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1 Introduction

An elliptic curve has complex multiplication (or CM for short) if it has endo-
morphisms other than the obvious ones given by multiplication by integers.

The main purpose of these notes is to show that the j-invariant of an
elliptic curve with CM along with its torsion points can be used to explicitly
generate the maximal abelian extension of an imaginary quadratic field. This
result is analogous to the Kronecker-Weber theorem which states that the
maximal abelian extension of Q is generated by the values of the exponential
function e2πix at the torsion points Q/Z of the group C/Z.

We also show how higher dimensional abelian varieties with CM can be
used to generate certain (but not all) abelian extensions of CM fields. Here
we simply state results without giving any proofs.

The CM theory of elliptic curves is due to many authors: Kronecker,
Weber, Hasse, Deuring and Shimura are just a few names that come to mind.
Our exposition is based on Chapters 4 and 5 of Shimura [1], and Chapter 2
of Silverman [4]. For standard facts about elliptic curves we sometimes refer
the reader to Silverman [3]. The CM theory of abelian varieties is due to
Shimura and Taniyama [2]. The results we quote in these notes are taken
from Chapter 4 of [2].

2 What is complex multiplication?

Let E and E ′ be elliptic curves defined over an algebraically closed field
k. A homomorphism λ : E → E ′ is a rational map that is also a group
homomorphism. An isogeny λ : E → E ′ is a homomorphism with finite
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kernel. Denote the ring of all endomorphisms of E by End(E), and set
EndQ(E) = End(E)⊗Q.

If E is an elliptic curve defined over C, then E is isomorphic to C/L for a
lattice L ⊂ C. Therefore every endomorphism λ : E → E of E is induced by
multiplication by a complex number which we again denote by λ and which
satisfies λ(L) ⊂ L. Thus

End(E)
∼
= {λ ∈ C

∣∣ λ(L) ⊂ L},
EndQ(E)

∼
= {λ ∈ C

∣∣ λ(QL) ⊂ QL},

where QL is the Q-linear span of L.

Definition 2.1. An elliptic curve E defined over C has complex multiplica-
tion if End(E) 6∼= Z.

Let H be the upper half plane in C.

Lemma 2.2. Let E
∼
= C/L be an elliptic curve defined over C. Suppose that

L = Zω1 ⊕ Zω2 with z = ω1/ω2 ∈ H. Then E has CM if and only if Q(z)
is an imaginary quadratic field. In this case EndQ(E)

∼
=Q(z) and End(E) is

isomorphic to an order in Q(z).

Proof. Take 0 6= λ ∈ C. Then

λω1 = aω1 + bω2

λω2 = cω1 + dω2,

where α = ( a bc d ) ∈ M2(Z) is invertible in GL2(Q). Then we have

z =
λω1

λω2

=
az + b

cz + d
= α(z),

so that cz2 + (d− a)z − b = 0. If λ 6∈ Z then b 6= 0 and c 6= 0 so that Q(z) is
an imaginary quadratic field. Moreover in this case

EndQ(E)
∼
= {λ ∈ C

∣∣ λ(ω2(Qz +Q)) ⊂ ω2(Qz +Q)}
∼
= {λ ∈ C

∣∣ λQ(z) ⊂ Q(z)}
∼
= Q(z).

Clearly End(E) will be isomorphic to an order in Q(z).
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In these notes we shall for simplicity only consider those CM elliptic
curves E such that End(E) is isomorphic to the maximal order in Q(z). Fix
an imaginary quadratic field K which we shall think of as embedded in C,
and denote the maximal order (or the ring of integers) of K by OK . We
shall say that E has CM by OK if End(E)

∼
=OK . Let ω denote an invariant

differential on E. Then there is a unique isomorphism

[ ] : OK
∼→ End(E) (2.3)

such that that [α]∗ω = αω (see [4], Chapter 2, Proposition 1.1). In what
follows we shall always identify OK with End(E) via (2.3).

3 Classification of CM elliptic curves

Let K be an imaginary quadratic field. Let Cl(K) be the class group of K.
Let

EC(K) = {C-isomorphism classes of elliptic curves

defined over C with CM by OK}.

If a is a fractional ideal of K then, via the embedding of K into C that we
have implicitly fixed, a is a lattice in C. Moreover, by construction, C/a
has CM by OK since for every λ ∈ OK one has λa ⊂ a. If two fractional
ideals are in the same ideal class then it is easy to see that the corresponding
elliptic curves are isomorphic. Thus we obtain a map

Cl(K) → EC(K)

[a] 7→ C/a.

We leave the proof of the following theorem as an exercise.

Theorem 3.1. The map above is a bijection.

We now define an important action of Cl(K) on EC(K). Let [a] ∈ Cl(K)
and let C/b ∈ EC(K) for a fractional ideal b of K. Set

[a] · C/b = C/(a−1b).

By the theorem · defines a simply transitive action of Cl(K) on EC(K).
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4 CM elliptic curves have rational models

Lemma 4.1. Let E be an elliptic curve with CM by OK. Then j(E) is an
algebraic number. In fact [Q(j(E)) : Q] ≤ hK where hK is the class number
of K.

Proof. Let σ ∈ Aut(C). Let Eσ denote the elliptic curve with σ applied to
the coefficients of a Weierstrass equation for E. Note that j(Eσ) = j(E)σ.
Since End(E)

∼→ End(Eσ), we see that Eσ also has CM by OK . By Theo-
rem 3.1, Eσ belongs to one of finitely many isomorphism classes of elliptic
curves. In particular j(E)σ takes on less than hK values, and is algebraic.

Let EQ̄(K) denote the set of Q-isomorphism classes of elliptic curves de-

fined over Q with CM by OK . We have

Lemma 4.2. The natural map

EQ̄(K) → EC(K)

is a bijection.

Proof. If E ∈ EC(K) then there is an elliptic curve E ′ defined over
Q(j(E)) such that E

∼→ E ′. Lemma 4.1 shows that E ′ ∈ EQ̄(K) establishing
the surjectivity. For the injectivity, say E, E ′ ∈ EQ̄(K), with Weierstrass
equations y2 = 4x3 − g2x − g3 and y2 = 4x3 − g′2x − g′3 respectively. If λ :
E

∼→ E ′ is an isomorphism defined over C then (see [1], Proposition 4.1) there
is an element µ ∈ C such that g′2 = µ4g2, g

′
3 = µ6g3 and λ(x, y) = (µ2x, µ3y).

Since the gi and the g′i are in Q we see that µ ∈ Q. Thus λ is defined over Q
establishing the injectivity.

In the following sections we will usually confuse EQ̄(K) with EC(K) and
simply write E(K). This is justified by Lemma 4.2 above.

5 Class field theory

In this section we review some terminology and results from class field theory.
Let K be a totally imaginary number field. Recall that there is a notion

of a modulus m (which, when K is totally imaginary, is just an integral
ideal of K). Let Im be the group of fractional ideals of K generated by the
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prime ideals of K that do not divide m. Let Km,1 denote the subgroup of Im

consisting of principal ideals generated by elements α of the form

α ≡ 1 mod m.

Let L/K be an abelian extension of K. Then there is a modulus m

divisible by the primes of K that ramify in L and a surjective homomorphism
called the Artin map

( , L/K) : Im → Gal(L/K)

defined by sending a prime ideal p to the corresponding Frobenius element
(p, L/K) at p such that

Km,1 ⊂ ker ( , L/K). (5.1)

In such case the kernel of the Artin map is known: it is

ker ( , L/K) = Km,1 · NL/K(I
m

L ),

where ImL is the group of fractional ideals of L generated by the primes of L
not lying above the primes dividing m. The greatest common divisor of the
m such that (5.1) holds is called the conductor of L/K.

Now let m be an arbitrary modulus (integral ideal of OK). The ray class
field modulo m is an abelian extension Lm of K such that the conductor
of Lm/K divides m and such that if L/K is an abelian extension whose
conductor divide m then L ⊂ Lm. Thus the ray class field modulo m is the
‘maximal abelian extension of conductor m’. This has been put in quotes
since the ray class field modulo m may not itself have conductor m.

The kernel of the Artin map for the ray class field modulo m is especially
simple:

ker ( , Lm/K) = Km,1. (5.2)

The Artin map thus induces an isomorphism between the ray class group
modulo m which by definition is

Im

Km,1

and Gal(Lm/K).
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Conversely if L/K is a (not necessarily abelian) Galois extension of K
and m is a modulus such that

(p, L/K) = 1 ⇐⇒ p ∈ Km,1 (5.3)

for all but finitely many primes p of K then L = Lm. This follows since (5.2)
and (5.3) imply that, apart from a finite set of primes, the set of primes of
K which split completely in L and Lm are the same, namely the primes in
Km,1, whence L = Lm. (For an arbitrary Galois extension, even though the
Artin symbol (p, L/K) depends on a choice of a prime of L lying over p, the
condition that (p, L/K) = 1 is independent of this choice).

Note that every abelian extension L/K lies in a ray class field Lm for
some m: just take m to be the conductor of L/K. Thus describing all ray
class fields is tantamount to describing all abelian extensions of K.

When m = 1 the ray class field has a special name: it is called the Hilbert
class field of K. We shall denote it by H. From what we have said above H
is the maximal unramified abelian extension of K and Gal(H/K) is just the
class group of K. Moreover the prime ideals of K that split completely in H
are exactly the principal prime ideals of K.

A group H is said to be a congruence subgroup of level m if it satisfies

Km,1 ⊂ H ⊂ Im.

The key example of a congruence subgroup is the following: if L/K is a finite
abelian extension of K, then H = ker ( , L/K) is a congruence subgroup of
level m for some modulus m.

We now put an equivalence relation ∼ on the set of congruence subgroups.
Let m and m′ be two moduli, with m′|m. Then Im is a subgroup of Im

′

. If
H ′ is a congruence subgroup of level m′ then there may or may not be a
congruence subgroup H of level m such that H = ImK ∩ H ′. If this does
happen then we say that the congruence subgroup H is the restriction of the
congruence subgroup H ′. Now say (H1,m1) and (H2,m2) are two congruence
subgroups. We set H1 ∼ H2, if there exists a modulus m, with mi

∣∣m for
i = 1, 2, such that Im ∩H1 = Im ∩H2 as restricted congruence subgroups of
level m.

An ideal group [H] is an equivalence class of congruence subgroups (H,m)
with respect to the equivalence relation ∼. Class field theory says that the
map

L/K 7→ [ker ( , L/K)]
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is an inclusion reversing bijection between the set of abelian extensions L of
K and the set of ideal groups of K. Here ‘inclusion reversing’ means that
if the abelian extensions L1 and L2 correspond to the ideal groups [H1] and
[H2] respectively, then

L1 ⊂ L2 ⇐⇒ [H2] ⊂ [H1].

(Note: [H2] ⊂ [H1] simply means that there are congruence subgroups H ∈
[H2] and H

′ ∈ [H1] of the same level such that H ⊂ H ′; one needs to check
that this is well defined).

6 Hilbert class field of K

Let K be an imaginary quadratic field. The aim of this section is to show
that if E is an elliptic curve with CM by OK then j(E) generates the Hilbert
class field of K.

By Theorem 3.1 we know that Cl(K) acts simply transitively on E(K). In
particular, for each σ ∈ Gal(Q/K) there is a unique ideal class [a] ∈ Cl(K)
such that Eσ ∼

= [a] · E. This allows us to define a map

F : Gal(Q/K) → Cl(K)

via F (σ) = [a]. Thus F (σ) is the unique ideal class such that F (σ) ·E ∼
= Eσ.

Proposition 6.1. We have:

1. F does not depend on the choice of E ∈ E(K),

2. F is a homomorphism.

Proof. Statement 2) follows easily from 1). Indeed if σ, τ ∈ Gal(Q/K)
then

F (στ) · E ∼
= Eστ ∼

= (F (σ) · E)τ ∼
= F (τ) · (F (σ) · E) = F (σ)F (τ) · E

where the last equality follows since Cl(K) is abelian. This shows that
F (στ) = F (σ)F (τ) proving 2).

Let us prove 1). Let σ ∈ Gal(Q/Q). We claim that

([b] · E)σ ∼
= [b]σ · Eσ, (6.2)
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for each [b] ∈ Cl(K). Fix a presentation of b as an OK module:

Om
K

A−→ On
K → b → 0

where A is an m× n matrix with coefficients in OK . We remark parentheti-
cally that one can take n = 2 since every fractional ideal is generated by two
elements. Suppose that E

∼
= C/c for a fractional ideal c of K. Then there is

an exact sequence

0 → c → C → E → 0

of OK-modules.
Let Hom denote homomorphisms in the category of OK-modules. We

have the following commutative diagram:

0

��

0

��

0

��

0 // Hom(b, c) //

��

Hom(b,C) //

��

Hom(b, E)

��

0 // Hom(On
K , c)

//

At

��

Hom(On
K ,C) //

At

��

Hom(On
K , E)

At

��

0 // Hom(Om
K , c)

// Hom(Om
K ,C) // Hom(Om

K , E).

Now note that Hom(Or
K ,M) =M r for any integer r and that Hom(b,M) =

b−1M for any torsion free module OK-module M (proof: localize!). Thus
the above diagram becomes:

0

��

0

��

0

��

0 // b−1c //

��

C //

��

Hom(b, E)

��

0 // cn //

At

��

Cn //

At

��

En //

At

��

0

0 // cm // Cm // Em // 0.
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The snake lemma now shows that we have an exact sequence:

0 → b−1c → C
f−→ ker(En At

→ Em)
g−→ cm/Atcn.

Let ker0(En At

→ Em) denotes the identity component of the abelian variety

ker(En At

→ Em). Since cm/Atcn is a finitely generated discrete Z-module and

ker0(En At

→ Em) is infinitely divisible we see that ker0(En At

→ Em) ⊂ ker(g).
(This would also follow from the continuity of g but I don’t see why the
connecting homomorphism is continuous). On the other hand since f is
continuous and C is connected we see that image(f) = ker(g) is connected.
Thus

ker0(En At

→ Em) = ker(g),

and we get the exact sequence

0 → b−1c → C → ker0(En At

→ Em) → 0.

Now

([b] · E)σ ∼
=

(
ker0(En At

→ Em)
)σ

= ker0
(
(Eσ)n

(Aσ)t→ (Eσ)m
)

∼
= [b]σ · Eσ,

proving the claim (6.2).
Now suppose that σ ∈ Gal(Q/K). Let E1, E2 in E(K) and suppose that

Eσ
1

∼
= [a1] · E1 and Eσ

2
∼
= [a2] · E2. We wish to show that [a1] = [a2]. Choose

[b] ∈ Cl(K) such that E2
∼
= b · E1. Then since [b]σ = [b], (6.2) implies that

[b] · Eσ
1

∼
= ([b] · E1)

σ ∼
= Eσ

2
∼
= [a2] · E2

∼
= [a2][b] · E1

∼
= [a2][b][a1]

−1 · Eσ
1 .

Cancelling [b] from both sides we get

Eσ
1

∼
= [a2][a1]

−1 · Eσ
1 .

Since Cl(K) acts simply on E(K) we get

[a1] = [a2],

as desired.
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Theorem 6.3. Let E be an elliptic curve with CM by OK. Suppose that
E = E1, . . . , EhK is a complete set of representatives of E(K). Then

1. H = K(j(E)) is the Hilbert class field of K,

2. [Q(j(E)) : Q] = [K(j(E)) : K] = hK,

3. j(E1), . . . , j(EhK ) is a complete set of conjugates for j(E),

4. (Reciprocity Law) Let j(c) := j(C/c) for a fractional ideal c of K. If
a and b are fractional ideals of K then

j(b)(a, H/K) = j(a−1b).

Proof. Let L denote the fixed field of ker(F ). Then Gal(Q/L) =

ker(F ) = {σ ∈ Gal(Q/K)
∣∣ Eσ = F (σ) · E = E} = Gal(Q/K(j(E))).

This shows that L = K(j(E)). Moreover since F maps Gal(L/K) injectively
into Cl(K) we see that K(j(E)) is an abelian extension of K.

Let m be the conductor of L/K. Consider the composition π of the Artin
map with F :

π : Im
( ,L/K)−→ Gal(L/K)

F−→ Cl(K).

We claim that π is nothing but the natural projection of Im to Cl(K). That
is we claim that for each fractional ideal a ∈ Im,

F ((a, L/K)) = [a] ∈ Cl(K). (6.4)

Let us assume that E1, . . . , EhK are defined over Q. Choose a large num-
ber fieldM such thatM contains K and the fields of definitions of the Ei. It
is an exercise (see [4], Chapter 2, Theorem 2.2(b)) to check that any isogeny
between Ei and Ej is then automatically defined over M . Fix a finite set S
of primes p in Q containing the set of primes

• p ramifying in M ,

• p lying under the set of primes of M at which some Ei has bad reduc-
tion, and,
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• p dividing
∏

i<j NM/Q(j(Ei)− j(Ej)).

Fix a prime p 6∈ S which splits in K, say p = pp̄. Let a ⊂ OK be an
ideal that is relatively prime to p and such that ap is principal, say ap = (α).
Suppose that E

∼
= C/b. Then there are isogenies φ, ψ and λ such that the

following diagram commutes

C/b z 7→z
//

∼
��

C/p−1b
z 7→z

//

∼
��

C/a−1p−1b
z 7→αz

//

∼
��

C/b

∼
��

E
φ

// [p] · E ψ
// [a] · [p] · E λ

// E.

Let ω be an invariant differential on E. Then the above diagram shows that

(λ ◦ ψ ◦ φ)∗ω = αω.

Let P denote a prime of M lying over p. Let ˜ denote the reduction of
an object mod P. Then ω̃ is an invariant differential on Ẽ. Further since
α ∈ p ⊂ P, we have

(λ̃ ◦ ψ̃ ◦ φ̃)∗ω̃ = ( ˜λ ◦ ψ ◦ φ)∗ω̃ = α̃ω̃ = 0.

By [3], Chapter 2, Theorem 4.2(c), λ̃ ◦ ψ̃ ◦ φ̃ is inseparable. Since reduction
preserves the degree of an isogeny (see [4], Chapter 2, Proposition 4.4) we see
that deg(ψ̃) = degψ = NK/Q(a) is prime to p and deg(λ̃) = deg(λ) = 1. Thus

both ψ̃ and λ̃ are separable. Hence φ̃ : Ẽ → [̃p] · E must be inseparable. Note
that deg(φ̃) = deg(φ) = NK/Q(p) = p so that φ̃ must be purely inseparable.

Now by [3], Chapter 2, Corollary 2.12, we can factor φ̃ as

Ẽ
Frobp

// Ẽ(p) ǫ
// [̃p] · E

where Frobp denotes the pth-power homomorphism and ǫ : Ẽ(p) → [̃p] · E is
an isomorphism. In particular we have

j([̃p] · E) = j(Ẽ(p)) = j(Ẽ)p

so that

j([p] · E) ≡ j(E)p =

j(E)NK/Q(p) ≡ j(E)(p,L/K) = j(E(p,L/K)) ≡ j(F ((p, L/K)) · E) mod P.
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By the choice of the set S we get

[p] · E = F ((p, L/K)) · E.

Thus

F ((p, L/K)) = [p] ∈ Cl(K)

for each prime p ⊂ OK which does not lie above the primes in S and which
has residue degree one. This proves our claim (6.4) for ‘half’ the prime ideals
in OK . But this is enough to deduce (6.4) for all fractional ideal a ∈ Im.
Indeed a result from class field theory says there is a prime p as above and
an element α ∈ K∗ with α ≡ 1 mod m with

a = (α) · p.

Since (a, L/K) = (p, L/K) we get

F ((a, L/K)) = F ((p, L/K)) = [p] = [a]

establishing (6.4) for all fractional ideals in Im.
We note that claim (6.4) about π also shows that F : Gal(Q/K) → Cl(K)

is surjective. Moreover (6.4) shows that

F (((α), L/K)) = 1

for all principal ideals (α) ∈ Im. Since F is injective when restricted to
Gal(L/K),

((α), L/K) = 1

for all (α) ∈ Im. But the conductor m is the ‘largest’ (in terms of contain-
ment) ideal with the property that

α ≡ 1 mod m =⇒ ((α), L/K) = 1.

It follows that m = 1. This means that L/K is unramified and is therefore
contained in the Hilbert class field H of K. But [L : K] = hk = [H : K], so
that H = L = K(j(E)), proving 1) and the second equality in 2).
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The first equality in 2) follows from Lemma 4.1 and the diagram:

H = K(j(E))
hk

rr
rr
rr
rr
rr
r ≤ 2

❖❖
❖❖

❖❖
❖❖

❖❖
❖❖

K

2
▲▲

▲▲
▲▲

▲▲
▲▲

▲▲
▲ Q(j(E))

≤ hK
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥

Q

As for 3) note that Cl(K) acts transitively on the set {j(E1), . . . , j(EhK )}
and the map F is defined by identifying the action of Gal(Q/K) with that
of Cl(K). Thus Gal(Q/K) acts transitively on the set {j(E1), . . . , j(EhK )}
as desired.

Finally 4) is just a restatement of the claim (6.4) which now holds for all
fractional ideals a since m = 1.

The theorem above shows that the j(E) generates an unramified abelian
extension of K when End(E)

∼
=OK . More generally if E is an elliptic curve

with End(E) an arbitrary order of K then it turns out that j(E) generates
a not necessarily unramified abelian extension of K.

7 The Weber function

In this section we introduce the Weber function h : E → P1 attached to an
elliptic curve defined over C. Say E is given by an equation of the form

y2 = 4x3 − g2x− g3 with ∆ = g32 − 27g23 6= 0.

If E is an elliptic curve with CM by OK then Aut(E) = O×
K is just the finite

group of units of K; otherwise Aut(E) = {±1}. One may easily check ([1],
Chapter 4.5) that

Aut(E) =





{±1} if g2g3 6= 0 ⇐⇒ j(E) 6= 0, 1728,

{±1,±i} if g3 = 0 ⇐⇒ j(E) = 1728,

{±1,±ω,±ω2} if g2 = 0 ⇐⇒ j(E) = 0,

where ω = e2πi/3 is a primitive third root of unity. Let us divide the set of
isomorphism classes of elliptic curves over C into three classes: Ei for i = 1,
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2, 3, where E ∈ Ei if Aut(E) has 2i automorphisms. One can write down
the automorphisms in each case explicitly:

Aut(E) ∋





(x, y) 7→ (x,±y) if E ∈ E1,
(x, y) 7→ (x,±y), (−x,±iy) if E ∈ E2,
(x, y) 7→ (ωνx,±y) with ν = 0, 1, 2, if E ∈ E3.

(7.1)

Now define

h : E → P1

by

h(x, y) =





(g2g3/∆) · x if E ∈ E1,
(g22/∆) · x2 if E ∈ E2,
(g3/∆) · x3 if E ∈ E3.

Note that h is defined over any field of definition of E. The following lemmas
about h will be useful.

Lemma 7.2. Let E be an elliptic curve defined over C. Let P , P ′ ∈ E.
Then

h(P ′) = h(P ) ⇐⇒ P ′ = ǫP for some ǫ ∈ Aut(E).

Proof. Say E ∈ Ei. Let P = (x, y) and P ′ = (x′, y′). Then h(P ) =
h(P ′) ⇐⇒ xi = x′i. When i = 1, we get y2 = y′2, so that (x′, y′) = (x,±y).
By (7.1) we have P ′ = ǫP for ǫ ∈ Aut(E) as desired. The cases i = 2 and
i = 3 are proved similarly using (7.1) above.

Lemma 7.3. Let E and E ′ be elliptic curves defined over C. Let ǫ : E → E ′

be an isomorphism. Then

hE = hE′ ◦ ǫ.

Proof. Say E has model y2 = 4x3 − g2x − g3 and E ′ has model y2 =
4x3 − g′2x − g′3. By [1], Proposition 4.1 one may find µ ∈ C such that
ǫ(x, y) = (µ2x, µ3y) and such that g′2 = µ4g2, g

′
3 = µ6g3. Then the lemma

follows immediately from the definition of h given above.
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Ultimately we wish to generate abelian extensions of K by adjoining the
coordinates of the torsion points of an elliptic curve E ∈ E(K). If E is defined
over C (and not Q) there is no reason why these coordinates need even be
algebraic. However if P is a such a torsion point then hE(P ) is necessarily
algebraic. Indeed we may always choose an elliptic curve E ′ defined over
Q such that ǫ : E

∼→ E ′. By the lemma above hE(P ) = hE′(ǫ(P )) which is
clearly algebraic. This is one of the main reasons for introducing the Weber
function.

8 Ray class fields of K

In this section we show how we can use the Weber values of the m-torsion
points of an elliptic curve with CM by OK to generate the ray class field
modulo m of K where m ⊂ OK is an arbitrary modulus. We start with the
following observation.

Proposition 8.1. Let E be an elliptic curve with CM by OK defined over
H. Then

K(j(E), Etors)

is an abelian extension of H = K(j(E)).

Proof. Let m ⊂ OK be an ideal. It suffices to show that L = K(j(E), E[m])
is an abelian extension of H. Note that every element of End(E) is defined
over H. So if σ ∈ Gal(L/H), P ∈ E[m] and α ∈ OK , then

([α]P )σ = [α]σ(P σ) = [α](P σ). (8.2)

In particular we have a Galois representation

ρ : Gal(L/H) →֒ Aut(E[m]).

Moreover (8.2) shows that the image of ρ lies in the ring of OK/m-linear
endomorphisms of E[m]. Since E[m]

∼
=m−1OK/OK is a free OK/m-module

of rank one, EndOK/m(E[m]) = OK/m. Thus

ρ : Gal(L/H) →֒ (OK/m)∗

which shows that Gal(L/H) is abelian.
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Let E be an elliptic curve with CM by OK defined over H. It is not true
in general that K(j(E), Etors) is an abelian extension of K. However if we
let

h : E → P1

be the Weber function defined in Section 7 (note that h is now defined over
H as well) then we have the following theorem.

Theorem 8.3. Let E be an elliptic curve defined over H with CM by OK.
Let m ⊂ OK be an ideal, and let E[m] denote the m-torsion points of E.
Then

K(j(E), h(E[m]))

is the ray class field of K modulo m.

We first prove the following proposition. Let p be a prime of K. Let M
and P be as in the proof of Theorem 6.3. So P is a prime of M lying above
p. Let ˜ denotes reduction modulo P. We have:

Proposition 8.4. Let E be an elliptic curve defined over H with CM by
OK. For all but finitely many prime ideals p of K of degree 1 satisfying
(p, H/K) = 1 there is an element πp ∈ OK such that p = (πp) and the
diagram

E
[πp]

//

��

E

��

Ẽ
Frobp

// Ẽ

(8.5)

commutes.

Proof. Let σ = (p, H/K). Assume that p does not lie above the finite set
S of primes defined in the proof of Theorem 6.3 and that NK/Q(p) = p. Then
the proof of Theorem 6.3 shows that there is an isogeny φ : E → Eσ and an
isomorphism ǫ : Ẽ(p) → Ẽσ making the following diagram commute

E
φ

//

��

Eσ

��

Ẽ
Frobp

// Ẽ(p) ǫ
// Ẽσ.
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Note that Ẽ(p) = Ẽσ so that ǫ is an automorphism of Ẽσ. There is a natural
injection (see [4], Chapter 2, Proposition 4.4)

End(Eσ) →֒ End(Ẽσ), (8.6)

which in the present situation is surjective as well. Indeed a result of Deuring
shows that the Q-span of the endomorphism algebra of an elliptic curve
defined over a finite field of characteristic p is either a quadratic field or the
quaternion algebra D over Q ramified at p and ∞. If EndQ(Ẽσ) = D then
D ⊗ Qp would contain K ⊗ Qp = Qp × Qp which contains zero divisors, a

contradiction. Thus EndQ(Ẽσ) = K. In other words (8.6) is an isomorphism
after tensoring with Q. Since End(Eσ) is the maximal order (8.6) is itself
an isomorphism. This means that one can pick ǫ0 ∈ End(Eσ) with ǫ̃0 = ǫ.
Clearly ǫ0 ∈ Aut(Eσ). Replacing φ in the diagram above with ǫ−1

0 ◦ φ we
obtain a commutative diagram

E
φ

//

��

Eσ

��

Ẽ
Frobp

// Ẽ(p).

(S. Kobayashi has pointed out an alternative way to see that ǫ lifts to
characteristic 0 which avoids Deuring’s result but at the cost of throwing
away finitely many primes. We wish to show that

Aut(Eσ) →֒ Aut(Ẽσ) (8.7)

is an isomorphism. Let us assume that p 6= 2, 3. Then it is well known that

|Aut(Ẽσ)| =





2 if j(Ẽσ) 6= 0, 1728,

4 if j(Ẽσ) = 1728,

6 if j(Ẽσ) = 0.

If j(Eσ) = 1728, respectively 0, then |Aut(Eσ)| = 4, respectively 6, forcing
(8.7) to be an isomorphism. So we may assume that j(Eσ) 6= 0, 1728. Then

if p 6
∣∣ 1728 · j(E) · (1728− j(E)), one has |Aut(Ẽσ)| = 2, so that (8.7) is again

an isomorphism.)
We now use the additional hypothesis σ = (p, H/K) = 1 to get Eσ = E

and Ẽ(p) = Ẽ. This means that φ ∈ End(E) and so φ = [πp], for some
πp ∈ OK . Note that

NK/Q(πp) = deg([πp]) = deg(Frobp) = p,
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and since p is principal, p = (πp) or p = (π̄p). To see that it is the former
note that

π̃pω̃ = π̃pω = [̃πp]∗ω = [̃πp]
∗
ω̃ = Frob∗

pω̃ = 0,

where the last equality follows from the fact that Frobp is inseparable. This
shows that π̃p = 0 and so πp ∈ P ∩K = p.

Proof of Theorem 8.3. Let

L = K(j(E), h(E[m])).

To show that L is the the ray class field modulo m it suffices to show that

(p, L/K) = 1 ⇐⇒ p ∈ Km,1, (8.8)

since (8.8) characterizes the ray class field modulo m (see the discussion in
Section 5). As we have seen in the proof of Theorem 6.3, it suffices to prove
(8.8) for all but finitely many primes p of residue degree one.

So suppose that p is a prime of residue degree one and that (p, L/K) = 1.
Then (p, H/K) = 1 since it is the restriction of (p, L/K) to H. So by
Proposition 8.4, after eliminating from consideration finitely many p, there
is an element πp ∈ OK such that p = (πp) and such that the diagram (8.5)
commutes.

Let F = K(j(E), E[m]). This is a (not necessarily abelian) Galois exten-
sion of K. Fix a prime Q of F lying above p and let σ ∈ Gal(F/K) denote
the corresponding Frobenius element. Note that σ restricted to L is just
(p, L/K) = 1.

Denote by ˜ reduction modulo Q. Reducing h : E → E/Aut(E) = P1

modulo Q, we get a map

h̃ : Ẽ → Ẽ/ÃutE.

Let P ∈ E[m] be an m-torsion point of E. We compute

h̃( ˜[πp]P̃ ) = h̃([̃πp]P ) = h̃(Frobp(P̃ )) by (8.5),
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so that

h̃( ˜[πp]P̃ ) = h̃(P̃ σ)

= h̃(P σ)

= h̃(P )σ since σ = 1 on H and h is defined over H

= h̃(P ) since σ = 1 on L

= h̃(P̃ ).

Thus there exists an element [ξ] ∈ Aut(E) such that

˜[π]P̃ = ˜[ξ]P̃ .

Now the reduction map E → Ẽ is injective on m-torsion points whose order
is prime to p (see [3], Chapter 7, Proposition 3.1(b)). So if we discard the
primes p that divide NK/Q(m) then

E[m] →֒ Ẽ[m] (8.9)

is injective. Thus we get that

[πp − ξ]P = 0.

The same ξ works for all P ∈ E[m] since we may assume that P is a generator
of the free rank one OK/m-module E[m]. This shows that

πp ≡ ξ mod m,

and p = (ξ−1πp) ∈ Km,1 as desired.
Conversely suppose that p is a degree one prime of K and that p ∈ Km,1.

Say p = (α) with α ≡ 1 mod m. Since p is principal we have (p, H/K) = 1.
By Proposition 8.4 again, after discarding finitely many p, we may assume
that there is a πp ∈ OK such that p = (πp) and such that (8.5) commutes.
Note that since (πp) = (α) there is a unit ξ ∈ O×

K such that πp = ξα.
Let F , Q and σ be as above and denote reduction modulo Q by ˜ . Let

P ∈ E[m]. We have

P̃ σ = Frobp(P̃ ) = [̃πp]P by (8.5).
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Again by discarding finitely many p and using (8.9) we get P σ = [π]P . Hence

h(P )(p,L/K) = h(P σ) since (p, H/K) = 1 and h is defined over H

= h([πp]P ) by the remarks above

= h([ξ] ◦ [α]P ) since πp = ξα

= h([α]P ) by Lemma 7.2 and since [ξ] ∈ Aut(E)

= h(P ) since α = 1 +m, m ∈ m, and [1 +m]P = P .

This shows that (p, L/K) = 1 since it fixes both j(E) and h(P ) for all
P ∈ E[m], proving the converse.

9 Main theorem of complex multiplication

We now state the main theorem of complex multiplication. It is stated using
the idelic formulation of class field theory. We do not explain this here nor
do we give the proof of the main theorem as we do not need it. On the other
hand, after the arguments of the previous sections the proof of the main
theorem is not difficult. In fact in Shimura [1] the main theorem is proved
first, and then Theorems 6.3 and 8.3 are derived as corollaries of it.

Theorem 9.1. Let E be an elliptic curve with CM by OK. Let f : C/a → E
be a fixed isomorphism. Let σ ∈ Aut(C), and say s ∈ A×

K is such that the
restriction of σ to Kab is (s,Kab/K). Then there is a unique isomorphism

f ′ : C/s−1a → Eσ

such that the following diagram is commutative:

K/a
f

//

s−1

��

E

σ

��

K/s−1a
f ′

// Eσ.

Proof. See [1], Theorem 5.4.

10 Integrality of j(E)

In Lemma 4.1 we showed that the j-invariant of an elliptic curve E with CM
by OK is an algebraic number of degree at most hK . More is true:
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Theorem 10.1. Let E be an elliptic curve with CM. Then j(E) is an alge-
braic integer.

Proof. An elementary but slightly involved proof of this fact can be found
in [1], Chapter 4.6. Here we briefly sketch a more conceptual proof (see
[4], Chapter 2 for further details). It is a fact that the CM elliptic curve E
has potentially good reduction (not just potentially semi-stable reduction) at
ALL primes. Since j(E) is integral at a prime of (potentially) good reduction,
we are done.

Let us give an amusing consequence of the above theorem: we will explain
why the transcendental number

eπ
√
163 = 262537412640768743.99999999999925007....

is almost an integer. Note that K = Q(
√
−163) is the ‘largest’ imaginary

quadratic field of class number 1. By the above theorem we get

j

(
1 +

√
−163

2

)
∈ Z.

The leading term in the q-expansion of j is

1

q
= −eπ

√
163.

We now leave it to the reader to check that the remaining terms in the q-
expansion of j(1+

√
−163
2

) other than the constant term 744 are very small,

explaining why eπ
√
163 is almost an integer.

11 CM fields and CM-types

We wish to state some results which generalize the theory of complex multi-
plication for elliptic curves to abelian varieties of higher dimension.

Definition 11.1. A CM field is a totally imaginary quadratic extension of
a totally real number field.

Some examples of CM fields are
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• imaginary quadratic fields

• cyclotomic field Q(ζm), for m ≥ 3, where ζm is a primitive mth root of
unity.

Let K be a CM field. Suppose that the degree of K over Q is 2n. Let
φ1, . . . , φn be imbeddings of K into C such that φ1, . . . , φn, φ̄1, . . . , φ̄n form a
complete list of all the imbeddings of K into C.

Definition 11.2. (K, {φ1, . . . , φn}) is a CM-type.

Let A be an abelian variety defined of dimension n defined over C such
that there is an injection of Q-algebras

ι : K → EndQ(A).

There is a natural way to associate a CM-type (K, {φi}) to the data (A, ι).
Briefly the idea is this. EndQ(A) has a rational representation M of degree
2n which when restricted to K is equivalent to the sum of the 2n imbeddings
of K into Q. EndQ(A) also has a complex representation S of degree n. It
is a fact that M is equivalent to S ⊕ S̄. Thus S restricted to K is the direct
sum of half of the imbeddings of K into Q (the other half consists of the
complex conjugates of these imbeddings). This naturally determines a CM
type (K, {φi}) and we say (A, ι) has type (K, {φi}).

We now wish to associate another CM-type (K∗, {ψj}) to a given CM-
type (K, {φi}). Let K∗ to be the field generated over Q by

n∑

i=1

φi(x)

as x varies through the elements in K. One checks that K∗ is a CM field.
Now let F be the Galois closure of K and set G = Gal(F/Q). Let H,
respectively H∗, be the subgroup of G corresponding to K, respectively K∗.
Extend the φi to elements of G and continue to denote these elements by φi.
Consider the disjoint union of cosets of H:

S =
n⋃

i=1

Hφi.

One checks that

H∗ = {σ ∈ G
∣∣ Sσ = S},
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that S−1 = {σ−1
∣∣ σ ∈ S} is a union of cosets with respect to H∗, say

S−1 =
m⋃

j=1

H∗ψj,

and that (K∗, {ψj}) is a CM-type.

Definition 11.3. (K∗, {ψj}) is the reflex of (K, {φi}).

Some properties of the reflex type are:

1. If K is an imaginary quadratic field then the reflex field K∗ = K.

2. The reflex of the reflex of the CM-type (K, {φi}) is (K, {φi}).

12 Fields of moduli

Let A be an abelian variety and X a divisor on A. Set

C(X) = {divisors X ′ on A
∣∣ ∃m, n ∈ Z>0 with mX ∼ nX ′},

where ∼ denotes algebraic equivalence. The set C = C(X) is called a po-
larization of A if it contains a very ample divisor (this is, roughly, a divisor
that induces an imbedding of A into projective space). We call the couple
(A, C) a polarized abelian variety. A field of definition k for (A, C) is a field
of definition for A such that C contains a divisor defined over k.

Two polarized abelian varieties (A, C) and (A′, C ′) are said to be isomor-
phic if there is an isomorphism λ : A

∼→ A′ and a divisor X ′ ∈ C ′ such that
λ−1(X ′) ∈ C.

Now let (A, C) be a polarized abelian variety defined over C. Then (see
[2], Chapter 1, Proposition 14) there exists a field k0 satisfying the following
property. For each field k ⊃ k0 which is a field of definition for (A, C) and
each imbedding σ : k → C,

(A, C) is isomorphic to (Aσ, Cσ) ⇐⇒ σ|k0 = 1. (12.1)

Definition 12.2. Let (A, C) be a polarized abelian variety defined over C.
Then the field k0 is called the field of moduli of (A, C).
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It turns out that k0 is characterized by the condition (12.1) and is con-
tained in every field of definition of (A, C).

When A is an elliptic curve defined over C (in which case one can ignore
polarizations since there is only one polarization of A in this case) then one
may check that Q(j(A)) is the field of moduli of A. In particular, an elliptic
curve is defined over its field of moduli. It is an open question as to whether
a higher dimensional polarized abelian variety defined over C is defined over
its field of moduli.

13 Kummer varieties

Let A be an abelian variety and G a finite group of automorphisms of A. Let
k be a field of definition of A and the elements of G. Then (see [2], Chapter
1, Proposition 16) there exists a projective variety W and a rational map
h : A→ W both defined over k such that

• h(u) = h(v) ⇐⇒ there is an element g ∈ G such that u = gv, and,

• If h′ : A → W ′ is a rational map satisfying h′ = h′ ◦ g for every g ∈ G
then there is a rational map Φ : W → W ′ such that h′ = Φ ◦ h.

Definition 13.1. (W,h) as above is called a quotient of A by G.

Now let (A, C) be a polarized abelian variety defined over C. It turns
out (see [2], Chapter 1, Proposition 17) that the group of automorphisms
Aut(A, C) of (A, C) is finite. We can therefore define

Definition 13.2. A Kummer variety of the polarized abelian variety (A, C)
is a quotient of A by Aut(A, C).

One can further choose (see [2], Chapter 1, Theorem 3) a Kummer variety
(W,h) of (A, C) satisfying

• W is defined over the field of moduli k0.

• h is defined over every field of definition of (A, C) containing k0.

• If k is a field of definition of (A, C) containing k0, σ : k → C is an
imbedding of k into C and η is an isomorphism of (A, C) onto (Aσ, Cσ)
then h = hσ ◦ η.

Such a Kummer variety is called a normalized Kummer variety.
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14 Class fields of CM fields

We are now ready to state two theorems which show that an abelian variety
with CM by the ring of integers OK in a CM field K can be used to generate
certain abelian extensions of the reflex CM field K∗.

Theorem 14.1. Let (K, {φi}) be a CM-type and let (K∗, {ψj}) be its reflex.
Denote the maximal real subfield of K by K+. Let (A, ι) be an abelian variety
of type (K, {φi}) and assume that ι(OK) = End(A). Let C be polarization
for A and let k0 be the field of moduli of (A, C). Let H be the subgroup of all
fractional ideals a of K∗ such that there is an element µ ∈ K for which we
have

m∏

j=1

aψj = µOK and N(a) = µµ̄ (in K+).

Then H is a congruence subgroup of K∗ defined modulo (1) and

k∗0 = k0K
∗

is an unramified abelian extension of K∗ corresponding to the ideal group
defined by H.

We point out that in general k∗0 may not be the Hilbert class field of K∗.
However Theorem 14.1 generalizes Theorem 6.3: for if K is an imaginary
quadratic field and A is an elliptic curve with CM by OK then K∗ = K
and k0 = Q(j(A)). Moreover the congruence group H coincides with K(1),1.
Hence we recover the fact that k∗0 = K(j(A)) is the Hilbert class field of K.

To state the next theorem we need some additional terminology. Let the
set up be as in Theorem 14.1. For an ideal m ⊂ OK , we shall say that the
torsion point P ∈ A[m] is a proper m-torsion point if ι(α)P = 0 ⇐⇒ α ∈ m.

Theorem 14.2. Let the notation be as in Theorem 14.1. Let (W,h) be a
normalized Kummer variety of (A, C). Let m be an integral ideal of K and
let m be the smallest positive integer divisible by m. Let H(m) be the group
of all fractional ideals a of K∗, prime to (m), such that there is an element
µ ∈ K for which we have

m∏

j=1

aψj = µOK , N(a) = µµ̄ and µ ≡ 1mod m.
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Let P be a proper m-torsion point. Then H(m) is a congruence group of K∗

defined modulo (m), and

k∗0(h(P ))

is the abelian extension of K∗ corresponding to the ideal group defined by
H(m).

Theorem 14.2 generalizes Theorem 8.3: for if K is an imaginary quadratic
field then we have the following diagram

I(m) � � // Im

H(m)
?�

OO

K(m),1
� �

//
?�

OO

Km,1

?�

OO

and H(m) coincides with Km,1 ∩ I(m). This shows that the congruence sub-
groups H(m) and Km,1 are equivalent and so define the same ideal group.
Moreover it can apparently be checked that one can take (P1, h) as a normal-
ized Kummer variety where h is the Weber function. Thus we recover the
fact that k∗0(h(P )) = K(j(A), h(P )) is the ray class field mod m. Actually
this is slightly stronger than what was proved in Theorem 8.3 since there
we needed to consider all m-torsion points. The above theorem says that it
suffices to consider only one P as long as it is a proper m-torsion point.
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