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Abstract. Following the natural instinct that when a group operates on a number
field then every term in the class number formula factorizes ‘compatibly’ according
to the representation theory (both complex and modular) of the group, we are led to
some natural questions about the p-part of the classgroup of Q(E[p]) as a module for
Gal(Q(E[p]/Q) which is assumed to be GL2(Fp) for E an elliptic curve over Q. We also
discuss the case dealing with Gal(K/Q), where K is a CM field (unlike Q(E[p])) which
is much closer in spirit to Herbrand-Ribet’s, [Ri1], [Was], work on the p-component
of the class number of Q(µp). Both these cases are presumably part of various ‘equi-
variant’ conjectures in arithmetic-geometry, such as ‘equivariant Tamagawa number
conjecture’, but the literature does not seem to address either of these two questions in
any precise way.
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1. Introduction

Let E be an elliptic curve over Q, p an odd prime number, and ρ : Gal(Q̄/Q) −→
GL2(Fp) the associated Galois representation on elements of order p on E. We as-
sume that the image of the Galois representation is all of GL2(Fp). The represen-
tation ρ then gives rise to an extension k of Q with Galois group GL2(Fp). Let
Hk denote the class group of k. The group GL2(Fp) being the Galois group of
k over Q, operates on Hk, hence on the Fp-vector space Hk/pHk. Write the semi-
simplification of the representation of GL2(Fp) on Hk/pHk as ∑ Vα, where Vα’s are the
various irreducible representations of GL2(Fp) in characteristic p. It is a well-known
fact that any irreducible representation of GL2(Fp) in characteristic p is of the form
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Vi,j = Symi⊗ detj, 0 ≤ i ≤ p− 1, 0 ≤ j ≤ p− 2 where Symi refers to the i-th symmet-
ric power of the standard 2 dimensional representation of GL2(Fp) on Fp + Fp, and
det denotes the determinant character of GL2(Fp).

It is a natural question to understand which Vi,j’s appear in Hk/pHk. The aim of
this note is to formulate some questions in this direction which can be viewed as the
GL2 analogue of the famous theorem of Herbrand-Ribet, [Ri1], [Was], which can be
considered to be a theorem for GL1 = Gm. One is hoping for a conjectural assertion
along the lines of Herbrand-Ribet to say that the representation Symi(Fp + Fp)⊗ detj

of GL2(Fp) appears in Hk/pHk if and only if the ‘algebraic part’ of the first nonzero
derivative of L(s, Symi(E)⊗ detj) at 0 is divisible by p.

We now fix some notation. We will fix an isomorphism of Q̄p with C where Q̄p is a
fixed algebraic closure of Qp, the field of p-adic numbers. This allows one to define p,
a prime ideal in Z̄, the integral closure of Z in C, over the prime ideal generated by
p in Z.

All the finite dimensional representations of finite groups in this paper will take
values in GLn(Q̄p), and therefore in GLn(C), as well as GLn(Z̄p). It thus makes sense
to talk of ‘reduction modulo p’ of (complex) representations of finite groups. These
reduced representations are well defined up to semi-simplification on vector spaces
over F̄p.

We will also need to define congruence modulo a rational prime p, or the prime
p in Q̄, of automorphic representations on reductive algebraic groups G say over Q

which is most simply defined by congruence of Hecke eigenvalues (i.e., of the algebra
H(G(Zp)\G(Qp)/G(Zp), Z)) at places of Q where G is unramified, i.e., is quasi-split
and splits over an unramified extension; for the notion of congruences of automorphic
representations, it is best to demand congruence of Hecke eigenvalues only at almost
all places of Q where G is unramified, omitting an unspecified finite set of places of
Q including those where the group is ramified. (To be able to talk of congruences
presupposes algebraicity of Hecke eignevalues.)

For GL2(F), where F is a totally real number field, congruences for holomorphic
elliptic modular forms can also be defined using Fourier expansions. For the sym-
plectic similitude group GSp2n(F), and the symplecic group Sp2n(F), F a totally real
number field, there is still the notion of Fourier expansion, and one can hope that at
least for these groups, algebraicity (resp. p-integrality) of Hecke eignevalues is equiv-
alent to algebraicity (resp. p-integrality) of Fourier coefficients (up to a scaling) of an
appropriate ‘newform’, and that further, congruences too can be read off from Fourier
expansion. The recent work of Furusawa and Morimoto [FM] building on earlier work
of Dickson, Pitale, Saha and Schmidt on ‘Böcherer conjecture’ for GSp4(AQ) relating
Fourier coefficients to central L-values (which themselves are supposed to have ra-
tionality and congruence properties) lends support to such an expectation, although
many others have advocated a contrary expectation, see for example, end of page 251
of [Ha]. Modular forms of half integral weight for GL2(F), where F is a totally real
number field, have very similar general features in that their Fourier coefficients too
are related to central L-values (by the work of Waldspurger), but I imagine rationality
and integrality up to a scalar are the same as that of the Hecke-operators.
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If there was a (p-adic) Galois representation associated to the automorphic represen-
tations under consideration, one could call two automorphic representations congru-
ent if the associated Galois representations with values in GLn(Qp) were isomorphic
modulo p (after semi-simplification).

We note that according to the conjectures of Bloch and Kato [BK], the highest
nonzero derivative of a motivic L-function at any integral point can be written al-
most canonically as a product of an algebraic part, and a transcendental part. This
will be essential to our consideration below where we talk of primes of Q dividing
an L-value, which would be a short form for talking of primes of Q dividing the al-
gebraic part of the (highest nonzero derivatives of) the L-function at an integer. In
some cases, we could be lucky to be dealing with an L-value which is itself algebraic.
This is for instance the case for Herbrand-Ribet’s theorem [Ri1], [Was], as we discuss
a little later, and one natural context to consider an analogue of Herbrand-Ribet’s the-
orem would be for CM extensions of Q where we would still be dealing with L-values
which are algebraic. This we discuss at the end of the paper in §7 and §8. In trying
to formulate something for the classgroup of Q(E[p]), the paper must deal with a
case when the L-values involved are not algebraic where our ignorance on L-values is
much greater and therefore the path to the precise question being formulated is rather
tenuous — almost unbecoming of a mathematician which I cannot refute — although
the question itself (Question 1) is rather precise.

The questions we formulate in this paper are predicated on the following general,
and somewhat vague principles, the first part of which seems to lie at the basis of
being able to define p-adic L-functions. (We recall, as is standard in the subject, that
when speaking of L-functions of automorphic representations which are congruent
modulo p, the Euler factors above p are to be removed.)

(1) If two automorphic representations are congruent modulo p, then the algebraic
parts of their L-values at any integral point are both p-integral, or neither are
p-integral, and if p-integral, they are congruent modulo p. In more detail for
our purposes below, we will use that if π1 and π2 are two automorphic repre-
sentations of a reductive group G over Q with π1 ≡ π2 mod p, then the power
of p dividing the algebraic part of (the highest nonzero derivative) of L(0, π1) is
the same as the power of p dividing the algebraic part of (the highest nonzero
derivative) of L(0, π2); thus it is meaningful to talk of the power of p dividing
the algebraic part of L(0, π̄1), where π̄1 is the reduction modulo p of π1.

(2) If an automorphic L-function is factored as a product of automorphic L-functions,
then the algebraic parts of their L-values at integral points also factorize in an
analogous way. Using (1) we will extend this factorization not only to

π = π1 � · · ·� πr,

but also to mod p automorphic representations:

π̄ = π̄1 � · · ·� π̄r.

(We could define a mod p automorphic representation of G(A) to be a collec-
tion of mod p Hecke eigenvalues (of the algebra H(G(Zp)\G(Qp)/G(Zp), Z))
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at places of Q where G is unramified, arising out of a genuine (complex) auto-
morphic representation of G(A) assuming that these Hecke eigenvalues are in
Z̄p.)

We refer to the paper [Vat] of Vatsal for the following congruences among algebraic
integers which are critical L-values for elliptic modular forms as a beautiful illustra-
tion of the first of the above principles:

τ(χ̄)m!
L(m + 1, f , χ)

(−2πi)m+1Ω±1
f

≡ τ(χ̄)m!
L(m + 1, g, χ)

(−2πi)m+1Ω±1
g

mod p,

where f ≡ g mod p for p coprime to the level of f and g; we refer to [Vat] for the
definition of all the terms here.

Remark 1. To give an example of the way these two principles will be used in this paper (in fact
in this example only the first one will be used), let k = Q(E[p]) be the Galois extension of Q

with Galois group GL2(Fp) associated to an elliptic curve E over Q. Let ρ be the complex rep-
resentation of GL2(Fp) of dimension p, whose reduction mod p is the Steinberg representation
Symp−1 E[p] which itself is the reduction mod p of the p-adic representation Symp−1 E[p∞].
We would like to assert that the complex L-functions L(s, ρ) and L(s, Symp−1(E)) which are
presumably entire functions, have L-values at s = 0 (or rather, the highest nonzero deriva-
tives), which are canonically products of algebraic and transcendental factors, and the algebraic
parts, call them L(0, ρ)alg and L(0, Symp−1(E))alg are both p-adic integral, and have the same
p-adic valuations.

If F is a finite Galois extension of Q with Galois group G, then it is well known that
the zeta function ζF(s) can be factorized as

ζF(s) = ∏
ρ

L(s, ρ)dim ρ,

where ρ ranges over all the irreducible complex representations of G, and L(s, ρ)
denotes the Artin L-function associated to ρ. We will use this factorization of the zeta
function for the field obtained by attaching to Q the (co-ordinates of the) p-torsion
points of the elliptic curve E giving us a number field k with Gal(k/Q) = GL2(Fp).

Clearly, the reduction mod p of the complex representations of GL2(Fp), can be
expressed, up to semi-simplification, as a sum of Symi⊗detj where Symi refers to the
i-th symmetric power of the standard 2 dimensional representation of GL2(Fp), and
det denotes the determinant representation of GL2(Fp).

According to the class number formula, we have,

ζk(s) = −
hR
w

sr1+r2−1 + higher order terms...,

where r1, r2, h, R, ω are the standard invariants associated to k: r1, the number of real
embeddings; r2, number of pairs of complex embeddings; h, the class number of k; R,
the regulator, and w the number of roots of unity in k.

The two general principles discussed earlier will be used to assert that the factor-
ization of ζk(s), for k = Q(E[p]) with Gal(k/Q) = GL2(Fp), as a product of Artin
L-functions allows one to factorize the algebraic part of ζk(s) (at s = 0) which by the
class number formula is h

w = h
p (since number of roots of unity in Q(E[p]) is 2p, and
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we do not consider integers which are coprime to p). Thus, we write the order of
the classgroup of k as a product over the algebraic parts of the Artin L-functions of
the complex irreducible characters of Gal(k/Q), in this case GL2(Fp), and then if the
complex irreducible characters of Gal(k/Q) themselves reduce modulo p, then the
irreducible representations of Gal(k/Q) on Hk/pHk can be matched to contributions
to L(0, ρ̄) for different irreducible modular representations ρ̄ of Gal(k/Q).

A Convention: In this paper we will be dealing with Artin L-functions of Galois
representations with finite image in GLn(Q̄p), as well as L-functions arising out of
motives. It is conventional, following Artin, to use ‘arithmetic Frobenius’ for Artin
L-functions, and ‘geometric Frobenius’ for motivic L-functions. For consistency sake,
we must choose between the two, and since we will use some explicit L-values from
classical literature, we have decided to use Artin’s definition (i.e., arithmetic Frobe-
nius) everywhere, although in the context of the paper it is the geometric Frobenius
which comes up naturally as we will see when discussing Herbrand-Ribet theorem
below (the χ-component of the classgroup corresponds not to L(0, χ) but to L(0, χ−1)
in Artin’s definition). Of course the two ways of defining L-functions amounts to
changing V to its dual V∨, a sign change one would say!

Summary: The paper deals with class numbers of two very different kind of number
fields K, one arising out of elliptic curves Q(E[p]), and the other general CM Galois
extensions of Q. In the latter case we deal with only the ‘odd’ part of the classgroup
of K; this case involves L-values at 0 which are algebraic, and further there are no
higher order derivatives at 0 to worry about since these L-values belong to Q̄×. The
questions posed in this part seem to be close to what is perhaps already done by
people pursuing main conjecture of Iwasawa theory, although not exactly in the form
we are proposing.

On the other hand, formulation of questions on classgroup of Q(E[p]) is difficult
from the word go, as we depend on the Bloch-Kato conjecture [BK] to write an L-value
— worse, a derivative — as a product of an algebraic part and a transcendental part,
and think about factorizing the class equation in a certain equivariant way, and to con-
sider mod p of algebraic values. There is nothing very tangible on which we can lay
our hands on, except that in one case where we find that we could use the L-function
of the elliptic curve itself at s = 1 which has its own factorization into algebraic and
transcendental part, the algebraic part being essentially the Shafarevitch-Tate group,
and if our heuristic was right, it should reflect well in the classgroup of Q(E[p]), and
this is the only precise question that’s formulated for Q(E[p]) as Question 1 of the
paper.

There are several remarks and questions posed along the way which may have some
independent interest, besides a certain point of view, none that could be considered
particularly novel, I confess.

To summarize the view point taken in the paper, motives of weight 0 (Artin rep-
resentations) and motives of higher weight (Elliptic curves, higher symmetric pow-
ers...) live in totally different worlds with their own very different L-functions and
Bloch-Kato factorizations. Congruence mod p of these motives connect these differ-
ent world, and perhaps connect the mod p of the algebraic parts of their L-values.
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Since Bloch-Kato factorization of L-values is difficult to lay one’s hands on, we use
what is obviously there, the Elliptic curve, and the Birch-Swinnerton-Dyer conjecture,
or the symmetric square of an elliptic curve for which L(1, Ad(E)) also has a nice
Bloch-Kato type factorization, and there is an interpretation on primes dividing the
algebraic part L(1, Ad(E))alg in terms of congruences with other modular forms of
weight 2.

2. Remarks on Herbrand-Ribet theorem

In this section we make some remarks on the Herbrand-Ribet theorem from the
point of view of this paper. There are actually two simplifying aspects to their context.
Since Herbrand-Ribet theorem is dealing with the p-component of the classgroup
for Q(ζp), and the Galois group Gal(Q(ζp)/Q) = (Z/p)×, a cyclic group of order
(p − 1), the action of the Galois group is semisimple, and the p-component of the
classgroup can be written as a direct sum of eigenspaces for (Z/p)×. This is unlike
our context where we are trying to decompose the p-component of the classgroup of
Q(E[p]) as a module for Gal(Q(E[p])/Q) = GL2(Fp), and we are forced to deal with
non-semisimplicity.

The second — and more serious — aspect of Herbrand-Ribet theorem is that among
the characters of Gal(Q(ζp)/Q) = (Z/p)×, only the odd characters, i.e., characters
χ : (Z/p)× → Q×p with χ(−1) = −1 present themselves — as it is only for these that
there is any result about the χ-eigencomponent in the classgroup, and even among
these, we need to omit a particular character ω : (Z/p)× → Q×p where ω : (Z/p)× →
Q×p is the Teichmüller character.

To elaborate on this aspect, observe that the class number formula

ζk(s) = −
hR
w

sr1+r2−1 + higher order terms...,

can be considered both for k = Q(ζp) as well as its maximal real subfield k+ =
Q(ζp)+. It is known that, cf. Prop 4.16 in [Was],

R/R+ = 2
p−3

2 ,

where R is the regulator for Q(ζp) and R+ is the regulator for Q(ζp)+. We will
similarly denote h and h+ to be the order of the two class groups, with h− = h/h+,
an integer.

Dividing the class number formula of Q(ζp) by that of Q(ζp)+, we find,

∏
χ an odd character of (Z/p)×

L(0, χ) =
1
p
· h

h+
· 2

p−3
2 , (∗)

the factor 1/p arising because there are p roots of unity in Q(ζp) and no nontrivial
one in Q(ζp)+.

It is known that for χ an odd character of (Z/p)×, L(0, χ) is an algebraic number
which is

L(0, χ) = −B1,χ = − 1
p

a=p

∑
a=1

aχ(a).
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It is easy to see that pB1,ωp−2 ≡ (p− 1) mod p since aωp−2(a) is the trivial character
of (Z/p)× whereas for all the other characters of (Z/p)×, L(0, χ) is not only an
algebraic number but is p-adic integral (but may not be a p-adic unit!); all this is clear
by looking at the expression (“Schur orthogonality!”):

L(0, χ) = −B1,χ = − 1
p

a=p

∑
a=1

aχ(a).

Rewrite the equation (∗) up to p-adic units as,

∏
χ an odd character of (Z/p)×

χ 6= ωp−2

L(0, χ) =
h

h+
,

where we note that both sides of the equality are p-adic integral elements. This
when interpreted — just an interpretation in the optic of this paper without any
suggestions for proof in either direction! — for each χ component on the two sides
of this equality amounts to the theorem of Herbrand and Ribet which asserts that
p divides L(0, χ) = −B1,χ for χ an odd character of (Z/p)×, which is not ωp−2,
if and only if the corresponding χ−1-eigencomponent of the classgroup of Q(ζp) is
nontrivial. (Note the χ−1, and not χ!) Furthermore, the character ω does not appear
in the p-classgroup of Q(ζp).

The work of Ribet was to prove that if p|B1,χ, χ−1-eigencomponent of the classgroup
of Q(ζp) is nontrivial by constructing an unramified extension of Q(ζp) by using a
congruence between holomorphic cusp forms and an Eisenstein series on GL2(AQ).

In the work of Herbrand and Ribet, one often uses the Kummer congruence, cf.
[Was], that if n is an odd integer with n + 1 6≡ 0 mod (p− 1), then

B1,ωn ≡ Bn+1

n + 1
mod p,

and both sides are p-adic integral (where Bi are Bernoulli numbers), to replace p|B1,χ
to a condition on a Bernoulli number.

Remark 2. To understand the special role played by the odd integer n = p− 2 in Herbrand-
Ribet theorem in greater generality, it will be nice to have a mod-p Artin-Tate conjecture,
i.e., a mod-p analogue of the expectation that “a motivic L-function L(s, ρ) has a pole at
s = 1 if and only if ρ contains the trivial representation”. In the mod-p analogue, given an
irreducible Galois representation ρ : Gal(Q̄/Q) −→ GLn(Qp), arising from a motive, one
would like to assert that for ρ̄, the reduction modulo p of ρ, the algebraic part of L(0, ρ) is not
p-adically integral (i.e., has a pole modp!) if and only if ω ⊗ ρ̄ has the trivial representation
of Gal(Q̄/Q) in its semi-simplification where ω is the action of Gal(Q̄/Q) on p-th roots
of unity in Q̄. (Note the shift by ω since L(0, ρ̄) = L(1, ω ⊗ ρ̄), and it is the L-value at
1 that comes up in Artin-Tate conjecture!) Similarly, questions on when a mixed motive in
characteristic 0 splits modulo p (in the sense of Galois representations, say) is related to p-adic
property of L-values.
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3. Reduction mod p of complex representations of GL2(Fp)

Complex representations of GL2(Fp), or rather representations of GL2(Fp) on vec-
tor spaces over Q̄p, and their reduction modulo p play an important role in this paper.
In this section, we summarize some of this information beginning with the following
table on Complex irreducible representations of GL2(Fp).

notation dimension parametrization
1-dimensional χ 1 χ : F×p → Q×p
Steinberg St(χ) p χ : F×p → Q×p
Principal series Ps(χ1, χ2) p + 1 (χ1, χ2) : F×p → Q×p , χ1 6= χ2

Cuspidal Ds(χ) p− 1 χ : F×p2 → Q̄×p , χ 6= χp.

Note that because of the Teichmüller lift ω : F×p → Q×p , characters χ : F×p → Q×p can
be parametrized by integers as χ = ωi for i ∈ Z/(p− 1), and hence we will denote a
principal series representation Ps(χ1, χ2) of GL2(Fp) as Ps(i1, i2).

Lemma 1. The reduction modulo p of principal series representations of GL2(Fp) sit in the
following exact sequences,

0→ deti1 ⊗ Symi2−i1 V → Ps(i1, i2)→ deti2 ⊗ Sym(p−1)−(i2−i1) V → 0, if i2 ≥ i1

0→ deti1 ⊗ Sym(p−1)−(i1−i2) V → Ps(i1, i2)→ deti2 ⊗ Symi1−i2 V → 0, if i1 ≥ i2.

Both the exact sequences are non split if i1 6= i2.

Lemma 2. For a cuspidal representation Ds(χ) corresponding to the character χ : x →
xa x̄b from F×p2 → W×Fp2

(where x is the Teichmüller lift F×p2 → W×Fp2
, and x̄ = xp), its

reduction mod p, assuming without loss of generality a > b, has as Jordan-Hölder factors
detb+1⊗ Syma−b−2(V) and deta⊗ Symp−1−(a−b)(V). (Without an explicit model over Z̄p
for Ds(χ), one cannot say more about reduction mod p.)

Both the lemmas can be checked via Brauer characters.

Remark 3. We make some general remarks which follow from the previous two lemmas. First
observe that the number of irreducible representations of GL2(Fp) in characteristic p which
is the number of p-regular conjugacy classes in GL2(Fp) is p(p − 1), whereas the number
of all conjugacy classes in GL2(Fp) is obtained from this by adding p-singular conjugacy
classes which are (p− 1) in number, thus the number of all conjugacy classes in GL2(Fp) is
(p2 − 1). Thus roughly, there are as many irreducible representations of GL2(Fp) in char-
acteristic 0 as in characteristic p. The reduction modulo p of principal series representations
in characteristic 0 gives one-to-two correspondence which surjects — accounting each rep-
resentation exactly once — onto ‘most’ of the irreducible representations in characteristic p
except that one-dimensional and twists of Steinberg are not obtained this way. On the other
hand, reduction modulo p of discrete series representations in characteristic 0 gives one-to-two
correspondence which surjects — accounting each representation exactly once — onto all the
irreducible representations in characteristic p.
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Some form of the above for GL2(Fp) should be true for all reductive groups G(Fp) by which
I mean that the reduction modp of the irreducible Deligne-Lusztig representations R(T, θ)
decomposes in as many irreducible components as the order of the corresponding (Fp-rational
points of the) Weyl group, and the resulting map from R(T, θ) as θ varies over characters
of T(Fp) gives a one-to-|WT(Fp)| many correspondence which gives essentially a surjection
— accounting each representation exactly once — onto the corresponding irreducible mod p
representations of G(Fp).

4. Setting the problem up

By the Shimura-Taniyama-Weil conjecture, now a theorem due to Wiles and others,
the L-function of the elliptic curve E is the L-function of an elliptic modular form on
GL2(AQ). Let π denote the automorphic representation of GL2(AQ) associated to the
elliptic curve E.

It is expected, and by now proven too in many cases starting with the work of
Gelbart-Jacquet for i = 2 and then by Shahidi and his collaborators for several other
values of i (and more recently by Clozel and Jack Thorne), that there is an auto-
morphic representation of GLi+1(AQ), denoted by Symi(π), whose L-function corre-
sponds to the ith symmetric power of the 2 dimensional Galois representation with
values in GL2(Zp) arising from E[p∞] ∼= Zp + Zp.

As we noted above, the zeta function of k factorizes in terms of the L-functions
associated to the complex representations of GL2(Fp). If Hk denotes the class group
of k, then Hk/pHk is a representation of GL2(Fp), this time over the finite field Fp.
We would like to suggest that the factorization of the zeta function of k in terms of
complex representations of GL2(Fp), and the decomposition of Hk/pHk as GL2(Fp)
representation are closely connected.

As seen in §2, reduction modulo p of representations of GL2(Fp) on Q̄p vector
spaces has an explicit decomposition as a sum of certain representations Symi⊗detj

of GL2(Fp) in characteristic p.
But Symi⊗detj is the reduction modulo p of the p-adic representation of GL2(Zp),

to be denoted again by Symi⊗detj, which corresponds to the automorphic represen-
tation Symi(π)⊗ detj (of GLi+1(AQ)). (This is a nice feature of the Artin represen-
tations associated to Gal(Q(E[p])/Q) that their reduction modulo p have a natural
(expected) modular lift.)

For a number field F Galois over Q with G = Gal(F/Q), we rewrite the factorization
of the zeta function ζF(s),

ζF(s) = ∏
ρ

L(s, ρ)dim ρ,

where L(s, ρ) denotes the Artin L-function associated to ρ, taking into account the re-
duction ρ̄ of ρ mod p as: ρ̄ = ∑λ̄ m(ρ̄, λ̄)λ̄ where the sum is over the set of irreducible
modular representations λ̄ of Gal(F/Q) (where we write ‘ ∼′ among the L-values
below for equality of p-adic valuations of their algebraic parts):
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ζF(0) ∼ ∏
ρ

L(0, ρ̄)dim ρ,

∼ ∏
ρ,λ̄

L(0, λ̄)m(ρ̄,λ̄)dim ρ,

∼ ∏̄
λ

L(0, λ̄)n(λ̄),

∼ ∏
λ

L(0, λ)n(λ̄),

where
n(λ̄) = ∑

ρ

m(ρ̄, λ̄)dim ρ,

in which ρ ranges over all the irreducible complex representations of G; the λ’s in the
last equality are certain lifts (as p-adic representations) of λ̄.

In our case, where Gal(k/Q) = GL2(Fp), by the results on reduction mod p of com-
plex representations of GL2(Fp) recalled in section 3, together with the fact that the
representations Symi⊗detj of GL2(Fp) can be lifted to Symi(E)⊗ω j (where we write
ω for the action of Gal(Q̄/Q) on ζp∞), the corresponding twisted symmetric powers
of the p-adic representation associated to E, it follows that (abbreviating Symi(E)⊗ω j

to Symi(E)[j])

ζk(0) ∼
i=p−2,j=p−2

∏
i=1,j=0

L(0, Symi(E)[j])2p
p−2

∏
j=0

L(0, ω j)p
p−2

∏
j=0

L(0, Symp−1(E)[j])p−1.

We are thus led to speculate that the appearance of V∨i,j (where V∨ denotes the dual
representation) in the semi-simplification of Hk/pHk is related to divisibility of (the
algebraic part of) L(0, Symi E[j]) by p when the L-function is divided by an appropri-
ate period integral. (Note the duality involved just as in the Herbrand-Ribet theorem.)
The case i = 0 is related to Herbrand-Ribet’s theorem and we view the case of general
i as a non-abelian context for this theorem of Herbrand-Ribet. Note that multiplication
by ω j naturally corresponds to shift by j on the real line, i.e.,

L(s, Symi E[j]) = L(s− j, Symi E),

in particular,
L(0, E[−1]) = L(1, E).

By the Weil pairing T`(E)× T`(E)→ ζ`∞ , it follows that,

T`(E)∨ ∼= T`(E)[−1],

and therefore,
L(0, E∨) = L(1, E).

This case deals with the divisibility property of the standard L-function of the elliptic
curve at s = 1 by p, say, when not accounted for by the “trivial”-zero i.e., when the
L-function of the elliptic curve is itself not zero at 1. Assume therefore that we are
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in the case of an elliptic curve over Q of rank = 0. By the Birch-Swinnerton-Dyer
conjecture according to which in this rank = 0 case (which is essentially known in this
case now!),

L(1, E) =
ΩE · |X(E)|∏ cv

|Etors|2
,

where cv is the cardinality of the group of connected components of the Neron model
of E at Qv; it is known that cv is less than or equal to 4 except when E has split
multiplicative reduction at v in which case it is the negative of the valuation of j(E)
at the place v, cf. Corollary 15.2.1 of [Silv].

Thus the divisibility of the algebraic part of L(1, E) by p is equivalent to p||X(E)|
and we are asking if that says anything about the Hk/pHk, specially the appearance
of the standard 2-dimensional representation of GL2(Fp) in it. (We are thus ignoring
the valuation of j(E) at the place v, which gives rise to cv which may have to be taken
into account.)

To be specific, these heuristics suggest that if the p-component of the Shafarevich-
Tate group of E is non-trivial, then the standard 2-dimensional representation of
GL2(Fp) appears in Hk/pHk, or a much cruder question that if p-component of the
Shafarevich-Tate group is non-trivial, then so is the p-component of the class group
of k.

Remark 4. The expression for ζk(0) above involves the abelian L-values L(0, detj) with mul-
tiplicity p, which suggests this multiplicity for the character detj of GL2(Fp) in Hk/pHk (for
j odd, assuming Vandiver conjecture) whenever p|L(0, ω−j), i.e., the corresponding character
ω j appears in the classgroup of Q(ζp) — in particular, the even characters ω j : (Z/p)× →
Z×p should not appear not just in the classgroup of Q(ζp) but not even in the classgroup of
Q(E[p])! The classgroup of Q(ζp) when inflated to Q(E[p]) gives rise to one copy of certain
odd characters of (Z/p)×, whereas we will be asserting p-copies of such characters!

Remark 5. In section 3.1 of the paper [Vat], Vatsal considers E, an elliptic curve over Q

which has a point of order p, so that its mod p Galois representation is of the form,(
ω ?
0 1

)
,

and makes some proposal on relating the twisted L-values L(1, E⊗ χD) mod p (E twisted by
χD, a quadratic character of Q), to product of L-values L(1, χD)L(0, χD) (and therefore the
classnumber formula for the quadratic field Q(

√
D)) which seems very much in the spirit of

this paper.

5. Relating X of an elliptic curve with the classgroup of Q(E[p])

Question 1. Let E be an elliptic curve over Q such that E(Q) = 0. Let k = Q(E[p]) be
the Galois extension of Q obtained by attaching elements of order p on E where p is an odd
prime. We assume that Gal(k/Q) = GL2(Fp), and also that p is coprime to c` = [E(Q`) :
E(Q`)

0] for all finite primes `. Let Hk denote the class group of k which comes equipped
with a natural action of Gal(k/Q) = GL2(Fp). Then if p||X(E)(Q)|, then is it true that
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the GL2(Fp) representation Hk/pHk contains the standard 2-dimensional representation of
GL2(Fp)? What about the converse?

Remark 6. The author has not seen any computation of the GL2(Fp) representation on
Hk/pHk into a sum of irreducible pieces (after semi-simplification) where k = Q(E[p]) is
a Galois extension of Q obtained by attaching elements of order p on a Elliptic curve E over
Q with Gal(k/Q) = GL2(Fp). Presumably it is not beyond present computational powers to
do such a computation say for p = 5; this would be very useful data to have for the problems
discussed in this paper. There are examples known due to K. Rubin and A. Silverberg [RS] of
families of elliptic curves with the same Q(E[5]) with Galois group GL2(F5). Are there Ellip-
tic curves of the same rank, say = 0, in this family, for which the 5-valuation of the algebraic
part of L(E, 1) as in the Birch-Swinnerton-Dyer conjecture are different? If our suggestions
in this paper are correct then this should not happen!

Recall that the p-Selmer group Sel(E)[p] is defined by:

Sel(E)[p] = Ker{H1(Q, E[p])→∏
v

H1(Qv, E(Q̄v))},

where the cohomology is the Galois cohomology of the absolute Galois group. (Here
and in what follows, for any field M with M̄ a separable closure, and A a module for
Gal(M̄/M), we denote by Hi(M, A), the ith cohomology of Gal(M̄/M) with coeffi-
cients in A.)

The following standard exact sequence relates the Shafarevich-Tate group of E and
the Selmer group, cf. [Silv]:

0→ E(Q)/pE(Q)→ Sel(E)[p]→X(E)[p]→ 0.
Since in our case, E(Q) = 0, we have an isomorphism Sel(E)[p] → X(E)[p],

in particular the p-Selmer group is nontrivial and corresponds to elements in the
Shafarevich-Tate group of E. An easy observation is that the Selmer group defined as
a subgroup of H1(Q, E[p]) in fact consists of cohomology classes which are unrami-
fied outside the finite set of places of Q which is p, and the places where E may have
bad reduction.

Observe that since E[p]Gal(Q(E[p])/Q) = 0, in the inflation-restriction exact sequence
in group cohomology, the restriction map H1(Q, E[p])→ H1(Q(E[p]), E[p])Gal(Q(E[p])/Q)

is injective.
Restricting an element ξ ∈ H1(Q, E[p]) to H1(Q(E[p]), E[p]) gives rise to an element

of Hom(Gal(Q̄/Q(E[p])), E[p]), which is equivariant under Gal(Q(E[p])/Q), thus we
have an extension L of Q(E[p]) with Gal(L/Q(E[p]) ∼= E[p] ∼= Fp + Fp together with
an action of Gal(Q(E[p])/Q) = GL2(Fp) on E[p] = Fp + Fp via the standard 2-
dimensional representation of GL2(Fp) on Fp + Fp.

The extension L of Q(E[p]) is furthermore unramified outside p, and the places
where E may have bad reduction. The question arises if L is actually unramified
everywhere over Q(E[p]). We do not know how to think about it!

6. Ribet’s approach: congruence of modular forms

It is natural just like in Ribet’s work [Ri1] to attack the question of the GL2(Fp) mod-
ule Hk/pHk by looking at the congruence of cusp forms on GSp(4) with an Eisenstein
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series on GSp(4) induced from a cuspidal representation on a maximal parabolic.
Note that there are two conjugacy classes of maximal parabolic subgroups in GSp(4)
and both could be sources of such congruences, and therefore could have applications
to Galois representations.

Since the L-group of GSp(4) is itself, Galois representations associated to automor-
phic representations of GSp4(AQ) take values inside GSp(4, Q̄`).

We first take up the case when the Eisenstein series is one on Klingen parabolic
associated to a cusp form so that the associated Galois representation lands inside the
dual parabolic which is the Siegel parabolic.

If we have a representation of the Galois group inside GSp(4, Q̄`) of the form σE +σE
(where σE is the irreducible two dimensional Galois representation associated to the
elliptic curve E) which is contained in the Siegel parabolic of GSp(4, Q̄`), then the
associated action on the unipotent radical of the Siegel parabolic is Ad(σE), the adjoint
representation associated to σE, i.e., Sym2(σE)det−1(σE).

Since the adjoint representation is selfdual, our proposal in this case will suggest
that Ad(σ̄E) appears in Hk/pHk if p|L(0, Ad(σE))

alg, or equivalently if p|L(1, ω ⊗
Ad(σE))

alg. To turn this answer in the language of classical modular forms, suppose
fE is the newform associated to E or to σE. Note the identity:

L(s, ω⊗Ad(σE)) = L(s, Ad( fE)).

To prove this, observe that if the eigenvalues of the Hecke operaor T` associated to fE
are {α`, β`} which are also the eigenvalues of the Frobenius at ` associated to σE, then
the eigenvalues associated with Ad( fE) are {α2

` , β2
`, `} — this is the main point, that

although σE has determinant ω, fE is on PGL2(AQ) — whereas for ω ⊗Ad(σE) it is

` · { α2
`
` , β2

`
` , 1} = {α2

` , β2
`, `}. Thus L(s, ω⊗Ad(σE)) = L(s, Ad( fE)).

Thus, our proposal in this case is that Ad(σ̄E) appears in Hk/pHk if p|L(1, Ad( fE))
alg,

where fE is the classical modular form associated to the elliptic curve E.
It is known through the work of Hida [HH] and Ribet [Ri2] that for a newform f

on the upper half plane, L(1, Ad( f )) has a factorization in terms of an algebraic and
transcendental part, and the primes (omitting 2,3, and those dividing the conductor
of f , or less than k− 2 for k the weight of f ) dividing L(1, Ad( f ))alg are exactly those
primes for which there is a newform g on the upper half plane with f ≡ g mod p
with f 6= g. The point of view of this paper would suggest that if p|L(1, Ad( fE))

alg,
there is an unramified extension of Q(E[p]) on which GL2(Fp) operates by the adjoint
representation.

As a first step towards imitating Ribet’s work [Ri1], given the above congruences
of modular forms, we need to construct a congruence of an Eisenstein series on
GSp4(AQ) associated to the cusp form fE on the Klingen parabolic with a cusp form
on GSp4(AQ) which we do below via theta correspondence, but then we observe that
it is not good enough for our purposes!

It is expected that theta correspondence respects congruences of automorphic rep-
resentations. Certainly in the case that we are going to apply the theta correspondence
now, which will be from GSO(2, 2) = GL(2,F)×GL(2,F)

Gm
to GSp(4), this is not an issue

since one knows the theta correspondence in terms of Langlands parameters. We thus
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take theta correspondence for the representation π1 � π2 of GSO(2, 2) = GL(2)×GL(2)
Gm

where π1 and π2 are the automorphic representations generated by f and g re-
spectively. If the Galois representations associated to π1 and π2 is σ1 and σ2 re-
spectively, then the Galois representation associated to the theta lift of π1 � π2 of
GSO(2, 2) = GL(2)×GL(2)

Gm
to GSp(4) is:

σ1 ⊕ σ2.

This is a cuspidal representation on GSp(4, AQ) which is congruent to the automor-
phic representation on GSp(4, AQ) which is obtained by a cuspidal representation
on the Klingen parabolic, and which is the theta lift of π1 � π1 of GSO(2, 2)(AQ) =
GL(2,AQ)×GL(2,AQ)

A×
Q

to GSp(4, AQ). The Galois representation associated to the theta lift

of π1 � π1 of GSO(2, 2)(AQ) =
GL(2,AQ)×GL(2,AQ)

A×
Q

to GSp(4, AQ) is:

σ1 ⊕ σ1,

which sits inside the Siegel parabolic of the (Langlands) dual group of GSp(4) which
is GSp(4) itself.

Thus primes dividing L(1, Ad( fE))
alg do create congruences between Eisenstein se-

ries on GSp(4, AQ) which is obtained by a cuspidal representation on the Klingen
parabolic, and cusp forms on GSp(4, AQ). However, the cuspforms on GSp(4, AQ)
so created are ‘endoscopic’, and are Galois theoretically not so interesting; for inter-
esting Galois representations, we must create cuspforms on GSp(4, AQ) whose asso-
ciated Galois representation is irreducible not only inside GSp(4, Q̄`) but even inside
GL(4, Q̄`). We do not know how to do this!

Next we consider the Siegel parabolic (so that the associated Galois representation
lands inside the Levi of the Klingen parabolic). The Klingen parabolic P in GSp(4)
looks like

1→ N → P→ GL(2)×Gm → 1,
with N a non-abelian unipotent group of dimension 3 which is the 3-dimensional
Heisenberg group, and thus has a centre of dimension 1. Dividing N by the center
one gets 2 dimensional representation of GL(2) which thus seems ideally suited to
give rise to extensions of k on which the Galois group of k, i.e., GL2(Fp), operates by
a twist of the 2 dimensional standard representation.

The specific question thus is that if p divides (the algebraic part of) L(1, π ⊗ ω j)
then there is a cusp form on GSp(4) which is congruent to an Eisenstein series.

For a specific example of such a congruence, see the paper of Harder [Ha] where for
the unique elliptic modular form f for SL2(Z) of weight 22, he conjectures existence of
certain cuspidal eigenform on GSp(4, AQ) with the following congruence for Hecke
eigenvalues, which we just write down from his paper without further explanations:

λ(p) ≡ p8 + a f (p) + p11 mod 41, for all primes p,

except to note that Λ( f ,14)
Ω+

is an integer, and the crucial reason for the prime 41 is:

41|Λ( f , 14)
Ω+

.
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7. CM number fields

In this section we describe a natural context, just as for Herbrand-Ribet, where the
L-values considered are actually algebraic, making it possible to deal directly with
L-values without having to adjust it by dividing by a transcendental factor.

Let K be a Galois CM extension of Q with K+ the totally real subfield of K with
[K : K+] = 2. Let G denote the Galois group of K over Q. Let the degree of K over Q

be 2g. Let τ denote the element of order 2 in the Galois group of K over K+.
By the Dirichlet unit theorem, the rank of the group of units UK of K is (g− 1). The

rank of the group of units UK+ is also (g− 1). By theorem 4.12 of Washington’s book
[Was], UK+ together with the roots of unity in K generates a subgroup of UK of index
at most 2. It follows that if RK denotes the regulator of K, and RK+ , the regulator of
K+, then up to a possible factor of 2, RK = RK+ .

Let hK (resp. hK+) denote the class number of K (resp. K+). By the class number
formula for K and K+,

ζK(s) = hKRK
wK

sg−1 + higher order terms,
ζK+(s) = hK+RK+sg−1 + higher order terms,

,

where we have used the fact that K+ being a totally real field, has no nontrivial roots
of unity.

It follows that

ζK/ζK+(s) =
hK

hK+

1
ωK

+ a1s + higher order terms...

hence,

∏
ρ(τ)=−1

L(0, ρ)dim ρ =
hK

hK+

1
wK

,

where the product is taken over all irreducible representations ρ of G = Gal(K/Q)
with ρ(τ) = −1.

It is known that L(0, ρ) ∈ Q̄× for ρ(τ) = −1. This is a simple consequence of
Siegel’s theorem that partial zeta functions of a totally real number field take rational
values at all non-positive integers, cf. Tate’s book [?]. (Note that to prove L(0, ρ) ∈ Q̄

for ρ(τ) = −1, it suffices by Brauer to prove it for abelian CM extensions by a Lemma
of Serre mentioned in greater detail in Remark 8 below.)

Let HK (resp. HK+) denote the class group of K (resp. K+). Observe that the
kernel of the natural map from HK+ to HK is a 2-group. (This follows from using
the norm mapping from HK to HK+ .) Therefore since we are interested in p-primary
components for only odd primes p, HK+ can be considered to be a subgroup of HK,
and the quotient HK/HK+ becomes a G-module of order hK/hK+ . We will let wK
denote the group of roots of unity of K considered as a module for G. Let [HK/HK+ 	
wK]⊗ F̄p denote the Galois representation on HK/H+

K ⊗ F̄p after removing a copy of
wK ⊗ F̄p if there was one.

Question 2. Let K be a CM, Galois extension of Q with K+ the totally real subfield, and
j ∈ Gal(K/K+), the nontrivial element of the Galois group. Let ρ be an irreducible, odd
(i.e., ρ(j) = −1) complex representation of Gal(K/Q) with ρ̄ its reduction mod p for p an
odd prime. Assume that ω ⊗ ρ̄ does not contain the trivial representation. Then L(0, ρ) is
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p-adic integral, and if p|L(0, ρ) then [HK/HK+ 	wK]⊗ F̄p and ρ̄, the reduction of ρ modulo
p, have an irreducible G-module as a common Jordan-Hölder factor. Conversely, to a Jordan-
Hölder factor λ of [HK/HK+ 	wK]⊗ F̄p as a G-module, there is an irreducible, odd, complex
representation ρ of Gal(K/Q) whose reduction mod p contains λ with L(0, ρ), p-adic integral,
and p|L(0, ρ).

Of course, it may not be easy to understand if p|L(0, ρ), unlike in the case of cy-
clotomic fields studied by Herbrand-Ribet where L(0, ρ) are congruent to Bernoulli
numbers modulo p. However, notice that the formula above expressing hK

hK+
con-

tains L(0, ρ)dim ρ which suggests that any representation V of G which appears in
[HK/HK+ 	 wK] ⊗ F̄p, appears with multiplicity at least dim V. So, here is a rather
concrete question.

Question 3. Is it true that any representation V of G which appears in [HK/HK+ 	wK]⊗ F̄p
as a sub-quotient appears as a sub-quotient with multiplicity at least dC(V) where dC(V) is
the minimal dimension of a complex representation of G which contains V as a sub-quotient
when reduced modulo p?

Remark 7. I should add that Ribet’s theorem is specific to Q(ζp) whereas although this section
is very general, it could also be specialized to simply CM abelian extension K of Q, and the
action of the Galois group Gal(K/Q) on the full class group of K. Since class group of an
abelian extension is not totally obvious from the classgroup of the corresponding cyclotomic
field Q(ζn), even if we knew everything in the style of Ribet for Q(ζn), presumably there is
still some work left to be done, and not just book keeping!

8. Deligne-Ribet

In this section we pursue the theme of L-values modulo p. We begin by recalling
the following theorem of Deligne-Ribet, cf. [DR].

Theorem 1. Let k be a totally real number field, and let χ : Gal(Q̄/k) → Q̄× be a character
of finite order cutting out a CM extension K of k (which is not totally real). Let w be the order
of the group of roots of unity in K. Then,

wL(0, χ) ∈ Z̄.

Question 4. Let k be a totally real number field, and let ρ : Gal(Q̄/k) → GLn(C) be an
irreducible representation of the Galois group Gal(Q̄/k) cutting out a CM extension K of k
(with K not totally real). Let w be the order of the group of roots of unity in K. Then is it true
that:

wL(0, ρ) ∈ Z̄?

Remark 8. Note the Brauer’s theorem according to which any representation of a finite group
G can be written as a virtual sum of representations of G induced from one dimensional
representations of subgroups of G. In our context, we will need a modification due to Serre, cf.
Lemma 1.3 of Chapter III of Tate’s book [Tate], to keep track of the central characters in this
theorem of Brauer.

Recall that since we are only interested in CM extensions of k which are not totally real, the
representation ρ of G is totally ‘odd’, i.e., there is a fixed central element j ∈ G with j2 = 1
such that ρ(j) is the scalar matrix −1 ∈ GLn(C), and in this case by the above mentioned
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lemma of Serre we can assume that in expressing ρ as a virtual sum of representations induced
from one dimensional representations of subgroups of G,

ρ = ∑
i

niIndG
Hi

χi,

each of the field extensions of k cut out by Hi are totally real, and the characters χi define CM
extensions of k which are not totally real.

Therefore if all the ni’s were non-negative integers, our question above will be a consequence
of Deligne-Ribet theorem, but we face the ‘usual’ problem in dealing with virtual sums.

Understanding denominators in L(0, χ) (which are bounded by w by Deligne-Ribet)
or more generally in L(0, ρ) is an important question to which we apply the sugges-
tion in remark 2 on ‘mod-p Artin-Tate conjecture’, to ask the following precise ques-
tion. (This extends the p-integrality property of L(0, χ) = −B1,χ = − 1

p ∑
a=p
a=1 aχ(a),

encountered and used earlier.)

Question 5. Let k be a totally real number field, and let ρ : Gal(Q̄/k) → GLn(Q̄p) be an
irreducible representation of the Galois group Gal(Q̄/k) cutting out a CM extension K of k
(with K not totally real). Let p be a rational prime. Suppose that the mod p representation ω⊗
ρ̄ does not contain the trivial representation of Gal(Q̄/k) where ω is the action of Gal(Q̄/k)
on the p-th roots of unity. Then is it true that:

L(0, ρ) ∈ Z̄p?

Acknowledgement: The author thanks P. Colmez for suggesting that the questions
posed here are not as outrageous as one might think, and for suggesting that Ques-
tions 4 and 5 should have an affirmative answer as a consequence of the Main conjec-
ture of Iwasawa theory for totally real number fields proved by A. Wiles if one knew
the vanishing of the µ-invariant (which is a conjecture of Iwasawa proved for abelian
extensions of Q by Ferrero-Washington). The author also thanks U.K. Anandavard-
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