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ABSTRACT. The paper formulates a precise relationship between the Tate-Shafarevich
group X(E) of an elliptic curve E over Q with a quotient of the classgroup of Q(E[p])
on which Gal(Q(E[p])/Q) = GL2(Z/p) operates by its standard 2 dimensional repre-
sentation over Z/p. We establish such a relationship in many cases.
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1. INTRODUCTION

Let E be an elliptic curve over Q, p an odd prime number, and ρ : Gal(Q̄/Q) −→
GL2(Z/p) the associated Galois representation on elements of order p on E. Assume that
the image of the Galois representation is all of GL2(Z/p). The representation ρ then gives
rise to an extension K of Q with Galois group GL2(Z/p). Let ClK denote the class group
of K. The group GL2(Z/p) being the Galois group of K over Q, operates on ClK , hence
on the Z/p-vector space ClK/pClK . Write the semi-simplification of the representation of
GL2(Z/p) on ClK/pClK as

∑
Vα, where Vα’s are the various irreducible representations

of GL2(Z/p) in characteristic p. It is a well-known fact that any irreducible representation
of GL2(Z/p) in characteristic p is of the form Vi,j = Symi ⊗ detj, 0 ≤ i ≤ p − 1, 0 ≤
j ≤ p − 2 where Symi refers to the i-th symmetric power of the standard 2 dimensional
representation of GL2(Z/p), and det denotes the determinant character of GL2(Z/p).

It is a natural question to understand which Vi,j’s appear in ClK/pClK . The aim
of this paper is to formulate some questions in this direction which can be viewed as
a GL2 analogue of the famous theorem of Herbrand-Ribet, [Ri1]. One is hoping for
a conjectural answer along the lines of Herbrand-Ribet to say that the representation
Symi(Z/p + Z/p) ⊗ detj of GL2(Z/p) appears in ClK/pClK if and only if the ‘alge-
braic part’ of the first nonzero derivative of L(s, Symi(E)⊗ detj) at s = 0 is divisible by
p (in some favorable situations to be carefully identified).

The authors have not seen any computation identifying the GL2(Z/p) representation on
ClK/pClK as a sum of irreducible pieces (after semi-simplification) where K = Q(E[p])
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is a Galois extension of Q, say with Gal(K/Q) = GL2(Z/p). Presumably it is not beyond
present computational powers to do such a computation say for p = 5; this would be very
useful data to have for the problems discussed in this paper. There are examples known
due to K. Rubin and A. Silverberg [RS] of families of elliptic curves with the same field
Q(E[5]) with Galois group GL2(Z/5). Are there elliptic curves of the same rank, say
= 0, in this family, for which the 5-valuation of the algebraic part of L(E, 1) as in the
Birch-Swinnerton-Dyer conjecture are different? Hopefully, this does not happen!

In an unfinished manuscript of the first author [?], a heuristic relating the representation
of GL2(Z/p) on HK/pHK and the divisibility of certain L-values by p was given based
on factorisation of the class number formula for the Dedekind zeta function ζK(s):

ζK(s) = −hR
w
sr1+r2−1 + higher order terms...,

in terms of the complex representation theory of GL2(Z/p) on the left hand side of the
class number formula, and in terms of mod p representation theory on the right hand
side of the classnumber formula involving HK/pHK . We will not detail the heuristic
considerations made in [P].

The following question from [P] is at the basis of this paper.

Question 1.1. Let E be an elliptic curve over Q with E(Q) = 0, K = Q(E[p]) the
Galois extension of Q obtained by attaching elements of order p on E where p is an
odd prime. We assume that Gal(K/Q) = GL2(Z/p), and also that p is coprime to
c` = [E(Q`) : E(Q`)

0], the so-called Tamagawa numbers, for all finite primes `. Let ClK
denote the class group of K which comes equipped with a natural action of Gal(K/Q) =
GL2(Z/p). Then if p||X(E)(Q)|, is it true that the GL2(Z/p) representation ClK/pClK
contains the standard 2-dimensional representation of GL2(Z/p) as a quotient? What
about the converse (assuming E(Q) = 0 as well as p coprime to the Tamagawa numbers
c`)?

Remark 1.2. Although the question above has been formulated for an elliptic curve, one
can also formulate a similar question for holomorphic modular forms which give rise to
similar Galois representations with values in GL2(Z/p), or more generally in GL2(Fq).
In fact much of the paper, formulated in terms of the Selmer groups, does not need an
elliptic curve.

There are two natural appoaches to attack this question: one which is what we will
discuss in greater detail from next section, using Selmer groups, and the machinery of
Galois cohomology available to deal with it. The other approach, as in the pioneering
work of Ribet [Ri1] is by looking at the congruence of cusp forms with an Eisenstein
series. The method of Ribet has two basic steps:

(1) finding cusp forms on GL2(AQ) which are congruent to a given Eisenstein series
if the constant term of the Eisenstein series is zero mod p,

(2) proving that the associated mod p representation of a suitable cusp form as in (1)
serves the purpose of constructing everywhere unramified extension of Q(µp) of
the desired kind.

Neither of the two steps is understood for GSp(4) (perhaps not even for GL2(AQ) in
some generality?), except that there is a recent work due to Bergström and Dummigan,
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[BD] where they formulate some general questions along these lines. Note that there
are two conjugacy classes of maximal parabolic subgroups in GSp(4) and both could be
sources of such congruences, and therefore could have applications to Galois representa-
tions. For our case, an Eisenstein series supported on a Siegel parabolic is what will be
useful (so that the associated Galois representation lands inside the Levi of the Klingen
parabolic). The Klingen parabolic P in GSp(4) looks like

1→ N → P → GL(2)×Gm → 1,

with N a non-abelian unipotent group of dimension 3 which is the 3-dimensional Heisen-
berg group, and thus has a centre of dimension 1. Dividing N by the center one gets 2
dimensional representation of GL(2) which thus seems ideally suited to give rise to ex-
tensions of K on which the Galois group of K, i.e., GL2(Z/p), operates by a twist of the
2 dimensional standard representation.

The specific question thus is that if p divides (the algebraic part of) L(1, π ⊗ ωj), π a
holomorphic cusp form on GL2(AQ), there is a cusp form on GSp(4) which is congruent
to an Eisenstein series on GSp(4) induced from the cuspform π on GL2(AQ) treated as the
Levi subgroup of the Siegel parabolic in GSp(4). For an example of such a congruence,
see the paper of Harder [Ha] where for the unique elliptic modular form f for SL2(Z)
of weight 22, he conjectured existence (which was later confirmed) of certain cuspidal
eigenform on GSp(4,AQ) with the following congruence for Hecke eigenvalues, which
we just write down from his paper without further explanations:

λ(p) ≡ p8 + af (p) + p13 mod 41, for all primes p,

except to note that Λ(f,14)
Ω+

is an integer, and the crucial reason for the prime 41 is:

41|Λ(f, 14)

Ω+

.

In the context of Harder’s example, an optimistic hope will be that the mod 41 Ga-
lois representation associated to the eigenform f of weight 22 for SL2(Z) cuts out a
GL2(Z/41) extension Kf of Q which has an unramified abelian extension on which
GL2(Z/41) acts by Sym1 ⊗ det−8 (or, is it Sym1 ⊗ det−13?). Although there has been
much work extending Ribet’s work to higher dimensional groups, see e.g., [Ur], [SU], we
are not sure if this question has been considered.

2. COHOMOLOGICAL PRELIMINARIES

The paper uses cohomological methods needing some generalities as well as some
results related to elliptic curves which we put together in this section. We will follow the
general notation on Galois cohomology to denote, for K any field with K̄ its algebraic
closure, H1(Gal(K̄/K), A(K̄)) by H1(K,A) where A is any group scheme defined over
K which in this paper will always be an abelian group scheme.

We begin with the following well-known lemma whose proof shall be omitted.

Lemma 2.1. Let G be a group operating on a vector space V over a field F . If G has a
central element which acts on V by multiplication by an element of F not equal to 1, then
H i(G, V ) = 0 for all i ≥ 0.

The following Lemma will play a rather important role in several places in this paper.
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Lemma 2.2. Let G be a finite subgroup of GL2(Z/p) operating irreducibly on E[p] =
Z/p+ Z/p, then H i(G,E[p]) = 0 for all i.

Proof. First suppose that p - |G|. Then H i(G,E[p]) = 0 for all i > 0 as |G| annihi-
lates H i(G,E[p]); on the other hand since G acts irreducibly on E[p] = Z/p + Z/p,
H0(G,E[p]) = 0.

Now suppose that G contains a non-trivial p-Sylow subgroup. If a p-Sylow subgroup
ofG is normal inG, then, up to conjugacy, G is contained in the group of upper triangular
matrices. In particular, the action of G on E[p] is reducible, contrary to our assumption.
Therefore a p-Sylow subgroup cannot be normal in G, so there are at least 2 distinct p-
Sylow subgroups inGwhich can be assumed to be the group of upper and lower triangular
unipotent matrices in SL2(Fp). Since SL2(Fp) is generated by the group of upper and
lower triangular unipotent matrices we get that SL2(Fp) is contained in G. In particular,
−I is also contained in G. Therefore if p is odd, the action of Z(G) on E[p] is non-trivial,
and the lemma follows from Lemma 2.1. If p = 2, GL2(Z/2) is the symmetric group S3

on 3 symbols, and the only subgroup G of GL2(Z/2) acting irreducibly on E[2] is either
Z/3 or S3. If G = Z/3 acting irreducibly on E[2], clearly H i(G,E[2]) = 0 for all i. If
G = S3, it contains N = Z/3 as a normal subgroup of index 2. Since there is a spectral
sequence involving H i(G/N,Hj(N,E[2])) which converges to H i+j(G,E[2]) in which
Hj(N,E[2]) is identically 0, the lemma is proved in this case too. �

Corollary 2.3. If the representation of Gal(Q(E[p])/Q) on E[p] is irreducible, the re-
striction map

H1(Q, E[p])
resK−→ H1(K,E[p])Gal(K/Q) = HomGal(K/Q)(Gal(Q̄/K), E[p]),

is an isomorphism.

Proof. This is a consequence of Lemma 2.2 on noting the following inflation-restriction
exact sequence:

0→ H1(G/N,AN)→ H1(G,A)→ H1(N,A)G/N → H2(G/N,AN)→ · · ·
�

This corollary allows one to use elements of f ∈ H1(Q, E[p]), to construct extensions
Kf of K = Q(E[p]) with Galois group Gal(Kf/K) ∼= E[p] which we will see under
appropriate conditions on f ∈ H1(Q, E[p]) belonging to the Selmer group, gives the
desired unramified extension of K = Q(E[p]).

Lemma 2.4. Let A be a finite abelian group together with an action of Ẑ. Then

|H1(Ẑ, A)| = |AẐ|.

Proof. See [S2], Chapter 13, Proposition 1 and 2. �

Next we have some lemmas related to cohomology of elliptic curves. Let ` be a finite
prime of Q. For an extension of L of Q` with OL as the maximal compact subring, let E
be the Neron model of E over OL. Let E0(L) denote the points in E(L) = E(OL) whose
reduction modulo the maximal ideal pL ⊂ OL belongs to the connected component of
identity of E(OL/pL). Then recall that the Tamagawa number c`(E/L) of E over L is
defined as the cardinality of E(L)/E0(L). One knows that c`(E/L) ≤ 4 unless E has
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split multiplicative reduction, and if E has split multiplicative reduction then c`(E/L) =
−val(jE). If L = Q` then we shall write c`(E/Q`) as c`(E).

Lemma 2.5. Let E be an elliptic curve over Q`. Then,
(1) H1(Gal(Qur

` /Q`), E0(Qur
` )) = 0.

(2) c`(E) ·H1(Gal(Qur
` /Q`), E(Qur

` )) = 0 where c`(E) is the Tamagawa number of
E over Q`.

(3) The natural map E(Q`) −→ E(Qur
` )/pE(Qur

` ) is zero if p 6= `, and p does not
divide c`(E).

Proof. This is a well-known result, see for example, [BLR, Lemma 2] and [AS, Lemma
3.4, Lemma 3.6], but for the sake of completeness, we outline a proof. The lemma follows
basically from the fact that E0(Qur

` ) can be treated as an extension of Zur` by one of the
groups Ga(F̄`),Gm(F̄`), E(F̄`) depending on the reduction ofE mod `. Therefore part (1)
follows from Lang’s theorem (vanishing ofH1 of a connected algebraic group over a finite
field), and a dévissage (see Lemma 3, Chapter XII of [S2]). Part (2) follows from part (1)
by the cohomology exact sequence since E/E0 can be treated as a finite algebraic group
over F` whose F`-points have cardinality c`(E), and by Lemma 2.4, |H1(Ẑ, E/E0)| =
c`(E).

Part (3) follows the observation made above thatE0(Qur
` ) can be treated as an extension

of Zur` by one of the groups Ga(F̄`),Gm(F̄`), E(F̄`) depending on the reduction of E mod
` — each of which is divisible by p, and since c`(E) · E(Q`) ⊂ E0(Q`) ⊂ E0(Qur

` ). �

Let ρ̄ : Gal(Q̄/Q) → GL2(Z/p) denote the Galois representation associated to E[p]
with G = Gal(K/Q) the image of ρ̄ inside GL2(Z/p). Let ` be a prime of Q. Let Dw

(resp., Iw) be the decomposition (resp., inertia) subgroup of G at a prime w|` of K. Put
Γw := Dw/Iw. Since Iw, Dw are well-defined up to conjugacy in G, we may often write
Iw, Dw,Γw as I`, D`,Γ`.

Lemma 2.6. LetE be an elliptic curve over Q with either good or multiplicative reduction
at p, ` any prime of Q andw|` be a prime ofK = Q(E[p]). Suppose that c`(E) is coprime
to p for all primes ` 6= p. Then H1(I`, E[p])Γ` is non-zero precisely when ` ∈ T where T
is the set of primes ` 6= p of Q such that

(1) E has split multiplicative reduction at ` and E(Q`)[p] has rank one.
(2) E has non-split multiplicative reduction at ` and E(Q`)[p] and E(Qur

` )[p] has
rank one.

Furthermore, when H1(I`, E[p])Γ` 6= 0, it has rank one over Z/p.

Proof. We prove the lemma by a case-by-case analysis.
Case 1 : ` = p and E has good or potentially multiplicative reduction at p.
In the case when E has good supersingular reduction, Ip has order prime to p, therefore

H1(Ip, E[p]) = 0.
If E has good ordinary or multiplicative reduction at p then the restriction of ρ̄ to Ip is

equivalent to
(
ωp ?
0 1

)
where ωp is the action ofG on the p-th roots of unity. If ? = 0 then

Ip has order prime to p and this implies that H1(Ip, E[p]) = 0. Suppose that ? 6= 0 (which
is a short form, even if inaccurate, to say that the Sylow p-subgroup P of Ip is non-trivial).
LetA be sub-space of E[p] on which Ip acts via ωp andB be the quotient on which Ip acts
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trivially. We have that H1(P,E[p]) = H1(P,B) = Hom(P,B) ∼= Z/p. Now the lemma
follows from the observation that Ip/P acts on P non-trivially and trivially on B.

Case 2 : E has good reduction at ` 6= p.
Observe that if E has good reduction at ` 6= p, then by the Neron-Ogg-Shafarevitch

criterion, Iw = {1}, in particular H1(Iw, E[p]) = 0. Further, in this case E(Qur
` )[p] =

Z/p+ Z/p.
Thus we are left only to deal with cases when ` 6= p and E has bad reduction which

can be potentially good or potentially multiplicative.
Case 3 : Multiplicative/potentially multiplicative reduction at ` 6= p.
First we consider the case when E has split-multiplicative reduction. From the Tate

uniformisation theorem, the restriction of ρ̄ to D` has the form
(
ωp ?
0 1

)
with ? 6= 0 as

c`(E) is a p-adic unit. When ωp is non-trivial, lemma follows by an argument similar to
case 1. If ωp is trivial then it is easy to see that H1(I`, E[p]) has rank one. Further in
this case Γ` is trivial and the lemma follows. Note that E(Q`)[p] 6= 0 if and only if ωp is
trivial.

Next suppose that E has non-split but multiplicative reduction at `, so that the re-

striction of ρ̄ to D` has the form
(
ωpχ ?

0 χ

)
where χ is the unique unramified quadratic

character of D`. If ? is zero then E(Qur
` )[p] has rank two and I` is trivial. Therefore we

assume that ? 6= 0. Then H1(I`, E[p]) = H1(I`, χ) has rank one. Since Γ` acts on I`
via ωp, if χ 6= ωp then we get that H1(I`, E[p])Γ` = 0. When ωp = χ, Γ` acts on I` via
χ therefore it acts on H1(I`, E[p]) trivially. Note that both E(Q`)[p] and E(Qur

` )[p] has
rank one if and only if ? 6= 0 and ωp = χ.

Finally, assume that E has potentially multiplicative (but not multiplicative reduction)
over Q`, thus suppose that E is a quadratic ramified twist of a split-multiplicative el-
liptic curve E ′ over Q`. As a consequence, I` ⊂ GL2(Z/pZ) contains the central ele-

ment
(
−1 0
0 −1

)
which acts non-trivially on E[p] and it follows from Lemma 2.1 that

H1(I`, E[p]) = 0.
Case 4 : Potentially good reduction at ` 6= p.
Since ` 6= p, from [S, Section 5.6], we see that the order of I` can be divisible by p ≥ 3

only in the case when (`, p) = (`, 3) in which case if 3 divides |I`|, I` is a group of order
3, 6 or 24. Now, if I` ⊂ SL2(Z/3Z) ⊂ GL2(Z/3) has order 6 or 24 then it contains the

central element
(
−1 0
0 −1

)
. This implies that H1(I`, E[3]) = 0. Also note that if I` has

order 3, it is the group of upper triangular matrices in which case H1(I`, E[3]) = Z/3,
and E(Qur

` )[3] = Z/3.
Since D` normalizes I` which is the group of upper triangular unipotent matrices in

GL2(Z/3), D` must be contained in the group of upper triangular matrices in GL2(Z/3).
If χ1, χ2 are the two characters of D` (quadratic characters since they take values in
(Z/3)×), factoring through Γ` = D`/I` defined by the two diagonal entries, then χ1 ·χ2 =
ω3 where ω3 is the unramified character of Γ` on the 3rd roots of unity. In particular,
χ1 6= χ2 if the 3rd roots of unity are not in Q`, whereas χ1 = χ2 if the 3rd roots of unity
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are in Q`. Given the structure of D`, it is easy to see that H1(I`, E[3])Γ2 = 0 if 3rd roots
of unity are not in Q`.

Finally we deal with the case when the third roots of unity are in Q`. In this case, as
the kernel of the reduction mod ` map E0(Q`) → Ga(Z/`) = Z/` has the structure of a
formal group over Z`, there is no 3-torsion in E0(Q`) and hence in E(Q`) since c`(E) is
given to be coprime to 3. Therefore the character χ1 = χ2 are non-trivial quadratic char-
acters if the third roots of unity are in Q`, and as a consequence, D` contains the central

element
(
−1 0
0 −1

)
. Therefore H1(D`, E[3]) = 0. From the surjection H1(D`, E[3]) to

H1(I`, E[3])Γ` , we have that H1(I`, E[3])Γ` = 0. �

Remark 2.7. If E has split multiplicative reduction at a prime ` 6= p and c`(E) is p-adic
unit then E(Q`)[p] 6= 0 if and only if Q` contains the group of p-th root of unity. On the
other hand, if E has non-split multiplicative reduction at ` 6= p then E(Q`)[p] 6= 0 if and
only if Q`(ζp) is the quadratic unramified extension of Q` where ζp is a primitive p-th root
of unity.

3. SELMER GROUP

In the rest of this paper, we attempt to construct the standard 2-dimensional representa-
tion of GL2(Z/p) on the class group ClK/pClK using the Selmer group of E, an elliptic
curve defined over Q.

Let Selp(E/Q) be the p-Selmer group of E over Q defined by the exact sequence

0 −→ Selp(E/Q) −→ H1(Q, E[p]) −→
∏
`

H1(Q`, E),

where ` varies over primes of Q, including the infinite prime. Since the restriction map
H1(Q, E[p]) −→ H1(Q`, E) factors through H1(Q, E[p]) −→ H1(Q`, E[p]), we also
have the following exact sequence

0 −→ Selp(E/Q) −→ H1(Q, E[p]) −→
∏
`

H1(Q`, E[p])/Im(κ`),

where
κ` : E(Q`)/pE(Q`) −→ H1(Q`, E[p])

is associated to the multiplication by p map (called the Kummer map of E) on the Galois
cohomology groups

0 −→ E[p] −→ E
p−→ E −→ 0.

Let
κur` : E(Qur

` )/pE(Qur
` ) −→ H1(Qur

` , E[p])

be the Kummer map of E over the maximal unramified extension Qur
` of Q`.

For every prime ` of Q, we get restriction maps

Selp(E/Q)
resur` //

res`

**

Im(κur` ) ⊂ H1(Qur
` , E[p])

Im(κ`) ⊂ H1(Q`, E[p]).

res

OO
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Let c`(E) denote the Tamagawa number of E over Q`. Under the assumption that c` is
p-adic unit for every ` 6= p, we shall show that resur` is the zero map. In particular, this
implies that elements of Selp(E/Q) are unramified outside p. Further, if Z/pZ-rank of
Selp(E/Q) is at least two then we shall show that the kernel of resurp is non-trivial. Thus
we get elements in Selp(E/Q) which is unramified everywhere allowing us to construct
quotients of ClK/pClK isomorphic to E[p] as Gal(K/Q) = GL2(Z/p)-modules.

Theorem 3.1. Suppose that the following holds:
(a) E[p] is an irreducible Gal(Q/Q)-module.
(b) c`(E) is a p-adic unit for every finite prime ` 6= p.
(c) E(Qp)[p] = 0.

Then, rank Fp(Ker(resurp )) ≥ rank Fp(Selp(E/Q)) − 1. Furthermore, resK induces an
injective homomorphism

resK : Ker(resurp ) −→ HomGal(K/Q)(ClK , E[p]) ⊂ H1(K,E[p]).

Proof. Let f ∈ Selp(E/Q) ⊂ H1(Q, E[p]). First we shall show that f is unramified
outside p, i.e., the restriction of f to H1(K,E[p]) = Hom(Gal(Q̄/K), E[p]) defines an
extension of K, call it Kf , which is unramified at any place of K not dividing p. This
will follow if we can show that the restriction of f ∈ Selp(E/Q) ⊂ H1(Q, E[p]) to
H1(Qur

` , E[p]) is trivial which is what we shall do.
Let ` 6= p be a finite prime of Q. Consider the commutative diagram

(3.1) 0 // E(Q`)/pE(Q`)

λ
��

κ` // H1(Q`, E[p])

µ

��
0 // E(Qur

` )/pE(Qur
` )

κur` // H1(Qur
` , E[p]).

By Lemma 2.5(3), λ is the zero map, hence by the above commutative diagram, the
restriction of f ∈ Selp(E/Q) ⊂ H1(Q, E[p]) to H1(Qur

` , E[p]) is trivial for any ` 6= p.
Since p is odd,K = Q(E[p]) ⊃ Q(µp) is an imaginary field, henceKf is automatically

unramified at the infinite places of K.
Finally, we deal with the ramification property of Kf at primes of K above p. From

the structure theory of rational points of an elliptic curve over a local field, we know that
E(Qp) ∼= Zp ⊕ E(Qp)(torsion). Therefore if E(Qp)[p] = 0, Im(κp) ⊂ H1(Qp, E[p])
has Fp-rank 1. Since Im(resp) ⊂ Im(κp) and resurp factors through resp, Im(resurp ) has Fp
rank at most 1, and hence rank Fp(Ker(resurp )) ≥ rank Fp(Selp(E/Q)) − 1 which proves
the theorem. �

Corollary 3.2. Under the hypothesis of the theorem on the elliptic curve E over Q, if
either rankZ/p(X(E)[p]) > 1, or X(E)[p] 6= 0, and X(E)[p∞] < ∞, then there exists
an unramified abelian extension of Q(E[p]) with Galois group E[p], Galois over Q, on
which Gal(Q(E[p])/Q) ⊂ GL2(Z/p) operates by the restriction to Gal(Q(E[p])/Q) of
the standard 2 dimensional representation of GL2(Z/p) over Z/p. If X(E)[p] = 0 but
the Mordell-Weil rank of E over Q is ≥ 2, then also there exists such an unramified
abelian extension of Q(E[p]) with Galois group E[p].

Proof. Observe that if X(E)[p∞] <∞, then (by the Cassels-Tate pairing) X(E)[p] has
order which is a square, in particular, if X(E)[p] is nonzero, its rank over Z/p is at least 2.
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Note also that under the hypothesis of the Theorem 3.1, the action of Gal(Q(E[p])/Q) ⊂
GL2(Z/p) on E[p] is irreducible, and hence any non-trivial homomorphism resK(f) :
Gal(Q̄/K) −→ E[p] which is Gal(K/Q)-equivariant must be surjective, constructing an
unramified extension of K with Galois group E[p]. �

Remark 3.3. There seems no simple way to say for which elliptic curves E over Qp,
E(Qp)[p] = 0, p ≥ 3. If E has split multiplicative reduction at p, then (p, cp(E)) = 1
implies E(Qp)[p] = 0; more precisely, (p, cp(E)) = 1 if and only if E(Qur

p )[p] = 0. If
E has good ordinary reduction at p with ap(E) 6≡ 1 mod p or E has good supersingular
reduction at p, then it is easy to see that E(Qp)[p] = 0. Even if ap(E) ≡ 1 mod p, it is
possible that E(Qp)[p] = 0, when E[p] a wildly ramified Galois representation at p.

Remark 3.4. For Theorem 3.1, we used E(Qp)[p] = 0 to bound the image of resurp to
have rank at most 1. However, there are other cases when the image of resurp has rank
at most 1. For example, the assertion of Theorem 3.1 holds for a CM elliptic curve with
good ordinary reduction at p, even if E(Qp)[p] 6= 0. In this case, the image of resurp has
rank at most 1 as can be checked using the fact that H0(Qur

p , Ep∞) is a p-divisible group.

Remark 3.5. In Theorem 3.1, all our analysis is done with the Selmer group, not distigu-
ishing the part of it coming from the Mordell-Weil group, and the part coming from X.
In fact there have been papers constructing unramified extensions of Q(E[p]) using the
Mordell-Weil group, see e.g. [SY] and [TH], which give conclusions of the form that if
the Mordell-Weil group is sufficiently large compared to number of places of Q where E
has bad reduction, then the classgroup of Q(E[p]) is nonzero. It may be remarked that
dealing with extensions of Q(E[p]) using the Mordell-Weil group, much like the Kum-
mer theory for Gm, is much better understood, and has the simplifying feature that these
extensions come from extensions of Q.

Example 1 Let E be the elliptic curve defined by the equation

y2 + xy = x3 − x2 − 332311x− 73733731.

The Cremona level of E is 1058d1 with 1058 = 2 · 232. Then it follows from [LMFDB]
that E[5] is an irreducible representation with full image of Galois representation equal to
GL2(F5). Further the Tamagawa number is equal to 1 at primes of bad reduction 2 and 23.
Again from [LMFDB], we have that X(E/Q)[5] has F5-rank two and ap(E) = −2 6= 1
mod 5. As a consequence of Corollary 3.2 we get that the ideal class group ClK for
K = Q(E[5]) has a quotient isomorphic to E[5] as Gal(K/Q)-module.

We mention that to produce a quotient of ClK/pClK isomorphic to E[p], it is not nec-
essary to assume that X(E/Q)[p] is non-trivial. The elliptic curve,

F : y2 + xy + y = x3 + 2

given by Cremona number 1058c1 satisfy assumptions (a) to (d) of Theorem 3.1. In fact,
F [5] ∼= E[5] as Gal(Q̄/Q)-module (see [CM, Table, page 25]). The Mordell-Weil rank
of F is two and X(F/Q)[5] = 0.

4. THE MAIN THEOREM

In this section we prove the main theorem of this paper which estimates how much of
the classgroup of Q(E[p]) (of course that part of the classgroup on which Gal(Q(E[p])/Q)
operates as it does on E[p]) can be obtained using the Selmer group of E.
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Let Rp(E/Q), a variant of what has been called the fine Selmer group in the literature,
be the subgroup of H1(Q, E[p]) defined by the exact sequence

0 −→ Rp(E/Q) −→ H1(Q, E[p]) −→
∏
`

H1(Qur
` , E[p]).

Lemma 4.1. Let E be an elliptic curve defined over Q such that

(a) E(Qp)[p] = 0.
(b) c`(E) is coprime to p for all primes ` 6= p.

Then Rp(E/Q) ⊂ Selp(E/Q), and Rp(E/Q) = Ker(resurp ).

Proof. First we shall that Rp(E/Q) ⊂ Selp(E/Q). Let f ∈ Rp(E/Q). Then f |I` is
zero in H1(Qur

` , E[p]) and therefore the image of f in H1(Qur
` , E) is also zero. Assume

now that ` 6= p. Since c`(E) is a p-adic unit, H1(Q`, E) −→ H1(Qur
` , E) is injective on

the p-torsion subgroup of H1(Q`, E) by Lemma 2.5(2) and therefore the image of f in
H1(Q`, E) is zero for all ` 6= p. Thus to show that f ∈ Selp(E/Q), it is enough to show
that the image of f in H1(Qp, E) is also zero which will follow if we can show that the
restriction map from H1(Qp, E[p]) to H1(Qur

p , E[p]) is injective. But from the inflation-
restriction exact sequence, the kernel of this map is H1(Gal(Qur

p /Qp), E(Qur
p )[p]) = 0

by Lemma 2.4 since E(Qp)[p] = 0.
Now, observe that from what we just showed, the vertical map in the diagram below is

injective

Selp(E/Q)
resurp //

resp

))

H1(Qur
p , E[p])

H1(Qp, E[p]),

res

OO

hence Rp(E/Q) = Ker(resurp ), completing the proof of the lemma. �

Here is the main theorem of this paper relating the classgroup of Q(E[p]) and the
Selmer group of E.

Theorem 4.1. Suppose that E is an elliptic curve over Q such that the following holds:

(a) E has either good or multiplicative reduction reduction at p.
(b) E(Qp)[p] = 0.
(c) c`(E) is a p-adic unit for every finite prime ` 6= p.
(d) E[p] is an irreducible Gal(Q̄/Q)-representation.

Then for the set T introduced in Lemma 2.6,

rankFpSelp(E/Q)− 1 ≤ rankFpHomG(ClK/pClK , E[p]) ≤ rankFpSelp(E/Q) + #T.

Proof. For every prime `, since the restriction map factors through H1(Q`, E[p]), the
restriction map H1(Q, E[p]) −→ H1(Qur

` , E[p]) lands inside H1(Qur
` , E[p])Gal(Qur

` /Q`),
and hence the group Rp(E/Q) can also be defined as the kernel of the restriction map

H1(Q, E[p])
δ=

∏
δ`−→
∏
`

H1(Qur
` , E[p])Gal(Qur

` /Q`).
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Now consider the commutative diagram

0 // Hom(ClK/pClK , E[p]) // H1(K,E[p]) //
∏
`(
∏
w|`H

1(Kur
w , E[p]))Gal(Kur

w /Kw)

0 // Rp(E/Q)

α

OO

// H1(Q, E[p])

β

OO

δ=
∏
δ`//

∏
`H

1(Qur
` , E[p])Gal(Qur

` /Q`)

γ=
∏
γ`

OO

where ` varies over the primes of Q and w varies over primes of K. Observe that in
this commutative diagram, the bottom sequence is exact by the definition of Rp(E/Q),
whereas the top row is exact by classfield theory: the maximal abelian extension of K
which is unramified at every prime w of K is a quotient of the classgroup ClK of K.

The image of the bottom exact sequence which lands inside G-invariants of the top
exact sequence which since taking G = Gal(K/Q)-invariance is a right exact functor,
remains an exact sequence.

Note that by the Shapiro’s lemma, for a fixed w0|`, the projection map:∏
w|`

H1(Kur
w , E[p]) −→ H1(Kur

w0
, E[p])

induces an isomorphism (where Gw0 ⊂ G is the decomposition group at the place w0 of
K):

(
∏
w|`

H1(Kur
w , E[p]))G −→ H1(Kur

w0
, E[p])Gw0 .

Since the kernel of γ` : H1(Qur
` , E[p]) −→ (

∏
w|`H

1(Kur
w , E[p]))G is the same as the

kernel of H1(Qur
` , E[p]) −→ H1(Kur

w0
, E[p])) for fixed prime w0|` of K, which is equal

to H1(Iw0 , E[p]) where Iw0 = Gal(Kun
w0
/Qun

` ) is the inertia subgroup of Gal(K/Q) at the
prime w0 of K:

Kur
w0

= Kw0Qur
`

Iw0

Qur
` Kw0 ,

Gw0

Q`

it follows that the top exact sequence in the commutative diagram at the beginning of the
proof of this theorem can be replaced by:

0 // Hom(ClK/pClK , E[p])G // H1(K,E[p])G //
∏

w0
(H1(Kur

w0
, E[p])Gal(Kur

w0
/Kw0 ))Gw0 ,

where w0 runs over places of K, but now taking only one place of K over any place of Q.
After replacing the group

∏
`H

1(Qur
` , E[p])Gal(Qur

` /Q`) in the commutative diagram at
the beginning of the proof of this theorem by the image of δ, and calling the mapping γ
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on the image of δ as γ′, we have the commutative diagram

0 // HomG(ClK/pClK , E[p]) // H1(K,E[p])G //
∏
w0
(H1(Kur

w0
, E[p])Gal(Kur

w0
/Kw0 ))Gw0 ,

0 // Rp(E/Q)

α

OO

// H1(Q, E[p])

β

OO

δ // δ(H1(Q, E[p]))→ 0.

γ′

OO

where w0 runs over places of K, but now taking only one place of K over any place of
Q.

We can apply the snake lemma to this commutative diagram which on noting that the
map β is an isomorphism by Corollary 2.3, has the consequence that there is an isomor-
phism

Ker(γ′) ∼= Coker(α).

Using the fact that the intersection ofH1(Iw0 , E[p]) withH1(Qur
` , E[p])Gal(Qur

` /Q`) both
treated as subgroups of H1(Qur

` , E[p]) is H1(Iw0 , E[p])Γw0 , we conclude by Lemma 2.6
that

rankFpHomG(ClK/pClK , E[p]) ≤ rankFpRp(E/Q) + #T,

and this proves the theorem using Lemma 4.1 and Theorem 3.1. �

Remark 4.2. In Theorem 4.1, we have used Lemma 4.1, which in turns assumes that
E(Qp)[p] = 0. We have used this assumption to show that if f is an unramified cohomol-
ogy class in H1(Qp, E[p]) then it must be zero. On the other hand, if H0(Qur

p , Ep∞) =
Ep∞(Qur

p ) is p-divisible then using the fact that Gal(Qur
p /Qp) has p-cohomological di-

mension one andH0(Qp, Ep∞) is finite, it can be easily shown thatH1(Qur
p /Qp, Ep∞(Qur

p )) =

0. Using this we see that even if f is not zero in H1(Qp, E[p]), it must be zero in
H1(Qp, Ep∞). Therefore its image is zero in H1(Qp, E). This implies that if f ∈
Rp(E/Q), it is in Selp(E/Q). In view of Remark 3.4, we see that if E is a CM ellip-
tic curve which has good, ordinary reduction at p, Theorem 4.1 holds without needing the
assumption that E(Qp)[p] = 0.

Example 2 : Consider the following elliptic curve with Cremona number 423801ci1 and
conductor 32 · 72 · 312 from [LMFDB].

E : y2 + y = x3 − 17034726259173x− 27061436852750306309

From [LMFDB], we get that E[5] is an irreducible Gal(Q/Q)-module with the image of
associated Galois representation as GL2(F5). The curve E has additive reduction at the
primes 3, 7 and 31 and has good and ordinary reduction at 5 with a5(E) = 4 6= 1 mod 5.
The Tamagawa numbers are 5-adic unit at all primes of bad reduction. In this case the set
T is empty. The Mordell-Weil rank ofE is 0 and X(E/Q) has cardinality 625. We do not
know if X(E/Q) ∼= Z/25Z⊕Z/25Z or X(E/Q) ∼= Z/5Z⊕Z/5Z⊕Z/5Z⊕Z/5Z. In
any case, as a consequence of Theorem 3.1, we get that rankF5HomG(ClK/5ClK , E[5])
is at least one. Further, since T is empty, from Theorem 4.1 we get that R5(E/Q) ∼=
HomG(ClK/5ClK , E[5]) and it is a non-trivial group. We also mention that being a sub-
group of Selp(E/Q), in general R5(E/Q) may be the trivial group even if Selp(E/Q) is
non-trivial. But in this particular example, R5(E/Q) is a non trivial group and every ele-
ment of HomG(ClK/5ClK , E[5]) is in the image ofR5(E/Q) under the natural restriction
map of Galois cohomology.
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