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The Main Theorem of Complex
Multiplication 1

Dipendra Prasad

These are the notes of a few lectures given on the main theorem
of Complex Multiplication for elliptic curves. As the name suggests,
the theorem plays a central role in many questions about elliptic
curves with Complex Multiplication (also called CM elliptic curves
for short). The theorem gives precise information about the field ob-
tained by attaching the (co-ordinates of) torsion points of Complex
Multiplication elliptic curves.

An Elliptic curve E over C is said to have Complex Multiplication
if there exists an endomorphism φ of E which is not multiplication
by n, for any integer n. In such a situation, the ring End(E) is an
order in a quadratic imaginary field K, i.e., End(E) is a subring of
the ring of integers of K, to be denoted by OK . This and many
other theorems about elliptic curves with Complex Multiplication
have been exposed in the notes of E. Ghate [Gh], so we will not go
into these matters here.

We begin by introducing certain functions on E(C), called the
Weber functions. For this assume that the elliptic curve E is written
as

y2 = 4x3 − g2x− g3.

Define,

h1
E(x, y) =

g2g3

∆
· x

h2
E(x, y) =

g2
2

∆
· x2

h3
E(x, y) =

g3

∆
· x3,
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where ∆ = g3
2 − 27g2

3. The following proposition, although simple to
prove, is crucial.

Proposition 1

1. If E1 and E2 are elliptic curves, and φ is an isomorphism from
E1 onto E2, then

hi
E1

(t) = hi
E2

(φ(t)),

for any i ∈ {1, 2, 3}, and any t ∈ E1(C).

2. Let i = 1, 2, or 3 be the integer such that the automorphism
group of E(C) has order 2i. Then hi

E(t1) = hi
E(t2) for points

t1, t2 ∈ E(C) if and only if there exists an automorphism φ of
E taking t1 to t2.

Proof : Suppose that the elliptic curve E1 is given by the equation,

y2 = 4x3 − g2x− g3,

and that the elliptic curve E2 is given by the equation,

y2 = 4x3 − h2x− h3.

Then it is known that any isomorphism φ of E1 onto E2 is given by

(x, y) → (α2x, α3y),

for some α ∈ C∗, and if such an isomorphism exists, then

h2 = g2α
4

h3 = g3α
6.

This clearly proves both the parts of the proposition.

For definiteness, we will be using the first Weber function hE(t) =
h1

E(t) in the rest of this exposition, thus leaving the case of elliptic
curves with g2g3 = 0 (corresponding to curves y2 = 4x3 − ax, and
y2 = 4x3 − b) to be treated separately using other Weber functions.

The crucial reason why Weber functions are used instead of just
the (co-ordinates) of a point on E(C) is that there might be elliptic
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curves E1 and E2 over a number field L such that j(E1) = j(E2), i.e.,
E1 and E2 are isomorphic over C, but they may not be isomorphic
over L. In this case the field extensions L1 and L2 of L obtained by
attaching n-torsion points of E1 and E2 may not be the same. How-
ever, the fields M1 and M2 obtained by attaching hE1(p) and hE2(q)
where p and q are all the n-torsion points on E1 and E2 respectively,
are the same. This allows for great flexibility in using elliptic curves
as C/Λ even when dealing with number theoretic questions.

1. Classical context for Weber functions

We will digress in this section to introduce the classical context in
which Weber functions have been studied.

For τ in the upper-half plane H = {z ∈ C | Im(z) > 0}, let Eτ be
the elliptic curve C/Lτ where Lτ is the lattice Z ⊕ Zτ . Let ℘(z; τ)
be the Weierstrass ℘-function defined for the lattice Lτ as follows

℘(z; τ) =
1
z2

+
∑

ω∈Lτ−{0}

[
1

(z − ω)2
− 1

ω2

]
.

Then z → (℘(z, τ), ℘′(z; τ)) gives an isomorphism of C/Lτ with the
algebraic curve

y2 = 4x3 − g2(τ)x− g3(τ)

where g2 and g3 have the well-known formula in terms of τ

g2 = 60
∑

ω∈Lτ−{0}

1
ω4

, g3 = 140
∑

ω∈Lτ−{0}

1
ω6

.

For any triple of integers (m,n,N), m+nτ
N is an N -torsion point

on Eτ . We will assume in the rest of the discussion that N does not
divide both m,n. The value of the (first) Weber function at such a
torsion point is

hm,n;N (τ) =
g2(τ)g3(τ)

∆
℘(

m + nτ

N
; τ).

These (Weber) functions hm,n;N (τ) are entire functions on the
upper-half plane, and satisfy

hm,n;N (τ) = hm,n;N (
aτ + b

cτ + d
)
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for all
(

a b
c d

)
∈ Γ(N), the principal congruence subgroup of

SL2(Z) of level N . These are in fact modular functions of level
N , i.e., they are meromorphic functions at the cusps.

We summarise the main properties of these Weber functions
in the following theorem, referring to Shimura’s book [Sh] for the
proofs.

Theorem 1

1. The Fourier expansion of hm,n;N (τ) is of the form

hm,n;N (τ) =
∑
j≥0

aje
2πijτ

N ,

with aj ∈ Q(ζN ) where ζN = e
2πi
N .

2. The functions hm,n;N (τ) satisfy algebraic equations over Q(j),
hence the field generated by hm,n;N (τ) and the j-function, for
a given N , is an algebraic extension FN of F1 = Q(j).

3. The field FN is exactly the field of modular functions of level
N with coefficients in Q(ζN ); in particular Q(ζN ) = C ∩ FN .

4. The field FN is a Galois extension of F1 with Galois group

GL2(Z/N)/±1. An element g =
(

a b
c d

)
of GL2(Z/N)/±1

takes hm,n;N to ham+bn,cm+dn;N . (Note that hm,n;N = h−m,−n;N .)

2. Adelic formulation

In this section we introduce adeles and ideles associated to a number
field k. The adele ring of k, denoted by Ak, is the collection of ele-
ments x = (xv) where xv belongs to the local field kv, k completed at
v, where v varies over the set of in-equivalent places of k; we require
that for all but finitely many places v, xv belongs to Ov, the maxi-
mal compact subring of the non-Archimedean local field kv. The set
Ak forms a ring under natural addition and multiplication. Further-
more, there is a natural topology on Ak making it a locally compact
topological ring with k ↪→ Ak, a discrete cocompact subgroup.
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The units in Ak (i.e., the set of invertible elements) forms a group
under multiplication, called the group of ideles. We will denote the
ideles of k by Jk. Ideles have a natural topology.

More generally, since Ak is an algebra over k, for any algebraic
group G over k, one can talk about the adelic points of G, to be
denoted by G(Ak). The group G(Ak) is a locally compact topological
group containing G(k) as a discrete subgroup.

The main theorem of Classfield theory (the Artin reciprocity)
can be reformulated in the adelic language as the exactness of the
following short exact sequence. In this, and in what follows, for a
number field k, kab denotes the maximal abelian extension of k. (All
the fields in these notes are subfields of C.)

Theorem 2 The following natural sequence is exact:

0 → k∗k+
∞ → Jk → Gal(kab/k) → 1,

where k+
∞ is the connected component of identity of k∗∞ = (k⊗Q R)∗,

and where k∗k+
∞ is the closure of k∗k+

∞ as a subgroup of Jk.

The image of an element x ∈ Jk in Gal(kab/k) is denoted by [x, k];
it is the so-called Artin symbol attached to the element x ∈ Jk.
For an abelian extension L of k, the subgroup of Jk consisting of
those elements x such that the action of the Artin symbol [x, k]
restricted to L is trivial is an open subgroup of Jk of finite index
containing k∗, and the index equal to the degree of L over k. This
gives a bijective correspondence between open subgroups of Jk of
finite index containing k∗, and finite abelian extensions of k.

3. Lattices

If V is a finite dimensional vector space over Q, then by a lattice L
in V we mean a finitely generated subgroup L of V which contains
a basis of V . Similarly define a lattice inside a vector space over Qp

to be a finitely generated Zp-submodule which contains a Qp-basis
of the vector space.

The following lemma is well-known.

Lemma 1 There exists a natural bijective correspondence between
lattices L inside a vector space V over Q, and lattices Lp inside Vp =
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V ⊗QQp such that Lp is the Zp-span of a fixed Q-basis {e1, e2, · · · , en}
of V for almost all primes p. The correspondence sends a lattice L
in V to the lattices Lp = L ⊗Z Zp in V ⊗Q Qp. Conversely, given
lattices Lp inside Vp = V ⊗Q Qp, L = ∩p(Lp ∩ V ).

Lemma 2 Let V be the n-dimensional Q-vector space
V = {e1, e2, · · · , en}. We identify Aut(V ) to GLn(Q) through this
basis. Under this identification, lattices inside V are in bijective cor-
respondence with GLn(Q)/GLn(Z). Furthermore, if we let Ẑ denote
the profinite completion of Z, and Q̂ = Q⊗Z Ẑ, then we have

GLn(Q)/GLn(Z) = GLn(Q̂)/GLn(Ẑ)

=
∏
p

GLn(Qp)/GLn(Zp),

where we have abused notation to use the symbol of direct prod-
uct when we mean the subset containing only those x = (xp) ∈∏

p GLn(Qp)/GLn(Zp), in which almost all the components are triv-
ial.

Proof : The first part of the lemma follows because GLn(Q) acts
transitively on the set of all basis vectors in V , and hence on the set
of lattices, with the stabiliser GLn(Z) for the lattice {e1, · · · , en}.
The second part follows from lemma 1 and the first part.

4. The main theorem of Complex Multiplica-
tion

Before we state the main theorem of Complex Multiplication, we
need to fix some more notation. For an elliptic curve E over C given
by

y2 = 4x3 − g2x− g3,

and an automorphism σ of C, we let Eσ denote the elliptic curve,

y2 = 4x3 − gσ
2 x− gσ

3 .

Notice that there is a homomorphism of groups (though non-algebraic)
from E(C) to Eσ(C) given by (x, y) → (xσ, yσ). We will abuse no-
tation to denote this map too by σ.
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Observe that K∗ operates on K by multiplication (x, y) → xy,
hence thinking of K as a 2-dimensional vector space over Q, we have
an embedding K∗ ↪→ GL2(Q). This is an embedding of algebraic
groups, and hence gives rise to an embedding

JK ↪→ GL2(AQ).

In particular, there is an action of the idele group of K on the set of
lattices in K. In this action, the component at infinity plays no role.

Theorem 3 (Main theorem of Complex Multiplication) Fix an iso-
morphism

φ : C/Λ → E(C),

with Λ a lattice inside K. Then for any field automorphism σ ∈
Aut(C), with σ|K = id, and with

σ|Kab = [s,K], s ∈ JK ,

there exists an isomorphism

φ′ : C/s−1Λ → Eσ(C),

such that the following diagram commutes.

⊕Kv/Λv = K/Λ
φ−−−−→ E(C)

s−1

y yσ

⊕Kv/s−1
v Λv = K/s−1Λ

φ′−−−−→ Eσ(C)

We will not be proving this theorem for which we refer to Shimura’s
book [Sh]. The proof is only a small variation on the proof of Theo-
rem 8.3 given in E. Ghate’s article [Gh].

5. Consequences

Theorem 4 For any elliptic curve E over C with Complex Multi-
plication by an order inside K, j(E) is algebraic, and generates an
abelian extension over K. Moreover, for a torsion point t ∈ E(C),
K(h(t)) is an abelian extension of K.
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Proof: We first prove the statement about j-invariants. For this, it
suffices to prove that if σ is an automorphism of C which is identity
on the maximal abelian extension, Kab, of K, then j(E)σ = j(E).
We have,

j(Eσ) = j(E)σ

= j(C/s−1Λ),

where s ∈ JK corresponds to the automorphism σ restricted to Kab

which by assumption is trivial, and hence s = 1. This proves that
j(Eσ) = j(E), proving that j(E) belongs to Kab.

Now to prove that h(t) belongs to Kab for any torsion point
t ∈ E(C), once again it suffices to prove that if σ is an automorphism
of C which is identity on Kab, then h(t)σ = h(t). Since E can be
assumed to be defined over Kab, Eσ = E, and moreover s = 1 too.
Thus from the main theorem of CM, the action of σ on h(t) is trivial.

Theorem 5 For an elliptic curve E over C with Complex Multi-
plication by an order O inside K, the field K(j(E)) is an abelian
extension of K with Galois group the class group of O which corre-
sponds to the subgroup K∗K∗

∞
∏

p(O ⊗Z Zp)∗ inside JK .

Proof : Since two elliptic curves C/Λ1 and C/Λ2 are isomorphic if
and only if Λ1 = λΛ2 for some λ ∈ C∗, the field K(j(E)) corresponds
to the subgroup H of JK such that s ∈ H if and only if sΛ = λΛ for
Λ the lattice inside K corresponding to E.

The endomorphism ring O of E is the subring of K, defined as

O = {t ∈ K|tΛ ⊂ Λ}.

The lattice Λ is an invertible O-module, i.e., there exists a lattice
Λ′ ⊂ K which is also an O-module such that ΛΛ′ = OK . From this,
it can be seen that,

O ⊗Z Zp = {sp ∈ K ⊗Q Qp|sp(Λ⊗Z Zp) ⊂ Λ⊗Z Zp}.

Hence,

(O ⊗Z Zp)∗ = {sp ∈ K ⊗Q Qp|sp(Λ⊗Z Zp) = Λ⊗Z Zp}.

It follows that H = K∗K∗
∞

∏
p(O ⊗Z Zp)∗.
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Corollary 1 The field generated (over K) by j(E) where E runs
over all elliptic curves over C with Complex Multiplication by K is
an abelian extension of K corresponding to the subgroup K∗K∗

∞A∗
Q ⊂

JK .

Proof: This follows immediately from the theorem as,⋂
O

[
K∗K∗

∞
∏
p

(O ⊗Z Zp)∗
]

= K∗K∗
∞

∏
p

Z∗p

= K∗K∗
∞JQ

where the intersection is taken over all orders in K. (Note that every
order O inside K appears as the endomorphism ring of an elliptic
curve, e.g. the curve C/O.)

Theorem 6 For an elliptic curve E over C with Complex Multipli-
cation by K, fix an isomorphism

φ : C/Λ → E(C),

with Λ a lattice inside K. Let u ∈ K/Λ ⊂ C/Λ be a point of
finite order, and φ(u), the corresponding element in E(C). Then
K(j(E), h(φ(u))) is an abelian extension of K corresponding to the
subgroup W = K∗W0 ⊂ JK , with

W0 = {s ∈ JK |sΛ = Λ, su = u},

where su for s ∈ JK with sΛ = Λ and u ∈ K/Λ is defined as
the component-wise multiplication of s = (sp) on K/Λ = ⊕Kp/Λp.
(Note that since sΛ = Λ, spΛp = Λp.)

Proof : It suffices to prove that if for an element s ∈ JK , the
Artin symbol σ = [s,K] acts trivially on K(j(E), h(φ(u))) then s
belongs to K∗W0. If [s,K] acts trivially on K(j(E), h(φ(u))), then in
particular it acts trivially on K(j(E)), and hence sΛ = λΛ for some
λ ∈ K∗. By changing s to sλ−1, we can assume that sΛ = Λ. In
this case the commutative diagram of the main theorem of Complex
Multiplication becomes,

⊕Kv/Λv = K/Λ
φ−−−−→ E(C)

s−1

y yσ

⊕Kv/Λv = K/Λ
φ′−−−−→ E(C)
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Since σ = [s,K] operates trivially on K(j(E), h(φ(u))), we find that

su = ±u.

(This is from part 2 of Proposition 1 according to which if h(x) =
h(y), then x and y differ by an automorphism of E, and as we are
assuming that g2g3 6= 0, the only automorphisms of E are ±1.) Since
±1 anyway belongs to K∗, changing s by an element of K∗, we can
assume that su = u, proving the theorem.

Corollary 2 For an elliptic curve E over C with Complex Multi-
plication by K, let L be the field obtained by attaching to K the
j-invariant j(E) of the elliptic curve, and the values of the Weber
function of E at all the torsion points of E. Then L = Kab, the
maximal abelian extension of K.

Proof : The extension L clearly corresponds to the subgroup K∗K∗
∞G

inside JK where G is defined as

G = {s ∈ JK |sΛ = Λ, su = u for all u ∈ K/Λ}.

For s ∈ G, sΛ = Λ, and hence spΛp = Λp. Thus component-
wise multiplication of s = (sp) induces an automorphism of K/Λ =
⊕Kp/Λp. Clearly if the multiplication by sp on Kp/Λp is trivial,
then sp must be 1, completing the proof of the corollary.
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