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Introduction

This survey presents an exposition of homogeneous dynamics, that is, dynamical and
ergodic properties of actions on homogeneous spaces of Lie groups. Interest in this area
rose significantly during late eighties and early nineties, after the seminal work of Margulis
(the proof of the Oppenheim conjecture) and Ratner (conjectures of Raghunathan, Dani and
Margulis) involving unipotent flows on homogeneous spaces. Later developments were
considerably stimulated by newly found applications to number theory. By the end of
the 1990s this rather special class of smooth dynamical systems has attracted widespread
attention of both dynamicists and number theorists, and became a battleground for applying
ideas and techniques from diverse areas of mathematics.

The classical set-up is as follows. Given a Lie groupG and a closed subgroupΓ ⊂G,
one considers the left action of any subgroupF ⊂G onG/Γ :

x �→ f x, x ∈G/Γ, f ∈ F.

UsuallyF is a one-parameter subgroup; the action obtained is then called a homogeneous
(one-parameter) flow.

One may recall that many concepts of the modern theory of dynamical systems appeared
in connection with the study of the geodesic flow on a compact surface of constant negative
curvature. While establishing ergodicity and mixing properties of the geodesic flow, Hopf,
Hedlund et al., initiated the modern theory of smooth dynamical systems. Essentially, they
used the existence of what is now called strong stable and unstable foliations; later this
transformed into the theory of Anosov and Axiom A flows. On the other hand, while
studying orbits of the geodesic flow, Artin and Morse developed methods that later gave
rise to symbolic dynamics.

The methods used in the 1920–1940s were of geometric or arithmetic nature. The fact
that the geodesic flow comes from transitiveG-action onG/Γ , Γ being a lattice in
G = SL(2,R), was noticed and explored by Gelfand and Fomin in the early 1950s. This
distinguished the class of homogeneous flows into a subject of independent interest; first
results of general nature appeared in the early 1960s in the book [9] by Auslander, Green,
and Hahn.

Since then, ergodic properties of homogeneous one-parameter flows with respect to Haar
measure have been very well studied using the theory of unitary representations, more
specifically, the so called Mautner phenomenon developed in papers of Auslander, Dani,
and Moore. Applying the structure of finite volume homogeneous spaces, one can now
give effective criteria for ergodicity and mixing properties, reduce the study to the ergodic
case, calculate the spectrum, etc.; see Sections 1 and 2 for the exposition.

The algebraic nature of the phase space and the action itself allows one to obtain
much more advanced results as compared to the general theory of smooth dynamical
systems. This can be seen on the example of smooth flows with polynomial divergence
of trajectories. Not much is known about these in the general case apart from the fact that
they have zero entropy. The counterpart in the class of homogeneous flows is the class of
the so called unipotent flows. Motivated by certain number theoretic applications (namely,
by the Oppenheim conjecture on indefinite quadratic forms), in the late 1970s Raghunathan
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conjectured that any orbit closure of a unipotent flow onG/Γ must be itself homogeneous,
i.e., must admit a transitive action of a subgroup ofG. This and a related measure-theoretic
conjecture by Dani, giving a classification of ergodic measures, was proved in the early
1990s by Ratner thus really providing a breakthrough in the theory. This was preceded
by highly nontrivial results of Margulis–Dani on nondivergence of unipotent trajectories.
Dynamics of unipotent action is exposed in Sections 3 of our survey.

On the other hand, a lot can be also said about partially hyperbolic homogeneous flows.
What makes the study easier, is that the Lyapunov exponents are constant. This (and, of
course, the algebraic origin of the flow) makes it possible to prove some useful results: to
calculate the Hausdorff dimension of nondense orbits, to classify minimal sets, to prove
the exponential and multiple mixing properties, etc. Needless to say that such results are
impossible or very difficult to prove for smooth partially hyperbolic flows of general nature.

The substantial progress achieved due to Ratner’s results for unipotent actions made
it possible to study individual orbits and ergodic measures for certain multi-dimensional
subgroupsF ⊂G. These and aforementioned results for non-unipotent actions are exposed
in Section 4.

As was mentioned above, the interest in dynamical systems of algebraic origin in
the last 20 years rose considerably due to remarkable applications to number theory. It
was Margulis who proved the long standing Oppenheim conjecture in the mid 1980s
settling a special case of Raghunathan’s conjecture. Recently Eskin, Margulis and Mozes
(preceded by earlier results of Dani and Margulis) obtained a quantitative version of
the Oppenheim conjecture. Kleinbock and Margulis proved Sprindžuk’s conjectures
for Diophantine approximations on manifolds. Eskin, Mozes, and Shah obtained new
asymptotics for counting lattice points on homogeneous manifolds. Skriganov established
a typical asymptotics for counting lattice points in polyhedra. These and related results are
discussed in Section 5.

The theory of homogeneous flows has so many diverse applications that it is impossible
to describe all the related results, even in such an extensive survey. Thus for various reasons
we do not touch upon certain subjects. In particular, all Lie groups throughout the survey
are real; hence we are not concerned with dynamical systems on homogeneous spaces
over other local fields; we only note that the Raghunathan–Dani conjectures are settled
in this setup as well (see [147,148,190,191]). We also do not touch upon the analogy
between actions on homogeneous spaces of Lie groups and the action of SL(2,R) on the
moduli space of quadratic differentials, with newly found applications to interval exchange
transformations and polygonal billiards. See [152] for an extensive account of the subject.
The reader interested in a more detailed exposition of dynamical systems on homogeneous
spaces may consult recent books [237] by Starkov and [13] by Bekka and Mayer, or
surveys [57,59] by Dani. For a list of open problems we address the reader to a paper
of Margulis [144].

1. Lie groups and homogeneous spaces

In this section we give an introduction into the theory of homogeneous actions. We start
with basic results from Lie groups and algebraic groups (Sections 1.1 and 1.2). Then in
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Section 1.3 we expose briefly the structure of homogeneous spaces of finite volume. For
more details one can refer to books by Raghunathan [174], Margulis [141], Zimmer [264],
and survey by Vinberg, Gorbatsevich and Shvartzman [249].

Homogeneous actions come into stage in Section 1.4. Basic examples include:
rectilinear flow on a torus; solvable flows on a three-dimensional locally Euclidean
manifold; suspensions of toral automorphisms; nilflows on homogeneous spaces of the
three-dimensional Heisenberg group; the geodesic and horocycle flows on (the unit tangent
bundle of) a constant negative curvature surface; geodesic flows on locally symmetric
Riemannian spaces. Incidentally, in §1.3d we present the main link between homogeneous
actions with number theory (Mahler’s criterion and its consequences).

1.1. Basics on Lie groups

1a. Notations and conventions.Unless otherwise stated, all our Lie groups are assumed
to be real (i.e., overR). We use the following

NOTATION 1.1.1.
G̃ – the universal cover of Lie groupG;
g or Lie(G) – the Lie algebra of Lie groupG;
exp :g �→G – the exponential map;
e ∈G – the identity element ofG;
Ad :G �→ Aut(g) – the adjoint representation defined as

Adg(x)= d

dt

(
g exp(tx)g−1)|t=0, ∀g ∈G, ∀x ∈ g;

ad :g �→ Der(g) – the adjoint representation ofg, i.e., the differential of Ad, defined as
adx(y)= [x, y], x, y ∈ g;
H 0⊂G – the connected component of the identity of a closed subgroupH ⊂G;
ZG(H)⊂G – the centralizer of a subgroupH ⊂G;
NG(H)⊂G – the normalizer of a subgroupH ⊂G;
[H1,H2] – the commutant of subgroupsH1,H2⊂G, i.e., the subgroup generated by all

commutators{h1, h2} = h1h2h
−1
1 h

−1
2 , h1 ∈H1, h2 ∈H2.

gZ ⊂G – the cyclic group generated by an elementg ∈G;
gR ⊂G – a one-parameter subgroup ofG;
〈S〉 – the subgroup generated by a subsetS of G.
The notationG = A � B stands forsemidirect productof subgroupsA,B ⊂ G. This

means thatB is normal inG, A andB generateG, andA∩B = {e}.

It is well known that every Lie group admits a right-invariant measurem calledHaar
measure, defined uniquely up to a multiplicative constant. It arises as the volume measure
for a right-invariant Riemannian metricdG. A Lie groupG is said to beunimodularif its
Haar measure is bi-invariant. This is equivalent to saying that every operator Adg, g ∈G,
is unimodular, i.e.,|det(Adg)| = 1.
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DEFINITION 1.1.2. An elementg ∈G is said to be:
unipotent if (Adg− Id)k = 0 for somek ∈ N (this is equivalent to saying that all

eigenvalues of Adg are equal to 1);
quasi-unipotentif all eigenvalues of Adg are of absolute value 1;
partially hyperbolicif it is not quasi-unipotent;
semisimpleif the operator Adg is diagonalizable overC;
R-diagonalizableif the operator Adg is diagonalizable overR;
A subgroupH ⊂G is said to beunipotent(resp.quasi-unipotent) if all its elements are

such.
Let g be an element ofG. Then the subgroups

G+ = {
h ∈G | g−nhgn→ e, n→+∞}

,

G− = {
h ∈G | gnhg−n→ e, n→+∞}

are called theexpandingand contracting horospherical subgroupsof G relative tog,
respectively. Any horospherical subgroup is connected and unipotent.

1b. Nilpotent and solvable Lie groups.DefineG1 = G andGk+1 = [G,Gk]. G is said
to benilpotentif there existsn ∈N such thatGn = {e}. For Lie groups this is equivalent to
all elements ofG being unipotent.

If a subspaceV of a nilpotent Lie algebrag is such thatg = V + [g,g], then V
generatesg. In particular, if subgroupH ⊂G is such thatG=H [G,G], thenH =G.

A natural example of a nilpotent Lie group is the groupN(n) ⊂ SL(n,R) of strictly
upper-triangular matrices. Every connected simply connected nilpotent Lie groupG is
isomorphic to a subgroup ofN(n) for somen ∈N.

DefineG1 = G andGk+1 = [Gk,Gk]. A Lie groupG is said to besolvableif there
existsn ∈N such thatGn = {e}. Every nilpotent group is solvable.

Let G be a Lie group. The maximal connected nilpotent (resp. solvable) normal
subgroupN ⊂G (resp.R ⊂G) is said to be thenilradical (resp. theradical) of G.

If G is connected and solvable, then[G,G] ⊂N , and hence the groupG/N is Abelian.
LetG be a connected simply connected solvable Lie group. ThenG is diffeomorphic to a

vector space, and every connected subgroup ofG is simply connected and closed. The map
exp :g �→G need not be a diffeomorphism, but if it is so thenG is said to be anexponential
Lie group.G is exponential iff for every eigenvalueλ of any operator Adg, g ∈G, either
λ = 1 or |λ| �= 1. In particular, any connected simply connected nilpotent Lie group is
exponential.

If all eigenvalues of any operator Adg, g ∈G, are of absolute value 1, thenG is said
to beof type(I) (from ‘imaginary’). HenceG is of type (I) iff all its elements are quasi-
unipotent. If all eigenvalues of any operator Adg, g ∈G, are purely real, thenG is said to
be atriangular group. Any connected simply connected triangular group is isomorphic to
a subgroup of the groupT (n) ⊂ SL(n,R) of upper-triangular matrices (for somen ∈ N).
Any triangular solvable group is exponential. A solvable group is nilpotent iff it is both
exponential and of type (I).

Within the class of solvable Lie groups of type (I) one distinguishes the subclass of
Euclidean Lie groups. A Lie groupG is said to beEuclideanif G splits into a semidirect
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productG=A� Rn, whereRn is the nilradical ofG,A is Abelian, and the representation
Ad :G �→ Aut(Rn)=GL(n,R) sendsA to a compact subgroup of GL(n,R).

A natural example of simply connected Euclidean group is the following. LetG =
gR � R2, where the action ofgt on the planeR2 by conjugation is given by the matrix( cost sint
−sint cost

)
. ThenG is easily seen to be Euclidean; in fact, it is the universal cover of the

groupG/Z(G)= SO(2)� R2 of Euclidean motions of the plane.

1c. Semisimple Lie groups.A connected Lie groupG is said to besemisimpleif its
radical is trivial.G is said to besimple if it has no nontrivial proper normal connected
subgroups. Every connected semisimple Lie groupG can be uniquely decomposed into an
almost direct productG=G1G2 · · ·Gn of its normal simple subgroups, called thesimple
factorsofG. That is,Gi andGj commute and the intersectionGi ∩Gj is discrete ifi �= j .
If in additionG is simply connected or center-free, thenG=G1×G2× · · · ×Gn.

If G is semisimple then its centerZ(G) is discrete (and coincides with the kernel of the
adjoint representation ifG is connected).

The universal cover of a compact semisimple Lie group is compact (Weyl). Compact
semisimple Lie groups (e.g., SO(n), n � 3) have no unipotent one-parameter subgroups.
On the contrary, noncompact simple connected Lie groups (e.g., SL(n,R), n � 2) are
generated by unipotent one-parameter subgroups.

LetG be a connected semisimple Lie group. ThenG is almost direct productG=KS
of its compactandtotally noncompactparts, whereK ⊂G is the product of all compact
simple components ofG, andS the product of all noncompact simple components.G is
calledtotally noncompactif K is trivial.

For any unipotent subgroupuR ⊂G there exists a connected subgroupH ⊂G such that
uR ⊂H andH is locally isomorphic to SL(2,R) (Jacobson–Morozov Lemma).

Let G be a connected semisimple Lie group. A subgroupH ⊂ G is said to beCartan
if H is a maximal connected Abelian subgroup consisting of semisimple elements. Any
Cartan subgroup has a unique decompositionH = T ×A into a direct product of a compact
torusT and anR-diagonalizable subgroupA.

All maximal connectedR-diagonalizable subgroups inG are conjugate and their
common dimension is called theR-rank of G. For instance, rankR SL(n,R) = n − 1;
rankRG = 0 iff G is compact. If maximalR-diagonalizable subgroups are Cartan
subgroups thenG is said to be anR-split group.

Of special importance for us will be the group SO(1, n) of all elementsg ∈ SL(n+1,R)
keeping the quadratic formx2

1 − x2
2 − · · · − x2

n+1 invariant. One knows that SO(1, n) is a
simple Lie group ofR-rank one for anyn � 2. Also SO(1,2) is locally isomorphic to
SL(2,R).

Now assume thatG has finite center. LetC ⊂ G be a maximal connected compact
subgroup, andB ⊂ G a maximal connected triangular subgroup. ThenC ∩ B = {e}, and
any elementg ∈ G can be uniquely decomposed asg = cb, c ∈ C, b ∈ B. Besides,
B = A � U , whereU is the nilradical ofB called amaximal horospherical subgroup
of G, andA is a maximalR-diagonalizable subgroup. DecompositionG = CB = CAU
is called theIwasawa decompositionof G. All maximal compact connected subgroups in
G are conjugate. The same holds for maximal connected triangular subgroups; hence all
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maximal horospherical subgroups are conjugate. The normalizer ofU is calledminimal
parabolic subgroupof G (clearly it containsB).

Any horospherical subgroup (see §1.1a for the definition) is contained in a maximal
horospherical subgroup. The normalizer of a horospherical subgroup is called aparabolic
subgroupof G. Any parabolic subgroup contains a minimal parabolic subgroup.

Any elementg ∈G can be (non-uniquely) decomposed in the formg = cac′, c, c′ ∈ C,
a ∈A. The formulaG= CAC is referred to as theCartan decomposition.

1d. Levi decomposition. Let G be a connected Lie group,R the radical ofG, and
L ⊂ G a maximal connected semisimple subgroup (called aLevi subgroupof G). Then
the intersectionL ∩ R is discrete andG is generated byL andR. The decomposition
G= LR is called theLevi decompositionof G. If G is simply connected thenG= L�R.

Let N ⊂ R be the nilradical ofG. All Levi subgroups inG are conjugate by elements
of N (Malcev).

1e. Group actions and unitary representations.If X is a topological space, we denote
by P(X) the space of all Borel probability measures onX, with the weak-∗ topology, that
is, the topology induced by the pairing with the spaceCc(X) of continuous compactly
supported functions onX. Any continuous action of a groupG onX induces a continuous
action ofG onP(X) given by

gµ(A)= µ(g−1A
)
, whereg ∈G andA is a Borel subset ofX. (1.1)

For a measureµ on X, we will denote by Stab(µ) the set of elementsg ∈ G such that
gµ = µ. The action ofG on the measure space(X,µ) is calledmeasure-preservingif
Stab(µ) coincides withG. In general, due to the continuity of theG-action onP(X), one
has

LEMMA 1.1.3. Stab(µ) is a closed subgroup ofG for anyµ ∈P(X).

A very important tool for studying homogeneous actions is the theory of unitary
representations. By aunitary representationof a locally compact groupG on a separable
Hilbert spaceH we mean a continuous homomorphism ofG into the groupU(H) of
unitary transformations ofH (supplied with the weak operator topology).

Clearly any measure-preservingG-action on a measure space(X,µ) leads to a unitary
representationρ of G on the spaceL2(X,µ) of square-integrable functions onX, defined

by (ρ(g)f )(x)
def= f (g−1x), and called theregular representationof G associated with the

action. As is well known, many ergodic properties of theG-action on(X,µ) are expressed
in terms ofρ: e.g., the action is ergodic iff anyρ(G)-invariant element ofL2(X,µ) is
a constant function; the action of a one-parameter groupgR is weakly mixing iff any
f ∈L2(X,µ) such thatρ(gt )f = eiλtf for someλ ∈R and allt ∈R is a constant function.

Similarly to Lemma 1.1.3, one derives the following useful result from the continuity of
the regular representation:
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LEMMA 1.1.4. Given anyf ∈ L2(X,µ), the stabilizerStab(f )
def= {g ∈G | ρ(g)f = f }

is a closed subgroup ofG.

Let π be a unitary representation ofG on H. If a closed subspaceH′ of H is
invariant underπ(G), then the restriction ofπ to H′ is called asub-representationof π .
A representation is calledirreducible if it has no nontrivial sub-representations. Two
representationsπ :G �→ U(H) andπ ′ :G �→ U(H′) are calledequivalentif there exists
an invertible operatorA :H �→H′ such thatπ ′(g)= Aπ(g)A−1 for eachg ∈G. TheFell
topologyon the set of all equivalence classes[(π,H)] of unitary representationsπ of G
onH is defined as follows: the sets{[(

π ′,H′
)] ∣∣∣∣∣ there existη1, . . . , ηn ∈H′ such that∣∣〈π(g)ξi , ξj 〉− 〈

π ′(g)ηi , ηj
〉∣∣< ε, ∀g ∈K, 1 � i, j � n

}
,

whereK is a compact subset ofG, ε > 0 andξ1, . . . , ξn ∈H, form a basis of neighborhoods
of the class[(π,H)]. This topology is not Hausdorff; of special interest is the question of
whether a certain representation1 (or a family of representations) is isolated from the trivial
(one-dimensional) representationIG of G.
G is said to haveproperty-(T ) if the set of all its unitary representations without invariant

vectors (that is, not having a trivial sub-representation) is isolated fromIG. Any compact
group has property-(T), and an amenable group (see [3]) has property-(T) iff it is compact.
If G is a connected semisimple Lie group with finite center, thenG has property-(T) iff it
has no factors locally isomorphic to SO(1, n) or SU(1, n), n� 2. See [1] for more details
and the proof of the aforementioned result.

1.2. Algebraic groups

We will give the definitions in the generality needed for our purposes. A subsetX ⊂
SL(n,R) will be calledreal algebraicif it is the zero set for a family of real polynomials
of matrix entries. This defines theZariski topologyon SL(n,R). In contrast, the topology
on SL(n,R) as a Lie group will be called theHausdorff topology.

To save words, real algebraic subgroups of SL(n,R) will be referred to asR-algebraic
groups. Any R-algebraic group has a finite number of connected components relative to
the Hausdorff topology. The intersection ofR-algebraic groups is anR-algebraic group.
If G ⊂ SL(n,R) is anR-algebraic group andH ⊂ G its subgroup, then the centralizer
ZG(H) and the normalizerNG(H) areR-algebraic. The productAB ⊂ SL(n,R) of two
R-algebraic groups is locally closed (in both topologies).

The smallestR-algebraic group Zcl(H) containing a subgroupH ⊂ SL(n,R) is called
the Zariski closureof H (and one says thatH is Zariski densein Zcl(H)). If H is
Abelian (resp. nilpotent, solvable) then Zcl(H) is Abelian (resp. nilpotent, solvable). If
H normalizes a connected Lie subgroupF ⊂ SL(n,R) then so does Zcl(H).

1For brevity we will from now on write ‘representation’ meaning ‘equivalence class of representations’.
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2a. Classification of elements and subgroups.An element g ∈ SL(n,R) is called
unipotentif (g − In)k = 0 for somek ∈ N (here and hereafterIn stands for then × n
identity matrix). An elementg ∈ SL(n,R) is calledsemisimple(resp.R-diagonalizable)
if it is diagonalizable overC (resp. overR).2 If G is R-algebraic then any elementg ∈G
admits the decompositiong = gs×gu, wheregs ∈G is semisimple andgu ∈G is unipotent
(Jordan decomposition).

Clearly, the groupD(n) ⊂ SL(n,R) of all diagonal matrices consists ofR-diagonaliz-
able elements. It contains (at most) countable number ofR-algebraic subgroups. An
R-algebraic subgroupH ⊂ SL(n,R) is called R-diagonalizableif it is conjugate to a
subgroup ofD(n).

An R-algebraic subgroupH ⊂ SL(n,R) is calledunipotentif all its elements are such
(and thenH is conjugate to a subgroup ofN(n)).H ⊂N(n) is algebraic iff it is connected
in the Hausdorff topology.

The maximal normal unipotent subgroup of anR-algebraic groupG is called the
unipotent radicalof G. If the unipotent radical is trivial thenG is calledreductive. Any
Abelian reductive group is the direct product of a compact torus and anR-diagonalizable
group (and hence consists of semisimple elements). Any reductive group is an almost direct
product of its Levi subgroup and an Abelian reductive group. Any compact subgroup
of SL(n,R) is a reductiveR-algebraic group. Any semisimple subgroup of SL(n,R) is
“almostR-algebraic” (it is of finite index in its Zariski closure).

Any R-algebraic group is a semidirect product of a maximal reductive subgroup and
the unipotent radical. In particular, any solvableR-algebraic group splits into a semidirect
product of its maximal Abelian reductive subgroup and the unipotent radical.

2b. Algebraic groups overQ. If a subgroupG of SL(n,R) is the zero set of a family
of polynomials of matrix entries with coefficients inQ, then it is called aQ-algebraic

group, or aQ-group. If G is aQ-algebraic group then the setG(Q)
def= G∩SL(n,Q) of its

rational points is Zariski dense inH . If H ⊂ SL(n,Q), then Zcl(H) is Q-algebraic. The
centralizer and the normalizer of aQ-algebraic group areQ-algebraic. The radical, the
unipotent radical, and the center ofQ-algebraic group areQ-algebraic. AnyQ-algebraic
group admits a maximal reductive subgroup which isQ-algebraic.

If g ∈ SL(n,Q) then its semisimple and unipotent parts in the Jordan decomposition are
elements of SL(n,Q).

A Q-character of a Q-groupG ⊂ SL(n,R) is a homomorphismχ from G to the
multiplicative groupR∗ which can be written as a polynomial of matrix entries with
coefficients inQ. Unipotent Q-groups admit no nontrivialQ-characters. An Abelian
reductiveQ-group is said to beQ-anisotropicif it admits no nontrivialQ-characters, and
Q-split if it has no nontrivialQ-anisotropic subgroups. Clearly, any Abelian reductive
Q-group is the direct product of itsQ-anisotropic andQ-split parts. AnyQ-split group
is R-diagonalizable.

MaximalQ-split subgroups of a semisimpleQ-groupG are conjugate and their common
dimension is called theQ-rank of G (clearly, 0� rankQG � rankRG). Moreover,
rankQG= 0 iff G(Q) consists of semisimple elements.

2These properties are analogous to those for elements of Lie groups (cf. Definition 1.1.2). As a rule, it follows
from the context which ones are used.
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Let G ⊂ SL(n,R) be anR-algebraic group. A homomorphismρ :G �→ SL(N,R) is
called analgebraic linear representationif its coordinate functions are polynomials of
matrix entries. If all the polynomials have coefficients inQ, then ρ is said to be a
Q-algebraic linear representation.

By Chevalley’s theorem, for anyR-algebraic groupG ⊂ SL(n,R) there exist an
algebraic linear representationρ : SL(n,R) �→ SL(N,R) and a vectorv ∈RN such that

G= {
g ∈ SL(n,R) | ρ(g)(Rv)=Rv

}
.

Moreover, by [26, Proposition 7.7], if G is either unipotent or reductive then there existρ

andv such that

G= {
g ∈ SL(n,R) | ρ(g)(v)= v

}
.

If in addition G is a Q-group thenρ can be chosen to beQ-algebraic andv to be an
element ofQN . In this caseρ(SL(n,Z)) has a finite index subgroup contained in SL(N,Z).
Thereforeρ(SL(n,Z))(v) is a discrete subset ofRN . We derive the following (cf. [174,
Proposition 10.15]):

PROPOSITION 1.2.1. Let G ⊂ SL(n,R) be a connected real algebraicQ-subgroup.
Assume that either(i) G has no nontrivialQ-characters, or(ii) G is a reductive subgroup.
Then theG-orbit of the identity coset inSL(n,R)/SL(n,Z) is closed.

1.3. Homogeneous spaces

Let G be a connected Lie group andD ⊂ G its closed subgroup. In the survey we work
mainly withright homogeneous spacesG/D, but occasionally (see §1.3c, §1.3e and §1.4e–
§1.4f) we turn toleft homogeneous spacesD\G.

Any right-invariant Haar measure onG induces a smooth volume measureν onG/D
which will be also called aHaar measure. The spaceG/D is said to be offinite volume
(we denote it by vol(G/D) <∞) if Haar measureν onG/D isG-invariant and finite.

If D ⊂ F ⊂ G then vol(G/D) < ∞ ⇔ vol(G/F) < ∞ and vol(F/D) < ∞. In
particular, ifH ⊂G is a normal subgroup, vol(G/D) <∞ and the productHD is closed
then vol(H/D ∩H)<∞.

A closed subgroupD ⊂G is said to beuniform if the spaceG/D is compact.
A discrete subgroupΓ ⊂G is said to be alattice in G if vol(G/Γ ) <∞. Any uniform

discrete subgroup is a lattice.
If G is aQ-algebraic group, one has the following criterion of Borel and Harish-Chandra

for its group of integer pointsGZ
def= G∩SL(n,Z) being a lattice inG:

THEOREM 1.3.1. LetG⊂ SL(n,R) be aQ-algebraic group. ThenG(Z) is a lattice inG
iff G admits no nontrivialQ-characters.
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A closed subgroupD ⊂ G is said to be aquasi-latticein G if vol(G/D) <∞ andD
contains no nontrivial normal connected subgroups ofG.

SubgroupsΓ,Γ ′ ⊂G are calledcommensurableif the intersectionΓ ∩ Γ ′ is of finite
index both inΓ andΓ ′. ForΓ ⊂ G one defines thecommensuratorof Γ in G to be the
subgroup

CommG(Γ )
def= {

g ∈G | Γ andgΓ g−1 are commensurable
}
.

For example, the commensurator of SL(n,Z) in SL(n,R) is equal to SL(n,Q). A closed
subsetX ⊂ G/D is said to behomogeneousif there exist a pointx ∈ X and a subgroup
H ⊂G such thatX =Hx.

3a. Homogeneous spaces of nilpotent and solvable Lie groups.Let ρ :G �→ SL(n,R) be
a finite-dimensional representation. SubgroupH ⊂ G is said to beZariski dense inρ if
ρ(H) andρ(G) have the same Zariski closures.ρ is said to be aunipotent representation
if ρ(G)⊂ SL(n,R) is a unipotent subgroup.

Homogeneous spaces of nilpotent (resp. solvable) Lie group are callednilmanifolds
(resp.solvmanifolds).

In this subsectionG is assumed to be a connected simply connected Lie group.
Let G be a nilpotent Lie group, andD ⊂ G its closed subgroup. Then vol(G/D) <

∞ ⇔ G/D is compact⇔ D is Zariski dense in any unipotent representation ofG

(Malcev [129]). In particular, any quasi-lattice inG is a lattice (the Lie subalgebra ofD0

is invariant under Ad(D) and hence under Ad(G)). It is known thatG contains a lattice iff
it admits a structure of aQ-algebraic group (Malcev), and not every nilpotent group with
dimG> 6 contains a lattice. IfΓ is a lattice inG, thenΓ ∩ [G,G] is a lattice in[G,G].

Now letG be a solvable Lie group andN ⊂G its nilradical. Then vol(G/D) <∞⇔
G/D is compact; ifD is a quasi-lattice inG, then vol(N/N ∩ D) <∞ andD0 ⊂ N
(Mostow [157]). In particular, any compact solvmanifoldG/D bundles over a nontrivial
torus (overG/ND if G is not nilpotent or overG/[G,G]D if it is). The criterion forG to
have at least one quasi-lattice is quite intricate (see [5] for details).

Homogeneous spaces of Euclidean Lie group are calledEuclidean (see §1.4b for
examples). A compact solvmanifold is Euclidean iff it is finitely covered by a torus
(Brezin and Moore [30]). Every compact solvmanifold admits a unique maximal Euclidean
quotient space.

3b. Homogeneous spaces of semisimple Lie groups.Let G be a semisimple Lie group.
Then it has both uniform and non-uniform lattices (Borel). LetG = K × S be the
decomposition into compact and totally noncompact parts. Assume that vol(G/D) <∞
andG = SD. ThenD is Zariski dense in any finite-dimensional representation ofG

(Borel Density Theorem). In particular, any quasi-latticeD ⊂G is a lattice, and the product
DZ(G) is closed (both statements do not hold ifG �= SD).

LetΓ be a lattice inG andH ⊂G a Cartan subgroup. Then the set{g ∈G | gΓ g−1∩H
is a lattice inH } is dense inG (Mostow [158], Prasad and Raghunathan [173]).

It follows from Theorem 1.3.1 thatG(Z) is a lattice inG wheneverG is a semisimple
Q-group. Moreover, it can be shown thatG(Z) is a uniform lattice inG iff G(Q) consists
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of semisimple elements (Borel–Harish-Chandra). Note that the latter, as was mentioned in
§1.2b, is equivalent to vanishing of rankQG.

The latticeG(Z) presents an example of so called arithmetic lattices. More generally:
a latticeΓ in a semisimple Lie groupG is said to bearithmeticif there exist aQ-algebraic
groupH ⊂ SL(n,R) and an epimorphismρ :H �→ Ad(G) with compact kernel such that
subgroupsρ(H(Z)) and Ad(Γ ) are commensurable.

LetG be a semisimple Lie group, andΓ ⊂G a Zariski dense lattice. ThenΓ is said to
be irreducible if given any noncompact connected normal subgroupG′ ⊂G one hasG=
G′Γ . For every latticeΓ ⊂ G there exist a finite index subgroupΓ ′ ⊂ Γ and an almost
direct decompositionG=G1G2 · · ·Gn such thatΓ ′ = (Γ ′ ∩G1)(Γ

′ ∩G2) · · · (Γ ′ ∩Gn)
andΓ ′ ∩ Gi is an irreducible lattice inGi for every i = 1, . . . , n (decomposition into
irreducible components).

The central result in the theory of discrete subgroups of semisimple Lie groups is the
following Margulis Arithmeticity Theorem:

THEOREM 1.3.2. LetG be a totally noncompact semisimple Lie group withrankRG� 2.
Then any irreducible lattice inG is arithmetic.

3c. Hyperbolic surfaces as homogeneous spaces.Let H2= {z= x+ iy ∈C | Im(z) > 0}
stand for the hyperbolic plane, which, as is well-known, is of constant curvature−1 relative
to the metric dl2= (dx2+dy2)/y2. The group SL(2,R) acts isometrically and transitively
on H2 by linear-fractional transformations

fg(z)= az+ b
cz+ d , z ∈H2, g =

(
a b

c d

)
∈ SL(2,R)

with the kernelZ2 = {± Id} ⊂ SL(2,R). The quotient groupG= PSL(2,R)= SL(2,R)/
Z2� SO(1,2)0 acts effectively onH2, and the isotropy subgroup of the pointz0= i ∈H2

isC = PSO(2)= SO(2)/Z2; henceH2 can be identified withG/C.
Let SH2 be the unit tangent bundle overH2. The differential of the action of PSL(2,R)

on H2 defines a transitive and free action onSH2, so the latter can be naturally identified
with G. Furthermore, any smooth surfaceM of constant curvature−1 is of the form
M = Γ \H2 = Γ \G/C for some discrete subgroupΓ of G (such groups are called
Fuchsian) having no torsion. The unit tangent bundleSM is therefore theleft homogeneous
spaceΓ \SH2 = Γ \G. The volume form for the Riemannian metric onM induces a
G-invariant measure onSM, which is called theLiouville measure, and clearly coincides
with the appropriately normalized Haar measure onΓ \G. In particular, a surfaceM =
Γ \H2 is of finite area iffΓ is a lattice inG (i.e., SM = Γ \G is of finite volume). The
most important example is themodular surfaceSL(2,Z)\H2, which is responsible for
many number-theoretic applications of dynamics (see, e.g., the beginning of §5.2c).

3d. The space of lattices.Let us now consider a generalization of the aforementioned
example, which also plays a very important role in applications to number theory. Namely
defineΩk to be the right homogeneous spaceG/Γ , whereG = SL(k,R) and Γ =
SL(k,Z). The standard action ofΓ on Rk keeps the latticeZk ⊂ Rk invariant, and, given
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anyg ∈ G, the latticegZk is unimodular, i.e., its fundamental set is of unit volume. On
the other hand, any unimodular latticeΛ in Rk is of the formgZk for someg ∈ Γ . Hence
the spaceΩk is identified with the space of all unimodular lattices inRk , and clearly this
identification sends the left action ofG onG/Γ to the linear action on lattices inRk : for a
latticeΛ⊂Rk, one hasgΛ= {gx | x ∈Λ}.

The geometry of the spaceΩk is described by the so calledreduction theoryfor lattices
in Rk ; that is, following Minkowski and Siegel, one specifies an (almost) fundamental
domainΣ for the rightΓ -action onG. This way one can show thatΓ is a non-uniform
lattice inG; that is,Ωk is not compact for everyk � 2. See [174] or [26] for more details.

Bounded subsets ofΩk can be described using the followingMahler’s Compactness
Criterion, which incidentally serves as one of the main links between number theory and
the theory of homogeneous actions:

THEOREM 1.3.3. A sequence of latticesgiSL(k,Z) goes to infinity inΩk ⇔ there exists
a sequence{xi ∈ Zk \ {0}} such thatgi(xi )→ 0, i→∞. Equivalently, fix a norm onRk

and define the functionδ onΩk by

δ(Λ)
def= max

x∈Λ\{0}
‖x‖. (1.2)

Then a subsetK ofΩk is bounded iff the restriction ofδ onK is bounded away from zero.

Denote byν the probability Haar measure onΩk . The interpretation of points ofΩk as
lattices inRk gives rise to the following important connection betweenν and the Lebesgue
measure onRk . Let us introduce the following notation: ifϕ is a function onRk, denote

by ϕ̃ the function onΩk given by ϕ̃(Λ)
def= ∑

x∈Λ\{0} ϕ(x). It follows from the reduction
theory thatϕ̃ is integrable wheneverϕ is integrable, and moreover, theSiegel summation
formula[208] holds: for anyϕ ∈L1(Rk) one hasϕ̃(Λ) <∞ for ν-almost allΛ ∈Ωk, and∫

Rk
ϕ(x)dx=

∫
Ωk

ϕ̃(Λ)dν(Λ). (1.3)

See [118, §7] for a modification and a generalization involving sums overd-tuples of
vectors. This formula is very useful for counting lattice points inside regions inRk: indeed,
if ϕ is a characteristic function of a subsetB of Rk, the integrand in the right-hand side of
the above equality gives the cardinality of the intersection ofΛ \ {0} with B.

3e. Locally symmetric spaces as infra-homogeneous spaces.The examples considered
in §1.3c are representatives of a large class of homogeneous spaces arising from
considerations of locally symmetric spaces of noncompact type. Here we again switch to
left homogeneous spaces. LetG be a semisimple noncompact Lie group with finite center,
andC ⊂G a maximal compact connected subgroup. The Lie algebrag is equipped with the
nondegenerate bilinear Ad(C)-invariant formB(x, y)= Tr(adx ◦ady), x, y ∈ g, called the
Killing form. Let c⊂ g be the Lie subalgebra ofC, andp⊂ g the orthogonal complement
to c in g, i.e.,B(c,p) ≡ 0. Theng= c+ p andc ∩ p= 0. The decompositiong= c+ p is
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called theCartanor polar decomposition ofg. ForG= SL(n,R) andC = SO(n) this is
simply the decomposition into subspaces of skew-symmetric and symmetric matrices.

One knows thatp is an Ad(C)-invariant subspace ofg consisting ofR-diagonalizable
elements. The restriction ofB ontop is a positively defined bilinear form which induces

a C-invariant Riemannian metric onX
def= G/C with nonpositive sectional curvature.

The spaceX is a symmetric Riemannian space (i.e., Riemannian space with geodesic
involution); moreover, it is known that any symmetric Riemannian spaceX of nonpositive
sectional curvature is isometric toG/C, whereG is a totally noncompact semisimple Lie
group and the connected componentC0 of C is a maximal compact connected subgroup
of G. The spaceX is of (strictly) negative curvature iff rankRG = 1, and in this case
the metric can be normalized so that the curvature takes values in the interval[−4,−1].
Moreover, the curvature is constant iffX =Hn = SO(1, n)0/SO(n) (see §1.3c for the case
n= 2).

Similarly, any locally symmetric Riemannian spaceM of nonpositive curvature can be
realized asM ∼= Γ \G/C, whereΓ is a discrete torsion-free subgroup ofG. Again, the
volume form onM comes from the appropriately normalized Haar measure onΓ \G.
Further, due to the compactness ofC, the geometry ofM, up to a bounded distortion,
corresponds to that ofΓ \G. For example, ifM is noncompact, of finite volume and
irreducible,3 one can apply reduction theory for arithmetic4 groups [26] to study the
asymptotic geometry ofΓ \G andM. In particular, this way one can describe the behavior
of the volume measure at infinity; more precisely, similarly to Theorem 1.3.5, the following
can be proved (see [118] for details):

THEOREM 1.3.4. ForM as above, there existk,C1,C2> 0 such that for anyy0 ∈M and
anyR > 0,

C1 e−kR � vol
({
y ∈M | dist(y0, y)�R

})
� C2 e−kR.

A more precise result for the caseG= SL(k,R) andΓ = SL(k,Z) is obtained in [118]
using (1.3): one describes the asymptotic behavior of the normalized Haar measureν on
Ωk at infinity similarly to what was done in Theorem 1.3.4, but with the function

∆(Λ)
def= log

(
1/δ(Λ)

)
(1.4)

in place of the distance function:

THEOREM 1.3.5. There exist positiveCk, C′k such that

Ck e−kR � ν
({
Λ ∈Ωk |∆(Λ)�R

})
� Ck e−kR −C′k e−2kR for all R � 0.

3That is, it cannot be compactly covered by a direct product of locally symmetric spaces; in this caseΓ is an
irreducible lattice inG.

4One can use Theorem 1.3.2 whenever rankRG > 1; otherwise one uses the structure theory of lattices in
rank-one Lie groups developed in [86].
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3f. Homogeneous spaces of general Lie groups.Now let G be a connected simply
connected Lie group. We will use a Levi decompositionG = L � R together with the
decompositionL=K ×S of Levi subgroupL into compact and totally noncompact parts.

Assume that vol(G/D) <∞ andD0 is solvable. Then there exists a torusT ⊂ L such
thatTR = (RD)0 and the spaceT R/D ∩ T R is compact (Auslander). Together with the
Borel density theorem this easily implies thatΓ ∩KR is a lattice inKR for any lattice
Γ ⊂G.

In particular, if the Levi subgroupL ⊂ G is totally noncompact, then any lattice inG
intersects the radicalR in a lattice (Wang [251]). More generally, letD ⊂ G be a quasi-
lattice andG= SRD. ThenD ∩R is a quasi-lattice inR (Witte [255] and Starkov [223]).

Mostow’s theorem for lattices in solvable Lie groups (see §1.3a) can be generalized as
follows. LetN be the nilradical inG. Then any lattice inG intersects the normal subgroup
LN ⊂G in a lattice (see [229]).

The Malcev and Borel density theorems were generalized by Dani [46] in the following
way:

THEOREM 1.3.6. Let ρ :G �→ SL(n,R) be a finite-dimensional representation of a
connected Lie groupG andvol(G/D) <∞. Then the Zariski closureZcl(ρ(D)) contains
all unipotent andR-diagonalizable one-parameter subgroups of the Zariski closure
Zcl(ρ(G)). In particular,Zcl(ρ(G))/Zcl(ρ(D)) is compact.

This result can be deduced from the following more powerful result due to Dani [48,
Corollary 2.6] (see also [257, Proof of Corollary 4.3]):

THEOREM 1.3.7. Let H ⊂ G ⊂ GL(n,R) be real algebraic groups. Letµ be a finite
measure onG/H . ThenStab(µ)⊂G is a real algebraic subgroup ofG containing

Jµ
def= {

g ∈G | gx = x ∀x ∈ suppµ
}

as a normal subgroup, andStab(µ)/Jµ is compact.

1.4. Homogeneous actions

Let G be a Lie group andD ⊂ G its closed subgroup. ThenG acts transitively by left
translationsx �→ gx on the right homogeneous spaceG/D with D being theisotropy
subgroup. Given a subgroupF ⊂ G one studies the left action ofF on G/D which is
calledhomogeneous actionand is denoted by(G/D,F). The main assumptions we make
in our exposition are as follows:G is a connected Lie group and vol(G/D) <∞. The
classical case is thatF is a one-parameter or a cyclic group. IfF is a connected subgroup
of G one calls the action ahomogeneous flow.

Let (G/D,F) be a homogeneous action on a finite volume spaceG/D, whereG is a
connected Lie group. Before giving examples, let us make some immediate observations.

First, with no harmG can be assumed to be simply connected. Otherwise one takes the
universal coveringα : G̃ �→G and replaces the action(G/D,F) by the action(G̃/D̃, F̃ ),
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whereD = α−1(D), F̃ = α−1(F ). If the acting group has to be connected, one takes
F̃ = (α−1(F ))0.

Second, one can assume thatD is a quasi-lattice inG. Otherwise take the maximal
connected normal inG subgroupH ⊂ D and replace the action(G/D,F) by the action
(G′/D′,F ′), whereG′ =G/H, D′ =D/H, F ′ = FH/H . If G is simply connected then
so isG′. Thus it is natural in many cases to assume thatD is a quasi-lattice in a connected
simply connected Lie groupG.

Third, sometimes (as we have seen in §1.3c and §1.3e) it is more natural to consider
right actions on left homogeneous spaces. One easily checks that the mapgD �→
Dg−1 establishes isomorphism (both topological and measure-theoretic) between the left
F -action onG/D and the rightF -action onD\G.

Finally, conjugate subgroupsF andgFg−1 act isomorphically onG/D, and the isomor-
phism is given by the mapβg(hD)= ghD (sinceβg(f hD)= gf hD = gfg−1βg(hD) for
all h ∈G, f ∈ F ).

Let us now turn to various examples of homogeneous actions.

4a. Flows on tori. The simplest example of a homogeneous action is, of course, the
rectilinear flow(Tn,Rv) on then-torusTn = Rn/Zn, wherev ∈ Rn. HereG= Rn, D =
Zn andF = Rv is a one-parameter subgroup ofG. Kronecker’s criterion for the flow to
be ergodic is that the coordinates ofv are linearly independent overQ. The proof easily
follows from considering the Fourier series onTn. We prefer somewhat more general way
of proving ergodicity.

Let f ∈ L2(Tn) be anF -invariant function. Then Stab(f ) contains bothF and Zn,
and by Lemma 1.1.4 it should contain the closureA= FZn. But one knows thatA= Rn

provided the coordinates ofv are independent overQ.
Moreover, letµ ∈P(Tn) be anyF -invariant probability measure. Then by Lemma 1.1.3,

Stab(µ)⊃ A= FZn. It follows that the rectilinear flow is uniquely ergodic whenever it is
ergodic.

If it is not ergodic then one easily checks that the smooth partition ofTn into closed
A-orbits defines the ergodic decomposition. All the ergodic components are homogeneous
subspaces (subtori ofTn) of the same dimension.

4b. Flows on Euclidean manifolds.Now let G = gR � R2 be the Euclidean 3-dimen-
sional group from §1.1b with the centerZ(G) = g2πZ. ThenG is diffeomorphic to the
3-spaceG∗ =R×R2 via the bijection

ϕ(gtx)= t × x, t ∈R, x = (x1, x2) ∈R2.

One easily checks thatD = g2πZ × Z2 is a lattice inG. The bijectionϕ establishes
diffeomorphism betweenG/D and the 3-torusG∗/D∗, whereD∗ = ϕ(D)= (2πZ)×Z2.
Moreover, it induces an isomorphism (both smooth and measure-theoretic) between
(G/D,gR) and(G∗/D∗,R). All the orbits of the latter are periodic and hence the flows
are not ergodic.

Any one-parameter subgroup ofG either lies in the nilradicalR2 ⊂ G or is conjugate
to gR. HenceG/D admits no ergodic homogeneous flows.
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Clearly, the same holds if one replacesD with D1 = gπZ � Z2. ThenD is of index
2 in D1 andG/D1 is two-fold covered by the 3-torusG∗/D∗. Again, all orbits of the
flow (G/D1, gR) are periodic and the partition ofG/D1 into orbits forms the ergodic
decomposition. One can check that (unlike the previous case) the partition is not a smooth
bundle ofG/D1 (see [222] or [237]).

Now takeD2= aZ×Z2, wherea = g2π × (
√

2,0). Thenϕ establishes an isomorphism
between(G/D2, gR) and the rectilinear flow(G∗/ϕ(D2),R). The latter is not ergodic
and its ergodic components are 2-dimensional subtori. Hence ergodic components for
(G/D2, gR) are smooth 2-dimensional submanifolds inG/D2. The manifolds are not
homogeneous subspaces ofG/D2 (the reason is thatϕ is not a group isomorphism).

One can get an impression that no homogeneous space ofG admits an ergodic
homogeneous flow. However, givenD3= bZ×Z2, whereb= g2π × (

√
2,
√

3), one easily
checks that the flow(G/D3, gR) is ergodic.

4c. Suspensions of toral automorphisms.Our next few examples come from the
following construction. LetG/D be a homogeneous space of a connected simply
connected Lie groupG. Denote by Aut(G,D) the group of all automorphisms ofG
keeping the isotropy subgroupD ⊂ G invariant. Then anyσ ∈ Aut(G,D) defines an
automorphism̃σ of G/D via σ̃ (gD)= σ(g)D.

Since Aut(G) is an algebraic group, some power ofσ (say,σn) embeds into a one-
parameter subgroupgR ⊂ Aut(G). Now takeG′ = gR �G andD′ = σnZ �D. Then the
flow (G′/D′, gR) is the suspension of the automorphismσ̃ n.

Hence the dynamics of̃σ can be studied via the flow(G′/D′, gR) and vice versa. One
may note thatgR andG′ are not defined uniquely (there may exist countably many one-
parameter subgroupsgR containingσn and one can get a countable number of pairwise
nonisomorphic groupsG′).

EXAMPLE 1.4.1. Takeσ = ( 2 1
1 1

) ∈ Aut(R2,Z2). Thenσ is diagonalizable and hence

there exists a one-parameter subgroupgR ⊂ SL(2,R) such thatσ = g1. NowG′ = gR �R2

is a solvable triangular Lie group with a latticeD′ = σZ � Z2. The flow(G′/D′, gR) is the
suspension of the Anosov automorphismσ̃ of the 2-torusR2/Z2 (hence(G′/D′, gR) is an
Anosov nonmixing flow). In particular, apart from everywhere dense and periodic orbits,
the flow has orbits whose closures are not locally connected (and may have fractional
Hausdorff dimension). Apart from the Haar measure and ergodic measures supported on
periodic orbits, the flow has a lot of other ergodic measures (singular to the Haar measure).

More generally, takeσ ∈ SL(n,Z). Thenσ̃ is an automorphism of then-torusTn. Using
Fourier series one can prove the thatσ̃ is ergodic iff it is weakly mixing, and the ergodicity
criterion is thatσ ∈ SL(n,Z) has no roots of 1 as eigenvalues (but may have eigenvalues of
absolute value 1). Rokhlin proved that any ergodicσ̃ is a K-automorphism; the strongest
result is that theñσ is isomorphic to a Bernoulli shift (Katznelson [110]). The conclusion
is as follows:

THEOREM 1.4.2. For σ ∈ SL(n,Z), the following conditions are equivalent:
(1) the automorphism̃σ is ergodic;
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(2) σ̃ is Bernoullian;
(3) σ has no roots of1 as eigenvalues.

4d. Examples of nilflows. Let H = N(3) be the 3-dimensional Heisenberg group of
strictly upper-triangular matrices with the latticeΓ = H(Z). Let F ⊂ H be the normal
subgroup of matrices(1 a b

0 1 0
0 0 1

)
.

Any one-parameter subgroup ofH is of the form

gt =
(1 α1t α2t + α1α3

2 t2

0 1 α3t

0 0 1

)
for someα1, α2, α3 ∈R.

Assume thatgR �⊂ F , i.e.,α3 �= 0. Then the flow(H/Γ,gR) is the suspension of the skew
shift5 A on the 2-torusT2= F/Γ ∩ F , where

A(a,b)= (a + β1, b− a + β2− β1/2), β1= α1/α3, β2= α2/α3.

One can use the following number-theoretic result to prove that all orbits ofA are
uniformly distributed inT2 and henceA is uniquely ergodic providedβ1 is irrational.

THEOREM 1.4.3 (Weyl). Let p(t) = a0t
n + · · · + an−1t + an be a polynomial, where at

least one of the coefficientsa0, . . . , an−1 is irrational. Then the sequence{p(n)mod1|
n ∈ Z} is uniformly distributed in[0,1].

One derives from here that the nilflow(H/Γ,gR) is ergodic and uniquely ergodic
providedgR is in general position (i.e.,α1 andα3 are independent overQ); clearly, this is
equivalent to the ergodicity on the maximal toral quotientH/Γ [H,H ].

4e. Geodesic and horocycle flows.Consider now flows on theleft homogeneous space
Γ \G, whereG = PSL(2,R) andΓ is a discrete subgroup ofG (see §1.3c). First let us
look at the geodesic flow{γt } onSH2, which arises if one moves with unit speed along the
geodesic line inH2 defined by a pair(z, v) ∈ SH2 (i.e., throughz ∈H2 in the direction of
v ∈ SzH2). Fix the unit vertical vectorw = (0,1) at the pointi ∈H2. It is easy to check that
the curve{γt(i)= i et | t ∈R} is the geodesic line inH2 issued from i in the direction ofw.
Since any isometry sends geodesic line to a geodesic line and PSL(2,R) acts transitively
onSH2, all the geodesics are of the form{fg(i et )}.

Let

At =
(

et/2 0
0 e−t/2

)
, Ht =

(
1 0
t 1

)
, Ut =

(
1 t

0 1

)
.

5An affine automorphism ofT2, i.e., a composition of an automorphism and a translation.
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Then i et = fAt (i) and hence any geodesic line is of the formfgAt (i). It follows that
γt (z, v)= dfgAt (i,w), where dfg(i,w)= (z, v), and the geodesic flow corresponds to the
right action ofAR onG.

Note that subgroupsAR,UR,HR ⊂G are related as follows:

A−tUsAt =Ue−t s , A−tHsAt =Het s

and hence rightUR-orbits onG form the contracting foliation for the rightAR-action
relative to the left-invariant metric onG (whileHR-orbits form the expanding foliation).

The curves{dfgUt (i,w)} ⊂ SH2 are called the contracting horocycles. The flow{ut } on
SH2 along the horocycles corresponds to the rightUR-action onG. Similarly, the curves
{dfgHt (i,w)} ⊂ SH2 are orbits of the expanding horocycle flow{ht } onSH2.

Now recall thatΓ \SH2= Γ \G, whereΓ is a discrete torsion-free subgroup ofG, can
be realized as the unit tangent bundleSM to the surfaceM = Γ \H2 = Γ \G/PSO(2).
The flows{γt}, {ut }, {ht } onSH2 generate flows onSM called the geodesic, contracting
horocycle and expanding horocycle flows respectively. They are nothing else but the
homogeneous flows(Γ \G,AR), (Γ \G,UR) and(Γ \G,HR).

It is a fact that two surfacesM1 = Γ1\H2 andM2 = Γ2\H2 of constant curvature
−1 are isometric iffΓ1 andΓ2 are conjugate inG. On the other hand,M1 andM2 are
diffeomorphic iffΓ1 andΓ2 are isomorphic.

Suppose thatM = Γ \H2 is of finite area. Then the geodesic flow onSM is well known
to be ergodic (Hopf [99]) and mixing (Hedlund [96]). Moreover, it has Lebesgue spectrum
of infinite multiplicity (Gelfand and Fomin [87]) and is a K-flow (Sinai [210]). All these
results follow from a general theory of Anosov flows [4]. The strongest result from the
ergodic point of view is that it is a Bernoullian flow (Ornstein and Weiss [169]).

Like any Anosov action (see Example 1.4.1)), the geodesic flow possesses many types of
orbits and ergodic measures. Apart from everywhere dense and periodic orbits, it has orbit
closures which are not locally connected (this concerns, for instance, Morse minimal sets
obtained by means of symbolic dynamics [89]) and have fractional Hausdorff dimension.
According to Sinai [212] and Bowen [32], it has uncountably many ergodic probability
measures; both positive on open sets but singular to the Haar measure and those supported
on nonsmooth invariant subsets.

The horocycle flow (bothut andht ) is also ergodic (Hedlund [96]) and has Lebesgue
spectrum of infinite multiplicity (Parasyuk [170]). According to Marcus [130], it is mixing
of all degrees. Unlike the geodesic flow, it has zero entropy (Gurevich [92] for compact
case and Dani [42] for general case). IfM is compact then the horocycle flow is minimal
(Hedlund [95]) and uniquely ergodic (Furstenberg [84]). In the noncompact case every
orbit is either dense or periodic (Hedlund [95]); apart from the Haar measure, all ergodic
invariant measures are the length measures on periodic orbits (Dani and Smillie [68]).

4f. Geodesic flows on locally symmetric spaces.The geodesic flow on a surface of
constant negative curvature is a special case of those on locally symmetric Riemannian
spaces (see §1.3e). To present the general construction we need to generalize somehow
the concept of a homogeneous flow. LetgR be a subgroup ofG andC ⊂ G a compact
subgroup which commutes withgR. Then the left action ofgR on a double coset space
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C\G/D is well defined and called aninfra-homogeneous flow. Similarly one can talk
about right infra-homogeneous actions, such as the right action ofgR on a double coset
spaceD\G/C.

Now let G, Γ andC be as in §1.3e. The left action ofG on X = G/C induces an
action on the unit tangent bundleSX overX. Observe that the tangent space to the identity
coseteC of X =G/C is isomorphic to the orthogonal complementp ⊂ g to c= Lie(C).
Fix a Cartan subalgebraa of p, and letC be a positive Weyl chamber relative to a fixed
ordering of the root system of the pair(g,a). Denote byC1 the set of vectors inC with
norm one; it can be identified with a subset ofTeC(G/C), and one can prove its closure
#C to be afundamental setfor theG-action onSX; that is, everyG-orbit intersects the
set {(eC,a) | a ∈ #C} exactly once. In particular, the action ofG on SX is transitive iff
rankRG = 1 (then#C consists of just one vector). In the latter case,SX = G/C1, where
C1⊂ C is the isotropy subgroup of a unit tangent vector at the pointC ∈G/C.

Now let M = Γ \G/C be a locally symmetric Riemannian manifold of nonpositive
curvature and of finite volume, and{γt } the geodesic flow on the unit tangent bundle
SM overM. ThenSM breaks into closed invariant manifolds and the restriction of the
geodesic flow onto each of them is isomorphic to an infra-homogeneous flow of the form
(Γ \G/Ca,exp(Ra)), wherea ∈ #C andCa ⊂ C is the centralizer ofa in C. If rankRG= 1
then the geodesic flow is Anosov and hence ergodic. If rankRG > 1 then the partition
is nontrivial and hence the flow is not ergodic; however, one can show that the flow is
ergodic being restricted to any of the components providedG is totally noncompact andΓ
irreducible (in essence this was shown by Mautner [153]).

4g. Actions on the space of lattices.Finally let us mention the (important for number-
theoretic applications) action of SL(k,R) and its subgroups on the spaceΩk of lattices
in Rk considered in §1.3d. As a sneak preview of Section 5, consider a model number-
theoretic situation when these actions arise. LetQ(x) be a homogeneous polynomial ink
variables (for example a quadratic form), and suppose that one wants to study nonzero
integer vectorsx such that the valueQ(x) is small. LetHQ be the stabilizer ofQ in
SL(k,R), that is,

HQ =
{
g ∈ SL(k,R) |Q(gx)=Q(x) for all x ∈Rk

}
.

Then one can state the following elementary

LEMMA 1.4.4. There exists a sequence of nonzero integer vectorsxn such thatQ(xn)→ 0
iff there exists a sequencehn ∈HQ such thatδ(hnZk)→ 0.

The latter condition, in view of Mahler’s criterion, amounts to the orbitHQZk being
unbounded inΩk . This gives a special number-theoretic importance to studying long-term
behavior of various trajectories onΩk . See §§5.2c, 5.1a and Section 5.3 for details and
specific examples.
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2. Ergodic properties of flows on homogeneous spaces

Here we expose ergodic properties of a homogeneous flow(G/D,gR) with respect to
a finite Haar measure onG/D. The subject is very well understood by now, and most
problems have been solved already by the end of 1980s. This includes, for instance, criteria
for ergodicity, mixing and K-property, calculating of spectrum, construction of ergodic
decomposition, etc. We refer the reader to [3] for basic notions and constructions of ergodic
theory.

To formulate the results, we need to introduce certain subgroups ofG associated togR.
First in Section 2.1, in addition to horospherical subgroupsG+ andG−, we define the
neutral subgroupQ ofG. Orbits of these groups onG/D form, respectively, the expanding,
contracting, and neutral foliation for the flow(G/D,gR). Next we define normal subgroups
A⊂ J ⊂M associated withgR: those of Auslander, Dani, and Moore, respectively. They
are related to important features of the flow such as partial hyperbolicity, distality and
uniform continuity.

In Section 2.2 we discuss ergodicity and mixing criteria studying nilpotent, solvable,
and semisimple cases separately. The general situation reduces to solvable and semisimple
ones.

Spectrum calculation, multiple mixing, and K-property are discussed in Section 2.3.
Such phenomenon as exponential mixing proved to be highly helpful in many applications;
here the results are also almost definitive.

In Section 2.4 we construct explicitly the ergodic decomposition and reduce the study
of homogeneous flows to ergodic case.

Related subjects such as topological rigidity, first cohomology group, and time changes
are discussed in Section 2.5. Unlike the ergodic properties, cohomological questions are
much less studied and here many interesting problems remain open.

To conclude, in Section 2.6 we show that in the case vol(G/D)=∞ the situation gets
much more complicated. Whereas the case of solvable Lie groupG presents no problems,
ergodic properties in the semisimple case are related to delicate problems in the theory of
Fuchsian and Kleinian groups.

2.1. The Mautner phenomenon, entropy and K-property

Let (G/D,F) be a homogeneous action, whereD is a quasi-lattice in a connected simply
connected Lie groupG. First we consider the simplest case: the acting subgroupF is
normal inG. Then orbit closures of the action(G/D,F) define a smoothG/D-bundle
over the spaceG/FD. It turns out that this bundle defines the ergodic decomposition for
the action relative to the Haar probability measure onG/D [43,155]:

LEMMA 2.1.1. Let F be a normal subgroup ofG and vol(G/D) < ∞. Then the
measurable hull of partition ofG/D into F -orbits coincides(mod 0) with the smooth
partition ofG/D into closed homogeneous subspacesgFD, g ∈G. The space

Fix(F )= {
f ∈ L2(G/D) | f (hx)= f (x), h ∈ F, x ∈G/D}
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is isomorphic to the spaceL2(G/FD).

1a. Subgroups associated to an elementg ∈G. Let us consider the linear operator Adg
on the spacegC = g

⊗
R C and decompose the latter intogeneralized root spaces

g
λ
C

def= {
x ∈ gC | ∃n such that(Adg−λ Id)nx = 0

}
.

If gλ
C
�= 0 thenλ is said to be aneigenvalueof the operator Adg ; the number dimC gλ

C
is

called themultiplicity of λ.
Let Σ be the collection of eigenvalues. Note thatλ ∈ Σ ⇔ λ ∈Σ . Since Adg[x, y] =

[Adg x,Adg y], it follows that[gλ
C
,gθ

C
] ⊂ gλθ

C
. If λ ∈ R definegλ = gλ

C
∩ g, otherwise put

gλ = gλ = (gλ
C
+ gλ

C
)∩ g. One gets the decompositiong=∑

λ∈Σ gλ into the sum of Adg-
invariant subspaces. Now define three subalgebras

g+ =
∑
|λ|>1

gλ, g0=
∑
|λ|=1

gλ, g− =
∑
|λ|<1

gλ.

It is easily seen thatg+ andg− are nilpotent andg0 normalizes bothg+ andg−.
Let G+, Q, G− be the connected subgroups ofG corresponding to the subalgebras

g+, g0, g−. One can check thatG+ andG− are none other than the expanding and
contracting horospherical subgroups ofG defined in §1.1a. The subgroupQ is called
neutral.

We also consider the subgroupA⊂G generated byG+ andG−. It is easily seen to be
normal inG. We call it theAuslander subgroup6 associated withg ∈G.

Clearly,A is nontrivial iff g is a partially hyperbolic element ofG. In other words,A is
the smallest normal subgroup ofG such that the elementgA ∈ G/A is quasi-unipotent
in G/A.

Now letG = L � R be the Levi decomposition ofG. TheDani subgroupassociated
with g ∈G is the smallest normal subgroupJ ⊂G such thatgJ ∈G/J is quasi-unipotent
in G/J andgJR is semisimple inG/JR.

Finally, theMoore subgroup7 associated withg ∈ G is the smallest normal subgroup
M ⊂G such thatgM is both quasi-unipotent and semisimple inG/M.

Clearly,A⊂ J ⊂M. If G is nilpotent thenA= J = {e} andM is the smallest normal
subgroup inG such thatg projects to a central element inG/M. If G is solvable then
A= J ⊂M ⊂ N , the latter being the nilradical ofG. If G is semisimple thenJ =M. If
G is simple and has a finite center thenM is trivial iff g belongs to a compact subgroup
of G; otherwiseM =G.

1b. Auslander normal subgroup, K-property and entropy.The Auslander, Dani and
Moore subgroups for a one-parameter subgroupgR are defined relative to any nontrivial

6It was introduced in [8] under the name of the unstable normal subgroup.
7Originally in [156] it was called the Ad-compact normal subgroup. Sometimes it is also called the Mautner

subgroup.
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elementgt , t �= 0. They prove to be helpful in understanding the dynamics of the flow
(G/D,gR).

Let dG be a right-invariant metric onG which induces Riemannian metric onG/D. For
anyu ∈G− one has

dG(gt , gtu)= dG(1, gtug−t )→ 0, t→+∞,

and hence the orbitsG−hD ⊂ G/D, h ∈G, form the contracting foliation8 of G/D for
the flow(G/D,gR); the expanding one is given byG+-orbits onG/D.

For example, given the diagonal subgroupAR in the Lie groupG= SL(2,R), one has
G+ =UR andG− =HR (see §1.4e for the notations).9

If the subgroupg ∈ G is partially hyperbolic then both foliations are nontrivial (since
Haar measure onG/D is finite andG-invariant), and hence the entropy of the flow
(G/D,gR) is positive. What is important to keep in mind is that homogeneous partially
hyperbolic flows (G/D,gR) are uniformly partially hyperbolic (moreover, Lyapunov
exponents are constant on all the spaceG/D).

If gR ∈ G is quasi-unipotent then the rate of divergence of close orbits for the flow
(G/D,gR) is clearly at most polynomial. A general result of Kushnirenko [123] implies
that the entropy of the action is trivial.10 It follows from Lemma 2.1.1 that the Pinsker
partition (see [3]) for the flow (G/D,gR) is given by homogeneous subspaceshAD,
h ∈G. Hence the following criterion holds ([41,42]):

THEOREM 2.1.2. LetD be a quasi-lattice inG. Then the entropy of a flow(G/D,gR)

is positive iffgR is a partially hyperbolic subgroup. The flow has K-property iffG= AD,
whereA is the Auslander normal subgroup forgR.

Now we state the entropy formula for homogeneous flows.

THEOREM 2.1.3. Let D be a quasi-lattice inG. Then the entropyh(g1) of the flow
(G/D,gR) relative to the Haar probability measure is estimated as

h(g1)�
∑
|λi |>1

mi log|λi |,

where λ1, . . . , λn are the eigenvalues of the operatorAdg1 on g with corresponding
multiplicitiesm1, . . . ,mn. Moreover, ifD is a uniform lattice inG then the equality holds.

The entropy formula forD being a uniform lattice was proved by Bowen [31] and
follows from a general Pesin formula relating entropy of a smooth dynamical system with

8No doubt that the foliation ofG/D into G−-orbits is smooth providedD is a discrete subgroup. A priori in
the general case the dimension of the orbits may vary. But it is constant if vol(G/D) <∞; see [228].

9Notice that the leftUR-orbits onG/D form theexpandingfoliation relative to the leftAR-action, unlike the
situation in §1.4e where the subgroups involved act onD\G on the right.
10The entropy estimate of [123] was proved for diffeomorphisms ofcompactmanifolds. In the case ofG/D

being noncompact but of finite volume the necessary details are given in [42].
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Lyapunov exponents. Most probably the same formula holds for any latticeD ⊂ G; for
instance, it was proved in [147] for R-diagonalizable subgroupsgR ⊂ G. The estimate
from above forD being a quasi-lattice may be obtained using Theorem 2.4.1 below.

The connection between homogeneous flows and automorphisms of homogeneous
spaces described in §1.4c provides an entropy formula for the latter. Namely, ifσ ∈
Aut(G,D) whereD is a uniform lattice inG, then the entropyh(σ̃ ) of the automorphism
σ̃ of G/D is given by the same formula:h(σ̃ )=∑

|λi |>1mi log|λi |, whereλ1, . . . , λn are
the eigenvalues of the differentialdσ on g with corresponding multiplicitiesm1, . . . ,mn.
For toral automorphisms it was first proved by Sinai [209] and for those of nilmanifolds by
Parry [171].

1c. Dani normal subgroup and the distal property.We have seen that taking the quotient
flow (G/AD,gR) kills both (partial) hyperbolicity and entropy of the flow(G/D,gR).
Now we turn to the Dani normal subgroupJ ⊂G.

It is well known (see [9]) that any homogeneous flow onG/D is distal11 wheneverG is
nilpotent. On the other hand, ifG is semisimple and the unipotent part of a subgroupgR

of G is nontrivial then the flow(G/D,gR) is not distal. From here one can deduce that the
flow (G/D,gR) is distal iff the Dani normal subgroup forgR is trivial. In other words, the
quotient flow(G/JD,gR) is the maximal distal (homogeneous) quotient of the original
flow.

Later in §2.1f we will see that the Dani normal subgroup plays an important role in
constructing the ergodic decomposition for homogeneous actions.

1d. Moore normal subgroup and the Mautner phenomenon.Let ρ be the regular unitary
representation ofG on the spaceL2(G/D). If the flow (G/D,gR) is ergodic then every
gR-fixed functionf ∈L2(G/D) should be constant, i.e.,G-fixed. Clearly, it is important to
know which subgroup ofG keeps fixed everygR-fixed element ofL2(G/D). The answer
is given by the following result called theMautner phenomenonfor unitary representations
due to Moore [156]:

THEOREM 2.1.4. Let π be a continuous unitary representation of Lie groupG on a
Hilbert spaceH. LetM ⊂ G be the Moore normal subgroup for a subgroupgR ⊂ G.
Thenπ(M)v = v wheneverπ(gR)v = v, v ∈H.

The same result clearly holds if one replacesgR with any subgroupF ⊂G and takes the
Moore normal subgroupM =M(F) generated by Moore normal subgroups for elements
g ∈ F .

An elementary proof (not involving representation theory) of the theorem was sketched
by Margulis in [142]; for details see [13,237].

It is very easy to demonstrate thatπ(A)v = v wheneverπ(gR)v = v (this was observed
by Mautner [153]). In fact, takeh ∈G−. Then(

π(h)v, v
) = (

π(gthg−t )π(gt )v,π(gt )v
)

11Recall that a continuous flow(X,ϕt ) on a metric space is calleddistal if for eachx,y ∈X, x �= y, there exists
ε > 0 such thatd(ϕt x,ϕt y) > ε for all t ∈R.



hass v.2002/01/24 Prn:31/01/2002; 15:11 F:HASS11.tex; VTEX/ELE p. 26

26 D. Kleinbock et al.

= (
π(gthg−t )v, v

)→ (v, v), t→+∞,

and hence(π(h)v, v) = (v, v). Since π is unitary it follows thatπ(h)v = v. Then
π(G−)v = v and similarlyπ(G+)v = v; henceπ(A)v = v.

1e. Ergodicity and weak mixing. Now we can give a criterion for the flow(G/D,gR)

to be ergodic. Suppose thatρ(gR)f ≡ f for somef ∈ L2(G/D). Thenρ(M)f ≡ f and
hencef is constant on almost all leavesgMD ⊂G/D. Lemma 2.1.1 implies thatf defines
an elementf̄ ∈ L2(G/MD). We derived the following ([30]):

THEOREM 2.1.5. The flow (G/D,gR) is ergodic if and only if the quotient flow
(G/MD,gR) is ergodic.

Suppose that the Moore normal subgroup forgR is trivial. This means that the subgroup
AdgR

⊂ Aut(g) is relatively compact. Hence there exists aG-right-invariant metric onG
which isgR-left-invariant. Relative to the induced metric onG/D the flow (G/D,gR) is
isometric (and uniformly continuous relative to the metric induced by any otherG-right-
invariant metric onG). But an isometric flow is ergodic iff it is minimal.

It follows that given an arbitrary subgroupgR ⊂ G, the quotient flow(G/MD,gR) is
ergodic iff it is minimal.

COROLLARY 2.1.6. The flow(G/D,gR) is ergodic iff it is topologically transitive.

On the contrary, if the flow(G/D,gR) is uniformly continuous andD ⊂G is a quasi-
lattice then the Moore subgroup ofgR is trivial. It follows that in the general case the
quotient flow(G/MD,gR) is the maximal uniformly continuous (homogeneous) quotient
of the original flow.

Analogously to Theorem 2.1.5 one proves the following criterion ([30]):

THEOREM 2.1.7. The flow(G/D,gR) is weakly mixing iffG=MD.

1f. Ergodic decomposition into invariant submanifolds.Since the quotient flow(G/MD,
gR) is uniformly continuous, it follows that its orbit closures are compact minimal sets (in
fact, they are diffeomorphic to tori). The partition ofG/MD into these minimal sets forms
the ergodic decomposition for the quotient action. Now using Theorem 2.1.4 one easily
derives that the partitioñE of G/D into closed submanifolds̃Eh(gR)= gRMhD ⊂G/D
forms the ergodic decompositioñE of the original flow(G/D,gR) with respect to the
Haar probability measureν. One can prove (see [226]) that every submanifold̃Eh(gR) is
equipped with a smoothgRM-invariant measurẽνh such that dν = ∫

Ẽ dν̃h.
On the other hand, the quotient flow(G/JD,gR) is distal. By Ellis’ theorem (cf. [9])

any distal topologically transitive flow on a compact manifold is minimal. Hence orbit
closures of the flow(G/JD,gR) are also minimal sets (in fact, they are diffeomorphic to
nilmanifolds) which form the ergodic decomposition for the quotient flow. It follows that
the partitionE of G/D into closed submanifoldsEh(gR) = gRJhD ⊂ G/D also forms
the ergodic decompositionE of the original flow(G/D,gR).
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Moreover, unlikẽEh(gR), the flow onEh(gR) is always ergodic with respect to a smooth
gRJ -invariant measureνh (this is so because the Dani normal subgroup ofgR in the Lie
groupgRJ is againJ ) such that dν = ∫

E
dνh.

Clearly, partitionE is a refinement ofẼ and since the ergodic decomposition is
defined uniquely(mod 0), it follows that the components ofE and Ẽ coincide almost
everywhere. In §2.4a we will see that the components are covered (together with flows) by
homogeneous spaces of finite volume.

2.2. Ergodicity and mixing criteria

2a. Nilpotent case. Let Γ be a lattice in anilpotent Lie groupG. Clearly, given any
subgroupgR ⊂ G its Moore normal subgroupM lies in [G,G] and gRM is normal
in G. If G= gR[G,G]Γ , thenG contains no proper subgroupH ⊂G such thatgR ⊂H
and the productHΓ is closed (otherwise the productH [G,G]Γ is closed and hence
G = H [G,G] = H ). It follows thatG = gRMΓ and we have proved Green’s ergodicity
criterion [9] for nilflows:

THEOREM2.2.1. A nilflow(G/Γ,gR) is ergodic iff the quotient flow on the maximal toral
quotient(G/[G,G]Γ,gR) is ergodic.

Note that the image ofgR in G′ =G/(MΓ )0 is a central subgroup ofG′ and hence it
can act ergodically onG/MΓ only if G′ is Abelian; hence(MΓ )0= [G,G].

Since all nilflows are distal, it follows from Ellis’ theorem (see [9]) that any ergodic
nilflow is minimal (Auslander [9]). A stronger result due to Furstenberg [82] is as follows.

THEOREM 2.2.2. An ergodic nilflow(G/Γ,gR) is uniquely ergodic(hence all its orbits
are uniformly distributed).

Applying this result to a special nilpotent group one can derive Weyl’s Theorem 1.4.3
on uniform distribution (see [9,82,237]).

By an induction argument and Theorems 2.2.1, 2.2.2 one easily derives (cf. [222]) the
following:12

THEOREM 2.2.3. H1 = (gRΓ )
0 is a subgroup ofG and the action(H1/Γ ∩ H1, gR) is

minimal and uniquely ergodic.

Hence the ergodic decomposition for the nilflow(G/Γ,gR) is the partition into closed
orbitsEs(gR)= sHsΓ , whereHs = (s−1gRsΓ )

0. One can show that the components may
be of different dimension and hence the ergodic decomposition may not form a smooth
bundle (even for the Heisenberg group).

12This incidentally proves topological and measure conjectures of Raghunathan and Dani (to be discussed in
Section 3) for the class of nilflows.
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On the other hand, the groupH = (gRMΓ )
0 is normal inN and hencẽEs(gR) =

gRMsΓ = sHΓ for all s ∈ N . It follows thatẼ is the homogeneous bundle ofG/Γ over
G/HΓ .

2b. Solvable case. Let (G/D,gR) be a flow on asolvmanifold. Recall that any compact
solvmanifold admits a unique maximal Euclidean quotientG/P , whereP ⊂G is a closed
subgroup containingD (actuallyP =HD, whereH ⊂G is the smallest normal subgroup
such thatG/H is a Euclidean Lie group). The following result of Brezin and Moore [30]
reduces the ergodicity criterion for homogeneous flows on solvmanifolds to those on
Euclidean manifolds.

THEOREM 2.2.4. A homogeneous flow(G/D,gR) on a compact solvmanifold is ergodic
iff its maximal Euclidean quotient flow(G/P,gR) is such.

Clearly, if G is nilpotent then the maximal toral quotientG/D[G,G] is the maxi-
mal Euclidean one. Hence this theorem generalizes Green’s ergodicity criterion (Theo-
rem 2.2.1).

Now letD be a quasi-lattice in a simply connectedEuclideanLie groupG= A� Rn,
where the Abelian groupA acts with discrete kernel on the nilradicalRn in such a way
that Ad(A) = T ⊂ GL(n,R) = Aut(Rn) is a torus. Actions ofT andA on Rn commute
and hence one can define the groupG∗ = (T ×A)� Rn. Note thatG∗ = T �W , where
W =∆×Rn is the nilradical ofG∗ and∆= {(Ad(a), a−1) ∈ T ×A, a ∈ A} is a central
subgroup ofG∗.

If gR is a one-parameter subgroup ofG then one can assume (replacinggR with its
conjugate if necessary) that its Jordan decomposition inG∗ is such thatgt = ct × ut ,
wherecR ⊂ T anduR ⊂W . Let

p :G∗ = T �W �→ T , π :G∗ = T �W �→W

be the corresponding projections. Note that the restrictionp :G �→ T is a group
epimorphism whileπ :G �→W is only a diffeomorphism.

Using Mostow’s theorem (see §1.3a) one can prove that the imagep(D) is a finite
subgroup of the torusT . If the flow (G/D,gR) is ergodic then clearlyT = cR. Hence
T commutes withuR and one can easily prove thatπ induces smooth isomorphism of
flows

Π : (G/D ∩W,gR) �→ (W/D ∩W,uR).

Besides, one can prove that if the second flow is ergodic, thenD ⊂W andT = cR. Hence
the following holds ([30]):

THEOREM 2.2.5. A flow (G/D,gR) on a compact Euclidean manifold is ergodic iff the
rectilinear flow(W/D ∩W,uR) is ergodic. Moreover, in the case of ergodicity the flows
are smoothly isomorphic. In particular, the flow(G/D,gR) is uniquely ergodic whenever
it is ergodic.
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Note that this result is a particular case of Auslander’s theorem [7] for type-(I)
solvmanifolds. Combining Theorems 2.2.4 and 2.2.5 one gets a criterion for homogeneous
flows on solvmanifolds to be ergodic. Clearly, such a flow is never mixing (since any
solvmanifold admits a torus as a quotient space).

2c. Semisimple case.Now one can use the Mautner phenomenon (Theorem 2.1.4) to find
an ergodicity criterion for a (simply connected)semisimpleLie groupG. LetG=K × S
be the decomposition ofG into compact and totally noncompact parts, andp :G �→
K, q :G �→ S the corresponding projections. DefineH = p(D), T = p(gR)⊂K. Clearly
if the flow (G/D,gR) is ergodic, then the action of the torusT onK/H is ergodic. But
K/H has finite fundamental group and hence cannot be an orbit of aT -action. Hence
G= SD and by the Borel density theorem we derive thatD is a Zariski-dense lattice inG,
providedD is a quasi-lattice inG andG/D admits an ergodic homogeneous flow.

Suppose that the flow(G/D,gR) is ergodic, andM ⊂G is the Moore normal subgroup
for gR. The groupP = (MD)0 is normal inG, and one can consider the projection
α :G �→G′ =G/P and the quotient flow(G′/D′, g′

R
), whereD′ = α(MD), g′

R
= α(gR).

Note thatg′
R

has a trivial Moore subgroup and hence is relatively compact modulo the
centerZ(G′). But the productZ(G′)D′ is closed and hence all orbit closures of the flow
(G′/D′, g′

R
) are tori. It follows that the flow cannot be ergodic unlessG′ = 1. We have

proved the following result due to Moore [155]:

THEOREM 2.2.6. Let (G/D,gR) be a flow on a finite volume semisimple homogeneous
space, andM ⊂G the Moore normal subgroup forgR. Then the following conditions are
equivalent:

(1) the flow is ergodic;
(2) the flow is weakly mixing;
(3) G=MD.

The ergodicity criterion in the semisimple case may be made more effective in the
following way. Suppose that the flow(G/D,gR) is ergodic. ThenD is a Zariski-dense
lattice inG and one can decompose it into irreducible components:G =∏

i Gi , where
Gi ∩D is irreducibleGi for eachi and

∏
i (D ∩Gi) is of finite index inD. Let qi :G �→

Gi be the corresponding projection. Clearly, every quotient flow(Gi/qi(D), qi(gR)) is
ergodic. Sinceqi(D) is irreducible inGi , this is so iff the Moore subgroupqi(M) of qi(gR)

is nontrivial. On the contrary, if every quotient flow is ergodic thenM projects nontrivially
to any irreducible componentGi . Thus one gets the following ([155]):

COROLLARY 2.2.7. Let D be a quasi-lattice in a semisimple Lie groupG. Then the
flow (G/D,gR) is ergodic iffD is a Zariski-dense lattice inG and Ad(qi(gR)) is an
unbounded subgroup ofAd(Gi) for everyi, whereqi :G �→Gi is the projection onto the
i-th irreducible component relative toD.

2d. General case. Now let G = L � R be anarbitrary (connected simply connected)
Lie group. Letq :G �→ L be the projection ofG onto its Levi subgroupL=K × S. The
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following makes finding an ergodicity criterion for homogeneous flows onG/D much
easier (see [223,255]):

LEMMA 2.2.8. If G/D admits an ergodic one-parameter homogeneous flow, thenG =
SRD, and hence(see §1.3f) the productRD is closed.

Clearly, G/RD is the maximal semisimple quotient space ofG/D. The maximal
solvable quotient space has the formG/G∞D, whereG∞ is defined to be the minimal
normal subgroup ofG containing the Levi subgroupL.

With the help of Lemma 2.2.8 one gets the following criteria first proved by Dani [43]
for D being a lattice inG (see [223,232] in the general case):

THEOREM 2.2.9.
(1) The flow(G/D,gR) is ergodic iff so are the flows(G/RD,gR) and(G/G∞D,gR)

on the maximal semisimple and solvable quotient spaces.
(2) The flow(G/D,gR) is weakly mixing iffG= JD =MD, whereJ andM are the

Dani and Moore normal subgroups forgR respectively.
(3) If G = G∞D, then any ergodic homogeneous flow onG/D is weakly mixing;

otherwiseG/D admits no weakly mixing homogeneous flows.

Similarly to Lemma 2.2.8, one can prove the following [255]:

THEOREM 2.2.10. If G/D admits a weakly mixing one-parameter homogeneous flow,
then the radicalR of G is nilpotent andD is Zariski-dense in theAd-representation. In
particular,D is a lattice inG if it is a quasi-lattice.

The following criterion of Brezin and Moore [30] is a consequence of Theorem 2.2.4
and Theorem 2.2.9:

THEOREM 2.2.11. The flow(G/D,gR) is ergodic iff so are the flows(G/RD,gR) and
(G/P,gR) on the maximal semisimple and Euclidean quotient spaces.

Originally, this theorem was proved for so calledadmissiblespaces of finite volume.
Since then it was independently proved by many authors (cf. [259]) that any finite volume
homogeneous space is admissible.

2.3. Spectrum, Bernoullicity, multiple and exponential mixing

3a. Spectrum. The following stronger formulation of the Mautner phenomenon (Theo-
rem 2.1.4) plays a central role in calculation of spectra of homogeneous flows [156]:

THEOREM 2.3.1. Let π be a unitary representation of a Lie groupG on a Hilbert
spaceH, and letM ⊂ G be the Moore normal subgroup forgR ⊂ G. Let Fix(M) ⊂ H
be the closed subspace ofM-fixed vectors. Then the spectrum ofπ(gR) is absolutely
continuous on the orthogonal complementFix(M)⊥ of Fix(M).
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Using Theorem 2.3.1 one can derive the following general result due to Brezin and
Moore [30]:

THEOREM2.3.2. The spectrum of a homogeneous flow(G/D,gR) is the sum of a discrete
component and a Lebesgue component of infinite multiplicity.

Since any subgroupgR ⊂ G with trivial Moore subgroup induces a uniformly
continuous flow onG/D, the latter can be ergodic only ifG/D is diffeomorphic to a
torus, i.e.,G/D is a Euclidean manifold. Now mixing criterion (Theorem 2.2.9) implies
the following ([30]):

THEOREM 2.3.3. The spectrum of an ergodic homogeneous flow(G/D,gR) is discrete iff
G/D is a Euclidean manifold. It is Lebesgue of infinite multiplicity iff the flow is weakly
mixing(in which caseG/D has no nontrivial Euclidean quotients).

Let us consider several special cases of Theorem 2.3.3. IfG is a non-Abelian nilpotent
Lie group andD a lattice inG, then the spectrum of any ergodic flow onG/D is discrete on
the spaceL2(G/D[G,G]) viewed as a subspace ofL2(G/D) and is of infinite multiplicity
on its orthogonal complement (cf. §1.2a). The spectrum in this case was found by Green in
[9] using the representation theory for nilpotent Lie groups (see [237] for corrections and
[171] for an alternative proof); the multiplicity of the Lebesgue component was calculated
by Stepin [238].

In the solvable case the spectrum was found by Safonov [194]. Basically, this case
reduces to the nilpotent one via the following general result due to Sinai [211] and
Parry [171]:

THEOREM 2.3.4. Let π be the Pinsker partition for a measure-preserving flow on
a Lebesgue space(X,µ) and Fix(π) ⊂ L2(X,µ) the subspace of functions constant
alongπ . Then the spectrum is Lebesgue of infinite multiplicity onFix(π)⊥.

From here one deduces that the spectrum of a homogeneous flow(G/D,gR) is
Lebesgue of infinite multiplicity on the orthogonal complement to the subspace Fix(A)�
L2(G/AD).

Since any compact solvmanifold bundles over a torus, the discrete component of a
homogeneous flow thereon is always nontrivial.

For a semisimpleG the spectrum of ergodic flows onG/D was calculated by
Moore [155] and Stepin [239]. As follows from Theorem 2.2.6 and Theorem 2.3.2, it is
also Lebesgue of infinite multiplicity.

3b. Bernoulli property. No criterion for a homogeneous flow(G/D,gR) to be Bernoul-
lian is known in the general case. Surely, such a flow should have the K-property and
the criterion for the latter is known (see Theorem 2.1.2). The following theorem due to
Dani [40] gives a sufficient condition.
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THEOREM 2.3.5. Let gR ⊂ G be a subgroup such that the operatorAdgt is semisimple
when restricted to the neutral subalgebrag0 (see§2.1a). Then the flow(G/D,gR) is
Bernoullian whenever it is a K-flow.

It is not known whether the K-property for homogeneous flows implies the Bernoullicity.
Note that for toral automorphisms the answer is affirmative (see Theorem 1.4.2).

3c. Decay of matrix coefficients.Let L2
0(G/D) stand for the space of square-integrable

functions onG/D with zero average, andρ stand for the regular representation ofG on
L2

0(G/D). LetF be a closed subgroup ofG. Recall that the action(G/D,F) is mixing iff
given anyu,v ∈ L2

0(G/D), thematrix coefficient(ρ(g)u, v) vanishes asg→∞ in F . If
F is one-parameter thenF -action onG/D is mixing whenever it is weakly mixing (since
it has Lebesgue spectrum of infinite multiplicity).

Now assume thatG andΓ satisfy the following conditions:

G is a connected semisimple totally noncompact Lie group with

finite center, (2.1)

and

Γ is an irreducible lattice inG. (2.2)

One knows (see Theorem 2.2.6) that any unbounded subgroupgR ⊂G induces a weakly
mixing flow onG/Γ . In fact, there is a stronger result due to Howe and Moore [101] (see
[264]):

THEOREM 2.3.6. Let π be an irreducible unitary representation of a semisimple Lie
group G with finite center on a Hilbert spaceH. Then given anyu,v ∈ H, one has
(π(g)u, v)→ 0 asg→∞ in G.

In particular, one can deduce that theF -action onG/Γ is mixing if G andΓ are as in
(2.1), (2.2) andF is not relatively compact.

3d. Exponential mixing. It turns out that in many cases one can have a good control of
the rate of decay of the matrix coefficients(π(g)u, v). Namely, fix a maximal compact
subgroupC ofG, and denote byc its Lie algebra. Take an orthonormal basis{Yj } of c, and
setΥ = 1−∑

Y 2
j . ThenΥ belongs to the center of the universal enveloping algebra ofc

and acts on smooth vectors of any representation space ofG. We also fix a right-invariant
andC-bi-invariant Riemannian metricdG onG.

The following theorem was deduced by Katok and Spatzier [107] from earlier results of
Howe and Cowling (see [100] and [39]):

THEOREM 2.3.7. LetG be as in(2.1), and letΠ be a family of unitary representations of
G such that the restriction ofΠ to any simple factor ofG is isolated(in the Fell topology)
from the trivial representationIG. Then there exist constantsE > 0, l ∈N (dependent only
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onG) andα > 0 (dependent only onG andΠ ) such that for anyπ ∈Π , anyC∞-vectors
v, w in a representation space ofπ , and anyg ∈G one has∣∣(π(g)v,w)∣∣ �E e−αdG(e,g)

∥∥Υ l(v)∥∥∥∥Υ l(w)∥∥.
One can apply the above result to the action ofG onG/Γ as follows:

COROLLARY 2.3.8. LetG be as in(2.1), Γ as in(2.2), ρ as in§2.3c. Assume that

The restriction ofρ to any simple factor ofG is isolated fromIG. (2.3)

Then there existE,β > 0 and l ∈ N such that for any two compactly supported functions
ϕ,ψ ∈ C∞(G/Γ ) and anyg ∈G one has∣∣∣∣(gϕ,ψ)− ∫

ϕ

∫
ψ

∣∣∣∣ �E e−β dist(e,g)
∥∥Υ l(ϕ)∥∥∥∥Υ l(ψ)∥∥.

Condition (2.3) can be checked in the following (overlapping) cases: all simple factors
of G has property-(T) (by definition), orG is simple (see [12]), or Γ is non-uniform (the
proof in [118] is based on the results of Burger and Sarnak [35] and Vigneras [248]), and
widely believed to be true for anyG andΓ satisfying (2.1) and (2.2).

3e. Multiple mixing. Let F be a locally compact group which acts on a Lebesgue
probability space(X,µ) by measure-preserving transformations. Then the action is said
to bek-mixing if given anyk + 1 measurable subsetsA1, . . . ,Ak+1 ⊂ X and anyk + 1
sequences{gi(1)}, . . . , {gi(k + 1)} of elements inF such thatgi(l)gi(m)−1 →∞, i→
∞, for all l �=m, one has

lim
i→∞µ

(
k+1⋂
l=1

gi(l)Al

)
=
k+1∏
l=1

µ(Al).

One can check that 1-mixing for a one-parameterF is equivalent to the usual definition
of mixing.

Clearly,k-mixing implies l-mixing for all l � k. Also, if H ⊂ F is a closed subgroup
then theH -action isk-mixing whenever so is theF -action.

An old problem of Rokhlin is whether 1-mixing impliesk-mixing for all k. In the
classical case (F � R or Z) this problem is only solved under rather restrictive conditions
on the action. For instance, the answer to the Rokhlin problem is affirmative for one-
parameter measurable actions withfinite rank of approximation(Ryzhikov [193]). Also, the
K-property implies mixing of all degrees. On the other hand, Ledrappier [125] constructed
a Z2-action which is 1-mixing but not 2-mixing.

For a non-AbelianF one has the following result of Mozes [159,161]. A Lie groupF
is said to be Ad-proper if the centerZ(F) is finite and Ad(F ) = F/Z(F) is closed in
Aut(Lie(F )).
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THEOREM 2.3.9. If F is an Ad-proper Lie group then any mixing measure-preserving
F -action on a Lebesgue probability space is mixing of all degrees.

One immediately gets the following:

COROLLARY 2.3.10. If G and Γ are as in (2.1), (2.2)then theG-action onG/Γ is
mixing of all degrees.

One can derive from here the following result of Marcus [130]: if G is a semisimple Lie
group then any ergodic flow(G/D,gR) is mixing of all degrees.

Marcus conjectured in [130] that Rokhlin problem has the affirmative answer for any
one-parameter homogeneous flow(G/D,gR). This was proved by Starkov [229] reducing
the problem to the case ofgR being unipotent and then combining Ratner’s measure
theorem (Theorem 3.3.2) with joinings technique.

THEOREM 2.3.11. Any mixing homogeneous flow(G/D,gR) is mixing of all degrees.

The same result was conjectured in [229] for any action(G/D,F), whereF is a closed
connected subgroup ofG.

2.4. Ergodic decomposition

4a. Reduction to the ergodic case.As was said in §2.1f, there are two versions of an
ergodic decomposition for a homogeneous flow(G/D,gR) relative to the Haar probability
measure. The first one,̃E, is the partition into closed submanifolds̃Eh(gR)= gRMhD ⊂
G/D; the second one,E, is a refinement of̃E and consists of closed submanifolds
Eh(gR) = gRJhD. Here as alwaysJ is the Dani normal subgroup forgR, andM the
Moore subgroup. Note that components ofẼ are defined everywhere onG/D (not a.e. as in
the abstract ergodic decomposition for measure-preserving flows, cf. [3, Theorem 4.2.4]),
and they either coincide or do not intersect. The same is true forE.

If G is nilpotent thenẼ forms a homogeneous bundle ofG/D (see §2.2a). The
components ofE are also homogeneous subsets ofG/D but their dimension is not constant
everywhere (it may drop on a dense subset of zero measure). This can be generalized as
follows: if gR is a subgroup ofG such that all eigenvalues of Adgt , t > 0, are real, then
there exists a subgroupF ⊂G such that̃Eh(gR)= hFD for all h ∈G (this is so because
gR projects to a central subgroup inG/M). If the homogeneous flow(hFD,gR) is not
ergodic, one can repeat the procedure and finally find an invariant homogeneous subspace
of G/D containing the pointhD ∈G/D and such that the flow thereon is ergodic relative
to the Haar measure; one can show that this subspace is nothing else butEh(gR). Hence
all ergodic components are homogeneous subspaces ofG/D providedgR has only real
eigenvalues with respect to the Ad-representation (in particular, ifgR is R-diagonalizable
or unipotent).

The existence of nonreal eigenvalues of Adgt complicates the matters in the sense that
ergodic components need not be homogeneous. For instance, ifG is Euclidean thenE and



hass v.2002/01/24 Prn:31/01/2002; 15:11 F:HASS11.tex; VTEX/ELE p. 35

Dynamics of subgroup actions 35

Ẽ coincide and their components may not be homogeneous subsets ofG/D. However,
the restriction of the flow onto each component is smoothly isomorphic to an ergodic
rectilinear flow on a torus (see §1.4b for examples).

This is a particular case of the following general phenomenon: the restriction of the flow
onto each ergodic component is compactly covered by a homogeneous flow (see [226]).

THEOREM 2.4.1. Let G be a connected simply connected Lie group and(G/D,gR)

a homogeneous flow on a finite volume space. ThenG can be embedded as a normal
subgroup into a connected Lie groupG∗ such thatG∗/G is a torus andG∗ contains a
connected subgroupF and a one-parameter subgroupfR such that

(1) for everyh ∈G one has a smooth equivariant covering with compact leaves(
F/D ∩ F,h−1fRh

) �→ (
Ẽh(gR), gR

)
where the covering is finitely sheeted for almost allh ∈G;

(2) for everyh ∈G there exists a finitely sheeted equivariant covering(
Fh/D ∩ Fh,fR(h)

) �→ (
Eh(gR), gR

)
,

whereFh is a connected subgroup ofF , and one hasFh = F andfR(h)= h−1fRh

for almost allh ∈G;
(3) the subgroupD0 is normal inF .

This theorem implicitly states thatfR andgR have the same Moore normal subgroupM;
henceF = (hfRh−1MD)0⊂G∗ for all h ∈G.

The above theorem reduces the study of non-ergodic homogeneous flow to that of
a family of ergodic homogeneous flows on homogeneous spaces with discrete isotropy
subgroups. In particular, one has the following ([226]):

COROLLARY 2.4.2. An ergodic homogeneous flow(G/D,gR) is finitely covered by a
homogeneous flow(H/Γ,fR), whereΓ is a lattice inH .

For the proof one takesH = F/D0 andΓ =D∩F/D0, whereF is as in Theorem 2.4.1.
Corollary 2.4.2 generalizes a similar result of Auslander [6] for homogeneous flows on
solvmanifolds.

4b. Typical orbit closures. We have seen that flows oñEh(gR) are covered by
homogeneous flows on the same spaceF/D∩F , and for almost allh ∈G the covering map
is finitely sheeted. One can show that the finite fibers are the same almost everywhere and
hence almost all manifolds̃Eh(gR) are diffeomorphic to each other. Moreover, a stronger
result holds ([226]).

THEOREM 2.4.3. There exists a closed invariant subsetQ⊂G/D of zero measure such
that outsideQ the partitionẼ forms a smooth bundle.
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As an example in §1.4b shows, one cannot claim thatẼ is a smooth bundle ofG/D.
Another example comes from homogeneous flows of the form(K/T ,gR), whereK is a
compact semisimple Lie group andT a maximal torus inK.

The above theorem sharpens an earlier result of Brezin and Moore [30] that a non-
ergodic homogeneous flow admits a nonconstantC∞-smooth invariant function.

One knows that the smooth flow(Ẽh(gR), gR) is ergodic for almost allh ∈ G. On
the other hand, almost all orbits of an ergodic flow on manifold with a smooth invariant
measure are dense (Hedlund’s lemma). This allows one to deduce the following [226]:

THEOREM 2.4.4. Almost all orbit closures of a homogeneous flow(G/D,gR) on a finite
volume space are smooth manifolds. Moreover, almost all of them are diffeomorphic to the
same manifold(the typical ergodic submanifold given by Theorem2.4.3).

2.5. Topological equivalence and time change

5a. Topological equivalence.Let Γ (resp.Γ ′) be a lattice in a Lie groupG (resp.G′).
Let us say that a homeomorphismσ :G/Γ �→ G′/Γ ′ is an affine isomorphismif there
exist an epimorphismα :G �→ G′ and an elementh ∈ G′ such thatα(Γ ) = Γ ′ and
σ(gΓ )= hα(g)Γ ′ for all g ∈G.

Recall that given subgroupsgR ⊂G andg′
R
⊂G′, a homeomorphismσ :G/Γ �→G′/Γ ′

is a topological equivalenceof corresponding flows ifσ sendsgR-orbits tog′
R

-orbits. If
in additionσ is an affine isomorphism thenσ is said to be anaffine equivalenceof the
corresponding flows (one can check that then there existsc �= 0 such thatσ(gtx)= g′ct σ (x)
for all x ∈G/Γ, t ∈R).

Clearly, topological equivalence not always implies the existence of an affine equiva-
lence (even if the flows are ergodic). For example, any ergodic flow on a Euclidean mani-
foldG/Γ is smoothly isomorphic (and hence topologically equivalent) to a rectilinear flow
on a torus and the spaces involved are not affinely isomorphic unlessG is Abelian. On the
other hand, geodesic flows on homeomorphic compact surfaces of constant negative cur-
vature are always topologically equivalent, though the surfaces may not be isometric [4].

However, in a broad class of Lie groups topological equivalence does imply the existence
of an affine one. Following Benardete [14], let us demonstrate the idea on the classical case
G/Γ = G′/Γ ′ = Rn/Zn. Taking a composition of homeomorphismσ with a translation
if necessary, one may assume thatσ induces a homeomorphism̃σ of Rn/Zn such that
σ̃ (x + Zn) = σ̃ (x) + Zn, x ∈ Rn. Sinceσ̃ |Zn = s ∈ SL(n,Z), it follows that s−1σ̃ is a
homeomorphism ofRn which is identical onZn and sendsgR-orbits intos−1(g′

R
)-orbits.

SinceRn/Zn is compact, there exists ac > 0 such thatd(x, s−1σ̃ (x)) � c, x ∈ Rn. On
the other hand, any two distinct one-parameter subgroups ofRn diverge from each other.
HencegR = s−1(g′

R
) and the flows are affinely equivalent.

This way one can prove the same result provided: (a)Γ andΓ ′ are uniform lattices in
G andG′ respectively, (b) any isomorphism betweenΓ andΓ ′ can be extended to the Lie
groups involved (rigidity of lattices), (c) any two distinct one-parameter subgroups inG

diverge from each other. In fact, the uniformness of lattices is not necessary. The condition
(b) stands for rigidity of lattices and it is satisfied if bothG andG′ are triangular Lie
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groups (Saito), or bothG andG′ are semisimple and satisfy the conditions of Mostow–
Margulis–Prasad rigidity theorem (see [141]). As for the last condition, one can replace it
with ergodicity. One obtains the following result due to Benardete [14]:

THEOREM 2.5.1. Let σ : (G/Γ,gR) �→ (G′/Γ ′, g′
R
) be a topological equivalence of

ergodic flows. Assume that any one of the following conditions holds:
(1) G andG′ are simply connected triangular Lie groups.
(2) G andG′ are totally noncompact semisimple center-free Lie groups, andG contains

no normal subgroupS locally isomorphic toSL(2,R) such that the productSΓ is
closed.

Then σ is a composition of an affine equivalence and a homeomorphism ofG′/Γ ′
preservingg′

R
-orbits.

Witte [256] extended this result to homogeneous actions of multi-parameter subgroups:

THEOREM 2.5.2. Let σ : (G/Γ,F ) �→ (G′/Γ ′,F ′) be a topological equivalence of
homogeneous flows, whereF andF ′ are connected unimodular subgroups. Assume thatG

andG′ are the same as in Theorem2.5.1. Thenσ is a composition of an affine equivalence
and a homeomorphism ofG′/Γ ′ preservingF ′-orbits.

Clearly, Theorem 2.5.2 is not true forG = G′ = SL(2,R) if, for instance,F = F ′ =
D(2): if Γ andΓ ′ are uniform and isomorphic then the geodesic flows are topologically
equivalent. As it was shown in [256], the same holds forF = F ′ = SO(2) andF = F ′ =
T (2).

On the other hand, in [131] Marcus proved that horocycle flows are topologically rigid:

THEOREM 2.5.3. Let σ : (G/Γ,UR) �→ (G/Γ ′,UR) be a topological equivalence of
horocycle flows, where bothΓ andΓ ′ are uniform. Thenσ is a composition of an affine
equivalence and a homeomorphism ofG/Γ ′ preservingUR-orbits.

Having in mind Theorems 2.5.1 and 2.5.3 one can conjecture that the topological
equivalence(G/Γ,uR) �→ (G′/Γ ′, u′

R
) of two ergodic unipotent flows is always a

composition of affine equivalence and homeomorphism ofG′/Γ ′ preservingu′
R

-orbits.

5b. The first cohomology group.We have seen that under favorable conditions the
topological equivalence of flows is a composition of an affine equivalence and time change
of the second flow.

Let us consider time changes for homogeneous actions(G/Γ,F ), where F is
isomorphic toRk for somek � 1. The simplest case is thelinear time change arising
from an automorphism ofF . Clearly, any time change for(G/Γ,F ) gives one a cocycle
v :F × (G/Γ ) �→ F � Rk and the description of time changes reduces to the study of the
first cohomology group over the flow(G/Γ,F ) with values inR. Here the smoothness
class of time change defines the smoothness of the cocycle; hence one can study the first
cohomology group in the category of continuous, Hölder,C∞-smooth functions etc. For
instance, if the first cohomology grouptrivializes, i.e., every cocycle is cohomological to
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a homomorphismα :F �→ R, then any time change is equivalent (in the corresponding
category) to a linear one.

Not much is known about the first cohomology group over homogeneous flows. Let us
first consider the question for one-parameter flows. It is well known that the first continuous
(or smooth) cohomology group over a smooth flow does not trivialize if the flow has at
least two distinct periodic orbits. In other words, the family of periodic orbits presents
an obstruction to the trivialization of the first cohomology group. It is important that for
Anosov flows on compact Riemannian manifolds there are no other obstructions in the
categories of Hölder andC∞-functions (theorem of Livsiĉ, see [107]).

Surprisingly, the situation is quite different for multi-parameter Anosov flows. All
known nontrivial examples of such actions (except those arising from operations with one-
parameter Anosov flows) come from the following construction. LetC ⊂G be a compact
subgroup which commutes withF �Rk . Then an infra-homogeneous flow(C\G/Γ,F) is
said to beAnosovif F contains a partially hyperbolic elementa ∈ F for whichF -orbits on
C\G/Γ form the neutral foliation (i.e.,C × F is the neutral subgroup fora ∈G). Katok
and Spatzier studied different classes of Anosov actions (called thestandardactions) and
discovered that their first (Hölder andC∞) cohomology groups do trivialize. The common
in all the standard actions is the absence of quotient actions which degenerate to one-
parameter Anosov actions (see [107] for more details), and this is probably the criterion
for the first cohomology groups to trivialize (see [233,235] for a progress in proving this
conjecture). The most important class (of so calledWeyl chamber flows) is obtained by
takingG to be a totally noncompact semisimple Lie group with rankRG � 2, Γ ⊂ G an
irreducible lattice,F ⊂G a maximalR-diagonalizable subgroup, andC ⊂G the compact
part of the centralizer ofF in G. Note that the key role in establishing the trivialization of
the first cohomology group is played by the exponential mixing property (see §2.3d).

5c. Time changes. Now let us again consider one-parameter homogeneous flows.
Assume that the flow has no periodic orbits and, moreover, is minimal. Then the study
of time changes becomes very complicated. Partial results are known only for rectilinear
flows onT2 and for the horocycle flow on SL(2,R)/Γ .

First we describe shortly some results for the rectilinear flow(T2,Rvα) given by a vector
vα = (1, α) ∈ R2 (see [38,213,237] for more information). It turns out that the possibility
to linearize time changes depends on Diophantine properties of the rotation numberα. We
have the following result due to Kolmogorov [120]:

THEOREM 2.5.4. For almost all irrational numbersα, any positive functionτ ∈ C∞(T2)

determines a time change for the rectilinear flow(T2,Rvα) which isC∞-equivalent to a
linear scaling of time. On the other hand, there exist uncountably many irrational numbers
α for which not everyC∞-smooth time change can be linearized.

In fact, the numbersα with nontrivial time changes are those with very fast rate of
approximation by rational numbers (see §5.2a). Moreover, as was indicated in [120], there
exist irrational numberα and an analytical time change for the flow(T2,Rvα) which
determines a flow onT2 with continuous spectrum (hence the flows are not conjugate
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even via a measure-preserving transformation ofT2); earlier a similar example with a
continuous time change was constructed by von Neumann.

Finally, we mention some results related to the horocycle flow
(
G/Γ,UR

)
, whereΓ is a

uniform lattice inG= SL(2,R). Such a flow is Kakutani equivalent to a rectilinear ergodic
flow on T2 (Ratner [175]).13 On the other hand, any two ergodic rectilinear flows onT2

are Kakutani equivalent (Katok [106]). Hence given any two uniform latticesΓ1 andΓ2,
there exists a measurable time change of the horocycle flow onG/Γ1 which leads to a flow
isomorphic to the horocycle flow onG/Γ2.

On the other hand, even a mild smoothness condition preserves rigidity properties of the
horocycle flow (cf. Section 3.8). Namely, letK(G/Γ )⊂ L2(G/Γ ) be the class of positive
functionsτ such thatτ and 1/τ are bounded andτ is Hölder along the SO(2)-orbits. The
following was proved by Ratner [181]:

THEOREM 2.5.5. Let the flows(G/Γ1,U
τ1
t ) and(G/Γ2,U

τ2
t ) be obtained from horocycle

flows via time changesτi ∈ K(G/Γi), i = 1,2, where
∫
τ1 =

∫
τ2. Then any measure-

theoretic isomorphism of the flows implies conjugacy ofΓ1 and Γ2 in G (hence the
horocycle flows are also isomorphic).

It is not known whether anyC∞-smooth time change of the horocycle flow is equivalent
to a linear one. On the other hand, there are no results similar to Theorem 2.5.5 for
other unipotent ergodic flows. For instance (see [189]), is it true that isomorphism of
two flows obtained viaC∞-smooth time changes of two ergodic unipotent flows implies
isomorphism of the latter?

2.6. Flows on arbitrary homogeneous spaces

6a. Reduction to the case of discrete isotropy subgroup.Homogeneous actions on spaces
of general nature (possibly not of finite volume) are not well studied. Still, one can mention
a few results in this setting.

First, while studying one-parameter flows(G/D,gR) one can assume with no loss of
generality that the isotropy subgroupD is discrete. This is better for several reasons:
(a) considering local structure ofG/D in this case presents no difficulties; (b) the flow itself
has no fixed points and orbits of contracting/expanding subgroups form smooth foliations;
(c) a right Haar measure onG induces aG-semi-invariant smooth measureν onG/D (i.e.,
there exists a multiplicative characterχ :G→ R∗ such thatν(gX)= χ(g)ν(X), g ∈G,
X ⊂G/D) which may be helpful (note that in the general caseν is onlyG-quasi-invariant,
i.e., left translations onG/D preserve the subalgebra of sets of zero measure). One has the
following ([225]):

THEOREM 2.6.1. Given a one-parameter flow(G/D,gR), the spaceG/D is a disjoint
union of two invariant subsetsO andP such that

(1) O is open and all orbits insideO are locally closed,

13Surprisingly enough, this is not the case for the Cartesian square of the horocycle flow [176].
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(2) the closed subsetP is a disjoint union of closed invariant submanifoldsPh(gR)

such that every flow(Ph(gR), gR) is finitely covered by a homogeneous flow
(Fh/Γh,fR(h)), whereΓh is a discrete subgroup ofFh.

Clearly, the above theorem reduces the study of orbit closures and finite ergodic
measures onG/D to the case of discrete isotropy subgroup. In particular, one has the
following ([225]:

COROLLARY 2.6.2. Any topologically transitive homogeneous flow on a space of
dimension greater than1 is finitely covered by a homogeneous flow on a space with discrete
isotropy subgroup.

Here the dimension condition is put to avoid the degenerate case when the flow is both
topologically transitive and dissipative. (Example:G= SL(2,R), D = T (2), gR =D(2).)

6b. Flows on arbitrary solvmanifolds. One may note an analogy between Theorem 2.6.1
and the ergodic decomposition Theorem 2.4.1. In fact, in the case vol(G/D) <∞ the
set O is empty and ergodic submanifoldsEh(gR) play the role ofPh(gR). Clearly,
Corollary 2.6.2 generalizes Corollary 2.4.2.

Another situation when allPh(gR) are ergodic manifolds is given by the solvable case. In
this case Theorem 2.6.1 may be significantly refined and the study of homogeneous flows
onG/D may be completely reduced to the case whenD is a lattice (not just a discrete
subgroup) inG. One has the following ([224]):

THEOREM 2.6.3. Assume thatG is a solvable Lie group. Then, in the notation of
Theorem2.6.1, all submanifoldsPh(gR) are compact and the covering homogeneous
flows(Fh/Γh,fR(h)) are ergodic flows on compact solvmanifolds with discrete isotropy
subgroups.

One can also prove that any orbit insideO goes to infinity at least in one direction.
Besides, solvable flows are either dissipative (whenP is of zero Haar measure) or
conservative (whenO is empty).

6c. Geodesic and horocycle flows.As we have seen in Theorem 2.6.1, it suffices to
consider homogeneous flows of the form(G/Γ,gR), whereΓ is a discrete subgroup
of G. Unlike the solvable case, for a semisimple Lie groupG the study of one-parameter
homogeneous flows gets much more complicated and there is no hope to reduce it to the
finite volume case. This can be seen on the simplest caseG= SL(2,R).

We describe briefly some known results for the geodesic and horocycle flows onG/Γ

(whereΓ is an arbitrary discrete subgroup ofG) with respect to the Haar measure onG/Γ .
The results below come from the theory of Fuchsian groups and for more details one can
consult survey [230].

First, the geodesic flow is either dissipative or ergodic. Unlike the solvable case (where
dissipative flow possesses an open conull subset consisting entirely of locally closed
orbits), the geodesic flow may be both dissipative (in particular, almost all its orbits go
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to infinity in both directions) and topologically transitive (hence the set of dense orbits is
of the second category).

The behavior of the horocycle flow is much more sensitive to the structure of the
Fuchsian groupΓ . We assume thatΓ is non-elementary (i.e.,Γ is not almost cyclic).
Let Ω ⊂ G/Γ be the nonwandering closed set for the horocycle flow. Note thatΩ is
invariant under the geodesic flow. One knows that eitherΩ = G/Γ or Ω is a nowhere
locally connected closed noncompact set whose Hausdorff dimension is equal to 2+ δ
(whereδ is the Hausdorff dimension of the limit set ofΓ ).

Almost all orbits insideΩ are dense therein. In particular, the horocycle flow may have
orbit closures which are not submanifolds. Moreover, the setΩ can be minimal (and
noncompact). Apart from dense orbits the setΩ can contain horocycle orbits of other
types: periodic, going to infinity in both directions, locally closed but nonclosed, recurrent
but nondense inΩ , etc.

BothΩ and its complement can be of infinite measure; hence the horocycle flow can be
neither dissipative nor conservative (clearly, in this case the geodesic flow is dissipative).
On the other hand, the horocycle flow can be conservative and non-ergodic. Recently
Kaimanovich [105] proved that the horocycle flow onG/Γ is ergodic if and only if the
Borel subgroupT (2)⊂G acts ergodically.

Note that all the pathologies do not happen if the Fuchsian groupΓ ⊂ SL(2,R) is
finitely generated. However, if one proceeds toG= SO(1, n), n > 2, the situation is not
well understood even for finitely generated discrete subgroupsΓ ⊂G (cf. [166]).

This brief exposition shows how complicated can be the situation for arbitrary
homogeneous flows. Apparently, in the general case one cannot hope to find, for instance,
the ergodicity criterion or to describe even typical orbit closures. Still, some results of
general nature can be proved for any discrete subgroupΓ of Lie groupG (cf. §§3.3b, 3.3d,
4.1a, 4.3b, 4.3c).

3. Unipotent flows and applications

From the developments in last 15 years it is apparent that many questions in number theory,
more specifically those related to Diophantine analysis, can be reformulated in terms
of ergodic properties ofindividual orbits of certain flows onΩk = SL(k,R)/SL(k,Z),
the space of unimodular lattices inRk . In most of the interesting cases one encounters
a situation where the collection of trajectories, whose dynamical behavior yields useful
information for the problem at hand, has total measure zero. Therefore one is unable
to effectively use the results which are true for almost all trajectories. This is the main
reason one is interested in the study of individual trajectories. The ergodic properties
to be considered for this purpose are closures and limiting distributions of trajectories.
One also needs to understand how much ‘percentage of time’ a given trajectory spends
in a sequence of chosen neighborhoods of either the point at infinity, or a fixed lower
dimensional submanifold in the homogeneous space. To illustrate this view point we
consider the following

EXAMPLE 3.0.1. Based on an idea of Mostow the following result was proved in [67],
where the condition of ergodicity and the additional algebraic structure lead to a statement
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about density of individual orbits:LetG be a Lie group andΓ be a lattice inG. Letg ∈G
be such thatAdg is semisimple and the action ofg onG/Γ is ergodic. LetG+ be the
expanding horospherical subgroup associated tog. LetH be the subgroup generated by
G+ andg. Then everyH -orbit onG/Γ is dense.

Using this observation the following number theoretic statement was obtained by Dani
and Raghavan [67]: Let v= (v1, . . . ,vp) be ap-frame overRk with 1 � p � k − 1. Then
its orbit underSL(k,Z) is dense in the space ofp-frames overRk if and only if v is
‘irrational’ (that is, the real span of{v1, . . . ,vp} contains no nonzero rational vector).

It is well known that individual trajectories of actions of a partially hyperbolic one-
parameter subgroup on a homogeneous space can have strange behavior, see §1.4e and
§4.1a. On the other hand, by the contributions of Dani, Margulis, and Ratner, to name
a few, the behavior of individual orbits of actions of unipotent subgroups is now very
well understood. Here the two most important results are: (1) the nondivergence of a
unipotent trajectory on a finite volume homogeneous space (exposed in Section 3.1 and
Section 3.2), and (2) the homogeneity of finite ergodic invariant measures and orbit
closures of a unipotent flow (see Section 3.3, and also Section 3.5 for actions of subgroups
generated by unipotent elements). Putting together these basic results provides a powerful
tool to investigate ergodic properties of individual trajectories. For example, it can be
shown that every unipotent trajectory on a finite volume homogeneous space is uniformly
distributed with respect to a unique invariant (Haar) probability measure on a closed orbit
of a (possibly larger) subgroup (see Section 3.3 for the main result, and Section 3.6 for
refinements and generalizations). One of the aims of this section is to describe a variety
of ergodic theoretic results which were motivated by number theoretic questions and
which can be addressed using the two basic results. Those include limiting distributions
of sequences of measures (Section 3.7) and equivariant maps, joinings and factors of
unipotent flows (Section 3.8). We will also give some idea of the techniques involved in
applying the basic results, see Section 3.4. Other applications and generalizations can be
found in Section 4, see Sections 4.2, 4.3 and 4.4.

3.1. Recurrence property

The most crucial property of a one-parameter group of unipotent linear transformations,
sayρ :R �→ SL(k,R), is that its matrix coefficients, that is, the(i, j)-th entries ofρ, are
polynomials of degree at mostk − 1.

One of the first striking applications of this property was made by Margulis in 1970, see
[132], to prove the following nondivergence result:

THEOREM 3.1.1. Let G = SL(k,R), Γ = SL(k,Z), and letu be a unipotent element
of G. Then for anyΛ ∈ G/Γ , there exists a compact setK ⊂ G/Γ such that the set
{n ∈N | unΛ ∈K} is infinite.

This result was used in Margulis’ proof [133] of the arithmeticity of non-uniform
irreducible lattices in semisimple groups ofR-rank � 2. Its proof is based on a
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combinatorial inductive procedure, utilizing some observations about covolumes of
sublattices ofunZk , and also growth properties of positive valued real polynomials. Later
a quantitative version of it was obtained by Dani [45,51,55]; the statement given below
appears in [62, Proposition 1.8].

THEOREM 3.1.2. LetG be a Lie group andΓ a lattice inG. Then given a compact set
C ⊂ G/Γ and anε > 0, there exists a compact setK ⊂ G/Γ such that the following
holds: For any one-parameter unipotent subgroupuR ofG, anyx ∈C and anyT > 0,

1

T

∣∣{t ∈ [0, T ] | utx ∈K}∣∣> 1− ε,

where| · | denotes the Lebesgue measure onR.

The result was proved first forG = SL(n,R) and Γ = SL(n,Z). It was extended
for semisimple groupsG of R-rank � 2 and irreducible latticesΓ using the Margulis
Arithmeticity Theorem (Theorem 1.3.2). It was proved for semisimple groupsG of R-
rank one in [51], using the cusp structure of fundamental domains for lattices in these
groups [86]. The two results were combined to obtain the theorem for all semisimple Lie
groups. The general case follows from the fact that any finite volume homogeneous space
has a semisimple homogeneous space as an equivariant factor with compact fibers [51,55]
(see also §1.3f).

1a. Property-(D) and the Mautner phenomenon.

DEFINITION 3.1.3. A subgroupH of a Lie groupG is said to haveproperty-(D) on a
homogeneous spaceX of G if for any locally finiteH -invariant measureσ on X there
exists a countable partition ofX into H -invariant measurable subsets{Xi}i∈N such that
σ(Xi) <∞ for all i ∈N.

In particular, ifH has property-(D) onX, then every locally finiteH -invariantH -
ergodic measure onX is finite. The validity of the converse can be deduced by using the
technique of ergodic decomposition, see, e.g., [3, Theorem 4.2.4].

Combining Theorem 3.1.2 and Birkhoff’s ergodicity theorem, Dani [45] showed the
following:

COROLLARY 3.1.4. Any unipotent subgroup of a connected Lie groupG has property-(D)
on any finite volume homogeneous space ofG.

In view of the Mautner phenomenon [156] (see Theorem 2.1.4), one can show the
following [136,201]:

PROPOSITION 3.1.5. Let G be a Lie group andW be a subgroup generated by one-
parameter unipotent subgroups. Then there exists a connected unipotent subgroupU ⊂W
such that the triple(G,W,U) has the following property: for any (continuous) unitary
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representationG on a Hilbert spaceH, if a vectorv ∈ H is fixed byU thenv is fixed
byW .

In particular, if µ is a finiteG-invariant Borel measure on aG-spaceX, and if µ is
W -ergodic thenµ isU -ergodic.

It was observed by Margulis [136] that from Corollary 3.1.4 and Proposition 3.1.5 one
can deduce the following:

THEOREM 3.1.6. Let G be a Lie group, andH a subgroup ofG such thatH/H1 is
compact, whereH1 is the closed normal subgroup ofH generated by all one-parameter
unipotent subgroups contained inH . ThenH has property-(D) on any finite volume
homogeneous space ofG.

In particular, if X is a finite volume homogeneous space ofG, andx ∈ X is such that
Hx is closed, thenHx ∼=H/Hx admits a finiteH -invariant measure, whereHx denotes
the stabilizer ofx in H (cf. [174, Theorem 1.3]).

From the above result, Margulis [136] derived an alternative proof of Theorem 1.3.1. By
similar techniques one obtains the following [201, §2]:

THEOREM 3.1.7. LetG be a Lie group,Γ a lattice inG, andW a subgroup ofG which
is generated by one-parameter unipotent subgroups. Given anyx ∈ G/Γ , let H be the
smallest closed subgroup ofG containingW such that the orbitHx is closed(such a
subgroup exists). Then:

(1) H/Hx has finite volume;
(2) W acts ergodically onHx ∼=H/Hx with respect to theH -invariant measure;
(3) AdG(H)⊂ Zcl(AdG(Hx)).

The Zariski density statement in the above corollary is a consequence of Theorem 1.3.6.

1b. Compactness of minimal closed sets.The following result due to Margulis [140] can
be seen as a topological analogue of the property-(D) of unipotent flows:

THEOREM 3.1.8. LetG be a Lie group,Γ a lattice inG, andU a unipotent subgroup
ofG. Then any minimal closedU -invariant subset ofG/Γ is compact.

This result was proved by Dani and Margulis [61] for the case of one-parameter
unipotent subgroups. The proof of the general case is based on Theorem 3.1.2 and
the following compactness criterion, which was proved using some new interesting
observations about nilpotent Lie groups.

THEOREM 3.1.9. LetG be a nilpotent Lie group of finite type; that is,G/G0 is finitely
generated. Let a continuous action ofG on a locally compact spaceX be given. Suppose
that there exists a relatively compact open subsetV ⊂ X with the following properties:
(a)∀x ∈X and∀g ∈G the trajectorygNx does not tend to infinity, and(b)GV =X. Then
X is compact.
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3.2. Sharper nondivergence results

Now we will state some results which sharpen and generalize the nondivergence results of
Dani and Margulis in different directions.

2a. Quantitative sharpening. In [117] Kleinbock and Margulis affirmatively resolved
the conjectures of Baker and Sprindžuk (see §5.2e and §5.3b) by applying the following
sharpened version of Theorem 3.1.2; in order to state the results in greater generality, we
need some definitions. The results stated in this subsection appeared in [117].

DEFINITION 3.2.1. LetV ⊂Rd be open, andf ∈C(V ). ForC > 0 andα > 0, say thatf
is (C,α)-goodonV if for any open ballB ⊂ V and anyε > 0, one has

1

|B|
∣∣∣{x ∈B ∣∣ ∣∣f (x)∣∣ � ε · sup

x∈B
∣∣f (x)∣∣}∣∣∣ � Cεα,

where| · | denotes the Lebesgue measure onRd .

One can show that

PROPOSITION3.2.2. For anyk ∈ N, any real polynomialf of degree not greater thank
is (C,α)-good forC = 2k(k+ 1)1/k andα = 1/k.

A version of this result was also noted earlier in [66]. The following can be thought of
as a generalization. LetU be an open subset ofRd . Say that ann-tuplef= (f1, . . . , fn) of
Cl functions, wherefi :U→R, is nondegenerate atx ∈ U if the spaceRn is spanned by
partial derivatives off at x of order up tol.

PROPOSITION3.2.3. Let f= (f1, . . . , fn) be aCl map from an open subsetU of Rd to
Rn, and letx0 ∈U be such thatf is nondegenerate atx0. Then there exists a neighborhood
V ⊂U ofx0 andC > 0 such that any linear combination of1, f1, . . . , fn is (C,1/dl)-good
onV .

Let us say that maph :V �→ GL(k,R) is (C,α)-good if for any linearly independent
vectors{v1, . . . ,vj } ⊂Rk andw= v1∧ · · · ∧ vj , the mapx �→ ‖h(x)w‖14 is (C,α)-good.

THEOREM 3.2.4. Let d, k ∈N, C,α > 0, 0< ρ � 1, and let a ballB = B(x0, r0)⊂ Rd ,
and a (C,α)-good maph :B(x0,3kr0) �→ GL(k,R) be given. Then one of the following
conditions is satisfied:

(1) There existsx ∈ B and w = v1 ∧ · · · ∧ vj , where {vi}ji=1 ⊂ Zk are linearly
independent and1 � j � k, such that∥∥h(x)w∥∥< ρ.

14Here one fixes a norm onRk and extends it to∧jRk , 1� j � k.
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(2) For anyε < ρ,∣∣{x ∈B: δ
(
h(x)Zk) < ε

}∣∣ � kCNkd (ε/ρ
)α|B|,

whereδ is as in(1.2), andNd is a constant depending only ond .

In view of Mahler’s Compactness Criterion (Theorem 1.3.3) the following special case
of the above result sharpens Theorem 3.1.2 forG= SL(k,R) andΓ = SL(k,Z):

THEOREM 3.2.5. For any latticeΛ in Rk there exists0< ρ = δ(Λ)� 1 such that for any
one-parameter unipotent subgroupuR of SL(k,R), for anyε � ρ and anyT > 0, one has

1

T

∣∣{0< t < T | δ(utΛ) < ε
}∣∣ � Ck(ε/ρ)1/k

2
,

whereCk = 2k32k(k2+ 1)1/k
2
.

2b. Qualitative strengthening. In this section we will consider polynomial trajectories
on finite volume homogeneous spaces. We will choose a large compact set in the
homogeneous space depending only on the degree and the number of variables of
polynomial trajectories and a positiveε > 0, so that if the projection of a ‘long piece’
of a polynomial trajectory on the homogeneous space does not visit the chosen compact
set with relative probability at least 1− ε, then it satisfies an algebraic condition, which is
analogous to possibility (1) of Theorem 3.2.4.

Let G be a real algebraic semisimple group defined overQ, and letΓ be a lattice in
G commensurable withG(Z). Let r denote theQ-rank ofG (as was mentioned in §1.2b,
G/Γ is noncompact if and only ifr > 0). Fix a minimal parabolic subgroupP of G
defined overQ. There are exactlyr distinct proper maximal parabolicQ-subgroups ofG
containingP , sayP1, . . . ,Pr .

Take any 1� i � r. Let Ui denote the unipotent radical ofPi . Let g = Lie(G),
Ui = Lie(Ui), and di = dimUi . Now g has aQ-structure, so thatg(Q) is Ad(G(Q))-
invariant, and the Lie subalgebra associated to anyQ-subgroup ofG is a Q-subspace.
SinceUi is defined overQ, one can choose a nonzeroqi ∈ (∧diUi )∩ (∧dig(Q)). Consider
the action ofG on∧dig given by the∧di AdG-representation. Then for anya ∈ Pi , one has
a · qi = det(a|Ui )qi .

Let K be a maximal compact subgroup ofG such thatG = KP . Fix a K-invariant
norm ‖ · ‖ on ∧dig. Now for anyg ∈ G, write g = ka, wherek ∈ K anda ∈ P . Then
‖g · qi‖ = |det(a|Ui )| · ‖qi‖.

By [26, Theorem 15.6], there exists a finite setF ⊂G(Q) such that

G(Q)= Γ · F · P(Q).

DEFINITION 3.2.6. For d,m ∈ N, let Pd,m(G) denote the set of continuous maps
Θ :Rm �→G with the following property: for allc, a ∈Rm andX ∈ g, the map

R ( t �→ Ad
(
Θ(tc+ a))(X) ∈ g

is a polynomial of degree at mostd in each coordinate, with respect to any basis ofg.
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THEOREM 3.2.7. For anyd,m ∈N, ν > 0 andε > 0 there exists a compact setC ⊂G/Γ
such that for any bounded open convex setB ⊂ Rm and anyΘ ∈ Pd,m(G), one of the
following conditions is satisfied:

(1)
1

|B|
∣∣{x ∈B: π

(
Θ(x)

) ∈ C
}∣∣< 1− ε.

(2) There existsi ∈ {1, . . . , r} andg ∈ Γ F such that∥∥Θ(x)g · qi∥∥< ν, ∀x ∈B.
Note that a similar conclusion can be obtained for any Lie groupG and a latticeΓ inG,

see [203, Theorem 2.2]. Note also that in Theorem 3.2.7, we have not relatedε and the
compact setC as in Theorem 3.2.4. The methods in [117] are general enough to provide
sharp relations betweenε andC and for(C,α)-good maps in place of polynomial maps as
above. For this purpose one can use the algebraic description of compact subsets ofG/Γ

as given by [64, Proposition 1.8].
Finally, one can observe that theΓ -orbit of any element of∧dig(Q) is contained in

1
k
∧di g(Z) for somek ∈N. Therefore the set{g ·qi | g ∈ Γ F } is discrete. As a consequence

of this remark one deduces the following:

COROLLARY 3.2.8. Given anyd,m ∈ N andε > 0 there exists a compact setC ⊂G/Γ
such that the following holds: for anyΘ ∈ P(d,m) there exists aT0> 0 such that one of
the following conditions is satisfied:

(1) For any open convex setB containingB(0, T0) in Rm,

1

|B|
∣∣{x ∈B: π

(
Θ(x)

) ∈ C
}∣∣< 1− ε;

(2) There existsi ∈ {1, . . . , r} andg ∈ Γ F such that

Θ(0)−1Θ
(
Rm

)⊂ g−1( 0Pi
)
g,

where0Pi = {a ∈ Pi | det(Ada|Ui )= 1}.

3.3. Orbit closures, invariant measures and equidistribution

In this section we will describe the fundamental results on unipotent flows on homogeneous
spaces of Lie groups.

3a. Horospherical flows and conjectures of Raghunathan, Dani and Margulis.The
most naturally occurring unipotent subgroup associated to geometric constructions is the
horospherical subgroup. For a (contracting or expanding) horospherical subgroupU of a
Lie groupG, the action ofU on a homogeneous space ofG is called ahorospherical flow.
In fact, orbits of a horospherical flow on a homogeneous space of a Lie group are precisely
the leaves of the strongly stable foliation of a partially hyperbolic action of an element of
this group.
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We recall Hedlund’s theorem [95] that any nonperiodic orbit of a horocycle flow on a
finite volume homogeneous space of SL(2,R) is dense. In [84], Furstenberg showed that
the horocycle flow on a compact homogeneous space of SL(2,R) is uniquely ergodic, and
hence every orbit is equidistributed with respect to the SL(2,R)-invariant measure. The
result was generalized by Veech [247] and Bowen [33] for ergodic actions of horospherical
subgroups of semisimple groupsG acting onG/Γ , whereΓ is a uniform lattice inG.

The first results in this direction for the non-uniform lattice case were obtained by Dani,
who classified the ergodic invariant measures for actions of horospherical subgroups on
noncompact finite volume homogeneous spaces of semisimple Lie groups [44,47].

As a very general approach to resolve the Oppenheim conjecture on values of quadratic
forms at integral points (see §5.1a), in the late 1970’s Raghunathan formulated the
following conjecture (in oral communication), which was also motivated by the earlier
works of Margulis and Dani:

CONJECTURE 3.3.1. The closure of any orbit of a unipotent flow on a finite volume
quotient space of a Lie group ishomogeneous, that is, it is itself an orbit of a(possibly
larger) Lie subgroup.

In [56], Dani showed the validity of Raghunathan’s conjecture for horospherical flows
in the semisimple case. Using methods of [56] Starkov [228] gave an explicit formula for
orbit closures of a horospherical flow on compact homogeneous space of arbitrary Lie
group. It may be noted that Raghunathan’s conjecture was generalized by Margulis [136],
with ‘unipotent flow’ replaced by an action of a subgroupW generated by one-parameter
unipotent subgroups. Namely, it was conjectured that for anyx ∈G/Γ there exists a closed
subgroupF of G (containingW ) such thatWx = Fx, and the closed orbitFx supports a
finite F -invariant measure.

Using the results of Auslander and Green (see [9] or §2.2a) about nilflows, in [222] the
latter statement was proved for solvable Lie groups. But as far as homogeneous spaces
of semisimple Lie groups are concerned, until 1986 Conjecture 3.3.1 was proved only
for actions of horospherical subgroups. Since these are geometrically defined subgroups,
various techniques from the theory of unitary representations, geometry, and Markov
partitions could be used to study their properties.

A major breakthrough came from Margulis’ work on Oppenheim conjecture. In [138] he
proved the orbit closure conjecture in the case whenG= SL(3,R),W = SO(2,1), and the
closure of the given orbit ofW is compact; the case of a noncompact orbit closure for this
action, as well as for the action of a unipotent subgroup of SO(2,1), was resolved by Dani
and Margulis in [61,62]. Note that SO(2,1) does not contain any horospherical subgroup
of SL(3,R).

The methods of Dani and Margulis were exploited to prove the generalized Raghunathan
conjecture for the case ofG= SO(n,1), see [201, Remark 7.4].

3b. Ergodic invariant measures for unipotent flows.The aesthetically most pleasing,
deep and fundamental result about dynamics of subgroup actions on homogeneous spaces
of Lie groups is the algebraic classification of finite ergodic invariant measures of unipotent
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flows due to Ratner [182]; this result also provides the crucial ingredient for the proof of
the aforementioned conjectures on orbit closures.

Unless changed later, we fix a Lie groupG, a discrete subgroupΓ of G, and the natural
quotient mapπ :G �→G/Γ .

Now we state the description of finite ergodic invariant measures for unipotent flows on
homogeneous spaces due to Ratner [186]:

THEOREM 3.3.2 (Ratner).LetU be a one-parameter unipotent subgroup ofG. Then any
finiteU -invariantU -ergodic Borel measure, sayµ, onG/Γ is a homogeneous measure;
that is, if one defines

F = {g ∈G | the left action ofg onG/Γ preservesµ}, (3.1)

thenF acts transitively onsupp(µ).

We note that the subgroupF of G defined by (3.1) is closed, and hence it is a Lie
subgroup ofG.

This theorem was proved through a series of papers: [184] contains the proof in the
case whenG is solvable, [183] contains the proof whenG is semisimple andG/Γ is
compact, and [186] completes the proof in the general case. It may be noted that the
measure classification for unipotent flows on solvmanifolds can also be deduced from the
results of Starkov [224].

Ratner’s proof of this theorem does not use any major results apart from the Birkhoff’s
ergodic theorem, but it is a very long and involved proof. One of the basic observations
about polynomial divergence of unipotent orbits, known asR-property, plays an important
role in Ratner’s proof.

R-property. Consider a rightG-invariant Riemannian metricdG on G. Given ε > 0,
there existsη > 0, such that ifS is a large rectangular box (cf. Corollary 3.6.8) in
a closed connected simply connected unipotent subgroupU of G with e ∈ S and
supu∈S dG(u,gU) = θ for some smallθ > 0 and someg /∈ U , dG(e, g) � θ , then there
exists another rectangular boxA ⊂ S such that(1 − ε)θ � dG(u,gU) � θ , ∀u ∈ A,
and λ(A) � ηλ(S), whereλ denotes the Haar measure onU . Moreover, if u ∈ S and
dG(u,gU)= dG(u,ur(u)) for somer(u) ∈G with ur(u) ∈ gU anddG(e, r(u))� θ then
r(u) is close to the normalizer ofU in G, and this closeness tends to zero as the sides of
the rectangular boxS tend to infinity. (IfU = uR, thenS = u[0,T ] for a largeT > 0.)

Some versions of R-property for the horocycle flows, like the H-property, were observed
and used in the earlier works of Ratner on rigidity of equivariant maps of horocycle
flows [178] and ergodic joinings [179,180] for the diagonal embedding of a horocycle
subgroup of SL(2,R) acting on SL(2,R)/Γ1× · · · ×SL(2,R)/Γm, whereΓ1, . . . ,Γm are
lattices in SL(2,R). The H-property was generalized and used by Witte [254] for extending
Ratner’s result on equivariant maps to actions of unipotent elements on homogeneous
spaces of Lie groups.
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REMARK 3.3.3. LetN be a connected nilpotent group, andµ a finiteN -invariant and
N -ergodic measure on anN -space. Then there exists a one-parameter subgroupV of N
such thatV acts ergodically with respect toµ.

REMARK 3.3.4. Note that ifΓ is a lattice inG, andU is a connected unipotent subgroup
of G, then by Corollary 3.1.4 any locally finiteU -invariantU -ergodic measure onG/Γ is
finite. Hence by Theorem 3.3.2 it is a homogeneous measure.

From Proposition 3.1.5 and Remark 3.3.3 one concludes the following:

COROLLARY 3.3.5. LetW be a subgroup ofG generated by one-parameter unipotent
subgroups. Then any finiteW -invariant W -ergodic measure onG/Γ is ergodic with
respect to a one-parameter unipotent subgroup contained inW , and hence it is a
homogeneous measure. In particular, ifΓ is a lattice in G, then any locally finite
W -ergodic measure onG/Γ is finite, and hence is a homogeneous measure.

We would like to note that motivated by a question of A. Borel, in [147] Margulis and
Tomanov gave another (shorter and simpler) proof of the analog of Theorem 3.3.2 for the
case whenG is a finite product of linear Lie groups; see also [148] for the general case.
The p-adic andS-arithmetic analogues of Theorem 3.3.2 have also been obtained; see
[190,191] and [146–148,244].

3c. Closures of unipotent trajectories.For orbit closures of unipotent flows on finite
volume homogeneous spaces, Ratner [187] proved the following, which in particular
settled the conjectures of Raghunathan and Margulis (see §3.3a) in affirmation:

THEOREM 3.3.6. LetG be a Lie group andΓ a lattice inG. LetW be a subgroup of
G generated by one-parameter unipotent subgroups. Then for anyx ∈G/Γ there exists
a closed subgroupF of G (containingW ) such thatWx = Fx, and the closed orbitFx
supports a finiteF -invariant measure.

The approach to the proof of this result using Ratner’s measure classification is discussed
in the next section.

In the arithmetic situation one has the following more concrete description of orbit
closures (see [201, Proposition 3.2]):

PROPOSITION 3.3.7. Let G be a real algebraic group defined overQ and with no
nontrivial Q-characters, and letx0 denote the coset of identity inG/G(Z). LetW be a
subgroup ofG generated by one-parameter unipotent subgroups. For anyg ∈ G, let H
be the smallest real algebraicQ-subgroup ofG containingg−1Wg. ThenWgΓ = gHΓ .
Moreover the radical ofH is unipotent.

In view of Theorem 1.3.2, the closures of orbits of subgroups generated by unipotent
one-parameter subgroups acting onG/Γ , whereG is a semisimple group andΓ is an
irreducible lattice inG, can be described more precisely using the above proposition and
the following observation (see [204, Lemma 7.3]).
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LEMMA 3.3.8. LetG be a Lie group, andΓi be a closed subgroup such thatG/Γi has a
finiteG-invariant measure, wherei = 1,2. Suppose thatΓ1 ∩ Γ2 contains a subgroup of
finite index which is cocompact and normal inΓi for i = 1,2. Let xi be the coset of the
identity inG/Γi for i = 1,2. Then for any closed subgroupH ofG and anyg ∈G:

Hgx1 is closed⇔ Hgx2 is closed.

In particular, the above applies to any two commensurable latticesΓ1 andΓ2 in G.

Closures of totally geodesic immersions of symmetric spaces.A weaker form of
Ratner’s orbit closure theorem has an interesting formulation in the Riemannian geometric
set-up (see Payne [172]):

THEOREM 3.3.9. Let ϕ :M1 �→ M2 be a totally geodesic immersion, whereMi is a
connected locally symmetric space of noncompact type fori = 1,2. Suppose thatM2 has
finite Riemannian volume. Thenϕ(M1) is an immersed submanifold ofM2. Further, if
rank(M1)= rank(M2), thenϕ(M1) is a totally geodesic immersed submanifold ofM2.

Such a geometric reformulation of Ratner’s theorem in the case of rankM1= rankM2=
1 was suggested by Ghys in oral communication (see [200] or [88]).

3d. Limiting distributions of unipotent trajectories.The orbit closure theorem was
proved by Ratner [187] by obtaining the following stronger result, which in turn uses her
classification of ergodic invariant measures:

THEOREM 3.3.10. LetG be a Lie group andΓ a lattice inG. Let U = uR be a one-
parameter unipotent subgroup ofG. Then for anyx ∈G/Γ there exists a closed subgroup
of F of G (containingU ) such that the orbitFx is closed and the trajectoryuR+x is
uniformly distributed with respect to a(unique) F -invariant probability measure, sayµ,
supported onFx. In other words, for any bounded continuous functionf onG/Γ ,

lim
T→∞

1

T

∫ T

0
f (utx)dt =

∫
Fx

f dµ.

The result forG = SL(2,R) andΓ a uniform lattice is an immediate consequence of
the unique ergodicity of the horocycle flow due to Furstenberg [84]. For G = SL(2,R)
andΓ = SL(2,Z) the result was proved by Dani [49], and for any non-uniform lattice
it was proved by Dani and Smillie [68]. The statement of Theorem 3.3.10 was roughly
conjectured in [68,136].

Using Ratner’s classification of ergodic invariant measures, in [201] the above
equidistribution result was obtained in the case whenG is a semisimple group of real
rank one; and also in the case whenG is a reductive group,U is a generic one-parameter
unipotent subgroup ofG, andΓ is a uniform lattice inG.

Later Theorem 3.3.10 was extended to the infinite volume case by Dani and Mar-
gulis [66] as follows:
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THEOREM 3.3.11. LetG be a Lie group andΓ a discrete subgroup ofG. LetU = uR

be a one-parameter unipotent subgroup ofG and x ∈ G/Γ . Suppose that the following
condition is satisfied: given anyε > 0 there exists a compact setK ⊂G/Γ such that

1

T

∣∣{t ∈ [0, T ] | utx ∈K}∣∣ � 1− ε ∀T > 0. (3.2)

Then there exists a closed subgroupF of G such that the orbitFx is closed and the
trajectoryuR+x is uniformly distributed with respect to a(unique) F -invariant probability
measure onFx.

Note that condition (3.2) is satisfied if one knows that the orbitUx is relatively compact.

3e. An approach to proofs of the equidistribution results.Let µT denote the push-
forward of the normalized Lebesgue measure of[0, T ] onto the trajectoryu[0,T ]x. In the
case of Theorem 3.3.10, the condition (3.2) is satisfied due to Theorem 3.1.2. Therefore,
in the setting of Theorems 3.3.10 and 3.3.11, there exists a subsequenceTi→∞ such that
µTi converges to a probability measure, sayλ, with respect to the weak-∗ topology on the
space of probability measures onG/Γ . It is straightforward to verify thatλ is uR-invariant.

By Theorem 3.3.2, one can have a description of the ergodic components ofλ. Further
analysis of this information, which is carried out in the next section, will show thatλ is
eitherG-invariant, or it is strictly positive on the image of a ‘strictly lower dimensional
algebraic or analytic subvariety ofG’ in G/Γ . If λ isG-invariant the proof is completed.
Otherwise, from the polynomial behavior of the unipotent trajectories, one concludes
that the entire trajectory must lie on one of those lower dimensional subvarieties. From
this fact and Theorem 3.1.7, one can reduce the problem to a strictly lower dimensional
homogeneous space, and use the induction argument to complete the proof (see §3.4e).

3.4. Techniques for using Ratner’s measure theorem

In this section we shall describe some concepts and techniques that can be applied to study
a large class of problems, like Theorem 3.3.10, where one needs to analyze the limiting
distributions that are invariant under unipotent subgroups.

4a. Finite invariant measures for unipotent flows.The main consequence of Ratner’s
classification of ergodic invariant measures is that the non-G-invariant ergodic components
of auR-invariant measure onG/Γ are concentrated on the image of a countable union of
lower dimensional ‘algebraic subvarieties’ ofG; this is explained below.

LetG be a Lie group,Γ a discrete subgroup ofG, and letπ :G �→G/Γ be the natural
quotient map. LetHΓ denote the collection of all closed connected subgroupsH of G
such thatH ∩ Γ is a lattice inH , and the subgroup generated by the one-parameter
unipotent subgroups ofG contained inH acts ergodically onH/H ∩Γ with respect to the
H -invariant probability measure. In view of Theorem 3.1.7, AdG(H) is contained in the
Zariski closure of AdG(H ∩ Γ ) for eachH ∈HΓ .

The following fact was observed by Ratner [186, Theorem 1.1] (cf. [201, Lemma 5.2]):
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THEOREM 3.4.1. The collectionHΓ is countable.

For a simpler proof of this result see [66, Proposition 2.1]. In the arithmetic situation,
the proof follows easily:

REMARK 3.4.2. Suppose thatG be a real algebraic group defined overQ andΓ =G(Z).
Then anyH ∈HΓ is a real algebraic group defined overQ (cf. [201, Proposition 3.2]).
ThereforeHΓ is countable in this case.

LetW be a subgroup ofG which is generated by one-parameter unipotent subgroups.
For anyH ∈H, one defines:

N(W,H)
def= {

g ∈G |W ⊂ gHg−1};
S(W,H)

def=
⋃

F∈HΓ , F⊂H, dimF<dimH

N(W,F);

N∗(W,H) def= N(W,H) \ S(W,H).

REMARK 3.4.3. Letg, H andW denote the Lie algebras ofG, H andW , respectively.
Let d = dimH, and consider the∧d Ad-action ofG on∧dg. Let pH ∈ ∧dH 	 {0}. Then

N(W,H)= {
g ∈G |X ∧ (g · pH )= 0∈ ∧d+1

g ∀X ∈W
}
.

In particular, ifG is a real algebraic group, thenN(W,H) is an algebraic subvariety ofG.

LEMMA 3.4.4 [162, Lemma 2.4]. For anyg ∈N∗(W,H), if F is any closed subgroup of
G such thatW ⊂ F andFπ(g) is closed, thengHg−1⊂ F . In particular,

π
(
N∗(W,H)

)= π(N(W,H)) \ π(S(W,H)). (3.3)

Using Ratner’s description (Corollary 3.3.5) of finiteW -invariantW -ergodic Borel
measures onG/Γ , Theorem 3.4.1, and the ergodic decomposition of invariant measures
([136, Section 1.2] or [3, Theorem 4.2.4]) one can reformulate Ratner’s theorem to describe
finiteW -invariant measures as follows:

THEOREM3.4.5. Letµ be a finiteW -invariant measure onG/Γ . Then there existsH ∈H
such that

µ
(
π
(
N(W,H)

))
> 0, and µ

(
π
(
S(W,H)

))= 0. (3.4)

Moreover, almost everyW -ergodic component of the restriction of the measureµ to
π(N(W,H)) is concentrated ongπ(H) for someg ∈N∗(W,H), and it is invariant under
gHg−1.
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See [162, Theorem 2.2] or [57, Corollary 5.6] for its deduction.

COROLLARY 3.4.6. If µ is a finiteW -invariant measure onG/Γ ,H ∈H is normal inG,
andµ(π(S(W,H)))= 0, thenµ isH -invariant. In particular, ifµ(π(S(W,G)))= 0 then
µ isG-invariant.

4b. Self-intersections ofN(W,H) underπ :G �→ G/Γ . The theme of this subsection
is that the self-intersection ofN(W,H) underπ occurs only alongS(W,H). Sinceµ
vanishes on this set in view of (3.4), one can, in some sense, lift the restriction ofµ on
π(N(W,H)) back toN(W,H) and analyze it there.

Since in the applications one obtainsW -invariant measures as limiting distributions of
sequences of algebraically defined measures, one would like to understand the geometry of
thin neighborhoods of compact subsets ofπ(N∗(W,H)) and the behavior of these limiting
sequence of measures in those neighborhoods. As we remarked in the above paragraph, the
lifting procedure helps in this regard. This is done in the next subsection.

The geometry of thin neighborhoods ofπ(N∗(S(W,H)) is understood via the the
following facts:

PROPOSITION3.4.7. For H1,H2 ∈H andγ ∈CommG(Γ ), suppose that

N∗(W,H1)γ ∩N(W,H2) �= ∅.

ThenH1⊂ γH2γ
−1. In particular, ifH1=H2 thenγ ∈NG(H1).

We note that:

N(W,H) = NG(W)N(W,H)NG(H), (3.5)

N(W,H)γ = N(γ−1Hγ,W) ∀γ ∈CommG(Γ ), (3.6)

N∗(W,H) = NG(W)N∗(W,H)
(
NG(H)∩ Γ

)
. (3.7)

The injectivity property in the following fact is a useful technical observation.

COROLLARY 3.4.8. The natural map

N∗(W,H)/NG(H)∩ Γ �→G/Γ

is injective.

4c. A method of analyzingW -invariant measures. The combination of Theorem 3.4.5,
Corollary 3.4.8 and Theorem 1.3.7 provides a very useful method for studying a finite
measure on a homogeneous space of a Lie group which is invariant and ergodic for
the action of a connected subgroup containing a ‘nontrivial’ unipotent one-parameter
subgroup. The technique can be illustrated as follows:
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We are given: (a) A real algebraic subgroupG of GL(n,R) and a discrete subgroup
Γ of G, (b) a closed connected subgroupF of G, and (c) anF -invariantF -ergodic Borel
probability measureµ onG/Γ .

Let W be the subgroup generated by all algebraic unipotent one-parameter subgroups
contained inF . Let H ⊃W be as in Theorem 3.4.5. Letµ∗ denote the restriction ofµ
to π(N(W,H)). Sinceµ is F -invariant,λF ({g ∈ F | gx ∈ π(N(H,W))}) > 0 forµ∗-a.e.
x, whereλF denotes a Haar measure onF . SinceF is an analytic subgroup ofG, Γ is
discrete, andN(H,W) is an analytic subvariety ofG, we have thatFx ⊂ π(N(H,W))
for µ∗-a.e.x (see [204, Lemma 5.3]). Thusµ∗ is F -invariant, and hence by the ergodicity
of µ, µ= µ∗.

ReplacingΓ by a suitable conjugate subgroup, we may assume that

e ∈N∗(W,H) and π(e) ∈ supp(µ).

By Corollary 3.4.8, we can liftµ to N∗(W,H)/NG(H) ∩ Γ , and call it µ̃. Let L =
Zcl(NG(H) ∩ Γ ). We project the measurẽµ ontoN∗(H,W)/L ⊂ G/L, and call itν.
In the notation of Theorem 1.3.7,Gν andJν are algebraic subgroups ofG, Jν is normal in
Gν , andGν/Jν is compact. Sinceπ(e) ∈ supp(µ), Jν ⊂ L. ClearlyF ⊂Gν , and sinceF
acts ergodically with respect toν, we have thatGν = FJν . AlsoW ⊂ Jν .

Suppose we are also given: (d) Zcl(F ) is generated byR-diagonalizable and algebraic
unipotent subgroups.

Then F ⊂ Jν ⊂ L. Thereforeµ(π(L)) = 1. By our choice ofH , we have that
µ(π(S(W,H))) = 0. Therefore by Corollary 3.4.6 applied toL in place ofG, we have
thatµ isH -invariant.

We conclude: (1) µ is concentrated onL/L ∩ Γ , (2) F ⊂ L, (3) there exists a closed
connected normal subgroupH of L containing all algebraic unipotent subgroups ofF ,
such thatµ is H -invariant, and (4)H ∩ Γ is a lattice inH . Note that allW -ergodic
components ofµ areH -invariant and their supports are closedH -orbits.

The above method provides group theoretic restrictions onµ if we know thatW �= {e}.
In other words, by imposing various algebraic conditions on the subgroupF one can
obtain more information aboutµ. See [206, Proof of Theorem 7.2] for a refined version of
the above argument. The results in [148] providing algebraic information about invariant
measures for actions of connected subgroups also employ this method. Again the same
method is applied in [243]. This question is further discussed in §4.4b.

4d. Linear presentations. As mentioned in previous subsections, the dynamics of
unipotent or polynomial trajectories in thin neighborhood ofπ(N∗(W,H)) are studied
via lifting them toG and then studying them via suitable linear representations ofG on
vector spaces.

Let V =⊕dimg

k=1 ∧kG be the direct sum of exterior powers ofg, and consider the linear
action ofG on V via the direct sum of the exterior powers of the adjoint representation.
Fix any norm onV .

For any nontrivial connected Lie subgroupH of G, and its Lie algebraH, let us choose
a nonzero vectorpH in the one-dimensional subspace∧dimHH⊂ V .
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ForH ∈HΓ , let V (W,H) denote the linear span of the setN(W,H) · pH in V . We
note that (cf. Remark 3.4.3, see [162])

N(W,H) = {
g ∈G | g · pH ∈ V (W,H)

}
, and (3.8)

N1
G(H)

def= {
g ∈NG(H) | det(Adg|H)= 1

}
= {g ∈G | g · pH = pH }. (3.9)

REMARK 3.4.9. Due to Corollary 3.4.8, for anyg ∈ N∗(W,H) andγi ∈ Γ (i = 1,2), if
gγi · pH ∈ V (W,H), thengγ1 · pH =±gγ2 · pH .

One of very important facts, due to which the methods work, is the following
generalization of Theorem 3.4.1 due to Dani and Margulis [66, Theorem 3.4]:

THEOREM 3.4.10. For H ∈HΓ , the orbitΓ · pH is discrete. In particular,N1
G(H)Γ is

closed inG/Γ .

Note that, as in Remark 3.4.2 for the case of an arithmetic lattice, this result is a
consequence of the fact that for an algebraic linear representation of the ambient group
defined overQ, the orbit any rational point under the lattice consists of rational points with
bounded denominators, and hence it is a discrete subset.

Combining Remark 3.4.9 and Theorem 3.4.10 one obtains the following useful fact:

COROLLARY 3.4.11. Given a compact subsetK of G/Γ and a compact setD ⊂
V (W,H), there exists a neighborhoodΦ of D in V such that for anygΓ ∈ K, and
γ1, γ2 ∈ Γ , if gγi · pH ∈Φ (i = 1,2) thenγ1 · pH =±γ2 · pH .

Combining Corollary 3.4.11 and the growth properties of polynomial trajectories (cf.
Proposition 3.2.2), one obtains the next result. It is one of the basic technical tools
used for applying Ratner’s measure classification to the study of limiting distributions of
algebraically defined sequences of measures (see [57,66,162,201,202]).

PROPOSITION3.4.12. LetH ∈H, d,m ∈ N andε > 0 be given. Then for any compact
set C ⊂ π(N∗(W,H)) there exists a compact setD ⊂ V (W,H) with the following
property: for any neighborhoodΦ of D in V , there exists a neighborhoodΨ of C in
G/Γ , such that for anyΘ ∈Pd,m(G) (see Definition3.2.6), and any bounded open convex
setB ⊂Rm, one of the following holds:

(1) Θ(B)γ · pH ⊂Φ for someγ ∈ Γ ;
(2) 1

|B| |{t ∈B | π(Θ(t)) ∈ Ψ }|< ε.

This proposition is an analogue of Theorem 3.2.7, where the point at infinity plays the
role of the singular setπ(S(W,H)).

Using Proposition 3.4.12 one obtains the following:
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THEOREM3.4.13. LetG be a connected Lie group and letΓ be a discrete subgroup ofG.
LetW be any closed connected subgroup ofG which is generated by unipotent elements
contained in it. LetF be a compact subset ofG/Γ 	π(S(W,G)). Then for anyε > 0 and
natural numbersm andd , there exists a neighborhoodΩ of π(S(W,G)) such that for any
Θ ∈ Pm,d(G), anyx ∈ F , and a ballB in Rm centered at0, one has∣∣{t ∈ B |Θ(t)x ∈Ω}∣∣ � ε · |B|.

It may be noted that proofs of both the above results do not involve Ratner’s measure
classification.

4e. Proof of Theorems 3.3.10 and 3.3.11.If Ux ⊂ Fx for a closed subgroupF of G
with Fx having a finiteF -invariant measure and dimF < dimG, then one can appeal to
the induction argument. Therefore one can assume thatx /∈ π(S(U,G)).

Consider the measureλ as in §3.3e. By Theorem 3.4.13,λ(π(S(U,G)))= 0. Therefore,
sinceλ isU -invariant, by Corollary 3.4.6,λ isG-invariant. This completes the proof.�

The above method can be applied in the proofs of many of the results stated below.15 In
most applications, the main part is to show that the first alternative in Proposition 3.4.12
corresponds to a certain algebraic group theoretic or rationality condition on the group
actions under consideration.

3.5. Actions of subgroups generated by unipotent elements

The descriptions of invariant measures and orbit closures for actions of (possibly discrete)
subgroups generated by unipotent elements on homogeneous spaces of Lie groups are
very similar to those for the actions of subgroups generated by unipotent one-parameter
subgroups [204].

THEOREM 3.5.1. Let G be a Lie group andΓ a closed subgroup ofG. Let W be a
subgroup ofG with the following property: there exists a subsetS ⊂ W such thatS
consists of unipotent elements andAdG(W)⊂ Zcl(AdG(〈S〉)). Then any finiteW -invariant
W -ergodic measure onG/Γ is a homogeneous measure.

Note that ifW is a subgroup ofG such thatW is generated by unipotent elements
contained in it, thenW satisfies the condition of Theorem 3.5.1.

THEOREM 3.5.2. Let the notation be as in Theorem3.5.1. Suppose thatG/Γ admits a
finiteG-invariant measure. Then for anyx ∈G/Γ there exists a closed subgroupF ofG
containingW such thatWx = Fx, andF 0x admits a finiteF 0-invariant measure(see also
Corollary 3.5.4below).

15See also [244] for applications in theS-arithmetic case.
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It may be noted that Theorem 3.5.1 and Theorem 3.5.2 were proved by Ratner [186,187]
in the following special case:G is connected,W is of the formW =⋃∞

i=1wiW
0, where

wi is unipotent,i = 1,2, . . . , W/W0 is finitely generated, andW0 is generated by one-
parameter unipotent subgroups. In the case whenG is not connected andW is a nilpotent
unipotent subgroup ofG, Theorem 3.5.1 was proved by Witte [257, Theorem 1.2].

The proofs of the above theorems use Ratner’s classification of finite ergodic measures
and orbit closures for actions of unipotent one-parameter subgroups, and some additional
results like Proposition 3.4.7 and Theorem 1.3.6. The proof of Theorem 3.5.2 also involves
a version of Theorem 3.7.1 given in Remark 3.7.3.

The following result generalizes Corollary 3.1.6 and leads to an improved conclusion of
Theorem 3.5.2.

THEOREM 3.5.3. LetG, Γ , andW be as in Theorem3.5.1. Suppose thatG/Γ admits
a finiteG-invariant measure. Then any locally finiteW -invariantW -ergodic measure on
G/Γ is a finite homogeneous measure. In particular,W has property-(D) onG/Γ .

For the proof one starts with a locally finiteW -ergodic invariant measureµ onG/Γ . By
the method of the proof of Theorem 3.5.1, one can show that there exists a closed subgroup
H of G andx ∈G/Γ such thatµ isH -invariant, supp(µ)=Hx, and the restriction ofµ
toH 0x is finite. Now it remains to prove thatHx has finitely many connected components.
By certain arguments using the Margulis Arithmeticity Theorem and handling the case of
real rank one semisimple groups separately, the question can be reduced to the case of
G=G(R)0 andΓ =G(Z), whereG is an algebraic semisimple group defined overQ,W
is Zariski dense discrete subgroup ofG, andW ⊂ G(Q). In this situation one can apply
an interesting recent result due to Eskin and Margulis [74] on nondivergence property of
random walks on finite volume homogeneous spaces to show thatW/W ∩ Γ is finite.

Combining Theorems 3.5.2 and 3.5.3 one obtains the following:

COROLLARY 3.5.4. Let the notation be as in Theorem3.5.2. ThenFx admits a finite
F -invariant measure, and hence it has finitely many connected components.

Using the suspension argument, one obtains the following interesting extension of all
the above results:

THEOREM 3.5.5. Let the notations and conditions be as in any one of the three
Theorems3.5.1–3.5.3or Corollary 3.5.4, and let Λ be a lattice inW . Then the
corresponding conclusions of the aforementioned theorems or the corollary hold forΛ

in place ofW .

In particular, the above result applies to the subgroup action of an irreducible lattice in
a noncompact semisimple group, which is acting on a homogeneous space of a larger Lie
group containing it.
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3.6. Variations of Ratner’s equidistribution theorem

In applications one needs to have more robust versions of the equidistribution results,
where one has the flexibility of suitably perturbing the base point and the acting one-
parameter subgroup involved in the limiting process.

6a. Uniformity in speed of convergence with respect to the starting point.The following
result was proved by Dani and Margulis [66] (see also Ratner [189, Theorem 8]):

THEOREM 3.6.1. Let G be a Lie group,Γ a lattice in G, and µ the G-invariant
probability measure onG/Γ . Letu(i)

R
be a sequence of one-parameter unipotent subgroups

converging to a unipotent subgroupuR; that is,u(i)t → ut for all t . Then for any sequence
xi→ x inG/Γ with x /∈ π(S(uR,G)), any sequenceTi→∞, and anyϕ ∈ Cc(G/Γ ), one
has

1

Ti

∫ Ti

0
ϕ
(
u
(i)
t xi

)
dt→

∫
G/Γ

ϕ dµ.

In the next result, also due to Dani and Margulis [66], one has a uniform rate of
convergence with greater flexibility in choosing the base point.

THEOREM 3.6.2. Let G be a connected Lie group,Γ a lattice in G, and µ the G-
invariant probability measure onG/Γ . Let uR be a one-parameter unipotent subgroup
of G and letϕ ∈ Cc(G/Γ ). Then given a relatively compact subsetK ⊂ G/Γ and an
ε > 0, there exist finitely many proper subgroupsHi ∈HΓ (i = 1, . . . , k) and a compact
setC ⊂⋃k

i=1N(uR,Hi) such that the following holds: for any compact setF ⊂K \π(C)
there exists aT0 � 0 such that∣∣∣∣ 1

T

∫ T

0
ϕ(utx)dt −

∫
G/Γ

ϕ dµ

∣∣∣∣< ε ∀x ∈ F, ∀T > T0.

6b. Limit distributions of polynomial trajectories.For polynomial trajectories on finite
volume homogeneous spaces of linear Lie groups, we have the following results about their
closures and limit distributions [202]:

THEOREM 3.6.3. Let G and Γ ⊂ G be closed subgroups ofSL(n,R) such thatG/Γ
has a finiteG-invariant measure. Letπ :G �→ G/Γ denote the natural quotient map.
LetΘ :Rk �→G be a polynomial map; that is, each coordinate function is a polynomial
in k variables. Suppose thatΘ(0) = e. Let F be the minimal closed subgroup ofG
containingΘ(Rk) such thatπ(F) is closed and supports a finiteF -invariant measure.
Thenπ(Θ(Rk))= π(F), and the following holds: for anyf ∈ Cc(G/Γ ) and any sequence
Tn→∞,

lim
n→∞

1

|Bn|
∫

t∈Bn
f
(
π
(
Θ(t)

))
dt=

∫
π(F )

f dµF , (3.10)
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wheredt denotes the integral corresponding to the Lebesgue measure| · | on Rk andBn
denotes the ball of radiusTn > 0 in Rk around0.

One can also choose to integrate over large boxes inRk :

THEOREM 3.6.4. Let the notation be as in Theorem3.6.3. Suppose further there exist
polynomial mapsθ1, . . . , θk from R toG such that

Θ(t1, . . . , tk)= θ(t1) · · ·θ(tk), ∀ti ∈R. (3.11)

Then for any sequencesT (1)n → ∞, . . . , T (k)n → ∞, the limit (3.10) holds for Bn =
[0, T (1)n ] × · · · × [0, T (k)n ], ∀n ∈N.

This result is a generalization of Ratner’s equidistribution theorem for actions of
algebraic unipotent one-parameter subgroups on finite volume homogeneous spaces of
real algebraic groups, because one-parameter unipotent subgroups are polynomial maps.
Conversely, if a polynomial mapθ :R �→ SL(n,R) is a group homomorphism, then its
image consists of unipotent elements.

The proof of Theorem 3.6.4 begins with the following observation motivated by [62,
Proposition 2.4]:

LEMMA 3.6.5. Letθ :R �→ SL(n,R) be a nonconstant polynomial map. Then there exists
a q � 0 and a nontrivial unipotent one-parameter subgroupuR ⊂ SL(n,R) such that

lim
t→∞θ

(
t + stq)θ(t)−1= us, ∀s ∈R.

Next consider a sequence of probability measuresµT as in §3.3e. Then Theorem 3.2.7
is applicable, and there exists a sequenceTi →∞ such thatµTi → λ in the space of
probability measures onG/Γ . Then, by the above lemma, one can easily show thatλ is
uR-invariant. Now the arguments as in §3.4e are also applicable. This will provide a proof
in the casek = 1. The proof of Theorem 3.6.3 can be obtained by radially fiberingBn and
applying the one-dimensional case for each fiber. Certain Baire’s category type arguments
yield the result. Although the fibering argument is not applicable for Theorem 3.6.4, the
method used for the one-dimensional case can be generalized.

REMARK 3.6.6. In the above theorems, ifG is a real algebraic group defined overQ

andΓ ⊂G(Q) is an arithmetic lattice with respect to theQ-structure onG, thenF is the
smallest real algebraic subgroup ofG containingΘ(Rk) and defined overQ.

REMARK 3.6.7. The uniform convergence result forΘ in place ofU as in Theorem 3.6.2
is valid, if one replacesN(U,H) by

N(Θ,H)
def= {

g ∈G |Θ(Rk)⊂ gHg−1},
and the integration can be carried out over the ballsBT with T > T0 for arbitraryΘ, or
over the boxesBn with eachT (i)n > T0 in the case whenΘ is as in (3.11).
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Using Theorem 3.6.4 one obtains the equidistribution theorem for higher dimensional
unipotent flows on homogeneous spaces of Lie group [202]. In order to describe the sets
on which we intend to average, we need the following definition:

LetN be a simply connected nilpotent group with Lie algebraN. LetB = {b1, . . . , bk}
be a basis inN. Say that the basisB is triangular if [bi, bj ] ∈ Span{bl | l >max{i, j }} for
all i, j = 1, . . . , k. Any permutation of a triangular basis is called aregularbasis.

COROLLARY 3.6.8. Let G be a Lie group,Γ a closed subgroup ofG such thatG/Γ
admits a finiteG-invariant measure, and letN be a simply connected unipotent subgroup
ofG. Let {b1, . . . , bk} be a regular basis inN. For s1, . . . , sk > 0 define

B(s1, . . . , sk)=
{
(exptkbk) · · · (expt1b1) ∈N | 0 � tj � sj , j = 1, . . . , k

}
.

Givenx ∈G/Γ , let F be the minimal closed subgroup ofG containingN such that the
orbit Fx is closed and admits a uniqueF -invariant probability measure, sayµF . Then for
anyf ∈ Cc(G/Γ ),

lim
s1→∞,...,sk→∞

1

λ(B(s1, . . . , sk))

∫
h∈B(s1,...,sk)

f (hx)dλ(h)=
∫
Fx

f dµF ,

whereλ denotes a Haar measure onN .

3.7. Limiting distributions of sequences of measures

Now we will note some results on limiting distributions of sequences of homogeneous
measures. The common theme of the results is that, under somewhat more general condi-
tions, the limits of sequences of homogeneous measures are also homogeneous measures,
and under appropriate algebraic conditions such sequences become equidistributed in the
ambient homogeneous space.

7a. Closure of the set of ergodic invariant measures.Let G be a Lie group andΓ be a

discrete subgroup ofG. LetQ def= {µ ∈P(G/Γ ) | µ isU -invariant andU -ergodic for some
unipotent one-parameter subgroupU of G}.

The following was proved by Mozes and Shah [162]:

THEOREM 3.7.1. Q is a closed subset ofP(G/Γ ). Further, if {µi} ⊂ Q is a sequence
converging toµ, then it converges algebraically in the following sense: there exists a
sequencegi→ e in G such that for somei0 ∈N,

gi supp(µi)⊂ supp(µ), ∀i � i0. (3.12)

COROLLARY 3.7.2. Suppose thatΓ is lattice inG. For anyx0 ∈G/Γ , define

Qx0

def= {
µ ∈Q | x0 ∈ supp(µ)

}
.

ThenQx0 is compact.
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This follows from Theorem 3.7.1, because using Theorem 3.1.2 it is straightforward to
verify thatQx0 is relatively compact inP(G/Γ ).

REMARK 3.7.3. Suppose thatG/Γ is connected. Take any unipotent elementu ∈ G. If
µi is au-invariant andu-ergodic probability measure onG/Γ for all i ∈N andµi→ µ in
P(G/Γ ) asi→∞, thenµ is a homogeneous measure, and there exists a sequencegi→ e

such thatgi supp(µi)⊂ supp(µ). See [204, Theorem 7.16] for more details.

7b. Limits of translates of algebraic measures.In the case of arithmetic lattices, one has
the following analogue of Theorem 3.7.1 due to Eskin, Mozes and Shah [78].

THEOREM 3.7.4. LetG be a connected real algebraic group defined overQ, let Γ be a
subgroup ofG(Z), and letπ :G �→ G/Γ be the natural quotient map. LetH ⊂ G be a
connected real algebraicQ-subgroup such thatπ(H) admits anH -invariant probability
measure, sayµH . Let {gi} be a sequence such that thegiµH → µ in P(G/Γ ) asi→∞.
Then there exists a connected real algebraicQ-subgroupL ofG such thatL⊃H and the
following holds:

(1) There existsc ∈ G such thatµ is cLc−1-invariant and supp(µ) = cπ(L). In
particular,µ is a homogeneous measure.

(2) There exists a sequenceci→ c in G such thatgiπ(H)⊂ ciπ(L) andc−1
i gi ∈ ΓH

for all but finitely manyi ∈N.

In the above situation, it can be shown that if all but finitely many elements of the
sequence{gi} are not contained in any set of the formCZG(H), whereC is a compact set,
then there exists a sequenceXi→ 0 in Lie(H) such that Adgi(Xi)→X for someX �= 0.
Now it is straightforward to deduce thatU = exp(RX) is a unipotent subgroup ofG and
µ is U -invariant. Then one applies Ratner’s measure classification and Proposition 3.4.12
for further analysis.

Theorem 3.7.4 is better applicable if one has a criterion to decide when a sequence
{giµH } has a convergent subsequence in the space of probability measures onG/Γ .
Suppose thatπ(ZG(H)) is not compact. SinceZG(H) is a reductiveQ-subgroup,
π(ZG(H)) is closed, and hence there exists a sequencezi ∈ ZG(H) such thatπ(zi) has
no convergent subsequence. It is easily verified that the sequenceziµH is divergent; that
is, for any compact setK ⊂G/Γ , ziµH (K)→ 0 asi→∞. The next result due to Eskin,
Mozes and Shah [79] says that ifπ(ZG(H)) is compact, then the orbitGµH of µH is
relatively compact in the space of probability measures onG/Γ .

THEOREM 3.7.5. LetG be a connected reductive algebraic group defined overQ, andH
a connected real reductiveQ-subgroup ofG, both admitting no nontrivialQ-characters.
Suppose thatH is not contained in any proper parabolicQ-subgroup ofG defined overQ.
LetΓ ⊂G(Q) be an arithmetic lattice inG andπ :G �→G/Γ the natural quotient map.
LetµH denote theH -invariant probability measure onπ(H). Then given anyε > 0 there
exists a compact setK⊂G/Γ such thatgµH (K) > 1− ε for all g ∈G.

We note that the condition ofH not being contained in a proper parabolicQ-subgroup
is equivalent to the condition thatπ(ZG(H)) is compact (see [79, Lemma 5.1]).
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The proof of Theorem 3.7.5 is based on a version of Theorem 3.2.7.

7c. Limits of expanding translations of horospheres.The result in Example 3.0.1 can be
extended using Ratner’s measure theorem as follows [203]:

THEOREM 3.7.6. Let G be a connected semisimple totally noncompact Lie group. Let
g ∈G be such that

Adg is semisimple and the projection of
gZ on any simple factor ofG is unbounded.

(3.13)

LetG+ be the expanding horospherical subgroup ofG corresponding tog, and letH be
the subgroup ofG generated byg andG+. Now suppose thatG is realized as a closed
subgroup of a Lie groupL and letΛ be a lattice inL. Then any closedH -invariant subset
ofL/Λ, as well as any(locally finite) H -invariant Borel measure onL/Λ, isG-invariant.

In particular, (locally finite) H -invariantH -ergodic measures onL/Λ are finite and
homogeneous, and the closures of orbits ofH on L/Λ are homogeneous. ThusH has
property-(D) onL/Λ.

One of the motivations for the above result was the following very general result due to
Furstenberg (oral communication, 1990):

THEOREM 3.7.7. Let notation be as in Theorem3.7.6. Let X be a locally compact
Hausdorff space with a continuousG-action. Suppose that there exists a finiteG-invariant
Borel measure onX which is strictly positive on every non-empty open subset ofX. Then
for anyx ∈X, if Gx =X thenPx =X, whereP =NG(G+).

In particular, if the action ofG onX is minimal, thenP acts minimally onX.

Note that, in view of Ratner’s orbit closure theorem, ifL is a Lie group containingG,
Λ is a lattice inL, then closure of everyG-orbit onL/Λ has a finiteG-invariant measure
which is positive on every open subset. Hence by Theorem 3.7.7, the closure of every
P -orbit onL/Λ isG-invariant (cf. Theorem 4.4.5).

Theorem 3.7.6 was proved by Ratner [188] in the case when each simple factor ofG is
locally isomorphic to SL(2,R) (see Theorem 4.4.2).

Theorem 3.7.6 is a direct consequence of the following limiting distribution result [203]:

THEOREM3.7.8. Let the notation be as in Theorem3.7.6. Take anyx ∈L/Λ, and letF be
a closed subgroup ofL containingG such thatGx = Fx (see Theorem3.3.6). Letλ be the
F -invariant probability measure supported onFx, and letν be any probability measure
onG+ which is absolutely continuous with respect to a Haar measure onG+. Then for
x ∈L/Λ and anyf ∈ Cc(L/Λ),

lim
n→∞

∫
G+
f
(
gnux

)
dν(u)=

∫
Fx

f dλ.
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The proof of this result involves Ratner’s measure theorem, Proposition 3.4.12 and the
following observation ([203, Lemma 5.2]), which allows one to contradict possibility (1)
of the proposition:

LEMMA 3.7.9. For any continuous linear representation ofG on a finite dimensional
vector spaceV and anyG+-fixed vectorv ∈ V , eitherv isG-fixed orgnv→∞ asn→∞.

REMARK 3.7.10. Note that a result similar to Theorem 3.7.8 (withL = G andΛ = Γ
a lattice inG) was proved in [116] without using the classification of ergodic invariant
measure or orbit closures for unipotent flows, and with assumption (3.13) replaced by the
partial hyperbolicity ofg. It was derived from mixing properties of theg-action onG/Γ ,
see §2.3c, and the conjugationu �→ gnug−n being an expanding automorphism ofG+.
Further, the result is valid for Hölder square-integrable functionsf , and the convergence
becomes exponentially fast if one knows that theg-action is exponentially mixing, in the
sense of (4.3) below. For example, (2.3) would be a sufficient condition.

Using a slightly stronger version of Theorem 3.7.8 the following can be deduced [203]:

COROLLARY 3.7.11. Let G be a totally noncompact semisimple Lie group, and letK

be a maximal compact subgroup ofG. LetL be a Lie group which containsG as a Lie
subgroup, and letΛ be a lattice inL. Let ν be any probability measure onK which is
absolutely continuous with respect to a Haar measure onK. Let {gn} be a sequence of
elements ofG without accumulation points. Then for anyx ∈ L/Λ and anyf ∈ Cc(L/Λ),

lim
n→∞

∫
K

f (gnkx)ν(k)=
∫
Fx

f dλ,

whereF is a closed subgroup ofL such thatGx = Fx, andλ is a (unique) F -invariant
probability measure onFx.

In the case ofL = G, the result was first proved by Duke, Rudnick and Sarnak [73]
using methods of unitary representation theory. Soon afterwards a much simpler proof was
obtained by Eskin and McMullen [75] using the mixing property of geodesic flows (cf.
Remark 3.7.10). As in [73,75] an appropriate analogue of the above theorem is also valid
for any affine symmetric subgroup ofG in place of the maximal compact subgroupK
of G.

3.8. Equivariant maps, ergodic joinings and factors

It turns out that equivariant maps and ergodic joinings of unipotent flows are algebraically
rigid. The first two results are direct consequences of Ratner’s description of ergodic
invariant measures for unipotent flows (see [186,189]).

THEOREM3.8.1. LetGi be a connected Lie group andΓi be a lattice inGi containing no
nontrivial normal subgroups ofGi , wherei = 1,2. Letui be a unipotent element ofGi, i =
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1,2. Assume that the action ofu1 onG1/Γ1 is ergodic with respect to theG1-invariant
probability measure. Suppose that there is a measure-preserving mapψ :G1/Γ1 �→G2/Γ2
such thatψ(u1x) = u2ψ(x) for a.e.x ∈ G1/Γ1. Then there isc ∈ G2 and a surjective
homomorphismα :G1 �→ G2 such thatα(Γ1) ⊂ cΓ2c

−1 andψ(hΓ1) = α(h)cΓ2 for a.e.
hΓ1 ∈G/Γ1.

Alsoα is a local isomorphism wheneverψ is finite-to-one orG1 is simple. Further it is
an isomorphism wheneverψ is one-to-one orG1 is simple with trivial center.

THEOREM 3.8.2. LetGi be a connected Lie group,Γi be a lattice inG, νi be theGi -
invariant probability measure onGi/Γi , and ui be a unipotent element ofGi , where
i = 1,2. Letxi = eΓi ∈Gi/Γi for i = 1,2. Suppose thatµ is a joining of{(Gi/Γi, νi , ui) |
i = 1,2} which is ergodic with respect tou1 × u2 (see[3, §3.3.h]), and that(x1, x2) ∈
supp(µ). Then there exist a closed normal subgroupNi ofGi , wherei = 1,2, and a group
isomorphismα : #G1 �→ #G2, where#Gi =Gi/Ni for i = 1,2, such that the following holds:

(1) #Γi = ΓiNi/Ni is a lattice in#Gi for i = 1,2;
(2) If one writesG= {(g,α(g)) | g ∈ #G1} thenG∩ #Γ1× #Γ2 is a lattice inG;
(3) If ϕ :G1/Γ1 ×G2/Γ2 �→ #G1/#Γ1 × #G2/#Γ2 is the standard quotient map, and ifµ̄

denotes theG-invariant probability measure onGϕ(x1, x2), thenµ is the canonical
lift of µ̄ with respect toϕ;

(4) supp(µ̄) is a finite covering of#G2/#Γ2 of index equal to[#Γ2 :α(#Γ1)∩ #Γ2].
In particular, if Gi is a semisimple totally noncompact Lie group,Γi is an irreducible

lattice inGi , wherei = 1,2, and the joiningµ as above is nontrivial, thenG1 andG2 are
locally isomorphic, andsupp(µ) is a finite covering ofGi/Γi for i = 1,2.

ForG1=G2= SL(2,R) both the above results were proved earlier by Ratner [178,179].
Using Ratner’s method, Theorem 3.8.1 was proved in the general case by Witte [254].

It turns out that the measure theoretic factors for actions of subgroups generated by
unipotent elements on homogeneous spaces can be described algebraically.

DEFINITION 3.8.3. (1) SupposeG is a connected Lie group andΓ is a discrete subgroup
of G. A homeomorphismτ :G/Γ �→ G/Γ is called anaffine automorphismof G/Γ if
there existsσ ∈ Aut(G) such thatτ (gx)= σ(g)τ (x) for all x ∈G/Γ .

Put Aut(G)Γ = {σ ∈ Aut(G) | σ(Γ ) = Γ }. Define a mapπ :G 
 Aut(G)Γ �→
Aff (G/Γ ) by π(h,σ )(gΓ ) = hσ(g)Γ for all g ∈G. Observe thatπ is a surjective map.
Hence Aff(G/Γ ) has the structure of a Lie group acting differentiably onG/Γ .

(2) SupposeG is a connected Lie group andΓ is a closed subgroup ofG such
that Γ 0 is normal inG. Put #G = G/Γ 0 and #Γ the image ofΓ in #G. One defines

Aff (G/Γ )
def= Aff (#G/#Γ ).

(3) SupposeG is a Lie group andΓ is a closed subgroup ofG such thatG=G0Γ and

Γ 0 is normal inG0. One defines Aff(G/Γ )
def= Aff (G0/G0∩ Γ ).

The next result is obtained by combining Theorem 3.5.1 and [257].

THEOREM 3.8.4. LetG be a Lie group andΓ a closed subgroup ofG such thatG/Γ is
connected and has a finiteG-invariant measure. LetW be a subgroup ofG and a subset
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S ⊂ W be such thatS consists of unipotent elements andAdG(W) ⊂ Zcl(AdG(〈S〉)).
SupposeW acts ergodically onG/Γ . Then anyW -equivariant measurable quotient of
G/Γ is of the formK\G/Λ, whereΛ is a closed subgroup ofG containingΓ , andK is a
compact subgroup of the centralizer of the image ofW in Aff (G/Λ).

REMARK 3.8.5. LetG be a connected semisimple totally noncompact Lie group andΓ

be an irreducible lattice inG. Then[Λ : Γ ] <∞. Further suppose thatZG(W) is finite.
ThenK is a finite group.

It may be noted that the above result was proved by Ratner [177] in the case of
G= SL(2,R).

The description of topological factors for unipotent flow is very similar to the measurable
factors, but it is somewhat more involved (see Shah [203]).

THEOREM 3.8.6. Let G and Γ be as in Theorem3.8.4. Let W be a subgroup ofG
generated by unipotent one-parameter subgroups contained in it. Suppose thatW acts
ergodically onG/Γ . Let X be a Hausdorff locally compact space with a continuous
W -action andϕ :G/Γ �→X a continuous surjectiveW -equivariant map. Then there exists
a closed subgroupΛ containingΓ , a compact groupK contained in the centralizer of the
image ofW in Aff (G/Λ), and aW -equivariant continuous surjective mapψ :K\G/Λ �→
X such that the following statements hold:

(1) Define theW -equivariant mapρ :G/Γ �→ K\G/Λ by ρ(gΓ )
def= KgΛ for all

g ∈G. Thenϕ =ψ ◦ ρ.
(2) Given a neighborhoodΩ of e in ZG(W), there exists an open denseW -invariant

subsetX0 ofG/Λ such that for anyx ∈X0 andy ∈G/Λ one has removing brackets
y ∈ KΩx wheneverψ(Kx) = ψ(Ky). In this situation, ifKWx = K\G/Λ, then
Ky =Kx.

REMARK 3.8.7. Let the notation be as in Theorem 3.8.6. Further suppose thatG andΓ
are as in Remark 3.8.5, and the subgroupW is a proper maximal connected subgroup ofG

with discrete center. Then[Λ : Γ ]<∞, K is finite,Ω = {e}, andC 	X0 is contained in
a union of finitely many closed orbits ofW for any compact subsetC of G/Λ.

Apart from Theorem 3.3.6, a new ingredient in the proof of Theorem 3.8.6 is the use of
the conclusion (3.12) of Theorem 3.7.1.

8a. Disjointness of actions on boundaries and homogeneous spaces.Consider a con-
nected Lie groupL and its Lie subgroupG which is a simple Lie group ofR-rank> 1.
Let P be a proper parabolic subgroup ofG andΛ a lattice inL. Then the actions ofG on
G/P and onL/Λ are ‘topologically disjoint’ in the following sense (see [203]):

THEOREM3.8.8. LetG be a real algebraic semisimple Lie group whose all simple factors
haveR-rank> 1. LetL be a Lie group andΛ be a lattice inL. Suppose thatG is realized
as a Lie subgroup ofL and it acts ergodically onL/Λ. LetP be a parabolic subgroup ofG
and consider the diagonal action ofG onL/Λ×G/P . LetY be locally compact second
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countable space with a continuousG-action andϕ :L/Λ × G/P �→ Y be a continuous
surjectiveG-equivariant map. Then there exist a parabolic subgroupQ ⊃ P of G, a
locally compact Hausdorff spaceX with a continuousG-action, a continuous surjective
G-equivariant mapϕ1 :L/Λ �→ X (see Theorem3.8.6), and a continuousG-equivariant
mapψ :X×G/Q �→ Y such that the following holds:

(1) If one definesρ :L/Λ × G/P �→ X × G/Q as ρ(x, gP ) = (ϕ1(x), gQ) for all
x ∈ L/Λ andg ∈G, thenϕ = ψ ◦ ρ.

(2) There exists an open denseG-invariant setX0 ⊂ L/Λ such that if one putsZ0 =
ϕ1(X0)×G/Q andY0=ψ(Z0), then
(a) Y0 is open and dense inY ,
(b) Z0=ψ−1(Y0), and
(c) ψ|Z0 is a homeomorphism ontoY0.

In particular, if the action ofG onL/Λ is minimal thenψ is a homeomorphism.

In the case whenL = G, the result was proved by Dani [50] in order to obtain a
topological analogue of a result of Margulis [134] on Γ -equivariant measurable factors
of G/P . The above result was formulated to answer a question of Stuck [241] for actions
on homogeneous spaces.

The proof of the result is based on the ideas from [50] combined with Ratner’s orbit
closure theorem, and Theorem 3.7.6.

4. Dynamics of non-unipotent actions

As we saw in Section 3, unipotent orbits on homogeneous spaces exhibit somewhat
‘regular’ behavior. On the other hand, in the complementary partially hyperbolic case
there always exist orbits with complicated behavior. After describing several examples
of partially hyperbolic one-parameter flows, we prove that any such flow has an orbit with
nonsmooth closure. Further, one can find orbits avoiding any pre-selected point, or even
a small enough subset, of the space. Results of this type are reviewed in §4.1a and §4.1b.
Then in §4.1c we specialize to noncompact homogeneous spaces and look at excursions of
trajectories to infinity, obtaining a generalization and strengthening of Sullivan’s logarithm
law for geodesics. Finally, in §4.1d we consider trajectories exiting to infinity.

On the other hand, the results of Section 3 simplify considerably the study of arbitrary
(not necessarily unipotent) actions. For example, one can extend a lot of results to the class
of quasi-unipotent actions. It turns out that the algebraicity of orbit closures and ergodic
measures is to be replaced by ‘quasi-algebraicity’. This implies, in particular, that all orbit
closures of a one-parameter flow are smooth iff the flow is quasi-unipotent. We discuss
this dichotomy and related results in Section 4.2. Although measure rigidity does not take
place for ergodic quasi-unipotent flows, it does so for mixing quasi-unipotent flows. As for
the ergodic case, one can establish ‘fiber-wise’ rigidity.

After proving a stronger form of Ratner’s topological theorem in Section 4.3 we give a
‘classification’ of minimal sets of homogeneous one-parameter flows. Then we comment
on the structure of rectifiable invariant sets.

In Section 4.4 we consider the structure of ergodic measures and orbit closures for
actions of multi-dimensional connected subgroupsF ⊂ G. Here the results are far from
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being definitive. Nevertheless, some classes of connected subgroupsF ⊂G not generated
by unipotent elements, whose ergodic measures and orbit closures are of algebraic origin,
have been found. Incidentally, we show how the study ofF -ergodic invariant measures
for a connected subgroupF can be reduced to the case whenF is Abelian and consists
of partially hyperbolic elements. For such a subgroupF with dimF > 1, many important
problems are open; we only list some of them. Finally, we discuss the relation between
minimality and unique ergodicity of homogeneous actions.

4.1. Partially hyperbolic one-parameter flows

Throughout Section 4.1,Γ is a lattice in a Lie groupG (perhaps sometimes just a discrete
subgroup), andgR is a partially hyperbolic one-parameter subgroup ofG. The basic
examples are those listed in §1.4e and §1.4f: that is, geodesic flows on locally symmetric
spaces of noncompact type. In this setting,G will be as in (2.1); as we saw in Sections 1
and 2, many problems involving homogeneous flows can be reduced to this case. Moreover,
the situation when the space essentially splits into a product of smaller spaces can be
reduced to studying the factors; therefore it will be often natural to assume (2.2).

While studying ergodic properties of partially hyperbolic one-parameter actions, one
easily notices similarities to those of Anosov flows. Informally speaking, both classes of
dynamical systems grew out of the examples considered in §1.4e, that is, geodesic flows on
surfaces of constant negative curvature, and then two different ways of generalization are
chosen. Indeed, the local decomposition ofG as the product of the neutral subgroupQ and
the expanding/contracting horospherical subgroupsG+ andG− is a direct analogue of the
local product structure induced by an Anosov flow. However, the methods of studying these
classes are strikingly different. Most important results in Anosov flows are achieved by
means of symbolic dynamics of Markov partitions of the phase space (see [2] for details).
The absence of symbolic representation in the higher rank partially hyperbolic case calls
for other methods, making heavy use of the underlying rich algebraic structure and the
uniformity of the geometry ofG/Γ .

Let us briefly describe a particular important example of a partially hyperbolic
homogeneous flow.

EXAMPLE 4.1.1. TakeG= SL(k,R) and a subgroupgR ofG, wheregt = diag(ew1t , . . . ,

ewkt ) andw1, . . . ,wk are real numbers with
∑k
i=1wi = 0. The flow is partially hyperbolic

iff at least one (and hence at least two) of the numberswi are nonzero. Arrange them
so thatwi � wj if i � j ; then the expanding horospherical subgroupG+ corresponding
to g1 is a subgroup of the group of unipotent upper-triangular matrices, and is exactly
equal to the latter iff all the values ofwi are different. In the latter case,G− is the
group of lower-triangular matrices, and the neutral subgroupQ (the centralizer ofgR)
consists of diagonal matrices. Another extreme case is wheng1 has only two (multiple)
real eigenvalues, i.e.,k =m+ n and

gt = diag(et/m, . . . ,et/m︸ ︷︷ ︸
m times

,e−t/n, . . . ,e−t/n︸ ︷︷ ︸
n times

). (4.1)
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Then all elements ofG+ are of the form

LA
def=

(
Im A

0 In

)
, A ∈Mm,n, (4.2)

and similarly

G− =
{(
Im 0
B In

) ∣∣∣∣ B ∈Mn,m} ,
whileQ is the group of block-diagonal matrices

Q=
{(
C 0
0 D

) ∣∣∣∣C ∈Mm,m, D ∈Mn,n, det(C) · det(D)= 1

}
.

As was mentioned in Section 2, partially hyperbolic homogeneous flows are precisely
those of positive entropy. Also, a partially hyperbolic one-parameter subgroupgR is clearly
unbounded. Assume that the conditions (2.1) and (2.2) hold. Then the flow is mixing (hence
ergodic) by Moore’s Theorem 2.3.6. Moreover, one can show that it follows from the partial
hyperbolicity ofgR that dist(e, gt ) is bounded from below by const· t . Therefore from
Corollary 2.3.8 one can deduce the following

THEOREM 4.1.2. Assume that conditions(2.1), (2.2) and (2.3) hold. Then there exist
constantsγ > 0, E > 0, l ∈ N such that for any two functionsϕ, ψ ∈ C∞(G/Γ ) with
zero mean and compact support and for anyt � 0 one has∣∣(gtϕ,ψ)∣∣ �E e−γ t‖ϕ‖l‖ψ‖l , (4.3)

where‖ · ‖l means the norm in the Sobolev spaceW2
l (G/Γ ).

It is worthwhile to compare the above result with the recent work of Dolgopyat on
exponential decay of correlations for special classes of Anosov flows [72].

1a. Nondense orbits. Our goal here is to look at orbit closures of a partially hyperbolic
homogeneous flow(G/Γ,gR). We will see in later that the results of this section differ
drastically from the case when the subgroupgR is quasiunipotent. Roughly speaking, the
dynamics in the partially hyperbolic case has many chaotic features (whatever this means),
while quasi-unipotent flows have somewhat regular behavior.

As was known for a long time (see §1.4e), orbits of the geodesic flow can be ‘very bad’.
Namely, an orbit can be nonrecurrent and not exiting to infinity or, on the contrary, it can
be recurrent and have nowhere locally connected closure (as the Morse minimal set). The
following observation of Margulis generalizes this fact (see [227]):

LEMMA 4.1.3. Any uniformly partially hyperbolic flow on a manifold with a finite smooth
invariant measure always has a nonrecurrent orbit which does not exit to infinity(and
hence its closure is not a submanifold).
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This is certainly in contrast with homogeneity ofall orbit closures of unipotent flows, as
explained in Section 3. Further, if a unipotent flow is ergodic, one can use Theorem 3.4.1 to
conclude that the exceptional set of points with nondense orbits of a unipotent flow belongs
to a countable union of proper algebraic subvarieties.

We now look more closely at that exceptional set in the partially hyperbolic case.
Motivated by similar results in nonhomogeneous hyperbolic dynamics [246], one should
expect it to be quite big. Moreover, in many particular cases the set of points with orbits
escaping a fixed setZ of the phase space is rather big. More precisely, ifF is a set of
self-maps of a metric spaceX, andZ a subset ofX, let us denote byE(F,Z) the set
{x ∈ X | F(x) ∩ Z = ∅} of points withF -orbits escapingZ, and say thatZ is escapable
relative toF (or, briefly,F -escapable) if E(F,Z) is thick in X, that is, has full Hausdorff
dimension at any point ofX.

Here are some results to compare with:X is a Riemannian manifold,F = fR+ where
ft :X �→X is aC2 Anosov flow. Urbanski [246] (essentially) proved that any one-element
set isF -escapable, while Dolgopyat [71], under some additional assumptions (e.g., ifX

has a smoothF -invariant measure), showed that any countable subset ofX isF -escapable.
The following theorem is proved in [114]:

THEOREM 4.1.4. LetG be a unimodular Lie group,Γ a discrete subgroup ofG, F = gR

a partially hyperbolic one-parameter subgroup ofG. Then any compactC1 submanifold
Z of G/Γ of dimension less thanmin(dim(G+),dim(G−)), which is transversal to the
F -orbit foliation, isF -escapable.

In particular, this shows that if the flow is partially hyperbolic, points with nondense
orbits form a thick set. Note that analogous results in the setting of Anosov flows and
diffeomorphisms, see [71,246], are proved via symbolic dynamics of Markov partitions
of the manifold. This tool is not available in the higher rank case, when the dimension of
the neutral leaf is bigger than one. As a replacement, one considers natural ‘rectangular’
partitions of the expanding horospherical subgroupG+ of G (calledtessellationsin [116]
and [114]) and studies their behavior under the automorphismh �→ gthg−t of G+. Then
the Hausdorff dimension of the set of points escapingZ is estimated using the fact that
theF -translates of small neighborhoods ofZ are ‘topologically small’, that is, they can
be covered by relatively small number of rectangles from the aforementioned partitions.
Those rectangles can be used to create a Cantor set consisting of points with orbits avoiding
a neighborhood ofZ. In fact this argument yields a more precise description of the set
E(F+,Z) of points with positive semi-orbits escapingZ (hereF+ = gR+ ) as follows:

THEOREM 4.1.5. Let G, Γ , F = gR andZ be as in the above theorem. Then for any
x ∈G/Γ , the set{h ∈G+ | hx ∈E(F+,Z)} is thick inG+.

In other words, the intersections ofE(F+,Z) with open subsets of any unstable leaf
have full Hausdorff dimension. The previous theorem follows from this one by a standard
slicing argument. See [114] for details and other results, including similar statement for
actions of cyclic partially hyperbolic subgroupsgZ of G.
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1b. Bounded orbits. A special class of nondense orbits of homogeneous flows happened
to be very important in view of a connection with Diophantine approximation, and, in
fact, served as a motivation for this circle of problems. Namely, considerG = SL(2,R),
Γ = SL(2,Z), and letgt =

( e−t 0
0 et

)
(this is clearly a special case of Example 4.1.1). Using

the fact thatbadly approximablereal numbers form a thick subset ofR [102], one can show
(see §5.2a for more details on the connection with number theory) that the set of points of
the noncompact spaceG/Γ with bounded(i.e., relatively compact)gR-orbits is thick. Let
us modify the definition from the previous section: ifF is a set of self-maps of a metric

spaceX, andZ a subset of the one-point compactificationX∗ def= X ∪ {∞} of X, denote by
E(F,Z) the set{x ∈X | F(x)∩Z = ∅} (with the closure taken in the topology ofX∗) and
say thatZ is F -escapableif E(F,Z) is thick inX. With this terminology, the abundance
of bounded orbits reads as ‘{∞} is gR-escapable’.

One might ask whether a similar statement holds for more generalG andΓ . In the 1980s
Dani used the results and methods of Schmidt in simultaneous Diophantine approximation
(see §5.2c) to prove the escapability of{∞}⊂ (G/Γ )∗ in the following two cases:

[52] G= SL(k,R), Γ = SL(k,Z), andgR is of the form (4.1);
[54] G is a connected semisimple Lie group ofR-rank 1,Γ a lattice inG, andgR is

partially hyperbolic.
These results were substantially refined in [116], where essentially the following result

was established:

THEOREM 4.1.6. LetG be a Lie group,Γ a lattice inG, F = gR a partially hyperbolic
one-parameter subgroup ofG. Assume that either

(1) F consists of semisimple elements and theF -action onG/Γ is mixing, or
(2) theF -action onG/Γ is exponentially mixing, in the sense of(4.3).

Denote byF+ the semigroupgR+ , and letZ be a closed null subset ofG/Γ . Then:
(a) if Z is F+-invariant, then for anyx ∈ G/Γ the set{h ∈ G+ | hx ∈ E(F+,Z)} is

thick inG+;
(b) if Z is F -invariant, thenZ ∪ {∞} is F -escapable. That is, pointsx ∈ E(F,Z) for

whichFx is bounded form a thick set.

As was mentioned in §2.3d, the above condition (2) is satisfied for any partially
hyperbolic one-parameter subgroupF = gR wheneverG satisfies (2.1) andΓ ⊂ G is an
irreducible non-uniform lattice. This proves the abundance of boundedF -orbits under the
assumptions (2.1), (2.2). More generally, by reducing to the case (2.1), (2.2) it is essentially
shown in [116] that the set of bounded orbits for an ergodic homogeneous flow is thick iff
the maximal quotient spaceG/AΓ of zero entropy (hereA is the Auslander subgroup
associated tog1, see §2.1a) is compact.

Since all orbit closures of a unipotent flow are homogeneous, it follows by dimensional
considerations that minimal sets for such a flow exist, and by Theorem 3.1.8, they are
compact. Now, ifhR is a one-parameter subgroup with purely real eigenvalues of the
operators Adht , it follows that the quotient flow(G/AΓ ,hR) is unipotent. Given a compact
minimal subsetX ⊂ G/AΓ , let Y ⊂ G/Γ be its full inverse. ThenY is a homogeneous
space of finite volume and by above statement, the set of bounded orbits insideY is thick
therein. In particular, the flow(G/Γ,hR) has a bounded orbit.
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By Lemma 4.3.2 below, one can reduce the general case to the case of purely real
eigenvalues and derive the following

COROLLARY 4.1.7. If vol(G/Γ ) <∞, then every flow(G/Γ,gR) has a bounded orbit.

The methods of proof of Theorem 4.1.6 are similar to those of Theorem 4.1.4; the only
difference is that theF -translates of small neighborhoods ofZ∪{∞} are not ‘topologically
small’ anymore (here small neighborhoods of∞ are complements to large compact subsets
of G/Γ ). However, they are ‘measure-theoretically small’, and one can, as before, use a
tessellation ofG+ to create a Cantor set which will have big enough Hausdorff dimension
by virtue of mixing properties (1) and (2). See [116] or [114] for details.

Other results worth mentioning for comparison: the paper [71] of Dolgopyat on Anosov
flows (by symbolic dynamics of Markov partitions) and work of Bishop and Jones [25],
Stratmann [240] and Fernández and Melián [81] on bounded geodesics on rank-1 locally
symmetric spaces (hyperbolic geometry being the main ingredient). Note that in all these
cases the Hausdorff dimension of the set of points with bounded orbits is calculated in the
infinite volume case as well. In particular, for geodesics on a rank-1 locally symmetric
spaceC\G/Γ , this dimension is equal to thecritical exponentof Γ . The analogous
question in the higher rank case remains untouched.

1c. Excursions to infinity. This subsection is, in some sense, complementary to §4.1b,
since we are going to consider unbounded orbits; more precisely, unbounded with a certain
‘rate of unboundedness’. This class of problems is motivated by the paper of Sullivan [242]
about geodesic excursions to infinity on hyperbolic manifolds. We state the next theorem
in the setting of the geodesic flow on the unit tangent bundleSM to a locally symmetric
spaceM ∼= C\G/Γ . Fory ∈M, we denote bySyM the set of unit vectors tangent toM at
y, and, forξ ∈ SyM, we letγt (y, ξ) be the geodesic onM throughy in the direction ofξ .
We have the following result [116]:

THEOREM 4.1.8. LetM be a noncompact locally symmetric space of noncompact type
and finite volume. Fixy0 ∈M and let{rt | t ∈N} be an arbitrary sequence of real numbers.
Then for anyy ∈M and almost every(resp. almost no) ξ ∈ SyM there are infinitely many
t ∈N such that

dist
(
y0, γt (y, ξ)

)
� rt , (4.4)

provided the series
∑∞
t=1 e−krt , with k = k(M) as in Theorem1.3.4, diverges(resp.

converges).

It follows from (4.4) that the above series is, up to a constant, the sum of volumes of the

setsA(rt )
def= {y ∈M | dist(y0, y)� rt }; the latter sets can be viewed as a ‘target shrinking

to ∞’ (cf. [ 98]), and Theorem 4.1.8 says that if the shrinking is slow enough (read: the
sum of the volumes is infinite), then almost all geodesics approach infinity faster than the
setsA(rt ). Here it is convenient to introduce the following
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DEFINITION 4.1.9. Let(X,µ) be a probability space. Say that a familyB of measurable
subsets ofX is Borel–Cantellifor a sequencegN of self-maps ofX if for every sequence
{At | t ∈N} of sets fromB one has

µ
({
x ∈X | gt (x) ∈At for infinitely manyt ∈N

})= {
0 if

∑∞
t=1µ(At) <∞,

1 if
∑∞
t=1µ(At)=∞.

(Note that the statement on top is always true in view of the classical Borel–Cantelli
Lemma.)

One can see that Theorem 4.1.8 essentially amounts to the family of sets{(y, ξ) ∈ SM |
dist(y0, y)) � r}, r > 0, being Borel–Cantelli forγN. A choicert = 1

W
logt, whereW is

arbitrarily close tok, yields the following special case, which has been referred to (by
Sullivan [242] in the setting of hyperbolic manifolds) as thelogarithm law for geodesics:

COROLLARY 4.1.10. ForM as above, anyy ∈M and almost allξ ∈ SyM,

lim sup
t→∞

dist(y, γt (y, ξ))

logt
= 1/k.

In other words, almost all geodesics have a logarithmic rate or growth.
As was mentioned in §1.3e, the geodesic flow onSM can be seen as a special case

of a partially hyperbolic infra-homogeneous flow (more precisely,SM is foliated by
infra-homogeneous manifolds on which the geodesic flow is realized via action of one-
parameter diagonalizable subgroups ofG). It is therefore natural to expect a generalization
of Theorem 4.1.8 written in the language of homogeneous flows onG/Γ . Throughout the
end of the section we letG andΓ be as in (2.1), (2.2) (although some of the results below
hold for reducible lattices as well), and denoteG/Γ byX and the normalized Haar measure
on X by ν. To describe sequences of sets ‘shrinking to infinity’ inX, we replace the
distance function dist(y0, ·) by a function∆ :X �→R satisfying certain properties. Namely,
say that∆ is DL (an abbreviation for ‘distance-like’) if it is uniformly continuous, and the
measure of sets{x |∆(x)� z} does not decrease very fast asz→+∞, more precisely, if

∃c, δ > 0 such thatν
({x |∆(x)� z+ δ}) � c · ν({x |∆(x)� z}) ∀z� 0.

(4.5)

For k > 0, we will also say that∆ is k-DL if it is uniformly continuous and in addition

∃C1,C2> 0 such thatC1 e−kz � ν
({
x |∆(x)� z}) � C2 e−kz ∀z ∈R. (4.6)

It is easy to show that (4.6) implies (4.5). The most important example is the distance
function onX; Theorem 1.3.4 is exactly thek-DL property. Another example, important for
number-theoretical applications, is the function∆ onΩk = SL(k,R)/SL(k,Z) introduced
in §1.3d; the fact that it isk-DL immediately follows from Theorem 1.3.5.
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The next theorem [118], essentially a generalization of Theorem 4.1.8, gives a way,
using such a function∆, to measure growth rate of almost all orbits of partially hyperbolic
flows.

THEOREM 4.1.11. Let ∆ be a DL function onX and gR a one-parameter partially
hyperbolic subgroup ofG. Then the family{{x ∈X |∆(x)� r} | r > 0} is Borel–Cantelli
for gN.

As before, it follows from the above statement that the function∆ evaluated on
gR-orbit points grows logarithmically for almost all trajectories. Besides the proof of
Theorem 4.1.8, it provides a new proof of the Khintchine–Groshev theorem in metric
Diophantine approximation (see §5.2b).

A few words about the proof of Theorem 4.1.11: the main tool is a ‘quasi-independent’
Borel–Cantelli lemma: if a sequence{At} of subsets ofX satisfies a certain quasi-
independence assumption (see [117, Lemma 2.6]) and the sum of their measures is infinite,
then the ‘upper limit’

⋂
n

⋃
t�n At has full measure. One needs to show that the sequence

At = g−t ({x |∆(x)� rt }) satisfies this assumption. This is done in two steps: first, using
the DL property of∆, one approximates the sets{x |∆(x)� rt } by smooth functions, and
then one applies the exponential decay estimates of Theorem 4.1.2 to those functions and
verifies the aforementioned assumption.

1d. Divergent trajectories. In the previous section we considered unbounded trajectories
and studied their excursions to neighborhoods of infinity. Now we turn todivergent
trajectories, i.e., eventually leaving every bounded subset of the space.

We start with the geodesic flow(Γ \G,gR), whereG = SL(2,R), Γ = SL(2,Z), and
gt = diag(et ,e−t ). Let U = UR be the subgroup of all strictly upper-triangular matrices
(cf. §1.4e). Since the orbitΓU is closed inΓ \G, it follows that the positive trajectory
{Γgt | t � 0} is divergent (otherwise the contracting horocycle flow given by theU -action
would have a fixed point). For the same reason, the negative trajectory{Γgt | t � 0} is
divergent as well. Hence the orbitΓ gR is closed and noncompact.

It is not hard to show that, more generally, given a matrixHα =
( 1 0
α 1

)
, the trajectory

ΓHαgR+ is divergent iff the numberα is rational. This implies that divergent positive
trajectories of the geodesic flow correspond precisely to periodic orbits of the contracting
horocycle flow; hence nondivergent geodesic trajectories correspond to dense horocycle
orbits.

This observation was generalized by Dani [56] as follows (here as before we switch to
left actions on right homogeneous spaces):

THEOREM 4.1.12. Let gR be a reductive subgroup of a semisimple Lie groupG, and let
H be the contracting horospherical subgroup forgR. Assume that the horospherical flow
(G/Γ,H) is ergodic. Then given a pointx ∈G/Γ , the orbitHx is dense inG/Γ whenever
the positive trajectorygR+x is not divergent.

(It follows from the theorem that horospherical flow on a compact homogeneous space
is minimal whenever it is ergodic; see [247] and [33] for a stronger result.)
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Now one can deduce the following result of Dani [52].

THEOREM 4.1.13. LetgR be a reductive subgroup in a Lie groupG, and letΓ be a non-
uniform lattice inG. Then the flow(G/Γ,gR) has divergent trajectories whenever it is
ergodic.

In fact, the proof can be easily reduced to the case whenG andΓ are as in (2.1) and
(2.2). SincegR is reductive and acts ergodically onG/Γ , it follows that the horospherical
flow (G/Γ,H) is also ergodic. Note that according to Theorem 3.1.8 horospherical flow
on a noncompact space cannot be minimal. Hence by Theorem 4.1.12, the flow(G/Γ,gR)

has a divergent trajectory.
The existence of divergent trajectories for a nonreductive subgroupgR ⊂G has not been

proved. However, the caseG= SL(n,R), Γ = SL(n,Z) is well understood, see [52]:

THEOREM 4.1.14. A one-parameter subgroupgR ⊂ SL(n,R) has a divergent trajectory
on SL(n,R)/SL(n,Z) if and only if it is partially hyperbolic.

The proof of the ‘if’ part easily follows from Mahler’s compactness criterion; the ‘only
if’ direction is discussed in Section 3.1. Note that givengR as in (4.1) andLA as in
(4.2), it was proved by Dani that the trajectorygR+LASL(m+ n,Z) is divergent iff the
matrix A is singular. A real number (= one-by-one matrix) is singular iff it is rational.
But a one-by-two matrix(a1, a2) can be singular even if the numbers 1, a1 and a2 are
linearly independent overQ. This produces examples of so callednondegeneratedivergent
trajectories (see [52] or [237] for more details).

4.2. Quasi-unipotent one-parameter flows

2a. Smoothness of orbit closures.In what follows, Γ is a discrete subgroup of a
Lie groupG. We recall that the dynamics of a homogeneous flow(G/Γ,gR) depends
drastically on whether or not the subgroupgR is quasi-unipotent. Relative to the metric
induced by a right-invariant metric onG, the rate of divergence of trajectories of a
quasi-unipotent flow(G/Γ,gR) is polynomial whereas a partially hyperbolic flow has the
exponential divergence of trajectories and is uniformly partially hyperbolic .

As was already said in Lemma 4.1.3, any partially hyperbolic one-parameter flow has an
orbit closure that is not a manifold. On the contrary, all orbit closures of a quasi-unipotent
flow are manifolds.

In fact, one can always treat orbits of a quasi-unipotent flow as ‘twisted’ orbits of a
unipotent flow. For example, ifG is a semisimple group with finite center, then for any
quasi-unipotent subgroupgR ⊂ G there exist a torusT ⊂ G and a unipotent subgroup
uR ⊂G such thatgt = ct × ut , t ∈R, wherecR is a dense subgroup of the torusT (this is
a Jordan decomposition of the subgroupgR into reductive and unipotent parts). Thus, the
subgroupgR can be viewed as diagonal in the ‘cylinder’T × uR with vertical axisuR.

In general,G can fail to admit such a decomposition. However, one can extend ‘slightly’
the groupG to a groupG∗ which does admit the decomposition in question (see [227]).
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LEMMA 4.2.1. Let gR be a quasi-unipotent subgroup in a connected simply connected
Lie groupG. Then there exist

(1) a torusT ⊂ Aut(G) commuting withgR, and
(2) a unipotent subgrouphR ⊂G∗ = T �G

such that the projectionπ :G∗ → G along T induces a compact cover of the quasi-
unipotent flow(G/Γ,gR) by the unipotent flow(G∗/Γ,hR), Γ ⊂ G being an arbitrary
discrete subgroup. IfM ′ = hRx ⊂ G∗/Γ is a homogeneous space of finite volume, then
M = gRx ⊂ G/Γ is an (infra-homogeneous) submanifold with finite smoothgR-ergodic
measure.

It is obvious that vol(G/Γ ) <∞⇔ vol(G∗/Γ ) <∞. Hence given a latticeΓ ⊂ G,
all orbits of the unipotent flow(G∗/Γ,hR) have homogeneous closures and are uniformly
distributed. This implies that any orbitgRx of quasi-unipotent flow on a finite volume
space is also uniformly distributed (relative to the smooth measure on the manifold
M = gRx ⊂G/Γ obtained fromH -invariant measure on the spaceHx = hRx ⊂G∗/Γ ).
We recall that the manifoldM can fail to be a homogeneous subspace (see §1.4b).

Now we can formulate a general criterion [227].

THEOREM 4.2.2. LetΓ be a lattice inG. Then all orbit closures of a flow(G/Γ,gR) are
smooth manifolds⇔ the subgroupgR is quasi-unipotent. All orbits of a quasi-unipotent
flow are uniformly distributed in their closures.

2b. Smoothness of ergodic measures.Now letµ be a finite ergodic measure for a quasi-
unipotent flow(G/Γ,gR) and letM ⊂ G/Γ be its support. Then the flow(M,gR) is
ergodic with respect to a strictly positive measure and hence possesses a dense orbit. By
Lemma 4.2.1, the flow(M,gR) is compactly covered by a topologically transitive flow
(M ′, hR), whereM ′ ⊂G∗/Γ andhR is a unipotent subgroup ofG∗. Weil’s construction
of the semidirect product of measures (cf. [174]) provides us with a finitehR-invariant
measure onM ′ that projects to the measureµ. Letµ′′ be the ergodic component ofµ′ that
projects toµ. Thenµ′′ is anH -invariant measure on a closed orbitHx ⊂M ′ ⊂ G∗/Γ .
Henceµ is a smooth measure on the manifoldM ⊂G/Γ . We have proved the following
statement:

COROLLARY 4.2.3. Let µ be a finite ergodic measure for a quasi-unipotent flow
(G/Γ,gR). Then there exists a smooth manifoldM ⊂G/Γ such thatµ is supported onM
and the restriction ofµ ontoM is a smooth measure.

We recall once more that according to Sinai [212] and Bowen [32], any Anosov flow has
uncountably many ergodic measures, those with their support not locally connected, and
those that are strictly positive (but singular to smooth volume measure).

One can formulate the following

CONJECTURE4.2.4. Any partially hyperbolic flow on a finite volume homogeneous space
has a finite ergodic measure whose support is not a smooth manifold. If the flow is
ergodic with respect to Haar measure, then there exists an ergodic strictly positive singular
measure.
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2c. Measure rigidity. Here we consider the measure rigidity property of quasi-unipotent
flows. According to Theorem 3.8.1, ergodic unipotent flows aremeasure rigid: any
measure-theoretical isomorphism is (almost everywhere) an affine map of homogeneous
spaces. On the contrary, partially hyperbolic flows do not possess this property. In
fact, given any two latticesΓ1,Γ2 ⊂ SL(2,R), the geodesic flows on the corresponding
homogeneous spaces, being Bernoullian flows with equal entropies, are always measure-
theoretically isomorphic [168]. But Γ1 andΓ2 need not be conjugate in SL(2,R).

On the other hand, by Theorem 2.2.5, an ergodic quasi-unipotent flow on a compact
Euclidean manifold is smoothly and measure-theoretically isomorphic to a rectilinear flow
on a torus. Hence measure rigidity does not take place in the quasi-unipotent case either.

However, as Witte [255] proved, measure rigidity holds if the quasi-unipotent flows
involved are mixing:

THEOREM 4.2.5. Any measure-theoretic isomorphism of mixing quasi-unipotent flows is
affine almost everywhere.

It turns out that although an isomorphism of quasi-unipotent flows need not be an affine
map globally, it is ‘fiber-wise’ affine [232]. In what follows,G∞ is the minimal normal
subgroup ofG such that the factor-groupG/G∞ is solvable.

THEOREM 4.2.6. Letf : (G/Γ,gR)→ (G′/Γ ′, g′
R
) be a measure-theoretic isomorphism

of ergodic quasi-unipotent flows. Then for almost allgΓ ∈ G/Γ one hasf (G∞gΓ ) =
G′∞f (gΓ ), and the restriction off onto almost every homogeneous subspaceG∞gΓ is
affine. In particular,f induces an isomorphism of ergodic quotient flows

f̂ :
(
G/G∞Γ ,gR

)→ (
G′/G′∞Γ ′, g′R

)
on solvable homogeneous spaces.

Note that Witte’s Theorem (Theorem 4.2.5) follows immediately because solvable
homogeneous spaces admit no mixing homogeneous flows.

4.3. Invariant sets of one-parameter flows

3a. Nondivergence inside the neutral leaf.Sometimes one can ensure that an individual
orbit of a partially hyperbolic flow(G/Γ,gR) has smooth (or even algebraic) closure. For
instance, this applies to orbits that ‘do not exit to infinity inside the neutral leaf’ (this
generalizes Ratner’s topological theorem). The result proves to be helpful for classification
of minimal sets of homogeneous flows.

More precisely, letQ be the neutral subgroup forgR (see §2.1a). Note thatgR ⊂ Q
andgR is always quasi-unipotent inQ. We say that an orbitgRx ⊂ G/Γ does not exit
to infinity inside the neutral leafQx ⊂ G/Γ if there exist a sequence{tn} →∞ and a
compact subsetK ⊂Q such thatgtnx ∈Kx for all n. One can prove the following ([231]):



hass v.2002/01/24 Prn:31/01/2002; 15:11 F:HASS11.tex; VTEX/ELE p. 78

78 D. Kleinbock et al.

THEOREM 4.3.1. Let vol(G/Γ ) <∞ and let an orbitgRx ⊂G/Γ do not exit to infinity
inside the neutral leafQx ⊂ G/Γ . Then the closuregRx ⊂ G/Γ is a smooth manifold
with finite smooth ergodic measure.

The proof involves a statement similar to Lemma 4.2.1.

LEMMA 4.3.2. Let gR be a one-parameter subgroup in a simply connected Lie groupG.
Then there exist a torusT ⊂ Aut(G) and a subgrouphR ⊂ G∗ = T � G such that all
eigenvalues of the operatorsAdht on g∗ are purely real, and each closuregRx ⊂G/Γ is
compactly covered by the closurehRx ⊂G∗/Γ . If the second closure is homogeneous and
has finite volume, then the first closure is a manifold and carries a finite smooth ergodic
measure.

Now Theorem 4.3.1 is a corollary of the following [231]:

THEOREM 4.3.3. Let vol(G/Γ ) <∞ and let a subgroupgR be such that all eigenvalues
of the operatorsAdgt on g are purely real. Then if an orbitgRx ⊂ G/Γ does not exit to
infinity inside the neutral leafQx ⊂G/Γ , then the closuregRx ⊂G/Γ is a homogeneous
space of finite volume.

Note that this result generalizes Ratner’s topological Theorem 3.3.6 for one-parameter
unipotent flows. In fact, if vol(G/Γ ) <∞, then by Theorem 3.1.1, no trajectory of a
unipotent flow exits to infinity. Theorem 4.3.3 is not an immediate corollary of Ratner’s
theorem because the neutral leafQx ⊂ G/Γ can be nonclosed and as a homogeneous
Q-space it may have infiniteQ-invariant measure.

Theorem 4.3.3 is proved via multiple application of Ratner’s theorem and reducing the
semisimple, solvable and general cases to the arithmetic case. Note that an orbit of the
horocycle flow on a surface of constant curvature−1 and of infinite area may not exit to
infinity and at the same time not come back to a compact set with positive density of times
(this concerns, for example, recurrent nonperiodic orbits of the horocycle flow on a surface
of the second kind, see [230]). Hence Theorem 4.3.3 does not follow from Theorem 3.3.11.

3b. Minimal sets. Now we are ready to give a classification of minimal sets of
homogeneous flows. First we introduce a new class of invariant sets.

Let (X,gR) be a continuous flow on a locally compact spaceX. Then a closed invariant
setM ⊂X is calledbirecurrentif each orbit insideM is recurrent (comes back arbitrarily
close to the original point) in both directions.

It is clear that a compact minimal set is birecurrent. On the other hand, a compact
birecurrent set need not be minimal even if it is topologically transitive. In fact, a compact
homogeneous space of finite volume is birecurrent relative to any unipotent flow, but
an ergodic unipotent flow can fail to be minimal. (An example: take a uniform lattice
Γ ⊂ SL(4,R) that intersects SL(2,R) in a lattice, and letgR ⊂ SL(2,R) be a unipotent
subgroup. Then the flow(SL(4,R)/Γ,gR) is ergodic and not minimal.)

The proof of the result to follow is modelled over Lemma 4.1.3, see [231].
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LEMMA 4.3.4. Let (X,gR) be a uniformly partially hyperbolic flow on a manifoldX with
birecurrent setM ⊂X. LetO(x)⊂X be a small enough neighborhood of a pointx ∈M.
Then the connected component of the pointx in the intersectionM ∩O(x) belongs to the
neutral leaf ofx ∈X.

Theorem 4.3.3 and Lemma 4.3.4 immediately imply the following [231]:

THEOREM 4.3.5. LetM be a topologically transitive birecurrent set for a flow(G/Γ,gR)

on a homogeneous space of finite volume. Then eitherM is nowhere locally connected, or
M is a smooth submanifold inG/Γ .

Now assume thatM is a minimal set of a continuous flow(X,gR). Then either all
semiorbits insideM do not exit to infinity, or one of them does. Theorem 3.1.9 asserts that
in the first caseM is a compact set. Now we can give a classification of minimal sets of
homogeneous flows [231].

THEOREM 4.3.6. LetM be a minimal set of a homogeneous flow(G/Γ,gR). Then one of
the following statements holds:

(1) M = gRx is an orbit exiting to infinity in both directions;
(2) there exists a pointx ∈M such that one of its semiorbits exits to infinity, and the

other semiorbit is recurrent;
(3) M is a compact nowhere locally connected set;
(4) M is a compact smooth submanifold inG/Γ such that the flow(M,gR) is compactly

covered by a uniquely ergodic unipotent flow.

Note that the theorem holds true for arbitrary discrete subgroupsΓ ⊂G. If G/Γ fails
to have finite volume, then instead of Ratner’s theorem one can apply Theorem 3.3.11
of Dani and Margulis which ensures that compact closure of a unipotent orbit is always
homogeneous.

Orbits of the geodesic flow exiting to infinity in both directions demonstrate the first
type of minimal sets in our classification. Morse minimal sets illustrate the third type, and
periodic orbits the last type. It has been recently proved in [69] that, assuming the surface
has finite area and is noncompact, the geodesic flow has minimal sets of the second type as
well.

Now let (G/Γ,gR) be an ergodic flow on a homogeneous space of finite volume. The
existence of compact minimal sets for any homogeneous flow follows from Corollary 4.1.7.
The question arises: does an ergodic partially hyperbolic flow have minimal sets of all
possible types? Namely, does it have minimal sets of the third and forth types in the
compact case and of all four types in the noncompact case (provided that the flow has
the K-property)?

Note that the closure of a horocycle orbit on a surface of infinite area need not be
homogeneous even if it is minimal. In fact, following Hedlund it is easy to prove (see
[230]) that the nonwandering setΩ for the horocycle flow(SL(2,R)/Γ,uR) is minimal if
the Fuchsian groupΓ is finitely generated and has no parabolic elements (the same follows
from [34]). If Γ is not a uniform lattice then the minimal setΩ is of the second type in
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our classification: otherwise it would be compact and hence consist of one periodic orbit
(which is impossible becauseΓ contains no unipotent elements). We note also that in this
caseΩ is nowhere locally connected.

Combining Corollary 4.1.7 and Theorem 4.3.6 one derives the following statement
[231]:

THEOREM 4.3.7. A one-parameter homogeneous flow on a space of finite volume is
minimal if and only if it is uniquely ergodic.

We emphasize a contrast between the class of homogeneous flows and the more general
class of smooth flows. As was mentioned, a homogeneous flow on a compact space
can be minimal only if it has zero entropy (i.e., is quasi-unipotent). On the other hand,
Herman [97] has constructed a minimal diffeomorphism of a compact manifold with
positive entropy. Further, according to Theorem 4.3.6, any compact minimal set of a
homogeneous flow is locally connected either everywhere or nowhere. The first example of
a homeomorphismof the plane with a minimal set that is locally connected on a proper non-
empty subset was given in [192]. A smooth flow with a similar minimal set was constructed
by Johnson [104] by making use of quasi-periodic systems of Millionshchikov [154] and
Vinograd [250].

3c. Rectifiable sets. Now we describe results of Zeghib on ‘rectifiable’ invariant subsets
for the action of anR-diagonalizable subgroupgR ⊂G. Ergodic components of Hausdorff
measure (of the corresponding dimension) on such a subset turn out to be algebraic.
Sometimes this enables one to establish the algebraicity of closed invariant sets under
rather weak smoothness conditions.

First, several definitions from geometric measure theory [80] are in order. Let(X,d) be
a measure space andn ∈ N. One says that a subsetY ⊂ X is n-rectifiable if Y = f (A),
whereA⊂Rn is a bounded subset andf :A �→X is a Lipschitz map.16 A countable union
of n-rectifiable subsets ofX is calledσ -n-rectifiable.

As an illustration, we consider the casen= 1. It is easily seen that a 1-rectifiable curve in
R2 has finite length. At the same time, one can construct a homeomorphism of the segment
[0,1] to the image inR2 which is of infinite length (such a curve can beσ -1-rectifiable).
The square[0,1] × [0,1] is not aσ -1-rectifiable set but it is a continuous image of the
segment[0,1] (the Peano curve).

Let Hn be then-dimensional Hausdorff measure onX. A subsetY ⊂ X is calledHn-
rectifiable, if Hn(Y ) < ∞ and there exists aσ -n-rectifiable subsetY ′ ⊂ X such that
Hn(Y − Y ′)= 0. If in additionHn(Y ) > 0, then the Hausdorff dimension ofY is n (but
not every subsetY ⊂X of Hausdorff dimensionn is n-rectifiable).

A nontrivial example of anH1-rectifiable subsetY of the square[0,1]2 is given by a
countable union

⋃
i{ai}×Bi , whereai ∈ [0,1] andBi ⊂ [0,1] is a measurable subset with∑

i l(Bi) <∞.

16A mapf : (A,dA) �→ (X,dX) of two metric spaces is said to beLipschitzif there exists a constantC > 0 such
thatdX(f (a),f (b))�CdA(a,b) for all a,b ∈A.



hass v.2002/01/24 Prn:31/01/2002; 15:11 F:HASS11.tex; VTEX/ELE p. 81

Dynamics of subgroup actions 81

Now letX be a Riemannian manifold. There holds [80] the following criterion: a subset
Y ⊂X is Hn-rectifiable⇔ it belongs modulo a set ofHn-measure 0 to a countable union
of n-dimensionalC1-submanifolds inX.

Now we are in a position to formulate results of [262] on the structure of invariant
rectifiable subsets for a flow(K\G/Γ,aR), whereaR is an R-diagonalizable subgroup
that commutes with a compact subgroupK ⊂G. HereΓ is an arbitrary discrete subgroup
of G.

THEOREM 4.3.8. Let (K\G/Γ,aR) be anR-diagonalizable flow and letY ⊂K\G/Γ be
anHn-rectifiable invariant subset for somen� dim(K\G). Then the flow(Y,Hn, aR) is
measure-preserving and all its ergodic components are algebraic.

Having in mind Ratner’s measure theorem and Corollary 4.2.3, it is natural to formulate
the following.

CONJECTURE 4.3.9. Let (K\G/Γ,gR) be an infra-homogeneous flow and letY ⊂
K\G/Γ be anHn-rectifiable invariant subset. Then the flow(Y,Hn, gR) is measure-
preserving and all its ergodic components are smooth manifolds.

Theorem 4.3.8 can be made more precise. More specifically, one can describe the subset
Y modulo a zero measure set. LetR(aR,Γ ) be the collection of closed subgroupsH ⊂G
such thatΓ ∩H is a lattice inH , andg−1aRg ⊂H for someg ∈G. The following was
proved by Zeghib [262,263]:

THEOREM 4.3.10. Under the assumptions of Theorem4.3.8 there exist countable
collections of elementsgi ∈ G, subgroupsHi ∈ R(aR,Γ ) and subsetsSi ⊂ G such that
eachSi commutes withaR and isHk-rectifiable for somek = k(i), andY =⋃

i KSigiHiΓ

modulo a set of zeroHn-measure.

It is clear that ergodic components in the theorem are (locally homogeneous) subspaces
of finite volumeKygiHiΓ, y ∈ Si .

Here is an example illustrating the theorem. LetaR ⊂H ⊂G, whereΓ ∩H is a lattice
in H , andaR+Γ = HΓ ⊂ G/Γ . Suppose that dimH = n > 1 and that outsideH there
exists an elementu ∈ G for which atua−t → 1, t →+∞ (such example can be easily
constructed). Then the limit set for the semiorbitaR+uΓ is the homogeneous subspace
HΓ . The closureY = aR+uΓ is an Hn-rectifiable set invariant under the semigroup
aR+ . The restriction ofHn ontoY is an ergodic measure supported on the homogeneous
subspaceHΓ . But the setY is not homogeneous. In a similar fashion one can construct
a full orbit aRx having two distinct limit sets which are homogeneous subspaces of finite
volume of dimensionn > 1. Then the closureY = aRx is anHn-rectifiable set with two
ergodic homogeneous components.

In the case when(K\G/Γ,aR) is an Anosov flow, the results obtained have especially
simple formulation. For instance, letG be a simple group ofR-rank 1 and letK ⊂ G
be a maximal compact subgroup that commutes withaR (the flow is none other than
the geodesic flow on the unit tangent bundleT 1M of locally symmetric manifoldM of
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negative curvature). Since in this case the centralizer ofaR in G isKaR, it follows that an
Hn-invariant subsetY is a countable union of closed subspaces of finite volume:

Y =
⋃
i

Yi (mod 0), whereYi =KgiHiΓ.

Moreover, it is proved in [262] that the decomposition has finitely many members (this
follows from the conditionHn(Y ) <∞), and each component is the unit tangent bundle of
some totally geodesic submanifold of finite volumeWi ⊂M. HenceY = T 1W (mod 0),
whereW =⋃

i Wi is a closed (not necessarily connected) totally geodesic submanifold
inM.

4.4. On ergodic properties of actions of connected subgroups

We know that given a connected subgroupH ⊂ G generated by unipotent elements, all
finite ergodic measures and orbit closures onG/Γ (if vol(G/Γ ) <∞) have an algebraic
origin. If H is generated by quasi-unipotent elements, then it is not difficult to construct
a compact extensionG∗ of the groupG such that our subgroupH belongs to a compact
extension of a connected subgroupU ⊂G∗ generated by unipotent elements. This easily
implies the following:

THEOREM 4.4.1. Let H be a connected subgroup ofG generated by quasi-unipotent
elements. Then any finiteH -invariant ergodic measure onG/Γ is a smooth measure
supported on a submanifold inG/Γ . If Γ is a lattice inG then any orbit closure of the
H -action onG/Γ is a smooth manifold.

Now we consider the ‘mixed’ case whereH is generated by unipotent andR-diagonaliz-
able elements.

Let U ⊂ G be a unipotent one-parameter subgroup, andA ⊂ G an R-diagonalizable
one-parameter subgroup that normalizesU . One says thatA is diagonal for U if there
exists a connected subgroupS = S(U,A)⊂G locally isomorphic to SL(2,R) that contains
F = AU . In the course of the proof of Theorem 3.3.2 Ratner discovered that any finite
F -invariant ergodic measureµ onG/Γ is S-invariant. SinceS is generated by unipotent
one-parameter subgroups, it follows thatµ is an algebraic measure. This can be generalized
as follows [188].

THEOREM 4.4.2. Assume that a connected subgroupU ⊂ G is generated by unipotent
elements and that subgroupsA1, . . . ,An ⊂ G are diagonal for unipotent subgroups
U1, . . . ,Un ⊂ U respectively. LetF ⊂ G be generated byU and all A1, . . . ,An. Then
each finiteF -ergodic invariant measure onG/Γ is algebraic.

If vol(G/Γ ) <∞, then all closures of theF -orbits onG/Γ are homogeneous subspaces
of finite volume inG/Γ .

Clearly, here ergodic measures and orbit closures forF are those for the subgroup
H ⊂G generated byU and allS(Ui,Ai).
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Note that the assumptions of the theorem are verified ifF ⊂G is a parabolic subgroup
of a totally noncompact semisimple groupH ⊂G; see Theorem 3.7.6 for an extension of
this result.

4a. Epimorphic subgroups. Ratner’s Theorem 4.4.2 can be generalized to a larger class
of subgroups. We start with a definition.

DEFINITION 4.4.3. LetH ⊂ SL(n,R) be a real algebraic group. A subgroupF of H is
calledepimorphicin H if any F -fixed vector is alsoH -fixed for any finite-dimensional
algebraic linear representation ofH .

Epimorphic subgroups were introduced by Bergman [18], and their in-depth study was
made by Bien and Borel [23,24]. We note some examples of epimorphic subgroups: (i) a
parabolic subgroup of totally noncompact semisimple group; (ii) a Zariski dense subgroup
of a real algebraic group; (iii) the subgroupH = gZG+ of G as in the statement of
Theorem 3.7.6 (see Lemma 3.7.9). It may be noted that anyR-split simple real algebraic
group contains an algebraic epimorphic subgroupF =A�U , whereA is R-diagonalizable
andU is the unipotent radical ofF with dimA= 1 and dimU � 2 (see [23, 5(b)]).

It was observed by Mozes [160] that the above definition of epimorphic subgroups
reflects very well in the ergodic properties of the subgroup actions on homogeneous spaces:

THEOREM 4.4.4. Let G be real algebraic group. LetH be a real algebraic subgroup
of G which is generated by algebraic unipotent one-parameter subgroups. LetF be
a connected epimorphic subgroup ofH which is generated byR-diagonalizable and
algebraic unipotent subgroups. Then any finiteF -invariant Borel measure onG/Γ is
H -invariant,Γ being a discrete subgroup ofG.

The above theorem is proved using Ratner’s measure theorem and the Poincaré
recurrence theorem. Clearly, the invariant measure part of Theorem 4.4.2 is contained in it
as a particular case.

The topological counterpart of Theorem 4.4.4 was proved by Shah and Weiss [206] (cf.
Theorem 3.7.6).

THEOREM 4.4.5. LetF ⊂H ⊂G be an inclusion of real algebraic groups such thatF is
epimorphic inH . LetΓ be a lattice inG. Then anyF -invariant closed subset ofG/Γ is
alsoH -invariant. Further, ifH is generated by unipotent one-parameter subgroups, then
F has property-(D) onG/Γ (see§3.1a).

Earlier this was proved by Weiss [252] in the case whenG=H is defined overQ and
Γ =GZ (not necessarily a lattice). In this case the action ofF onG/Γ was shown to be
minimal. From this Weiss derived the following (cf. Proposition 1.2.1):

THEOREM 4.4.6. Let F ⊂ G be an inclusion of real algebraicQ-groups. ThenFGZ =
HGZ, whereH is the largest algebraic subgroup ofG such thatF is epimorphic inH .
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Note that for non-algebraic epimorphic subgroupsF ⊂G, the action ofF onG/Γ need
not be minimal.

EXAMPLE 4.4.7 (Raghunathan). LetG= SL(2,R)×SL(2,R),Γ = SL(2,Z)×SL(2,Z),
andF = gR � (U1×U2), whereUi is the unipotent subgroup of strictly upper-triangular
matrices in the corresponding copy of SL(2,R) and

gt = diag
(
et ,e−t ,e−αt ,eαt

)
,

whereα > 0 is an irrational number. Note that the conjugationx �→ g1xg−1 expandsU1
and contractsU2, and the orbitsU1Γ andU2Γ are compact. Hence the orbitFΓ ⊂G/Γ
is closed (otherwise an orbit of some subgroupUi would degenerate to a point). Therefore
the action(G/Γ,F ) is not minimal. On the other hand, since the numberα is irrational,
the subgroupF is Zariski dense in the 4-dimensional parabolic subgroupB ⊂G and hence
epimorphic inG. Hence by Theorem 4.4.4, the action is uniquely ergodic. Note that in this
example the homogeneous subspaceFΓ is of infinite volume.

For a uniform latticeΓ ⊂G, Weiss [253] obtained additional information:

THEOREM 4.4.8. Let F ⊂ H ⊂ G be as in Theorem4.4.5. In addition, assume that
F = AU , whereA is anR-diagonalizable Abelian group andU is the unipotent radical
of F , and thatH is normal inG. LetΓ be a uniform lattice inG. Then anyU -invariant
closed subset inG/Γ , as well as any finiteU -invariant measure, is alsoH -invariant.

In particular, if theH -action onG/Γ is topologically transitive, then theU -action is
minimal and uniquely ergodic.

It follows that anyR-split simple real algebraic group contains a unipotent subgroupU

of dimension at most 2 which acts uniquely ergodically on any spaceG/Γ , whereΓ is a
uniform lattice. Note thatG= SL(3,R) has no one-dimensional unipotent subgroups with
this property (see [253]).

4b. Reduction to the Abelian case.Let H ⊂ G be a connected subgroup, andΓ ⊂ G
a discrete subgroup. We will expose a reduction of the study ofH -invariant probability
measures onG/Γ to the case whenH is Abelian.

LetHu ⊂H be the normal subgroup ofH generated by all its unipotent elements. Due
to Ratner’s theorem (Corollary 3.3.5), allHu-invariant ergodic probability measures are
homogeneous.

Let us say that subgroupH ⊂G is of Ad-triangular typeif H is generated by elements
h ∈ H such that all eigenvalues of Adh are purely real. It is easily seen thatH is
of Ad-triangular type⇔ the Zariski closure Zcl(Ad(H)) ⊂ Aut(g) decomposes into a
semidirect product(S×A)�U , whereU is the unipotent radical,S is a totally noncompact
semisimple Lie group, andA is anR-diagonalizable Abelian group. Clearly, for such an
H one has Ad[H,H ] ⊂ Ad(Hu) and hence the quotient groupH/Hu is Abelian.

One also has the following [148,160,234]:
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THEOREM 4.4.9. Let Γ be a discrete subgroup ofG, H ⊂ G a connected subgroup of
Ad-triangular type, andµ an H -invariant ergodic probability measure onG/Γ . Then
there exists a connected closed subgroupL ⊂G such thatµ-a.e.Hu-ergodic component
ofµ is anL-invariant probability measure on a closedL-orbit in G/Γ . Now let

P = {
p ∈NG(L) | det(Adp|Lie(L))= 1

}
.

ThenH ⊂ P and there exists a pointx ∈ G/Γ such that the orbitPx ⊂ G/Γ is closed
andµ(Px)= 1.

It follows that the homogeneous spacePx is H -invariant and supports our measureµ.
Let α :P �→ P̂ = P/L and Ĥ = α(H). Note that allL-orbits insidePx are closed and
form a bundle over a homogeneouŝP -space. Alsoµ is L-invariant and projects to an̂H -
invariant measurêµ on theP̂ -space. Therefore, the study of theH -invariant measureµ
reduces to that of thêH -invariant measurêµ, whereĤ is Abelian becauseHu ⊂ L.

Note that herêH is Ad-triangular inP . If it contains unipotent elements inP , one can
repeat the procedure. As a result, one can always come to the situation when the subgroup
in question contains no unipotent elements (i.e., all its elements are partially hyperbolic
and have purely real eigenvalues).

Apparently, a similar reduction must exist for the study of the closures ofH -orbits on
finite volume spaces.

Now let H ⊂ G be an arbitrary connected subgroup. SometimesH splits into a
semidirect productH = C �H ′ of a compact subgroupC and a normal subgroupH ′ of
Ad-triangular type. If so, this allows one to describeH -invariant measures viaH ′-invariant
ones.

In the general case one can play the following game. Assume with no loss of generality
thatG is connected and simply connected. Suppose first thatH is solvable. Consider the
algebraic hull Zcl(Ad(H))⊂ Aut(g). Then Zcl(Ad(H))= T �M, whereT is a compact
torus andM is a normal triangular subgroup. Now takẽG = T � G and H̃ = T � H .
It can be easily proved that̃H = T � H ′, whereH ′ ⊂ H̃ is a normal subgroup of Ad-
triangular type. Note thatH -invariant measures onG/Γ are in one-to-one correspondence
with H̃ -invariant measures oñG/Γ . The same concerns orbits.

For a generalH = LHRH one does the same with its radicalRH and notes that the torus
T can be chosen to commute withLH = KHSH . Moreover,T � RH = T � R′H , where
R′H is a normal subgroup of̃H = T � H of Ad-triangular type. TheñH = CH ′, where
C = KH × T is compact andH ′ = SHR′H ⊂ H̃ is a normal subgroup of Ad-triangular
type. Again, the study of invariant measures and orbit closures for the action(G/Γ,H) is
equivalent to that for the action(G̃/Γ, H̃ ).

4c. Actions of multi-dimensional Abelian subgroups.In the previous subsection we came
(from the measure-theoretic point of view) to the situation when the acting subgroup (call
it A) is Abelian and consists of partially hyperbolic elements.

If dimA � 2, theA-action is called ahigher rank Abelian actionand very little is
known about it in the general case. We concentrate on the most interesting case. Take
G= SL(k,R), Γ = SL(k,Z) and letA be the group of all positive diagonal matrices inG.
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If k = 2 then dimA = 1 and theA-action onG/Γ is none other than the geodesic flow.
In particular, theA-action in this case has a lot of ‘bad’ orbits (and ergodic measures); see
§1.4e.

On the other hand, fork � 3, only few types ofA-orbits (including closed and dense)
are known, and all of them have homogeneous closures. It was conjectured by Margulis
that any relatively compactA-orbit is compact (see Conjecture 5.3.3). As was (implicitly)
observed in [37], this would prove an old number-theoretic conjecture of Littlewood, which
we state in the next chapter as Conjecture 5.3.1; see Section 5.3 for more details. The
following result due to Weiss and Lindenstrauss [127] provides interesting evidence in this
direction:

THEOREM 4.4.10. LetA denote the group of all positive diagonal matrices inSL(k,R),
k � 3. Letx ∈Ωk be such that for some pointy ∈Ax, the orbitAy is compact. Then there
are integersl andd with k = ld and a permutation matrixσ such thatAx = Fy, where

F = {
σ diag(B1, . . . ,Bd)σ

−1 | Bi ∈GL(l,R)
} ∩SL(k,R).

Moreover, ifAx is compact thenAx is compact.17

On the other hand, given an arbitrary latticeΓ ⊂G= SL(k,R), sometimes one can find
other types ofA-orbits onG/Γ . For instance, as was observed by Rees (see [127] or [108]),
one can construct a uniform latticeΓ ⊂ SL(3,R) that intersects two commuting subgroups
L,A′ ⊂G in lattices, whereL� SL(2,R) andA′ is R-diagonalizable and 1-dimensional.
Now if A′′ ⊂ L is R-diagonalizable then theA′′-action onLΓ is the geodesic flow. Clearly,
if A=A′ ×A′′ then any ‘bad’A′′-orbit (orA′′-ergodic measure) insideLΓ ⊂G/Γ gives
rise to a ‘bad’A-orbit (orA-ergodic measure) inside(L×A′)Γ .

This led Margulis to the following conjecture18 (see [144]):

CONJECTURE4.4.11. Given a Lie groupGwith a latticeΓ ⊂G and anR-diagonalizable
connected subgroupA⊂G, either

(1) the orbit closureAx ⊂G/Γ is homogeneous, or
(2) Ax is embedded into a closed subspaceFx ⊂G/Γ admitting a quotientF -space

such that theA-action on this quotient space degenerates to a one-parameter
homogeneous flow.

If µ is anA-invariant ergodic probability measure onG/Γ such that for everyx ∈ supp(µ)
the statement(2) does not hold, thenµ is homogeneous.

Earlier, a related measure-theoretic conjecture was formulated by Katok and Spatzier
[108] who made some progress in this direction. In particular, they proved the following
(see [109] for corrections):

17This theorem has been recently generalized in [245] to the case whenΓ is anyinner typelattice in SL(k,R)
and the closure ofAx contains an orbitAy whose closure is homogeneous with a finite invariant measure.
18Actually, the conjecture was formulated by Margulis for any connected Ad-triangular subgroupH in place

of A.
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THEOREM 4.4.12. LetG be as in(2.1), Γ be as in(2.2), andA be a maximalR-dia-
gonalizable subgroup ofG, where dimA = rankRG � 2. Let µ be a weakly mixing
measure for theA-action onG/Γ which is of positive entropy with respect to some element
ofA. Thenµ is homogeneous.

Apparently, Katok and Spatzier were the first to relate remarkable results of Furstenberg
on higher rankZk+-actions by circle endomorphisms with homogeneousRk-actions.
In his landmark paper [83] Furstenberg proved that given a semigroupZ2+ of circle
endomorphisms generated by multiplications by integersp andq , wherepn �= qm unless
p = q = 0, any infinite semigroup orbit is dense.19 Later his results were extended by
Berend [15] for Zk+-actions by toral endomorphisms. Most probably, using his approach
one can prove that all orbit closures of the action are smooth submanifolds of the torus if
and only if there is no quotient action (of algebraic origin) degenerating to aZ+-action.

Recently new results on non-Abelian toral automorphism groups were obtained. In
particular, Muchnik [165] and Starkov [236] proved that a Zariski dense subgroup of
SL(k,Z) has only closed and dense orbits on thek-torus. Moreover, Muchnik [164]
obtained a criterion for a subsemigroup of SL(k,Z) to possess this property. Similar result
was proved by Guivarch and Starkov [91] using methods of random walk theory.

4d. Minimality and unique ergodicity. First nontrivial results showing that minimal
homogeneous flows must be uniquely ergodic are due to Furstenberg. He established this
for nilflows and for the horocycle flow (see §2.2a and §3.3a). Theorem 4.3.7 claims that
for one-parameter homogeneous flows these two properties are in fact equivalent. This
answers positively Furstenberg’s question raised in [84].

As follows from Ratner’s results, minimality and unique ergodicity of theH -action on
G/Γ, H being any connected subgroup ofG, are equivalent wheneverH is generated by
unipotent elements. On the other hand, the following holds [234]:

LEMMA 4.4.13. If the groupH is connected, then everyH -invariant compact subset
M ⊂G/Γ carries anH -invariant probability measure.

In fact, let H = (KH × SH ) � RH be a Levi decomposition forH (here as usual
KH × SH is the decomposition of a Levi subgroup into compact and totally noncompact
parts, andRH is the radical ofH ). Let P ⊂ SH be a parabolic subgroup ofSH . Then the
groupA= (KH × P)�RH is amenable and henceM carries anA-invariant probability
measureµ. Note that the subgroupP is epimorphic inSH , and SH is generated by
unipotent elements. Now by Theorem 4.4.4, anyP -invariant probability measure isSH -
invariant. Henceµ isH -invariant.

As a corollary, we deduce that the action(G/Γ,H) is minimal whenever it is uniquely
ergodic and the spaceG/Γ is compact. As Example 4.4.7 shows, this breaks down in the
noncompact case. However, apparently the converse statement holds. In this direction one
has the following result [234,243]:

19Notice that still it is not known whether any non-atomicZ2+-ergodic measure on the circle is Lebesgue.
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THEOREM 4.4.14. LetG be a connected Lie group with a connected subgroupH , and
let vol(G/Γ ) <∞. Assume thatAd(H) ⊂ Aut(g) splits into the semidirect product of
a reductive subgroup and the unipotent radical. Then the action(G/Γ,H) is uniquely
ergodic whenever it is minimal.

Earlier, this result was proved by Mozes and Weiss [163] for real algebraic groupsG
andH .

5. Applications to number theory

In this chapter we discuss applications of various results from earlier chapters to
Diophantine approximation. The discussion should not be thought of as a complete
reference guide to number-theoretical applications of homogeneous dynamics. Instead,
we are going to concentrate on several directions where significant progress has been
achieved during recent years, thanks to interactions between number theory and the theory
of homogeneous flows.

It is also important to keep in mind that these interactions go both ways – as was men-
tioned before, many problems involving homogeneous spaces (e.g., in the theory of unipo-
tent flows) came to light due to their connections with Diophantine approximation. The
most striking example is given by the Oppenheim conjecture on density of the set of values
Q(Zk) of an indefinite irrational quadratic formQ in k � 3 variables. In §5.1a we discuss
the original conjecture and its reduction to a special case of Ratner’s topological theorem
(Theorem 3.3.6). Quantitative versions of the Oppenheim conjecture have also been stud-
ied using the methods of homogeneous dynamics; we review most of the results in §5.1b.

Then we switch from quadratic to linear forms, and define the circle of questions
in metric theory of Diophantine approximations that happen to correspond to orbit
properties of certain homogeneous flows. Results to be mentioned are: abundance of badly
approximable objects, a dynamical proof of the Khintchine–Groshev Theorem (§5.2c),
inhomogeneous approximation (§5.2d), approximation on manifolds (§5.2e). Here the
main role is played by actions of partially hyperbolic one-parameter subgroups of SL(k,R)

on the spaceΩk of lattices inRk .
A modification of the standard set-up in the theory of Diophantine approximations, the

so calledmultiplicative approximation, deserves a special treatment. Several results in the
standard theory have their multiplicative extensions, which are obtained by considering
multi-parameter partially hyperbolic actions. However, the non-existence of ‘badly mul-
tiplicatively approximable’ vectors is an open problem (Littlewood’s Conjecture), which
happens to be a special case of conjectures on higher rank actions mentioned in §4.4c.

Finally we review some applications of homogeneous dynamics to counting problems,
such as counting integer points on homogeneous affine varieties (§5.4a), and estimating
the error term in the asymptotics of the number of lattice points inside polyhedra (§5.4b).

5.1. Quadratic forms

Here the main objects will be real quadratic forms ink variables, and their values at integer
points. Naturally if such a formQ is positive or negative definite, the setQ(Zk \ {0})
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has empty intersection with some neighborhood of zero. Now take an indefinite form,
and call it rational if it is a multiple of a form with rational coefficients, andirrational
otherwise. Fork = 2,3,4 it is easy to construct rational forms which do not attain small
values at nonzero integers;20 therefore a natural assumption to make is that the form is
irrational. Let us start from the casek = 2. Then one can easily find an irrationalλ for
which inf(x1,x2)∈Z\{0} |x2

1 − λx2
2|> 0, i.e., the set of values of such a form also has a gap

at zero. We will see an explanation of this phenomenon in Section 5.2: the stabilizer of
the form |x2

1 − λx2
2| consists of semisimple elements, and forms with nondense integer

values correspond to nondense orbits. The situation is however quite different in higher
dimensions.

1a. Oppenheim Conjecture.In 1986, Margulis [135,138] proved the following result,
which resolved then a 60 year old conjecture due to Oppenheim:

THEOREM 5.1.1. LetQ be a real indefinite nondegenerate irrational quadratic form in
k � 3 variables.21 Then given anyε > 0 there exists an integer vectorx ∈ Zk \ {0} such
that |Q(x)|< ε.

By analytic number theory methods this conjecture was proved in the 1950s fork � 21;
the history of the problem is well described in [143]. In particular, it has been known that
the validity of the conjecture for somek0 implies its validity for allk � k0; in other words,
Theorem 5.1.1 reduces to the casek = 3.

The turning point in the history was the observation (implicitly made in [37] and later
by Raghunathan) that Theorem 5.1.1 is equivalent to the following

THEOREM 5.1.2. ConsiderQ0(x) = 2x1x3 + x2
2, and letH be the stabilizer ofQ0 in

SL(3,R). Then any relatively compact orbitHΛ,Λ a lattice inR3, is compact.

The above result was proved by Margulis [135] in 1986, which later led to the first
instance of establishing Conjecture 3.3.1 for actions of nonhorospherical subgroups (in
the semisimple case). See §3.3a for related historical comments, and [13,237] for a good
account of the original proof.

To derive Theorem 5.1.2 from Theorem 3.3.6, one needs to observe thatH as above
is generated by its unipotent one-parameter subgroups, and that there are no intermediate
subgroups betweenH and SL(3,R). As for the equivalence of Theorems 5.1.1 and 5.1.2,
first note that the latter theorem can be restated in the following way: ifQ is as in
Theorem 5.1.1 andHQ is the stabilizer ofQ in SL(3,R) defined as in §1.4g, then the
orbit HQZ3 is compact whenever it is relatively compact. (Indeed, by a linear change of
variables one can turnQ into a form proportional toQ0, which makesHQ conjugate toH
via an elementg ∈ SL(3,R) and establishes a homeomorphism between the orbitsHQZ3

andHΛ whereΛ = gZ3.) The rest of the argument boils down to Lemma 1.4.4. Indeed,

20However, by Meyer’s Theorem [36] if Q is nondegenerate indefinite rational quadratic form ink � 5 variables,
thenQ represents zero overZ nontrivially, i.e., there exists a nonzero integer vectorx such thatQ(x)= 0.
21The original conjecture of Oppenheim assumedk � 5; later it was extended tok � 3 by Davenport.
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suppose for someε > 0 one has infx∈Z3\{0} |Q(x)| � ε. Then by Lemma 1.4.4 the orbit

HQZ3 is bounded in the spaceΩ3 of unimodular lattices inR3, hence it is compact in
view of Theorem 5.1.2. But since this orbit can be identified withHQ/HQ ∩ SL(3,Z),
this shows thatHQ ∩ SL(3,Z) is a lattice inHQ, hence is Zariski dense by the Borel
Density Theorem (see §1.3b). The latter is not hard to show to be equivalent toHQ being
defined overQ, which, in turn, is equivalent toQ being proportional to a form with rational
coefficients. The reverse implication is proved in a similar way. See [13,27,237] for more
detail.

In [137] Margulis has proved a stronger version of the conjecture: under the same
assumptions, for anyε > 0 there existsx ∈ Zk such that 0< |Q(x)| < ε. It had been
known (see [126, §5]) by the work of Oppenheim [167] that if 0 is the right limit point
for the setQ(Zk), then it is the left one as well. Moreover,Q(Zk) is clearly invariant under
multiplication by any square integer. Hence the following holds:

THEOREM 5.1.3. LetQ be as in Theorem5.1.1. Then the setQ(Zk) is dense inR.

Another extension is due to Dani and Margulis [61]. One says that an integer vector
x ∈ Zk is primitive if there is no vectory ∈ Zk such thatx = my for somem ∈ Z,
m �= 1,−1. We denote byP(Zk) the set of all primitive vectors. Note that the setP(Zk) is
invariant under the action of SL(k,Z). The following statement holds:

THEOREM 5.1.4. LetQ be as in Theorem5.1.1. Then the setQ(P(Zk)) is dense inR.

The above two theorems can be deduced from the stronger version of Theorem 5.1.2,
namely that any orbitHQΛ is either closed or everywhere dense inΩ3 (as before, a simple
reduction to the casek = 3 is in order). For simplified proofs of Theorem 5.1.4, see [60,63,
139]

Using Ratner’s general results, Theorem 5.1.4 was sharpened in an elegant way by Borel
and Prasad [29]:

THEOREM 5.1.5. LetQ be as above. Then for anyc1, . . . , ck−1 ∈R andε > 0 there exist
vectorsx1, . . . ,xk−1 ∈ Zk extendable to a basis ofZk (and hence primitive) such that
|Q(xi )− ci |< ε, i = 1, . . . , k − 1.

See [244] for generalization of the result of Borel–Prasad to the case of Hermitian
forms over division algebras, [58] for simultaneous solution of linear and quadratic
inequalities, and [258,260,261] for ‘prehomogeneous’ analogues of Ratner’s theorems and
their number-theoretic applications.

1b. Quantitative versions of the Oppenheim Conjecture.By obtaining appropriate
uniform versions (see Theorem 3.6.2) of Ratner’s equidistribution result, Dani and
Margulis [65,66] proved the following quantitative analogue of Theorem 5.1.1.

For any real indefinite nondegenerate quadratic formQ on Rk, an open intervalI ⊂ R

andT > 0, define

VQ(I,T )=
{
x ∈Rk: ‖x‖< T, Q(x) ∈ I}
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and

NQ(I,T )
def= #

(
Zk ∩ VQ(I,T )

)
.

Write k =m+ n with m� n, and letF(m,n) denote the space of quadratic forms onRk

with discriminant±1 and signature(m,n).

THEOREM 5.1.6. Given a relatively compact setK of F(m,n), an open intervalI in R,
andθ > 0, there exists a finite subsetS of K such that each element ofS is rational, and
for any compact subsetC of K 	 S the following holds:

lim inf
T→∞

(
inf
Q∈C

NQ(I,T )

vol(VQ(I,T ))

)
� 1− θ. (5.1)

Obtaining the upper bound posed new kind of difficulties. The question was resolved by
Eskin, Margulis and Mozes [76] to obtain the following:

THEOREM 5.1.7. Let the notation be as in Theorem5.1.6, and further suppose that
(m,n) �= (2,1) or (2,2). Then givenK, I , andθ as before, there exists a finite setS ⊂K
such thatS consists of rational forms, and that for any compact setC ⊂K	S the following
holds:

lim sup
T→∞

(
sup
Q∈C

NQ(I,T )

vol(VQ(I,T ))

)
� 1+ θ. (5.2)

The proofs of both of the above results are based on Siegel’s formula (see §1.3d) and
Theorem 3.6.2. It may be noted that Theorem 3.6.2 is valid only for bounded continuous
functionsϕ; but to apply the theorem to count the number of integral points inVQ(I,T )

using Siegel’s formula one needs its analogue for unbounded continuousL1-functions
onΩk. It may be noted that the lower bound in (5.1) can be obtained by truncating the
unbounded function, and applying Theorem 3.6.2 to the truncated one.

The upper bound in (5.2) was obtained as a consequence of the next theorem due
to Eskin, Margulis and Mozes [76], whose proof involves significantly new ideas and
techniques.

DEFINITION 5.1.8. ForΛ ∈Ωk, we define

α(Λ)= sup
{
1/vol(L/L ∩Λ) | L is a subspace ofRk and

L/L ∩Λ is compact
}
.

Now consider the quadratic form

Q0(x1, . . . , xk)= 2x1xk +
m∑
i=2

x2
i −

k−1∑
i=m+1

x2
i
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on Rk . LetH be the stabilizer ofQ0, consider a one-parameter subgroupaR of H , where
at = diag(et ,1, . . . ,1,e−t ), and letK = SO(k) ∩ H . Denote byσ the normalized Haar
measure onK. (We note that, as in §5.1a, every formQ ∈ F(m,n) reduces toQ0 by
changing variables.)

THEOREM 5.1.9. Let integersm> 2 andk � 4, and a real0< s < 2 be given. Then for
anyΛ ∈Ωk ,

lim sup
t→∞

∫
K

α(atgΛ)
s dσ(g) <∞.

Using this theorem and Theorem 3.6.2 one obtains the following result, which leads to
the simultaneous proof of Theorems 5.1.6 and 5.1.7:

THEOREM 5.1.10. Let the notation be as in Theorem5.1.9. Let f be any continuous
function onΩk which is dominated byαs for some0< s < 2. Then given a relatively
compact setC ⊂ Ωk and an ε > 0, there exist finitely many latticesΛ1, . . . ,Λl ∈ C
such that the following holds: HΛi is closed fori = 1, . . . , l, and for any compact set
C1⊂ C \⋃l

i=1HΛi , there existst0> 0 such that∣∣∣∣∫
K

f (atgΛ)dσ(g)−
∫
f dν

∣∣∣∣< ε, ∀Λ ∈ C1, t > t0,

whereν denotes theSL(k,R)-invariant probability measure onΩk.

Combining Theorems 5.1.6 and 5.1.7 one obtains the following result due to [76]:

COROLLARY 5.1.11. If (m,n) �= (2,1) or (2,2) then asT →∞,

lim
T→∞

NQ(I,T )

vol(VQ(I,T ))
= 1, (5.3)

for all irrational Q ∈ F(m,n) and any bounded open intervalI ⊂R.

1c. Upper bounds for the case of signature(2,2). The analysis of upper bounds in the
cases of quadratic forms with signatures(2,1) and (2,2) is very delicate. The case of
signature(2,2) is now well understood by recent works of Eskin, Margulis, and Mozes [77,
145]:

DEFINITION 5.1.12. Fix a norm‖ · ‖ on the spaceF(2,2). We say that a quadratic form
Q ∈ F(2,2) is extremely well approximable by split rational forms, to be abbreviated as
EWAS, if for any N > 0 there exist an integral formQ′ ∈ F(2,2) which is split overQ,
and a real numberλ such that‖λQ−Q′‖ � λ−N . (A rational(2,2)-form is split overQ
if and only if there is a 2-dimensional subspace ofR4 defined overQ on which the form
vanishes.)
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It may be noted that if the ratio of two nonzero coefficients ofQ is badly approximable
(see §5.2a) thenQ is not EWAS.

THEOREM 5.1.13. The formula(5.3)holds ifQ ∈ F(2,2) is not EWAS and0 /∈ I .
We note that forms of signature(2,2), i.e., differences of two positive definite quadratic

forms in 2 variables, naturally arise in studying pair correlations of eigenvalues of the
Laplacian on a flat torus. Thus the above theorem provides examples of flat metrics on
tori for which asymptotics of pair correlations agrees with conjectures made by Berry and
Tabor. Before [77] it was proved by Sarnak that (5.3) holds for almost all forms within the
family (

x2
1 + 2bx1x2+ cx2

2

)− (
x2

3 + 2bx3x4+ cx2
4

)
.

One can also prove that (5.3) is valid for almost allQ ∈ F(2,1), and it is not valid for those
Q which are EWAS (correspondingly defined forQ ∈ F(2,1)).

See also the papers by Marklof [149–151] for further applications of the study of flows
on homogeneous spaces to results related to quantum chaos.

5.2. Linear forms

We start with a brief introduction to the metric theory of Diophantine approximations.

2a. Basics of metric number theory.The word ‘metric’ here does not refer to the metric
distance, but rather to the measure. The terminology originated with the Russian school
(Khintchine, Luzin) and now is quite customary. Roughly speaking, by ‘usual’ Diophantine
approximation one could mean looking at numbers of a very special kind (e.g.,e or
algebraic numbers) and studying their approximation properties. On the other hand, metric
Diophantine approximation starts when one fixes a certain approximation property and
wants to characterize the set of numbers (vectors) which share this property. A big class of
problems arises when one has to decide whether a certain property is satisfied for almost all
or almost no numbers, with respect to Lebesgue measure. Hence the term “metric” in the
heading. A quote from Khintchine’s ‘Continued fractions’ [113]: ‘metric theory . . . inquires
into the measure of the set of numbers which are characterized by a certain property’.

Here is a typical example of an approximation property one can begin with. Letψ(x) be
a non-increasing functionR+ �→R+. Say that a real numberα isψ-approximableif there
are infinitely many integersq such that the distance betweenαq and the closest integer is
not greater thanψ(|q|); in other words, such that

|αq + p|�ψ(|q|) for somep ∈ Z.

The basic question is now as follows: given a functionψ as above, what can one say
about the set of allψ-approximable numbers? The whole theory starts from a positive
result of Dirichlet (involving the pigeon-hole principle), where one considers the function

ψ0(x)
def= 1/x:
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THEOREM 5.2.1. Everyα ∈R isψ0-approximable.

It is natural to guess that the fasterψ(x) decays asx → +∞, the fewer there are
ψ-approximable numbers. In particular, one can replaceψ0 in the above theorem by
(1/
√

5)ψ0 (Hurwitz), but not bycψ0 with c < 1/
√

5. Numbers which are notcψ0-
approximable for somec > 0 are calledbadly approximable, and numbers which are not
badly approximable are calledwell approximable. It is a theorem of Jarnik [102] that the set
of badly approximable numbers has full (i.e., equal to 1) Hausdorff dimension; moreover,
this set isthick in R (that is, has full Hausdorff dimension at every point). However almost
all numbers are well approximable. This is a special case of the following theorem due to
Khintchine [112], which gives the precise condition on the functionψ under which the set
of ψ-approximable numbers has full measure:

THEOREM 5.2.2. Almost no(resp. almost every) α ∈ R is ψ-approximable, provided the
integral

∫∞
1 ψ(x)dx converges(resp. diverges).

Note that the first statement, usually referred to as the convergence part of the theorem,
immediately follows from the Borel–Cantelli Lemma, while the second one (the divergence
part) is nontrivial.

EXAMPLE 5.2.3. Considerψε(x)
def= x−(1+ε). It immediately follows from the above

theorem that almost no numbers areψε-approximable ifε > 0. One says thatα is very
well approximable(abbreviated as VWA) if it isψε-approximable for someε > 0; the set
of VWA numbers has measure zero. Note that the Hausdorff dimension of this set is equal
to one – this follows from a theorem by Jarnik and Besicovitch [22,103].

It is important that most of the results cited above have been obtained by the method of
continued fractions(thus implicitly – using dynamics of the Gauss mapx �→ 1/xmod1 of
the unit interval). For more results from the theory of metric Diophantine approximation
on the real line, see [94,199]. Our goal now is to consider some higher-dimensional
phenomena which are generally much less understood.

2b. Simultaneous approximation.In order to build a multi-dimensional generalization
for the notions discussed above, one viewsα ∈ R as a linear operator fromR to R, and
then changes it to a linear operatorA from Rn to Rm. That is, the main object is now a
matrixA ∈Mm,n(R) (interpreted as a system ofm linear formsAi onRn).

Denote by‖ · ‖ the norm onRk given by‖y‖ =max1�i�k |yi|. It turns out that in order
to mimic the one-dimensional theory in the best way one needs to raise norms to powers
equal to the dimension of the ambient space. In other words, fixm,n ∈ N and, forψ as
above, say thatA ∈Mm,n(R) is ψ-approximableif there are infinitely manyq ∈ Zn such
that

‖Aq+ p‖m �ψ
(‖q‖n) for somep ∈ Zm.

Then one has
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THEOREM 5.2.4. EveryA ∈Mm,n(R) isψ0-approximable.

(This was also proved by Dirichlet in 1842 and in fact served the occasion to introduce
the pigeon-hole principle.)

The functionψ0 in this theorem can be replaced bycψ0 for somec < 1, but the
infimum of numbersc such that everyA ∈Mm,n(R) is cψ0-approximable (the top of the
Markov spectrumfor simultaneous approximation) is not known when(m,n) �= (1,1) (it is
estimated to be not greater thanmmnn(m+ n)!/(m+ n)mnm!n! by Minkowski, see [199]).
However this infimum is known to be positive; in other words for everym andn there
exist badly approximable systems ofm linear formsAi on Rn (where as before badly
approximable means notcψ0-approximable for somec > 0). This was shown by Perron in
1921, and in 1969 Schmidt [198] proved that the set of badly approximableA ∈Mm,n(R) is
thick. The fact that this set has measure zero had been known before: Khintchine’s theorem
(Theorem 5.2.2) has been generalized to the setting of systems of linear forms by Groshev
[90] and is now usually referred to as the Khintchine–Groshev Theorem:

THEOREM 5.2.5. Almost no (resp. almost every) A ∈ Mm,n(R) is ψ-approximable,
provided the integral

∫∞
1 ψ(x)dx converges(resp. diverges).

Note that the above condition onψ does not depend onm andn – this is an advantage
of the normalization that we are using (that is, employing‖ · ‖n instead of‖ · ‖). The reader
is referred to [70] or [220] for a good exposition of the proof, and to [195,196,220,242] for
a quantitative strengthening and further generalizations.

EXAMPLE 5.2.6. Again, almost noA ∈Mm,n(R) areψε-approximable ifε > 0. As in the
casem = n = 1, one says thatA is VWA if it is ψε-approximable for someε > 0, and
the set of VWA matrices has measure zero. It follows from a result of Dodson (see [70])
that this set also has full Hausdorff dimension (more precisely, Dodson, as well as Jarnik
in the casem= n= 1, computed the Hausdorff dimension of the set ofψε-approximable
matrices to be equal tomn(1− ε

m+n+nε )).

2c. Dani’s correspondence.As far as one-dimensional theory of Diophantine approxi-
mation is concerned, it has been known for a long time (see [207] for a historical account)
that Diophantine properties of real numbers can be coded by the behavior of geodesics on
the quotient of the hyperbolic plane by SL(2,Z). In fact, the geodesic flow on SL(2,Z)\H2

can be viewed as the suspension flow of the Gauss map. There have been many attempts
to construct a higher-dimensional analogue of the Gauss map so that it captures all the fea-
tures of simultaneous approximation, see [121,124] and references therein. On the other
hand, it seems much more natural and efficient to generalize the suspension flow itself, and
this is where one needs higher rank homogeneous dynamics.

As we saw in the preceding section, in the theory of simultaneous Diophantine
approximation one takes a system ofm linear formsA1, . . . ,Am onRn and simultaneously
looks at the values of|Ai(q)+pi |, pi ∈ Z, whenq= (q1, . . . , qn) ∈ Zn is far from 0. The
trick is to put together

A1(q)+ p1, . . . ,Am(q)+ pm and q1, . . . , qn,
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and consider the collection of vectors{(
Aq+ p

q

) ∣∣∣∣ p ∈ Zm, q ∈ Zn
}
= LAZk,

wherek =m+ n, A is the matrix with rowsA1, . . . ,Am andLA is as in (4.2).
This collection is a unimodular lattice inRk , i.e., an element ofΩk. Our goal is to keep

track of vectors in such a lattice having very small projections onto the firstm components
of Rk and very big projections onto the lastn components. This is where dynamics comes
into the picture. Denote bygt the one-parameter subgroup of SL(k,R) given by (4.1).
One watches the vectors mentioned above as they are moved by the action ofgt , t > 0,
and in particular looks at the momentt when the “small” and “big” projections equalize.
The following observation of Dani [52] illustrates this idea, and can be thought of as a
generalization of the aforementioned geodesic-flow approach to continued fractions.

THEOREM 5.2.7. A ∈Mm,n(R) is badly approximable iff the trajectory{
gtLAZk | t ∈R+

}
, (5.4)

is bounded in the spaceΩk.

Let us sketch a short proof, which is basically a rephrasing of the original proof of Dani.
From Mahler’s Compactness Criterion it follows that the orbit (5.4) is unbounded iff there
exist sequencesti→+∞ and(pi ,qi ) ∈ Zk \ {0} such that

max
(
eti/m‖pi +Aqi‖,e−ti/n‖qi‖

)→ 0 ask→∞. (5.5)

On the other hand,A is well approximable iff there exist sequencespi ∈ Zm andqi ∈ Zn

such that‖qi‖→∞ and

‖pi +Aqi‖m‖qi‖n→ 0 ask→∞. (5.6)

Therefore for well approximableA one can define eti
def= √‖qi‖n/‖pi +Aqi‖m and check

that ti→+∞ and (5.5) is satisfied. Also (5.6) obviously follows from (5.5). To finish the
proof, first exclude the trivial case whenAq+ p = 0 for some nonzero(p,q) (suchA is
clearly well approximable and the trajectory (5.4) diverges). Then it is clear that (5.6) can
only hold if ‖qi‖ →∞, i.e., unboundedness of the trajectory (5.4) forcesA to be well
approximable. �

From the results of [116] on abundance of bounded orbits one can then deduce the
aforementioned result of Schmidt [198]: the set of badly approximableA ∈ Mm,n(R)
is thick in Mm,n(R). Indeed, as was observed in Section 2,{LA | A ∈ Mm,n(R)} is
the expanding horospherical subgroup of SL(k,R) relative tog1, so an application of
Theorem 4.1.6(a) proves the claim.

The above correspondence has been made more general in [118], where the goal was to
treatψ-approximable systems similarly to the waycψ0-approximable ones were treated
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in Theorem 5.2.7. Roughly speaking, the fasterψ decays, the ‘more unbounded’ is the
trajectory (5.4) withA beingψ-approximable. We will need to transformψ to another
function which will measure the ‘degree of unboundedness’ of the orbit. The following
was proved in [118]:

LEMMA 5.2.8. Fix m,n ∈ N and x0 > 0, and let ψ : [x0,∞) �→ (0,∞) be a non-
increasing continuous function. Then there exists a unique continuous functionr : [t0,∞)
�→R, wheret0= m

m+n logx0− n
m+n logψ(x0), such that

the functiont − nr(t) is strictly increasing and tends to∞ ast→+∞, (5.7)

the functiont +mr(t) is nondecreasing, (5.8)

and

ψ
(
et−nr(t)

)= e−(t+mr(t)), ∀t � t0. (5.9)

Conversely, givent0 ∈ R and a continuous functionr : [t0,∞) �→ R such that(5.7) and
(5.8)hold, there exists a unique continuous non-increasing functionψ : [x0,∞) �→ (0,∞),
with x0= et0−nr(t0), satisfying(5.9). Furthermore,∫ ∞

x0

ψ(x)dx <∞ iff
∫ ∞

t0

e−(m+n)r(t) dt <∞. (5.10)

A straightforward computation using (5.9) shows that the functioncψ0 corresponds to
r(t)≡ const. Now recall one of the forms of Mahler’s Compactness Criterion:K ⊂Ωm+n
is bounded iff∆(Λ) � const for allΛ ∈ K, where∆ is the ‘distance-like’ function
introduced in §1.3d. Thus the following statement, due to [118], is a generalization of
Theorem 5.2.7:

THEOREM 5.2.9. Let ψ , m andn be as in Lemma5.2.8, ∆ as in (1.4), gR as in (4.1).
ThenA ∈Mm,n(R) isψ-approximable iff there exist arbitrarily large positivet such that

∆
(
gtLAZm+n

)
� r(t).

EXAMPLE 5.2.10. Takeψ(x) = ψε(x) = 1/x1+ε, ε > 0; thenr(t) is a linear function,
namely

r(t)= γ t, whereγ = ε

(1+ ε)m+ n.

ThusA ∈Mm,n(R) is VWA iff ∆(LAZm+n) grows at least linearly; that is, for someγ > 0
there exist arbitrarily large positivet such that

∆
(
gtLAZm+n

)
� γ t.
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Recall that∆ is a(m+ n)-DL function (see Theorem 1.3.5), and so by Theorem 4.1.11,
for any sequence{r(t) | t ∈ N} of real numbers the following holds: for almost every
(resp. almost no)Λ ∈Ωm+n

there are infinitely manyt ∈N such that∆(gtΛ)� r(t),

provided the series
∞∑
t=1

e−(m+n)r(t) diverges (resp. converges).
(5.11)

Assuming in addition thatr(t) is close to being monotone increasing (for example that
(5.7) holds), it is not hard to derive that (5.11) holds for almost everyΛ in any expanding
(with respect tog1) leaf, e.g., for lattices of the formLAZm+n for a.e.A ∈Mm,n(R). In
view of the above correspondence (Theorem 5.2.9) and (5.10), this proves the Khintchine–
Groshev Theorem 5.2.5.

2d. Inhomogeneous approximation.In this subsection, as well as in §5.2e, we mention
several new results that can be obtained by means of the aforementioned correspondence
or its modifications. First let us discussinhomogeneousanalogues of the above notions. By
anaffine formwe will mean a linear form plus a real number. A system ofm affine forms
in n variables will be then given by a pair〈A,b〉, whereA ∈Mm,n(R) andb ∈ Rm. We
will denote byM̃m,n(R) the direct product ofMm,n(R) andRm. As before, let us say that
〈A,b〉 ∈ M̃m,n(R) isψ-approximableif there are infinitely manyq ∈ Zn such that

‖Aq+ b+ p‖m �ψ
(‖q‖n) for somep ∈ Zm.

A ‘doubly metric’ inhomogeneous analogue of Theorem 5.2.5 can be found already in
Cassels’s monograph [36]. The singly metric strengthening is due to Schmidt [196]: for
anyb ∈Rm, the set ofA ∈Mm,n(R) such that〈A,b〉 isψ-approximable,

has

{
full measure if

∑∞
k=1ψ(k)=∞,

zero measure if
∑∞
k=1ψ(k) <∞.

Similarly one can say that a system of affine forms given by〈A,b〉 ∈ M̃m,n(R) is badly
approximableif

lim inf
p∈Zm, q∈Zn, q→∞

‖Aq+ b+ p‖m‖q‖n > 0,

and well approximableotherwise. In other words, badly approximable means notcψ0-
approximable for somec > 0. It follows that the set of badly approximable〈A,b〉 ∈
M̃m,n(R) has Lebesgue measure zero. Similarly to what was discussed in §§5.2a and 5.2b,
one can try to measure the magnitude of this set in terms of the Hausdorff dimension. All
examples of badly approximable systems known before happen to belong to a countable
union of proper submanifolds of̃Mm,n(R) and, consequently, form a set of positive
Hausdorff codimension. Nevertheless one can prove
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THEOREM 5.2.11. The set of badly approximable〈A,b〉 ∈ M̃m,n(R) is thick inM̃m,n(R).

This is done in [115] by a modification of the correspondence discussed in §5.2c.
Namely, one considers a collection of vectors{(

Aq+ b+ p
q

) ∣∣∣∣ p ∈ Zm, q ∈ Zn
}
= LAZk +

(
b
0

)
,

which is an element of the spacêΩk = Ĝ/Γ̂ of affine latticesin Rk , where

Ĝ
def= Aff

(
Rk

)= SL(k,R)� Rk and Γ̂
def= SL(k,Z)� Zk

(as before, here we setk =m+ n). In other words,

Ω̂k ∼=
{
Λ+w |Λ ∈Ωk, w ∈Rk

}
.

Note that the quotient topology on̂Ωk coincides with the natural topology on the space
of affine lattices: that is,Λ1+w1 andΛ2+w2 are close to each other if so arewi and the
generating elements ofΛi . Note also that̂Ωk is noncompact and has finite Haar measure,
and thatΩk (the set oftrue lattices) can be identified with a subset of̂Ωk (affine lattices
containing the zero vector). Finally,gt as in (4.1) acts on̂Ωk , and it is not hard to show that
the expanding horospherical subgroup corresponding tog1 is exactly the set of all elements
of Ĝ with linear partLA and translation part

( b
0

)
, A ∈Mm,n(R) andb ∈Rm.

The following is proved in [115]:

THEOREM 5.2.12. LetgR be as in(4.1). Then〈A,b〉 is badly approximable whenever

gR+

(
LAZk +

(
b
0

))
is bounded and stays away fromΩk.

Even thoughĜ is not semisimple, it follows from Dani’s mixing criterion (Theo-
rem 2.2.9) that thegR-action onΩ̂ is mixing. SinceΩ ⊂ Ω̂ is closed, null andgt -invariant,
Theorem 4.1.6 applies and Theorem 5.2.11 follows.

2e. Diophantine approximation on manifolds.We start from the setting of §5.2b but
specialize to the casem = 1; that is, to Diophantine approximation of just one linear
form given byy ∈ Rn. Recall that (the trivial part of) Theorem 5.2.5 says that whenever∑∞
l=1ψ(l) is finite, almost everyy is notψ-approximable; that is, the inequality

|q · y+ p|�ψ(‖q‖n)
has at most finitely many solutions. In particular, almost ally ∈Rn are not VWA.

Now consider the following problem, raised by Mahler in [128]: is it true that for almost
all x ∈R the inequality∣∣p+ q1x + q2x

2+ · · · + qnxn
∣∣ � ‖q‖−n(1+β)
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has at most finitely many solutions? In other words, for a.e.x ∈R, then-tuple

y(x)= (
x, x2, . . . , xn

)
(5.12)

is not VWA. This question cannot be answered by trivial Borel–Cantelli type considera-
tions. Its importance has several motivations: the original motivation of Mahler comes from
transcendental number theory; then, in the 1960s, interest in Mahler’s problem was revived
due to connections with KAM theory. However, from the authors’ personal viewpoint, the
appeal of this branch of number theory lies in its existing and potential generalizations. In a
sense, the affirmative solution to Mahler’s problem shows that a certain property ofy ∈Rn

(being not VWA) which holds for genericy ∈ Rn in fact holds for generic points on the
curve (5.12). In other words, the curve inherits the above Diophantine property from the
ambient space, unlike, for example, a liney(x)= (x, . . . , x) – it is clear that every point
on this line is VWA. This gives rise to studying other subsets ofRn and other Diophantine
properties, and looking at whether this inheritance phenomenon takes place.

Mahler’s problem remained open for more than 30 years until it was solved in 1964
by Sprindžuk [218,219]; the solution to Mahler’s problem has eventually led to the
development of a new branch of metric number theory, usually referred to as ‘Diophantine
approximation with dependent quantities’ or ‘Diophantine approximation on manifolds’.
We invite the reader to look at Sprindžuk’s monographs [219,220] and a recent book [20]
for a systematic exposition of the field.

Note that the curve (5.12) is not contained in any affine subspace ofRn (in other words,
constitutes an essentiallyn-dimensional object). The latter property, or, more precisely,
its infinitesimal analogue, is formalized in the following way. LetV be an open subset
of Rd . Say that ann-tuple f = (f1, . . . , fn) of Cl functionsV �→ R is nondegenerate
at x ∈ V if the spaceRn is spanned by partial derivatives off at x of order up tol. If
M ⊂ Rn is a d-dimensional smooth submanifold, one says thatM is nondegenerate at
y ∈ M if any (equivalently, some) diffeomorphismf between an open subsetV of Rd

and a neighborhood ofy in M is nondegenerate atf−1(y). We will say thatf :V → Rn

(resp.M ⊂Rn) is nondegenerateif it is nondegenerate at almost every point ofV (resp.M,
in the sense of the natural measure class onM). If the functionsfi are analytic, it is easy
to see that the linear independence of 1, f1, . . . , fn overR in V is equivalent to all points
ofM = f(V ) being nondegenerate.

It was conjectured in 1980 by Sprindžuk [221, Conjecture H1] that almost all points on
a nondegenerate analytic submanifold ofRn are not VWA. This conjecture was supported
before and after 1980 by a number of partial results, and the general case was settled
in 1996 by Kleinbock and Margulis [117] using the dynamical approach. Namely, the
following was proved:

THEOREM 5.2.13. LetM be a nondegenerate smooth submanifold ofRn. Then almost
all points ofM are not VWA.

In another direction, Sprindžuk’s solution to Mahler’s problem was improved in 1966
by Baker [10] and later by Bernik [19,20]; the latter proved that whenever

∑∞
l=1ψ(l) is

finite, almost all points of the curve (5.12) are notψ-approximable. And several years ago
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Beresnevich [16] proved the divergence counterpart, thus establishing a complete analogue
of the Khintchine–Groshev Theorem for the curve (5.12).

It turned out that a modification of the methods from [117] allows one to prove the
convergence part of the Khintchine–Groshev Theorem for any nondegenerate manifold. In
other words, the following is true:

THEOREM 5.2.14. LetM be a nondegenerate smooth submanifold ofRn and letψ be
such that

∑∞
l=1ψ(l) is finite. Then almost all points ofM are notψ-approximable.

This is proved in [21] and also independently in [17].
Let us now sketch a proof of Theorem 5.2.13 by first restating it in the language of flows

on the space of lattices. For this we setk = n+ 1 and look at the one-parameter group

gt = diag
(
et ,e−t/n, . . . ,e−t/n

)
(5.13)

acting onΩk = SL(k,R)/SL(k,Z), and giveny ∈ Rn, considerLy
def= ( 1 yT

0 In

)
(cf. (4.1)

and (4.2)). Having Example 5.2.10 in mind, let us turn to the setting of Theorem 5.2.13.
Namely, letV be an open subset ofRd andf= (f1, . . . , fn) be ann-tuple ofCk functions
V �→R which is nondegenerate at almost every point ofV . The theorem would be proved
if we show that for anyγ > 0 the set{

x ∈ V |∆(
gtLf(x)Z

k
)
� γ t for infinitely manyt ∈N

}
has measure zero. In other words, a submanifoldf(V ) of Rn gives rise to a submanifold
Lf(V )Z

k of the space of lattices, and one needs to show that growth rate of generic orbits
originating from this submanifold is consistent with the growth rate of an orbit of a generic
point ofΩk (Theorem 4.1.11 gives an explanation of why latticesΛ such that∆(gtΛ)� γ t
for infinitely manyt ∈N form a null subset ofΩk.)

Now one can use the Borel–Cantelli Lemma to reduce Theorem 5.2.13 to the following
statement:

THEOREM 5.2.15. LetV be an open subset ofRd and f= (f1, . . . , fn) ann-tuple ofCk

functionsV �→R which is nondegenerate atx0⊂ V . Then there exists a neighborhoodB
of x0 contained inV such that for anyγ > 0 one has

∞∑
t=1

∣∣{x ∈B |∆(
gtLf(x)Z

k
)
� γ t

}∣∣<∞.
The latter inequality is proved by applying generalized nondivergence estimates from

§3.2a, namely, Theorem 3.2.4. The key observation is that nondegeneracy of(f1, . . . , fn)

at x0 implies that all linear combinations of 1, f1, . . . , fn are (C,α)-good in some
neighborhood ofx0 (see Proposition 3.2.3).
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5.3. Products of linear forms

Let us start by stating the following conjecture, made by Littlewood in 1930:

CONJECTURE5.3.1. For everyy ∈Rn, n� 2, one has

inf
q∈Zn\{0}, p∈Z

|y · q+ p| ·Π+(q)= 0, (5.14)

whereΠ+(q) is defined to be equal to
∏n
i=1 max(|qi|,1) or, equivalently,

∏
qi �=0 |qi |.

The main difference from the setting of the previous section is that here the magnitude
of the integer vectorq is measured by taking theproductof coordinates rather than the
maximal coordinate (that is the norm of the vector). Let us formalize it by saying, for
ψ as before, thatA ∈Mm,n(R) is ψ-multiplicatively approximable(ψ-MA) if there are
infinitely manyq ∈ Zn such that

Π(Aq+ p)�ψ
(
Π+(q)

)
for somep ∈ Zm,

where forx= (x1, . . . , xk) ∈Rk one defines

Π(x) def=
k∏
i=1

|xi| and Π+(x)
def=

k∏
i=1

max
(|xi |,1).

Clearly anyψ-approximable system of linear forms is automaticallyψ-MA, but not neces-
sarily other way around. Similarly to the standard setting, one can definebadly multiplica-
tively approximable(BMA) andvery well multiplicatively approximable(VWMA) systems.
It can be easily shown that almost noA ∈Mm,n(R) areψ-MA if the sum

∞∑
l=1

(logl)k−2ψ(l)

converges (here we again setk = m+ n); in particular, VWMA systems form a set of
measure zero. The converse (i.e., a multiplicative analogue of Theorem 5.2.5) follows from
the results of Schmidt [196] and Gallagher [85].

It turns out that the problems rooted in multiplicative Diophantine approximation bring
one tohigher rank actionson the space of lattices. We illustrate this by two examples
below, where for the sake of simplicity of exposition we specialize to the casem= 1 (one
linear formq �→ y · q, y ∈Rn), settingk = n+ 1.

3a. Variations on the theme of Littlewood.It is easy to see that (5.14) is equivalent to
a vectory ∈ Rn (viewed as a linear formq �→ y · q) not being BMA; in other words,
Conjecture 5.3.1 states that noy ∈ Rn, n � 2, is badly multiplicatively approximable.
Here one can clearly observe the similarity between the statements of the Oppenheim



hass v.2002/01/24 Prn:31/01/2002; 15:11 F:HASS11.tex; VTEX/ELE p. 103

Dynamics of subgroup actions 103

and Littlewood’s conjectures. Indeed, (5.14) amounts to saying that 0 is the infimum of
absolute values of a certain homogeneous polynomial at integer points(p,q) with qi �= 0
for everyi. Moreover, as it was the case with the Oppenheim conjecture, one can easily see
that it is enough to prove Conjecture 5.3.1 forn= 2. The similarity is further deepened by
an observation made by Cassels and Swinnerton-Dyer in 1955 [37] concerning cubic forms
Q(x) in 3 variables which are products of three linear forms. As in Section 5.1, say that
Q is rational if it is a multiple of a polynomial with rational coefficients, andirrational
otherwise. It is shown in [37] that the ‘k = 3’-case of the following conjecture would imply
Conjecture 5.3.1:

CONJECTURE 5.3.2. Let Q be an irrational homogeneous polynomial ink variables
represented as a product ofk linear forms,k � 3. Then given anyε > 0 there exists an
integer vectorx ∈ Zk \ {0} such that|Q(x)|< ε.

Because of the similarity with the quadratic form case, one can attempt to understand
the situation according to the scheme developed in the preceding sections. Indeed, in view
of Lemma 1.4.4, a dynamical system reflecting Diophantine properties ofQ as above must
come from the action of the group stabilizingQ on the space of lattices inRk , and the
latter group is a subgroup of SL(k,R) conjugate to the full diagonal subgroupD. Arguing
as in §5.1a, one can show that Conjecture 5.3.2 is equivalent to the following conjecture,
already mentioned in §4.4c:

CONJECTURE 5.3.3. Let D be the subgroup of diagonal matrices inSL(k,R), k � 3.
Then any relatively compact orbitDΛ, Λ ∈Ωk, is compact.

As we saw in §4.1b, the above statement does not hold ifk = 2. This once again
highlights the difference between rank-one and higher rank dynamics. Note also that one
can show the above conjecture to be a special case of Conjecture 4.4.11 of Margulis.

3b. Multiplicative approximation on manifolds.Since every VWA vector is VWMA
(that is,ψε-MA for some ε > 0) but not conversely, it is a more difficult problem to
prove that a generic point of a nondegenerate manifold is not very well multiplicatively
approximable. This has been known as Conjecture H2 of Sprindžuk [221]; the polynomial
special case (that is, a multiplicative strengthening of Mahler’s problem) was conjectured
by Baker in [11]. Both conjectures stood open, except for low-dimensional special cases,
until [117] where the following was proved:

THEOREM 5.3.4. LetM be a nondegenerate smooth submanifold ofRn. Then almost all
points ofM are not VWMA.

The strategy of the proof of Theorem 5.2.13 applies with minor changes. Fort =
(t1, . . . , tn) ∈Rn let us define

gt = diag
(
exp

(∑
ti

)
,e−t1, . . . ,e−tn

)
∈ SL(k,R). (5.15)
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One can show22 (see [117] for a partial result) thaty ∈ Rn is VWMA iff for some γ > 0
there are infinitely manyt ∈ Zn+ such that∆(gtLyZk)� γ

∑
ti . Therefore it is enough to

use Theorem 3.2.4 to prove a modification of the measure estimate of Theorem 5.2.15 with
gt as in (4.1) replaced bygt as in (5.15).

Finally let us mention a multiplicative version of Theorem 5.2.14, proved in [21] by a
modification of the method described above:

THEOREM5.3.5. LetM be a nondegenerate smooth submanifold ofRn and letψ be such
that

∑∞
l=1(logl)n−1ψ(l) is finite. Then almost all points ofM are notψ-multiplicatively

approximable.

5.4. Counting problems

Let Λ ⊂ Rk be a unimodular lattice,P ⊂ Rk a compact region, and letN(P,Λ) be the
number of points ofΛ insideP . By tP we denote the region obtained fromP by the
uniform dilatation by a factort > 0. It is a classical problem of geometry of numbers to
look at the asymptotics ofN(tP,Λ) ast→∞. It is well known that the main term of the
asymptotics istk vol(P ) wheneverP has piecewise-smooth boundary [122], and the next
question is to bound the error term

R(tP,Λ)=N(tP,Λ)− tk vol(P )

(for the unit disc inR2 this has been known as thecircle problem). An ‘algebraic’ version
is to take only those integral points which lie on some algebraic subvarietyV ⊂ Rk and
study the asymptotics ofN(tP,Λ ∩ V ). Below we describe two examples that show how
the technique of homogeneous flows can be useful for this class of problems.

4a. Counting integral points on homogeneous affine varieties.Let V be a Zariski closed
real subvariety ofRk defined overQ. LetG be a reductive real algebraic group defined over
Q and with no nontrivialQ-characters. Suppose thatG acts onRk via aQ-representation
ρ :G→ GL(k,R), and that the action ofG on V is transitive. One is interested in the
asymptotics ofN(tB,Λ ∩V ) whereB is the unit ball inRk andΛ= Zk . In what follows,
we will simply denoteN(tB, ·) byN(t, ·).

LetΓ be a subgroup of finite index inG(Z) such thatΓZk ⊂ Zk . By a theorem of Borel
and Harish-Chandra [28], V (Z) is a union of finitely manyΓ -orbits. Therefore to compute
the asymptotics ofN

(
t, V (Z)

)
it is enough to consider theΓ -orbit of each pointp ∈ V (Z)

separately, and compute the asymptotics of

N(t,Γp)= {the number of points inΓp with norm< t}

ast→∞.
22More generally, one can state a multiplicative version of generalized Dani’s correspondence (Theorem 5.2.9),

relating multiplicative Diophantine properties ofA ∈Mm,n(R) to orbits of the form{gLAZm+n | g ∈D+} where
D+ is a certain open chamber inD. For a version of such a correspondence see [118, Theorem 9.2].
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LetH denote the stabilizer ofp in G. ThenH is a real reductive group defined overQ.
For t > 0 we define

Rt =
{
gH ∈G/H ∣∣ ∥∥ρ(g)p∥∥< t}.

Let ē denote the coset of identity inG/H . ThenN(t,Γp) = cardinality of Γ ē ∩ Rt
in G/H .

Motivated by the approach of Duke, Rudnick and Sarnak [73], the following result was
proved by Eskin, Mozes and Shah [78].

THEOREM 5.4.1. In the counting problem, suppose further that
(1) H is not contained in any properQ-parabolic subgroup ofG; and
(2) any properQ-subgroupL of G containingH and any compact setC ⊂G satisfy

the following ‘nonfocusing’ condition:

lim sup
t→∞

λ(CL ∩Rt)/λ(Rt )= 0, (5.16)

hereλ denotes aG-invariant measure onG/H .
Then

lim
t→∞N(t,Γp)/λ(Rt )= 1, (5.17)

whereλ is determined by the normalizations of Haar measures onG andH such that
vol(G/Γ )= vol(H/H ∩ Γ )= 1.

The following approach to the counting problem was noted in [73]. Let χt denote the
characteristic function of the ball of radiust in Rk . Forg ∈G, define

Ft (g)=
∑

γ̄∈Γ/H∩Γ
χt (gγp).

ThenFt is a function onG/Γ , andFt (e) = N(t,Γp). Put F̂t (g) = Ft (g)/λ(Rt ). As in
[73], one shows that in order to prove that̂Ft (e)→ 1 ast →∞ (which is equivalent to
(5.17)), it is enough to show that

F̂t → 1 weakly inL2(G/Γ ). (5.18)

Using Fubini’s theorem, one shows that for anyψ ∈Cc(G/Γ ),〈
F̂t ,ψ

〉= 1

λ(Rt )

∫
Rt

ψH dλ, (5.19)

where

ψH (g)=
∫
H/H∩Γ

ψ(ghΓ )dµH
(
h̄
)= ∫

G/Γ

ψ d(gµH ) (5.20)
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is a function onG/H (hereµH denotes theH -invariant probability measure onHΓ/Γ ∼=
H/H ∩ Γ ).

Using Theorem 3.7.4, Theorem 3.7.5 and the definition of unfocused sequences, we get
the following: given any sequencetn→∞ and anε > 0, there exists an open setA⊂G/H
such that

lim inf
n→∞

λ(A ∩Rtn)
λ(Rtn)

> 1− ε; (5.21)

and given any sequence{ḡi} ⊂ A which is divergent inG/H , the sequence{giµH }
converges toµG, and henceψH (ḡi )→ 〈ψ,1〉. Thus by (5.19) and (5.20), one obtains
limt→∞〈F̂t ,ψ〉 = 〈1,ψ〉, which proves (5.18).

First we give a special case of Theorem 5.4.1.

COROLLARY 5.4.2. In the main counting problem, further suppose thatH 0 is a maximal
Q-subgroup ofG and admits no nontrivialQ-characters. Then the conclusion(5.17)holds.

In [78], Theorem 5.4.1 was applied to prove the following:
Let P be a monicQ-irreducible polynomial of degreen � 2 with integral coefficients.

Let

VP =
{
X ∈Mn(R): det(λI −X)= P(λ)}.

SinceP hasn distinct roots,VP is the set of realn× n-matricesX such that roots ofP
are the eigenvalues ofX. LetVP (Z) denote the set of matrices inVP with integral entries.
LetBt denote the ball inMn(R) centered at 0 and of radiust with respect to the Euclidean
norm:‖(xij )‖ = (∑i,j x

2
ij )

1/2. We are interested in estimating, for largeT , the number of
integer matrices inBt with characteristic polynomialP .

THEOREM 5.4.3. There exists a constantCP > 0 such that

lim
t→∞

#(VP (Z)∩Bt )
tn(n−1)/2

= CP .

THEOREM 5.4.4. Let α be a root ofP andK =Q(α). Suppose thatZ[α] is the integral
closure ofZ in K. Then

CP = 2r1(2π)r2hR

w
√
D

· πm/2/Γ (1+ (m/2))∏n
s=2π

−s/2Γ (s/2)ζ(s)
,

whereh = ideal class number ofK, R = regulator ofK,w = order of the group of roots of
unity inK, D = discriminant ofK, r1 (resp.r2) = number of real(resp. complex) places
ofK, m= n(n− 1)/2, andΓ denotes the usualΓ -function.

REMARK 5.4.5. The hypothesis of Theorem 5.4.4 is satisfied ifα is a root of the unity
(see [119, Theorem 1.61]).
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In the general case, the formula forCP is a little more involved.

THEOREM 5.4.6. Let the notation be as in Theorem5.4.3. Then

CP =
∑

O⊃Z[α]

2r1(2π)r2hORO
wO
√
D

· πm/2/Γ (1+ (m/2))∏n
s=2π

−s/2Γ (s/2)ζ(s)
,

whereO denotes an order inZ[α], hO the class number of the order,RO the regulator of
the order, andwO the order of the group of roots of unity contained inO.

We note that the orders inK containingZ[α] are precisely the subrings ofK which
containZ[α] and are contained in the integral closure ofZ in K. The reader is referred to
[119, Chapter 1, Section 1] for further details about orders in algebraic number fields.

Note also that in [205], Theorems 5.4.3, 5.4.4 and 5.4.6 are obtained as direct
consequences of a slightly modified version of Theorem 3.6.3.

4b. Counting lattice points in polyhedra.Here we discuss the version of the ‘circle
problem’ whereP is a compact polyhedron inRk . It is easy to show that the estimate
R(tP,Λ)=O(tk−1), t→∞, is valid for any polyhedronP and any latticeΛ. Moreover,
it is best possible ifΛ = Zk and P is a parallelepiped with edges parallel to the
coordinate axes. However, the error term may be logarithmically small (and, presumably,
logarithmically small errors may appear only for polyhedra).

First results fork = 2 with the help of continued fractions were obtained in the 20-s by
Hardy and Littlewood [93] and Khintchine [111].

THEOREM 5.4.7. Suppose that a polygonP ⊂R2 withm sides is such that theith side is
parallel to a vector(1, ai), i = 1, . . . ,m. If all the numbersai, 1 � i � m, are badly
approximable, thenR(tP,Z2) = O(ln t). If all the numbers are algebraic irrationals,
thenR(tP,Z2) = O(tε) with arbitrarily small ε > 0. Finally, for almost all collections
(a1, . . . , am), R(tP,Z2)=O((ln t)1+ε) with arbitrarily small ε > 0.

Note that the first assertion was implicitly contained in [93]. The second one was proved
by Skriganov in [215] with the help of Roth’s theorem, and the third one in [111] and [214].

Subsequently Skriganov [214] generalized the result of Hardy and Littlewood to higher
dimensions as follows. ForΛ ∈Ωk let

Nm(Λ)= inf
{∣∣Nm(x)

∣∣, x ∈Λ− {0}}
be the homogeneous minimum with respect to the norm form

Nm(x)=
k∏
i=1

xi, x ∈Rk.

The latticeΛ is said to beadmissibleif Nm(Λ) > 0.
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THEOREM 5.4.8. LetΠ be a parallelepiped with sides parallel to coordinate axes, and
letΛ be an admissible unimodular lattice inRk. ThenR(tΠ,Λ)=O((ln t)k−1).

Notice that the exponentk − 1 here is, apparently, the best possible. Apart from
parallelepipeds, no other examples in higher dimensions are known with such an
asymptotics of the error term.

Recently Skriganov [216] obtained remarkable results about ‘typical’ error for a given
polyhedronP ⊂Rk.

THEOREM5.4.9. LetP be a compact polyhedron. Then for almost all unimodular lattices
Λ⊂Rk , R(tP,Λ)=O((ln t)k−1+ε) with arbitrarily small ε > 0.

The result was obtained via studying the dynamics of Cartan subgroup action on the
spaceΩk. In short, the idea is as follows. To each flag

f = {
P = Pkf ⊃ Pk−1

f ⊃ · · · ⊃ P 0
f , dimPjf = j

}
of faces ofP one associates an orthogonal matrixgf ∈ SO(k) whosej -th row represents

the unit vector parallel toPk−j+1
f and orthogonal toPk−jf . Given a latticeΛ ∈ Ωk , let

Λ⊥ be thedual latticedetermined by the relation(Λ,Λ⊥)⊂ Z. One considers the orbits
DgfΛ

⊥ ⊂ Ωk, whereD ⊂ SL(k,R) is the Cartan subgroup of all diagonal matrices.
Notice thatD keeps Nm(Λ) invariant. It turns out that the rate of approach of these orbits
to infinity (= the cusp ofΩk) determines the behavior of the corresponding errorR(tP,Λ)

ast→∞.
The connection requires rather refined Fourier analysis onRk; see [216] for the details.

It turns out that the asymptotics ofR(tP,Λ) depends on the behavior of the ergodic sums
S(gfΛ

⊥, r). Here

S(Λ, r)=
∑
d∈∆r

δ(dΛ)−k,

where

∆= {
diag

(
2m1, . . . ,2mk

)
, mi ∈ Z, m1+ · · · +mk = 0

}
is a discrete lattice inD,

∆r =
{
diag

(
2m1, . . . ,2mk

)
, |mi |� r, m1+ · · · +mk = 0

}
is a ‘ball’ in ∆, andδ(·) is as defined in (1.2). Note that∆� Zk−1 and card(∆r)∼ rk−1.

Clearly,δ(Λ)� (Nm(Λ))1/k and henceS(Λ, r)=O(rk−1) for any admissible latticeΛ.
Also, by Mahler’s criterion, ifΛ is admissible then the orbitDΛ⊂Ωk is bounded. IfΠ is
a parallelepiped with edges parallel to coordinate axes then the matricesgf form the group
of permutations and reorientations of coordinate axes. HenceS(gf Λ

⊥, r)= S(Λ⊥, r). If
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Λ is admissible then so isΛ⊥ and henceS(gfΛ⊥, r)=O(rk−1) for any flag of faces ofΠ .
This leads to the boundR(tΠ,Λ)=O((ln t)k−1) and proves Theorem 5.4.8.

Notice that the set of admissible lattices is a null set inΩk because the action of∆ onΩk
is ergodic and hence almost all∆-orbits are everywhere dense inΩk. Typical asymptotics
for S(Λ, r) can be obtained using the Pointwise Ergodic Theorem applied to the action
of ∆. Unfortunately, the functionδ(Λ)−k is not integrable overΩk. However, the function
δ(Λ)ε−k with arbitraryε > 0 is already integrable and one easily derives that for almost all
Λ ∈Ωk, we haveS(Λ, r)=O(rk−1+ε) with arbitrarily smallε > 0. One treats this saying
that for a typicalΛ, the ‘balls’∆rΛ approach infinity very slowly. This leads to the typical
asymptoticsS(tP,Λ)=O((ln t)k−1+ε).

The main result of [216] was sharpened by Skriganov and Starkov [217] as follows:

THEOREM 5.4.10. Given a compact polyhedronP and a latticeΛ ∈ Ωk , for almost
all orthogonal rotationsg ∈ SO(k) one has the boundR(tP,gΛ) = O((ln t)k−1+ε) with
arbitrarily small ε > 0.

This result is derived from Theorem 5.4.9 using the symmetries generated by the Weyl
group.
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