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1. Definition and general properties of the fundamental group 1

1 Definition and general properties of the funda-
mental group

We call a continuous map simply a map. We denote the real line by R 1

and the unit interval byI :

I = {t|t ∈ R, 0 ≤ t ≤ 1}.

We consider maps ofI into a topological spaceX and say that a mapf1
is equivalent to a mapf2 if there exists an automorphismϕ of I fixing
end points such thatf1 = f2◦φ. This is an equivalence relation in the set
of all maps ofI into X. An equivalence class under this relation is called
a path in X. We say that a mapf defines a path Wif f belongs to the
equivalence classW. Clearly any two maps defining the same path map
0 onto the same point and also 1. The images of 0 and 1 are calledthe
initial and the terminal point of the path. We say that a path connectsa
point x to a pointy if x andy are the initial and terminal points of the
path.

Suppose that a mapf defines a pathW connectingx0 to x1. Then
the map

f −1(t) = f (1− t), 0 ≤ t ≤ 1

defines a pathW−1 which can be seen to be dependent only onW. This
path connectingx1 to x0 is called the pathW described in the opposite
sense or the reversed path ofW.

If C is a Jordan arc, i.e. a set homeomorphic toI , there are two paths
defines by homeomorphism ofI ontoC, each reversed to the other, and
corresponding to the two orientations ofC.

The product of paths. 2

Let f1 and f2 be two maps ofI into X such thatf1(1) = f2(0). Then
we can define a new mapf1 f2 by setting

f1 f2(t) =















f1(2t) if 0 ≤ t ≤ 1
2,

f2(2t − 1) if 1
2 ≤ t ≤ 1.
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If g1 andg2 are equivalent tof1 and f2 respectively and the equiva-
lences are give by the automorphismsϕ1 andϕ2 of I ;

f1 = g1 ◦ ϕ1, f2 = g2 ◦ ϕ2

then the automorphism

ϕ(t) =















1
2ϕ1(2t) if 0 ≤ t ≤ 1

2,
1
2 +

1
2ϕ2(2t − 1) if 1

2 ≤ t ≤ 1

defines an equivalence betweenf1 f2 andg1g2:

f1 f2 = (g1 ◦ ϕ1)(g2 ◦ ϕ2) = g1g2 ◦ ϕ.

Hence the path defined byf1 f2 depends only on the pathsW1 andW2

defined byf1 and f2. This path is called the product of the pathsW1 and
W2 and is denoted byW1W2. This product is associative. For suppose
thatW1,W2 andW3 are paths defined by the mapsf1, f2 and f3 such that

f1(1) = f2(0) and f2(1) = f3(0).

Then, ifϕ is the automorphism ofI taking the points 0,
1
4

,
1
2

and 1 onto

the points 0,
1
2

,
3
4

and 1 respectively and which is linear on the intervals3

[0,
1
4

], [
1
4
,
1
2

] and [
1
2
, 1], we have

f1( f2 f3) ◦ ϕ = ( f1 f2) f3

and henceW1(W2W3) = (W1W2)W3.
It is clear that each subdivision of the unit interval gives rise to a

representation of a given path as a product of paths and by passing to a
sufficiently fine subdivision ofI we can represent that given path as the
product of paths which are as small as we wish.

Homotopy of paths.Two mapsf andg of I into X arehomotopic with
fixed end pointsif there exists a continuous family of mapsft : I →
X(0 ≤ t ≤ 1) such thatf0 = f , f1 = g and ft(a) = f (0), ft(1) = f (1).
The family ft is said to be continuous if the mapF : I × I → X, defined
by F(s, t) = ft(s), is continuous. We then say thatft, or F, is ahomotopy
form f to g. This is an equivalence relation, for it is
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(i) reflexive : the familyft = f defines a homotopy fromf to f .

(ii) symmetric : if ft defines homotopy fromf to g then f1−t defines
homotopy fromg to f .

(iii) transitive : if ft andgt define homotopies fromf to g, andg to h
respectively then the family

ht =















f2t 0 ≤ t ≤ 1
2,

g2t−1
1
2 ≤ t ≤ 1

defines a homotopy fromf to h. This relation is denoted by≈.

Every mapϕ : I → I fixing end points is homotopic to the identity,4
for ϕt(s) = ts+(1−t)ϕ(s) is such a homotopy. Iff = g◦ϕ, then ft = g◦ϕt

is a homotopy from g tof . Hence, if two maps define the same path,
they are homotopic (with fixed end pints). Hence, all maps defining the
same pathw belong to the same class, which will be denoted by [w],
and we get an equivalence relation in the set of paths inX, which we
still call homotopy and denote by≈.

It is clear that if two paths are homotopic, then they have thesame
initial point and the same terminal point. If the productw1w2 is defined,
i.e. if the terminal point ofw1 is the initial point ofw2, one sees that
[w1w2] depends only on [w1] and [w2]. We then call [w1w2] the product
of [w1] and [w2] and we write [w1][w2] = [w1w2].

We denote the set of homotopy classes of paths inX having the
same pointx0 as initial and terminal point byπ(X, x0). In this set the
operation of forming products is defined for every pair of elements. Now
we prove that this set form a group with respect to this operation. We
have already proved that the operation is associative and ifremains to
prove the existence of a unit element and inverse.

Let e be the path reduced tox0, defined by the constant mape(s) =
x0, and letw be any path closed atx0, defined by the mapf . Then

ft(s) =















f ( 2s
1+t ) for 0 ≤ s≤ 1+t

2

e(s) = x0 for1+t
2 ≤ s≤ t

is a homotopy fromf e to f . There is a similar homotopy frome f to f . 5
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Hence [w][e] = [e][w] = [w] and [e] is a unit element.
Now, for any pathw with initial points x0, we have [ww−1] = [e].

For, if w is defined byf ,

gt(s) =















f (2st) for 0 ≤ s≤ 1
2,

f ((2− 2s)t) for 1
2 ≤ s≤ 1

is a homotopy frome to f f −1, hence [ww−1] = [e]. If w is closed atx0,
we have also [w−1w] = [e], so that [w−1][w] = [w][w−1] = [e] and [w−1]
is an inverse [w]−1 to [w].

The groupπ(X, x0) is called thefundamental group of X based at x0.
Suppose thatx0 andx1 are points ofX connected by the path,L, and

consider the mapJL : π(X, x0)→ π(X, x1) defined byJL[w] = [L−1wL].
It is an homomorphism, for

JL[w1]JL[w2] = [L−1w1LL−1w2L] = [L−1w1][LL−1][w2L]

= [L−1w1w2L] = JL[w1][w2].

Further,JL−1 : π(X, x1) → π(X, x0) is an inverse toJL, so thatJL is an
isomorphism. It is clear that it depends only onL.

If L′ is another path connectingx0 to x1, we have [L′] = [L′L−1L] =
[CL] with C = L′L−1 closed atJL′ [w] = [L−1C−1wCL] = JL ◦ JC[w]6

whereJC is an inner automorphism ofπ(X, x). HenceJL′ andJL differ
only by an inner automorphism.

Now suppose that the spaceX is arcwise connected. Then it follows
that π(X, x) for variousx in X are isomorphic to each other and hence
determine a groupπ(X), calledthe fundamental group of X. But there
are in general no canonical isomorphisms between the various π(X, x),
these isomorphisms being determined up to an inner automorphism. In
caseπ(X) us abelian, they are consequently determined in a canonical
manner.

A space is called simply connected if it is connected and its funda-
mental group is trivial.

A convex set in the euclidean space is simply connected: A subset
E of Rn is convex if the line segment connecting any two of its pointsis
in E:

x ∈ E, y ∈ E implies (1− t)x+ ty ∈ E; 0 ≤ t ≤ 1.
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Thereby it follows that any two paths connecting the same points are
homotopic, and the set is simply connected.

The simplest example of a space which is not simply connectedis
the circle. We shall prove this fact later.

Now, supposeX andY are two spaces andµ : X → Y is a map. If
w is a path inX defined by f , theµ ◦ f defines a path inY, which is
called the image of w byµ, and denoted byµ(w) or µw. It is clear that 7

µ(w1w2) = µ(w1)µ(w2) and ifw ≈ w1, µ(w) ≈ µ(w′). There follows that,
if y0 = µ(x0), we have a homomorphism

µ∗ : π(X, x0)→ π(Y, y0)

defined byµ∗[w] = [µw]. We callµ∗ the homomorphism induced byµ.

If µ0 andµ1 are maps ofX into Y, a homotopy fromµ0 to µ1 is a
continuous family of mapsµt : X → Y(0 ≤ t ≤ 1). That means that
M(x, t) = µt(x) is a continuous map ofX × I into Y.

Theorem 1.1. If µt : X→ Y is a homotopy fromµ0 to µ1, and if L is the
path connecting y0 = µ0(x0) to y1 = µ1(x0) in Y, defined byµt(x0), then
µ1∗ = JL ◦ µ0∗.

Proof. Supposew is a path closed atx0, define by the mapf : I → X.
Then µ0w is the image ofI × 0 = (0 ≤ s ≤ 1, t = 0) by the map
M : I × I → Y, whereM(s, t) = µt ◦ f (s). The image of the other
sides of the squareI × I = (0 ≤ s, t ≤ 1) areL, µ1w andL−1. As the
square is simply connected (as a convex set),I × 1 is homotopic to the
path with same end points made of the three other sides, theirimages
are also homotopic, i.e.

µ1w ≈ L−1(µ0w)L and µ1∗[w] = JLµo∗[w]



6 Contents

(0, 0) (1, 0)

(0, 1)
(1, 1)

�

Corollary 1. If a mapµ : X→ X is homotopic to the identity map of X8

onto itself thenµ∗ is an isomorphism. Further if the homotopic leaves
the base point x0 fixed then the isomorphism coincides with the identity
isomorphism since in this case L reduces to x0.

A mapµ : X→ Y is called ahomotopy equivalenceif there exists a
mapλ : Y→ X such that

µ ◦ λ ≈ idY andλ ◦ µ ≈ idX .

A subspaceY of X is called a deformation retract ofX if the inclu-
sion map ofY into X is a homotopy equivalence.

With these definitions we have the following:

Corollary 2. If µ : X→ Y is a homotopy equivalence and X is arcwise
connected then

π(X) ≃ π(Y).

Corollary 3. If Y ⊂ X is a deformation retract of X then

π(X) ≃ π(Y).

Theorem 1.2. Suppose that X and Y are arcwise connected spaces and
x0 is in X and y0 is in Y. Then

π(X × Y, (x0, y0)) ≃ π(X, x0) × π(Y, y0).

in a canonical manner.
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Proof. We denote the projection ofX × Y onto X by p1 and the other
projection byp2:

p1(x, y) = X, p2(x, y) = y

and thus have homomorphismsP1∗ andP2∗. Hence we have a homo-9
morphism

π(X × Y, (x0, y0))
(P1∗,P2∗)
−−−−−−−→ π(X, x0) × π(Y, y0).

Suppose thatw1 andw2 are closed paths inX andY aroundx0 and
y0 respectively defined byf andg. Then denoting the path defined by
the map

t 7−→ ( f (t), g(t))

by w we have
(P1∗,P2∗)(W) = (W1,W2)

and hence (P1∗,P2∗) is surjective.
Suppose thatW ∈ π(X × Y, (x0, y0)) is such thatP1∗W andP2∗W are

unit elements and the homotopies are given by mapsF1 andF2 respec-
tively. Then the map

(s, t) 7−→ (F1(s, t), F2(s, t))

gives a homotopy betweenW and the constant path at (x0, y0) of X × Y.
Hence (P1∗,P2∗) is injective. �

2 Free products of groups and their quotients

Suppose that{Gi}i∈I is a family of groups and that the elements ofGi 10

for different i are distinct. We denote the union of theGi by E and
associatedW(E) to it. The elements ofW(E), calledwords, are finite
sequencesW of elements fromE:

W = a1a2 · · · an; ai ∈ E

The integern is called thelengthof the wordW and is denoted bylg(W).
The unique word whose length is zero is called the empty word and is



8 Contents

denoted byW0. Each element ofE gives rise to a unique word of length
one and conversely. Therefore we identifyE with the subset ofW(E)
consisting of words of length one. Now if

W = a1a2 · · ·am andW′ = a′1a′2 · · · a
′
n

are two words then we define the product ofW and W′, denoted by
WW′, by the equationWW′ = a1a2 · · ·ama′1a′1 · · ·a

′
n. This product is

associative and it is clear that the empty word is the unit element with
respect to this operation. Hence the setW(E) is a semigroup. Since
lgWW′ = lgW + lgW′ no word expectW0 has an inverse.

Now we introduce a relation inW(E). We say thattwo words are
equivalentif one can be changed into the other by means of a finite
number of operations of the following kind:

(a) Deletion from the word of an elementewhich is the unit element of11

someGi, or introduction of such a unit element:

AeB⇄ AB.

(b) Replacement of two consecutive elementsx, y belonging to the
same groupGi by the elementz equal to their product inGi or re-
placement ofz by xy:

AxyB⇄ AzB.

If the wordW andW′ are equivalent we writeW ∼W′. This is an equiv-
alence relation. We denote the equivalence class containing the empty
wordsW0 by W0 itself. Then it directly follows that the operation of
forming products passes down to the quotient setW(E)/W0 of equiv-
alence classes, i.e. ifW1 ∼ W′1 andW2 ∼ W′2, thenW1W2 ∼ W′1W′2.
HenceW(E)/W0 is a semigroup. We assert that it is a group. For this
we define thereverseof a word. If W = a1a2 · · · an, the reverse ofW,
denoted byW−1 is a−1

n a−1
n−1 · · ·a

−1
2 a−1

1 . For any wordsW andW′ we have
(WW′)−1

= W′−1W−1, (W−1)−1
=W andW−1

0 =W0.
Now suppose thatW is a words of lengthn. If we apply (b) and (a)

successivelyn-times toWW−1, we see thatWW−1 is equivalent to the
unit elementW0, and also that so isW−1W. HenceW(E)/W0 is a group.
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The above group is called thefree productof the family of groups
Gi. It is denoted by∗

i
Gi and if I is a finite set ofn elements then it is

also denoted by
Gi1 ∗Gi2 ∗ . . . ∗Gin.

TheGi are called the factor of∗
i
Gi. 12

Definition. A word W= a1a2 · · · an is calledreducedif

(i) No ai is the unit element of some Gi(W).

(ii) No two consecutive elements ai , ai+1 belongs to the same group Gi.

The simplest example of a reduced word is an element x of E differ-
ent from the units of Gi.

Theorem 2.1. Each equivalence class of W(E) contains one and only
one reduce word.

Proof. For every reduced wordw = a1a2 · · ·ar and everya ∈ E, we get
a reduced word|aw| equivalent toaw by setting

|aw| =



























































































a1a2 · · · ar if a is a unit element

aa1a2 · · ·ar if a is not a unit element

and does not belong to the same

Gi asai

ba2 · · · ar if a belongs to the sameGi

asa1 andaa1 = b is not

a unit element

a2 · · · ar if a = a−1
1 .

By induction on the length, one proves that every word is equivalent to
at least one reduced word.

To prove the unicity, following an idea of Van der Waerden, let us
denote byT(a), for everya ∈ E, the map of the set of all reduced words
into itself which changesw into |aw|, and for any wordW1 = b1b2 · · · bs,
reduced or not, let us setT(w1) = T(b1)T(b2) · · ·T(br ). It can be easily 13
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verified that, ifa andb belong to the sameGi andab = c, thenT(c) =
T(a)T(b), while T(e) =identity if e is a unit element. There follows that
if the wordsw1 andw2 are equivalent,T(w1) = T(w2). Now, a reduced
word w is the image of the empty wordW0 by T(w). Hence, ifw1 and
w2 are equivalent reduced words, they are the images ofW0 by the same
map,w1 = w2, which proves the unicity.

If x ∈ Gi is not the unit element ofGi, then it is a reduced word. If
we map the unit element of eachGi onto the empty word ofW(E) and
the other by inclusion intoW(E) we obtain an isomorphism ofGi onto
a subgroup of∗

i
Gi ; let us identifyGi with the corresponding subgroup.

With this identification it is clear that

Gi ∪G j =W0 for i , j.

�

Theorem 2.2. Given a group G, a family Gi of groups and a family of
homomorphisms

hi : Gi → G

then there exists one and one homomorphism h of∗
i
Gi onto G such that

h|Gi = hi .

Proof. For the proof it is better to consider the semigroupW(E). Given
any mapg of E into a semigroupG then we can extend it into a homo-
morphismg∗ of W(E) into G by setting

g∗(a1a2 · · ·an) = g(a1)g(a2) · · · g(an).

for every worda1a2 · · ·an. Further if g is given by a familyhi of ho-14

momorphisms ofGi into G then equivalent elements ofW(E) go into
the same element ofG under the mapg∗ (This fact can be proved by in-
duction on the number of operations (a) and (b) performed to change a
word into its equivalent). Henceg∗ gives a homomorphism of∗

i
Gi onto

G. The uniqueness part is clear because any homomorphismg∗1 of ∗
i
Gi

which equalgi on Gi has to satisfy the defining equation ofg∗. Hence
the result. �
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The quotient of a free product by a set of relations.
Suppose we are given a family (S j ,T j) j∈J of pairs of words ofW(E),

and consider the set of relationsR = {S j = T j} j∈J. We say that two
words areR-equivalent if one can be changed into the other by a finite
number of operations (a), (b) and

(c) Replacement ofS j by T j or T j by S j at will. If two words W,
W′ areR-equivalent we write

W∼
R
W′

It is a matter of direct verification thatR-equivalence is an equivalence
relation. We denote the equivalence class determined by theempty word
W0 by WR and it follows directly that the product operation inW(E)
passes down to the quotient setW(E)/WR of the equivalence classes.
(This fact can be proved by induction on the number of operation (a), 15

(b), (c) used to changed a word into its equivalent). Since the opera-
tions (a) and (b) are subsumed underR-equivalence it follows thatR-
equivalence can be considered as an equivalence ration in∗

i
Gi and that

W(E)/WR can be considered as the set of equivalence classes of∗
i
Gi

underR. It follows thatW(E)/WR is a group. This group is calledthe
quotient group of the free product∗

i
Gi by the set of relations R.

We say that two setsR andR′ of relations inW(E) are equivalent if
R-equivalence implies and is implied byR′-equivalence, i.e. for any two
wordsW andW′ we haveW∼

R
W′ if and only if W∼

R
W′. In this case we

write R∼ R′.

Example .ConsiderR = {S j = T j} andR′ = {S jT−1
j = W0} then we

haveR∼ R′.
A set of relationsS j = W0 is also writtenS j = 1 and theS j are

sometimes called relaters.

Definition . A free groupis the free product of a family of groups each
of which is infinite cyclic.

Suppose that we are given a groupG and a system{ai}i∈I of gen-
erations ofG. Suppose thatZ denotes the infinite cyclic group ande a
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generator ofZ and that we denote the homomorphism ofZ into G taking
e onto ai by hi . Now if we take copiesZi of Z one for eachi in I and
form the free product, by theorem 2.2. there exists a homomorphismh
of ∗

i
Zi into G such thath|Gi = hi . This homomorphism is not since a16

system{ai}i∈I of generators ofG is in the image. HenceG is isomorphic
to the quotient of∗

i
Zi by the kernel ofh. Hence each group can be rep-

resented as a quotient of a free group. The word in the kernel give a set
of relators forG.

Theorem 2.3. Suppose that W, W0 is an element of finite order in
∗
i
Gi. Then there is one and only one i in I such that W is conjugate toan

element of Gi.

Proof. Among the reduced words corresponding to the conjugatesW1

WW−1
1 suppose thatW′ =W1WW−1

1 is one length and that

W′ = a1a2 · · · ar .

�

To prove the result we first show thatr = 1. Suppose thatr > 1.
Thena1 andar do not belongs to the same group for if they belong to
the same group then the conjugate

a−1
r a1a2 · · ·ar−1 = a′1a2 · · ·ar−1

of W would have lengthr − 1 contradicting the minimality ofr. But if
a1 andar are not in the same group, then (W′)n is reduced for everyn,
thereforeWn is never the unit elementW0. Hencer = 1 and there is an
i such thatGi contains a conjugate ofW. The unicity follows from the
fact that every conjugate ofa1 is represented by a reduced word of the
form Aa′A−1 with a′ ∈ Gi .

Theorem 2.4. The center of a free group G= ∗
i
Gi with at least two17

factors is trivial i.e. consists of W0 alone.
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Proof. Suppose thata1a2 · · · ar is a reduced word in the center of the
group. Suppose thata1 is in Gi. Then sinceG contains at least two
factors there is a groupG j different fromGi, let a be an element of
G j different from the unit. Then the wordaa1 · · ·ar is a reduced word;
further the worda1a2 . . . ara is reduced ifar anda do not belong to the
same groupG j, otherwisea1a2 · · · ara has lengthr, hencea1a2 · · · ara ,
a1a2 · · · ar ; in each casea1a2 · · · ara thena1a2 · · · ara represent distinct
equivalent classes, a contradiction. �

Theorem 2.5. The quotient of a free product G= ∗
i
Gi of abelian group

by the commutator subgroup G′ is isomorphic to the direct sum×
i
Gi.

Proof. The direct sum×
i
Gi is the subgroup of the direct product of the

Gi consisting of the families (ai)i∈I where allai but for a finite number
are unit elements. By theorem 2.2, there is a homomorphism

h : ∗
i
Gi → ×

i
Gi

such thath|Gi is the canonical injection ofGi into ×
i
Gi . Since×

i
Gi is

abelian (G is assumed abelian),G′ is in the kernel ofh. Hence we have
the natural maps

G
p
−→ G/G′

h̄
−→ ×

i
Gi

with h = h̄op. �

Now, suppose thata = a1a2 · · · am is in the kernel ofh, where 18

a1, a2, · · · , am are elements of
n
⋃

i=1
Gi. Let Ak be the product of theai

which belongs toGk, and A = A1A2 · · ·An. Then p(A) = p(a) and
h(A) = h(a) = 1. Becauseh(A) = (Ai)i∈I , whereAi is for i > n the unit
element ofGi, this implies thatA = 1, p(a) = 1 anda ∈ G′. HenceG′ is
the kernel ofh.

Theorem 2.6. If two free products of cyclic groups are isomorphic, then
their factors are the same.
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Proof. Let G = ∗
i
Gi and G′ = ∗

j
G′j. be two free products of cyclic

groups, which are isomorphic. For 1< k ≤ ∞, let Nk(resp. N′k) be the
number of theGi(resp. G′j) which are of orderk. We prove thatNk =

N′k. Fork = ∞, N∞ is the rank of×
i
Gi andN′∞ of rank of×

j
G′j. According

to theorem 2.5,×
i
Gi and×

j
G′j are isomorphic, henceN∞ = N′∞. For k

finite > 1, let us consider the cyclic subgroup ofG of orderk which are
maximal, i.e. not contained in a larger cyclic subgroup. From theorem
2.3, it follows that such maximal subgroup is conjugate to one and only
oneGi. HenceNk is the number of conjugacy classes of maximal cyclic
subgroups ofG of order k. Therefore, the isomorphism ofG andG,
impliesNk = N′k.

If G is the quotient of a free group generated bya1, a2, . . . by the set
of relationsS1 = T1, S2 = T2, . . ., we write19

G = {a1, a2, . . . ,S1 = T1S2 = T2 . . .}

and this is called a presentation ofG.
Given a set of relationsR in a free product of groups, the problem to

find a procedure for deciding if any two words areR-equivalent is called
the word problem. According to Novikov, in general, such a procedure
does not exist. But, in some particular cases, such a procedure exists.
We are now considering such a case, which is useful in Topology.

Suppose thatGi is a family of groups,H is a group and that

j i : H → Hi ⊂ Gi

is a family of isomorphisms ofH onto subgroups of theGi. Now we
consider the quotient of∗

i
Gi by the relation

J = { j i(a) = jk(a), a ∈ H; i, k ∈ I }.

This group denoted by∗
i
Gi/J is called afree product with an amalga-

mation.
For eachα in H let us identify j i(α) with α for all i, and denote the

union of theGi by E. SoE =
⋃

i
Gi andGi ∩G j = H for i , j.
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Now we consider the semigroupW(E). In this set to change a word
into an equivalent one we need only perform the operations (a), (b) the
other (c) being taken care of by our identifications.

Now we say that two elementsa andb of Gi areH-equivalent ifab−1 20

belongs toH. This is an equivalence relation inGi and partitionsGi into
right cosets ofH. Thus the whole setE is partitioned into disjoint cosets.
From each of these sets, except the setH, we take one representativef
and denote the collection of representatives byF.

By the definition ofF it is clear that every element ofE not in H
can be written ash f whereh is in H and f is in F. If we apply this to
the productf h of a pair of elementsh andh whereh is in H and f is in
F ∩Gi it follows that there exists a pairh′, f ′ of elements withh′ in H
and f ′ in F ∩Gi such that

f h = h′ f ′.

To replacef h by h′ f ′ will be called commutation operation.

Definition. A word W= h f1 · · · f2 is called F-reduced if h∈ H, fi ∈ F
and no two consecutive elements fi and fi+1 belongs to the same group
Gk.

Now we prove the following theorem whose statement and proofare
similar to those of theorem 2.1.

Theorem 2.7. Each J-equivalence class contains one and only one F-
reduced word.

Proof. If W = h f1 · · · fr is an F-reduced word anda ∈ E, we define
an F-reduced word|aw| which is J-equivalent to aw in the following
manner. �

If a ∈ H, ah= h′, we set|aw| = h′ f1 · · · fr . 21

If a belongs to the same groupGi as f1, and if ah f1 ∈ H, we set
|aw| = h′ f2 · · · fr with h′ = ah f1; if ah f1 < H, we haveah f1 = h′ f with
h′ ∈ H, f ∈ F and we set|aw| = h′ f f2 · · · fr . If a does not belong to the
same groupGi as f1, we haveah = h′ f with h′ ∈ H, f ∈ F and we set
|aw| = h′ f f1 f2 · · · fr .
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Now, one proves, by induction on the length, that each word isJ-
equivalent to at least oneF-reduced word. For the unicity the proof is
exactly the same as for theorem 2.1, using the mapT(a) of the set of all
F-reduced words into itself which changesw into |aw|.

By this theorem we can identity the underlying set of the group
∗
i
Gi/ j with the set ofF-reduced words. Now every element ofG rep-

resents anF-reduced word. Hence we identifyGi with a subgroup of
∗
i
Gi/J.

2.8 A consequence.Suppose that we are given a family of homomor-
phismshi of Gi into a groupG such that

hi |H = h j |H

Then there exists one and only one homomorphismh of ∗
i
Gi/J into

G such that
h|Gi = hi .

The proof is clear. �

Remarks.Suppose that the indexing setI = I1 ∪ I2 whereI1 andI2 are22

disjoint. Then there is a canonical isomorphism:

∗
i∈I

Gi ≃

(

∗
i∈I1

Gi

)

∗i

(

∗
I∈I2

Gi

)

.

The proof is straight forward.

Suppose thata set of relations is the union of two sets,R= R1∪R2,
whereR1 involves words from∗

i∈I1
Gi alone andR2 involves words from

∗
i∈I2

Gi alone. Then there is a canonical isomorphism:

∗
i∈I

Gi

/

R
≃

(

∗
i∈I1

GiR1

)

∗

(

∗
I∈I2

GiR2

)

.

Again the proof is direct.
We give an application.
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Suppose thatp and q are integers> 1, G1, G2 and H are groups
each isomorphic toZ with generatorsa, b andc respectively. We define
isomorphisms

j1 : H → H1 ⊂ G1 and j2 : H → H2 ⊂ G2

by setting

j1(c) = ap and j2(c) = bq.

We denote the resulting free product with amalgamation byGp,q.
The elementap

= bq commutes witha as well asb and hence is in the
centre. Denoting the subgroup generated byap by Z we have

Gp,q/Z =
{

a, b; ap
= 1, bq

= 1
}

.

Now by the second remark above we have 23

G
p,q

/

Z

= G
1

/

ap

∗G
2

/

bq

= Zp ∗ Zq.

By theorem (2.4) this latter group does not have centre. Hence the centre
of Gp,q is Z.

Using this fact and theorem (2.6) we prove

Theorem 2.9. Suppose that the ordered pairs of integers greater than
1, (p, q) and (p′, q′) are such that Gp,q ≃ Gp′,q′ . Then either(p, q) =
(p′, q′) or (p, q) = (q′, p′).

Proof. We haveGp,q ≃ Gp′,q′ and hence

Gp,q/(Centre)≃ Gp′,q′/(Centre).

�

HenceZp ∗ Zq Zp′ ∗ Zq′ , and now by theorem (2.6) we have either
p = p′ andq = q′ or p = q′ andq = p′.
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3 On calculation of fundamental groups

In this section, we have some theorems that are useful in the computa- 24

tion of the fundamental group.

Theorem 3.1. Suppose X= X1 ∪ X2 is the union of two arcwise con-
nected open subsets X1 and X2. If X1 ∩ X2 = A∪ B is the union of two
arcwise connected non void disjoint open sets A and B and if X2, A and
B are simply connected, then

π(X) ≃ π(X1) ∗ Z.

Proof. Let us fix a pointa in A anda point b in B and take the funda-
mental groups ofX andX1 based ata, π(X) = π(X, a), π(X1) = π(X1, a).
Let c1 be a path joininga to b in X1, c2 a path joiningb to a in X2 and
c = c1c2.

Let us denote byγ a generator ofZ (the infinite cyclic group written
multiplicatively). By (2.2) there is a unique homomorphismh : π(X1) ∗
Z → π(X) such thath( j) = [c] andh|π(X1) is induced by the inclusion
X1 ⊂ X. Now, we have a more precise formulation of (3.1): �

(3.1)′. h is an isomorphism.
Consider the semi-group of wordsW = W(π(X1)∪Z) and the canon-25

ical homomorphismhc : W → W/W0 = π(X1) ∗ Z whereW0 is the
equivalence class of the empty word. Let us seth̃ = h ◦ hc : W→ π(X).
Then, (3.1)′ is equivalent to:
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(3.1)′′. h̃ is surjective and its kernel isW0.
For (3.1)′′ implies thath is an isomorphism.
Let us say that a path inX is small, if it is contained inX1 or in X2.

For every pointx ∈ X, let d(x) be a path such that
if x ∈ B, d(x) is connectingx to b in B,
if x ∈ A, d(x) is connectingx to a in A,
if x < A∪ B andx ∈ Xi , d(x) is connectingx to a in Xi(i = 1 or 2).

Thus, in any case,d(x) is a small path. Now, letwbe a path inX closed at
a, so thatw is an element ofπ(X). If w ⊂ X1, we denote by [w]1 ∈ π(X1)
its homotopy class inX1. Let s be a subdivision ofw into a product
w = w1w2, . . . ,wn of small pathswi. SinceX1 andX2 are open, such
a subdivision always exists. We are going to define a well determined
word M(w, s) associated to this subdivision ofw.

Let ti be the terminal point ofwi (and also the initial point ofwi+1)
anddi = d(ti ) the small path joiningti to a or b. Let us set

w′1 = w1d1,w
′
i = d−1

i−1widi(i = 2, . . . , n− 1),w′n = d−1
n−1wn;

so thatw′i is a small path contained in the same setX1 or X2 aswi, and 26

w′1w′2 · · ·w
′
n = w1d1d−1

1 w2d2 · · ·d
−1
n−1wn ≈ w.

That will be calledthe first modificationof the product.
Now, we take off thosew′i which are closed and≈ 0 in X1 or in X2,

in particular, asX2 is simply connected, allw′i which are closed inX2.
If w′i is connectingb to a in X2, w′i ≈ c2 in X2, w′i ≈ c−1

1 c1c2 = c−1
1 c in

X and we replacew′i by c−1
1 c. If w′i is connectinga to b in X2, w′i ≈ c−1

2
in X2, w′i ≈ c−1

2 c−1
1 c1 = c−1c1 in X and we replacew′i by c−1c1. Thus we

get a product of paths, which are either contained inX1 or equal toc or
c−1,

w · · · c±1w′′j · · ·w
′′
k c±1w′′1 · · · .

That will be calledthe second modification.
It may happen that allw′i have been taken off in which casew ≈ 0

and we setM(w, s) = the empty word.
If that is not the case, we replace every maximal series of consecu-

tive paths contained inX1 by their product:w′′j · · ·w
′′
k = w̄ℓ, and we get
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a product
w · · · c±1w̄ℓc

±1 · · ·

of paths which are either equal toc or c−1 or contained inX1 and closed
at a (the end points of ¯wℓ must bea becausec is closed at (a). That is
the third and last modification.

Now we defineM(w, s) as the word we get by replacing, in this27

product, every path ¯wℓ contained inX1 by its homotopy class [ ¯wl]1 ∈

π(X1) in X1, andc by γ, c−1 by γ−1:

M(w, s) = · · · γ±1[w̄l]1γ
±1 · · · .

We have now the following properties.

(a) h̃M(w, s) = [w]. For, by the definition of̃h, we have

h̃γ = [c], h̃γ−1
= [c−1], h̃[w̄l ]1 = [w̄l].

There follows that̃h is surjective.

(b) If in the product w1 · · ·wn we replace a small path wj by another
small path vj , such that vj ≈ w j in X1 or in X2, the associated word
M(w, s) does not change. For, after the first modification,v j will be
replaced byv′j ≈ w′j in X1 or in X2, and if w j ⊂ X2, the product we
get after the second modification will be the same; ifw j ⊂ X1, after
the third modification one of the paths ¯wl will be replaced by a path
v̄l ≈ w̄l in X1 so that [v̄l ]1 = [w̄l ]1 and we get the same word

(c) If we take off or add, in the product w1 · · · ,wn, a path contained
in A and closed at a, the associated word does not change. For if
wi ⊂ A is closed ata, w′i will be taken off in the second modification.

(d) If the subdivision s′ of w is obtained from s by dividing one of the
small paths wi into two paths, wi = uivi , thenM(w, s′) ∼ M(w, s).

Here the proof, though quite easy, is a bit longer. If we replacewi by28

uivi , after the first modification,w′i will be replaced byu′i v
′
i ≈ w′i in X1

or in X2. If it is in X1, the only effect after the third modification would
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be to replace a path ¯wl by another one homotopic to it inX1 or, if w′i is
closed and≈ 0 in X1 while u′i andv′i are not, to introduce a new path
w̄l homotopic to zero inX1, so thatM(w, s′) = M(w, s). If u′i v

′
i ≈ w′i

in X2 andw′i is connectinga to b or b to a, one of the pathsu′i or v′i
will be closed and taken off in the second modification, so that again
M(w, s′) = M(w, s). The same holds, ifwi ⊂ X2, u′i andv′i are all closed.

If w′i ⊂ X2 is closed at a whileu′i is connectinga to b in X2 andv′l
b to a in X2, w′i will be taken off in the second modification whileu′i v

′
i

will be replaced byc−1c1c−1
1 c, so that ife1 denotes the unit element of

π(X1), we haveM(w, s) = M1M2 and M(w, s′) = M1γ
−1e1γM2, and

consequentlyM(w, s′) ∼ M(w, s).
If w′i ⊂ X2 is closed atb while u′i is connectingb to a andv′i a to b, w′i

will be taken off in the second modification, whileu′i v
′
i will be replaced

by c−1
1 cc−1c1. Since it is closed atb, it must be preceded and followed

by paths inX1, so that after the second modification we get products like

. . .w′′k w′′h . . . and w′′k c−1
1 cc−1c1w′′h . . . .

There follows that the path ¯wi coming from· · ·w′′k w′′h · · · after the
third modification is the product of two pathsu = · · ·w′′k andv = w′′h . . .,
connectinga to b andb to a, w̄i = uv, and will be replaced by ¯wl1cc−1w̄l2 29

with w̄l1 = uc−1
1 and w̄l2 = c1v. Setting [w̄l ]1 = ξ, [w̄l1]1 = ξ1 and

[w̄12]1 = ξ2, we have

M(w, s) = M1ξM2,M(w, s′) = M1ξ1γγ
−1ξ2M2

andM(w, s) ∼ M(w, s′) becauseξ = ξ1ξ2.
Hence (d) is proved. An immediate consequence is:

(e) If s and s′ are any two subdivisions of w into small paths, M(w, s)
∼ M(w, s′).

For any two subdivisions have a common refinement, and any
refinement can be obtained by introducing one point at a time.

(f) If w ≈ 0 in X, then M(w, s) ∼ Wo

As h̃M(w, s) = [w], this means that ker̃h = Wo and will achieve the
proof of (3.1).
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The homotopyw ≈ 0 consists of a mapF : I × I → X such that
F(I × 0) = w, F(0 × I ) = F(I × 1) = F(1 × I ) = a. Let us divide the
squareI × I = (0 ≤ s, t ≤ 1) intom2 equal squares,mbeing great enough
in order that their images byF be small inX, i.e contained inX1 or in
X2. We number these squares in such a way that the one of centre (s, t)
comes before the one of centre (s′, t′) if t < t′ or t = t′ ands < s′. Let
v j be the path, product of 2medges of our chessboard, connecting (0, 1)
to (1, 0) by passing above the firstj squares and under the other. Here is
a representation ofv16 with m= 6.

(1, 0)(0, 0)

(0, 1) (1, 1)

F(v j ) is a path closed ata and hasa subdivisionsj into 2m small30

paths, the images of the edges ofv j . Let us compare the wordsM j−1 =

M(F(v j−1), sj−1) andM j = M(F(V j), sj). Let u, v be the sides of thejth

square inv j−1 andu′, v′ the sides inv j
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We get the productF(v j ) from F(v j−1) by replacingF(u)F(v) by
F(u′)F(v′), so that we have

F(v j−1) = PF(u)F(v)Q, F(v j ) = PF(u′)F(v′)Q.

But F(u)F(v) = F(uv) and F(u′)F(v′) = F(v′v′) are small paths,
homotopic in the same setX1 or X2. By (b), the words associated to31

PF(uv)Q and toPF(u′v′)Q are the same, and by (d) they are equivalent
to M j−1 and M j, so thatM j−1 ∼ M j. HenceMo ∼ Mm2. But, by (c)
and (d),Mo ∼ M(w, s), and asF(vm2) = a, mm2 = the emptyw so that
M(w, s) ∈Wo.

Theorem 3.2. Suppose X= X1 ∪ X2 is the union of two arcwise con-
nected open sets X1 and X2, whose intersection Xo = X1 ∩ X2, is non
void and arcwise connected. The groupsπ(X) andπ(Xi) being based at
the same point a∈ Xo, let ji : π(Xo) → π(Xi) (i = 1, 2) be the homo-
morphism induced by the inclusion Xo ⊂ Xi , and J the set of relations
J = { j1(α) = j2(α), α ∈ π(Xo)}. Then

π(X) ≃ π(X1) ∗ π(X2)/J.

By (2.2), there is a unique homomorphismh : π(X1) ∗ π(X2) →
π(X) such thath|π(Xi) is induced by the inclusionXi ⊂ X(i = 1, 2).
Now, a precise formulation of (3.2) is: (3.2)′ h is surjective and has
the same kernel as the canonical homomorphism ofπ(X1) ∗ π(X2) onto
π(X1) ∗ π(X2)/J.

Consider the semi-group of wordsW =W(π(X1)∪π(X2)), let Wo be
the equivalence class of the empty word andWJ ⊃W0 its J-equivalence

class. ThenW/WJ =
π(X1) ∗ π(X2)

J
. Let hc be the canonical homomor-

phismhc : W → WWo = π(X1) ∗ π(X2), andh̃ = hohc. Then (3.2)′ is
equivalent to (3.2)′′h̃ is surjective and its kernel is WJ.

The proof of similar to that of (3.1)′′, but easier. We say, again, that32

a path is small, if it is contained inX1 or in X2, and for everyx ∈ X,
we choose a pathd(x) connectingx to a, such thatd(x) ⊂ Xi if x ∈
Xi(i = 0, 1, 2). For any pathu closed ata, we denote by [u] ∈ π(X) its
homotopy class inX and ifu ⊂ Xi, by [u] i ∈ π(Xi) its homotopy class in
Xi.
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Let w be a path closed ata in X and s a subdivision ofw into a
productw = w1w2 · · ·wn of small paths. We are going to define two
wordsM1(w, s) andM2(w, s). We set againdi = d(ti ) with ti = terminal
point of wi ,w′i = d−1

i−1widi (i = 2, . . . , n− 1), w′n = d−1
n−1wn, and we get a

new product
w′1w′2 · · ·w

′
n ≈ w

wherew′i is a small path contained in the same setX1 or X2 aswi , and
closed ata. Now, replacing, in this product,w′i by [w′i ]1 ∈ π(X1) if w′i ⊂
X1 and by [w′i ]2 ∈ π(X2) if w′i 1 X1, we get the wordM1(w, s). Similarly,
replacingw′i by [w′i ]2 ∈ π(X2) if w′i ⊂ X2 and by [w′i ]1 ∈ π(X1) if w′i 1
X2, we get the wordM2(w, s). These two words differ only if somew′i
are contained inX1 ∩ X2 = Xo, in which case we have [w′i ]1 = j1[w′i ]o

in M1(w, s) and [w′i ]2 = j2[w′i ]o in M2(w, s). As h̃[w′i ] j = [w′i ] ∈ π(X),
by the definition of̃h, we have,

(a′) The two words M1(w, s) and M2(w, s) are J-equivalent and̃hM133

(w, s) = h̃M2(w, s) = [w],

Henceh̃ is surjective. We have further the following properties.

(b′) If, in the product w= w1 · · ·wn we replace wi by another small
path vi homotopic to wi in X j ( j = 1 or 2), the word Mj(w, s) does
not change.

That is immediate because we will havev′i ≈ w′i in X j. The fol-
lowing is also immediate.

(c′) If we take off or add in the productw1 · · ·wn a small path closed
at a and≈ 0 in Xo, the only effect will be to take off or to add in
M j(w, s) a unit element.

(d′) If the subdivision s′ of w is obtained from s by dividing one of
the small paths wi into two parts, wi = uivi , and if wi ⊂ X j ( j =
1 or 2), then Mj(w, s′) is J-equivalent to Mj(w, s).

The proof is similar to that of (d) in the former case, but easier. For
w′i will be replaced byu′i v

′
i , w′i = d−1

i−1widi = d−1
i−1(uivi)di and uiv′i =

d−1
i−1uidd−1v′i di , whered = d (terminal point ofui ). As all these paths
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are inX j , w′i ≈ u′i v
′
i in X j and [w′i ] j = [u′i ] j [v′i ] j , we haveM j(w, s′) is

J-equivalent toM j(w, s).

(e′) If s and s′ are any two subdivisions of w into small paths,
M j(w, s′) and Mj(w, s) are J-equivalent.

(f′) If w ≈ 0 in X, then Mj(w, s) ∈ Wj. The proof is the same as that34

of (c) and (f) in the former case, so that (3.2)′′ is established.

An important corollary is the following.

Theorem 3.3. The notations and the hypotheses being the same as in
(3.2), let i1 : π(Xo) → π(X1) and i2 : π(Xo) → π(X2) be the homomor-
phisms induced by the inclusions Xo ⊂ X1 and Xo ⊂ X2:

π(X1)
j1

##GG
GG

GG
GG

G

π(X0)

i1
;;vvvvvvvvv

i2 ##HH
HH

HH
HH

H
π(X)

π(X2)
j2

;;wwwwwwwww

If i1 and i2 are injective, then j1 and j2 are also injective.

That follows from the fact that ifi1 and i2 are injective,π(X) ≃
π(X1) ∗ π(X2)/J is a free product with amalgamation.

If in the statements (3.1) and (3.2) one replaces the condition that
X1 andX2 be open by that they be closed, without changing the other
hypothesis, the conclusion do not remain valid in general, as can be
shown by counter examples. Nevertheless, for many applications, the
following remark is useful.

Remark 3.4. If X = X1 ∪ X2 is the union of two closed setsX1 andX2,
satisfying all other hypotheses of theorem (3.1) (resp. (3.2) and (3.3)
and if there are open setsY1 andY2, such thatY1 ⊃ X1, Y2 ⊃ X2, Xi is a 35

deformation restract ofYi (i = 1, 2) andX1∩ X2 is a deformation retract
of Y1 ∩ Y2, then the conclusion of (3.1)-(resp. (3.2) and (3.3)-remain
valid.
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For we can apply the theorem (3.1) toY1 andY2 instead ofX1 and
X2, and asπ(Yi) = π(Xi) (i = 1, 2 or 0) we get the conclusion.

Note.The theorem (3.2) is usually named vanKampen’stheorem. In the
case whereX is a simplicial complex andX1 andX2 are subcomplexes
of X, it was first given by Seifert. Van Kampen gave a more general
theorem which contains both (3.1) and (3.2).

4 Examples

1. The circleS1.36

Suppose thatp andq are two points on the circleS1. ThenS1 −

p andS1 − q are both simply connected open subsets ofS1 and their
intersection consists of two arcwise connected simply connected sets.
Hence by theorem (3.1) we have

(S1) ≃ 1 ∗ Z = Z.

2. The sphereSn
= {x = (x1, . . . , xn+1),

n+1∑

1
x2

i
= 1}, n ≥ 2.

It follows from (3.2) that the union of two simply connected open
sets, whose intersection is arcwise connected, is simply connected.
Here, if p, q are two distinct points ofSn, asSn

= (Sn − p) ∪ (Sn − q)
and (Sn − p) ∩ (Sn − q) is arcwise connected forn ≥ 2, π(Sn) is trivial.

3. The wedge ofn circles. We consider a set ofn circlesC1,C2, . . . ,Cn

every two of which meet at a pointp. We denote the union ofC1, . . . ,Cn

by Bn.
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Let q be a point ofCn, q , p. Bn−1 is a deformation retract ofBn−q,
hence (corollary 1.3)π(Bn−q) = π(Bn−1). Now Bn = (Bn−q)∪(Cn− p),
while (Bn−q)∩ (Cn− p) = Cn− p−q is the union of two disjoint simply
connected open sets. Hence, by (3.1),π(Bn) = π(Bn−1) ∗ Z, and by
inductionπ(Bn) = Z ∗ · · · ∗ Z (n copies).

Now suppose that we take the circlesCi in the (x, y) plane as 37

Ci = {(x, y) : (x− i)2
+ y2
= i2}.

We provideB∞ with the topology induced from the plane. In this topol-
ogy every compact set inB is contained in someBn. Hence ifF gives a
homotopy between two paths inB∞ it does so in someBn. Now using
the previous result we obtain

π(B∞) = ∗
i∈I
Zi

whereI is a countable indexing set.

If we take the circle (x−
1
n

)2
+y2
=

1

n2
for Cn then the groupπ(B∞) is

much more complicated since, in this case, a path need not be contained
in a finite number of theCi.

4. Attaching an n-cell to a space.
We denote the coordinate in euclideann-space byx1, x2, . . . , xn. We

denote then-disc byDn, its boundary the (n−1)-sphere bySn−1 and the
n-cell by en:

Dn
=

{

(x)|x2
1 + x2

2 + · · · + x2
n ≤ 1

}

Sn−1
=

{

(x)|x2
1 + x2

2 + · · · + x2
n = 1

}

en
=

{

(x)|x2
1 + x2

2 + · · · + x2
n < 1

}

Suppose thatX is a topological space and thatf is a map ofSn−1

into X. Then we consider the disjoint unionX ∪ Dn of X andDn and 38

introduce the following relation:

x = y if x = y or x = f (y) or y = f (x) or f (x) = f (y).
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It is clear that this is an equivalence relation and we denotethe quo-
tient space byX ∪ f Dn. We note that the point set underlying this space
can be identified withX∪en and that with this identificationX∩en

= φ.
This process of constructing a new space is called attachingan n-cell.
Now we study the effect, on the fundamental group, of attaching ann-
cell.

We choose an interior pointp of Dn. We denote the setX∪ f Dn− p
by X1 anden by X2. Then since the radial projection ofDn−p gives a de-
formation retraction of the set ontoSn−1 we have thatX is a deformation
retract ofX1. Hence

π(X1) ≃ π(X).

It is clear thatSn−1 is a deformation retract ofen − p and hence we
have

π(en − p) ≃ π(Sn−1).

Applying our theorem (3.2) toX1, X2 we obtain in view of (2)

π(X ∪ f Dn) ≃ π(X) if n ≥ 3.

n = 1. In this casee1 − p consists of two connected components. We
know thate1 is simply connected. Hence applying theorem (3.1) with
X1 = X ∪ f D1 − p, X2 = e1 we obtain

π(X ∪ f D1) ≃ π(X) ∗ Z.

n = 2. In this casee2 − p is connected andπ(e2 − p) is generated by39

a single element saya. We know thatπ(e2) = 1 and hence applying
theorem (3.2) toX1 = X ∪ f D2 − p andX2 = e2 we obtain

π(X ∪ f D2) ≃
π(X) ∗ 1
ā = 1

= π(X)/ā=1

whereā is the image ofa in π(X1). Since the boundary ofD2 is a defor-
mation retract ofD2 − p and a is inD2 − p it follows that ā is the class
given by the pathf |S1.

5. Closed surfaces of genusp.
Now we give some constructions.
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We take a wedgeX of 2p circles a1, a2, . . . , ap, b1, b2, . . . , bp and
a 2-discD2. We subdivide the circlesS1, boundary ofD2, into 4p
segmentsCi. We homeomorphically mapC4i ,C4i+1,C4i+2,C4i+3 onto
ai+1, bi+1, a−1

i+1, b
−1
i+1 in that order. We denote the resulting map of theS1

by f . Then attachingD2 to X by f we obtain an oriented closed surface
of genusp. We denote it bySp. If we denote the generator ofπ(X)
corresponding to the circleai by ai itself by (4) above we obtain

π(Sp) ≃ {a1, b1, a2, b2, . . . , an, bn; a1, b1a−1
1 b−1

1 · · · a
−1
n b−1

n = 1}.

Now we take a wedgeX of p-circlesa1, . . . , ap. We subdivideS1

into 2p segmentsCi . We mapC2i , C2i+1 homeomorphically ontoai , ai ,
and denote the resulting map ofS1 into X by f . Then attachingD2 to X
by f we obtain a non-oriented closed surface of genusp. We denote it 40

by S′p. If we denote the generator ofπ(X) corresponding to the circleai

by ai itself by (4) we obtain

π(S′p) ≃ {a1, a2, . . . , ap; a1a1a2a2 . . .apap = 1}.

Now for any spaceX we defineH1(X), the first homology group of
X, to be the quotient ofπ(X) by the commutator subgroup. It is clear that
the the image ofa1b1a−1

1 b−1
1 . . . anbna−1

n b−1
n in H1(Sp) reduces to the unit

element and henceH1(Sp) is a free abelian group with 2p generators.
Similarly it follows thatH1(S′p) is the direct product of a free abelian
group with (p− 1) generators and a group of order 2. Hence it follows
that π(Sp) and π(S′q) for various p and q are all distinct. Hence the
surfaces we obtain are pairwise distinct.

The theorem on the classification of surfaces shows that we thus
obtain all closed surfaces.

6. Torus knots.
A knot is a simple closed curve inR3. The fundamental group of the

complement of a knot is called the group of the knot.
We say that two knots are of the same type if there exists an auto-

morphism ofR3 taking one onto the other. In this case the corresponding
complements inR3 are homeomorphic and hence two knots of the same
type have the same group. A knot which is of the type as a circleis
called a trivial knot.
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A knot lying over a torus is called a torus knot.41

We take a Cartesian coordinate system (x, y, z) in R3. Let C′ be the
circle

(y− 10)2 + z2
= 1, x = 0;

or parametrically
y− 10= cosϕ, z= sinϕ

andT be the torus generated by the rotation ofC′ around thezaxis. The
parametric equations ofT are

x = (10+ cosϕ) sinθ

y = (10+ cosϕ) cosθ

z= sinϕ

with angular parametersϕ andθ. We denote the interior ofT by T i and
its exterior byTe. Now let p, q be two positive coprime integers and
Cp,q the closed curve

θ = pt, ϕ = qt, 0 ≤ t ≤ 2π.

Sincep, q are coprime it follows thatCp,q is a simple closed curve.
We denote the circle trace by the centre ofC′ under the rotation around
0z (the z axis) byC. We prove that the group of this knot isGp,q =

(a, b; ap
= bq).

Let X1 = T i −Cp,q, X2 = Te −Cp,q. ThenX = X1 ∪ X2 = R
3 −Cp,q

andX1 ∩ X2 = T −Cp,q. HereX1 andX2 are closed inX. Nevertheless,
according to the remark (3.4), we can apply (3.2), as there are open sets
Y1 ⊃ X1 andY2 ⊃ X2 such thatX1, X2, X1 ∩ X2 are deformation retracts42

of Y1, Y2 andY1 ∩ Y2 respectively.
π(X1) ≃ Z, has as generator the homotopy class ofC, andπ(X2) ≃ Z

has as generator the homotopy class of a circleC′′ concentric withC′

with radius 2. NowT − Cp,q, the torus cut along a closed curve, is
homeomorphic to an annulus andπ(T − Cp,q) = Z, with generator the
homotopy class of a curve equidistant ofCp,q along the torus. This
curve is homotopic toCp in X1 and toC′′q in X2. Settinga = [C] and
b = [C′′], we have by (3.2)πCp,q = (a, b; ap

= bq)Gp,q.
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It follows, by (2.8), that ifp, q, p′, q′ are integers> 1 and (p, q) ,
(p′, q′) , (q, p), Cp,q andCp′,q′ are not of the same type.

This result was proved by Antoine by a different and highly geomet-
ric method.

Now we prove that the knotsCp,q andCq,p are of the same type. For
this we compactifyR3 and obtain the 3-sphere

x2
1 + x2

2 + x2
3 + x2

4 = 1.

Now it is easy to see that by means of the transformation

(x1, x2, x3, x4) 7→ (x3, x4, x1, x2)

we can obtainCq,p from Cp,q.

5 The group of a tame link given by a good plane
projection

43
A link is a collection of a finite number of pairwise disjoint knots.We
say that two links are of the same type if there exists an automorphism
of R3 carrying one onto the other. The fundamental group of the com-
plement of a link is called the group of the link.

We say that a link istameif it is of the same type as a link of polyg-
onal knots, i.e. of knots defined by piecewise linear simple curves.

We say that a projection of a link into a plane ifgood, if the image
is a curve with a continuous tangent and a continuous curvature, whose
only singularities are double points with distinct tangents. The preimage
of a double point consists of two points, while the preimage of any other
point of the projection consists of only one point.

It can be shown that a link having a good projection is tame andthat
any tame link is of the same type as a knot having a good projection (we
are not going to prove this here). We shall now describe a presentation
of the group of a linkC given by a good projection.

Suppose the link lies between the planesz = −z0, z = z0 in the
interior of the cylinderx2

+ y2
= r2, and has a good projection into the
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planez = 0. We choose an orientation on each of its curves, and take
the point (0, 0, z0) as the base point for the fundamental group.

We denote byS the surface generated by the open half ray in the44

direction of negativez-axis with end point moving alongC

S = {(x, y, z)|∃ z′ > zwith (x, y, z′) ∈ C}

The curves of the link intersect the surfaceS at points which divide
C into a certain number of arcs. It may happen that a curve ofC does
not intersectS; in that case we mark a point on it. NowC is divided by
all these pointsP1, . . . ,Pp into p arcsa1, . . . ap, ai starting fromPi. We
call them principal arcs and denote the surface

{(x, y, z)|∃ z′ > zwith (x, y, z′) ∈ ai}

by F′i . If a P j belongs toF′i then we omit all points ofF′i lying belowP j

includingP j from F′i and obtain a surfaceFi which is simply connected.
We denote the open half ray throughPi in the direction of the negative
z-axis bydi .

To compute the group ofC we note thatR3 −C is obtained by suc-
cessive addition ofF1, . . . , Fp andd1, . . . ,Sp to R3 − S.

We set45

D0 = R
3 − S,Di = Di−1 ∪ Fi for i > 1

and
E0 = R

3 − (C ∪ D),Ei = Ei−1 ∪ di , i > 1.

First let us compareπ(Di) andπ(Di−1). SinceC has a good projec-
tion it is easy to construct a simply connected setF′′i such thatDi ⊃
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F′′i ⊃ Fi and such thatF′′i ∩Di−1 consists of two simply connected sets.
Hence by (3.1) we have

π(Di) = π(Di−1) ∗ Z.

We denote the element ofπ(Di) corresponding to the generator of
Z and represented by a path crossingS only at one point from the left
to the right byai itself. Now we note thatR3 − S is simply connected.
Hence

π(Ei) = Z ∗ . . . ∗ Z (p times).

Now let us compareπ(Ei) andπ(Ei−1). SinceC has a good projec-
tion we can construct an open simply connected neighbourhood Ui of
di contained inEi such thatπ(Ui − di) is infinite cyclic andEi−1 ∩ Ui =

Ui − di is connected.
In the case where the projection ofdi is a double point, crossed by46

the projection ofak and separating the projection ofa j andai a generator
of π(Ui − di) in Ei−1 is represented bya jaka−1

i a−1
k and the relation given

is a jak = akai (see figure).
In the case where the projection ofdi is not a double point and corre-

sponds to a point marked on a curve which does not crossS, a generator
of π(Ui − di) is represented byaia−1

i (see figure).

Now by (3.2) we have

π(Ei) = π(Ei−1)/
{

aiaka
−1
j a−1

k = 1
}

= π(Ei−1)/(aiak = aka j)
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in the first case and
π(Ei) = π(Ei−1)

it the second.
Now, we show thatπ(Ep−1) ≃ π(Ep).
For we haveEp−1 = R

3− (CUdp) andEp = R
3−C, and it is easy to47

see that a small path arounddp is ≈ 0 in Ep−1. Hence

π(Ep−1) ≃ π(Ep).

Theorem .Let C be a link with a good projection, To every principal
arc ai of C is associated an element ofπ(R3 − C) denoted by the same
letter ai and represented by a path which crosses the cylinder S in only
one point, under ai , from the left to the right. To every double point
of the projection is associated a relation described in the figure. The
elements ai generateπ(R3 − C) and these relations form a complete
set of relations, moreover, any one of them is a consequence of all the
others.

6 Antoine’s Necklace

We consider a solid torusT and 2p solid torusT1, . . . ,T2p, situated in48

the interior ofT as in the figure.

Ti is linked withTi+1, all Ti are congruent toT1 and similar toT, and
a rotation through an angle of 2π/p around the axis ofT carriesTi onto
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Ti+2. (We takei(mod2p)). The unionN1 =
2p
⋃

i=1
Ti forms an elementary

necklace.

Let h j be a similarity ofR3, i.e. a contraction followed by an isom-
etry, takingT ontoT j . Then by means of theh j we get (2p)2 tori h jTi

of second order and, more generally, we get (2p)n tori

h ji ◦ . . . ◦ h jnT

which we call the tori of ordern. Their union

Nn =

1...2p
⋃

j1... jn

h j1 ◦ . . . ◦ h jnT

will be called a necklace of ordern. The intersection 49

A =
∞
⋂

1

Nn

is a perfect totally discontinuous set, discovered and studied by Antoine,
which is called Antoine’s Necklace.

We will show thatπ(R3−A) is not trivial, even not finitely generated.

First,we prove that a meridian of T represents an element of infinite
order inπ(R3 − N1).

If C is the link consisting of the 2p circlesci (i = 1, . . . , 2p) whereci

is the locus of the centres of the meridians ofTi ,R3−N1 is a deformation
retract ofR3−C, we haveπ(R3−N1) = π(R3−C). Now,π(R3−C) has
4p generatorsai , bi , ci , di(i(modp)), corresponding to the principal arcs
of C as in the figure, with the relations

(1) aibi−1 = di−1ai , (2) aibi = diai ,

(3) cibi = biai (4) cibi−1 = bi−1ai .



36 Contents

1 2

3
4

Now a meridianX of T represents the elementX = aic−1
i . There is a50

homomorphism ofπ(R3 −C) onto the free group of rank two with gen-
erators a andb, under which the images ofai , bi , ci , di are respectively
a, b, bab−1 andaba−1 for every i. The image ofX beingaba−1b−1, an
element of infinite order,X is also of infinite order. AsX represents a

generator of the infinite cyclic groupπ(R3 −
o
T), there follows thatthe

homomorphismπ(R3 −
o
T) → π(R3 − N1) induced by inclusion is injec-

tive.

Now, if we write D = T =
o

N1, we have

T − A =
∞
⋃

n=0

1...2p
⋃

j1... jn

h j1 ◦ . . . ◦ h jnD.

Let us number the series (j1 . . . jn), taking in succession those for which
n = 0, 1, 2, . . ., and ifm= m( j1, . . . , jn) is the number of (j1, . . . , jn) let
us seth j1◦ . . .◦h jnD = Dm, (whereD0 = D, D1 = h1D = T1−h1N1, . . .).
Then we have

T − A =
∞
⋃

k=0

Dk

and we set

Em =

m
⋃

k=0

Dk ∪ (R3 − T).

We haveDm∩ Em−1 = h j1◦, . . . ◦ h jn(T −
o
T), andEm−1 is a deformation

retract of a set open inEm.
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Now, we will prove that the inclusion homomorphismsπ(Em−1) →
π(Em) andπ(Dm)→ π(Em) are injective. If we setX1 = Em−1, X2 = Dm, 51

we haveX1 ∩ X2 = X0 = h j1 ◦ . . . ◦ h jn(T −
◦

T) andX1 ∩ X2 = Em. From
theorem (3.3) and remark (3.4), we have only to show that the inclusion
homomorphisms

i1 : π(X0)→ π(X1) andi2 : π(X0)→ π(X2)

are injective.
X0 is the surface of the torusT′ = h j1 ◦ . . . ◦ h jnT andπ(X0) is a free

abelian group with two generators represented by a meridianM and a
parallelP of that surface. IfMaPb ≈ 0 in Em−1, thenMaPb ≈ Ma ≈ 0

in R3 −
◦

T′ becauseP ≈ 0 in R3 −
◦

T′ andEm−1 ⊂ R
3 −

◦

T′. This implies
a = 0. ThenMaPb

= Pb ≈ 0 in Em−1 impliesb = 0, becauseP is linked
with a following torus or the elementary necklace containedin it, in the
same way asX was linked withT or N1. Hencei1 is injective. Similarly
one sees thati2 is injective.

Thus the following inclusion homomorphisms

π(R3 − T0)→ π(E1) . . . π(Em−1)→ π(Em) . . .

are injective, consequentlyπ(R3 − T) → π(R3 − A) is also injective,
because if a path inR3 − A is ≈ 0 in R3 − A, it is contained and≈ 0
in Em for m great enough. A meridian ofT is not≈ 0 in R3 − A, and
the same is true for a meridian of any torus of any orderq. If q is great
enough, such a meridian is not homotopic to a path contained in Em, and
it follows thatπ(R3 − A) is not finitely generated.

Antoine’s horned sphere.
We take a solid truncated coneH0 with base in the planez = 0 and 52

the top inz = 1. We erect on its top 2p congruent disjoint truncated
conesHi(i = 1, . . . , 2p) with tops in the planz = 2. We assume the
union H0 ∪ H1 ∪ . . . ∪ H2p = H is a solid bounded by a diskD in the
planez= 0, the base ofH0, and a surfacez= f (x, y), which contains 2p
discsD′i (i = 1 . . . 2p) in the planez= 2, the top of theHi.
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Now, lethi by a similarity consisting of a contraction followed by a
translation which takes the base ofH0 onto the top ofHi . Now let us set

B =
∞
⋃

n=0

1...2p
⋃

i1...in

hi1 ◦ . . . ◦ hinH.

The closureB̄ of B is a 3-disk, bounded by the base ofH and a
surfacez = g(x, y), whereg(x, y) is continuous in the base ofH and

zero on its boundary. Moreover, 0≤ g(x, y) ≤
2

1− r
, wherer is the

ratio of the similaritieshi . The setB̄∩ {z =
2

1− r
} is a perfect totality

discontinuous setA′ on the boundary of̄B.

Now, let us consider a 2-diskD on the boundary ofT and its im-
agehiD = Di on the boundary ofTi (i = 1, . . . , 2p). One can find a
homeomorphismf of H into T − N◦1, such thatf D′ = D, f D′i = Di and
f ◦ h′i (x) = hi ◦ f (x) for any x ∈ D′ This homeomorphism has a unique
extension fromH to B̄ satisfying f ◦ h′i (x) = hi f (x) for anyx ∈ B̄. Then53

f (B̄) is a 3-disk contained inT, whose boundary containsA. ForA is the
image underf of the setB̄∩ {z= 2/1− r}, the top ofB̄. Hence, a closed
path linked withT in R3−T is not≈ 0 in R3− f (B̄), and we see thatthe
complement R3 − f (B̄) of the 3-disc f(B̄), is not simply connected.

Antoine proved, more generally, that for any compact totally dis-
continuous setA in Rn, there is an imbeddingf : Dn → Rn such that
f (Sn−1) ⊃ A.
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7 Elementary ideals-Alexander polynomials

In the last section we have seen how to get a presentation of the group 54

of a link. It is often quite difficult to decide, from presentations, whether
two groups are distinct. In this section, we give some invariants of a
group that can be calculated easily from a presentation.

Suppose thatA is a commutative ring with a unit element 1 and that
M is a finitely generatedA-module. Then we associate toM a finite
sequence of ideals ofA called elementary ideals. IfM1 is anA-module
andM2 is a submodule ofM1 then the valuesm(M2) taken overM2 of
linear formsmon M1 generate an ideal which we denote bya(M1,M2).
Now we take a finite systems = [α1, . . . , αn] of generators ofM and
consider the free moduleU = An with the natural basisu1, . . . , un. We
denote the homomorphism ofU onto M taking u1 onto αi by h and
denote the kernel ofh by V. We define the idealsap(s) by setting

ap(S) =



















a(
P
ΛU,

P
ΛV) p ≥ 1,

(1) = A, p ≤ 0.

We haveap(s) ⊃ ap+1(s). Now we proceed to show that this se-
quence of ideals essentially depends only onM. For this we examine
a(U,V) more closely. The linear forms onU are generated byu∗i (i =
1, . . . , n) whereu∗i is the linear form defined by

u∗i (u j) =















1 if i = j

0 if i , j.

u∗i (m) is precisely thei-th component ofm. Hencea(U,V) is the ideal 55

generated by the components of elements inV. To study the relation
betweenap(s) andap(s′) wheres′ is another system of generators ofM
we start withs′ = [α1, . . . , αn, αn+1]. SincesgeneratesM we have

αn+1 =

n
∑

j=1

C jα j
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for some elementsC j of the ringA. We take the natural basisu1, u2, . . . ,

un, un+1 of An+1
= U′ and set

h′(ui) =















αi for i ≤ n,

αn+1 for i = n+ 1.

We denote the kernel ofh′ by V′. To computea(U′,V′) we change
the basis ofU′ so that the elements ofV′ can be obtained easily from
those ofV. The new basis consists ofu1, u2, . . . , un and u = un+1 −
n
∑

i=1
ciui . Thenh′(u) = αn+1−

n
∑

i=1
ciαi = 0. And hence an element

n
∑

i=1
biui+

buof U′ belongs toV′ if and only if
n
∑

i=1
biui belongs toV. SoV′ = V⊕Au

and
ap+1(s′) = ap(s).

Now, let s1 ands2 be any two systems ofn1 andn2 generators. Then
s = s1 ∪ s2 is a system ofn1 + n2 generators and it follows from the
above thatar+1(s) = ar (s1), ar+n1(s) = ar (s2).

Consequently56

ar+n1(s2) = ar+n2(s1).

Let us denote the last non-zero idealap(s) in the sequenceai(s), where
s is any system of generators, byap(s) = A1(M) and set

Ai(M) = ap−i+1(s) (i = 1, 2, . . . .)

Form the above relation it follows that this sequenceAi(M) depends
only onM. These ideals are called theelementary ideals of M. We have
Ai(M) ⊂ Ai+1(M) andAi(M) = A for i great enough.

Suppose thatV is generated by the elements

vi =

n
∑

j=1

ai j u j (i = 1, 2, . . . ,m).

Then, for the definition, it follows thata(ΛU,ΛV) is the ideal generated
by the minors of orderp in the matrix (ai j ) and is zero ifp > n or p > m.
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Now let us take a knot groupG = (a1, . . . , ap; R1, . . . ,Rq). Let us
denote [G,G] by G′ and [G′,G′] by G′′ and the images ofai in G/G′ by
āi . Since it is a knot group,G/G′ is the infinite cyclic group. We denote
its group ring byA and denote a generator ofG/G′ by x, the other one
beingx−1. We have

A = Z[x, x−1],

the polynomial ring of two variablesX, Y quotiented by the ideal (XY−
1).

Let us show now thatG′/G′′ is an A-module, and is finitely gen-57

erated. Ift ∈ G has x as canonical image inG/G′, x = tG′, and if
α ∈ G′/G′′, the automorphism ofG′/G′′ defined byα→ tαt−1 depends
only on x. Hence tox is associated a well determined automorphism of
G′/G′′ and each element ofA represents a well-determined endomor-
phism ofG′/G′′, so thatG′/G′′ is anA-module.

Suppose further thata1, . . . , an generateG. Let xni be the canonical
image ofai in G/G′; thenai t−ni ∈ G′ and the elementst, at−n1

1 , . . . , at−nn

n
generateG. Now, the elementstk(ai t−ni ) t−k(i = 1, . . . , n; k = 0, ±1,
±2, . . .) generateG′. Let αi be the canonical image ofai t−ni in G′/G′′.
There follows thatα1, . . . , αn generateG′/G′′ as anA-module. More-
over, the relations of the presentation ofG give a set of relations defining
this A-module.

Every element, 0 of Z[x, x−1] can be written uniquely in the form

±xkP(x),

whereP(x) ∈ Z[x] is such thatP(0) > 0. We say thatP(x) is a normal-
ized polynomial. The units ofZ[x, x−1] are the elements±xk (k ∈ Z). As
Z[x] is a unique factorization domain, there follows that any set of ele-
ments ofA (containing at least one element, 0) has a greatest common
divisor, (i.e. an element which divides all these elements and is divided
by each of their common divisors,) represented by a well determined
normalized polynomial.

In particular, the elements of the idealAi(G′/G′′) have as a greatest58

common divisor a normalized polynomialAi(x). These are called the
Alexander polynomialsof the knot. Ai(x) is divisible by Ai+1(x), and
Ai(x) = 1 for i great enough. The most interesting is the firstA1(x), also
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denoted byA(x). Form our definition, there follows that these polyno-
mials are well determined by the groupG of the knot and the choice of a
generatorx of G/G′. By taking the other generatorx−1 instead ofx, one
would get a second series of polynomials. But it can be shown that the
elementary ideals are invariant by the conjugationx 7→ x−1 in Z[x, x−1]
and that the Alexander polynomials are reciprocal. Hence the two series
are identical (we shall not prove it here. But this will be verified in the
examples), andif two knots are of the same type, they have the same
chain of elementary ideals and the same Alexander polynomials.

Now we compute the Alexander polynomial and elementary ideals
of some knots.

First we remark that if a groupG is given by a presentation{ai : Rj}

thenG/[G,G] is given by{ai ; Rj , akaℓ = aℓak}.

1) Trefoil knot.

The groupG is given by the presentation

G = {a, b, c; ba= ac= cb}.

If we setα = ac−1, β = bc−1 then we obtain59

G =
{

c, α, β; βcαc = αc2
= cβc

}

or c, , ; βcαc−1
= α = cβc−1
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Denoting the generator ofG/G′ corresponding toc by x and passing
to the additive notation and replacingcαc−1 by xα, cβc−1 by xβ, we
have the following relations:

(x− 1)α + β = 0 (modG′′)

−α + β = 0 (modG′′).

Hence
A(x) = x2 − x+ 1.

and the second elementary ideal is (1).

2) Torus knot of type (p, q).

We haveG = (a, b; ap
= bq), (p, q) = 1. We suppose thatp > 1,

q > 1, p < q, and thatp′, q′ are such thatpq′ − p′q = 1, p′ > 0, q′ > 0.
Now sett = a−p′bq′ . Then we have

a = apq′−p′q
= (a−p′ )q(bq′)q.

≡ (a−p′bq′)q(modG′)

≡ tq (modG′)

and ≡ tp(modG′).

Now let elementsα, β be defined by the equations

a = αtq, b = βtp.

From the paragraphs above, it follows thatα, β together with their 60

conjugates with respect tot and its powers generateG′. We haveα =
at−q, β = bt−p and the relationsap

= bq andap′ t = bq. The first gives

αtqαtq · · ·αtq = βtp · · · βtp

i.e. tqt−qt2qt−2qt3q
= tpt−pt2p . . . .

Hence, passing to the additive notation, replacingtnαt−n by xnα and
tnβt−n by xnβ, we have

(1+ xq
+ x2q

+ · · · + x(p−1)q)α = (1+ xp
+ x2p

+ · · · + x(q−1)p) β (modG′′)
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i.e.
(xpq − 1)
(xq − 1)

α −
(xpq − 1)
(xp − 1)

β = 0 (modG′′).

Similarly from the other we obtain

(xp′q − 1)
(xq − 1)

α −
(xq′p − 1)
(xp − 1)

β = 0 (modG′′).

Hence

A(x) =
(xpq− 1)(xp′q − xq′p)

(xp − 1)(xq − 1)
and the second ideal is (1).

For many other examples, seeCrowel and Fox: Introduction to the Knet
Theory(Ginn and Company, 1963).

8 Construction of 3-manifolds

(a) Whitehead Manifold.61

Suppose thatT is a solid torus and solid torusT′ is situated in the
interior ofT as shown in the figure.

There exists a homeomorphismh of R3
+ (∞) = S3 which fixes

points outside a compact set ofR3 and which takesT ontoT′. We set

T(n)
= h(T(n−1)) = hn(T)
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T∞ =
∞
⋂

n=0

andW = S3 − T∞.

We note thatT(n) ⊂ T(n−1) andW is a manifold. We know thatS3−
◦

T is
a torusT0. We set

Tn = hn(T0).

Then we have 62

Tn−1 ⊂ Tn andW =
∞
⋃

n=0

Tn.

HenceW is the union of an increasing sequence of solid tori. It has the
following properties:

(1) W is simply connected.

(2) W is not homeomorphic toR3

(3) W× R is homeomorphic toR4.

We prove the first two of these and only sketch a proof of the third.
(1) Suppose thatm is the meridian ofT. Thenm is homotopic to

the null path inT1 = S3
=

◦

T′. First it is clear thatS3
=

◦

T′ is a
deformation retract ofS3−C1 whereC1 is the locus of the center ofD2

in a representation ofT′ asS1 × D2.
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With the notation of the figure we have

π(T1) = {a, b; a2
= ba}

[m] = a−1b

and hencem≈ 1.

It is clear that the homotopy class of every closed path inS3 −
◦

T
is a power of [m] and hence it follows that every closed path inT0 is
homotopic to the null path inT1. By induction it follows that every path
in Tn is homotopic to the null path inTn+1. Since every path inW has to
be contained in someTn it follows thatW is simply connected.

(2) In R3 every compact set is contained in a compact set whose63

complement is simply connected. We prove that the compact set T0 of
W is not contained in a compact set ofW whose complement is simply
connected. If not there exists a compact setK ⊂ W and henceK ⊂ Tn

for somen such thatW ⊃ To andW− K is simply connected. Then the
meridian ofT(n+1) is homotopic to the null path inW− K and hence in
W− T0 ⊂ T − T∞. We prove that this is not the case.

Let C1 be the image of the circleS1 × 0 by a homeomorphism of
S1×D2 ontoT′ andC2 a circle inR3− T bounding a 2-disk which cuts

T along a meridian. Then it is clear thatT −
◦

T′ is a deformation retract
of S3 −C1 −C2 and hence

G = π(T − T′) ≃ π(S3 −C1 −C2) ≃ π(R3 −C1 −C2)

is isomorphic to the group of the linkC1 ∪C2, given as in the figure.
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4

3

1
2

5
6

Then the homotopy class of a meridian ofT is given byX. With the 64

notation of the figure the groupG is given by generatorsa, b, c, d, e, f
and the following relations:

(1) db= ba, (2) bd = dc, (3) ed= ce
(4) ea= be (5) ae= f a, (6) f d = de.

Since one relation is a consequence of the others we can drop (6) and
eliminate f by means of (5). We are thus left with generatorsa, b, c, d, e
and relations 1,2,3,4. From (4) we havea = e−1be, and from (1)d =
bab−1. Eliminatingc from (2) and (3) we obtain

d−1bd = c = ede−1,

i.e. be−1b−1ede−1beb−1
= ede−1beb−1e−1.

Hence the group is given by the presentation

G = {e, b; eb−1e−1be−1b−1ebe−1beb−1ebe−1b−1
= 1}.

In this X is represented by the element

a−1d = e−1b−1ebe−1beb−1.

Now we prove that this element is of infinite order inG. For this con-
sider the map ofb and e into Z2 ∗ Z2 = (α, β, α2

= β2
= 1) defined

by
b 7→ β, e 7→ βα.



48 Contents

Substituting these values in the relator we obtain the word

βαβαββαβββαβαβββαββαβαββ

Sinceα2
= β2

= 1 this becomes the empty word. Hence the above map
can be extended into a homomorphism ofG into Z2 ∗ Z2.

Under this [X] goes into65

αβββαβαβββαβ = (αβ)4

The wordαβ is reduced and it follows thatαβ and hence [X] is of infinite
order.

Now we can prove that the inclusion homomorphismπ(S)→ π(T −
◦

T
′

), whereS = T −
◦

T, is injective. Denoting the parallel ofT by Y, if

XaYb ≈ 0 in T −
◦

T′, then we haveXaYb ≈ 0 in T and henceYb ≈ 0 in
T. This implies thatb = 0. Then the result above givesa = 0.

Denoting the boundary ofT′ by S′ one can prove, in a similar man-
ner, that the inclusion homomorphism

π(S′)→ π(T −
◦

T′)

is injective. But we prefer to indicate a way of obtaining an involution

of T −
◦

T′ permuting the boundariesS′ andS. The following sequence
of figures gives an involution ofS3 − C1 − C2 exchangingC1 andC2.

SinceT −
◦

T′ is a deformation retract ofS3 −C1 −C2 we get the result.

Thus the inclusion homomorphism

π(S′)→ π(T −
◦

T′)
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is injective.
Using (3.3) and induction onn we can show that the conclusion66

homomorphism

π(hn(S))→ π(T −
◦

T
(n)

)

is injective. From this fact and the fact that the inclusion homomorphism

π(hn(S))→ π(T(n) −
◦

T
(n+1)

)

is injective by (3.3) it follows that the inclusion homomorphism

π(T −
◦

T
(n)

)→ π(T −
◦

T
(n+1)

)

is injective.
Hence the meridian ofT(n) cannot be homotopic to the null path in

T(n) − T∞ and (2) is proved.
(3) We have seen that

W =
⋃

n

Tn, Tn ⊂ Tn+1

where eachTn is a torus. Hence

W× R =
⋃

n

Tn × In

whereIn is the interval [−n, n].
Now letg be a homothety which changes thet hoursT′′ into a torus

g(T′′), such that there is a sphere ing(T′′) containingT′′.
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Let T′′n = g(T′′). It is clear that
∞
⋃

0
T′′n = R

4. 67

Now, it can be shown that there exists homeomorphismsϕn : Tn ×

In → T′′n × In such thatϕn+1 is an extension ofϕn, because one can
unknotTn × In in Tn+1 × In+1. [See T. Glimm, Bull. Soc. Math France,
1962, p]

(b) Homology 3-spheres of Dehn.
Now we proceed to give a method, due to Dehn, of constructing ho-

mology 3-spheres (i.e. a compact closed manifoldM such thatH∗(M) =
H∗(S3).), with a fundamental groupG identical to its commutator sub-
groupG′. For this we take a tubular neighbourhood of a trefoil knot.
Then we remove its interior fromS3 and attach a torus to this with a
twist.

Let T be a tubular neighbourhood of a trefoil knot. Let the notation
be as in the figure and let 0 be the base point. We have

π(S3 −
◦

T) = (a, b, c; ad = bc= ca);

wherea, b, c are the generators corresponding to the principal arcs of the68

trefoil. Settingab= bc= ca= σ we have

b = a−1σ, c = σa−1

σ = bc= a−1σ2a, i.e.σ2
= aσa.

Henceπ(S3 −
◦

T) = (a, σ;σ2
= aσa).
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We haveσaσa = σσ2
= σ2σ = aσaσ,

σ3a = aσaσa = aσ3,

and henceσ3 is in the centre.
T is homeomorphic to a solid torus and the fundamental group of

the surfaceS = T −
circ
T , based at the same point 0, is generated by the

homotopy classes [m] and [1] of a meridianmand a “parallel”ℓ, whose

homotopy classes inS3 −
◦

T are a andc−1a−1b−1. It is of course also
generated by [m] and [lmk], for any integerk. The homotopy class of

lm3 in S3 −
◦

T is λ = c−1a−1b−1a3. As c−1a−1b−1
= aσ−1a−1σ−1a, we

have

λ = aσ−1a−1σ−1a4
= a(σ−1a−1σ−1a−1)a5

= aσ−3a5
= σ−3a6.

LetT′ be a solid torus and leth be a homeomorphism ofS′ = T′−
◦

T′

ontoS, under which a parallel and a meridian ofS′ go into curves ofS
of homotopy classesλ andaλ−k, wherek any integer. We set

Vk = (S3 −
◦

T)
⋃

h

T′.

(Using (3.2), since the meridian ofS′ is homotopic to the null path in69

T′ andπ(T′) is generated by the homotopy class of a parallel ofS′, we

see thatπ(Vk) is the quotient ofπ(S3 −
◦

T) by the relationaλ−k
= 1 or

aσ3ka−6k
= 1 orσ3k

= a6k−1, and we get the presentation

π(Vk) = (a, σ;σ2
= aσa, σ3k

= a6k−1).

It is clear that the quotient of this group by its commutator subgroup
is trivial. Hence it follows thatH1(Vk) = 0 and thatVk is a homology
3-sphere. Whenk = 0 we have the 3-sphere, and whenk , 0 we show
thatGk = π(Vk) is not trivial. In factGk andGk′ are not isomorphic if
k , k′.

For this we examine the representations ofGk into the group of mo-
tions of the non-euclidean plane. In this latter group everyelement dif-
ferent from the identity belongs to a unique one-parameter subgroup
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which is its normaliser and which consists of all the motionswith the
same fixed points. If the representation is non-trivial thenthe imagesA
andS of a andσ are such thatA , 1, S3

= 1. ForA = 1 implies that
S = 1. Further ifS3

, 1 thenAS3
= S3A gives thatA andS3 have

the same fixed points. HenceA,S belong to the same one parameter
subgroup and henceAS = S Awhich impliesA and henceS is 1. This70

is a contradiction. Hence

S3
= (AS)2

= A6k−1
= 1.

and every representations ofGk comes from a representation ofG′k =
(A,S; S3

= (AS)2
= A6k−1

= 1).
Now we will show that there exists a faithful representationof G′k

into the group of motions of the non euclidean plane (except if k = 1, in
which caseG′1 is the ikosaeder groupA5), and that 6k−1 is the maximum
order of the elements of finite order. This will imply the nonisomorphy
of Gk andGk′ for k , k′.

More generally, let us consider the group

G(l,m, n) = {A, B; Al
= Bm

= (AB)n
= 1} (1)

wherel,m, n are positive integers. Or, what is the same,

G(l,m, n) = {A, B,C; Al
= Bm

= Cn
= ABC= 1}.

Clearly,G′k = G(1, 2, 3) with l = 6k − 1 if k > 0 andl = 1− 6k if k < 0.

Let s =
1
l
+

1
m
+

1
n

. We supposes < 1 and we will construct a

faithful representation ofG(l,m, n) into the group of the motions of take71

non euclidean plane (fors = 1 or s > 1, one would have to take the
euclidean plane or the sphere and there is a similar construction).

Let∆ be a triangle in the non euclidean plane with verticesA′, B′,C′

and anglesα =
π

l
, β =

π

m
, γ =

π

n
. Let us denote bya, b, c the symme-

tries of the (non euclidean) plane with respect to the sidesB′C′, C′A′,
A′B′ of ∆ in that order. ThenA = bc, B = ca andC = ab are rotations
aroundA′, B′ andC′ of angles 2α, 2β and 2γ respectively, and we have

Al
= Bm

= Cn
= ABC= 1.
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The groupG generated byA, BandC gives a representation ofG(l,m, n).
We will show that this representation is faithful. For this,it will be

sufficient to show that if a productX1X2 . . .Xn, whereXi is an element of
the setE = {A, B,A−1, B−1}, is the identity element ofG, then the word
X1X2 . . .Xn is equivalent to the empty word under the relations given in
(1).

The quadrilateralQ = ∆ ∪ c(∆), union of∆ and its reflectionc(∆),
has as verticesA′, B′,C′ and c(C′). It is adjacent to its four images
XQ(X, ∈ E) i. e. images byA,A−1, B, B−1. Take thedisjoint union M
of its imagesg(Q) by all g ∈ G. There is a natural projection ofM into
the plane. Then, for anyg ∈ G and X ∈ E, let us identify the points 72

of g(Q) andgX(Q) which have the same projection (they are the points
of the side along whichg(Q) andgX(Q) are adjacent). After all these
identifications, we get fromM a surfaceM̃ and a natural projectionp of
M̃ into the plane. It is easy to see thatp is a covering map, and since
the plane is simply connected andM is connected, that̃M is the same
as the plane. Without reference to the theory of covering maps, it means
that one has only to show that ifw(t) (0 ≤ t ≤ 1) is a path in the plane
and xo ∈ M̃ such thatp(xo) = w(0), there is a unique path ˜w(t) in M̃
such that ˜w(0) = x0 and pw̃(t) = w(t), and if ws(t) (0 ≤ s ≤ 1) is a
homotopy in the plane, withwo(t) = w(t), there is a unique homotopy
w̃s(t) in M̃ such that ˜w0(t) = w(t) and pw̃s(t) = ws(t). This means that
the quadrilaterals g(Q) cover the plane and do not overlap.

Now, we consider a pathw closed at a pointq ∈
◦

Q, which does not
pass through any vertex of any quadrilateralg(Q) and meets the sides of
theg(Q) only in a finite number of simple crossings. Such a pathw goes
through a series of quadrilaterals

Q,X1(Q),X1X2(Q), . . . ,X1X2 . . .Xn−1(Q),X1,X2 . . .Xn(Q) = Q,

whereXi ∈ E andX1X2 . . .Xn = 1. We will say that the pathw and the
wordX1X2 . . .Xn are associated. Clearly, for each such word, represent-
ing the unit element ofG, one can find such that a path associated to
it.

If w is contained in the starA′ i.e. the star with centreA′, i.e. in 73

the union
l−1
⋃

i=0
Ak(Q) of theg(Q) such thatA′ ∈ g(Q), thenXi = A or A−1
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for eachi and it is easy to see that the associated wordX1X2 . . .Xn is
equivalent to the empty word on account of the relationAl

= 1. There is

a similar result ifw is contained in the star
m−1
⋃

k=0
Bk(Q) with centreB′ or

in the star
n−1
⋃

k=0
(AB)k (Q∪ A(Q)) with centreC′.

Now, let us take any wordT = X1X2 . . .Xn representing the unit
element ofG, and letw be an associated path. Asw is homotopic to
zero, by the method used in§3, one can find a series of pathswi(i =

0, 1, 2, . . . ,N) associated to wordsTi , such thatwo = w, wN ⊂
◦

Q and
wi differs fromwi−1 only in the image by someg ∈ G of a starS of
centreA′, B′ or C′. That means thatwi andwi−1 are products likewi =

u1u2u3, wi−1 = u1u′2u3, whereu2 andu′2 are contained in the image of
the same starS. There follows thatTi andTi−1 are products of the form
Ti = U1U2U3, Ti−1 = U1U′2U3, andU′2U−1

2 is associated to the path

U−1
1

(

(u′2u−1
2 )

)

; the image byU−1
1 of the pathu′2u−1

2 , which is contained

in the starS. By the remark above,U′2U−1
2 is equivalent to the empty

word (on account of the relations (1)), there follows thatU′2 is equivalent
to U2, Ti−1 is equivalent toTi andT = T0 is equivalent toTN which is

the empty word becausewN ⊂
◦

Q.

By this, we have proved thatG is a faithful representation of
G(l,m, n).

Now, let us consider an element of finite order ofG. In the plane74

(non - euclidean like euclidean), any motion of finite order is a rotation
and leaves a point fixed. For an element ofG, this point is necessarily a
vertex of some quadrilateralg(Q) and there follows that it is conjugate
to a power ofA, B or C. Hence its order is a divisor ofl,m, n.

That is all what we needed to prove the non isomorphy ofGk′ for
k , k′.
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9 Involutions of S4. Four dimensional contractible
manifolds whose boundaries are not simply con-
nected. One parameter group of homeomor-
phisms ofS5

75
Let us fix some notations.Rn−1 shall be considered as a subspace ofR

n

defined byxn = 0 and we shall denote the half spacesxn ≥ 0 andxn ≤ 0
bounded byRn−1 in Rn by Rn

+
andRn

−. We shall always suppose that
R

n is compactified with a point at infinity which allows us to identify it
with Sn.

Let us consider a tubular neighbourhoodT+ of a simple arc joining
two points ofR2 in R3 and knotted as a trefoil knot (Figure 1). We shall
suppose thatT+ is bounded by two circular discs inR2 and a differen-
tiable surface lying orthogonally on the circles which bound the above
discs in such a manner that the union ofT+ with its reflectionT− with
respect toR2 is a solid torusT = T+ ∪ T− homeomorphic, even diffeo-
morphic to the productD2 × S1 (Figure 1)

By taking the unit disc|z| ≤ 1 in the complex number plane forD2 76

and by denoting the angular variable onS1 by θ, the points ofT are
described, thanks to the above homeomorphism ofT andD2 × S1, by

(z, θ). We can suppose that−
π

2
≤ θ ≤

π

2
in T+ and the points (z, θ) and

(z,±π−θ) are symmetric with respect toR2. Let us call the arc described

by (z, θ), whereθ varies from−
π

2
to
π

2
asz is kept fixed,fibre of T+. The

union of this arc with its reflection with respect toR2 is a simple, closed,
differentiable curvez× S1 which weshall call a fibre of T.
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By rotating T+ aroundR2 in R4 we generate a four dimensional
manifoldA. Each fibre ofT+ generates anS2 which we shall call a fibre
of A. Let (z, θ, ψ) be a point of aA which is obtained from the point (z, θ)
of T+ by a rotation through an angleψ aroundR2 ands= s(θ, ψ) be the
point on the standard sphereS2 with latitudeθ and longitudeψ. To each
pair (z, s), z ∈ D2, s ∈ S2 corresponds a point ofA and conversely. Thus
we may writeA = D2 × S2.

The symmetry with respect toR3 changes the point (z, s) of A into
the point (z, s′) wheres′ = s(θ, ψ) and s′ = s(θ,−ψ) are symmetric on
S2 relative to the plane containing the meridianψ = 0 andψ = ±π.
These two meridians together form the great circleS1 of S2 and one has

A∩ R3
= T+ ∪ T− = T = D2 × S1.

Each fibre ofA intersectsR3 in a fibre ofT. Denoting the boundary∂D277

of D2 by S1
0 we have

∂A = S1
0 × S2, ∂A∩ R3

= ∂T = S1
0 × S1.

Now let us consider the two varietiesA andB = R4 −
◦

A, whose union
id R4 and whose intersection is their boundary∂A = ∂B, as two dis-
joint manifolds and leth : ∂A → ∂B be a homeomorphism compati-
ble with the symmetry relative toR3, i.e. which changes two points of
∂A symmetric relative toR3 into symmetric points. By attachingA to
B with the homeomorphismh we obtain a four dimensional manifold
V(h) = A

⋃

h
B which admits an involutionJ which restricted toA as

well as toB reduces to the symmetry relative toR3. The set of fixed
points of this involution is a three dimensional manifoldM(h) which we

obtain by attachingA∩ R3
= T to B∩ R3

= R
3 −

◦

T by the homeomor-
phismh restricted to∂A∩ R3

= ∂T. If h is a diffeomorphism one can
define a differentiable structure onV(h) andM(h) in a natural way and
the involutionJ will then ve a diffeomorphism.

Let rϕ be the rotation ofS2 through an angleϕ around the diameter
perpendicular to the plane containing the great circleS1. If s and s′

are symmetric relative to this planerϕ(s) andrϕ(s′) are also symmetric.
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Consequently the homeomorphism

g : ∂A→ ∂A

defined by setting
g(eiϕ, s) = (eiϕ, rϕ(s))

is compatible with the symmetry relative toR3. Now we have the fol- 78

lowing proposition.

Proposition 1. Whatever be to the homeomorphism h: ∂A→ ∂B com-
patible with the symmetry relative toR3, the manifolds V(h ◦ g2) and
V(h) are homeomorphic.

Proof. One knows thatS0(3), the group of rotations ofS2 is home-
omorphic to the real projective space of three dimensions and that its
fundamental group is cyclic of order 2. It follows that the map of
S1

0 into S0(3) which sendseiϕ to r2ϕ is homotopic to a constant map
(This fact, however, can be easily verified directly). Consequently one
can find a continuous, even differentiable map ofS1

0 × I into S0(3),
(eiϕ, t)→ r2ϕ,t (t ∈ I = [0, 1]) such that

r2ϕ,1 = r2ϕ andr2ϕ,t = identity for t ≤
1
2
.

Then by setting

f (teiϕ, s) = (teiϕ, r2ϕ,t(s))

we can define a homeomorphism, even diffeomorphism

f : A→ A

which extendsg2 to the interior ofA. Finally we define a homeomor-
phism

F : V(h ◦ g2)→ V(h)

by F |A = f and F |B = identity. Since the pair of points ofa ∈ ∂A,
b = h◦g2(a) ∈ ∂B which are identified inV(h◦g2) is changed byF into 79
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the pair of pointsf (a) = g2(a) andb = h ◦ g2(a) which are identified in
V(h) the mapF is well defined.

Let us remark that this method does not prove thatV(h ◦ g) and
V(h) are homeomorphic since the map ofS′◦ into S0(3) which takeseiϕ

to rϕ is not homotopic to a constant map (see Addendum).
It is evident that if one takes forh the identity thenV(h) = R4 and

M(h) = R3, J then reducing to symmetry relative toR3. By composing
the identity with a powergk of g one obtains manifoldsVk = V(gk) and
Mk = M(gk). Then from proposition 1 it follows thatV2k is homeomor-
phic toR4 (i.e. S4) and even diffeomorphic to it and that the involution
J provides a differentiable involution J2k of S4 whose fixed point set is
M2k.

The interest in this arises from the following proposition whose
proof shall be given later. �

Proposition 2. The fundamental groups Gk = π(Mk) of the manifolds
Mk for k = 0, 1, 2, . . . are pairwise non-isomorphic.

Consequently the manifoldsMk are pairwise non-homeomorphic
and thus we have infinitely many differentiable involutionsJ2k of S4

which are distinct.
It follows from the proposition 1 thatV2k+1 is homeomorphic toS4

(see Addendum).
The manifoldV2k = S4 is partitioned byM2k into two manifoldsV+2k80

andV−2k which are permuted by the involutionJ2k. We obtainV+2k by
attachingA+ = A ∩ R4

+
to B+ = B∩ R4

+
with the homeomorphismg2k

restricted to∂A∩ R4
+
. The sphereS2 is partitioned byS1 into two half-

spheresS2
+ andS2

− and each fibrez×S2 of A is partitioned by thez×S1

of T into two half-spheresz× S2
+ ⊂ A+ andz× S2

− ⊂ A−.
By rotatingR4

+ aroundR3, R5 is generated and is partitioned byR4

into R5
+

andR5
−. Every half spherez×S2

+
generates a three dimensional

spherez×S3 which is partitioned byz×S2 into two half- spheresz×S3
+

andz×S3
− andA+ generates a five dimensional manifoldA fibred by the

spheresz× S3 and partitioned byA into Ã+ andÃ−. We see that̃A+ is
obtained, in a way, fromA by replacing the fibers ofA, which are two
dimensional spheresz×S2 by the three dimensional half spheresz×S3

+.



9. Involutions ofS4..... 59

Thus

Ã = D2 × S3 , Ã+ = D2 × S3
+

∂Ã = S1
o × S3 , ∂Ã+ = (S1

0 × S3
+) ∩ A.

LikewiseB+ generates the manifold̃B which is partitioned byB into B̃+
and B̃−. Every rotationr of S2 extends in a natural way into a rotation
r̃ of S3 which preservesS3

+
andS3

−. Consequently the homeomorphism
g : ∂A→ ∂A where∂A = S1

0 × S2 andg(eiϕ, s) = (eiϕ, rϕ(s)) extends to
a homeomorphism ˜g : S1

0×S3→ S1
0×S3. By attachingÃ to B̃ with the 81

homeomorphism ˜g2k we obtain a manifold̃V2k, which is partitioned by
V2k into two manifoldsṼ+2k andṼ−2k the first coming fromÃ+ andB̃+ and
the second from̃A− andB̃−. But the homeomorphismf : A→ A, which
is an extension ofg2 to the interior ofA, extends, in the same way, into
a homeomorphism̃f : Ã→ Ã which is an extension of ˜g2 to the interior
of Ã preservingÃ+ andÃ−. Then we obtain a homeomorphism

F̃k : Ṽ2k → R
5

by setting
F̃k|Ã = f̃ k andF̃k|B = identity.

Since the two pointsa ∈ ∂Ã andb = g̃2k(a) ∈ ∂B̃ which are identified in
Ṽ2k are changed bỹFk into the two pointsf̃ k(a) = g̃2k(a) andb = g̃2k(a)
which are identified inR5 the above map is well defined.

ThusṼ2k andṼ4
2k are respectively homeomorphic (even diffeomor-

phic) toR5 (i.e. S5) andR5
+ (i.e. S5

+ or D5).
Now let us further show that̃V2k (thereforeS5) admits a one param-

eter group automorphisms whose fixed point set isM2k.
In R5 the rotations aroundR3 from a one parameter group which

changes each of the manifoldsÃ andB̃ into itself. LetRu be the rotation
through an angleu. Then there exists an automorphismΦu of Ṽ2k which
coincides withRu on B̃ and with F̃−1

k ◦ Ru ◦ F̃k on Ã. In fact, theΦu,
defined as above, is compatible with the attaching homeomorphismg̃2k : 82

∂Ã → ∂B̃ since two pointsa ∈ ∂A and b = g2k(a) ∈ ∂B which are
identified inṼ2k are changed into two pointsΦu(a) = F̃−1

k ◦Ru ◦ F̃k(a) =
g̃−2k ◦ Ru ◦ g̃2k(a) andφu(b) = Ru(b) = Ru ◦ g̃2k(a) = g̃2k

Φu(a) which
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too are identified inṼ2k. Thus theΦu form a one parameter group of
automorphisms of̃V2k = S5 whose fixed point set isM2k.

As u varies from 0 toπ,Φu(V+2k) generates̃V+2k. By settingΦ(x, u) =
Φu(x) for x ∈ V+2k andu ∈ [0, π] we obtain a map

Φ : Ṽ+2k × [0, π] → Ṽ+2k

whose restriction to (V+2k−M2k)× [0, π] is a homeomorphism ontõV+2k−

M2k.
Let U be an open tabular neighbourhood ofM2k in Ṽ+2k (homeomor-

phic to the product ofM2k by a semiopen interval) such thatṼ+2k − U
is homeomorphic tõV+2k. As u varies from 0 toπ, Φu(U) generates an
open tubular neighbourhood ofM2k in Ṽ+2k and Ṽ+2k − Ũ is homeomor-
phic to Ṽ+2k. But (Ṽ+2k − U) × [0, π] is homeomorphic, byΦ, to Ṽ+2k − Ũ.
ConsequentlỹV+2k × [0, π] is homeomorphic tõV+2k, i.e. toD5.

Thus, in view of proposition 2 which shall be proved presently, we
havean infinity of compact four dimensional manifoldsṼ+2k with bound-
ary ∂Ṽ+2k = M2k which is not simply connected but whose product with
an interval is homeomorphic to D5. This fact gives immediately that
manifoldsṼ+2k are contractible.

Proof of the Proposition 2. To determine the group Gk = π(Mk) =83

π(TUgk(R3 −
◦

T)) we utilise the theorem (3.2).

(R3−
◦

T) is nothing but the group of the knot inR3 formed by a fibre
of T which is the union of a fibre ofT+ with its reflection inT− as in the
figure 2.

For the definition ofπ(T) andπ(R3 −
◦

T) let us choose a base point
in R2 on the boundary ofT in the portion above the arcα. The method
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of §4 gives the presentation ofπ(R3 −
◦

T);

π(R3 −
◦

T) = (α, β, γ, ε, η; βα = αγ = γβ = βδ, ηδ = εη = αε = ηα)

Settingβα = σ andηδ = τ we get

β = σα−1, γ = α−1σ, δ = α, η = τα−1, ε = α−1τ

α−1σ2α−1
= σ, α−1τ2α−1

= τ.

Then one can takeα, σ, τ as generators and the relations reduce to

σ2
= ασα, τ2

= ατα

giving 84

π(R3 −
◦

T) = (α, σ, τ;σ2
= ασα; τ2

= ατα).

From these relations it follows that

σ3α = ασ3, τ3α = ατ3

γαβ = α−1σασα−1
= α−2ασασα−1

= α−2σ3α−1
= σ3α−3

εαβ = α−1τατα−1
= α−2ατατα−1

= α−2τ3α−1
= τ3α−3.

The groupπ(∂T) is a free abelian group of two generators for which
we take the homotopy class of the meridianm i.e. the boundary of the
disc boundingT+ containing the base point and that ofl the longitude
formed by the fibre ofT passing through the base point. The groupπ(T)
is infinite cyclic and in the homomorphismπ(∂T) → π(T) induced by
the inclusionl goes to a generator andm goes to the identity element,
the meridian of∂T being homotopic to zero inT. On the other hand,

considering∂T as the boundary ofR3−
◦

T, the inclusion homomorphism

π(∂T) → π(R3 −
◦

T) takesm ontoα and l onto the homotopy class of a
fibre of∂T which is

χ = γαβη−1α−1ε−1
= γαβ(εαη)−1

= σ3τ−3

as one deduces from Figure 2 and the above relations.
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When the point (eiϕ, s) describes a meridian ofT, ϕ varying 0 to
2π ands remaining fixed in the meridianψ = 0 of S2, rkϕ(s) describes
the great circle ofS2 formed by the meridiansψ = 0 andψ = ±π,
which corresponds to a fibre ofT, k-times. Consequentlygk(eiϕ, s) = 85

(eiϕ, rkϕ(s)) describes a curve whose homotopy class ismlk and therefore
the homomorphism induced bygk takesm onto mlk which in its turn
goes ontoααk

= α(σ3τ−3)k by the inclusion homomorphism.

Then it results from (3.2) thatGk is obtained fromπ(R3 −
◦

T) by
adding the relation

αχk
= 1

and thus

Gk = π(Mk) = (α, σ, τ;σ2
= ασα, τ2

= ατα, α = (τ3σ−3)k).

For k = 0 we haveα = 1 and consequentlyσ = τ = 1 andGo

reduces to the unit element agreeing with the fact thatM0 = R
3. Also let

us remark thatGk andG−k are isomorphic: since (σ3τ−3)−k
= (τ3σ−3)k

the permutation ofσ andτ realises the isomorphism.
Now it remains to prove that fork = 0, 1, 2, . . . the groupsGk are

mutually non- isomorphic. This is an immediate consequenceof the
following proposition which we are going to prove.

Proposition. There are exactly two minimal invariant subgroups N and
N′ of Gk such that Gk/N and Gk/N′ admit faithful representations into
the group G of non-euclidean motions or (in the exceptional case k= 1)
into S0(3). The maximum of the orders of elements of finite order in
Gk/N and Gk/N′ is 6k − 1 for one and6k+ 1 for the other.

Proof. Let α→ A, σ→ S, τ→ T be a non-trivial representation ofGk86

into G or into S0(3). We have three relations

S2
= AS A,T2

= ATA,A = (S3T−3)k

and
S3A = AS3,T3A = AT3

�
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Under these circumstances one cannot haveA = 1 for then the rep-
resentations would be trivial. In virtue of the properties of G and of
S0(3), if S3

, 1 the relationS3A = AS3 givesAS = S Awhich in view
of the relationS2

= AS AgivesS = A2. Likewise if T3
, 1 we have

T = A2. One can have neitherS3
, 1 andT3

, 1 norS3
= T3

= 1 since
in these casesS3

= T3 and thenA = 1 and the representation would be
trivial.

If S3
= 1 andT3

, 1 one hasT = A2 and one is reduced to the
representation of the quotient ofGk by the relationσ3

= 1 andτ = α2,
i.e. N being the corresponding invariant subgroup, to the representation
of

Gk/N = (α, σ;σ3
= (ατ)2

= α6k−1
= 1)

If S3
, 1 andT3

= 1 one is reduced to the representation ofGk/N′ =
(α, τ; τ3

= (ατ)2
= α6k+1

= 1).
These are the groups (2, 3, 6k−1) and (2, 3, 6k+1) which, as we have

already seen, admit a faithful representation intoG with the exception
of (2, 3, 5) which is the alternating group of 5 letters and which admits
a faithful representation onto the icosahedral group inS O(3).

Thus 6k+1 is the maximum of orders of elements of finite order for87

homomorphic images ofGk in G. This is sufficient to ensure that the
groupsGk(k ≥ 0) are all distinct.

References.Other constructions of contractible manifolds analogous to
theV2k have been Mazur and Poénaru.
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Addendum

As Mr. G.A. Swarup has kindly pointed out to me (letter March88

1968) is follows from the work of H. Gluck “The embedding of two-
spheres in the four sphere” (Trans. of the Am. Math. Soc. Vol.104,
1962, pp 308 - 333) thatV1 and consequentlyV2k+1 is also homeomor-
phic toR4. The proof is sketched here.

Given a continuous mapγ : S1
0 → S O(3) let us say thatthe home-

omorphism h: ∂A → ∂A = ∂B defined byh(eiϕ, s) = (eiϕ, r(s)) where
r = γ(eiϕ) ∈ S O(3) is the rotation ofS2, the image ofeiϕ ∈ S1

0 by γ is
associated toγ. Then one can state the following generalisation of the
proposition 1.

If h1, h2 : ∂A→ ∂B are homeomorphisms associated to two homo-
topic mapsγ1, γ2 : S1

O → S O(3) then V(h1) and V(h2) are homeomor-
phic.

If fact, let r1 = γ1(eiϕ), r2 = γ2(eiϕ); it results from the hypothesis
that the mapγ given byr−1

1 ◦ r2 is homotopic to zero. The homeomor-
phism associated toγ is f = h−1

1 ◦ h2 so thath2 = h1 ◦ f and the rest of
the proof is as in proposition 1, the role ofg2 being played here byf .

Now let us denote byρα the rotation ofS2 through an angleα around
the axis of the poles which changesS(θ, ψ) into S(θ, γ + α). The two
mapsγ1 andγ2 defined byγ1(eiϕ) = rϕ andγ2(eiϕ) = ρϕ are homotopic.89

Let α = α(ϕ) be a continuous function monotonically increasing from 0
to 2π in the interval− ∈≤ ϕ ≤∈, ∈ being a positive number less thanπ.
The mapγ : S1

o → S O(3) defined by settingγ(eiϕ) = ρα if |ϕ| ≤ ε and
γ(eiψ) = identity if ∈≤ |ϕ| ≤ π is homotopic toγ2 and hence toγ1. If h is
the homeomorphism associated toγ, asg is associated toγ1, it follows
from the above proposition thatV1 = V(g) is homeomorphic toV(h).
Thus one is reduced to prove thatV(h) is homeomorphic toR4. For this
it is enough to prove that h: θB → ∂B can be extended into a homeo-
morphismh̃ : B → B since one will then obtain a homeomorphism of
R

4 ontoV(h) by taking identity inA andh̃ in B.
To make this extension let us remark, to start with, that the point

h(eiϕ, s) is obtained from the point (eiϕ, s) by a rotation through an angle
α = α(ϕ) aroundR2. In fact, if s= s(θ, ϕ), thenh(eiϕ, s) = (eiϕ, s1) with
s′ = ρα(s) = s(θ, ψ + α). Now let us consider the knot formed inR3
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by a fibreeiϕαS1 of δT. By the method of Seifert (Uber des geschlecht
von knoten, Math. arn. vol. 10, pp 571-592) one can constructa surface

Fϕ which is compact, orientable, differentiable and contained inR3 −
◦

T
and is bounded by this fibreeiϕ × S1. One can construct it in such a
way that it is symmetric relative toR2. Moreover, for sufficintly small
ε > 0, one can make this construction for everyϕ with |ϕ| ≤ ε in such
a way that the set of surfacesFϕ from a fibration of a three dimensional90

manifold which is contained inR3 −
◦

T and is bounded byFε, F−ε and
the portion of∂T = S1

◦ × S1 corresponding to the arcs|ϕ| ≤ ε of S1
◦. By

rotation aroundR2, Fϕ generates a three dimensional manifoldWϕ ⊂ B.
Let B′ be the union ofWϕ, |ϕ| ≤ ε. This is a manifold fibred byWϕ. The
homeomorphism̃h : B → B which reduces to the identity outsideB′

and coincides onWϕ ⊂ B′ with the rotation through the angleα = α(ϕ)
aroundR2 gives a desired extension ofh to B.
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