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1. Introduction

This paper is a sequel to [GGP], where we considered several restriction problems
in the representation theory of classical groups over local and global fields. Assuming
the Langlands-Vogan parameterization of irreducible representations, we formulated
precise conjectures for the solution of these restriction problems. In the local case,
our conjectural answer is given in terms of Langlands parameters and certain natural
symplectic root numbers associated to them. In the global case, the conjectural
answer is expressed in terms of the central critical value or derivative of a global L-
function. For the precise statements of the restriction problems and our conjectures,
we refer the reader to [GGP].

The conjectures for the case of special orthogonal groups were contained in the
earlier papers [GP1] and [GP2] and were suggested by the results of Waldspurger
[Wa1,2,3], Tunnell-Saito [Tu], [Sa], and Prasad [P1, 2, 3] in certain low rank cases.
In a series of papers, [Wa4-7] and [MW], Waldspurger and Moeglin-Waldspurger
have established the local conjectures of [GP1, GP2], assuming certain expected
properties of the characters of representations in tempered L-packets. The case of
unitary groups has been settled by R. Beuzart-Plessis for tempered representations,
and by Gan-Ichino for generic L-packets.

So far our works have been restricted to generic parameters on G, the larger
group, and on H, the smaller group. In particular, it says nothing, for example,
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about which representations of SOn+1, or Un+1 have an invariant form for SOn, or
Un. To answer even this question in a precise way does not seem trivial.

When dealing with non-tempered representations, it seems that for certain ques-
tions, one may be able to find good answers, only for a restricted class of representa-
tions among the set of all admissible representations. These are the representations
which arise as local component of automorphic representations, and are in particular
unitary. This class of representations was singled out by Arthur.

Let WF be the Weil group of F , and for F nonarchimdean, let W ′
F = WF×SL2(C)

be the Weil-Deligne group of F . LetW ′′
F = W ′

F×SL2(C) be the Arthur’s modification
of the Weil-Deligne group.

An Arthur parameter (A-parameter) is:

φ : W ′′
F = W ′

F × SL2(C) −→ LG,

where the restriction of φ to W ′
F is an admissible homomorphism in the usual sense,

which has bounded image in Ĝ, and the restriction of φ to SL2(C) is algebraic.
According to Arthur, there are packets of representations associated to A-parameters
with some character relations among the members. Let w → n(w) be the natural
map from W ′

F to Z. There is a natural map from W ′
F to W ′′

F :

w ∈ W ′
F → (w,

(
qn(w)/2 0

0 q−n(w)/2

)
) ∈ W ′′

F ,

which associates an L-parameter to an A-parameter. When we consider non-tempered
parameters, we will consider only such L-parameters which arise in this way from
an A-parameter (in a unique way).

A paper of Clozel [IMRN, 2004] suggests that given a reductive subgroup H
of a reductive group G, there should be a natural map from unipotent conjugacy
classes in the L-group of G to the unipotent conjugacy classes in the L-group of H
which underlies the restriction problem in the unitary case (direct integral and all
that!), i.e. the restriction of a representation of G, with an A-parameter containing
a unipotent conjugacy class uG of LG contains only those representations of H in
the spectral decomposition upon restriction to it which have a particular unipotent
conjugacy class uH of LH.

Clozel’s suggestions have been made precise and proved in some cases by A.
Venkatesh [2005]. For example in the restriction problem from GLn(F ) to GLn−1(F ),
if the unipotent element in GLn(C) corresponds to the partition n1 ≥ n2 ≥ · · · ≥
nr ≥ 1, then the only unipotent element of GLn−1(C) involved is the one n1 − 1 ≥
n2 − 1 ≥ · · · ≥ nr − 1 ≥ 0, omitting those ni which are 1, and adding a few 1’s
at the end if necessary (to make up for the size of GLn−1(F )). The work of Clozel
and Venkatesh is of course in the context of unitary representations whereas we in
this paper are only concerned with admissible representations. We should also add
that the work of Clozel and Venkatesh deals only with a crude question: that of
determining the possible types of representations of H which appear in the spectral
decomposition of π|H , and not the precise spectral decomposition, and also does
not determine which representations of the correct type actually do appear in the
spectral decomposition of π|H .
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It should be noted that the question studied by Clozel and Venkatesh on re-
striction and induction of representations does not satisfy the Frobenius reciprocity
theorem which would say that an irreducible unitary representation π1 of G con-
tains an irreducible unitary representation π2 of H in the spectral decomposition
of π1 restricted to H if and only if π1 occurs in the spectral decomposition of the
induced representation IndGHπ2. For example, inducing the trivial representation of
H to G is a unitary representation of G which does not usually contain the triv-
ial representation of G in its spectral decomposition. However, in the admissible
category, the Frobenius reciprocity is forced on us. In the admissible category, say
in the restriction problem, there are more admissible representations of H which
appear as a quotient of a representation of G than those which appear in the spec-
tral decomposition, and hence suggested by Clozel/Venkatesh, and that these other
representations are smaller in size than the one’s that appear in Clozel/Venkatesh.
On the other hand, the representation π2 of H cannot be too small either since π1
is contained in the representation of G induced from π2. These considerations may
help explain the difference between our results and that of Venkatesh.

2. The case of GLn+1

In this section we discuss the branching problem for representations of GLn+1(F )
when restricted to GLn(F ) generalising the well-known theorem that every tempered
representation of GLn(F ) arises as a quotient of any tempered representation of
GLn+1(F ).

Theorem 1. Let π1 be an irreducible admissible representation of GLn+1(F ) with
an A-parameter, i.e., associated to a representation of W ′

F × SL2(C) of dimension
(n+ 1) given by

σ1 =
d∑
i=1

(σ+
1,i ⊕ σ−1,i)⊗ Symi(C2)⊕ σ+

1,0 ⊕ σ−1,0,

with σ+
1,i, σ

−
1,i tempered representations of W ′

F for all i = 0, · · · , d, and π2 an irre-
ducible admissible representation of GLn(F ) associated to an A-parameter of dimen-
sion n given by

σ2 =
d∑
i=0

σ+
1,i ⊗ Symi+1(C2)⊕

d∑
i=1

σ−1,i ⊗ Symi−1(C2)⊕ tempered,

then dim HomGLn(F )(π1, π2) = 1 for an arbitrary tempered part in σ2 (with the only
constraint that dimσ2 = n). Conversely, if dim HomGLn(F )(π1, π2) = 1 and if π1, π2
are associated to A-parameters, then the parameters of π1 and π2 can be expressed
in this form.

Proof. We give a detailed proof assuming that the non-tempered part of the repre-
sentations σ1 and σ2 are representations of WF × SL2(C) instead of W ′

F × SL2(C),
i.e., on any irreducible subrepresentation of σ1 or σ2, only one of the two SL2(C) in
W ′′
F = WF × SL2(C)× SL2(C) acts nontrivially.
The proof consists in the analysing the basic theorem of Bernstein-Zelevinsky on

the restriction of a representation of GLn+1(F ) to its mirabolic in terms of certain
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induced representations arising from the derivatives of the representation; since the
mirabolic contains GLn(F ), this allows one to understand the restriction of π1 to
GLn(F ). By this theorem of Bernstein-Zelevinsky, if HomGLn(F )(π1, π2) 6= 0, then

HomGLn−i(F )[ν
1/2(π∨2 )i, (πi+1

1 )∨] 6= 0,

for some i ≥ 0.
Denote by [d] the trivial representation of GLd(F ), and by [d]m the irreducible

admissible representation of GLd·m(F ) which is [d] × · · · × [d]. If σ is a cuspi-
dal representation of GLr(F ), let σ[d] be the Speh representation of GLr·d(F ) con-
structed from σ, i.e., in the Zelevinsky notation σ[d] = Z[σν−(d−1)/2, · · · , σν(d−1)/2].
It is known that the only nonzero derivative of σ[d] is σ[d]i for i = 0, r, and
σ[d]r = ν−1/2σ[d− 1] = Z[σν−(d−1)/2, · · · , σν(d−3)/2].

Further, denote by Std[ρ], the generalized Steinberg representation of GLdd′(F )
where ρ is a cuspidal unitary representation on the general linear group GLd′(F ).
The derivatives of Std[ρ]i are known to be nonzero only for i = jd′ for some 0 ≤ j ≤ d
with Std[ρ]jd

′
= νj/2Std−j[ρ]. A tempered representation of GLm(F ) is built as a

product of generalized Steinberg representations Std[ρ].
If for a cuspidal representation ρ we call the set of representations {ρνi|i ∈ Z}, the

cuspidal line passing through ρ, it follows if a representation has cuspidal support
contained in the cuspidal line passing through ρ, all its derivatives have the same
property. Therefore, if we have: HomGLn−i(F )[ν

1/2(π∨2 )i, (πi+1
1 )∨] 6= 0, there is analo-

gous relationship on the cuspidal line passing through ρ, allowing us to assume that
both π1 and π2 have their cuspidal support contained in the cuspidal line passing
through ρ = 1 in the rest of the proof.

Thus when dealing with the situation that the non-tempered part of the repre-
sentations σ1 and σ2 are representations of WF × SL2(C) instead of W ′

F × SL2(C),
it suffices to assume that the representations π1 and π2 look like:

π1 = [2]n2 × [3]n3 × · · · × [d]nd × [1]m1 × [2]m2 × [3]m3 × · · · × [d]md × λ1,
where there is an extra tempered representation λ1 of GLs(F ) at the end; similarly,

π2 = [1]n2 × [2]n3 × · · · × [d− 1]nd × [2]m1 × [3]m2 × [4]m3 × · · · × [d+ 1]md × λ2,
where there is an extra tempered representation of GLr(F ) at the end.

These representations π1 of GLn+1(F ), π2 of GLn(F ) represent the most general
representations of these groups which allows increasing or decreasing arbitrarily the
non-tempered part of the representation π1 by 1 (i.e., replacing σ ⊗ Symi(C2) by
σ ⊗ Symi+1(C2) or by σ ⊗ Symi−1(C2) where σ is an irreducible representation of
WF ) in which the cuspidal representation which intervenes in the non-tempered part
is only the trivial representation of GL1(F ).

Since π1 is a representation of GLn+1(F ), and π2 of GLn(F ), it follows that,

n+ 1 = 2n2 + 3n3 + · · ·+ dnd +m1 + 2m2 + 3m3 + · · ·+ dmd + s,

and,

n = n2 + 2n3 + · · ·+ (d− 1)nd + 2m1 + 3m2 + · · ·+ (d+ 1)md + r.
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It follows that,

n2 + · · ·+ nd + s = m1 +m2 + · · ·+md + 1 + r.

We show that there is a nontrivial homomorphism,

HomGLn−i(F )[ν
1/2(π∨2 )i, (πi+1

1 )∨],

for i = m1+m2+· · ·+md+r, and i+1 = m1+m2+· · ·+md+r+1 = n2+· · ·+nd+s.
The crucial observation for this being that the following miniature version of the

above Hom space is nonzero:

HomGLm(F )[ν
1/2[m+ 1]1, [m]] = C,

since [m+ 1]1 = ν−1/2[m]. Similarly,

HomGLm(F )[ν
1/2[m]0, ([m+ 1]1)∨] = C,

since [m+ 1]1 = ν−1/2[m].
We use the Leibnitz rule to take the (i + 1)-th derivative of π1 for i + 1 =

n2 + · · · + nd + s. Recall that, π1 = [2]n2 × [3]n3 × · · · × [d]nd × [1]m1 × [2]m2 ×
[3]m3 × · · · × [d]md × λ1. We take the first derivative of each of the terms in π1
corresponding to the representation [j] occuring nj times, the s-th derivative of the
tempered representation λ1 of GLs(F ) with λs1 = 1 (the trivial representation of the
trivial group GL0(F )), and no derivative of any of the terms corresponding to the
representation [j] occuring mj times. Thus,

πi+1
1 = ν−1/2{[1]n2 × [2]n3 × · · · × [d− 1]nd} × [1]m1 × [2]m2 × [3]m3 × · · · × [d]md.

On the other hand, when taking i-th derivative of π2 for i = m1+m2+ · · ·+md+r
using the Leibnitz rule (recall that π2 = [1]n2 × [2]n3 × · · · × [d − 1]nd × [2]m1 ×
[3]m2× [4]m3×· · ·× [d+1]md×λ2), we take the first derivative of each of the terms
corresponding to the representation [j] occuring mj−1 times, and no derivative of
any of the terms corresponding to the representation [j] occuring nj+1 times, and
the r-th derivative of the tempered representation λ2 of GLr(F ) with λr2 = 1 (the
trivial representation of the trivial group GL0(F )). Thus,

πi2 = {[1]n2 × [2]n3 × · · · × [d− 1]nd} × ν−1/2{[1]m1 × [2]m2 × [3]m3 × · · · × [d]md}.
It follows that the space HomGLn−i(F )[ν

1/2(π∨2 )i, (πi+1
1 )∨] is nonzero. �

Lemma 1. Let V1 = ν1/2µ1× µ2× ν1/2µi3 and V2 = ν1/2χ1× χ2× (χj3)
∨ be two rep-

resentations of GLm(F ), where µ1, χ1, µ2, χ2 are representations of certain GLmi
(F )

parabolically induced from trivial representations of certain Levi subgroups (possibly
different for µi and χi), and µi3 and χj3 are certain derivatives of tempered repre-
sentations of certain GLmj

(F ). Then unless µ1 = χ1, µ2 = χ2, in particular the
corresponding Levi subgroups are the same, and i = j and equal to the maximal
nonzero derivatives for µ3 and χ3, the representations V1 and V2 have different cus-
pidal supports, in particular ExtiGLm(F )[V1, V2] = 0 for all i ≥ 0.

Proof. The proof of the lemma depends on the observation that a tempered repre-
sentation of GLm(F ) is built as a product of generalized Steinberg representations,
say Std[ρ], where ρ is a cuspidal unitary representation on some general linear group
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GLd′(F ), and that the derivatives of Std[ρ]i are known to be nonzero only for i = jd′

for some 0 ≤ j ≤ d with Std[ρ]jd
′
= νj/2Std−j[ρ]. �

Remark 1. The theorem says that any non-tempered part of π1 corresponding to
Symi(C2) must have a counterpart in π2 either in Symi+1(C2) or Symi−1(C2), and
conversely, thus the nontempered part of π1 determines the nontempered part of
π2 with finite ambiguity (arising out of the possibility to have either Symi+1(C2) or
Symi−1(C2) for each Symi(C2), and these two possibilities can be varied at will on
each irreducible component, keeping only the dimension constraint).

Remark 2. For representations π1 and π2 as in the theorem, we will check in a later
section that the order of pole at s = 0 of

L(s+ 1/2, π1 × π∨2 )L(s+ 1/2, π∨1 × π2)
L(s+ 1,Ad π1)L(s+ 1,Ad π2)

,

is ≥ 0 and is indeed > 0 unless both π1 and π2 are tempered representations.

3. Calculating the order of pole

The aim of this section is to prove that given an irreducible admissible represen-
tation π1 on GLn+1(F ) and π2 on GLn(F ) as in theorem 1, the order of pole at s = 0
of

L(s+ 1/2, π1, π2) =
L(s+ 1/2, π1 ⊗ π2)2

L(s+ 1,Ad π1)L(s+ 1,Ad π2)

is greater than or equal to zero. Before we start making the calculations on the order
of the pole of L(s+ 1/2, π1, π2), we need to recall some generalities on L-functions.

We begin by noting that any irreducible representation of W ′′
F = W ′

F × SL2(C) =
WF × SL2(C) × SL2(C) is of the form V ⊗ Symi(C2) ⊗ symj(C2) where V is an
irreducible representation of WF (always with bounded image), Symi(C2) is the
unique (i+ 1)-dimensional irreducible representation of the first SL2(C) in W ′′

F , and
symj(C2) is the unique irreducible representation of dimension (j+ 1) of the second
SL2(C) in W ′′

F (the so-called Arthur SL2(C)).
We will abuse notation to also denote by V ⊗ Symi(C2) ⊗ symj(C2) the repre-

sentation of W ′
F in which the (j + 1)-dimensional representation symj(C2) of the

Arthur SL2(C) is replaced by the (j + 1)-dimensional representation of W ′
F which

is ν−
i
2 + ν−

i−2
2 + · · · + ν

i−2
2 + ν

i
2 . In all considerations of L-functions, it is this

representation of W ′
F which appears.

The L-function L(s, V ⊗ Symi(C2)⊗ symj(C2)) has a pole at s = 1/2 if and only
if

(1) V is the trivial representation of WF ;
(2) j > i, j ≡ (i+ 1) mod 2.

Similarly, the L-function L(s, V ⊗ Symi(C2) ⊗ symj(C2)) has a pole at s = 1 if
and only if

(1) V is the trivial representation of WF ;
(2) j > i, j ≡ i mod 2.

In either of the two cases, if there is a pole, it is a simple pole. As a consequence
of the above, we note the following lemma.
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Lemma 2. For any representation V of W ′
F = WF×SL2(C), the order of the pole of

L(s, V⊗symj(C2)) at s = 1/2 is the same as the order of pole of L(s, V⊗symj+1(C2))
at s = 1, and these are the same as the corresponding orders of pole for V replaced
by V ∨.

This lemma suggests introduction of two maps on the set of representations of
W ′′
F = W ′

F × SL2(C) to itself which we denote by σ → σ+, and σ → σ−, and defined
as follows.

For σ a representation of W ′′
F = W ′

F × SL2(C) of the form

σ =
∑
i≥0

σi ⊗ symi(C2),

define,

σ+ =
∑
i≥0

σi ⊗ symi+1(C2),

and

σ− =
∑
i≥1

σi ⊗ symi−1(C2).

Note that σ+− = σ, whereas σ−+ = σ−σ0, and from the Lemma above, the order
of pole of σ at s = 1/2 is the same as the order of pole of σ+ at s = 1.

Let σ1 : W ′′
F = WF ×SL2(C)×SL2(C)→ GLn(C) be an A-parameter for GLn(F ),

written as

σ1 =
∑
k,i

Vk,i ⊗ Symk(C2)⊗ symi(C2),

with Vk,i representations of WF , Symk(C2) the unique (k+1)-dimensional irreducible
representation of the first SL2(C), and symi(C2) the unique irreducible representa-
tion of dimension (i+ 1) of the second SL2(C).

Let,

σ′2 = σ−∨1 =
∑
k,i

V ∨k,i ⊗ Symk(C2)⊗ symi−1(C2)

which is also an A-parameter for GLm(F ) for some m (we will use the convention
that sym−1(C2) = 0).

Theorem 2. With notation as above, for an irreducible admissible representation
π1 of GLn(F ) with parameter σ1, and an irreducible admissible representation π2 of
GLm(F ) with parameter σ2 = σ−∨1 ⊕W , where W is a tempered parameter, the order
of pole at s = 0 of

L(s+ 1/2, π1, π2) =
L(s+ 1/2, π1 ⊗ π2)2

L(s+ 1,Ad π1)L(s+ 1,Ad π2)

is greater than or equal to zero. The pole is of order > 0 if π1 is not tempered. The
order of pole of L(s + 1/2, π1, π2) at s = 0 does not depend on the tempered part of
σ1, but may depend on the tempered part of σ2.
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Proof. We have

σ1 ⊗ σ′2 =
∑
k,i,l,j

[Vk,i ⊗ Symk(C2)⊗ symi(C2)]⊗ [V ∨l,j ⊗ Syml(C2)⊗ symj−1(C2)],

=
∑
k,i,l,j

[Vk,i ⊗ V ∨l,j]⊗ [Symk(C2)⊗ Syml(C2)]⊗ [symi(C2)⊗ symj−1(C2)],

=
∑

k,i,l,j;i≥j

Ak,l,i,j ⊗ [Symk(C2)⊗ Syml(C2)]

where in the last summation we have grouped terms corresponding to (i, j) and
(j, i). For i > j, we have,

Ak,i,l,j = (Vk,i⊗V ∨l,j)⊗(symi(C2)⊗symj−1(C2))⊕(Vl,j⊗V ∨k,i)⊗(symj(C2)⊗symi−1(C2)),

and

Ak,i,l,i = (Vk,i ⊗ V ∨l,i)⊗ (symi(C2)⊗ symi−1(C2)).

Similarly,

σ1 ⊗ σ∨1 =
∑
k,i,l,j

[Vk,i ⊗ Symk(C2)⊗ symi(C2)]⊗ [V ∨l,j ⊗ Syml(C2)⊗ symj(C2)],

=
∑
k,i,l,j

[Vk,i ⊗ V ∨l,j]⊗ [Symk(C2)⊗ Syml(C2)]⊗ [symi(C2)⊗ symj(C2)],

and,

σ′2 ⊗ σ
′∨
2 =

∑
k,i,l,j

[Vk,i ⊗ Symk(C2)⊗ symi−1(C2)]⊗ [V ∨l,j ⊗ Syml(C2)⊗ symj−1(C2)],

=
∑
k,i,l,j

[Vk,i ⊗ V ∨l,j]⊗ [Symk(C2)⊗ Syml(C2)]⊗ [symi−1(C2)⊗ symj−1(C2)],

Adding these up,

σ1 ⊗ σ∨1 ⊕ σ′2 ⊗ σ
′∨
2 =

∑
k,i,l,j

Bk,i,l,j ⊗ [Symk(C2)⊗ Syml(C2)]

where,

Bk,i,l,j = (Vk,i⊗V ∨l,j)⊗[symi(C2)⊗symj(C2)]⊕(Vl,j⊗V ∨k,i)⊗[symi−1(C2)⊗symj−1(C2)].

We will compare the order of pole of σ1 ⊗ σ′2 at 1/2 with the order of pole of
σ1 ⊗ σ∨1 ⊕ σ′2 ⊗ σ

′∨
2 at 1 using Lemma 1. For this we calculate (for i > j),

(symi(C2)⊗ symj−1(C2))+ ⊕ (symj(C2)⊗ symi−1(C2))+

= (symi+j−1(C2)⊕ · · · ⊕ symi−j+1(C2))+ ⊕ (symi+j−1(C2)⊕ · · · ⊕ symi−j−1(C2))+,

and compare with,

(symi(C2)⊗ symj(C2))⊕ (symi−1(C2)⊗ symj−1(C2))

= (symi+j(C2)⊕ · · · ⊕ symi−j(C2))⊕ (symi+j−2(C2)⊕ · · · ⊕ symi−j(C2)),

the difference of the first with the second giving us,

symi+j(C2)− symi−j(C2).
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Therefore for i > j, the number of poles at s = 0 contributed by such terms to
L(s, π1, π2) is equal to twice the order of pole at s = 1 of (a virtual representation
of W ′′

F for which an L-function can be defined in the usual way)

L(s, [Vk,i ⊗ V ∨l,j]⊗ [Symk(C2)⊗ Syml(C2)]⊗ [symi+j(C2)− symi−j(C2)]).

Since number of poles at s = 1 of L(s, V ⊗ Syma ⊗ symb) is always less than or
equal to number of poles at s = 1 of L(s, V ⊗ Syma ⊗ symb+2r), r ≥ 0, the number
of poles at s = 1/2 contributed by terms corresponding to (i, j) and (j, i) for i > j
to L(s, π1, π2) is non-negative.

Similarly, the number of poles at s = 0 contributed by terms corresponding to
i = j to L(s, π1, π2) is equal to order of pole at s = 1 of∏

k,l,i

L(s, Vk,i ⊗ V ∨l,i ⊗ (Symk(C2)⊗ Syml(C2))⊗ (sym2i(C2)),

which is clearly a non-negative number, in fact at least∑
k,i;i>0

dim HomWF
[Vk,i, Vk,i].

Observe that this number is strictly positive if the parameter σ1 of π1 is nontempered.
Define π2 to be the representation of GLm(F ) by letting π2 have the parameter

σ′2 ⊕W for a tempered representation W of W ′
F . We calculate the order of pole of

L(s, π1, π2) for this π2.

L(s+ 1/2, π1, π2) =
L(s+ 1/2, σ1 ⊗ (σ′2 ⊕W ))2

L(s+ 1,Adσ1)L(s+ 1,Adσ′2)L(s+ 1, σ
′∨
2 ⊗W )2

= L(s, σ1, σ
′
2) ·

L(s+ 1/2, σ1 ⊗W )2

L(s+ 1, σ
′∨
2 ⊗W )2

= L(s, σ1, σ
′
2) ·
∏
i,j

L(s+ 1/2, Vi,j ⊗ Symi ⊗ symj ⊗W )2

L(s+ 1, Vi,j ⊗ Symi ⊗ symj−1 ⊗W )2

Now we know that the order of pole of each term in the following product of
(fraction of) L-functions∏

i,j

L(s+ 1/2, Vi,j ⊗ Symi ⊗ symj ⊗W )2

L(s+ 1, Vi,j ⊗ Symi ⊗ symj−1 ⊗W )2

has a pole at s = 0 of order ≥ 0. Thus, the order of the pole of L(s+ 1/2, π1, π2) at
s = 0 is greater than or equal to zero. The fact that the order of pole at s = 0 of
L(s+ 1/2, π1, π2) with π1 and π2 as defined in this theorem does not depend on the
tempered part of π1 follows directly from the definition of L(s+ 1/2, π1, π2). �

The calculations in this section reduce considerably when the representations
π1 and π2 arise as Langlands quotients of principal series representations induced
from cuspidal representations of Levi subgroups (instead of discrete series on Levi
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subgroups), equivalently, the parameters of π1 and π2 are of the form,

σ1 =
∑
i≥0

Vi ⊗ symi(C2),

with Vi unitary representations of WF , and

σ2 =
∑
i≥1

V ∨i ⊗ symi−1(C2)⊕W.

Proposition 1. Let π1 be an irreducible admissible representation of GLn(F ) and
π2 of GLm(F ), with Langlands parameters of the form,

σ1 =
∑
i≥0

Vi ⊗ symi(C2),

with Vi unitary representations of WF , and

σ2 =
∑
i≥1

V ∨i ⊗ symi−1(C2)⊕W,

with W a unitary representation of WF . Then the order of pole at s = 1/2 of
L(s, π1, π2) is given by,∑

i≥1

dim HomWF
[Vi ⊗ V ∨i ,C] + 2 dim HomWF

[V1 ⊗W∨,C].

4. Calculating the order of pole, II

The aim of this section is to prove that given an irreducible admissible represen-
tation π1 on GLn+1(F ) π2 on GLn(F ) as in the theorem..., the order of pole at s = 0
of

L(s+ 1/2, π1, π2) =
L(s+ 1/2, π1 ⊗ π2)

L(s+ 1, Sym2π1)L(s+ 1,Λ2π2)

is greater than or equal to zero.
For simplicity of proof, and of the end result, we will assume that the Langlands

parameters of π1 and π2 are of the form,

σ1 =
∑
i≥0

Vi ⊗ symi(C2),

with Vi unitary representations of WF , and

σ2 =
∑
i≥1

Vi ⊗ symi−1(C2)⊕W.

Proposition 2. Let π1 be an irreducible admissible representation of GLn(F ) and
π2 of GLm(F ), with Langlands parameters of the form,

σ1 =
∑
i≥0

Vi ⊗ symi(C2),

with Vi unitary representations of WF , and

σ2 =
∑
i≥1

Vi ⊗ symi−1(C2)⊕W,
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with W a unitary representation of WF . Then the order of pole at s = 1/2 of
L(s, π1, π2) is given by,∑

i≥1

dim HomWF
[T 2,i(Vi),C] + dim HomWF

[V1 ⊗W,C],

where T 2,i(Vi) = Sym2(Vi) if i is even, and T 2,i(Vi) = Λ2(Vi) if i is odd.

Proof. We will write the proof out assuming that W = 0. Then one can add W to
the expression obtained by a direct calculation with the definition of L(s, π1, π2).

The Langlands parameter of π1 ⊗ π2 is of the form,

σ1 ⊗ σ2 =
∑
i,j

Vi ⊗ Vj ⊗ symi(C2)⊗ symj−1(C2).

Therefore, the order of pole at s = 1/2 of L(s, σ1 ⊗ σ2) is equal to,∑
i≡j mod 2

dimWF
(Vi ⊗ Vj)[min(i+ 1, j)− δi,j−1],

which is the same as,

(A)
∑

i≡j mod 2;i>j

dimWF
(Vi ⊗ Vj)[2j + 1] +

∑
i

dimWF
(Vi ⊗ Vi)[i].

Observe that if we have a direct sum of representations, A =
∑

iAi, then

Sym2A =
∑
i>j

Ai ⊗ Aj +
∑
i

Sym2(Ai),

and similarly,

Λ2A =
∑
i>j

Ai ⊗ Aj +
∑
i

Λ2(Ai).

Therefore, the non-diagonal contributions to the order of pole at s = 1 of the
L-function L(s, Sym2σ1)L(s,Λ2σ2) is,∑

i≡j mod 2;i>j

dimWF
(Vi ⊗ Vj)[min(i+ 1, j + 1) + min(i, j)],

which is the same as, ∑
i≡j mod 2;i>j

dimWF
(Vi ⊗ Vj)[2j + 1].

Thus the non-diagonal terms in equation (A) is the same as these non-diagonal
terms in L(s, Sym2σ1)L(s,Λ2σ2).

Now we consider the diagonal contributions to the order of pole at s = 1 of the
L-function, L(s, Sym2σ1)L(s,Λ2σ2) which consists of the representations,∑

i

Sym2(Vi ⊗ symi(C2))⊕
∑
i

Λ2(Vi ⊗ symi−1(C2)).

Note that for any two representations A,B of any group G, we have the identity
of representations,

Sym2(A⊗B) = Sym2(A)⊗ Sym2(B)⊕ Λ2(A)⊗ Λ2(B),



12 WEE TECK GAN, BENEDICT H. GROSS AND DIPENDRA PRASAD

and,

Λ2(A⊗B) = Sym2(A)⊗ Λ2(B)⊕ Λ2(A)⊗ Sym2(B).

This means that Sym2(Vi ⊗ symi(C2))⊕ Λ2(Vi ⊗ symi−1(C2)) is isomorphic to

Sym2(Vi)⊗ Sym2(symi(C2))⊕ Λ2(Vi)⊗ Λ2(symi(C2))⊕ Sym2(Vi)⊗ Λ2(symi−1(C2))

⊕Λ2(Vi)⊗ Sym2(symi−1(C2)).

Using the well-known structure of Sym2(symi(C2)) and Λ2(symi(C2)) given by,

Sym2(symi(C2)) = sym2i(C2) + sym2i−4(C2) + · · · ,

and,

Λ2(symi(C2)) = sym2i−2(C2) + sym2i−6(C2) + · · · .
we find that the number of poles at s = 1 contributed by,

Sym2(Vi ⊗ symi(C2))⊕ Λ2(Vi ⊗ symi−1(C2)),

is

i · dim HomWF
[Vi ⊗ Vi,C]− dim HomWF

[Sym2(V ),C],

if i is even, and is

i · dim HomWF
[Vi ⊗ Vi,C]− dim HomWF

[Λ2(V ),C],

if i is odd. Thus, taking the difference with the diagonal terms in equation (A),
we get a contribution of dim HomWF

[Sym2(V ),C], if i is even, and a contribution of
dim HomWF

[Λ2(V ),C], if i is odd as asserted in the proposition. �

Corollary 4.1. Assume that π1 be an irreducible admissible representation of GLn(F )
and π2 of GLm(F ), with Langlands parameters of the form,

σ1 =
∑
i≥0

Vi ⊗ symi(C2),

with Vi unitary representations of WF , and

σ2 =
∑
i≥1

Vi ⊗ symi−1(C2)⊕W,

with W a unitary representation of WF . Assume that σ1 and σ2 are self-dual rep-
resentations, one of them being orthogonal, and the other symplectic. Assume fur-
thermore that the decomposition of σ1 and σ2 as

σ1 =
∑
i≥0

Vi ⊗ symi(C2),

and

σ2 =
∑
i≥1

Vi ⊗ symi−1(C2)⊕W,
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consists of distinct irreducible representations. Then if σ1 symplectic and σ2 orthog-
onal, the order of pole at s = 0 of L(s, π1, π2) defined by:

L(s+ 1/2, π1, π2) =
L(s+ 1/2, π1 ⊗ π2)

L(s+ 1, Sym2π1)L(s+ 1,Λ2π2)
,

is zero. If on the other hand, σ1 is orthogonal and σ2 symplectic, then the order of
pole at s = 0 of L(s, π1, π2) defined by:

L(s+ 1/2, π1, π2) =
L(s+ 1/2, π1 ⊗ π2)

L(s+ 1,Λ2π1)L(s+ 1, Sym2π2)
,

is zero.

Proof. Proof is a direct application of the theorem. Assuming that σ1 is sym-
plectic, it follows that Vi are orthogonal for i odd, and symplectic for i even.
By hypothesis, Vi are a sum of distinct irreducible representations. Therefore
HomWF

[Sym2(Vi),C] = 0 for i even, and HomWF
[Λ2(Vi),C] = 0 for i odd. Simi-

larly, the term HomWF
[V1⊗W,C] = 0 because W is a sum of irreducible symplectic

representations whereas V1 is a sum of irreducible orthogonal representations. �

Corollary 4.2. Assuming that σ1 is a sum of distinct irreducible selfdual represen-
tations of a given parity, σ2 is a sum of distinct irreducible selfdual representations
of opposite parity defined as earlier, the order of pole of L(s + 1/2, π1, π2) at s = 0
is zero, and does not depend on the temepered parts of σ1 and σ2.

5. Estimating the order of the pole: Automorphic forms on
Classical groups

The aim of this section is to estimate the order of pole at s = 0 of

L(s+ 1/2, π1, π2) =
L(s+ 1/2, π1 ⊗ π2)

L(s+ 1,Ad π1)L(s+ 1,Ad π2)
,

now for automorphic forms over number fields, denoted by F with adele ring AF .
Recall that automorphic representations on GLn(AF ) can be decomposed as a

sum of Speh representations associated to cuspidal automorphic representations on
smaller general linear groups, so that it still makes sense to write,

π1 =
∑
i≥0

Vi ⊗ symi(C2),

with Vi unitary cuspidal automorphic representations of certain GLni
(AF ), and

π2 =
∑
i≥1

Vi ⊗ symi−1(C2)⊕W,

with W a unitary cuspidal automorphic representation of certain GLd(AF ).
The formalism of L-functions makes as much sense for number fields as for local

fields, with almost similar properties regarding zeros and poles of L-functions at
1/2 and 1 with one important difference: global L-functions can have zeros at 1/2
something which does not happen for local fields.

Since L(s, π) is known to be nonzero at any integer value for s and any automor-
phic representation π of any GLn(AF ), it is easy to see that L(s+ 1,Ad π1)L(s+ 1,Ad π2),
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has the same order of pole at s = 1 as calculated in section §for local fields. On
the other hand, L(s+ 1/2, π1 ⊗ π2) has a certain number of poles at s = 1/2 as
calculated earlier, but also there can be a certain number of zeros which arises from
the central critical L-value of symplectic representations:

∏
i,j;i≡j+1 mod 2

L(1/2, Vi ⊗ Vj)min(i,j).

A consequence of our global conjectures and these considerations is that unless
there are symplectic representations which can be constructed as tensor product of
orthogonal and symplectic representations as direct summands of π1 and π2, the
nonvanishing of global period integral is related to existence of poles at s = 1 of
orthogonal representations such as in the work of Harder-Langlands-Rapaport where
the nonvanishing of the period integral is tied to an Asai L-function having a pole,
instead of nonvanishing of central critical values of symplectic representations as in
the work of Waldspurger and Harris-Kudla.

6. Conjectures on classical groups, the local case

Now we discuss branching laws for classical groups emphasizing the case of orthog-
onal groups. Thus we discuss the branching laws from SO(n + 1) to SO(n), more
generally from SO(m) to SO(n) with n + 1 ≡ m mod 2 corresponding to Bessel
models. Note that the L-groups of SOm(F ) and SOn(F ) are the usual orthogonal
and symplectic groups which come equipped with their natural representations into
GLm′(C) and GLn′(C) respectively.

Let ψ1 : W ′
F × SL2(C)→ LSOm and ψ2 : W ′

F × SL2(C)→ LSOn be A-parameters
with the corresponding Langlands parameters φψ1 : W ′

F → LSOm, and φψ2 : W ′
F →

LSOn.

Conjecture 1. Let π1, π2 be irreducible admissible representations of SOm(F ), SOn(F )
belonging to A-packets associated to ψ1 and ψ2, with m > n, and m− n ≡ 1 mod 2.
Then if π2 appears in the Bessel model of π1,

1. The A-parameters ψ1 and ψ2 considered as representations of W ′′
F = W ′

F ×
SL2(C) inside GLm′(C) and GLn′(C) are as in Theorem 1 on GLn(F ) (the
tempered part being arbitrary but of appropriate size).

2. If the Langlands parameters φψ1 and φψ2 are as in 1., then the (Vogan) L-
packet of representations has a unique member with Hom[π1, π2] 6= 0.

3. The ε-factors constructed out of possible symplectic root numbers just as in
[GGP] tells which member of the L-packet has the invariant form.

Remarks: 1. For representations π1 and π2 appearing in the previous conjecture,
the L-function

L(s+ 1/2, π1 × π2)
L(s+ 1,Ad π1)L(s+ 1,Ad π2)

,

is not zero (but can have a pole) at s = 0.
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2. For representations π1 and π2 appearing in the previous conjecture for which
the A-parameter is discrete, the L-function

L(s+ 1/2, π1 × π2)
L(s+ 1,Ad π1)L(s+ 1,Ad π2)

,

has neither a zero nor a pole at s = 0.

7. Classical groups, the global case

Here is the conjecture on period integral of Automorphic representations.

Conjecture 2. Let F be a number field, and Π1 × Π2 an irreducible automorphic
representation of G = SOn+1(AF ) × SOn(AF ) lying in the discrete spectrum, with
H = SOn(F ) a subgroup of SOn+1(F ) defined by a codimension one subspace W of
a quadratic space V over F . Then∫

H(F )\H(AF )

fdh,

is nonzero for some f an automorphic function on G(AF ) belonging to Π1 × Π2 if
and only if:

1. A-parameters associated to Π1 and Π2 are in the relationship as in Theorem
1 on GLn.

2. HomH(Fv)[Π1,v ⊗ Π2,v,C] 6= 0 for all places v of F .
3.

L(s+ 1/2,Π1 ⊗ Π2)

L(s+ 1,Ad Π1)L(s+ 1,Ad Π2)
,

does not have a zero at s = 0.

Further, if the L-function condition is satisfied, there is a globally relevant pure
inner form G′ of G with an automorphic representation Π′1 ⊗ Π′2 nearly equivalent
to Π1 ⊗ Π2 which is globally distinguished by H ′.

8. Examples

Example 1: SO3 ⊂ SO4, with SO4 quasi-split, so this corresponds to

PGL2(F ) −→ GL+
2 (E)/F×,

where GL+
2 (E) is the subgroup of GL2(E) with determinant in F×, where E is

a quadratic algebra over a p-adic field F . We can in fact consider slightly more
generally the embedding GL2(F ) ↪→ GL+

2 (E).
If the representation π2 of GL2(F ) is infinite dimensional, this amounts to ques-

tions already considered in [P2], where L-functions do not play any role and only
epsilon factors are involved in the answer. So we only analyze the situation when
the representation π2 of GL2(F ) is one dimensional, which to simplify notation, we
take to be the trivial one dimensional representation. In this situation, we would
like to understand what our conjecture predicts about representations of GL+

2 (E)
which have a GL2(F )-invariant linear form.

In this case, the 4-dimensional Langlands parameter associated to π1 is more usu-
ally called the Asai representation, or tensor induction, denoted as As(π1), defined
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for representations of GL2(E), but then one can also define for representations of
GL+

2 (E) by choosing an arbitary irreducible representation of GL2(E) in which this
is contained, doing the Asai construction which is in fact independent of the choice of
the representation of GL2(E), so it is legitimate to call it As(π1) for π1 on GL+

2 (E).
We want to understand which representations of GL+

2 (E) have an invariant form
for GL2(F ), i.e, we take π2 to be the trivial representation of GL2(F ). By our con-
jecture, one would therefore expect that a representation of GL+

2 (E) has a GL2(F )
invariant form if and only if the 4-dimensional representation of W ′

F contains the
trivial representation, equivalently, the Asai L-function has a pole at 0.

This is exactly what was proved by Harder-Langlands-Rapaport globally, and
later also locally by others. The nice fact is that this criterion —which is usually
stated for discrete series representations— is valid for all π1.

Theorem 3. For E a quadratic extension of a p-adic field F , an infinite dimensional
irreducible admissible representation π of GL2(E) whose central character restricted
to F× is trivial, has GL2(F ) invariant linear form if and only if its Asai L-function
has a pole at s = 0.

Assuming that the representation π of GL2(E) has a GL2(F ) invariant form, an
irreducible subrepresentation π′ of π restricted to GL+

2 (F ) has a GL2(F ) invariant
linear form if and only if π′ is generic for a character ψ : E → C× which is trivial
on F .

Since the parameter of π2 is [2] = (ν1/2 + ν−1/2), there are no symplectic param-
eters to consider in π1 ⊗ π2, so no epsilon factors to look at, which means that the
representation of GL+

2 (E) in the L-packet of π1 is the one which is the base point
of the L-packet, i.e., the one with Whittaker model with respect to a character of
E/F , which is what indeed the previous theorem proves.

One could also look at the embedding of SO(3, 0) inside SO(3, 1), and consider
invariant forms under SO(3, 0), but this is in our usual context, involving epsilon
factors, and the L-function is not needed!

Example 2: U(1, 1) ⊂ U(2, 1) defined in terms of a Hermitian form for a quadratic
extension E/F of local fields. We once again look at the trivial representation of
U(1, 1), a case considered by Gelbart-PS-Rogawski-Soudry.

As above, the condition is in terms of L-value L(s, π1) at s = 0, and the conclusion
is that there is an invariant form if and only if L(s, BC(π1)) has a pole at s = 0,
i.e., the representation of W ′

E of dimension 3 corresponding to BC(π1) has a W ′
E-

invariant vector.

Theorem 4. Let π1 be an irreducible admissible representation of U(3) defined for a
quadratic extension E of a p-adic field F with an A-parameter. Let BC(π1) denote
the base change of π1 to GL3(E). Then for the quasi-split unitary group U(1, 1) in
two variables contained in U(3), the representation π1 has a U(1, 1)-invariant linear
form if and only if,

(1) L(0, BC(π1)) has a pole.
(2) The representation π1 is the generic member of its L-packet.
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Example 3: Sp4(F ) ⊂ GL4(F ). Representations of GL2n(F ) distinguished by
Sp2n(F ) are classified by the work of Omer Offen and E. Sayag. One case of their
work, Sp4(F ) ⊂ GL4(F ), which is closely related to the pair SO5(F ) ⊂ SO6(F ), can
be used to verify our conjectures which we do now.

In the relationship of GL4(F ) with SO6(F ), if the L-parameter of a representa-
tion π1 of GL4(F ) is σ1, then the corresponding parameter of the representation

of SO6(F ) with values in SO6(C) is det−1/2(σ)Λ2(σ) where det1/2(σ) is a square
root of det(σ) (which must exist for a representation σ of GL4(F ) to relate it to a
representation of SO6(F )).

The A-parameter of the trivial representation of SO5(F ) is [4] = Sym3(C2), with
L-parameter ν−3/2 + ν−1/2 + ν1/2 + ν3/2.

Therefore, by our conjectures, the only options for the 6-dimensional orthogonal
representation det−1/2(σ1)Λ

2(σ1) are:

(1) [5] + [1],
(2) [3] + tempered.

Here case (1) corresponds to characters of GL4(F ), whereas in case (2), the 3-

dimensional tempered part must be orthogonal. It can be seen that det−1/2(σ)Λ2(σ)
has this shape for a 4-dimensional A-parameter σ if and only if σ = τ ⊗ [2], giving
rise to

Λ2(σ) = Λ2(τ ⊗ [2]) = Sym2(τ)⊕ Λ2(τ)[3];

thus our conjecture is in conformity with the results of Offen-Sayag that the only
representations of GL4(F ) which are distinguished by Sp4(F ) are either one dimen-
sional, or have Langlands parameter of the form τ ⊗ [2].

9. Representations of SOn+1,Un+1 distinguished by SOn,Un

The aim of this section is to classify irreducible admissible representations of
SOn+1(F ),Un+1(F ) distinguished by SOn(F ),Un(F ) via methods of theta correspon-
dence. We prove that such representations of SOn+1(F ), Un+1(F ) are parametrized
by generic representations of SL2(F ), respectively U2(F ). As a result we deduce
that there are supercuspidal representations of SOn+1(F ), Un+1(F ) which are distin-
guished by SOn(F ),Un(F ) for some values of n beyond what is obvious; in particular
U(2, 2) which is a rank 2 orthogonal group in 6 variables, has cuspidal representa-
tions which are distinguished by Sp(2) ⊂ U(2, 2).

To be completed.....

10. An example from the work of Ginzburg, Jiang, Rallis, and
Soudry

In a series of paper by Ginzburg, Jiang, Rallis, and Soudry, the authors con-
struct backward lifting from GLn(F ) to classical groups typically by constructing a
representation of a classical group by parabolic induction from the representation
of GLn(F ) which sits as a Levi subgroup, taking its Langlands quotient, and then
taking some Bessel or Fourier-Jacobi model (which we will still not define!).

We describe an instance of their work, and how it fits with our conjecture.
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The backward lift from GL2n(F ) to SO2n+1(F ) can be constructed as follows.
Suppose π is a supercuspidal representation of GL2n(F ) with symplectic Langlands
parameter. One induces (a twist of) π from GL2n(F ) which is a Levi subgroup of
SO4n(F ) to SO4n(F ), and takes an appropriate Langlands quotient at a point of
reducibility, and then computes a Bessel model down to SO2n+1(F ).

The Langlands parameter of the representation of SO4n(F ) which is a Langlands
quotient at a point of reducibility of the principal series representation of SO4n(F )
is,

σ ⊗ Sym1(C2) = σ ⊗ [2].

In this case, π2 which is a representation of an odd orthogonal group must contain
either the parameter σ, or σ[3]; thus if we are considering Bessel model to SO2n+1(F ),
the only possible parameter for π2 is σ, i.e., the Bessel model to SO2n+1(F ) is
irreducible, and is the backward lift of π1 to SO2n+1(F ).
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Compositio Mathematica, vol 146 (2010) no. 05, 1180-1290.



BRANCHING LAWS: THE NON-TEMPERED CASE 19
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