition 2.1 can be described by saying that the polynomiala(τ)
and its derivativea′(τ) haveno common root.
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Now recall the following result from elementary algebra: let a(τ)
andb(τ) be two polynomials (with complex coefficients) of degreesex-
actly kandℓ respectively, i.e.



a(τ) =
k∑

s=0
as, τ

s, ak , 0,

b(τ) =
ℓ∑

s=0
bsτ

s, bℓ , 0.
(2.6)

Then, a necessary and sufficient condition fora(τ) andb(τ) to have
a common root inC is thatthe(k + ℓ) × (k+ ℓ) determinant

R =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ak · · · a0

ak · · · a0

· · ·
ak · · · a0

bℓ · · · b0

bℓ · · · b0

· · ·
bℓ · · · b0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
45

in which there areℓ rows of “a” entries andk rows of “b” entries,is
0 (note that this statement is false inR). The determinantR is called the
resultant(of Sylvester) ofa(τ) andb(τ). In particular, whenb(τ) = a′(τ)
(so thatℓ = k − 1),R is called the discriminant, denoter byD , of a(τ).
It is a (2k− 1)× (2k− 1) determinant. Elementary properties and further
developments about resultants can be found in Hodge and Pedoe [16] or
Kendig [18].

Again, we examine the simple case whenk = 2. If so,

a(τ) = a2τ
2 + a1τ + a0, a2 , 0,

so that
a′(τ) = 2a2τ + a1.

Now, from the definitions

D =

∣∣∣∣∣∣∣∣∣

a2 a1 a0

2a2 a1 0
0 2a2 a1

∣∣∣∣∣∣∣∣∣
= −a2(a2

1 − 4a0a2).
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The quantitya2
1 − 4a0a2 is the usual discriminant and, asa2 , 0 we 46

conclude
D , 0⇔ a2

1 − 4a2a0 , 0 (2.8)

Remark 2.1.Whenk = 2, the condition (R - N.D.) is characterized by
saying that the discriminant is, 0 too. Hence, whenk = 2

(R − N.D.)⇔ (C − N.D.), (2.9)

but this is no longer true fork ≧ 4.

We have found that the condition (C − N.D.) holds⇔ D , 0. The
advantage of this stronger assumption is that it is immediate to obtain
the discriminantD in terms of the coefficientsas’s, hence fromq.

Expression of the conditions(R−N.D.) and(C−N.D.) in any system
of coordinates: We know to express the coorditions (R−N.D.) and (C−
N.D.) in a system of coordinates̃e1, ẽ2 such thatq(̃e2) , 0. Actually,
we can get such an expression inany system of coordinates. Indeed,
assumeq(̃e2) = 0. Then, the coefficientak vanishes and we have

q(̃ξ) =
k−1∑

s=0

asξ
k−1
1 ξs

2. (2.10)

It follows that the line{ξ2̃e2, ξ2ǫR} is in the zero set ofq. Away from 47

the origin on this line, the derivativeDq(̃ξ) must be onto (i.e., 0). An
immediate calculation shows, for̃ξ = ξ2̃e2, that

Dq(̃ξ) · ζ̃ = ak−1ξ
k−1
2 ζ1, (2.11)

for everyζ̃ǫR2. As ξ̃ is , 0 if and only if ξ2 is , 0, we have

Dq(̃ξ) is onto ⇔ ak−1 , 0.

Now, for any solutioñξ of the equationq(̃ξ) = 0 which is not on the
line Rẽ2, we must haveξ1 , 0. Arguing as before, we get

q(̃ξ) = ξk
1

k−1∑

s=0

as

(
ξ2

ξ1

)s
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and all this amounts to solving the equation,

k−1∑

s=0

as

(
ξ2

ξ1

)2

= 0.

Settingτ = ξ2/ξ1 and

a(τ) =
k−1∑

s=0

asτ
s

the method we used whenak , 0 shows that the condition (R − N.D.) is
equivalent to the fact thateach real rootof a(τ) is simple. The condition
(C − N.D.) being expressed by saying thatevery rootof a(τ) is simple,
can be written as

D , 0,

whereD is the discriminant ofa(τ).

Remark 2.2.As ak = 0, the polynomiala(τ) must be considered as a48

polynoimal of degreek−1, namelyD is a (2k−3)× (2k−3) determinant
(instead of (2k − 1) × (2k − 1) whena(τ) is of degreek). If a(τ) is
considered as a polynomial of degreek with leading coefficient equal to
zero, the determinant we obtain isalwayszero and has no significance.

Now, we come back to the general case whenn is arbitrary. Mo-
tivated by the results whenn = 1, it is interesting to look for a gener-
alization of the condition (C − N.D.). Let Q be thek-linear symmetric
mapping such that

q(̃ξ) = Q(̃ξ, · · · , ξ̃),

where the argument̃ξ is repeatedk times. ThenQ has acanonical ex-
tensionas ak-linear symmetric mapping fromCn+1→ Cn (so that linear
meansC-linear here). Indeed,Cn+1 andCn identify with Rn+1 + iRn+1

andRn + iRn respectively. Now, take k elements̃ξ(1), · · · , ξ̃(k) in Cn+1.
These elements can be written as

ξ̃(s) = ũ(s) + ĩv(s), ũ(s), ṽ(s)ǫRn+1, 1 ≤ s≤ k.
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Define the extension ofQ (still denoted byQ) by

Q(̃ξ(1), · · · , ξ̃(k)) =
k∑

j=1

ik− j
∑

PǫP j

Q(̃u(P(1)), ũ(P( j)), ṽ(P( j+1)), ṽ(P(k))),

whereP j denotes the set of permutations of{1, · · · , k} such that

P(1) < · < P( j)

and
P( j + 1) < · < P(k).

It is easily checked that this defines an extension ofQ which isC- 49

linear with respect to each argument and symmetric. An extension ofq
toCn+1 is then

q(̃ξ) = Q(̃ξ, · · · , ξ̃). (2.12)

Remark 2.3. In practice, ifq = (qα)α=1,··· ,n and

ξ̃ = ξ1̃e1 + · · · + ξn+1̃en+1,

where (̃e1, · · · , ẽn+1) is a basis ofRn+1 with ξ1, · · · , ξn+1ǫR, eachqα is a
polynomial, homogeneous of degreek with real coefficients. The exten-
sion (2.12) is obtained by simply replacing eachξ jǫR by ξ jǫC.

Definition 2.2. We shall say thatq verifies the condition ofC-non - de-
genreacy (in short, (C − N.D.)) if, for every non-zero solutioñξ of the
equationq(̃ξ) = 0, the linear mappingDq(̃ξ)ǫL (Cn+1,Cn) (complex
derivative) is onto.

Of course, whenn = 1, Definition 2.2 coincided with Definition 2.1.
Whenever the mappingq verifies the condition (C−N.D.), it verifies the
condition (R−N.D.) as well: This is immediately checked after observ-
ing for ξ̃ǫRn+1 that the restriction toRn+1 of the complex derivative ofq
at ξ̃ is nothing but its real derivative. A method for checking thecondi-
tions (R − N.D.) and (C − N.D.) whenn = 2 is described in Appendix
1 where we also make some comments on the general case, not quite
completely solved however.
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2.3 A Generalization of the Morse Lemma for Map-
pings from Rn+1 into Rn : “Weak” Regularity
Results.

From now on, the spaceRn+1 is equipped with its euclidean structure.50

Let O be an open neighbourhood of the origin inRn+1 and

f : O → Rn,

a mapping of classCm,m≥ 1. Assume there is a positive integerk, 1 ≤
k ≤ m such that

D j f (0) = 0 0≤ j ≤ k− 1 (3.1)

(in particular f (0) = 0). For everỹξǫRn+1, set

q(̃ξ) = Dk f (0) · (̃ξ)k. (3.2)

Our purpose is to give a precise description of the zero set off
around the origin (local zero set). We may limit ourselves toseeking
nonzerosolution only. For this, we first perform atransformation of
the problem. Let r0 > 0 be such that the closed ballB(0, r0) in Rn+1 is
contained inO. The problem will be solved if, for somer, 0 ≤ r ≤ r0

and every 0< |t| < r, we are able to determine the solutions of the
equation

f (x̃) = 0, ||x̃|| = |t|.

It is immediate that̃ξ is a solution for this system if and only if we
can write

x̃ = t̃ξ

with51 
0 < |t| < r, x̃ǫSn,

f (tx̃) = 0

whereSn is the unit sphere inRn+1. Also it is not restrictive to assume
that f is defined in the whole spaceRn+1 (Indeed, f can always be ex-
tended as aCm mapping outsideB(0, r0)).
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Now, let us define

g : R × Rn+1→ Rn,

by

g(t, ξ̃) = k
∫ 1

0
(1− s)k−1Dk f (st̃ξ) · (̃ξ)kds, (3.3)

a fromula showing thatg is of classCm−k in R × Rn+1.

Lemma 3.1. Let g be defined as above. Then

g(t, ξ̃) =
k!

tk
f (t̃ξ) for t , 0, ξ̃ǫRn+1, (3.4)

g(0, ξ̃) = Dk f (0) · (̃ξ)k for ξ̃ǫRn+1. (3.5)

Proof. The relationg(0, ·) = q follows from the definitions immediately.
Next for x̃ǫRn+1, write the Taylor expansion of orderk − 1 of f about
the origin. Due to (3.1),

f (x̃) =
1

(k− 1)!

∫ 1

0
(1− s)k−1Dk f (s̃x) · (x̃)kds.

With x̃ = t̃ξ, t , 0 and comparing with (3.3), we find

g(t, ξ̃) =
k!

tk
f (t̃ξ).

�

From Lemma 3.1 the problem is equivalent to 52


0 < |t| < r, ξ̃ǫSn,

g(t, ξ̃) = 0.

In what follows, we shall solve the equation (for small enough r > 0)


tǫ(−r, r), ξ̃ǫSn,

g(t, ξ̃) = 0.
(3.6)
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Its solutions (t, ξ̃) with t , 0 will provide the nonzero solutions
of f (x̃) = 0 verifying ||x̃|| = |t| through the simple relatioñx = t̃ξ.
Of course , the trivial solutioñx = 0 is also obtained as̃x = 0̃ξ with
g(0, ξ̃) = q(̃ξ) = 0 unless this equation has no solution on the unit sphere.
Thus all the solutions off (x̃) = 0 such that 0< ||x̃|| < r are given by
x̃ = t̃ξ with (t, ξ̃) solution of (3.6) provided that the zero set ofq does
not reduce to the origin.

From now on, we assume that the mappingq verifies the condition
(R−N.D.) and we denote byν ≥ 0 the number of lines in the zero set of
q, so that the set

{̃ξǫSn; q(̃ξ) = 0}, (3.7)

has exactly 2ν elements. We shall set

{̃ξǫSn; q(̃ξ) = 0} = {̃ξ1
0, · · · , ξ̃

2ν
0 },

with an obvious abuse of notation whenν = 0. This set is stable under53

multiplication by−1, so that we may assume that theξ̃ j
0’s have been

arranged so that
ξ̃
ν+ j
0 = −ξ̃ j

0, 1 ≤ j ≤ ν. (3.8)

Lemma 3.2. (i) Assumeν ≥ 1 and for each index1 ≤ j ≤ 2ν, let
σ j ⊂ Sn denote a neighbourhood of̃ξ j

0. Then, there exists0 < r ≤ r0

such that the conditions(t, ξ̃)ǫ(−r, r) ×Sn and g(t, ξ̃) = 0 together imply

ξ̃ǫ

2ν⋃

j=1

σ j .

(ii) Assume thatν = 0. Then, there exists0 < r < r0 such that the
equation g(t, ξ̃) = 0 has no solution in the set(−r, r) × Sn.

Proof. (i) We argue by contradiction : If not, there is a sequence (tℓ,
ξ̃ℓ)ℓ≥1 with lim

ℓ→∞
tℓ = 0 and̃ξℓǫSn such that

g(tℓ, ξ̃ℓ) = 0

and

ξ̃ℓ <

2ν⋃

j=1

σ j .
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From thecompactnessof Sn and after considering a subsequence,
we may assume that there existsξ̃ǫSn such that lim

ℓ→+∞
ξ̃ℓ = ξ̃. By the

continuity ofg, g(0, ξ̃) = 0. Asg(0, ·) = q, ξ̃ must be one of the elements
ξ̃

j
0, which is impossible since

ξ̃ℓ <

2ν⋃

j=1

σ j ,

for everyℓ ≥ 1 so that the sequence (ξ̃ℓ) cannot converge tõξ. 54

(ii) Again we argue by contradiction. If there is a sequence (tℓ, ξ̃ℓ)ℓ≥1

such that lim
ℓ→+∞

tℓ = 0, ξ̃ℓǫSn andg(tℓ, ξ̃ℓ) = 0, the continuity ofg and the

compactness ofSn show that there is̃ξǫSn verifying q(̃ξ) = g(0, ξ̃) = 0
and we reach a contradiction with the hypothesisν = 0. �

Remark 3.1.From Lemma 3.2, the equationf (x̃) = 0 has thenno so-
lution x̃ , 0 in a sufficiently small neighbourhood of the origin when
ν = 0; in other words, the local zero set off reduces to the origin.

We shall then focus on the main case whenν ≥ 1. For this we need
the following lemma.

Lemma 3.3. The mapping g verifies

gǫCm−k(R × Rn+1,Rn)

and the partial derivative D̃
ξ
g(t, ξ̃) exists for every pair(t, ξ̃)ǫR × Rn+1.

Moreover
D
ξ̃
gǫCm−k(R × Rn+1,L (Rn+1,Rn))

Proof. We already know thatgǫCm−k. Besides, the existence of a partial
derivativeD

ξ̃
g(t, ξ̃) at every point (t, ξ̃)ǫR × Rn+1 is obvious from the

relations (3.4) and (3.5), from which we get

D
ξ̃
g(t, ξ̃) =

k!

tk−1
D f (t̃ξ) if t , 0, (3.9)

and
D
ξ̃
g(0, ξ̃) = Dq(̃ξ) = kDk f (0) · (̃ξ)k−1. (3.10)
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First, assume thatk = 1. Then

D
ξ̃
g(t, ξ̃) = D f (t, ξ̃),

D
ξ̃
g(0, ξ̃) = D f (0)

and the assertion follows from the fact thatD f is Cm−1, by hypothesis.
Now, assumek ≥ 2 and write the Taylor expansion ofD f of orderk− 2
about the origin. For everỹxǫRn+1 and due to (3.1)

D f (x̃) =
1

(k − 2)!

∫ 1

0
(1− s)k−2Dk f (s̃x) · (x̃)k−1ds.

With x̃ = t̃ξ,

D f (t̃ξ) =
tk−1

(k− 2)!

∫ 1

0
(1− s)k−2Dk f (st̃ξ) · (̃ξ)k−1ds.

From (3.9) and (3.10), the relation

D
ξ̃
g(t, ξ̃) = k(k − 1)

∫ 1

0
(1− s)k−2Dk f (st̃ξ) · (̃ξ)k−1ds

holds for everytǫR and everỹξǫRn+1. Hence the result, since the right
hand side of this identity is of classCm−k. �

Finally, let us recall the so-called“strong” version of the Implicit
function theorem (see Lyusternik and Sobolev [22]).

Lemma 3.4. Let U, V and W be real Banach spaces and F= (F(u, v))
a mapping defined on a neighbourhoodO of the origin in U× V with
values in W. Assume F(0) = 0 and56

(i) F is continuous inO,

(ii) the derivative DvF is defined and continuous inO,

(iii) D vF(0)ǫIsom(V,W).
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Then, the zero set of F around the origin in U×V coincides with the
graph of a continuous function defined in a neighbourhood of the origin
in U with values in V.

Remark 3.2. In the above statement,F is not supposed to beC1 and
the result isweakerthan in the usual Implict function theorem. The
function whoce graph is the zero set ofF around the origin is found to
be poly continuous (instead ofC1). The proof of this “strong” version
is the same as the proof of the usual statement after observing that the
assumptions of Lemma 3.4 are sufficient to prove continuity.

We can now state an important result on the structure of the solutions
of the equation (3.6).

Theorem 3.1. Assumeν ≥ 1; then, there exists r> 0 such that the
equation

g(t, ξ̃) = 0, (t, ξ̃)ǫ(−r, r) × Sn

is equivalent to
tǫ(−r, r), ξ̃ = ξ̃ j(t),

for some index1 ≤ j ≤ 2νwhere, for each index1 ≤ j ≤ 2ν, the function 57

ξ̃ j is of class Cm−k from (−r, r) into Sn and is uniquely determined. In
particular,

ξ̃ j(0) = ξ̃ j
0, 1 ≤ j ≤ 2ν,

and
ξ̃v+ j(t) = −ξ̃ j(−t),

for every1 ≤ j ≤ 2ν and every tǫ(−r, r).

Proof. We first solve the equationg(t, ξ̃) = 0 around the solution (t =
0, ξ̃ = ξ̃ j

0) for each index 1≤ j ≤ 2ν separately. Let us then fix 1≤ j ≤
2ν. As we in Chapter 2, 2.1, the condition (R − N.D.) allows us to write

R
n+1 = KerDq(̃ξ j

0) ⊕ T
ξ̃

j
0
Sn. (3.11)

From (3.5),
Dq(̃ξ j

0) = D
ξ̃
g(0, ξ̃ j

0)
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and (3.11) shows that

D
ξ̃
g(0, ξ̃ j

0)|T
ξ̃

j
0
SnǫIsom(T

ξ̃
j
0
Sn,R

n). (3.12)

Let thenθ−1
j (θ j = θ j(ξ′)) be a chart around̃ξ j

0, centered at the origin

of Rn (i.e. θ(0) = ξ̃ j
0) and set

ĝ(t, ξ′) = g(t, θ j(ξ
′)).

ThenDξ, ĝ is defined around (t = 0, ξ′ = 0) and

Dξ, ĝ(t, ξ′) = D
ξ̃
g(t, θ j(ξ

′)) · Dθ j(ξ
′)

From Lemma 3.3, it follows that ˆg and Dξ, ĝ are of classCm−k58

around the origin inR × Rn. Besides,

ĝ(0) = g(0, ξ̃ j
0) = q(̃ξ j

0) = 0

and combining (3.12) with the fact thatDθ j(0) is an isomorphism ofRn

to T
ξ̃

j
0
Sn (recall thatθ−1

j is a chart), one has

Dξ, ĝ(0)ǫIsom(Rn,Rn).

If m−k ≥ 1, the Implicit function theorem (usual version) states that
the zero set of ˆg around the origin is the graph of a (necessarily unique)
mapping

t → ξ′(t)

of classCm−k around the origin verifyingξ′(0) = 0. If m− k = 0, the
same result holds by using the “strong” version of the Implict function
theorem (Lemma 3.4). The zero ofg around the point (0, ξ̃ j

0) is then the
graph of the mapping

t → θ j(ξ
′(t)),

of classCm−k around the origin, which is the desired mappingξ̃ j(t). In
particular, given any sufficiently smallr > 0 and any sufficiently small
neighbourhoodσ j of ξ̃ j

0 in Sn, there are no solutions of the equation

g(t, ξ̃) = 0 in (−r, r) × σ j other than those of the form(t, ξ̃ j(t)).
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At this stage, note that the above property is not affected by arbi-
trarily shrinking r > 0. In particular, the samer > 0 can be chosen59

for every index 1≤ j ≤ 2ν. Further, applying Lemma 3.2 with dis-
joint neighbourhoodsσ j , 1 ≤ j ≤ 2ν, we see after shrinkingr again,
if necessary, that there inno solution of the equationg(t, ξ̃) = 0 with

|t| < r outside
2ν⋃
j=1
σ j. In other words, we havẽξ j(t)ǫσ j , 1 ≤ j ≤ 2ν

and the solutions ofg(t, ξ̃) = 0 with |t| < r are exactly the 2ν pairs
(t, ξ̃ j(t)), 1 ≤ j ≤ 2ν. These pairs are distinct, since the neighbourhoods
σ j we have been taken disjoint.

Finally, writing g(−t, ξ̃ j(−t)) = 0 for |t| < r and observing that
g(−t,−ξ̃) = g(t, ξ̃), we findg(t,−ξ̃ j(−t)) = 0 for |t| < r. Since−ξ̃ j(0) =
−ξ̃ j

0 = ξ̃
ν+ j
0 for 1 ≤ j ≤ ν (cf. (3.8)), we deduce that the function−ξ̃ j(−t)

has the property characterizing̃ξν+ j(t) and the proof is complete. �

Corollary 3.1. Under our assumptions, the equation f(x̃) = 0 has no
solutions(x̃) , 0 around the origin inRn+1 whenν = 0. Whenν ≥ 1
and for r > 0 small enough, the solutions of the equation f(x̃) = 0
with ||x̃|| < r are given byx̃ = x̃ j(t), 1 ≤ j ≤ ν, where the functions
x̃ jǫCm−k((−r, r),Rn+1) are defined through the functions̃ξ, 1 ≤ j ≤ ν of
Theorem 3.1 by the formula

x̃ j(t) = t̃ξ j(t), tǫ(−r, r).

In addition, the functions̃x j , 1 ≤ j ≤ ν, are differentiable at the
origin with

dx̃ j

dt
= ξ̃ j , 1 ≤ j ≤ ν.

Proof. We already observed in Remark 3.1 that the local zero set off 60

reduces to{0} when ν = 0. Assume thenν ≥ 1. We know that the
solution of f (x̃) = 0 with ||x̃|| < r are of the form̃x = t̃ξ with |t| < r,
ξ̃ǫSn, g(t, ξ̃) = 0. From Theorem 3.1,r > 0 can be chosen so that

x̃ = x̃ j(t) = t̃ξ j(t), 1 ≤ j ≤ 2ν.

Like ξ̃ j, each functioñx j is of classCm−k. In addition, fort , 0,

x̃ j(t)
t
= ξ̃ j(t),
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so that
dx̃ j

dt
(0) exists with

dx̃ j

dt
(0) = lim

t→0
ξ̃ j(t) = ξ̃ j

0.

Finally, from the relatioñξν+ j(t) = −ξ̃ j(t), for 1 ≤ j ≤ ν, we get

x̃ν+ j(t) = x̃ j(t), 1 ≤ j ≤ ν,

and the solution off (x) = 0 are given through the firstν functions x̃ j

only. �

2.4 Further Regularity Results.

With Corollary 3.1 as a starting point, we shall now show,without any
additional assumption, that the functionsx̃ j are actually of class Cm−k+1

at the and of class Cm away from it. This latter assertion is the simpler
one to prove.

Lemma 4.1. After shrinking r> 0 if necessary, the functions̃x j , 1 ≤61

j ≤ ν are of class Cm on (−r, r) − {0}.

Proof. From the relatioñx j(t) = t̃ξ j(t), it is clear that the functions̃x j

and ξ̃ j have the same regularity away from the origin. Thus, we shall
show that the functions̃ξ j are of classCm away from the origin. Recall
that ξ̃ j is characterized by



ξ̃ j(t)ǫSn

g(t, ξ̃ j(t)) = 0,

ξ̃ j(0) = ξ̃ j
0,

for tǫ(−r, r). Also recall (cf. (3.12))

D
ξ̃
g(0, ξ̃ j

0) = Dq(̃ξ j
0)ǫIsom(T

ξ̃
j
0
Sn,R

n).

Then, by the continuity ofD
ξ̃
g (Lemma 3.3), there is an open neigh-

bourhoodσ j of ξ̃ j
0 in Sn such that, after shrinkingr > 0 if necessary,

D
ξ̃
g(t, ξ̃)ǫIsom(T

ξ̃
Sn,R

n) (4.1)
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for every (t, ξ̃)ǫ(−r, r) × σ j. By shrinking r > 0 again and due to the
continuity of the functioñξ j, we can suppose that̃ξ j takes its values in
σ j for tǫ(−r, r). Let thent0ǫ(−r, r), t0 , 0. Thus

g(t0, ξ̃
j(t0)) = 0,

and, from (4.1),

D
ξ̃
g(t0, ξ̃

j(t0))ǫIsom(T
ξ̃ j (t0)Sn,R

n).

62

As t0 , 0, g(t, ξ̃) is given by (3.4) fort aroundt0 and̃ξǫRn+1 and thus
the mappingg has the same regularity asf (i.e. is of classCm) around
the point (t0, ξ̃ j(t0)). By the Implicit function theorem, we find that the
zero set ofg around (t0, ξ̃(t0)) in (−r, r)×Sn coincides with the graph of
a unique functioñζ = ζ̃(t) of classCm aroundt0, such that̃ζ j(t0) = ξ̃(t0).
But from theuniqueness, we must havẽζ(t) = ξ̃ j(t) aroundt = t0 so that
the functioñξ j(·) is of classCm aroundt0 for everyt0 , 0 in (−r.r). �

To prove the regularityCm−k+1 of the functionx̃ j at the origin, we
shall introduce the mapping

h : R × Rn+1→ Rn,

defined by

h(t, ξ̃) = D f (t̃ξ) · ξ̃ −
∫ 1

0
D f (st̃ξ) · ξ̃ds, (4.2)

if k = 1 and by

h(t, ξ) = k
∫ 1

0

d
ds

[−s(1− s)k−1]Dk f (st̃ξ) · (̃ξ)kds, (4.3)

if k ≥ 2. Sincef is of classCm, it is clear, in any case, thathǫCm−k(R ×
Rn+1,Rn). In addition, witht = 0 in the definition of h((4.3)), we find

h(0, ξ̃) = 0 for everỹξǫRn+1. (4.4)
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Lemma 4.2. For any(t, ξ̃)ǫ(R−{0})×Rn+1, the partial derivative(∂g/∂t) 63

(t, ξ̃) exists and
∂q
∂t

(t, ξ̃) =
1
t
h(t, ξ̃). (4.5)

Proof. The existence of
∂q
∂t

(t, ξ̃) for t , 0 immediate from the relation

(3.4) from which we get

∂q
∂t

(t, ξ̃) =
k!

tk
(D f (t̃ξ) · ξ̃ −

k
t

f (t̃ξ)).

Hence
t∂q
∂t

(t, ξ̃) =
k!

tk−1
(D f (t̃ξ) · ξ̃ − k

t
f (t̃ξ)). (4.6)

If k = 1, the relation (4.6) becomes

t∂q
∂t

(t, ξ̃) = D f (t̃ξ) · ξ̃ −
1
t

f (t̃ξ).

Writing

f (t̃ξ) = t
∫ 1

0
D f (st̃ξ) · ξ̃ds,

the desired relation (4.5) follows from (4.2).
Now, assumek ≥ 2. Recall the relations

f (t̃ξ) =
tk

(k− 1)!

∫ 1

0
(1− s)k−1Dk f (st̃ξ) · (̃ξ)kds,

D f (t̃ξ) =
tk−1

(k− 2)!

∫ 1

0
(1− s)k−2Dk f (st̃ξ) · (̃ξ)k−1ds,

that we have already used in the proofs of Lemma 3.1 and Lemma 3.3
respectively. After an immediate calculation, (4.6) becomes

t
∂q
∂t

(t, ξ̃) = k
∫ 1

0
[(k − 1)(1− s)k−2]Dk f (st̃ξ) · (̃ξ)kds.

64

But

(k − 1)(1− s)k−2 − k(1− s)k−1 =
d
ds

[
−s(1− s)k−1

]
,

so that (4.5) follows from the definition (4.3) ofh. �
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Theorem 4.1. (Structure of the local zero set of f ): Assumeν ≥ 1. For
sufficiently small, r> 0 the local zero set of f in the ball B(0, r) ⊂ Rn+1

consists of exactlyν curves of class Cm−k+1 at the origin and class Cm

away from the origin. These curves are tangent to a different one from
among theν lines in the zero set of q(̃ξ) = Dk f (0) · (̃ξ)k at the origin.

Proof. In Lemma 4.1, we proved that the functionsx̃ j and̃ξ j are of class
Cm away from the origin. Sincem≥ 1, we may differentiate the identity

x̃ j(t) = t̃ξ j(t),

to get
dx̃ j (t)

dt
= t

d̃ξ j(t)
dt
+ ξ̃ j(t), 0 < |t| < r. (4.7)

Also, we know that̃x j is differentiable at the origin with

dx̃ j

dt
(0) = ξ̃ j

0.

We shall prove that the function (dx̃ j/dt) is of classCm−k at the
origin. Let σ j ⊂ Sn be the open neighbourhood ofξ̃ j

0 considered in

Lemma 4.1, so thatD
ξ̃
g(t, ξ̃)ǫIsom(T

ξ̃
Sn,R

n) for every (t, ξ̃)ǫ(−r, r)×σ j . 65

In other words, the mapping
[
D
ξ̃
g(t, ξ̃|T

ξ̃
Sn)

]−1
is an isomorphism ofRn

to the spaceT
ξ̃
Sn ⊂ Rn+1 for every pair (t, ξ̃)ǫ(−r, r) × σ j and hence

can be considered as a one-to-one linear mapping fromRn into Rn+1

(with rangeT
ξ̃
Sn ⊂ Rn+1). A simple but crucial observation is thatthe

regularity Cm−k of the mapping D̃
ξ
g (Lemma 3.3) yields the regularity

Cm−k of the mapping

(t, ξ̃)ǫ(−r, r) × σ j →
[
D
ξ̃
g(t, ξ̃)|T

ξ̃
Sn

]−1
ǫL (Rn,Rn+1).

This is easily seen by considering a chart ofSn aroundξ̃ j
0 and can

be formally seen by observing that the dependence of the tangent space
T
ξ̃
Sn on the variablẽξǫSn isC∞ while taking the inverse of an invertible

linear mapping is aC∞ operation. Setting, for (t, ξ̃)ǫ(−r, r) × σ j,

ϕ j(t, ξ̃) =
[
D
ξ̃
g(t, ξ̃)|T

ξ̃
Sn

]−1
h(t, ξ̃)
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and noting thathǫCm−k(R × Rn+1,Rn), we deduce

ϕ jǫCm−k((−r, r) × σ j ,R
n+1).

Note from (4.4) thatϕ j(0, ξ̃) = 0 for ξ̃ǫσ j . On the other hand, by
implict differentiation of the identityg(t, ξ̃ j(t)) = 0 for 0 < |t| < r, (the
chain rule applies sinceg is differentiable with respect to (t, ξ̃) at any66

point of (R − {0}) × Rn+1),

∂q
∂t

(t, ξ̃ j(t)) + D
ξ̃
g(t, ξ̃ j(t)) · d̃ξ

j

dt
(t) = 0.

But (d̃ξ j/dt)(t)ǫT
ξ̃ j (t)Sn, sincẽξ j takes its values inSn. Hence

d̃ξ j

dt
(t) = −

[
D
ξ̃
g(t, ξ̃ j(t))|T

ξ̃ j (t)Sn

]−1 ∂q
∂t

(t, ξ̃ j(t)).

With Lemma 4.2, this yields

d̃ξ j

dt
(t) = −1

t
ϕ j(t, ξ̃ j(t)), 0 < |t| < r

and the relation (4.7) can be rewritten as

dx̃ j

dt
(t) = −ϕ j(t, ξ̃ j(t)) + ξ̃ j(t), 0 < |t| < r. (4.8)

But (cf. Corollary 3.1)

dx̃ j

dt
(0) = ξ̃ j

0,

whereas
−ϕ j(0, ξ̃(0))+ ξ̃ j(0) = −ϕ j(0, ξ̃ j

0) + ξ̃ j
0 = ξ

j
0.

sinceϕ j(0, ξ̃) = 0 for ξ̃ǫσ j . Thus the identity (4.8) holds for every
tǫ(−r, r). As its right hand side is of classCm−k, we obtain

d̃ξ j

dt
ǫCm−k((−r, r),Rn).
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As a last step, it remains to show that the curves generated bythe
functions ξ̃ j , 1 ≤ j ≤ 2ν have the same regularity as the functionsx̃ j

themselves. From an elementary result of differential geometry, it is67

sufficient to prove that

dx̃ j

dt
(t) , 0, tǫ(−r, r).

But this is immediate from (4.8) by observing thatξ̃ j(t) andϕ j(t,
ξ̃ j(t)) are orthogonal, sinceϕ j(t, ξ̃ j(t))ǫT

ξ̃ j (t)Sn. Hence

||
dx̃ j (t)

dt
|| ≥ ||ξ j(t)|| = 1, tǫ(−r, r)

and the proof is complete. �

COMMENT 4.1. When k = 1, the condition (R − N.D.) amounts to
saying thatD f (0) is onto. In particular,ν = 1 and the local zero set
of f is made up of exactly one curve of classCm away from the origin
and alsoCm at the origin: the conclusion is the same as while using the
Implict function theorem.

COMMENT 4.2. Assume nown = 1 andk = 2. The condition (R −
N.D.) is the Morse condition and we know thatν = 0 or ν = 2. The
statement is noting but the weak form of the Morse Lemma.

COMMENT 4.3. In the same direction see the articles by Magnus [24],
Buchner, Marsden and Schecter [5] Szulkin [40] among others. Theo-
rem 4.1 is a particular case of the study made in Rabier [29]. More
generally, the following extension (which, however, has nomajor appli-
cation in the nondegenerate cases we shall consider in Chapter 3) does
not requiresD f (0) to vanish. Such a result is important in generaliza-
tions of the desingularization process we shall describe inChapter 5.

Theorem 4.2. Let f be a mapping of class Cm,m ≥ 1, defined on a 68

neighbouhood of the origin inRn+1 with values inRn. Let us set

n0 = n− dimRangeD f(0),
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so that0 ≤ n0 ≤ n and the spacesKerD f (0) andRn/Range D f(0) can
be identified withRn0+1 andRn0 respectively. Letπ denote the canonical
projection operator fromRn ontoRn/Range D f(0). We assume that


f (0) = 0

πD j f (0) = 0, 1 ≤ j ≤ k− 1

for some1 ≤ k ≤ m and that the mapping

q0 : ξ̃ǫ Ker D f (0) ≃ Rn0+1 → q0(̃ξ) = πDk f (0) · (̃ξ)kǫRn/RangeD f(0)≃ Rn0

verifies the condition(R−N.D.). Then the zero set of the mapping con-
sists of a finite numberν ≤ kn0 of lines through the origin inKerD f (0)
and the local zero set of the mapping f consists of exactlyν curves of
class Cm away from the origin and of class Cm−k+1 at the origin. These
ν curves are tangent to a different one from among the lines of the zero
of the mapping q0 at the origin.

For a proof, cf. [29]. Theorem 3.2.

2.5 A Generalization of the Strong Version of the
Morse Lemma.

To complete this chapter, we shall see that the local zero setof f can be69

deduced from the zero set of the polynoimal mappingq(̃ξ) = Dk f (0) ·
(̃ξ)k through an origin-preservingCm−k+1 local diffeomorphism of the
ambient spaceRn+1 under some additional assumptions on the lines in
the zero set ofq.

Theorem 5.1. Under the additional assumptions thatν ≤ n+ 1 and the
ν lines in the zero set of q are linearly independent (a vacuouscondition
if ν = 0), there exists an origin-preserving local diffeomorphismφ of
class Cm−k+1 in Rn+1 that transforms the local zero set of the mapping q
into the local zero set of the mapping f. Moreover,φ is of class Cm away
from the origin and can be taken so that Dφ(0) ≡ I.

Proof. If ν = 0, we can chooseφ = I . If ν ≥ 1, the local zero set off
is the image of theν functions x̃ j(t), 1 ≤ j ≤ ν, |t| < r. These functions
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are of classCm−k+1 at the origin and of classCm away from it, with
(dx̃ j/dt)(0) = ξ̃ j

0, 1≤ j ≤ ν.
Let us denote by (·|·) the usual inner product ofRn+1. We may write

x̃ j(t) = α j(t)̃ξ
j
0 + ζ̃

j(t),

where
α j(t) = (x̃ j(t)|̃ξ j

0).

Therefore, both functionsα j andζ̃ j are of classCm−k+1 at the origin 70

and of classCm away from it. Besides,


α j(0) = 0ǫR,

dα j

dt (0) = 1,

ζ̃ j(0) = 0ǫRn+1,
d̃ζ j

dt (0) = 0ǫRn+1.
(5.1)

From (5.1), after shrinkingr if necessary, we deduce that the func-
tion α j is aCm−k+1 diffeomorphism from (−r, r) to an open intervalI j

containing zero. We shall set

(−ρ, ρ) =
ν⋂

j=1

I j , ρ > 0

so that each functionα−1
j is well defined, of classCm−k+1 in (−ρ, ρ) and

of classCm away from the origin,
As theν vectors̃ξ j

0, 1 ≤ j ≤ ν are linearly independent we can find
a bilinear forma(·, ·) onRn+1 such that

a(̃ξi
0, ξ̃

j
0) = δi j (Kronecker delta), 1 ≤ i, j ≤ ν (5.2)

For ||̃ξ|| < ρ, let us define

φ(̃ξ) = ξ̃ +
ν∑

j=1

ζ̃
j◦
0 α

1◦
j a(̃ξ, ξ̃ j

0)

clearly,φ is of classCm−k+1 at the origin and of classCm away from it
and furtherφ(0) = 0, Dφ(0) = I . Thereforeφ is an origin preserving
local diffeomorphism ofRn+1 having the desired regularity properties.
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Let us show thatφ transforms the local zero set ofq into the local zero
set of : For|τ| < ρ and 1≤ i ≤ ν

φ(τξ̃i
0) = τξ̃ j

0 +

ν∑

j=1

ζ̃ j(α−1
j (a(τξ̃i

0, ξ̃
j
0)))

= τξ̃i
0 +

ν∑

j=1

ζ̃(α−1
j (τ)δi j ) = τξ̃

i
0 + ζ̃

i(α−1
i (τ))

= x̃i(α−1
i (τ)).

�71

COMMENT 5.1. Assumek = 2, n = 1. Then the condition (R −
NM.D.) is equivalent to the Morse condition andν = 0 or ν = 2. In any
case,ν ≤ n + 1 = 2 and, ifν = 2, the two lines are distinct. Thus, they
are linearly independent and Theorem 5.1 coincides with the“strong”
version of the Morse lemma (Theorem 3.1 of Chapter 1).

Remark 5.1. If the diffeomorphismφ is only required to beC1 at the
origin, the result is trueregardless of the number of linesin the zero set
of q(≤ kn because of the condition (R − N.D.)) and without assuming
of course that they are linearly independent. The conditionalso extends
to mapping fromRn+p into Rn, p ≥ 1. Under this form, there is also
a stronger resultwhen astronger assumptionholds : Assume for every
ξ̃ǫRn+1−{0} that the derivativeDq(̃ξ) is onto. Then, the diffeomorphism
φ can be taken so that

f (φ(̃ξ)) = q(̃ξ),

for ξ̃ around the origin (see Buchner, Marsden and Schecter [5]). For
k = 1, the assumption reduces to sayong thatD f (0) is onto. Fork = 2
andn = 1, it reduces to the Morse condition again.



Chapter 3

Applications to Some
Nondegenerate problems

The AIM of this Chapter is to show how to apply the general results of 72

Chapter 2, 2.4, to the one-parameter nonlinear problems introduced in
Chapter 1. Such an application is possible either directly or after a pre-
liminary change of the parameter. We answer such questions as getting
an upper and a nontrivial lower bound for thenumber of curves, their
regularity and theirlocation in space. We have limited ourselves to the
study of two problems, presented in§§2 and 3 respectively. These ex-
amples are drawn from a global synthetic approach developedin Rabier
[31], whose technicalities see to be too tedious to be whollyreproduced
here.

In the first section, we prove a generalization of Theorem 3.2of
Chapter 1. This generalization is of interest because it shows that when
the results of Chapter 2,§4, are applied to a mappingf which is the
reduced mapping of some problem posed between real Banach spaces,
the assumptions onf are independent of the Lyapunov-Schmidt reduc-
tion used for reducing the problems to a finite-dimensional one.

The second section is devoted to problems of bifurcation from the
trivial branch at amultiple characteristic value. As the Morse lemma
was shown to provide the results of Crandall and Rabinnowitzwhen the
characteristic value is simple (cf. Chapter 1), the use of the extended 73

57
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version yields again, with various additional improvements, the conclu-
sions of the earlier work by Mc Leod and Sattinger in their study of the
same problem ([23]). Thus, the analysis of bifurcation fromthe triv-
ial branch at a simple or multiple characteristic value appears to follow
from thesame general statement, giving some homogeneity to the pre-
sentation.

In the second section, we consider another example, in whichno
branch of solutions is known a priori. In the simplest form ofthe prob-
lem, two typical situations are those when the origin is a“turning point”
or a“hystersis point”. These notions are made precise and the structure
of the local zero set is also determined in the presence of a higher order
singularity. In particular, it is shown that bifurcation can be expected in
this case.

3.1 Equivalence of Two Lyapunov-Schmidt Reduc-
tions.

Here, we shall define and prove the equivalence of any two Lyapunov-
Schmidt reductions of a given problem. The notion of equivalence is a
key tool for proving a general version of Theorem 3.2 of Chapter 1. The
results of this section are due to W.J. Beyn [42].

Let thenX̃ andY be two real Banach spaces andG : X̃ → Y1 a
mapping of classCm, m≥ 1, satisfying the conditions:

G(0) = 0, (1.1)

DG(0) is a Fredholm operator with index 1. (1.2)

74

As in Chapter 1, we shall set

X̃1 = Ker DG(0), (1.3)

Y2 = RangeDG(0), (1.4)

1Actually, the mappingG needs only to be defined in a neighbourhood of the origin.
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so thatY2 has finite codimensionn ≥ 0 and X̃1 has finite dimension
n + 1 from the assumption (1.2). Given two topological complements
X̃2 andY1 of X̃1 andY2 respectively, recall thatQ1 andQ2 denote the
(continuous) projection operators ontoY1 andY2 respectively and that,
writing x̃ǫX̃ in the form x̃ = x̃1 + x̃2, the reduced mapping is defined by

x̃1ǫX̃1→ f (x1) = Q1G(x̃1 + ϕ̃(x̃1))ǫY1, (1.5)

where the mapping̃ϕ with values in the spacẽX2 is characterized by

Q2G(x̃1 + ϕ̃(x̃1)) = 0, (1.6)

for x̃1 around the origin in the spacẽX1 (so that the reduced mappingf
in (1.5) is actually defined in a neighbourhood of the origin in X̃1). In
Theorem 1.1 below, we show that the mappingsG(x̃) and f (x̃1)+DG(0)·
x̃2 differ only in the context of “changes of variables” in the spacesX̃
andY. More precisely,

Theorem 1.1. There is a neighbourhood̃U of the origin in the spacẽX 75

and

(i) a mappingτǫCm−1(Ũ, Isom(Y)),

(ii) an origin-preserving diffeomorphism̃ρǫCm(Ũ, X̃) with Dρ̃(0) =
I X̃ such that

τ̃(X̃)G(̃ρ(x̃)) = f (x̃1) + DG(0)̃x2, (1.7)

for everyx̃ǫŨ.

Proof. For x̃ around the origin in the spacẽX, set

R̃(x̃) = x̃1 +
[
DG(0)|X̃2

]−1
Q2G(x̃). (1.8)

Then, the mapping̃R is of classCm andR̃(0) = 0, DR̃(0) = I X̃ so
that R̃ is on origin-preserving localCm-diffeomorphism of the spacẽX.
Besides, from (1.8), we have

Q2R̃(x̃) =
[
DG(0)|X̃2

]−1
Q2G(x̃)
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and hence
DG(0)Q2R̃(x̃) = Q2G(x̃).

Settingρ̃ = R̃−1, it follows that

Q2G(̃ρ(x̃)) = DG(0)̃x2, (1.9)

for x̃ in some neighbourhood̃U of the origin inX̃. Note from (1.8) that
ρ̃ is of the form

ρ̃(x̃) = x̃1 + ϕ̃(x̃), (1.10)

with ϕ̃ǫCm(Ũ, X̃2). In particular, putting̃x = x̃1 in (1.9) (i.e. x̃2 = 0), we
find thatϕ̃(x̃1) is characterized by (1.6), which agrees with our notation.76

Besides
ρ(x̃1) = Q1G(̃ρ(x̃1)). (1.11)

It is not restrictive to assume that the neighbourhoodŨ is convex.
Let us then define

τ(x̃) = Q1 + τ12(x̃)Q2 + Q2 (1.12)

whereτ(x̃)
12ǫL (Y2,Y1) is given by

τ12(x̃) = −
[∫ 1

0
Q1DG(̃ρ(x̃1 + s̃x2))Dx̃2ρ̃(x̃1 + s̃x2)dx

] [
DG(0)|X̃2

]−1
.

(1.13)
Clearly,τǫCm−1(Ũ,L (Y)) andτ(0) = IY so that, after shrinking̃U

if necessary,τ(x̃) is an isomorphism ofY for every x̃ǫŨ. Now, we have

τ(x̃)G(̃ρ(x̃)) = Q1G(̃ρ(x̃)) + τ12(x̃)Q2G(̃ρ(x̃)) + Q2G(̃ρ(x̃)) = (1.14)

= Q1G(̃ρ(x̃)) + τ12(x̃)DG(0)̃x2 + DG(0)̃x2.

From (1.11) and the Taylor formula, we have

Q1G(̃ρ(x̃)) = f (x̃1) +
∫ 1

0
Q1DG(̃ρ(x̃1 + s̃x2))Dx̃2 ρ̃(x̃1 + s̃x2) · x̃2dx,

and the assertion follows from (1.13) and (1.14). �
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By definition,ρ̃ = R̃−1 and if we denote bỹR1 andR̃2 the projections
of the mapping̃R onto the spaces̃X1 and X̃2 respectively, we can then
write for x̃ around the origin,

G(x̃) = (τ(x̃))−1
[
f (R̃1(x̃)) + DG(0)R̃2

]
. (1.15)

Let us now consider a second Lyapunov-Schmidt reductions cor- 77

responding to a new choicẽX′2 of the complement of̃X1 and a write
x̃ = x̃′1 + x̃′2 with x̃′1ǫX̃1 and x̃′2ǫX̃

′
2. We obtain a new reduced equation

f̂ = f̂ (x̃′1) with which Theorem 1.1 applies. Together with (1.15), we
see that there is a neighbourhood̃U of the origin in the spacẽX and

(i) a mappingτǫCm−1(Ũ, Isom(Y)),

(ii) an origin-preserving diffeomorphism̃ρǫCm(Ũ, X̃) with onto the
spaces̃X1 andX̃2 respectively, one has

f̂ (x̃′1) + DG(0)̃x′2 = τ(x̃)
[
f (̃ρ1(x̃)) + DG(0)̃ρ(x̃)

]
, (1.16)

for every x̃ǫŨ. The linear mappingτ(x̃) has a matrix representa-
tion of the form

τ(x̃) =

[
τ̂11(x̃) τ̂12(x̃)
τ21(x̃) τ22(x̃)

]
,

whereτ̂1iǫCm−1(Ũ, (Yi , Ŷ1)), i = 1, 2 andτ2iǫCm−1(Ũ, (Yi ,Y2)), i =
1, 2. In this notation, relation (1.16) can be rewritten as

f̂ (x̃′1) = τ̂11(x̃) f (̃ρ1(x̃)) + τ̂12(x̃)DG(0)̃ρ2(x̃), (1.17)

DG(0)̃x′2 = τ21(x̃) f (̃ρ1(x̃)) + τ22(x̃)DG(0)̃ρ2(x̃), (1.18)

for every x̃ǫŨ.

Assume first thatm ≥ 2, so that the mappingsτ21 andτ22 are of 78

classC1 at least. By differentiating (1.18) and noting thatDρ̃(0) = I x̃,
we obtain

DG(0)P̃′2 = τ21(0)D f (0)+ τ22(0)DG(0)P̃2, (1.19)
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whereP̃2 andP̃′2 denote the projection operators alongX̃1 and onto the
spaces̃X2 andX̃′2 respectively. Whenm = 1, the mappingsτ21 andτ22

are of classC0 only. Nevertheless, from the fact that the mappingsf · ρ̃1

andDG(0) · ρ̃2 are of classC1 andvanish at the origin, it is immediately
verified that both the mapping

x̃2→ τ21(x̃2) f (̃ρ1(x̃)),

and
x̃2→ τ22(x̃)DG(0)̃ρ2(x̃),

are differntiable at the origin and that formula (1.19) still holds.Besides,
D f (0) = 0 (cf, Chapter 1,§2) and hence

DG(0)P̃′2 = τ22(0)DG(0)P̃2.

In particular,

DG(0)P̃′2|X̃2
= τ22(0)DG(0)|X̃2

.

As DG(0)|X̃2
ǫIsom(X̃2,Y2), we get

τ22(0) =
[
DG(0)|X̃2

]−1
DG(0)P̃′2|X̃2

. (1.20)

At this stage, observe thatDG(0)P̃′2 = DG(0)|X̃′2. Indeed, as̃X279

and X̃′2 are two topological complements2 of the spacẽX1, it suffices
to notice that̃P′2|X̃2

is onr-to-one and onto and use the Open mapping
theorem. Therefore, writing (1.20) in the form

τ22(0) =
[
DG(0)|X̃2

]−1 [
DG(0)|X̃2

]
P′2|X̃2

,

it follows thatτ22(0)ǫ Isom (Y2). After shrinking the neighbourhood̃U
if necessary, we may then suppose thatτ22(x̃)ǫ Isom (Y2) for everyx̃ǫŨ.

Now, let us takẽxǫX̃1 (i.e. x̃ = x̃1 = x̃′1) in (1.17) and (1.18) to
obtain

f̂ (x̃1) = τ̂11(x̃1) f (̃ρ2(x̃1)) + τ̂12(x̃1)DG(0)̃ρ2(x̃1), (1.21)

2In particular,X̃2 andX̃′2 are closed iñX and hence are Banach spaces by themselves.
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0 = τ11(x̃1) f (̃ρ1(x̃1)) + τ22(x̃1)DG(0)̃ρ2(x̃1), (1.22)

From (1.22) and the above comments, we see that

DG(0)̃ρ2(x̃1) = −(τ22(x̃1))−1τ21(x̃1) f (̃ρ1(x̃1)).

With this relation, (1.21) becomes

f̂ (x̃1) =
[
τ̂11(x̃1) − τ̂12(x̃1)(τ22(x̃1))−1τ21(x̃1)

]
f (̃ρ1(x̃1)).

Let us set

τ̂(x̃1) = ˆτ11(x̃1) − τ̂12(x̃1)(τ22(x̃1))−1τ21(x̃1).

Clearly, τ̂1 is of classCm−1 on a neighbourhood of the origin in the80

spaceX̃1 with values in the spaceL (Y1, Ŷ1). In addition, τ̂1(0)ǫ isom
(Y1, Ŷ1). Indeed, sinceY1 andŶ1 have the same dimensionn, it suffices
to show that ˆτ1(0) is one-to-one. LetY1ǫY1 be such that ˆτ1(0)y1 = 0,
namely

τ̂11(0)y1 − τ̂12(0)(τ22(0))−1τ21(0)y1 = 0

If so, we seet that
[
τ̂11(0) τ̂12(0)
τ21(0) τ22(0)

] [
y1

− (τ22(0))−1 τ21(0)y1

]
= 0

and hencey1 = 0. It follows that τ̂1(x̃)ǫ Isom (Y1, Ŷ1) for x̃1 near the
origin in the spacẽX1 and we have proved

Theorem 1.2. There is a neighbourhood̃U1 of the origin in the space
X̃1 and

(i) a mappingτ̂1ǫCm−1(Ũ1, Isom(Y1, Ŷ1)),

(ii) an origin-preserving diffeomorphism ρ̃1ǫCm(Ũ1, X̃1) with
Dρ̃1(0) = I X̃′1

such that

f̂ (x̃1) = τ̂1(x̃1) f (̃ρ1(x̃1)), (1.23)

for everyx̃1ǫŨ1.
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Remark 1.1. It is customary to summarize Theorem 1.2 by saying that
any two Lyapunov-Schmidt reductions areequivalent. For our purpose,
this property is important because of Corollary 1.1 below.

Corollary 1.2. Assume that there is an integer k≤ m such that81

D j f (0) = 0, 0 ≤ j ≤ k− 1,

and the mapping

x̃1ǫX̃1 → Dk f (0) · (x̃1)kǫY1, (1.24)

verifies the condition(R − N.D.). Then, one has

D j f̂ (0) = 0, 0 ≤ j ≤ k− 1,

and the mapping

x1ǫX1 → Dk f̂ (0) · (x̃1)kǫŶ1, (1.25)

verifies the condition(R − N.D.).

Proof. With the notation of Theorem 1.2, note that in view ofDρ̃1(0) =
I X̃1

that

D j( f • ρ̃1)(0) = D j f (0), 0 ≤ j ≤ k. (1.26)

Assume firstk ≤ m−1, so that, for every 0≤ j ≤ k, D j f̂ (0) involves
the derivatives of order≤ k of the mappings ˆτ1 and f • ρ1 at the origin
as it follows from (1.23). With (1.26), a simple calculationprovides

D j f̂ (0) = 0, 0 ≤ j ≤ k − 1, (1.27)

Dk f̂ (0) = τ̂1(0) Dk f (0). (1.28)

If k = m, there is a slight difficulty in applying the same method
since the mapping ˆτ1 is notm times differentiable. However, it is easy
to obtainDm−1 f̂ (x̃1) in terms of the derivatives of order≤ m− 1 of the82

mappings ˆτ1 and (f • ρ̃1). We leave it to the reader to check that each
term of the expression is differentiableat the origin and the relations
(1.27) and (1.28) still hold. In particular, as ˆτ1(0)ǫIsom(Y1, Ŷ1), it is
an obvious consequence of (1.27) that the mapping (1.25) verifies the
condition (R − N.D.) as soon as the mapping (1.24) does. �
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Remark 1.2.From Corollary 1.2, assuming that the first nonzero deriva-
tive at the origin of the reduced mappingf verifies the condition (R −
N.D.) is independent of the choice of the spacesX̃2 andY1 and hence is
an intrinsic property of the mapping G.

3.2 Application to Problems of Bifurction from the
Trivial Branch at a Multiple Characteristic
Value

According to our definitions of Chapter 1, given a real BanachspaceX,
we are interested in finding the solutions (µ, x) near the origin ofR × X
of an equation of the form

G(µ, x) = (I − (λ0 + µ)L)x+ Γ(µ, x) = 0, (2.1)

whereLǫL (X) is compactandλ0 is amultiplecharacteristic value ofL,
i.e.,

n = dimKer(I − λ0L) ≥ 2.

Recall the notation (cf. Chapter 1):

X1 = Ker(I − λ0L), (2.2)

Y2 = Range(I − λ0L), (2.3)

andX2 andY1 are arbitrary topological complements ofX1 andY2 re- 83

spectively. If so,
dimX1 = dimY1 = n. (2.4)

Also, Q1 andQ2 denote the (continuous) projection operators onto
the spacesY1 andY2. The nonlinear operatorΓ verifies conditions

Γ(µ, 0) = 0, (2.5)

(so thatD j
µΓ(0) = 0 for every j ≥ 0) and

DxΓ(0) = DµDxΓ(0) = 0. (2.6)
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In what follows, we shall assume that there is an integerk ≤ m (and
necessarily≥ 2) such that

Q1D j
xΓ(0) = 0, 0 ≤ j ≤ k− 1,

Q1Dk
xΓ(0)|(X1)k , 0, (2.7)

As we saw in Chapter 1,§2, the problem amounts to finding the
local zero set of thereduced equation

f (µ, x) = − µ
λ0

Q1x− µ

λ0
Q1ϕ(µ, x) + Q1Γ(µ, x+ ϕ(µ, x)) = 0. (2.8)

for (µ, x)ǫR×X1, where the mappingϕwith values inX2 is characterized
by the properties


Q2G(µ, x+ ϕ(µ, x)) = 0,

ϕ(0) = 0,
(2.9)

for (µ, x) near the origin ofR × X1.84

Remark 2.1.To avoid repetition, we shall not state the corresponding
properties of the local zero set of the mappingG. The reader can check
without any difficulty thatall the results about the local zero set of the
reduced mappingf (number of curves, regularity, location in the space)
remain valid ad concerns the local zero set ofG.

As already seen in Chapter 1 in a general setting, the derivatives
D f (0) andDϕ(0) vanish. An elementary calculation thus provides

D2 f (0) · (µ, x)2 = −
2µ
λ0

Q1x+ Q1D2
xΓ(0) · (x)2ǫY1, (2.10)

for (µ, x)ǫR × X1. Note, in particular, thatD2 f (0) = 0 if f X1 ⊂ Y2 and
k ≥ 3 simulaneously.

THE CASE k= 2

If k = 2, one hasD2 f (0) , 0 and the mapping (2.10) must verify the
condition (R − N.D.). An implict necessary conditionfor this is

X = X1 ⊕ Y2(= Ker(I − λ0L) ⊕ Range(I − λ0L)). (2.11)
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Recall that the necessity of such a decomposition was already no-
ticed whenn = 1 in Chapter 1. In other words, it is necessary that the
algebraic multiplicity ofλ0 equals its geometric multiplicity.

Indeed, assumeX1 ∩ Y2 , {0}. The line{(µ, 0), µǫR} (trivial banch) 85

is clearly in the zero set of the mapping (2.10) and its derivative at any
point of this line is

(µ′, x′)ǫR × X1→ −
2µ
λ0

Q1x′ǫY1, (2.12)

whose range is that ofQ1|X1. But, from the assumptionX1 ∩ Y2 , {0},
we deduce that dim KerQ1|X1 ≧ 1. Hence dim RangeQ1|X1 ≤ n− 1 and
the mapping (2.12) is not onto.

Now, from the results of§1, we see that the validity (or the failure) of
the condition (R−N.D.) is independent of the choice of the complements
X2 of X1 andY1 of Y2. From (2.11), we may chooseX1 = Y1 and the
mapping (2.10) becomes

D2 f (0) · (µ, x)2 = −
2µx
λ0
+ Q1D2

xΓ(0) · (x)2ǫX1, (2.13)

for (µ, x)ǫR × X1. Its derivative at any point (µ, x)ǫR × X1 is the linear
mapping

(µ′, x′)ǫR × X1→ 2

(
−
µ

λ0
x′ −

µ′

λ0
x+ Q1D2

xΓ(0) · (x, x′)
)
ǫX1. (2.14)

It is clearly onto at each point of the form (µ, 0) withµ , 0. Whether
or not it is onto at the other nonzero solutions of the equation D2 f (0) ·
(µ, x)2 = 0 has to be checked in each particular problem separately.
Simple finite-dimensional examples show that this hypothesis is quite
realistic.

Remark 2.2. It is not restrictive to limit ourselves to finite dimensional 86

examples. Indeed, the mapping (2.13) involvesfinite dimensional terms
only; in particualr, the termQ1D2

xΓ(0) · (x)2 is nothing but the second
derivative with respect tox of the mappingQ1Γ|R×X1 at the origin.



68 3. Applications to Some Nondegenerate problems

When the results of Chapter 2,§4 hold, the largest numberν of
curves (which are of classCm−1 at the origin and of classCm away from
it) is 2n sincek = 2. Ask is even,ν must be even too (cf. Chapter 2,§1).
The trivial branch being in the local zero set off . existence of a second
curve is then ensured, namely, bifurcationdoes occur.

COMMENT 2.1. Whenn = 1 andQ1D2
xΓ(0)|(X1)2 , 0 it is immediate

that the nontrivial curve in the zero set off has a nonvertical tangent
at the origin. Thereofre, bifurcation occurstranscritically which means
that the nontrivial curve in question is located onboth sidesof the axis
{0} × X1 in R × X1. The situation is different whenn ≥ 2 and there may
be curves in the local zero set off which are tangent to some lines of
the hyperplane{0} ×X1 of R×X1 at the origin, as in the example below.
However, this cannot happen if the hypothesisQ1D2

xΓ(0)|(X1)2 , 0 is
replaced by the stronger oneQ1D2

xΓ(0) · (x)2
, 0 for everyxǫX1 − {0}

(note that the two assumptions are equivalent whenn = 1).

EXAMPLE . TakeX = R2, L = I andλ0 = 1. Thus,X1 = X = R2,
Q1 = I andX2 = {0}. Writing x = (x1, x2), x1, x2ǫR and with87

Γ(µ, x) = Γ(x) =

[
x2

2 + x3
1

x1x2

]
,

we find

D2 f (0) · (µ, x)2 = 2

[
−µx1 + x2

2
−µx2 + x1x2

]
.

This mapping verifies the condition (R − N.D.) and its zero set is
made up of the 4 lines:R(1, 0, 0) (trivial branch),R(0, 1, 0), R(1, 1, 1)
andR(1, 1,−1). The zero set off is made up of the 4 curves: (µ, 0, 0)

(trivial branch), (x2
1, x1, 0), (x1, x1,

√
x2

1 − x3
1) and (x1, x1,−

√
x2

1 − x3
1).

The curve (x2
1, x1, 0) is tangent to the plane{0} ×X1 at the origin and

located in the half-spaceµ ≥ 0 (cf. Fig. 2.1)
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2

2
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1

1

Figure 2.1:

COMMENT 2.2. The same picture as above describes the local zero set88

of G: the only modification consists in replacing the hyperplane{0}×X1

of R × X1 by the hyperplane{0} × X in R × X.

THE CASE k≥ 3.

If k ≥ 3, the mapping (2.10) is

D2 f (0) · (µ, x)2 = −
2µ
λ0

Q1x, (2.15)

becauseQ1D2
xΓ(0) = 0. WhenX1 1 Y2 (which can be expected in most

of the applications), one hasD2 f (0) , 0 so that the mapping (2.15)
should verify the condition (R − N.D.). Unfortunately,this is never the
casewhenn ≥ 2 (as assumed throughout this section). To see this, note
that the local zero set of the mapping (2.15) contains the pair (0, x) for
anyxǫX1. Its derivative at such a point is given by

(µ′, x′)ǫR × X1→ −
2µ′

λ0
Q1xǫY1.

Its range is the spaceRQ1x of dimension≤ 1 and it cannot be onto
for n ≥ 2 (note that it is onto whenn = 1 andX = X1 ⊕ Y2 so that there
is no contradiction with the results of Chapter 1).
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However, it is possible to overcome the difficulty by performing a
em change of scale in our initial problem. The idea is as follows. For
anyodd integerp, the mapping

ηǫR → ηρǫR,

is aC∞ homeomorphism. One can then wonder whether there is a “suit-89

able” choice of the odd integerρ ≥ 3 such that, settingµ = ηp, the
results of Chapter 2,§4 apply to the problem: Find (η, x) around the
origin of R × X such that

G(ηp, x) = (I − (λ0 + η
p)L)x+ Γ(ηp, x) = 0. (2.16)

The Lyapunov-Schmidt reduction of this new problem yields are-
duced equation

g(η, x) = 0,

for (η, x) around the origin inR × X1, where the mapping is easily seen
to be

g(η, x) = f (ηp, x),

the mappingf being the reduced mapping in (2.8) of the problem (2.1).
In particular, the mapping which is found through the Implict function
theorem in the Lyapunov-Schmidt reduction is exactlyϕ(ηp, x) whereϕ
is characterized by (2.9) and the solutions to the problem (2.1) are the
pairs

{(ηp, x+ ϕ(ηp, x))ǫR × X, (η, x)ǫR × X1, g(η, x) = 0}. (2.17)

Intuitively, the choice ofp can be made by examinin the function

g(η, x) = −
ηp

λ0
Q1x−

ηp

λ0
Q1ϕ(ηp, x) + Q1Γ(η

p, x+ ϕ(ηp, x)). (2.18)

As Dϕ(0) = 0, the leading term in the expression−(ηp/λ0)Q1x −
(ηp/λ0)Q1ϕ(ηp, x) is −(ηp/λ0)Q1x. On the other hand, in analogy with90

the casek = 2, it might be desirable that the termQ1Dk
xΓ(0)· (x)k as well

as the first nonzero derivative of the term−(ηp/λ0)Q1xat the origin be in
the expression of the first nonzero derivative ofg at the origin. The later
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is of orderp+ 1 whereas the termDk
xΓ(0) · (x)k does not appear before

differentiatinfk times. A “good” relation thus seems to bep + 1 = k,
namelyp = k− 1.

This turns out be the right choice ofp, which can actually be found
after eliminating all the other values on the basis of natural mathematical
requirements instead of using the above intuitive arguments. Of course,
a mathematical method for finding the proper change of parameter may
have some importance in problems in which there is no a prioriguess of
what it should be. Incidentally, one can also provide a complete justifi-
cation of the use of Newton diagrams in the change of scale as is done,
for instance, in Sattinger [34]. However, the study is technical and too
long to be presented here (cf. Rabier [31]).

As we have assumed thatp is odd for the reasons explained above,
we must suppose thatk is even. A similar method will be analysed later
on whenk is odd.

The case k even: We need to find the first nonzero derivative of the
mapping of (2.18) at the origin inR × X1 when p = k − 1. We can
already guess that it will be of orderk but we have to determine its91

explict expression in terms of the data. With this aim, we first prove

Lemma 2.1. Around the origin inR × X. one has

Q1Γ(η
k−1, x) =

1
k!

Q1Dk
xΓ(0) · (x)k + ◦(|η| + |||x|||)k),

where||| · ||| denote the norm of the space X.

Proof. From the assumptionk ≥ 3, DΓ(0) = 0 andQ1D2Γ(0) = 0, since
we already saw thatD2

µΓ(0) = 0, DµDxΓ(0) = 0 (cf. (2.5) - (2.6)). Thus,
the Taylor formula about the origin yields

Q1Γ(µ, x) =
k∑

j=3

1
j!

Q1D jΓ(0).(µ, x) j + 0(|µ| + |||x|||)k),

For any j with 3 ≤ j ≤ k, one has

Q1D jΓ(0)(µ, x) j =

j∑

i=0

(
j
i

)
µ j−iQ1D j−i

µ Di
xΓ(0) · (x)i .
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But, from (2.5)D j
µΓ(0) = 0 for every j and the index i actually runs

over the set{1, · · · , j}. Also, for j < k, it follows, from (2.7), thati runs
over the set 1, · · · , j − 1 only. To sum up,

Q1Γ(µ, x) =
1
k!

Q1Dk
xΓ(0) · (x)k +

k∑

j=3

1
j!

j−1∑

i=1

( j
i )µ

j−iQ1D j−i
µ

Di
xΓ(0) · (x)i + o((|µ| + |||x|)k).

Replacingµ by ηk−1, we shall see that each term in the sum is of
ordero(|η| + |||x|||)k), except for (1/k!)Q1Dk

xΓ(0) · (x)k. This is obvious
as concerns the remainder which becomeso((|η|k−1 + |||x|||)k) and, for
3 ≤ j ≤ k and 1≤ i ≤ j − 1, each term in the sum is of order

0(|η|(k−1)( j−i) |||x|||i ).

Replacing|η| and||x|| by |η| + |||x|||, it is a fortiori of order92

0((|η| + |||x|||)(k−1)( j−i)+1).

As j − i ≥ 1 and j − i = 1 if and only if i = j − 1, we have, for
i = j − 1

(k− 1)+ ( j − 1) ≥ k + 1

ecausej ≥ 3. On the other hand, ifj − i ≥ 2 and sincei ≥ 1

(k − 1)( j − i) + i ≥ 2(k − 1)+ 1 = 2k− 1 ≥ k+ 1.

In any case, each term is of order

0((|η| + |||x|||)k+1),

which completes the proof. �

Proposition 2.1. The first nonzero derivative of the mapping

(η, x)ǫR × X1→ g(η, x) = f (ηk−1, x) = −
ηk−1

λ0
Q1x−

ηk−1

λ0
Q1ϕ(ηk−1, x)

(2.19)



3.2. Application to Problems of Bifurction..... 73

+ Q1Γ(η
k−1, x+ ϕ(ηk−1, x))ǫY1

at the origin is of order k and its value at the point(η, x)ǫR×X1 repeated
k times (which determines it completely) is

Dkg(0) · (η, x)k = −
k!
λ0
ηk−1Q1x+ Q1Dk

xΓ(0) · (x)k. (2.20)

Proof. As Dϕ(0) = 0, one has

ϕ(µ, x) = o(|µ| + |||x|||),

around the origin. In particular, replacingµ by ηk−1 93

ϕ(ηk−1, x) = o(|η| + |||x||), (2.21)

so that the term (ηk−1/λ0)Q1ϕ(ηk−1, x) is of order

(ηk−1/λ0)Q1ϕ(ηk−1, x) = 0(|η|k−1o(|η| + |||x|||)) = o(|η| + |||x|||)k). (2.22)

Next, from Lemma 2.1,

Q1Γ(η
k−1, x+ ϕ(ηk−1, x)) =

1
k!

Q1Dk
xΓ(0) · (x+ ϕ(ηk−1, x))k

+ o((|η| + |||x+ ϕ(ηk−1, x)|||)k). (2.23)

But

|η| + |||x+ ϕ(ηk−1, x)||| = 0(|η| + |||x||| + |||ϕ(ηk−1, x)|||).

Using (2.21), we see that

o(|η|+ |||x|||+ |||ϕ(ηk−1, x)|||) = o(|η|+ |||x|||+ o(|η|+ |||x|||)) = o(|η|+ |||x|||).

Thus, the remainder in (2.23) is

o(|η| + |||x+ ϕ(ηk−1, x)|||)k) = o([0(|η| + |||x|||)]k) = o((|η| + ||x||)k),

so that

Q1Γ(η
k−1, x+ϕ(ηk−1, x)) =

1
k!

Q1Dk
xΓ(0)·(x+ϕ(ηk−1, x))k+o((|η|+|||x|||)k).

(2.24)
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Now, from (2.21) again and due to thek-linearity of the derivative
Dk

xΓ(0), we deduce

Q1Dk
xΓ(0) · (x+ ϕ(ηk−1, x))k = Q1Dk

xΓ(0) · (x)k + o(|η| + |||x||)k).

By putting this expression in (2.24) and together with (2.22), the
mappingg (2.19) can be rewritten as94

g(η, x) = −
ηk−1

λ0
Q1x+

1
k!

Q1Dk
xΓ(0) · (x)k + o((|η| + |||x|||)k). (2.25)

This relation shows that the firstk − 1 derivatives ofg vanish at the
origin. Besides, from Taylor’s formula, we have

g(η, x) =
1
k!

Dkg(0) · (η, x)k + o(|η| + |||x|||)k),

which, on comparing with (2.25), yields

Dkg(0) · (η, x)k = −
k!
λ0
ηk−1Q1x+ Q1Dk

xΓ(0) · (x)k.

�

Remark 2.3.We leave it to the reader to check thatthe same result holds
if we replace conditions (2.7) by

D j
xΓ(0)|(X1) j = 0, 0 ≤ j ≤ k − 1,

Q1Dk
xΓ(0)|(X1)k , 0. (2.26)

More generally, it still holds undersome combinationof the hy-
potheses (2.7) and (2.26): Denoting byk the order of the first non-zero
derivative with respect tox of the mappingQ1Γ|R×X1 at the origin (sup-
pose to be finite), set

k1 = min{0 ≤ j ≤ k,Q1D j
xΓ(0) , 0}, (2.27)

k1 = min{0 ≤ j ≤ k,D j
xΓ(0)|(X1) j , 0}, (2.28)
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so that 2≤ k1, k1 ≤ k. Then, it can be shown (cf. [31]) that Proposition95

2.7 remains true when
k ≤ k1 + k1 − 2. (2.29)

Note thatk = k1 in our assumptions whereask = k1 under the hy-
potheses (2.26), two cases when the criterion (2.29) is satisfied.

When the mappingDkg(0) · (η, x)k in (2.20) verifies the condition
(R − N.D.), the results of Chapter 2,§4 give the structure of the local
zero set ofg (2.19). We shall derive the structure of the local zero set of
f but, first observe that

Proposition 2.2. The mapping Dkg(0) · (η, x)k in (2.20) can verify the
condition (R − N.D.) only if the following two implict conditions are
fulfilled:

(i) X = X1 ⊕ Y2(= Ker(I − λ0L) ⊕ Range(I − λ0L))3,

(ii) Q1Dk
xΓ(0) · (x)k

, 0 for everyxǫX1 − {0}.

Proof. (i) Assume thatgX1 ∩ Y2 = {0}. The trivial branch{(η, 0);ηǫR}
is in the zero setDkg(0) · (η, x)k and its derivative at any of its nonzero
points is

(η′, x′)ǫR × X1→ −
k!
λ0
ηk−1Q1x′ǫY1,

whose range is RangeQ1|X1 ( Y1 since KerQ1|X1 , {0} from the as-
sumptionX1 ∩ Y2 , {0}. 96

(ii) Assume there is a nonzeroxǫX1 such thatQ1Dk
xΓ(0) · (x)k = 0.

Then, the lineR(0, x) is in the zero set ofQ1Dkg(0) · (η, x)k and its
derivative at (0, x) is

(η′, x′)ǫR × X1→ kQ1Dk
xΓ(0) · (xk−1, x′)ǫY1,

whose null-space contains the trivial branch and the lineR(0, x) : its
range is then at most (n− 1)-dimensional. �

3Namely, the algebraic muliplicity ofλ0 equals its geometric multiplicity.
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COMMENT 2.3. Assume that the mappingDkg(0) · (η, x)k (1.20) veri-
fies the condition (R − N.D.). From our analysis of§1, this assumption
is independent of the choice of the complements X2 andY1 of X1 andY2

respectively. In the applications, it follows from Proposition 2.2 that we
can takeX1 = Y1 so that the mappingg becomes (note thatQ1ϕ = 0 in
this case)

g(η, x) = −
ηk−1

λ0
x+ Q1Γ(η

k−1, x+ ϕ(ηk−1, x)) (2.30)

and one has

Dkg(0) · (η, x)k = −k!
ηk−1

λ0
x+ Q1Dk

xΓ(0) · (x)k,

for every (η, x)ǫR × X1.

COMMENT 2.4. From (ii) of Proposition 2.2, none of the lines of the
zero set ofDkg(0)·(η, x)k is “vertical” i.e. lies on the hyperplane{0}×X1

of R×X1. In other words, ift → (η(t), x(t)) is any curve in the local zero97

set ofg, one has

dη
dt

(0) , 0. (2.32)

COMMENT 2.5. The trivial branch is in the zero set of the mapping
Dkg(0) · (η, x)k (andalso in the local zero set ofg sinceϕ(µ, 0) = 0; cf.
Chapter 1). Ask is even, we know that the numberν of lines must be
evern too (≤ kn). Thusν ≥ 2 andbifurcation occurs(as in the casek =
2). In view (2.32), each curve is located on both sides of the hyperplane
{0} × X1 (i.e. bifurcation occurstranscritically).
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Figure 2.2: Local zero set ofg.

We now pass to the description of the local zero set off : it is made
up of theν curves

t → (µ(t), x(t)), (2.33)

whereµ(t) = ηk−1(t) andt → (η(t), x(t)) is one of theν curves in the local 98

zero set ofg, hence of classCm−k+1 at the origin and of classCm away
from it. Of course, theν curves in (2.33) aredistinctsicne the mapping
η → ηk−1 is a homeomorphism. Also, it is clear that (dµ/dt)(0) = 0 so
that

d
dt

(µ(t), x(t))|t=0 = (0,
dx
dt

(0)). (2.34)

But, for each curve (η(t), x(t)) in the local zero set ofg which is
distinct from the trivial branch, we must have

dx
dt

(0) , 0,

because different curves in the local zero set ofg have different tangents
at the origin. Thus, for each curve (µ(t), x(t)) in the local zero set off
which isdistinct from the trivial branch, one has

d
dt

(µ(t), x(t))|t=0 = (0,
dx
dt

(0)) , 0.

As a result and further since the functionsµ(t) = ηk−1(t) and x(t)
are of classCm−k+1 at the origin and of classCm away from it, we may
deduce that the nontrivial curves in the local zero set off are also of
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classCm−k+1 at the origin and of classCm away from it. Besides, due
to (2.34),they are tangent to the hyperplane{0} × X1 of R × X1 at the
origin. Finally, as the sign ofµ(t) = ηk−1(t) changes as thatη(t) does,
bifurction remains transcritical (cf. Comment 2.5) as in the case when
k = 2 and the conditionQ1D2

xΓ(0) · (x) , 0 for everyxǫX1 − {0} holds99

(cf. Comment 2.1)4.
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Figure 2.3: Local zero set off (k even)

Remark 2.4. It is possible for several curves in the local zero set off
to have thesametangent at the origin: This will happen if and only if
several lines in the zero set of the mappingDkg(0) · (η, x)k (2.20) have
the same projection ontoX1 (along theη-axis). If this is the case, that is
one more reason for the assumptions of Chapter 2,§4 to fail when the
parameterµ is unchanged, for, when the curves are found through The-
orem 4.1 of Chapter 2, they must havedifferent tangents at the origin.

The case k odd: Whenk is odd, the mapppingη→ ηk−1 is no longer100

a homeomorphism. However, by performing the changeµ = ηk−1, we
shall find all solutions in the local zero set of f associated with µ ≥ 0. In
order to get the solutions associted withµ ≤ 0, it suffices to perform the
changeµ = −ηk−1.

The method is quite similar and we shall set

gσ(η, x) = f (σηk−1, x) = −ση
k−1

λ0
Q1x− ση

k−1

λ0
Q1ϕ(σηk−1, x)+

4Recall however that this condition is not required whenk = 2.
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+ Q1Γ(ση
k−1, x+ ϕ(σηk−1, x)), (2.35)

whereσ = ±1. Arguing as in Proposition 2.1, we find that the first
nonzero derivative of the mappinggσ at the origin is of orderk with

Dkgσ(0) · (η, x)k = −
σk!
λ0

ηk−1Q1x+ Q1Dk
xΓ(0) · (x)kǫY1, (2.36)

for every (η, x)ǫR × X1. Again, two implict condition for the results of
Chapter 2,§4 to be available are

X = Ker(I − λ0L) ⊕ Range(I − λ0L)(= X1 ⊕ Y2),

(i.e. the algebraic and geometric multiplicities of the characteristic value
of λ0 coincide) and

Q1Dk
xΓ(0) · (x)k

, 0 for everyxǫX1 − {0}.

Again, from§1 the mappingDkg(0)(η, x)k verifies the condition (R−
N.D) or not independently of the choice ofX2 andY1 so that we can
takeX1 = Y1 in the applications. With this choice, we get the simplified101

expressions

gσ(η, x) = −ση
k−1

λ0
x+ Q1Γ(ση

k−1, x+ ϕ(σηk−1, x)), (2.37)σ

Dkgσ(0) · (η, x)k = −
σk!ηk−1

λ0
x+ Q1Dk

xΓ(0) · (x)kǫX1, (2.38)σ

for every (η, x)ǫR × X1. Also, none of the curves in the local zero set of
gσ has a “vertical” tangent at the origin and each curve in the local zero
set of f is of the from

t → (µ(t), x(t)),

with µ(t) = σηk−1(t) andt → (η(t), x(t)) is one of the curves in the local
zero set ofgσ (thus of classCm−k+1 at the origin and of classCm away
from it). Each non-trivial curve in the local zero set off is then also of
classCm−k+1 at the origin and of classCm away from it (the argument is
the same as whenk is even) and it is tangent to the hyperplane{0} × X1

at the origin. Forσ = 1 (respectively - 1), the corresponding curves of
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the local zero set off are located in the half spaceµ ≥ 0 (respectively
µ ≤ 0) because, contrary to what happens whenk is even,σηk−1(t) does
not change sign here.

2

2

3

3
1

1

Figure 2.4: Local zero set off (k odd).

The differences with the case whenk is even are as follows: (i) Both102

mapping (2.38)σ must verify the condition (R − N.D.) for σ = 1 and
σ = −1. Chargingη into eiπ(k−1)η, it is easy to see that this is the case
if one of them verifies the condition (C−N.D.), because this property is
invariant underC-linear changes of variables.

(ii) Bifurcation (i.e. existence of notrivial curves) isnot ensured(an
example was given in Chapter 1). However, bifurcation occurs if η is
odd (Theorem 1.2 of Chapter 1). This means that for at least one of the
valuesσ = 1 orσ = −1, the zero set of the mappingDkgσ(0) · (η, x)k

contains at least one nontrivial line.

Remark 2.5.Theorem 1.2 of Chapter 1 (Krasnoselskii’s theorem) is
based on topological degree arguments. Is there however a purely al-103

gebraic proof of the above statement?

(iii) Let νσ, σ = ±1 denote the number of curves in the local zero set
of the mappinggσ. Then,a priori, the number of curves in the local zero
set of f is ν1+ ν−1. Actually, ν1 andν−1 must beoddand the number of
distinctcurves in the local zero set off is (ν1+ν−1)/2 (hence≤ kn again
sinceνσ ≤ kn). Indeed, it is clear from the evenness ofk − 1 that when
a curve (η(t), x(t)) is in the local zero set ofgσ, the curve (−η(t), x(t))
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is also in it. Both provide the same curve (µ(t), x(t)) = (σηk−1(t), x(t))
in th local zero set off and the two vectors ((dη/dt)(0)(dx/dt)(0)) and
(−(dη/dt)(0), (dx/dt)(0)) are not collinear if and only if (dx/dt)(0) , 0,
because (dη/dt)(0) is , 0 as we observed earlier5. Now the condition
(dx/dt)(0) , 0 is fulfilled by all the curves in the local zero set ofgσ, ex-
cept the trivial branch (recall that the correspondence between the curves
in the local zero set ofgσ and their tangents at the origin is one-to-one).
Hence, each non-trivialcurve in the local zero set off is provided bytwo
distinct non-trivial curves in the local zero set ofg1 or by two distinct
non-trivial curves in the local zero set ofg−1. Thus,ν1 andν−1 must be
odd and the number of non-trivial curves in the local zero setof f is

ν1 − 1
2
+
ν−1 − 1

2
=
ν1 + ν−1

2
− 1.

Adding the trivial branch, we find (ν1 + ν−1)|2 to be the number 104

of distinct curves in the local set off . Exactly (ν1 − 1)|2 of them are
supercritical (i.e. located in the half-spaceµ ≥ 0 ofR × X1) and exactly
(ν−1−1)|2 are subcritical (i.e. located in the half spaceµ ≤ 0 ofR×X1).
One (the trivial branch) istranscritical. Of course, it may happen that
ν1 = 0 or ν−1 = 0 (or both).

Remark 2.6.Recall that in both the case (k evenandk odd), we made
the a priori assumptionX1 1 Y2 (and it turned out that the conditions
X1 ∩ Y2 = {0} was necessary). IfX1 ⊂ Y2, the trick of changing the
parameterµ into ηk−1, σ = ±1 does not work: Indeed, the first nonzero
derivative ofg or gσ at the origin remains of orderk and its value at the
point (η, x)ǫR × X1 repeatedk times reduces to

(η, x)ǫR × X1→ Q1Dk
xΓ(0) · (x)kǫY1.

This mappingnever verifies the condition(R −N.D.) because of the
trivial branch in its zero set at which its derivative vanishes.

Remark 2.7.We leave it to the reader to check that changing the param-
eteµ into a ηk−1, a , 0, whenk is even is equivalent to changing it into

5In comment 2.4 and whenk is even, but the argument can be repeated whenk is
odd.
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ηk−1 (i.e. a = 1) as we have done. No more generality will be reached
either by changingµ into a ηk−1 + o(ηk−1), a , 0 andno other exponent105

p , k − 1 can be used in the changeµ = ηp (because the condition
(R − N.D.) always fails with such a choice). Similarly, whenk is odd,
changingµ into aηk−l + ◦(ηk−l ), a > 0 is equivalent to changingµ into
ηk−l and changingµ into aηk−1+o(ηk−1) is equivalent to changingµ into
−ηk−1

To complete this section, we come back to the casen = 1 for com-
parisons and further comments. In Chapter 1, we have solves the prob-
lem without any assumption on the derivativesQ1D j

xΓ(0)|(X1) j and the
condition (R − N.D.) was seen to be equivalent to the fact that the alge-
braic multiplicity ofλ0 equals its geometric multiplicity i.e.

X = Ker(I − λ0L) ⊕ Range(I − λ0L)(= X1 ⊕ Y2). (2.39)

Neverthless, if there is an integer 3≤ k ≤ m6 such that

Q1D j
xΓ(0) = 0, 0 ≤ j ≤ k− 1,

Q1Dk
xΓ(0)|(X1)k , 0, (2.40)

the trick of changing the parameterµ intoηk−1 (k even) orσηk−1,σ = ±1
(k odd) works as whenn is ≥ 2 and the analysis we have made in this
section can be repeated with no modification. In particular,condition
(2.39) remains necessary. Here, it is also a sufficient condition for the106

mappingDkg(0) · (η, x)k (2.20) (orDkgσ(0) · (η, x)k ((2.38)σ)) to verify
the condition (R −N.D.). Indeed, asX1 andY1 are one-dimensional, we
can writexǫX1 in the form

x = tx0,

for sometǫR, wherex0 is a given non-zero element ofX1. Also let y0

be a given non-zero element ofY1
7 and consider the linear continuous

form y∗ǫX′(= Y′) characterized by (cf. Chapter 1,§3)

〈y∗, y0〉 = 1,

〈y∗, y〉 = 0 for everyyǫY2.

6If k = 2, see Comment 2.1.
7From (2.39), the choicex0 = y0 is available and brings slight simplifications in the

formulae.
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This linear form allows us to express the projection operator Q1 onto
the spaceY1. More precisely

Q1y = 〈y∗, y〉y0,

for everyyǫX(= Y). Then, fork even, we find from (2.20) that

Dkg(0) · (η, x)k =

[
−

k!ηk−1

λ0
〈y∗, x0〉 + tk〈y∗,Dk

xΓ(0) · (x0)k〉
]
y0

and proving that this mapping verifies the condition (R−N.D.) amounts
to proving that the real-valued mapping of the two real variables η, t
given by

(η, t)ǫR2 → −k!ηk−1

λ0
〈y∗, x0〉 + tk〈y∗,Dk

xΓ(0) · (x0)k〉ǫR,

does the same, which isalways the case because of the relations〈y∗, 107

x0〉 , 0 (sinceX1 ∩ Y2 = {0}) and 〈y∗,Dk
xΓ(0) · (x0)k〉 , 0 (since

Q1Dk
xΓ(0)|(X1)k , 0). Besides, as expected, the zero set ofDkg(0)· (η, x)k

is the union of the trivial branch and exactlyone nontrivial line, namely
that line for which

t =

[
k!
〈y∗,Dk

xΓ(0) · (x0)k〉
λ0〈y∗, x0〉

]1/k−1

η, ηǫR.

Repeating the arguments we used in the casen ≥ 2, we see that the
corresponding non-trivial branch in the local ero set of is tangent to the
asis{0} × X1 at the origin and located on both sides of it: we are in the
presence of a phenomenon oftranscritical bifurcation.

Figure 2.5: Local zero set off whenn = 1, k even≥ 4
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Analogously, whenk is odd, one has (cf. ((2.38)σ))

Dkgσ(0) · (η, x)k =

[
−k!

σηk−1t
λ0
〈y∗, x0〉 + tk〈y∗,Dk

xΓ(0) · (x0)k〉
]
y0.

If so, becausek−1 is even, the local zero set of this mappingreduces108

to the trivial branchif

sgn

[
〈y∗,Dk

xΓ(0) · (x0)k〉
λ0〈y∗, x0〉

]
= sgn(−σ)

and is the union of the trivial branch andtwo nontrivial lines, namely,
those for which

t = ±
[
k!σ
〈y∗,Dk

xΓ(0) · (x0)k〉
λ0〈y∗, x0〉

]1/k−1

η, ηǫR,

if

sgn

[
〈y∗,Dk

xΓ(0) · (x0)k〉
λ0〈y∗, x0〉

]
= sgnσ.

They both provide thesamecurve in the local zero set off , located
on one side of the axis{0} × X1. The bifurcation is eithersupercritical
or subcriticaldepending on which among the mappingsDkg1(0) · (η, x)k

andDkg−1(0) · (η, x)k possesses the non-trivial lines in its zero set

Figure 2.6:
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Remark 2.8.Though the assumptions of this section are stronger than109

those we made in Chapter 1 whenn = 1, the regularity of the non-trivial
curve in the local zero set off is only found to be of classCm−k+1 at the
origin (but we know it is actually of classCm−1). In contrast, the location
of this curve with respect to the axis{0} × X1 could not be derived from
the analysis of Chapter 1 because it clearly depends on the evenness of
k, which was ignored in Chapter 1.

Remark 2.9.The assumption (2.40) can be replaced by

D j
xΓ(0)|(X1) j = 0, 0 ≤ j ≤ k− 1,

Q1Dk
xΓ(0)|(X1)k , 0, (2.41)

or by a suitable combination (2.40) and (2.41) such as in Remark 2.3.

3.3 Application to a Problem with no Branch of
Solutions Known a Priori.

We shall here consider the problem of finding the “small” solution (µ,
x)ǫR × X an equation of the form

F(x) = µy0 (3.1)

whereF is a mapping of classCm,m ≥ 1, in a neighbourhood of the
origin in the Banach spaceX, with values in another Banch spaceY,
such thatF(0) = 0 and wherey0 is a given element ofY. In order to deal 110

with a situation essentially different from that of§2 we shall assume

y0
< RangeDxF(0). (3.2)

First, we write the problem in the form

G(µ, x) = 0,

with
G(µ, x) = F(x) − µy0. (3.3)
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Due to (3.2), the spaceY2 = RangeDG(0) is

Y2 = RangeDG(0) = Ry0 ⊕ RangeDxF(0) (3.4)

whereas, setting
X1 = KerDxF(0),

one has
X̃1 = KerDG(0) = {0} × X1. (3.6)

As required in these notes, we shall assume thatDG(0)ǫL (R×X,Y)
is a Fredholm operator with index 1, which will be for instance, the case,
if DxF(0) is a Fredholm operator with index 0. As usual,n will denote
the codimension of the spaceY2.

When n = 0, the same problem has already been encountered in
Chapter 1. The situation was simple because the Implict function the-
orem applied so that the local zero set ofG was found to be made up111

of exactly one curve of classCm. Recall that this curve has a “vertical”
tangent (i.e. the one - dimensional space{0} × X1) at the origin and we
mentioned that two typical cases where those when the originis either
a “turning point” or a“hysteresis point”(cf. Fig. 3.2 of Chapter 1). A
detailed explanation of these phenomena will be given lateron. For the
time being, we shall assumen ≥ 1. Performing the Lyapunov-Schmidt
reduction as described in Chapter 1,§2 and setting̃x = (µ, x), we get a
reduced equation of the general form

f (x̃) = Q1G(x̃+ ϕ̃(x̃)),

where x̃ belongs to some neighbourhood of the origin in the spaceX̃1

andQ1 denotes the projection operator onto some given complementof
the spaceY2. Because of (3.6), the variablẽxǫX̃1 identifies itself with
the variablexǫX1. Provided we choose the complementX̃2 of the space
X̃1 of the form

X̃2 = R × X2,

whereX2 is a given topological complement ofX1, the mapping̃ϕ can
be identified with a pair

ϕ̃(x) = (µ(x), ϕ(x))ǫR × X2,
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of mappings of classCm aroun the origin.
As Q1y0 = 0 (cf. (3.4)), the reduced equation takes the form

f (x) = Q1F(x+ ϕ(x)) = 0. (3.7)

The results of Chapter 2,§4 will be available if the first nonzero112

derivative of the above mapping at the origin verifies the condition (R −
N.D.). A general frame work in which it takes a very simple expression
is as follows: Consider the integer 2≤ k ≤ mcharacteried by


Q1D j

xF(0)|(X1) j = 0, 0 ≤ j ≤ k− 1,

Q1Dk
xF(0)|(X1)k , 0,

(3.8)

(if such ak exists of course) and letk1 andk1 be defined by

k1 = min{0 ≤ j ≤ k,Q1D j
xF(0) , 0}, (3.9)

k1 = min{0 ≤ j ≤ k,D j
xF(0)|(X1) j , 0}, (3.10)

so that 2≤ k1, k1 ≤ k. Under the condition8

k ≤ k1 + k1 − 2, (3.11)

the first non-zero derivative of the mappingf in (3.7) at the origin is of
orderk and its value at the pointxǫX1 repeatedk times is

Dk f (0) · (x)k = Q1Dk
xF(0) · (x)k. (3.12)

The reader can easily check this assertion in the two frequently en-
counted particular casesk = k1 or k = k1, namely when

Q1D j
xF(0) = 0, 0 ≤ j ≤ k− 1,

or
D j

xF(0)|(X1) j = 0, 0 ≤ j ≤ k− 1.

113

8Observe that none of the integersk, k1 andk1 depends on the choice of the space
Y1.
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For a general result, see [31]. When (3.11) holds and the mapping
(3.12) verifies the condition (R − N.D.) (a property which is easily seen
to be independent of the choice of the spaceY1) the largest number of
curves in the local zero set off - hence ofG - is kn. Note here that

n = dimX1 − 1(= dimKerDxF(0)− 1). (3.13)

Of course, the curves are of classCm−k+1 at the origin and of class
Cm away from it.

Remark 3.1. In contrast to the casen = 0, it is quite possible that the
origin is anisolated solution. For instance, letX = Y = R3 and choose
F as

F(x1, x2, x3) =



x2
1 + x2

2 + x2
3

0
x3



while y0 is taken as

y0 =



0
1
0

 .

The only solution of the equationF(x1, x2, x3) = µy0 is µ = x1 =

x2 = x3 = 0. Nevertheless, (3.8) is fulfilled withk = 2 and (3.11) holds.
The mapping (3.13) associated with this example is

(x1, x2, x3)ǫR3 → x2
1 + x2

2 + x2
3ǫR

and verifies the condition (R − N.D.) trivially.114

Observe, however, that existence of at least one curve of solution is
generated by comment 1.3 of Chapter 2 whenk is odd.

The analysis we have made does not provide any information on
the location of the curves. Incidentally, such information was obtained
in the problem we considered in the previous section after wehad to
make a change of parameter to find the structure of its set of solutions.
Here, one has no such motivation indeed since a satisfactoryanswer has
already been given to this question but it is not without interest to see
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where a change of parameter could lead us: settingµ = ηp for some
integerp ≥ 2, we have to solve the problem

Ĝ(η, u) = G(ηp, x) = F(x) − ηpy0 = 0. (3.14)

The main difference with the case when the parameterµ is uncha-
nged is that (compare with (3.4) and (3.6))

Ŷ2 = RangeDĜ(0) = RangeDxF(0), (3.15)

˜̂X1 = KerDĜ(0) = R × KerDxF(0) = R × X1. (3.16)

Thus, the mappingDĜ(0) will be a Fredholm operator with index
1 if and only if the mappingDxF(0) is aFredholm operator with in-
dex0 (namely, RangeDxF(0) mustbe closed). Also, with the previous
definition ofn (= codimY2), one has

codimŶ2 = n+ 1(= n̂) ≥ 1, (3.17)

dim Ker˜̂X = n+ 2(= n̂+ 1) ≥ 2. (3.18)

We shall denote bŷY1 any complement of̂Y2 and callQ̂1 and Q̂2 115

the projection operators ontôY1 and Ŷ2 respectively. Performing the
Lyapunov-Schmidt reduction of the problem (3.14), we find a reduced
equation of the general form

ĝ(̃x̂) = Q̂1Ĝ(̃x̂+ ˜̂ϕ(̃x̂)).

Here, the variablẽ̂x of the spacẽ̂X1 = R×X1 is the pair (η, x)ǫR×X1

and the mapping̃̂ψ takes its values in some topological complement˜̂X2

of the spacẽX̂1. Choosing˜̂X2 = {0} × X2 whereX2 is any topological

complement ofX1, the mapping̃ψ̂ identifies itself with a mappinĝψ
with values inX2 so that

ĝ(η, x) = Q̂1F(x+ ϕ̂(η, x)) − ηpQ̂1y0

(note thatQ̂1y0
, 0 sincey0

< RangeDxF(0) by hypothesis). At this
stage, it is necessary for a better understanding to examinehow the map-
ping ϕ̂ is related to the variableµ through the changeµ = ηp. To this
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end, write each elementxǫX in the form x = x1 + x2 with x1ǫX1 and
x2ǫX2. The equationG(µ, x) = 0 becomes equivalent to the system

Q̂1G(µ, x1 + x2) = 0,

Q̂2G(µ, x1 + x2) = 0.

As Q̂2DxG(0) = Q̂2DxF(0)ǫ Isom (X2, Ŷ2), the second equation is
solved by the Implict function theorem and is equivalent to

x2 = ϕ̂(µ, x1),

whereϕ̂ is mapping of classCm around the origin inR × X1 with values116

in X2, uniquely determined by the condition ˆϕ(0) = 0. Referring to the
first equation, we find a reduced equation

f̃ (µ, x1) = Q̂1G(µ, x1 + ϕ̂(µ, x1))

for (µ, x1) around the origin inR × X1. Dropping the index “1” in the
variablex1ǫX1 and using (3.3), we deduce

f̂ (µ, x) = Q̂1G(µ, x+ ϕ̂(µ, x)), (3.19)

for (µ, x) around the origin ofR × X1. Note that this reductiondiffers
from the Lyapunov-Schmidt reduction as it was described in Chapter 1
because the spacêY2 is not the range of theglobal derivativeDG(0) but
only the range of thepartial derivativeDxG(0). In particular,Dϕ̂(0) , 0
sinceDµϕ̂(0) , 0 in general. However, the local zero set off̂ (3.19)
immediately provides the local zero set ofG and a simple verification
shows that the mappinĝψ andϕ̂ are linked through the relation

ψ̂(η, x) = ϕ̂(ηp, x).

It follows that

ĝ(η, x) = f̂ (ηp, x) = Q̂1F(x+ ϕ̂(ηp, x)) − ηpQ̂1y0.

Again, the problem now is to find the first non-zero derivativeof
ĝ at the origin. Of course, it will depend onp but since the condition
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(R − N.D.) must hold under general hypotheses, it is possible to show
that theonly available value ofp is p = k̂ where the integer 2≤ k̂ ≤ m117

is characterized by


Q̂1D j

xF(0)|(X1) j = 0, 0 ≤ j ≤ k̂− 1,

Q̂1Dk̂
xF(0)|(X1)k̂ , 0.

(3.20)

The process allowing the selection ofp should be described in a
general framework rather than on this particular example but even so,
it remains quite technical and will not be presented here (see [31] for
details).

The mapping ˆg corresponding to the choicep = k̂ is

ĝ(η, x) = f̂ (ηk̂, x) = Q̂1F(x+ ϕ̂(ηk̂, x)) − ηk̂Q̂1y0. (3.21)

Setting

k̂1 = min{0 ≤ j ≤ k̂, Q̂1D j
xF(0) , 0}, (3.22)

k̂1 = min{0 ≤ j ≤ k̂,D j
xF(0)|(X1) j , 0}, (3.23)

one has 2≤ k̂1, k̂1 ≤ k̂. Clearly, none of the integersk̂, k̂1 andk̂1 depends
on the choice of the spacêY1 and, under the condition

k̂ ≤ k̂1 + k̂1 − 2, (3.24)

the first non-zero derivative of the mapping ˆg (3.21) at the origin is of
orderk̂ with

Dk̂ĝ(0) · (η, x)k̂ = Q̂1Dk̂
xF(0) · (x)k̂ − k̂!ηk̂Q̂1y0ǫŶ1, (3.25)

for every (η, x)ǫR × X1. The reader can check there formulae in the
particular caseŝk1 = k̂ or k̂1 = k̂, namely 118

Q̂1D j
xF(0) = 0, 0 ≤ j ≤ k̂− 1,

or
D j

xF(0)|(x1) j = 0, 0 ≤ j ≤ k̂− 1.
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In the general case, see [31]. If the mapping (2.25) verifies the con-
dition (R − N.D.) andk̂ is odd, the local zero set of ˆg provides that off̂
(3.19) immediately. If̂k is eventhe local zero set of ˆg gives the elements
of the local zero set of̂f associated withµ ≥ 0. So as to get the elements
associated withµ ≤ 0, the changeµ = −ηk̂ is necessary too. When̂k is
even, we must then examineboth the mappings

ĝσ(η, x) = f̂ (σηk̂, x) = Q̂1Dk̂
xF(0) · (x)k̂ − k̂!σηk̂Q̂1y0ǫŶ1, (3.26)σ

whereσ = ±1 and we have

Dk̂gσ(0) · (η, x)k̂ = Q̂1Dk̂
xF(0) · (x)k̂ − k̂!σηk̂Q̂1y0, ((3.27)σ)

for (η, x)ǫR × X1.
Assume first that̂k is odd and the mapping (3.25) verifies the con-

dition (R − N.D.). Arguing as in§1, we see that its zero set contains
no “vertical” line (i.e. no line contained in the hyperplane{0} × X1).
Therefore, ift → (η(t), x(t)) is one of the curves in the local zero set of
ĝ, one has

dη
dt

(0) , 0,

so that the curve is located on both sides of the hyperplane{0} × X1 in119

R × X1.

2

2

1

1

Figure 3.1: Local zero set of ˆg (k̂ odd).

As k̂ is odd and the mappingn→ ηk̂ is a homeomorphism ofR, the
corresponding curve (µ(t), x(t)) with µ(t) = ηk̂(t) in the local zero set of



3.3. Application to a Problem...... 93

f̂ is also located on both sides of the hyperplane{0} × X1 in R × X1. Of
course,

d
dt

(µ(t), x(t))|t=0 = (0,
dx
dt

(0)).

But dx
dt (0) , 0, because the non-zero vector,

(
dη
dt (0), dx

dt (0)
)

is in the

zero set of the mapping (3.25), which does not contain the line (η, 0)9

As a result, each curve (µ(t), x(t)) in the local zero set of̂f is tangent to
the hyperplane{0} × X1 at the origin. Replacing the hyperplane{0} ×X1

in R × X1 by the hyperplane{0} × X in R × X, these statements remain120

readily valid as concerns the local zero set of the mappingG.

2

2
1

1

Figure 3.2: Local zero set of̂f (k̂ odd).

Assume next that̂k is evenand the both mappings ((3.26)σ) verify
the condition (R − N.D.). As before, ift → (η(t), x(t)) is one of the
curves in the local zero set of ˆg1 or ĝ−1, one has

dη
dt

(0) , 0,
dx
dt

(0) , 0.

In particular, the corresponding curve (µ(t), x(t)) with µ(t) = σηk̂(t)
in the local zero set of̂f is tangent to the hyperplane{0} × X1 at the
origin. But, asσηk̂(t) doesnot change sign fort varying around 0, this
curve islocated on one sideof the hyperplane{0}×X1 in R×X1. Again,
replacing the hyperplane{0} ×X1 in R×X1 by the hyperplane{0} ×X in
R × X, these statements remain readily valid as concerns the local zero 121

9See Proposition 3.1 later
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set of the mappingG.

Figure 3.3: Local zero set of̂f (k̂ even)

We are now going to relate the assumptions we make for solvingthe
problem after changing the parameterµ into ηk̂ or σηk̂ to the assump-
tions we made earlier to solve it without changingµ. First, observe that
the integerk̂ characterized by (3.18). Indeed,k̂ is independent of the
choice of the spacêY1 and from the definitions, it is immediate thatŶ1

can be chosen so that
Ŷ1 ⊃ Y1 (3.28)

whereY1 is any space chosen for definingk. By the same arguments,
note that122

k̂1 ≤ k1, k̂
1 ≤ k1, (3.29)

(cf. (3.9)-(3.10) and (3.22)-(3.23)). But we shall see thatthe integers
k and k̂ must coincidefor the mappings (3.25) or (3.27)σ to verify the
condition (R − N.D.) whenn ≥ 1. This is proved in

Proposition 3.1. Assumêk is odd (resp. even). Then, the mapping
(3.25) (resp. (3.27)1 and (3.27)−1) erifies the condition(R − N.D.) is
and only if

Q̂1Dk̂
xF(0) · (x)k̂

, 0, (3.30)

for every xǫX1 − {0} and the mapping

xǫX1→ Q1Dk̂
xF(0) · (x)k̂ǫY1, (3.31)
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verifies the condition(R − N.D.). In particular, when n≥ 1, one must
havek̂ = k. When n= 0, the condition (3.30) holds by the definition of
k̂, k is not defined and Y1 = {0} so that the mapping (3.31) verifies the
condition(R − N.D.) trivially.

Proof. We prove the equivalence whenk̂ is odd. Whenk̂ is even, the
proof is identical and left to the reader.

The condition (3.30) is necessary. Indeed, ifQ̂1Dk̂
xF(0) · (x)k̂ = 0

for somexǫX1 − {0}, the line{0} × Rx is in the zero set of the mapping
(3.25) whose derivaitve at (0, x)ǫR × X1 is

(η′, x′)ǫR × X1→ k̂Q̂1Dk̂
xF(0) · ((x)k̂−1, x′)ǫŶ1.

Its null-space contains the two-dimensional subspaceR(1, 0)⊕({0}× 123

Rx) and hence its range is of dimension≤ n̂ − 1 so that the condition
(R − N.D.) fails.

Now, we prove that the mapping (3.31) verifies the condition (R −
N.D.). As our assumptions are independent of the spaceŶ1, we can
suppose that

Ŷ1 = Ry0 ⊕ Y1. (3.32)

If so, Q̂1y0 = y0,Q1Q̂1 = Q1 and the operatorQ̂1 − Q1 is the
projection onto the spaceRy0 associated with the decompositionY =
Ry0 ⊕ (Y1 ⊕ RangeDxF(0)). Then, the mapping (3.25) becomes

(η, x)ǫR × X1→ k̂!ηk̂y0 + Q̂1Dk̂
xF(0) · (x)k̂ǫŶ1.

Let now x be a non-zero element of the zero set of the mapping
(3.31) so thatQ̂1Dk̂

xF(0) · (x)k̂ = (Q̂1 − Q1)Dk̂
xF(0) · (x)k̂, and, from the

above, the right hand side is collinear withy0. Therefore

Q̂1Dk̂
xF(0) · (x)k̂ = λy0,

for some real numberλ. As k̂ is odd, there isηǫR such thatk̂!ηk̂ =

−λ and the pair (η, x)ǫR × X1 is in the zero set of the mapping (3.25).
Let yǫY1 be given. In particular,yǫŶ1 (cf. 3.32) and there is a pair
(η′, x′)ǫR × X1 such that

k̂(k̂!)ηk̂−1η′y0 + k̂Q̂1Dk̂
xF(0) · ((x)k̂−1, x′) = y.
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Taking the projection ontoY1, we find

k̂Q1Dk̂
xF(0) • ((x)k̂−1, x′) = y,

which proves our assertion.124

Conversely, let (η, x)ǫR×X1 be a non-zero element of the zero set of
the mapping (3.25). Observe thatη , 0 from (3.30) and it is obvious that
x , 0. Taking the projection ontoY1, we find thatx is in the zero set of
the mapping (3.31). Let ˆyǫŶ1 be given and sety = Q1ŷ. By hypothesis,
there existsx′ǫX1 such that̂kQ1Dk̂

xF(0) · ((x)k̂−1, x′) = y. As (Q̂1 − Q1)
is the projection onto the spaceRy0 and by definition ofy, we find

k̂Q̂1Dk̂
xF(0) · ((x)k̂−1, x′) = ŷ+ λy0,

for some real numberλ. Setting

η′ = −λ/k̂(k̂!)ηk̂−1,

it is clear that

k̂(k̂!)k̂−1η′y0 + k̂Q̂1Dk̂
xF(0) · ((x)k̂−1, x′) = ŷ,

so that the mapping (3.25) verifies the condition (R − N.D.).
The end of our assertion is obvious. Ifn ≥ 1, we already know that

k̂ ≤ k and, if k̂ < k, one has

Q1Dk̂
xF(0)|(X1)k̂ = 0,

by definition ofk, which contradicts the fact that the mapping (3.31)
verifies the condition (R − N.D.). Whenn = 0, the spacêY1 is one-
dimensional (i.e. ˆn = 1) and the condition (3.30) is then automatically
satisfied by definition of̂k. �125

To sum up, the local zero set of the mappingG (3.3) can be found
after changing the parameterµ into ηk̂ under the conditions

a) DxF(0) is a Fredholm operator with index 0,

b) k̂ ≤ k̂1 + k̂1 − 2,
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c) Q̂1Dk̂
xF(0) · (x)k̂

, 0 for everyxǫX1 − {0},

d) the mapping
xǫX1 → Q1Dk̂

xF(0) · (x)k̂ǫY1,

verifies the condition (R − N.D.).

In any case, these assumptions arestrongerthan those made when
the local zero set ofG is determined without chaging the parameterµ

(see in particular (3.29) and recall thatk̂ must equalk whenn ≥ 1) and
the conclusions arenot as precise: The number of curves is found to be
≤ k̂n̂ = k̂n+1. Whenn ≥ 1, this upper bound is nothing butkn+1 (but we
know that it is actuallykn) and k̂ whenn = 0 (but we know that there
is exactly one curve). The regularity we obtain is of classCm−k̂+1 at
the origin and of classCm away from it, which agress with the previous
result if n ≥ 1 (sincek̂ = k) but is not as good whenn = 0 (the curve is
actually of classCm at the origin). However, the additional information
which may be of interest is thelocationof the curvesin the spaceR×X.
In particular, whenn = 0, the reader can immediately deduce, from the126

appropriate discussion given before, that the origin is a“turning point”
when k̂ is evenand a“hysteresis point”when k̂ is odd. Whenn ≥ 1,
bifurcation may occur but the origin can be an isolated solutoion as well
(see the example given in Remark 3.1).





Chapter 4

An Algorithm for the
Computation of the Branches

IN THIS CHAPTER, we describe an algorithm for finding the local zero 127

set of a mappingf verifying the assumptions of Chapter 2. Whenf is
explicitly known, we obtain an iterative scheme with optimal rate of con-
vergence. However, in the applications to one paramenter problems in
Banach spaces (such as those described in Chapter 3 for instance) f
is the reduced mapping which is knownonly theoretically, because the
mappingϕ̃ coming from the Lyapunov-Schmidt reduction (cf. Chap-
ter 1, §2) involved in the definition off is found through theimplict
function theorem.

What is explicitly available in this case is only a sequence (fℓ) of
mappings tending tof in some appropriate way and the algorithm must
be modified accordingly. Again, optimal rate of convergencecan be
established but the proof is more delicate. For the sake of brevity, we
shall only outline the technical differences which occur. The exposition
follows Rabier-E1-Hajji [33]. Full details can be found in Appendix 2.
This chapter is completed by an explicit description of the algorithm in
the case of problems of bifurcation from the trivial branch.A compar-
ison with the classical“Lyapunov-Schmidt method”is given as a con-
clusion.

99
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4.1 A Short Review of the Method of Chapter II.

In Chapter 2, we considered the problem of finding the local zero set128

of a mappingf of classCm,m ≥ 1, from Rn+1 into Rn (recall that it
is not restrictive to assume thatf is defined everywhere) satisfying the
following condition: There is an integer 1≤ k ≤ msuch that

D j f (0) = 0 0≤ j ≤ k − 1,

and the mapping

ξ̃ǫRn+1 → q(̃ξ) = Dk f (0) · (̃ξ)kǫRn,

verifies the condition (R − N.D.). Under this assumption, the set

{̃ξǫSn; q(̃ξ) = 0}

is finite and consists of the 2ν elements̃ξ j
0, 1 ≤ j ≤ 2ν. Of course, as

the origin is an isolated solutioon of the equationf (x̃) = 0 whenν = 0,
it is not restrictive to limit ourselves to the caseν ≥ 1 for defining the
algorithm. This assumption will be implicitly made through-out this
chapter.

Setting, for (t, ξ̃)ǫR × Rn+1

g(t, ξ̃) =
k!

tk
f (t̃ξ) if t , 0,

g(0, ξ̃) = q(̃ξ),

it was observed forr > 0 that finding the solutioñx of the equation
f (x̃) = 0 with 0 < ||x̃|| = t < r was equivalent to finding̃x of the form129

x̃ = t̃ξ where

0 < |t| < r, ξ̃ǫSn,

g(t, ξ̃) = 0.

Next, an essential step consisted in proving forr > 0 small enough
that the above equation was equivalent to solving the problem

0 < |t| < r, ξ̃ǫ
2ν⋃

j=1

σ j ,
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g(t, ξ̃) = 0,

where, for each 1≤ j ≤ 2ν, σ j denotes anarbitrary neighbourhood of
ξ̃

j
0 in Sn. Taking theσ j ’s disjoint, the problem reduces to the study of

2ν independent equations

0 < |t| < r, ξ̃ǫσ j ,

g(t, ξ̃) = 0,

for 1 ≤ j ≤ 2ν where actually,ν of them (properly selected) are suf-
ficient, to provide all the otherν solutions because of symmetry prop-
erties. From a practical point of view, it remains to solve the equation
g(t, ξ̃) = 0 for |t| small enough and̃ξǫSn around one of the points̃ξ j

0.

4.2 Equivalence of Each Equation with a Fixed
Point Problem.

Since the specific value of the indexj is not important, we shall denote
any one of the points̃ξ j

0 by ξ̃0. Givenδ > 0, we call△ the closed ball 130

in Rn+1 with centreξ̃0 and radiusδ/2. Thediameterδ of the ball△ is
always suppposed to satisfy the condition

0 < δ < 1. (2.1)

Finally, we denote byC the spherical cap centered atξ̃0 (playing the
role of the negihbourhoodσ j) defined by

C = △ ∩ Sn (2.2)
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Figure 2.1:

We now establish two simple but crucial geometric properties. As
in Chapter 2,|| · || denotes the euclidean norm.

Lemma 2.1. (i) For everyξ̃ǫ△, everỹζǫC and everỹτǫT
ζ̃
Sn, one has

|̃ξ − τ̃| ≥ 1− δ > 0.

(ii) For every ξ̃ǫC and everỹζǫC, one has131

R
n+1 = Rξ̃ ⊕ T

ζ̃
Sn.

Proof. Recall first, for̃ζǫSn, that

T
ζ̃
Sn = {̃ζ}⊥.

To prove (i), we begin by writing

||̃ξ − τ̃|| ≥ ||̃ζ − τ̃|| − ||̃ξ − ζ̃ ||

Now, sincẽζ andτ̃ are orthogonal and̃ζǫC ⊂ Sn, we have

||̃ζ − τ̃||2 = ||̃ζ ||2 + ||̃τ||2 = 1+ ||̃τ||2.

Thus, asδ < 1

||̃ξ − τ̃|| > 1− ||̃ξ − ζ̃|| ≥ 1− δ > 0.
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Next, to prove (ii), it suffices to show thatRξ̃ ∩ T
ζ̃
Sn = {0}, namely

that ξ̃ < T
ζ̃
Sn = {̃ζ}⊥. But a simple calulation shows thatξ̃ǫC and ζ̃ǫC

are never orthogonal where

δ < 2

√
2−
√

2

and hence whenδ < 1.
Since the mappingq satisfies the condition (R − N.D.) andξ̃0 is one

of the points̃ξ j
0, we know that

Dq(̃ξ0)|T
ξ̃0

SnǫIsom(T
ξ̃0

Sn,R
n).

�

Lemma 2.2. After shrinkingδ > 0 if necessary, one has

Dq(̃ξ)|T
ξ̃
SnǫIsom(T

ξ̃
Sn,R

n),

for everỹξǫC. Besides, setting 132

A(̃ξ) = (Dq(̃ξ)|T
ξ̃
Sn)
−1ǫL (Rn,T

ξ̃Sn
) ⊂ L (Rn,Rn+1), (2.3)

one has
AǫC0(C,L (Rn,Rn+1)).

Proof. Let B1 be the open unit ball inRn

B1 = {̃ξ′ǫRn; ||̃ξ′|| < 1}.

By identifyingRn+1 with the productRn × Rξ̃0, the spherical capC
is homeomorphic to the closed ballBd/2 ⊂ Rn centred at the origin with
diameter

d = δ

(
1−

δ2

16

) 1
2

< 1.

This homeomorophism is induced by aC∞ -mapping

ξ̃′ǫB1→ θ(̃ξ′) = (̃ξ′, (1− ||̃ξ′||2)
1
2 ξ̃0)ǫRn+1
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It is immediately checked that

Dθ(̃ξ′)ǫIsom(Rn,T
θ(̃ξ′)Sn) ⊂ L (Rn,Rn+1), (2.4)

for everyξ̃′ǫB1.
The mappingq • θ is of classC∞ from B1 into Rn and by differenti-

ating
D(q • θ)(̃ξ′) = Dq(θ(̃ξ′)) · Dθ(̃ξ′).

Since the mappingDθ(̃ξ′) takes its values in the spaceT
θ(̃ξ′)Sn, this133

can be rewritten as

D(q • θ)(̃ξ′) = Dq(θ(̃ξ′))|Tθ (̃ξ′)Sn
· Dθ(̃ξ′). (2.5)

In particular, for̃ξ′ = 0

D(q • θ)(0) = Dq(̃ξ0)|T
ξ̃0

Sn · Dθ(0).

As Dq(̃ξ0)|T
ξ̃0

SnǫIsom(T
ξ̃0

Sn,R
n) and Dθ(0)ǫIsom(Rn,T

ξ̃0
Sn), we

deduce
D(q • θ)(0)ǫIsom(R)n.

By continuity, we may assume thatd > 0 (or, equivalently,δ > 0)
has been chosen small enough forD(q• θ)(̃ξ′) to be an isomorphism for
everyξ̃′ǫBd/2. Together with (2.4), relation (2.5) shows that

Dq(θ(̃ξ′))|T
θ(̃ξ′)Sn

= D(q • θ)(̃ξ′) · [Dθ(̃ξ′)]−1ǫIsom(T
θ(̃ξ′)Sn,R

n). (2.6)

Hence
Dq(̃ξ)|T

ξ̃
SnǫIsom(T

ξ̃
Sn,R

n),

for every ξ̃ǫC sinceθ is a bijection fromBd/2 to C. Now, taking the
inverse in (2.6) and according to the definition ofA in (2.3), we get

A(θ(̃ξ′)) = [Dq(θ(̃ξ′))|T
θ(̃ξ′)Sn]

−1 = Dθ(̃ξ′) · (D(q • θ)(̃ξ′))−1.

The continuity of the mappingsDθ (with values inL (Rn,Rn+1)) and
D(q • θ) (with values in Isom (Rn)) and the continuity of the mapping134

L→ L−1 in teh set Isom (Rn) shows that the mappingA•θ is continuous
on the ballBd/2. The continuity ofA follows sinceθ is a homeomorphisn
betweenBd/2 andC. �
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Remark 2.1.With an obvious modification of the above arguments, we
see that the mappingA • θ is actuallyC∞ around the origin ofRn. As
θ−1 is a chart of the sphereSn centered at the point̃ξ0, this means that
A is of classC∞ on a neighbourhood of̃ξ0 in the sphereSn. More
generally, replacing the mappingq(̃ξ) by q(t, ξ̃) a similar proof shows
that the mapping

(t, ξ̃)→ [D
ξ̃
g(t, ξ̃)|T

ξ̃
Sn]
−1

is of classCℓ in a neighbourhood of (0, ξ̃0) in R×Sn wheneverD
ξ̃
g is of

classCℓ. This result was used in the proof of Theorem 4.1 of Chapter 2
(with ℓ = m− k).

Let us now fix 0< δ < 1 such that Lemma 2.2 holds. Given a triple
(t, ζ̃0, ξ̃)ǫR ×C × △, the mapping

M(t, ζ̃0, ξ̃) = ξ̃ − A(̃ζ0) · g(t, ξ̃)ǫRn+1, (2.7)

is well-defined ane we have (recalling thatg(0, ξ̃0) = q(̃ξ0) = 0)

M(0, ζ̃0, ξ̃0) = ξ̃0. (2.8)

Taking ζ̃ = ζ̃0 andτ̃ = A(̃ζ0) · g(t, ξ) in Lemma 2.1(i), we get

||M(t, ζ̃0, ξ̃)|| ≥ 1− δ > 0.

Thus, the mapping 135

N(t, ζ̃0, ξ̃) =
M(t, ζ̃0, ξ̃)

||M(t, ζ̃0, ξ̃)||
ǫSn, (2.9)

is well-defined inR ×C × △ and

N(0, ζ̃0, ξ̃0) = ξ̃0. (2.10)

Theorem 2.1. Let (t, ζ̃0)ǫR ×C be given.

(i) Let ξ̃ǫC be such that g(t, ξ̃) = 0. Thenξ̃ is a fixed point of the
mapping N(t, ζ̃0, ·)
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(ii) Conversely, let̃ξǫ△ be a fixed point of the mapping N(t, ζ̃0, ·).
Then,̃ξǫC and g(t, ξ̃) = 0.

Proof. Part (i) is obvious since, for̃ξǫC such thatg(t, ξ̃) = 0 one has
N(t, ζ̃0, ξ̃) = ξ̃/||̃ξ|| = ξ̃. Conversely, the mappingN(t, ζ̃0, ·) takes its
values inSn so that any fixed point̃ξǫ△ of the mappingN(t, ζ̃0, ·) must
belong to△ ∩ Sn = C. Next, the relationN(t, ζ̃0, ξ̃) = ξ̃ also becomes

ξ̃(1− ||̃ξ − A(̃ζ0) · g(t, ξ̃)||) = A(̃ξ0) · g(t, ξ̃).

But the left hand side is collinear with̃ξ, while the right hand side
belongs to the spaceT

ζ̃0
Sn. By lemma 2.1(ii), both sides must vanish.

In prticular, A(ζ̃0) · g(t, ξ̃) = 0 and henceg(t, ξ̃) = 0 since the linear
operatorA(̃ζ0) is one-to-one. �

Remark 2.2.As announced, the problem reduces to finding the fixed
points of a given mapping. We emphasize that it is essential,in practice,
that the vector̃ζ0 be allowed to be arbitrary inC. Indeed, the “natural”136

choicẽζ0 = ξ̃0 is not realisticin the applications beacusẽξ0 is not known
exactly in general.

4.3 Convergence of the Successive Approximation
Method.

From Theorem 2.1, a constructive method for finding the solutions of
the equationg(t, ξ̃) = 0 in R × C consists in applying the successive
approximation method to the mapping

ξ̃ǫ△ → N(t, ζ̃0, ξ̃)ǫC, (3.1)

whereζ̃0ǫC is arbitrarily fixed. In what follows, we prove after shrink-
ing δ if necessary that there isr > 0 such that the mapping (3.1) is a
contractionof △ into itself for every pair (t, ζ̃)ǫ(−r, r) ×C.

As a preliminary step, let us observe, by the continuity of the map-
ping A (Lemma 2.2) and by the continuity ofg andD

ξ̃
g onR×Rn+1 (cf.

Chapter 2, Lemma 3.3), that the mappingM is continuous onR×C×△
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and its partial derivativeD
ξ̃
M exists and is continuous onR × C × △.

More precisely, for everỹhǫRn+1,

D
ξ̃
M(t, ζ̃0, ξ̃) · h̃ = h̃− A(̃ζ0) · D

ξ̃
g(t, ξ̃) · h̃.

In particular, with (t, ζ̃0, ξ̃) = (0, ξ̃0, ξ̃0) we find:

D
ξ̃
M(t, ξ̃0, ξ̃0) · h̃ = h̃− A(̃ξ0) · D

ξ̃
g(0, ξ̃0) · h̃. (3.2)

But D
ξ̃
g(0, ξ̃0) = Dg(̃ξ0) and by definition ofA, it follows that

D
ξ̃
M(0, ξ̃0, ξ̃0)|T

ξ̃0
Sn = 0.

137

Next, taking̃h = ξ̃0 in (3.2) we find

D
ξ̃
M(0, ξ̃0; ξ̃0) · ξ̃0 = ξ̃0 − A(̃ξ0) · D

ξ̃
q(0, ξ̃0) · ξ̃0 = ξ̃0,

becauseD
ξ̃
q(0, ξ̃0) = kq(̃ξ0) = 0. The spaceRn+1 being the orthogonal

direct sum of the spacesRξ̃0 andT
ξ̃0

Sn, these relations mean that the

partial dericativeD
ξ̃
M(0, ξ̃0, ξ̃0) is nothing but theorthogonal projection

onto the spaceRξ̃0, namely

D
ξ̃
M(0, ξ̃0, ξ̃0) · h̃ = (̃ξ0|̃h)̃ξ0,

for everỹhǫRn+1 where (·|·) denotes the canonical inner product ofRn+1.
As a result, the mappingN is continuous onR×C×△ and its partial

derivativeD
ξ̃
N exists and is continuous onR ×C × △. We now proceed

to show that
D
ξ̃
N(0, ξ̃0, ξ̃0) = 0.

An elementary computation provides

Dξ̃N(t, ζ̃0, ξ̃) · h̃ =
Dξ̃M(t, ζ̃0, ξ̃) · h̃

||M(t, ζ̃0, ξ̃)||
−

(Dξ̃M(t, ζ̃0, ξ̃) · h̃|M(t, ζ̃0, ξ̃))

||M(t, ζ̃0, ξ̃)||3
M(t, ζ̃0, ξ̃).

With (t, ζ̃0, ξ̃) = (0, ξ̃0, ξ̃0) and sinceM(0, ξ̃0, ξ̃0) = ξ̃0 and D
ξ̃
M(0,

ξ̃0, ξ̃0) · h̃ = (̃ξ0|̃h), we get

D
ξ̃
N(t, ζ̃0, ξ̃) · h̃ = (̃ξ0|̃h)̃ξ0 − ((̃ξ0|̃h)̃ξ0|̃ξ0) = 0.
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Theorem 3.1. Let 0 < γ < 1 be a given constant. After shrinking138

δ > 0 if necessary, there exists r> 0 such that the mapping N(t, ζ̃, ·) is
Lipschitz-continuous with constantγ from the ball△ into itself for every
pair (t, ζ̃)ǫ[−r, r] ×C.

Proof. From the relationD
ξ̃
N(0, ξ̃0, ξ̃0) = 0 and the continuity ofD

ξ̃
N

in R × C × △, we deduce that there is a neighbourhood of (0, ξ̃0, ξ̃0)
in R × Sn × Rn+1 in which ||D

ξ̃
N(t, ζ̃0, ξ̃)|| is bounded byγ. Clearly,

after shrinkingδ (hence△ andC simultaneously), the neighbourhood
in question can be taken as the product [−r, r] × C × △ for r > 0 small
enough. Hence, by Taylor’s formula (since△ is convex)

||N(t, ζ̃0, ξ̃) − N(t, ζ̃0, ζ̃)|| < γ||̃ξ − ζ̃ ||

for every (t, ζ̃0)ǫ[−r, r] × C and everỹξ, ζ̃ǫ△. In other words, for every
(t, ζ̃0)ǫ[−r, r] × C, the mappingN(t, ζ̃, ·) is Lipschitz-continuous with
constantγ in the ball△. The property is obviously not affected byarbi-
trarily shrinking r > 0. Let us thenfix δ as above, which determines the
ball △ and the spherical capC. We shall complete the proof by show-
ing, for r > 0 small enough, that the mappingN(t, ξ̃0, ·) maps the ball△
into itself for every point (t, ζ̃0)ǫ[−r, r] × C. Indeed, for̃ξǫ△ and since
N(0, ζ̃0, ξ̃0) = ξ̃0 for everyζ̃0ǫC (cf. (2.10)), one has

||N(t, ζ̃0, ξ̃) − ξ̃0|| = ||N(t, ζ̃0, ξ̃) − N(0, ζ̃0, ξ̃0)|| ≤
≤ ||N(t, ζ̃0, ξ̃) − N(t, ζ̃0, ξ̃0)|| + ||N(t, ζ̃0, ξ̃0) − N(0, ζ̃0, ξ̃0)||.

The first term is bounded byγ||̃ξ − ξ̃0||, thus byγδ/2. Finally, due139

to theuniform continuityof the functionN(·, ·, ξ̃0) on compact sets, we
deduce thatr > 0 can be chosen so that the second term is bounded by
(1− γ)δ/2 and our assertion follows. �

4.4 Description of the Algorithm.

The algorithm of computation of the solutions of the equation g(t, ξ̃) =
0 in [−r, r] × C is immediate from Theorem 3.1 : fixingtǫ[−r, r] and
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choosing an arbitrary elementξ̃0ǫC, we define the sequence (ζ̃ℓ) through
the formula

ζ̃ℓ+1 = N(t, ζ̃0, ζ̃ℓ), ℓ ≥ 0. (4.1)

This sequence tends to the unique fixed pointξ̃ǫ△ of the mapping
N(t, ζ̃0, ·) which actually belongs toC and is a solution of the equation
g(t, ξ̃) = 0 (Theorem 2.1).

For t , 0, the sequence

x̃ℓ = t̃ζℓ

tends tõx = t̃ξ, one among the 2ν solutions with euclidean norm|t| of
the equationf (x̃) = 0. Of course, fort = 0, the sequence (ζ̃ℓ) tends to
ξ̃0, unique solution inC of the equationg(0, ξ̃)(= q(̃ξ)) = 0.

Remark 4.1. Incidentally, observe that the above algorithm allows to
find arbitrarily close approximations of̃ξ0 when only a “rough” estimate
(i. e. ζ̃0) of it is known.

Since our algorithm uses nothing but the contraction mapping prin- 140

ciple, the rate of convergence isgeometrical. More precisely

||̃ζℓ − ξ̃|| < γℓ||̃ζ0 − ξ̃||,

for everyℓ ≥ 0, where 0< γ < 1 is the constant involved in Theorem
3.1. Thus as the points̃ζ0 andξ̃ belong to the ball△, one has||̃ζ0 − ξ̃|| <
δ < 1 and hence

||̃ζℓ − ξ̃|| ≤ γℓδ ≤ γℓ,

for ℓ > 0. Multiplying these inequalities by|t|, we get

||x̃ℓ − x̃|| ≤ γℓ||x̃0 − x̃|| ≤ |t|γℓ, (4.2)

for ℓ ≥ 0.
Let us now make the scheme (4.1) explicit. As

g(t, ξ̃) =
k!

tk
f (t̃ξ) for t , 0,
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and by the definition of the mappingN in (2.9), we get


ζ̃ℓ+1 =

ζ̃ℓ

||̃ζℓ ||
,

ζ̃ℓ = ζ̃ℓ − k!
tk

A(̃ζ0) · f (t̃ζℓ), ℓ ≥ 0.
(4.3)

A scheme for the computation of the sequence (x̃ℓ) can be immedi-
ately derived. Sincẽx0 = t̃ζ, the iteratẽxℓ+1 = t̃ζℓ+1 is defined by


x̃ℓ+1 = |t| x̃ℓ

||̃xℓ || ,

x̃ℓ = x̃ℓ − k!
tk−1 A(̃ζ0) · f (x̃ℓ), ℓ ≥ 0.

(4.4)

Remark 4.2.Whent = 0, the sequence (ζ̃ℓ) is defined by141


ζ̃ℓ+1 =

ζ̃ℓ

||̃ζℓ ||
,

ζ̃ℓ = ζ̃ℓ − A(̃ζ0) · q(̃ζℓ), ℓ ≥ 0.

Of course, the sequence (x̃ℓ) is the constant onẽxℓ = 0.

Remark 4.3.(Practical method): Note that the computation of the term

A(̃ζ0) · f (x̃ℓ),

does not require the explicit form of the linear operatorA(̃ζ0). Indeed,
by means of classical algorithm for solving linear systems,it is obtained
as the solutioñτǫT

ζ̃0
Sn = {̃ζ0}⊥ of the equation

Dq(̃ζ0) · τ̃ = f (x̃ℓ). (4.5)

From the fact that the components of the mappingq are polynomi-
als and hence are completely determined by a finite number of coeffi-
cients (depending on the derivativeDk f (0)), the linear mappingDq(̃ζ0)
is completely determined bỹζ0 and these coefficients. The tangent space
T
ζ̃
Sn = {̃ζ0}⊥ also is completely determined bỹζ0, which makes it pos-

sible to solve the equation (4.5) in practice.
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Remark 4.4.The casek = 1 is the case when the Implicit function theo-
rem applies. The mappingq is the linear mappingD f (0) and the vector
ξ̃0 is a normalized vector of the one-dimensional space KerD f (0). The142

sequence (̃xℓ) is defined by the simples relation (after choosingx̃0 = t̃ζ0)


x̃ℓ+1 = |t| x̃ℓ
||̃xℓ || ,

x̃ℓ = x̃ℓ − (D f (0)|{̃ζ0}⊥)
−1 f (x̃ℓ), ℓ ≥ 0,

whereζ̃0ǫSn is “close enough” tõξ0. This sequence tends to one of the
(two) solutions with eucliden norm|t| of the equationf (x̃) = 0.

4.5 A Generalization to the Case When the Map-
ping f is not Explicitly Known.

For the reasons we explained at the beginning of this chapter, it is im-
portant to extend the algorithm described in§4 to the case when the
mapping f is not explicitly known but a sequence (fℓ) tending to f is
available.

More precisely, the mappingf verifying the same assumptions as
before, we shall assume that there is an open neighbourhoodO of the
origin in Rn+1 such that f is the limit of (fℓ) in the space Ck(O ,Rn)
(equipped with its usual Banach space structure). Besides,we shall as-
sume

D j fℓ(0) = 0, 0 ≤ j ≤ k− 1, (5.1)

Dk fℓ(0) = Dk f (0), (5.2)

so thatthe first k derivatives of fand fℓ at the origincoincide for every
ℓ ≥ 0.

Remark 5.1.The conditions (5.1)-(5.2) may seem very restrictive.143

However, they are quite adapted to the applications to one-parameter
problems in Banch spaces, as we shall see later on.

If this is the case, the mapping

ξ̃ǫRn+1 → q(̃ξ) = Dk f (0) · (̃ξ)kǫRn, (5.3)
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can as well be defined through any of the mappingsfℓ, namely

q(̃ξ) = Dk fℓ(0)(̃ξ)k, (5.4)

for everyℓ ≥ 0. As usual, we shall assume that it verifies the condition
(R − N.D.).

In analogy with§§1 and 2. let us define, for everyℓ ≥ 0,

gℓ(t, ξ̃) =
k!

tk
fℓ(t̃ξ) for t , 0, (5.5)

gℓ(0, ξ̃) = q(̃ξ), (5.6)

Mℓ(t, ζ̃0, ξ̃) = ξ̃ − A(̃ζ0) · gℓ(t, ξ̃), (5.7)

Nℓ(t, ζ̃0, ξ̃) =
Mℓ(t, ζ̃0, ξ̃)

||Mℓ(t, ζ̃0, ξ̃)||
. (5.8)

Of course, the key point is that auniform choiceof 0 < δ < 1 can be
made for defining the mappingMℓ andNℓ in (5.7)-(5.8) because the way
of shrinkingδ in §2 before Theorem 2.1 depends only upongeometric
properties of the sphere Sn and uponthe mapping q(Lemma 2.2) which
is equivalently defined throughf or any of thefℓ’s.

The natural question we shall answer is to know whether 0< δ < 1144

andr > 0 can be found so that the sequence


ζ̃0ǫC,

ζ̃ℓ+1 = Nℓ(t, ζ̃0, ζ̃ℓ), ℓ ≥ 0,
(5.9)

is well defined and tends to a (unique) fixed point of the mapping N(t,
ζ̃0, ·). In such a case, the algorithm problem is solved through Theorem
2.1 and the review given in§1.

We shall only sketch the proof of the convergence of the scheme
(5.9), in which the main ideas are the same as before. The interested
reader can refer to Appendix 2 for a detailed exposition.

The first step consists in proving, for anyr > 0 andδ > 0 small
enough, the the sequence (gℓ) (respectivelyD

ξ̃
gℓ) tends tog (respec-

tively D
ξ̃
g) in the spaceC0([−r, r] × △,Rn)(resp.C0[−r,−r] × C × ∆,

Z (Rn+1,Rn)). This follows from the relationDk fℓ(0) = Dk f (0) for
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everyℓ ≥ 0 and the convergence of (fℓ) to f in the spaceCk(O ,Rn).
As a result and by the continuity ofA, the sequence (Mℓ) and (Nℓ) (re-
spectively (D

ξ̃
Mℓ) and (D

ξ̃
Nℓ)) tend toM andN (respectivelyD

ξ̃
M and

D
ξ̃
N) in the spaceC0([−r, r] × C × △,Rn+1) (respectivelyC0([−r, r] ×

C × △,L (Rn+1,Rn))).

Theorem 5.1. Let 0 < γ < 1 be a given constant. After shrinking
δ > 0 if necessary, there exists r> 0 such that the mapping Nℓ(t, ζ̃0, ·) is
Lipschitz-continuous with constantγ from the ball△ into itself for every
pair (t, ζ̃0)ǫ[−r, r] ×C and everyℓ ≥ 0.

SKETCH OF THE PROOF: Because the result needs to be uniform with145

respect to the indexℓ, the proof given in Theorem 3.1 cannot be re-
peated. Showing that||D

ξ̃
Nℓ|| is bounded byγ on a neighbourhood of

the point (0, ξ̃0, ξ̃0) in R ×C × △ by a continuity argument does not en-
sure that the neighbourhood in question is independent ofℓ. Instead, we
establish an estimate of||D

ξ̃
Nℓ(t, ζ̃0, ξ̃)||. In Appendix 2, this estimate is

found to be1

||D
ξ̃
Nℓ(t, ζ̃0, ξ̃)|| ≤

3δ

(1− δ)3
+

2||D
ξ̃
gℓ(0, ξ̃0)||

(1− δ)
ω(δ)+

+ 2


||A(̃ξ0)|| + ω(δ)

(1− δ)


[

3

(1− δ)2
||gℓ(t, ξ̃)|| + ||Dξ̃

gℓ(t, ξ̃) − D
ξ̃
gℓ(0, ξ̃0)||

]
,

for every (t, ζ̃0, ξ̃)ǫ[−r, r] ×C × △ and everyℓ > 0, where

ω(δ) = sup
ζ̃0ǫC

||A(̃ζ0) − A(̃ξ0)||.

By the compactness ofC and the continuity ofA, ω(δ) is well - de-
fined and tends to 0 asδ tends to 0. Using the convergence results men-
tioned before, it is now possible to parallel the proof of Theorem 3.1 to
get the desired conclusion.

1Recall thatDξ̃gℓ(0, ξ̃0) = Dq(̃ξ0) for everyℓ ≥ 0 but this form is not quite appropri-
ate in the formula.
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From Theorem 5.1, the sequence

ζ̃ℓ+1 = Nℓ(t, ζ̃0, ζ̃ℓ), ℓ ≥ 0, (5.11)

is well-defined in the ball△ but it is less obvious that in§4 than it tends
to a fixed point of the mappingN(t, ζ̃0, ·) in △.

Note from the uniform convergence of the sequence (Nℓ) to N and146

Theorem 5.1 that the mappingN(t, ζ̃0, ·) is also Lipschitz-continuous
with constantγ so that it has auniquefixed pointξ̃ in △. The problem is
to prove that the sequence (5.11) tends toξ̃. As is will provide us with
useful information, we now establish this convergence result. Let ζ̃ ∈ △
be any cluster point of the sequence (ζ̃ℓ) (whose existence follows from
the compactness of△) and (̃ζℓi ) a subsequence with limit̃ζ. Using the
convergence ofNℓ to N, we shall prove that̃ξ = ζ̃ if we show that the
sequence (̃ζℓi ) and ζ̃ℓi+1 have the same limit. This will follow from the
relation

lim
ℓ→+∞

||̃ζℓ − ζ̃ℓ+1|| = 0. (5.12)

Once (5.12) is established, we immediately deduce that the sequence
(̃ζℓ) has̃ξ as aunique clusterpoint, whence the convergence of thewhole
sequence (̃ζℓ) to ξ̃ follows by a classical result, in topology, for compact
sets.

To prove (5.12), write

ζ̃ℓ+1 − ζ̃ℓ = Nℓ(t, ζ̃0, ζ̃ℓ) − Nℓ(t, ζ̃0, ζ̃ℓ−1) =

= Nℓ(t, ζ̃0, ζ̃ℓ) − Nℓ(t, ζ̃0, ζ̃ℓ−1)+

= +Nℓ(t, ζ̃0, ζ̃ℓ−1) − Nℓ(t, ζ̃0, ζ̃ℓ−1).

From Theorem 5.1, we find

||̃ζℓ+1 − ζ̃ℓ || < γ||̃ζℓ − ζ̃ℓ−1|| + ||Nℓ − Nℓ−1||∞,[−r,r ]×C×△. (5.13)

Due to the convergence of the sequence (Nℓ) to N, given anyǫ > 0,147

one has
||Nℓ − Nℓ−1||∞,[−r,r ]×C×△ < ǫ,

for ℓ large enough, sayℓ ≥ ℓ0 ≥ 1. From (5.13),

||̃ζℓ+1 − ζ̃ℓ|| ≤ γ||̃ζℓ − ζ̃ℓ−1|| + ǫ
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for ℓ ≥ ℓ0. Define the sequence (forℓ ≥ ℓ0)

aℓ+1 = γaℓ + ǫ

aℓ0 = ||̃ζℓ0 − ζ̃ℓ0−1||.

By an immediate induction argument, it can be seen that

||̃ζℓ − ζ̃ℓ−1|| ≤ aℓ

for every ℓ ≥ ℓ0. But the sequence (aℓ)ℓ≥ℓ0 tends to the real number
a = ǫ/(1− γ) and, forℓ ≥ ℓn large enough, sayℓ ≥ ℓ1, we have

aℓ ≤
2ǫ

1− γ
.

Therefore

||̃ζℓ − ζ̃ℓ−1|| ≤
2ǫ

1− γ
,

for ℓ ≥ ℓ1 and (5.12) follows, sinceǫ > 0 is arbitrarily small.

COMMENT 5.1. Setting
x̃ℓ = t̃ζℓ, (5.14)

the sequence (̃xℓ) tends tõx = t̃ξ, one of the 2ν solutions of the equation148

f (x̃) = 0 with norm |t|. Here, it is not possible to ascertain that the rate
of convergence of (̃xℓ) to x̃ is geometrical because it depends on therate
of convergence of the sequence(Nℓ) to N in the spaceC0([−r, r] × C ×
△,Rn+1), as it appears in (5.13).

However, if this convergence is geometrical too, it is immediate, by
(5.13)-(5.14), that there are constant 0< γ′ < 1 andK > 0 such that

||x̃ℓ − x̃|| ≤ K|t|(γ′)ℓ (5.15)

for every ℓ ≥ 0. The geometrical convergence of the sequence (Nℓ)
to N in the spaceC0([−r, r] × C × △,Rn+1) is ensured if, for instance,
the sequence (fℓ) tends tof geometrically in the spaceCk(O ,Rn). Un-
fortunately, this assumption isbeyond the best resultthat the natural
hypothesis ‘f ∈ Ck’ provides in the applications we have in mind, (if
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f ∈ Cm with m > k, the geometrical convergence inCk(O ,Rn) raises
no problem) namely, the geometrical rate of convergence of (fℓ) to f
in the space Ck−1(O ,Rn). If so, it can be shown (cf. Appendix 2) that
the rate of convergence of the sequence (x̃ℓ) to x̃ remains geometrical:
More precisely, there are constants 0< γ′ < 1 andK > 0 such that

||x̃ℓ−x̃|| ≤ K(γ′)ℓ (5.16)

for everyℓ ≥ 0 (note the difference with (5.15)).

Remark 5.2.Recall that the convergence of the sequence (fℓ) to f in149

the spaceCk(O ,Rn) is assumed throughout this chapter. In the result
quoted above, this assumption isnotdropped butno special rate of con-
evergenceis required in this space.

As in §4, a scheme for the computation ofx̃ in terms of the sequence
( fℓ) can be easily obtained from (5.11) and (5.14): After the choice of
x̃0 = t̃ζ0, the sequence


x̃ℓ+1 = |t|

x̄ℓ
||x̄||ℓ

,

x̃ℓ = x̃ℓ − k!
tk−1 A(̃ζ0) fℓ(x̃ℓ), ℓ ≥ 0.

(5.17)

4.6 Application to One-Parameter Problems.

The scheme (5.17) is especially suitable for the computation of the
branches of solution in one parameter problems as defined in general
in Cahpter 1. For the sake of clarity, we shall first describe amore ab-
stract situation: Let̃Z be as real Banach space with norm|| · ||, B(0, ρ)
the closed ball with radiusρ > 0 centered at the origin iñZ andΦ(=
Φ(x̃, z̃))ǫCk(O × B(0, ρ), Z̃), k ≥ 1 (note thatO × B(0, ρ) = O × B(0, ρ)

so thatCk(O × B(0, ρ), Z̃) = Ck(O × B(0, ρ), Z̃) but thisnot a normed
space wheñZ is infinite dimensional sinceB(0, ρ) is not compact) with

Φ(0) = 0,

Dz̃Φ(0) = 0.
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Given any constant 0< β < 1 and after shrinkingρ > 0 and the neigh-
bourhoodO if necessary, we may assume that150

|||Dz̃Φ(x̃, z̃)||| ≤ β,

for every (̃x, z̃)ǫO × B(0, ρ). Applying the mean value theorem, we see
that the mappingΦ(x̃, ·) is a contraction with constantβ from B(0, ρ)
into Z̃. In addition, after possibly shrinking the neighbourhhodO once
again, the mappingΦ(x̃, ·) maps tha ballB(0, ρ) into itself for very x̃ǫO .
Indeed, given (̃x, z̃)ǫO × B(0, ρ), we have

|||Φ(x̃, z̃)||| ≤ |||Φ(x̃, z̃) − Φ(x̃, 0)||| + |||Φ(x̃, 0)|||
≤ β|||̃z||| + |||Φ(x̃, 0)|||
≤ βρ + |||Φ(x̃, 0)|||,

and the result follows from the fact that|||Φ(x̃, 0)||| can be made less that
(1− β)ρ for every x̃ǫO by the continuity ofΦ at the origin.

Therefore, for everỹxǫO , the sequence


ϕ̃0(x̃) = 0

ϕ̃ℓ+1(x̃) = Φ(x̃, ϕℓ(x̃)), ℓ ≥ 0,
(6.1)

is well defined, each mapping̃ϕℓ being in the spaceCk(O , Z̃) with values
in B(0, ρ) and verifies

ϕ̃ℓ = 0, ℓ ≥ 0.

The sequence (̃ϕℓ) also tends (pointwise) to the mapping̃ϕ charac-
terized by

ϕ̃(x̃) = Φ(x̃, ϕ̃(x̃)),

for every x̃ǫO . In particular 151

ϕ̃(0) = 0.

Actually, the mapping̃ϕ is of classCk in O. Indeed, for every
x̃ǫO , ϕ̃(x̃) is a solution for the equation

z̃− Φ(x̃, z̃) = 0.
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As ϕ̃(x̃)ǫB(0, ρ), one has|||Dz̃Φ(x̃, ϕ̃(x̃))||| ≤ β < 1 and hence

I − D
ξ̃
Φ(x̃, ϕ̃(x̃))ǫIsom(Z̃).

Thus, the mapping̃ϕ(·) is of classCk around x̃ from the Implicit
function theroem, which shows thatϕ̃ǫCk(O , Z̃).

Naturally, one may expect the convergence of the sequence (ϕ̃ℓ) to
be better than pointwise. Indeed, it so happens that the sequence (̃ϕℓ)
tends tõϕ in the spaceCk(O , Z̃), the convergence beinggeometraical in
the space Ck−1(O , Z̃) (See Appendix 2).

Let nowF(= F(x̃, Z̃))ǫCk(O × B(0, ρ),Rn) be such that

F(0) = 0.

The mapping

x̃ǫO → f (x̃) = F(x̃, ϕ̃(x̃))ǫRn, (6.2)

is of classCk in O and

f (0) = 0.

The same property holds for each term of the sequence

x̃ǫO → fℓ(x̃) = F(x̃, ϕ̃ℓ+k(x̃)), ℓ ≥ 0. (6.3)

The sequence (fℓ) tends to f in the spaceCk(O ,Rn), the rate of152

convergence beinggeometricalin the spaceCk−l (O ,Rn). Also

D j fℓ(0) = D j f (0), 0 ≤ j ≤ k, (6.4)

for everyℓ ≥ 0.

Remark 6.1.The definition of the mappingfℓ has been through the term
ϕ̃ℓ+k instead of the “natural one”̃ϕℓ in order that property (6.4) holds.
More generally, the mappingfℓ can be defined through the term̃ϕℓ+k,
with k′ ≥ k.
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By choosing̃x0 = t̃ζ0, the scheme (5.17) becomes


x̃ℓ+1 = |t| xℓ
||x||ℓ ,

xℓ = x̃ℓ − k!
tk−1 A(̃ζ0)F(x̃ℓ, ϕ̃ℓ+k(x̃ℓ)).

In the above formula,̃ϕℓ+k(x̃ℓ) coincide with the element̃zℓ+k,ℓǫZ̃
defined for everyℓ ≥ 0 by


z̃0,ℓ = 0,

z̃j+1,ℓ = Φ(x̃ℓ, z̃j,ℓ), 0 ≤ j ≤ ℓ + k− 1.

To sum up, starting from an arbitrary elementζ̃0ǫSn “close enough”
to ξ̃0 and setting̃x0 = t̃ζ0(|t| > 0 small enough), the sequence (x̃ℓ) is 153

defined by 

z̃0,ℓ = 0,

z̃j+1,ℓ = Φ(x̃ℓ, z̃j,ℓ)0 ≤ j ≤ ℓ + k− 1,

xℓ = x̃ℓ − k!
tk−1 A(̃ζ0).F(x̃ℓ, z̃ℓ+k,ℓ),

x̃ℓ+1 = |t| xℓ
||xℓ || , ℓ ≥ 0.

(6.5)

The rate of convergence of the sequence (x̃ℓ) is thengeometrical.

Remark 6.2.This algorithm is a “two-level” iterative process since
computing the element̃xℓ+1 from the element̃xℓ requiresℓ + k − 1 it-
erates. Formally, “one-level” algorithms are easy to derive from the
scheme (6.5) butno convergence has been proved yet.

The application to one-parameter problems in Banach spacesis now
an immediate consequence. The notation and hypothesis being the same
as in Chapter 1, it has been shown that finding the local zero set of the
mappingG(= G(x̃)) is equivalent to the system

Q1G(x̃1 + x̃2) = 0,

Q2G(x̃1 + x̃2) = 0.

SinceDx̃G(0)|X̃2
ǫIsom(X̃2, Ỹ2), the system can be rewritten as

Q1G(x̃1 + x̃2) = 0,
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x̃2 − (DG(0)|X̃2
)−1Q2G(x̃1 + x̃2) = x̃2.

This is nothing but154

F(x̃1, x̃2) = 0,

Φ(x̃1, x̃2) = x̃2,

where

F(x̃1, x̃2) = Q1G(x̃1 + x̃2), (6.6)

Φ(x̃1, x̃2) = x̃2 − [DG(0)|X̃2
]−1Q2G(x̃1 + x̃2). (6.7)

As X̃1 ≃ Rn+1,Y1 ≃ Rn and settingZ̃ = X̃2, it is immediately
seen that the mappingsF andΦ verify the required conditions (and,
of course, the mapping̃ϕ of this section coincides with that of Chapter
1). Dropping the subscript 1 in the variablẽx1, the scheme (6.5) can be
written as follows: choosing an inner product in the spaceX̃1 (on which
depends the unit sphere iñX1) and setting̃x0 = t̃ζ0 where ζ̃ is taken
“close enough” to a given normalised elementξ̃0 at which the mapping
q(̃ξ) = Dk f (0) · (̃ξ)k vanishes (f being the reduced mapping here), the
sequence (̃xℓ) is defined by



z̃0,ℓ = 0ǫX̃2,

z̃j+1,ℓ = z̃j,ℓ − [DG(0)|X2]
−1 · Q2G(x̃ℓ + z̃j,ℓ)ǫX̃2, 0 ≤ j ≤ ℓ + k− 1,

xℓ = x̃ℓ − k!
tk−1 A(̃ζ0) · Q1G(x̃ℓ + z̃ℓ+k,ℓ)ǫX̃1,

x̃ℓ+1 = |t| x̃ℓ
||xℓ || ǫX̃1, ℓ ≥ 0.

(6.8)

Remark 6.3.Since the choice of the inner product in the spaceX̃1 af-
fects the unit sphere, the mappingA also depends on the particular155

choice of the inner product.

COMMENT 6.1. The scheme (6.8) provides an approcimationx̃ℓ of the
solution x̃ǫX̃1 to the reduced equationf (x̃) = Q1G(x̃ + ϕ̃(x̃)) = 0 with
norm |t| that we have selected among the 2ν ones. The corresponding
solution to the initial problem (namelỹx+ ϕ̃(x̃)) is then approximated by
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x̃ℓ + ϕ̃ℓ+k(x̃ℓ) which is none other thañxℓ + z̃ℓ+k,ℓ. Besides, the sequence
(x̃ℓ + z̃ℓ+k,ℓ) converges tõx+ ϕ̃(x̃) geometrically. Indeed, the sequence
(x̃ℓ) tends tõx geometrically and denoting|| · || the norm in the spacẽX
(hence inX̃2) one has

|||̃zℓ+k,ℓ − ϕ̃(x̃)||| ≤ |||ϕ̃ℓ+k(x̃ℓ) − ϕ̃(x̃ℓ)||| + |||ϕ̃(x̃ℓ − ϕ̃(x̃))|||.

The first term in the right hand side is bounded by the norm|||ϕ̃ℓ+k−
ϕ̃|||∞,O which tends to 0 geometrically, since the sequenceϕ̃ℓ+k tendsϕ̃

geometrically in the spaceCk−1(O , X̃2) and hence inC0(O , X̃2). As for
the second term, it is bounded by|||Dϕ̃|||∞,O ||x̃ℓ − x̃|| for the mapping̃ϕ

is at least of classC1 in O and thus in the ball of radius|t| = ||x̃ℓ|| = ||x̃||
centered at the origin ofRn+1 (more rapidly, one can say that it is not
restrictive to assume thatO in convex).

Application to the Problems of Birurcation from the trivialBranch.
When the analysis of Chapter 3,§2 is available, we can apply the

scheme (6.8) to problem of bifurcation from the trivial branch: Find 156

(µ, x)ǫR × X around the origin such that

G(µ, x) = (I − (λ0 + µ)L)x+ Γ(µ, x) = 0, (6.9)

whereλ0 is a characteristic value ofL with (algebraic and geometric)
multiplicity n > 1. Here, we shall take

X1 = Y1 = Ker(I − λ0L),

X2 = Y2 = Range(I − λ0L),

This choice being possible precisely because the algebraicand ge-
ometric multiplicaties ofλ0 are the same. It follows that̃X1 = R × X1

while X̃2 = X2.
Under the assumptions of Chapter 3,§2 and whenk = 2, no change

of the parameterµ is required. The variablẽxǫX̃1 is the pair (µ, x)ǫR×X1

and the mappingq becomes (cf, Chapter 3§2, relation (2.13))

(µ, x)ǫR × X1→ q(µ, x) = −
2µ
λ0

x+ Q1D2
xΓ(0) · (x)2ǫX1.
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Let

z̃eta0 =
(µ0, x0)
||(µ0, x0)||

, (6.10)

be “close enough” to some selected element of the zero set ofq. Clearly,
we can assume that||(µ0, x0)|| > 0 is as small as desired. Further, by
changing (µ0, x0) into a non-zero collinear element (with small norm)
the definition ofζ̃0 is unchanged, unless the orientation of (µ0, x0) is
reversed and, in such a case,ζ̃0 is transformed into−ζ̃0. This explains, in157

the relation (µ0, x0) = t̃ζ0 = ||(µ0, x0)||̃ζ0, that the quantityt is ||(µ0, x0)||
and hence positive. In the scheme (6.8) as well as in the general one
(5.17) from which it is derived, it is also possible to limit ourselves to
the caset > 0, provided we changẽζ0 into −ζ̃0 whent(= ±||x̃0|| in any
case) should change sign. But this did not lead to a simple exposition
at that time, which is the reason why this property was not mentioned
earlier. Thus, starting with the point (µ0, x0) and defining̃ζ0 by (6.10),
the scheme (6.8) will provide the only solution of the reduced equation
of (6.9) which is “close” to (µ0, x0) and has the same norm as (µ0, x0).
The corresponding curve is obtained by moving (µ0, x0) along the line it
generates inR × X1. Denoting byz (instead of̃z) the generic variable of
the spaceX2(= X̃2), the explicit form of the scheme (6.8) is



z0,ℓ = 0ǫX2,

zj+1,ℓ = [( I − λ0L)|X2 ]−1 · [−µQ2Lzj,ℓ + Q2Γ(µℓ, xℓ + zj,ℓ)]ǫX2,0 ≤ j ≤ ℓ + 1,

(µℓ, xℓ) = (µℓ, xℓ) − 2
||(µ0,x0)||A(̃ζ0) ·

[
− µℓ
λ0

xℓ + Q1Γ(µℓ, xℓ + zℓ+2,ℓ)
]
ǫR × X1,

(µℓ+1, xℓ+1) = ||(µ0, x0)|| (µℓ ,xℓ )
||(µℓ ,xℓ )||

ǫR × X1, ℓ ≥ 0.
(6.11)

According to Comment 6.1, the approximation of the corresponding
solution of the equation (6.9) associated with the iterate (µℓ, xℓ) is

(µℓ, xℓ + zℓ+2,ℓ).

Under the assumption of Chapter 3,§ 2 and whenk ≥ 3, a pre-158

liminary change of parameterµ into ηk−1 whenk is even, intoσηk−1,
σ = ±1 whenk is odd, is necessary. We shall consider the casek even
only, leaving it to the reader to make the obvious modification whenk
is odd. The variablẽxǫX̃1 is the pait (η, x)ǫR × X1 and the mappingq
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becomes (cf, Chapter 3,§2)

(η, x)ǫR × X1→ q(η, x) = −k!ηk−1

λ0
x+ Q1Dk

xΓ(0) · (x)kǫX1

Let

ζ̃0 =
(η0, x0)
||(η0, x0)||

,

be close enough to some selected element of the zero set ofq. Taking
||(η0, x0)|| sufficiently small and for the same reasons as whenk = 2, the
explicit form of the scheme (6.8) we obtain is (denoting byz instead of
z̃) the variables of the spaceX2 = X̃2



z0,ℓ = 0ǫX2,

zj+1,ℓ = [( I − λ0L)|X2]
−1 · [−ηk−1

ℓ
Q2Lzj,ℓ + Q2Γ(ηk−1

ℓ
, xℓ + zj,ℓ)]ǫX2,

0 ≤ j ≤ ℓ + k− 1,

(ηℓ, xℓ) = (ηℓ, xℓ) − k!
||(ηℓ,xℓ)||k−1 A(̃ζ0) · [− η

k−1
ℓ

λ0
xℓ + Q1Γ(ηk−1

ℓ
, xℓ + zℓ+k,ℓ)]

ǫR × X1,

(ηℓ+1, xℓ+1) = ||(η0, x0)|| (ηℓ ,xℓ)
||(ηℓ ,xℓ)||ǫR × X1, ℓ ≥ 0.

(6.12)

According to Comment 6.1, the approximation of the corresponding
solution of the equation (6.9) in whichµ is replaced byηk−1 is 159

(ηℓ, xℓ + zℓ+k,ℓ). (6.13)

Thus, the approximation of the corresponding solution of equation
(6.9) itself is

(ηk−1
ℓ , xℓ + zℓ+k,ℓ),

whose convergence is geometrical (since that of the sequence (6.13)) is
geometrical from Comment (6.1).

Remark 6.4.On comparison with the classicalLyapunov-Schmidt
Method, the above algorithm has the disadvantage of being a “two -
level” iterative process (cf. Remark 6.2). However, it has two basic
advantages: The first one is that it does not require the zero set of the
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mappingq to be knownexactly, an assumption unrealistic in the appli-
cations. The Lyapunov-Schmidt method, which consists in finding the
curves of solutions tangent to any given line in the zero set of q by an
iterative processuses this particular lineexplicitly (see e.g. [2]). Of
course, one can expect that the Lyapunov-Schmidt method will neverth-
less be satisfactory if this line is replaced by a good approximation to it
(though we are not aware of a proof of this). In the process described
above, arough estimate(represented bỹζ0) is sufficient because the al-
gorithm makes the corrections itself. It then appears more “stable” than
the Lyapunov-Schmidt method.

The second advantage is obvious in so far as the schemes (6.11)-
(6.12) are particular cases of the general algorithm (6.8) that can be used160

when no branch of solutions is known a priori, while the Lyapunov-
Schmidt method islimited to problems of bifurcation from the trivial
branchor, at the best, to problems in which on of the branches is known
explicitly. We leave it to the reader to derive from (6.8) an iterative
scheme associated with the problem of Chapter 3§ 3 (in which no
change of parameter is required in practice).



Chapter 5

Introduction to a
Desingularization Process in
the Study of Degenerate
Cases

LET f : Rn+1→ Rn BE as in Chapter 2, namely such that the firstk− 1 161

derivatives of f vanish at the origin and thekth does not (k > 1). In
chapter 2, we have solved the problem of finding the local zeroset of f
when the polynomial mapping

ξ̃ǫRn+1→ q(̃ξ) = Dk f (0) · (̃ξ)kǫRn,

verifies the condition (R − N.D.). The next step consists in examining
what happens when the mappingq doesnot verify the nondegeneracy
condition in question and the aim is to find hypotheses as general as
possible ensuring that the local zero set off is still a finite union of
curves through the origin. Problems in which the associatedmappingq
does not verify the condition (R−N.D.) will be referred to asdegenerate.

In the examples studied in Chapter 3, we have already encountered
degenerate problems but, in the particular context of problems of bifu-
cation from the trivial branch, we were able to overcome the difficulty

125
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by performing a suitable change of the parameter. However, with or
without change of the parameter, the condition

X = Ker(I − λ0L) ⊕ Range(I − λ0L),

namely, the equality of the algebraic and geometric multiplicities of the162

characteristic valueλ0, was always seen to benecessaryfor the con-
dition (R − N.D.) to hold. The failure of the above condition is then
sufficient for the problem to be degenerate and no solution to it has been
found by changing the parameter.

Before any attempt to develop a general theory, it is wise to examine
a few particular cases. The most elementary example is whenk = 1:
The mappingq is the linear mappingD f (0) and it does not verify the
condition (R−N.D.) if and only if D f (0)ǫL (Rn+1,Rn) is not onto. This
implies that the zero set ofq, here KerD f (0), is a subspace ofRn+1 with
dimension at least two. Hence, it does not consist of a finite number of
lines, the very argument that allowed us to characterize thelocal zero
set of f as a finite union of curve in Chapter 2. Note however that the
somewhat disappointing situation we have just described cannot occur
if n = 1, for, otherwise, the derivativeD f (0) would vanish identically
andk could not be 1. More generally and regardless of the (finite) value
of k, it has been shown whenn = 1 that the zero set ofq is always
the union of at mostk lines through the origin, though the condition
(R − N.D.) holds if and only if the real roots of a certain polynomial in
one variable with real coefficients are simple. Acutally, the examination
of the general case whenn is arbitrary butk ≥ 2 shows that the failure
of the condition (R − N.D.) does not necessarilyimply that the zero set163

of q is made of infinitely many lines. In other words, it is reasonable to
expect the local zero set off to be made of a finite number of curves
under hypotheses more general than those of Chapter 2.

Assuming then that the zero set ofq is made of a finite number of
lines and selecting an elementξ̃ǫRn+1−{0} such thatq(̃ξ) = 0 andDq(̃ξ)
is not onto, the analysis of the structure of the local zero set of f “along”
the lineRξ̃ is often referred to as the “analysis of bifurcation near the
degenerate eigenrayRξ̃”. The almost inevitable tool here seems to be
the topological degree theory (see e.g. Shaerer [39]) but the information
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obtained is necessarily vague and of an essentially theoretical character.
In non-linear eignevalue problems, another approach, more technical,
has been developed by Dancer [8]. Again, the results lose most of their
accuracy (on comparison with the nondegenerate case) and the method
does not seem to have been extended to other problems.

In this chapter, we present an analytic approach which provides re-
sults as precise as in the nondegenerate case. The study is limited to
the - apparently - simple situation whenn = 1 andk = 2. The general
theory is still imcomplete but the same method can almost readily be
employed and will provide quite precise informations in each particular
problem. The open questions that remain in the general case are internal
to the method and to its links to singularity theory1 (whenn = 1 and
k = 2, see Rabier [32]). Also, only a few of the theoretical results that 164

could be derived from it have been investigated so far. As an example of
such a result, we give a statement that complements Krasnoselskii’s the-
orem (Theorem 1.2 of Chapter 1) in a particular case as well asCrandall
and Rabinowitz’s study of bifurcation from the trivial branch at a simple
characteristic value.

In contrast to Chapter 2, we shall not here bother about formulat-
ing the weakest possible regularity assumptions: The mapping f under
study will be of classC∞ although this hypothesis is clearly unnecessary
in most of the chapter. The exposition follows Rabier [32].

5.1 Formulation of the Problem and Preliminaries.

Let f be aC∞ real-valued mapping of two variables defined on a neigh-
bourhood of the origin such thatf (0) = 0, D f (0) = 0 and detD2 f (0) ,
0. Then, the Morse lemma (Theorem 3.1, 1 and 2 of Chapter 1) states
that the local zero set off reduces to the origin if detD2 f (0) > 0 and is
made of exactly two curves of classC∞ intersecting transversally at the
origin if det D2 f (0) < 0. But it does not say anything if detD2 f (0) = 0.
If this determinant vanishesbecause D2 f (0) = 0, we can examine higher
order derivatives off at the origin and the structure of the local zero set

1However, signficant progress has since been made.
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of f may follow from an application of Theorem 3.1 of Chapter 2 with
n = 1. If det D2 f (0) = 0 but D2 f (0) , 0, no information is available
and, indeed, elementary examples show that the situation may differ
considerably: Denoting by (u, v) the variable in the planeR2, the map-165

pings

f (u, v) = u2 + v4,

f (u, v) = u2 − v4

f (u, v) = (u− v)2,

all verify the condition f (0) = 0, D f (0) = 0, det D2 f (0) = 0 and
D2 f (0) , 0. Their local zero sets are, respectively: the origin, the union
of the two tangent parabolasu = v2 andu = −v2, and the lineu = v.
There three cases are by no means exhaustive, as it is seen with the
mapping

f (u, v) = v2 − sin

(
1
u

)
e−1/u2

.

whose local zero set is picture in Figure 1.1 below.

Figure 1.1:

This explains why it is not possible to find an exhaustive classifi-166

cation of the local zero sets of such mappingsin geometrical terms.
Nevertheless, a partial classification if possible. It willbe obtained by
the following. Given a mappingf verifying f (0) = 0,D f (0) = 0, det
D2 f (0) = 0 andD2 f (0) , 0, we shall construct a new mappingf (1)
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whose local zero set provides that off through an elementary trans-
fomation. About the mappingf (1), the following three possiblities are
exhaustive:

1) D f (1)(0) , 0 so that the local zero set off (1) can be found through
the Implicit function theorem.

2) D f (1)(0) = 0, detD2 f (1)(0) , 0 so that the local zero set off (1)

can be found through the Morse lemma.

3) D f (1)(0) = 0, detD2 f (1)(0) = 0 andD2 f (1)(0) , 0 so that finding
the local zero set off (1) reduces to finding the local zero set of a
new iteratef (2).

In so doing, we define a sequence of iteratesf (1), · · · , f (m): The
iterate f (m) exists under the necessary and sufficient condition that the
local zero set off (m−1) cannot be found through the Implicit function
theorem or the Morse lemma. If the process ends after a finite number
of steps, it corresponds to adesingularizationof the initial mappingf .
If it is endless, there are two possibilities, among which one of them
bears a geometric characterization (see§ 8).

We shall complete this section by giving a definition and establish-
ing a preliminary property. Of course, the mappingf will henceforth 167

verify the conditionf (0) = 0 and

D f (0) = 0, (1.1)

detD2 f (0) = 0, (1.2)

D2 f (0) , 0. (1.3)

In particular, (1.2) means that the null-space of the mapping D2 f (0)
ǫL (R2,L (R2,R)) does not reduce to{0}. Because of (1.3), this null-
space is not the whole spaceR2 and it is then one-dimensional.

Definition 1.1. The one-dimensional space

Ξ = KerD2 f (0),

will be called the characteristic off .
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The following elementary result will be used several times.

Lemma 1.1. Under our assumptions, D2 f (0) · (̃ξ)2 = 0 for somẽξǫR2

if and only if ξ̃ǫΞ.

Proof. It is obvious thatD2 f (0) · (̃ξ)2 = 0, if ξ̃ǫΞ. Conversely, let̃ξǫR2

be such thatD2 f (0) · (̃ξ)2 = 0 and assume by contradiction that there is
τ̃ǫR2 with D2 f (0) · (̃ξ, τ̃) , 0. Necessarily,̃ξ andτ̃ are not collinear, so
that {̃ξ, τ̃} is a basis ofR2. With respect to this basis,D2 f (0) becomes

[
0 D2 f (0) · (̃ξ, τ̃)

D2 f (0) · (̃ξ, τ̃) D2 f (0) · (̃τ)2

]

and its determinant is−(D2 f (0) · (̃ξ, τ̃))2 < 0, which contradicts the168

hypothesis that it vanishes2. �

5.2 Desingularization by Blowing-up Procedure.

We shall begin with an approach we have already used in Chapter 2.
Extending (in theory) the mappingf to the whole spaceR2 as aC∞

mapping, we first reduce the problem of finding the non-zero solutions
of the equationf (x̃) = 0 with prescribed euclidian norm||x̃|| to the prob-
lem 

(t, x̃)ǫ(R − {0}) × S1,

g(t, ξ̃) = 0,
(2.1)

where the mappingg defined onR × R2 with values inR2 is given by

g(t, ξ̃) =


1
t2 f (t̃ξ) if t , 0,
1
2D2 f (0) · (̃ξ)2 if t = 0.

(2.2)

The relationship of the nonzero solutionsx̃ of the equationf (x) = 0
to the solutions (t, ξ̃) of the equationg(t, ξ̃) = 0 is of course that̃x can
always be written as̃x = t̃ξ (in two different ways).
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Remark 2.1.The mappingg in (2.2) differs from that of Chapter 2 by
the multiplicative factor 1/2 only. This modification will bring some169

simplifications in the formulas later.

Writing the Taylor expansion off about the origin, we find that

g(t, ξ̃) =

1∫

0

(1− s)D2 f (st̃ξ) · (̃ξ)2ds, (2.3)

for every (t, ξ̃)ǫR × R2, which shows that the mappingg is of classC∞.
The next result, very similar to Lemma 3.2 of Chapter 2, is based on
the observation that the intersectionS1 ∩ Ξ reduces to two points. For
the sake of convenience, we shall say that two problems areequivalent
if all the solutions of one of them provide all the solutions of the other.
We leave it to the reader to keep track of the (obvious) correspondence
between the solutions of the problems under consideration.

Lemma 2.1. Let ξ̃0 be either point of the intersectionΞ ∩ S1 and C
a given neighbourhood of̃ξ0 in S1. Then, for r> 0 small enough the
problems 

0 < |t| < r, ξ̃ǫS1,

g(t, ξ̃) = 0,
(2.4)

and 
0 < |t| < r, ξ̃ǫC,

g(t, ξ̃) = 0,
(2.5)

are equivalent.

Proof. First, note that the problem (2.5) is equivalent to 170


0 < |t| < r, ξ̃ǫC ∪ (−C)

g(t, ξ̃) = 0,
(2.6)

2Recall that the condition detD2 f (0) = 0 is independent of the choice of any basis
in R2.
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since each solution of (2.5) is obviously a solution of (2.6)and con-
versely, given any solution (t, ξ̃) of (2.6), either (t, ξ̃) or (−t,−ξ̃) is a
solution of (2.5) from the relationg(t, ξ̃) = g(−t,−ξ̃). We shall prove the
assertion by showing that the problems (2.4) and (2.6)have the same
solutionsfor r > 0 small enough. Each solution of (2.6) is clearly a
solution of (2.4). Conversely, assume, by contradiction, that there is no
r > 0 such that each solution of (2.4) is a solution of (2.6). Thismeans
that there is a sequence (tℓ, ξ̃ℓ)ℓ≥1 with lim

ℓ→+∞
tℓ = 0, ξ̃ℓǫS1 C ∪ (−C) and

g(tℓ, ξ̃ℓ) = 0. From the compactness ofS1, we may assume that there
is ξ̃ǫS1 such that̃ξℓ converges tõξ. By the coninuity ofg, we deduce
g(0, ξ̃) = 0. But, by definition ofg(0, ·) and Lemma 1.1,̃ξ must be one
of the elements̃ξ0 or −ξ̃0, which is impossible, sincẽξℓ < C ∪ (−C) for
everyℓ ≥ 1, by hypothesis. �

Let us now consider a subspaceT of R2 such that

R
2 = −Ξ ⊕ T. (2.7)

Given a non-zero element̃τ0ǫT, we may writeT = Rτ̃0. Let Φ :
R2→ R × S1 be theC∞ mapping defined by

Φ(u1, v1) = (u1||̃ξ0 + v1̃τ0||, (̃ξ0 + v1̃τ0)/||̃ξ0 + v1̃τ0||), (2.8)

(where| · | still denotes the euclidean norm). Clearly,Φ(0, 0) = (0, ξ̃0)171

and an elementary calculation yields

DΦ(0, 0) · (u1, v1) = (u1, v1̃τ0 − v1(̃ξ0|̃τ0)̃ξ0),

for (u1, v1)ǫR2, where (·|·) denotes the inner product ofR2. The above
relation shows that the mappingDΦ(0, 0) is one-to-one (as an element
of L (R2,R3)) and hence is an isomorphism ofR2 to R × T

ξ̃0
S1(= R ×

{̃ξ0}⊥). Thus,Φ is aC∞ diffeomorphism between a neighbourhood of
the origin inR2 and a neighbourhood of the point (0, ξ̃0) in R × S1. We
can suppose that the latter contains the product (−r, r) × C of Lemma
2.1: it suffices to chooseC small enough and shrinkr > 0 accordingly.
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Then,Φ−1((−r, r) × C) is a neighbourhoodW1 of the origin inR2 and
each pair (t, ξ̃)ǫ(−r, r)× has the form


t = u1||̃ξ0 + v1̃τ0||,
ξ̃ = (̃ξ0 + v1̃τ0)/||̃ξ0 + v1̃τ0||,

with (u1, v1)ǫW1. As t = 0 if and only if u1 = 0 and from lemma 2.1.
our initial problem of finding the nonzero solutions̃x in the local zero
set of f is equivalent to


(u1, v1)ǫW1, u1 , 0,

g(u1||̃ξ0 + v1̃τ0||, (̃ξ0 + v1̃τ0)/||̃ξ0 + v1̃τ0||) = 0

Coming back to the definition ofg ((2.2)), this also reads 172


(u1, v1)ǫW1, u1 , 0,

f (u1(̃ξ0 + v1̃τ0)) = 0.

Finally, multipying by 1/u2
1, the problem becomes


(u1, v1)ǫW1, u1 , 0,

g(u1, ξ̃0 + v1̃τ0) = 0.

We shall denote byf (1) theC∞ real-valued function of two variables

f (1) : (u1, v1)ǫR2 → f (1)(u1, v1) = g(u1, ξ̃0 + v1̃τ0)

=



1
u2

1
f (u1ξ̃0 + u1v1̃τ0) if u1 , 0,

1
2v2

1D2 f (0) · (̃ξ0)2 if u1 = 0.

(2.9)

From the above comments, the nonzero solutionsx̃ of the equation
f (x̃) with ||x|| < r are of the form

x̃ = u1ξ̃0 + u1v1̃τ0 (2.10)

with (u1, v1)ǫW1, u1 , 0 and f (1)(u1, v1) = 0. Obviously, the character-
ization (2.10) remains true with the solutioñx = 0 since f (1)(0, 0) = 0.
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In other words, since the neighbourhoodW1 = Φ
−1((−r, r) × C) can be

taken arbitrarily small (by shrinking C andr > 0), the problem reduces
to finding the local zero set of f(1), from which the local zero set of is
deduced through the transformation (2.10).

Remark 2.2.The reader may wonder why we have not defined the map-173

ping f (1) by formula (2.9) directly. Indeed, it is clear that every element
of the form (2.10) with (u1, v1) in the local zero set off (1) is in the local
zero set off . But the problem is to show thateveryelement in the local
zero set off is of the form (2.10) with (u1, v1) in the local zero set of
f (1), a fact that uses the compactness of the unit circleS1, essential in
Lemma 2.1.

COMMENT 2.1. The vector̃ξ0ǫΞ has been chosen so thatξ̃0ǫS1 i.e.
||̃ξ0|| = 1. This is without importance and̃ξ0 can be taken as an arbitrary
non-zero element of the characteristicΞ (bu changing the inner product
of R2 for instance). From now on, we shall allow this more general
choice in the definition of the mappingf (1) in (2.9).

All the derivatives of the mappingf (1) can be explicitly computed
in terms of the derivatives off at the origin. First from (2.9), for every
pair (j, ℓ)ǫN × N

(∂ j+ℓ f (1)/∂u j
1∂vℓ1)(0) = (∂ j+ℓg/∂t j∂ξ̃ℓ)(0, ξ̃0) · (̃τ0)ℓ.

Now

Lemma 2.2. For every pair( j, ℓ)ǫN × N, one has

(∂ j+ℓ f g/∂t j∂ξ̃ℓ)(0, ξ̃) =



0 if ℓ > j + 2

[ j!/( j + 2− ℓ)!]D j+2 f (0) · (̃ξ) j+2−ℓ

if 0 ≤ ℓ ≤ j + 2,

(2.11)

for everỹξǫR2.

Proof. Using the expression (2.3) ofg and for every pair (t, ξ̃)ǫR × R2,174
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we find

(∂ jg/∂t j)(t, ξ̃) =

1∫

0

(1− s)sjD j+2 f (st̃ξ) · (̃ξ) j+2ds.

In particular, fort = 0,

(∂ jg/∂t j)(0, ξ̃) =
−1

( j + 1)( j + 2)
D j+2 f (0) · (̃ξ) j+2,

and (2.11) follows. �

With Lemma 2.2, we obtain for every pair (j, ℓ)ǫN × N,

(∂ j+ℓ f (1)/∂u j
1∂vℓ1)(0) =



0 if ℓ > j + 2,

[ j!/( j + 2− ℓ)!]D j+2 f (0) · ((̃ξ0) j+2−ℓ ,

(̃τ0)ℓ) if 0 ≤ ℓ < j + 2.
(2.12)

In particular, takingj = 0 andℓ = 2 in formula (2.12),

(∂2 f (1)/∂v2
1)(0) = D2 f (0) · (̃τ0)2

, 0, (2.13)

sincẽτ0 < Ξ (cf. Lemma 1.1).

5.3 Solution Through the Implict Function Theo-
rem : CUSP Bifurcation

Applying fromula (2.12) withj = 1, ℓ = 0 and j = 0, ℓ = 1 successively,
we get

(∂ f (1)/∂u1)(0) =
1
6

D3 f (0) · (̃ξ0)3 (3.1)

and

(∂ f (1)/∂v1)(0) =
1
2

D2 f (0) · (̃ξ0, τ̃0).

But, as̃ξ0ǫΞ, D2 f (0) • ξ̃0 = 0. Hence 175

(∂ f (1)/∂v1)(0) = 0. (3.2)
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From (3.1)-(3.2), the Implict function theorem can be used for find-
ing the local zero set off (1) if and only if

D3 f (0) · (̃ξ0)3
, 0, (3.3)

a condition which is independent of the nonzero elementξ̃0ǫΞ and of the
spaceT chosen for defining the mappingf (1). Assume then that (3.3)
holds. The Implict function theorem states that the local zero set of f (1)

is made of exactly one curve of classC∞. Due to (3.2), this curve is
tangent to thev1-axis at the origin. In other words, around the origin

f (1)(u1, v1) = 0⇔ u1 = u1(v1), u1(0) = (du1/dv1)(0) = 0.

This result can be made more precise by showing that (d2u1/dv2
1)

(0) , 0: Differentiating two times the identityf (1)(u1(v1), v1) = 0 and
since (du1/dv1)(0) = (∂ f (1)/∂v1)(0) = 0, we obtain

(d2u1/dv2
1)(0) = −

(∂2 f (1)/∂v2
1)(0)

(∂ f (1)/∂u1)(0)
= −6

D2 f (0) · (̃τ0)2

D3 f (0) · (̃ξ0)3
, 0, (3.4)

as it follows from (2.13). In the (u1, v1)-plane, the graph of the function
u1(·) is then as in Figure 3.1

Figure 3.1: Local zero set off (1)

After changing the vector̃ξ0 into −ξ̃0 if necessary, we may assume176

(cf. (3.4))
(d2u1/dv2

1)(0) > 0. (3.5)
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Theorem 3.1. The vector̃ξ0 being chosen so that (3.5) holds, let us set
Ξ+ = R+ξ̃0. Then, the local zero set of f is made up of two continuous
half-branches emerging from the origin in the half spaceΞ+ ⊕ T. These
half-branches are of class C∞ away from the origin and tangent to the
characteristicΞ = Rξ̃0 at the origin. More precisely, there exists an
origin-preserving C∞ diffeomorphismψ in R such that the local zero set
of f is made up of the two half-branches (ρ > 0 small enough) 177

Proof. After changing the vector̃τ0 into a scalar multiple, we may as-
sume that (d2u1/dv2

1)(0) = 2 (cf. (3.4)). Not changing̃τ0 introduces
positive multiplicative constants in the expressions below without (of
course) affecting the final result. Thus

u1(v1) = v2
1(1+ R(v1)), (3.7)

whereR is aC∞ function such thatR(0) = 0. The mapping

ϕ(v1) = v1(1+ R(v1))1/2, (3.8)

is well defined and of classC∞ around the origin. In addition

ϕ(0) = 0,

dϕ
dv1

(0) = 1.

It follows thatϕ is an origin-preservingC∞ local diffeomorphism of
R and the relation (3.7) is simply

u1(v1) = (ϕ(v1))2.

From our choice ofϕ(3.8), we see that

ϕ(v1) =
√

u1(v1) if v1 > 0,

ϕ(v1) = −
√

u1(v1) if v1 < 0.

Settingψ = ϕ−1, we find

v1 = ψ(
√

u1(v1)) if v1 ≥ 0.

v1 = ψ(−
√

u1(v1)) if v1 ≤ 0.

� 178
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As u1(v1) runs over some interval [0, ρ) for v1 around the origin. It
is equivalent to saying, for everyu1ǫ[0, ρ[, that the two valuesv1 with
u1 = u1(v1) are given byv1 = ±ψ(

√
u1).

According toi the general discussion before, the local zeroset of f
is made up of elements of the form

x̃ = u1ξ̃0 + u1v1̃τ0,

with (u1, v1) in the local zero set off (1). Here, we have then

x̃ = x̃(α)(u1) = u1x̃0 + u1ψ((−1)α
√

u1)̃τ0

for u1ǫ[0, r). Dividing by u1 , 0, we get

lim
u1→0

x̃(α)(u1)
u1

= ξ̃0 + lim
u1→0

ψ((−1)α
√

u1)̃τ0 = ξ̃0

This relation expresses that the two half-branches are tangent to
the characteristicΞ at the origin. They are distinct sinceψ(

√
u1) and

ψ(−√u1) have opposite signs.
From Theorem 3.1, the local zero set off is then given by Figure

3.2 below.

Figure 3.2: Local zero set off .

Settingx̃ = (u, v), the simplest example of mappingf for which the179
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hypothesis of this section are fulfilled isf (u, v) = u2± v3 (or v2± u2, or,
with θ any fixed real number, (vcosθ − usinθ)2 ± (ucosθ + vsinθ)3).
This kind of bifurcation is observed in chemical reaction problems (cf.
Golubitsky and Keyfitz [13]).

5.4 Solution Through the Morse Lemma : Isolated
Solution and Double Limit Bifurcation.

As we saw in the previous section, a necessary and sufficient condition
for the local zero set of the mappingf (1) (2.9) to be found through the
Implicit function theorem isD3 f (0) · (̃ξ0)3

, 0. Here, we shall then180

assume
D3 f (0) · (̃ξ0)3 = 0. (4.1)

As a result, from (3.1) and (3.2)

(∂ f (1)/∂u1)(0) = (∂ f (1)/∂v1)(0) = 0. (4.2)

Let us now examine the second derivative.Takingj = 2ℓ = 0 and
j = 1, ℓ = 1 successively in (2.12), we find

(∂2 f (1)/∂u2
1)(0) =

1
12

D4 f (0) · (̃ξ0)4, (4.3)

(∂2 f (1)/∂u1∂v1)(0) =
1
2

D3 f (0) · ((̃ξ0)3, τ̃0) (4.4)

and we already know that (cf. (2.13))

(∂2 f (1)/∂v2
1)(0) = D2 f (0) · (̃τ0)2

, 0. (4.5)

Therefore, the structure of the local zero set of the mappingf (1) can
be found through the Morse lemma if and only if the determinant det
D2 f (1)(0) is, 0. From the above, this becomes

detD2 f (1)(0) =
1
12

(D4 f (0) · (̃ξ0)4)(D2 f (0) · (̃τ0)2) − 1
4

(D3 f (0) · (̃ξ0)2, τ̃0)2
, 0.

(4.6)
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Clearly, detD2 f (1)(0) being non-zero or not is independent of the
choice of the non-zero elements̃ξ0ǫΞ and τ̃0ǫT. It is true, but not as
obvious, that our assumptions are independent of the complementT of
the characteristicΞ chosen for defining the mappingf (1). We prove this
in

Proposition 4.1. The condition: D f(1)(0) = 0 and det D2 f (1)(0) , 0 is
independent of the choice of the complement T of the characteristic Ξ.

Proof. We already know that the conditionD f (1)(0) = 0 (i.e. (4.1)) is181

independent ofT. Assuming D f(1)(0) = 0, we shall see that the condi-
tion detD2 f (1)(0) , 0 is independent ofT too (see Remark 4.1 below).
This can be checked directly on the formula (4.6) but we prefer here to
give thereasonwhy this independence is true. The second derivative
D2 f (0, ξ̃) of the mappingg ((2.2)) is an element ofL (R × R2,L (R ×
R2,R)) and our assertion will follow from the equivalence

detD2 f (1)(0) , 0⇔ KerD2g(0, ξ̃0) = {0} × Ξ,

since KerD2g(0, ξ̃0) is of course independent of any choice ofT. �

Let then (t, ξ̃)ǫR×R2 be in the null-space KerD2g(0, ξ̃0). This means


t(∂2g/∂t2)(0, ξ̃0) + (∂2g/∂t∂ξ̃)(0, ξ̃) · ξ̃ = 0ǫR,

t(∂2g/∂t∂ξ̃)(0, ξ̃0) + (∂2g/∂ξ̃2)(0, ξ̃0) · ξ̃ = 0ǫL (R2,R)
(4.7)

From Lemma 2.2,

(∂2g/∂t2)(0, ξ̃0) =
1
12

D4 f (0) · (̃ξ0)4ǫR, (4.8)

(∂2g/∂t∂ξ̃)(0, ξ̃0) =
1
2

D3 f (0) · (̃ξ0)2ǫL (R2,R), (4.9)

(∂2g/∂ξ̃2)(0, ξ̃0) = D2 f (0)ǫL (R2,L (R2,R)). (4.10)

Sinceξ̃0ǫΞ, one hasD2 f (0) · ξ̃0 = 0ǫL (R2,R). From (4.1) and the
above relations, the equations (4.7) are satisfied witht = 0 andξ̃ = ξ̃0,
which shows that the line{0} × Ξ is in the null-space KerD2g(0, ξ̃0).182

To prove that thie line is the whole null-space and because the system
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{̃ξ0, τ̃0} is a basis ofR2, it suffices to show with̃ξ = λ̃τ0, λǫR, that the
equations (4.7) have no solution other thant = λ = 0. With (4.8)-(4.10),
they become


t

12D4 f (0) · (̃ξ0)4 + λ
2D3 f (0) · ((̃ξ0)2, τ̃0) = 0ǫR,

t
2D3 f (0) · (̃ξ0)2 + λD2 f (0) · τ̃0 = 0ǫL (R2,R).

(4.11)

The second equation (4.11) is equivalent to two scalar equations,
obtained, for instance, by expressing that the value of the left hand side
vanishes at each of the two noncollinear vectorsξ̃0 andτ̃0. By the same
arguments as above (i.e. (4.1) andξ̃0ǫΞ)the first scalar equation is the
trivial one 0= 0. The second equation is

t
2

D3 f (0) · ((̃ξ0)2, τ̃0) + λD2 f (0) · (̃τ0)2 = 0. (4.12)

But the system made of (4.12) and the first equation (4.11) hasthe
unique solutiont = λ = 0 if and only if detD2 f (1)(0) , 0 (cf. (4.6)),
which completes the proof.

Remark 4.1. If D f (1)(0) , 0 (i.e. D3 f (0) · (̃ξ0)3
, 0), it is not truethat

the condition detD2 f (1)(0) , 0 is independent of the choice ofT, as the
reader can easily check on formula (4.6).

Remark 4.2.We could already make Proposition 4.1 more precise by
showing that thesignof detD2 f (1)(0) is independent of the choice ofT 183

(whenD f (1)(0) = 0) but this will be an immediate consequence of our
further analysis.

Theorem 4.1. Assume that D f(1)(0) = 0.

(i) If det D2 f (1)(0) > 0, i.e.

1
3

(D4 f (0) · (̃ξ0)4)(D2 f (0) · (̃τ0)2) − (D3 f (0) · ((̃ξ0)2, τ̃0))2 > 0,

the local zero set of f reduces to the origin.

(ii) If det D2 f (1)(0) < 0, i.e.

1
3

(D4 f (0) · (̃ξ0)4)(D2 f (0) · (̃τ0)2) − (D3 f (0) · ((̃ξ0)2, τ̃0))2 < 0,
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the local zero set of f consists of exactly two distinct curves of
class C∞, tangent to the characteristicΞ at the origin. More pre-
cisely, there exist two real-valued functions v(α)

1 (u1), α = 1, 2, de-
fined and of class C∞ around the origin, verifying

dv(1)
1

du1
(0) ,

dv(2)
1

du1
(0), (4.13)

such that the local zero set of f is made up of the two curves (ρ > 0
small enough)

u1ǫ(−ρ, ρ) → x̃(α)(u1) = u1ξ̃0 + u1v(α)
1 (u1)̃τ0, α = 1, 2.

Proof. Recall that the local zero set of f is of the form

x̃ = u1ξ̃0 + u1v1̃τ0,

with (u1, v1) in the local zero set off (1). The part (i) is then obvious
since the local zero set off (1) reduces to the origin.

Let us now prove (ii). The local zero set off (1) is made up of two184

C∞ curves intersecting transversaly at the origin where theirtangents
are the two distinct lines of solutions of the equation

D2 f (1)(0) · (u1, v1)2 = 0.

Note that thev1-axis is never one of these tangents sinceD2 f (0) ·
(̃τ0)2

, 0. As a result, the projection of either tangent onto theu1-axis
and along thev1-axis a linear isomorphism and it follow that the twoC∞

curves can be parameterized byu1 (cf. Figure 4.1 below)
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Figure 4.1:

More rigorously, each curve is of the form

t → (u1(t), v1(t)), (4.14)

aC∞ function around the origin verifyingu1(0) = v1(0) = 0 and

d
dt

(u1, v1)|t=0 , 0

(cf.Chapter 2, Corollary 3.1). Thus, the nonzero vector ((du1/dt)(0), 185

(dv1/dt)(0)) is tangent to the curve at the origin and, as it is not collinear
with thev1-axis, one has

du1

dt
(0) , 0.

From the Inverse mapping theorem, the relationu1 = u1(t) is equiv-
alent to saying thatt = t(u1), aC∞ function around the origin such that
t(0) = 0. Therefore, the curve (4.14) is as well parametrized by

u1 → (u1, v1(t(u1)))

as stated above. We have then proved that the local zero set off (1) is
made of twoC∞ curves (u1, v

(α)
1 (u1)), α = 1, 2 andu1ǫ(−ρ, ρ), ρ > 0

small enough. As the vectors (1, (dv(α)
1 /du1)(0)), α = 1, 2 are tangent
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to a different one of the two curves at the origin (and hence are not
collinear) we deduce

dv(1)
1

du1
(0) ,

dv(2)
1

du1
(0).

Finally, the local zero set off is made of the twoC∞ curves

u1ǫ(−ρ, ρ) → x̃(α)(u1) = u1ξ̃0 + u1v(α)
1 (u1)̃τ0, α = 1, 2.

Both are tangent to the characteristicΞ at the origin since

dx̃(α)

du1
(0) = ξ̃0, α = 1, 2,

and they are distinct, since their second derivatives at theorigin186

d2x̃(α)

du2
1

(0) =
dv(α)

1

du1
(0),

differ. �

Remark 4.3.We get an a posteriori proof of the fact that the sign of det
D2 f (1)(0) is independent of the choice of the spaceT because this sign
is related to thestructure of the local zero set of f.

We shall noe describe a convenient way for finding the local zero set
of f from that of f (1). It wil be repeatedly used in the applications of the
next section and we shall refer to it as the “quadrant method”.

Identify the sumΞ ⊕ T with the productRξ̃0 × Rτ̃0, the vector̃τ0

being chosen so that̃ξ0, τ̃0 is a direct system of coordinates. In the
(u1, v1)-plane as well as in the productRξ̃0 × Rτ̃0, we shall distinguish
the usual four quadrants (I), (II), (III) and (IV).
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(II) (I)

(III) (IV)

(II) (I)

(III)
(IV)

Clearly, the mapping 187

(u1, v1)→ u1ξ̃0 + u1v1̃τ0,

maps the quadrants (I ), · · · , (IV) of the (u1, v1)-plane into the quadrants
(I ), · · · , (IV) of Rξ̃0 × Rτ̃0 according to the rule

(I )→ (I ) (III )→ (II )

(II )→ (III ) (IV)→ (IV)

Thus, each half-branch in the local zero set off (1) located in (I)
(resp. (II), (III), (IV)) is transformed into a half-branchin the local zero
set of f located in (I) (resp. (III), (II), (IV)). Figure 4.2 below features
some possible diagrams. The simplest example of a mappingf verifying
the conditions of this section isf (u, v) = u2 ± v4 (or v2 ± u4 or, with θ
any fixed real number, (vcosθ − usinθ)2 ± (ucosθ + vsinθ)4).

21

1
2

1

1

1

1

2

2

2

2

Figure 4.2: (a) local zero set off (1).
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2

1 1

2 1

1

1 12
2 2 2

Figure 4.2: (b) local zero set off

5.5 Iteration of the Process.

We shall now assume that the local zero set of the mappingf (1) cannot188

be determined through either the Implict function theorem of the Morse
lemma, that is to say

D f (1)(0) = 0, (5.1)

detD2 f (1)(0) = 0. (5.2)

From (2.13), we know that (∂2 f (1)/∂v2
1)(0) , 0. In particular,

D2 f (1)(0) , 0, (5.3)

and the problem of finding the local set off (1) is the same as consid-
ered in§2 with the mappingf . The mappingf (1) has a characteristic189

Ξ1 which is a one-dimensional subspace of the (u1, v1)-plane; consider-
ing any complementT1 of Ξ1 and choosing arbitrary nonzero elements
ξ̃1 andτ̃1 in Ξ1 andT1 respectively,we can reduce the problem to find-
ing the local zero set of a new mappingf (2) obtained by blowing-up
f (1) alongΞ1. The mappingf (2) depends on the new variables (u2, v2)
through the relation

f (2)(u2, v2) =



1
u2

2
f (1)(u2ξ̃1 + u2v2̃τ1) for u2 , 0,

1
2v2

2D2 f (1)(0) · (̃τ1)2 for u2 = 0.
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An important observation is that the relation (∂2 f (1)/∂v2
1)(0) , 0

keeps the characteristicΞ1 from being the v1-axis. This will be summa-
rized by saying that the characteristicΞ1 is not vertical. Such a notion
makes no sense as far as the characteristicΞ is concerned, unless we
arbitrarily fix a system (u, v) of coordinates in the original planeR2.

If D f (2)(0) , 0, the local zero set off (2) can be found through the
Implicit function theorem. From Theorem 3.1, we deduce the local zero
set of f (1) and, finally, the local zero set off . If D f (2)(0) = 0 and det
D2 f (2)(0) = 0, the mappingf (2) has a characteristicΞ2 which is not
vertical in its ambient space (u2, v2) and the problem reduces to finding
the local zero set of a third iteratef (3) depending on the new variables
(u3, v3). More generally, we have 190

Theorem 5.1. Assume that the iterates f(1), · · · , f (m) are defined and
D f (m)(0) , 0. After changing̃ξ0 into −ξ̃0 if necessary and settingΞ+ =
R+Ξ, the local zero set of f is made up of two continuous half-branches
emerging from the origin in the half-spaceΞ+ ⊕ T. These half-branches
are of class C∞ away from the origin and tangent to the characteristic
Ξ at the origin.

Proof. The mappingsf (1), · · · , f (m) are defined after the choice of non
zero elements̃ξ0, · · · , ξ̃m−1 and τ̃0, · · · , τ̃m−1 in the characteristicsΞ,
Ξ1, · · ·Ξm−1 and some given complementsT,T1, · · · ,Tm−1. In the (u j ,

v j) plane,̃ξ j andτ̃ j are of the form̃ξ j = (α j , β j) andτ̃ j = (λ j , µ j), with
α j , 0 since the characteristicΞ j is not verticalfor 1 ≤ j ≤ m− 1. �

Clearly, the iteratef (m) is the first iterate off (m−1). Thus, after
changing̃ξm−1 into −ξ̃m−1, if necessary (which does not affect the ex-
istence of themth iterate f (m) or the conditionD f (m)(0) , (0)), we know
from Theorem 3.1 that the local zero set off (m−1) is made up of two
half-branches (ρ > 0 small enough,ψ an origin-preseringC∞ local dif-
feomorphism ofR)

0 ≤ um < ρ − x̃(α)
m−1(um) = um̃ξm−1 + umψ((−1)α

√
um)̃τm−1, α = 1, 2.

In the system (um−1, vm−1), this becomes

u(α)
m−1(um) = αm−1um+ λm−1umψ((−1)α

√
um),
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v(α)
m−1(um) = βm−1um + µm−1umψ((−1)α

√
um). (5.4)

The above mappingsu(α)
m−1(·) andv(α)

m−1(·) are of classC1 in [0, ρ) with191

(du(α)
m−1/dum)(0) = αm−1 , 0. (5.5)

Now, from§2, the local zero set off (m−2) is made of elements of the
form

x̃m−2 = um−1ξ̃m−2 + um−1vm−1̃τm−2,

with (um−1, vm−1) in the local zero set off (m−1). From (5.4), x̃m−2 =

x̃(α)
m−2(um), α = 1, 2, with

x̃m−2(um) = u(α)
m−1(um)̃ξm−2 + u(α)

m−1(um)v(α)
m−1(um)̃τm−2,

which, in the system (um−2, vm−2), expresses as

u(α)
m−2(um) = αm−2u(α)

m−1(um) + λm−2u(α)
m−1(um)v(α)

m−1(um),

v(α)
m−2(um) = βm−2u(α)

m−1(um) + µm−2u(α)
m−1(um)v(α)

m−1(um).

The mappingsu(α)
m−2(·)v(α)

m−2(·) are of classC1 in (0, ρ) and, from (5.5)

(du(α)
m−2.dum)(0) = αm−2αm−1 , 0, α = 1, 2,

sinceαm−2 , 0. Iterating the process, we find that the local zero set of
f is of the form

x̃(α)(um) = u(α)
1 (um)̃ξ0 + u(α)

1 (um)v(α)
1 (um)̃τ0, α = 1, 2,

where the functionsu(α)
1 (·) andv(α)

1 (·) are of classC1 in [0, ρ), vanish as
the origin and

(du(α)
1 /dum)(0) = α1 · · ·αm−1 , 0.

After shrinkingρ > 0 if necessary, the sign ofu(α)
1 (um) is that of the192

productα1 · · ·αm−1 for 0 < um < ρ and both valuesα = 1 andα = 2.
Hence our assertion, since all the mappings we have considered areC∞

away from the origin.
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When Theorem 5.1 applies, the partical determination of thelocal
zero set off from that of f (m) follows by successive applications of the
“quadrant method” described in§4. Note, however, for 1≤ j ≤ m− 1,
that the quadrants (I ), · · · , (IV) used for finding the local zero set of
f ( j) from the local zero set off ( j+1) are (in general)different from the
quadrants (I ), · · · , (IV) used for finding the local zero set off ( j−1) from
that of f ( j).

Figure 5.1 (a), (b), (c) below gioves an example of the local zero set
of f (2), f (1) and f respectively when Theorem 5.1 applies withm= 2. A
mapping whose local zero set looks like that in Figure 5.1(c)(and for
which the process stops atm= 2 of course) is

f (u, v) = (v− u2)2 + u5.

(II) (I)

(III) (IV)

Figure 5.1: (a) local zero set off (2).



150 5. Introduction to a Desingularization Process....

(II)

(I)

(III)

(IV)

2

1

(II)

(I)

(III) (IV)

2

1

Figure 5.1: (b) local zero set off (1)

(II)
(I)

(III)
(IV)

2
1

Figure 5.1: (c) local zero set off

Remark 5.1. In theory at least, applying Theorem 5.1 does not require193

the computation off (1), · · · , f (n) and reduces to checking some con-
ditions on the partial derivatives off . For a generalm, this follows
from the proof of theintrinsic character of the process, namely, that194

whether or not it stops at some rankmwith D f (m)(0) , 0 is independent
of the choice of the complementsT,T1, · · · ,Tm−1 and of the elements
ξ̃0, · · · , ξ̃m−1 and τ̃0, · · · , τ̃m−1 for defining the iteratesf (1), · · · , f (m)3.

3Observe that modifyingT, · · · ,Tm−2 affects the characteristicsΞ1, · · · ,Ξm−1 as
well.
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For m= 1, this was shown in§ 3 (and the result is obvious). The proof
of this assertion for any m is very technical and will not be given in
these notes (cf. Rabier [32])4. We shall only give the example of the
case whenm = 2; The iteratef (2) is defined under the conditions (5.1)
and (5.2), namely (cf.§§3 and 4)

D3 f (0) · (̃ξ0)3 = 0, (5.6)

1
3

(D4 f (0) · (̃ξ)4)(D2 f (0) · (̃τ0)2) − (D3 f (0) · ((̃ξ0)2, τ̃0))2 = 0. (5.7)

Now, a nonzero element̃ξ1 of the characterisitcΞ1 is

ξ̃1 = (D2 f (0) · (̃τ0)2),−
1
2

D3 f (0) · ((̃ξ0)2, τ̃0)).

From§3, the conditionD f (2)(0) , 0 is equivalent to

D3 f (1)(0) · (̃ξ1)3
, 0.

Using (5.7) and formula (2.12), this can be rewritten as

4
5

(D5F(0) · (̃ξ0)5)(D2 f (0) · (̃τ0)2) − 8(D4 f (0) · ((̃ξ0)3, τ̃0))(D3 f (0)

· ((̃ξ0)2, τ̃0)) + 4D3 f (0) · (̃ξ0, (̃τ0)2)(D4 f (0) · (̃ξ0)4) , 0.
(5.8)

When (5.6) and (5.7) hold (which is independent of the choiceof 195

ξ̃0ǫΞ and τ̃0 from Proposition 4.1), it is easy to see that (5.8) also is
independent of̃ξ0ǫΞ andτ̃0. However, the reader can already guess that
proving the intrinsic character of the process by using formulas such as
(5.6)-(5.8) is impossible in the general case.

Assume now thatD f (2)(0) = 0. Then, the local zero set off (2)

can be found through the Morse lemma and Theorem 4.1 providesthe
structure of the local zero set off (1), from which the structure of the
local zero set off is easily derived. More generally, we have

4However,§ 6 gives a partial result in this direction.
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Theorem 5.2. Assume that the iterates f(1), · · · , f (m) are defined and
D f (m)(0) = 0, det D2 f (m)(0) , 0. Then, the local zero set of f reduces
to the origin if det D2 f (m)(0) > 0 and is made up of exactly two distinct
curves of class C∞ tangent to the characteristicΞ at the origin if det
D2 f (m)(0) < 0.

Proof. It is possible to parallel the proof of Theorem 5.1. However,we
are going to give a more “geometrical” one. We limit ourselves to the
casem = 2, the general situation being identical by repeating the same
arguments. From§2 we know that the local zero set off is of the form

x̃ = u1ξ̃0 + u1v1̃τ0,

with (u1, v1) in the local zero set off (1). The assertion is then obvious if196

detD2 f (2)(0) > 0 since the local zero set off (1) reduces to the origin (cf.
Theorem 4.1). Assume then that detD2 f (2)(0) < 0 so that the local zero
set of f (1) is made of twoC∞ curves tangent to the characteristicΞ1 at
the origin as Theorem 4.1 states. In addition, from the proofof Theorem
4.1, these curves coincide with the graphs of twoC∞ functions defined
around the origin inΞ1 with values inT1. The important point is that
this property is not affected, ifT1 is replaced by any other complement
of T1 (express the general form of a linear change of coordinates leav-
ing the characteristicΞ1 globally invariant and use the Implicit function
theorem). In particular, as the characteristicΞ1 is not vertical, this com-
plement can be taken as thev1-axisR(0, 1). Thus, the local zero set of
f (1) coincides with the graphs of twoC∞ functions defined around the
origin Ξ1 with values inR(0, 1). Because the characterisitcΞ1 is not
vertical again, its projection onto theu1-axis is a linear isomorphism. It
follows that the local zero set off (1) coincides with the graphs of two
C∞ functionsv(α)

1 (u1), α = 1, 2, defined for|u1| < ρ(ρ > 0 small enough)

verifying v(α)
1 (0) = 0. Hence, the local zero set off is made up of the

two curves

u1ǫ(−ρ, ρ) → x̃(α)(u1) = u1ξ̃0 + u1v(α)
1 (u1)̃τ0, α = 1, 2.

Theses two curves are tangent to the characteristicΞ at the origin
and they are distinct, since they coincide with the graphs ofthe two
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distinct functionsu1v(α)
1 (u1) in Rξ̃0 × Rτ̃0. Finally, they are of classC∞,197

since the functionsv(α)
1 are and the proof is complete. �

For practically finding the local zero set off from the local zero set
of f (m), the quadrant method can be applied again. We now show it on
the example when

f (u, v) = u2 + 2uv2 + u3 + 2u2v+ v4 + 2uv3 + uv4 + v5 + v6.

Clearly, f (0) = 0,D f (0) = 0,D2 f (0) , 0 and detD2 f (0) = 0.
Here, the characteristicΞ is the spaceΞ = R(0, 1). It is convenient to
takeT = R(1, 0) (however, the process being intrinsic, all the possible
choices are equivalent). If so, with̃ξ0 = (0, 1) and̃τ0 = (1, 0), we find

f (1)(u1, v1) =
1

u2
1

f (u1(0, 1)+ u1v1(1, 0)) =
1

u2
1

f (u1v1, u1) =

= v2
1 + 2u1v1 + u1v3

1 + u1v2
1 + u2

1 + 2u2
1v1 + u3

1v1 + u3
1 + u4

1.

We see thatD f (1)(0) = 0 while the quadratic part off (1) is (u1+v1)2.
Thus, the characteristicΞ1 isΞ1 = R(1,−1) and we chooseT1 = R(0, 1).
Taking ξ̃1 = (1,−1) and̃τ1 = (0, 1), we find

f (2)(u2, v2) =
1

u2
2

f (1)(u2(1,−1)+ u2v2(0, 1)) =
1

u2
2

f (1)(u2, u2(v2 − 1))

= v2
2 − u2

2 + 4u2
2v2 + u2v2

2 + u2
2v3

2 − 3u2
2v2

2.

The mappingf (2) verifiesD f (2)(0) = 0 and detD2 f (2)(0) = −4 < 0.
The two lines in the local zero set ofD2 f (2)(0) · (u2, v2)2 are the lines 198

u2 = v2 andu2 = −v2. Figure 5.2 showshow the quadrant method allows
to find the two curves in the local zero set off .
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Figure 5.2:
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5.6 Partial Results on the Intrinsic Character of the
Process

A natural question we have already mentioned is to know whether the 199

process described in§5 is intrinsic or depends on the successive spaces
T,T1, · · · ,Tm−1 and elements̃ξ0, ξ̃1, · · · , ξ̃m−1 andτ̃0, τ̃1, · · · , τ̃m−1 cho-
sen for defining the iteratesf (1), · · · , f (m). In § 3, we saw that the con-
dition D f (1)(0) , 0 was independent of the choice ofT and ξ̃0, τ̃0 and
we also proved a similar result as concerns the conditionsD f (1)(0) = 0
and detD2 f (1)(0) , 0 together(cf. Proposition 4.1). The existence of a
second iteratef (2) (i.e. the conditionD f (1)(0) = 0, detD2 f (1)(0) = 0)
is then independent ofT andξ̃0, τ̃0. Given such a spaceT and elements
ξ̃0ǫΞ, τ̃0ǫT from which f (1) is defined, the existence of a third iterate
f (3) is then independent of the choice of the complementT1 of the char-
acteristicΞ1 and of the non-zero elementsξ̃1ǫΞ1, τ̃1ǫT1. But whether or
not its existence is independent of the initial choice ofT andξ̃0, τ̃0 is not
ensured by our previous results. However, we can reduce the question as
follows. Since the characteristicΞ1 is not vertical and since the result is
known to be independent ofT1, it suffices to prove that the existence of
f (3) is independent ofT, ξ̃0, τ̃0 when T1 is taken as the v1-axis. Suppose
then that this step has been solved successfully. We deduce that the ex-
istence of a fourth iteratef (4) is independent of the choice ofT1,T2 and 200

of the non-zero elements̃ξ1, ξ̃2 and τ̃1, τ̃2 in the characterisitcsΞ1,Ξ2

and their complementsT1,T2 respectively. Again, the non-dependence
on the initial choice ofT and ξ̃0, τ̃0 is not a consequence of the results
we have established so far, but the problem can be reduced to the case
whenT1 is taken as thev1-axis andT2 is taken as thev2-axis. More
generally, we see that proving that the process of§5 is intrinsic reduces
to proving for everym that it is independent ofT and ξ̃0, τ̃0 when the
spaceT1, · · · ,Tm−1 are taken as thev1−, · · · , vm−1-axes.

Therefore,we shall henceforth assume that the sequence f(1), . . . ,

f (n) is defined when Tj is taken as the vj-axis, 1 ≤ j ≤ m− 1. Equiva-
lently, we shall say that each spaceT j , 1≤ j ≤ m−1 isvertical. A proof
of the independence ofT based on some generalization of Proposition
4.1 is not available. Indeed, Proposition 4.1 allows to prove the first in-
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dependence result and is based on “linear” arguments while the question
of the independence ofT in the general case is ahigher order (hence)
nonlinearproblem. By showing that the two half-branches/curves (fol-
lowing that either Theorem 5.1 or Theorem 5.2 applies) in thelocal zero
set of f have a contact of orderm exactly at the origin, it is possible to
establish that the process is intrinsic if, for choice ofT, D f (m)(0) , 0 or
D f (m)(0) = 0 and detD2 f (m)(0) < 0 (thus, in such a case,m and either
conditionD f (m)(0) , 0 or D f (m)(0) = 0 and detD2 f (m)(0) < 0 is inde-
pendent ofT). If D f (m)(0) = 0 and detD2 f (m)(0) > 0, the local zero
set of f reduces to the origin and no useful information of an invariant201

geometrical character can be derived from the structure of the local zero
set of f . Neverthless, this situation also can be shown to be intrinsic.
The details of the above assertions can be found in Rabier [32]. Here, it
will be sufficient for our purposes to prove that the process is intrinsic
in a particular case that we shall now describe.

We begin with a definition. We shall say that the characteristic Ξ j

is horizontal if it coincides with u j-axis in its ambient space (u j , v j).
Similarly, after the choice of a systemof coordinates (u, v) in the orig-
inal planeR2, we shall say that the characteristicΞ is horizontal if it
coincides with theu-axis. Thev-axis will be referred to as the vertical
axis.

Remark 6.1.Note that we can always make a choice of the system (u, v)
so that the characteristicΞ is horizontal but we have no freedom of mak-
ing the characteristicsΞ1, · · · ,Ξm−1 horizontal. Conversely, the char-
acteristicsΞ1, · · · ,Ξm−1 being horizontal is independent of the system
(u, v) of coordinates in the original planeR2, since no particular system
is involved in their definition.

Theorem 6.1. Let (u, v) be a system of coordinates in which the charac-
teristic Ξ is not vertical. Then, the characteristicsΞ,Ξ1, · · · ,Ξm−1 are
horizontal if and only if

(∂ j f /∂ui)(0) = 0, 0 ≤ j ≤ 2m, (6.1)

(∂ j+1 f /∂u j∂v)(0) = 0, 0 ≤ j ≤ m. (6.2)

202
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Proof. Note that the relations (6.1) and (6.2) are independent of the
change of coordinates leaving theu-axis invariant. Indeed, such a
change of coordinates is of the form

U = au+ bv,

V = cv,

with ac, 0. Thus, at the origin

∂ j/∂u j = a j∂ j/∂U j , ∂ j+1/∂u j∂u = a jb∂ j+1/∂U j+1 + a jc∂ j+1/∂U j∂V,
(6.3)

so that the relations (6.1) and (6.2) hold in the system (U,V) if and only
if they hold in the system (u, v).

As the characteristicΞ is not vertical, it is therefore not restrictive to
suppose thatT is thev-axis (by changing the latter, notT). On the other
hand, the equivalence is true withm = 1 as is immediately checked.
Assume thenm > 1 and the equivalence holds. We shall prove that
the characteristicsΞ,Ξ1, · · · ,Ξm exist and are horizontal if and only if
(6.1) and (6.2) hold withm+ 1 replacingm. Let then the characteristics
Ξ,Ξ1, · · · ,Ξm−1 exist and be horizontal. In particular, this is true with
Ξ,Ξ1, · · · ,Ξm−1, which is equivalent to (6.1) - (6.2) by hypothesis. Now,
saying thatΞm exists and is horizontal means that

D f (m)(0) = D2 f (m)(0) · (1, 0) = 0ǫL (R2,R),

a condition expressed by the four scalar equations

(∂ f (m)/∂um)(0) = (∂ f (m)/∂vm)(0)

= (∂2 f (m)/∂um∂vm)(0)

= (∂2 f (m)/∂u2
m)(0) = 0.

Applying formula (2.12) with f (m), f (m−1), ξ̃m−1 and τ̃m−1 replac- 203

ing f (1), f , ξ̃0 and τ̃0 respectively, wherẽξm−1 and τ̃m−1 are two given
nonzero elements ofΞm−1 and Tm−1 (= vm−1-axis), the equation
(∂ f (m)/∂vm)(0) = 0 is automatically satisfied. The remaining three ones
are

D3 f (m−1)(0) · (̃ξm−1)3 = D4 f (m−1)(0) · (̃ξm−1)4
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= D3 f (m−1)(0) · ((̃ξm−1)2, τ̃m−1) = 0

By hypothesis,̃ξm−1 andτ̃m−1 ae collinear with theum−1- andvm−1-
axes respectively. Therefore, we get the equivalent relation

(∂3 f (m−1)/∂u3
m−1)(0) = (∂4 f (m−1)/∂u4

m−1)(0)

= (∂3 f (m−1)/∂u2
m−1∂vm−1)(0) = 0.

Again, with the same arguments, each of these equations can be ex-
pressed in terms off (m−2) and the variablesum−2 andvm−2. Iterating the
process and sinceΞ andT coincide with theu- andv- axis respectively,
we finally find

(∂2m+1 f /∂u2m+1)(0) = (∂2m+2 f /∂u2m+2)(0) = (∂m+2 f /∂um+1∂v)(0) = 0,

to be necessary and sufficient condition for the characteristicΞm to ex-
ist and be horizontal, under the equivalent assumptions that Ξ,Ξ1, · · · ,
Ξm−1 exist and are horizontal or that (6.1)-(6.2) hold. The equivalence
at rankm+ 1 follows. �

Remark 6.2.Theorem 6.1 is clearly independent of the choice ofT. By
the arguments of the beginning of this section, the fact thatΞ1, · · · ,Ξm−1

are horizontal is then independent ofany choice T,T1, · · · ,Tm−2 for
defining the iteratesf (1), · · · , f (m−1).

Remark 6.3.(Intrinsic character of the process when the characteris-204

ticsΞ1, · · · ,Ξm−1 are horizontal): From Theorem 6.1 and by successive
applications of formula (2.12), it is easily seen in a system(u, v) of cor-
dinates in which the characteristicΞ is horizontal and its complementT
vertical (so that̃ξ0 = (α0, 0), τ̃0 = (0, µ0)) and when the characteristics
Ξ1, · · · ,Ξm−1 are horizontal, that, setting̃ξ j = (α j , 0) and̃τ j = (0, µ j)

(∂ f (m)/∂um)(0) = [1/(2m+ 1)!]α3
m−1 · · ·α

2m+1
0

(∂2m+1 f /∂µ2m+1)(0), (6.4)

(∂2 f (m)/∂um∂vm)(0) = [1/(m+ 1)!]µm−1 · · · µ0α
2
m−1 · · ·α

m+1
0

(∂m+2 f /∂um+1∂v)(0), (6.5)
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(∂2 f (m)/∂u2
m)(0) = [2/(2m+ 2)!]α4

m−1 · · ·α
2m+2
0 (∂2m+2 f /∂u2m+2)(0),

(6.6)

(∂2 f (m)/∂v2
m)(0) = µ2

m−1 · · · µ
2
0(∂2 f /∂v2)(0). (6.7)

Together with the relation (∂ f (m)/∂vm)(0) = 0 (cf. Theorem 6.1),
these relations show that whether or not the characteristicΞm exist (but
is not necessarily horizontal) is independent ofT. Indeed, the conditions
D f (m)(0) , 0 or D f (m)(0) = 0 and detD2 f (m)(0) , 0 are independent of
the change of coordinates in the (u, v)-plane leaving theu-axis invariant
because, in such a changeU = au + bv,V = cv(ac , 0), the right
hand sides of (6.4)-(6.7), are multiplied bya−2m−1, a−m−1c−1, a−2m−2

and c−2 respectively (cf. (6.3)). Using the arguments at the begin-
ning of this section and Remark 6.2, we conclude that the assump-
tion: “Ξ1, · · · ,Ξm−1 exist and are horizontal andΞm does not exist”
is independent of any choice ofT,T1, · · · ,Tm−1 (and, of course, of
ξ̃0, ξ̃1, · · · , ξ̃m−1 andτ̃0, τ̃1, · · · , τ̃m−1) for defining f (1), · · · , f (m).

In other words, the rankm at which the process stops (if at all) is205

intrinsically linked to f .

Corollary 6.1. Let f verify the condition

f (u, 0) = 0 (6.8)

for u around the origin. Then, the characteristicΞ is horizontal and
Ξ1, · · · ,Ξm−1 exist if and only if

(∂ j+1 f /∂u j∂v)(0) = 0, 0 ≤ j ≤ m. (6.9)

If so, they are horizontal, Finally, if there is a largest integer m (≥ 1
necessarily) such that (6.9) holds, the process§5 ends at the step m
exactly and the local zero set of f is the union of the u-axis and one
distinct C∞ curve tangent to the u-axis at the origin.

Proof. Under the assumption (6.8), the characteristicΞ is horizontal.
Indeed, one has (∂2 f /∂u2)(0) = 0 and, since detD2 f (0) = 0, we deduce
(∂2 f /∂u∂v)(0) = 0. Thus,D2 f (0)·(1, 0) = 0ǫL (R2,R), a relation which
expresses thatΞ is horizontal. Taking̃ξ0 = (1, 0) andτ̃0 = (0, 1) (we
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leave it to the reader to check that any other choice leads to the same
result) the iteratef (1) is

f (1)(u1, v1) =



1
u2

1
f (u1, u1v1) for u1 , 0,

1
2v2

1(∂2 f /∂v2)(0) for u1 = 0.

Clearly, from (6.8),f (1)(u1, 0) = 0 for u1 around the origin. Hence,
if Ξ1 exists, it must be horizontal for the same reason asΞ is. More206

generally, each iteratef ( j) verifies f ( j)(u j , 0) = 0 for u j around the origin
andΞ j must be horizontal if it exists. Theorem 6.1 is then available and
states that assuming thatΞ1, · · · ,Ξm−1 exist is equivalent to assuming
that the relations (6.1) and (6.2) hold. But (6.1) is automatically satisfied
because of (6.8) and the first part of our assertion follows.

Let nowmbe the largest integer such that (6.9) holds (if at all). Then

(∂ j+1 f /∂u j∂v)(0) = 0, 0 ≤ j ≤ m,

(∂m+2 f /∂um+1∂v)(0) , 0,

and the characteristicsΞ1, · · · ,Ξm−1 exist (m ≥ 1) while Ξm does not.
This means eitherD f (m)(0) , 0 or D f (m)(0) = 0 and detD2 f (m)(0) , 0.
From Theorem 5.1 and 5.2, it is immediately checked that the only case
compatible with the fact that the trivial branch (u, 0) for |u| small enough
is in the local zero set of f is whenD f (m)(0) = 0, detD2 f (m)(0) < 0 and
the conclusion is given by Theorem 5.2. �

Remark 6.4.The second part of Corollary 6.1 can also be derived from
formulas (6.4)-(6.7) and Theorem 5.2.

Remark 6.5.The mappingf verifying the condition f (u, 0) = 0 for
u around the origin, it can of course happen that all the derivatives
(∂ j+1 f /∂u j∂v)(0) vanish. As all the derivatives (∂ j f /∂u j)(0) also vanish207

because of the special form off , we deduce, whenf is real-analytic,
that f can be written asf (u, v) = v2h(u, v). SinceD2 f (0) , 0 by hy-
pothesis, one hash(0) , 0 and the local zero set off reduces to the
trivial branch. If f is not real-analytic, the result is false as is easily seen
by taking the example off (u, v) = v2 − ve−1/(u2+v2). This observation
will be generalized in§8.
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5.7 An Analytic Proof of Krasnoselskii’s Theorem
in a Non-Classical Particular Case.

In this section, we consider again the problem of finding the local zero
set of a mapping of the form

G(µ, x) = (I − (λ0 + µ)L)x+ Γ(µ, x), (7.1)

defined on a neighbourhood of the origin in the productR×X and taking
its values in the real Banach space X. As in Chapter 1, the operator
LǫL (X) is supposed to be compact and the nonlinear operatorΓ verifies

Γ(µ, 0) = 0, (7.2)

DxΓ(µ, 0) = 0, (7.3)

for |µ| small enough. For the sake of simplicity, we shall assume that Γ
is of classC∞, although this hypothesis of regularity can be weakened
without affecting the final results.

Recall the notation introduced in Chapter 1

X1 = Ker(I − λ0L), (7.4)

Y2 = Range(I − λ0L) (7.5)

while X2 andY1 are two topological caomplements ofX1 andY2 re- 208

spectively. Denoting byQ1 and Q2 the projection operators onto the
spacesY1 andY2, the Lyapunov-Schmidt reduction leads to the reduced
equation (cf. Chapter 1,§3)

f (µ, x) = − µ
λ0

Q1x− µ

λ0
Q1ϕ(µ, x) + Q1Γ(µ, x+ ϕ(µ, x)) = 0, (7.6)

for (µ, x) around the origin ofR×X1, where the mappingϕ (here of class
C∞) is characterized by

−
µ

λ0
Q2x+(I−λ0L)ϕ(µ, x)−µQ2Lϕ(µ, x)+Q2Γ(µ, x+ϕ(µ, x)) = 0, (7.7)

and verifies the conditions

ϕ(µ, 0) = 0 (7.8)
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for |µ| small enough and
Dϕ(0) = 0. (7.9)

When the algebraic and geometric multiplicities ofλ0 coincide,
namely

X = X1 ⊕ Y2(= Ker(I − λ0L) ⊕ Range(I − λ0L)), (7.10)

the problem was studied in Chapter 1 if dim Ker (I − λ0L) = 1 and in
Chapter 3 if dim Ker (I − λ0L) = n ≥ 2. In what follows, we shall
assume

dim Ker(I − λ0L) = 1, (7.11)

but drop the condition (7.10). This means that we consider the case209

X1 ⊂ Y2(i.e. Ker (I − λ0L) ⊂ Range (I − λ0L)). (7.12)

Thus, forxǫX1,Q1x = 0 andQ2x = x so that the reduced mapping
(7.6) becomes

f (µ, x) = −
µ

λ0
Q1ϕ(µ, x) + Q1Γ(µ, x+ ϕ(µ, x)), (7.13)

while the characterization (7.7) of the mappingϕ can be rewritten as

−
µ

λ0
x+ (I −λ0l)ϕ(µ, x)−µQ2Lϕ(µ, x)+Q2Γ(µ, x+ϕ(µ, x)) = 0. (7.14)

Thegeneralized null-spaceof the operator (I − λ0L) will play a key
role. Recall that it is defined as

Ker(I − λ0L)γ,

whereγ is the smallest positive integer such that5

Ker(I − λ0L)γ
′
= Ker(I − λ0L)γ,

for everyγ′ ≥ γ. Because of (7.12), one hasγ ≥ 2 and, by definition the
algebraic multiplicity ofλ0 is the integer

dim Ker(I − λ0L)γ.

5The existence ofγ is known from the spectral theory of compact operators as re-
called in Cahpter 1.
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Remark 7.1.As dim Ker (I − λ0L) = 1 by hypothesis, on has

dim Ker(I − λ0L)γ = γ. (7.15)

Indeed, by a simple induction argument

dimKer(I − λ0L) j ≤ j, (7.16)

for every jǫN and 210

dim ker(I − λ0L) j−1 < dim Ker(I − λ0L) j ,

for j ≤ γ, by definition ofγ. Such a simple relation as (7.15) betweenγ

and dim Ker (I−λ0L)γ is no longer available when dim Ker (I−λ0L) ≥ 2.

Applying Krasnoselskii’s theorem (Theorem 1.2) of Chapter1 it fol-
lows that existence of nontrivial solutions ot the equationG(µ, x) = 0 ar-
bitrarily close to the origin ofR × X is ensured whenγ is odd. We shall
complement this result in a particular case by showing that bifurcation
occurs regardless of the parity ofγ and obtain a precise description of
the local zero set ofG. Before that, we need to establish some prelim-
inary properties of the reduced mapping f in (7.13). First, let e0 denote
a given eigenvector ofL associated with the characteristic valueλ0 so
that everyxǫX1 = Ker(I − λ0L) can be written in the formx = ǫe0,
ǫ ∈ R. With an obvious abuse of notation, the reduced mappingf in
(7.13) identifies with

f (µ, ǫ) = − µ
λ0

Q1ϕ(µ, ǫ) + Q1Γ(µ, ǫe0 + ϕ(µ, ǫ)), (7.17)

whereϕ(µ, ǫ) is characterized by (cf. (7.14))

−
µǫ

λ0
e0+(I−λ0L)ϕ(µ, ǫ)−µQ2Lϕ(µ, ǫ)+Q2γ(µ, ǫe0+ϕ(µ, ǫ)) = 0 (7.18)

Differentiating (7.17) with respect toǫ, we find

∂ f
∂ǫ

(µ, ǫ) = −
µ

λ0
Q1

∂ϕ

∂ǫ
(µ, ǫ) + Q1DxΓ(µ, ǫe0 + ϕ(µ, ǫ)) · (e0 +

∂ϕ

∂ǫ
(µ, ǫ)).

(7.19)
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For ǫ = 0 and from (7.3) and (7.8), this expression is simply 211

∂ f
∂ǫ

(µ, 0) = −
µ

λ0
Q1

∂ϕ

∂ǫ
(µ, 0). (7.20)

In particular
∂ f
∂ǫ

(0) = 0. (7.21)

Next, differentaiting (7.19) with respect toǫ at the origin, we get

∂2 f

∂ǫ2
(0) = Q1D2

xΓ(0) · (e0)2. (7.22)

Finally, differentiating (7.20) with respect toµ for any orderj at the
origin, it is easy to see that

∂ j+1 f

∂µ j∂ǫ
(0) = −

j!
λ0

Q1
∂ jϕ

∂µ j−1∂ǫ
(0). (7.23)

Theorem 7.1. Assume that

Q1D2
xΓ(0) · (e0)2

, (7.24)

Then, the local zero set of the mapping G (7.1) is the union of the
trivial branch and exactly one distinct C∞ curve tangent to the trivial
branch at the origin.

Proof. It suffices to prove an analogous result for the reduced mapping
f . As f (µ, 0) = 0, one has

∂ f
∂µ

(0) =
∂2 f

∂µ2
(0) = 0. (7.25)

Meanwhile, for j = 1 in (7.23) and due to (7.9),

∂2 f
∂µ∂ǫ

(0) = 0. (7.26)

�
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Thus, the relations (7.21)-(7.26) show thatD f (0) = 0, detD2 f (0) =212

0 andD2 f (0) , 0. According to Corollary 6.1, it suffices to prove that
there exists an indexj (necessarily≥ 2) such that (∂ j+1 f /∂µ j∂ǫ)(0) , 0.
From (7.23), this is equivalent to showing that

Q1
∂ jϕ

∂µ j−1∂ǫ
(0) , 0.

for some j ≥ 2. To does this, we go back to the characterization ofϕ

(7.18). Differentiating this identify with respect toǫ and settingǫ = 0,
it follows from (7.3) that

− µ
λ0

e0 + (I − λ0L)
∂ϕ

∂ǫ
− µQ2L

(
∂ϕ

∂ǫ

)
(µ, 0) = 0.

Now, differentiating with respect toµ yields

−
1
λ0

e0 + (I − λ0L)
∂2ϕ

∂µ∂ǫ
(µ, 0)− µQ2L

∂2ϕ

∂µ∂ǫ
(µ, 0)− Q2L

∂ϕ

∂ǫ
(µ, 0) = 0,

(7.27)
which, because of (7.9), provides

(I − λ0L)
∂2ϕ

∂µ∂ǫ
(0) =

1
λ0

e0. (7.28)

Assume first thatγ = 2. If Q1
∂2ϕ

∂µ∂ǫ
(0) = 0, one has∂

2ϕ

∂µ∂ǫ
(0) ∈ Y2 =

Range(I − λ0L). Thus, there existsξ ∈ X such that

(I − λ0L)ξ =
∂2ϕ

∂µ∂ǫ
(0). (7.29)

Hence, from (7.28)

(I − λ0L)2ξ =
1
λ0
, (7.30)

and consequently (I − λ0L)3ξ = 0. But, sinceγ = 2,

Ker(I − λ0L)3 = Ker(I − λ0L)2.
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We deduce that (I − λ0l)2ξ = 0, which contradicts (7.30). Our as-213

sertion is then proved whenγ = 2. Whenγ ≥ 3, we shall use the same
method but we need some preliminary observations. First, bydifferen-
tiating (7.27) at any orderj − 1, j ≥ 2, at the origin, we get

(I − λ0L)
∂ jϕ

∂µ j−1∂ǫ
(0) = ( j − 1)Q2L

∂ j−1ϕ

∂µ j−2∂ǫ
(0). (7.31)

If there is 3 ≤ j ≤ γ such thatQ1
∂ j−1ϕ

∂µ j−2∂ǫ
(0) , 0, the problem is

solved. Assume then

Q1
∂ j−1ϕ

∂µ j−2∂ǫ
(0) = 0, 3 ≤ j ≤ γ,

or equivalently,

∂ j−1ϕ

∂µ j−2∂ǫ
(0) ∈ Y2 = Range(I − λ0L), 3 ≤ j ≤ γ

Clearly, the space Range (I − λ0L) is stable underL and, for the
indices 3≤ j ≤ γ, (7.31) reads

(I − λ0L)
∂ jϕ

∂µ j−1∂ǫ
(0) = ( j − 1)L

∂ j−1ϕ

∂µ j−2∂ǫ
(0). (7.32)

In particular, for j = γ and applying (I − λ0L) to both sides

(I − λ0L)2 ∂γϕ

∂µγ−1∂ǫ
(0) = (γ − 1)L(I − λ0L)

∂γ−1ϕ

∂µγ−2∂ǫ
(0).

If γ = 3, it follows from (7.28) that

(I − λoL)2 ∂3ϕ

∂µ2∂ǫ
(0) =

2

λ2
0

e0,

while, if γ ≥ 4, (7.32) provides214

(I − λ0L)2 ∂γϕ

∂µγ−1∂ǫ
(0) = (γ − 1)(γ − 2)L2 ∂γ−2ϕ

∂µγ−3∂ǫ
(0).
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Iterating the process, it is clear in any case that

(I − λ0L)γ−1 ∂γϕ

∂µγ−1∂ǫ
(0) =

(γ − 1)!

λ
γ−1
0

e0. (7.33)

As Q1
∂γϕ

∂µγ−1∂ǫ
(0) = 0, there isξ ∈ X such that

(I − λ0L)ξ =
∂γϕ

∂µγ−1∂ǫ
(0).

From (7.33)

(I − λ0L)γξ =
(γ − 1)!

λ
γ−1
0

e0. (7.34)

Hence, (I − λ0L)γ+1ξ = 0. But, by the definition ofγ, one has
Ker(I − λ0L)γ+1 = Ker(I − λ0L)γ. It follows that (I − λ0L)γξ = 0, which
contradicts (7.34).

Remark 7.2.The theorem can be complemented by showing that

Q1
∂ jϕ

∂µ j−1∂ǫ
(0) = 0, 2 ≤ j ≤ γ − 1.

Indeed, let us denote byp(≥ 2) the first integer such that

Q1(∂pϕ/∂µp−1∂ǫ)(0) , 0.

From the proof of Theorem 7.1, we havep ≤ γ. With the arguments we
used for proving (7.33), we find

(I − λ0L) j−1 ∂ jϕ

∂µ j−1∂ǫ
(0) =

( j − 1)!

λ
j−1
0

e0, 2 ≤ j ≤ p.

Setting 215

ej−1 =
∂ jϕ

∂µ j−1∂ǫ
(0), 2 ≤ j ≤ p, (7.35)

this relation yields

(I − λ0L) jej =
j!

λ
j
0

e0, 1 ≤ j ≤ p− 1.
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Clearly, for 1≤ j ≤ p− 1, the vectorse0, · · · , ej belong to the space
Ker(I − λ0L) j+1 and they are linearly independent: indeed, assuming

j∑

ℓ=0

α jeℓ = 0,

and applying (I − λ0L) j , · · · , (I − λ0L) successively, it follows thatα j =

· · · = α0 = 0. Owing to (7.16), we deduce that the vectorse0, · · · , ej

form abasisof Ker (I − λ0L) j+1 for 1 ≤ j ≤ p− 1. As a result,

Ker(I − λ0L)p+1 = Ker(I − λ0L)p. (7.36)

To see this, consider an elementξǫKer(I − λ0L)p+1. Then, (I −
λ0L)ξǫKer(I − λ0L)p, namely

(I − λ0L)ξ =
p−1∑

ℓ=0

αℓeℓ.

By definition of p, one hasep−1 < Y2 = Range(I − λ0L) (cf. (7.35))
while eℓǫRange(I − λ0L), 0 ≤ ℓ ≤ p− 1. As (I − λ0L)ξǫRange(I − λ0L),
the coefficientαp−1 must vanish. But, if so,

(I − λ0L)ξ =
p−2∑

ℓ=0

αℓeℓǫKer(I − λ0L)p−1.

Hence,ξǫKer(I −λ0L)p and (7.36) follows. We conclude thatp ≥ γ216

and thereforep = γ.
This conclusion is important because, according to our discussion

of § 6, it means that the process of desingularization of the reduced
mappingf ends at the stepγ−1 exactly(i.e. the iteratesf (1), · · · , f (γ−1)

are defined and the local zero set off (γ−1) is found through the Morse
lemma).

Remark 7.3.Theorem 7.1 holds as soon as we dan apply the Morse
lemma to the iteratef (γ−1). According to the results of Chapter 2, this
requiresf (γ−1) ∈ C2, which is the case iff ∈ C2γ and hence ifΓ ∈ C2γ.
Also, the condition (7.3) can be weakened and replaced by

D j
µDxΓ(0) = 0, 1 ≤ j ≤ γ.
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Remark 7.4.As mentioned in§6, since the desingularization process
stops at rankγ − 1 exactly (cf. Remark 7.2), the two curves in the local
zero set of f (so those in the zero set ofG) have a contact of order
γ − 1 exactly at the origin. Following the parity ofγ and apart from the
symmetry with respect to theµ-axis, the local zero set off is given by
Figure 7.1 below. This can be easily confirmed by using the “quadrant
method” described in§ 4.

even odd

Figure 7.1: Structure of the local zero set off (7.17).

We shall complete this section with an example: Let us takeX = R2 217

andL =

(
1 1
0 1

)
so thatλ0 = 1 andX1 = Y2 = R(1, 0) and we can choose

e0 = (1, 0) andX2 = Y1 = R(0, 1). With

Γ(µ, x) = Γ(x) = Γ(ǫ,w) = (w2, ǫ2),

it is immediate that the assumptions (7.2), (7.3) and (7.24)are satisfied
andγ = 2. The equationG(µ, x) = G(µ, ǫ,w) = 0 is

− µǫ − (1+ µ)w+ w2 = 0,

− µw+ ǫ2 = 0. (7.37)

The first equation yields 218
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w = ϕ(µ, ǫ) =
(1+ µ) −

√
((1+ µ)2 + 4µǫ)

2

= −
2µǫ

(1+ µ) +
√

((1+ µ)2 + 4µǫ)
,

so that
ϕ(µ, ǫ)−̃µǫ,

around the origin. By referring to the second equation (7.37), we find
the reduced mappingf (µ, ǫ) ∼ −µ2ǫ + ǫ2. The solutions of the equation
−µ2ǫ + ǫ2 = 0 are (µ, 0) and (µ, µ2) and the local zero set off is as in
Figure 7.1 withγ even. Note that the “natural” choice

Γ(ǫ, v) = (ǫ2, v2)

cannot be treated here because the condition (7.24) fails (and hence
D2 f (0) = 0). Actually, the associated reduced equation is

−µϕ(µ, ǫ) + ϕ2(µ, ǫ) = 0, (7.38)

with

ϕ(µ, ǫ) =
ǫ(ǫ − µ)
1+ µ

It is easily checked that the local zero set of the reduced mapping
is made up of thethree transversal curves(µ, 0), (µ, µ) and (2ǫ/ [1 + ǫ+√

((1+ ǫ)2 + 4ǫ2)
]
, ǫ) ∼ (ǫ2, ǫ). Observe in this case that Theorem 4.1

of Chapter 2 applies to the reduced mapping (7.38) because its first
nonzero derivative at the origin is of order 3 and the associated poly-
nomial mapping verifies the condition (R −N.D.). This is not in contra-
diction with the analysis of Chapter 3, because the condition (1.7) (as219

well as its generalized form (1.26)) of Chapter 3fails.

5.8 The Case of an Infinite Process.

To be complete, we analyze now the case when the process of§5 is
endless. We begin with the following definition
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Definition 8.1. We shall say that the mappingf is m-degenerate if the
process of§5 stops afterm steps exactly. Whenf is m-degenerate for
somem, f will be refered to as finitely degenerate. Finally, if the process
of § 5 is endless, we shall say thatf is indefinitely degenerate (in short
∞-degenerate).

Remark 8.1.This definition assumes the intrinsic character of the pro-
cess of§5, proved in [32], that we shall then admit, for Definition 8.1to
make sense.

With this vocabulary, the study we made in§5 was devoted to the de-
termination of the local zero set of a finitely degenerate mapping. When
f is ∞-degenerate, the structure of its local zero set can still bedeter-
mined in a general framework. To see this, we need

Proposition 8.1. Assume that the mapping f is of the form

f (x̃) = (ρ(x̃))2h(x̃), (8.1)

whereρ and h are two C∞ real-valued mappings andρ(0) = 0. Then,
f verifies the condition D f(0) = 0, det D2 f (0) = 0, D2 f (0) , 0 if and 220

only if h(0) , 0 and Dρ(0) , 0. If so, f is∞-degenerate.

Proof. By differentiating (8.1) and sinceρ(0) = 0, we findD f (0) = 0
andD2 f (0) · (̃ξ, ζ̃) = 2h(0)(Dρ(0) · ξ̃)(Dρ(0) · ζ̃). Hence,D2 f (0) , 0
if and only if h(0) , 0 andDρ(0) , 0. If so, the characteristicΞ exists
with

Ξ = KerDρ(0) (8.2)

Let T be a complement ofΞ in R2 and take two nonzero elements
ξ̃0ǫΞ andτ̃0ǫT: The mappingf (1) is defined by

f (1)(u1, v1) =



1
u2

1
(ρ(u− 1̃ξ0 + u1v1̃τ0))2h(u1ξ̃0 + u1v1̃τ0) for u1 , 0

h(0)(Dρ(0) · τ̃0)2v2
1 for u1 = 0.

Let us introduce the twoC∞ real - valued mappings

ρ(1)(u1, v1) =
∫ 1

0
Dρ(su1ξ̃0 + su1v1̃τ0) · (̃ξ0 + v1̃τ0)ds,
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h(1)(u1, v1) = h(u1ξ̃0 + u1v1̃τ0).

One hasρ(1)(0) = 0, h(1)(0) = 0 and the derivativeDρ(1)(0) is the
nonzero linear mapping

(u1, v1)ǫR2 →
1
2

(D2ρ(0) · (̃ξ0)2)u1 + (Dρ(0) · τ̃0)v1.

From the relationρ(x̃) =
∫ 1
0 Dρ(s̃x) · x̃ds, it is immediate thatf (1) =

ρ(1)h(1) with ρ(1) and h(1) verifying the same hypotheses asρ and h.
Hence the existence of a second iteratef (2) and, more generally, off (m),
m≥ 1, so thatf is∞-degenerate. �

The above result motivates the following definition.

Definition 8.2. We shall say that the∞-degenerate mappingf is re-221

ducible if we can write

f (x̃) = (ρ(x̃))2h(x̃) (8.3)

whereρ and h are twoC∞ real-valued mappings such thatρ(0) = 0,
Dρ(0) , 0 andh(0) , 0.

When f is a reducible∞-degenerate mapping, its local zero set is
that of the mappingρ. As Dρ(0) , 0, the Implicit function theorem
shows that it consists of exactly oneC∞ curve, tangent to the character-
istic Ξ at the origin (cf. (8.2)). In any system (u, v) of coordinates such
thatΞ does not coincide with thev-axis (i.e. in whichΞ is not vertical),
this curve is the graph of aC∞ function v = v(u). In such a system of
coordinates, we can alwaus takeρ(u, v) = v − v(u): Indeed, from the
identity ρ(u, v(u)) = 0 we get

ρ(u, v) =

(∫ 1

0
(∂ρ/∂v)(u, v(u) + s(v− v(u)))ds

)
(v− v(u))

and it suffices to replaceh by the mapping

[∫ 1

0
(∂ρ/∂v)(u, v(u) + s(v− v(u)))ds

]2

h(u, v),
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(which does not vanish at the origin).
We shall see how the mappingv is related to the characteristics

Ξ,Ξ1, · · · ,Ξm, · · · With this aim, there is a choice of elementsξ̃ j and
τ̃ j, j ≥ 0, that is especially convenient for defining the iteratesf ( j):
Let γ0 be the slope of the characteristicΞ in the system (u, v) (recall 222

thatγ0 is well defined as a real number sinceΞ is not vertical) and set
ξ̃0 = (1, γ0). TakingT as thev-axis, we choosẽτ0 = (0, 1). The first
iterate f (1) is entirely determined from̃ξ0 and̃τ0 and its characteristicΞ1

is not vertical in the (u1, v1)-plane. Denoting byγ1 the slope ofΞ1, we
set ξ̃1 = (1, γ1). TakingT1 as thev1-axis, we choosẽτ1 = (0, 1) which
determines the second iteratef (2). In general, the choice of thẽξ j ’s and
τ̃ j ’s is then as follows

ξ̃ j = (1, γ j), j ≥ 0, (8.4)

whereγ j denotes the slope of the characteristicΞ j in the (u j , v j) plane
and

τ̃ j = (0, 1), j ≥ 0. (8.5)

Remark 8.2.Note for everyj ≥ 1 that the characteristicΞ j depends on
ξ̃ℓ and τ̃ℓ, 0 ≤ ℓ ≤ j − 1. Thus, by modifying one of thẽξ j ’s (or τ̃ j ’s)
we affect the definition of all the characteristics of order> j. This is
to say that our further results hold with the choice (8.4)-(8.5) andwith
this choice only. If any other choice of elements̃ξ j andτ̃ j is made, the
relationship to the characteristicsΞ,Ξ1, · · · ,Ξm, · · · is different.

Before the first important theorem of this section, we need toestab-
lish

Lemma 8.1. Let m≥ 1 be a given integer. We set

f̂ (u, v) = f

u, v+
m−1∑

j=0

γ ju
j+1

 . (8.6)

223

Then, the characteristicŝΞ, Ξ̂1, · · · , Ξ̂m−1 of f̂ , f̂ (1), · · · , f̂ (m−1) exist
and are horizontal.
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Proof. It is clear thatD f̂ (0) = 0. Now, we have

∂2 f̂

∂u2
(0) =

∂2 f

∂u2
(0)+ 2

∂2 f
∂u∂v

(0)γ0 +
∂2 f

∂v2
(0)γ2

0 =

= D2 f (0) · (1, γ0)2 = D2 f (0) · (̃ξ0)2 = 0,

and

∂2 f̂
∂u∂v

(0) =
∂2 f
∂u∂v

(0)+
∂2 f

∂v2
(0)γ0

= D2 f (0) · ((1, γ0), (0, 1))

= D2 f (0) · (̃ξ0, τ̃0) = 0

Finally, since

∂2 f̂

∂v2
(0) =

∂2 f

∂v2
(0) = D2 f (0) · (0, 1)2 = D2 f (0) · (̃τ0)2

, 0, (8.7)

the above relations show that the characteristicΞ̂ of f̂ exists and is hor-
izontal.

Taking˜̂ξ0 = (1, 0) and̃τ̂0 = τ̃0 = (0, 1), the first iteratef̂ (1) is defined
by

f̂ (1)(u1, v1) =



1
u2

1
f̂ (u1, u1v1) if u1 , 0,

1
2
∂2 f̂
∂v2 (0)v2

1 if u1 = 0.
(8.8)

By definition, one has

f̂ (1)(u1, v1) =



1
u2

1
f (u1, γ0u1 + u1v1) if u1 , 0,

1
2
∂2 f
∂v2 (0)v2

1 if u1 = 0.
(8.9)

Thus, from (8.7)-(8.9) we deduce224

f̂ (1)(u1, v1) = f (1)

u1,

m−1∑

j=1

γ ju
j
1

 . (8.10)

Setting
γ

(1)
j = γ j+1, 0 ≤ j ≤ m− 2,
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we see thatγ(1)
j , 0 ≤ j ≤ m− 2 play with f (1) the same role asγ j , 0 ≤

j ≤ m− 1, play with f . Therefore, it follows from (8.10) that the iterate
f̂ (1) is defined fromf (1) as f̂ is defined fromf . The same observation
can be repeatedm− 1 times and our assertion follows. �

Theorem 8.1. Let f be a reducible∞-degenerate mapping. The iterate
f (1), · · · , f (m), · · · being defined from̃ξ j and τ̃ j , j ≥ 0 as in (8.4)-(8.5),
the function v(u) whose graph is the local zero set of f verifies

d jv

duj
(0) = j!γ j−1 for every j≥ 1. (8.11)

Conversely, if f is∞-degenerate and real-analytic and the disk of

convergence of the power series
∞∑
j=0
γ ju j+1 is not {0}, the mapping f is

reducible and its local zero set coincides with the graph of the analytic
function

v(u) =
∞∑

j=0

γ ju
j+1. (8.12)

Proof. Let m≥ 1 be a given integer. Set

v̂(u) = v(u) −
m−1∑

j=0

γ ju
j+1. (8.13)

With the characterizationf (u, v(u)) = 0, we find 225

f̂ (u, v̂(u)) = 0, (8.14)

where f̂ is the mapping (8.11). From Lemma 8.1, the characterictics
Ξ̂, Ξ̂1, Ξ̂m−1, · · · are horizontal. Thus, using Theorem 6.1,

(∂ j f̂ /∂u j)(0) = 0, 0 ≤ j ≤ 2m,

(∂ j+1 f̂ /∂u j∂v)(0) = 0, 0 ≤ j ≤ m.

By implicit differentiation in (8.14), it easily follows that (d j v̂/duj )
(0) = 0, 0 ≤ j ≤ m. By definition ofv̂ (cf. (8.13)), this is equivalent to

d jv
duj

(0) = j!γ j−1, 0 ≤ j ≤ m.
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But this relation holds for anym≥ 1, which proves (8.11).
Now, assume thatf is∞-degenerate and real-analytic and the disk

of convergence of the power series
∞∑
j=0

ju
j+1

is not{0}. The mapping

f̂ (u, v) = f

u, v+
∞∑

j=0

γ ju
j+1

 , (8.15)

is real-analutic and, by the same arguments as in Lemma 8.1, we see
that f̂ is∞-degenerate and all the characteristicsΞ̂.Ξ̂1, · · · , Ξ̂m, · · · are
horizontal. From Theorem 6.1 again,

(∂ j f̂ /∂u j)(0) = 0 for every j ≥ 0,

(∂ j+1 f̂ /∂u j∂v)(0) for every j ≥ 0.

As f̂ is real-analytic, we deduce that

f̂ (u, v) = v2ĥ(u, v),

where ĥ is real-analytic and verifieŝh(0) , 0 (for otherwiseD2 f̂ (0)226

would vanish). According to (8.15), we conclude

f (u, v) = (v−
∞∑

j=0

γ ju
j+1)2ĥ(u, v−

∞∑

j=0

γ ju
j+1),

a relation from which it is obvious that the local zero set off is the graph
of the mappingv (8.12). �

Remark 8.3.When f is∞-degenerate but not real-naalytic, it may hap-

pen that the disk of convergence of the power series
∞∑
j=0
γ ju j+1 is not{0}

but the graph of the functionv(u) =
∞∑
j=0
γ ju j+1 is not in the local zero set

of f . This is the case with

f (u, v) = v2 + e−1/u2
,

whose characteristicsΞ,Ξ1, · · · ,Ξ1, · · · are horizontal (i.e.γ j = 0 for
j ≥ 0) but whoce local zero set reduces to the origin. Of course, such a
mapping is not reducible.
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From now on, we assume thatf is real-analytic and∞-degenerate.
Let (u, v) be a system of coordinates in which the characteristicΞ is not
vertical. The next result (Theorem 8.2) will show that the assumption

that the disk of convergence of the series
∞∑
j=0
γ ju j+1 does not reduce to

{0} in Theorem 8.1 isvacuous.
For (u, v) around the origin, we can write

f (u, v) =
∑

k,ℓ≥0

akℓu
kvℓ, (8.16)

wherea00 = a10 = a01 = 0, a02a20−a2
11 = 0. Similarly, for everym≥ 1,

the iterate f (m) is real-analytic (which can be easily checked) and we227

shall set
f (m)(um, vm) =

∑

k,ℓ≥0

a(m)
kℓ uk

mvℓm, (8.17)

wherea(m)
00 = a(m)

10 = a(m)
01 = 0, a(m)

02 a(m)
20 − (a(m)

11 )2 = 0. AsΞ is not vertical
and none of the characteristicsΞ1, · · · ,Ξm, · · · is vertical either, one has
a(m)

02 , 0. Hence, form≥ 0

γm = −
a(m)

11

2a(m)
02

.

Now, due to the choice of̃ξm−1 andτ̃m−1 (8.4)-(8.5)

f (m)(um, vm) =


1

u2
m

f (m−1)(um, γm−1um + umvm) for um , 0,
1
2v2

m(∂2 f (m−1)/∂v2
m−1)(0) = am−1

02 v2
mfor um = 0.

(8.18)
In particular,

a(m)
02 =

1
2
∂2 f (m)

∂v2
m

(0) =
1
2
∂2 f (m−1)

∂v2
m−1

(0) = a(m−1)
02 .

Thus
a(m)

02 = a02 for everym≥ 0,



178 5. Introduction to a Desingularization Process....

so that

γm = −
a(m)

11

2a02
for everym≥ 0. (8.19)

It is easy to find a relationship betweem the coefficientsa(m)
kℓ , a(m−1)

kℓ
andγm−1. To do this, we can formula (2.12) or identfiy the coefficients228

in (8.18). We get

a(m)
kℓ =



k+2∑
j=ℓ

(
j
ℓ

)
a(m−1)

k+2− j, jγ
j−1
m−1 for 0 ≤ ℓ ≤ k+ 2

0 for ℓ > k+ 2.
(8.20)

Lemma 8.2. (Weierstrass preparation theorem for functions of two vari-
ables): Let f(u, v) be an analytic function of the two complex variables
(u, v) with values inC. Assume that there is an integerℓ ≥ 1 such that

D j f (0) = 0, 0 ≤ j ≤ ℓ − 1,

and
∂ℓ f

∂vℓ
(0) , 0.

Then, there exist analytic functionsθ0(u), · · · , θℓ−1(u) and h(u, v)
verifying

Diθ j(0) = 0, 0 ≤ i ≤ ℓ − j − 1,

h(0) , 0,

such that

f (u, v) = (vℓ +
ℓ−1∑

j=0

θ j(u)v j )h(u, v).

Moreover, the functionsθ0, · · · , θℓ−1 and h are unique.

Proof. See e.g. Bers [3], Golubitsky and Guillemin [12]. �

Theorem 8.2. Every real-anaylytic mapping f such that f(0) = 0,
D f (0) = 0,D2 f (0) , 0 which is∞-degenerate is reducible and its local
zero set is made up of exactly one analytic curve.
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Proof. From Theorem 8.1, it suffices to show that the disk of conver-229

gence of the power series
∞∑
j=0
γ ju j+1 does not reduce to{0}. Extendingf

to the complex values ofu andv and by Lemma 8.2 withℓ = 2 (recall
that (∂2 f /∂v2)(0) , 0 from the choice of the system (u, v) of cordinates),
we find

f = ph, (8.21)

where
p(u, v) = v2 + θ1(u)v+ θ0(u),

is the Weierstrass polynomial off . By the uniqueness of the decompo-
sition (8.21) and fromf = f = ph, we deduceθ1 = θ1, θ0 = θ andh = h
so that the power series expansions of the functionsθ0, θ1 andh at the
origin have real coefficients. They are then real-analytic functions of the
variablesu andv.

As p(0) = 0 andh(0) , 0, the assumptionD f (0) = 0 is equivalent
to Dp(0) = 0. Hence,D2 f (0) = h(0)D2p(0) so thatD2p(0) , 0 and
det D2p(0) = 0 since the same relation holds withf . In addition, the
characteristicΞ of f , and then its slopeγ0, is none other that that of
p. Denoting byp(1) the first iterate ofp defined through the choice
ξ̃0 = (1, γ0) nadτ̃0 = (0, 1) and setting

h(1)(u1, v1) = h(u1, γ0u1 + u1v1),

one hasf (1) = p(1)h(1), with p(1) andh(1) real-analytic andh(1)(0) , 0.
By the same arguments as above,p(1) has a characteristic which is none230

other than the characteristicΞ1 of f (1) so that the slopeγ1 can be deter-
mined throughp(1) as well as throughf (1) and so on. To sum up, the
Weierstrass polynomialp of f inherits the property of∞-degeneracy
and the numbersγ j , j ≥ 0, are nothing but the slopes of the charac-
teristics of p, p(1), · · · so that all amounts to proving that the disk of

convergence of the power series
∞∑
j=0
γ ju j+1 does not reduce to{0} when

f (u, v) = p(u, v) = v2+ θ1(u)v+ θ0(u). If so, and with the notation (8.16)
we have

θ1(u) =
∞∑

k=1

ak1uk, (8.22)



180 5. Introduction to a Desingularization Process....

θ0(u) =
∞∑

k=2

ak0uk, (8.23)

with a02 = 1 and all the other coefficientsakℓ = 0. In particular, for
ℓ ≥ 3 and an induction based on formula (8.20) shows that this remains
true at any rankm≥ 0:

a(m)
kℓ = 0 for everyk ≥ 0, everyℓ ≥ 3 and everym≥ 0. (8.24)

With this observation, (8.20) yields in particular

a(m)
k2 = a(m−1)

k2 = ak2 for everyk ≥ 0 and everym≥ 1.

But ak2 = 0 for k ≥ 1 and hence

a(m)
k2 = ak2 = 0 for everyk ≥ 1 and verym≥ 0. (8.25)

Finally, with (8.20) again and (8.24), we find

a(m)
k1 = a(m−1)

k+1,1 + 2a(m−1)
k2 γm−1,

for k ≥ 0 andm≥ 1. Owing to (8.25), this is only231

a(m)
k1 = a(m−1)

k+1,1 ,

for k ≥ 1. Therefore

a(m)
k1 = ak+m,1 for everyk ≥ 1 and everym≥ 0. (8.26)

(8.19) can be rewritten in the simple form

γm = −
1
2

am+1,1 for everym≥ 0.

As a result
∞∑

j=0

γ ju
j+1 = −

1
2
θ1(u), (8.27)

which proves that the disk of convergence of the power series
∞∑
j=0
γ ju j+1

doest not reduce to{0}, �
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Remark 8.4.The reader can check that proving that

limm→∞|γm|1/(m+1) < +∞

without using the Weirstrass preparation theorem and trying to express
γm in terms of the coefficients (akℓ) through successive applications of
formula (8.20) is inextricable.

Remark 8.5.According to (8.27) and Theorem 8.1, one must also have

θ0(u) =


∞∑

j=0

γ ju
j+1



2

,

which a direct calculation confirms.

Remark 8.6.Even whenf is not real-analytic, it may happen that the

disk of convergence of the power series
∞∑
j=0
γ ju j+1 is not {0} and the

graph of the functionv(u) =
∞∑
j=0
γ ju j+1 is in the local zero set off . For 232

instance, with
f (u, v) = v2 + ve−1/u2

,

one hasγ j = 0 for every j ≥ 0 andv = 0 is in the local zero set off .
However, this is not always the case as already observed in Remark 8.3

5.9 Concluding Remarks on Further Possible De-
velopments.

Formally, the method we have described can be generalized toC∞ map-
pings fromRn+1 into Rn (again, the regularity off can be weakened
without really affecting most of the results) for which there is an integer
k ≥ 2 such that

D j f (0) = 0, 0 ≤ j ≤ k− 1, (9.1)

and the zero set of the mapping

ξ̃ǫRn+1 → Dk f (0) · (̃ξ)k, (9.2)
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consists of a finite number of lines through the origin. In particular,
when n = 1, this assumption is fulfilled as soon asDk f (0) , 0 (cf.
Chapter 2 ,§2). We can proceed as follows. Letξ̃0ǫR

n+1 be a non-
zero vector generating one of the lines in the zero set of the mapping
(9.2). As the analysis we made in Chapter 2 deals with each direction
separately, we deduce the existence of one and only curve in the local
zero set off which is tangent to the lineRξ̃0 at the origin if the mapping

Dk f (0) · ((̃ξ)k−1, ·)ǫL (Rn+1,Rn)

is onto. If it is not, a first iterate (depending oñξ0) is defined by setting233

f (1)(u1, ṽ1) =



1
uk

1
f (u1ξ̃0 + u1̃v1) if u1 , 0,

1
k! D

k f (0) · (̃ξ0 + ṽ1)k = 1
k!

k∑
j=1

(
k
j

)
Dk

f (0) · ((̃ξ0)k− j (̃v1) j), if u1 = 0,

(9.3)

whereu1ǫR and ṽ1 belongs to some givenn-dimensional complement
T of Rξ̃0 (in the case treated in this chapter,T is one-dimensional and
ṽ1 = v1̃τ0 with v1ǫR andτ̃0 is a fixed nonzero element ofT)

The mappingf (1) (9.3) is easily seen to be classC∞. If D f (1)(0)
ǫL (R × Rn,Rn) is onto, the local zero set off (1) is found through the
Implicit function theorem and reduces to one curve: The partof the local
zero set off which is “along the spaceRξ̃0” (we hope this expression
self-explanatory) is obtained by

x̃ = u1ξ̃0 + u1̃v1, (9.4)

with (u1, ṽ1) in the local zero set off (1).

Remark 9.1. It is easy to check thatD f (1)(0) is onto in the following
two situations

1) Dk f (0)·((̃ξ0)k−1, ·)ǫL (Rn+1,Rn) is onto: This is precisely the case
when the problem is solved through the method of Chapter 2 and
defining f (1) is unnecessary.
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2) RankDk f (0) · ((̃ξ0)k−1, ·) = n− 1 and

Dk+1 f (0) · (̃ξ0)k+1
< RangeDk f (0) · ((̃ξ0)k−1, ·).

Whenn = 1 andk = 2, tbis is exactly the situation studied in§ 3. 234

More generally, if there exists an integerk1 ≥ 1 such that

D j f (1)(0) = 0, 0 ≤ j ≤ k1 − 1, (9.5)

and the mapping

(u1, ṽ1)ǫR × Rn→ Dk1 f (1)(0) · (u1, ṽ1)k1ǫRn, (9.6)

verifies the condition (R − N.D.), the local zero set off (1) is found
through Corollary 3.1 of Chapter 2. Again, the local zero setof f “along
the spaceRξ̃0” is obtained through the transformation (9.4).

How every, in a number of cases, it can be expected thatD f (1)(0) ,
0 while D f (1)(0) is not onto either (for instance, if 1≤ rank Dk f (0) ·
((̃ξ0)k−1, ·) ≤ n − 2; cf. Remark 9.1). That is when Theorem 4.2 - that
has not been used in these lectures - has a role to play since itdoes not
require the first derivative to vanish at the origin.

Note that, contrary to what happens in the simplest casen = 1 and
k = 2, there is not necessarily a unique directionξ̃0 along whichDk f (0)·
((̃ξ0)k−1, ·) is not onto and a first iteratedf (1) must be defined foreach
such direction.

Suppose now that (9.5) holds nut the mapping (9.6) does not verify
the condition (R − N.D.): If however its zero set is made up of a finite235

number of lines through the origin, we can reduce the study ofthe local
zero set off (1) to the study of the local zero set of new iteratesf (2). The
same idea can be applied - with some modifications - to the moregeneral
case whenD f (1)(0) , 0 but is not onto and Theorem 4.2 fails to hold.
Formally, the blowing-up process can be repeated under the assumption
that the zero sets of the first nonzero derivative (of order> 1 actually) at
the origin of each necessary iterate consists of a finite number of lines.
This is a serious obstacle to the development of a general theory since
it seems hard to find reasonable assumptions onf ensuring that it willa
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priori be so, but the method can be tried with each particular example.
Nevertheless, the above hypothesis that the zero set of the first nonzero
derivative at the origin of each necessary iterate is made upof a finite
number of lines isautomaticif n = 1. It is then conceivable that this case
could be studied in a somewhat general frame work and much progress
has already been made in this direction.

Remark 9.2.More generally, for anyn and when rank

Dk f (0) · ((̃ξ0)k−1, ·) = n− 1

(in the notation of Remark 9.1), the behaviour of the iteratef (1) and
hence of all the necessary other ones - is “as ifn were 1” so that this
case also can be expected to bear some general analysis.

Whenn = 1, the general case whenk is arbitrary must be handled
rather differently by using results and methods of algebraic geometry.
The relationship tosingularity theoryhas also become clear although236

some problems remain open and the related results will be found in
forthcoming publications (In the present situation whenn = 1 andk = 2,
there is a simple and explicit relation between the numberm of iterates
necessary for desingularizingf and the codimension off but this is no
longer true ifk ≥ 3).

Singularity theory seems to play an increasing role in the study of
perturbed bifurcationsince the publication of a famous paper by Golu-
bitsky and Schaeffer ([5]).



Appendix 1

Practical Verification of the
Conditions (R − N.D.) and
(C − N.D.) when n = 2 and
Remarks on the General
Case.

Let q = (qα)α=1,2 be a homogeneous polynomial mapping of degreek 237

on R3 with values inR2. Given a system of coordinates (ẽ1, ẽ2, ẽ3) of
R3, we set for̃ξǫR3

ξ̃ = ξ1̃e1 + ξ2̃e2 + ξ3̃e3, (A.1)

whereξ1, ξ2, ξ3ǫR and define

ξ̃′ = ξ1̃e1 + ξ2̃e2, (A.2)

so that
ξ̃ = ξ̃′ + ξ3̃e3. (A.3)

With these notations, each polynomialqα is expressed as

qα (̃ξ) =
k∑

s=0

aα,s(̃ξ
′)ξs

3, α = 1, 2 (A.4)

185
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whereaα,s is a homogeneous polynomial of degreek − s. Now, note
that either the condition (R − N.D.) fails of ẽ3 can be chosen so that
q1(̃e3) , 0 andq2(̃e3) , 0. Indeed, this is possible unlessq1q2 = 0,
namelyq1 ≡ 0 or q2 ≡ 0. But, in this case, the condition (R − N.D.) is
not satisfied byq.

With this choice of̃e3, one has

aα,k = qα (̃e3) , 0, α = 1, 2. (A.5)

Then,q(̃ξ) = 0 if and only if the two polynomials inξ3 of degree
exactly k238

ξ3→ qα (̃ξ′ + ξ3̃e3), α = 1, 2, (A.6)

have a common real root for the prescribed valueξ̃′. As the leading
coefficientsa1,k anda2,k are nonzero, the resultantR(̃ξ′) of these two
polynomials vanishes for this values ofξ̃′.

We examine the converse of this result. First, the resultantR can
identically vanish: It is well - known that this happens if and only if q1

andq2 have a nonconstant (homogeneous) common factor. Let us then
write

q1 = rp1, q2 = rp2

with p1 andp2 relatively prime, degr ≥ 1. If r vanishes at some point
ξ̃ǫR3 − {0}, one has

qα (̃ξ) = 0, α = 1, 2,

and
Dqα (̃ξ) = Pα (̃ξ)Dr (̃ξ), α = 1, 2.

Thus, KerDq(̃ξ) ⊃ KerDr(̃ξ) whose dimension is≥ 2 andq does
not satisfy the condition (R − N.D.).

If r does not vanish inR3 − {0} (note thatr doesvanish inC3 − {0}
from Hilbert’s zero theorem), there is no line in the zero setof q in R3

which is in the zero set ofr and we can replaceq1 andq2 by p1 andp2.
From now, on, we can then assume thatq1 andq2 are relatively prime,
so that

R . 0.

It can be shown by simple arguments thatR is a homogeneous poly-239
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nomial of degreek2 (see e.g. [16, 18]). Its zero set inRẽ1 ⊕ Rẽ2 then
consists of a finite number of lines (≤ k2) through the origin and the
same result is true in the spaceCẽ1 ⊕ Cẽ2 (of course, in this case, the
lines in the zero set ofR arecomplexones). For the sake of convenience,
we shall denote byK either fieldR of C. Given a point̃ξ′ǫKẽ1 ⊕ Kẽ2

such thatR (̃ξ′) = 0, there is a finite number (≥ 1) of valuesξ3ǫC such
thatq(̃ξ′+ξ3̃e3) = 0: These values are the common roots inC of the two
polynomials (A.6) (hence their number is finite). It followsthat, above
eachK-line in the zero set ofR in Kẽ1 ⊕ Kẽ2, there is a finite number
of K-lines in the zero set ofq. However, whenK = R, there lines may
not lie inR3 since, for a giveñξ′ǫRẽ1 ⊕ Rẽ2 in the zero set ofR, some
corresponding valuesξ3 such thatq(̃ξ′ + ξ3̃e3) = 0 may belong toC\R.
But this happens in “almost” no system (ẽ1, ẽ2, ẽ3). To see this, let us
consider an arbitrary change ofẽ3 into ẽ∗3 such that (̃e1, ẽ2, ẽ∗3) is a basis

of R3. The coordinates (ξ∗1, ξ
∗
2, ξ
∗
3) of any point ξ̃ǫR3 in this basis are

given by 

ξ∗1
ξ∗1
ξ∗31

 =



1 0 a
0 1 b
0 0 c





ξ1

ξ2

ξ3

 , (A.7)

where (ξ1, ξ2, ξ3) are the coordinates of̃ξ in the basis (̃e1, ẽ2, ẽ3) and the
coefficientsa, b andc are real withc , 0. Of course, (̃e1, ẽ2, ẽ3) and 240

(̃e1, ẽ2, ẽ∗3) are also bases inC3 and the change of coordinates is still
given by (A.7).

Let theC-lines in the zero set ofq in C3 be generated by the nonzero
vectors ξ̃1, · · · , ξ̃ν with ν ≤ k2 from Bezout’s theorem. Denote by
(ξ j1, ξ j2, ξ j3) and (ξ∗j1, ξ

∗
j2, ξ

∗
j3) the components of̃ξ j , 1 ≤ j ≤ ν, in the

bases (̃e1, ẽ2, ẽ3) and (̃e1, ẽ2, ẽ∗3) respectively. For a fixed index 1≤ j ≤ ν,
the first two componentsξ∗j1 andξ∗j2 will have the sasme argument if and
only if (agreeing that 0 has the same argument as any complex number)

(Reξ j1Imξ j2 − Reξ j2Imξ j1) + a(Reξ j3Imξ j2 − Reξ j2Imξ j3)+

+ b(Reξ j1Imξ j3 − Reξ j3Imξ j1) = 0

In other words, ifξ j1, ξ j2 andξ j3 do not have the same argument, the
above equality holds fora andb in a one-dimensional affine manifold
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of R2 while, from (A.7), if ξ j1, ξ j2 and ξ j3 have the same argument,
the three componentsξ∗j1, ξ

∗
j2 andξ∗j3 also have the same argument. To

sum up, fora andb outside the union of a finite number≤ ν of one-
dimensional affine manifolds inR2, the following property holds: For
any 1≤ j ≤ ν, the two componentsξ∗j1 andξ∗j2 have the same argument
if and only if ξ∗j1, ξ

∗
j2 andξ∗j3 have the same argument.

Now, let
ξ̃ = ξ∗1̃e1 + ξ

∗
2̃e2 + ξ

∗
3̃e∗3,

be a nonzero element in the zero set ofq in C3 with ξ∗1, ξ
∗
2ǫR. One has241

ξ̃ = λξ̃ j ,

for someλǫC − {0} and some 1≤ j ≤ ν. Thusξ∗1 = λξ
∗
j1, ξ∗2 = λξ

∗
j2 and

ξ∗3 = λξ
∗
j3. As ξ∗1 andξ∗2 are real by hypothesis,ξ∗j1 andξ∗j2 have the same

argument (namely, -Argλ). Hence Argξ∗j3 = −Argλ too and it follows
thatξ∗3 is real.

Thus, by simply modifying̃e3, one can assume that above eachR-
line in the zero set ofR in Rẽ1 ⊕ Rẽ2, all the correspondingR-lines in
the zero set ofq in C3 lie in R3 (an equivalent way of saying that for
every ξ̃′ǫRe1 ⊕ Re2 such thatR (̃ξ′) = 0, all the solutionsξ3ǫC of the
equationq(̃ξ′ + ξ3̃e3) = 0 arereal). From the above proof, this property
is unchanged by an arbitrarily small change of the vectorẽ3. Of course,
above a givenR-line in the zero set ofR in Rẽ1⊕Rẽ2 may lie severalR-
lines in the zero set ofq in R3. Again, this happens in exceptional cases
only. Indeed, theR-lines in the zero set ofR are the projections along̃e3

of the lines in the zero set ofq. By slightly changing̃e3 and since there
are only finitely manyR-lines in the zero set ofq in R3, we can manage
so that the lines in the zero set ofq and the lines in the zero set ofR

are in one-to-one correspondence. We leave it to the reader to given a
rigorous proof of this result, exemplified on Figure A.1 below: Given a
basis (̃e1, ẽ2, ẽ3) of R3 and a finite number of lines inR3 which project242

onto the same line of the planeRẽ1 ⊕ Rẽ2 along ẽ3, any change of̃e3

into a non-collinear vector is so that the new projection onto Rẽ1 ⊕ Rẽ2

alongẽ3 transforms these lines into the same number ofdistinct lines of
the planeRẽ1 ⊕ Rẽ2.
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Remark A.1: Of course, each change of the vectorẽ3 modifiesthe poly-
nomialR, which is the reason why the above properties can be estab-
lished.

Figure A.1:

The basis (̃e1, ẽ2, ẽ3) being now fixed so that the previous properties
hold, we are in position to give a characterization of the condition (R −
N.D.). First, asR . 0 and by a suitable choice of̃e2 without modifying
Rẽ1 ⊕ Rẽ2 (so that the definition ofR is not affected) we may assume
R (̃e2) , 0. AsR is homogeneous of degreek2, ξ̃′ = 0 is always in the 243

zero set ofR. From (A.5), this value corresponds with the valueξ̃ = 0
in the zero set ofq, a solution in which we have no interest. All then
amounts to finding the nonzero solutions ofR (̃ξ′) = 0. By our choice
of e2, none of them is of the formξ2̃e2 (i.e. ξ1 = 0) and, after dividing
by ξk2

1 , 0

R (̃ξ′) = 0↔ R (̃e1 +
ξ2

ξ1
ẽ2) = 0

Settingτ = ξ2|ξ1, each real root of the polynomial

a(τ) = R (̃e1 + τ̃e2) = 0, (A.8)

corresponds with one and only one real line in the zero set ofR in
Rẽ1 ⊕Rẽ2 and hence withone and only one line in the zero set of qin
R3. Then, the condition (R − N.D.) is equivalent to assuming thateach
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real root of polynomial a(τ) is simple. We only sketch the proof of this
result (which uses the notion of multiplicity of intersection). For the
sake of brevity, we shall refer to the real zero set of q (resp.R) as being
the zero set ofq (resp.R) in R3 (resp.Rẽ1 ⊕ Rẽ2). Similar definitions
will be used for the complex zero sets ofq andR.

A real lineLR in the real zero set ofq (resp.R) is than the intersec-
tion of one and only one complex lineLC in the complex zero set ofq
(resp.R) with R3 (resp.Rẽ1 ⊕ Rẽ2). Actually, if

LR = Rξ̃0(resp.Rξ̃′0),

then244

LC = Cξ̃0(resp.Cξ̃′0).

The lineLC will be called the complex extension ofLR. From our
previous results, above the extensionLC of a given lineLR in the real
zero set ofR lines exactly oneC-line in the complex zero set ofq
(whose intersection withR3 is nothing but this oneR-line in the real
zero set ofq aboveLR).

To eachC-line LC in the complex zero set ofq is associated amulti-
plicity, called themultiplicity of intersectionof the surfaceq1(̃ξ) = 0 and
q2(̃ξ) = 0 alongLC. The following result is true in general (cf. [11]):
The multiplicity of the rootτǫC of the polynomiala(τ) (A.8) equals
the number ofC-lines in the complex zero set ofq which lie above the
C-line

{ξ1̃e1 + τξ1̃e2, ξ1ǫC},

in the complex zero set ofR, counted with multiplicity. On the other
hand, from the condition (R − N.D.), the multiplicity of the complex
extension of anyR-line in the real zero set ofqhappens to beone, which,
from our choice of the basis (ẽ1, ẽ2, ẽ3), proves the equivalence of the
condition (R − N.D.) with the fact that each real root of the polynomial
a(τ) (A.8) is simple.

The condition (C−N.D.) also bears a similar characterization. Here,
the basis (̃e1, ẽ2, ẽ3) must be taken so that the projection ontoCẽ1 ⊕ Cẽ2

of all theC-lines in the complex zero set ofq are distinct. If so, the same245
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arguments of multiplicity show that the condition (C − N.D.) is equiva-
lent1 to assuming thateach root of the polynomial a(τ) (A.8) simple(as
a result, it has exactlyk2 distinct roots, each of them providing a differ-
entC-line in the complex zero set ofq). It follows that the condition
(C − N.D.) amounts to assuming that thediscriminantof a(τ) (A.8) is
, 0: It is a (2k2−1)× (2k2−1) determinant2 whose coefficients are com-
pletely determined by the polynomialsq1 andq2 and is then particularly
simple to work out in practice.

In both cases, besides a criterion for checking the non-degeneracy
condition, we have got a practical means of calculation of (approxima-
tions of) theR-lines in the real zero set ofq by calculating (approxima-
tions of) the real roots of the polynomiala(τ), an important feature for
developing the algorithmic process of Chapter 4.

REMARKS ON THE GENERAL CASE

Whenn is arbitrary, the problem of practical verification of the con-
dition (R − N.D.) and calculation of (approximations of) theR-lines in
the real zero set ofq is imperfectly solved. However, the practical veri-
fication of the condition (C−N.D) remains possible. Observe that it will246

fail if and only if the (n+ 1) systems of (n+ 1) homogeneous equations
in (n+ 1) variables 

q(̃ξ) = 0ǫCn,

△ j(ξ) = 0ǫC,
(A.9)

where△ j is one of the (n+ 1) n× n minors of the derivativeDq(̃ξ), are
satisfied by some nonzerõξ ∈ Cn+1. Each minor△ j is a polynomial
whose coefficients are polynomials in the coefficients ofq. It so hap-
pens that a syatem of algebraic relations between the coefficients ofq
can be found so that the system (A.9) is solvable if and only ifthese re-
lations hold (cf. Hodge and Pedoe [16], where it is also shownthatone
algebraic relation is sufficient). Hence the existence of a finite system of

1As very nonconstant homogeneous polynomial vanishes at nonzero points inC3, it
is necessary thatq1 andq2 be relatively prims for the condition (C − N.D.) to hold.

2A note by H. Gerber (Amer.Math. Monthly, 91(1984), pp.644-646) on reducing
the size of determinants for calculating resultants may be applicable here.
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algebraic relations between the coefficients ofq which will be satisfied
Marsden and Schecter have suggested the use of Seidenberg’salgorithm
([36]) to fin such a system of algebraic relations characterizing the con-
dition (R −N.D.) but simplifications would be desirable to get an actual
practical method of verification. Also, this approach does not yield any
means of calculation of (approximations of) theR-lines in the zero set
of q.



Appendix 2

Complements of Chapter IV

In this appendix, we give complete proofs for several results we used 247

in Chapter 4,§§5 and 6 and which were omitted there for the sake of
brevity. The notation is that of Chapter 4 and our expositionfollows E1
Hajji [10].

To begin with, we make precise a few definitions and elementary
properties. LetE be a real Banach space with norm|| · || andQ a compact
space. The Banach spaceC0(Q,E) will be equipped with the norm|·|∞,Q
defined by

ψǫC0(Q,E)→ |ψ|∞,Q = sup
xǫQ
||ψ(x)||.

Now, if Ω denotes an open subset of some other real Banach space
andm ≥ 0 a given integer, we callCm(Ω,E) the space of mappingsm
times differentiable inΩ whose derivatives of order≤ m can be contin-
uously extended to the closureΩ. Note that if the ambient space ofΩ
is infinite-dimensional,Cm(Ω,E) is not a normed space, even whenΩ
is bounded. On the contrary, ifΩ is bounded and its ambient space is
finite-dimensional,Cm(Ω,E) is a Banach space with the norm

ψǫCm(Ω,E)→
m∑

i=0

sup
xǫΩ

||Diψ(x)|| =
m∑

i=0

|Diψ|∞,Ω.

In other words, convergence in the spaceCm(Ω,E) is equivalent to
convergence of the derivatives of order≤ m in the uniform norm.

193
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Our first task is to prove, forr > 0 andδ > 0 small enough, that248

the sequence (gℓ) (resp. (D
ξ̃
gℓ)) tends tog (resp. D

ξ̃
g) in the space

C0([−r, r]×△,Rn) (resp.C0([−r, r]×△,L (Rn+1,Rn))). Since the results
we are looking for are local, it is not restrictive to assume thatO (in IV.5)
is convexandr > 0 is chosen so thatt̃ξǫO for everytǫ[−r, r] and every
ξ̃ǫ△.

Due to the definition ofk, the Taylor formula shows for 0< |t| ≤ r
andξ̃ǫ△ that

gℓ(t, ξ̃) − g(t, ξ̃) = k
∫ 1

0
(1− s)k−1Dk( fℓ − f )(st̃ξ) · (̃ξ)kds.

From the definitions, this remains true fort = 0 and, as||̃ξ|| ≤ 1+δ/2
we get

|gℓ − g|∞,[−r,r ]×△ ≤
(
1+

δ

2

)k

|Dk( fℓ − f )|∞,O . (A2.1)

Also, for t , 0, we have

D
ξ̃
(gℓ − g)(t, ξ̃) =

k!

tk−1
D( fℓ − f )(t̃ξ), (A2.2)

while the relationgℓ(0, ·) = g(0, ·) = q for everyℓ ≥ 0 yields

D
ξ̃
(gℓ − g)(0, ξ̃) = 0. (A2.3)

Thus, ifk = 1

|D
ξ̃
(gℓ − g)|∞,[−r,r ] × ∆ ≤ k(1+

δ

2
)k−1|Dk( fℓ − f )|∞,O . (A2.4)

In order to show that the above formula remains true also whenk ≥
2, it suffices to apply the Taylor formula to the termD( fℓ − f ) and to
substitute it in (A2.2); we then find, for 0< |t| ≤ r andξ̃ǫ△, that249

D
ξ̃
(gℓ − g)(t, ξ̃) = k(k − 1)

∫ 1

0
(1− s)k−2Dk( fℓ − f )(st̃ξ) · (̃ξ)k−1ds,

and this relation remains valid fort = 0, which establishs (A2.4) imme-
diately. The assertion follows from (A2.1) and (A2.4) and the conver-
gence of the sequence (fℓ) to f in the spaceCk(O ,Rn).
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It is then easy to deduce that the sequence (Mℓ) (respectively
(D

ξ̃
Mℓ)) tends toM (respectivelyD

ξ̃
M) uniformly in the set [−r, r] ×

C × △. More precisely, introducing

w(δ) = sup
ζ̃0ǫC

||A(̃ζ0) − A(̃ξ0)|| = |A− A(̃ξ0)|∞,C, (A2.5)

one has

|Mℓ − M|∞,[−r,r ]×C×△ ≤ (||A(̃ξ0)|| + w(δ))|gℓ − g|∞,[−r,r ]×△ (A2.6)

Besides, the same arguments leads to the inequality

|Mℓ(t, ·, ·) − M(t, ·, ·)|∞,C×△ <
(
||A(̃ξ0)|| + w(δ)

)
|gℓ(t, ·) − g(t, ·)|∞,△,

(A2.6)′

for everytǫ[−r, r].
Now, for (t, ζ̃0, ξ̃)ǫ[−r, r] ×C × △

||Nℓ(t, ζ̃0, ξ̃) − N(t, ζ̃0, ξ̃)|| ≤ 2
||Mℓ(t, ζ̃0, ξ̃) − M(t, ζ̃0, ξ̃)||

||M(t, ζ̃0, ξ̃)||

Hence, from Lemma 2.1 of Chapter 4

|Nℓ − N|∞,[−r,r ]×C×△ ≤
2

1− δ
|Mℓ − M|∞,[−r,r ]×C×△, (A2.7)

from which it follows that the sequence (Nℓ) tends toN uniformly in the 250

set [−r, r] ×C × △. The same method shows that

|Nℓ(t, ·, ·) − N(t, ·, ·)|∞,C×△ <
2

1− δ
|Mℓ(t, ·, ·) − M(t, ·, ·)|∞,C×△, (A2.7)′

for everytǫ[−r, r].
The proof of Theorem 5.1 of Chapter 4 is based on the following

estimate.

Lemma A2.1: For every triple(t, ζ̃0, ξ̃)ǫ[−r, r] × C × △ and everyℓǫN,
one has

||D
ξ̃
Nℓ(t, ζ̃0, ξ̃)|| ≤

3δ

(1− δ3)
+

2||D
ξ̃
gℓ(0, ξ̃0)||

(1− δ)
w(δ)+
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+ 2


||A(̃ξ0)|| + w(δ)

(1− δ)


[

3

(1− δ)2
||gℓ(t, ξ̃)|| + ||Dξ̃

gℓ(t, ξ̃) − D
ξ̃
gℓ(0, ξ̃0)||

]
.

(A2.8)

Proof. In this proof, it will be convenient to use the following natation:
M∗
ℓ

(resp.Λ∗
ℓ
) will denote the valueM(t, ζ̃0, ξ̃) (resp. D

ξ̃
Mℓ(t, ζ̃0, ξ̃)) at

some arbitrary point (t, ζ̃0, ξ̃)ǫ[−r, r] ×C × △ andM0
ℓ

(resp.Λ0
ℓ
) the par-

ticular valueMℓ(0, ξ̃0, ξ̃0) (resp.D
ξ̃
mℓ(0, ξ̃0, ξ̃0)). Thus, by the definition

of Mℓ

M0
ℓ = ξ̃0. (A2.9)

On the other hand, the calculation ofD
ξ̃
M(0, ξ̃0, ξ̃0) made in Chapter

4, §3 can be repeated for findingD
ξ̃
Mℓ(0, ξ̃0, ξ̃0) = Λ0

ℓ
so that

Λ0
ℓ h̃ = (̃ξ0|̃h)̃ξ0, (A2.10)

for everỹhǫRn+1. As a result

||M0
ℓ || = 1, (A2.11)

||Λ0
ℓ || = 1. (A2.12)

251

With the notation introduced above, an elementary calculation gives

D
ξ̃
Nℓ(t, ζ̃0, ξ̃) · h̃ =

Λ∗
ℓ
h̃

||M∗
ℓ
||
−

(Λ∗
ℓ
h̃|M∗

ℓ
)

||M∗
ℓ
||3

M∗ℓ , (A2.13)

for everỹhǫRn+1. In particular, choosing (t, ζ̃0, ξ̃) = (0, ξ̃0, ξ̃0), we get

D
ξ̃
Nℓ(0, ξ̃0, ξ̃0) = Λ0

ℓ h̃− (Λ0
ℓ h̃|M

0
ℓ )M

0
ℓ (A2.14)

Next, from (A2.9)-(A2.10), it follows thatD
ξ̃
Nℓ(0, ξ̃0, ξ̃0) = 0.

Therefore the relation (A2.13) is unchanged by subtracting(A2.14) from
it, which means that

D
ξ̃
Nℓ(t, ζ̃0, ξ̃) · h̃ =


Λ∗
ℓ
h̃

||M∗
ℓ
||
− Λ0

ℓ h̃

 −

(Λ∗

ℓ
h̃|M∗

ℓ
)

||M∗
ℓ
||3

M∗ℓ − (Λ0
ℓ h̃|M

0
ℓ )M

0
ℓ
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for everỹhǫRn+1. Hence the inequality

||D
ξ̃
Nℓ(t, ζ̃0, ξ̃) · h̃|| ≤ ||

Λ∗
ℓ
h̃

||M∗
ℓ
||
− Λ0

ℓ h̃|| + ||
(Λ∗

ℓ
h̃|M∗

ℓ
)

||M∗
ℓ
||3

M∗ℓ − (Λ0
ℓ h̃|M

0
ℓ )M

0
ℓ ||.

(A2.15)

As a first step, we establish an estimate for the term|| Λ
∗
ℓ
h̃

||M∗
ℓ
|| − Λ

0
ℓ
h̃||.

One has

Λ∗
ℓ
h̃

||M∗
ℓ
||
− Λ0

ℓ h̃ =
1
||M∗

ℓ
||
((Λ∗ℓ )̃h+ (1− ||M∗ℓ )Λ

0
ℓ h̃).

From (A2.11), we first find a majorisation by

1
||M∗

ℓ
||
(
||Λ∗ℓ − Λ

0
ℓ || + |1− ||M

∗
ℓ |||

)
||̃||.

Now, since|1− ||M∗
ℓ
||| ≤ ||M∗

ℓ
− M0

ℓ
|| (cf. (A2.11)) 252

||
Λ∗
ℓ
h̃

||M∗
ℓ
||
− Λ0

ℓ h̃|| ≤
1
||M∗

ℓ
||
(||Λ∗ℓ − Λ

0
ℓ )|| + ||M

∗
ℓ − M0

ℓ ||)||̃h||. (A2.16)

Next, we look for an appropriate majorisation of the second term
appearing in the right hand side of (A2.15), namely

||
(Λ∗

ℓ
h̃|M∗

ℓ
)

||M∗
ℓ
||3

M∗ℓ − (Λ0
ℓ h̃|M

0
ℓ )M

0
ℓ ||.

Here, we use the identity

(Λ∗
ℓ
h̃|M∗

ℓ
)

||M∗
ℓ
||

M∗ℓ − (Λ0
ℓ h̃|M

0
ℓ )M

0
ℓ =

1
||M∗

ℓ
||3
{((Λ∗ℓ − Λ

0
ℓ )̃h|M

∗
ℓ )M

∗
ℓ+

+ (Λ0
ℓ h̃|M

∗
ℓ )(M

∗
ℓ − M0

ℓ ) + (Λ0
ℓ h̃,M

∗
ℓ − M0

ℓ )M
0
ℓ+

+ (1− ||M∗ℓ ||
3)(Λ0

ℓ h̃.M
0
ℓ )M

0
ℓ }.

As |1−||M∗
ℓ
||3| = |1−||M∗

ℓ
|||(1+||M∗

ℓ
||+||M∗

ℓ
||2) and using the inequality

|1− ||M∗
ℓ
||| ≤ ||M∗

ℓ
− M0

ℓ
||, we obtain

||
(Λ∗

ℓ
h̃|M∗

ℓ
)

||M∗
ℓ
||

M∗ℓ − (Λ0
ℓ h̃|M

0
ℓ )M

0
ℓ || ≤ (A2.17)
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≤ {
1
||M∗

ℓ
||
||Λ∗ℓ − Λ

0
ℓ || +


1
||M∗

ℓ
||
+

2

||M∗
ℓ
||2
+

2

||M∗
ℓ
||3

 ||M∗ℓ − M0
ℓ ||}||̃h||.

Using (A2.16) and (A2.17) in (A2.15), we arrive at

||D
ξ̃
Nℓ(t, ζ̃0, ξ̃)|| ≤

2
||M∗

ℓ
||
{||Λ∗ℓ − Λ

0
ℓ || +

1+
1
||M∗

ℓ

+
1

||M∗
ℓ
||2

 ||M∗ℓ − M0
ℓ ||}.

In view of Lemma 2.1 of Chapter 4 and from 0< 1 − δ < 1, this
inequality takes the simpler form253

||D
ξ̃
Nℓ(t, ζ̃0, ξ̃)|| ≤

2
1− δ

(
||Λ∗ℓ − λ

0
ℓ || +

3

(1− δ)2
||M∗ℓ − M0

ℓ ||
)
. (A2.18)

At this stage, proving our assertion reduces to finding a suitable es-
timate for the two terms||Λ∗

ℓ
− Λ0

ℓ
|| and ||M∗

ℓ
− M0

ℓ
||. We begin with a

majorisation of||M∗
ℓ
−M0

ℓ
||. By (A2.9) and the definition of the mapping

Mℓ,

||M∗ℓ − M0
ℓ || ≤ ||̃ξ − ξ̃0|| + ||A(̃ζ0) · gℓ(t, ξ̃)||

≤ δ

2
+ ||A(̃ζ0)||||gℓ(t, ξ̃)||.

As ||A(̃ζ0)|| ≤ ||A(̃ξ0)|| + w(δ) by the definition ofw(δ) (of. (A2.5))

||M∗ℓ − M0
ℓ || ≤

δ

2
+

(
||A(̃ξ0)|| + w(δ)

)
||gℓ(t, ξ̃)||. (A2.19)

Finally, it is immediate that

Λ∗ℓ − Λ
0̃h = A(̃ζ0)D

ξ̃
gℓ(t, ξ̃) · h̃− A(̃ξ0)D

ξ̃
gℓ(0, ξ̃0) · h̃.

Hence

||Λ∗ℓ − Λ
0
ℓ || < ||A(̃ζ0) − A(̃ξ0)||||D

ξ̃
gℓ(0, ξ̃0)||+

+ ||A(̃ζ0)||||D
ξ̃
gℓ(t, ξ̃) − D

ξ̃
gℓ(0, ξ̃0)||.

From the inequality||A(̃ζ0)|| < ||A(̃ξ0)|| + w(δ) again and by the defi-
nition of w(δ), we find then

||λ∗ℓ − Λ
0
ℓ || < w(δ)||D

ξ̃
gℓ(0)||+
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+ (||A(̃ξ0)|| + w(δ))||D
ξ̃
gℓ(t, ξ̃) − D

ξ̃
gℓ(0, ξ̃0)||. (A2.20)

The combination of inequalities (A2.18) - (A2.20) yields the desired
extimate (A2.8). �

Proof of Theorem 5.1: As a first step, we prove that the mapping254

Nℓ(t, ξ̃0, ·) is Lipschitz continuous with constantγ. The fact thatN(t,
ζ̃0, ·) maps the ball△ into itself will be shown afterwards. The start-
ing point is the estimate (A2.8) of Lemma A2.1: From the relation
D
ξ̃
gℓ(0, ξ̃0) = D

ξ̃
g(0, ξ̃0) (= Dq(̃ξ0), Chapter 2,§3) and writinggℓ =

gℓ − g+ g, it is easily seen that

||D
ξ̃
Nℓ(t, ζ̃0, ǫ̃)|| ≤

3δ

(1− δ)3
+

2||D
ξ̃
g(0, ξ̃0)||

1− δ
w(δ) + +

2(||A(̃ξ0)|| + w(δ))
1− δ[

3

(1− δ)2
||g(t, ξ̃)|| + ||D

ξ̃
g(t, ξ̃) − D

ξ̃
g(0, ξ̃0)||

]
+

+
2(||A(̃ξ0)|| + w(δ))

1− δ[
3

(1− δ)2
||(gℓ − g)(t, ξ̃)|| + ||D

ξ̃
(gℓ − g)(t, ξ̃)||

]
.

Given any constantγ > 0, the sum of the first three terms of the
above inequality can clearly be made≤ γ/2 providedr > 0 andδ with
0 < δ < 1 are taken small enough. Fixing thenr, andδ (for the time
being), the last term is uniformly bounded by

2(||A(̃ξ0)|| + w(δ))
1− δ

[
3

(1− δ)2
|gℓ − g|∞,[−r,r ]×△ + |Dξ̃

(gℓ − g)|∞,[−r,r ]×△

]
.

For ℓ large enough, sayℓ ≥ ℓ0, it can then be made≤ γ/2 as well.
By the mean value theorem, the mappingN(t, ζ̃0, ·) is then Lipschitz
continuous with constantγ in the ball△ for every pair (t, ζ̃0)ǫ[−r, r] ×C
and everyℓ ≥ ℓ0. This property is not affected by shrinkingr > 0 and
0 < δ < 1 arbitrarily. Applying then Theorem 3.1 to each mapping
Nℓ, 0 ≤ ℓ ≤ ℓ0 − 1 (thus a finite number of times), it is not restrictive
to assume thatr > 0 andδ with 0 < δ < 1 are such that the mapping255
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Nℓ(t, ζ̃0, ·) is a contraction with constantγ in the ball△ for everyℓǫN.
Again, this property remains true ifr > 0 is arbitrarily diminished. Let
us then fixδ as above. We shall show thatNℓ(t, ζ̃0, ·) maps the ball△
into itself for everyℓǫN after modifyingr > 0 if necessary.

For every triple (t, ζ̃0, ξ̃)ǫ[−r, r] × C × △ and sinceN(0, ζ̃0, ξ̃0) = ξ̃0

(cf. relation (2.10) of Chapter 4), one has

||Nℓ(t, ζ̃0, ξ̃) − ξ̃0|| ≤ ||Nℓ(t, ζ̃0, ξ̃) − Nℓ(t, ζ̃0, ξ̃0)||+
+ ||Nℓ(t, ζ̃0, ξ̃0) − N(t, ζ̃0, ξ̃0)|| + ||N(t, ζ̃0, ξ̃0) − N(0, ζ̃0, ξ̃0)||.

The first term in the right hand side is bounded byγ||̃ξ− ξ̃0|| ≤ γδ/2.
As γ < 1 and further the mappingN(·, ·, ξ̃0) is uniformly continuous on
the compact set [−r, r] ×C, we may assume thatr > 0 is small enough
fro the inequality

||N(t, ζ̃0, ξ̃0) − N(0, ζ̃0, ξ̃0)|| ≤ (1− γ)
δ

4
,

to hold. The term||Nℓ(t, ζ̃0, ξ̃0) − N(t, ζ̃0, ξ̃0)|| is bounded by

|Nℓ − N|[−r,r ]×C×△

and can therefore be made≤ (1− γ)δ/4 for ℓ large enough, sayℓ ≥ ℓ0.
Thus

||Nℓ(t, ζ̃0, ξ̃) − ξ̃0|| ≤
δ

2
,

for every triple (t, ζ̃0, ξ̃)ǫ[−r, r] ×C × △ and everyℓ ≥ ℓ0. This property
notbeing affected by diminishingr > 0 arbitrarily (without (modifying
δ, of course) and observing thatNℓ(0, ζ̃0, ξ̃0) = ξ̃0 for everyζ̃0ǫC, let us256

write for 0≤ ℓ ≤ ℓ0 − 1

||Nℓ(t, ζ̃0, ξ̃) − ξ̃0|| ≤ ||Nℓ(t, ζ̃0, ξ̃) − Nℓ(t, ζ̃0, ξ̃0)||+
+ ||Nℓ(t, ζ̃0, ξ̃0) − Nℓ(0, ζ̃0, ξ̃0)||.

The first term in the right hand side is bounded byγ||̃ξ − ξ̃0|| ≤
γδ/2. Owing to the uniform continuity if the mappingNℓ(·, ·, ξ̃0) on the
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compact set [−r, r] × C, we may assume thatr > 0 is small enough for
the inequality

||Nℓ(t, ζ̃0, ξ̃0) − Nℓ(0, ζ̃0, ξ̃0)|| ≤ (1− γ)δ/2,

to hold for 0≤ ℓ ≤ ℓ0 − 1 and, for these indices as well, we get

||Nℓ(t, ζ̃0, ξ̃) − ξ̃0|| ≤
δ

2
,

which completes the proof.
In chapter 4, Theorem 5.1 has been used for proving the convergence

of the sequencẽxℓ = t̃ζℓ (wherẽζℓ+1 = Nℓ(t, ζ̃0, ζ̃ℓ)) to x̃ = t̃ξ (wherẽξ is
the unique fixed point of the mappingN(t, ζ̃0, ·) in the ball△). We shall
now give an estimate of the rate of convergence of the sequence (̃xℓ) to
x̃ under suitable assumptions on the rate of convergence of thesequence
( fℓ) to f in appropriate spaces.

Theorem A2.1: (i) Assume that the sequence( fℓ) tends to f geometri-
cally in the space Ck(O ,Rn). Then, there are constant0 < γ′ < 1 and
K > 0 such that, for every tǫ[−r, r]

||x̃ℓ − x̃|| ≤ K|t|γ′ℓ, (A2.21)

for everyℓ ≥ 0.
(ii) Assume only that the sequence( fℓ) tends to f in the space Ck(O , 257

Rn), the convergence being geometrical in the space Ck−1(O ,Rn). Then,
there are constant0 < γ′ < 1 and K> 0 such that, for every tǫ[−r, r]

||x̃ℓ − x̃ ≤ Kγ′ℓ. (A2.22)

Proof. From the relation

ζ̃ℓ+1 − ξ̃ = Nℓ(t, ζ̃0, ζ̃ℓ) − N(t, ζ̃0, ξ̃)

= Nℓ(t, ζ̃0, ζ̃ℓ) − Nℓ(t, ζ̃0, ξ̃) + Nℓ(t, ζ̃0, ξ̃) − N(t, ζ̃0, ξ̃),

and from Theorem 5.1 of Chapter 4, we get

||̃ζℓ+1 − ξ̃|| < γ||̃ζℓ − ξ̃|| + ||Nℓ(t, ζ̃0, ξ̃) − N(t, ζ̃0, ξ̃)||.
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Hence

||̃ζℓ+1 − ξ̃|| ≤ γ||̃ζℓ − ξ̃|| + |Nℓ(t, ·, ·) − N(t, ·, ·)|∞,C×△, (A2.23)

for everytǫ[−r, r]. To prove (i), observe that|Nℓ(t, ·, ·)−N(t, ·, ·)|∞,C×△ ≤
|N − Nℓ|∞,[−r,r ]×C×△. From (A2.6) - (A2.7) and (A2.1)

||̃ζℓ+1 − ξ̃|| ≤ γ||̃ζℓ − ξ̃|| +
2(||A(̃ξ0)|| + w(δ))

1− δ
|gℓ − g|∞,[−r,r ]×△

≤ γ||̃ζℓ − ξ̃|| +
2(||A(̃ξ0)|| + w(δ))

1− δ

(
1+

δ

2

)k

|Dk( fℓ − f )|∞,O .

As the sequence (fℓ) tends tof geometrically in the spaceCk(O ,Rn)
by hypothesis and after increasing 0< γ < 1 if necessary, there is a
constantC > 0 such that

||̃ζℓ+1 − ξ̃|| ≤ γ||̃ζℓ − ξ̃|| +Cγℓ.

By a simple induction argument, we find258

||̃ζℓ+1 − ξ̃|| ≤ γℓ+1||̃ζ0 − ξ̃|| + (ℓ + 1)Cγℓ.

Thus

||̃ζℓ − ξ̃|| ≤ γℓ
(
||̃ζ0 − ξ̃|| +

ℓC
γ

)
,

for everyℓ ≥ 0. As ζ̃0ǫC ⊂ △ andξ̃ǫC ⊂ △ and the ball△ has diameter
δ < 1

||̃ζℓ − ξ̃|| ≤ γℓ
(
1+

ℓC
γ

)
. (A2.24)

Multiplying by |t|, we see that

||x̃ℓ − x̃|| ≤ |t|γℓ
(
1+

ℓC
γ

)
.

Choosingγ < γ′ < 1, inequality (A2.21) follows with

K = sup
ℓ≥0

(
γ

γ′

)ℓ (
1+

ℓC
γ

)
< +∞.
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To prove (ii), we use the same method, replacing the relations (A2.6)
and (A2.7) by (A2.6)′ and (A2.7)′. With (A2.23), we get

||̃ζℓ+1 − ξ̃|| ≤ γ||̃ζℓ − ξ̃|| +
2(||A(̃ξ0)|| + w(δ))

1− δ
|gℓ(t, ·) − g(t, ·)|∞,△.

Now, note that

|gℓ(t, ·) − g(t, ·)|∞,△ ≤
k
|t|

(
1+

δ

2

)k−1

|Dk−1( fℓ − f )|∞,O .

Indeed, this is obvious ifk = 1. If k ≥ 2, the inequality follows from
the relation

gℓ(t, ζ̃) − g(t, ζ̃) =
k(k− 1)

t

∫ 1

0
(1− s)k−1Dk−1( fℓ − f )(st̃ζ) · (̃ζ)k−1ds.

Arguing as before, we find the analogue of (A2.24), namely 259

||̃ζℓ − ξ̃|| ≤ γℓ
(
1+

ℓC
γ|t|

)
,

for everyℓ ≥ 0. Multiplying by |t| > 0, we obtain

||x̃ℓ − x̃|| ≤ γℓ
(
|t| +

ℓC
γ

)
≤ γℓ

(
r +

ℓC
γ

)
.

Choosingγ < γ′ < 1, the inequality (A2.22) follows with

K = sup
ℓ≥0

(
γ

γ′

)ℓ (
r +

ℓC
γ

)
< +∞,

and remains valide fort = 0. �

We shall now prove the results about convergence in the spaces of
typeCk that we used in§6 of Chapter 4. Recall that given a real Banach
spacẽZ and a mappingΦ(= Φ(x̃, z̃))ǫCk(O × B(0, ρ), Z̃), k ≥ 1, where
B(0, ρ) denotes the closed ball with radiusρ > 0 centered at the origin of
Z̃, verifyingΦ(0) = 0 andDz̃Φ(0) = 0, it is possible to shrinkρ > 0 and
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the neighbourhoodO so that, given any arbitrary constant 0< β < 1,
one has

||Dz̃Φ(x̃, z̃)|| ≤ β (A2.25)

for every (̃x, z̃)ǫO ×B(0, ρ) and the mappingΦ(x̃, ·) is a contraction with
constantβ from B(0, ρ) to itself for everyx̃ǫO . If so, for x̃ǫO , the se-
quence 

ϕ̃0(x̃) = 0,

ϕ̃ℓ+1(x̃) = Φ(x̃, ϕ̃ℓ(x̃)), ℓ ≥ 0,

is well defined, each mapping̃ϕℓ being in the spaceCk(O , Z̃) with values
in B(0, ρ). We already know that this sequence converges pointwise to260

the mapping̃ϕǫCk(O , Z̃) characterized by

ϕ̃(x̃) = Φ(x̃, ϕ̃(x̃)),

for every x̃ǫO . In §6 of Chapter 4, we used the fact that the sequence
(ϕ̃ℓ) tends tõϕ in the spaceCk(O , Z̃), the convergence being geometrical
in the spaceCk−1(O , Z̃). Proving this assertion will take us a certain
amount of time. To begin with, we show that

Lemma A2.2: The sequence(ϕ̃ℓ) tends tõϕ in the space C0(O , Z̃).

Proof. Let ℓ ≥ 1 be fixed. For everỹxǫO

ϕ̃ℓ+1(x̃) − ϕ̃ℓ(x̃) = Φ(x̃, ϕ̃ℓ(x̃)) − Φ(x̃, ϕ̃ℓ−1(x̃))

=

∫ 1

0
Dz̃Φ(x̃, ϕ̃ℓ−1(x̃) + s(ϕ̃ℓ(x̃) − ϕ̃ℓ−1(x̃)))·

(ϕ̃ℓ(x̃) − ϕ̃ℓ−1(x̃))ds.

Due to (A2.25) we obtain

||ϕ̃ℓ+1(x̃) − ϕ̃ℓ(x̃)|| ≤ β||ϕ̃ℓ(x̃) − ϕ̃ℓ−1(x̃)||,

for every x̃ǫO . Thus

|ϕ̃ℓ+1 − ϕ̃ℓ|∞,O ≤ β|ϕ̃ℓ − ϕ̃ℓ−1|∞,O .
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Hence, the sequence (ϕ̃ℓ) tends (geometrically) to a limit in the space
C0(O , Z̃). Of course, this limit must be the pointwise limit̃ϕ and the
proof is complete.

For j ≥ 0, let us denote byL j(Rn+1, Z̃) the space ofj-linear map-
pings fromRn+1 into Z̃ with the usual abuse of notationL0(Rn+1, Z̃) =
Z̃. Also, recall the canonical isomorphism

Li+1(Rn+1, Z̃) ≃ L (Rn+1,Li(R
n+1, Z̃)), (A2.26)

which will be repeatedly used in sequel. � 261

We shall denote byλi the generic element of the spaceLi(Rn+1, Z̃).
Due to the identificationL0(Rn+1, Z̃) = Z̃, this means, in particular,
that we shall identify the element̃zǫZ̃ with λ0 so that the assumption
Dx̃Φ(0) = 0 will be rewritten as

Dλ0Φ(0) = 0. (A2.27)

Now, settingΦ = Φ0, introduce the mappings

Φ j : O × B(0, ρ) ×
j∏

i=1

Li(R
n+1, Z̃)→ L j(R

n+1, Z̃), 1 ≤ j ≤ k,

by

Φ j(x̃, λ0, · · · , λ j) =
∂Φ j−1

∂x
(x̃, λ0, · · · , λ j−1) + (A2.28)

+

j−1∑

i=0

∂Φ j−1

∂λi
(x̃, λ0, · · · , λ j−1)λi+1,

where the term
∂Φ j−1

∂λi
(x̃, λ0, · · · , λ j−1)λi+1 is the product of the linear

mappings

∂Φ j−1

∂λi
(x̃, λ0, · · · , λ j−1)ǫL (Li (R

n+1, Z̃),L j−1(Rn+1, Z̃))

and
λi+1ǫL (Rn,Li(R

n+1, Z̃)).
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Remark A2.1: Observe, in particular, that the only term involvingλ j in

the definition ofΦ j , j ≥ 1, is the term
∂Φ j−1

∂λ j−1
(Z̃, λ0, · · · , λ j−1)λ j it follows

thatΦ j(x̃, λ0, · · · , λ j) is linear with respect toλ j when j ≥ 1.

The importance of the mappingsΦ j , 0 ≤ j ≤ k lies in the fact that

D j ϕ̃(x̃) = Φ j(x̃, ϕ̃(x̃),Dϕ̃(x̃), · · · ,D j ϕ̃(x̃)), 0 ≤ j ≤ k (A2.29)

for every x̃ǫO and, for everyℓ ≥ 0262

D jϕ̃ℓ+1(x̃) = Φ j (x̃, ϕ̃ℓ(x̃),Dϕ̃ℓ(x̃), · · · ,D jϕ̃ℓ(x̃)), 0 ≤ j ≤ k, (A2.30)

for every xǫO . These properties can be immediately checked by in-
duction. Also, it is clear that the mappingΦ j is of classCk− j and, for
1 ≤ j ≤ k,Φ j is of classC∞ with respect to (λ1, · · · , λ j). We now
establish two simple preliminary lemmas.

Lemma A2.3: Given any index0 ≤ j ≤ k, one has

∂Φ j

∂λ j
(0, 0, λ1, · · · , λ j) = 0, (A2.31)

for every(λ1, · · · , λ j)ǫ
j∏

i=1
Li(Rn+1, Z̃).

Proof. For j = 0, the result is nothing but (A2.27). Forj ≥ 1, it follows
from Remark A2.1 that for everyµ jǫL (Rn+1, Z̃)

∂Φ j

∂λ j
(x̃, λ0, · · · , λ j) · µ j =

∂Φ j−1

∂λ j−1
(x̃, λ0, · · · , λ j−1)µ j .

Choosing̃x = 0, λ0 = 0, the above relation yields the desired result
by an indeuction argument. �

Lemma A2.4 : Let the index0 ≤ j ≤ k be fixed. If the sequence(ϕ̃ℓ)
tends tõϕ in the space Cj(O , Z̃) (which is already known for j= 0), the
set

Λ j =
⋃

ℓ≥0

D jϕ̃ℓ(O) ⊂ L j(R
n+1, Z̃), (A2.32)

is compact and one has
D j ϕ̃(O) ⊂ Λ j . (A2.33)
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Proof. A sequence in the set
⋃
ℓ≥0

D jϕ̃ℓ(O) is of the form (λ(p)
j )p>0 where263

for eachpǫN there is an indexℓ = ℓ(p) and an element̃xpǫO such
thatλ(p)

j = D j ϕ̃ℓ(p)(x̃p). If, for infinitely many indicesp, namely for a
subsequence (pm), the indexℓ(pm) equals some fixed valueℓ, one has

λ
(pm)
j = D jϕ̃ℓ(x̃pm).

As the setO is compact and after extracting a subsequence, we may
assume that there is̃xǫO such that the sequence (x̃pm) tends tox̃. By
continuity of the mappingD jϕ̃ℓ, we deduce that the sequenceλ(pm)

j tends

to D j ϕ̃ℓ(x̃) asm tends to+∞.
Now, assume that the mappingp → ℓ(p) takes only finitely many

times any given valueℓ. Then, there is a subsequenceℓ(pm) which is
strictly increasing and thus tends to+∞ asm tends to+∞. For everym,
let us write

D j ϕ̃ℓ(pm)(x̃pm) = D j ϕ̃ℓ(pm)(x̃pm) − D j ϕ̃(x̃pm) + D j ϕ̃(x̃pm).

Again, in view of the compactness of the setO , we may assume
that the sequence (x̃pm) tends tõxǫO . As the sequence (D jϕ̃ℓ)ℓ≥0 tends
to D j ϕ̃ in the spaceC0(O ,L j(Rn+1, Z̃)), by hypothesis, the same prop-
erty holds for the subsequence (D j ϕ̃ℓ(pm))m≥0. Therefore, in the space
L j(Rn+1, Z̃)

lim
m→+∞

[
D j ϕ̃ℓ(pm)(x̃pm) − D jϕ̃(x̃pm)

]
= 0

On the other hand, by the continuity of the mappingD j ϕ̃, we get

lim
m→+∞

D j ϕ̃(x̃pm) = D jϕ̃(x̃).

264

As a result, the sequence (λ
(pm)
j )m≥0 tends toD jϕ̃(x̃).

To sum up, we have shown that every sequence (λ
(p)
j )p≥0 of the set

⋃
ℓ≥0

D jϕ̃ℓ(O) has a cluster point in the spaceL j(Rn+1, Z̃) and hence is

relatively compact, which proves (A2.32). The relation (A2.33) is now
obvious sinceD jϕ̃(x̃) is the limit of the sequence (D jϕ̃ℓ(x̃))ℓ≥0 for every
x̃ǫO . �
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In oure new notation, the condition (A2.25) can be rewrittenas

||
∂Φ0

∂λ0
(x̃, λ0)|| ≤ β, (A2.34)

for every (̃x, λ0)ǫO × B(0, ρ). It will be essential in the sequel to have
an appropriate generalization of it, which we establish in the following
lemma.

Lemma A2.5 : Let the index0 ≤ j ≤ k be fixed. If the sequence(ϕ̃ℓ)
tends toϕ̃ in the space Cj(O , Z̃) (which is already known for j= 0)
there is no loss of generality in assuming that

||
∂Φ j

∂λ j
(x̃, λ0, · · · , λ j)|| ≤ β, (A2.35)

for every(x̃, λ0, · · · , λ j)ǫO × Λ0 × · · · × Λ j.1

Proof. First from the previous lemma, the setO×Λ0×· · ·×Λ j is compact
and the restriction of the continuous mapping (∂Φ j/∂λ j) to O × Λ0 ×
· · · × Λ j is thenuniformly continuous. Next, since the mappings̃ϕ and265

ϕ̃ℓ, ℓ ≥ 0, take their values in the ballB(0, ρ), one hasΛ0 ⊂ B(0, ρ). Due
to Lemma A2.3, and the uniform continuity of the mapping (∂Φ j/∂λ j),
there is a neighbourhoodO′ ⊂ O of the origin inRn+1 and 0< ρ′ ≤ ρ
such that (A2.35) holds for (̃x, λ0, · · · , λ j)ǫO

′
×

[
Λ0 ∩ B(0, ρ′)

]
× Λ1 ×

· · · × Λ j. Let thenρ′ be fixed. Arguing as in§6 of Chapter 4, we can

shrink the neighbourhoodO
′

so that the mappings̃ϕ, ℓ ≥ 0, take their
values in the ballB(0, ρ′) for xǫO

′
. Of course, the sequence (ϕ̃ℓ) still

tends tõϕ in the spaceC j(O , Z̃) and the setsΛ′i =
⋃
ℓ≥0

Di ϕ̃ℓ(O
′
), 0 ≤ i ≤

j, are compact (Lemma A2.4) withΛ′i ⊂ Λi. Also,Λ′0 ⊂ B(0, ρ′) so that

inequality (A2.35) is a fortiori valid with (̃x, λ0, · · · , λk)ǫO
′
×Λ′0× · · · ×

Λ′j. In other words, none of the properties we have proved is affected
if we restrict ourselves to the neighbourhoodO′ instead ofO and, in
addition, inequality (A2.35) holds. �

1For j = 0, (A2.35) is nothing but (A2.34) for the elements (x̃, λ0)ǫO × Λ0, thus a
weak form of (A2.34).
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For 0≤ j ≤ k − 1 andx̃ǫO , we shall set

b j(x̃) =
∂Φ j

∂x̃
(x̃, ϕ̃(x̃),Dϕ̃(x̃), · · · ,D jϕ̃(x̃)), (A2.36)

bi
ℓ(x̃) =

∂Φ j

∂x̃
(x̃, ϕ̃ℓ(x̃),Dϕ̃ℓ(x̃), · · · ,D j ϕ̃ℓ(x̃)) for ℓ ≥ 0. (A2.37)

Similarly, for 0≤ j ≤ k− 1, 0≤ i ≤ j and x̃ǫO , set

B j
i (x̃) =

∂Φ j

∂λi
(x̃, ϕ̃(x̃),Dϕ̃(x̃), · · · ,D jϕ̃(x̃)), (A2.38)

B j
iℓ(x̃) =

∂Φ j

∂λi
(x̃, ϕ̃ℓ(x̃),Dϕ̃ℓ(x̃), · · · ,D jϕ̃ℓ(x̃)) for ℓ ≥ 0. (A2.39)

For everyx̃ǫO , b j(x̃) (resp. b j
ℓ
(x̃)) is an element of the spaceL (Rn+1, 266

L j(Rn+1, Z̃)) andB j
i (x̃) (resp. B j

iℓ(x̃)) is an element of the spaceL (Li

(Rn+1, Z̃),L j(Rn+1, Z̃)).

Lemma A2.6: (i) Assume that k≥ 2 and0 ≤ j ≤ k− 2. Then, if the se-
quence(ϕ̃ℓ) tends tõϕ geometrically in the space Cj(O , Z̃), the sequence
(b j
ℓ
)ℓ≥0 tends to bj geometrically in the space

C0(O ,L (Rn+1,L j(Rn+1, Z̃))) and the sequence(B j
iℓ)ℓ≥0 tends to Bj

i ge-

ometrically in the space C0(O ,L (Li(Rn+1, Z̃),L j(Rn+1, Z̃))).
(ii) Assume only k≥ 1 and0 ≤ j ≤ k− 1 and that the sequence(ϕ̃ℓ)

tends toϕ̃ in the space Cj(O , Z̃). Then, the sequence(b j
ℓ
)ℓ≥0 tends to

b j in the space C0(O ,L (Rn+1,L j(Rn+1, Z̃))) and the sequence(B j
iℓ)ℓ>0

tends to Bj
i in the space C0(O ,L (Li (Rn+1, Z̃),L j(Rn+1, Z̃))).

Proof. First, as the mappingΦ j is of classCk− j , the mappingsb j , b j
ℓ
, B j

iℓ

and B j
i are of classC1 in the case (i) and of classC0 in the case (ii).

Throughout this proof and for the sake of conveience, we shall set for
x̃ǫO

V j(x̃) = (ϕ̃(x̃),Dϕ̃(x̃), · · · ,D j ϕ̃(x̃)) (A2.40)

and
V j
ℓ
(x̃) = (ϕ̃ℓ(x̃),Dϕ̃ℓ(x̃), · · · ,D j ϕ̃ℓ(x̃)). (A2.41)
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This allows to write the relations (A2.36) - (A2.39) in the form

b j(x̃) =
∂ϕ j

∂x̃
(x̃,V j(x̃)), (A2.42)

b j
ℓ
(x̃) =

∂Φ j

∂x̃
(x̃,V j

ℓ
(x̃)), (A2.43)

B j
i (x̃) =

∂Φ j

∂λi
(x̃,V j(x̃)), (A2.44)

B j
iℓ(x̃) =

∂Φ j

∂λi
(x̃,V − ℓ j(x̃)). (A2.45)

267

Before proving (i), note that, for̃xǫO and 0≤ s ≤ 1, the combina-
tions

V j(x̃) + s(V j
ℓ
(x̃) − V j(x̃)),

belong to the productΛc
0 × · · · × Λ

c
j of the closed convex hulls2 Λc

i of
the compact setsΛi (cf. Lemma A2.4). As the closed convex hull of a
compact set is by a classical result from topology, the productΛc

0× · · ·×
Λc

j is compact. On the other hand, sinced the mappingsϕ̃ and ϕ̃ℓ for

ℓ ≥ 0 take their values in the ballB(0, ρ), we deduce thatΛ0 and hence
Λc

0 is contained inB(0, ρ). Therefore, for every 0≤ i ≤ j ≤ k − 2, an
expression such as

∂2Φ j

∂x̃∂λi
(x̃,V j(x̃) + s(V j

ℓ
(x̃) − V j(x̃))),

is well defined for̃xǫO and 0≤ s ≤ 1. For x̃ǫO and due to the Taylor
formula (which can be used in view of the above observation) we get

b j
ℓ
(x̃)−b j(x̃) =

j∑

i=0

∫ 1

0

∂2Φ j

∂x̃∂λ j
(x̃,V j(x̃)+s(V j

ℓ
(x̃)−V j(x̃)))·(Diϕ̃ℓ(x̃)−Di ϕ̃(x̃))ds.

From the compacteness of the setO × Λc
0 × · · · × Λ

c
j , the quantities

|| ∂
2Φ j

∂x̃∂λi
(x̃, λ0, · · · , λ j)|| are bounded by a constantK > 0 for (̃x, λ0, . . . ,268

2Recall that the closed convex hull of a set is defined as the closure of its convex
hull.



211

λ j)ǫO × Λc
0 × · · · × Λ

c
j and 0≤ i ≤ j. Thus

||b j
ℓ
(x̃) − b j(x̃)|| ≤ K

j∑

i=0

||Di ϕ̃ℓ(x̃) − Diϕ̃(x̃)||.

As the sequence (Diϕℓ)ℓ≥0 tends toDi ϕ̃ geometrically in the space
C0(O ,Li(Rn+1, Z̃)) for every 0≤ i ≤ j by hypothesis, there exist q with
0 < q < 1 and a constantC > 0 such that

||Di ϕ̃ℓ(x̃) − Di ϕ̃(x̃)|| ≤ Cqℓ,

for every 0≤ i ≤ j and everỹxǫO . Hence

||b j
ℓ
(x̃) − b j(x̃)|| ≤ ( j + 1)KCqℓ,

for every x̃ǫO and then

sup
x̃ǫO
||b j
ℓ
(x̃) − b j(x̃)|| ≤ ( j + 1)KCqℓ.

The above inequality proves that the sequence (b j
ℓ
)ℓ≥0 tends tob j

geometrically in the spaceC0(O ,L (Rn+1,Li(Rn+1, B̃)). Similar argu-
ments can be used for showing that the sequence (B j

iℓ)ℓ≥0 tends toB j
i ge-

ometrically in the spaceC0(O ,L (Li(Rn+1, Z̃),L j(Rn+1, Z̃))), 0 ≤ i ≤ j.
Now, we prove part (ii) of the statement. Here, the Taylor formula

is not available because of the lack of regularity forj = k − 1. Ac-
tually, as we no longer interested in the rate of convergence, the re-
sulta can be easily deducaed from theuniform continuityof the contin-
uous mapping (∂Φ j/∂x̃) and (∂Φ j/∂λi), 0 ≤ i ≤ j on the compact set
O × Λ0 × · · · × Λ j together with theuniform convergence(i.e. in the 269

spaceC0(O ,Li(Rn+1, Z̃)) of the sequence (Di ϕ̃ℓ)ℓ≥0 to the mappingDiϕ̃

for 0 ≤ i ≤ j from which the uniform convergence of the sequence
(V j

ℓ
)ℓ≥0 to the mappingV j is derived.) �

§ We are now in a position to prove an important part of the
results announced before.



212 2. Complements of Chapter IV

Theorem A2.2 :After shrinking the meighbourhoodO is necessary,
the sequence(ϕ̃ℓ) tends to the mapping̃ϕ geometrically in the space
Ck−1(O , Z̃).

Proof. Equivalently, we have to prove for 0≤ j ≤ k − 1 the sequence
(D j ϕ̃ℓ)ℓ≥0 tends toD jϕ̃ geometrically in the spaceC0(O ,L j(Rn+1, Z̃)).
This result has already been proved forj = 0 in Lemma A2.2 and we
can thus assumej ≥ 1 andk ≥ 2. We proceed by induction and therefore
assume that the sequemce (Di ϕ̃ℓ)ℓ≥0 tends toDi ϕ̃ geometrically in the
spaceC0(O ,Li(Rn+1, Z̃)) for 0 ≤ i ≤ j − 1.

Let ℓ ≥ 0 be fixed. From (A2.29) and (A2.30), one has forx̃ǫO

D j ϕ̃ℓ+1(x̃) − D jϕ̃(x̃) = Φ j(x̃, ϕ̃ℓ(x̃),Dϕ̃ℓ(x̃), . . . ,D j ϕ̃ℓ(x̃))

− Φ j(x̃, ϕ̃(x̃),Dϕ̃(x̃), . . . ,D jϕ̃(x̃)).

By definition of the mappingΦ j (cf. (A2.48)) and in the notations
(A2.42) - (A2.45), this identity can be rewritten as

D jϕ̃ℓ+1(x̃) − D j ϕ̃(x̃) = b j−1
ℓ

(x̃) − b j−1(x̃)

+

j−1∑

i=0

[
B j−1

iℓ (x̃)Di+1ϕ̃ℓ(x̃) − B j−1
i (x̃)Di+1ϕ̃(x̃)

]
.

Recall in this formula that the elementDi+1ϕ̃ℓ(x̃) (resp. Di+1ϕ̃(x̃))
is considered as an element ofL (Rn+1,Li(Rn+1, Z̃)) and the operation
B j−1

iℓ (x̃)Di+1ϕ̃ℓ(x̃) (resp.B j−1
i (x̃)Di+1ϕ̃(x̃)) denotes composition oflinear270

mappings. Thus, we can as well write

D jϕ̃ℓ+1(x̃) − D j ϕ̃(x̃) = b j−1
ℓ

(x̃) − b j−1(x̃)

+

j−1∑

i=0

(B j−1
iℓ (x̃) − B j−1

i (x̃))Di+1ϕ̃(x̃)

+

j−1∑

i=0

B j−1
iℓ (x̃)(Di+1ϕ̃ℓ(x̃) − Di+1ϕ̃(x̃)).

We deduce the inequality

||D j ϕ̃ℓ+1(x̃) − D j ϕ̃(x̃)|| ≤ ||b j−1
ℓ

(x̃) − b j−1(x̃)||
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+

j−1∑

i=0

||B j−1
iℓ (x̃) − B j−1

i (x̃)||||Di+1ϕ̃(x̃)|| (A2.46)

+

j−1∑

i=0

||B j−1
iℓ (x̃)||||Di+1ϕ̃ℓ(x̃) − Di+1ϕ̃(x̃)||.

It is essential to pay special attention to the term corresponding with
i = j − 1 in the last sum, namely||B j−1

j−1,ℓ(x̃)||||D j ϕ̃ℓ(x̃) − D jϕ̃(x̃)||. From
(A2.39)

B j−1
j−1,ℓ(x̃) =

∂Φ j−1

∂λ j−1
(x̃, ϕ̃ℓ(x̃),Dϕ̃ℓ(x̃), · · · ,D j−1ϕ̃ℓ(x̃)).

As the sequence (̃ϕℓ) tends tõϕ in the spaceC j−1(O , Z̃) by hypoth-
esis, we can apply Lemma A2.5 withj − 1 (which amount to shrinking
the neighbourhoodO if necessary) and hence

||B j−1
j−1,ℓ(x̃)|| ≤ β,

for every x̃ǫO . Inequality (A2.46) becomes

||D j ϕ̃ℓ+1(x̃) − D j ϕ̃(x̃)|| < ||b j−1
ℓ

(x̃) − b j−1(x̃)||

+

j−1∑

i=0

||B j−1
iℓ (x̃) − B j−1

i (x̃) − B j−1
i (x̃)||||Di+1ϕ̃||

(A2.47)

+

j−2∑

i=0

||B j−1
iℓ (x̃)||||Di+1ϕ̃ℓ(x̃) − Di+1ϕ̃x̃||+

+ β||D j ϕ̃ℓ − D j ϕ̃(x̃)||.

Now, since j ≤ k − 1, we can apply Lemma A2.6 (i) withj − 1: 271

There are constantq with 0 < q < 1 andC > 0 such that

||b j−1
ℓ

(x̃) − b j−1(x̃)|| ≤ Cqℓ,

||B j−1
iℓ (x̃) − B j−1

i (x̃)|| ≤ Cqℓ, 0 ≤ i ≤ j − 1,
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for everyℓ ≥ 0 and everỹxǫO . As ϕ̃ǫCk(O , Z̃) ⊂ C j(O , Z̃), there is a
constantK > 0 such that

||Di+1ϕ̃(x̃)|| ≤ K,

for every x̃ǫO and 0≤ i ≤ j − 1. Together with (A2.47), these observa-
tions give

||D jϕ̃ℓ+1(x̃) − D j ϕ̃(x̃)|| < ( jK + 1)Cqℓ

+

j−2∑

i=0

||B j−1
iℓ (x̃)||||Di+1ϕ̃ℓ(x̃) − Di+1ϕ̃(x̃)||

(A2.48)

+ β||D j ϕ̃ℓ(x̃) − D j ϕ̃(x̃)||.

From the convergence of the sequence (ϕ̃ℓ) to ϕ̃ geometrically in the
spaceC j−1(O , Z̃), it is not restrictive to assume thatq with 0 < q < 1
andC > 0 are such that

||Di+1ϕ̃ℓ(x̃) − Di+1ϕ̃(x̃)|| ≤ Cqℓ,

for every x̃ǫO , 0 ≤ i ≤ j − 2. Besides, we can suppose the constantK
large enough for the inequality

||B j−1
iℓ (x̃)|| ≤ K,

to hold for everỹxǫO , 0 ≤ i ≤ j−2 andℓ ≥ 0. Indeed, this follows from
the definition (A2.39), namely

B j−1
iℓ (x̃) =

∂Φ j−1

∂λi
(x̃, ϕ̃ℓ(x̃),Dϕ̃ℓ(x̃), · · · ,D j−1ϕ̃ℓ(x̃))

and the compactness of the setO × Λ0 × · · · × Λ j−1 (Lemma A2.4 with272

j − 1). Inequality (A2.48) then tales the simpler form

||D j ϕ̃ℓ+1(x̃) − D j ϕ̃(x̃)|| ≤ [(2 j − 1)K + 1]Cqℓ + β||D j ϕ̃ℓ(x̃) − D j ϕ̃(x̃)||.

Replacingq by max(q, β) < 1 and setting

K0 =
1
q

[(2 j − 1)K + 1]C,
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the above inequality becomes

||D j ϕ̃ℓ+1(x̃) − D j ϕ̃(x̃)|| < K0qℓ+1 + q||D j ϕ̃ℓ(x̃) − D jϕ̃(x̃)||

and yields

|D j(ϕ̃ℓ+1 − ϕ̃)|∞,O ≤ K0qℓ+1 + q|D j(ϕ̃ℓ − ϕ̃)|∞,O . (A2.49)

Let us define the sequence (aℓ)ℓ≥0 by


a0 = |D j ϕ̃|∞,O ,
aℓ+1 = K0qℓ+1 + qaℓ, ℓ ≥ 0

It is immediately checked that

|D j(ϕ̃ℓ − ϕ̃)|∞,O ≤ aℓ, (A2.50)

for everyℓ ≥ 0 (recall that̃ϕ0 = 0). On the other hand, the sequence
(aℓ) is equivalently defined by

aℓ = (K0ℓ + a0)qℓ, ℓ ≥ 0.

Choosingq < q′ < 1, this is the same as

aℓ = (K0ℓ + a0)

(
q
q′

)
(q′)ℓ, ℓ ≥ 0.

As 0 < q/q′ < 1, the term (K0ℓ + a0)(q/q′)ℓ tends to 0 and hence is
uniformly bounded by a constantK1 > 0. Thus, 273

aℓ ≤ K1(q′)ℓ, ℓ ≥ 0

and our assertion follows from (A2.50). �

Replacingk by k + 1 in Theorem A2.2, we get

Corollary A2.1 : Assume that the mappingΦ is of class Ck+1. Then,
after shrinking the neighbourhoodO is necessary, the sequence(ϕ̃ℓ)
tends to the mapping̃ϕ geometrically in the space Ck(O , Z̃).
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Oue nect theorem shows that even when the mappingΦ is only of
classCk, the sequence (̃ϕℓ) tends tõϕ in the spaceCk(O , Z̃) but the rate
of convergence is not known in general (compare with Corollary A2.1
above).

Theorem A2.3:After shrinking the neighbourhoodO if necessary, the
sequence(ϕ̃ℓ) tends to the mapping̃ϕ in the space Ck(O , Z̃).

Proof. From Theorem A2.2, we know that the sequence (ϕ̃ℓ) tends tõϕ
in the spaceCk−1(O , Z̃) and it remains to prove the convergence of the
sequence (Dkϕ̃ℓ)ℓ≥0 to Dkϕ̃ in the spaceC0(O ,Lk(Rn+1, Z̃)). To do this,
we can repeat a part of the proof of Theorem A2.2. Replacingj by k,
the observations we made up to and including formula (A2.47)are still
valid and we then find

||Dkϕ̃ℓ+1(x̃) − Dkϕ̃(x̃)|| ≤ ||bk−1
ℓ (x̃) − bk−1(x̃)||

+

k−1∑

i=0

||Bk−1
iℓ (x̃) − Bk−1

i (x̃)||||Di+1ϕ̃(x̃)|| (A2.51)

+

k−2∑

i=0

||Bk−1
iℓ (x̃)||||Di+1ϕ̃ℓ(x̃) − Di+1ϕ̃(x̃)||

+ β||Dkϕ̃ℓ(x̃) − Dkϕ̃(x̃)||,

for every x̃ ∈ O and everyℓ ≥ 0. Here, we can no longer use Lemma274

A2.6 (i) for finding an estimate of the terms||bk−1
ℓ

(x̃) − bk−1(x̃)|| or
||Bk−1

iℓ (x̃) − Bk−1
i (x̃)|| but Lemma A2.6 (ii) applies withj = k − 1: Given

ǫ > 0 andℓ large enough, sayℓ ≥ ℓ0, one has

||bk−1
ℓ (x̃) − bk−1(x̃)|| ≤ ǫ,
||Bk−1

iℓ (x̃) − Bk−1(x̃)|| ≤ ǫ, 0 ≤ i ≤ k− 1,

for every x̃ ∈ O . By the same arguments as in Theorem A2.2 and from
the regularityϕ̃ ∈ Ck(O , Z̃), we get the existence of a constantK > 0
such that

||Di+1ϕ̃(x̃)|| ≤ K,
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for every x̃ ∈ O ≤ i ≤ k− 1 and

||Bk−1
iℓ (x̃)|| ≤ K,

for every x̃ ∈ O , 0 ≤ i ≤ k − 2 andℓ ≥ 0 andℓ0 can be taken large
enough for the inequality

||Di+1ϕ̃ℓ(x̃) − Di+1ϕ̃(x̃)|| ≤ ǫ

to hold for everỹx ∈ O , 0 ≤ i ≤ k− 2. Together with (A2.51), we arrive
at

||Dkϕ̃ℓ+1(x̃) − Dkϕ̃(x̃)|| ≤ [(2k − 1)K + 1]ǫ + β||Dkϕ̃ℓ(x̃) − Dkϕ̃(x̃)||.

Setting
K0 = (2k − 1)K + 1,

the above inequality becomes

||Dkϕ̃ℓ+1(x̃) − Dkϕ̃(x̃)|| ≤ K0ǫβ||Dkϕ̃ℓ(x̃) − Dkϕ̃(x̃)||

and yields 275

|Dk(ϕ̃ℓ+1 − ϕ̃)|∞,O < K0ǫ + β|Dk(ϕ̃ℓ − ϕ̃)|∞,O .

Let us define the sequence (aℓ)ℓ≥ℓ0 by


aℓ0 = |Dk(ϕ̃ℓ0 − ϕ̃)|∞,O ,
aℓ+1 = K0ǫ + βaℓ, ℓ ≥ ℓ0.

It is immediately checked that

|Dk(ϕ̃ℓ − ϕ̃)|∞,O ≤ aℓ, (A2.52)

for everyℓ ≥ ℓ0. On the other hand, the sequence (aℓ)ℓ≥ℓ0 is equivalently
defined by

aℓ = K0
1− βℓ−ℓ0

1− β
ǫ + βℓ−ℓ0aℓ0, ℓ ≥ ℓ0 + 1.
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For ℓ ≥ ℓ0 large enough, sayℓ ≥ ℓ1, one hasβℓ−ℓ0aℓ0 ≤ ǫ.
Thus

aℓ ≤
[

K0

1− β
+ 1

]
ǫ,

for ℓ ≥ ℓ1 and our assertion follows from (A2.52). �

Here is now a result of a different kind that we shall use later on.

Lemma A2.7: For everyℓ ≥ 0, one has

Di ϕ̃ℓ+k(0) = Di ϕ̃(0), (A2.53)

for 0 ≤ i ≤ k.

Proof. Again, we shall proceed by induction and show for 0≤ j ≤ k276

and everyℓ ≥ 0
Di ϕ̃ℓ+ j(0) = Di ϕ̃(0), (A2.54)

for 0 ≤ i ≤ j. This result is true forj = 0 sinceϕ̃(0) = 0 andϕ̃ℓ(0) = 0
as it follows from the definition. Assume then thatj ≥ 1 and the result
is true up to rankej − 1, namely, that

Diϕ̃ℓ+ j−1(0) = Di ϕ̃(0), (A2.55)

for 0 ≤ i ≤ j − 1. From the relations (A2.29) and (A2.30)

Di ϕ̃ℓ+ j(0) = Φi(0, ϕ̃ℓ+ j−1(0), · · · ,Di ϕ̃ℓ+ j−1(0)), (A2.56)

Di ϕ̃(0) = Φi(0, ϕ̃(0), · · · ,Diϕ̃(0)), (A2.57)

for 0 ≤ i ≤ k and hence for 0≤ i ≤ j. Clearly, from (A2.55), the relation
(A2.54) holds for 0≤ i ≤ j − 1 but we must show that it also holds for
i = j.

The fact that̃ϕ(0) = ϕ̃ℓ+ j−1(0) = 0 is essentail here because taking
i = j in (A2.56) and (A2.57) and coming back to the definition (cf.
(A2.28)), we get

D j ϕ̃ℓ+ j(0) =
∂Φ j−1

∂x̃
(0, 0,Dϕ̃ℓ+ j−1(0), · · · ,D j−1ϕ̃ℓ+ j−(0))+ (A2.58)
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+

j−1∑

i=0

∂Φ j−1

∂λi
(0, 0,Dϕ̃ℓ+ j−1(0), · · · ,D j−1ϕ̃ℓ+ j−1(0))Di+1ϕ̃ℓ+ j−1(0)

and

D jϕ̃(0) =
∂Φ j−1

∂x̃
(0, 0,Dϕ̃(0), · · · ,D j−1ϕ̃(0))+ (A2.59)

+

j−1∑

i=0

∂Φ j−1

∂λi
(0, 0,Dϕ̃(0), · · · ,D j−1ϕ̃(0))Di+1ϕ̃(0).

But, in view of Lemma A2.3, the term corresponding withi = 277

j − 1 vanishes in both expressions (A2.58) and (A2.59). It follows
thatD jϕ̃ℓ+ j(0) andD jϕ̃(0) are given by the same formula involving the
derivatives of order≤ j − 1 of the mappings̃ϕℓ+ j−1 andϕ̃ respectively.
As these derivatives coincide by the hypothesis of induction, relation
(A2.54) at rankj is established and the proof is complete. �

let us now consider the mappingFǫCk(O × B(0, ρ),Rn) introduced
in §6 of Chapter 4 verifyingF(0) = 0. So as to fully prove the results
we used in§6 of Chapter 4, we still have to show that the sequence of
mapping

x̃ǫO → fℓ(x̃) = F(x̃, ϕ̃ℓ+k(x̃)),

of classCk from O to Rn tends to the mapping

x̃ǫO → f (x̃) = F(x̃, ϕ̃(x̃)),

in the spaceCk(O ,Rn), the convergence being geometrical in the space
Ck−1(O ,Rn) (and also geometrical in the spaceCk(O ,Rn) if both map-
pingsΦ andF are of classCk+1). Besides, we used the relation

D j fℓ(0) = D j f (0), 0 ≤ j ≤ k,

which is now immediate from Lemma A2.7 because, for a given index
0 ≤ j ≤ k, the derivatives of orderj of the mappingsfℓ and f are
given by the same formula involving the derivatives of order≤ j of the
mappingsF and ϕ̃ℓ+k on the one hand those ofF and ϕ̃ on the other
hand.
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Still denoting byλ0 the generic element of the spaceZ̃ and setting 278

F0 = F, define for 1≤ j ≤ k the mappings

F j : O × B(0, ρ) ×
j∏

i=1

Li(R
n+1, Z̃)→ L j(R

n+1,Rn),

by

F j(x̃, λ0, · · · , λ j) =
∂F j−1

∂x̃
(x̃, λ0, · · · , λ j−1) + (A2.60)

+

j−1∑

i=0

∂F j−1

∂λi
(x̃, λ0, · · · , λ j−1)λi+1.

Of course, the mapppingF j play with F the role that the mappings
Φ j play withΦ and have similar properties. For instance, the mapping
F j is of classCk− j and for x̃ǫO ,

D j fℓ(x̃) = F j(x̃, ϕ̃ℓ+k(x̃),Dϕ̃ℓ+k(x̃), · · · ,D j ϕ̃ℓ+k(x̃)) (A2.61)

for everyℓ ≥ 0, while

D j f (x̃) = F j(x̃, ϕ̃(x̃),Dϕ̃(x̃), · · · ,D j ϕ̃(x̃)). (A2.62)

For 0≤ j ≤ k− 1 andx̃ǫO , we shall set

c j(x̃) =
∂F j

∂x̃
(x̃, ϕ̃(x̃),Dϕ̃(x̃), · · · ,D jϕ̃(x̃)), (A2.63)

c j
ℓ
(x̃) =

∂F j

∂x̃
(x̃, ϕ̃ℓ+k(x̃),Dϕ̃ℓ+k(x̃), · · · ,D j ϕ̃ℓ+k(x̃)) for ℓ ≥ 0. (A2.64)

Similarly, for 0≤ j ≤ k− 1, 0≤ i ≤ j and x̃ǫO , set

C j
i (x̃) =

∂F j

∂λi
(x̃, ϕ̃(x̃),Dϕ̃(x̃), · · · ,Diϕ̃(x̃)), (A2.65)

C j
iℓ(x̃) =

∂F j

∂λ j
(x̃, ϕ̃ℓ+k(x̃),Dϕ̃ℓ+k(x̃), · · · ,Di ϕ̃ℓ+k(x̃)) for ℓ ≥ 0 (A2.66)

In what follows, we assume that the neighbourhoodO has been cho-
sen so that Theorem A2.2 and A2.3 apply
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Lemma A2.8: (i) Assume k≥ 2 and0 ≤ j ≤ k − 2. Then, the sequence279

(c j
ℓ
)ℓ≥0 tends to cj geometrically in the space C0(O ,L (Rn+1,L j(Rn+1,

Rn))) and the sequence(C j
iℓ)ℓ≥0 tends to Cj

i in the space C0(O ,
L (Li(Rn+1,Rn), L j(Rn+1,Rn))).

(ii) Assume only k≥ 1 and0 ≤ j ≤ k−1. Then, the sequence(c j
ℓ
)ℓ≥0

tends to cj in the space C0(O ,L (Rn+1,L j(Rn+1,Rn))) and the sequence
(C j

iℓ)ℓ≥0 tends to Cj
i in the space C0(O ,L (Li(Rn+1,Rn),Li(Rn+1,Rn))).

Proof. The proof of this lemma parallels that of Lemma A2.6. Note
only that the (geometrical) convergence of the sequence (ϕ̃ℓ+k) to ϕ̃ in
the spaceC j(O , Z̃) need not be listed in the assumption since it is known
from Theorem A2.2 �

Theorem A2.4 :The sequence( fℓ) tends to f in the space Ck(O ,Rn)
and the convergence is geometrical in the space Ck−1(O ,Rn).

Proof. Once again, it is enough to prove equivalently that the sequence
(D j fℓ)ℓ≥0 tends toD j f in the spaceC0(O ,L j(Rn+1,Rn)) for 0 ≤ j ≤
k, the convergence being geometrical for 0≤ j ≤ k − 1. We shall
distinguish the casej = 0 and j ≥ 1.

When j = 0, we must prove that the sequence (fℓ) tends to f ge-
ometrically in the spaceC0(O ,Rn). By definition and with the Taylor
formula (sinceF is at leastC1), one has for̃xǫO andℓ ≥ 0

fℓ(x̃) − f (x̃) = F(x̃, ϕ̃ℓ+k(x̃)) − F(x̃, ϕ̃(x̃))

=

∫ 1

0

∂F
∂λ0

(x̃, ϕ̃(x̃) + s(ϕ̃ℓ+k(x̃) − ϕ̃(x̃))) · (ϕ̃ℓ+k(x̃) − ϕ̃(x̃))ds.

By the continuity of the mapping (∂F/∂λ0) on the compact setO × 280

Λc
0, whereΛc

0 ⊂ B(0, ρ) denotes the closed convex hull of the compact
setΛ0 (cf. Lemma A2.4), there is a constantK > 0 such that

|| ∂F
∂Λ0

(x̃, ϕ̃(x̃) + s(ϕ̃ℓ+k(x̃) − ϕ̃(x̃)))|| ≤ K,

for every x̃ǫO andℓ ≥ 0. Hence

| fℓ − f |∞,O ≤ K|ϕ̃ℓ+k − ϕ̃|∞,O
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and the geometrical rate off convergence of the sequence (fℓ) to f in the
spaceC0(O ,Rn) follows from Theorem A2.2.

When 1 ≤ j ≤ k and with (A2.60) - (A2.62) and the notation
(A2.63)-(A2.66), the method we used in Theorem A2.2 and A2.3leads
to the inequality

||D j fℓ(x̃) − D j f (x̃)|| ≤ ||c j−1
ℓ

(x̃) −C j−1(x̃)||

+ ||
j−1∑

i=0

||c j−1
iℓ (x̃) − ||C j−1

i (x̃)||||Di+1||ϕ̃(x̃)||

+

j−1∑

i=0

||C j−1
iℓ (x̃)||||||Di+1ϕ̃ℓ+k(x̃) − ||Di+1ϕ̃(x̃)||,

for every x̃ǫO . Due to the compactness of the setO × Λ0 × · · · × Λ j−1

(Lemma A2.4) and the regularitỹϕǫCk(O , Z̃), there is a constantK > 0
such that

||Di+1ϕ̃(x̃)|| ≤ K,

||C − ıℓ j−1(x̃)|| ≤ K,

for x̃ǫO , 0 ≤ i ≤ j − 1 andℓ ≥ 0. Thus, we first obtain

||D j fℓ(x̃) − D j f (x̃)|| < ||c j−1
ℓ

(x̃) − c j−1(x̃)

+ K


j−1∑

i=0

||C j−1
iℓ (x̃) −C j−1

i (x̃)|| + ||Di+1ϕ̃ℓ+k(x̃) − Di+1ϕ̃(x̃)||


and next281

|D j( fℓ − f )|∞,O ≤ |c
j
ℓ
− c j−1|∞,O

+ K|


j−1∑

i=0

|C j−1
iℓ −C j−1

i |∞,O + Di+1(ϕ̃ℓ+k − ϕ̃)|∞,|O

 .

(A2.67)

For k ≥ 2 and 1≤ j ≤ k − 1 (i.e. 0≤ j − 1 ≤ k − 2). this inequality
yields the geometrical convergence of the sequence (D j fℓ)ℓ≥0 to D j f in
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the spaceC0(O ,L j(Rn+1,Rn)) by applying Theorem A2.2 and Lemma
A2.8 (i). Fork ≥ 1 and j = k, convergence of the sequence (Dk fℓ)ℓ≥0

to Dk f (with no rate of convergence in the spaceC0(O ,Lk(Rn+1,Rn))
also follows from (A2.67) by applying Theorem A2.3 and LemmaA2.8
(ii). �

Corollary A2.2: Assume that both mappings F andΦ are of class Ck+1.
Then, the sequence( fℓ) tends to the maping f geometrically in the space
Ck(O ,Rn).

Proof. When the mappingF is of classCk−1, the mappingsF j 0 ≤ j ≤
k, are of classCk+1− jand hence the mappingsc j , c j

ℓ
,C j

i andC j
iℓ are of

classC1 at least. This allows us to prove Lemma A2.8 (i) for the indices
0 ≤ j ≤ k − 1 (instead of 0≤ j ≤ k − 2). On the other hand, if the
mappingΦ is of classCk+1 too, the sequence (ϕ̃ℓ) tends to the mapping
ϕ̃ geometrically in the spaceCk(O , Z̃) (Corollary A2.1) and so does the
sequence (̃ϕℓ+k). The result follows now from inequality (A2.67) for
1 ≤ j ≤ k (i.e. 0≤ j − 1 ≤ k − 1), the geometrical convergence of the
sequence (fℓ) to f in the spaceC0(O ,Rn) having been already proved in
Theorem A2.3. �
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Lect. Notes in Math., 826, Springer (1980).

[7] CRANDAL, M, - RABINOWITZ, P. : Bifurcation from Simple
Eignevalues,J. Funct. Anal., 8, 321-340 (1971).

[8] DANCER, E. : Bifurcation Theory in Real Banach Spaces,Proc.
London Math. Soc., 23, 699-734 (1971).
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[11] GIRAUD, J. : Géométrie Algébrique Elémentaire, Publications
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